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Prym–Brill–Noether theory for ramified double covers

Andrei Bud

Abstract. We initiate the study of Prym–Brill–Noether theory for ramified double covers, extending
several key results from classical Prym–Brill–Noether theory to this new framework. In particu-
lar, we improve Kanev’s results on the dimension of pointed Prym–Brill–Noether loci for ramified
double covers. Additionally, we compute the dimension of twisted Prym–Brill–Noether loci with
vanishing conditions at points, thus extending the results of Tarasca. Furthermore, we compute the
class of the twisted Prym–Brill–Noether loci inside (a translation of) the Prym variety, thus extend-
ing the results of de Concini and Pragacz to ramified double covers. Finally, we prove that a generic
Du Val curve is Prym–Brill–Noether general.

1. Introduction

Starting with the fundamental work of Mumford and Beauville, see [7, 29], the moduli
space of Prym curves

Rg WD
®
ŒC; �� j ŒC � 2Mg ; �

˝2
Š OC and � ¤ OC

¯
became an important object of study in Algebraic Geometry. A key motivation for this
study is the Prym map

Pg WRg ! Ag�1

which links the geometry of curves to the geometry of principally polarized Abelian vari-
eties.

In recent years, several variations of this moduli space of Prym curves have been stud-
ied, including pointed Prym curves, see [32], and ramified Prym curves, see [12, 16, 28].
Thus it is natural to consider the moduli spaces of ramified Prym curves

Rg;2k WD
®
ŒC; �; B� j ŒC � 2Mg ; � 2 Pick.C / and B is a reduced divisor in j�˝2j

¯
and study their geometry. The equivalence between such tuples ŒC; �; B� and double cov-
ers f W zC ! C with branch divisor B will be particularly useful in this study. In many
instances, we will think of the moduli space Rg;2k as parametrizing double covers rami-
fied at 2k points instead.
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Moreover, the moduli spaces Rg;2k appear naturally as boundary loci in the compact-
ification xRg of Rg , see [5, 22]. As such, Brill–Noether questions on Rg can be reduced
via degeneration to questions on these moduli of ramified Prym curves. One advantage of
this is that the elements in Rg;2, Rg;4 and Rg;6 are better behaved from the perspective
of Brill–Noether theory than their counterpart in Rg , see [12, 16].

Motivated by the many applications of Brill–Noether theory in understanding the bira-
tional geometry of Mg;n (cf. [21, 25, 26] and the references therein), as well as the role
of Prym–Brill–Noether theory in studying the geometry of Rg (cf. [13,24]), our aim is to
understand the geometry of Prym–Brill–Noether loci of a double cover f W zC ! C cor-
responding to a generic element ŒC; �; B� of Rg;2k . Given such a cover f W zC ! C , the
Prym–Brill–Noether locus, for some r � 0, is defined as the closed set

V r .f / D
®
L 2 Pic2g�2. zC/ j Nmf .L/ D !C ; h0. zC ;L/ D r C 1

¯
:

Similarly, the twisted Prym–Brill–Noether locus is defined as

V r� .f / WD
®
L 2 Pic2g�2Ck. zC/ j Nmf .L/ D !C ˝ �; and h0. zC ;L/ � r C 1

¯
:

The goal of this paper is to study the geometry of Prym–Brill–Noether loci. Specifically,
we will compute their dimension as well as their class inside the singular cohomology.
Moreover, once we have the characterization of these loci as degeneracy loci of expected
dimension, we immediately obtain a description of their singular locus.Our results improve
on the existing literature in multiple ways. The dimension of these Prym–Brill–Noether
loci was estimated from bellow in [27]; while the class of these loci inside the singular
cohomology was computed in [14] only in the unramified case Œf W zC ! C � 2 Rg .

1.1. Moduli spaces of ramified curves and Brill–Noether conditions

Starting with a ramified double cover f W zC ! C , generic in the moduli space Rg;2k , it is
natural to study the geometric properties of both curves and of the map itself.

A study of the geometric properties of zC already appeared in the literature, with sat-
isfying results when the number of ramification points is low (i.e., 2; 4 or 6). This was
motivated by the study of the birational geometry of Rg;2k in both low genera, see [16,28],
and high genus cases, see [12]. In these cases, it is known that zC is Brill–Noether general,
see [12, 16]. This property is crucial for finding effective divisors on Rg;2k : under good
numerical assumptions, the locus of covers f W zC ! C with zC not Brill–Noether general
is an effective divisor in xRg;2k and its class can be explicitly computed.

One of the objectives of this paper is to study the behavior of the curve zC with
respect to Gieseker–Petri conditions. In Theorems 3.3 and 3.6 we obtain results about the
Gieseker–Petri generality of zC , when the double cover f has 2 or 4 ramification points:

Theorem 1.1. Let f W zC ! C be a generic double cover in Rg;2 or Rg;4. Then the curve
zC is Gieseker–Petri general.
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These results are obtained by deforming the double cover f W zC ! C to the boundary
of Rg;2k . The compactified space xRg;2k was described in [12, Section 2] in terms of
line bundles on the base, and can be alternatively described in terms of admissible double
covers, see [1].

Since Gieseker–Petri conditions describe the tangent space for both twisted Prym–
Brill–Noether loci, as well as their pointed counterparts, we obtain several results about
the dimension and the singular locus of these spaces in Section 5.

1.2. Prym–Brill–Noether loci for ramified double covers

Similar to the case of Rg , there is a natural way to construct Abelian varieties out of
the datum of a ramified double cover, thereby relating the geometry of pointed curves to
the geometry of Abelian varieties. Moreover, when k D 1, these Abelian varieties can be
equipped with a principal polarization, giving a map

Pg;2WRg;2 ! Ag

that allows the study of principally polarized Abelian varieties via the geometry of curves.
The image of this map sits as an intermediary between Jacobian varieties and Prym vari-
eties, i.e.,

xJg � Im.Pg;2/ � xPgC1 WD Im.PgC1/:

This further motivates the study of Rg;2 from the perspective of the Schottky problem,
which aims to identify explicit geometric, algebraic or analytic conditions that distinguish
Jacobians and Prym varieties from generic Abelian varieties in Ag . While the literature on
the Schottky problem for Jacobians and Prym varieties is extensive, see [3, 6, 29] among
others, little is known about Abelian varieties in the image of Pg;2.

For a generic Prym variety, the singularities of its theta divisor are described through
the Prym–Brill–Noether theory of its corresponding Prym curve in Rg . This suggests a
similar phenomenon for Abelian varieties in the image of Pg;2, further motivating the
study of Prym–Brill–Noether conditions for ramified Prym curves.

When f W zC ! C is a double cover in Rg;2k , Kanev proved that

V r .f / D
®
L 2 Pic2g�2. zC/ j Nmf .L/ D !C ; h0. zC ;L/ D r C 1

¯
:

has dimension at least g � 1 C k � k.r C 1/ � r.rC1/
2

, see [27]. When k D 1, we also
prove the reverse inequality for the dimension and obtain the following.

Theorem 1.2. Let r � 0 and f W zC ! C a generic double cover in Rg;2. Then the Prym–
Brill–Noether locus V r .f / has dimension g � .rC1/.rC2/

2
and is smooth away from the

locus of line bundles with strictly more than r C 1 independent global sections.

The smoothness in the theorem is an immediate consequence of our proof. The main
idea is to use the description of the tangent space provided in [27, Section 1] and prove it
has dimension g � .rC1/.rC2/

2
by degenerating to the boundary.
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Through the map �W xRg;2!�ram
0 �

xRgC1, this Prym–Brill–Noether locus is related to
degenerations of Prym–Brill–Noether loci in xRgC1. As shown in [33], the tangent space
of the Prym–Brill–Noether loci can be described in terms of a pointed Prym–Gieseker–
Petri map. The injectivity of this map will imply Theorem 1.2.

1.3. Twisted Prym–Brill–Noether loci

Another motivation for considering ramified Prym curves arises from the study of vector
bundles. Via the BNR correspondence, the study of double covers is related to the study
of rank 2 vector bundles on the target curve, see [8]. In fact, starting with a line bundle
L satisfying Nmf .L/ D !C ˝ �, we obtain, via pushforward, a vector bundle E D f�L
satisfying det.E/D !C . Via this pushforward, we obtain a sublocus of the space of stable
rank 2 vector bundles with canonical determinant.

In this paper, we study the twisted Prym–Brill–Noether locus V r� .f / for double covers
f with 2k � 4 ramification points. We extend the results of [14, 27] to ramified double
covers. Our approach adapts the methods of de Concini and Pragacz, see [14] to describe
the dimension, singular locus and class of the twisted Prym–Brill–Noether loci.

By viewing the twisted Prym–Brill–Noether loci as subspaces of the Prym variety

P WD
®
L 2 Pic2g�2Ck. zC/ j Nmf .L/ D !C ˝ �

¯
;

we can compute their class in the numerical equivalence ring N �.P;C/ or the singular
cohomology H�.P;C/. This class is expressed in terms of the class � 0, the restriction to
P of the theta divisor on Pic2g�2Ck. zC/.

Theorem 1.3. Let f W zC ! C a generic element in Rg;2k for 0 � k � 2 and let � be the
torsion line bundle defining the double cover. Then the twisted Prym–Brill–Noether locus

V r� .f / WD
®
L 2 Pic2g�2Ck. zC/ j Nmf .L/ D !C ˝ � and h0. zC ;L/ � r C 1

¯
has dimension

g C k � 1 �
.r C 1/.r C 2/

2
:

For k D 1 and k D 2, this locus is smooth away from V rC1� .f /.
Moreover, the class of the twisted Prym–Brill–Noether locus inside N �.P;C/, or

H�.P;C/, is given by the formula

�
V r� .f /

�
D

rC1Y
iD1

i Š

.2i/Š
� .� 0/

.rC1/.rC2/
2 :

As proved in Section 3, when f W zC ! C is very general in Rg;2 or Rg;4, the curve
zC is Gieseker–Petri general. This generality ensures the smoothness of the twisted Prym–
Brill–Noether locus away from the sublocus of line bundles with more than expected
independent global sections.
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In fact, we prove in Section 3 that the source curve with a generic point on it satisfies
the coupled Gieseker–Petri condition. Following the approach in [32], this can be used to
obtain a pointed version of the previous result.

