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The book provides a beautifully writ-
ten introduction to the topic of
mean-field spin glasses from the
point of view of infinite-dimensional
Hamilton–Jacobi equations – a per-
spective that has been extensively
developed by Mourrat and collab-
orators in the last years. The proto-
typical example of a mean-field spin
glass is the Sherrington–Kirkpatrick
model, whose free energy is defined
as the limit
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where the gi j are independent standard Gaussian random variables.
In physics terminology, the gi j are an example of quenched disorder
of a spin system with configurations σ ∈ {±1}N having probability
weight proportional to
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The term mean-field refers to the aspect that all pairs of sites i, j ∈
{1,…,N} play an equivalent role (as opposed to a lattice system,
for instance, in which the interaction depends on the distance of
the sites). As prototypical examples of disordered systems, mean-
field spin glasses have become a very active research area within
probability theory, with motivation and connections from statistical
physics to computer science and statistical inference. Some of this
motivation is explained in the book without assuming any prior
knowledge.

The non-rigorous but ingenious computation of the free energy
by Parisi (using what is known as the “replica method”) was a major

achievement in theoretical physics that opened the way to the
understanding of a broad class of disordered systems. The result is
given by a somewhat mysterious variational formula that is now
known as the Parisi formula:

−f(β) − log2 = inf
ζ
(Φζ(0, 0) − β2∫
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0
tζ(t)dt),

where the infimum is over probability distribution functions ζ on
[0,1] and Φζ is the solution on [0,1]×ℝ of a certain PDE, namely

−∂tΦζ(t, x) = β2(∂2xΦζ(t, x) + ζ(t)(∂xΦζ(t, x))2),

with terminal condition Φζ(1, x) = log cosh(x). The Parisi formula
was eventually proved by Guerra and Talagrand, using an approach
different from the replica method of Parisi.

The book by Dominguez and Mourrat systematically devel-
ops another perspective on the free energy of the Sherrington–
Kirkpatrick model (and more general spin glasses), which is that it
also turns out to be given in terms of the solution of an infinite-
dimensional Hamilton–Jacobi equation. Indeed, up to a trivial
constant, the free energy f(β) with β = √2t turns out to be given
by f(t, 0) where f solves

∂tf(t,q) = ∫
t

0
∂qf(t,q,u)2 du,

and q takes values in the space of square integrable increasing paths
from [0, 1) to ℝ≥0. As a Hamilton–Jacobi equation, the (viscosity)
solution of this equation is given by the Hopf–Lax formula:

f(t,q) = sup
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∫
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(q′(u))2 du).

One of the main results presented in the book under review is that
this variational formula is in fact equivalent to the Parisi formula.
The Hamilton–Jacobi formulation provides a conceptually natural
(perhaps less mysterious) perspective on the free energy.

The main motivation for the Hamilton–Jacobi approach to spin
glasses is to understand more general models for which the ana-
logue of the Parisi formula is not yet understood. This includes
the situation where the quadratic nonlinearity in the Hamilton–
Jacobi equation for the Sherrington–Kirkpartrik model is replaced
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by a nonconvex function. The book concludes with an outlook
on this topic of current research by discussing the example of
a bipartitive version of the Sherrington–Kirkpatrick model.

The results in the book are presented with a lot of intuition
and background along the way. In addition to the motivation of
mean-field spin glasses, both from the point of view of statistical
physics and from that of statistical inference, the book by Domin-
guez and Mourrat includes concise, yet essentially self-contained
introductions to the necessary mathematical background topics.
This includes chapters on convex analysis, the required background
on Hamilton–Jacobi equations including the theory of viscosity
solutions, and an introduction to Poisson point processes. These
concepts are illustrated in examples relevant for the problem of
mean-field spin glasses at hand and complemented with a number
of exercises.

The book would be an excellent reference for an advanced
topics course or a student seminar, by providing an introduction
to the active research area of spin glasses in probability as well as
introductions to various topics of general mathematical relevance.
The book is a real pleasure to read and therefore also an excellent
reference for anyone who would like to learn more about this
fascinating subject.
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