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1. Introduction and main results

Homogenization has attracted much attention in the last five decades, due to the many
applications that mixtures and finely heterogeneous media have in applied science
and technology; see for instance [17, 30] among a wider pioneering literature. In fact,
both classical and more recent theories of ferro-magnetics and mechanics provide an
accurate macroscopic description of phenomena occurring in materials which incor-
porate fine structures at the microscopic level. We refer to [2, 5, 7, 10, 19, 20, 23–25]
for applications to the theory of structured deformations, thin structures, non-simple
materials, evolution problems with nonstandard growth, elastomers, electromagnetic
phenomena and constrained models. Here we want to adopt the homogenization tech-
niques to formalize how the effects at micro-level emerge at the macro-level in the
study of more general phenomena, such as peridynamics, where classical gradients
are replaced by non-classical ones and, consequently, non-local integral functions take
over the role of standard integrals.

Indeed, adopting a different view point than [13], the aim of this paper consists of
studying the asymptotic behavior as "& 0C of I" W Lp.�IRd /! RC defined as

(1.1) I".u/ WD
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where � � RN is an open subset, u W � ! Rd is in some Lebesgue space Lp,
s1 < p <1 and the integrandW W � �� �RN �RN �Rd �Rd ! Œ0;C1/ has
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some measurability and continuity properties to be specified later andW.x;x0; �; �; �; �/
is periodic; i.e., we will equivalently denote I" by

I".u/ D
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���

W

�
x; x;0

Dx
"

E
;
Dx0
"

E
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�
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where hti denotes the vector in Q WD .0; 1/N whose components are the fractional
parts of t 2 RN .

This kind of non-local functional appears in the mathematical modeling of peridy-
namics[40], ferro-magnetics[39], etc. For instance, in thefirst setting, i.e., peridynamics,
� represents the reference configuration, u is the deformation and I" is the associated
energy.

In general, I" is not lower semi-continuous; hence, the existence of minimizers is not
guaranteed, and one should look for its relaxed version, for which we refer to [11], for
instance, in order to detect the microstructure of the material in the context of nonlinear
elasticity. Here we follow an analogous approach in terms of suitable Young measures,
extending first Lp to the space of Young measures equipped with the narrow topology.

Thus, we can provide a characterization of the �-limit as the minimum of an
appropriate functional over a class of two-scale Young measure with controlled mean-
value. In fact, the Young measures are so far a crucial tool for obtaining a limiting
formula. We refer to [4,22,38], etc., for background on Young measures and to [6,8,9,34]
for the two-scale Young measures that are a key tool in this homogenization setting.

As already emphasized in [11, 29, 36, 37], the relaxation and homogenization of
(1.1) in Lp is a very delicate issue since it is not clear if the limiting energy (as "! 0)
has still the same form, i.e., the double integral form.

In our subsequent analysis, we will make use of the two-scale Young measures
introduced by [21] and later developed by [43], defined in Definition 2.3, to compute,
via �-convergence with respect to a suitable topology, the limit energy of (1.1), under
the assumption on the energy densityW of being an admissible integrand (as introduced
in [12]) in the sense of Definition 2.11. We also stress that there is no loss of generality
in assuming that W is symmetric, as observed in [11, 35], i.e.,

(1.2) W.x; x0; y; y0; �; �0/ D W.x0; x; y0; y; �0; �/

for a.e. x; x0 2 �, and all y; y0 2 Q, �; �0 2 Rd .

Theorem 1.1. Let p > 1 and assume W W � �� �Q �Q �Rd �Rd ! Œ0;1� is
a symmetric admissible integrand and there exists a; ˛ 2 L1.� ��/ and c > 0 such
that

(1.3) ˛.x; x0/C
1

c
j�jp � W.x; x0; y; y0; �; � 0/ � a.x; x0/C c
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j�jp C j� 0jp
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for a.e. x; x0 2 �, all y; y0 2 Rd and �; � 0 2 Rd . Let " > 0 and let ¹I"º" be the family
of functionals in (1.1). Then, ¹I"º" �-converges, with respect to the weak Lp.�IRd /
convergence, to Ihom W L

p.�;Rd /! Œ0;C1/, where Ihom is defined as

Ihom.u/ WD min
�2Mu

�
���

�
Q�Q

�
Rd�Rd

W.x; x0; y; y0; �; � 0/d�.x;y/

� .�/d�.x0;y0/.�
0/dy dy0 dx dx0;

where

(1.4) Mu WD

²
� 2 L1w

�
� �Q;M.Rd /

�
W ¹�.x;y/º.x;y/2��Q is a two-scale

Young measure such that
�
Q

�
Rd
�d�.x;y/.�/dy D u.x/

³
:

Remark 1.2. We would like to underline that in the previous theorem we chose the
image set Œ0;C1� for simplicity’s sake. Indeed, the result still holds if we assume W
bounded from below and having values in R [ ¹1º.

In order to prove Theorem 1.1, we characterize two-scale Young measures by
proving the following result. We will use the strategy introduced in [27, 28] and later
adopted in [6] (and in [26] for the Sobolev–Orlicz setting). See also [9,38] where some
parts of our results have been proven.

Theorem 1.3. Let Q WD .0; 1/N , � be an open and bounded subset of RN with
Lipschitz boundary, and let � 2 L1w .��Q;M.Rd // be such that �.x;y/ 2 P .Rd / for
a.e. .x; y/ 2 � �Q. Then, the family ¹�.x;y/º.x;y/2��Q is a two-scale Young measure
if and only if the following conditions hold:

(i) here exists 1 < p < C1 such that

.x; y/ 7!

�
Rd
j�jpd�.x;y/.�/ 2 L

1.� �Q/I

(ii) there exists u1 2 Lp.�;Lpper.Q// such that
�

Rd
�d�.x;y/.�/ D u1.x; y/;

for a.e. .x; y/ 2 � �Q;

(iii) for every f 2 Ep
�
Q

�
Rd
f .y; �/d�.x;y/.�/dy � fhom

�
u.x/

�
for a.e. x 2 �;
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where

Ep WD

²
f W xQ �Rd ! R continuous and such that exists(1.5)

lim
j�j!C1

f .y; �/

1C j�jp
uniformly with respect to y 2 xQ

³
;(1.6)

u.x/ WD

�
Q
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and for every � 2 Rd ,

(1.7) fhom.�/ WD lim
T!C1

1

T N
inf
² �

.0;T /N
f
�
hxi; � C v.x/

�
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v 2 Lp
�
.0; T /N ;Rd

�
;

�
.0;T /N

v.x/dx D 0

³
:

For a generalization of the above characterization when p D 1, in the constrained
case (i.e., u satisfying a suitable PDE, not necessarily curl), we refer to [3], leaving to
future investigation the study of non-local models as in (1.1) when W satisfies a linear
growth condition (i.e., (1.3) for p D 1). To conclude this section, we point out that
Theorem 1.1 holds true in the multi-scale case (see [9,34] for a discussion on the topic).
Indeed, the techniques used in the proof (under appropriate symmetry conditions) can
be similarly replicated in the case of multiple scales.

The paper is organized as follows. Section 2 is devoted to notation and preliminaries.
In Section 3, we prove some technical results and, in particular, Theorem 1.3. Finally,
in Section 4, we prove the homogenization result, i.e., Theorem 1.1, and we compare
our limiting formula with the relaxed energy obtained in [11] in the homogeneous
isotropic setting.

2. Preliminaries

We start by fixing the notation that we will use in the paper.

2.1. Notation

Throughout this work, 1 < p < C1, � � RN is an open bounded set with Lipschitz
boundary, A.�/ denotes the family of the open subsets of �, and for any m 2 N,
Lm is the Lebsegue measure in Rm.Q WD .0; 1/N is the unit cube in RN . The symbols
h�i and Œ�� stand, respectively, for the fractional and integer part of a number, or a
vector component-wise. The Dirac mass at a point a 2 Rm is denoted by ıa. For every
Lebesgue measurable setA�Rm, the symbol�

�
A

stands for the average .Lm.A//�1
�
A

.
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Let U be an open subset of R. Then, the following notation is adopted in the sequel.
• For any linear space X , by X 0 we denote its dual space.
• Cc.U / is the space of the continuous functions f W U ! R with compact support.
• C1per.Q/ is the space of Q-periodic functions on RN .
• C1c .U / is the space of the smooth functions f W U ! R with compact support.
• C0.U / is the closure of Cc.U /with respect to the uniform convergence; it coincides

with the space of the continuous functions f W U ! R such that, for every � > 0,
there exists a compact set K� � U with jf j < � on U nK� .

• Cb.U IR
m/ is the space of continuous and bounded functions from U to Rm.

• M.U / is the space of real-valued Radon measures with finite total variation. We
recall that, by the Riesz Representation Theorem, M.U / can be identified with the
dual space of C0.U / through the duality

h�; �i D

�
U

� d�; � 2M.U /; � 2 C0.U /:

• P .U / denotes the space of probability measures on U , i.e., the space of all � 2
M.U / such that � � 0 and �.U / D 1.