Theorem 1.4. Let f W zC ! C be a generic element of Rg;2k for k D 1 or 2, and let � be
the torsion line bundle defining the cover. Moreover, let p 2 zC be a generic point and let
a D .0 � a0 < � � � < ar � 2g � 2C k/ be a vanishing sequence. Then the locus

Va
�.f; p/ WD

²
L 2 Pic2g�2Ck. zC/

ˇ̌̌ Nm.L/ D !C ˝ �;

h0
�
zC ;L.�ai p/

�
� r C 1 � i; 80 � i � r

³
has dimension

g C k � r � 2 �

rX
iD0

ai :

Moreover, its class inside N �.P;C/, or H�.P;C/, is given by the formula�
Va
�.f; p/

�
D

rY
iD0

1

.ai C 1/Š

Y
0�j<i�r

ai � aj

ai C aj C 2
.� 0/jajCrC1:

Our proof of this result is simple and straightforward: By using the coupled Gieseker–
Petri condition we immediately compute the dimension of the tangent space for a generic
element in the locus. This gives the inequality

dimV a
� .f; p/ � g � 1C k � r � 1 �

rX
iD0

ai :

To obtain the converse inequality, we give a description of V a
� .f; p/ as a Lagrangian

degeneracy locus, see Sections 2.1 and 5.

1.4. Boundary degenerations and Prym–Brill–Noether general curves

In many contexts within Algebraic Geometry, the geometric behavior over the smooth
locus can be understood in terms of combinatorial properties at the boundary. This obser-
vation raises the natural question: What limit linear series appear as degenerations of
Prym–Brill–Noether loci?

We consider the universal Prym–Brill–Noether locus

V r
g WD

®
Œf W zC ! C;L� j Œf � 2 Rg and L 2 V r .f /

¯
along with the forgetful map

V r
g ! Rg :

Furthermore, we consider the diagram

V r
g ‹

Rg
xRg

i

and ask for a suitable compactification of V r
g that completes it.
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Understanding the compactification of this space led to several important results in
Prym–Brill–Noether theory. For instance, degenerating C to a chain of elliptic curves was
instrumental in proving the injectivity of the Prym–Gieseker–Petri map and in computing
the dimension of the generic fiber, see [33]. More recently, when g � r.rC1/

2
equals 0 or 1,

this degeneration was used to compute the class of thePrym–Brill–Noether divisor, see [13]
as well as to show the irreducibility of the Universal Prym–Brill–Noether locus, see [11].

Viewing the space V r .f / as a subspace of W r
2g�2.

zC/, it is natural to consider limit
linear series gr2g�2 satisfying the norm condition and ask which ones appear when degen-
erating V r

g to the boundary. Our focus will be on how this universal Prym–Brill–Noether
locus degenerate above the boundary divisor �1, see Proposition 7.2. This degeneration
provides a link between Prym–Brill–Noether loci and pointed Brill–Noether loci, which
are more thoroughly understood. Using this link, we provide an alternative proof that for
a generic Œf W zC ! C � 2 Rg the dimension of V r .f / is g � 1 � .rC1/r

2
.

In [23], Farkas and Tarasca find curves in Mg;1 that are pointed Brill–Noether gen-
eral. Using the link between Prym–Brill–Noether conditions and pointed Brill–Noether
conditions, we can adapt their methods and find specific curves in every genus g that
are Prym–Brill–Noether general (i.e., all Prym–Brill–Noether loci are either empty or of
expected dimension).

We begin this discussion by recalling the setting described in [4]: Let S be the blow-
up of P2 at nine points p1; : : : ; p9 which are general in the sense of [4], and denote
E1; : : : ; E9 the exceptional divisors. We consider the linear system

Lg WD
ˇ̌
3gl � gE1 � � � � � gE8 � .g � 1/E9

ˇ̌
;

where l is the proper transform of a line in P2.
A Du Val curve is defined as a genus g curve C in the linear system Lg . A generic Du

Val curve is Brill–Noether general, see [4,23]. The same method as in these papers can be
used to find curves that are Prym–Brill–Noether general:

Theorem 1.5. Let C be a general Du Val curve in Mg . Then there exists a 2-torsion line
bundle � on C such that ŒC; �� is Prym–Brill–Noether general.

The same approach can be employed to find Prym–Brill–Noether general curves on
decomposable ruled surfaces and K3 surfaces, see Section 8.

Remark 1.6. It is straightforward to produce examples of nine general points in P2 in the
sense of [4] starting from a concrete elliptic curve. For instance, it is shown in [4] that the
following points lying on the elliptic curve E D Z.y2 � x3 � 17/ are general:

p1 D .�2; 3/; p2 D .�1;�4/; p3 D .2; 5/; p4 D .4; 9/; p5 D .52; 375/;

p6 D .5234; 37866/; p7 D .8;�23/; p8 D .43; 282/ and p9 D
�
1

4
;�
33

8

�
:

Thus, we can find Prym–Brill–Noether general curves contained in very specific blow-ups
of P2.
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2. Introduction to Prym–Brill–Noether theory

Starting with a double cover f W zC ! C corresponding to an element ŒC; p1 C p2 C
� � � C p2k ; �� in Rg;2k , the goal of Prym–Brill–Noether theory is to study line bundles
on zC , with sufficiently many sections, that take the map f into account. To this setting
we associate the norm map

Nmf WPic. zC/! Pic.C /

sending a line bundle L 2 Pic. zC/ to det.f�L/ ˝ �. Equivalently, it maps a line bundle
O zC .D/ to OC .f�D/ for any divisor D on zC .

We aim to study line bundles on zC of norm either !C or !C ˝ �. From the perspective
of Brill–Noether theory, we are interested in those line bundles possessing sufficiently
many sections. We will study the geometry of the Prym–Brill–Noether loci:

V r .f / D
®
L 2 Pic2g�2. zC/ j Nmf .L/ D !C ; h0. zC ;L/ D r C 1

¯
and

V r� .f / WD
®
L 2 Pic2g�2Ck. zC/ j Nmf .L/ D !C ˝ �; and h0. zC ;L/ � r C 1

¯
:

One notices a sharp distinction between the two definitions. In order to study the
twisted Prym–Brill–Noether locus V r� .f /, we realize it as a Lagrangian degeneracy locus.
Once we have this description, a simple-dimensional argument implies the inclusion

V rC1� .f / �
®
L 2 Pic2g�2Ck. zC/ j Nmf .L/ D !C ˝ �; and h0. zC ;L/ D r C 1

¯
:

However, we do not have such a description for V r .f / when f is ramified, and we will
rely in our study on the fact that V r .f / naturally appears in the boundary of Prym–Brill–
Noether loci of double covers with less ramification points. As such, we only obtain the
inclusion V rC2.f / � V r .f /.

While little is known about the geometry of twisted Prym–Brill–Noether loci V r� .f /,
significant research has focused on understanding the geometry of V r .f /when f W zC !C

corresponds to an element in Rg . This locus is contained in one of the components

PC D
®
L 2 Pic2g�2. zC/ j Nm.L/ D !C and h0. zC ;L/ � 0 .mod 2/

¯
or

P� D
®
L 2 Pic2g�2. zC/ j Nm.L/ D !C and h0. zC ;L/ � 1 .mod 2/

¯
;

where both are translations of a .g� 1/-dimensional principally polarized Abelian variety.
Furthermore, when f W zC !C is generic in Rg , the Prym–Brill–Noether locus V r .f / has
dimension g � 1� r.rC1/

2
, see [9,33]; is smooth away from the locus V rC2.f /, see [33];

and when g � 1 � r.rC1/
2
� 1, it is irreducible, see [15].
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2.1. Prym–Brill–Noether loci as Lagrangian degenerations

The goal of this subsection is to realize the Prym–Brill–Noether loci as Lagrangian degen-
eracy loci. In the notation above, we consider the diagram

P˙ � zC P˙ � C P˙

zC C:

id�f

q




f

Let L! P˙ � zC be a Poincaré bundle normalized so that Nm.L/ Š q�.!C / and let
E WD .id � f /�L. For a reduced effective divisor D on C of sufficiently large degree N ,
we define the rank 4N vector bundle

V WD 
�
�
E.D/=E.�D/

�
;

together with two subbundles of rank 2N

U WD 
�
�
E=E.�D/

�
and W WD 
�

�
E.D/

�
:

A key insight from Mumford, see [29], is that the norm condition provides a non-
degenerate quadratic form

E ! q�!C :

This form induces a non-degenerate quadratic form on the vector bundle V , for which U

and W are maximal isotropic subbundles, see [14].
Let L be a line bundle on zC whose norm is !C , and let E D f�L. We immediately

notice the equality of spaces

H 0. zC ;L/ D H 0.C;E/ D H 0
�
C;E.D/

�
\H 0

�
C;E=E.�D/

�
;

viewed as an intersection of subspaces of H 0.C;E.D/=E.�D//. In particular, the locus
V r .f / is equal to the locus®

L 2 P˙ j dim.U \W/L � r C 1
¯
:

This description of the Prym–Brill–Noether locus V r .f / as a Lagrangian degenera-
tion locus implies that its dimension is at least the expected dimension g � 1 � r.rC1/

2
.

When the dimension is g � 1 � r.rC1/
2

as expected, this description of V r .f / allows us
to compute its class in the numerical equivalence ring N �.P˙;C/ or the singular coho-
mology H�.P˙;C/. We obtain the formula

�
V r .f /

�
D 2

r.rC1/
2 �

rY
iD1

i Š

.2i/Š
� �

r.rC1/
2 ;

where � is the class of the theta divisor of P˙, see [14]. This result was extended by
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Tarasca to Prym–Brill–Noether loci with prescribed vanishing at a point, see [32]. Specif-
ically, for a vanishing sequence a D .0 � a0 < a1 < � � � < ar � 2g � 2/ and a point p
in zC , we can represent the locus

Va.f; p/ WD

8̂<̂
:L 2 Pic2g�2. zC/

ˇ̌̌̌
ˇ

Nm.L/ D !C ;

h0. zC ;L/ � r C 1 mod 2;

h0
�
zC ;L.�ai p/

�
� r C 1 � i; 80 � i � r

9>=>;
as a Lagrangian degeneracy locus. By defining

Ei WD .id � f /�.L � aip/ and Wi WD 
�
�
Ei .D/

�
;

we can describe Va.f; p/ as the locus®
L 2 P˙ j dim.U \Wi /L � r C 1 � i 80 � i � r

¯
:

Using this description, Tarasca computed the class of V a.f; p/ in N �.P˙; C/ and
H�.P˙;C/. This Lagrangian degeneration has not been investigated for twisted Prym–
Brill–Noether loci. In Section 5, we provide the twisted counterparts to the results in [14,
32] regarding dimension and class computation.

3. Brill–Noether and Gieseker–Petri conditions

We consider the double cover f W zC ! C associated to a generic element in Rg;2k for
1 � k � 3 and investigate the Brill–Noether and Gieseker–Petri properties of zC . Our goal
is to extend the results of [16] and [12, Section 4]. We will study how the curve zC together
with two points on it behaves with respect to the coupled Gieseker–Petri condition. This
condition can be used to study the geometry of Brill–Noether loci for twice marked curves,
see [30]. In our context, it can be used to study twisted Prym–Brill–Noether loci of marked
Prym curves, see Section 5.

