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1. INTRODUCTION AND MAIN RESULTS

Homogenization has attracted much attention in the last five decades, due to the many
applications that mixtures and finely heterogeneous media have in applied science
and technology; see for instance [17,30] among a wider pioneering literature. In fact,
both classical and more recent theories of ferro-magnetics and mechanics provide an
accurate macroscopic description of phenomena occurring in materials which incor-
porate fine structures at the microscopic level. We refer to [2,5,7, 10, 19,20,23-25]
for applications to the theory of structured deformations, thin structures, non-simple
materials, evolution problems with nonstandard growth, elastomers, electromagnetic
phenomena and constrained models. Here we want to adopt the homogenization tech-
niques to formalize how the effects at micro-level emerge at the macro-level in the
study of more general phenomena, such as peridynamics, where classical gradients
are replaced by non-classical ones and, consequently, non-local integral functions take
over the role of standard integrals.

Indeed, adopting a different view point than [13], the aim of this paper consists of
studying the asymptotic behavior as ¢ \, 07 of I, : L?(2;R9) — R+ defined as

(1.1) I (u) := [/ W(x,x’,i,x—,u(x),u(x’))dx dx’,
QxQ & €

where Q@ € RV is an open subset, u : Q@ — R¢ is in some Lebesgue space L7,
sl < p < oo and the integrand W : Q x @ x RY x R¥ x R4 x R4 — [0, +00) has
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some measurability and continuity properties to be specified later and W(x, x’,-,-, £, )
is periodic; i.e., we will equivalently denote /. by

I;(u) = //szxsz W(x,x,’(§>,<x?/>,u(x),u(x’))dx dx’,

where (¢) denotes the vector in Q := (0, 1)V whose components are the fractional
parts of t € RV,

This kind of non-local functional appears in the mathematical modeling of peridy-
namics [40], ferro-magnetics [39], etc. For instance, in the first setting, i.e., peridynamics,
Q represents the reference configuration, u is the deformation and I, is the associated
energy.

In general, /. is not lower semi-continuous; hence, the existence of minimizers is not
guaranteed, and one should look for its relaxed version, for which we refer to [11], for
instance, in order to detect the microstructure of the material in the context of nonlinear
elasticity. Here we follow an analogous approach in terms of suitable Young measures,
extending first L? to the space of Young measures equipped with the narrow topology.

Thus, we can provide a characterization of the I'-limit as the minimum of an
appropriate functional over a class of two-scale Young measure with controlled mean-
value. In fact, the Young measures are so far a crucial tool for obtaining a limiting
formula. We refer to [4,22,38], etc., for background on Young measures and to [6,8,9,34]
for the two-scale Young measures that are a key tool in this homogenization setting.

As already emphasized in [11,29, 36, 37], the relaxation and homogenization of
(1.1) in L? is a very delicate issue since it is not clear if the limiting energy (as & — 0)
has still the same form, i.e., the double integral form.

In our subsequent analysis, we will make use of the two-scale Young measures
introduced by [21] and later developed by [43], defined in Definition 2.3, to compute,
via I'-convergence with respect to a suitable topology, the limit energy of (1.1), under
the assumption on the energy density W of being an admissible integrand (as introduced
in [12]) in the sense of Definition 2.11. We also stress that there is no loss of generality
in assuming that W is symmetric, as observed in [11,35], i.e.,

(1.2) W(x,xo, Y. yo.§.§0) = W(xo, X, yo, y. 0, §)
fora.e. x,xo € Q,andall y, yo € 0, &, & € RY.

THEOREM 1.1. Let p > 1 and assume W : Q x Q x Q x Q x R4 x R4 — [0, 00] is
a symmetric admissible integrand and there exists a,o € L' (Q x Q) and ¢ > 0 such
that

1
(13)  a(xx)+ ;I%I” S W x' y y' 88 < ale.x') + c(E17 + 1§'17)
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forae x,x' € Q ally,y e R? and £, & € R?. Let ¢ > 0 and let {1, be the family
of functionals in (1.1). Then, {Is} T'-converges, with respect to the weak L? (2; R?)
convergence, t0 Iyon : LP(Q,Rd) — [0, +00), where Iy is defined as

Ihom (1) := min // // // W(x,x',y, y' & E)dv(x,y
veMu JJQxQ JJox0 J/RIxR4E ) ) )
X (§)dv,yy(§)dy dy dx dx’,

where
(1.4) My = {v eLY(Qx0, M(Rd)) AV )} (x,y)eqx o is a two-scale

Young measure such that / / Edv(x,y)(§)dy = u(x)}
Q0 JRY

RemaRrk 1.2. We would like to underline that in the previous theorem we chose the
image set [0, +o0] for simplicity’s sake. Indeed, the result still holds if we assume W
bounded from below and having values in R U {oo}.

In order to prove Theorem 1.1, we characterize two-scale Young measures by
proving the following result. We will use the strategy introduced in [27,28] and later
adopted in [6] (and in [26] for the Sobolev—Orlicz setting). See also [9,38] where some
parts of our results have been proven.

TueoreM 1.3. Let Q := (0, 1)V, Q be an open and bounded subset of RN with
Lipschitz boundary, and let v € LS (2 x O, M(RD)) be such that V(x,y) € P(R) for
a.e. (x,y) € Q x Q. Then, the family {v(x )} (x,y)eQxQ IS a two-scale Young measure
if and only if the following conditions hold:

(i)  hereexists 1 < p < 400 such that
(o) [ 1617 dve, © € L@ x 0
(ii) there exists uy € LP (2, Lé’er(Q)) such that
|, 60 ® = ()

Jorae. (x,y) e 2 x Q;
(iii) forevery f € &,

| 50-0d00@d = finu) forac.x e,
0 Jrd
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where

(1.5) &p = {f : 0 x R? - R continuous and such that exists

f(y.8)
1m ——
lE|—>+oo 1 + |E|P

u(x) :=/Qu1(x,y)dy,

(1.6) uniformly with respectto 'y € Q},

and for every £ € R4,
1.7 = 1 L f dx :
(A7) Sonl®)i= Jim i [0 70+ v)as

ve LP((0,T)N,RY), /

v(x)dx = 0}.
(0,T)N

For a generalization of the above characterization when p = 1, in the constrained
case (i.e., u satisfying a suitable PDE, not necessarily curl), we refer to [3], leaving to
future investigation the study of non-local models as in (1.1) when W satisfies a linear
growth condition (i.e., (1.3) for p = 1). To conclude this section, we point out that
Theorem 1.1 holds true in the multi-scale case (see [9,34] for a discussion on the topic).
Indeed, the techniques used in the proof (under appropriate symmetry conditions) can
be similarly replicated in the case of multiple scales.

The paper is organized as follows. Section 2 is devoted to notation and preliminaries.
In Section 3, we prove some technical results and, in particular, Theorem 1.3. Finally,
in Section 4, we prove the homogenization result, i.e., Theorem 1.1, and we compare
our limiting formula with the relaxed energy obtained in [11] in the homogeneous
isotropic setting.

2. PRELIMINARIES

We start by fixing the notation that we will use in the paper.

2.1. Notation

Throughout this work, 1 < p < 400, 2 C R¥ is an open bounded set with Lipschitz
boundary, 4(£2) denotes the family of the open subsets of €2, and for any m € N,
£™ is the Lebsegue measure in R”. Q := (0, 1) is the unit cube in RY . The symbols
(-) and [-] stand, respectively, for the fractional and integer part of a number, or a
vector component-wise. The Dirac mass at a point a € R is denoted by §,. For every
Lebesgue measurable set A C R”™, the symbol £, stands for the average (£ ANt 4
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Let U be an open subset of R. Then, the following notation is adopted in the sequel.

