Rend. Lincei Mat. Appl. 36 (2025), 763-779
DOI 10.4171/RLM/1089
©2026 Accademia Nazionale dei Lincei

Published by EMS Press
This work licensed under a CC BY 4.0 license

Calculus of Variations. — Quasiconvexity in the Riemannian setting, by AURORA
CorBiSIERO, CHIARA LEONE and CARLO MANTEGAZZA, accepted on 13 January 2026.

ABSTRACT. — We introduce a notion of quasiconvexity for continuous functions f defined on
the vector bundle of linear maps between the tangent spaces of a smooth Riemannian manifold
(M, g) and R, naturally generalizing the classical Euclidean definition. We prove that this
condition characterizes the sequential lower semicontinuity of the associated integral functional

Fu,Q) = /g2 f(du)du

with respect to the weak™ topology of W 1:°°(Q, R™), for every bounded open subset @ € M.
KEYwoRDs. — quasiconvexity, semicontinuity, Riemannian manifold.
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1. INTRODUCTION

A fundamental result in the calculus of variations concerning the search for minimizers
of variational functionals is the characterization of the sequential lower semicontinuity
of integral functionals defined on Sobolev spaces W17 (2, R™), where Q C R” is
open and bounded. Specifically, for 1 < p < 400, lower semicontinuity with respect to
the weak topology (or weak™ topology if p = +00) is equivalent to the quasiconvexity
of the integrand, provided certain growth conditions are satisfied.

Historically, this equivalence was established through several steps: in the pioneering
paper [13] by Tonelli, it is shown that for a twice differentiable and continuous function

f i a, bl x R™ x R™ — [0, +00)
and for u € Wh1((a, b), R™), the functional
b
F(u) = / F (o u(x),u'(x)) dx
a
is sequentially weakly lower semicontinuous in W -1(a, b) if and only if the function f

is convex in the third variable. In the scalar case m = 1, this result was later generalized
to functions defined on bounded open sets of R” by various authors and Serrin in [12]
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proved that the differentiability assumptions are not actually required. Subsequent
improvements of Serrin’s theorem were given by De Giorgi [3], Olech [11] and Ioffe [6].

The results in the scalar case extend easily to the vectorial case. However, while for
m = 1 the semicontinuity theorem stated above is optimal, in the sense that the convexity
assumption of f(x, s, &) with respect to £ is necessary for the lower semicontinuity
of F, in the vectorial case for m > 1, there are functionals (of considerable interest in
the theory of nonlinear elasticity, for instance) that are lower semicontinuous without
J being convex with respect to the matrix § = §;;.

In the case of m > 1, the condition on f that turned out to be necessary and,
with additional assumptions, also sufficient for the lower semicontinuity of integral
functionals, is quasiconvexity, introduced by Morrey [10] in 1952.

DerinITION 1.1. A continuous function f : R"*™ — R is quasiconvex if for every
& € R™™ and for every open subset 2 of R”, there holds

1) < ]i F(E+ Do) d&" ().

for every function ¢ € C2°(2,R™).

Areal function f : R” x R™ x R™™ — R is quasiconvex in the variable § € R"*"
if there exists a subset Z of R” with £"(Z) = 0, such that for every x € R” \ Z and
for every s € R™, the function £ — f(x, s, §) is quasiconvex.

More precisely, Morrey showed that under some strong regularity assumptions on
the function f, the equivalence between its quasiconvexity and the sequential weak*
lower semicontinuity in W1:°°(Q, R™) of the functional

ur— Fu,Q) = / f(x,u(x), Du(x)) d £"(x)
Q

holds. Meyers then extended Morrey’s result to the setting of W*-?(Q, R™) spaces
in [9].

Acerbi and Fusco in [1] obtained a significant improvement of this result: they
indeed established such equivalence for Carathéodory integrands with appropriate
growth conditions in W12 (Q,R™), for 1 < p < +o0. We also mention that Marcellini
in [8] presented an alternative proof of this fact. We list below the theorems proved by
Acerbi and Fusco.

TueoreM 1.2 (Acerbi—Fusco). Ler f : R" x R™ x R — R be a Carathéodory
function satisfying

0< f(x,s,8) <a(x)+b(s,§),
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for almost every x € R", s € R™ and § € R™*™, where a : R" — R is nonnegative and
locally summable and b : R™ x R™*™ — R is nonnegative and locally bounded. Then,
f is quasiconvex in £ if and only if for every open bounded set Q2 in R", the functional
u — F(u, Q) is sequentially weakly* lower semicontinuous on W (Q,R™).

