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Schroder trees and antipode formulas: An application
to non-commutative probability and Wick polynomials

Adrian Celestino and Yannic Vargas

Abstract. The double tensor Hopf algebra has been introduced by Ebrahimi-Fard and Patras
to provide an algebraic framework for cumulants in non-commutative probability theory. In
this paper, we obtain a cancellation-free formula, represented in terms of Schroder trees, for the
antipode in the double tensor Hopf algebra. We apply the antipode formula to recover cumulant-
moment formulas as well as a new expression for Anshelevich’s free Wick polynomials in terms
of Schroder trees.

1. Introduction

In Quantum Field Theory, Alain Connes and Dirk Kreimer [16,17] presented a method
to compute certain divergent integrals associated with Feynman diagrams using the
theory of Hopf algebras [11, Chap. 3]. In their approach, Connes and Kreimer intro-
duced a Hopf algebra of rooted trees such that each Feynman diagram has an associ-
ated rooted tree that encodes the divergence of the corresponding integral. Through a
process called renormalisation, it is possible to remove the divergences of the integ-
rals such that the remaining finite quantity is still meaningful. A central part of their
approach is to apply the antipode of the Hopf algebra of rooted trees in order to
compute the inverse of a character, providing the counterterms needed to cancel the
divergences of the integrals.

In addition to classical methods for computing antipodes in general graded con-
nected Hopf algebras, such as the Dyson—Salam formula and the Bogoliubov recur-
sion, there is interest in finding more efficient formulas that minimise cancellations.
One such method is the Zimmermann forest formula, which is particularly effect-
ive for the Connes—Kreimer Hopf algebra. This formula significantly reduces the
number of terms in the antipode expression. In recent work, Menous and Patras [29]
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generalised the forest formula to apply to right-handed polynomial Hopf algebras,
which are precisely obtained as the enveloping algebras of pre-Lie algebras.

Hopf algebra theory has recently found applications in the field of non-commu-
tative probability. One fundamental example of a non-commutative probability the-
ory is the so-called free probability theory [33, 44], which was introduced by Dan
Voiculescu in the 1980s, aiming to solve the problem of isomorphism between von
Neumann algebras generated by free groups. Since then, free probability has found
numerous applications and connections with various branches of mathematics, includ-
ing random matrix theory, operator algebras, combinatorics, representation theory,
and quantum information theory. Subsequently, multiple notions of non-commutative
independence have been explored, including Boolean independence [40] and mono-
tone independence [30], each providing a sufficiently rich framework for defining a
corresponding theory of non-commutative probability.

Roughly speaking, the initial idea in non-commutative probability is to look at
random variables as abstract elements inside a unital algebra 4 with unit 14 and to
replace the usual expectation with a linear functional ¢ : A — C, with p(14) = 1,
called the non-commutative expectation. In this abstract setting, we can consider
non-commutative analogues of classical notions in probability theory, such as dis-
tributions, moments, and independence. In the classical case, the independence of
random variables can be regarded as a recipe to compute moments of mixed products
of random variables. In other words, if two random variables X and Y are inde-
pendent, then E(X™Y") = E(X™)E(Y"), for any m,n > 0. In the non-commutative
setting, the independence of non-commutative random variables a, b € 4 can also be
defined as a recipe to compute moments of the form ¢(a™1b"1 - - - a™k k) in terms of
the marginal distributions of a and b, i.e., the sequences {¢(a”)},>0 and {¢(b")}n>0.

One of the most significant concepts in the combinatorial study of non-commu-
tative probability is the notion of cumulants. In the 1990s, Roland Speicher introduced
in [39] the notion of free cumulants and proved that, from a combinatorial point of
view, the transition from classical probability to free probability consists in replacing
the lattice of all set partitions with the lattice of non-crossing partitions. Moreover,
the analogues of Boolean cumulants [40] and monotone cumulants [24] have been
defined, using the lattices of interval and monotone non-crossing partitions, respect-
ively. More recently, the works of [5, 8, 25] have shown connections between the
combinatorics of non-commutative probability and Schrdder trees. In particular, in [5,
25], the authors provide an alternative description of the cumulant-moment formu-
las by using Schroder trees instead of non-crossing partitions. Furthermore, Schroder
trees in free probability have also been shown to be useful in the enumerative study
of morphisms in a category of non-crossing partitions (cf. [15]).

Another non-commutative analogue of classical probability notions in free prob-
ability is the concept of free Wick polynomials, introduced by Anshelevich [3]. In
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both classical and quantum stochastic analysis, the classical Wick polynomials [6]
play a fundamental role, particularly in the study of orthogonal polynomials and
operator product renormalisation. In classical probability, they normalise random vari-
able products to create orthogonal systems, acting as multi-dimensional analogues of
Hermite polynomials linked to Wiener-It6 integrals. In free probability, free Wick
polynomials extend these ideas in the context of free independence. Anshelevich’s
work connects free Wick products to stochastic calculus, using free Brownian motion
and non-crossing partitions for combinatorial interpretations (cf. [2,4]). These poly-
nomials also relate to operator theory via free Fock spaces, resembling creation and
annihilation operators in quantum field theory.

A connection between Hopf algebras and non-commutative probability theory was
developed by Ebrahimi-Fard and Patras in a series of papers [19-21]. In this frame-
work, the free, Boolean, and monotone cumulants are interpreted as linear functionals
on a certain word Hopf algebra, and the relations between moments and the different
types of cumulants can be explained analogously to the link between a Lie algebra and
its corresponding Lie group. Ebrahimi-Fard and Patras’ point of view has proven to be
a powerful framework for understanding cumulants and their combinatorial relations
in a unified way, as well as the different notions of additive convolutions originated
by each type of independence.

In more precise words, the Hopf algebra considered by Ebrahimi-Fard and Patras
in [19] is based on the double tensor module on a vector space V , that is, the vector
space T(T+(V)) defined by

T(T+(V)) := ®T+(V)®", where T4 (V) := @ yen,

n>0 n>0

The authors of [19] introduced a product and a coproduct which provide T(T(V))
with a structure of connected graded bialgebra. By the general theory of Hopf algeb-
ras, an antipode can be recursively defined on each graded component of T(T4 (1)),
providing it automatically with a Hopf algebra structure called the double tensor Hopf
algebra on V. The link with non-commutative probability arises by identifying cumu-
lants as the solutions of certain linear fixed-point equations in the dual of T(T(V))
(Theorem 4.3).

Motivated by the forest formulas for antipodes in [29] and the fact that the cop-
roduct in the double tensor Hopf algebra can be considered as a decorated and non-
commutative version of the Connes—Kreimer coproduct, the main objective of the
present manuscript is to address the problem of computing a cancellation-free com-
binatorial formula for the antipode in T(T4(V)), expressed in terms of Schroder
trees. We apply this method to first compute the antipode in S(T1(V')), the symmet-
ric algebra on T4 (V'), that is, the Hopf algebra of symmetric tensors over T4 (V)
which can be thought of as the commutative analogue of T(T4+(V)). The method
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in [29] provides a combinatorial formula for the iterations of the reduced coproduct in
S(T4+(V)) based on certain decorated non-planar trees, where the non-planarity of the
trees reflects the fact that the symmetric algebra is commutative. Our combinator-
ial analysis shows that the decorated trees of Menous and Patras can be replaced by
Schroder trees whose internal vertices are labelled increasingly, respecting the poset
structure. It turns out that Schroder trees effectively describe the actions of the iterated
coproduct and the antipode in S(T4 (1)) (Theorem 5.12).

With the antipode formula for the commutative case in hand, we provide a com-
binatorial analysis that shows how cancellations are performed in the non-commu-
tative case in order to arrive at the combinatorial formula for the antipode in T(T(V))
expressed in terms of Schroder trees (Theorem 6.10). With the antipode formula, we
examine its implications in non-commutative probability through the framework of
Ebrahimi-Fard and Patras. In particular, we can recover cumulant-moment formulas
in terms of Schroder trees, which have recently appeared in [5,25], as well as a new
combinatorial formula that writes free Wick polynomials in terms of Schroder trees
(Theorem 7.8).

It is worth mentioning that a similar description of the antipode formula has been
given in [1, 28]. In the former article, the antipode formula is expressed in terms of
tubings of linear orders in the context of Hopf monoids of paths. In the latter article,
an antipode formula appears in the context of natural Hopf algebras over an operad.
In future work, we plan to develop a closer relation between several Hopf monoids
and notions of independence in non-commutative probability.

Organisation of the paper

Besides the present section that serves as an introduction, the paper is organised in
the following way. In Section 2, we present a description of the main combinator-
ial objects used in this manuscript: trees, Schroder trees, and non-crossing partitions.
We also explain a natural map that associates a canonical non-crossing partition with
any Schroder tree. In Section 3, we precisely describe the Hopf algebra structure on
the double tensor module T(T4 (1)) defined by Ebrahimi-Fard and Patras. We also
explain how the coproduct in this Hopf algebra can be split, producing two non-
coassociative coproducts, which will allow us to define three exponential-type maps
on the dual of the double tensor Hopf algebra. Section 4 contains the definition of
cumulants in non-commutative probability and describes the link between the double
tensor Hopf algebra and non-commutative probability. Section 5 aims to describe
the general method in [29] to compute a forest-type formula for the antipode in a
particular class of Hopf algebras. We then apply this method to obtain a combinat-
orial formula for the antipode in S(T(V)) in terms of Schroder trees. In Section 6,
we present in Theorem 6.10 the main result of our manuscript: a cancellation-free
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formula for the antipode in the double tensor algebra in terms of Schroder trees.
Finally, in Section 7, we apply Theorem 6.10 in the Ebrahimi-Fard and Patras’ frame-
work for non-commutative probability and recover recently known cumulant-moment
formulas in terms of Schroder trees, as well as a combinatorial expression for the
inverse of a character in terms of non-crossing partitions. We conclude by obtaining
a new formula for Anshelevich’s free Wick polynomials, also in terms of Schroder
trees.

2. Preliminaries on Schroder trees and non-crossing partitions

The aim of this section is to describe the combinatorial objects that are fundamental
for the present manuscript: Schroder trees, non-crossing partitions, and their relations.
To this end, we set N = {0, 1,2, ...} as the set of non-negative integers. For every
n € N, we denote by [n] the set [n] :={1,2,...,n}, with [0] := 0. Given a finite set /,
its cardinality is denoted by |/ |. For every integer n, Abs(n) € N denotes its absolute
value.

2.1. Trees

A tree is a connected graph that has no cycles. A rooted tree is a tree with a dis-
tinguished vertex called the root. All trees in this work are rooted, so we will not
distinguish between trees and rooted trees. The set of edges in a rooted tree possesses
a natural orientation, following the direction opposite to the root. Given a vertex v of
a tree ¢, the vertex connected to v in the direction to the root is called the parent of v,
and any vertex connected to v by an edge oriented towards the root is called a child
of v. We say that a tree ¢ is planar if, for every vertex v of ¢, the set of children of 7 is
endowed with a total order. Non-planar trees refer to trees that are not planar.

A leaf of a tree is a vertex with no children, and an internal vertex of a tree is
a vertex that is not a leaf. We denote by Vert(¢) and Int(¢) the set of vertices and
internal vertices of ¢, respectively. Also, for v € Vert(¢), we denote by succ(v) the set
of children of v. A non-planar forest is a set of non-planar rooted trees. Similarly, an
ordered planar forest is an ordered sequence of planar trees.

Any (planar or non-planar) rooted tree ¢ can be regarded as a poset in the following
way. The elements of the poset are given by Vert(¢). Moreover, for v, w € Vert(t), we
define the partial order v < w if and only if the unique path from the root of ¢ towards
w passes through v. In the case that v < w, we say that w is a descendant of v. Notice
that, in this poset structure, the root of ¢ is the unique minimal element, and the leaves
of ¢ are the maximal elements.



A. Celestino and Y. Vargas 416

Given a forest f, the branching of f is the new tree B4 (f) obtained by joining
all roots of every tree in f to a new vertex r, so the root of B4 (f) is r. Every tree
¢ can be obtained as the branching B4 (f) of a (possibly empty) forest f. For planar
trees, we will also denote by By ( f) the planar tree obtained by grafting from left to
right the elements of the sequence f = (¢1,..., ;) to a new common root r.

The single-vertex tree o is the unique tree with no internal vertex and just one leaf.
Given m > 1, the m-th corolla Cy,) is the unique tree with one internal vertex and m

leaves:
Cim) == By (0,0,...,0) = /\‘
w_/
m times m leaves

For any rooted tree ¢, the size |¢] of ¢ is its number of vertices, i.e., |t| := | Vert(¢)].
In the same way, we denote by i(¢) := |Int(¢)| the number of internal vertices of ¢.
Therefore, |t| — i(¢) is the number of leaves of the tree ¢. If t = By (t1, 12, ..., %),
then

lt| =14+ |t1|+---+ |tx] and i(t) =14+i(t1)+ -+ i(tx).

The tree factorial t! is recursively defined by setting

" if |t = 1,
et it = Bt b .. 1),

Finally, if f is a forest formed by the rooted trees f1, ..., t;,, we set f!:=t1!- -1,

2.2. Schroder trees

A Schrader tree is a planar rooted tree for which each internal vertex has at least two
children. For every n, k € N such that 1 < k < n, the set of Schroder trees with k
internal vertices and n + 1 leaves is denoted by Schy (). Also, we denote by Sch(n) =
Uk>1 Schi (n) the set of Schroder trees with n + 1 leaves and Sch = |, Sch(n),
with Sch(0) to be the set only containing the single-vertex tree o, whose u;lique ver-
tex is considered as a leaf. The degree of a Schroder tree ¢ is the integer n such that
t € Sch(n), and it is denoted by deg(¢?). In this work, every Schroder tree is repres-
ented with the root at the top and the leaves at the bottom. Internal vertices will be
depicted as black nodes, while leaves will be depicted as white nodes. The set Sch(3),
consisting of nine elements, is depicted in Figure 1.