• L1.�;C0.U // is the space of maps � W �! C0.U / such that

(i) � is strongly measurable; i.e., there exists a sequence of simple functions
sn W �! C0.U / such that ksn.x/ � �.x/kC0.U / ! 0 for a.e. x 2 �;

(ii) x 7! k�.x/kC0.U / 2 L
1.�/.

• L1w .�;M.U // is the space of maps � W E !M.U / such that

(i) � is weak* measurable; i.e., x 7! h�x; �i is measurable for every � 2 C0.U /;

(ii) x 7! k�xkM.U / 2 L
1.�/. The space L1w .�;M.U // can be identified with

the dual space of L1.�;C0.U // via the duality

h�;�iD

�
�

�
U

�.x; �/d�x.�/dx; �2L1w
�
�;M.U /

�
; �2L1

�
�;C0.U /

�
;

where �.x; �/ WD �.x/.�/ for all .x; �/ 2 � � U .
• The space Lpper.Q/ stands for the Lp-closure of all functions f 2 C.RN / which

are Q�periodic.

2.2. Young measures

Young measures and two-scale Young measures (introduced in [21] and later developed
by Pedregal in [32] and Valadier in [43]) are a key tool in our subsequent analysis.
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Here we recall the definitions and main properties, starting from the theory of classical
Young measures; see [22, 38, 41, 42].

Definition 2.1 (Young measures). Let � 2 L1w .�;M.Rm//, and for every n 2 N

let zn W �! Rm be a measurable function. The family of measures ¹�xºx2� is said to
be the Young measure generated by the sequence ¹znº provided �x 2 P .Rm/ for a.e.
x 2 � and

ızn
�
* � in L1w .�;M

�
Rm/

�
;

i.e., for all  2 L1.�;C0.Rm//

lim
n!C1

�
�

 
�
x; zn.x/

�
dx D

�
�

�
Rm

 .x; �/d�x.�/dx:

The family ¹�xºx2� is said to be a homogeneous Young measure if the map x 7! �x is
independent of x. In this case, the family ¹�xºx2� is identified with a single element �
of M.Rm/.

A proof of this result can be found in [22].

Theorem 2.2 (Fundamental Theorem on Young Measures). Let ¹znº be a sequence
of measurable functions zn W �! Rm. Then, there exists a subsequence ¹znk º and
� 2L1w .�;M.Rm//with �x � 0 for a.e. x 2�, such that ıznk

�
*� inL1w .�;M.Rm//

and the following properties hold:

(i) k�xkM.Rm/ D �x.R
m/ � 1 for a.e. x 2 �;

(ii) if dist.znk ;K/! 0 in measure for some closed setK �Rm, then Supp.�x/�K
for a.e. x 2 �;

(iii) k�xkM.Rm/ D 1 if and only if there exists a Borel function g W Rm ! Œ0;C1�

such that

lim
j�j!C1

g.�/ D C1 and sup
k2N

�
�

g
�
znk .x/

�
dx < C1I

(iv) if f W � �Rm ! Œ0;C1� is a normal integrand, then

lim inf
k!C1

�
�

f
�
x; znk .x/

�
dx �

�
�

�
Rm

f .x; �/d�x.�/dxI

(v) if (iii) holds and if f W � �Rm ! Œ0;C1� is a Carathéodory integrand such
that the sequence ¹f .�; znk /º is equi-integrable, then

lim
k!1

�
�

f
�
x; znk .x/

�
dx D

�
�

�
Rm

f .x; �/d�x.�/dx:
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We recall the definition of two-scale Young measure, as introduced by [34] and
later developed by [6, 8, 9] and recently extended to the case p D 1 (i.e., generalized
two-scale Young measures) by [3].

Definition 2.3 (Two-scale Young measures). Let � 2 L1w .� �QIM.Rd //. The
family ¹�.x;y/º.x;y/2��Q is said to be a two-scale Young measure if �.x;y/ 2 P .Rd /

for a.e. .x; y/ 2 � �Q and if for every sequence ¹"nº ! 0 there exists a bounded
sequence ¹unº in Lp.�;Rd / such that for every z 2 L1.�/ and ' 2 C0.RN�d /,

lim
n!1

�
�

z.x/'

��
x

"n

�
; un.x/

�
dx D

�
�

�
Q

�
Rd
z.x/'.y; �/d�.x;y/.�/dy dx:

Namely, ¹.h�="ni;un/ºgenerates theYoung measure¹�.x;y/˝dyºx2� (see Definition 2.1).
Finally, we may call ¹�.x;y/º.x;y/2��Q the two-scale Young measure associated with
the sequence ¹unº.

We refer to [9, Theorem 3.5] and [6, Section 2.3] to compare the two-scale Young
measure associated with ¹unº (according to the above definition), with the Young
measure associated with ¹.h x

"n
i; un.x//º, which, in principle, at a naive look, could

seem a different element in L1w .�ITN �Rd /, where TN is the torus in RN . In fact,
for a better understanding of the above notion, it is important to recall the notion of
two-scale convergence introduced by [31] and later developed by [1] and exploited by
many authors.

Definition 2.4 (Two-scale convergence). Let ¹uhº be a sequence in L1.�;Rd /.
The sequence ¹uhº is said to be two-scale convergent to a function u D u.x; y/ 2
L1.� �Q;Rd / if, for every component ui

h
of uh and ui of u, i D 1; : : : ; d ,

lim
h!1

�
�

'.x/�

�
x

"h

�
uih.x/dx D

�
��Q

'.x/�.y/ui .x; y/dx dy;

for any ' 2 C1c .�/ and any � 2 C1per.Q/. We simply write uh u.

We recall [34, Proposition 2.3].

Proposition 2.5. Given a two-scale Young measure ¹�.x;y/º.x;y/2��Q as in Defini-
tion 2.3, then the mapping u1 W � �Q! Rd defined by

u1.x; y/ D

�
Rd
�d�.x;y/.�/

is the two-scale limit of the sequence ¹unº generating ¹�.x;y/º.x;y/2��Q.

Now, we also recall the definition for the underlying deformation and we show
that it does not depend on the generating sequence but only on the two-scale Young
measures.
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Remark 2.6. Consider ¹"nº, ¹unº and ¹�.x;y/º.x;y/2��Q as in Definition 2.3. Since
¹unº is bounded in Lp , then there exists a subsequence ¹unk º such that unk  u1 (see
for instance [1, Theorem 0.1]). By [9, Proposition 3.4], unk * u in Lp , with

u.x/ D

�
Q

u1.x; y/dy:

It is important to notice that u is uniquely defined. Indeed, by Proposition 2.5, it holds
that

u1.x; y/ D

�
Rd
�d�.x;y/.�/:

So, if we consider another subsequence ¹unj º two-scale converging to some function v1,
then since � is the same for both ¹"nk º and ¹"nj º, it holds that

u1.x; y/ D

�
Rd
�d�.x;y/.�/ D v1.x; y/:

In particular, it follows that

u.x/ D

�
Q

�
Rd
�d�.x;y/.�/dy;

and that u does not depend on the chosen subsequence ¹"nk º. The function u is called
the “underlying deformation” of ¹�.x;y/º.x;y/2��Q.

The proof of the following result is omitted, being easier than the one of [6,
Lemma 3.4], since the generating sequences are only in Lp and not in W 1;p .

Lemma 2.7. Let D be a Lebesgue measurable subset of �, and consider � and �
in L1w .� �Q;M.Rd // such that ¹�.x;y/º.x;y/2��Q and ¹�.x;y/º.x;y/2��Q are two-
scale Young measures with the same underlying deformation u 2 Lp.�;Rd /. Let

�.x;y/ WD

´
�.x;y/ if .x; y/ 2 D �Q;
�.x;y/ if .x; y/ 2 .� nD/ �Q:

Then � 2 L1w .� �Q;M.Rd // and ¹�.x;y/º.x;y/2��Q is a two-scale Young measure
with underlying deformation u.

Next we consider the homogeneous case.

Definition 2.8 (Homogeneous two-scale Young measure). Given a two-scale Young
measure ¹�.x;y/º.x;y/2��Q 2 L1w .� �Q;M.Rd //, we say that it is homogeneous if
the map .x; y/ 7! �.x;y/ is independent of x. In this case, it can be identified with an
element of L1w .Q;M.Rd // and we may write ¹�yºy2Q � ¹�.x;y/º.x;y/2��Q.

This yields the definition of average for a two-scale Young measure and we can
also prove that this is a homogeneous two-scale Young measure.
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Definition 2.9 (Average). Given a two-scale Young measure ¹�.x;y/º.x;y/2��Q 2
L1w .� �Q;M.Rd //, its average is the family ¹x�yºy2Q defined by

hx�y ; �i WD

 
�

�
Rd
�.�/d�.x;y/.�/dx; � 2 C0.R

d /:

As observed in [6], if ¹�.x;y/º.x;y/2��Q is a two-scale Young measure, then it
can be seen that x� WD x�y ˝ dy is the average of ¹�xºx2� with �x WD �.x;y/ ˝ dy
and � 2 L1w .�IM.RN �Rd //. Thus, x� is a homogeneous Young measure by [33,
Theorem 7.1, p. 117]. Following the same strategy as [6, Lemma 2.9], we prove that
¹x�yºy2Q is actually a homogeneous two-scale Young measure. We consider the case
of constant underlying deformation F 2 Rd .