For any linear space X, by X’ we denote its dual space.

€. (U) is the space of the continuous functions f : U — R with compact support.
+ C(Q) is the space of Q-periodic functions on RN,

€2°(U) is the space of the smooth functions f : U — R with compact support.

€o(U) is the closure of €, (U) with respect to the uniform convergence; it coincides
with the space of the continuous functions f : U — R such that, for every n > 0,
there exists a compact set K, C U with | f| <nonU \ K.

€, (U; R™) is the space of continuous and bounded functions from U to R™.

M(U) is the space of real-valued Radon measures with finite total variation. We
recall that, by the Riesz Representation Theorem, M (U) can be identified with the
dual space of €y(U) through the duality

<u,¢>=/U¢du, e MU). ¢ €U,

P (U) denotes the space of probability measures on U, i.e., the space of all u €
M(U) such that © > O and u(U) = 1.

LY(2,€(U)) is the space of maps ¢ : Q — €y(U) such that

(i) ¢ is strongly measurable; i.e., there exists a sequence of simple functions
sp 1 — Co(U) such that ||s,(x) — ¢ (x)|le,w) — O forae. x € Q;

(i) x> lp(0)lle,@) € L'(Q).
L (2, M(U)) is the space of maps v : E — M(U) such that
(1) v is weak* measurable; i.e., x — (v, ¢) is measurable for every ¢ € € (U);

(i) x = |lvcllm@) € L=°(2). The space L2 (2, M(U)) can be identified with
the dual space of L' (2, € (U)) via the duality

(1) = /Q /U $(x. O s ©)dx, pelP(Q.MU)). peL'(Q. ).

where ¢ (x, &) := ¢(x)(§) forall (x,&) € @ x U.
The space L. (Q) stands for the L?-closure of all functions f € €(R") which

are ) —periodic.
2.2. Young measures

Young measures and two-scale Young measures (introduced in [21] and later developed
by Pedregal in [32] and Valadier in [43]) are a key tool in our subsequent analysis.
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Here we recall the definitions and main properties, starting from the theory of classical
Young measures; see [22,38,41,42].

DerINITION 2.1 (Young measures). Let v € L>(S2, M(R™)), and for every n € N
let z, : & — R™ be a measurable function. The family of measures {v, }xeq is said to
be the Young measure generated by the sequence {z,} provided v, € £ (R™) for a.e.
x € Q and

8., — v in L2(Q, M(R™)),

ie., forall y € L1(Q,€y(R™))

lim ¥ (x, zn(x))dx :/Q/Rm Y(x,E)dvy(§)dx.

n—+00 Q

The family {vy }xeq is said to be a homogeneous Young measure if the map x + vy is
independent of x. In this case, the family {vy }xeq is identified with a single element v
of M(R™).

A proof of this result can be found in [22].

THeoreMm 2.2 (Fundamental Theorem on Young Measures). Let {z,} be a sequence

of measurable functions z, : Q — R™. Then, there exists a subsequence {zZn, } and
veLY¥(Q, M(R™))withvy > 0fora.e. x € Q, such that 5z,, Zvin LY (2, M(R™))
and the following properties hold:

O vxllawmy = vx(R™) < 1 fora.e. x € Q;

(ii)  ifdist(z,, , K) — Oin measure for some closed set K C R™, then Supp(vy) C K
fora.e. x € Q;

(iii) ||vx|lacmy = 1 if and only if there exists a Borel function g : R™ — [0, 4-00]
such that

g(€) = +oo and sup/ g (zn, (x))dx < +o00;
I&]—>+o00 keN Jo

iv) if f : QxR™ — [0, +00] is a normal integrand, then

liminf/ f () 20, (x))dx Z/Q/Rm f(x,8)dvy(§)dx;

k—+o00 JQ

(v) if (iii) holds and if [ : Q x R™ — [0, +00] is a Carathéodory integrand such
that the sequence { f (-, zn, )} is equi-integrable, then

Jim [ fzeax = [ [ g
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We recall the definition of two-scale Young measure, as introduced by [34] and
later developed by [6, 8, 9] and recently extended to the case p = 1 (i.e., generalized
two-scale Young measures) by [3].

DEerINITION 2.3 (Two-scale Young measures). Let v € L3(Q2 x Q; M(R?)). The
family {v(x.y)}(x.y)e@xo is said to be a two-scale Young measure if vy ) € P (R?)
for a.e. (x,y) € Q x Q and if for every sequence {&,} — 0 there exists a bounded
sequence {u,} in L? (2, R?) such that for every z € L1(Q) and ¢ € €y(RN*9),

Jim [ zo((Zn )ax= [ [ ] o0 0auesn @y as.

Namely, {({-/&n), un)} generates the Young measure {v(x ) ® dy}xeq (see Definition 2.1).
Finally, we may call {v(x,)}(x,y)enxo the two-scale Young measure associated with
the sequence {u,}.

We refer to [9, Theorem 3.5] and [6, Section 2.3] to compare the two-scale Young
measure associated with {u,} (according to the above definition), with the Young
measure associated with {((%), U, (x))}, which, in principle, at a naive look, could
seem a different element in LS°(€2; TN x R4 ), where T N s the torus in R¥ . In fact,
for a better understanding of the above notion, it is important to recall the notion of
two-scale convergence introduced by [31] and later developed by [1] and exploited by
many authors.

DerINITION 2.4 (Two-scale convergence). Let {uy} be a sequence in L'(Q, R%).
The sequence {uj} is said to be two-scale convergent to a function u = u(x, y) €
LY(Q x Q,R¥) if, for every component u’h ofupandu’ ofu,i =1,....d,

. X i _ i
Jim [ oo( S Juoas = | otopon e ydsay

for any ¢ € €2°(£2) and any ¢ € C;1(Q). We simply write up, > u.
We recall [34, Proposition 2.3].

ProposITION 2.5. Given a two-scale Young measure {V(x, y)}(x,y)e@x@ as in Defini-
tion 2.3, then the mapping u : Q x Q — R¢ defined by

ui(x,y) = /]Rd Adv(x,y) (1)

is the two-scale limit of the sequence {u,} generating {v(x,y)}(x,y)eQx0-

Now, we also recall the definition for the underlying deformation and we show
that it does not depend on the generating sequence but only on the two-scale Young
measures.
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REMARK 2.6. Consider {&,}, {#n} and {v(x,))}(x,y)exo as in Definition 2.3. Since
{un} is bounded in L?, then there exists a subsequence {u,, } such that u,, ~> u; (see
for instance [1, Theorem 0.1]). By [9, Proposition 3.4], u,, — u in L?, with

u(x) = /Q w1 (x. y)dy.

It is important to notice that u is uniquely defined. Indeed, by Proposition 2.5, it holds
that

ul(x,y)z/ Adv(x,y)(A).
R4

So, if we consider another subsequence {1 } two-scale converging to some function vy,
then since v is the same for both {¢,, } and {g,, }, it holds that

) = [ Advian®) = nr).

In particular, it follows that

wy= [ [ vy (.

and that u does not depend on the chosen subsequence {&,, }. The function u is called
the “underlying deformation” of {v(x y)}(x,y)e@x0-

The proof of the following result is omitted, being easier than the one of [6,
Lemma 3.4], since the generating sequences are only in L” and not in W -7,

LemMma 2.7. Let D be a Lebesgue measurable subset of €2, and consider ju and v

in L2(2 x Q, M(R?)) such that {it(x.y)}(x.y)eax0 and {V(x.y)}x.y)eaxo are two-
scale Young measures with the same underlying deformation u € LP? (2, R?). Let

e = {mx,y) if (x.y) € D x Q.
x,y) - = .
V(x,y) lf(X,y)E(Q\D)XQ-
Theno € LL(Q x Q, M(R?)) and {0(x.1)} (x.y)eax0 is a two-scale Young measure
with underlying deformation u.
Next we consider the homogeneous case.