Analogously, a Schroder forest is an ordered sequence of Schroder trees F =
(t1,...,tm). In addition, the degree of F is given by the sum of the degrees of its
underlying trees, i.e.,

deg(F) = deg(ty) + --- + deg(tm).
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Figure 1. Schroder trees in Sch(3).

The set of Schroder forest of degree n is then denoted by FSch(n), and the set of
Schroder forest of the form F = (¢4, ..., ty), where deg(t;) = n; for 1 <i <m, is
denoted by FSch(ny,...,ny).

Schroder trees are known in the literature under several names, such as reduced
planar trees (see [18]). For every n > 0, the number of elements in Schy (n) is given

by
1 n+k+3\(n
h = < .
[Schy(n)] n+k+3( k41 )(k) O<k=n

This number corresponds to [34, A033282]. When k = n, a tree in Sch, (n) cor-
responds to a binary tree, a planar tree for which every internal vertex has exactly two
children. The above formula leads to |Schy, (n)| = Cat,, := # (Zn”), the n-th Catalan
number. In general, Schroder trees are equinumerous to several objects in many con-
texts in mathematics. For instance, the set Schy () is in bijection with k-dimensional
faces of the n-th dimensional associahedron, with k non-crossing diagonals in a con-
vex (n + 2)-gon, or standard Young tableaux of shape (k + 1,k + 1, 1”_"_1), just to
name a few (see [38] for an extensive list).

The skeleton of a Schroder tree ¢ is the planar rooted subtree of ¢ generated by
the internal vertices of . We denote the skeleton of ¢ by sk(¢). The skeleton of ¢ can
also be regarded as a poset whose elements are given by Int(z). In the same way, if
F = (t1,...,ty) is a Schroder forest, we define the skeleton of F, denoted by sk(F),
as the ordered forest (sk(t1), ..., sk(#y)). Moreover, sk(F') can also be regarded as
the poset formed by the union of posets | i~ sk(z;).

For our purposes, it is convenient to introduce two special subsets of Sch(n).

Definition 2.1. Let ¢ be a Schroder tree.

(1) We say that ¢ is a prime Schroder tree if its leftmost subtree is a leaf. In other
words, if t = B4 (t1,...,1), then t; = o (a single-vertex tree). We denote by
PSch(n) the set of prime Schroder trees with n + 1 leaves.
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A

Figure 2. Boolean Schroder trees in BSch(3).

(2) We say that ¢ is a Boolean Schroder tree if t is a Schroder tree such that, for
every v € Int(¢), the children of v are all leaves except possibly its leftmost
child. For each n > 1, we denote by BSch(n) the set of Boolean Schroder
trees with n + 1 leaves. Figure 2 shows the four elements of the set BSch(4).

It is known that prime Schroder trees are counted by the large Schroder num-
bers [34, A006318]. In particular, for any n > 1, there exists a two-to-one surjective
function P : PSch(n) — Sch(n — 1) so that |PSch(n)| = 2|Sch(n — 1)|. For the case
of Boolean Schroder trees, it can be shown that [BSch(n)| = 2"~!, for any n > 1.

Let ¢ € Sch(n) be a Schroder tree with n + 1 leaves. Since ¢ is planar, we can
naturally label the set of leaves of ¢ with the numbers 1,2,...,n 4+ 1, reading the
leaves from left to right. Hence, two leaves of ¢ are consecutive if they are labelled
withi andi + 1, for some 1 <i <n. A sector' of t is a minimal subtree of # containing
two consecutive leaves. Roughly speaking, a sector of 7 is the area encompassed by
two consecutive leaves of 7. Also, notice that the root of a sector is the intersection
of the unique paths from the consecutive leaves to the root of ¢. In addition, if v is an
internal vertex of ¢ and s is a sector of ¢ whose root is v, we say that s is adjacent to
the vertex v.

We denote by Sect(t) the set of all sectors of z. It is clear that |Sect(t)| = n. The
set Sect(t) is naturally endowed with a total order, which consists of enumerating each
sector of ¢ from left to right, bottom to top. Formally, we have the following.

* Ift = o, we have an empty set of sectors. If # = Cy1) is a corolla with exactly £ +
1 leaves, for some £ > 1, then ¢ possesses £ sectors. We denote by s1, 52, ..., Sm
the sectors of ¢, by order of appearance from left to right. Then, we define the
following total order between the sectors:

51 <82 <00 < Sy
*  More generally, assume that

t = B+(to,[1,...,tm),

'Our definition comes from [35], where sectors are called “branchings”.
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Figure 3. A Schroder tree ¢ € Sch(11) and its natural labelling.

where tg, f1, ..., t,, are Schroder trees. If s is a sector of ¢ adjacent to the root of
t and located between the trees ¢; and ¢;41, we extend inductively the orders of
Sect(tp), Sect(t1), ..., Sect(t,,) to an order on Sect(?), via

s’ <s <s” foralls” € Sect(t;), s” € Sect(ti+1).
Let ¢t € Sch(n), with n > 1. There exists a unique increasing bijection
tr 2 ([n]. =n) — (Sect(r), <),

where <y is the usual order on N. We call ¢; the natural labelling of t. Figure 3
depicts an example of a Schroder tree together with its natural labelling.

2.3. Set partitions

Let I be a finite set. A partition of I (or set partition) is a finite set formed by non-
empty sets m = {Bj, B, ..., By} such that the union of all elements in = is /, and
every pair of distinct elements in 7 are disjoint. Every element B € r is called a block
of . We denote by IT(/) the set of all partitions of /. If w € I1(/1), we write w - 1.
When I = [n], we simply denote by I1(n) the set of non-crossing partitions of [#].
There is a unique partition of IT1(%), with no blocks.

Letw = {B1, Bs,..., Br} be apartition of /. Given a subset S of I, the restriction
of  to S is the partition given by g := {B; NS, B, NS, ..., By NS}, where we
omit empty intersections. The length of &, || := k, is defined as its number of blocks.
The factorial of the partition 7 is given by

xl:= [] 1B

For every finite set 7, the set I1(/) is partially ordered under reverse refinement:
we set 7 < ¢ if every block of 7 is contained in a block of ¢. In other words, 7 < o
if every block of o can be expressed as a union of blocks of . The partition Oy of 1
into singletons is the unique minimum, and 1; := {/} is the unique maximum under
the refinement order. Therefore, (I1;, <) is a lattice.
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Letw,0 F I suchthat w < o.If B € g,letnp := |npg|. Thatis, np is the number
of blocks of 7 that refine the block B of . The Mdbius function of I1(/) is then
given by [41, Chap. 3]

Moeb(r,0) = (—)™1N T (np — 1!

Beo

for every m,0 I I such that 7 < 0.

2.4. Non-crossing partitions

Let I be a finite totally ordered set. A non-crossing partition of I is a partition & €
I1(7) for which whenever four elements a < b < ¢ < d in [ are such that if a, ¢ are in
the same block of 7r and b, d are in another block of 7, then both blocks coincide. The
set of non-crossing partitions of I is denoted by NC(/). When I = [n], we simply
denote by NC(n) the set of non-crossing partitions of [n].

The reverse refinement order < on I1(n) induces a poset structure on NC(n).
Since the finest partition 0, and the coarsest partition 1, in I1(n) are non-crossing
partitions, then (NC(n), <) is a lattice. This poset is closed under meet operation, but
not under join. Hence, it is not a sublattice of (I1(#), <), but rather a meet-sublattice.

Non-crossing partitions belong to a vast family of combinatorial objects, namely,
the Catalan family. The number of non-crossing partitions in NC(n) is the n-th
Catalan number Cat,. Several objects are related to non-crossing partitions in many
contexts (see [38] for a compendium of some related objects and [42] for a more
extensive list).

One of the first studies on non-crossing partitions dates back to 1952, in the work
of Becker (see [7]), where non-crossing partitions are referred to as “planar rhyme
schemes.* In 1972, Kreweras [26] and then Poupard [36] continued with a combin-
atorial analysis of these objects. For instance, Kreweras obtained a formula for the
Mobius function of NC(#) between its minimal and maximal elements:

MoebNC(n)(Ona 1) = (_l)n_l Catp—1 .

Several types of non-crossing partitions are considered in this work, arising from
non-commutative probability theory. An interval partition of [n] is a non-crossing
partition w € NC(n) such that all its blocks are of the form {k,k + 1,...,k + [}
for some 1 <k <nand 0 </ <n — k. We denote by NClnt(n) the set of interval
partitions of [n]. It is straightforward to verify that the reverse refinement order also
provides NClnt(n) with a poset structure, which is isomorphic to the poset of subsets
of a set of cardinality n — 1. Figure 4 provides a graphical representation of a non-
crossing partition and an interval partition.
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T T ET T

1 2 3 45 6 1 2 3 45 6

(a) Non-crossing partition (b) Interval partition

Figure 4. Different types of set partitions of the set [6] = {1,..., 6}. The blocks of the parti-
tions are represented by arcs. The non-crossing condition of the blocks means that there are no
intersections of the arcs.

2.5. Nesting forests from non-crossing partitions

To every non-crossing partition 7 € NC(n) with k blocks we associate to it a (non-
planar) forest f, with k vertices in total, constructed from a hierarchy law of the
blocks of m. More precisely, given a non-crossing partition 7 and two blocks
B, B’ € &, we say that B is nested on B’ if min B’ < x < max B’, for every x € B.
This relation gives a poset structure on the set of blocks of 7. The minimal elements
are called outer blocks of . By construction, the Hasse diagram of the poset has no
cycles and may have several connected components. Hence, the nesting poset associ-
ated with 77 is a (non-planar) forest, denoted by f;, and called the forest of nestings
of m. In particular, f; is a single tree if and only if 7 is an irreducible non-crossing
partition; i.e., 1 and n belong to the same block in .

If {By, ..., Bs} is the set of outer blocks of a non-crossing partition 7, we can
construct iy, ..., g irreducible non-crossing partitions as

i ;= {B € : Bisnestedin B;},

for each 1 < i < s. The non-crossing partitions my, ..., s are called the irredu-
cible components of . Hence, the nesting forest associated with 7 is given by f; =
s Jrs

In the following picture, we draw two non-crossing partitions = and o together
with their respective forest of nesting f;; and f,. For clarity, each vertex in the forest
is decorated with the minimal element of its associated block in the partition.
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Figure 5. Schroder tree ¢ with 10 sectors and its associated non-crossing partition 7 (t) =
{{1.5.6}.{2,3}.{4}.{7}.{8.9.10}} € NC(10).

It is convenient to consider the case in which the partial order described by the forest
of nestings of a non-crossing partition can be extended to a total order. More precisely,
we say that (7, 1) is a monotone partition on [n] if 1 € NC(n) and A : w — [|7]] is
an order-preserving bijection; i.e., if B and B’ are distinct blocks of 7 such that B’ is
nested in B, then A(B) < A(B’). The set of monotone partitions on [r] is denoted by
M(n).

2.6. From Schroder trees to non-crossing partitions

Let ¢t € Sch(n). Recall that the set Sect(#) of all sectors of ¢ is naturally endowed with
a total order. Moreover, the Schréder tree ¢ has a natural labelling ¢; : [n] — Sect(?),
which is a bijection between totally ordered sets. The next definition presents a natural
way to associate a non-crossing partition to any Schroder tree.

Definition 2.2. Let¢ € Sch(n) with a set of internal vertices Int(¢) = {vy,va2,..., V¢ }.
The non-crossing partition associated with t is the set partition

w(t) :={B1,..., B} € NC(n)
formed by k blocks, given by
B; := {7 (s) : 5 is a sector adjacent to v; }, 2.1
for each 1 < i < k. In the context of (2.1), we also say that B; is associated with v;.

Figure 5 illustrates a Schroder tree along with its associated non-crossing par-
tition. It is straightforward to verify that the map Sch(n) > ¢t — 7 (t) € NC(n) is
a surjection. In fact, if we restrict this map to the subset of prime Schroder trees
PSch(n), we still get a surjection that is related to the Mobius function on NC(n).

Proposition 2.3 ([25, (111)]). Letn > 1. For any m € NC(n), we have

[{t € PSch(n) : m(t) = n}| = Abs(Moebnc(n) (7, 11)).
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To finish this section, we remark that the map ¢ + 7 (¢) actually provides a bijec-
tion between BSch(n) and NClnt(n), for any n > 1. As a consequence, we can con-
clude that

IBSch(n)| = |[NClInt(n)| = 2" L.

3. Hopf algebra structure on the double tensor module

In this section, we present the definition of the double tensor Hopf algebra introduced
by Ebrahimi-Fard and Patras in [19]. We also describe how the coproduct can be
split into two parts, generating a shuffle (or dendriform) structure on the dual of the
double tensor Hopf algebra. Finally, we explain how the shuffle structure allows us to
construct three different bijections that resemble the relationship between a Lie group
and its Lie algebra.

We denote by K a base field of characteristic 0 and by C the field of complex
numbers. The vector spaces considered in this work are C-vector spaces. We mention
that the constructions presented in this section can also be done, considering a base
field K.

3.1. Definition of the double tensor Hopf algebra

Let V be a vector space. If k > 0, we write elementary tensors from V®* as words,
W = Uiuy---Ug, withu; € V for 1 <i < k. In this case, we say that |w| := k is the
length of w. Also, we identify 1V ®° with C. Then, we call the vector spaces of linear
combinations of words and non-empty words

T(V) =PV and TL(V):=PV*

k>0 k>1

as the tensor module and the augmented tensor module generated by V', respectively.
It also makes sense to consider the tensor module of T4 (1), denoted by T(T(V)).
To avoid confusion, the second tensor product appearing in the construction of the
tensor module of T4 (V') is denoted by a bar; i.e., if wy, wa, ..., w, € T4 (V), then we
write
wi|wa| -+ [wy € T4(V)®".