Lemma 2.10. Let � 2 L1w .Q �Q;M.Rd // be such that ¹�.x;y/º.x;y/2Q�Q is a two-
scale Young measure with underlying deformation F , with F 2 Rd . Then ¹x�yºy2Q is
a homogeneous two-scale Young measure with the same underlying deformation.

Proof. First we note that x��¹x�yºy2Q 2L1w .Q;M.Rd //; indeed by Fubini’s theorem
and by Definition 2.9 we have that y 7! x�y is weakly* measurable. Our aim is to show
that for every sequence ¹"nº there exists ¹vnº 2 Lp.Q;Rd / such that the sequence
¹.h �

"n
i; vn/º generates the measure x� D x�y ˝ dy and vn * F in Lp. Let ¹unº �

Lp.Q;Rd / be the sequence generating the two-scale Young measure � and assume
that un*F inLp . Let "n! 0 and define �n WD "nŒ 1p

"n
�. By construction there exists

mn 2 N, ani 2 �nZ \Q, and a measurable set En � Q such that LN .En/! 0 and

Q D

mn[
iD1

.ani C �nQ/ [En:

Let

vn.x/ WD

8<:u�n="n
�
x�an

i

�n

�
; if x 2 ani C �nQ and i 2 ¹1; : : : ; mnº

F otherwise:

By construction, v2Lp.Q;Rd / and vn*F . Let z2Cc.Q/ and �2C0.RN �Rd /;
then �

Q

z.x/�

�D x
"n

E
; vn.x/

�
dx

D

mnX
iD1

�
an
i
C�nQ

z.x/�

�D x
"n

E
; u�n="n

�
x � ani
�n

��
dx

C

�
En

z.x/�

�D x
"n

E
; F

�
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D

mnX
iD1

z.ani /

�
an
i
C�nQ

�

�D x
"n

E
; u�n="n

�
x � ani
�n

��
dx

C

mnX
iD1

�
an
i
C�nQ

�
z.x/ � z.ani /

�
�

�D x
"n

E
; u�n="n

�
x � ani
�n

��
dx

C

�
En

z.x/�

�D x
"n

E
; F

�
:

By the uniform continuity of z and the fact that LN .En/! 0, it follows that
�
Q

z.x/�

�D x
"n

E
; vn.x/

�
dx

D

mnX
iD1

�Nn z.a
n
i /

�
Q

�

�D�nx C ani
"n

E
; u�n="n.x/

�
dx C o.1/;

i.e., that
�
Q

z.x/�

�D x
"n

E
; vn.x/

�
dx D

mnX
iD1

�Nn z.a
n
i /

�
Q

�

�D x

"n=�n

E
; u�n="n.x/

�
dx C o.1/;

and so passing to the limit for n!1 and by Definition 2.9 we get

lim
n!1

�
Q

z.x/�

�D x
"n

E
; vn.x/

�
dx D

�
Q

z.x/dx

�
Q

�
Q

�
Rd
�.y; �/d�.x;y/.�/dy dx

D

�
Q

z.x/dx

�
Q

�
Rd
�.y; �/dx�y.�/dy

D hx�; �i

�
Q

z.x/dx:

By a density argument it is easy to see that the previous identity holds for every
z 2L1.Q/ and so that ¹x�yºy2Q is the homogeneous two-scale Young measure generated
by ¹vnº.

Now we introduce our class of functions, according to the notion introduced in [12],
and later adopted by [6, 9, 43].

Definition 2.11 (Admissible integrand). A function f W � �� �Q �Q �Rd �

Rd ! Œ0;C1� is said to be an admissible integrand if, for any � > 0, there exist
compact sets X� � � ��, Y � � Q �Q, with

L2N
�
.� ��/ nX�

�
< �; L2N

�
.Q �Q/ n Y �

�
< �

and such that fj
X��Y��Rd�Rd

is continuous.
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Remark 2.12. (i) We observe that by [9, Lemma 4.11], if f is an admissible
integrand, then for any fixed " > 0 the functional

.x; x0; �; � 0/ 7! f .x; x0; x="; x0="; �; � 0/

is L2N .� � �/ ˝ B.R2d /-measurable, where B.R2d / is the �-algebra of
Borel subsets of R2d . In particular, the functional I" (defined in (1.1)) is well
defined in Lp.�;Rd /.

(ii) Moreover, we recall that by the Scorza–Dragoni theorem it is possible to prove
that a Carathéodory function is an admissible integrand.

The next result, stated for generic spaces and dimensions, is a two-scale analog
of the [Fundamental Theorem on Young Measures (iv), (v)], and it was proved in
[8, Theorem 2.8]. We recall it here since it is a crucial tool to prove Theorem 1.1.

Theorem 2.13. Let k;m 2 N, R � Rk be open and bounded, and let S be the unit
cube in Rk . Let ¹"nº be a vanishing positive sequence. Let ¹unº � L1.R;Rm/ be
a bounded sequence. Then, there exist non-relabeled subsequences and a two-scale
Young measure ¹�.x;y/º.x;y/2R�S such that it holds that

(i) if W W R � S �Rm ! Œ0;C1� is an admissible integrand, then

(2.1) lim inf
n!C1

�
R

W

�
x;
D x
"n

E
; un.x/

�
dx �

�
R�S

xW.x; y/dx dy;

where
xW.x; y/ WD

�
RM

W.x; y; �/d�.x;y/.�/I

(ii) if W W R � S � Rm ! R is an admissible integrand and ¹W.�; h �
"n
i; un.�//º

is equi-integrable for any x 2 R, then W.x; y; �/ is �.x;y/-integrable for a.e.
.x; y/ 2 R � S , the function xW is in L1.R � S/ and

(2.2) lim
n!C1

�
R

W

�
x;
D x
"n

E
; un.x/

�
dx D

�
R�S

xW.x; y/dx dy:

Remark 2.14. We would like to point out that the statement of Theorem 2.13 is slightly
different compared to [8, Theorem 2.8]. Indeed, in [8, Theorem 2.8 (i)] the integrand
function W is assumed to be positive and finite. As far as we understand the proof
still works for W having values in Œ0;C1� as long as the set where W D1 has null
measure.

Remark 2.15. (i) We remark that it is possible to look at Young measures from a
different perspective than Definition 2.1. In fact, if� � RN is an open bounded
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subset and p > 1, we can say that a Young measure in � � Rm is a positive
measure � in � � Rm, such that its push-forward measure ��#�, obtained
through the projection ��, is the LN measure on�; i.e., for all Borel subsets B
of �,

��#�.B/ WD �.B �Rm/ D LN .B/:

This set of measures is denoted by Y.�IRm/. By [4, Theorem 4.2.4], Y.�IRm/�
L1w .�IM.Rm//, with the identification � D ¹�xºx2� ˝LN .

(ii) On the other hand, [4, Theorem 4.3.1] ensures that in Y.�IRm/, the weak*
convergence in L1w .�IM.Rm// of ¹�nº � Y.�IRm/ towards � 2 Y.�IRm/

is equivalent to the narrow convergence, where the latter is defined as follows:

�n
nar
* � ” lim

n

�
��Rm

 .x; �/d�n.x; �/ D

�
��Rm

 .x; �/�.x; �/;

for every  2 Cb.�IRm/. For more details on the narrow topology we refer to
[4, Section 4.3].
Equivalently, by the identification �n D ¹.�n/xºx2� and � D ¹�xºx2�, we
say that ¹�nº narrowly converges to � if and only if for every g 2 L1.�/ and
h 2 C0.Rm/ it holds that

lim
n!1

�
�

g.x/

�
Rm

h.y/d.�n/x.y/dx D

�
�

g.x/

�
Rm

h.y/d�x.y/dx:

(iii) Given p � 1, Yp.�IRm/ is the subset of Y.�IRm/ such that

(2.3)
�
��Rm

jyjpd�.x; y/ < C1:

As a consequence of Hölder’s inequality, Yp.�IRm/� Yq.�IRm/ if 1� q � p.
We recall also that Yp.�IRm/ is not closed in Y.�IRm/ under the narrow topol-
ogy. Nevertheless, given a bounded sequence ¹vnº �Lp.�IRm/ there exists� 2
Y.�;Rm/ such that ¹vnº (up to a subsequence) generates�; and� 2Yp.�IRm/.
Conversely, for any � 2 Yp.�IRm/, there exists a bounded sequence ¹vnº �
Lp.�IRm/, generating � and such that ¹jvnjpº is equi-integrable. We refer to
[4, 11] for details.
Moreover, considering a bounded sequence ¹vnº�Lp.�;Rm/ and �2Yp.�;Rm/,
up to identifying each vn with the Dirac mass ıvn 2 Yp.�;Rm/, by [4, Theo-
rem 4.3.1] we have that ¹vnº generates � (in the sense of Definition 2.1) if and
only if ıvn narrowly converges to �.

