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Complex embeddings, Toeplitz operators and transitivity of
optimal holomorphic extensions

Siarhei Finski

Abstract. In a setting of a complex manifold with a positive line bundle and a submanifold, we
consider the optimal Ohsawa–Takegoshi extension operator, sending a holomorphic section of
the line bundle on the submanifold to the holomorphic extension of it on the ambient manifold
with the minimal L2-norm. We show that for a tower of submanifolds and large tensor powers
of the line bundle, the extension operators act transitively modulo some small defect, which
is a Toeplitz type operator. We calculate the first significant term in the asymptotic expansion
of this “transitivity defect”. As a byproduct, we deduce composition rules for Toeplitz type
operators, the extension and restriction operators and calculate the second term in the asymptotic
expansion of the optimal constant in the semi-classical version of the extension theorem.
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1. Introduction

One of the main goals of this paper is to prove that for a tower of submanifolds, the
transitivity property is satisfied for the Ohsawa–Takegoshi extension operator, send-
ing holomorphic sections on the submanifold to their holomorphic extensions on the
ambient manifold with the minimal L2-norm, modulo some small error, which is a
Toeplitz type operator.
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More precisely, we fix two (not necessarily compact) complex manifolds X; Y
of dimensions n and m respectively. We fix also a complex embedding �W Y ! X , a
positive line bundle .L; hL/ over X and an arbitrary Hermitian vector bundle .F; hF /
over X . In particular, we assume that for the curvature RL of the Chern connection
on .L; hL/, the closed real .1; 1/-differential form

! WD

p
�1

2�
RL

is positive. We denote by gTX the Riemannian metric on X induced by ! as follows

gTX .�; �/ WD !.�; J �/; (1.1)

where J W TX ! TX is the complex structure on X . We denote by gTY the induced
metric on Y .

Note. We assume throughout the whole article that the triple .X; Y; gTX /, and the
Hermitian vector bundles .L; hL/, .F; hF / are of bounded geometry in the sense of
Definitions 2.3 and 2.5.

This means that we assume uniform lower bounds rX ; rY > 0 on the injectivity
radii of X , Y , the existence of the geodesic tubular neighborhood of Y of uniform
size r? > 0 in X , and some uniform bounds on related curvatures and the second
fundamental form of the embedding.

Now, we fix some positive (with respect to the orientation given by the complex
structure) volume forms dvX , dvY onX and Y . For smooth sections f;f 0 of Lp ˝F
over X , we define the L2-scalar product using the pointwise scalar product h�; �ih
induced by hL and hF as follows

hf; f 0iL2.X/ WD

Z
X

hf .x/; f 0.x/ih dvX .x/: (1.2)

Similarly, using dvY , we introduce the L2-scalar product for sections of ��.Lp ˝ F /
over Y . We denote by L2.X;Lp ˝ F /;L2.Y; ��.Lp ˝ F // the spaces of L2-sections
of Lp ˝ F over X and Y .

Given a continuous smoothing linear operator

KWL2.X;Lp ˝ F /! L2.X;Lp ˝ F /;

the Schwartz kernel theorem guarantees the existence of the Schwartz kernel

K.x1; x2/ 2 .L
p
˝ F /x1 ˝ .L

p
˝ F /�x2 ; x1; x2 2 X;

evaluated with respect to dvX , i.e.

.Ks/.x1/ D

Z
X

K.x1; x2/ � s.x2/ dvX .x2/; s 2 L2.X;Lp ˝ F /:



Complex embeddings and Toeplitz operators 489

Similarly, we define the Schwartz kernels K1.y; x/, K2.x; y/, x 2 X , y 2 Y , for
smoothing operators

K1WL
2.X;Lp ˝ F /! L2

�
Y; ��.Lp ˝ F /

�
;

K2WL
2
�
Y; ��.Lp ˝ F /

�
! L2.X;Lp ˝ F /

with respect to the volume forms dvX and dvY respectively.
For a Hermitian vector bundle .E; hE / over X , we denote

C1b .X;E/ WD ¹f 2 C1.X;E/ W for any k 2 N,

there is C > 0 such that jrkf j � C º;

where r is the connection induced by the Chern connection on E and the Levi-Civita
connection on TX , and j � j is the norm induced by the metrics gTX , hE . Assume that
for the Riemannian volume forms dvgTX , dvgTY of .X; gTX /, .Y; gTY /, we have

dvgTX

dvX
;
dvX

dvgTX
2 C1b .X/;

dvgTY

dvY
;
dvY

dvgTY
2 C1b .Y /: (1.3)

We denote by H 0
.2/
.X; Lp ˝ F / and H 0

.2/
.Y; ��.Lp ˝ F // the vector spaces of

holomorphic sections of Lp ˝ F over X and Y respectively with bounded L2-norm.
In [9, §4], by relying on the bounded geometry assumption, we proved that the restric-
tion to Y of any L2-holomorphic section, defined on X , has finite L2-norm. In other
words, the operator

ResY jXp WH 0
.2/.X;L

p
˝ F /! H 0

.2/

�
Y; ��.Lp ˝ F /

�
; f 7! f jY ; (1.4)

is well defined. By extending the Ohsawa–Takegoshi theorem in [9, Theorem 4.1]
(cf. [6, 20, 21], and [5, §13]), we established that there is p1 2 N such that (1.4) is
surjective for any p � p1. The right inverse of this restriction, defined for p � p1 by
taking the holomorphic extension with the minimal L2-norm, is called the (Ohsawa–
Takegoshi) extension operator, and it is denoted by

EX jYp WH 0
.2/

�
Y; ��.Lp ˝ F /

�
! H 0

.2/.X;L
p
˝ F /: (1.5)

We identify the normal bundle NX jY of Y in X as an orthogonal complement of
T Y in TX (with respect to gTX ), so that we have the following orthogonal decompo-
sition

TX jY ! T Y ˚NX jY : (1.6)

We denote by gN
XjY

the metric on NX jY induced by gTX , and by PX jYN the induced
projection from TX jY to NX jY . By an abuse of notation, we denote the induced
projection from .TX jY /

� to .NX jY /� by the same symbol.
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For y 2 Y , ZN 2 N
X jY
y , let R 3 t 7! expXy .tZN / 2 X be the geodesic in X in

the direction ZN . Bounded geometry condition means, in particular, that this map
induces a diffeomorphism of r?-neighborhood of the zero section in NX jY with a
tubular neighborhood U of Y in X .

Using this diffeomorphism, we define �X jYN WU ! RC as the only function veri-
fying

dvX D �
X jY
N � dvY ^ dvNXjY ; (1.7)

where dvNXjY is the relative Riemannian volume form on .NX jY ; gN
XjY

/. We have
�
X jY
N jY D 1 if

dvX D dvgTX ; dvY D dvgTY : (1.8)

Let us now fix a tower of submanifolds Y
�1
,�! W

�2
,�! X , � WD �2 ı �1 of dimensions

m, l and n respectively. In addition to the volume forms dvX , dvY , we fix a posi-
tive volume form dvW on W , verifying assumptions similar to (1.3) with respect to
the metric gTW induced by gTX . We assume, moreover, that the triples .X;W; gTX /,
.W;Y;gTW / are of bounded geometry in the sense of Definition 2.3. We denote by rX

(resp. rW ) the scalar curvature ofX (resp.W ), and letƒ! ŒRF � 2 End.F / be the con-
traction of the curvature of the Chern connection of .F; hF / with the Kähler form !.
We denote by ƒ��

2
! ŒR

F � 2 End.��2F / the analogous contraction defined on W .
We denote by .NX jY /.1;0/, .NX jY /.0;1/ the holomorphic, antiholomorphic com-

ponents ofNX jY ˝C, corresponding to
p
�1 and �

p
�1 eigenspaces of the induced

complex structure action.

Theorem 1.1. There are p1 2 N�, C > 0, such that for any p � p1, we have

kEX jYp �EX jWp ıEW jYp k � C � p�.n�mC1/=2; (1.9)

where k � k denotes the operator norm. Moreover, under the assumptions (1.8) and
dvW D dvgTW ,

kEX jYp �EX jWp ıEW jYp k � C0 � p
�.n�mC3/=2: (1.10)

The constant C0 � 0 above is defined as follows:

C0 WD
1
p
�

sup
y2Y




 1
8�
@NW jY .r

X
y � rWy / � IdFy

�
1

2�
p
�1
r
1;0

NW jY

�
ƒ! ŒR

F
y � �ƒ��2!

ŒRFy �
�


;

where the operator

@NW jY WC
1.Y /! C1

�
Y; .NW jY /.1;0/�

�
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is defined by the composition PW jYN ı @, the operator

r
1;0

NW jY
WC1

�
Y;End.��F /

�
! C1

�
Y; .NW jY /.1;0/� ˝ End.��F /

�
is similarly defined by the composition PW jYN ı r1;0 for the .1; 0/-component r1;0 of
the Chern connection on End.F /, endowed with the induced Hermitian metric, and
the norm is considered as a norm of an element from .NW jY /.1;0/� ˝ End.��F / with
the induced metric.

Remark 1.2. (a) In [9, Theorem 1.1], we obtained that, as p !1,

kEX jYp k � sup
y2Y

�
X jY
N .y/1=2 � p�.n�m/=2: (1.11)

Hence, (1.9) means that the “defect of transitivity” for the extension operator is of
lower order of magnitude than the operator itself. We call this property the asymptotic
transitivity.

(b) Bounded geometry condition implies that C0 is a finite number.
(c) The estimate (1.9) alone can be obtained directly from [9, Theorem 1.1] and

some local calculations, following from Section 2.4. Our motivation towards refining
(1.9) to (1.10) was to understand the limits of transitivity. The stronger version (1.10)
implies, in particular, that for generic submanifolds the defect of transitivity is not
negligible.

The main goal of this paper is to develop the theory of Toeplitz operators in the
setting of restriction and extension operators, implying a more precise asymptotic
description of the sequence of operators

EX jYp �EX jWp ıEW jYp WH 0
.2/

�
Y; ��.Lp ˝ F /

�
! H 0

.2/.X;L
p
˝ F /; p � p1:

Remark that for different p, those operators act on different spaces, so the phrase
“asymptotic description” itself has to be explained. For this, we introduce below
Toeplitz type operators.

Let H 0;Y?
.2/

.X; Lp ˝ F / be the vector space of L2-holomorphic sections which
are orthogonal (with respect to the L2-scalar product (1.2)) to L2-holomorphic sec-
tions vanishing along Y . Denote by BX jY?p , BXp the orthogonal projections from
L2.X;Lp˝F / toH 0;Y?

.2/
.X;Lp˝F / andH 0

.2/
.X;Lp˝F /, respectively. The opera-

torBXp (resp.BX jY?p ) will be called the Bergman projector (resp. orthogonal Bergman
projector). We extend EX jYp to L2.Y; ��.Lp ˝ F // as f 7! .EX jYp ıBYp /f .

Now, for a section f 2 C1
b
.X;End.F //, we associate a sequence of linear opera-

tors T X
f;p
2 End.L2.X;Lp ˝ F //, p 2 N, called the Berezin–Toeplitz operator, by

T Xf;p.g/ WD B
X
p .f � B

X
p g/:
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We define the sequences of operators

T
Y jX

f;p
WL2.X;Lp ˝ F /! L2

�
Y; ��.Lp ˝ F /

�
;

T
X jY

f;p
WL2

�
Y; ��.Lp ˝ F /

�
! L2.X;Lp ˝ F /; p 2 N;

by
T
Y jX

f;p
WD ResY jXp ıT Xf;p ı .B

X
p � B

X jY?
p /;

T
X jY

f;p
WD .BXp � B

X jY?
p / ı T Xf;p ı EX jYp :

(1.12)

As we show in Proposition 4.8, the asymptotic study of operators T Y jX
f;p

; T
X jY

f;p
,

fundamental to this paper, reduces to their study for some functions f , polynomial-
like in the normal directions to Y . To describe these functions precisely, we fix a
smooth function �WRC ! Œ0; 1�, satisfying

�.x/ D

´
1 for x < 1

4
;

0 for x > 1
2
:

(1.13)

Let � WNX jY ! Y be the natural projection. We fix

g 2 C1b
�
Y;Symk.NX jY /� ˝ End.��F /

�
; k 2 N;

and construct a section ¹gº 2 C1.NX jY ; �� End.��F //, polynomial in the vertical
directions, as follows ¹gº.y;ZN / WD g.y/ �Z˝kN , y 2 Y , ZN 2 N

X jY
y .

Recall that we introduced a diffeomorphism of r?-neighborhood of the zero sec-
tion in NX jY with a tubular neighborhood U of Y in X after (1.6). By an abuse of
notation, we denote by � WU ! Y the projection .y; ZN / 7! y induced by � and
the above diffeomorphism. Over U , we identify L; F to ��.��L/; ��.��F / by the
parallel transport with respect to Chern connections along the geodesic

Œ0; 1� 3 t 7! .y; tZN / 2 X; jZN j < r?:

From now on, we use these identifications implicitly. For fixed p 2 N�, over U , we
define the section ⟪g⟫ 2 C1

b
.X;End.F // as

⟪g⟫.y;ZN / WD pk=2 � �
�
jZN j

r?

�
� ¹gº.y;ZN /; (1.14)

where the norm jZN j, is taken with respect to gN
XjY

. Away from U , we extend ⟪g⟫
by zero. We extend the operator ⟪�⟫ linearly to

1M
kD0

C1b
�
Y;Symk.NX jY /� ˝ End.��F /

�
:
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From (1.14), ⟪�⟫ clearly depends on p. We decided to neglect this in the notation
because the symbol ⟪�⟫ will always appear in conjunction with another quantities,
which depend explicitly on p.

Definition 1.3. A sequence of linear operators T Yp 2End
�
L2.Y; ��.Lp˝F //

�
, p2N,

respectively,

T Y jXp WL2.X;Lp ˝ F /! L2
�
Y; ��.Lp ˝ F /

�
;

T X jYp WL2
�
Y; ��.Lp ˝ F /

�
! L2.X;Lp ˝ F /;

verifying BYp ı T
Y
p ı B

Y
p D T

Y
p , respectively,

BYp ı T
Y jX
p ı .BXp � B

X jY?
p / D T Y jXp ; .BXp � B

X jY?
p / ı T X jYp ı BYp D T

X jY
p ;

is called a Toeplitz operator with exponential decay (resp. of type Y jX , X jY ) if there
is a sequence fi 2 C1

b
.Y;End.��F //, respectively,

ghi 2

1M
kD0

C1b
�
Y;Sym2kCj .NX jY /.1;0/� ˝ End.��F /

�
;

gai 2

1M
kD0

C1b
�
Y;Sym2kCj .NX jY /.0;1/� ˝ End.��F /

�
;

where j 2 ¹1; 2º is of the same parity as i , and c > 0, p1 2 N�, such that for any
k; l 2 N, there is C > 0, such that for any p � p1, the Schwartz kernels, evaluated
with respect to dvX , dvY for y1; y2 2 Y , x 2 X , satisfyˇ̌̌̌
T Yp .y1; y2/ �

kX
rD0

p�rT Yfr ;p.y1; y2/

ˇ̌̌̌
Cl
� Cpm�kCl=2 � exp

�
�c
p
p � distY .y1; y2/

�
;

ˇ̌̌̌
T X jYp .x; y1/ �

kX
rD0

p�r=2T
X jY

⟪ghr ⟫;p
.x; y1/

ˇ̌̌̌
Cl

� CpmC.l�k/=2 � exp
�
�c
p
p � distX .x; y1/

�
;ˇ̌̌̌

T Y jXp .y1; x/ �

kX
rD0

p�r=2T
Y jX

⟪gar ⟫;p.y1; x/
ˇ̌̌̌
Cl

� CpnC.l�k/=2 � exp
�
�c
p
p � distX .y1; x/

�
; (1.15)

where the pointwise Cl -norm at a point .y1; y2/ 2 Y � Y is the sum of the norms
induced by hL; hF and gTX , evaluated at .y1; y2/, of the derivatives up to order l
with respect to the connection induced by the Chern connections on L; F and the
Levi-Civita connection on T Y , and similar notations are used for the other two norms
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at points .y1; x/ 2 Y � X and .x; y1/ 2 X � Y . The sections fi (resp. ghi , gai ) will
later be denoted by ŒT Xp �i (resp. ŒT X jYp �i , ŒT

Y jX
p �i ). We alternatively call the above

operators Toeplitz type operators (with exponential decay).

Remark 1.4. (a) In Proposition 2.9, we show that (1.15) implies that for any k 2 N,
there is C > 0, such that for any p � p1, we have



T Yp � kX

rD0

p�rT Yfr ;p





 � Cp�k; 



T X jYp �

kX
rD0

p�r=2T
X jY

⟪ghr ⟫;p





 � Cp�.n�mCk/=2;



T Y jXp �

kX
rD0

p�r=2T
Y jX

⟪gar ⟫;p





 � Cp.n�m�k/=2:
In particular, for compact Y , the sequence of operators T Yp , p 2 N, forms a Toeplitz
operator in the sense of Ma–Marinescu [14, §7].

(b) As we show in Corollary 3.6, our definition ultimately does not depend on the
choice of �.

(c) In Corollary 3.13, we show that the sections fi , i 2 N, (resp. ghi , gai ), verify-
ing (1.15), are uniquely defined. Hence, the notation Œ��i , i 2 N, from Definition 1.3
is well defined.

To state our main result, we place ourselves in the notations and assumptions of
Theorem 1.1.

Theorem 1.5. The sequence of operators

Dp WD EX jYp �EX jWp ıEW jYp ; p 2 N;

forms a Toeplitz operator with exponential decay of type X jY . Moreover, we have
ŒDp�0 D 0. Also, under the assumptions (1.8) and dvW D dvgTW , we have

ŒDp�1 D 0; ŒDp�2 D 0; ŒDp�3 2 C1b
�
Y; .NX jY /.1;0/� ˝ End.��F /

�
for n 2 .NX jW /.1;0/, ŒDp�3 � n D 0, and for n 2 .NW jY /.1;0/:

ŒDp�3 � n D
1

8�

@

@n
� .rX � rW / � IdF

�
1

2�
p
�1
r

End.E/
n

�
ƒ! ŒR

F � �ƒ��
2
! ŒR

F �
�
:

Remark 1.6. Theorem 1.5 largely refines Theorem 1.1, see Remark 3.15 (b).