As a vector space, T(T4+(V)) is graded, where for any n > 0, the n-th graded
component is given by

T (V= P Ve e 0 Ver 3.1)

ni+-tng=n
n;>0
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It turns out that the tensor module T(T4+(V')) can be endowed with a product and
a coproduct respecting the grading (3.1) as follows:
»  Product rule: if v =vq|---|v, € T (V)® and w = wy|---|ws € T4 (V)®5, then
the product of v and w is the element

vl = va] o o] g € T (V)SCH),

In addition, if 1 stands for the empty word, then we identify w|l = w = 1|w for
any w € T4+(V) so that 1 works as a unit.

*  Coproduct rule: the definition of the coproduct involves extra technical notions.
Givenawordw =u;---u, € V® and I = {iy,...,ix} C N, wherei; <--- < i,
we write the restriction of w to I as

Wy = Uj, cecUjy .

IfI Nin]l =0, wesetwy :=1.

Recall that a set I C N is an interval if I is a set of consecutive positive integers.
For a pair of nested intervals I € J C [n], the set J \ I can be decomposed (uniquely)
into the disjoint union

J\NI =KiUuKu---UKg,

where K1, ..., K, are intervals of [n] such that no union of two such blocks is an
interval. Additionally, the above list is ordered in increasing order according to the
minimal elements. Therefore, min K; <---<min K. We call the sequence K(/,J):=
{Ki,..., K;} the decomposition of J \ I into its connected components. With this,
we set

wh = wi |- Jwg, € T(TH(V)).

If J = [n], weset K(I) := K(I,[n]) and w®D) := w7,

Example 3.1. Let V be a vector space. For n = 9 and w = uy ---ug € V%, let
J =1{2,3,4,6,7,8,9}and I ={4,7,9}sothat J \ [ ={2,3,6,8}. Then, the elements
wdJ ), wD and w¥) are, respectively,

w7 = Uruz|uglusg, wd = uusus|usuglug, and wY) = ulus.
With this notation, define now the map A : T4 (V) — T(V)  T(T(V)) by

A(w) : = Z wy @ wd
I1c[n]
= > w @ wg, | |uwk, . 32)
Ic[n]

where K(I) = {K1,...,K;}.
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To complete the definition of the coproduct on the double tensor algebra, we
extend the map A multiplicatively to all of T(T4(V')) by setting A(1) = 1 ® 1 and

A(wy]---[wg) := A(wy)]---[Awg),

for any wy, ..., wg € T4+ (V). Finally, we define the counit map ¢ : T(T+(V)) — C as
the algebra morphism given by (1) = 1 and e(w) = 0 for any w € T4 (T+(V)).

Example 3.2. Let V' be a vector space and ay,a3,as € V. Then, we have the follow-
ing computations for the coproduct in (3.2):

Ala)) =a1 ®1+1®ay,
Alaraz) =a1a2 @1 +ay ®ax +a>Qay + 1 ® ayaz,
A(ajazas) = ajazaz @ 1 +aja, ® as + ajasz ® ax + azas ® a;

+a1 ®azaz+axQ®ay |az +asz ®ayax +1Qaazas.

The iterated coproduct is recursively defined by A +11 .= (id®™=D g A) o Al7]
for m > 1, where id stands for the identity map on T(T4(V)), All =id, and Al2) = A.
Then, for m > 2 and a non-empty word w = uy---u, € T+(V), we have

A[m](w) — Z w; ® w12 @ 1y U2:13) g ... g ypUm=1)

I=1,CI>CCl;y—1C[n]

It turns out that the tensor module T(T+ (V')) endowed with the bar (concatenation)
product and the coproduct described in (3.2) is a graded bialgebra which in addition
is connected, i.e., T(T+(V))o = K. Since any connected bialgebra is a Hopf algebra
(see, for instance, [37, Lem. 7.6.2]), we have the following result.

Theorem 3.3 ([19]). The tensor module T(T(V')) endowed with the bar product and
the coproduct in (3.2) is a graded connected non-commutative and non-cocommu-
tative Hopf algebra.

Remark 3.4. The Hopf algebra T(T (1)) in the previous theorem is called the double
tensor Hopf algebra on V. The grading and the connectedness of the Hopf algebra
allow us to prove the existence of its antipode S from the so-called Bogoliubov for-
mula’

0= S(w) 4+ w4 My, vy o (S ®id) o A(w),

for any w € T4 (V), where mq(r_ (v)) stands for the multiplication on T(T4(})) and
A stands for the reduced coproduct, i.e., A(w) := A(w) —1 ® w — w ® 1, for any
w € T4 (T+(V)).

2This terminology is in correspondence with Bogoliubov—Shirkov’s recursive formula for
renormalisation, as in [9].
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3.2. Shuffle algebra structure on Lin(T(T+(V)), C)

A fundamental algebraic property of the coproduct on the double tensor Hopf algebra
T(T4+(V)) is that it can be split into two half-coproducts. More precisely, given a non-
empty word w = ay ---a, € V®", we consider the maps

Ac(w) = Z w4 @ w(A)’

AC[n]
1€A

As (w) = Z wq ® w.

AC[n]
144

Clearly, we have that A(w) = A< 4+ A.. The previous two maps are extended to
T+(T+(V)) by declaring

Ac(wr|wz] -+ |wy) = Ac(wr)A(wz) - - A(wy),
As (wrlwz] -+ [wy) = As(w1)A(wz) - -+ A(wy),

for any non-empty words wy, w; ..., w, € T+ (V).

It is not difficult to see that neither map is coassociative. Instead, the authors
of [19] proved that T(T4+(V)) together with A< and A, satisfy the definition of a
counital unshuffle bialgebra (also known as codendriform coalgebra, see [19, Thm. 5]
and reference [23] for a precise definition). This property translates to the dual space
Lin(T(T4(V)), C) as follows: for the coassociative coproduct A as well as A< and
A, which from now on we will call left and right half-unshuffle coproducts, respect-
ively, we consider the dual maps

frg=mco(f®g oA,
f<g=mco(f®g)oAx,
f=g=mco(f®goA,,

forany f, g € Lin(T4+(T4+(V)), C), where mc stands for the associative product on C.
We call < and > the left and right half-shuffle product, respectively. Neither of them
is associative; nevertheless, they satisfy the shuffle identities:

(f <8 <h=f<(gxh),
(f>g) <h=/f>(g=<h), (3.3)
(fxg)>h=f>(g>h),

for any f, g,h € Lin(T+(T(V)), C). In general, any vector space D together with

two non-associative products < and > satisfying the shuffle identities with x =< + >
is called a shuffle algebra (also known as dendriform algebra, see [27]). By setting
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f<e=f=¢e> fande< f =0= f > f, where ¢ is the counit on T(T+(V)),
we have the following theorem.

Theorem 3.5 ([19]). (Lin(T(T+(V)), C), <, >) is a unital shuffle algebra.

From the general theory of Hopf algebras, the exponential convolution defines a
bijection between two special subsets in Lin(T(T(V')), C). More precisely, recall that
a linear functional ® on T(T4(V)) is a character if it is a unital algebra morphism.
On the other hand, a linear functional o on T(T(V)) is an infinitesimal character if
(1) = 0 and a(wi|w,) = 0 for any w;, wp, € T4+(V). We denote by G and g the
sets of characters and infinitesimal characters, respectively. The coassociativity of A
implies that G is a group with respect to the convolution product *. Besides, one can
also show that g is a Lie algebra with respect to the Lie bracket [, y] i=a * y — Y * .
With these notions, one has that the exponential convolution

*n

gaawexp*(a)zza' eG
n!

n>0

defines a bijection between g and G. Furthermore, the half-shuffle products motivate
the exponential-type maps

(o) = Zoﬁ" and &, (x) = Za’”,

n>0 n=>0

0 0

forany @ € g, where @™ = ™% = ¢, a=t+tD) — o < ¢=" for any n > 0, and analog-

>(+1) = ™" » . Following the nomenclature, we call &< () and &5 (c)

ously, o
the left and right half-shuffle exponential maps of a, respectively. It turns out that the

half-shuffle exponential maps also provide bijections between g and G.

Theorem 3.6 ([19,20]). For a character ® € G, there exists a unique triple of infin-
itesimal characters (k, B, p) € g> such that

P = E<(xk) = &-(B) = exp™(p). (3.4)

The infinitesimal characters k and B are the unique solutions of the fixed point equa-
tions
P=c+xk=<® and d=¢c+ o> B, 3.5)

respectively. Conversely, &<(a), &, (B), and exp*(«) are characters, for any a € g.

The previous theorem says, in particular, that &< () is invertible with respect to
the convolution product *, for any o € g. Even more, the following lemma exhibits a
relation between both half-shuffle exponentials through the inverse with respect to *.

Lemma 3.7 ([19, Lem. 2]). For any a € g, we have that E<(a)*™! = &, (—a).
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4. Algebraic approach to non-commutative probability

The objective of this section is to explain how the double tensor Hopf algebra con-
struction provides a useful framework for non-commutative probability, in particular
for non-commutative cumulants. We begin by providing the combinatorial defini-
tion of cumulants for the free, Boolean, and monotone cases. Then, we exhibit how
cumulants can be considered as linear functionals on a double tensor Hopf algebra
and indicate how shuffle-algebraic relations effectively describe relations between
moments and cumulants.

4.1. Cumulants in non-commutative probability

Recall that a pair (4, @) is a non-commutative probability space if 4 is a unital asso-
ciative algebra over C and ¢ : A — C is a linear functional such that ¢(14) = 1,
where 14 is the unit of 4. Elements a € 4 are called random variables, and ¢(a) is
called the moment of a with respect to ¢.

A non-commutative analogue of independence may be considered algebraically
as a rule to compute the joint distribution of independent random variables from their
marginal distributions. Muraki in [31] proved that there are only five such notions of
independence that satisfy certain natural conditions. For each notion of independence,
a non-commutative probability theory can be constructed — one can define analogous
notions of convolutions, central limit theorems, and cumulants.

The notions of cumulants for free, Boolean, and monotone independence can be
introduced by the so-called moment-cumulant formulas. Before stating the next defin-
ition, we fix the following notation: given a family { f, : A" — C},>1 of multilinear

functionals, elements ay,...,a, € 4 and m € NC(n), we write
frlay,...,an) = l_[ fiB|ai,....an|B),
Bern
where fig|(a1....,a,|B):= fip|(ai,,....a;,)if B={i{ <---<ig}. The linear func-
tional ¢ provides an example of a family of multilinear functionals {¢, : A" — C},>1
by writing ¢, (ay,...,a,) ;= @(ai -4 - .- -4 an), Where -4 stands for the associative
product of the algebra 4.

Definition 4.1. The free [39], Boolean [40], and monotone [24] functionals cumu-
lants form, respectively, the families of multilinear functionals {k, : A" — C};>1,
{by : A" — C},>1, and {h, : A" — C},>1, implicitly defined by the equations

on(ay,...,ay) = Z kr(ai,...,an), “4.1)

T eNC(n)
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on(ay,...,ay) = Z br(ay,...,ay), 4.2)
7 €NClInt(n)
1
onlar,....an) = Yy Foyh@n . an). 4.3)
meNc@) 7T
foranyn > 1 and a4, ...,a, € 4, where f; stands for the forest of nestings of .

Remark 4.2. It is not difficult to see that the previous combinatorial formulas indeed
recursively define the so-called free, Boolean, and monotone cumulants. Actually, for
the free and Boolean cases, we can take advantage of the Mobius inversion formulas
in the posets NC(n) and NClnt(n), respectively, in order to obtain the corresponding
cumulant-moment relations. However, this approach cannot be directly followed in
the monotone case since the coefficients # in (4.3) do not satisfy the multiplicativity
condition to apply Mdobius inversion.

4.2. Shuffle-algebraic framework for non-commutative cumulants

In [19, 20], the authors established a group-theoretical framework for the moment-
cumulants relations based on a double tensor Hopf algebra described in Section 3.
More precisely, given a non-commutative probability space (4, ¢), consider T(T4(+4))
the double tensor Hopf algebra on +. Then, we extend the linear functional ¢ : A — C
to a character @ : T(T4+(+4)) — C by setting

d(w) = gnlay,...,an), 4.4)

for any word w = ay - --a, € A®", and extending multiplicatively and linearly for all
the elements of T(T4(+4)). With these notions, the connection with non-commutative
probability is stated in the following theorem.

Theorem 4.3 ([19,20]). Let (A, ¢) be a non-commutative probability space, and let
D : T(T4(A)) = C be the extension of ¢ to a character as described above. Let
(k, B, p) be the unique triple of infinitesimal characters given in Theorem 3.6. Then,
K, B, and p correspond with the free, Boolean, and monotone cumulants, respectively,

K(w):kn(alv"-yan)’ ﬂ(w):bn(al""van)5 p(w):hn(al,--wan),
foranyw = ay ---a, € A®".

The strategy to prove the previous theorem is to observe that the three equations
in (3.4) recover the moment-cumulant relations (4.1), (4.2), and (4.3) when evaluating
on aword w € T4 (A).
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More precisely, we have for any w = a; ---a, € T4 (A):

E<w) = Y []rws),

neNC(n) Ben

e-Bw)= > []Bws).

T €NCInt(n) Ben

exp*()w) = Y — [] p(ws).

1
TENC(n) Jx! Bex

Theorem 4.3 provides a shuffle-algebraic point of view for moments and non-
commutative cumulants, which have been recently studied to understand in a unified
way several notions in non-commutative probability theory, such as additive convolu-
tions [20], conditional free cumulants [21], and recently, solving the open problems of
finding combinatorial relations to write monotone cumulants in terms of moments [5],
and free and Boolean cumulants [12].