Definition 3.1. Let ŒC;p; q� 2Mg;2 and let L be a line bundle on C . We define the space
of coupled tensors as

T Lp;q WD
X

.a;b/2Z�Z

H 0
�
C;L.�ap � bq/

�
˝H 0

�
C;!C ˝ L

_.ap C bq/
�
:

In this definition, we regard each term as a subspace ofH 0.C �;L/˝H 0.C �; !C ˝L
_/

where C � D C n ¹p; qº.

Definition 3.2. We define the fully coupled Gieseker–Petri map as

�Lp;q WT
L
p;q ! H 0.C; !C /:

We say that ŒC; p; q� satisfies the coupled Gieseker–Petri condition if the map �Lp;q is
injective for every L 2 Pic.C /.
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The coupled Gieseker–Petri condition is important as it guarantees that all pointed
Brill–Noether loci are of the expected dimension. For the source curve of a double cover,
we have the following.

Theorem 3.3. Let f W zC ! C be a double cover corresponding to a very general element
of Rg;2 and let y1; y2 be the points of zC in the preimage f �1.x/ for x a very general
point of C . Then the curve Œ zC ; y1; y2� satisfies the coupled Gieseker–Petri condition.

Proof. It suffices to find a unique pointed double cover for which the coupled Gieseker–
Petri condition is satisfied.

We consider ŒX [p R; x1 C x2;OX ; �R� an element in the boundary component of
xRg;2 satisfying that R is a rational curve, �jX D OX and �˝2

jR
Š OR.x1 C x2/.

After stabilization, the source of the double cover is the curve ŒX1 [p1�p2 X2� con-
sisting of two copies ŒX1; p1� and ŒX2; p2� of ŒX; p� glued together.

For a very general choice of ŒX;p� and a very general point x2X, the curves ŒX1;y1;p1�
and ŒX2; y2; p2� satisfy the coupled Gieseker–Petri condition, see [30, Remark 1.8]. Fur-
thermore, a chain of curves satisfying the coupled Gieseker–Petri condition continues to
satisfy this condition, see [30, Theorem 2.2]. This concludes the proof.

Remark 3.4. Using the same degeneration as in Theorem 3.3 above, we can prove that zC
is Brill–Noether and Gieseker–Petri general, see [12, Theorem 4.1].

Using the boundary description of xRg;2k appearing in [12], we obtain the following.

Theorem 3.5. Let f W zC ! C be a double cover corresponding to a general element
in Rg;4. Then the curve zC is both Brill–Noether general and Gieseker–Petri general.
Moreover, if Qx is one of the four ramification points, the marked curve Œ zC ; Qx� 2M2gC1;1

is pointed Brill–Noether general.

Proof. Since the conditions of being pointed Brill–Noether general or Gieseker–Petri gen-
eral are open, it suffices to exhibit a unique double cover satisfying these conditions.

We consider a generic element ŒX; p� 2Mg;1, and take a pointed curve

ŒX [p R1 [q R2; x1; x2; x3; x4�;

where R1; R2 are rational components satisfying x1 2 R1 and ŒR2; q; x2; x3; x4� 2M0;4

is generic. Let � be the line bundle on this curve whose restrictions to the components
satisfy:

�X D OX ; �˝2R1 Š OR1.x1 C q/; and �˝2R2 Š OR2.q C x2 C x3 C x4/:

Out of this data, we obtain

(1) A double cover zR1 ! R1 associated to ŒR1; x1; q; �R1 �, and we denote by Qq the
preimage of q and by p1; p2 the two preimages of p.

(2) A double cover zE ! R2 associated to ŒR2; q; x2; x3; x4; �R2 � and we denote with
Qq the preimage of q in zE.
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We can now describe the double cover associated to ŒX [p R1 [q R2;x1;x2;x3;x4;��.
Let ŒX1;p1� and ŒX2;p2� be two copies of the curve ŒX;p�. The source of the double cover
is obtained by glueing to the rational curve Œ zR1; p1; p2; Qq� the curves ŒX1; p1�, ŒX2; p2�
and Œ zE; Qq� so that the markings denoted by the same symbol are identified.

Because the curves ŒX1; p1�, ŒX2; p2�, Œ zE; Qq� and Œ zR1; Qq; Qx1; p1; p2� are all pointed
Brill–Noether general, it follows that the curve obtained by glueing them together is
pointed Brill–Noether general, see [19, Theorem 1.1].

Moreover, by degenerating the curve ŒX; p� to a chain of rational components, each
glued to a unique elliptic component, we obtain from [17, Theorem A0] that this curve is
Gieseker–Petri general.

Next, let f W zC ! C be a generic element in Rg;4. We aim to determine whether the
curve zC together with two very general points in the same fiber of f satisfies the coupled
Gieseker–Petri condition.

Theorem 3.6. Let f W zC ! C be a double cover corresponding to a very general element
of Rg;4 and let y1;y2 be the points of zC in the preimage f �1.x/ for x a very general point
of C . Then the pointed curve Œ zC ; y1; y2� satisfies the coupled Gieseker–Petri condition.

Proof. As before, it suffices to find a unique pointed curve Œ zC ; y1; y2� satisfying the cou-
pled Gieseker–Petri condition.

Let ŒX; p� 2Mg;1 be very general and consider the pointed curve

ŒX [p R; x1; x2; x3; x4�;

where R is a rational component containing the points xi . Let � be a line bundle on this
curve whose restrictions to the components satisfy

�X D OX and �˝2R Š OR.x1 C x2 C x3 C x4/:

Let zE ! R be the double cover associated to ŒR; x1; x2; x3; x4; �R� and we denote by
p1; p2 the points in the preimage of p in zE.

The source of the double cover associated to ŒX [p R; x1; x2; x3; x4; �� consists of
two copies ŒX1; p1� and ŒX2; p2� glued to the elliptic curve Œ zE; p1; p2�. We consider q
to be a very general point of X and denote q1; q2 the corresponding points in X1 and X2
respectively.

Since p1 � p2 is not torsion, we know that Œ zE;p1; p2� satisfies the coupled Gieseker–
Petri condition, see [30, Example 1.6]. Because ŒX1; p1; q1� and ŒX2; p2; q2� are very gen-
eral, these curves also satisfy the coupled Gieseker–Petri condition, see [30, Remark 1.8].
A chain of curves satisfying the coupled Gieseker–Petri condition also satisfies the cou-
pled Gieseker–Petri condition, see [30, Theorem 2.2], hence the conclusion.

When f W zC ! C is the double cover corresponding to a generic element of Rg;6, we
recover the result from [16].
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Theorem 3.7. Let f W zC ! C be the double cover corresponding to a generic element of
Rg;6. Then the curve zC is Brill–Noether general.

Proof. We consider zX !X be a generic double cover of a curve of genus g � 2, ramified
at 4 points, and zE ! P1 a generic double cover of a rational curve, ramified at 4 points.

If we glue a ramification point in zX to a ramification point in zE, we obtain a double
cover

Œ zX [ Qq zE ! X [q P1�

of a genus g curve, ramified at 6 points.
From Theorem 3.5, we know that Œ zX; Qq� is pointed Brill–Noether general. Because Œ zE; Qq�

is also pointed Brill–Noether general, the conclusion follows from [19, Theorem 1.1].

Notice that we do not prove here that zC is Gieseker–Petri general. Among the curves
in the boundary of Rg;6, we do not have chains of rational curves, each glued to a unique
elliptic component, as required by [17, Theorem A0]. Therefore, we cannot use this result
to conclude Gieseker–Petri generality.

4. Prym–Brill–Noether theory for ramified double covers

The goal of this section is to study the geometry of the Prym–Brill–Noether loci V r .f /
when f W zC ! C corresponds to a generic element in Rg;2. We prove that V r .f / has
the expected dimension and moreover, it is smooth away from the locus of line bundles L
with strictly more than r C 1 independent global sections.

To prove this result, we work with the compactification of RgC1 appearing in [5, 22]
and we will relate the elements of Rg;2 to Prym curves in the boundary. Our focus is on
the boundary divisor �ram

0 , which parametrizes Prym curves .C [x;y R; �/ where C is a
genus g � 1 curve glued at two points x and y to a rational curve R, and the restriction of
the line bundle � to the two components satisfies �R D OR.�1/ and �˝2C Š OC .x C y/.
The associated double cover is zC= Qx� Qy ! C=x�y , where zC ! C is the ramified double
cover defined by �C and Qx; Qy are the preimages of x and y.

As such, we have a clutching map

i WRg;2 ! �ram
0 �

xRgC1; Œf W zC ! C � 7! Œf 0W zC= Qx� Qy ! C=x�y �

obtained by glueing together the two branch points x; y 2 C and the two ramification
points Qx; Qy 2 zC . Our goal is to use this map in order to relate the geometry of V r .f / to
the geometry of Prym–Brill–Noether loci of curves in xRgC1.

We remark that, via Serre duality, we can identify the locus V r .f / with the locus

V rC1.f; x C y/ WD
®
L 2 Pic2g. zC/ j Nmf .L/ D !C .x C y/; h0. zC ;L/ D r C 2

¯
;

where x; y 2 C are the branched points of f . This locus appears as the degeneration of a
Prym–Brill–Noether locus via the map i WRg;2!�ram

0 �
xRgC1. As such, many geometric
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properties of V rC1.f; x C y/ can be derived from the geometry of Prym–Brill–Noether
loci on xRgC1. We will use the methods of [33] to study V rC1.f; x C y/.

Let Œf W zC ! C � be generic in Rg;2 and let x;y 2 C and Qx; Qy 2 zC be the branch points
and ramification points of f , respectively. The map f determines an involution �W zC ! zC .

We consider the locus®
L 2 Pic2g. zC/ j Nmf .L/ D !C .x C y/

¯
which is the translation of a g-dimensional Abelian variety. We claim that a line bundle L
in this locus satisfies

L˝ ��L Š ! zC . Qx C Qy/:

Indeed, at the level of divisors, the norm map sends a line bundle O zC .D/ to OC .f�D/.
Using that f �.f�D/DDC ��D and that f �KC DK zC � Qx � Qy, we immediately obtain
the claimed isomorphism of line bundles.

In particular, we obtain the isomorphism of line bundles ��L Š ! zC ˝ L
_. Qx C Qy/.

Using this isomorphism, we define the ramified Prym–Gieseker–Petri map as in [33,
Remark 1.12]. For this, we consider the composition

H 0. zC ;L/˝H 0. zC ;L/
id˝��
���! H 0. zC ;L/˝H 0. zC ; ��L/! H 0

�
zC ;! zC . Qx C Qy/

�
;

where we used the identificationH 0. zC ; ��L/DH 0. zC ;! zC˝L
_. QxC Qy// to define the sec-

ond morphism. Looking at the invariant and anti-invariant sections ofH 0. zC ;! zC . Qx C Qy//,
we can write it as

H 0
�
zC ;! zC . Qx C Qy/

�
D H 0

�
C;!C .x C y/

�
˚H 0.C; !C ˝ �/:

At the level of anti-invariant sections, the map

H 0. zC ;L/˝H 0. zC ;L/! H 0
�
zC ;! zC . Qx C Qy/

�
restricts to the ramified Prym–Gieseker–Petri map:

^
2H 0. zC ;L/! H 0.C; !C ˝ �/:

Similarly to [33], we can use the ramified Prym–Gieseker–Petri map to understand the
tangent space of V r .f / at a point ŒL�. We will show that, for a generic f W zC ! C in
Rg;2, the ramified Prym–Gieseker–Petri map is always injective.