Now, in a slightly different direction, in Theorems 4.1 and 4.7, we show that for
quasi-isometric embeddings, the set of Toeplitz type operators is closed under tak-
ing adjoints, restrictions, extensions and some products. This plays a crucial role in
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our approach to Theorem 1.5 and allows us to generalize Theorem 1.5 to towers of
embeddings of arbitrary length, see Corollary 5.8 for a precise statement. As another
direct consequence of our analysis, we obtain the following result.

Theorem 1.7. As p !1, the following asymptotic holds:

ResY jXp



 � sup
y2Y

�
X jY
N .y/�1=2 � p.n�m/=2: (1.16)

Moreover, under assumption (1.8), as p !1, we even have

kEX jYp k �
1

p.n�m/=2
�

C3

p.n�mC2/=2
; kResY jXp k � p.n�m/=2 � C4 � p

.n�m�2/=2;

(1.17)
where the constants C3; C4 are defined as follows:

C3 WD �
1

2
inf
y2Y

�rXy � rYy
8�

� �max

�
ƒ! ŒR

F
y � �ƒ��! ŒR

F
y �

2�
p
�1

��
;

C4 WD
1

2
sup
y2Y

�rXy � rYy
8�

� �min

�
ƒ! ŒR

F
y � �ƒ��! ŒR

F
y �

2�
p
�1

��
;

where �max and �min are the values of the maximal and minimal eigenvalues.

Remark 1.8. (a) The first asymptotics (1.17) corresponds to the calculation of the
optimal constant in Ohsawa–Takegoshi theorem. A less refined version was proved
in [9, Theorem 1.1], see (1.11).

(b) In particular, from (1.11) and (1.16), we see that the sequence of operators
p.n�m/=2 � EX jYp , p 2 N, is an asymptotic isometry if and only if �X jYN jY D 1.

We say a few words about the proof of Theorem 1.5. The essential step consists
in showing that the sequence Dp , p � p1, from Theorem 1.5 satisfies the assump-
tions of the asymptotic characterizations of Toeplitz type operators similar to Ma–
Marinescu [15]. For more amenable calculations of the higher order terms, in Sec-
tion 4.2, for p � p1, we introduce the sequence of operators AX jYp , called multi-
plicative defect, relating extension and restriction maps. This sequence of operators
has found further applications in the subsequent work of the author [8]. The gen-
eral strategy for dealing with semi-classical limits here is inspired by Bismut [1] and
Bismut–Vasserot [2].

This paper is organized as follows. In Section 2, we study the geometry of man-
ifolds of bounded geometry. In Section 3, we study the asymptotics of Toeplitz type
operators and derive asymptotic criteria for them. In Section 4, we study the algebraic
properties of the set of Toeplitz type operators: we show that it is closed under taking
adjoints, restrictions, extensions and some products. We study the adjoints of Toeplitz
type operators and introduce multiplicative defect. Finally, in Section 5, using those
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preparations, we prove Theorems 1.1, 1.5 and 1.7, and generalize Theorem 1.5 to
towers of submanifolds of arbitrary length.

Notations. We use notations X; Y for complex manifolds and M;H for real man-
ifolds. The complex (resp. real) dimensions of X; Y (resp. M;H ) are denoted here
by n;m. An operator � always means an embedding �WY ! X (resp. �WH !M ). We
denote by ResY (resp. ResH ) the restriction operator from X to Y (resp. M to H ).

For a Riemannian manifold .M; gTM /, we denote the Levi-Civita connection
by rTM , by RTM the curvature of it, and by dvgTM the Riemannian volume form.
For a closed subset W �M , r � 0, let BMW .r/ be the ball of radius r around W .

For a fixed volume form dvM on M , we denote by L2.dvM ; hE / the space of
L2-sections ofE with respect to dvM and hE . When dvM D dvgTM , we also use the
notation L2.gTM ; hE /. When there is no confusion about the data, we also use the
simplified notation L2.M;E/ or L2.M/.

For n 2 N�, we denote by dvCn the standard volume form on Cn. We view Cm

(resp. Rm) embedded in Cn (resp. Rn) by the first m coordinates. For Z 2 Rk , we
denote by Zl , l D 1; : : : ; k, the coordinates of Z. If Z 2 R2n, we denote by zi ,
i D 1; : : : ;n, the induced complex coordinates zi DZ2i�1C

p
�1Z2i . We frequently

use the decomposition Z D .ZY ; ZN /, where ZY D .Z1; : : : ; Z2m/ and ZN D
.Z2mC1; : : : ; Z2n/. For a fixed frame .e1; : : : ; e2n/ in TxX , x 2 X , (resp. y 2 Y )
we implicitly identify Z (resp. ZY , ZN ) to an element in TxX (resp. TyY , NX jY

y ) by

Z D

2nX
iD1

Ziei ; ZY D

2mX
iD1

Ziei ; ZN D

2nX
iD2mC1

Ziei :

If the frame ei satisfies the condition

Je2i�1 D e2i ; (1.18)

we denote @
@zi
WD

1
2
.e2i�1 �

p
�1e2i /, @

@xzi
WD

1
2
.e2i�1 C

p
�1e2i /, and identify z;xz

to vectors in TxX ˝R C as follows

z D

nX
iD1

zi �
@

@zi
; xz D

nX
iD1

xzi �
@

@xzi
:

Clearly, in this identification, Z D z C xz. We define

zY ; xzY 2 TyY ˝R C; zN ; xzN 2 N
X jY
y ˝R C

in a similar way. We sometimes further decompose ZN D .ZNW jY ; ZNXjW / for
ZNW jY 2 R2.l�m/, ZNXjW 2 R2.n�l/, m � l � n, and use the analogous identifi-
cations. Sometimes, we use the notation ZW WD .ZY ; ZNW jY /.
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For a polynomial P.Z;Z0/, Z;Z0 2 Rn, we denote by Resm ıP the polynomial
in ZH 2 Rm; Z0 2 Rn, defined as

Resm ıP.ZH ; Z0/ D P
�
.ZH ; 0/; Z

0
�
:

Similarly, we define P ı Resm.
For ˛ D .˛1; : : : ; ˛k/ 2 Nk , B D .B1; : : : ; Bk/ 2 Ck , we write by

j˛j D

kX
iD1

˛i ; ˛Š D

kY
iD1

.˛i /Š; B˛ D

kY
iD1

B
˛i
i :

2. Bounded geometry condition and local trivializations

The main goal of this section is to study the geometry of manifolds of bounded geom-
etry. More precisely, in Section 2.1, we recall the definitions manifolds (resp. pairs
of manifolds, vector bundles) of bounded geometry and the quasi-isometry assump-
tion. In Section 2.2, we study the convergence of exponential integrals on manifolds
of bounded geometry. In Section 2.3, we recall some results comparing geodesic and
Fermi coordinates and related trivializations of vector bundles. Finally, in Section 2.4,
we extend those results to towers of submanifolds.

2.1. Introduction to bounded geometry condition

In this section, we recall the definitions of manifolds (resp. pairs of manifolds, vector
bundles) of bounded geometry. We also recall the basic facts about the second fun-
damental form and the quasi-isometry assumption. For a more detailed overview, we
refer to [7, 11, 22], cf. [9].

Definition 2.1. We say that a Riemannian manifold .M; gTM / is of bounded geome-
try if the following two conditions are satisfied:

(i) The injectivity radius of .M; gTM / is bounded below by a positive con-
stant rM .

(ii) For the Riemann curvature tensor RTM of M , we have

RTM 2 C1b
�
M;ƒ2T �M ˝ End.TM/

�
:

Now, let .H; gTH / be an embedded submanifold of .M; gTM /, gTH WD gTM jH .
We identify the normal bundleNM jH ofH inM to an orthogonal complement of TH
in TM as in (1.6). We denote by gN

M jH
the metric on NM jH induced by gTM . We

denote by PM jHN WTM jH ! NM jH , PM jHH WTM jH ! TH , the projections induced
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by (1.6). Clearly, rN
M jH

WD P
M jH
N rTM jH defines a connection on NM jH . We

define the second fundamental form AM jH 2 C1.H; T �H ˝ End.TM jH // by

AM jH WD rTM jH � r
TH
˚r

NM jH : (2.1)

Recall that the mean curvature �M jH 2 C1.H;NM jH / of � is defined as follows

�M jH WD
1

m

mX
iD1

AM jH .ei /ei ; (2.2)

where the sum runs over an orthonormal basis of .TH; gTH /.

Proposition 2.2. The second fundamental form satisfies the following properties:

(1) It takes values in skew-symmetric endomorphisms of TM jH , interchanging
TH and NM jH .

(2) For any U; V 2 TH , we have AM jH .U /V D AM jH .V /U .

Assume, moreover, that .M; gTM / is Kähler. Then the following hold:

(3) AM jH commutes with the action of the complex structure.

(4) For any U 2 TH , V 2 TM , U D uC xu, V D vC xv, u; v 2 T 1;0M , we have

AM jH .U /v D AM jH .xu/v; AM jH .U /xv D AM jH .u/xv if V 2 NM jH ;

AM jH .U /v D AM jH .u/v; AM jH .U /xv D AM jH .xu/xv if V 2 TH:

(5) We have �M jH D 0.

Proof. An elementary proof is omitted for brevity; the reader may refer to the arXiv
version for a complete argument.

Definition 2.3. We say that the triple .M; H; gTM / is of bounded geometry if the
following conditions are fulfilled:

(i) The manifold .M; gTM / is of bounded geometry.

(ii) The injectivity radius of .H; gTH / is bounded below by a positive con-
stant rH .

(iii) There is a collar aroundH (a tubular neighborhood of fixed radius), i.e. there
is r? > 0 such that for any x; y 2 H , the normal geodesic balls B?r?.x/,
B?r?.y/, obtained by the application of the exponential mapping to vectors,
orthogonal to H , of norm bounded by r?, are disjoint.

(iv) The second fundamental form, AM jH , satisfies

AM jH 2 C1b
�
H;T �M jH ˝ End.TM jH /

�
:
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We will now introduce a coordinate system inM near a fixed point inH , which is
particularly well adapted to the study of triples of bounded geometry. We fix a point
y0 2H and an orthonormal frame .e1; : : : ; em/ (resp. .emC1; : : : ; en/) in .Ty0H;g

TH
y0
/

(resp. in .NM jH
y0 ; gN

M jH

y0
/). For

Z D .ZH ; ZN /; ZH 2 Rm; ZN 2 Rn�m;

ZH D .Z1; : : : ; Zm/; ZN D .ZmC1; : : : ; Zn/; jZH j � rH ; jZN j � r?;

we define a coordinate system  
M jH
y0 WBRm

0 .rH / � B
Rn�m
0 .r?/!M by

 M jHy0
.ZH ; ZN / WD expM

expHy0 .ZH /

�
ZN .ZH /

�
; (2.3)

whereZN .ZH / is the parallel transport ofZN 2N
M jH
y0 along expHy0.tZH /, tD Œ0; 1�,

with respect to the connection rN
M jH

on NM jH . The coordinates  M jHy0 are called
the Fermi coordinates at y0. Their importance comes from the fact that the metric
tensor has uniformly bounded coefficients in these coordinates, cf. [22, Lemma 3.9]
and [11, Theorem 4.9].

Now, recall that an embedding �WH ! M is called quasi-isometry if there are
A;B > 0 such that for any y1; y2 2 H , we have

distH .y1; y2/ � A distM
�
�.y1/; �.y2/

�
C B: (2.4)

In what follows, for brevity, we omit � from the distance function. The following
proposition will be useful in the study of restriction of Toeplitz operators.

Proposition 2.4. Assume that a triple .M;H; gTM / is of bounded geometry and the
embedding � is quasi-isometry. Then one can choose B D 0 in (2.4).

Proof. An elementary proof is omitted for brevity; the reader may refer to the arXiv
version for a complete argument.

Finally, we recall the last definition related to bounded geometry.

Definition 2.5. Let .E;rE ; hE / be a Hermitian vector bundle with a fixed Hermitian
connection over a manifold .M;gTM / of bounded geometry. We say that .E;rE ;hE /
is of bounded geometry if RE 2 C1

b
.M;ƒ2T �M ˝ End.E//.

If .E; hE / is a Hermitian vector bundle over a complex manifold, we say that it is
of bounded geometry if .E;rE ; hE / is of bounded geometry for the Chern connec-
tion rE on .E; hE /.

2.2. Convergence of exponential integrals for triples of bounded geometry

The main goal of this section is to study convergence of exponential integrals for
triples of bounded geometry. More precisely, fix a triple .M; H; gTM / of bounded
geometry. We conserve the notations from Definition 2.3.
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Proposition 2.6 ([9, Corollary 3.3]). There are c;C 0 > 0, which depend only on n,m,
rM , rN , r? and sup-norm on RTM , RTH , AM jH , such that for any y0 2 H , l > c,
the following bound holds:Z

H

exp
�
�l distM .y0; y/

�
dvgTH .y/ <

C 0

lm
:

Let .E; hE / be a Hermitian vector bundle over M and D is an operator acting on
L2.H; ��E/. Assume that there are c > 0, l as in Proposition 2.6 and C > 0, such
that for any y1; y2 2 H , the Schwartz kernel of D, evaluated with respect to dvgTH ,
satisfies the bound

jD.y1; y2/j � Cl
m exp

�
�l distM .y1; y2/

�
: (2.5)

Corollary 2.7. For C 0 > 0 as in Proposition 2.6, we have kDk � CC 0.

Proof. From Proposition 2.6 and (2.5), we deduce that there is C 0 > 0, as in Proposi-
tion 2.6, such that for any y0 2 H , we haveZ

H

jD.y0; y/j dvH .y/ � CC
0;

Z
H

jD.y; y0/j dvH .y/ � CC
0: (2.6)

We conclude directly from (2.6) and Young’s inequality for integral operators, cf. [23,
Theorem 0.3.1] applied for p; q D 2, r D 1 in the notations of [23].

Now, let c > 0 be as in Proposition 2.6. Let Di , i D 1; : : : ; r , be operators acting
onL2.H; ��E/, such that for some l � 2c, C > 0, the bound (2.5) holds forD WDDi .

Corollary 2.8 ([9, Lemma 3.1] ). The Schwartz kernel DrC1.y1; y2/ of the operator
DrC1 WDD1 ıD2 ı � � � ıDr , evaluated with respect to dvgTH , is well defined for any
y1; y2 2 H and it satisfies the bound (2.5) for D WD DrC1, l WD l=2, C WD .C 0/rC r

for C 0 as in Proposition 2.6.

Now, in addition to the triple .M;H; gTM / of bounded geometry, we consider a
Riemannian manifold .K; gTK/ with an embedding �1WM ! K, such that

��1g
TK
D gTM :

We assume, moreover, that the triple .K;M; gTK/ is of bounded geometry. We let
.E; hE / be a Hermitian vector bundle over M and DWL2.H; ��E/! L2.M;E/ be
a fixed linear operator. Assume that there is c > 0 as in Proposition 2.6 and C > 0,
such that for some l � c and any y 2H , x 2M , the Schwartz kernel ofD, evaluated
with respect to dvgTH , satisfies the bound

jD.x; y/j � Clm exp
�
�l distK.x; y/

�
:
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Proposition 2.9. There is C 0 > 0, which depends on the same data as constants from
Proposition 2.6 and the analogous data on .K;M; gTK/, such that

kDk �
C 0C

l .n�m/=2
:

Remark 2.10. Clearly, Corollary 2.7 is a special case of Proposition 2.9 forM WDH .

Proof. First of all, let us establish this result forK WDM . We consider the exponential
map expM jHN WNM jH ! M . As M is complete, the map expM jHN is surjective. We
consider a subset V of NM jH , consisting of points u 2 NM jH , such that

dist
�
expM jHN .u/; Y

�
D juj;

where juj is the norm of u with respect to the induced metric on NM jH .
We let ı D min¹infx;T sec.x; T /;�1º, where sec.x; T / is the sectional curvature

of .M; gTM /, evaluated at x 2 M for the two-dimensional subspace T 2 TxM of
the tangent bundle, and the infimum is taken over all possible choices of x and T .
Bounded geometry condition implies that ı is a finite constant. For r > 0, we denote

sı.r/ WD
1

jıj1=2
sinh

�
jıj1=2r

�
and cı.r/ WD s

0
ı.r/:

Then from the result of Heintze–Karcher [12, Corollary 3.3.1], for u 2 V , juj D t ,
t > 0, we obtain thatˇ̌

det
�
d expM jHN

�
u

ˇ̌
�

�sı.t/
t

�n�m�1
�
�
cı.t/ � h�

M jH ; ui � sı.t/
�n
;

where �M jH was defined in (2.2). In particular, due to bounded geometry assumption,
we obtain that there are c; C 0 > 0, as in Proposition 2.6, such thatˇ̌

det
�
d expM jHN

�
u

ˇ̌
� C 0 exp.ct/:

Using this fact, we deduce that there is C > 0 such that for any f 2 L2.H; ��E/,
we have

kDf k2
L2
� C

Z
V

exp
�
cjuj

�
(2.7)

�

�
lm
Z
H

exp
�
�l distM

�
y1; expMy2 .u/

��
f .y/ dvgTH .y1/

�2
dv
N
M jH
y2

.u/ dvgTH .y2/:

However, clearly, we have distM .y1; expMy2 .u//� distM .Y; expMy2 .u//. But by the def-
inition of the subset V , we have

distM
�
Y; expMy2 .u/

�
D distM

�
y2; expMy2 .u/

�
D juj:
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From this and (2.7), for l � 8c, we obtain that

kDf k2
L2
� C

Z
V

exp
�
�
l

2
juj
�

(2.8)

�

�
lm
Z
H

exp
�
�
l

8
distM .y1; y2/

�
f .y/ dvgTH .y1/

�2
dv
N
M jH
y2

.u/ dvgTH .y2/:

From the boundness of the exponential integral, for any y 2 Y , we obtain thatZ
V\N

M jH
y

exp
�
�
l

2
juj
�
dv
N
M jH
y

.u/ �
C

ln�m
:

By combining with (2.8), it gives us

kDf k2
L2
�

C

ln�m

�

Z
H

�
lm
Z
H

exp
�
�
l

4
distM .y1; y2/

�
f .y/ dvgTH .y1/

�2
dvgTH .y2/: (2.9)

Now, from Corollary 2.7, we obtain that there is C > 0, verifyingZ
H

�
lm
Z
H

exp
�
�
l

4
distM .y1; y2/

�
f .y/ dvgTH .y1/

�2
dvgTH .y2/

� Ckf k2
L2
: (2.10)

A combination of (2.9) and (2.10) finishes the proof for the case K WD M . An easy
verification shows that all the constants can be chosen as described in the statement
of the proposition we are proving. The proof of the general case reduces to the case
considered above through the use of the tubular neighborhood of M in K in the same
way as in the proof of [9, Corollary 3.3].