DeFinITION 2.8 (HOomogeneous two-scale Young measure). Given a two-scale Young
measure {Vx ) eyeaxo € L2(Q x @, M(RY)), we say that it is homogeneous if
the map (x, y) — V(x,y) is independent of x. In this case, it can be identified with an
element of L°(Q, M(R%)) and we may write {v), }yeo = W) x,y)eaxo-

This yields the definition of average for a two-scale Young measure and we can
also prove that this is a homogeneous two-scale Young measure.
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DEFINITION 2.9 (Average). Given a two-scale Young measure {V(x,)}(x,y)e@x0Q €
LY(Q2xQ, M(R?)), its average is the family {Vy}yep defined by

Gdhi= 1, [ 6@dran@dr. ¢ < o).

As observed in [6], if {V(x y)}(x,y)e@x0 1S a two-scale Young measure, then it
can be seen that it := V), ® dy is the average of {{tx}xeq With (ty 1= V(x ) ® dy
and € L2(Q; M(RN x R?)). Thus, jI is a homogeneous Young measure by [33,
Theorem 7.1, p. 117]. Following the same strategy as [6, Lemma 2.9], we prove that
{V)}yep is actually a homogeneous two-scale Young measure. We consider the case
of constant underlying deformation F € R¥.

LemMa 2.10. Letv € L2(Q x Q, M(R?)) be such that W) Hx,y)eoxo is a two-
scale Young measure with underlying deformation F, with F € R?. Then {Vy}yeo is
a homogeneous two-scale Young measure with the same underlying deformation.

Proor. FirstwenotethatVv = {v,},ep € Ly (Q, M (R%)); indeed by Fubini’s theorem
and by Definition 2.9 we have that y — vy, is weakly* measurable. Our aim is to show
that for every sequence {¢,} there exists {v,} € L?(Q,R%) such that the sequence
{((3), vn)} generates the measure (&t = vy, @ dy and v, — F in L?. Let {u,} C
L?(Q,R%) be the sequence generating the two-scale Young measure v and assume
thatu, — F in L?.Lete, — 0 and define p, := &, [\/%7’]. By construction there exists

my € N, a} € p,Z N Q, and a measurable set £, C Q such that EN(E,) - 0and

0 =J@ +pnQ) UE,.

i=1

Let

upn/gn(%), ifxeal +p,Qandi €{1,...,my}

otherwise.

By construction, v e L?(Q,R%) and v, — F. Let z € €,(Q) and ¢ € €y (RN xR?);

then
/ Z(x)¢(<i>, vn(x))dx
0 En

mp

= Lo b e (55

i=1

+ /E Z(x)¢(<£>, F)
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n x_a?
=y [ b (55 )

mn

+ Z /a;uran (z(x) — Z(a{’))¢(<£>, Uy, e (x ;naf'))dx

i=1

fon(2he)

By the uniform continuity of z and the fact that £V (E,) — 0, it follows that

/ Z(x)¢(< >v,,(x))dx

= an Z(a’l)/ ( ) Up, e (x))dx + o(1),

i.e., that

/ Z(x)¢(< > vn(x))dx = an Z(a”)/ ( ol upn/gn(x))dx + o(1),

and so passing to the limit for » — oo and by Definition 2.9 we get
Jim [ =g ({Z)vnt ) = [z [ [ o0 0dven @y dx
= [ zwax [ [ ov.oam @

= (i,q&)/Qz(x)dx.

By a density argument it is easy to see that the previous identity holds for every
z € L'(Q) and so that {V), } e ¢ is the homogeneous two-scale Young measure generated
by {vn}. n

Now we introduce our class of functions, according to the notion introduced in [12],
and later adopted by [6,9,43].

DErINITION 2.11 (Admissible integrand). A function f : Q x Q2 x O x O x R? x
R¢ — [0, +00] is said to be an admissible integrand if, for any n > 0, there exist
compact sets X7 C @ x Q,Y7 C QO x Q, with

V(@ x)\X") <y, LN(Ox0)\Y") <

and such that fi ., =, iscontinuous.
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REMARK 2.12. (i) We observe that by [9, Lemma 4.11], if f is an admissible
integrand, then for any fixed & > 0 the functional

(x.x".6.8) > f(x.x'.x/e.x' /6.6,

is 22V (Q x Q) ® B(R?*?)-measurable, where B(R??) is the o-algebra of
Borel subsets of R24. In particular, the functional [, (defined in (1.1)) is well
defined in L? (2, R¥).

(il) Moreover, we recall that by the Scorza—Dragoni theorem it is possible to prove
that a Carathéodory function is an admissible integrand.

The next result, stated for generic spaces and dimensions, is a two-scale analog
of the [Fundamental Theorem on Young Measures (iv), (v)], and it was proved in
[8, Theorem 2.8]. We recall it here since it is a crucial tool to prove Theorem 1.1.

THeOREM 2.13. Letk,m € N, R C R* be open and bounded, and let S be the unit
cube in R¥. Let {¢,} be a vanishing positive sequence. Let {u,} C L'(R,R™) be
a bounded sequence. Then, there exist non-relabeled subsequences and a two-scale
Young measure {V(x y)}(x,y)eRxS Such that it holds that

i) ifW:RxSxR"™—[0,400] is an admissible integrand, then

(2.1) liminf/ "W(x,<i>,un(x))dx 2/ W(x, y)dxdy,
n—>+oo JR &n RxS

where

Bery)i= [ Wy v ()

(i) FW:RxSxR™— R is an admissible integrand and {W(-, (;), Un ()}
is equi-integrable for any x € R, then 'W(x, y,-) is V(x,y)-integrable for a.e.
(x,y) € R x S, the function W is in L'(R x S) and

2.2) lim W(x,<i>, un(x))dx = // 'W(x,y)dx dy.
n—>+oo [ &n RxS

ReMARK 2.14. We would like to point out that the statement of Theorem 2.13 is slightly
different compared to [8, Theorem 2.8]. Indeed, in [8, Theorem 2.8 (i)] the integrand
function W is assumed to be positive and finite. As far as we understand the proof
still works for W having values in [0, +00] as long as the set where W = oo has null
measure.

RemaRrk 2.15. (i)  We remark that it is possible to look at Young measures from a
different perspective than Definition 2.1. In fact, if @ C R¥ is an open bounded
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(i)

(1ii)

@iv)

subset and p > 1, we can say that a Young measure in 2 x R™ is a positive
measure p in 2 x R™, such that its push-forward measure wq#u, obtained
through the projection g, is the £~V measure on Q; i.e., for all Borel subsets B
of Q,

no#u(B) := w(B x R™) = £V (B).

This set of measures is denoted by ¥ (2; R"). By [4, Theorem 4.2.4], ¥ (2; R™) C
LS(Q; M(R™)), with the identification u = {1y }req ® £V.

On the other hand, [4, Theorem 4.3.1] ensures that in ¥(£2; R™), the weak*
convergence in L (2; M(R™)) of {u,} C Y(2;R™) towards pu € Y(2; R™)
is equivalent to the narrow convergence, where the latter is defined as follows:

nar

i e tim [ e d) = [y,

for every ¥ € Cp(£2; R™). For more details on the narrow topology we refer to
[4, Section 4.3].