Proposition 4.1. Let f W zC ! C be a generic element of Rg;2 and denote by x; y its
branch points and by � 2 Pic1.C / its associated torsion line bundle. Then, for any element
L 2 Pic2g. zC/ satisfying Nmf .L/ D !C .x C y/, the ramified Prym–Gieseker–Petri map

^
2H 0. zC ;L/! H 0.C; !C ˝ �/

is injective.



A. Bud 14

Proof. Similarly to [33, Section 2], it is sufficient to exhibit a unique double cover for
which the ramified Prym–Gieseker–Petri map is injective.

We consider C WDE1 [p1 E2 [ � � �Eg [pg R a chain of g elliptic curves and a rational
curveR. Furthermore, we assume that pi �pi�1 is not torsion onEi for any 2� i � g and
assume the points x; y are on R. For the torsion line bundle � defining a branched double
cover on the curve, we take it to be trivial on the Ei ’s and to satisfy �˝2

jR
Š OR.x C y/.

The associated double cover will be of the form

zC D E11 [p11
E12 [ � � �E

1
g [p1g

zR [p2g E
2
g [p2g�1

E2g�1 [ � � � [E
2
1 ! C;

where E11 [p11 E
1
2 [ � � �E

1
g and E2g [p2g�1 E

2
g�1 [ � � � [ E

2
1 are two copies of E1 [p1

E2 [ � � � [ Eg and zR! R is the map determined by �jR, with p1g and p2g the points in
the preimage of pg .

The same method as in [33] can be applied to this double cover to obtain the conclu-
sion. One can view this result as the one in [33] with the elliptic bridge degenerating to
zR= Qx � Qy.

Using the bijective morphism

V r .f /! V rC1.f; x C y/; L 7! ��L

we obtain the following desired result.

Theorem 4.2. Let r � 0 and let Œf W zC ! C � be a generic element of Rg;2. Then the
Prym–Brill–Noether locus V r .f / has dimension g � .rC1/.rC2/

2
and is smooth away from

the locus of line bundles having strictly more than r C 1 independent global sections.

Proof. We divide the proof into three parts:

• Let ŒL� 2 V r .f / with h0. zC ; L/ D r C 1. We start by showing V r .f / is smooth of
dimension g � .rC1/.rC2/

2
at ŒL�.

• We then show V r .f / is non-empty whenever g � .rC1/.rC2/
2

.

• Lastly, we show that V r .f / is empty whenever g < .rC1/.rC2/
2

.

When Nmf .L/ D !C , we have L˝ ��L. Qx C Qy/ Š ! zC . Thus, we have an isomorphism
��L. Qx C Qy/ Š ! zC ˝ L

_, which together with the identification ��WH 0. zC ;L. Qx C Qy// Š

H 0. zC ; ��L. Qx C Qy// can be used to define the Prym–Petri map

vWH 0. zC ;L/˝H 0
�
zC ;L. Qx C Qy/

�
! H 0. zC ;! zC /

�:

As in [27,33], the tangent space TL.V r .f // is identified with Im.v/?. Hence, it suffices to
show that Ker.v/ D S2H 0. zC ;L/ to conclude V r .f / n V rC1.f / is smooth of dimension
g � .rC1/.rC2/

2
. This map fits into a commutative diagram

H 0. zC ;L/˝H 0
�
zC ;L. Qx C Qy/

�
H 0. zC ;! zC /

�

H 0
�
zC ;L. Qx C Qy/

�
˝H 0

�
zC ;L. Qx C Qy/

�
H 0

�
zC ;! zC . Qx C Qy/

��
v

i i
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and the kernel of the map downstairs is S2H 0. zC ; L. Qx C Qy//, see Proposition 4.1. In
particular,

Ker.v/ D S2H 0
�
zC ;L. Qx C Qy/

�
\
�
H 0. zC ;L/˝H 0

�
zC ;L. Qx C Qy/

��
D S2H 0. zC ;L/:

In conclusion, the tangent space of V r .f / n V rC1.f / has dimension g � .rC1/.rC2/
2

at
any point.

Next we show that V r .f / is non-empty when g � .rC1/.rC2/
2

� 0. For this, we con-
sider the clutching morphism

� WRg;2 ! �ram
0 �

xRgC1

sending the double cover f W zC ! C to f 0W zC= Qx� Qy ! C=x�y .
For a generic element of RgC1, an element of a Prym–Brill–Noether locus V rC1 is

simply a linear series grC12g satisfying the norm condition. As such, when we degenerate
the double cover to some f 0W zC= Qx� Qy ! C=x�y generic in the boundary divisor �ram

0 , the
limit of elements in V rC1 must be limit linear series grC12g satisfying the norm condition.
We are interested in understanding the locus of Prym limit linear series, i.e., limit linear
series grC12g satisfying the norm condition. For a generic f 0W zC= Qx� Qy ! C=x�y in�ram

0 , this
locus can be identified with®
L2Pic2g. zC/ j Nmf .L/D !C .xCy/; h0. zC ;L/�rC2 and h0

�
zC ;L.� Qx � Qy/

�
�rC1

¯
via normalizing the map f 0.

Notice that the last condition is superfluous: Because Nmf .L � Qx/ D !C .y/ and all
global sections of !C .y/ vanish at y, it follows that all global sections of L.� Qx/ vanish
at Qy. Indeed, if s is a global section of L.� Qx/, then Nm.s/ is a global section of !C .y/.
Looking at their corresponding divisors, the vanishing of Nm.s/ at y implies the vanishing
of s at Qy.

In particular, the locus of Prym limit grC12g on f 0 is identified with®
L 2 Pic2g. zC/ j Nmf .L/ D !C .x C y/; h0. zC ;L/ � r C 2

¯
:

Our goal is to prove that V r .f / is non-empty when g � .rC1/.rC2/
2

� 0, or equivalently
via Serre duality, that the locus®

L 2 Pic2g. zC/ j Nmf .L/ D !C .x C y/; h0. zC ;L/ D r C 2
¯

is non-empty.
We assume that all Prym limit grC12g appearing as degenerations of Prym–Brill–Noether

loci V r have at least r C 3 independent global sections. This would imply

dimV rCs.f; x C y/ � g �
.r C 1/.r C 2/

2
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for some s � 2. But the description of the tangent space above immediately implies

dimV rCs.f; x C y/ � g �
.r C s/.r C s C 1/

2
:

Consequently, the locus V rC1.f;xC y/ is non-empty when g � .rC1/.rC2/
2

� 0 as it must
contain the normalization of the Prym limit grC12g on �ram

0 �
xRgC1.

Using again the Serre duality

V rC1.f; x C y/ Š V r .f /

we conclude that V r .f / is non-empty and has dimension at least g � .rC1/.rC2/
2

.
Lastly we prove that V r .f / is empty when g� .rC1/.rC2/

2
<0. All elements of V r .f /

are gr2g�2 on the curve zC of genus 2g. But �.2g; r; 2g � 2/ D 2g � .r C 1/.r C 2/ < 0
and the curve zC is Brill–Noether general, see Remark 3.4 and [12, Theorem 4.1]. This
implies V r .f / D ;.

5. Twisted Prym–Brill–Noether loci

In this section, we study the geometry of the twisted Prym–Brill–Noether loci

V r� .f / WD
®
L 2 Pic2g�2Ck. zC/ j Nmf .L/ D !C ˝ � and h0. zC ;L/ � r C 1

¯
;

where f W zC ! C is generic in Rg;2k for 0 � k � 2 and � is its associated torsion line
bundle. Analogously to Section 4, we will compute the dimension of V r� .f / by under-
standing the tangent space at its points. This tangent space is described using twisted
Prym–Gieseker–Petri maps, similar to Section 4 and [33]. The injectivity of the twisted
Prym–Gieseker–Petri map is a consequence of the fact that zC is Gieseker–Petri general
for f W zC ! C generic in Rg;2 or Rg;4.

More generally, for a vanishing sequence aD .0� a0 < a1 < � � �< ar � 2g � 2C k/,
we consider the twisted Prym–Brill–Noether locus with prescribed vanishing a at a point
p 2 zC :

Va
�.f; p/ WD

²
L 2 Pic2g�2Ck. zC/

ˇ̌̌ Nm.L/ D !C ˝ �;

h0
�
zC ;L.�ai p/

�
� r C 1 � i; 80 � i � r

³
:

Using the coupled Gieseker–Petri generality, see Theorems 3.3 and 3.6, we can prove
that this locus is of the expected dimension

dimV a
� .f; p/ D g C k � r � 2 �

rX
iD0

ai

when f and p 2 zC are generic. We will denote

P WD
®
L 2 Pic2g�2Ck. zC/ j Nm.L/ D !C ˝ �

¯
:
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Furthermore, we will compute the class of Va
�.f; p/ in the numerical equivalence ring

N �.P;C/ and the singular cohomology H�.P;C/.
Similar to the description in Section 2.1, we can realize the twisted Prym–Brill–

Noether loci as Lagrangian degeneration loci. In the notation of Section 2.1 modified to
the twisted case, we have the isomorphism Nm.L/ Š q�.!C ˝ �/. Looking at the vector
bundle E WD .id � f /�L, the norm condition implies

^
2E Š q�!C ;

and hence we obtain a symplectic form E ! q�!C .
As in Section 2.1, this symplectic form extends to a symplectic form on the vector

bundle V , with U;W maximal isotropic subbundles of V . In this setting we see that
V r� .f / is the locus ®

L 2 P j dim.U \W/L � r C 1
¯
:

We define
Ei WD .id � f /�.L � aip/ and Wi WD 
�

�
Ei .D/

�
;

as in Section 2.1. In this notation, we can describe Va
�.f; p/ as the locus®

L 2 P j dim.U \Wi /L � r C 1 � i 80 � i � r
¯
:

These Lagrangian degeneracy loci are studied in [2] and we immediately obtain one of
the inequalities for the dimension estimate: The locus V a

� .f;p/ is either empty or satisfies

dimV a
� .f; p/ � g C k � r � 2 �

rX
iD0

ai D dim.P / � .r C 1/ �
rX
iD0

ai :

For the converse inequality when k D 1 or 2, we will look at the dimension of the tangent
space and obtain the following.