2.3. Fermi and geodesic coordinates; related trivializations of vector bundles

In this section, we recall some results comparing geodesic and Fermi coordinates
and trivializations of vector bundles adapted to those coordinate systems. We place
ourselves in the setting of a triple .M;H; gTM / of bounded geometry.

Let us fix x0 2 M and an orthonormal frame .e1; : : : ; en/ of .Tx0M; g
TM
x0

/. We
define the map �Mx0 WR

n !M , x0 2M , as follows:

�Mx0 .Z/ WD expMx0.Z/: (2.11)

Define the constant R > 0 as follows:

R WD min
°rM
2
;
rH

4
;
r?

4

±
:
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Assume now x0 D y0, where y0 2 H and let .e1; : : : ; en/ be as in (2.3). Recall that
Fermi coordinates  M jHy0 were defined in (2.3). Clearly, there is a (unique) smooth
diffeomorphism h

M jH
y0 WBRn

0 .R/!Rn, hM jHy0 .0/D 0, such that the following identity
holds

 M jHy0
D �My0 ı h

M jH
y0

: (2.12)

We recall thatAM jH 2C1.H;T �H ˝End.TM jH //was defined in (2.1). Let an aux-
iliary section BM jH 2 C1.H;Sym2.T �M jH /˝ TM jH / forZ 2 TM jH , be defined
as

BM jH .Z/ WD BM jH .Z;Z/ WD
1

2
AM jH .ZH /ZH C A

M jH .ZH /ZN :

Proposition 2.11 ([9, Proposition 2.18]). The diffeomorphism hM jHy0 admits the Taylor
expansion

hM jHy0
.Z/ D Z C BM jH .Z/CO

�
jZj3

�
:

In the second part of this section, we recall the comparison between two trivializa-
tions of vector bundles, done using parallel transport adapted to the above coordinate
systems.

We fix an orthonormal frame f1; : : : ; fr 2 .Ex0 ; h
E
x0
/. Let zf 01

M ; : : : ; zf 0r
M be a

frame of E over BMx0 .rM /, obtained by the parallel transport of f1; : : : ; fr along
the curve �Mx0 .tZ/, t 2 Œ0; 1�, Z 2 Tx0M , jZj < rM . Assume now x0 D y0, where
y0 2 H and let .e1; : : : ; en/ be as in (2.3). We define zf M jH1 ; : : : ; zf

M jH
r by the

parallel transport of f1; : : : ; fr with respect to the connection rE , first along the
path  M jHy0 .tZY ; 0/, t 2 Œ0; 1�, and then along the path  M jHy0 .ZY ; tZN /, t 2 Œ0; 1�,
ZY 2 R2m, ZN 2 R2.n�m/, jZY j < rY , jZN j < r?.

Let �M jHE be the unique smooth function over BMy0 .R/, with values in End.Cr/,
such that �M jHE .0/ D 0, and the following identity holds:

. zf
M jH
1 ; : : : ; zf M jHr / D exp.�M jHE / � . zf 01

M ; : : : ; zf 0r
M /; (2.13)

where we view . zf
M jH
1 ; : : : ; zf

M jH
r / and . zf 01

M ; : : : ; zf 0r
M / as r � 1 matrices.

Proposition 2.12 ([9, Proposition 2.22]). The following asymptotic holds:

�
M jH
E

�
 M jHy0

.Z/
�
D O

�
jZj2

�
:

If, moreover, .E;rE ; hE / WD .L;rL; hL/ is a line bundle, and there is a skew-adjoint
endomorphism Q of TM , which is parallel with respect to rTM (i.e. rTMQ D 0),
which commutes with AM jH , the restriction of which to H respects the decomposi-
tion (1.6), and such that for the curvature RL of rL, and for any u; v 2 TM , we
have p

�1

2�
RL.u; v/ D gTM .Qu; v/; (2.14)
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then the following more precise bound holds:

�
M jH
L

�
 M jH .Z/

�
D �

1

4
RLy0

�
ZN ; A

M jH .ZH /ZH
�
CO

�
jZj4

�
: (2.15)

Remark 2.13. Assume .M; gTM / is endowed with a complex structure J , and gTM

is invariant under the action of it. Assume, moreover, that (2.14) holds for Q WD J as
in (1.1). Then all the requirements are satisfied for Q WD J , cf. [9, Remark 2.23].

2.4. Towers of embeddings, associated coordinates and holonomies

In this section, we compare natural coordinate systems and trivializations of vector
bundles associated to towers of submanifolds. The proofs here are left to an interested
reader.

We fix a tower of (real) manifolds H ,! K ,! M of dimensions m; l and n,
respectively. Endow M with the Riemannian metric gTM and induce the metrics
gTK and gTH on K and H . We fix y0 2 H and an orthonormal frame .e1; : : : ; em/
(resp. .emC1; : : : ; el/ and .elC1; : : : ; en/) of .Ty0H;g

TH / (resp. .NKjH
y0 ; gN

KjH

y0
/ and

.N
M jK
y0 ; gN

M jK

y0
/). Recall that Fermi coordinates were defined in (2.3). Clearly, there

is a (unique) smooth embedding � WRl ! Rn, �.0/ D 0, such that for any Z 2 Rl

small enough, we have
 M jHy0

.�.Z// D  KjHy0
.Z/: (2.16)

By comparing the Jacobians, we get the following result.

Proposition 2.14. The function � satisfies �.Z/ D Z CO.jZj2/.

Next, we compare two natural trivializations of vector bundles for towers of sub-
manifolds associated to Fermi coordinates: one for the pair .M; H/, another one
for .K;H/.

Let .E;rE ; hE / be a Hermitian vector bundle of bounded geometry and rank r
over .M;gTM /. We fix an orthonormal frame f1; : : : ; fr 2 .Ey0 ; h

E
y0
/. Recall that the

frames zf M jH1 ; : : : ; zf
M jH
r ; zf KjH1 ; : : : ; zf

KjH
r were defined before (2.13). Let �E be

the (unique) smooth function, defined in BMy0 .R/, with values in End.Cr/, such that
�E .0/ D 0, and

ResK
�
zf
M jH
1 ; : : : ; zf M jHr

�
D exp.�E / �

�
zf
KjH
1 ; : : : ; zf KjHr

�
; (2.17)

where we view ResK. zf
M jH
1 ; : : : ; zf

M jH
r / and . zf KjH1 ; : : : ; zf

KjH
r / as r � 1 matrices.

Proposition 2.15. In the notation of Proposition 2.12, the following asymptotic holds:

�E
�
 KjH .Z/

�
D O

�
jZj2

�
; �L

�
 KjH .Z/

�
D O

�
jZj4

�
: (2.18)
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Proof. The proof is done by a repetitive use of Propositions 2.11, 2.12 and 2.14.
By (2.13), we have�

zf
M jH
1 ; : : : ; zf M jHr

�
D exp

�
�
M jH
E

�
�
�
zf 01
M ; : : : ; zf 0r

M
�
;�

zf 01
M ; : : : ; zf 0r

M
�
D exp

�
��

M jK
E

��
zf
M jK
1 ; : : : ; zf M jKr

�
;

ResK
�
zf
M jK
1 ; : : : ; zf M jKr

�
D
�
zf 01
K ; : : : ; zf 0r

K
�
;�

zf 01
K ; : : : ; zf 0r

K
�
D exp

�
��

KjH
E

��
zf
KjH
1 ; : : : ; zf KjHr

�
:

(2.19)

Now, from (2.17) and (2.19), we obtain

exp.�E / D ResK
�
exp

�
�
M jH
E

�
� exp

�
��

M jK
E

��
� exp

�
��

KjH
E

�
:

From Propositions 2.11, 2.12 and 2.14, we deduce the first part of (2.18). Remark the
basic identity

AM jK.U /V C AKjH .U /V D AM jH .U /V for U; V 2 TH: (2.20)

The second part is now obtained by the same means, one only has to use (2.20) in
addition to previous considerations.

We will now relate the Fermi coordinates for the pairs .M; K/ and .M; H/.
Clearly, there is a unique diffeomorphism �WRn ! Rn, �.0/ D 0, so that for any
Z 2 Rn small enough, we have

 M jKy0
.�.Z// D  M jHy0

.Z/: (2.21)

By comparing the Jacobians, we get the following result.

Proposition 2.16. The function � has the following Taylor expansion:

�.Z/ D Z CO
�
jZj2

�
:

Our next goal is to compare two trivializations of a vector bundle: one associ-
ated to the trivializations in Fermi coordinates for the pair .M; K/, another one for
.M;H/. Let �E be the (unique) smooth function, defined over BMy0 .R/, with values
in End.Cr/, such that �E .0/ D 0 and�

zf
M jK
1 ; : : : ; zf M jKr

�
D exp.�E / �

�
zf
M jH
1 ; : : : ; zf M jHr

�
;

where we view . zf
M jK
1 ; : : : ; zf

M jK
r / and . zf M jH1 ; : : : ; zf

M jH
r / as r � 1 matrices.

An elementary variation on the proof of Proposition 2.15 leads to the following
result.

Proposition 2.17. In the notation of Proposition 2.12, the following asymptotic holds:

�E
�
 M jH .Z/

�
D O

�
jZj2

�
; �L

�
 M jH .Z/

�
D O

�
jZj3

�
:
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3. Asymptotics of Toeplitz type operators and kernel calculus

The main goal of this section is to study asymptotics of Schwartz kernels of Toeplitz
type operators. More precisely, in Section 3.1, we consider the model situation, for
which an explicit formula for the Schwartz kernels of Bergman projectors, the exten-
sion and restriction operators can be given. We then study the composition rules for
the operators with related kernels. Those results play the foundational role in this
article. In Section 3.2, we recall the asymptotics of Schwartz kernels of Bergman pro-
jectors and the extension operator. In Section 3.3, we study the asymptotic expansion
of basic Toeplitz type operators, in particular, we establish Theorem 3.14. Finally, in
Section 3.4, we establish asymptotic characterization of Toeplitz type operators with
exponential decay.

3.1. Model operators on the complex vector space

In this section, we consider the model situation, for which an explicit formula for the
Schwartz kernels of Bergman projectors, the extension and restriction operators can
be given. We then use those explicit formulas to give a description for compositions
of operators, the Schwartz kernels of which can be expressed using the above kernels.
This section is motivated in many ways by the works of Ma–Marinescu [14, 16] and
Dai–Liu–Ma [4].

Endow Cn with the standard Riemannian metric and consider a trivialized holo-
morphic line bundle L0 on Cn. We endow L0 with the Hermitian metric hL0 , given
by

k1khL0 .Z/ D exp
�
�
�

2
jZj2

�
; (3.1)

where Z is the natural real coordinate on Cn, and 1 is the trivializing section of L0.
An easy verification shows that (3.1) implies that (1.1) holds in our setting. Recall
that [14, §4.1.6] shows that the Kodaira Laplacian on C1.X; L0/, multiplied by 2,
which we denote here by L, and view as an operator on C1.X/ using the orthonormal
trivialization by 1 exp.�

2
jZj2/ of L0, is given by

L D

nX
iD1

bib
C

i ;

where bi , bCi are creation and annihilation operators, defined as

bi D �2
@

@zi
C �xzi ; bCi D 2

@

@xzi
C �zi :

We verify easily that �
g.z; xz/; bj

�
D 2

@

@zj
g.z; xz/: (3.2)
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From [14, Theorem 4.1.20], we know that for a multiindex ˛ 2 Nn, the functions

b˛
�
zˇ exp

�
�
�

2

nX
iD1

jzi j
2
��
; (3.3)

form vector spaces of orthogonal eigenvectors of L (viewed as sections of C1.X;L0/
using the above orthonormal trivialization) corresponding to the eigenvalues

4�

nX
iD1

˛i :

From this (cf. [15, Theorem 1.15] and [14, (4.1.84)]), the Bergman kernel Pn of Cn

is given by

Pn.Z;Z
0/ D exp

�
�
�

2

nX
iD1

�
jzi j

2
C jz0i j

2
� 2zixz

0
i

��
for Z;Z0 2 Cn: (3.4)

In particular, we deduce that

bj;zPn.Z;Z
0/ D 2�.xzj � xz

0
j /Pn.Z;Z

0/: (3.5)

Also, we see easily (cf. [9, (3.28), (3.29)]) that Schwartz kernels of the orthogonal
Bergman kernel, P?n;m, corresponding to the projection onto holomorphic sections
orthogonal to the holomorphic sections which vanish along Cm, and theL2-extension
operator En;m, extending each element from .kerL/jCm to an element from kerL with
the minimal L2-norm, are given by

P?n;m.Z;Z
0/ D exp

�
�
�

2

mX
iD1

�
jzi j

2
C jz0i j

2
� 2zixz

0
i

�
�
�

2

nX
iDmC1

�
jzi j

2
C jz0i j

2
��
;

En;m.Z;Z
0
Y / D exp

�
�
�

2

mX
iD1

�
jzi j

2
C jz0i j

2
� 2zixz

0
i

�
�
�

2

nX
iDmC1

jzi j
2

�
: (3.6)

We, finally, remark that the Schwartz kernel of the operator ResCm ıPn is given by

Rn;m.ZY ; Z
0/ D exp

�
�
�

2

mX
iD1

�
jzi j

2
C jz0i j

2
� 2zixz

0
i

�
�
�

2

nX
iDmC1

jz0i j
2

�
: (3.7)

Remark the trivial identity
Rn;m D E�n;m:

Now, a lot of calculations in this article will have something to do with composi-
tions of operators having Schwartz kernels, given by the product of polynomials with
the above kernels. For that reason, the following lemma will be of utmost importance
in what follows.
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Lemma 3.1. For any polynomials A1.Z; Z0/, A2.Z; Z0/, Z; Z0 2 R2n, there is a
polynomial A3 WD Kn;mŒA1; A2�, the coefficients of which are polynomials of the
coefficients of A1; A2, such that

.A1 � P
?
n;m/ ı .A2 � P

?
n;m/ D A3 � P

?
n;m: (3.8)

Moreover, degA3 � degA1 C degA2. Also, if both polynomials A1, A2 are even or
odd (resp. one is even, another is odd), then the polynomial A3 is even (resp. odd).
Similarly, there is a polynomial A03 WDK 0n;mŒA1;A2� with the same properties as A3,
such that

.A1 � Pn/ ı .A2 � P
?
n;m/ D A

0
3 � P

?
n;m: (3.9)

Also, for any polynomials A.Z;Z0Y /, D.ZY ; Z
0
Y /, Z 2 R2n, ZY ; Z0Y 2 R2m, there

is a polynomial A003 WDKEP
n;mŒA;D� with the same properties as A3 such that

.A � En;m/ ı .D � Pm/ D A
00
3 � En;m: (3.10)

For polynomials B.Z;Z0/, C.ZY ;Z0/,Z;Z0 2 R2n,ZY 2 R2m, the following iden-
tities hold:

.B � Pn/ ı .A � En;m/ D
�
Kn;nŒB; A� ı Resm

�
� En;m;

.B � P?n;m/ ı .A � En;m/ D
�
Kn;mŒB; A� ı Resm

�
� En;m;

.C � Rn;m/ ı .A � En;m/ D
�
Resm ıKn;mŒC; A� ı Resm

�
� Pm;m;

(3.11)

Finally, for any polynomials A4.Z; Z0W /, A5.ZW ; Z
0
Y /, Z 2 R2n, Z0Y 2 R2m,

ZW ; Z
0
W 2 R2l , there is a polynomialA0003 WDKE

n;mŒA4;A5�, with the same properties
as A3, such that

.A4 � En;l/ ı .A5 � El;m/ D A
000
3 � En;m:

Remark 3.2. The statement (3.8) for n D m is due to Ma–Marinescu [14, Lem-
ma 7.1.1, (7.1.6)].