Equivalently, by the identification w, = {(in)x}xeq and u = {Ux}xeq, We
say that {1, } narrowly converges to j if and only if for every g € L!(2) and
h € €y(R™) it holds that

n—>oo

iim [« [ by = [ g0 [ noadiso)a

Given p > 1, YP(Q2; R™) is the subset of ¥ (£2; R™) such that

(2.3) // Iy1Pdpu(x,y) < +oo.
QxR™M

As a consequence of Holder’s inequality, ¥7 (2; R™) C Y4(Q2;R™)if 1 <g < p.
We recall also that ¥7(2; R™) is not closed in ¥ (£2; R™) under the narrow topol-
ogy. Nevertheless, given a bounded sequence {v, } C L?(£2;R™) there exists u €
Y(2,R™) such that {v, } (up to a subsequence) generates u; and u € Y2 (Q2; R™).
Conversely, for any u € ¥7(2; R™), there exists a bounded sequence {v,} C
LP(2;R™), generating u and such that {|v,|?} is equi-integrable. We refer to
[4,11] for details.

Moreover, considering a bounded sequence {v,} C L?(2,R™) and ve Y7 (Q2,R™),
up to identifying each v, with the Dirac mass 6,,, € Y7 (2, R™), by [4, Theo-
rem 4.3.1] we have that {v, } generates v (in the sense of Definition 2.1) if and
only if §,, narrowly converges to v.

Following [9,43], we can extend the definition of Young measure of finite p
moment to parametrized measures defined in £2 with values in S, with S = TV xR ,
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equipped with the Borel o-algebra, i.e., Y7 (£2; §). In this setting the test functions
for the narrow convergence can be given by C.(Q:R%) ® C.(S;R%); see [43,
p- 149].

These latter observations motivate the comparison of the homogenized functional
Ihom of Theorem (1.1) with the functional Ijop in Corollary 4.3 computed in
terms of suitable Young measures in ¥ (Q; TV x R9).

In fact, we also recall that the relaxation of non-local functionals as in (1.1), but
not dependent on ¢, has been obtained in [11] in terms of narrow convergence in
Y2 (Q; R?). The analogous stand point for the homogenization will be given in
Corollary 4.3, with the use of the above-mentioned subset of ¥?(Q; TV x R?).

2.3. I'-convergence

We recall the definition and main properties of I'-convergence. For a deeper overview
of this topic, we refer to [18]. The following is an equivalent definition in the metric
setting, which is sufficient for our purposes.

DEeriNiTION 2.16 ([18, Proposition 8.1]). Let (X, d) be a metric space and Fy :
X — R U {400}, Yk € N, a sequence of functionals. Then {Fj} I'-converges to
F: X - R U {+o0} if and only if
(i) forevery x € X and every sequence {xj} such that d(xz,x) — 0 as k — o0,
itis
F(x) <liminf Fi(xz);
k—00

(i) forevery x € X, there exists a sequence {xg } such that d (xg,x) — 0ask — +o0,
such that

F(x) = lim Fj(xg).
k—o00
In fact, we write
F(x) : inf { liminf Fy (x) : d(xg. x) = 0, ask — +oo}.

A fundamental property we want to underline is that the I"-limit is lower semi-continuous
with respect to the convergence induced by d; see [18, Proposition 6.8].
We also provide the definition for I"-convergence for a family of functionals.

DEerinITION 2.17. Let (X, d) be a metric space. For a positive parameter €, we say that
a family {F.}. of functionals, with F, : X — R U {+o00}, ['-convergesto F' : X —
R U {+o0}, with respect to the metric d as ¢ — 07, if for all vanishing sequences
{ek}, { F, } I'-converges to F', when k — oo.
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We will write, as for the case of sequences,
F(x) :inf { liminf F,(x;) : d(xe, x) = 0, as & — 0}.

Finally, we state a theorem, whose proof is omitted being very similar to the one of
[16, Theorem 1.1] (for related results see also [15]).

TuEOREM 2.18. Let Q be a bounded open set of RN, and let f : Q@ x R — R be a
Carathéodory integrand satisfying the following:

(H1) f(-,b)is Q-periodic, for allb € R?;

(H2) there exist p > 1 and a positive constant C such that
1
ol =C=fx.b) < C(1+b]?),

fora.e. x € Q and for every b € R4.
For every & > 0, consider the family of functionals F, : LP?(R?) — (—o0, +00), defined

Fe(u) :=/Qf(§,u(x))dx.

Let ¥ be the T-limit of { Fy} with respect to the weak convergence in L?(Q;R?), i.e.,
F (u) := inf{liminf F,(ug) : ug — u in L?(Q;R?)}. Then

Fu) = /Q From (1)) dx.

where fuom is the function in (1.7).

3. CHARACTERIZATION

This section is mainly devoted to the proof of Theorem 1.3 and to the attainment of
other related results which will be used in the sequel.

We start by recalling the space &, defined by (1.5) and (1.6). Its properties have
been presented in [6, Section 3]. We briefly recall the main ones. It is a Banach space
under the norm

o | f(r.9)]
I7ls, = sup e
geR9

Moreover, & is isomorphic to the space €(Q x (R U {oo})).
Before proving Theorem 1.3 we start commenting on the formulas (1.7).
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Under the assumptions of Theorem 1.3, if f belongs to the class (1.5), in view
of standard relaxation results (see [18, Proposition 6.11], [22, Theorem 6.68 and
Remark 6.69])),

3.1) inf{nggf/g f(<§>,u8(x))dx CMp — uin LP(Q;Rd)}
_ inf{li?l)i(r)lf/g(co f)(<§>,u8(x))dx Up — win LP(Q;Rd)},

where co f stands for the convex envelope of f with respect to the second variable.
Theorem 2.18 (see the proof of [16, Theorem 1.1.] within a slightly more general
context) guarantees that

inf { liminf/ f(<§>,u£(x))dx ‘Us — uin LP(Q;Rd)} = / Jrom (u(x))dx,
Q Q

e—>0

where fion is as in (1.7). On the other hand, (3.1) gives

inf{liminf / f(<§>,u5(x))dx 4y —uin LP(Q;Rd)}: / (0 f nom ((x))dx.
Q Q

e—>0

where, for every £ € R,

(2 (@0 uat®) = tim_cint{ [ (e (). +v()ds

v e L?((0.T)N . RY), / v(x)dx = o}.
0,7)N
Finally, arguing as in [14, Theorem 14.7], it results that
@ M@ =int [ (e0 (1), + () :
v e LP((0. )V RY), / v(x)dx :o}.
0,nHN

Hence, by easier arguments than those in [22, Proposition 6.24], we can conclude that
fhom = (CO f)hom'

The next result, whose proof is omitted, as in [6, Corollary 3.8], follows from the
fact that conditions (i), (ii) and (iii) in Theorem 1.3 do not depend on the sequence {¢,, }.

COROLLARY 3.1. Let {uy} be a bounded sequence in L? (2, R%) and assume that there
exists a vanishing sequence {&,} such that {((;), Un)} generates the Young measure
Vix,y) ® dytxeq. Then {v(x,y)}(x,y)e@xo is a two-scale Young measure.
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We start by addressing the proof of the necessity of Theorem 1.3.

THEOREM 3.2. Let Q be a bounded and open subset of RN . Let

V= Vg tryeaxo € LT(Q x 0. MR?))

be a two-scale Young measure. Then there exist uy € LP(2; Ly(Q, R4)) and u €
L?(2,R?) such that

63 mr= [ v, ©.
Rd
3.4 u(x):/ ui(x,y)dy fora.e x €,
o
05 funw)= [ [ 700 @ forac xe@. jorany £ <6,
where foom(F) is defined as in (1.7) and
(3.6) [l dven® e L@ x 0).