Theorem 5.1. Let f W zC ! C a generic element in Rg;2 and � the torsion line bundle
defining the double cover. Then the twisted Prym–Brill–Noether locus V r� .f / is either
empty, or has dimension g � .rC1/.rC2/

2
and is smooth away from V rC1� .f /.

Proof. LetL2 V r� .f /� Pic2g�1. zC/ satisfying h0. zC ;L/D r C 1. Our goal is to compute
the dimension of the tangent space TL.V r� .f //.

We know from [27] that TL.V r� .f // is identified with Im.v1/? where v1 is the com-
position map

H 0. zC ;L/˝H 0. zC ;! zC ˝ L
_/! H 0. zC ;! zC /! H 0. zC ;! zC /

�:

Let �W zC ! zC be the involution associated to the map f . The condition Nmf .L/ D
!C ˝ � impliesL˝ ��LŠ! zC , and hence ! zC ˝L

_Š ��L. By composing our morphism
with the isomorphism

H 0. zC ;L/˝H 0. zC ;L/
1˝��

���! H 0. zC ;L/˝H 0. zC ;! zC ˝ L
_/
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we conclude that TL.V r� .f // coincides with Im.v/? for v the map

vWH 0. zC ;L/˝H 0. zC ;L/! H 0. zC ;! zC /
�:

By excluding the invariant sections, that are mapped to 0 via v, the map above has the
same image as the map

S2H 0. zC ;L/! H 0. zC ;! zC /
�:

We know from [12, Theorem 4.1] that for a generic f W zC ! C in Rg;2, the curve zC is
Gieseker–Petri general. In particular, the map

H 0. zC ;L/˝H 0. zC ;! zC ˝ L
_/! H 0. zC ;! zC /

is injective. On the other hand, the map

S2H 0. zC ;L/! H 0. zC ;! zC /
C

is identically 0. These two results imply that

S2H 0. zC ;L/! H 0. zC ;! zC /
�

is injective, and hence TL.V r� .f // has dimension g � .rC1/.rC2/
2

. This implies the con-
clusion.

Note that in the twisted Prym–Brill–Noether setting, we obtain a morphism

S2H 0. zC ;L/! H 0. zC ;! zC /
�

at the level of anti-invariant sections. However, in the classical Prym–Brill–Noether set-
ting, the anti-invariant map is

^
2H 0. zC ;L/! H 0. zC ;! zC /

�:

To understand this distinction better, we take the group G D ¹id; �º and look at the G-
equivariant vector bundle f�.L˝ ��L/. Then, cf. [10] we have the isomorphism

f�.L˝ �
�L/G Š Nm.L/ D !C ˝ �

and moreover
L˝ ��L Š f �.! ˝ �/ Š ! zC :

Via this identifications, the global sections of the form s ˝ ��t C t ˝ ��s are mapped to
the anti-invariant part H 0.C; !C ˝ �/ of H 0. zC ; ! zC /, while those of the form s ˝ ��t �

t ˝ ��s are mapped into the invariant partH 0.C;!C /. For a further discussion of this, we
refer to [27].

We are left to show that V r� .f / is non-empty as soon as g � .rC1/.rC2/
2

� 0. The
methods of de Concini and Pragacz from [14] apply to our situation. We already know
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that V r� .f / is either empty or of expected dimension, hence we can use the formula in [2,
Type C: symplectic bundles, Corollary] to compute its class in N �.P;C/ and H�.P;C/.
If this class is non-zero, our locus must be non-empty.

The formula for this class is given in [31, Theorem 6.13]. In particular, to obtain the
class ŒV r� .f /� in N �.P;C/ it is sufficient to compute the Chern classes c.W_/ and c.U/.
These Chern classes are computed identically as in the unramified case, see [14, Lemma 5]
and we have the following.

Lemma 5.2. Let � 0 be the restriction toP of the class � of the theta divisor on Pic2g�1. zC/.
Then we have

(1) ci .W_/ D
.� 0/i

iŠ
for every 0 � i � g and

(2) ci .U/ D 0 for every i > 0.

Using Theorem 5.1, Lemma 5.2 and [31, Theorem 6.13], we immediately obtain the
formula for ŒV r� .f /�.

Theorem 5.3. Let f W zC ! C a generic element in Rg;2 and � the torsion line bundle
defining the double cover. The class of V r� .f / in N �.P;C/ (orH�.P;C/) is given by the
formula �

V r� .f /
�
D

rC1Y
iD1

i Š

.2i/Š
� .� 0/

.rC1/.rC2/
2 :

In particular, the locus V r� .f / is non-empty when g � .rC1/.rC2/
2

� 0.

The coefficient on the right-hand side is computed as in [14, Proposition 6].
When g D .rC1/.rC2/

2
the space V r� .f / consists of finitely many points. We can use

the theorem above to compute its cardinality.

Theorem 5.4. Let gD .rC1/.rC2/
2

, f W zC !C generic in Rg;2 and � its associated torsion
line bundle. Then the locus V r� .f / has cardinality

rC1Y
iD1

i Š

.2i/Š
� .� 0/

.rC1/.rC2/
2 D 2g � gŠ �

rC1Y
iD1

i Š

.2i/Š
:

This approach can be extended completely analogously to the case when f W zC ! C

is a generic element of Rg;4.

Theorem 5.5. Let f W zC ! C a generic element in Rg;4 and � the associated torsion line
bundle on C . Then the twisted Prym–Brill–Noether locus V r� .f / has dimension g C 1 �
.rC1/.rC2/

2
and is smooth away from V rC1� .f /.

The class of V r� .f / in N �.P;C/ (or H�.P;C/) is given by the formula

�
V r� .f /

�
D

rC1Y
iD1

i Š

.2i/Š
� .� 0/

.rC1/.rC2/
2
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and when g C 1 D .rC1/.rC2/
2

the Prym–Brill–Noether locus V r� .f / consists of

rC1Y
iD1

i Š

.2i/Š
� .� 0/gC1 D .g C 1/Š � 2g �

rC1Y
iD1

i Š

.2i/Š

reduced points.

In fact, using the coupled Gieseker–Petri generality appearing in Theorems 3.3 and 3.6,
we can show that

dim Va
�.f; p/ D g C k � r � 2 �

rX
iD0

ai

when f W zC ! C is a generic double cover in Rg;2k for k D 1 or 2. Moreover, because
this twisted Prym–Brill–Noether locus is described as a Lagrangian degeneration, we can
use [2, Type C: symplectic bundles, Corollary] to compute its class.

Theorem 5.6. Let f W zC ! C be a generic element of Rg;2k for k D 1 or 2. Moreover,
let

a D .0 � a0 < a1 < � � � < ar � 2g � 2C k/

be a vanishing sequence and denote jaj WD
Pr
iD0 ai . Then the locus

Va
�.f; p/ WD

²
L 2 Pic2g�2Ck. zC/

ˇ̌̌ Nm.L/ D !C ˝ �;

h0
�
zC ;L.�ai p/

�
� r C 1 � i; 8i

³
has dimension g C k � r � 2 � jaj. Moreover, its class in N �.P;C/ (or H�.P;C/) is
given by the formula

rY
iD0

1

.ai C 1/Š

Y
0�j<i�r

ai � aj

ai C aj C 2
.� 0/jajCrC1:

Proof. For the dimension count, we consider a line bundle ŒL� 2 V a
� .f; p/ satisfying

h0. zC ; L � aip/ D r C 1 � i for every 0 � i � r . We prove that the tangent space of
V a
� .f; p/ at this point L has dimension g C k � r � 2 � jaj. This tangent space has a

similar description to the one in [32].
We consider some sections

�i 2 H
0
�
zC ;L.�ai p/

�
nH 0

�
zC ;L.�aiC1 p/

�
for i D 0; : : : ; r � 1;

�r 2 H
0
�
zC ;L.�ar p/

�
and the morphism

�W

rM
iD0

h�i i ˝H
0
�
zC ;M.ai q/

�
! H 0. zC ;! zC /;
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whereM WD ��L and qD �.p/. Splitting this morphism into its invariant and anti-invariant
parts we obtain the map

x�W

rM
iD0

h�i i ˝H
0
�
zC ;M.ai q/

�.
��H 0

�
zC ;L.�aiC1 p/

�
! H 0.C; !C ˝ �/:

Here the source of x� is intended as a quotient of the source of � by the subspace generated
by the invariant sections ¹�i ˝ ���j � �j ˝ ���iº for all 0 � i � r and all j < i .

This anti-invariant map determines the tangent space of V a
� .f; p/ at the point L. The

space TL.V a
� .f; p// is identified with Im.x�/?.

Using the methods appearing in [17, Proof of Theorem A0], as well as the degenera-
tions in Theorems 3.3 and 3.6, we will show that x� is injective. For a sufficiently large
integer n, the morphism � fits into a diagramLr

iD0 h�i i ˝H
0
�
zC ;M.ai q/

�
H 0.C; ! zC /

H 0
�
C;L.np/

�
˝H 0

�
C;M.nq/

�
H 0

�
C;! zC .np C nq/

�
;

�

where the vertical morphisms are inclusions.
For an element s ˝ t in H 0.C;L.np//˝H 0.C;M.nq//, we look at the value

ordp;q.s ˝ t / WD ordp.s/C ordq.s/C ordp.t/C ordq.t/:

All elements in the image of

rM
iD0

h�i i ˝H
0
�
zC ;M.ai q/

�
! H 0

�
C;L.np/

�
˝H 0

�
C;M.np/

�
;

as well as their anti-invariant parts, can be written as sum of elements s ˝ t satisfying
ordp;q.s ˝ t / � 2n.

We assume there exists a section�D
P
i si˝ti¤0mapped to 0 inH 0.C; ! zC .npCnq//

and satisfying ordp;q.si ˝ ti / � 2n for each index i . We degenerate our double cover to
boundary curves as considered in Theorems 3.3 and 3.6. We denote the elliptic chain such
obtained by ŒE1 [ � � �Eg [y zX [z E 0g [ � � �E

0
1�where zX has genus 0 if k D 1 and genus 1

if k D 2.
Since injectivity is an open condition, it is sufficient to prove that no such � exists

for such an elliptic chain. The same method as in [33, Section 2] and [17, Proof of The-
orem A0] yields a contradiction: When looking at the zX -aspect of �, it can be written as
a sum of terms s ˝ t satisfying ordy;z.s ˝ t / � 2nC 4g (i.e., the orders always increase
by at least 2 when we move to the next node of the chain).

In the case k D 1, the sum of the orders is greater than degL.np/C degM.nq/ D
2nC 4g � 2, which is impossible. When k D 2, the sum of the orders is equal to

degL.np/C degM.nq/ D 2nC 4g;
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and hence the zX -aspects of L.np/ and M.nq/ both have sections that only vanish at
y and z. But y � z is not torsion on the elliptic curve zX , hence there exists a unique
s 2 H 0. zX;L.np/ zX / and a unique t 2 H 0. zX;M.nq/ zX / vanishing only at y and z:

) � zX D s ˝ t:

But the image of s˝ t inH 0. zX;! zX ..2g� 1C n/yC .2g� 1C n/z//, (i.e., the zX -aspect
of ! zC .np C nq/) is not 0.