Proof. We decompose polynomials A1, A2 as follows

A1.Z;Z
0/ D

X
˛

Z˛N � A
˛
1.ZY ; Z

0/; A2.Z;Z
0/ D

X
˛0

A˛
0

2 .Z;Z
0
Y /Z

0
N
˛0 ;

where ˛; ˛0 2 N2.n�m/ verify j˛j � degA1; j˛0j � degA2. In [9, (3.36)], we estab-
lished the first statement and proved that

Kn;mŒA1; A2� D
X
˛

X
˛0

Z˛NZ
0
N
˛0Kn;nŒA

˛
1 ; A

˛0

2 �: (3.12)

Along the same lines, we obtained in [9, (3.38)] the second statement and

K 0n;mŒA1; A2�.Z;Z
0/ D

X
˛0

Z0N
˛0
�Kn;nŒA1; A

˛0

2 �.Z;Z
0
Y /: (3.13)



Complex embeddings and Toeplitz operators 509

To get the third statement, we representA.Z;Z0Y / WD
P
Z˛N �A

˛.ZY ;Z
0
Y /. Then,

from (3.4) and (3.6), the following equation holds:

.A˛ � En;m/ ı .D � Pm/ D exp
�
�
�

2
jZN j

2
�
� .A˛ � Pm/ ı .D � Pm/:

By this and (3.8), we clearly have (3.10) for

KEP
n;mŒA;D� D

X
˛

Z˛N �Km;mŒA
˛;D�: (3.14)

Now, we note that an easy verification, based on (3.4), (3.6) and (3.7), shows that�
.B � Pn/ ı .A � En;m/

�
.Z;Z0Y / D

�
.B � Pn/ ı .A � Pn/

�
.Z;Z0Y /;�

.B � P?n;m/ ı .A � En;m/
�
.Z;Z0Y / D

�
.B � P?n;m/ ı .A � P

?
n;m/

�
.Z;Z0Y /;�

.C � Rn;m/ ı .A � En;m/
�
.ZY ; Z

0
Y / D

�
.C � P?n;m/ ı .A � P

?
n;m/

�
.ZY ; Z

0
Y /:

This clearly implies (3.11) by (3.8) and (3.9).
It is now only left to prove the fifth statement. For this, for

Z D .ZY ; ZNW jY ; ZNXjW /; ZY ; Z
0
Y 2 R2m;

ZNW jY 2 R2.l�m/; ZNXjW 2 R2.n�l/; Z0W 2 R2l ; ZW WD .ZY ; ZNW jY /;

we decompose the polynomial A4 as follows:

A4.Z;Z
0
W / D

X
˛

Z˛
NXjW

� A˛4.ZW ; Z
0
W /: (3.15)

An easy verification shows that�
.A˛4 � En;l/ ı .A5 � El;m/

�
.Z;Z0Y /

D exp
�
�
�

2
jZNXjW j

2
�
�
�
.A˛4 � Pl/ ı .A5 � El;m/

�
.ZW ; Z

0
Y /:

From (3.11), we obtain

KE
n;mŒA4; A5� D

X
˛

Z˛N �
�
Kl;l ŒA

˛
4 ; A5� ı Resm

�
; (3.16)

which finishes the proof. The statements about the degrees ofA3, etc., follow from the
validity of the corresponding statements for Kn;n, proved by Ma–Marinescu in [16]
and expressions (3.12), (3.13), (3.14), (3.15), (3.16).

From the above, we see that to compute the polynomials from Lemma 3.1, it
suffices to give an algorithm for the calculation of Kn;m. Below, we explain how to
do this. Directly from the definitions, we see that

Kn;mŒ1 � P.Z
0/; A� DKn;mŒ1; P.Z/ � A�
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for any polynomial A. Also, we trivially have

Kn;mŒP.Z/ � A.Z;Z
0/; A0.Z;Z0/� D P.Z/Kn;mŒA.Z;Z

0/; A0.Z;Z0/�

for any polynomials P;A;A0. Hence, it is enough to give an algorithm for the calcu-
lation of Kn;m where the first argument is given by 1. For this, remark that for any
i D 1; : : : ; n, a; b 2 N, we have

Kn;mŒ1; Pi .Z/z
a
i xz
b
i � DKn;mŒ1; Pi .Z/� �Kn;mŒ1; z

a
i xz
b
i �;

where the polynomial Pi .Z/ does not depend on zi and xzi . Hence, to understand
Kn;m, it suffices to know how to calculate it for polynomials zai xz

b
i . We describe below

the general formula.
Using (3.2) and (3.5), we see that for any a; b 2 N, i � n, we get

Pn ı .z
a
i xz
b
i �Pn/ D Pn ı

�
zai �

� bi
2�
C xz0i

�b
Pn

�
:

Remark that by (3.3), we have Pn ı .b
˛zˇ � Pn/ D 0 as long as ˛ ¤ 0. Hence,

from (3.2), we have

Pn ı .z
a
i � b

k
i Pn/ D

´
aŠ2k

.a�k/Š
za�ki Pn for a � k;

0 otherwise.

From this, for i � m, we deduce directly the following identity

Kn;mŒ1; z
a
i xz
b
i � D

X
lCkDb

1

�k
aŠbŠ

.a � k/ŠlŠkŠ
za�ki xz0i

l : (3.17)

Recall the following famous integral calculation: for z D x C
p
�1y, we haveZ

C
exp

�
��jzj2

�
zaxzb dx dy D ıab

aŠ

�a
: (3.18)

For mC 1 � i � n, (3.18) shows that

Kn;mŒ1; z
a
i xz
b
i � D ıab

aŠ

�a
: (3.19)

Corollary 3.3. Assume that for a polynomial A.Z; Z0Y /, Z 2 R2n, Z0Y 2 R2m, the
following equality holds:

Pn ı .A � En;m/ ı Pm D A � En;m:

Then A is a polynomial in z; xz0Y .
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Proof. First of all, our assumption clearly implies that Pn ı .A � En;m/ D A � En;m.
Hence, from (3.11), we deduce Kn;nŒ1;A� ı Resm D A. This along with (3.17) imply
that A is a polynomial in z and Z0Y . Now, again, our assumption implies that

.A � En;m/ ı Pm D A � En;m:

Hence, KEP
n;n ŒA; 1� D A. This, in conjunction with (3.14) and (3.17), implies that A

is a polynomial in z and xz0Y , which concludes the proof.

3.2. Schwartz kernels of Bergman projectors and extension operator

The main goal of this section is to recall the results about the asymptotics of Schwartz
kernels of Bergman projectors and the extension operator. We use notations from
Section 1 and assume that the triple .X;Y;gTX / is of bounded geometry. Let us recall
first the results about the exponential decay of those Schwartz kernels.

Theorem 3.4 (Ma–Marinescu [19, Theorem 1]). There are c > 0, p1 2N�, such that
for any k 2 N, there is C > 0, such that for any p � p1, x1; x2 2 X , the following
estimate holds:

jBXp .x1; x2/jCk � Cp
nCk=2

� exp
�
�c
p
p � dist.x1; x2/

�
;

where Ck-norm here is interpreted as in Definition 1.3.

Theorem 3.5 ([9, Theorems 1.5 and 1.8]). There are c > 0, p1 2 N�, such that for
any k; l 2 N, there is C > 0, such that for any p � p1, x1; x2 2 X , y 2 Y , the
following estimates hold:

jEX jYp .x1; y/jCk � Cp
mCk=2 exp

�
�c
p
p � dist.x1; y/

�
;

jBX jY?p .x1; x2/jCk � Cp
nCk=2

� exp
�
�c
p
p �
�
dist.x1; x2/C dist.x1; Y /C dist.x2; Y /

��
:

Let us now give the first direct application of Theorems 3.4, 3.5. Assume that we
start with two different choices of functions �1; �2 as in (1.13), and form two different
brackets ⟪�⟫1, ⟪�⟫2, as in (1.14), corresponding to those choices.

Corollary 3.6. There is p1 2N� such that for any g 2 C1
b
.Y;Symk.NX jY /�/, k2N,

there are c; C > 0, such that for any p � p1, x 2 X , y 2 Y , we have

jT
X jY

⟪g⟫1;p.x; y/ � T
X jY

⟪g⟫2;p.x; y/jCl � C exp
�
�c
p
p �
�
1C dist.x; y/

��
;

jT
Y jX

⟪g⟫1;p.y; x/ � T
Y jX

⟪g⟫2;p.y; x/jCl � C exp
�
�c
p
p �
�
1C dist.x; y/

��
:

In particular, Definition 1.3 ultimately does not depend on the choice of �.
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Proof. The proof follows directly from Theorem 3.4 and Corollary 2.8.

Theorem 3.5 shows that to understand fully the asymptotics of the Schwartz ker-
nel of the Bergman projector (resp. orthogonal Bergman projector and the extension
operator), it suffices to do so in a neighborhood of a fixed point on the diagonal of X
(resp. Y ), embedded in X � X (resp. X � X and X � Y ). Let us recall the results in
this direction, showing that Schwartz kernels of our operators are essentially equal,
up to a recalling, to Schwartz kernel of the model operators considered in Section 3.1.
Before this, let us fix some notation.

We fix x0 2 X and an orthonormal frame .e1; : : : ; e2n/ of .Tx0X; g
TX
x0
/, verify-

ing (1.18). Recall that geodesic coordinates were defined in (2.11). Define the function

�X�;x0 WB
R2n
0 .rX /! R

by �
.�Xx0/

� dvX
�
.Z/ D �X�;x0 dZ1 ^ � � � ^ dZ2n: (3.20)

Now, let x0 D y0, where y0 2 Y , and .e1; : : : ; e2n/ be as (2.3). Recall that Fermi
coordinates were defined in (2.3). Define the function

�
X jY
 ;y0
WBR2m

0 .rY / � B
R2.n�m/
0 .r?/! R

by �
. X jYy0

/� dvX
�
.Z/ D �

X jY
 ;y0

dZ1 ^ � � � ^ dZ2n: (3.21)

Recall that the function �X jYN was defined in (1.7). Clearly, forZ D .ZY ;ZN / 2R2n,
ZY 2 R2m, we have the following relation between different �-functions

�
X jY
 ;y0

.Z/ D �
X jY
N

�
 X jYy0

.Z/
�
� �Y�;y0.ZY /: (3.22)

Also, under assumptions (1.8), we have �X jY ;y0
.0/ D �Y�;y0.0/ D 1.

Recall that the second fundamental formAX jY 2 C1.Y;T �Y ˝End.TX jY //was
defined in (2.1). Recall that the functions Pn, P?n;m, En;m, were defined in (3.4), (3.6).

We fix an orthonormal frame .f1; : : : ;fr/ of .Fy0 ;h
F
y0
/ and define the orthonormal

frames . zf X jY1 ; : : : ; zf
X jY
r /, . zf 01

X ; : : : ; zf 0r
X / of .F; hF / in a neighborhood of y0, as in

Section 2.1.

Notation. For g 2 C1.X; F /, by an abuse of notation, we write g.�Xy0.Z// 2 Rr ,
Z 2 R2n, jZj � R, for coordinates of g in the frame . zf 01

X ; : : : ; zf 0r
X /. We iden-

tify g.�Xy0.Z// with an element in Fy0 using the frame .f1; : : : ; fr/. Similarly, we
denote by g. X jYy0 .Z// 2 Rr the coordinates in the frame . zf X jY1 ; : : : ; zf

X jY
r / and

identify them with an element from Fy0 . Similar notations are used for sections of
F �, F ˝ Lp , .F ˝ Lp/�, F � F �, etc.
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Theorem 3.7. For any r 2N, y0 2 Y , there are JX jYr .Z;Z0/ 2 End.Fy0/ polynomi-
als in Z;Z0 2 R2n, with the same parity as r and degJX jYr � 3r , whose coefficients
are polynomials in !, RTX , AX jY , RF , .dvX=dvgTX /

˙1=2n, .dvY =dvgTY /
˙1=2n,

and their derivatives of order � 2r , all evaluated at y0, such that for the functions
F
X jY
r WD J

X jY
r �Pn over R2n �R2n, the following holds: There are ";c > 0, p1 2N�,

such that for any k; l; l 0 2 N, there exists C > 0, such that for any

y0 2 Y; p � p1; Z;Z0 2 R2n; jZj; jZ0j � ";

˛; ˛0 2 N2n; j˛j C j˛0j � l; Q1
k;l;l 0 WD 3.nC k C l

0
C 2/C l;

we haveˇ̌̌̌
@j˛jCj˛

0j

@Z˛@Z0˛
0

�
1

pn
BXp

�
 X jYy0

.Z/;  X jYy0
.Z0/

�
�

kX
rD0

p�r=2FX jYr .
p
pZ;
p
pZ0/�

X jY
 .Z/�1=2�

X jY
 .Z0/�1=2

�ˇ̌̌̌
Cl
0

� Cp�.kC1�l/=2
�
1C
p
pjZj C

p
pjZ0j

�Q1
k;l;l0 exp

�
�c
p
pjZ �Z0j

�
;

where the Cl
0

-norm is taken with respect to y0. Also, the following identity holds

J
X jY
0 .Z;Z0/ D IdFy0 : (3.23)

Moreover, under the assumption (1.8), we have

J
X jY
1 .Z;Z0/ D IdFy0 � �

�
g
�
zN ; A

X jY .xzY � xz
0
Y /.xzY � xz

0
Y /
�

C g
�
xz0N ; A

X jY .zY � z
0
Y /.zY � z

0
Y /
��
: (3.24)

Proof. For X D Y , the result is due to Dai–Liu–Ma [4] and the calculation of JX jX1

is due to Ma–Marinescu [14, Remark 4.1.26]. The proof of the general case is done
in [9, Theorem 5.5] by relying on the result of [4] and some local calculations.

Theorem 3.8 ([9, Theorem 1.6]). For any r 2 N, y0 2 Y , there are polynomials
J
X jY;E
r .Z;Z0Y / 2 End.Fy0/ in Z 2 R2n, Z0Y 2 R2m, with the same properties as in

Theorem 3.7, such that for FX jY;Er WD J
X jY;E
r � En;m, the following holds: There are

"; c > 0, p1 2 N�, such that for any k; l; l 0 2 N, there is C > 0, such that for any

y0 2 Y; p � p1; Z D .ZY ; ZN /; ZY ; Z
0
Y 2 R2m; ZN 2 R2.n�m/;

jZj; jZ0Y j � "; ˛ 2 N2n; ˛0 2 N2m; j˛j C j˛0j � l
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for Q2
k;l;l 0
WD 6.16.nC 2/.k C 1/C l 0/C 2l , the following bound holds:ˇ̌̌̌
@j˛jCj˛

0j

@Z˛@Z0Y
˛0

�
1

pm
EX jYp

�
 X jYy0

.Z/;  X jYy0
.Z0Y /

�
�

kX
rD0

p�r=2FX jY;Er .
p
pZ;
p
pZ0Y /�

X jY
 .Z/�1=2�Y� .Z

0
Y /
�1=2

�ˇ̌̌̌
Cl
0

� Cp�.kC1�l/=2
�
1C
p
pjZj C

p
pjZ0Y j

�Q2
k;l;l0

� exp
�
�c
p
p
�
jZY �Z

0
Y j C jZN j

��
;

where the Cl
0

-norm is taken with respect to y0. Also, the following identity holds:

J
X jY;E
0 .Z;Z0Y / D IdFy0 � �

X jY
N .y0/

1=2: (3.25)

Theorem 3.9 ([9, Theorem 1.9]). For any r 2 N, y0 2 Y , there are polynomials
J
X jY;?
r .Z;Z0/ 2 End.Fy0/,Z;Z

0 2R2n, with the same properties as in Theorem 3.7
such that, for FX jY;?r WD J

X jY;?
r � P?n;m, the following holds: There are "; c > 0 and

p1 2 N� such that for any k; l; l 0 2 N, there is C > 0, such that for any

y0 2 Y; p � p1; Z D .ZY ; ZN /; Z0 D .Z0Y ; Z
0
N /; ZY ; Z

0
Y 2 R2m;

ZN ; Z
0
N 2 R2.n�m/; jZj; jZ0j � "; ˛; ˛0 2 N2n; j˛j C j˛0j � l;

for Q3
k;l;l 0
WD 3.8.nC 2/.k C 1/C l 0/C l , we haveˇ̌̌̌
@j˛jCj˛

0j

@Z˛@Z0˛
0

�
1

pn
BX jY?p

�
 X jYy0

.Z/;  X jYy0
.Z0/

�
�

kX
rD0

p�r=2FX jY;?r .
p
pZ;
p
pZ0/�

X jY
 .Z/�1=2�

X jY
 .Z0/�1=2

�ˇ̌̌̌
Cl
0

� Cp�.kC1�l/=2
�
1C
p
pjZj C

p
pjZ0j

�Q3
k;l;l0

� exp
�
�c
p
p
�
jZY �Z

0
Y j C jZN j C jZ

0
N j
��
;

where the Cl
0

-norm is taken with respect to y0. Also, we have

J
X jY;?
0 .Z;Z0/ D IdFy0 : (3.26)

Remark 3.10. In the paper [9, Theorems 1.6 and 1.9], we also explicitly calculated
J
X jY;E
1 and JX jY;?1 .
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3.3. Basic Toeplitz type operators and their asymptotics

The main goal of this section is to study asymptotic expansions of basic Toeplitz
type operators. In particular, we prove Theorem 3.14 and give precise formulas for
the constants C1; C2 from (3.38). The following two lemmas will be crucial in what
follows.

Lemma 3.11. Let .X; Y; gTX / be of bounded geometry. There is p1 2 N, such that
for any f 2C1

b
.Y;End.��F //, g 2

L1
kD0C

1
b
.Y;Symk.NX jY /�˝End.��F //, l 2N,

there is C > 0, such that for any p � p1, the Schwartz kernels

T Yf;p.y1; y2/; T
X jY

⟪g⟫;p.x; y1/; T
Y jX

⟪g⟫;p.y1; x/I x 2 X; y1; y2 2 Y

of T Y
f;p

, T X jY⟪g⟫;p , T Y jX⟪g⟫;p , evaluated with respect to dvY , dvY and dvX respectively,
satisfy

jT Yf;p.y1; y2/jCl � Cp
mCl=2

� exp
�
�c
p
p � distY .y1; y2/

�
;

jT
X jY

⟪g⟫;p.x; y1/jCl � Cp
mCl=2

� exp
�
�c
p
p � distX .x; y1/

�
;

jT
Y jX

⟪g⟫;p.y1; x/jCl � Cp
nCl=2

� exp
�
�c
p
p � distX .x; y1/

�
:

(3.27)

Proof. The first and third estimates of (3.27) follow trivially from Theorem 3.4 and
Corollary 2.8. The second estimate is a consequence of Theorems 3.4, 3.5 and Corol-
lary 2.8.

We fix y0 2 Y , a unitary frame .f1; : : : ; fr/ of .Fy0 ; h
F
y0
/ and use the notational

conventions introduced before Theorem 3.7.