TueOREM 1.3 (Acerbi-Fusco). Let 1 < p < +ooand f : R" x R™ x R — R be
a Carathéodory function satisfying

0< f(x.5,8) <alx) + C(s|? + [£]?),

for almost every x € R", s € R™ and § € R™™, where a : R" — R is nonnegative
and locally summable and C is a nonnegative constant. Then, f is quasiconvex in
& if and only if for every open bounded set Q2 in R", the functional u — F(u, Q) is
sequentially weakly lower semicontinuous on WP (Q,R™).

Our aim is to develop an analogue of this theory in the Riemannian setting. Precisely,
we will consider a smooth, complete and connected Riemannian manifold (M, g) and
a continuous function

fL(TM,R™) - R,

where £(TM,R™) is the vector bundle of the linear maps between a tangent space of
M and R™; namely,

L(TM,R™) = {a: TxM — R™ | x € M and « is linear}.

Then, after introducing a generalization of the notion of quasiconvexity (extending the
usual one in the case of the Euclidean spaces), we will show that f is quasiconvex in
our sense if and only if for every open and bounded subset 2 € M, the functional

u > F(u,Q) :/Qf(du)du

(where p is the canonical measure of (M, g)) is sequentially lower semicontinuous in
the weak* topology of W 1:>° (2, R™), analogously to the Euclidean case.

At the end of the paper, we discuss some open problems and possible future research
directions in this Riemannian context.

2. QUASICONVEXITY IN THE RIEMANNIAN SETTING

In this section, after introducing a suitable “Riemannian” definition of quasiconvexity
generalizing the “classical” Euclidean one, we will prove that the sequential weak™
lower semicontinuity in W1 of a functional holds if and only if the integrand is
quasiconvex, according to such definition.
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Let (M, g) be a smooth, connected and complete Riemannian manifold of dimen-
sion n. We fix some notation for this section.

For every x € M and r > 0 such that \/nr/2 is smaller than the injectivity radius
of M at x, we define the cube

Q’—r(—l l)nCTM~R"
x = 272 = Ix ~

(where the identification of 7, M with R” is done via an orthonormal basis of 7, M)
and its diffeomorphic image

0L =exp, (0F) €M
by means of the exponential map
exp, : IxM — M.

We now define £L(TM,R™) as the space of the linear maps between a tangent space
of M and R™; namely,

L(TM,R™) ={a: TxM — R™ | x € M and « is linear}.

This space has a natural structure of vector bundle via the local parametrizations of M ;
for instance, if m = 1, it coincides with 7*M and in general it is the union of all the
spaces (T,;y M )™ for x € M (which are the fibers on the points of M ). It is clearly locally
diffeomorphic to R” x R”*"; indeed, choosing a local orthonormal frame E1, ..., E,
in a neighborhood U € M (diffeomorphic to R”) of a point xo € M, in order to locally
“trivialize” the vector bundle, we define the map 7 : L(T U, R™) — R™™ as

2.1 a> o= (a(Ey),....a(E,)) € (R™)",
for every o € L(T U,R™); hence, the map sending any « : T, M — R™ to
(x,Ia) = (x,a(E1).....a(Ey)) € U x (R™)" ~ R" x R

is a diffeomorphism. Then, considering the standard quadratic norm || - | on (R™)" ~
R™ ™ we have a distance § on £(T U, R™) defined as follows:

2.2) 8(o, B) = dM(x,y) + |l — IB||

n m
- : 2
=dMx,y)+ | YD |al(Ei) — BI(E)]
i=1j=1
for every a, B € L(TU,R™) such that € (T M)™ and B € (T M)™, where aM
is the Riemannian distance on M. It is then easy to see that such distance, restricted
to every fiber (77 M )™, coincides with the one associated with the “quadratic” norm



QUASICONVEXITY IN THE RIEMANNIAN SETTING 767

(equivalent to the operator norm) induced by the metric tensor g of M, which we will
denote by | - |4,

Clearly, if we have a function u : M — R™, its differential map x — du[x] :
TxM — R™ is a section of L(TM,R™).

We chose to adopt the notation du[x] for the differential of a map u : M — R™ at
a point x € M, for the sake of clarity in the computations that follow.