Let us recall one context where the shuffle-algebraic framework for non-commu-
tative probability is applied. Recall that, in the classical case, if X is a classical random
variable with finite moments of all orders, there exists a particular family {W}, (x)}n>0
of polynomials associated with X closely related with the classical cumulants of X,
called Wick polynomials, which are determined by the properties Wy(x) = 1 and

d
E(W,(X)) =0, d—W,,(x) =nW,—1(x), forany n > 0.
x

In [3], the author introduced the free counterpart of the Wick polynomials, which
satisfy properties analogous to those of classical Wick polynomials. Roughly speak-
ing, the free Wick polynomials appear by considering the family of free cumulants
of a random variable instead of its classical cumulants. This situation is described in
Hopf-algebraic terms as follows. Let (A, ¢) be a non-commutative probability space,
and consider the double tensor Hopf algebra T(T+ (<)) as well as the character ® on
T(T4 (+)) extending ¢. Since @ is a character, then ®*~! exists and we can define the
free Wick map W : T(T4+(A)) — T(T+(4A)) by the recipe

W= (idd* 1) oA. 4.5)

The map W was introduced in [22], where the authors proved that the evaluation
W(a, ---ay) coincides with the free Wick polynomials introduced in [3]. This can
be proved by using the Hopf-algebraic framework in the following way by taking
advantage of algebraic relations and obtaining a combinatorial formula by evaluating
onawordw = aj---ay,.

Proposition 4.4 ([3, Prop. 3.12]). Let (A, @) be a non-commutative probability space
with a family of free cumulants {k,}n>1. Consider the double tensor Hopf algebra
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T(T4+(A)) and the character ® on T(T4(A)) extending ¢. Also, consider the free
Wick map W defined in (4.5). Then, for aword w = ay ---a, € T4+(A), we have that

Way-a) = Y ai-a, Y D k(@ an [ \B).

BC[n] 7 €NCInt([n]\ B)
B={i| <-<is} {B}Ux eNC(n)
(4.6)
foranyn > landay,...,a, € A.

Proof. Let k be the infinitesimal character such that ® = & (x). By Theorem 4.3,
Kk identifies with the free cumulants when evaluating on a word w € T4 (#4). Also,
Lemma 3.7 implies that ®*~1 = &_(k)*~! = &, (—«). In the language of non-com-
mutative probability, this means that —« is the infinitesimal character extending the
Boolean cumulant functionals of ®*~!. Then, we have

*tw) = Y [[x@s)= D Dkq(ar,... a0, @7

mw€NCInt(n) Ben 7 €NClInt(n)

forn > 1 and any word w = ay---a, € A®"_ On the other hand, by the definition of
W and the fact that ®*~! is multiplicative, we have for a word w = aj -+ ay:

W(w) = (id®d* 1) o A(w)

> we [[ o (wx,y),

BC[n] i=1

where K(B) = {Kj,..., K} is the decomposition of [n] \ B into its connected com-
ponents. Notice that we can use (4.7) on each ®*~1(w k;) in order to write each factor
in terms of free cumulants. Furthermore, given B C [n], observe that the fact that K;
and K;4+; are not consecutive intervals, for every 1 <i < s, implies that the condi-
tions 7 € NCInt([#]\B) and {B} U = € NC(n) mean that v = 77 U 7, L -+ U 7y,
where 7; € NCInt(K;) for each 1 <i < s. Therefore, we get

W(w) = Z wp l_[ ®* ! (wg;,)

BC[n] i=1
S
=Y we[] Y. Dlky(ar.....anlKi)
BC|[n] i=1 7; ENCInt(K;)
=> wsg Y (D"kgar..an | 0\V),
BC[n] m €NCInt([rn]\ B)

{B}UmreNC(n)

as we wanted to show. n
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5. The antipode of S(T+(V')) and forest formulas

As a preliminary step towards finding the antipode in a double tensor Hopf algebra
T(T+(V)), we begin by addressing the same issue in its commutative counterpart,
the symmetric algebra of the augmented tensor algebra, S(T(V')). The goal of this
section is to understand the antipode formula using a general method that was previ-
ously developed in [29]. This method involves calculating a formula for the iterated
coproduct using a specific class of decorated non-planar rooted trees, which naturally
incorporates Schroder trees into the antipode formula.

5.1. Right-handed polynomial Hopf algebras and forest formulas

In [29], the authors introduced a method to produce combinatorial tree-indexed for-
mulas for the iterated coproduct and the antipode for a particular class of Hopf algeb-
ras that are enveloping algebras of pre-Lie algebras (see [11, Chap. 6]). The precise
definition of this class of Hopf algebras can be stated as follows.

Definition 5.1. Let V be a vector space. A right-handed polynomial Hopf algebra
is a polynomial algebra S(1') together with a coproduct § that makes S(V') a Hopf
algebra and such that § satisfies

S(V)c Vs,
where 8 is the reduced coproduct 8(x) = §(x) — x ® Lsqvy — 1sr) ® x.

Example 5.2. Let V' be a finite-dimensional vector space, and consider S(T(V))
the symmetric algebra on the tensor algebra on V, i.e., S(T(V)) is defined to be the
quotient of T(T (V")) by the Hopf ideal generated by elements of the form w|w’ —
w’|w, for any w, w’ € T4 (V). Notice that T (V') has a countable basis given by the
set ‘W of non-empty words with letters in V. By symmetrizing the expression for the
coproduct in T(T(V')), the reduced coproduct in S(T(V)) on a word w € W of
length |w| = n, denoted by Ag, is given by

Asw)= Y wa@ ™, (.1)

0#AG[n]
where if K(4) = {Kj,..., K}, then 4 denotes the commutative monomial in
S(T+(V)) given by the polynomial product wg, - ... - wk,. In particular, we have that

S(T4(V)) is a right-handed polynomial Hopf algebra.

We now describe the method developed in [29] to find an antipode formula for
right-handed polynomial Hopf algebras. First, assume that S(V) is a conilpotent right-
handed polynomial Hopf algebra and that V' has a countable basis 8 = {b; };>1. Then,
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the reduced coproduct of an element b; € 8B can be expanded as

8(bi) =Y A" biy ®br, (5.2)
io,] #0

for coefficients )k;;i‘) € K, where the above sum runs over the integers iy > 1 and
non-empty multisets / € N, where by := b;, - b;, - ... - b;, is the monomial given
by the (commutative) polynomial product of the basis elements indexed by I =
{i1,i2,...,is}. Notice that the A?io -coefficients completely determine the coproduct,
its action on products of elements of B, as well as the action of the iterated reduced
coproducts Stk

A key observation in [29] is that the summation in (5.2) can be indexed by non-
planar decorated corollas in the following way:

5<’9>—D( ./(l-l& )bio®bi1"'bik- (5.3)

i ik

The decoration of the corollas is given by a pair of positive integers (i; ig) associated
with the root, and leaves are decorated by positive integers iy, . . ., g, with k > 1. The
commutativity of the elements in S(V') is reflected by the fact that we are considering
non-planar trees. Furthermore, expression (5.3) suggests that iterations of the reduced
coproduct can be encoded in a family of more general non-planar decorated trees. To
this end, we describe the following notions associated with decorated trees.

Definition 5.3 ([29]). Let T be a non-planar finite rooted tree whose internal vertices
are decorated by pairs (p1; p2) of positive integers, and whose leaves are decorated by
positive integers. In the case of T being a single-vertex tree, the vertex is considered
a leaf.

(i)  Forany x € Int(T) internal vertex of 7', we denote by d(x) = (d(x); d2(x))
its decoration. If x is a leaf of T, we denote its decoration by d(x) =
di(x) = da(x).

(i) If the root of T is decorated by i or (i;ip), we say that T is associated with
b; € B. The set of decorated trees associated with b; is denoted by 7.

(iii)  For a given pair of positive integers (i ;ig), we denote by BE;’.") (T1,...,Ty)
the decorated tree obtained by adding a common root decorated by (i; ip)

to the decorated trees T4,..., T, If T = Bﬁ;iO)(Tl, ..., Ty), we denote by
B_(T) the multiset of trees {T1, ..., Ts}.

(iv) Let F be a multiset of decorated trees given by

Tkt ‘“}u U{Tk‘P,.. Tksp."’},

111 B S I8 51 0 T SpLip
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where
¢ the tree T}, is associated with iy, forevery 1 < ¢ < p;
* the trees T}, are all distinct, for every 1 < j < s4;
. kj . T
* the notation T]l’q" means that the tree Tj;, appears with multiplicity
kjq in the multiset F, forevery 1 < j <s;and 1 <g < p.

The symmetry coefficient of F, denoted by sym(F), is then given by

(v)  We define the coefficient A(7') as follows: if ; stands for the single-vertex
tree with decoration i, then A(e;) := 1. In general, if T = BSL”IO)(TI veenTs),
then

MT) = A0 . sym(F)A(Ty) -+ A(T).

Wi

when 77, ..., Ty are trees, respectively, associated with b;,, ..., b; , and F
is the multiset {T1, ..., Ts}.

It was observed in [29] that the tensors of length k arising from the k-fold iterated
reduced coproduct can be described using the notion of k-linearisation of a poset.

Definition 5.4. Let P be a finite poset. We say that f : P — [k] is a k-linearisation
of P if f is a surjective, strictly order-preserving map f : P — [k]. We denote by
k-lin(P) the set of k-linearisations of P.

Recall that any tree can be regarded as a poset where the root is a minimal element.
In particular, if T is a decorated tree with a given decoration d = (d1;d>) and f is a
k-linearisation of 7', we can write

C(f)3=< I1 bdz(x1)>®"'®( [1 bd2<xk)),
xief=1(1) xpef =)

where we recall that the product in the above expression is the commutative polyno-
mial product.

Theorem 5.5 ([29, Lem. 12], [13]). Let S(V) be a right-handed polynomial Hopf
algebra with coproduct § such that V has a countable basis B = {b;}i>1. Then, for
any b; € B, we have for the action of the k-fold iterated reduced coproduct:

Moy =>" Y. MDC). (5.4)

TeT; fek-in(T)
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The formula in (5.4) is called the forest formula for iterated coproducts. Recalling
Takeuchi’s formula [43] for the antipode Sy in a Hopf algebra H with product m g
and reduced coproduct Az, we get

Su() =Y (1m0 Al b)) forall b € H. (5.5)
k>1

Applying Takeuchi’s formula, we obtain the following cancellation-free forest for-
mula for the antipode of S(V).

Theorem 5.6 ([29, Thm. 8]). With the notation of Theorem 5.5, the evaluation of the
antipode Sy of the right-handed polynomial Hopf algebra S(V') on an element b; € B
is given by the cancellation-free formula

Sy(bi) = Y (=DT(T)=(T), (5.6)

TeT;

where T©(T) = [ even(r) bas(x), for any T € T;.

5.2. Application to the case of S(T4(V))

We are now interested in applying the above machinery for the case of the symmetric
algebra of the augmented tensor algebra of a finite-dimensional vector space. From
Example 5.2, we have that S(T4 (1)) is a right-handed polynomial Hopf algebra such
that the set of non-empty words W on letters in V' is a countable basis of T4 (V). For
notational convenience, we give an enumeration W = {w; };>1.

Remark 5.7. The formula for the antipode in S(T1(V')), in the general case in which
V' is not finite dimensional, will also follow from the finite-dimensional case. This
can be noticed by the fact that, for a word w = ay ---a, € V®", the coproduct A(w)
is a linear combination of elements of the form w’ ® w, where w’ is a subword of w
and w is a product of subwords of w. Therefore, we can obtain S(w) by computing
the formula for the antipode in S(T+(Vyy,)), where V,, is the finite-dimensional vector
space generated by {ai,...,a,}.

We begin by writing the expression for Ag in (5.1) as a sum indexed by decor-
ated corollas as in (5.3). To this end, take A < [n] a non-empty subset; i.e., K(A) =
{Ki,..., K} is non-empty and does not contain [#]. Now, consider a corolla Cy with
|A| 4 1 leaves, and for any K; € K(A), consider a corolla C; with |K;| + 1 leaves.
Then, we label the sectors of Cy with the elements of A increasingly from left to right,
i.e., by composing the natural labelling of the sectors of Cy with the unique increasing
bijection from A to | A|. Moreover, we decorate C; with the elements of K; in the same
way. Notice that the definition of K(A) implies that its elements are non-consecutive
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Figure 6. For A = {3,4,7,9} < [10] and the non-crossing partition o4, there is a unique
Schroder tree t4 with its root-sectors labelled by A such that w(t4) = 04.

intervals. This implies that we can graft Cy, ..., C; to different leaves of Cy in order
to obtain a Schroder tree t4 € Sch(n), in such a way that the labellings of the sectors
of the corollas coincide with the natural labelling of 74.

Alternatively, given @ # A < [n], we can describe ¢4 € Sch(n) as follows: consider
the non-crossing partition o4 = {A} U K(A) € NC(n). Then, t4 is the unique Schroder
tree with n 4 1 leaves such that 7 (¢4) = 04 and the block A € g4 is determined by the
labels of the sectors adjacent to the root of ¢4, given by the natural labelling of ¢4. For
instance, forn = 10 and A = {3,4,7, 9}, it is clear that 77 (t4) = 04 (see Figure 6). On
the other hand, notice that the planarity of Schroder trees describes the order between
the elements of K(A). In other words, given a Schroder tree ¢ of height 2, i.e., t is such
that the largest path from the root to any leaf contains exactly two internal vertices,
we can recover a non-empty subset A < [n] indexing (5.1). Hence, we can state the
following lemma.

Lemma 5.8. Let w € W C T4(V) be a word of length |w| = n. Then, the reduced
coproduct on S(T(V')) can be written as

As(w) = Z wy @ W, (5.7

t€Sch(n)
t has height 2

where A is the block of 7 (t) associated with the root of t, and w4 = WK, * ... WK,

and K(A) = {K1, ..., Ks} is the list of blocks associated with the internal vertices
different from the root.

Even more, the terms in the above sum can be equivalently indexed by a decorated
version of the non-planar skeleton of t, denoted by sAl;(t), which is defined to be the
non-planar rooted tree generated by the Int(z). Notice that, for the case of Schroder
trees of height 2, its skeleton is precisely a corolla with exactly i(¢) — 1 leaves. In
addition, the decoration of §1v<(t) is given by labelling the root with (i; i), where, i
and io are the indexes in the list W = {w;};>1 such that w = w; and w;, = wy,
respectively, where A is the block of 7 (¢) associated with the root of ¢, and the leaves
are decorated with iy, ..., s, where for each 1 < j <, i; is the index such that
w;; = wg;, with K(A) ={K;,...,Ks}. Thus, we have shown that (5.7) can be written
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in the form (5.3), where the respective Aillo ;,-coefficients are precisely described
below.