Hence, if a section � can be written as sum of s ˝ t satisfying ordp;q.s ˝ t / � 2n, it
cannot map to 0 via the map

H 0
�
C;L.np/

�
˝H 0

�
C;M.nq/

�
! H 0

�
C;! zC .np C nq/

�
:

In particular, the map x� is injective and the tangent space at ŒL� has dimension

h0.C; !C ˝ �/ �

rX
iD0

�
h0
�
zC ;M.ai q/

�
� h0

�
zC ;L.�aiC1 p/

��
:

Using the equality h0.C;!C ˝ �/D gC k � 1, the isomorphismM Š ! zC ˝L
_ coming

from Nm.L/ D !C ˝ �, and the Riemann–Roch theorem, this dimension is equal to

g C k � 1 �

rX
iD0

.ai C r C 1 � i � r C i/ D g C k � r � 2 �

rX
iD0

ai :

This implies

dim Va
�.f; p/ � g C k � r � 2 �

rX
iD0

ai :

For the reverse inequality, we realize this locus as a Lagrangian degeneracy locus. In
the notation of Section 2.1, we have

Va
�.f; p/ D

®
L 2 P j dim.U \Wi /L � r C 1 � i 80 � i � r

¯
:

This locus is a degeneracy locus of Type C, and its dimension is at least g C k � r � 2 �Pr
iD0 ai . The formula for the class ŒVa

�.f;p/� is an immediate consequence of [2, Type C:
symplectic bundles, Corollary].

Lastly, we consider the unramified case k D 0. Let f W zC ! C be a generic étale
double cover in Rg and let � be its associated torsion line bundle. We consider the twisted
Prym–Brill–Noether loci

V r� .f / WD
®
L 2 Pic2g�2. zC/ j Nmf .L/ D !C ˝ �; and h0. zC ;L/ � r C 1

¯
:

Theorem 5.7. Let f W zC ! C a generic element of Rg and let � its associated torsion
line bundle. Then the locus V r� .f / has dimension g � 1 � .rC1/.rC2/

2
.
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Proof. We know from [27] that

dimV r� .f / � g � 1 �
.r C 1/.r C 2/

2
:

For the reverse inequality, we consider a one-dimensional family of double covers

zC ! C ! �

with central fiber f0W zC0 ! C0 a generic element of �ram
0 (i.e., the normalization of this

map is an element of Rg�1;2).
Let P ! C be the 2-torsion line bundle corresponding to this family and let L�! zC�

be a line bundle satisfying Nm.L�/ Š ! ˝ P . When we restrict P to the central fiber,
we obtain a line bundle that has degree �1 on the genus g � 1 component X and degree 1
on the rational component R. Moreover, we have

P˝2
jX
Š OX .�x � y/;

where x, y are the nodes connecting the components X and R of the central fiber. The
line bundle ! ˝P has degree 2g � 3 on X and degree 1 on R.

Let L be an extension of L� to zC . Then, the norm condition determines the degree
distribution on the central fiber. We have

deg L
j zX D 2g � 3 and deg L

j zR D 1:

In particular, the only line bundles appearing as degenerations of twisted Prym linear
series over a generic element of �ram

0 satisfy

Nm.L/ D !X ˝ � and h0. zX;L/ � r C 1:

This locus has dimension equal to g � 1 � .rC1/.rC2/
2

, see Theorem 5.1, and hence it
follows that for a generic f W zC ! C in Rg we have

dimV r� .f / � g � 1 �
.r C 1/.r C 2/

2
:

In fact, the same method can be used to prove the pointed version of this result. The
following result is an immediate consequence of Theorem 5.6 and of the proof of Theo-
rem 5.7.

Theorem 5.8. Let f W zC ! C be a generic étale double cover in Rg and � its associated
torsion line bundle. Moreover, let

a D .0 � a0 < a1 < � � � < ar � 2g � 2C k/

be a vanishing sequence and denote jaj WD
Pr
iD0 ai . Then the locus Va

�.f; p/ has dimen-
sion g � r � 2 � jaj.
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We are left to discuss what happens when the expected dimension is negative. In this
case, the coupled Gieseker–Petri condition implies that the pointed twisted Prym–Brill–
Noether loci are empty.

Theorem 5.9. Let f W zC ! C be a generic element of Rg;2k for 0 � k � 2. Moreover, let

a D .0 � a0 < a1 < � � � < ar � 2g � 2C k/

be a vanishing sequence, denote jaj WD
Pr
iD0 ai and assume g C k � r � 2 � jaj < 0.

Then the locus Va
�.f; p/ is empty.

Proof. We will start with the cases k D 1 and k D 2. We assume there is a non-empty
space of negative expected dimension

Va;ı
� .f; p/ WD

²
L 2 Pic2g�2Ck. zC/

ˇ̌̌ Nm.L/ D !C ˝ �;

h0
�
zC ;L.�ai p/

�
D r C 1 � i; 80 � i � r

³
:

We consider some sections

�i 2 H
0
�
zC ;L.�ai p/

�
nH 0

�
zC ;L.�aiC1 p/

�
for i D 0; : : : ; r � 1;

�r 2 H
0
�
zC ;L.�ar p/

�
as well as the anti-invariant part of the pointed Gieseker–Petri morphism

x�W

rM
iD0

h�i i ˝H
0
�
zC ; ��L.ai p/

�ı
��H 0

�
zC ;L.�aiC1 p/

�
! H 0.C; !C ˝ �/:

From the proof of Theorem 5.6, it follows that x� is injective. However, the term on the left
has dimension jaj C r C 1 while the one on the right has dimension gC k � 1. Under the
assumption g C k � r � 2 � jaj < 0, injectivity would be impossible. In particular, this
implies the theorem for k D 1 and k D 2.

For the case k D 0, we reason as in Theorem 5.7 to obtain the conclusion.

6. Prym–Brill–Noether loci twisted by an effective divisor

In this section, we build on [32] and Section 5 in order to extend the main results of [27]
about the dimension of Prym–Brill–Noether loci twisted by an effective divisor.

Let f W zC ! C be a generic ramified double cover in Rg;2k and let � be its associated
two torsion line bundle. We consider D a degree d effective divisor on C and define the
loci

V r .f;D/ WD
®
L 2 Pic2g�2�d . zC/ j Nm�.L/ D !C .�D/ and h0.L/ � r C 1

¯
and

V r� .f;D/ WD
®
L 2 Pic2g�2�dCk. zC/ j Nm�.L/ D !C ˝ �.�D/ and h0.L/ � r C 1

¯
:
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We know from [27, Proposition 1.6] the following inequalities for the dimension of
these spaces:

• dimV r .f;D/ � g � 1C k � .d C k/.r C 1/ � r.rC1/
2

and

• dimV r� .f;D/ � g � 1C k � d.r C 1/ �
.rC1/.rC2/

2

if they are non-empty.
Our next goal is to show the converse inequality for small values of k. These results

will be immediate corollaries of [32, Theorem 2] and the theorems of Section 5.

Theorem 6.1. Let f W zC ! C be a generic element of Rg and let D 2 Cd be a generic
degree d effective divisor on C . Then all components of V r .f; D/ have dimension g �
1 � r.rC1/

2
� d.r C 1/.

When the expected dimension is negative, the locus V r .f;D/ is empty.

Proof. We know from [27] that all components have dimension greater or equal to this. It
is sufficient to show the converse inequality.

We consider the universal Prym–Brill–Noether locus

V r;d
WD
®
Œf;D;L� j f 2 Rg ; D 2 C

d and L 2 V r .f;D/
¯

and consider the forgetful map to

CdRg WD
xMg;d � xMg

xRg :

Over an element Œf; D� 2 CdRg , the fiber of the forgetful map is the locus V r .f; D/.
In particular, it is sufficient to find a unique pair Œf; D� such that all the components of
V r .f;D/ have the expected dimension. It will then follow that the generic fiber of

V r;d
! CdRg

has the expected dimension g � 1 � r.rC1/
2
� d.r C 1/.

Let p be a generic point on C and let Qp be one of the points in the preimage f �1.p/.
We will show that for D D d � p, the fiber V r .f; d � p/ has dimension g � 1 � r.rC1/

2
�

d.r C 1/ as required.
We consider the map

V r .f; d � p/
Cd � Qp
���! V r .f /q V rC1.f /:

There are two obvious loci in the image, namely

(1) The locus V a.f; Qp/ where a D .d; d C 1; : : : ; d C r/ is the vanishing sequence
at Qp; when the generic element in the image has exactly r C 1 independent global
sections, or

(2) The locus V a.f; Qp/where aD .0;d;d C 1; : : : ; d C r/; when the generic element
in the image has exactly r C 2 independent global sections.

According to [32, Theorem 2], both loci have dimension g � 1 � r.rC1/
2
� d.r C 1/.
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We show these are the only loci in the image. Assume there exists a component of
V r .f; d � p/ such that a generic element L satisfies

h0
�
zC ;L.d � Qp/

�
D r C 1C s � r C 3:

Because h0. zC ;L/�rC1, the vanishing orders of L.d Qp/ at Qp are � .0; 1; : : : ; s � 1;
d; d C 1; : : : ; d C r/. According to [32, Theorem 2], the locus respecting these properties
has dimension

g � 1 �
r.r C 1/

2
� d.r C 1/ �

s.s � 1/

2
:

This is not possible as the mapCd � Qp is injective.
In conclusion, all components of the space V r .f; d � p/ have dimension

g � 1 �
r.r C 1/

2
� d.r C 1/:

The same method as in Theorem 6.1 can be used to estimate the dimension of twisted
Prym–Brill–Noether loci. Using the results of the previous section, we obtain the follow-
ing.

Theorem 6.2. Let f W zC !C be a generic element of Rg;2k for 0� k � 2 and letD 2Cd
be a generic degree d effective divisor on C . Then the locus V r� .f; D/ has dimension
g � 1C k � .rC1/.rC2/

2
� d.r C 1/. When the expected dimension is negative, the locus

V r� .f;D/ is empty.

7. Prym–Brill–Noether and pointed Brill–Noether conditions

We consider the universal Prym–Brill–Noether locus V r
g defined as

V r
g WD

®
ŒC; �; L� j ŒC; �� 2 Rg and L 2 V r .C; �/

¯
:

This locus fits into a diagram
V r
g ‹

Rg
xRg

i

and our goal is to construct a partial compactification of it over xRg . To do this, we first
remark that a generic element of V r

g can be viewed as a linear series gr2g�2 satisfying the
norm condition. As in [11], we will call these Prym limit gr2g�2.