Proor. By definition of two-scale Young measure there exists a sequence {u,} C
L? (22, R?) which generates {Vx,y }(x,y)e@x 0, Whose two-scale limit is a function u as
in the statement, which, in particular, as observed in Proposition 2.5, satisfies (3.3). Also
the weak limit of {u,} is a function u € L?(2; R?) such that fQ uy(x, y)dy = u(x).

Property (3.6) follows from [9, Theorem 3.6 (iv)] applied to the function | - |?, once
we replace the original generating sequence {u, } by a p-equi-integrable one, which is
always possible, in view of the Decomposition Lemma [22, Lemma 8.13].

The proof of (3.5) is based on the same argument as the one for proving [6,
Lemma 3.1 (ii)], with the difference that we use an argument entirely similar to [16, The-
orem 1.1] instead of [ 14, Theorem 14.5]. We write the proof for the readers’ convenience.

Since f € &,, then, as observed in [6, Section 3], there exists a constant ¢ such that
| f(x,8)| < c(l + |€]P) for every (x,£&) € O x R?. In order to apply Theorem 2.18,
the function f(x,-) must also be p-coercive. Since this is not the case, we introduce
an auxiliary function. Fix M > 0 and consider fas(x, &) := max{—M, f(x, &)}, with
(x,£) € Q x RY. Now we fix @ > 0 and we define firq(x,£) := fur(x,£) + |E|?
for every (x, £) € Q x R?. By construction,

alf)? =M < |fua(x.§)] < (c +a)(1+[E7), (x.6) € O xR

By Theorem 2.18, it follows that for every A € A(S2),

6 timin [ fona((Z)onn )= [ Graantidr = [ s
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with fhom defined as in (1.7), since fur,o > f. By construction we have that

(3.8) lim inf / fM,a(<i>,un)dx
n—->oo A 8”
fliminf/fM(< > u,,)dx—l—a sup/ [y |Pdx.

Combining (3.7) and (3.8) and passing to the limit for « — 0 we get

3.9) liminf / fM(< >un)dx > / from()dox.

Now we consider the set

AM = {x cA: f(( n) un) §—M}

and we observe that by Chebyshev’s inequality it holds that
N 4M ¢
LV (A4,) < u

for some constant ¢ independent from n and M . By definition of f3s we have that
(3.10) /fM (< > un)dx = MgV (aM) +/ f(<i>,un)dx
\aM én
X
= <—> u )dx.
/A\A{,"I f( &n "

Since {u,} converges weakly in L?, then, in view of the Decomposition Lemma
[22, Lemma 8.13], up to a subsequence, we can replace {u,} by a p-equi-integrable
one, still denoted by {u,}, and so, together with the p-growth condition of f(x,-),
{f(-,up)} is also equi-integrable and so

(3.11) / f(<£>,un)dx—>0 as M — +oo
AM &n

uniformly with respect to n. Combining (3.9), (3.10) and (3.11), we get
liminf/ f (<i>, un)dx > / Jhom(u)dx.
n—=>+00 Jy €n A

Since { f(-, up)} is equi-integrable, by Theorem 2.2 (v), we get

g [ r((Epw)as= [ [ [ 700 @ax

and the proof follows by combining the last two inequalities and using a localization
argument. ]
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We start addressing the proof of the sufficiency of Theorem 1.3, by introducing
some preliminary notions and by proving some intermediate steps.
For every F € R let

(3.12) Mp = {v € L;O(Q, M(Rd)) : {vy }yep is a homogeneous two-scale

Young measure and // gdvy(é)dyzF}.
0 JR4

RemMARrk 3.3. Exactly as observed in [6, Remark 3.3], the set Mr is independent of €2;
ie.,if v € Mp and Q' C R¥ is another domain, then for all vanishing sequences
{e,} there exists a sequence {v,} C L?(,R?) such that {({-/&,), v,)} generates
vy ® dy. Indeed, let r > 0 such that Q' C rQ. In fact, given an arbitrary vanishing
sequence {¢, }, define 8, := &, /r. Then there exists a sequence {u,,} C L?(2,R?) such
that {({-/8,),u,)} generates the homogeneous Young measure v, ® dy. Define now
Un(x) := un(x/r) sothat {v,} C L?(rQ,R¥) and thus C L?(Q’,R?). By changing
variables it follows that the sequence {({-/&,), v)} generates the homogeneous Young
measure v, ® dy as well.

LemMma 3.4. Let F € R4, My as in (3.12) and &p as in (1.5); then M is a convex
and weak* closed subset of (€,)’.

Proor. First we show that M is a subset of (§,)’. Fix v € M and identify it with
the homogeneous Young measure vy, ® dy. Let {v,} C L?(, R?) be the sequence
such that {((;), v, )} generates v.

Up to a subsequence, one can assume that {v,} is p-equi-integrable; see [22,
Lemma 8.12]. Consequently, by [9, Theorem 3.6 (iv)] it holds that

— p
K: /]Qde &P dvy (§)dy < +oo.

By assumption, for a.e. y € O, the measure vy, is a probability measure on €2, so for
every f € &, we have

[ [ r00am@n <iste, [ [0+ @ =0+ 0l e,

hence, Mg C (&,)". Since Mp C MF, then in order to show that MF is weakly*
closed, it is enough to show that its weak* closure Mg C Mp. Since & » 1s separable,
then (&,)’ is riletrizable; hence, for every v € M there exists a sequence {v"} C Mg
such that v"—v in (&,)’. For every n € N, let {v}} C LP? (22, R¥) be the sequence
generating v”. Since the map (x, §) > £ is an element of &,, then by the definition of
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weak™ convergence it follows that

Jim [ [ e = [ [ s =r

and thus v has F as underlying deformation. We have now to show that v is a homo-
geneous two-scale Young measure. For every z € L1(Q) and ¢ € €o(RY x R¥?), we
have

kEI—QI—loo ngr-ir-loo 2(x) / ( Uk (x)) dx
= lim //Q/Rdz(x)qﬁ(y,f)dv;’(i-')dydx

n—-+00 0

/Q 2(x)dx /Q [, #0-0du @y,

where in the second equality we used the fact that €(RY x R?) C & ». By a diagonal-
ization argument we can find a sequence {k, } such that once defined u,, := vzn, then
it holds that

Jim [z /| ( un(x))dx— / 2(0)dx / | o6rav, @y

It follows that v is a homogeneous two-scale Young measure, which implies that M
is weakly* closed. Now we have to prove that M is a convex set. Fix v, u € Mp and
t € (0,1). Consider D := (0,¢) x (0, 1)V~ and define

{vy if (x,y) € D x Q,
O(x,y) = .
py if (x,y) € (Q\ D) x Q.

By Lemma 2.7, {0(x,y) } (x,y)e0 x 0 1S @ tWo-scale Young measure, while by Lemma 2.10
we have that {0 }, ¢ is a homogeneous two-scale Young measure, hence an element
of M F.

Finally, observe that for every ¢ € L1(Q,€y(R%)) it holds that

61y [ [ 60-0d5 e

B /Q /Q /R (7. £)do(x,y)(§)dy dx
Z/D/Q/Rd ¢(y,§)dvy(é)dydx+/Q\D/Q/Rd o0 Ediuy (E)dy d

= t/Q/]Rd d(y,§)dvy(§)dy + (1 —t)/Q/Rd b &)y (E)dy,
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which means that @ = tv + (1 — ¢) . In order to conclude that © € M, we have to
show that fQ Jra £dTy(§)dy = F.In fact, this is the case: it suffices to apply (3.13)
to ¢(y, &) = £, taking into account that

[ [ oo odn@ar= [ [ o0od@a = .

Now we show that conditions (i), (ii) and (iii) of Theorem 1.3 are sufficient to
characterize two-scale Young measures. As in [6] we start from the homogeneous
case. The non-homogeneous one will be obtained through a suitable approximation of
two-scale Young measures by piecewise constant ones.