Lemma5.9. Let W = {wj };>1 be the set of non-empty words on a finite-dimensional

vector space V. For any indexes i,1iy,i1,...,1is > 1, the coefficient )Li.il“)“ i is the
number of ways in which it is possible to select subwords vi, v, ..., Vs4+1 Of W; such
that the following hold

* vjisaninterval subword, forany 1 < j <s+ 1, i.e., v; = wy, for some interval
Jj < [lwill;

* vj is a non-empty word, for 2 < j <s;

*  Wj, = V1V Vs41, i.e., the concatenation of vy, ..., Vsy1 is Wiy,

* there exists a permutation o of the set [s] such that
Wi = V1 Wig 1) V2Wig (g = * * Vs Wig () Us+1-

Proof. Assume that there are s + 1 interval subwords vq,...,vs41 of w; =aj---a, €
V®" such that vy, . .., vy are non-empty, wj, = vy -- Vs41, and

w; = vlwig(l)UZwig(z) e vswia(s) Us+1

for a permutation o of [s]. Now, for each 1 < j < s + 1, define B; C [n] such that
v; = wg;. This produces a list of pairwise disjoint subsets By, ..., Bs+1 € [n] such
that B,,..., Bs # 0. Wenow set A = By U ---U B4 1. The remaining indexes [n]\ A
can be grouped into s non-empty, pairwise disjoint, and non-consecutive intervals
K, ..., Ks. By construction, it is clear that K(4) = {Ki, ..., K}, w;, = w4, and
wA = w;, - ... W, so that every selection of s + 1 internal subwords vy, ..., vs41
as described at the beginning will produce term in the sum (5.1). Since different selec-
tion of the internal subwords will produce different subsets A that give the same term
Wi, ® Wy, - ... Wi, we have that )Lillo

i, eounts the number of the desired decom-

positions of w;, as we wanted. [

Now, we are ready to apply the above machinery to compute the antipode of
S(T+(V)) via the forest formula in Theorem 5.6. In order to write the forest formu-
las for a fixed w; € W, we need to describe 73, the set of decorated trees associated
with w;.

Proposition 5.10. Let w; € W C T4(V) be a non-empty word such that |w;| = n and
consider T, the subset of T € T; such that A(T) # 0. Then, there exists a surjective
map A : Sch(n) — T; such that |A~"(T)| = M(T), forany T € 7.

Proof. First, we will give the description of the map A, which is given by a decorated
version of the non-planar skeleton of z, sk(¢). Assume that w := w; = a; ---a, with
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ai,...,a, € V. We generalise the decoration of corollas to more general trees as
follows. Take a vertex v of ﬁ((t) and consider it as an internal vertex of ¢. Then,
let B, be the block of () associated with v. Then, we set d,(v) to be the index
such that wg, ) = wa,. For d;(v), note that v is the root of a sub-Schroder tree
t" of ¢ consisting of v and all its descendants. By setting Cy = (Jpe,(,) B, We set
dy(v) to be the index such that wg, vy = wc,. With this construction, define A(r) as
the decorated tree T given by the non-planar skeleton of ¢ together with the previous
decoration of the vertices of sT<(t). Itis clear that if r is the root of T', then wg, () = wj.
Furthermore, the previous construction implies that, for any v € Vert(s~k(t)), Wy (v)
is a subword of wy, (). Also, the set of indices d; (succ(v)) := {di(x) : x € succ(v)}
is such that
{Wa, (x) : x €succ(v)} = {wg : K € K(By, Cy)}.

Hence, AZ}E:&C%()’;) = 0 for any v € Vert(sk(¢)), which implies that A(T) # 0 so that
A(T) € 7" and A : Sch(n) — T, is well defined.

Now, we prove that the map A is surjective. Take 7' € 7;'. The proof will be done
by induction on k = |T'|, the number of vertices of 7. If T is a single-vertex tree, i.e.,
k =1, we take t € Sch(n) to be the corolla with n + 1 leaves, which is the unique
Schroder tree such that A(¢) = T'. Otherwise, assume that T = BJ(:;iO)(Tl, o Ty),
where Tj is associated with w;; forany 1 < j <. Since A(T) # 0, then we have that

m :k?io
1s-

.y > 0.By Lemma 5.9, we can find m non-empty subsets A € [n] such that

w;, = wy and wA = w;, - ... w;,. Due to the possible repetitions in the subwords
w;j,;, there are sym(B_(T')) ways to allocate the decorated trees T, ..., Ts to the
subwords wg, , ..., wk,, where K(A4) ={Ky,..., K}. Moreover, since |T;| < k, we
can find A(7}) different Schroder trees t; € Sch(|Kj|) such that their corresponding
decorated skeletons are given by the same 7}, for each 1 < j <. Hence, by grafting
properly the Schroder trees 1, . . ., s to a corolla with | A| + 1 leaves, we can construct

msym(B_(T))A(T1) -+ A(Ty) = A(T)

Schroder trees ¢ € Sch(n) with k internal vertices such that A(¢) = T, which com-
pletes the proof. ]

The main application of the previous proposition is that it allows us to rewrite the
forest formulas (5.4) and (5.6) in terms of Schroder trees. In particular, the second
sum in (5.4) can be indexed by k-linearisations of the skeleton of Schroder trees. For
the purpose of writing the formulas, we introduce the following notation.

Notation 5.11. Let w € T (V) be a non-empty word on V such that |w| = n. For
t € Sch(n) such that 7(¢) = {By,..., B;} and f € k-lin(sk(¢)), we define

b= [] ws=ws, ... wp, €S(TH(V))
Ben(t)
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and
c(w,t, f):= ( l_[ wB) - ®( 1_[ wB) € S(TH(V))®*,
Bem Bemy
where 7; is the collection of blocks of 7 (¢) associated with the internal vertices v of
t such that, regarded as elements of the poset sk(z), v € f~1(j),for1 < j <k.

Finally, we combine the description of the decorated trees in Proposition 5.10 with
the forest formulas in Theorems 5.5 and 5.6 in order to obtain the advertised formulas
for the iterated reduced coproduct and the antipode in S(T4 (V")) in terms of Schréder
trees.

Theorem 5.12. The iterated reduced coproduct ng] and the antipode Ss in S(T(V))
can be written as

Alw = 3 3w s oy
t€Sch(n) £ ek-lin(5k(r))

Sswy= 32 (), 02
t€Sch(n)

foranywordw = ay---ap, € T (V) and k > 1.

Remark 5.13. The identity (5.9) can also be obtained in the context of algebraic
structures on combinatorial species. It appears in [1, Prop. 25.2] as the antipode for-
mula for the commutative Hopf monoid of paths, and in [28, Thm. 1] as the antipode
for the natural Hopf algebra over an operad. More precisely, the latter reference
discusses the construction of a graded Hopf algebra on the free algebra of types of
combinatorial structures of a species p, where the coproduct is defined directly from
a (symmetric) operad on p. In particular, when p corresponds to the species of linear
orders and we consider the associative operad Ass, the Hopf algebra S(T4+(V)) is a
decorated version (decorated by elements in V') of the resulting natural Hopf algebra
associated with Ass, up to twisting the components of the tensors in the coproduct.
The advantage of our presented approach is that we are able to provide a formula in
terms of Schroder trees, given in (5.8), for the iterated reduced coproduct.

6. The antipode formula of T(T4(V)) in terms of Schroder trees

Motivated by the formulas obtained in Theorem 5.12 for the antipode in S(T(V)),
it is natural to ask if analogous formulas hold for the case of T(T(V')). In case of a
positive answer, one should give a proper order in which words are multiplied due to
the non-commutativity of the double tensor Hopf algebra. In this section, we study
this issue in detail and also present and prove combinatorial formulas for the iterated
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reduced coproducts and the antipode S in T(T4 (1)) in terms of Schroder trees. More
precisely, we obtain a Schroder tree-type formula for the action of the reduced cop-
roduct on products of words, which will be used to obtain a combinatorial formula for
the iterated reduced coproduct. Finally, by analysing the cancellations in Takeuchi’s
formula (5.5), we will then arrive at a formula for the antipode in the double tensor
Hopf algebra.

Remark 6.1. Let r be a Schroder tree. Recall that the set of internal vertices of ¢,
Int(z), i.e., the set of vertices of sk(z), can be regarded as a poset. Furthermore, the
planarity of ¢ induces a natural total order on Int(¢). More precisely, if v, w € Int(z),
we have that v < w if w is a descendant of v, or if v is to the left of w in the planar
representation of 7. This total order is called the planar order on Int(t).

6.1. Action of the reduced coproduct on products of words

We are interested in computing the antipode by using Takeuchi’s formula

Sw) =Y (=m0 A ()

k>1

for w = aq ---a, € T4(V). By the definition of the iterated reduced coproduct, it
will be convenient to have a combinatorial formula, in terms of Schrdder trees, for
the action of A on products of words. To this end, recall that a Schroder forest is an
ordered sequence of Schroder trees F = (f1, ..., ty). Also, the skeleton of F, sk(F'),
can be regarded as a poset. In particular, it makes sense to consider k-linearisations of
sk(F). For the particular case of 2-linearisations, notice that a Schroder forest F' that
has a 2-linearisation f is either a forest formed by two corollas, or a forest formed by
corollas and at least a Schroder tree of height 2. Observe that the elements in f (1)
form a subset of the roots of the Schroder trees in F.

Now, let w = wy| -+ |wy € T+ (V)®™ be a product of non-empty words with
|wi| = n; for any 1 <i < m. Also, let F = (t1,...,ts) € FSch(ny,...,n,) be
a Schroder forest, and consider a 2-linearisation f € 2-lin(sk(F)). Since F is an
ordered forest, we can order the elements in £ ~!(1) = {vy,...,v;} from left to right.
Now, for each i € [m], we set B; C [n;] as follows: first, label considering the natural
labelling of #; by the elements of [1;]. Then, if the root of ; is notin f~1(1), we set
B; := 0. Otherwise, if vj, € f7!(1) is the root of #;, then B; is given by the labels of
the sectors adjacent to v;;. With this, we set

di(w, F, f) := (w1)B, | [(Wm)B,,

On the other hand, let u;, ..., Ui, be the internal vertices of #; such that f(u; j) =2,
for 1 <i <m.Iftherootif; isin f ~1(2), then ¢; is necessarily a corolla and s; = 1.
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In this case, we set D;, := [n;]. Otherwise, we can order the vertices u;, <:-- < Uiy,
according to the planar order of #;. Next, by labelling the sectors of #; with its natural
labelling, we define D;; to be the subset of [n;] given by the labels of the sectors
adjacent to Ui, for I < j <s;. Hence, we can define

dr(w, F. f)

= W0y, |+ (WD, (W), [+ (WD [+ 1) Dy, |-+ | W) Dy,

From this notation, we can finally state a Schroder forest-type formula for the reduced
coproduct of products of words as follows.

Lemma 6.2. Let w = wy| -+ |w, € T4 (V)®™ be a product of non-empty words in
T+ (V). If n; := |w;| for any 1 <i < m, then the action of the reduced coproduct on
w is given by

A(w) = > Y di(w.F.h)@dy(w. F.h).  (6.1)

F €FSch(ny,...,nm) he2-lin(sk(F))

Proof. The proof is an adaptation of the proof of [29, Lem. 11]. For the reader’s con-
venience, we present a complete proof. The proof is done by induction on m > 1. The
base case m = 1 follows using the same argument that in Lemma 5.8 and taking into
account the order of the product of subwords that appears in the second component
of A. Now, assume that the relation in (6.1) is true for a fixed m > 1. We will prove
that the equation is also valid for m + 1.

For the proof, let wy, ..., Wy, Wy+1 be non-empty words in 74 (V') and consider
the product w = w’|wy,+1, where w’ = wq|- - - |w,,. Since A is an algebra morphism,
we have

Aw) = AW |wmi) — w1 —1®w
= (AW + 0 @1+ 18 wW)|(AWnt1) + Wnt1 @1+ 1 & wpt1)
—wRlI-1Qw
= AW)[A(Wm+1) + A@) | (Wnt1 @ 1) + Aw)|(1 ® W 1)
+ (' @ DA (Wmt1) + (1 @ w)| A1)
+ w0 @ Wyt + Wna1 @ W, (6.2)

Let us analyse the first of the seven terms on the right-hand side of the above
equation. By the induction hypothesis, the term A (w’)|A(wy, 1) is equal to

R@)A@ni)=( 2 > d P @dw, F )
F’€FSch(ny,...,n;) he2-lin(sk(F’))

| < > > dl(wm-i—latvf)®d2(wm+l7[’f))'

teSch(n,,4-1) f €2-lin(sk(?))
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First, observe that, given F’ € FSch(n1,...,n,) andt € Sch(ny,+1), we can construct
F € FSch(ny,...,nu+1) by adding ¢ at the end of the sequence F. Furthermore,
given h € 2-lin(sk(F”)) and f € 2-lin(sk(t)), we construct g € 2-lin(sk(F)) by setting
g() = h(v) if v € Vert(sk(F’)) and g(v) = f(v) if v € Vert(sk(z)). Notice that, in
particular, g is a 2-linearisation such that the sets g~ (i) N Vert(sk(F’)) and g71(i) N
Vert(sk(¢)) are non-empty, for i = 1, 2. Hence, the above sum can be indexed by the
described pair (F, g), and the corresponding term in the sum is precisely

dl (m/v F/’ h)|d1 (wm-l—lv t, f) ® dZ(m/’ F/’ h)le(wm-i-lv Z, f)
=d1(m7Fvg)®d2(m7F7g)' (63)

Working in the same way, it turns out that each of the remaining six terms on the
right-hand side of the last equation in (6.2) can be rewritten as a double sum indexed
by Schroder forests

F e FSch(ny,....nm,)

given in the same way as in the first case, and a 2-linearisation g of sk(F') given as

follows:

o for A(w)|(wms1 ® 1), g is such that g(v) = 1 for any v € Vert(sk(¢)), and
g 1) N Vert(sk(F")) # @ fori = 1,2;

o for A(w)|(I ® Wmi1), g is such that g(v) = 2 for any v € Vert(sk(¢)), and
g 1(i) N Vert(sk(F")) # @ fori = 1,2;

o for (W' ® 1)|A(wmy1), g is such that g(v) = 1 for any v € Vert(sk(F”)), and
g 1(i) N Vert(sk(t)) # @ fori = 1,2;

o for (1 ® w)|A(wmy1), g is such that g(v) = 2 for any v € Vert(sk(F”)), and
g 1) N Vert(sk(t)) # @ fori = 1,2;

e for w’ ® w41, g is such that g(v) = 1 for any v € Vert(sk(F”)), and g(u) = 2
for any u € Vert(sk(t));

s for w41 ® W', g is such that g(v) = 2 for any v € Vert(sk(F’)), and g(u) = 1
for any u € Vert(sk(z)).