(iv) Following [9, 43], we can extend the definition of Young measure of finite p
moment toparametrized measures defined in�withvalues inS,withSDTN�Rd,
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equipped with the Borel � -algebra, i.e., Yp.�IS/. In this setting the test functions
for the narrow convergence can be given by Cc.�IRd /˝ Cc.S IRd /; see [43,
p. 149].
These latter observations motivate the comparison of the homogenized functional
Ihom of Theorem (1.1) with the functional xIhom in Corollary 4.3 computed in
terms of suitable Young measures in Yp.�ITN �Rd /.
In fact, we also recall that the relaxation of non-local functionals as in (1.1), but
not dependent on ", has been obtained in [11] in terms of narrow convergence in
Yp.�IRd /. The analogous stand point for the homogenization will be given in
Corollary 4.3, with the use of the above-mentioned subset of Yp.�ITN �Rd /.

2.3. �-convergence

We recall the definition and main properties of �-convergence. For a deeper overview
of this topic, we refer to [18]. The following is an equivalent definition in the metric
setting, which is sufficient for our purposes.

Definition 2.16 ([18, Proposition 8.1]). Let .X; d/ be a metric space and Fk W
X ! R [ ¹C1º, 8k 2 N, a sequence of functionals. Then ¹Fkº �-converges to
F W X ! R [ ¹C1º if and only if

(i) for every x 2 X and every sequence ¹xkº such that d.xk; x/! 0 as k !C1,
it is

F.x/ � lim inf
k!1

Fk.xk/I

(ii) for every x 2X , there exists a sequence ¹xkº such that d.xk;x/! 0 as k!C1,
such that

F.x/ D lim
k!1

Fk.xk/:

In fact, we write

F.x/ W inf
®

lim inf Fk.xk/ W d.xk; x/! 0; as k !C1
¯
:

A fundamental property we want to underline is that the�-limit is lower semi-continuous
with respect to the convergence induced by d ; see [18, Proposition 6.8].

We also provide the definition for �-convergence for a family of functionals.

Definition 2.17. Let .X; d/ be a metric space. For a positive parameter ", we say that
a family ¹F"º" of functionals, with F" W X ! R [ ¹C1º, �-converges to F W X !
R [ ¹C1º, with respect to the metric d as "! 0C, if for all vanishing sequences
¹"kº, ¹F"k º �-converges to F , when k !1.
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We will write, as for the case of sequences,

F.x/ W inf
®

lim inf F".x"/ W d.x"; x/! 0; as "! 0
¯
:

Finally, we state a theorem, whose proof is omitted being very similar to the one of
[16, Theorem 1.1] (for related results see also [15]).

Theorem 2.18. Let � be a bounded open set of RN , and let f W � �Rd ! R be a
Carathéodory integrand satisfying the following:

(H1) f .�; b/ is Q-periodic, for all b 2 Rd ;

(H2) there exist p > 1 and a positive constant C such that

1

C
jbjp � C � f .x; b/ � C

�
1C jbjp

�
;

for a.e. x 2 � and for every b 2 Rd .

For every " > 0, consider the family of functionalsF" WLp.Rd /! .�1;C1�, defined
as

F".u/ WD

�
�

f

�
x

"
; u.x/

�
dx:

Let F be the �-limit of ¹F"º" with respect to the weak convergence in Lp.�IRd /, i.e.,
F .u/ WD inf¹lim inf F".u"/ W u" * u in Lp.�IRd /º. Then

F .u/ D

�
�

fhom
�
u.x/

�
dx;

where fhom is the function in (1.7).

3. Characterization

This section is mainly devoted to the proof of Theorem 1.3 and to the attainment of
other related results which will be used in the sequel.

We start by recalling the space Ep defined by (1.5) and (1.6). Its properties have
been presented in [6, Section 3]. We briefly recall the main ones. It is a Banach space
under the norm

kf kEp WD sup
y2 xQ;

�2Rd

ˇ̌
f .y; �/

ˇ̌
1C j�jp

:

Moreover, Ep is isomorphic to the space C. xQ � .Rd [ ¹1º//.
Before proving Theorem 1.3 we start commenting on the formulas (1.7).
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Under the assumptions of Theorem 1.3, if f belongs to the class (1.5), in view
of standard relaxation results (see [18, Proposition 6.11], [22, Theorem 6.68 and
Remark 6.69]),

inf
²

lim inf
"!0

�
�

f

�Dx
"

E
; u".x/

�
dx W u" * u in Lp.�IRd /

³
D inf

²
lim inf
"!0

�
�

.co f /
�Dx
"

E
; u".x/

�
dx W u" * u in Lp.�IRd /

³
;

(3.1)

where co f stands for the convex envelope of f with respect to the second variable.
Theorem 2.18 (see the proof of [16, Theorem 1.1.] within a slightly more general

context) guarantees that

inf
²

lim inf
"!0

�
�

f

�Dx
"

E
; u".x/

�
dx W u" * u in Lp.�IRd /

³
D

�
�

fhom
�
u.x/

�
dx;

where fhom is as in (1.7). On the other hand, (3.1) gives

inf
²

lim inf
"!0

�
�

f

�Dx
"

E
; u".x/

�
dx W u"*u in Lp.�IRd /

³
D

�
�

.cof /hom
�
u.x/

�
dx;

where, for every � 2 Rd ,

(3.2) .co f /hom.�/ D lim
T!C1

1

T N
inf
² �

.0;T /N
.co f /

�
hxi; � C v.x/

�
dx W

v 2 Lp
�
.0; T /N ;Rd

�
;

�
.0;T /N

v.x/dx D 0

³
:

Finally, arguing as in [14, Theorem 14.7], it results that

.co f /hom.�/ D inf
² �

.0;1/N
.co f /

�
hxi; � C v.x/

�
dx W

v 2 Lp
�
.0; 1/N ;Rd

�
;

�
.0;1/N

v.x/dx D 0

³
:

Hence, by easier arguments than those in [22, Proposition 6.24], we can conclude that
fhom D .co f /hom.

The next result, whose proof is omitted, as in [6, Corollary 3.8], follows from the
fact that conditions (i), (ii) and (iii) in Theorem 1.3 do not depend on the sequence ¹"nº.

Corollary 3.1. Let ¹unº be a bounded sequence inLp.�;Rd / and assume that there
exists a vanishing sequence ¹"nº such that ¹.h �

"n
i; un/º generates the Young measure

¹�.x;y/ ˝ dyºx2�. Then ¹�.x;y/º.x;y/2��Q is a two-scale Young measure.



g. bertazzoni, a. torricelli and e. zappale 16

We start by addressing the proof of the necessity of Theorem 1.3.

Theorem 3.2. Let � be a bounded and open subset of RN . Let

� � ¹�.x;y/º.x;y/2��Q 2 L
1
w

�
� �Q;M.Rd /

�
be a two-scale Young measure. Then there exist u1 2 Lp.�ILpper.Q;Rd // and u 2
Lp.�;Rd / such that

u1.x; y/D

�
Rd
�d�.x;y/.�/;(3.3)

u.x/D

�
Q

u1.x; y/dy for a.e. x 2 �;(3.4)

fhom
�
u.x/

�
�

�
Q

�
Rd
f .y; �/d�.x;y/.�/dy; for a.e. x2�; for any f 2Ep;(3.5)

where fhom.F / is defined as in (1.7) and

(3.6)
�

Rd
j�jpd�.x;y/.�/ 2 L

1.� �Q/:

Proof. By definition of two-scale Young measure there exists a sequence ¹unº �
Lp.�;Rd /which generates ¹�x;yº.x;y/2��Q, whose two-scale limit is a function u1 as
in the statement, which, in particular, as observed in Proposition 2.5, satisfies (3.3). Also
the weak limit of ¹unº is a function u 2 Lp.�IRd / such that

�
Q
u1.x; y/dy D u.x/.

Property (3.6) follows from [9, Theorem 3.6 (iv)] applied to the function j � jp , once
we replace the original generating sequence ¹unº by a p-equi-integrable one, which is
always possible, in view of the Decomposition Lemma [22, Lemma 8.13].

The proof of (3.5) is based on the same argument as the one for proving [6,
Lemma 3.1 (ii)], with the difference that we use an argument entirely similar to [16, The-
orem 1.1] instead of [14, Theorem 14.5]. We write the proof for the readers’ convenience.