LemMma 3.5. Let F € R and v € LL(Q, M(R?)) be such that vy, € P(R?) for a.e.
y € Q. Assume that

(3.14) F :/Q/Rd Edvy(§)dy,
(3.15) /Q /R lglPdvy @)y < +oo,
and that

(3.16) fonF) = [ [ 1000 ©0a>

forevery f €&, where from(F)isdefinedin(1.7) and &, is the space introduced in (1.5).
Then {vy}yeg is a homogeneous two-scale Young measure.

Proor. Let F e R% andv € LY (0, M(R?)) be such that vy € P(R4%) forae.y e Q,
and that (3.14), (3.15) and (3.16) hold. We will proceed by contradiction using the
Hahn-Banach Separation Theorem. Assume that v is not an element of M. By
Lemma 3.4, M is a convex and weak* closed subset of (&,)". Moreover, by (3.15)
and the fact that {v, }, ¢ is a family of probability measures, we get that v € (&)’ as
well. Since v ¢ MF, according to Hahn—Banach Separation Theorem, we can separate
v from MF; i.e., there exists a linear weak* continuous map L : (§,) - Rand@ € R
such that (L, v)g,)" g,y <@ and (L, 1),y g,y = aforallu € Mp.Let f € &,
be such that

GAD = (L iy, = b iey.e = /Q /R OB @)y
forall u € Mg and

(3.18) @> (L. V) gy 6,y = (v /oy = /Q /R L0 )Y = fron(F).
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Let fy be defined as
fulF) = inf / |, f08dn@dy. Fere.

Then by (3.17), we have that o < fg (F). We are going to show that

(319) fH(F) = fhom(F)’

which is in contradiction with (3.18) and proves the lemma.
To prove (3.19),let T € N and ¢ € L?((0, T)N; R?) such that f(o )W ¢(x)dx =0.
Extend ¢ to RY by (0, T)" -periodicity and consider the sequence

da(x) = F + ¢(§)

where {¢,,} is an arbitrary vanishing sequence. Let ¢ € €o(RY x R) and z € L'(Q).
Then, since T € N, the function F — ¢({(y), F + ¢(y)) is (0, T)N -periodic and
according to the Riemann—Lebesgue lemma, we get that

(3.20)

Jim Qz(x)¢(< >¢n(x))dx_ lim /Z(x)‘o( n> F+¢(8n))dx
_ / 2 (r)dx ][ (). F + $(»))dy
0 0,7)N

Observe that

620 el F o)y

== / P F gy

a; EZNO[O TN

Y / ((ar + ). F + ¢a; + »))dy

a; €ZN N[0, T)N

=5 2 / (v. F + ¢(ai + y))dy

a; €ZN N[0, T)N

Thus, from (3.20) and (3.21), the pair {({-/€,); ¢n)} generates the homogeneous
Young measure

1
M= Z T_N8F+¢(a,-+y) ®dy.
a[GZNﬂ[O,T)N
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Then,
/Q |, e @dy = F.

which implies that © € M. In addition,
fo o Freod = [ [ reoan@ar.
(0,7)N 0 JR4

and then

f F(O)F +¢O0)dy = fur(F).
0,7)N

As a consequence, taking the infimum over all ¢ € L?((0, T)N, R¥) such that

/ ¢(x)dx =0
0,7V

and the limit as T — 400, we get that i (F) < fiom(F) which implies (3.19). =

The following result is an unconstrained version of [6, Proposition 3.6].

LEmMa 3.6. Letv € LY (2 x O; M(R?Y)) be such that the family W) Hx,y)eaxo
is a two-scale Young measure. Then for a.e. a € Q, {V(a,y)}yeo IS a homogeneous
two-scale Young measure.

PrOOF. Since {V(x,y)}(x,y)e@x0 is a two-scale Young measure, it satisfies (3.3), (3.5)
and (3.6). Since u;(x, ) is Q-periodic for a.e. x € €2, integrating (3.3) we get (3.4).
Furthermore, (3.6) implies that

(3.22) / / |€]1Pdv(x,y)dy < +00 forae. x € Q.
0 JR4

Let E C €2 be a set of Lebesgue measure zero such that (3.4), (3.5) and (3.22) do
not hold. Then for every a € Q \ E,

/; /Rd Edvg,y)(§)dy = u(a),
/Q/Rd E1Pdv( ) (E)dy < +o0,

and

/ / FO @ Edy = from(u(@)
0 JR4

for every f € &,. As a consequence of Lemma 3.5, for every a € Q \ E, the family
{V(@,y)}yeo is a homogeneous two-scale Young measure. m
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THEOREM 3.7. Let Q be a bounded and open subset of R¢. Let v e LY (2xQ0, M(R%))
be such that v(x y) € PR fora.e. (x,y) € Q x Q. Assume that (i)—(iii) of Theo-
rem 1.3 hold; i.e.,

(323) Ll dven® e Li@x Q).

there existuy € LP(; (Lbr(Q;R?))) and u € LP(Q;R?) such that

(3.24 ui) = [ Eduen @,

with [ u1(x, y)dy = u(x). Assume also that

(3.25) from(u(x)) = /Q | 100 @dy. forae xef. forany £ <6,

where  fuom is the function in (1.7). Then {v(x y)}(x,y)eqxQ IS a two-scale Young
measure with underlying deformation u.

Proor. Letu=0a.e.on Q andlet (¢, z) be in a countable dense subset of €y (RY xR¥)
x L1(). Define

7= [ [ o0 vy

Since the average with respectto y of u1(x, y) isu(x) fora.e. x € Q, integrating (3.24)
with respect to y € Q, it follows that

(3.26) / / §dv(x,y)(§)dy =0, forae. x € Q.
0 JRY

Let E C 2 be the null Lebesgue measure set such that (3.26), (3.25) and (3.23) do not
hold. Then for everya € Q \ E

/Q /]Rd Edv(a,y)(§)dy =0,
fhom(o) = /Q /]Rd f(y,f)dv(a’y)(%-)dy

for every f € &,, and

/Q/]Rd E17dva,y)(§)dy < +o00.
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Now, let k € N. According to [33, Lemma 7.9, p. 129], there exist points alk eQ\E
and positive numbers pf‘ < 1/k such that afc + ,Oll.C Q are pairwise disjoint for each k,

Q= J@f +pfQ) U E. with £(Ef) = 0.

i>1

and
(3.27) / z(x)p(x)dx = lim 7 af)/ z(x)dx.
20 k%oo;‘”( rnta ™

For each k € N, let my € N be large enough so that

>t [ O / (g 7O

1
< —.
, 4 k
i=1 i>1

For fixed i and k, by choice of al’-c and by Lemma 3.6, the family {v,« y)}yEQ isa
homogeneous two-scale Young measure. Hence, by Remark 3.3, for every vanishing
sequence {&, }, there exist sequences {ui{k} CcL? (al’.C + pl’-‘Q ,R?) such that

x .
li <—> ik (x) )dx = @(a® dx.
lim_ awkgz(xw( o Jax =gtah) [, z0ods

Summing up,

mg

mg
X .
lim Y~ —,”kd=§:_’-‘/ dx.
n;glmi /a%plmZ(xw((Sn) Uy ) X i=1<p(a,) gk z(x)dx

=1

Let us define

K _
W () 1= uy"(x) ifx € ak + pkQ,
" 0 otherwise

and remark that uX € L?(Q,R?). Since the sets al’.c + pl’.‘ 2 are pairwise disjoint for
each k, we have that

/ z(x)go(<£>, u’,j(x))dx
Q &n
= Z/,;kerkQ z(x)e ((é), ui;k(x))dx

i>1

- i/aﬁpfm i (@) ”f”k(x))dx

+/ z(x)ep ((i,u,’j(x)»dx.
QNUj > my (af +0f Q) €n
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Butasz € L1(Q) and £¥(Q N Ui>mk (afc + pl’-‘Q)) — 0, as k — +o0, it follows
that

(3.28) lim lim

k—+oon—>+o0

=0.