Lemma 3.12. For any f 2 C1
b
.Y;End.��F //, respectively,

g 2 C1b
�
Y;Symk.NX jY /� ˝ End.��F /

�
; k 2 N;

where y0 2 Y , r 2 N, there are J Y
r;f
.ZY ; Z

0
Y / 2 End.Fy0/, respectively,

JEr;g.Z;Z
0
Y / 2 End.Fy0/; JRr;g.ZY ; Z

0/ 2 End.Fy0/;

polynomials in ZY ; Z0Y 2 R2m, Z;Z0 2 R2n of the same parity as r (resp. r C k),
such that the coefficients of J Y

r;f
(resp. JEr;g , JRr;g ) lie in C1

b
.Y; End.��F //, and for

F Y
r;f
WD J Y

r;f
� Pm (resp. FEr;g WD J

E
r;g �En;m, FRr;g WD J

R
r;g �Rn;m), the following holds:

There are "; c > 0, p1 2 N�, such that for any k; l; l 0 2 N, there are C;Q > 0, such
that for any

y0 2 Y; p � p1; Z;Z0 2 R2n; Z D .ZY ; ZN /; Z0 D .Z0Y ; Z
0
N /;

ZY ; Z
0
Y 2 R2m; jZj; jZ0j � "; ˛; ˛0 2 N2n; ˛0; ˛

0
0 2 N2m;

j˛j C j˛00j; j˛0j C j˛
0
j; j˛0j C j˛

0
0j � l;
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the following bounds hold:ˇ̌̌̌
@j˛0jCj˛

0
0
j

@Z
˛0
Y @Z

0
Y
˛0
0

�
1

pm
T Yp;f

�
�Yy0.ZY /; �

Y
y0
.Z0Y /

�
�

kX
rD0

p�r=2F Yr;f .
p
pZY ;

p
pZ0Y /�

Y
� .ZY /

�1=2�Y� .Z
0
Y /
�1=2

�ˇ̌̌̌
Cl
0

� Cp�.kC1�l/=2
�
1C
p
pjZY j C

p
pjZ0Y j

�Q
� exp

�
�c
p
pjZY �Z

0
Y j
�
; (3.28)ˇ̌̌̌

@j˛jCj˛
0j

@Z˛@Z0Y
˛0

�
1

pm
T
X jY

⟪g⟫;p
�
 X jYy0

.Z/; �Yy0.Z
0
Y /
�

�

kX
rD0

p�r=2FEr;g.
p
pZ;
p
pZ0Y /�

X jY
 .Z/�1=2�Y� .Z

0
Y /
�1=2

�ˇ̌̌̌
Cl
0

� Cp�.kC1�l/=2
�
1C
p
pjZj C

p
pjZ0Y j

�Q
� exp

�
�c
p
p
�
jZN j C jZY �Z

0
Y j
��
; (3.29)ˇ̌̌̌

@j˛jCj˛
0j

@Z˛Y @Z
0˛0

�
1

pn
T
Y jX

⟪g⟫;p
�
�Yy0.ZY /;  

X jY
y0

.Z0/
�

�

kX
rD0

p�r=2FRr;g.
p
pZY ;

p
pZ0/�Y� .ZY /

�1=2�
X jY
 .Z0/�1=2

�ˇ̌̌̌
Cl
0

� Cp�.kC1�l/=2
�
1C
p
pjZY j C

p
pjZ0j

�Q
� exp

�
�c
p
p
�
jZ0N j C jZY �Z

0
Y j
��
; (3.30)

where the Cl
0

-norm is taken with respect to y0.
Moreover, we have J0;f .ZY ; Z0Y / D f .y0/ and in the notations of (1.14), for

gh 2 C1
b
.Y;Symk.NX jY /.1;0/� ˝ End.��F //, respectively,

ga 2 C1b
�
Y;Symk.NX jY /.0;1/� ˝ End.��F /

�
;

where k2N, the polynomial JE
0;gh

.Z;Z0Y / (resp. JR0;ga.ZY ; Z
0/) depends only on zN

(resp. xzN ), it has degree k, and as a section of Symk.NX jY /.1;0/� ˝ End.��F /, resp-
ectively,

Symk.NX jY /.0;1/� ˝ End.��F /

over Y , it coincides with gh � �X jYN .y0/
1=2 (resp. ga � �X jYN .y0/

�1=2) for k � 1 and
equal to 0 for k D 0.

Proof. We establish each of the three statements one by one. Remark first that Ma–
Marinescu in [16, Lemma 4.6] established the first part of this result for compact man-



Complex embeddings and Toeplitz operators 517

ifolds. We will now describe why essentially the same proof holds for the first state-
ment of Lemma 3.12 for functions from C1

b
.Y;End.��F // on manifolds of bounded

geometry .Y; gTY /. Trivially, we have

T Yf;p.y1; y2/ D

Z
Y

BYp .y1; y3/ � f .y3/ � B
Y
p .y3; y2/ dvY .y3/: (3.31)

Now, let "> 0 be as in Theorem 3.7. We put "0 WD"=2. Let y02Y and y1;y22BYy0."0/.
We decompose the integral in (3.31) into two parts: the first one over BYy0."/, and the
second one is over its complement, which we denote by Q. Clearly, for y3 2 Q, we
get

dist.y1; y3/C dist.y3; y2/ � ":

Hence, from Theorem 3.4, Proposition 2.6 and (1.3), we see that the contribution
from the integration over Q is smaller than exp.�c

p
p.1C dist.y1; y2/// for some

constant c > 0. Consequently, only the integration over BYy0."/ is non-negligible. To
evaluate it, we apply Theorem 3.4. We calculate the integral over the pull-back with
respect to the exponential map of our differential forms. We use the notations intro-
duced before Theorem 3.7. After the change of variables Z 7!

p
pZ, an estimate

similar to the one which bounded the integral overQ, and the first part of Lemma 3.1,
applied for n WD m, we see that (3.28) holds for

J Yr;f WD
X

aCbCj˛jDr

X
˛

Km;m

�
J Y jYa ;

@˛f .�Yy0.ZY //

@Z˛Y
.0/ �

Z˛Y
˛Š
� J

Y jY

b

�
; (3.32)

where ˛ runs through the set of multiindices N2m. From (3.23) and (3.32), we deduce
the statement about J Y

0;f
. From (3.32), our bounded geometry assumption, the fact

that f 2 C1
b
.Y;End.��F // and the fact that the coefficients of J Y jYr are polynomials

in !, RTY , RF , .dvY =dvgTY /˙1=2m, and their derivatives of order � 2r , we deduce
that the coefficients of J Y

r;f
lie in C1

b
.Y;End.��F //. The statement about their parity

follows from Lemma 3.1 and (3.32).
Now, let us establish the second part. The proof is absolutely analogous to the

proof of the first part. One only has to, in addition to Theorems 3.4 and 3.7, use Theo-
rems 3.5, 3.8 and 3.9. Again we use the notations introduced before Theorem 3.7. We
view the section ¹gº, constructed before (1.14), as a function with values in End.Fy0/.
Clearly, ¹gº. X jYy0 .ZY ; ZN // is polynomial in vertical directions; in other words

¹gº
�
 X jYy0

.ZY ; ZN /
�
D

X
ˇ

gˇ
�
�Yy0.ZY /

�ZˇN
ˇŠ
; (3.33)

where ˇ 2 N2.n�m/ runs through all the multiindices and the sum is finite. From the
first two equations of (3.11) and the reasoning similar to the one before (3.32), we
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obtain that the polynomials

JEr;g.Z;Z
0
Y / WD

X
˛

X
ˇ

X
aCbCj˛jDr�

Kn;n

�
JX jYa ;

@˛gˇ .�
Y
y0
.ZY //

@Z˛Y
.0/ �

Z
ˇ
N

ˇŠ
�
Z˛Y
˛Š
� J

X jY;E

b

�
�Kn;m

�
JX jY;?a ;

@˛gˇ .�
Y
y0
.ZY //

@Z˛Y
.0/ �

Z
ˇ
N

ˇŠ
�
Z˛Y
˛Š
� J

X jY;E

b

��
.Z;Z0Y /; (3.34)

where ˛ runs through the multiindices N2m, satisfy the second equation from (3.28).
The statement about the parity of JEr;g follows from (3.34) similarly to how it was done
in (3.32). The calculation of JE0;g follows from (3.17), (3.23), (3.25), (3.26) and (3.34).

Now, let us establish the third part. The proof is absolutely analogous to the proof
of the first part. One only has to use Theorems 3.5 and 3.9, in addition to Theorems 3.4
and 3.7. More precisely, in the notations of (3.33), from (3.8) and (3.9), we obtain that
the third equation from (3.28) holds for

JRr;g.ZY ; Z
0/ WD

X
˛

X
ˇ

X
aCbCj˛jDr�

Kn;n

�
JX jYa ;

@˛gˇ .�
Y
y0
.ZY //

@Z˛Y
.0/ �

Z
ˇ
N

ˇŠ
�
Z˛Y
˛Š
� J

X jY

b

�
�K 0n;m

�
JX jYa ;

@˛gˇ .�
Y
y0
.ZY //

@Z˛Y
.0/ �

Z
ˇ
N

ˇŠ
�
Z˛Y
˛Š
� J

X jY;?

b

��
.ZY ; Z

0/: (3.35)

The statement about the parity of JRr;g follows from (3.35), similarly to (3.32). The
calculation of JR0;g follows from (3.17), (3.23), (3.25), (3.26) and (3.35).

From Lemma 3.12, we obtain directly the following statement.

Corollary 3.13. Assume that for

f1; f2 2 C1b
�
Y;End.��F /

�
;

gh1 ; g
h
2 2

1M
kD1

C1b
�
Y;Symk.NX jY /.1;0/� ˝ End.��F /

�
;

ga1 ; g
a
2 2

1M
kD1

C1b
�
Y;Symk.NX jY /.0;1/� ˝ End.��F /

�
;

there are C > 0, p1 2 N�, such that for any p � p1, in the notations of Lemma 3.11,
we have

jT Yf1;p.y1; y2/ � T
Y
f2;p

.y1; y2/j � Cp
m�1=2;
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jT
X jY

⟪gh
1
⟫;p.x; y1/ � T

X jY

⟪gh
2
⟫;p.x; y1/j � Cp

m�1=2;

jT
Y jX

⟪ga
1
⟫;p.y1; x/ � T

Y jX

⟪ga
2
⟫;p.y1; x/j � Cp

n�1=2;

for any x 2 X , y1; y2 2 Y . Then we have f1 D f2, gh1 D g
h
2 , ga1 D g

a
2 . In particular,

the notation Œ��i from Definition 1.3 is well defined.

Proof. It follows directly from (3.28), (3.29), (3.30) and the precise descriptions of
J Y
0;fi

, JE
0;gh

i

, JR
0;ga

i

for i D 1; 2, given in the end of Lemma 3.12.

We will now state a theorem which will help us to get a better understanding of
the relation between Theorems 1.1 and 1.5. For

g 2

1M
kD0

C1b
�
Y;Symk.NX jY /� ˝ End.��F /

�
;

using the coordinate system as in (1.14), we define the sequence of operators

MX jY
g;p WL

2
�
Y; ��.Lp ˝ F /

�
! L2.X;Lp ˝ F /; p 2 N;

by

.MX jY
g;p f /.y;ZN / D ⟪g⟫.y;ZN / � exp

�
�p

�

2
jZN j

2
�
� .BYp f /.y/; (3.36)

where f 2L2.Y; ��.Lp ˝F // and the norm jZN j,ZN 2NX jY , is taken with respect
to gN

XjY
. We also define an operator

M Y jX;�
g;p WL2.X;Lp ˝ F /! L2

�
Y; ��.Lp ˝ F /

�
; p 2 N;

as follows:

.M Y jX;�
g;p f /.y/ D pn�m

� BYp ��

�
⟪g⟫.y;ZN / � exp

�
�p

�

2
jZN j

2
�
� f .y;ZN / � dvNXjY .ZN /

�
;

where we implicitly identified the restriction of f 2L2.X;Lp ˝F / to U with an ele-
ment from L2.U; ����.Lp ˝ F //, and �� is the integration over the fibers of NX jY .
Remark that the integration is well defined because the function ⟪g⟫ has support in a
small tubular neighborhood of Y .

Theorem 3.14. There is p1 2 N�, such that for any

gh 2

1M
kD1

C1b
�
Y;Symk.NX jY /.1;0/� ˝ End.��F /

�
;

ga 2

1M
kD1

C1b
�
Y;Symk.NX jY /.0;1/� ˝ End.��F /

�
;
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there is C > 0, such that for any p � p1, the following bounds hold:

T X jY⟪gh⟫;p �M
X jY

gh;p



 � Cp�.n�mC1/=2;

T Y jX⟪ga⟫;p �M Y jX;�
ga;p



 � Cp.n�m�1/=2: (3.37)

Remark 3.15. (a) In Proposition 3.18, we show that for non-zero

g 2

1M
kD0

C1b
�
Y;Symk.NX jY /� ˝ End.��F /

�
;

there are C1; C2 > 0, such that, as p !1, we have

MX jY
g;p



 � C1p�.n�m/=2; 

M Y jX;�
g;p



 � C2p.n�m/=2: (3.38)

Hence, by (3.37), the operators MX jY

gh;p
, M Y jX;�

ga;p , are asymptotic to T X jY⟪gh⟫;p , T Y jX⟪ga⟫;p ,
respectively.

(b) From Theorem 3.14 and Remark 3.15 (a), we see that Theorem 1.5 refines
Theorem 1.1.

Lemma 3.16. There are c;C > 0, p1 2N�, such that for any p � p1, x 2 X , y 2 Y ,
the following estimates hold:ˇ̌

MX jY
g;p .x; y/

ˇ̌
� Cpm exp

�
�c
p
p � dist.x; y/

�
;ˇ̌

M Y jX;�
g;p .y; x/

ˇ̌
� Cpn exp

�
�c
p
p � dist.x; y/

�
:

Proof. It follows trivially from Theorem 3.4, (3.36) and the fact that the function
uk exp.�u/ is bounded for u 2 RC for any k 2 N.

Proof of Theorem 3.14. In order to prove the theorem, we consider the Schwartz ker-
nelMX jY

g;p .x; y/ (resp.M Y jX;�
g;0;p .y; x/) ofMX jY

g;p , (resp.M Y jX;�
g;p , viewed as an operator

acting on the sections with support in a r?-tubular neighborhood of Y ) evaluated with
respect to the volume form dvY (resp. dvY ^ dvNXjY ). We use the notational conven-
tion introduced before Theorem 3.7. From Theorem 3.7 and (3.36), (3.4), and (3.6),
we conclude that there are "; c; C;Q > 0, p1 2 N�, such that for any

y0 2 Y; p � p1; Z;Z0 2 R2n;

Z D .ZY ; ZN /; Z0 D .Z0Y ; Z
0
N /; jZj; jZ

0
j � "; ZY ; Z

0
Y 2 R2m;

we haveˇ̌̌̌
1

pm
MX jY
g;p

�
 X jYy0

.Z/; �Yy0.Z
0
Y /
�

� ¹gº.y0;
p
pZN / � En;m.

p
pZ;
p
pZ0Y / � �

Y
� .ZY /

�1=2�Y� .Z
0
Y /
�1=2

ˇ̌̌̌
� Cp�1=2

�
1C
p
pjZj C

p
pjZ0Y j

�Q exp
�
�c
p
p
�
jZY �Z

0
Y j C jZN j

��
; (3.39)
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1

pn
M
Y jX;�
g;0;p

�
�Yy0.ZY /;  

X jY
y0

.Z0/
�

� ¹gº.y0;
p
pZ0N / � Rn;m.

p
pZY ;

p
pZ0/ � �Y� .ZY /

�1=2�Y� .Z
0
Y /
�1=2

ˇ̌̌̌
� Cp�1=2

�
1C
p
pjZY j C

p
pjZ0j

�Q exp
�
�c
p
p
�
jZY �Z

0
Y j C jZ

0
N j
��
: (3.40)

We denote now by M Y jX;�
g;p .y; x/ the Schwartz kernel of M Y jX;�

g;p , evaluated with
respect to dvX . From (3.22), (3.39) and (3.40), for Q0 WD max¹Q; deg gº, we then
obtain that in the same notations (but, probably, for a different choice of C ), we haveˇ̌̌̌
1

pn
M Y jX;�
g;p

�
�Yy0.ZY /;  

X jY
y0

.Z0/
�
� �

X jY
N .y0/

�1=2

� ¹gº.y0;
p
pZ0N / � Rn;m.

p
pZY ;

p
pZ0/ � �Y� .ZY /

�1=2�
X jY
 .Z0/�1=2

ˇ̌̌̌
� Cp�1=2

�
1C
p
pjZY j C

p
pjZ0j

�Q0 exp
�
�c
p
p
�
jZY �Z

0
Y j C jZ

0
N j
��
: (3.41)

By comparing (3.39) and (3.41) with the expansions from Lemma 3.12, there is
Q1 � 0, such thatˇ̌
M
X jY

gh;p

�
 X jYy0

.Z/; �Yy0.Z
0
Y /
�
� T

X jY

⟪gh⟫;p
�
 X jYy0

.Z/; �Yy0.Z
0
Y /
�ˇ̌

� Cpm�1=2
�
1C
p
pjZj C

p
pjZ0Y j

�Q1 exp
�
�c
p
p
�
jZY �Z

0
Y j C jZN j

��
; (3.42)ˇ̌̌̌

M
Y jX;�
ga;p

�
�Yy0.ZY /;  

X jY
y0

.Z0/
�
� T

Y jX

⟪ga⟫;p
�
�Yy0.ZY /;  

X jY
y0

.Z0/
�ˇ̌̌̌

� Cpn�1=2
�
1C
p
pjZY j C

p
pjZ0j

�Q1 exp
�
�c
p
p
�
jZY �Z

0
Y j C jZ

0
N j
��
: (3.43)

From Proposition 2.9, Lemma 3.16, and (3.42) and (3.43), we finally deduce Theo-
rem 3.14.