Since f 2 Ep , then, as observed in [6, Section 3], there exists a constant c such that
jf .x; �/j � c.1C j�jp/ for every .x; �/ 2 Q �Rd . In order to apply Theorem 2.18,
the function f .x; �/ must also be p-coercive. Since this is not the case, we introduce
an auxiliary function. Fix M > 0 and consider fM .x; �/ WD max¹�M;f .x; �/º, with
.x; �/ 2 Q �Rd . Now we fix ˛ > 0 and we define fM;˛.x; �/ WD fM .x; �/C ˛j�jp

for every .x; �/ 2 Q �Rd . By construction,

˛j�jp �M �
ˇ̌
fM;˛.x; �/

ˇ̌
� .c C ˛/

�
1C j�jp

�
; .x; �/ 2 xQ �Rd :

By Theorem 2.18, it follows that for every A 2 A.�/,

(3.7) lim inf
n!1

�
A

fM;˛

�D x
"n

E
; un

�
dx �

�
A

.fM;˛/hom.u/dx �

�
A

fhom.u/dx;
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with fhom defined as in (1.7), since fM;˛ � f . By construction we have that

lim inf
n!1

�
A

fM;˛

�D x
"n

E
; un

�
dx

� lim inf
n!1

�
A

fM

�D x
"n

E
; un

�
dx C ˛ sup

n2N

�
A

junj
pdx:

(3.8)

Combining (3.7) and (3.8) and passing to the limit for ˛ ! 0 we get

(3.9) lim inf
n!1

�
A

fM

�D x
"n

E
; un

�
dx �

�
A

fhom.u/dx:

Now we consider the set

AMn WD

²
x 2 A W f

�D x
"n

E
; un

�
� �M

³
and we observe that by Chebyshev’s inequality it holds that

LN .AMn / �
c

M
;

for some constant c independent from n and M . By definition of fM we have that�
A

fM

�D x
"n

E
; un

�
dx D �MLN .AMn /C

�
AnAMn

f

�D x
"n

E
; un

�
dx

�

�
AnAMn

f

�D x
"n

E
; un

�
dx:

(3.10)

Since ¹unº converges weakly in Lp, then, in view of the Decomposition Lemma
[22, Lemma 8.13], up to a subsequence, we can replace ¹unº by a p-equi-integrable
one, still denoted by ¹unº, and so, together with the p-growth condition of f .x; �/,
¹f .�; un/º is also equi-integrable and so

(3.11)
�
AMn

f

�D x
"n

E
; un

�
dx ! 0 as M !C1

uniformly with respect to n. Combining (3.9), (3.10) and (3.11), we get

lim inf
n!C1

�
A

f

�D x
"n

E
; un

�
dx �

�
A

fhom.u/dx:

Since ¹f .�; un/º is equi-integrable, by Theorem 2.2 (v), we get

lim
n!1

�
A

f

�D x
"n

E
; un

�
dx D

�
A

�
Q

�
Rd
f .y; �/d�.x;y/.�/dx;

and the proof follows by combining the last two inequalities and using a localization
argument.
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We start addressing the proof of the sufficiency of Theorem 1.3, by introducing
some preliminary notions and by proving some intermediate steps.

For every F 2 Rd let

(3.12) MF WD

²
� 2 L1w

�
Q;M.Rd /

�
W ¹�yºy2Q is a homogeneous two-scale

Young measure and
�
Q

�
Rd
�d�y.�/dy D F

³
:

Remark 3.3. Exactly as observed in [6, Remark 3.3], the setMF is independent of�;
i.e., if � 2 MF and �0 � RN is another domain, then for all vanishing sequences
¹"nº there exists a sequence ¹vnº � Lp.�;Rd / such that ¹.h�="ni; vn/º generates
�y ˝ dy. Indeed, let r > 0 such that �0 � r�. In fact, given an arbitrary vanishing
sequence ¹"nº, define ın WD "n=r . Then there exists a sequence ¹unº �Lp.�;Rd / such
that ¹.h�=ıni; un/º generates the homogeneous Young measure �y ˝ dy. Define now
vn.x/ WD un.x=r/ so that ¹vnº � Lp.r�;Rd / and thus� Lp.�0;Rd /. By changing
variables it follows that the sequence ¹.h�="ni; vn/º generates the homogeneous Young
measure �y ˝ dy as well.

Lemma 3.4. Let F 2 Rd , MF as in (3.12) and Ep as in (1.5); then MF is a convex
and weak* closed subset of .Ep/0.

Proof. First we show that MF is a subset of .Ep/0. Fix � 2MF and identify it with
the homogeneous Young measure �y ˝ dy. Let ¹vnº � Lp.�;Rd / be the sequence
such that ¹.h �

"n
i; vn/º generates �.

Up to a subsequence, one can assume that ¹vnº is p-equi-integrable; see [22,
Lemma 8.12]. Consequently, by [9, Theorem 3.6 (iv)] it holds that

K WD

�
Q�Rd

j�jpd�y.�/dy < C1:

By assumption, for a.e. y 2 Q, the measure �y is a probability measure on �, so for
every f 2 Ep we have
�
Q

�
Rd
f .y; �/d�y.�/dy � kf kEp

�
Q

�
Rd

�
1C j�jp

�
d�y.�/dy D .1CK/kf kEp I

hence, MF � .Ep/
0. Since MF � MF , then in order to show that MF is weakly*

closed, it is enough to show that its weak* closure MF �MF . Since Ep is separable,
then .Ep/0 is metrizable; hence, for every � 2MF there exists a sequence ¹�nº �MF

such that �n
�
*� in .Ep/0. For every n 2 N, let ¹vn

k
º � Lp.�;Rd / be the sequence

generating �n. Since the map .x; �/ 7! � is an element of Ep , then by the definition of
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weak* convergence it follows that

lim
n!C1

�
Q

�
�

�d�ny .�/dy D

�
Q

�
�

�d�y.�/dy D F;

and thus � has F as underlying deformation. We have now to show that � is a homo-
geneous two-scale Young measure. For every z 2 L1.Q/ and � 2 C0.RN �Rd /, we
have

lim
k!C1

lim
n!C1

�
Q

z.x/

�
�

�

�D x
"k

E
; vnk.x/

�
dx

D lim
n!C1

�
Q

�
Q

�
Rd
z.x/�.y; �/d�ny .�/dy dx

D

�
Q

z.x/dx

�
Q

�
Rd
�.y; �/d�y.�/dy;

where in the second equality we used the fact that C0.RN �Rd / � Ep . By a diagonal-
ization argument we can find a sequence ¹knº such that once defined un WD vnkn , then
it holds that

lim
n!C1

�
Q

z.x/

�
�

�

�D x
"n

E
; un.x/

�
dx D

�
Q

z.x/dx

�
Q

�
�

�.y; �/d�y.�/dy:

It follows that � is a homogeneous two-scale Young measure, which implies that MF

is weakly* closed. Now we have to prove that MF is a convex set. Fix �; � 2MF and
t 2 .0; 1/. Consider D WD .0; t/ � .0; 1/N�1 and define

�.x;y/ WD

´
�y if .x; y/ 2 D �Q;
�y if .x; y/ 2 .Q nD/ �Q:

By Lemma 2.7, ¹�.x;y/º.x;y/2Q�Q is a two-scale Young measure, while by Lemma 2.10
we have that ¹x�yºy2Q is a homogeneous two-scale Young measure, hence an element
of MF .

Finally, observe that for every � 2 L1.Q;C0.Rd // it holds that
�
Q

�
Rd
�.y; �/dx�y.�/dy

D

�
Q

�
Q

�
Rd
�.y; �/d�.x;y/.�/dy dx

D

�
D

�
Q

�
Rd
�.y; �/d�y.�/dy dx C

�
QnD

�
Q

�
Rd
�.y; �/d�y.�/dy dx

D t

�
Q

�
Rd
�.y; �/d�y.�/dy C .1 � t /

�
Q

�
Rd
�.y; �/d�y.�/dy;

(3.13)
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which means that x� D t� C .1 � t /�. In order to conclude that x� 2MF , we have to
show that

�
Q

�
Rd �dx�y.�/dy D F . In fact, this is the case: it suffices to apply (3.13)

to �.y; �/ D �, taking into account that�
Q

�
Rd
�.y; �/d�y.�/dy D

�
Q

�
Rd
�.y; �/d�y.�/dy D F:

Now we show that conditions (i), (ii) and (iii) of Theorem 1.3 are sufficient to
characterize two-scale Young measures. As in [6] we start from the homogeneous
case. The non-homogeneous one will be obtained through a suitable approximation of
two-scale Young measures by piecewise constant ones.

Lemma 3.5. Let F 2 R and � 2 L1w .Q;M.Rd // be such that �y 2 P .Rd / for a.e.
y 2 Q. Assume that

F D

�
Q

�
Rd
�d�y.�/dy;(3.14)

�
Q

�
Rd
j�jpd�y.�/dy < C1;(3.15)

and that

(3.16) fhom.F / �

�
Q

�
Rd
f .y; �/d�y.�/dy;

for everyf 2Ep wherefhom.F / is defined in (1.7) and Ep is the space introduced in (1.5).
Then ¹�yºy2Q is a homogeneous two-scale Young measure.