Lo ()b )as
QU (@ 40K 2)

Then, gathering (3.27)—(3.28) we obtain that
lim  lim z(x) <i> uk (x) dx
k—+oon—>+00 | ¢ En o

mg

L : X\ ok
B kEI—il:loo nilr-‘,r-loo ; /avk +pll;9 Z(X)(,O (< En >’ Hn (X)) dx

= lim Z(p(ak) z(x)dx

k—>+oo al +plkg

= / z(x)p(x)dx.
Q

A diagonalization argument implies the existence of a diverging sequence {k,}, as
n — oo, such that upon setting u,, := uﬁ”, then

lim Z()C)(p (< > un(x))dx = / z(x)p(x)dx
n——+o00o Q
and u, — 0in L?(2,R?), which completes the proof whenever u = 0.

Consider now a general u € L? (2, R?) and v satisfying properties (3.23)—(3.25).
We define 7 € LL(Q x Q, M(R?)) by

629 @)= [ [ ] e - u)due s @dyax

for every ¥ € L1 (Q x Q,€y(R?)). We can easily check that ¥ satisfies the analog
properties of (3.23)—(3.25) with u = 0. Hence, applying the first step of the proof, for
vanishing every sequence {g,} we may find a sequence {ii,} C L?(€2, R¢) such that
{((-/&n), 1in)} generates the Young measure {V(x y) ® dy}xeq. Define u, := i, + u.
It is easily seen that {({-/¢), un)} generates the Young measure {v(y ) ® dy}req.
Indeed, let ¥ € L1(Q,€(RY x R?)) and define

V(x,y.8) = Y (x, y. & +u(x))
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where ¥ € L1(Q2, € (RN x R?)) as well. Then, by (3.29),
s (o=t [ 5(e Ess
- / / / (3. )T (s E)dy dx
= [ [ ] vy oaven@ay dx

which completes the proof. u

4. HOMOGENIZATION

This section is devoted to the proof of Theorem 1.1. To this end we start by showing
that two-scale Young measures behave as measure products when generated by couples
of sequences. This fact is a fundamental tool for achieving our result, and it represents
an extension of the pioneering [32, Proposition 2.3].

ProrosiTiON 4.1. Let
A = {Axyy) o yynenixgz C Ly (Q% x 0% M(R? x RY))

be a family of probability measures supported on R% x R¥. A is the two-scale Young
measure associated with a sequence {(u, (x),un(x"))}, with {u,} C L?(Q2,R?) ifand
only if Ax.x.y,y’y = Vix.y) ® Vixyr), where

Vi= {V(x,y)}(x,y)eQxQ C LEJO(Q x Q; M(Rd))

is the two-scale Young measure associated (in the sense of Definition 2.3) with the
sequence {uy}.

Proor. Let {¢,} be any vanishing sequence and let A be the two-scale Young measure
associated with the sequence {(u, (x), u,(x’))} for some bounded sequence {u,} C
LP(Q2,R%). We test A against functions 0(x, x")¢(y, &, ¥, £') with § € L1 (Q x Q)
and ¢ € Co(RN x R4 x RN x R?) (in view of the density of linear combinations of
such functions in L'(Q x Q; Co(RY x R? x RN x R?))). In particular, we choose
¢ such that o(y. £, y". &) = ¢1(y.§)p2(y’. §') and O(x, x) = 6 (x)62(x’). Consider

//SZXSZ i (X)QZ(X,)(//QXQ //Rded o1(y'.€)

X 935" EVAA (enry ) (6 E)dly dy/) dx dx’

=n£$1°o//ﬂxg 0(x, x)(p(< ) < > Up(X), up(x ))dxdx
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= [ awne )gol(( ) Un(x))(/’z ((x’) un(x ))dx ax’
:nﬁToo(/ 91(x)(p1( >un(x))dx)(/ ez(x)¢2(< ) un(x))dx)
Lo ([ [, e0-0ave©ar )as

< [oer( [ [ o0 v @y )ax

- el(x)ez(x’)( //Q . I, o0

X 025" E)d 02y @ Viaryy) € E)dly dy')dx dx'.

The fourth equality is due to the boundedness of the sequence {u, }, and the fact
that {((8’67), U, (x))} generates the two-scale Young measure v. The thesis follows from
the chain of identities. The reverse implication can be proved in a similar way. u

Now, we prove Theorem 1.1. This result is a generalization of [6, Theorem 1.2].
We observe also that we will refer to the I'-convergence as it has been introduced in
Definition 2.17, since by the growth assumption (1.3), we can work in bounded subsets
of L?(2;R™), which are metrizable.

Proor oF THeorEM 1.1. We recall the family of functionals I, : LP(£2, R%)— [0, +00)
defined in (1.1) as

I.(u) —// (x x', ( )u(x) u(x ))dxdx

where Q C RN, u € L2(; R and W : Q@ x 2 x 0 x O x R? x R4 — [0, +00)
is a symmetric admissible integrand, satisfying (1.3).

Letu € L?(2,R¥) and let {¢,} be such that &, — 0. We start by showing that
4.1) I' —limsup I, (u)

n—-+o0o

< inf // // // Wx,x',y,y' € E)dv
veMy JJaxq JJoxo JIRExRE ¥-7 8 vy

X (£)dv(x vy (Edy dy' dx dx’,

where M, is defined in (1.4). Let v € M,,; by Remark 2.6, Theorem 1.3 and Proposi-
tion 4.1, there exists a sequence {u,} C L?(Q,R?) such that u,, —~u in L? (2, R?) gener-
ates the two-scale Young measure {v(x )} (x,y)e@x@» and clearly {(1,(x), u,(x"))}, is the
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sequence associated with the two-scale Young measure {v(x,y) ® V(x/, ")} (x,x/,y,y")eQ2x 02 -
Extract a subsequence {¢,,, } C {&,} such that

limsup I, (up) = lim I, (un)

n—00 k—o00
and that {|u,, |?} is equi-integrable, which is always possible by the Decomposition
Lemma [22, Lemma 8.13]. In particular, due to the p-growth condition (1.3), it follows
that the sequence {W(-,"", (-/&n, ). (-'/€n; ) Un; (-), Un, ("))} is equi-integrable in Q x
2 as well; hence, applying Theorem 2.13 (ii) we get that

4.2)
I' —limsup I, (u)
n—+00
. Vi X x/ li !/
< lim w x,x,<—>,<—>,unk(x),unk(x) dx dx
k—>+o00 J/QxQ Eni ! Veny

- // // // Wx.x's 3. ' 6 E)dvispy (E)dveer pry (€)dy dy'dx .
QxQ JJOxQ J/RE xR4

Taking the infimum over all v € M, in the right-hand side of (4.2) yields (4.1).
Let us prove now that

(43) T —liminf 1, (u)
n—-+o0o
> inf // // // W(x,x',y,y' & €)dv
veMy JJaxq L oxo JIRIxRE ) (t’y) )
X (§)dvx yn(E)dy dy dx dx’.
Let n > 0 and {u,} C L?(2,R?) such that u,, — u in L?(Q,R%) and
4.4) liminf I, () < I' —liminf I, (4) + 7.
n——+o0o n——+o0o

For a subsequence {ny}, still thanks to Proposition 4.1, we can assume that there
exists v € LY (2 x Q, M(R?)) such that {(n; (x), un, (x"))} is the sequence associ-
ated with the two-scale Young measure {v(x,y) ® V(x/,y")}(x,y.x",y")e(@x0)2 and
4.5) kigr_loo Ignk (Uny) = }llgj_rolg Ig, (un).