DeriniTION 2.1. Let (M, g) be a smooth, connected and complete Riemannian manifold
and p its canonical volume measure. A continuous function f : L(TM,R™) - R
is called quasiconvex if for every xo € M, oy, € (TxoM)™ € L(TM,R™) and ¢ €
CX (0% ,R™), there holds

X0’

(23)  flox) < ][Qr f(exy + dolx] o d exp,, [expy (x)]) du(x) + o(1),
X0

where o(1) is a function which goes to zero as » — 0 and depends in a monotonically

nondecreasing way only on the L° norm of d¢ (for fixed xo and oy, ).

REMARK 2.2. We mention that another definition of quasiconvexity for maps defined
on manifolds was given in [7].

Remark 2.3. The main obstacle in generalizing to the Riemannian context the usual
definition of quasiconvexity in the Euclidean ambient is due to the fact that we cannot
identify all the tangent spaces of a manifold as in R”; hence, two differentials at two
different points cannot be added together. Thus, in the definition above, we needed to
morally “carry” the differential of the perturbation at every point of the manifold to be
an element of Tx*OM , via the differential of the exponential map at xo € M (exponential
map that in the Euclidean case would simply be the identity, under the identification
mentioned above — see also the following discussion). This forces the introduction of a
“correction term” in the quasiconvexity inequality that one reasonably expects to go to
zero as we get closer and closer to the point x since the differential of the exponential
map then tends to be the identity.

If (M, g) is R” with its standard metric, for every point x € R”, we have a standard
identification 77R” ~ T,R" ~ R"; hence, a function f : L(TR",R™) — R can be
one-to-one associated with a function f R x R — R as follows: if A = A{ €
R™™ fori € {l,...,n}and j € {1,...,m}, then

(24) f(xO’ A) = f(ax0)9

where oy, € (T R")™ ~ R™" is given by

n
oy () = D _Afv',

i=1
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for every vector v = (v!,...,v") € Ty, R" ~ R” and vice versa; if ay, is operating
as in this formula, then f is defined by equality (2.4). Then, with this one-to-one
correspondence, our “Riemannian” definition of quasiconvexity in the case of the
Euclidean space is equivalent to

f(xo. 4) < ][Q, f(x. A+ Do(x)) d£"(x) + o(1).
X0

for every xo € R"”, A € R"*" and ¢ € C°(Q7 ,R™), since, under the identification
TYR" ~ TxR" ~ R", all the exponential maps are the identity, and it is clearly satisfied
by a continuous quasiconvex function f : R x R — R, actually without the
“correction term” o(1), according to the usual Definition 1.1 of quasiconvexity. Hence,
a “classical” quasiconvex function f in the Euclidean space, having as arguments only
x and A, is also quasiconvex in the sense of Definition 2.1 (with the above identification
of f with f'). Vice versa, if the function f satisfies Definition 2.1, then, by Theorem 3.1
that we are going to show in the next section and the identification of f with f, it
follows that the functional

U F(u, Q) :/ £ (x, Du(x)) d £"(x)
Q

is sequentially lower semicontinuous in the weak* topology of W 1:>°(2, R"); hence,
f is quasiconvex according to Definition 1.1, by the Acerbi—Fusco Theorem 1.2. Thus,
our Definition 2.1 is an extension to Riemannian manifolds of the usual definition of
quasiconvexity for continuous integrands.

3. QUASICONVEXITY AND SEMICONTINUITY

We are going to show the analogues of some special cases of Theorem 1.2 of Acerbi
and Fusco in our context, following the line of [2] (we mention that the main argument
in the next Theorem 3.1 is due to Fonseca—Muller [5]). We underline (see the discussion
above) that we are generalizing the special case of integrands which are continuous
and depend only on x and Du (but not on u — see the final section), from the Euclidean
to the Riemannian setting.

The weak* convergence of a sequence u; =~ u in W>(Q, R™) is defined in
the usual way: the sequences of integrals of u; and du; “against” fixed functions
and 1-forms in L1(2, R™), respectively, converge to the analogous integrals relative
to u and du. Moreover, we notice that by the weak™® sequential compactness of the
closed unit ball of L°°(€2, R™) given by the Banach—Alaoglu—-Bourbaki theorem, we
can simply ask that the sequence of differentials du; is bounded and that u; weakly*
converges to u in L (2, R™).
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THEOREM 3.1. Let (M, g) be a smooth, connected and complete Riemannian manifold
and | its canonical volume measure. Let [ : L(TM,R™) — R be continuous and
quasiconvex in the sense of Definition 2.1. Then, for every open and bounded subset
Q C M, the functional

U F(u,Q) = / f(du)du
Q
is sequentially lower semicontinuous in the weak* topology of W1 (2, R™), that is,
F(u,Q) = / fdu)du < li_minf/ f(duj)dp = liminf F(u;, ),
Q j—o Jo Jj—o0
for every sequence uj =~ u in W (Q,R™).