Proof. LetF 2Rd and � 2L1w .Q;M.Rd // be such that �y 2P .Rd / for a.e. y 2Q,
and that (3.14), (3.15) and (3.16) hold. We will proceed by contradiction using the
Hahn–Banach Separation Theorem. Assume that � is not an element of MF . By
Lemma 3.4, MF is a convex and weak* closed subset of .Ep/0. Moreover, by (3.15)
and the fact that ¹�yºy2Q is a family of probability measures, we get that � 2 .Ep/0 as
well. Since � …MF , according to Hahn–Banach Separation Theorem, we can separate
� fromMF ; i.e., there exists a linear weak* continuous map L W .Ep/0! R and ˛ 2 R

such that hL; �i.Ep/00;.Ep/0 < ˛ and hL;�i.Ep/00;.Ep/0 � ˛ for all � 2MF . Let f 2 Ep

be such that

(3.17) ˛ � hL;�i.E/00p ;.Ep/0 D h�; f i.Ep/0;Ep D

�
Q

�
Rd
f .y; �/d�y.�/dy

for all � 2MF and

(3.18) ˛>hL; �i.E/00p ;.Ep/0Dh�; f i.E/0p ;EpD

�
Q

�
Rd
f .y; �/d�y.�/dy�fhom.F /:
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Let fH be defined as

fH .F / WD inf
�2MF

�
Q

�
Rd
f .y; �/d�y.�/dy; F 2 Rd :

Then by (3.17), we have that ˛ � fH .F /. We are going to show that

(3.19) fH .F / � fhom.F /;

which is in contradiction with (3.18) and proves the lemma.
To prove (3.19), let T 2N and � 2Lp..0;T /N IRd / such that

�
.0;T /N

�.x/dx D 0.
Extend � to RN by .0; T /N -periodicity and consider the sequence

�n.x/ WD F C �

�
x

"n

�
;

where ¹"nº is an arbitrary vanishing sequence. Let ' 2 C0.RN �Rd / and z 2 L1.Q/.
Then, since T 2 N, the function F 7! '.hyi; F C �.y// is .0; T /N -periodic and
according to the Riemann–Lebesgue lemma, we get that

lim
n!C1

�
Q

z.x/'

�D x
"n

E
; �n.x/

�
dx D lim

n!C1

�
Q

z.x/'

�D x
"n

E
; F C �

�
x

"n

��
dx

D

�
Q

z.x/dx

 
.0;T /N

'
�
hyi; F C �.y/

�
dy:

(3.20)

Observe that 
.0;T /N

'
�
hyi; F C �.y/

�
dy

D
1

T N

X
ai2ZN\Œ0;T /N

�
aiCQ

'
�
hyi; F C �.y/

�
dy

D
1

T N

X
ai2ZN\Œ0;T /N

�
Q

'
�
hai C yi; F C �.ai C y/

�
dy

D
1

T N

X
ai2ZN\Œ0;T /N

�
Q

'
�
y; F C �.ai C y/

�
dy:

(3.21)

Thus, from (3.20) and (3.21), the pair ¹.h�="niI �n/º generates the homogeneous
Young measure

� WD
X

ai2ZN\Œ0;T /N

1

T N
ıFC�.aiCy/ ˝ dy:
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Then, �
Q

�
Rd
�d�y.�/dy D F;

which implies that � 2MF . In addition,
 
.0;T /N

f
�
hyi; F C �.y/

�
dy D

�
Q

�
Rd
f .y; �/d�y.�/dy;

and then  
.0;T /N

f
�
hyi; F C �.y/

�
dy � fH .F /:

As a consequence, taking the infimum over all � 2 Lp..0; T /N ;Rd / such that
�
.0;T /N

�.x/dx D 0

and the limit as T !C1, we get that fH .F / � fhom.F / which implies (3.19).

The following result is an unconstrained version of [6, Proposition 3.6].

Lemma 3.6. Let � 2 L1w .� �QIM.Rd // be such that the family ¹�.x;y/º.x;y/2��Q
is a two-scale Young measure. Then for a.e. a 2 �, ¹�.a;y/ºy2Q is a homogeneous
two-scale Young measure.

Proof. Since ¹�.x;y/º.x;y/2��Q is a two-scale Young measure, it satisfies (3.3), (3.5)
and (3.6). Since u1.x; �/ is Q-periodic for a.e. x 2 �, integrating (3.3) we get (3.4).
Furthermore, (3.6) implies that

(3.22)
�
Q

�
Rd
j�jpd�.x;y/dy < C1 for a.e. x 2 �:

Let E � � be a set of Lebesgue measure zero such that (3.4), (3.5) and (3.22) do
not hold. Then for every a 2 � nE,

�
Q

�
Rd
�d�.a;y/.�/dy D u.a/;

�
Q

�
Rd
j�jpd�.a;y/.�/dy < C1;

and �
Q

�
Rd
f .y; �/d�.a;y/.�/dy � fhom

�
u.a/

�
for every f 2 Ep. As a consequence of Lemma 3.5, for every a 2 � nE, the family
¹�.a;y/ºy2Q is a homogeneous two-scale Young measure.
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Theorem 3.7. Let� be a bounded and open subset of Rd . Let �2L1w .��Q;M.Rd //

be such that �.x;y/ 2 P .Rd / for a.e. .x; y/ 2 � �Q. Assume that (i)–(iii) of Theo-
rem 1.3 hold; i.e.,

�
Rd
j�jpd�.x;y/.�/ 2 L

1.� �Q/;(3.23)

there exist u1 2 Lp.�I .Lpper.QIRd /// and u 2 Lp.�IRd / such that

(3.24) u1.x; y/ D

�
Rd
�d�.x;y/.�/;

with
�
Q
u1.x; y/dy D u.x/. Assume also that

(3.25) fhom
�
u.x/

�
�

�
Q

�
Rd
f .y; �/d�.x;y/.�/dy; for a.e. x2�; for any f 2Ep;

where fhom is the function in (1.7). Then ¹�.x;y/º.x;y/2��Q is a two-scale Young
measure with underlying deformation u.

Proof. LetuD0 a.e. on� and let .';z/ be in a countable dense subset of C0.RN �Rd /

� L1.�/. Define

x'.x/ WD

�
Q

�
Rd
'.y; �/d�.x;y/.�/dy:

Since the average with respect to y of u1.x; y/ is u.x/ for a.e. x 2�, integrating (3.24)
with respect to y 2 Q, it follows that

(3.26)
�
Q

�
Rd
�d�.x;y/.�/dy D 0; for a.e. x 2 �:

Let E � � be the null Lebesgue measure set such that (3.26), (3.25) and (3.23) do not
hold. Then for every a 2 � nE

�
Q

�
Rd
�d�.a;y/.�/dy D 0;

fhom.0/ �

�
Q

�
Rd
f .y; �/d�.a;y/.�/dy

for every f 2 Ep , and
�
Q

�
Rd
j�jpd�.a;y/.�/dy < C1:
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Now, let k 2N. According to [33, Lemma 7.9, p. 129], there exist points aki 2� nE
and positive numbers �ki � 1=k such that ai

k
C �ki � are pairwise disjoint for each k,

x� D
[
i�1

.aki C �
k
i
x�/ [Ek; with L.Ek/ D 0;

and

(3.27)
�
�

z.x/x'.x/dx D lim
k!C1

X
i�1

x'.aki /

�
ak
i
C�k

i
�

z.x/dx:

For each k 2 N, let mk 2 N be large enough so thatˇ̌̌̌ mkX
iD1

x'.aki /

�
ak
i
C�k

i
�

z.x/dx �
X
i�1

x'.aki /

�
ak
i
C�k

i
�

z.x/dx

ˇ̌̌̌
<
1

k
:

For fixed i and k, by choice of aki and by Lemma 3.6, the family ¹�.ak
i
;y/ºy2Q is a

homogeneous two-scale Young measure. Hence, by Remark 3.3, for every vanishing
sequence ¹"nº, there exist sequences ¹ui;kn º � Lp.aki C �

k
i �;R

d / such that

lim
n!C1

�
ak
i
C�k

i
�

z.x/'

�D x
"n

E
; ui;kn .x/

�
dx D x'.aki /

�
ak
i
C�k

i
�

z.x/dx:

Summing up,

lim
n!C1

mkX
iD1

�
ak
i
C�k

i
�

z.x/'

�D x
"n

E
; ui;kn

�
dx D

mkX
iD1

x'.aki /

�
ak
i
C�k

i
�

z.x/dx:

Let us define

ukn.x/ WD

´
u
i;k
n .x/ if x 2 aki C �

k
i �;

0 otherwise

and remark that ukn 2 Lp.�;Rd /. Since the sets aki C �
k
i � are pairwise disjoint for

each k, we have that�
�

z.x/'

�D x
"n

E
; ukn.x/

�
dx

D

X
i�1

�
ak
i
C�k

i
�

z.x/'

�D x
"n

E
; ui;kn .x/

�
dx

D

mkX
iD1

�
ak
i
C�k

i
�

z.x/'

�D x
"n

E
; ui;kn .x/

�
dx

C

�
�\

S
i>mk

.ak
i
C�k

i
�/

z.x/'

�D x
"n
; ukn.x/

E�
dx:
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But as z 2 L1.�/ and LN .� \
S
i>mk

.aki C �
k
i �//! 0, as k ! C1, it follows

that

(3.28) lim
k!C1

lim
n!C1

ˇ̌̌̌�
�\

S
i>mk

.ak
i
C�k

i
�/

z.x/'

�D x
"n

E
; ukn.x/

�
dx

ˇ̌̌̌
D 0:

Then, gathering (3.27)–(3.28) we obtain that

lim
k!C1

lim
n!C1

�
�

z.x/'

�D x
"n

E
; ukn.x/

�
dx

D lim
k!C1

lim
n!C1

mkX
iD1

�
ak
i
C�k

i
�

z.x/'

�D x
"n

E
; ukn.x/

�
dx

D lim
k!C1

mkX
iD1

x'.aki /

�
ak
i
C�k

i
�

z.x/dx

D lim
k!C1

X
i�1

x'.aki /

�
ak
i
C�k

i
�

z.x/dx

D

�
�

z.x/x'.x/dx:

A diagonalization argument implies the existence of a diverging sequence ¹knº, as
n!1, such that upon setting un WD uknn , then

lim
n!C1

�
�

z.x/'

�D x
"n

E
; un.x/

�
dx D

�
�

z.x/x'.x/dx

and un * 0 in Lp.�;Rd /, which completes the proof whenever u D 0.
Consider now a general u 2 Lp.�;Rd / and � satisfying properties (3.23)–(3.25).