Let us now briefly describe how to calculate the asymptotics of the norms of oper-
ators MX jY

g;p and M Y jX;�
g;p , p 2 N. For this, the following lemma will be of crucial

importance.

Lemma 3.17 (Bordemann–Meinrenken–Schlichenmaier [3, Theorem 4.1], Finski [9,
Theorem 1.1], Ma–Marinescu [16, Theorem 3.19, (3.91)]). For f 2 C1

b
.X;End.F //

non-zero, the following holds:

kT Xf;pk � sup
x2X

kf .x/k; kT Xf;pk � sup
x2X

kf .x/k:

Moreover, if the above supremum is achieved in X , then there is C > 0, such that
for p big enough

sup
x2X

kf .x/k �
C
p
p
� kT Xf;pk:
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Now, let us introduce some further notations. We fix y0 2 Y and an orthogonal
basis w1; : : : ; wn�m of .NX jY

y0 /.1;0/, verifying kwik D 1=
p
2, i D 1; : : : ; n �m. For

example, takewj D @=@zjCm, j D 1; : : : ;n�m, where zi are the complex coordinates
induced by Fermi coordinates at y0. For any i; j 2 N, we define the operator

ƒ!;DWSymi
�
.NX jY /.1;0/�

�
˝ Symj

�
.NX jY /.0;1/�

�
! C; (3.44)

for multiindices ˛; ˇ 2 Nn�m, as follows:

ƒ!;D
�
w˛ ˝ xwˇ

�
D

´
.1=� jˇ j/ˇŠ if ˛ D ˇ;

0 otherwise:

Clearly, this operator does not depend on the choice of the basis w1; : : : ; wn�m. By
linearity, we extend ƒ!;DŒ�� to Symi ..NX jY /�/˝ End.��F /˝C.

Proposition 3.18. The constants C1; C2 > 0 from (3.38) are given by

C1 D sup
y2Y

�
�
X jY
N .y/1=2 �



ƒ!;D�g�y ˝ gy�

1=2�;
C2 D sup

y2Y

�
�
X jY
N .y/�1=2 �



ƒ!;D�gy ˝ g�y �

1=2�:
Proof. The main idea of the proof is to reduce the calculation of the norms from (3.38)
to the calculation of the norms of some Toeplitz operators.

An easy calculation using (1.7) shows that for any f 2 L2.Y; ��.Lp ˝ F //, we
have

kMX jY
g;p f kL2.dvX / D khg;p.y/ � B

Y
p f kL2.dvY /; (3.45)

where the section hg;p 2 C1.Y;End.��F // satisfies

hg;p.y/
2
WD

Z
R2.n�m/

�
X jY
N .y;

p
pZN / � exp

�
�p�jZN j

2
�

� ¹gº.y;
p
pZN /

�
� ¹gº.y;

p
pZN / � �

�
jZN j

r?

�2
dZ2mC1 ^ � � � ^ dZ2n:

By an easy calculation using (3.18), there is c > 0, such that, as p !1, we have

hg;p.y/
2
D
�
X jY
N .y/ �ƒ!;DŒg.y/

� ˝ g.y/�

pn�m
CO

� 1

pn�mC1=2

�
: (3.46)

Now, let h 2 C1.Y;End.��F // verifies h.y/2 D �X jYN .y/ �ƒ!;DŒg.y/
� ˝ g.y/�.

Clearly, the bounded geometry condition and assumption that

g 2

1M
kD0

C1b
�
Y;Symk.NX jY /� ˝ End.��F /

�
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imply that h.y/ 2 C1
b
.Y;End.��F //. Trivially, Toeplitz operator T Y

h;p
satisfies

hT Yh;pf; f iL2.dvY / D kh � B
Y
p f kL2.dvY /: (3.47)

Thus, by (3.45), (3.46) and (3.47), we have

kMX jY
g;p k D

1

p.n�m/=2
kT Yh;pk CO

� 1

p.n�mC1/=2

�
: (3.48)

We deduce the first part of Proposition 3.18 by Lemma 3.17 and (3.48).
Now, to get the second part, let us first remark that the following formula holds

.M Y jX;�
g;p /� D .�

X jY
N /�1 �M

X jY
g�;p:

The proof now proceeds in the same way as the proof for the first part.

3.4. Asymptotic criteria for Toeplitz type operators

As we approach the study of Toeplitz operators with exponential decay through the
asymptotic expansions of their Schwartz kernels, it is fundamental to find character-
izations of the latter operators in terms of the former asymptotic expansions. This is
the main goal of this section.

To state and prove those characterizations in the generality we need, we will intro-
duce a weaker notion of Toeplitz operators, compared to the one from Definition 1.3.
For this definition, we fix some Riemannian manifold .Z; gTZ/ and an embedding
�0WX ! Z, such that .�0/�gTZ D gTX , and such that the triple .Z; X; gTZ/ is of
bounded geometry.

Definition 3.19. A sequence of linear operators T Yp 2 End.L2.Y; ��.Lp ˝ F ///,
respectively,

T Y jXp WL2.X;Lp ˝ F /! L2
�
Y; ��.Lp ˝ F /

�
;

T X jYp WL2
�
Y; ��.Lp ˝ F /

�
! L2.X;Lp ˝ F /; p 2 N;

as in Definition 1.3 is called a Toeplitz operator with weak exponential decay (resp.
of type Y jX , X jY ) with respect to Z if all the assumptions of Definition 1.3 hold,
except that in the estimate (1.15) in the right-hand side instead of distY .y1; y2/ (resp.
distX .x; y1/, distX .y1; x/), we have distZ.y1; y2/ (resp. distZ.x; y1/, distZ.y1; x/).
To shorten, we sometimes omit the reference to Z. The coefficients of the asymptotic
expansions will still be denoted by ŒT Yp �i , ŒT

Y jX
p �i , ŒT

X jY
p �i .

Remark 3.20. (a) The analogue of Remark 1.4 (a) holds for this weaker notion of
Toeplitz operators due to Propositions 2.6 and 2.9.

(b) From Proposition 2.4, we conclude that if �0 is quasi-isometry, the notions from
Definition 3.19 coincide with those from Definition 1.3.
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Theorem 3.21. Let .Y; gTY / be of bounded geometry. Then a family of linear oper-
ators T Yp 2 End.L2.Y; ��.Lp ˝ F ///, p 2 N, forms a Toeplitz operator with (resp.
weak) exponential decay if and only if the following conditions hold:

(1) For any p 2 N, T Yp D B
Y
p ı T

Y
p ı B

Y
p .

(2) There is p1 2 N, such that for any l 2 N, there is C > 0, such that for any
p � p1, the Schwartz kernel T Yp .y1; y2/; y1; y2 2 Y , of T Yp , evaluated with respect
to dvY , satisfies

jT Yp .y1; y2/jCl � Cp
mCl=2

� exp
�
�c
p
p � distY .y1; y2/

�
; (3.49)

respectively,

jT Yp .y1; y2/jCl � Cp
mCl=2

� exp
�
�c
p
p � distZ.y1; y2/

�
;

where in the last equation we used the notations from Definition 3.19.

(3) For any y0 2 Y , r 2 N, there are IYr .ZY ; Z
0
Y / 2 End.Fy0/ polynomials

in ZY ; Z0Y 2 R2m of the same parity as r , such that the coefficients of IYr lie in
C1
b
.Y; End.��F //, and for Fr WD IYr � Pm, the following holds: There are "; c > 0,

p1 2 N�, such that for any k; l; l 0 2 N, there are C;Q > 0, such that for any

y0 2 Y; p � p1; ZY ; Z
0
Y 2 R2m; jZY j; jZ

0
Y j � ";

˛; ˛0 2 N2m; j˛j C j˛0j � l;

the following bound holds:ˇ̌̌̌
@j˛jCj˛

0j

@Z˛Y @Z
0
Y
˛0

�
1

pm
T Yp

�
�Yy0.ZY /; �

Y
y0
.Z0Y /

�
�

kX
rD0

p�r=2Fr.
p
pZY ;

p
pZ0Y /�

Y
� .ZY /

�1=2�Y� .Z
0
Y /
�1=2

�ˇ̌̌̌
Cl
0

� Cp�.kC1�l/=2
�
1C
p
pjZY j C

p
pjZ0Y j

�Q exp
�
�c
p
pjZY �Z

0
Y j
�
; (3.50)

where the Cl
0

-norm is taken with respect to y0.

Moreover, (3.50) is related to the expansion from Definition 1.3 by IY0 .0; 0/D ŒT
Y
p �0.

Proof. The proof for Toeplitz operators with weak exponential decay is analogous to
the proof for Toeplitz operators with exponential decay, so we only concentrate on the
proof of the former case.

First of all, let us assume that the sequence of operators T Yp , p 2 N, forms a
Toeplitz operator with exponential decay. Then the first condition of Theorem 3.21
holds by definition. The second holds due to Lemma 3.11. The third holds due to
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Lemma 3.12. The identity IY0 .0; 0/ D ŒT
Y
p �0 follows from Lemma 3.12. Overall, we

obtain one direction of Theorem 3.21.
Let us now prove the opposite direction. Our proof is based on [15, Theorem 4.9],

where the authors proved the analogous theorem for compact manifolds and Toeplitz
operators in the sense of [14, §7], see Remark 1.4 (a). The first step of their proof
shows that the polynomial IY0 .ZY ; Z

0
Y / from Theorem 3.21 is constant, and hence

equal to IY0 .0; 0/. Their argument (which does not use the assumption on parity of
IYr .ZY ; Z

0
Y /, r 2 N) adapts line by line in our non-compact setting, except that the

estimate [15, (4.47)] has to be replaced by Corollary 2.7.
Then Ma and Marinescu define a section f0 2 C1.Y;End.��F // as

f0.y0/ WD I
Y
0 .0; 0/:

Our assumption on the coefficients of IYr implies that f0 2 C1
b
.Y;End.��F //. From

Lemma 3.12, most notably the fact that

IY0;f0.ZY ; Z
0
Y / D f0.y0/;

the fact that IY0 .ZY ;Z
0
Y / is constant and the choice of f0, we see that all the assump-

tions of Theorem 3.21 are satisfied for the sequence of operators
p
p � .T Yp � T

Y
f0;p

/,
p 2 N (except for the parity of IYr , which is now opposite to r).

By repeating this argument for
p
p � .T Yp � T

Y
f0;p

/ instead of T Yp , we conclude
that the first polynomial in Taylor-type expansion of

p
p � .T Yp � T

Y
f0;p

/, as in (3.50),
is constant. It is, however, of odd parity due to the parenthesized remark above. Hence,
the first coefficient is equal to 0. Due to this, we see that all the assumptions of The-
orem 3.21 (now, even for the parity of IYr ) are satisfied for the sequence of operators
p � .T Yp � T

Y
f0;p

/, p 2 N. In particular, the first equation of (1.15) holds for k D 1

by (3.49), applied for p � .T Yp � T
Y
f0;p

/. We finish by induction.

We will now describe the analogue of Theorem 3.21 for Toeplitz operators with
exponential decay of type X jY .

Theorem 3.22. Let .X; Y; gTX / be a triple of bounded geometry. Then a family

T X jYp WL2
�
Y; ��.Lp ˝ F /

�
! L2.X;Lp ˝ F /; p 2 N;

of linear operators forms a Toeplitz operator with (resp. weak) exponential decay of
type X jY if and only if the following conditions are satisfied:

(1) For any p 2 N, T X jYp D .BXp � B
X jY?
p / ı T

X jY
p ı BYp .

(2) There is p1 2 N�, such that for any l 2 N, there is C > 0, such that for any
p � p1, the Schwartz kernel T X jYp .x; y/; x 2 X , y 2 Y , of T X jYp , evaluated with
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respect to dvY , satisfies

jT X jYp .x; y/jCl � Cp
mCl=2

� exp
�
�c
p
p � dist.x; y/

�
;

respectively,

jT X jYp .x; y/jCl � Cp
mCl=2

� exp
�
�c
p
p � distZ.x; y/

�
;

where in the last equation we used notations from Definition 3.19.

(3) For any y0 2 Y , r 2 N, there are IEr .Z; Z
0
Y / 2 End.Fy0/ polynomials in

Z 2 R2n, Z0Y 2 R2m of the same parity as r , such that the coefficients of IEr lie in
C1
b
.Y;End.��F //, and for FEr WD I

E
r � En;m, the following holds. There are "; c > 0,

p1 2 N�, such that for any k; l; l 0 2 N, there are C;Q > 0, such that for any

y0 2 Y; p � p1; Z 2 R2n; Z0Y 2 R2m; jZj; jZ0Y j � ";

˛ 2 N2n; ˛0 2 N2m; j˛j C j˛0j � l;

we have ˇ̌̌̌
@j˛jCj˛

0j

@Z˛@Z0Y
˛0

�
1

pm
T X jYp

�
 X jYy0

.Z/; �Yy0.Z
0
Y /
�

�

kX
rD0

p�r=2FEr .
p
pZ;
p
pZ0Y /�

X jY
 .Z/�1=2�Y� .Z

0
Y /
�1=2

�ˇ̌̌̌
Cl
0

� Cp�.kC1�l/=2
�
1C
p
pjZj C

p
pjZ0Y j

�Q
� exp

�
�c
p
p
�
jZN j C jZY �Z

0
Y j
��
: (3.51)

Moreover, in the notations of (1.14), for any y0 2 Y , the polynomial IE0 .Z; Z
0
Y /

depends only on zN , and, as a section of
L1
kD1 Symk.NX jY /.1;0/� ˝ End.��F /

over Y , it coincides with ŒT X jYp �0 � �
X jY
N .y0/

1=2.

Proof. As the proof for the weak version of Toeplitz operators is completely analo-
gous to the proof of non-weak version, we only concentrate on proving the former
case.

First of all, let us assume that the sequence of operators T X jYp , p 2 N, forms a
Toeplitz operator with exponential decay of typeX jY . Then the first condition of The-
orem 3.22 holds by definition. The second holds due to Lemma 3.11. The third holds
due to Lemma 3.12. The relation between IE0 and ŒT X jYp �0 follows from Lemma 3.12.
Overall, we obtain one direction of Theorem 3.22.

Let us now prove the opposite direction. From the first condition of Theorem 3.22
and Corollary 3.3, we first deduce that in the notations of (3.51), IE0 .Z; Z

0
Y / is a

polynomial in z; xz0Y . Let us show that it only depends on zN .
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Consider first the operator T Yp WD ResY ıT
X jY
p . Of course T Yp D 0 due to our first

assumption on T X jYp . From Lemma 3.12 and the fact that in Fermi coordinates, the
submanifold Y corresponds to the embedding R2m ,! R2n, we obtain as a conse-
quence that IE0 .ZY ; Z

0
Y / D 0.

Now, let U be a smooth vector field, such that

U jY 2 N
X jY ; U.y0/ D

@

@zj
; j D mC 1; : : : ; n;

where z1; : : : ; zn are the complex coordinates associated to Fermi coordinates. We
consider the sequence of operators

T Yp;1 WD
1
p
p

ResY ıBXp ı rUT
X jY
p ; p 2 N:

This sequence of operators is well defined due to (1.4). It follows from (1.4) that T Yp;1,
p 2 N�, satisfies the first condition from Theorem 3.21. The second condition asso-
ciated to the weak notion also holds for Z WD X in the notations of Definition 3.19
(remark that the strong version holds only under additional quasi-isometry assump-
tion, see Proposition 2.4. This technical caveat is one of the reasons why we need to
consider weak version of Toeplitz type operators).

An easy verification using (3.9) shows that T Yp;1 satisfies the third assumption of
Theorem 3.21 for

IY0 .ZY ; Z
0
Y / WD

� @

@zj
IE0

�
.ZY ; Z

0
Y /:

Hence, by the results of Theorem 3.21 and its proof, we conclude that the sequence
of operators T Yp;1, p 2 N, forms a Toeplitz operator with weak exponential decay
associated to X , and . @

@zj
IE0 /.ZY ; Z

0
Y / a constant. Let

g01 2 C1b
�
Y; .NX jY /.1;0/� ˝ End.��F /

�
be defined so that for any n 2 .NX jY

y0 /.1;0/, we have

g01 � n D

nX
jDmC1

� @

@zj
IE0

�
.0; 0/ � nj ;

where nj are the coordinates of n in the basis @
@zj

. We define

T
X jY
p;1 WD T

X jY
p �

�
BXp � B

X jY?
p

�
ı
�⟪g01⟫ � EX jYp

�
:

By Lemma 3.12, (3.51) and the remark after it, we deduce that the asymptotic expan-
sion (3.50) holds for T X jYp WD T

X jY
p;1 and IE0 WD P2I

E
0 , where Pi , i 2 N, is the

projection onto the vector space of polynomials of degree � i .
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We then repeat the procedure for the pair of smooth vector fields U , V , verifying
similar assumptions as above, and the sequence of operators

T Yp;2 WD
1

p
ResY ıBXp ı rUrV T

X jY
p;1 ; p 2 N;

to construct
g02 2 C1b

�
Y;Sym2.NX jY /.1;0/� ˝ End.��F /

�
:

Then, as before, we form the sequence of operators

T
X jY
p;2 WD T

X jY
p;1 � .B

X
p � B

X jY?
p / ı

�⟪g02⟫ � EX jYp

�
; p 2 N:

By continuing in the same fashion, we construct the sequence of elements

g0k 2 C1b
�
Y;Symk.NX jY /.1;0/� ˝ End.��F /

�
; k 2 N�;

and operators T X jY
p;k

, k 2 N, such that the asymptotic expansion (3.50) holds for

T X jYp WD T
X jY

p;k
and IE0 WD PkC1I

E
0 :

Of course, since IE0 .Z;Z
0
Y / is a polynomial, only a finite number of g0

k
, k 2 N�,

is non-zero. We put g0 WD
P1
iD1 g

0
i . Clearly, g0 has the same parity as IE0 . By the

above, we see that the asymptotic expansion (3.51) holds for

T X jYp WD T X jYp � .BXp � B
X jY?
p / ı

�⟪g0⟫ � EX jYp

�
and IE0 WD 0:

Hence, the same asymptotic expansion (3.51) holds for

p
p
�
T X jYp � .BXp � B

X jY?
p / ı

�⟪g0⟫ � EX jYp

��
:

We repeat the same procedure for the new sequence of operators and construct an ele-
ment g1. Clearly, by the assumptions on the parity of IEr , the parity of g1 is different
from g0. By induction, we get a sequence of elements gi , i 2 N, which satisfy the
second equation from (1.15), and the parities of which are as we need.