Proor. Let n € N be the dimension of M. Let xo € 2 and we assume that » > 0
is small enough for Q%  to be contained in a neighborhood U < 2 of xo such that
the vector bundle W1 (22, R™) can be “trivialized” as we discussed above at the
beginning of this section, by choosing an orthonormal frame E, ..., E, in U, with
an associated map / and distance § as in formulas (2.1) and (2.2). Moreover, since in
what follows all the arguments of the continuous function f* will be bounded (since we
are working in W1 (Q,R™) and u; is a bounded sequence in W 1:*°, being weakly*
convergent), we can assume that f is bounded and has a uniform modulus of continuity
w in L(T U, R™) (with respect to the distance §) which is continuous, bounded and
concave, hence subadditive. Moreover, since it is bounded, by possibly adding a constant
to f, we can also assume that it is positive.

We consider a smooth function ¢ : Q% — [0, 1] with compact support and we set,
forevery j € N,

¢j = V(uj —u) € Wy (0%, R™):

hence,

3.1 doi =vdu; —u)+dy ® (u; —u).

To simplify the notation in the computations below, we define
Ly = d expy, [expy ()],

for every x € QF , and we start by applying the hypothesis of quasiconvexity for f,
observing that inequality (2.3) also holds for maps in WOI’OO(Q o+ R™), by approxi-
mating them with a sequence of functions in CZ°(Q7 ,R™). Indeed, the function o(1)
depends, by hypothesis, in a monotonically nondecreasing way, on the L° norm of the
gradient of such maps and this approximation can be chosen in such a way to control
the L°° norms of the gradients of the approximating functions with the L°° norm of
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the gradient of the target function. Hence, setting oy, = du[xo] in inequality (2.3), for
every j € N, we have

f (dulxol)
s][ . f(du[xo] + dyj[x] o Lx) du(x) +o0;(1)

=][ f(dulxol + ¥ d(u; —u)[x] o Lx +dy[x]® (uj —u) o Lx) dp(x)+0;(1)

r
X0

=f ) S (dulxo] =y dulx]o Ly + ¢ duj[x]o Ly +dy[x]® (u;j —u)o Ly) du(x)

X0

+0;(1),

where the function 0; (1) depends monotonically on ||d¢; ||, as in Definition 2.1.
Then, by the properties of the modulus of continuity w of f, there holds

f(dulxo] =¥ dul[x]oLyx+v duj[x]oLx+dy[x]®u;j —u)oLy) — f (duj[x]o L)
<o(|dulxo]l = dulx] o Ly + (¥ — Dduj[x] o Ly +d¥[x]® (uj —u) o Lx|gx0)
<o(|dulxo] — ¥ du[x] o Lx|gX0) + o(|(¥ — Dduj[x] o Lx|ng)

+o(|ldyx]® (wj —u)o Ly, )
<o(|dulxo] =y dulx] o Lilg,,) +o(Cly —1])+o(|dy [x]@@; —u)o Ly|, ),

where we kept into account that the distance § on £(7T U, R™) restricted to the fibers
coincides with the one induced by the metric g of M. Thus, we obtain

62 flaubsa) < £ F(@lo Le) duo

QXO

4,

+fQ o(Cly — 1)) dp)

r
X0

4 ][ o(|dWIn] ® (; —u) o L], ) diu(x) + 0;(D).