We define z� 2 L1w .� �Q;M.Rd // by

(3.29) hz�;  i WD

�
�

�
Q

�
Rd
 
�
x; y; � � u.x/

�
d�.x;y/.�/dy dx;

for every  2 L1.� �Q;C0.Rd //. We can easily check that z� satisfies the analog
properties of (3.23)–(3.25) with u D 0. Hence, applying the first step of the proof, for
vanishing every sequence ¹"nº we may find a sequence ¹ Qunº � Lp.�;Rd / such that
¹.h�="ni; Qun/º generates the Young measure ¹z�.x;y/ ˝ dyºx2�. Define un WD Qun C u.
It is easily seen that ¹.h�="ni; un/º generates the Young measure ¹�.x;y/ ˝ dyºx2�.
Indeed, let  2 L1.�;C0.RN �Rd // and define

z .x; y; �/ WD  
�
x; y; � C u.x/

�
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where z 2 L1.�;C0.RN �Rd // as well. Then, by (3.29),

lim
n!C1

�
�

 

�
x;
D x
"n

E
; un.x/

�
dx D lim

n!C1

�
�

z 

�
x;
D x
"n

E
; Qun.x/

�
dx

D

�
�

�
Q

�
Rd
z .x; y; �/dz�.x;y/.�/dy dx

D

�
�

�
Q

�
Rd
 .x; y; �/d�.x;y/.�/dy dx

which completes the proof.

4. Homogenization

This section is devoted to the proof of Theorem 1.1. To this end we start by showing
that two-scale Young measures behave as measure products when generated by couples
of sequences. This fact is a fundamental tool for achieving our result, and it represents
an extension of the pioneering [32, Proposition 2.3].

Proposition 4.1. Let

ƒ D ¹ƒ.x;x;y;y0/º.x;x0;y;y0/2�2�Q2 � L
1
w

�
�2 �Q2

IM.Rd �Rd /
�

be a family of probability measures supported on Rd �Rd . ƒ is the two-scale Young
measure associated with a sequence ¹.un.x/; un.x0//º, with ¹unº � Lp.�;Rd / if and
only if ƒ.x;x0;y;y0/ D �.x;y/ ˝ �.x0;y0/, where

� WD ¹�.x;y/º.x;y/2��Q � L
1
w

�
� �QIM.Rd /

�
is the two-scale Young measure associated (in the sense of Definition 2.3) with the
sequence ¹unº.

Proof. Let ¹"nº be any vanishing sequence and letƒ be the two-scale Young measure
associated with the sequence ¹.un.x/; un.x0//º for some bounded sequence ¹unº �
Lp.�;Rd /. We test ƒ against functions �.x; x0/'.y; �; y0; � 0/ with � 2 L1.� ��/
and ' 2 C0.RN �Rd �RN �Rd / (in view of the density of linear combinations of
such functions in L1.� ��IC0.RN �Rd �RN �Rd //). In particular, we choose
' such that '.y; �; y0; � 0/ D '1.y; �/'2.y0; � 0/ and �.x; x0/ D �1.x/�2.x0/. Consider�

���

�1.x/�2.x
0/

��
Q�Q

�
Rd�Rd

'1.y
0; � 0/

� '2.y
0; � 0/dƒ.x;x0;y;y0/.�; �

0/dy dy0
�
dx dx0

D lim
n!C1

�
���

�.x; x0/'

�D x
"n

E
;
Dx0
"n

E
; un.x/; un.x

0/

�
dx dx0
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D lim
n!C1

�
���

�1.x/�2.x
0/'1

�D x
"n

E
; un.x/

�
'2

�Dx0
"n

E
; un.x

0/

�
dx dx0

D lim
n!C1

� �
�

�1.x/'1

�D x
"n

E
; un.x/

�
dx

���
�

�2.x
0/'2

�Dx0
"n

E
; un.x

0/

�
dx0

�
D

�
�

�1.x/

� �
Q

�
Rd
'.y; �/d�.x;y/.�/dy

�
dx

�

�
�

�2.x
0/

� �
Q

�
Rd
'.y0; � 0/d�.x0;y0/.�

0/dy0
�
dx0

D

�
���

�1.x/�2.x
0/

��
Q�Q

�
Rd�Rd

'1.y; �/

� '2.y
0; � 0/d.�.x;y/ ˝ �.x0;y0//.�; �

0/dy dy0
�
dx dx0:

The fourth equality is due to the boundedness of the sequence ¹unº, and the fact
that ¹.h x

"n
i; un.x//º generates the two-scale Young measure �. The thesis follows from

the chain of identities. The reverse implication can be proved in a similar way.

Now, we prove Theorem 1.1. This result is a generalization of [6, Theorem 1.2].
We observe also that we will refer to the �-convergence as it has been introduced in
Definition 2.17, since by the growth assumption (1.3), we can work in bounded subsets
of Lp.�IRm/, which are metrizable.

Proof of Theorem 1.1. We recall the family of functionals I" WLp.�;Rd/!Œ0;C1/
defined in (1.1) as

I".u/ WD

�
�

�
�

W

�
x; x0;

Dx
"

E
;
Dx0
"

E
; u.x/; u.x0/

�
dx dx0;

where � � RN , u 2 Lp.�IRd / and W W � �� �Q �Q �Rd �Rd ! Œ0;C1/

is a symmetric admissible integrand, satisfying (1.3).
Let u 2 Lp.�;Rd / and let ¹"nº be such that "n ! 0. We start by showing that

� � lim sup
n!C1

I"n.u/

� inf
�2Mu

�
���

�
Q�Q

�
Rd�Rd

W.x; x0; y; y0; �; � 0/d�.x;y/

� .�/d�.x0;y0/.�
0/dy dy0 dx dx0;

(4.1)

where Mu is defined in (1.4). Let � 2Mu; by Remark 2.6, Theorem 1.3 and Proposi-
tion 4.1, there exists a sequence ¹unº�Lp.�;Rd/ such thatun*u inLp.�;Rd / gener-
ates the two-scaleYoung measure¹�.x;y/º.x;y/2��Q, and clearly¹.un.x/;un.x0//ºn is the
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sequence associated with the two-scaleYoung measure¹�.x;y/˝�.x0;y0/º.x;x0;y;y0/2�2�Q2 .
Extract a subsequence ¹"nk º � ¹"nº such that

lim sup
n!1

I"n.un/ D lim
k!1

I"nk .unk /

and that ¹junk j
pº is equi-integrable, which is always possible by the Decomposition

Lemma [22, Lemma 8.13]. In particular, due to the p-growth condition (1.3), it follows
that the sequence ¹W.�; �0; h�="nk i; h�

0="nk i; unk .�/; unk .�
0//º is equi-integrable in � �

� as well; hence, applying Theorem 2.13 (ii) we get that

� � lim sup
n!C1

I"n.u/

� lim
k!C1

�
���

W

�
x; x0;

D x
"nk

E
;
D x0
"nk

E
; unk .x/; unk .x

0/

�
dx dx0

D

�
���

�
Q�Q

�
Rd�Rd

W.x; x0; y; y0; �; � 0/d�.x;y/.�/d�.x0;y0/.�
0/dy dy0dx dx0:

(4.2)

Taking the infimum over all � 2Mu in the right-hand side of (4.2) yields (4.1).
Let us prove now that

� � lim inf
n!C1

I"n.u/

� inf
�2Mu

�
���

�
Q�Q

�
Rd�Rd

W.x; x0; y; y0; �; � 0/d�.x;y/

� .�/d�.x0;y0/.�
0/dy dy0 dx dx0:

(4.3)

Let � > 0 and ¹unº � Lp.�;Rd / such that un * u in Lp.�;Rd / and

(4.4) lim inf
n!C1

I"n.u/ � � � lim inf
n!C1

I"n.u/C �:

For a subsequence ¹nkº, still thanks to Proposition 4.1, we can assume that there
exists � 2 L1w .� �Q;M.Rd // such that ¹.unk .x/; unk .x

0//º is the sequence associ-
ated with the two-scale Young measure ¹�.x;y/ ˝ �.x0;y0/º.x;y;x0;y0/2.��Q/2 and

(4.5) lim
k!C1

I"nk .unk / D lim inf
n!C1

I"n.un/:

We remark that ¹unk º is equi-integrable since it is bounded in Lp.�;Rd / and p > 1.
Thus, by the Fundamental Theorem on Young Measures (Theorem 2.2) we get that for
every A 2 A.�/,

�
A

u.x/dx D lim
k!C1

�
A

unk .x/dx D

�
A

�
Q

�
Rd
�d�.x;y/.�/dy dx:
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By the arbitrariness of the set A, it follows that

(4.6) u.x/ D

�
Q

�
Rd
�d�.x;y/.�/dy a.e. in �:

As a consequence of Corollary 3.1, ¹�.x;y/º.x;y/2��Q is a two-scale Young measure
and, by (4.6), we also have that � 2Mu. Applying now Theorem 2.13 (i) we get that

lim
k!C1

�
���

W

�
x; x0;

D x
"nk

E
;
D x0
"nk

E
; unk .x/; unk .x

0/

�
dx dx0

�

�
���

�
Q�Q

�
Rd�Rd

W.x; x0; y; y0; �; � 0/d�.x;y/.�/d�.x0;y0/.�
0/dy dy0dx dx0

� inf
�2Mu

�
���

�
Q�Q

�
Rd�Rd

W.x; x0; y; y0; �; � 0/d�.x;y/.�/d�.x0;y0/.�
0/dydy0dxdx0:

Hence, by (4.4), (4.5) and the arbitrariness of � we get the desired result. Gathering
(4.1) and (4.3), we obtain that

� � lim
n!C1

I"n.u/ D inf
�2Mu

�
���

�
Q�Q

�
Rd�Rd

W.x; x0; y; y0; �; � 0/d�.x;y/

� .�/d�.x0;y0/.�
0/dy dy0 dx dx0:

To conclude the proof of the upper bound, we have to prove that the minimum is
attained. Consider a recovering sequence ¹ Nunº �Lp.�;Rd / for� � limn I"n.u/. Argu-
ing exactly as before we can assume that (a subsequence of) ¹ Nunº generates a two-scale
Young measure ¹�.x;y/º.x;y/2��Q, that �2Mu and the couple ¹. Nun.x/; Nun.x0//ºn gener-
ates ¹�.x;y/˝�.x0;y0/º.x;y;x0;y0/2.��Q/2 , and ¹W.�; �0; h�="nk i; h�

0="nk i;unk.�/;unk.�
0//º

is equi-integrable. According to Theorem 2.13 (ii), we get

� � lim
n!C1

I"n.u/

D lim
n!C1

�
���

W

�
x; x0;

D x
"n

E
;
Dx0
"n

E
; Nun.x/; Nun.x

0/

�
dxdx0

D

�
���

�
Q�Q

�
Rd�Rd

W.x; x0; y; y0; �; � 0/d�.x;y/.�/d�.x0;y0/.�
0/dy dy0 dx dx0;

which completes the proof.

Remark 4.2. (i) We observe that if in the above theorem W does not depend on
y; y0 2 Q, the above �-convergence result reduces to a relaxation result with
respect to the Lp-weak convergence, with Ihom therein replaced by

Ihom.u/ WD min
�2Mu

�
���

�
Q�Q

�
Rd�Rd

W.x; x0; �; � 0/d�.x;y/

� .�/d�.x0;y0/.�
0/dy dy0 dx dx0;



g. bertazzoni, a. torricelli and e. zappale 30

with Mu in (1.4). Ihom, in turn, becomes

(4.7) Ihom.u/D min
�2M0u

�
���

�
Rd�Rd

W.x;x0; �; � 0/d�x.�/d�x0.�
0/dx dx0;

where

M0u WD

²
� 2 L1w

�
�;M.Rd /

�
W

¹�xºx2� is a Young measure such that
�

Rd
�d�x.�/ D u.x/

³
:

The above equality is easily obtained in view of Definition 2.3, which ensures
that any measure ¹�.x;y/º.x;y/2��Q 2Mu is such that �.x;y/ ˝ dy D �x 2M0u.

(ii) We observe that the same strategy adopted in the proof of Theorem 1.1 would
lead directly to (4.7), without using two-scale Young measures but adopting the
classical Young measures generated by sequence in Lp.�IRd /. It suffices to
replace Theorem 2.13 by Theorem 2.2 (iv)–(v) and the characterization of Young
measures proved in [33, Theorem 7.7].

(iii) Observe that equation 4.7 provides a statement analogous of [11, Theorem 6.1]
replacing the narrow convergence by the Lp-weak convergence, under a slightly
more general set of assumptions on W , cf. Remarks 1.2, 2.12 and 2.14.

We point out that analogous arguments as those in the proof of Theorem 1.1 allow
us to obtain a �-convergence result in terms of a suitable narrow convergence (see
Remark 2.15). In order to do so, a preliminary step is needed, i.e., a suitable extension
of the functionals I" in (1.1) to Yp.�ITN �Rd /, where we recall that TN represents
the N -dimensional torus in RN .

Corollary 4.3. Let p, �, W and ¹I"º" be defined as in Theorem 1.1. Let Yp.�I

TN �Rd / be the space introduced in Remark 2.15 and let xI" W Yp.�;TN �Rd /!

R [ ¹1º,

(4.8) xI".�/ WD

´
I".u/ if � D ¹ı.hx" i;u.x//ºx2�;
C1 otherwise:

Then, ¹ xI"º" �-converges, with respect to the narrow convergence, i.e., testing with
functions in L1.�IC0.TN �Rd //, to xIhom W Y

p.�ITN �Rd /! Œ0;C1�, where

xIhom.�/D

8̂̂<̂
:̂
�
���

�
.Q�Rd /2W

�
x; x0;.y; �/; .y0; � 0/

�
d�x.y; �/d�x0.y

0; � 0/dx dx0;

if ¹�xºx2� D ¹�.x;y/º.x;y/2��Q ˝ dy;
C1 otherwise;

with � a two-scale Young measure.
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Before proving the result we observe that, when xIhom is finite, the right-hand side
coincides with�

���

�
Q�Q

�
Rd�Rd

W.x; x0; y; y0; �; � 0/d�.x;y/.�/d�.x0;y0/.�
0/dy dy0 dx dx0:

Proof. The proof follows the same argument as [11, Theorem 6.1]. Let � 2 Yp.�I

TN �Rd / and ¹�nº�Yp.�ITN �Rd / be a sequence which converges narrowly to �.
With no loss of generality we can assume that

lim inf
n!1

xI"n.�"n/ < C1:

Then, up to passing to a suitable subsequence (not relabeled) for which the liminf is a
limit, �n D ı.h x"n i;un.x// for a suitable sequence ¹unº � Lp.�IRd /.

By (1.3), ¹unº is bounded in Lp.�IRd /, hence (up to a subsequence) weakly
convergent; then as observed in [9] ¹.h x

"n
i; un/º is tight and in view of Theorem 1.3

the narrow limit � is of the type �.x;y/ ˝ dy for a suitable two-scale Young measure
¹�.x;y/º.x;y/2��Q. Hence, the lower semicontinuity of

�
���

�
.Q�Rd /2

W.x; x0; .y; �/; .y0; � 0//d�x.y; �/d�x0.y
0; � 0/dx dx0

with respect to the narrow convergence, observed in [11, Proposition 3.7], proves the
lower bound.

For what concerns the upper bound, if � is of the type �.x;y/ ˝ dy for a suitable
two-scale Young measure ¹�.x;y/º.x;y/2��Q, then Theorem 1.3 ensures the existence of
a sequence ¹unº �Lp.�IRd /, weakly convergent inLp.�/ and such that ¹.h x

"n
i;un/º

generates the two-scale Young measure �.x;y/. The Decomposition Lemma ensures
that the ¹unº can be chosen p-equi-integrable. Clearly, by [9], the sequence is also
narrowly convergent to �x D �.x;y/ ˝ dy. Then (1.3) ensures that the integrand of
I"n.un/ is equi-integrable and, exactly as in the proof of Theorem 1.1, we can invoke
Theorem 2.13 (ii) which, in turn, guarantees the convergence towards

�
���

�
.Q�Rd /2

W
�
x; x0; .y; �/; .y0; � 0/

�
d�x.y; �/d�x0.y

0; � 0/dx dx0;

which concludes the proof in this case.
Finally, if � is not of the type �.x;y/˝ dy for a suitable two-scale Young measure �,

then Theorem 1.3 says that ¹�.x;y/º.x;y/2��Q cannot be generated by any ¹ı.h x"n i;un.x//º;
hence, it cannot be the narrow limit of such a sequence. Consequently, the ¹�nº narrowly
converging to � is such that the energy xI"n.�n/ D C1 for any n 2 N. This concludes
the proof.
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