We are finally ready to treat the last type of Toeplitz operators with exponential
decay.

Theorem 3.23. A family T Y jXp WL2.X; Lp ˝ F /! L2.Y; ��.Lp ˝ F //, p 2 N, of
linear operators forms a Toeplitz operator with exponential decay of type Y jX if and
only if the following three conditions are satisfied:

(1) For any p 2 N, T Y jXp D BYp ı T
Y jX
p ı .BXp � B

X jY?
p /.
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(2) There is p1 2 N�, such that for any l 2 N, there is C > 0, such that for any
p � p1, the Schwartz kernel T Y jXp .y; x/; x 2 X , y 2 Y , of T Y jXp , evaluated with
respect to dvX , satisfies

jT Y jXp .y; x/jCl � Cp
nCl=2

� exp
�
�c
p
p � dist.x; y/

�
;

respectively,

jT Y jXp .y; x/jCl � Cp
nCl=2

� exp
�
�c
p
p � distZ.x; y/

�
;

where in the last equation we used the notations from Definition 3.19.

(3) For any y0 2 Y , r 2 N, there are IRr .ZY ; Z
0/ 2 End.Fy0/ polynomials in

ZY 2 R2m, Z0 2 R2n of the same parity as r , such that the coefficients of IRr lie in
C1
b
.Y;End.��F //, and for FRr WD I

R
r �Rn;m, the following holds. There are "; c > 0,

p1 2 N�, such that for any k; l; l 0 2 N, there are C;Q > 0, such that for any

y0 2 Y; p � p1; ZY 2 R2m; Z0 2 R2n; jZY j; jZ
0
j � ";

˛ 2 N2m; ˛0 2 N2n; j˛j C j˛0j � l;

we have ˇ̌̌̌
@j˛jCj˛

0j

@Z˛Y @Z
0˛0

�
1

pn
T Y jXp

�
�Yy0.ZY /;  

X jY
y0

.Z0/
�

�

kX
rD0

p�r=2FRr .
p
pZY ;

p
pZ0/�Y� .ZY /

�1=2�
X jY
 .Z0/�1=2

�ˇ̌̌̌
Cl
0

� Cp�.kC1�l/=2
�
1C
p
pjZY j C

p
pjZ0j

�Q
� exp

�
�c
p
p
�
jZ0N j C jZY �Z

0
Y j
��
: (3.52)

Moreover, in the notations of (1.14) and (3.51), the polynomial IR0 .ZY ; Z
0/ depends

only on xz0N , and as a section of
L1
kD1 Symk.NX jY /.0;1/� ˝ End.��F / over Y , it

coincides with ŒT Y jXp �0 � �
X jY
N .y0/

�1=2.

Clearly, Lemmas 3.11, 3.12 imply the first implication of Theorem 3.23. The proof
of the second implication will be given in Section 4.2, where we study adjoints of
Toeplitz type operators.

4. Toeplitz type operators: Algebraic properties and examples

The main goal of this section is to study algebraic properties of the set of Toeplitz
type operators and to construct some examples of those operators. More precisely, in
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Section 4.1, we show that the set of Toeplitz type operators is closed under taking
restrictions, extensions and some products. In Section 4.2, we prove the analogous
statement for the adjoints of Toeplitz type operators. To do this and out of indepen-
dent interest, we introduce a sequence of operators, so-called multiplicative defect,
which plays a crucial role in our approach to the main statements of this article. We
also prove that the multiplicative defect is itself a Toeplitz type operator with weak
exponential decay. Finally, in Section 4.3, we provide several examples of Toeplitz
type operators.

4.1. Products, extensions and restrictions of Toeplitz type operators

The main goal of this section is to show that the set of Toeplitz type operators with
(weak) exponential decay is closed under taking restrictions, extensions and some
products.

To describe our main result, we fix some notations first. We have a natural isomor-
phism

NX jY
! ��1N

X jW
˚NW jY :

We then extend the induced projection onto the NW jY component to an operator on
Symk.NX jY /.1;0/�, and denote it by an abuse of notation PW jYN . Recall that ƒ!;DŒ��
was defined in (3.44).

For k; k0 2 N�, we fix

g1 2 C1b
�
Y;Symk.NX jY /.1;0/� ˝ End.��F /

�
;

g01 2 C1b
�
Y;Symk0.NX jY /.0;1/� ˝ End.��F /

�
;

g2 2 C1b
�
Y;Symk.NW jY /.1;0/� ˝ End.��1F /

�
;

g3 2 C1b
�
W;Symk0.NX jW /.1;0/� ˝ End.��2F /

�
:

The main result of this section goes as follows.

Theorem 4.1. The sequences of operators

ResW ıT
X jY

⟪g1⟫;p ,(1) ResW ıEX jYp �EW jYp(2)

for p 2 N, form a Toeplitz operator with weak exponential decay of type W jY with
respect to X . The sequence of operators

T
Y jX

⟪g0
1
⟫;p ı T

X jY

⟪g1⟫;p(3)

for p 2 N, forms a Toeplitz operator with weak exponential decay on Y with respect
to X .
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Finally, the sequences of operators

T
X jW

⟪g3⟫;p ı T
W jY

⟪g2⟫;p ,(4) T
X jW

⟪g3⟫;p ı EW jYp ,(5) EX jWp ıT
W jY

⟪g2⟫;p ,(6)

T
X jY

⟪g1⟫;p ı T
Y
f;p

,(7)

for p 2 N, form Toeplitz operators with exponential decay of type X jY . Moreover,
we have

ŒResW ıT
X jY

⟪g1⟫;p�0 D P
W jY
N .g1/,(1) ŒResW ıEX jYp �EW jYp �0 D 0,(2)

ŒT
Y jX

⟪g0
1
⟫;pıT

X jY

⟪g1⟫;p�0Dƒ!;DŒg
0
1 �g1�,(3) ŒT

X jW

⟪g3⟫;p ı T
W jY

⟪g2⟫;p�0 D �
�
1.g3/ � g2,(4)

ŒT
X jW

⟪g3⟫;p ı EW jYp �0 D �
�
1.g3/,(5) ŒEX jWp ıT

W jY

⟪g2⟫;p�0 D g2,(6)

ŒT
X jY

⟪g1⟫;p ı T
Y
f;p
�0 D g1 � f:(7)

Remark 4.2. In particular, from Proposition 2.4, if the embedding �2WW ! X is
quasi-isometry then, in points (1) and (2), the related sequences of operators form
Toeplitz type operator with exponential decay. The same holds for the point (3) if the
embedding �WY ! X is quasi-isometry.

Proof. The proofs of all those statements proceed by the verification that relevant
operators satisfy the assumptions of Theorems 3.21 and 3.22.

For statements (1) and (2), the validity of the first condition from Theorem 3.22
follows from (1.4). For statements (3), (4), (5), (6) and (7), the validity of the first
condition from Theorems 3.21 and 3.22 is direct.

The weak version of the second condition forZ WD X for statement (1) (resp. (2))
follows trivially from Lemma 3.11 (resp. Theorem 3.5). For statements (4), (5), (6)
and (7), (resp. (3)) the validity of the second condition (resp. weak version of the
second condition for Z WD X ) from Theorem 3.22 follows from Corollary 2.8 and
Lemma 3.11.

Hence, it is only left to verify the third statement for each of the operators. This
is slightly more delicate, and will be done separately for each of the statements. By
doing so, and employing the relationship between the polynomials from the third
condition of Theorems 3.21 and 3.22 and the asymptotic expansions (1.15), we also
establish the second part of Theorem 4.1.

Let us introduce the following notations first. For a function f WRk!R and s > 0,
we denote by fs.Z/, the function given by Z 7! 1

s
f .sZ/. For functions P.Z; Z0/,

R.Z; Z0/, Z 2 Rr , Z0 2 Re; r; e 2 N�, verifying R.0; 0/ ¤ 0, and two functions
f WRr ! Rr , gWRe ! Re , verifying

f .Z/ D Z CO
�
jZj2

�
; g.Z0/ D Z0 CO

�
jZ0j2

�
;
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we decompose P.fs.Z/; gs.Z0// as follows:

P.fs.Z/; gs.Z
0// D

kX
iD0

P.f; g/Œi�.Z;Z
0/si CO.skC1/;

R.fs.Z/; gs.Z
0//

R.Z;Z0/
D

kX
iD0

R0.f; g/Œi�.Z;Z
0/si CO.skC1/;

where P.f; g/Œi�; R0.f; g/Œi� are functions, which do not depend on s. It is clear that
P.f; g/Œi�, R0.f; g/Œi� are polynomials if P is a polynomial and R is the exponen-
tial of a polynomial. When f (resp. g) is the identity map, we write P.f; Z0/Œi�
(resp. P.Z; g/Œi�) for P.f; g/Œi�. When P or R depend only on Z or Z0, we write
P.f /Œi�.Z/, P.g/Œi�.Z0/ and R0.f /Œi�.Z/, R0.g/Œi�.Z0/ for the above polynomials.

We use the notations introduced before Theorem 3.7. From (2.16) and (2.17), we
deduce that

ResW ıT
X jY

⟪g1⟫;p
�
 W jYy0

.ZW /; �
Y
y0
.Z0Y /

�
D T

X jY

⟪g1⟫;p
�
 X jYy0

.�.ZW //; �
Y
y0
.Z0Y /

�
exp.p�L C �F /

�
 W jYy0

.ZW /
�
: (4.1)

For k 2 N, we decompose exp.�F /, into power series expansion

exp.�F /.ZW / D
kX
iD0

exp.�F /Œi�.ZW /CO
�
jZW j

kC1
�
; (4.2)

where exp.�F /Œi� are homogeneous polynomials in ZW of degree i . Using (2.15), we
see that we can decompose exp.p�L/ as follows:

exp.p�L/.ZW /D
2kX
iD0

bi=2cX
jD0

p
p
j exp.p�L/Œi;j �.ZW /CO

�p
p
kC1
jZW j

2kC1
�
; (4.3)

where exp.p�L/Œi;j � are homogeneous polynomials in ZW of degree i , independent
of p.

Recall that �-functions were defined in (1.7), (3.20), (3.21). Clearly, from (3.22),
we have

�
X jY
 

�
�.ZW /

�
D �

W jY
 .ZW / � �

X jY
N

�
 X jY

�
�.ZW /

��
� �
W jY
N

�
 W jY .ZW /

��1
�
�Y� .�Y .ZW //

�Y� .ZY /
; (4.4)

where �Y is the horizontal component of � .



Complex embeddings and Toeplitz operators 533

For k 2 N, let us expand in a neighborhood of y0:

�
X jW
N

�
 X jY

�
�.ZW /

���1=2
D

kX
iD0

�
X jW

N;Œi�
.�/�1=2.ZW /CO

�
jZW j

kC1
�
;

�
W jY
N

�
 W jY .ZW /

�1=2
D

kX
iD0

�
�
W jY

N;Œi�

�1=2
.ZW /CO

�
jZW j

kC1
�
;

(4.5)

where �X jW
N;Œi�

.�/�1=2.ZW / and .�W jY
N;Œi�

/1=2.ZW / are homogeneous polynomials of de-
gree i .

We also decompose�
�Y� .�Y .ZW //

�Y� .ZY /

��1=2
D

kX
iD0

�
�Y� .�Y /

�Y�

��1=2
Œi�

.ZW /CO
�
jZW j

kC1
�
;

where .�Y� .�Y /=�
Y
� /
�1=2

Œi�
.ZW / are homogeneous polynomials of degree i . Since

�.ZY ; 0/ D ZY

for any i2N�, the polynomials .�Y� .�Y /=�
Y
� /
�1=2

Œi�
.ZW / divideZNW jY , whereZW D

.ZY ; ZNW jY /, and we have �
�Y� .�Y /

�Y�

��1=2
Œ0�

D 1:

For r 2 N, we now introduce

�1cor;Œr�.ZW / WD
X

aCbCcDr

�
X jY

N;Œa�
.�/�1=2.ZW /

�
�
�
W jY

N;Œb�

�1=2
.ZW / �

�
�Y� .�Y /

�Y�

��1=2
Œc�

.ZW /: (4.6)

From (4.1)–(4.5) and (4.6), we deduce that the asymptotic expansion (3.51) holds
for X WD W the operator T X jYp WD ResW ıT

X jY

⟪g1⟫;p and the polynomials

IEr .ZW ; Z
0
Y / WD

X
aCbCcCdCeCfDr

�
Resl ıJEa;g1

�
.�;Z0Y /Œb� �

�
Resl ı

�
E0n;m.�;Z

0
Y /Œc�

��
� exp.�F /Œd�.ZW / �

X
i�jDe

exp.p�L/Œi;j �.ZW / � �1cor;Œf �.ZW /: (4.7)

From (4.3), we see that the second sum in (4.7) is finite. From this, we see that
the first part of the first statement of Theorem 4.1 follows from Theorem 3.22. The
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fact that the coefficients of IEr are bounded with all their derivatives follows from
Propositions 2.14, 2.15 and the corresponding statement for the polynomials JEr;g1 ,
r 2 N, from Lemma 3.12. The statement about the parity of IEr follows from the
analogous statements for JE

b;g1
from Lemma 3.12 and the fact that exp.p�L/Œi;j � are

non-zero only for even j . Now, from Propositions 2.14, 2.15, the expression for JE0;g1
from Lemma 3.12 and (4.7), we deduce that for any ZW D .ZY ; ZNW jY / 2 R2l ;
ZY ; Z

0
Y 2 R2m:

IE0 .ZW ; Z
0
Y / D P

W jY
N .g1/.y0/ �Z

˝k

NW jY
� �
W jY
N .y0/

1=2:

From this, we deduce by the last remark from Theorem 3.22 the first statement of the
second part of Theorem 4.1.

The proof for the second statement of the first part of Theorem 4.1 is completely
analogous to the proof for the first statement. The only difference is that the asymp-
totic expansion (3.51) now holds for the operators T X jYp WD ResW ıE

X jY
p � E

W jY
p

and the polynomials

IEr .ZW ; Z
0
Y / WD

X
aCbCcCdCeCfDr

�
Resl ıJX jY;Ea

�
.�;Z0Y /Œb�

�
�
Resl ı

�
E0n;m.�;Z

0
Y /Œc�

��
� exp.�F /Œd�.ZW /

�

X
i�jDe

exp.p�L/Œi;j �.ZW / � �1cor;Œf �.ZW / � J
W jY;E
r .ZW ; Z

0
Y /: (4.8)

From (3.17), (4.8) and the expressions for JX jY;E0 , JW jY;E0 from Theorem 3.8, we
conclude that for Z D .ZY ; ZN /, we have

IE0 .ZW ; Z
0
Y / WD 0: (4.9)

This establishes the second statement from the second part of Theorem 4.1 by the
remark in the end of Theorem 3.22.

We now treat the third statement from the first part of Theorem 4.1. Directly from
Lemma 2.6, the last part of (3.11) and the analysis similar to the one before (3.32),
we conclude that the expansion (3.50) holds for T Yp WD T

Y jX

⟪g0
1
⟫;p ı T

X jY

⟪g1⟫;p and

IYr WD
X

aCbDr

Resm ıKn;m

�
JR
a;g0

1
; JEb;g1

�
ı Resm : (4.10)

From (3.19), (4.10) and the expression for JR
0;g0

1

, JE0;g1 from Lemma 3.12, we con-
clude that for any ZY ; Z0Y 2 R2m, we have

J0.ZY ; Z
0
Y / WD ƒ!;DŒg

0
1 � g1�:
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The statement about the parity of IYr follows from the corresponding statements for
JR
a;g0

1

and JE
b;g1

from Lemma 3.12 and the parity statement from Lemma 3.1. This
establishes the third statement from the first and the second parts of Theorem 4.1 by
the last part of Theorem 3.21.