Conversely, it is clear that

FSch(ny,...,nm) x Sch(nm+y1) 3 ((t1, ..., tm), 1)
= F = (l‘l,.‘.,lm,l) € FSch(nl,...,nm,an)

is a bijection, and any g € 2-lin(sk(F')) can be obtained in a unique way as one of
the previous seven cases discussed. Hence, we have that the right-hand side of (6.2)
can be re-indexed as a sum of pairs (F, g) € FSch(ny,...,nm,, nmy1) X 2-lin(sk(F))
and, by the definition of d;, the corresponding term indexed by (F, g) is as on the
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right-hand side of (6.3). Therefore, we finally conclude that
A(w) = >, Y di(w.F.g) ®dy(w. F.g)

F €FSch(ny,...,n;;41) gE€2-lin(sk(F))

so that the induction and the proof are now complete. |

6.2. Action of the iterated reduced coproduct

The formula obtained in equation (6.1) is one of the ingredients to obtain a Schroder
tree-type formula for the iterated reduced coproduct. In the same way as the commut-
ative case, the formula will be indexed by k-linearisation. However, in order to take
into account the non-commutativity in T(T4 (1)), it will be convenient to introduce
the following notation.

Notation 6.3. Let t € Sch(n) and f € k-lin(sk(¢)). Also, recall that i (¢) stands for
the number of internal vertices of ¢. Then, we denote by f : sk(t) — [i(¢)] the unique
order-preserving bijection given by the following conditions:

(1) if f(v) < f(w), then f(v) < f(w);
) if f_l_(j) = {v1,...,vs}, where v <--- < vy according to the planar order,
then f(v;) = f(v1) +i—1,foreveryi =1,...,s.

Let ¢t € Sch(n) and consider its associated non-crossing partition 7 (¢) € NC(n).
In addition, if f is a k-linearisation of sk(¢), then the map f induces a total order
on the blocks of m(z) which respects the partial order given by the nestings of the
blocks. In other words, the pair (¢, f_ ) can be equivalently regarded as a monotone
partition (¢, f) = (C1,..., Ci@)). By setting ji, ..., jx—1 to be the indexes such
that Cj;_,+1.Cj,_, 42, ..., Cj; (with jo = 0 and jx = i(¢)) are the blocks whose
associated internal vertices satisfy that f(v) = i,fori = 1,...,k, we can also write
m(t, f) = (Cjy+1,...,Cj.). Thus, foraword w = a;---a, € V®" we define the
element c(w, t, f) € T(T4(V))®* by the recipe

cw.t. f) = we;p |- lwey, ® we;, |-+ lwe, ® - ®we;, 4|+ lwey, -

For instance, for the following Schroder tree with 11 leaves and with labelled vertices
representing a linearisation, we have the construction for a word w = a; ---ajg given
in Figure 7.

Observe that, by definition, the element c(w, ¢, f) is simply a k-order pure tensor
obtained from the Schroder tree ¢, whose components are indexed by the k-linearisa-
tion f and, in the case that there are two or more elements with the same index, we
multiply them from left to right, following the definition of the coproduct A. With
this notation, we can now state and prove the following formula for the k-th iteration
of the reduced coproduct in terms of Schroder trees and k-linearisations.
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7(t) = {{1.5,6},{2,3}, {4}, {7}, {8,9,10}}

ﬂ(l,f)Z({l, 57 6}’{7}’{27 3}7{87 97 10}’{4}) C(w’ t, f)Zala5a6®a7®aza3|a8a9a10®a4

Figure 7. Construction of c¢(w, ¢, f) given a Schroder tree ¢ with f € 4-lin(sk(¢)) and a word w.

Theorem 6.4. For aword w = ay---a, € T+ (V) and k > 1, we have

APy = 3" 3" c.t f). (6.4)

teSch(n) f ek-lin(sk(t))

Proof. Analogously to the case of Lemma 6.2, the present proof is an adaptation of
the proof of [29, Lem. 12], and we also provide a complete proof. The proof is done
by induction on k > 2. The base case k = 2 follows from Lemma 5.8. Now, assume
that the relation in (6.4) is true for a fixed k > 2. We will prove that the (6.4) is valid
fork + 1.

Let w = ay ---a, € T+(V). By the definition of the iterated reduced coproduct
and the induction hypothesis, we have that

AR ) = (d®* D @A) o AR (w)

=2 X deed, 8
teSch(n) f €k-lin(sk(z))

where we have written ¢(w, ¢, f) = le (X)---(X)c,{.lfc,zr = wq|---|wm, where n; :=

|w;| for 1 <i < m, we can use Lemma 6.2 in order to write

Ale]) = > Y dted!

F eFSch(ny,...,nm) he2-lin(sk(F))

so that we have

ARty = 3 > o @@  ®dledl
teSch(n) F€FSch(ny,....nm)
fek-lin(sk(r))  he2-lin(sk(F))
Our objective is to rearrange the above sum as a sum indexed by pairs (¢/, g), where
t' € Sch(n) and g € (k + 1)-lin(sk(z')). First, consider ¢ € Sch(n), f € k-lin(sk(z)),
F € FSch(ny,...,ny), and h € 2-lin(sk(F)). By definition, a forest F that provides
a non-zero contribution in the above sum is either a forest formed by two corollas, or



Schroder trees, antipode formulas and non-commutative probability 445

a forest formed by corollas and at least a Schroder tree of height 2. Every Schroder
tree in F appears by applying the coproduct on a factor of ¢ ,{ , which is indexed by an
internal vertex of ¢. Each of these internal vertices, together with its adjacent sectors,
defines a corolla. Thus, we can replace each of those corollas with the corresponding
tree in F, obtaining in this way a Schroder tree ¢* with n + 1 leaves. On the other
hand, observe that the vertices in the set £ ~1(k) form the subset of leaves of sk(¢) that
coincides with the roots of the trees in F. In particular, 2~1(1) € f~!(k). Thus, we
can define g € (k + 1)-lin(sk(¢’)) by setting g(v) =mifve f~'(m)and 1 <m <k,
gv) =kifveh(1),and g(v) =k + lifv € h~1(2).
Conversely, let ¢’ € Sch(n) and g € (k + 1)-lin(sk(¢")). Then, we can consider

* F to be the forest of Schroder trees given by the subtrees generated by the internal
vertices g1 (k) U g7 1(k + 1) as well as their children;

*  h:sk(F)— [2] to be the 2-linearisation given by the standardisation of the restric-
tionof g to g7 1 (k) U g7 ' (k + 1);

* { to be the Schroder tree with n + 1 leaves obtained from ¢’ and F as follows: if
ty is a Schroder tree in F with j, leaves, we replace ¢, in ¢’ by a corolla with j,
leaves;

*  f:sk(t) — [k] to be the k-linearisation given as follows: f(v) = g(v)if g(v) <k,
and f(v) =k if g(v) > k.

In particular, notice that f is a k-linearisation and f~!(k) are the leaves of sk(z) that
coincide with the roots of the trees in F'. Finally, observe that the above construction
provides a bijection so that we can write

s ¥ Y dended,
teSch(n) ge(k+1)-lin(z)

=YY e,

teSch(n) ge(k+1)-lin(?)

as we wanted to prove. ]

Example 6.5. In the context of the previous theorem, let us compute the k-th iteration

of the reduced coproduct on a word w = ajazasz fork = 1,2, 3.

e k = 1. In this case, we have Z[l](a1a2a3) = ajasas, which corresponds to the
1-linearisation of the corolla O%o

* k = 2. In this case, the reduced coproduct is indexed by the following Schroder
trees with 4 leaves and 2-linearisations:

In R g0 A A Ly

5[2](a1a2a3)=a1a2®a3 +ajaz®arz+azraz®a)+a1®araz+az®ajaz+ar®ajilas
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* k = 3. Finally, we have that the next iteration of the reduced coproduct is indexed
by the following trees with 3-linearisations:

oA

az®a; @az ar ®az Raz

E

+a1®ax®az  + ax2®a;®az + ax®a3z®aj

ABNajazas) =

Observe that the last two terms correspond to the two 3-linearisations of 5 5 .

6.3. Ascent-free linearisations

Our final step is to describe which k-linearisations will contribute to Takeuchi’s for-
mula for the antipode in T(T4+(V)).

Definition 6.6. Let w = a1 ---a, € T+ (V) be a word. We define
we, ) i=mMocw,t, f) = we, lwe, |-+ lwe, -

for any ¢ € Sch(n) and f € k-lin(sk()). Here, (¢, f) = (C1..... Ci(1)) is the mono-
tone partition associated with the pair (¢, f) with f is as defined in Notation 6.3.

It is readily to see that w(, ) = w(, 7):1.e., W, s) only depends on f via f. We
can also see that, in Takeuchi’s formula, we will have cancellations given by different
k-linearisations f that have the same i (¢)-linearisation f. More precisely, we have

Swy=Y =Dk Y Y wep

k>1 teSch(n) f €k-lin(sk(z))
> Y ww(X X v 6
t€Sch(n) g€i(¢)-lin(sk(z)) k>1 fek-lin(sk(z))

f=g

In order to analyse which i (¢)-linearisations will have a non-zero contribution to
the above sum, we introduce the following notion.

Definition 6.7. Let ¢ be a Schroder tree, and let (vy, ..., v;(y)) be the sequence of
internal vertices of ¢ ordered increasingly according to the planar order. Also, let
f € k-lin(sk(¢)) as well as its associated f € i(r)-lin(sk(r)). For 1 < j < i(t), we
say that f has an ascent on j if v; is not the parent of v;; and f(vj) < f(vj+1).
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The quantity
m(t, f):=|{1 < j <i(t): f has an ascent on j}|
is called the ascent number of t.

We notice that the definition of the ascent number m (¢, f) only depends on f via
£ sothatm(z, f) = m(t, ). In addition, for any Schroder tree ¢, we can construct an
i(t)-linearisation f such that m(z, f) = 0. Indeed, we can take the labelling induced
by a mirrored pre-order traversal on sk(z): if sk(z) = B4(t1,...,ty), we visit the root
of sk(¢), then orderly visit t,,, t;,—1, ..., 11 by mirrored pre-order traversal. It is not
difficult to show that there is no other f such that m(z, ) = 0, which motivates the
following definition.

Definition 6.8. Let ¢ be a Schroder tree. We say that g € i (¢)-lin(sk(?)) is ascent-free
if m(t, g) = 0. The unique £, € i(¢)-lin(sk(z)) such that m(z, ;) = 0 is called the
ascent-free linearisation of t.

It turns out that the only g € i(¢)-lin(sk(z)) that have a non-zero contribution
in (6.5) are those that are ascent-free. More precisely, we have the following lemma.

Lemma 6.9. Let t be a Schroder tree and consider g € i(t)-lin(sk(t)). Then,

Z Z C1)F = { (=IO ifgis a.scent—free, 66)
k=1 f ek ainGsk(1)) 0 otherwise.
f=g
Proof. We will prove the lemma by induction on i (¢), the number of internal vertices
of t. The case i () = 1 is trivial since the only 1-linearisation that exists is ascent-free.

Now, assume that (6.6) is valid for Schroder trees with at most m internal vertices,
and take a Schroder tree ¢ with i(#) = m + 1. The idea is to describe the set of k-
linearisations of sk(z) in terms of a smaller tree. More precisely, let v, be the internal
vertex of ¢ such that g(vy) =i (¢). Since g is order-preserving, we have that v, is a leaf
of sk(t) so that if ¢ stands for the corolla determined by v, and their children in ¢, we
have that ¢’ = 1\ ¢ is a Schréder tree (replacing the root of ¢ by a leaf) with i (t') = m.
In addition, g restricted to Int(¢'), denoted by g’, is also an i (¢')-linearisation of sk(z’).
We then have the following two cases.

(1) g does not have an ascent on i(t’) = i(¢t) — 1. In this case, for any f k-
linearisation such that f = g, we can equivalently find a (k — 1)-linearisation such
that f/ = g’ by taking the restriction of f to Int(¢’) = Vert(sk(")). Conversely, given
f’ e (k — 1)-lin(sk(z')) such that f’ = g, we can find f € k-lin(sk(¢)) such that
f = g by defining f(vy) = k. Observe that we cannot define f(vy) = k — 1. Other-
wise, if v, is the internal vertex of ¢’ such that g’(vy) = i(¢'), then f'(vy) =k — 1.
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Since f” is strictly order-preserving, we have that vy, is not the parent of vy. In addi-
tion, since g does not have an ascent on i (f) — 1, then vy < v,, in the planar order on
Int(¢). However, f(vx) = f(vy) would imply that g(vy) < g(vy), which contradicts
the fact that v, is maximal. Therefore, we have

DD DENCE V) DD DN Ca b

k=1 f ek-lin(sk(r)) k=1 fek-lin(sk(1'))
f=g =g’
B —(=1)!®) if g’ is ascent-free,
-0 otherwise

B { (=1)I® if g is ascent-free,

0 otherwise,

where we used the induction hypothesis in the second equality, and in the last equality,
we used the fact that if g does not have an ascent on i (¢) — 1, then g is ascent-free if
and only if g’ is ascent-free.