X0

a)(‘du[xo] — Y dulx] o Lx|gx0) du(x)

We then deal with the term

. flawblot)duw < §  f(dul) dut

X0 X0

—|—f w(8(duj[x] o Ly, du;[x])) du(x),

B
X0
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showing that the last integral is bounded by a function o(1) independent of j € N.
Indeed, recalling formula (2.2), we have

o(8(duj[x] o Ly, du;j[x])) = o(d™ (xo,x) + |Idu;[x] o Ly — Idu;[x]|)
< o(dM(xo.x)) + o(||Iduj[x] o Ly — Idu;x]|)
< w(r) + o(||Iduj[x] o Ly — Idu;[x]|)

and setting o = (Iduj[x])x = du;[x](Ex) € R™, forevery k € {1,...,n}, we have

(3.3) |Iduj[x]oLy—Idu;[x]|=|/I(du;[x]od exp,,[expy, (x)]) — Idu;[x]|

3 ok (d expy, [expy, (0] (ED)* — e
k=1

> o exp [exprs ] E) —5t

k=1

<Cllall|d expy, [exp3 ()] — Lz, |
=C|1du;[x]|||d expy, [expy, ()] —Tdry |
= lldu; lloo 0(1) = 0(1)

for some constant C, as the norms ||du; || are uniformly bounded. Hence, inequal-
ity (3.2) becomes

64 flaubeol) < ;1)) duco

X0

+ ][ . o(|dulxo] — ¥ dulx] o Lx‘gxo) du(x) + o(1)

*0

+fr a)(CW— 1|)du(x)

0

of ol oy e L, )dnto + o,

*0

where the function o(1) is independent of j € N, while the functions 0; (1) are equal to
n(r, ||dej||) for some function 7 going to zero as r — 0 and monotone nondecreasing
(and we can also clearly assume continuous from the right) in its second argument.
Observing now that, by equation (3.1), there holds

ldgjllco < 1V lloo ldu; — dulloo + ld ¥ [loo luj — tllco,
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we have

0; (1) = 1(r, 1de;lloo) < 1(r 1V lloo ldu; — dulloo + 1d¥ lloo ll2t; — tlloo)
<n(r,C + d¥lloo llu; — ulloo).

for some constant C uniformly bounding from above ||| o [|du;j — dut| 0. It follows
that

limsup o} (1) < limsup n(r. C + [ oo l1; — ulloc) = n(r.C) = 0(1),

]—)OO ]—)OO

with a function o(1) independent of j € N, by the properties of the function 7 and
the fact that |[u; — ul|cc — O (by the theorem of Ascoli-Arzela, being all the func-
tions u; equibounded and equicontinuous). Then, passing to the liminf as j — oo in
formula (3.4), we obtain

S (dulxo]) < liminf][ f(duj[x]) du(x)
j—oo Jor

*0

+ ][Qr o(|dulxo] — ¥ dulx] o Lx|gx0) d(x)

+ 4 o(Cly 1) dux) + (1),

as the last integral in such formula goes to zero, by the dominated convergence theorem.
Now letting ¥ go to the characteristic function of Q7 , the last integral in this formula
vanishes (again by the dominated convergence theorem); hence,

f (dulxo]) < lim inf][ F(duj[x]) du(x)
j—oo Jor

*0

+ ][Q” o(|du[xo] — dulx] o Lx}gxo) dp(x) + o(1).

X0

Finally, we want to show that the second integral on the right is bounded by a function
o(1). By arguing as above, when we dealt with du;, we have

a)(‘du[xo] —du[x] o Lx}

/N

w(8(dulxol, dul x]) + 8(dulx],du[x] o Ly |gx0))

o (8(dulxo). dulx])) + w(8(dulx], dulx] o Ly|g,))
w(d™ (xo.x)) + o (|| Idulxe] — Idulx]|) + o(1)

o (|| Idulxo] — Idu[x]|) + o(1);

II 7
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hence,

][Qr a)(|du[xo] —dulx] o Lx|gx0) di(x)

< ][ . a)(HIdu[xo] — Ia’u[x]”) diu(x) + o(1).

If now xg is a Lebesgue point for the function /du, it is easy to show that the integral on
the right goes to zero as r — 0, being the function # > w(#) continuous and bounded
(and going to zero as t — 0). Thus, we conclude that at p-almost every point xg of €2,
there holds

(3.5) S (dulxo]) < liminf][ f(du;)dp + o(1).
j—oo Q§C0
As f and € are bounded, the following integral is finite:
liminf/ f(du;)dp =m < 400,
j—=oo Jo
and we can define the finite Radon measures v; on €2, for every j € N, given by

dvj = f(duj)dp.