Let zRg be the partial compactification of Rg consisting of double covers f W zC ! C

whose source curve is of compact type. We consider the map

�g W zRg !Mct
2g�1;
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along with the moduli space G r2g�2.M
ct
2g�1/ parametrizing crude limit gr2g�2, cf. [18,

Section 1], on curves in Mct
2g�1.

In this setting, we have a diagram

V r
g

zRg �Mct
2g�1

G r2g�2.M
ct
2g�1/

Rg
zRg

i

and our goal is to understand the closure of V r
g in zRg �Mct

2g�1
G r2g�2.M

ct
2g�1/. This clo-

sure is contained in the locus of crude limit linear series respecting the norm condition,
which we will call Prym limit gr2g�2’s.

Let Œf W zC ! C � 2 xRg such that C is a curve of compact type admitting a unique
irreducible component X for which �X © OX . For this component X , we denote by
pX1 ; : : : ; p

X
sX

its nodes and by gX1 ; : : : ; g
X
sX

the genera of the connected components of
C nX glued toX at these points. For an irreducible component Y of C , different fromX ,
we denote by qY the node glueing Y to the connected component of C n Y containing X ,
and by pY1 ; : : : ; p

Y
sY

the other nodes of Y . We denote by gY0 ; g
Y
1 ; : : : ; g

Y
sY

the genera of the
connected components of C n Y glued to Y at these points. Using the above notations, we
can define the concept of a Prym limit gr2g�2.

Definition 7.1 ([11]). Let Œf W zC ! C � 2 xRg as above. A Prym limit gr2g�2 on f , denoted
by `, is a crude limit gr2g�2 on zC satisfying the following two conditions:

(1) For the unique component zX of zC above X , the zX -aspect L zX of ` satisfies

Nmf
j zX
L zX Š !X

� sX
iD1

2gXi p
X
i

�
:

(2) For a component Y of C different from X , we denote by Y1 and Y2 the two
irreducible components of zC above it. We identify these two components with Y
via the map f . With this identification the Y1 and Y2 aspects of ` satisfy:

LY1 ˝ LY2 Š !Y

�
.2g � 2C 2gY0 /q

Y
C

sX
iD1

gYi p
Y
i

�
:

We denote by PGr2g�2.f / the space of Prym limit gr2g�2 on f . Furthermore, we denote
by V r .f /� PGr2g�2.f / to be the set of limit linear series appearing in the closure of V r

g

above Œf � 2 zRg .

Let f W Y1 [x1 zE [x2 Y2 ! Y [x E be the double cover corresponding to a generic
element in the boundary component �1 � xRg . We consider the map

V r .f /! Pic2g�2.Y1/ � Pic2g�2. zE/ � Pic2g�2.Y2/
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forgetting the .r C 1/-dimensional spaces of sections and only remembering the underly-
ing line bundles. We will show that the image of this map has dimension g � 1 � r.rC1/

2
.

Proposition 7.2. Let f W Y1 [x1 zE [x2 Y2 ! Y [x E be a generic double cover in the
boundary component �1 � xRg , and let ¹l1 WD .V1; L1/; .V zE ; L zE /; l2 WD .V2; L2/º be a
generic Prym limit gr2g�2 in V r .f /. Then we have that

• the vanishing orders of the Y1-aspect at x1 are .g � r � 1; g � r C 1; : : : ; gC r � 1/,

• the vanishing orders of the Y2-aspect at x2 are .g � r � 1; g � r C 1; : : : ; gC r � 1/,
and

• the vanishing orders of the zE-aspect at x1 and x2 are both .g � r � 1; g � r C
1; : : : ; g C r � 1/.

Proof. We first interpret the norm conditions that this limit linear series satisfy.

(1) When we identify Y1; Y2 with Y we get the isomorphism

L1 ˝ L2 Š !Y .2g � x/:

(2) For the zE-aspect we have

Nm.L zE / D !E
�
.2g � 2/ � x

�
:

In particular, knowing L1 or L2 uniquely determines the other. Second, L zE is isomor-
phic to either O zE ..2g � 2/ � x1/ or O zE ..2g � 3/ � x1 C x2/.

The generic fiber of the morphism V r
g ! Rg has dimension g � 1 � r.rC1/

2
. Look-

ing over ŒY [x E;OY ; �E �, it follows that both V r .f / and its image in Pic2g�2.Y1/ �
Pic2g�2. zE/ � Pic2g�2.Y2/ have dimension greater or equal to s WD g � 1� r.rC1/

2
, since

both can be seen as special fibers of a morphism whose general fiber is s-dimensional.
We look at the image of the map

V r .f /! Pic2g�2.Y1/ � Pic2g�2. zE/ � Pic2g�2.Y2/:

Because of the norm condition, the restriction of the line bundle to Pic2g�2.Y1/ uniquely
determines the line bundle on Pic2g�2.Y2/ and viceversa. Moreover, there are only two
line bundles in Pic2g�2. zE/ satisfying the required norm condition.

In particular, when we look at the images of the restriction maps

V r .f /! Pic2g�2.Y1/ and V r .f /! Pic2g�2.Y2/;

the images are at least s-dimensional. Since the pointed Brill–Noether conditions on
ŒY1; x1� and ŒY2; x2� determine loci that are at least s-dimensional, we must have

�.l1; x1/ � s and �.l2; x2/ � s

since ŒY; x� 2Mg�1;1 is generic. Indeed, letting a be the vanishing orders of l1 at x1 for a
generic limit linear series l , the inequality above follows from

�.l1; x1/ D �.g � 1; r; 2g � 2; a/ D dimGr2g�2;a.Y1; x1/ � dimW r
2g�2;a.Y1; x1/ � s:
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Using Brill–Noether additivity, see [18, Proposition 4.6] and the inequality �. zE;x1;x2/
� �r which is always satisfied for linear series on elliptic curves, see [20, Proposi-
tion 1.4.1] we obtain the inequalities

�.2g � 1; r; 2g � 2/ D �r C 2s � �.l1; x1/C �. zE; x1; x2/C �.l2; x2/ � �r C 2s:

This implies that the limit linear series is refined and

�.l1; x1/ D s; �.l2; x2/ D s and �. zE; x1; x2/ D �r:

We denote by 0 � a0 < a1 < � � � < ar � 2g � 2 and 0 � b0 < b1 < � � � < br � 2g � 2
the vanishing orders at x1; x2 for the Y1 and Y2 aspects respectively. From the definition
of a refined limit linear series, the vanishing orders of the zE-aspect at x1 and x2 are
0� 2g � 2� ar < � � �< 2g � 2� a0 � 2g � 2 and 0� 2g � 2� br < � � �< 2g � 2� b0 �
2g � 2, respectively. The condition �. zE; x1; x2/ D �r forces the orders of the zE-aspect
at x1 and x2 to pair up so that each pair sums to 2g � 2. This implies the inequality
2g� 2� ai C 2g� 2� br�i D 2g� 2 for all 0� i � r , or equivalently ai C br�i D 2g� 2
for all 0 � i � r . Reasoning as in [11, 13] we obtain that:

• All the ai ’s have the same parity: otherwise using the equivalence of divisors 2x1 �
2x2 on zE we obtain the contradiction x1� x2. In particular, this implies ai � ai�1C 2
for each 1 � i � r .

• a0 D g � r � 1 and ar D g C r � 1:
The genericity of ŒY2; x2� 2Mg�1;1 together with �.L2; x2/ D s imply that

h0
�
Y2; L2.�bix2/

�
D r C 1 � i for all 0 � i � r:

Using that L1 ˝ L2 Š !Y .2g � x/ and the Riemann–Roch theorem we obtain

h0
�
Y1; L1

�
� .2C ar�i /x1

��
D g C r � 1 � ar�i � i:

Choosing i D 0 we get ar D g C r � 1. Inverting the roles of the ai ’s and bi ’s we
obtain that a0 D g � r � 1.

These two conditions immediately imply ai D g� r � 1C 2i for each 0� i � r . Inverting
the roles of the ai ’s and the bi ’s we conclude

ai D bi D g � r � 1C 2i for every 0 � i � r:

In particular, we recover the dimension count for V r .f / for a generic f W zC!C in Rg.

Corollary 7.3. Let f W zC ! C be a generic double cover in Rg . Then we have

dimV r .f / D g � 1 �
r.r C 1/

2
:

Moreover, V r .f / is empty when g � 1 � r.rC1/
2

< 0.
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Proof. Realizing V r .f / as a Lagrangian degeneracy locus, we obtain the inequality

dimV r .f / � g � 1 �
r.r C 1/

2
:

For the converse inequality, we view V r
g as contained in the universal Picard variety

and take the partial compactification xV r
g over the boundary divisor �1. We consider the

forgetful morphism
xV r
g !

xRg :

Using the previous proposition, we obtain that the fiber over a generic double cover in�1
has dimension less than or equal to g � 1 � r.rC1/

2
. Indeed, Proposition 7.2 provides an

explicit description of the line bundles in Pic2g�2.Y1/ � Pic2g�2. zE/ � Pic2g�2.Y2/ that
can appear in the compactification of V r

g over �1.
As discussed in Proposition 7.2, the restriction map of the fiber to Pic2g�2.Y1/ is finite,

and the image is contained in the pointed Brill–Noether locus

W r
2g�2;a.Y1; x1/ D

®
L 2 Pic2g�2.Y1/ j h0

�
Y1; L.�aix1/

�
� r C 1 � i

¯
;

where the vanishing orders are a WD .g � r � 1; g � r C 1; : : : ; gC r � 1/ at x1. A simple
Brill–Noether number computation gives �.g � 1; r; 2g � 2; a/ D s WD g � 1 � r.rC1/

2
,

and hence the image is at most s-dimensional.
In particular, the fiber over a generic element in �1 has dimension at most s. This

implies that the generic fiber satisfies

dimV r .f / � g � 1 �
r.r C 1/

2
:

This concludes the proof.

Let aD .0� a0 <a1 < � � �<ar � 2g� 2/ be the sequence of vanishing orders defined
by ai D 2i . We proved in Proposition 7.2 that over a generic element ŒY [x E;OY ; E�
of �1 � xRg the locus of smoothable Prym limit linear series is (after removing the base-
locus) isomorphic to

W r
gCr�1;a.Y / WD

®
L 2 PicgCr�1.Y / j h0.Y; L � 2i � x/ � r C 1 � i 80 � i � r

¯
:

We can extend these results to the moduli space Rg;2. The Prym limit linear series for
double covers Œf W zC ! C � in Rg;2 are described as in Definition 7.1 to be limit linear
series respecting the norm condition.

We define the universal Prym–Brill–Noether locus to be

V r
g;2 WD

®
ŒC; �; x C y;L� j ŒC; �; x C y� 2 Rg;2 and L 2 V r .C; �; x C y/

¯
:

As in the unramified case, this can be fitted into a diagram

V r
g;2

zRg;2 �Mct
2g

G r2g�2.M
ct
2g/

Rg;2
zRg;2

i
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and our next goal is to understand what limit linear series appear in the closure of V r
g;2.