(ii) g has an ascent on i(t'). In this case, we have that m(z, g) > 0 so that g is not
ascent-free. In a similar way to the previous case, an element f’ € (k — 1)-lin(sk(z'))
produces the following two maps:

(1) f1 € k-lin(sk(z)) by setting f1(vx) = k and fi1(v) = f’(v) for any v €

Vert(sk(z'));
(2) f> € (k — 1)-lin(sk(z)) by setting f>(vy) =k — 1 and fo(v) = f'(v) for any
v € Vert(sk(z')).
Unlike the previous case, the fact that g has an ascent on i(z) — 1 implies that f,
in case (2) above is well defined. Conversely, any f € k-lin(sk(¢)) can be obtained
in a unique way from [’ = f|m) as fi or f> depending on if f(v,) = f(vyx) or
f(vy) < f(vy), respectively, where v,, is the internal vertex of ¢’ such that g’(vy) =
i(¢"). Thus, we have

)ORED DENCIED B G DI G LS IR GV

ke>1 f ek-lin(sk(z)) k=1 f'e(k=1)-lin(sk(r')) ' ek-lin(sk())
f=g =g’ f'=g
_ — (=1 4 (=1)I)  if g’ is ascent-free,
B { —0 otherwise.
=0,

where we used the induction hypothesis in the second equality. This completes the
induction, and therefore, the lemma is proved. [
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By combining (6.5) with the previous lemma, we finally arrive at one of the main
results of the paper: a formula for the antipode in the double tensor Hopf algebra
indexed by Schroder trees.

Theorem 6.10 (Antipode formula in the double tensor Hopf algebra). The action of
antipode S in T(T(V)) can be written as

Swy= Y )'Cuw, (6.7)

t€ Sch(n)

for any word w = ay ---a, € T4(V), where w; := W, £oPy GS in Definition 6.6 and
fiP sk(t) = [i@)]

is the ascent-free linearisation of t.

Example 6.11. The following computations show how Schrdder trees Sch(zn) index
the formula for the antipode on words of lengths n = 1,2, 3.

N

S(ar)) = —ai
Slaraz) = —arax + ailax + azla
S(a1azaz) = —aiazas + azaslar + aiaszlaz + ajazlas

A S s

+aslaiaz + ailazaz — aszlaz|lay — aslailaz

PO

—atlazlaz — ailazlas — aszlas|ay

As an immediate consequence of Theorem 6.10, we obtain a formula for the
inverse of a character on T(T4 (1)) in terms of Schroder trees.

Corollary 6.12. For a character ® on T(T+(V)), we have

**'(w) = (@oSH(w) = Y (=D)'O P, (w),

t€ Sch(n)
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for any word w = ay ---an € T (V), where

O (w) = w;) = [] ®ws) = ¢ry(@r,....an).
Ben(t)

Proof. The result follows immediately from the fact that ® is multiplicative and (6.7).
]

Remark 6.13. As in the case of S(T4(V)), our formula for the antipode of the double
tensor Hopf algebra T(T(}')) can be obtained from a particular case of the non-
commutative natural Hopf algebra on a non-symmetric operad. Here, we consider the
operad Ass as a non-symmetric operad. In [28, Thm. 4], Liendo and Méndez give a
non-commutative analogue of the natural Hopf algebra over an operad, which yields
a bialgebra structure on the free non-commutative algebra generated by isomorphism
classes of a combinatorial species defined over sets endowed with a linear order (also
called rigid species). In particular, the Hopf algebra T(T(}')) is a decorated version
of the non-commutative natural Hopf algebra generated by Ass up to twisting the
components of the tensors in the coproduct. While the proof given in [28] establishes
the result by verifying that the proposed formula satisfies a recursion for the antipode,
our proof has the additional advantage of providing explicit formulas for the iterated
reduced coproducts in terms of Schroder trees.

6.4. A relation with the Schroder operad

The antipode formula obtained in Theorem 6.10 resembles the inverse of the series of
corollas in the group associated with the operad of Schroder trees in [25]. More pre-
cisely, the Schroder operad is given by the collection of vector spaces 8 = {S,}n>1,
where §,, is the vector space generated by Sch(n — 1) for any n > 1, together with a
composition map

0:85, ® Skl ® - ® Sk, — Sk1+-"+kn

such thatfy ® 11 ® - - - ® ¢, is mapped to the tree #45(¢1, . . ., 1) obtained by replacing
the leaves of #¢, from right to left, by the trees ¢4, ..., t,. The composition map o
satisfies several properties; for the general definition of an operad, we refer the reader
to [11, Appx. B].

Associated with any operad, we can construct a group using a construction due to
Chapoton and Livernet [14, Sec. 4]. For the Schroder operad, consider the space

Gsz{Zptt:pte]K,pozl},

t€Sch
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where o stands for the single-vertex tree, and if
p= ZP:I, q= Z(]tt
t€Sch t€Sch
are elements in G, then the product
pOqg:=r= Z ret
t€Sch
is given by the coordinates
e = Z D4ty "4y
10,01 5eees tn € Sch

t=t00(t1,...,tn)

Recalling that C(;, 1) stands for the corolla of 7 leaves, it is possible to show that the
series of corollas

fC = o+ ZC(,H_]) € Gg

n>1

has an inverse given by

ge= Y (-1))®: (6.8)

t€Sch

[25, eq. (65)]. In other words, we have that f. © g, = o.
Now, let V' be a vector space. For any element p € Gg, we can construct the map

0(p) - T(V) = T(T4.(V)) by

p= pitr (0 0@ i= > pa),

t€Sch teSch(Jw|)

for any w € T(V'), where w, is as in the statement of Theorem 6.10. In the particular
case of the series of corollas f., we have that 6( f;) is the identity map on T(V'). The
following result provides an interpretation of the antipode S of T(T4+(V)) in terms of
the Schroder operad via the 6 map.

Proposition 6.14. Let V be a vector space and S the antipode of T(T1 (V). Moreover,
let g; be the series given in (6.8) and consider the map 0(g.) and extend it to an anti-
homomorphism of algebras

0(ge) : T+ (V)) = T(T+(V)).

Then, 6(g;) = S.
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Proof. In general, let

QZZQtf

t€Sch
be an element in Gg, where § is the Schroder operad. Also, we extend 6(g) to
T(T4(V)) as an anti-homomorphism of algebras. Then, we have for a word w € V&
the following convolution product on Lin(T(T+(V)), T(T+(V))):

idr(ry vy *0(q)(w)
= Z wy | 0(q)(wk, |wk, |-+ |wk,)

AC[n]
= > wa | 0(@)(wg,) | -+ | (@) (wk,) | 6(q)(wk,)
AC[n]
=Y wl( Y an)n) (Y gk
AC[n] t1€Sch(lwg|) ts€Sch(lwk )
= > Gty qrwa | (Wr)ey |- | (Wi, sy
AC[n]
tieseh(wg ;1)
1<i<s

It is not difficult to see that the previous sum can be indexed by the elements of Sch(n).

Indeed, given A C [n] and t; € Sch(|wg |) for 1 <i <s, we set t( to be the corolla

s+1—i
with £ := |A] 4 1 leaves. Moreover, we augment the list 7, . .., ts toalist#{, .. ., té by
adding single-vertex trees in a such a way that the tree t := 1o5(t{, ..., ;) € Sch(n)
satisfies that w; = wa|(wk,)s |-+ [(Wk,)s,. It is clear that ¢ is uniquely defined so

that we can write for any ¢ € Gg :

idrer, () *0(@O W) = Y ( > CIzl'-'%m)Wz

t€Sch(n) 105---stm €Sch
to is a corolla

t=t00(t1 5-..,tm)

= 0(fc © q)(w).

In particular, taking ¢ = g. in the above equation leads to
idrry () ¥0(ge) (w) = O(fe © ge) = 0(0)(w) = e(w)1  forany w € V"

The previous relation implies that 6(g.) is an anti-homomorphism of algebras which
coincides with the antipode S of T(T(V)) on T(V), and hence, 8(g.) = S. [

7. Applications of the antipode formula in moment-cumulant relations

In this final section, we apply the formula for the antipode in the double tensor Hopf
algebra provided in Theorem 6.10 in the context of non-commutative probability
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theory. First, we recover the alternative presentation, given in [5, 25], of the formu-
las for the free, Boolean, and monotone cumulants-to-moments formula in terms of
prime, Boolean, and general Schroder trees, respectively. We also present a new for-
mula, expressing the inverse of the moment map in the double tensor algebra as a
signed sum of moments. Finally, we obtain a new formula for the free Wick map in
terms of Schroder trees.

7.1. Free cumulants in terms of Schroder trees

Let (A, ¢) be a non-commutative probability space and consider its free and Boolean
cumulants {k, },>1 and {b, }»>1, respectively. By Mobius inversion, the combinatorial
moment-cumulant relations (4.1) and (4.2) can be inverted to write cumulants in terms

of moments:
kn(ay,...,an) = Z Moebncp) (7, 1n)@x(ar, . ... an), (7.1)
weNC(n)
ba(ar.....an) = > (D" gr(ar.....an), (7.2)
7 €NClnt(n)
forany ay,...,a, € 4. From the shuffle-algebraic point of view, the above formulas

should be encompassed when inverting the respective shuffle fixed-point equations
in (3.5).

More precisely, consider the double tensor Hopf algebra T(T(+4)) as well as the
character ® on T(T4(+A)) extending ¢, as we considered in (4.4). From Theorem 4.3,
the infinitesimal character ¥ given by ® = ¢ 4+ k < ® agrees with the free cumulant
kn(ay,...,a,) when we evaluate it on a word w = a; ---a, € T4 (+). The previous
equation can be written as

b—e=x<9o.

Using the shuffle identities (3.3), we have

K=kK<¢
=k < (P x d* 1)
= (k < ®) < O*!
= (P —¢) < d* L

If S stands for the antipode in T(T1(#4)), then Corollary 6.12 suggests the connec-
tion between Schroder trees and the cumulant-moments relations. More precisely,
we can directly recover [25, Thm. 4.2], which was proved initially employing non-
commutative symmetric functions and an unshuffle bialgebra of decorated Schroder
trees.



A. Celestino and Y. Vargas 454

Proposition 7.1 ([25, Thm. 4.2]). Let (A, ¢) be a non-commutative probability space

and {ky }n>1 its free cumulants. Then, for any ay, . ..,a, € A, we have
kn(@y.....an) = Y (=D)'O7 Mg (ar.....an). (7.3)
t€PSch(n)

The proof of the above proposition relies on the following simple yet useful bijec-
tion.

Lemma 7.2. For every n > 0, the set of prime Schroder trees PSch(n) is in bijection
with the set

R = {(A,Zl,...,l|K(A)|) :1leAC [n], tj € SCh(lKjl), forl <j= |K(A)|}

Proof. First, we start with a prime Schroder tree ¢ € PSch(n) and consider its associ-
ated non-crossing partition 7 (¢) € NC(n). We take A to be the block in 7 (¢) associated
with the root of 7. Since ¢ is prime, we have that 1 € A. Moreover, if K(A) =
{K1,..., K} is the decomposition of [n]\ A4 into its connected components, then for
each 1 < j < s we define #; € Sch(|K|) to be the Schroder sub-tree of ¢ determ-
ined by the internal vertices of ¢ such that the union of their associated blocks in
n(t) is Kj, as well as all the descendants of such vertices. In this way, it is clear that
(A, t1,...,t5) € R. Conversely, take (A4,t1,...,t;) € R. Forevery 1 < j <3, we
consider 7k (#;) to be the non-crossing partition in NC(K;) obtained by applying
the unique increasing bijection from [|K|] to K to the blocks of 7 (z;). Then, we
construct ¢ € PSch(n) by grafting #1, ..., to a corolla with |4| 4+ 1 leaves in such a
way that

(1) = {A} Ung, (1) U--- Uk, ().

Since 1 € A, we have that ¢ is indeed prime. It is easy to see that both constructions
are invertible to each other so that we have a bijection between PSch(#) and R. |

Proof of Proposition 7.1. Consider the double tensor Hopf algebra T(T(+4)) as well
as the character ® on T(T4+(4)) extending ¢. We also consider « to be the infin-
itesimal character such that ® = &< (x), or equivalently, x = (® — ) < ®*~!. Let
w=a---a, € A®%". Using the definition of the left half-shuffle product and Corol-
lary 6.12, we have

k)= Y Pwa)(®oS)(wk, |- wk,)

1€ AC[n]

Yoo D D, (wk,).

1€AC[n] Jj=1t;€Sch(|K ;)
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Finally, by applying Lemma 7.2 to construct ¢ € PSch(n) of a given (A4, t1, ..., 1)
and noticing that i () = 1 +i(t;) + --- 4+ i (¢5), we obtain

kw)= Y (=)'O7®w),

t€PSch(n)

where we can conclude by recalling that ®; (w) = @) (a1, ..., an). ]

7.2. Boolean cumulants in terms of Schroder trees

The authors of [25] proved that (7.3) implies the free cumulant-moment formula (7.1)
so that the expansion in terms of Schroder trees is finer than the expansion in terms of
non-crossing partitions. The corresponding formula for the Boolean counterpart was
approached in [5] by similar methods to those in the free case. Unlike the free case,
the expansion in terms of Schroder trees for the Boolean cumulant-moment formula
is equivalent to the expansion in terms of interval partitions. For the sake of complete-
ness, we present and prove the following result, which exhibits the mentioned relation
between Boolean cumulants and Schroder trees, analogously to Proposition 7.1.

Proposition 7.3 ([5, Prop. 6.3]). Let (A, ¢) be a non-commutative probability space

and {by }n>1 its Boolean cumulants. Then, for any a1, ...,a, € A, we have
bu(ar.....an) = Y (=)' O7grq)(ar.....an).
t€BSch(n)

As in the previous section, we present a bijection that will be useful for proving
the above proposition.