satisfying the uniform bound ||v;|| = [, f(du;) di < C. Hence, by the Banach—
Alaoglu-Bourbaki theorem and without loss of generality, we may assume that v;
weakly™* converges to some limit Radon measure v. For every open subset G of €2, by
the properties of the weak™ convergence, we have

v(G) < liminfv;(G) = li_minf/ f(duj)dp < li_minf/ f(duj)dp = m;
j—o0 j— Jg j—oo Jo

hence, by the outer regularity of the measure pu, it follows that v < w. Thus, we may
apply the Radon-Nikodym theorem, obtaining a function %z :  — [0, +00] such that
dv = hdp and

v Y4
h(x) = lim (QX) ,
r—0 ,LL(Q )
for p-almost every x € €2. Then, at the points xo € 2 where inequality (3.5) is satisfied
and the above limit holds, we have

o) < tiigt im ot f f(duj) dp +o(1)) = limjgf lim inf _M((g))
(on) V( _;O)

= liminf liminf —=—= < liminf ———< = h(xy),
r—>0 j—oo /’L(Q)rco) r—0 M(Q;O)
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as liminf; o vj(Q_;O) < U(Q;O), being Q_;O closed sets. Hence, f(du[x]) < h(x)
p-almost everywhere in €2; thus,

F(u,Q) = ][ fdu)du < ][ hdp =v(2) < liminf v; ()
Q Q J—o0
=1i_minff f(du;)dp = liminf F(u;, Q)
Jj—o00 Q : j—oo X
and the proof is complete. ]

The following theorem is the converse of the previous one.

THEOREM 3.2. Let (M, g) be a smooth, connected and complete Riemannian manifold
and p its canonical volume measure. Let f : L(TM,R™) — R be a continuous function.
If for every open and bounded subset Q2 C M, the functional

Fu,Q) = /Q F(du)dp

is sequentially lower semicontinuous in the weak* topology of W1>°(Q,R™), then
the function f is quasiconvex in the sense of Definition 2.1.

Proor. Letn € N be the dimension of M. We adopt the same setting and notation
as in the proof of Theorem 3.1, in particular, fixed xo € M and ax, € (T, M)™; we
work in a neighborhood U € M of x¢ such that the vector bundle £(7 U, R™) can be
“trivialized” and O} < U.

We consider a smooth function u : M — R™ such that du[xo] = o, (which clearly
exists) and let ¢ € C°(QF ,R™); then, the function ¢ o exp, is defined on the open
cube r( - % %)n C Tx, M, smooth and with compact support. We define the extension
by periodicity ¥ : Txo M — R™ of ¢ o exp,, to the whole Tx, M (defined zero on the
boundaries of the cubes) and we set

on() = 2 (hexp) (1)

for every x € Q% and h € N. Then, the functions ¢p, : O — R™ are smooth with

r
X0
compact support and

on 20 in W ®(Q ,R™)

X0’

as h — oo; indeed, clearly ¢ — 0 and the differentials d¢j, are uniformly bounded,
holding

doplx] = %diﬁ[h exp;o1 (x)]h od exp;O1 [x] = d\//[h exp;o1 (x)] od exp;o1 [x].
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Thus, since u + @5 =~ uin WH(Q %o» R™), by the hypothesis of lower semicontinuity
of the functional F, there holds

[, flantsl) duco

0

Sliminf/Qr S (dulx] + denx]) dpu(x)

h—o00

h—o0

= lim inf/ S (dulx] + dy[hexpy) (x)] o d expy, [x]) dpu(x),
0%

for every r > 0 small enough. Then, arguing as in the proof of Theorem 3.1 (more
precisely, following the same argument leading to estimate (3.3)), considering a suitable
modulus of continuity @ of f, we have

3.6)

| f (dulx]+dy[hexpy, (x)]od expy, [x]) — f (dulxo)+dy [h expy, (x)] o 1dr, ar)|
< o(8(dulx]. dulxo])) +(8(dv [k expy, (x)] od expy) [x]. dy [k expy) (x)]))
= o(dM (x, x0)) + (| Idulx] = Idulxo][) + o(D)lld¥ [l
=o()(1 + [[d¥]lwo)

as r — 0 since the function x + Idu[x] is smooth. Hence,

61 [ flduld)duco

0

< liminf/Qr f (dulxo] + dlﬂ[h exp;ol(x)]) du(x) +o()u(Qy,)-

h—o0

Changing variables as y = expy(x),so y € r(— 3. 1)" € Ty M, and denoting by
dy the Lebesgue measure on Ty, M relative to the metric tensor g, we have