We are interested in understanding this closure over a generic element in the boundary
divisor �0Wg;¹Oº � xRg;2, as defined in [12, Section 2]. The associated double cover for
this element is of the form

f WY1 [p1
zR [p2 Y2 ! Y [p R;

where

• f W zR! R is a double cover between rational curves, ramified at two points Qx; Qy 2 zR.
The points p1; p2 are the points in the preimage of p,

• the marked curve ŒY; p� is generic in Mg;1, and ŒY1; p1�, ŒY2; p2� are two copies of it.
The map f identifies these copies with ŒY; p�.

Analogously to Definition 7.1, we can define Prym limit linear series for this double
cover

f WY1 [p1
zR [p2 Y2 ! Y [p R:

Definition 7.4. Let f WY1 [p1 zR [p2 Y2 ! Y [p R as above. A Prym limit gr2g�2 on f ,
denoted `, is a limit gr2g�2 on Y1 [p1 zR [p2 Y2 satisfying the following condition:

(1) Via the identification of Y1 and Y2 with Y , the Y1 and Y2 aspects of ` satisfy:

LY1 ˝ LY2 Š !Y
�
.2g � 2/p

�
:

We denote by PGr2g�2.f / the space of Prym limit gr2g�2 on f . Furthermore, we denote
by V r .f /� PGr2g�2.f / the subset of elements that appear in the closure of V r

g;2 over f .

Our next goal is to describe the elements of V r .f /, as we did in the unramified case
in Proposition 7.2. To achieve this, we will use the following observations from Section 4:

• For an element f W zC ! C in Rg;2, the following Prym–Brill–Noether loci are iden-
tified via Serre duality:

V r .f /! V rC1.f; x C y/; L 7! ��L:

• Because all sections in H 0.C; !C .x// vanish at x, the space V rC1.f; x C y/ is iden-
tified with²

L 2 Pic2g. zC/
ˇ̌̌ Nmf .L/ D !C .x C y/; h0. zC ;L/ � r C 2 and

h0
�
zC ;L.� Qx � Qy/

�
� r C 1

³
via adding the superfluous condition h0. zC ;L.� Qx � Qy// � r C 1.

We define the space

V r
g;2.xC y/ WD

²
Œf W zC ! C;L�

ˇ̌̌ Œf � 2 Rg;2 branched at points x; y and
L 2 V r .f; x C y/

³
:



A. Bud 32

Via Serre duality, we have an isomorphism between V r
g;2 and V rC1

g;2 .x C y/. Hence, in
order to understand how V r

g;2 degenerates to the boundary, it is sufficient to answer this
question for the other moduli space.

We consider again the double cover f W Y1 [p1 zR [p2 Y2 ! Y [p R associated to a
generic element in the boundary divisor �0Wg;¹Oº.

Definition 7.5. Let f WY1 [p1 zR [p2 Y2 ! Y [p R as above. We define PGr .f; x C y/
to be the space of limit gr2g on Y1 [p1 zR [p2 Y2 satisfying the following conditions:

(1) For the zR-aspect .V zR; L zR/ we have

h0
�
zR; V zR.� Qx � Qy/

�
� r:

(2) Via the identification of Y1 and Y2 with Y , the Y1- and Y2- aspects of l satisfy:

LY1 ˝ LY2 Š !Y
�
.2g C 2/p

�
:

We denote by V r .f; x C y/ � PGr .f; x C y/ the set of those linear series that appear in
the closure of V r

g;2.xC y/ above the boundary divisor �0Wg;¹Oº.

In this case, we have an analogue of Proposition 7.2.

Proposition 7.6. Let f WY1 [p1 zR[p2 Y2! Y [p R a generic double cover in the bound-
ary component �0Wg;¹Oº � xRg;2 and let ¹l1 WD .V1; L1/; Ql WD .V zR; L zR/; l2 WD .V2; L2/º
be a generic limit linear series in V r .f; x C y/. Then we have that

• the vanishing orders of the Y1-aspect at p1 are .g � r; g � r C 2; : : : ; g C r/,

• the vanishing orders of the Y2-aspect at p2 are .g � r; g � r C 2; : : : ; g C r/, and

• the vanishing orders of the zR-aspect at p1 andp2 are both .g� r; g� rC2; : : : ; gCr/.

Proof. We know from Theorem 4.2 that for a generic double cover g in Rg;2 branched
over x0 and y0, the dimension of the locus V r .g; x0 C y0/ is g � r.rC1/

2
. This implies the

inequality

dimV r .f; x C y/ � s WD g �
r.r C 1/

2
:

Because we have
LY1 ˝ LY2 Š !Y

�
.2g C 2/p

�
it follows that one of the line bundles uniquely determines the other. Combined with the
inequality of the dimension, this implies

�.LY1 ; p1/ � s; and �.LY2 ; p2/ � s:

We use Brill–Noether additivity to obtain

�.2g; r; 2g/ D 2s � �.LY1 ; p1/C �.LY2 ; p2/C �.
Ql ; p C 1; p2/ � s C s C 0:

In particular, all inequalities are in fact equalities and a generic limit linear series in
V r .f; x C y/ is refined.
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We denote by 0 � a0 < a1 < � � � < ar � 2g the vanishing orders of the Y1-aspect at
the point p1. As in Proposition 7.2 we have that a0 D g � r and ar D g C r .

In order to conclude the proposition, it is sufficient to show aiC1 � ai � 2 for every
0 � i � r � 1. For this we look at the zR-aspect of the limit linear series. Its vanishing
orders at p1 are .2g � ar ; : : : ; 2g � a0/ while the vanishing orders at p2 are .a0; : : : ; ar /.
We consider the subspace

V zR.� Qx � Qy/ � V zR

which is of dimension r because of the condition

h0
�
zR; V zR.� Qx � Qy/

�
� r

appearing in Definition 7.5.
We look at the vanishing orders at p1, p2 of the sections in V zR.� Qx � Qy/. These van-

ishing orders are subsets of .2g � ar ; : : : ; 2g � a0/ and .a0; : : : ; ar / missing exactly one
element.

The orders at p1 and those at p2 of V zR.� Qx � Qy/ can be paired so that the sum of
each pair is less or equal to 2g � 2. This implies that the vanishing orders at p1 are
.2g � ar ; : : : ; 2g � a1/ and the orders at p2 are .a0; : : : ; ar�1/. This furthermore implies
that

ai C 2g � aiC1 � 2g � 2

and hence aiC1 � ai � 2 for each 0 � i � r � 1. This implies the conclusion.

Using Serre duality and the previous result, we can describe the linear series appearing
as limits of V r

g;2 to the boundary.

Proposition 7.7. Let f WY1 [p1 zR[p2 Y2! Y [p R a generic double cover in the bound-
ary component �0Wg;¹Oº � xRg;2 and let ¹l1 WD .V1; L1/; Ql WD .V zR; L zR/; l2 WD .V2; L2/º
be a generic limit linear series in V r .f /. Then we have that

• the vanishing orders of the Y1-aspect at p1 are .g � r � 1; g � r C 1; : : : ; gC r � 1/,

• the vanishing orders of the Y2-aspect at p2 are .g � r � 1; g � r C 1; : : : ; gC r � 1/,
and

• the vanishing orders of the zR-aspect at p1 and p2 are both .g � r � 1; g � r C
1; : : : ; g C r � 1/.

Proof. The line bundle !Y .2g � p/ ˝ L�11 is the Y1-aspect of a generic element in
V rC1.f; x C y/. Its vanishing orders at p1 are described in the previous proposition.
We have

h0
�
Y; !Y .2g � p/˝ L

�1
1 � .g � r � 1C 2i/ � p

�
D r C 2 � i:

Using the Riemann–Roch Theorem we obtain

h0
�
Y;L1 � .g C r C 1 � 2i/ � p

�
D .r C 2 � i/ � .r C 2 � 2i/ D i:

This immediately implies the conclusion.
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8. Du Val curves and Prym–Brill–Noether generality

The results of [23] tell us that we can find pointed Du Val curves that are pointed Brill–
Noether general. Using Proposition 7.2 we can further prove that a generic Du Val curve
is Prym–Brill–Noether general.

Proof of Theorem 1.5. Let J be the unique smooth plane cubic passing through the points
p1; : : : ; p9 and denote by J 0 its strict transform. The elliptic curve J 0 is contained in the
linear system j3l �E1 � � � � �E9j.

We consider D to be a generic curve in the linear system

Lg�1 WD
ˇ̌
3.g � 1/l � .g � 1/E1 � � � � � .g � 1/E8 � .g � 2/E9

ˇ̌
and we know that D and J 0 intersect at a unique point p. We know from [23, Theorem 1]
that ŒD; p� is pointed Brill–Noether general.

We look at the curve D [p J 0 in Lg and associate to it a Prym curve ŒD [p J 0; �� in
the boundary divisor �1 � xRg . Using Proposition 7.2 and reasoning as in Corollary 7.3
we conclude that all Prym–Brill–Noether loci V r .D [p J 0; �/ are empty or of expected
dimension. This implies the conclusion.

We can use a similar approach to find Prym–Brill–Noether general curves on ellip-
tic ruled surfaces. We start with an elliptic curve J and a non-torsion line bundle L in
Pic0.J /. We consider the decomposable ruled surface

'WY WD P.OJ ˚ L/! J

which comes equipped with two disjoint sections J0 and J1. We choose a point r 2 J and
consider f WD '�1.r/ the corresponding ruling of Y .

In the situation above, the linear system jgJ0 C f j consists of curves of genus g and
moreover, for a suitable choice of a 2-torsion line bundle, a generic such curve is Prym–
Brill–Noether general.

Proposition 8.1. In the setting outlined above, let C 2Mg be a generic element of the
linear system jgJ0 C f j. Then there exists a 2-torsion line bundle � on C such that ŒC; ��
is Prym–Brill–Noether general.

Proof. We considerD to be a generic element in the linear system j.g � 1/J0C f j. Then
D is a smooth curve of genus g � 1, it intersects J0 in a unique point p and moreover
ŒD; p� is pointed Brill–Noether general, see [23, Theorem 2].

In particular, we consider a Prym curve ŒD [p J0; �� in the boundary divisor�1 � xRg

and apply Proposition 7.2 to conclude that all Prym–Brill–Noether loci V r .D [p J0; �/
are either empty or have the expected dimension. This concludes the proof.

The curves appearing in Theorem 1.5 and in Proposition 8.1 are contained in the clo-
sure of the locus of curves lying onK3 surfaces. As a consequence, we have the following
result.
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Corollary 8.2. Let .S;H/ be a smooth polarized K3 surface of degree 2g � 2 and let C
be a generic curve in the linear system jH j. Then there exists a 2-torsion line bundle � on
C such that ŒC; �� is Prym–Brill–Noether general.
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