We remark that {u,, } is equi-integrable since it is bounded in L? (€2, R%) and p > 1.

Thus, by the Fundamental Theorem on Young Measures (Theorem 2.2) we get that for
every A € A(2),

/Au(x)dx = kEToo/Aunk(x)dx = /A/Q/Rd Edv(x,y)(§)dy dx.
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By the arbitrariness of the set A, it follows that
(4.6) u(x) = / / §dv(x,y)(§)dy ae.inQ.
Q0 JR4

As a consequence of Corollary 3.1, {v(x, ) }(x,y)enx0 i a tWo-scale Young measure
and, by (4.6), we also have that v € M,,. Applying now Theorem 2.13 (i) we get that

. X X
kETmﬂZXQ (x x', Snk> <€n > Uny (X), Up, (x ))dxdx
=L W 6 @ dviann €y dy dx dy
QxQJJ 0xQ JJR4 xR4

Evg‘&u//gm//gxg /RdeW(x Xy, Y 68NV () dvie () dydy'dxdx’.

Hence, by (4.4), (4.5) and the arbitrariness of n we get the desired result. Gathering
(4.1) and (4.3), we obtain that

r— lim I, = inf Wx,x',y.y' £.€)d
n—ll-?oo en (1) vg/l%u //QXQ//QXQ//Rdx]Rd (5. 7.7.5.8) Y

x (§)dv(x,yy(ENdy dy" dx dx'.

To conclude the proof of the upper bound, we have to prove that the minimum is
attained. Consider a recovering sequence {ii, } C L?(Q2,R¢) for ' —lim,, I, (). Argu-
ing exactly as before we can assume that (a subsequence of) {ii, } generates a two-scale
Young measure {Vx y)} (x,y)eex 0. that v € My, and the couple { (it (x), 1, (x")) }» gener-
e {V(r.) ® V(w3 ) ey @02+ AW e Do (e Vot (st ()
is equi-integrable. According to Theorem 2.13 (ii), we get

F— hm I, (u)

:nEToo//gxg (x x, . ><e >un(x) Upn(x ))dxdx

- // // // W, X'y, v £ E)dviay (E)dvge yy (€)dy dy' dix d.
QxQ JJ OxQ JJRExRE

which completes the proof. |

REmark 4.2. (i)  We observe that if in the above theorem W does not depend on
v,y" € Q, the above I"-convergence result reduces to a relaxation result with
respect to the L?-weak convergence, with Ip,y, therein replaced by

Thom ) == uren}&?u //szxsz //QxQ //]Rded Wx, ', € 8 dvir,y)

X (§)dvx vy (Edy dy’ dx dx’,
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with My, in (1.4). Ihom, in turn, becomes
@D hont= min [ W 8@ €dr
HEMy J)QxQ JIRA xRA

where
My = {u € L (2, MRY)) :
{ltx}xeq is a Young measure such that/ Edvy(§) = u(x)}.
R4

The above equality is easily obtained in view of Definition 2.3, which ensures
that any measure {Vx,y)}(x,y)e@x0 € My is such that vy ;) @ dy = fux € M.

(ii)) We observe that the same strategy adopted in the proof of Theorem 1.1 would
lead directly to (4.7), without using two-scale Young measures but adopting the
classical Young measures generated by sequence in L?(Q; R?). It suffices to
replace Theorem 2.13 by Theorem 2.2 (iv)—(v) and the characterization of Young
measures proved in [33, Theorem 7.7].

(iii)) Observe that equation 4.7 provides a statement analogous of [11, Theorem 6.1]

replacing the narrow convergence by the L?-weak convergence, under a slightly
more general set of assumptions on W, cf. Remarks 1.2, 2.12 and 2.14.

We point out that analogous arguments as those in the proof of Theorem 1.1 allow
us to obtain a ["-convergence result in terms of a suitable narrow convergence (see
Remark 2.15). In order to do so, a preliminary step is needed, i.e., a suitable extension
of the functionals 7, in (1.1) to ¥2(Q; TV x R?), where we recall that TV represents
the N-dimensional torus in RY .

CoroLLARY 4.3. Let p, Q2, W and {1}, be defined as in Theorem 1.1. Let Y (2;
TN x R?) be the space introduced in Remark 2.15 and let I, : YP(Q, TV x R?) —
R U {00},

L(u) if o= {8 x)u(x)) breqs
+00  otherwise.

4.8) I(p) := {
Then, { I_E}(9 I"-converges, with respect to the narrow convergence, i.e., testing with
functions in L' (2; Co(TN x R?)), to Inom : Y2 (Q2; TN x R4) — [0, +00], where

ffgngf(Qde)ZW(xv X, (v, 6). (', E/))d,ux(% E)dpx (v, E)dx dx’',
Thom(p) = if {illxxeq = {V(x,y)}(x,y)EQxQ ® dy,
+00 otherwise,

with v a two-scale Young measure.
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Before proving the result we observe that, when o, is finite, the right-hand side
coincides with

// // // W(x,x",y, y' & E)dvix, ) (E)dvi,yn (E)dy dy’ dx dx’.
QxQ JJOxQ JJRE xR4

Proor. The proof follows the same argument as [11, Theorem 6.1]. Let u € ¥ (L2;
TN xR?) and {1, } CY?(2; TN xR¥) be a sequence which converges narrowly to /.
With no loss of generality we can assume that

liminf 7, (ie,) < +00.
n—00

Then, up to passing to a suitable subsequence (not relabeled) for which the liminf is a
limit, u, = 5((%),u,,(x)) for a suitable sequence {u,} C L?(Q;R%).

By (1.3), {u,} is bounded in L?(Q2; R?), hence (up to a subsequence) weakly
convergent; then as observed in [9] {((%
the narrow limit  is of the type v(y,,) ® dy for a suitable two-scale Young measure

), uy,)} is tight and in view of Theorem 1.3

{Vx,) ) (x,y)eqxo- Hence, the lower semicontinuity of

//QXQ //(Qde)Z W, x', (3,6, (0. §Ndpx (v, E)dpx (v, E)dx dx’

with respect to the narrow convergence, observed in [11, Proposition 3.7], proves the
lower bound.

For what concerns the upper bound, if y is of the type v(x ;) ® dy for a suitable
two-scale Young measure {V(x,y)}(x,y)e2x 0, then Theorem 1.3 ensures the existence of
asequence {u,} C L?(Q2;R?), weakly convergent in L? (€2) and such that {((é), Up)}
generates the two-scale Young measure vy, ). The Decomposition Lemma ensures
that the {u,} can be chosen p-equi-integrable. Clearly, by [9], the sequence is also
narrowly convergent to [ty = V(x,y) ® dy. Then (1.3) ensures that the integrand of
I, (un) is equi-integrable and, exactly as in the proof of Theorem 1.1, we can invoke
Theorem 2.13 (ii) which, in turn, guarantees the convergence towards

//m //( gy 0 X000, 01 )i, )i (0, )

which concludes the proof in this case.

Finally, if i is not of the type v(x, ,) ® dy for a suitable two-scale Young measure v,
then Theorem 1.3 says that {v(x,y)} (x,y)e@x o cannot be generated by any {§((x ) y,, (x))};
hence, it cannot be the narrow limit of such a sequence. Consequently, the {1, }nnarrowly
converging to u is such that the energy I_gn (1n) = +oo for any n € N. This concludes
the proof. ]
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