(3.8) /Qr f (dulxo] + dlﬂ[h exp;o1 (x)]) du(x)

0

_ / S (dulxol + dy () IG) dy

2,2)11

S/( L1 f(du[xo]+d1/f[hy])dy+crn+1’

22

for some constant C independent of 4 € N, since the Jacobian

109) = [ det (8,00 (d exPy YI(E). E))|
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is a smooth function and goes uniformly to 1 as r — 0, being |y| < r/n/2 (we recall
that d exp, [0]) is the identity of Ty, M) and f (du[xo] + dy[hy]) is bounded. Then,
changing the variables again as w = hy in the last integral, we get

[, fldutso] + dyhexsit () diato)

S hi" /hr(—é,é)n f(d“[xo] + dlﬂ[w]) dw + Cr"tL,

Now, by the periodicity of v, there holds

hi” /hr[—;,;]" f(dulxol + dyfw]) dw
1 n
) h_”h /':[_é’%]" f(du[XO] + d(p[expx()(w)] d eXpxo [w]) dw

and if we change (back) variables as x = exp,, (w), we obtain

[y, f ulol + dglesps, ] o d xp,fo])

/ ) f(du[xo] +do[x]od €XPy, [exp;ol ()C)])J(x)_1 du(x)

0

< [ fldutso] + dgll o dexpy, [expi) (0)]) die) + Cru(Q%,)

0

arguing as above. Hence, by this inequality where & € N is not present in the right-hand
side and formulas (3.7), (3.8), we conclude

| fldutal)duto

0

< [ fldutso] + dgl) o d expy, [exi) (0] dia(x) + o(DR(QE,)

0

as u(Q%,) ~ w,r", where wy is the measure of the unit ball of R". Since, by the
continuity of du, it easily follows that

/Q  Fldutel) du < [ F (@) di) +o(Du(Ql,)

X0

and du[xg] = oy,, we finally have

1
Sflaxy) < m /Qr f(cxxo +delx]od €XPy, [exp;ol (x)]) du(x) +o(1)
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for every x¢o € M and with o(1) going to zero as r — 0, depending only on the L*°
norm of d¢. Moreover, by tracing back how we obtained such function o(1), it is clear
that it can be chosen in a way that such dependence is monotonically nondecreasing
(see in particular estimate (3.6)). Hence, the function f is quasiconvex according to
Definition 2.1. |

Putting together the two theorems, we have the following one which generalizes (in
our case of f continuous) the results of Acerbi and Fusco for p = +o0.

THEOREM 3.3. Let (M, g) be a smooth, connected and complete Riemannian manifold
and | its canonical volume measure. Let f : L(TM,R™) — R be continuous. Then,
f is quasiconvex in the sense of Definition 2.1 if and only if for every open and bounded
subset Q C M, the functional

ut—> F(u,Q) =/Qf(du)du

is sequentially lower semicontinuous in the weak* topology of W1->°(Q,R™).

4. SOME REMARKS AND POSSIBLE RESEARCH DIRECTIONS

A natural continuation of our work would be to extend the previous results to the
WLP(Q,R™) setting, with p € [1,4+00), in order to obtain the analogue of Theorem 1.3
(notice that the fact that the semicontinuity of the functional implies quasiconvexity of
[ follows immediately by Theorem 3.2 in such setting, as in the Euclidean case).

Focardi and Spadaro in [4] showed an extension of the Acerbi—Fusco theorems
(with f continuous, like us) in the case of Sobolev maps u : @ — M, with Q an
open bounded subset of R” and M a Riemannian manifold. Therefore, a possible
future research line could be to “combine” Theorem 3.3 with the results of Focardi
and Spadaro, thus obtaining a characterization of quasiconvexity in the completely
Riemannian context of Sobolev maps between two Riemannian manifolds.

Moreover, the full generalization of the Acerbi—Fusco results would be to show
them for the “naturally defined” Carathéodory functions on a Riemannian manifold,
that is, functions which are Carathéodory in the usual way after expressing them by
means of the local “trivializations” of the bundle £(TM,R™) (or of L(TM, TN ) after
“combining” our definition with the one of Focardi—Spadaro), as we did at the beginning
of this section.

Finally, it would be natural to introduce also the concepts of polyconvexity and
rank-one convexity in the Riemannian context and compare them with our definition of
quasiconvexity, reasonably obtaining the same relations holding in the Euclidean case.
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