Lemma 7.4. For every n > 0, there is a bijection between
Ry :={(A,t) :0#ACH{2,...,n}, t € Sch(|A])}

and the set Ry of the pairs (t', d) satisfying the following conditions:
(1) t’ € Sch(n) \ PSch(n);
(ii)  the block B € w(t') such that 1 € B is the block associated with the leftmost
leaf of sk(t');
(iii) d : Leaf(sk(z')) — {0, 1} is a map such that d(vf,) = 1, where Leaf(sk(t))
stands for the set of leaves of sk(t'), and vf, stands for the leftmost leaf of
sk(t").

Proof. Let A C [n] be a non-empty set such that 1 € A, and ¢ € Sch(|A]). We can
construct an element ¢’ € Sch(n) as follows: let K(A4) = {Ki,..., K} be the decom-
position of [n]\A into its connected components. Then, for each 1 < j <, let ¢;
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be a corolla with |K;| + 1 leaves. Also, let m4(¢) be the non-crossing partition in
NC(A) obtained by applying the unique increasing bijection from [|A|] to A to the
blocks of 7(t). Next, construct ' € Sch(n) by grafting ¢;y,...,¢s to ¢ in such a
way that w(t') = ma(t) U{K1,..., K;}. The fact that 1 &€ A implies that 1 € K,
so that ¢/ € Sch(n)\ PSch(n), with K; being the block of 7(¢) associated with the
leftmost internal vertex of ¢/, denoted by v . Furthermore, we can encode the corol-
las that are grafted to ¢ in order to obtaln t’ by considering a colouring function
d : Leaf(sk(t")) — {0, 1}. By identifying Leaf(sk(z)) as a subset of Leaf(sk(z’)), we
set d(v) = 0 if v € Leaf(sk(¢)) and d(v) = 1 if v € Leaf(sk(¢’))\ Leaf(sk(¢)). In
particular, we have that d (vf,) =1.

The above discussion shows that we have a map from R; to R;. Furthermore,
note that the described procedure is reversible. This means, given ¢’ € Sch(n)\ PSch(n)
and d : Leaf(sk(¢')) — {0, 1} with d (vf,) = 1, and such that the block associated with
vf/ contains 1, we can produce a subset 1 € A C [n] and a Schroder tree ¢ € Sch(]A|) by
deleting all the corollas given by the leaves v of sk(z’) such that d(v) = 1, and setting
A to be the union of the blocks of 7 (¢") associated with the vertices in Int(¢) C Int(¢').
The facts that t' is not a prime Schréder tree and d (v ,) = 1 imply that the corolla
given by v?, ¢+ Will be deleted so that 1 ¢ 4. The above procedure establishes a bijection
between R and R,, as desired. [ ]

Proof of Proposition 7.3. As in the proof of Proposition 7.1, let ® be the charac-
ter extending ¢ on the double tensor Hopf algebra T(Tt(#4)). From Theorem 4.3,
we know that Boolean cumulants identify with the infinitesimal character 8 which
satisfies the right fixed-point equation ® = ¢ 4+ ® > B. Equivalently, the shuffle iden-
tities (3.3) imply that the previous fixed-point equation is equivalent to

B=(®oS) > (D—e).

Let w = a; ---a, € A®". Using the definition of the right half-shuffle product and
Corollary 6.12, we have

Bw)= > (PoS)(wa)P(wk,||wk,)

1¢€AC[n]

=Y (X ), (wA))l‘[d><wK>

1¢AC[n] teSch(|A])

=ow)+ Y. (Y 1o (wA))Hq><wK>

1¢ACn]  teSch(|Al)
A

where the first term in the last equality above follows from considering A = @ in the
second equality. By applying the bijection provided by Lemma 7.4 to the indexing set
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of the double sum above, we have

pawy= Y e Y ()OHTON g

t€Sch(n)\ PSch(n) d:Leaf(sk(z))—{0,1}
B, ¢ 31 d(wH)=1

where vf stands for the leftmost vertex of sk(z) and vi stands for the block in 7 (¢)

associated with vf. By rearranging according to the index k = |d~'(1)| and counting
the number of colourings d that satisfy this condition, we obtain

|Leaf(sk(z))|—1

_1)iO—1d O _ (_1yi)—1 ILeaf(Sk(t))l—l) ok
> (=i = (-1 Z( P (1)

d :Leaf(sk(¢))—{0,1} k=0
dwhH=1
— (_l)i(t)—l(l _ 1)\Leaf(sk(t))|—1
B { (—1)IO=1 if |Leaf(sk(r))| = 1,

0 otherwise.

Thus, the only Schroder trees ¢ € Sch(n)\ PSch(n) with vi > 1 that contribute to the
sum in (7.4) are those such that

|Leaf(sk(¢))| = 1,
and these trees are precisely the elements of BSch(n). Therefore, by recalling that

& (w) = ory(ai, ..., an),

we finally obtain

Bw)= Y ()'Ogrpar,... . ap),

teBSch(n)

which completes the proof. ]

7.3. Monotone cumulants in terms of Schroder trees

In [5], the authors obtained the monotone cumulant-moment formula via the Hopf
algebra of decorated Schroder trees described in [25] and the so-called Murua coeffi-
cients [32], which are defined by the expression

lz]

_1\k—1
o) =) %a)k(t),
k=1
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for any rooted tree ¢, where wg(¢) stands for the number of k-linearisations of ¢,
i.e., wg () = |k-lin(¢)|. Besides, in the work of Murua, these coefficients have also
appeared in [32, Rem. 12] in the context of numerical analysis of PDEs, in [10] in
the computation of the pre-Lie Magnus expansion in the free pre-Lie algebra on one
generator, and recently in [12] in the framework of cumulant-cumulant relations in
non-commutative probability.

We now present a proof of the monotone cumulant-moment formula, which is not
based on the calculation of the logarithm in the Hopf algebra of Schroder trees but on
the Schroder trees-type coproduct formula used to calculate the antipode in T(T4 (4))
obtained in Theorem 6.4.

Theorem 7.5 ([5, Thm. 1.1]). Let (A, ¢) be a non-commutative probability space,

and let {hyp}n>1 be the monotone cumulants. Then, for any ay, . .., a, € 4, we have
hn(ar.....an) = Y o k)gz@(@r.. .. an).
te€Sch(n)

Proof. By Theorem 3.6, if ® is the character extending ¢ on the double tensor Hopf
algebra T(T4 (»)), then the evaluation of w = a; ---a, € A%" on infinitesimal char-

acter
p = log*(®)
is the monotone cumulant 4, (ay, . .., a,). On the other hand, we have the expansion
R ) O “k
p=log"(®) =) ——(@—¢.
k>1

Letw =ay---a, € A®". Since (® — ¢)(1) = 0, we can use the iterated reduced
coproduct to compute its k-fold convolution power:

(@ — &) (w) = m&) o ©®F o Al (),

where mE(’:‘ I stands for the associative product of k complex numbers. Hence, by The-
orem 6.4 and using the fact that ® is an algebra morphism, we have the following

expression in terms of Schroder trees:

@-o%w) = > > mEoa® (., f)

t€Sch(n) f €k-lin(sk(z))

=2 ) %W

t€Sch(n) f €k-lin(sk(z))

= Z ok (sk(2)) P, (w),

t€Sch(n)
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where we write ®;(w) = [[pc, () P(wp). By replacing the above equation in the
expansion for log*(®), we obtain

(=D !
o(w) = Z B Z i (sk(1)) D¢ (w)
k>1 teSch(n)
)k—l

- Z (Z Flka(Sk(f)))%(;)(al, e, ay)

teSch(n) “k>1

= Y OkOWr(ar...an),

t€Sch(n)

as we wanted to prove. ]

7.4. A formula for ®*~1 in terms of non-crossing partitions

Following the approach of the combinatorial formulas for non-commutative cumu-
lants, the next result offers a formula for the evaluation of the inverse of a character
on T(T4+(#A)) in terms of non-crossing partitions.

Proposition 7.6. Let (A, @) be a non-commutative probability space, and consider
® the character( extending ¢ on T(T4(4)). Then, for a word w = ay ---a, € A®",
we have that

®*'(w) = Y Moebxcsn (@ lnr)@x(@r. ... an).
T eNC(n)

where T is the non-crossing partition in NC({0, 1, ...,n}) = NC(n + 1) given by
7:={{0}} Um.
Proof. By Corollary 6.12, we know that

O '(w) = (@oSH(w) = Y (D'Ogryar,....an).
t€Sch(n)

Since ¢ (;) depends only on the non-crossing partition 7 (¢) associated with 7, we can
group the above sum as

o 'w)y= Y Y ()" (ar.....an)

7 €NC(n) t€Sch(n)
n(t)=n

= Y [{r €Sch(n): w(t) = w}(—=D"pr(ar.....an).

T eNC(n)
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Hence, given 7€ NC(n), we need to count the number of € Sch(n) such that 77 (¢)=x.
To this end, we recall that there is a two-to-one surjective map

P : PSch(n + 1) — Sch(n)

such that, for any ¢ € Sch(n), P~1(¢) contains exactly the following prime Schroder
trees:

\\ t h N ~ // \\
A N // t \\
Type 1 Type 2
Now, consider 7 € NC({0, 1, ...,n}) as defined above. Observe that the prime

Schroder trees  such that 7(f) = 7 can be only of Type 1, since otherwise, 7 being
Type 2 would imply that 0 belongs to a block of size larger than 1. Then, 7 is the
grafting of a single-vertex tree and ¢ € Sch(n), and one can see that

w(t) = 7.
In other words, we have a bijection between
{t € Sch(n) :w(t) =7} and {s € PSch(n +1):7x(s) = 7}.

By Proposition 2.3, the latter set contains exactly Abs(Moebnc(r+1)(7, 1,41)), and
thus,

o 'w)= Y (=DF! Abs(Moebnc41) (7. Int1)¢x (@1, ... an)
T eNC(n)

= Z Moebncn+1) (T, Ln+ 1)@z (ar. ..., an),
T eNC(n)

as we wanted to show. For a proof of the fact that (— 1)"? I=1 is the suitable sign in order
to obtain Moebnc(n+1)(7, 1n4+1) from its absolute value, the reader can check [25,
Sec. 5] for a relation between Schroder trees and the Kreweras complement of a non-
crossing partition (see [33, Def. 9.21]). |

A combinatorial consequence from the proof of the previous proposition is a
derivation of the number of Schroder trees associated with the same non-crossing
partition.
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Proposition 7.7. Letn > 1. For any m € NC(n), we have
[{t € Sch(n) : 7(t) = w}| = Abs(Moebncp+1)(7, 1n+1)),

where 7 = {{0}} U € NC({0,...,n}) = NC(n + 1).

7.5. Free Wick polynomials in terms of Schroder trees

As a final application of the antipode formula in T(T4(+4)), we present a formula that
establishes the connection between the free Wick polynomials (4.6) and Schroder
trees. To the best of our knowledge, the formula presented in the following theorem
represents a new and previously unexplored result.

Theorem 7.8 (Free Wick Polynomials). Let (A, @) be a non-commutative probability
space and consider the double tensor Hopf algebra T(T(A)). If © is the character
on T(T4+(A)) extending @, then the free Wick map W (4.5) of ® satisfies, for any word
W=ada - -a, € A®",

W)= 'wi+ Y DO ws, [ @(wp)

teSch(n) Ben(t)

B+#B,

= Y )P (wp, — (w1 [] P(wp),
t€Sch(n) Bemr(?)
B+#B,

where, for each t € Sch(n), B, stands for the block in 7 (t) associated with the root

of t.

Proof. By using the definition of the free Wick map W in equation (4.5) and Corol-
lary 6.12, we have, for any word w = ay ---a, € A%®",

W(w) = ([dP* 1) o A(w)
= Y wa(®o S)(wk, |- wk,)

Ag[n]

= twl+ Y wa]] DD D)0, (wk,).

@#AC[n]  j=11t;€Sch(|K;|)

Proceeding similarly as in the proof of Lemma 7.2, we have a bijection between
Sch(n) and the set

{(A.tr. .. tikeay) - @ # A C [nl. 1; € Sch(|K;]) for 1 < j < |K(A)]}.

where, given ¢ € Sch(n), A is the block of 7 (¢) associated with the root of ¢, and for
each1 < j <s,t; € Sch(|K}|) is the Schroder sub-tree of ¢ determined by the internal
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vertices of ¢ such that the union of their associated blocks in 7 () is K, as well as all
the descendants of such vertices.

Next, given ¢t € Sch(n) with corresponding tuple (B, t1,...,ts), we can use the
fact that ® is multiplicative in order to obtain

N

K
l_[ q)tj (ij) = 1_[ 1_[ qD(wB) = 1_[ qD(wB)’
j=1 j=lBE71Kj ;) Ben(t)
B#B,

where ng; (#;) stands for the element in NC(K;) obtained by applying the unique
increasing bijection from [|K;|] to K; to every block of 7(¢;). Hence, we can write

Ww) = ')l + Y DO ws, [[ ®(ws),
teSch(n) Ben(r)
B#B;,

where we have also used the fact that
i)y =1+i(t) 4+ +1i().

For the second equation, we use Corollary 6.12 to express ®*~!(w) as a sum in terms
of Schroder trees and obtain

Ww)= Y DPo,i+ > (DO ws [[ @(ws)

t€Sch(n) t€Sch(n) Ben(t)
B#B;
_ Z (_l)i(t)—1<wBr 1_[ CD(wB)—qD,(w)]l)
teSch(n) Ben(t)
B+#B;
= > O (wg, [T @ws) - @)t [ ows)
t€Sch(n) Ben(t) Ben(t)
B#B, B#B;
= Y 1O (wp, — d(wp)) [ ®ws).
teSch(n) Ben(1)
B#B;,
where we have used the fact that ® is multiplicative in the third equality. |
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