Let us now treat the fourth statement from the first part of Theorem 4.1. From
(2.16) and (2.17), for Z 2 R2n, Z0W 2 R2l , we deduce that

T
X jW

⟪g3⟫;p
�
 X jYy0

.Z/;  W jYy0
.Z0W /

�
D exp

�
p.�

W jY
L /� C .�

W jY
F /�

��
 W jYy0

.Z0W /
�

� T
X jW

⟪g3⟫;p
�
 X jWy0

.�.Z//; �Wy0

�
hW jY .Z0W /

��
� exp.p�L C �F /

�
 X jYy0

.Z/
�
: (4.11)

From (2.12), (3.20) and (3.21), we deduce that

�
W jY
 .ZW / D �

W
�

�
hW jY .ZW /

�
�
�
det Jac.hW jY /

�
.ZW /: (4.12)

From (2.12) and (2.21), we deduce that

hX jW .�.Z// D hX jY .Z/:

Hence by (4.12), we obtain

�
X jW
 .�.Z// D �

X jY
 .Z/ �

.det Jac.hX jW //.�.Z//
.det Jac.hX jY //.Z/

:

For r 2 N, we denote by�
det Jac.hX jW /

�
.�/
�1=2

Œr�
;

�
det Jac.hX jY /

�1=2
Œr�
;

�
det Jac.hW jY /

�1=2
Œr�

the homogeneous polynomials of degree r , defined as in (4.5) from Taylor expansions
of .det Jac.hX jW //.�/�1=2, .det Jac.hX jY //1=2, and .det Jac.hW jY //1=2. For r 2 N,
we now introduce

�2cor;Œr�.Z;Z
0
W / WD

X
aCbCcDr

�
det Jac.hX jW /

�
.�/
�1=2

Œa�
.Z/

�
�
det Jac.hX jY /

�1=2
Œb�
.Z/ �

�
det Jac.hW jY /

�1=2
Œc�
.Z0W /:

We use notations similar to (4.2) and (4.3) for

exp
�
.�
W jY
F /�

�
; exp.�F / and exp

�
p.�

W jY
L /�

�
; exp.p�L/:

From the analysis similar to the one before (3.32), (4.1), (4.2) and (4.11), we deduce
that the asymptotic expansion (3.51) holds for the operator

T X jYp WD T
X jW

⟪g3⟫;p ı T
W jY

⟪g2⟫;p
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and the polynomials

IEr WD
X

aCbCcCdCeCfCgChCkDr

KE
n;m

�
exp

�
.�
W jY
F /�

�
Œa�
.Z0W /

�

X
i�jDb

exp
�
p.�

W jY
L /�

�
Œi;j �

.Z0W / � J
E
c;g3

.�; hW jY /Œd� � E
0
n;l.�; h

W jY /Œe�

� exp.�F /Œf �.Z/ �
X
i�jDg

exp.p�L/Œi;j �.Z/ � �2cor;Œh�.Z;Z
0
W /; J

E
k;g2

�
; (4.13)

where both sums run over a subset of natural numbers. From (2.15), similarly to the
remark after (4.3), we see that the second and the third sums in (4.13) are actually
finite. The statement about the parity of IEr follows from the analogous statements
for JEc;g3 , JE

k;g2
from Lemma 3.12 and the parity statement from Lemma 3.1. From

this, we see that the fourth part of the first statement of Theorem 3.22 follows from
Theorem 3.22. From (3.16), (3.17), (4.13), and the expressions for JEr;g3 , JEr;g2 , r 2 N

from Lemma 3.12, we conclude that for Z D .ZY ; ZN /, ZY 2 R2m, we have

IE0 .Z;Z
0
Y / WD

�
��1.g3/ � g2

�
.y0/ �Z

˝.kCk0/
N � �

X jY
N .y0/

1=2;

which establishes the fourth statement from the second part of Theorem 4.1 by the
last part of Theorem 3.22.

The proofs of the fifth and sixth statements are completely analogous to the proof
of the fourth one. The only difference is that the asymptotic expansion (3.51) holds
for the operators

T X jYp WD T
X jW

⟪g3⟫;p ıE
W jY
p ; T X jYp WD EX jWp ı T

W jY

⟪g2⟫;p

and the polynomials

IEr WD
X

aCbCcCdCeCfCgChCkDr

KE
n;m

�
exp

�
.�
W jY
F /�

�
Œa�
.Z0W /

�

X
i�jDb

exp
�
p.�

W jY
L /�

�
Œi;j �

.Z0W / � J
E
c;g3

.�; hW jY /Œd�

� E0n;l.�; h
W jY /Œe� � exp.�F /Œf �.Z/

�

X
i�jDg

exp.p�L/Œi;j �.Z/ � �2cor;Œh�.Z;Z
0
W /; J

W jY;E

k

�
;



Complex embeddings and Toeplitz operators 537

IEr WD
X

aCbCcCdCeCfCgChCkDr

KE
n;m

�
exp

�
.�
W jY
F /�

�
Œa�
.Z0W /

�

X
i�jDb

exp
�
p.�

W jY
L /�

�
Œi;j �

.Z0W / � J
X jW;E
c .�; hW jY /Œd�

� E0n;l.�; h
W jY /Œe� � exp.�F /Œf �.Z/

�

X
i�jDg

exp.p�L/Œi;j �.Z/ � �2cor;Œh�.Z;Z
0
W /; J

W jY;E

k;g2

�
; (4.14)

respectively. The proofs of the parity statements are analogous. From (3.16), (3.17),
(4.13), and the expressions for JX jW;E0 , JW jY;E0 , JE0;g3 , JE0;g2 , from Theorem 3.8 and
Lemma 3.12, we conclude that

IE0 .Z;Z
0
Y / WD �

�
1.g3/.y0/ �Z

˝k
N � �

X jY
N .y0/

1=2;

IE0 .Z;Z
0
Y / WD g2.y0/ �Z

˝k0

N � �
X jY
N .y0/

1=2;

respectively. This establishes fifth and sixth statements from the second part of Theo-
rem 4.1 by the remark in the end of Theorem 3.22.

Let us now treat the seventh statement. Directly from Lemma 2.6, (3.10) and the
analysis similar to the one before (3.32), we conclude that (3.51) holds for the operator
T
X jY
p WD T

X jY

⟪g1⟫;p ı T
Y
f;p

and

IEr WD
X

aCbDr

KEP
n;mŒJ

E
a;g1

; J Yb;f �: (4.15)

The parity statement IEr holds by the same reasons as before. From (3.17), (4.15), and
the expression for JE0;g1 , J Y

0;f
from Lemma 3.12, we conclude that forZD .ZY ;ZN /,

we have
IE0 .Z;Z

0
Y / WD g1.y0/ �Z

˝k
N � f � �

X jY
N .y0/

1=2;

which establishes the seventh statement from the second part of Theorem 4.1 by the
last part of Theorem 3.21.

4.2. Multiplicative defect and adjoints of Toeplitz type operators

The main goal of this section is to study the adjoints of Toeplitz type operators. For
this, we introduce the so-called multiplicative defect operator and study some of its
properties. This operator will also play an important role in our calculations of the
first significant term of the asymptotic expansion of the transitivity defect, Dp , from
Theorem 1.5.
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Theorem 4.3. Assume .X; Y; gTX / is of bounded geometry. Then there is p1 2 N�

such that, for any p � p1, there is a unique operator

AX jYp 2 End
�
H 0
.2/

�
Y; ��.Lp ˝ F /

��
;

verifying
.ResY ıBXp /

�
D EX jYp ıAX jYp : (4.16)

Moreover, .1=pn�m/AX jYp , p � p1, when viewed as a sequence of elements from
End.L2.Y; ��.Lp ˝ F /// by precomposing with BYp , forms a Toeplitz operator with
weak exponential decay with respect to X , and we haveh 1

pn�m
AX jYp

i
0
D �

X jY
N j

�1
Y ;

where �X jYN was defined in (1.7).

Remark 4.4. (a) The sequence of operators .1=pn�m/AX jYp , p 2 N�, will be later
called “multiplicative defect”.

(b) This theorem can be used to give an alternative proof of the main results
from [9] bypassing some of the technical difficulties contained in [9, §§2.5 and 4],
see [10] for details.

Proof. First of all, let us establish the existence and uniqueness of AX jYp for p big
enough. Clearly, it suffices to prove that the kernels and the images of the operators
.ResY ıBXp /

� and EX jYp coincide for p big enough. First of all, we have

ker
�
ResY ıBXp

��
D
�
Im
�
ResY ıBXp

��?
: (4.17)

Now, in [9, (4.1)], we established that ResY ıBXp has its image inside of

H 0
.2/

�
Y; ��.Lp ˝ F /

�
:

In [9, Theorem 4.4], by following the proof of Ohsawa–Takegoshi extension theorem,
we proved that there is p1 2 N, such that for any p � p1, the image of ResY ıBXp
coincides exactly with H 0

.2/
.Y; ��.Lp ˝ F //. From this, and (4.17), we see that the

kernels of .ResY ıBXp /
� and EX jYp coincide. Similar reasoning shows that the images

of those operators coincide as well. In particular, for p�p1, there is a unique sequence
of operators AX jYp as in (4.16).

Now, let us establish that the sequence of operators .1=pn�m/AX jYp , p � p1,
viewed as a sequence of elements from End.L2.Y; ��.Lp ˝ F /// by precomposing
with BYp , forms a Toeplitz operator with weak exponential decay. We do so by veri-
fying that this sequence of operators satisfies all the properties of Theorem 3.21.
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In fact, from (4.16) and the fact ResY ıEX jYp DBYp , we obtain the explicit formula

AX jYp D ResY ı
�
ResY ıBXp

��
: (4.18)

Clearly, the first property from Theorem 3.21 follows from (1.4) and (4.18). The weak
version of the second property with respect toX follows from Theorem 3.4 and (4.18).

We will now show that the third property is a direct consequence of Theorem 3.7.
For the Taylor expansions of the �-functions, we will use the same notation as in (4.5).
From the fact that ResY . zf

X jY
1 ; : : : ; zf

X jY
r /D zf 01

Y ; : : : ; zf 0r
Y and (3.22), we see directly

that the expansion (3.50) holds for T Yp WD .1=pn�m/A
X jY
p and for the polynomials

IYr .ZY ; Z
0
Y /, ZY ; Z

0
Y 2 R2m, defined as follows:

IYr .ZY ;Z
0
Y / WD

X
aCbCcDr

JX jXa .ZY ;Z
0
Y / � �

X jY

N;Œb�
.ZY /

�1=2
� �
X jY

N;Œc�
.Z0Y /

�1=2: (4.19)

From the parity properties of JX jXa from Theorem 3.7 and the bounded geometry
assumption, we see that the coefficients of IYr are bounded with all their derivatives,
and the parity of IYr coincides with r . Hence, by Theorem 3.21, the sequence of
operators .1=pn�m/AX jYp , p 2 N�, forms a Toeplitz operator with weak exponential
decay with respect to X . Moreover, from (3.23) and (4.19), we deduce

IY0 .ZY ; Z
0
Y / D �

X jY
N j

�1
Y :

From the last statement of Theorem 3.21, we deduce thath 1

pn�m
AX jYp

i
0
D �

X jY
N j

�1
Y :

For technical reasons, we will later need to consider the inverse of .1=pn�m/AX jYp .
The following result gives a sufficient condition for inverting Toeplitz operators with
weak exponential decay.

Lemma 4.5. Assume that a sequence of operators Gp , p 2 N, forms a Toeplitz
operator with weak exponential decay with respect to a manifold Z in the notations
from Definition 3.19. Assume that for f WD ŒGp�0, we have f ¤ 0 everywhere and
f �1 2 C1

b
.Y; End.��F //. Then there is p1 2 N, such that for p � p1, the opera-

tors Gp are invertible. Moreover, the sequence of operators G�1p , p � p1, forms a
Toeplitz operator with weak exponential decay with respect to the same manifold Z
and we have Œ.Gp/�1�0 D f �1.

To prove this result, the following statement will be of utmost importance.

Lemma 4.6. For any f1; f2 2 C1
b
.Y;End.��F //, the sequence of operators

T Yf1;p ı T
Y
f2;p

; p 2 N;
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forms a Toeplitz operator with exponential decay. Moreover, we have�
T Yf1;p ı T

Y
f2;p

�
0
D f1 � f2:

In particular, a product of two Toeplitz type operators with weak exponential decay
forms a Toeplitz type operator with weak exponential decay.

Proof. In the case of compact manifolds, the result is due to Bordemann–Meinrenken–
Schlichenmaier [3] and Ma–Marinescu ([14, Theorem 7.4.1], [16]), who used the
asymptotic characterization of Toeplitz operators as in Theorem 3.21. Since by The-
orem 3.21, the analogous characterization holds in the setting of Toeplitz type opera-
tors, the same proof would give us the needed result.

Proof of Lemma 4.5. First of all, let us consider a sequence of operators

Kp WD Gp ı T
Y
f �1;p

; p 2 N:

According to Lemma 4.6,Kp , p 2N, form a Toeplitz operator with weak exponential
decay with respect to Z and we can represent it in the form

Kp D 1C
Qp

p
; (4.20)

where Qp , p 2 N, is a Toeplitz operator with weak exponential decay with respect
to Z. In particular, by Corollary 2.7, there are C > 0, p1 2 N�, such that for any
p � p1, we have

kQpk � C: (4.21)

From (4.20) and (4.21), we deduce that there is p1 2 N�, such that Kp is invertible
for p � p1, and

K�1p D

1X
rD0

.�1/r
Qr
p

pr
:

However, by Corollary 2.8, we infer that there are C > 0, p1 2 N, such that for any
p � p1, r 2 N�, we haveˇ̌

Qr
p.y1; y2/

ˇ̌
Ck
� C rpmCk=2 � exp

�
�c
p
p � distX .y1; y2/

�
: (4.22)

We conclude by Lemma 4.6 and (4.22) that the sequence of operators K�1p , p � p1,
forms a Toeplitz type operator. But then again by Lemma 4.6, we obtain that the
sequence of operators T Y

f �1;p
ı K�1p , p � p1, forms a Toeplitz operator with expo-

nential decay. But trivially, we have

Gp ı T
Y
f �1;p

ıK�1p D T
Y
f �1;p

ıK�1p ıGp D Id:

Hence, Gp is invertible and .Gp/�1 D T Yf �1;p ıK
�1
p , which finishes the proof.
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The following result will be useful in our further considerations.

Theorem 4.7. A family T Y jXp WL2.X;Lp ˝F /!L2.Y; ��.Lp ˝F //, p 2N, of lin-
ear operators forms a Toeplitz operator with exponential decay of type Y jX if and
only if the family of linear operators

1

pn�m
.T Y jXp /�WL2

�
Y; ��.Lp ˝ F /

�
! L2.X;Lp ˝ F /; p 2 N;

forms a Toeplitz operator with exponential decay of type X jY . Moreover, we have

ŒT Y jXp �0 D
�h 1

pn�m
.T Y jXp /�

i
0

��
� �
X jY
N jY : (4.23)

Proof. Let us first assume that a sequence of operators T Y jXp , p 2N, forms a Toeplitz
operator with exponential decay of type Y jX . Clearly, it is enough to prove that for
any k 2 N, j D ¹1; 2º,

gaj 2 C1b
�
Y;Sym2kCjN .0;1/�

˝ End.��F /
�
;

for T Y jXp D T
Y jX

⟪ga
j
⟫;p , j D 2, and for T Y jXp D .1=

p
p/T

Y jX

⟪ga
j
⟫;p , j D 1, the sequence

of operators .1=pn�m/.T Y jXp /�, p 2 N�, forms a Toeplitz operator with exponential
decay of type X jY .

From Theorem 4.3 and (1.12), for p � p1, where p1 2 N� is as in Theorem 4.3,
we have �

T
Y jX

⟪ga
j
⟫;p
��
D T

X jY

⟪.ga
j
/�⟫;p ı A

X jY
p :

Hence, according to Theorems 4.1 (6) and 4.3, we see that .1=pn�m/.T Y jX⟪ga
j
⟫;p/
� forms

a Toeplitz operator with exponential decay of type X jY . The relation (4.23) follows
from Theorems 4.1 (6) and 4.3. This proves the first direction of Theorem 4.7. The
proof of the opposite direction is completely analogous and is left to the interested
reader.

Proof of Theorem 3.23. The proof of one implication of Theorem 3.23 was described
in the end of Section 3.4. The inverse implication is a direct consequence of Theo-
rems 3.22 and 4.7.

4.3. Some examples of Toeplitz type operators

The main goal of this section is to give some examples of Toeplitz type operators. To
state our results in this direction, we need to fix some notation first.
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We fix y0 2 Y , choose an orthogonal basis w1; : : : ; wn�m of .NX jY
y0 /.1;0/ as

in (3.44). We define

ƒ!;hWSymi
�
.NX jY /.1;0/�

�
˝ Symj

�
.NX jY /.0;1/�

�
!Symmax¹i�j;0º�.NX jY /.1;0/�

�
;

ƒ!;aWSymi
�
.NX jY /.1;0/�

�
˝ Symj

�
.NX jY /.0;1/�

�
!Symmax¹j�i;0º�.NX jY /.0;1/�

�
;

for multiindices ˛; ˇ 2 Nn�m, as follows:

ƒ!;h.w
˛
˝ xwˇ / D

´
1

� j˛j
˛Š

.˛�ˇ/Š
w˛�ˇ if ˛ � ˇ; ˛ ¤ ˇ;

0 otherwise;

ƒ!;a.w
˛
˝ xwˇ / D

´
1

� jˇj
ˇŠ

.ˇ�˛/Š
xwˇ�˛ if ˛ � ˇ; ˛ ¤ ˇ;

0 otherwise:

Clearly, those operators do not depend on the choice of the basis. We extend ƒ!;hŒ��
and ƒ!;aŒ�� to Symk.NX jY /� ˝ C linearly. For the next result, we will use the fol-
lowing notation. For f 2 C1

b
.X;End.F //, we let T Y jY

f;p
WD ResY ıT Xf;p ı EX jYp .

Proposition 4.8. For any

f 2 C1b
�
X;End.F /

�
;

g 2

1M
kD0

C1b
�
Y;Symk.NX jY /� ˝ End.��F /

�
;

ge 2

1M
kD0

C1b
�
Y;Sym2k.NX jY /� ˝ End.��F /

�
;

go 2

1M
kD0

C1b
�
Y;Sym2kC1.NX jY /� ˝ End.��F /

�
;

the sequences of operators

T
Y jY

f;p
,(1) T

Y jY

⟪g⟫;p(2)

for p 2 N, form Toeplitz operators with exponential decay. Also, the sequences of
operators

T
X jY

f;p
,(1) T

X jY

⟪ge⟫;p ,(2) 1p
p
T
X jY

⟪go⟫;p(3)

for p 2N, form Toeplitz operators with exponential decay of typeX jY . The sequences
of operators

T
Y jX

f;p
,(1) T

Y jX

⟪ge⟫;p ,(2) 1p
p
T
Y jX

⟪go⟫;p(3)

for p 2 N, form Toeplitz operators with exponential decay of type Y jX .



Complex embeddings and Toeplitz operators 543

Moreover, we have

ŒT
Y jY

f;p
�0 D f ,(1) ŒT

X jY

f;p
�0 D 0,(2)

ŒT
Y jY

⟪g⟫;p�0 D ƒ!;DŒg�,(3) ŒT
X jY

⟪ge⟫;p�0 D ƒ!;hŒge�,(4)

Œ
p
pT

X jY

⟪go⟫;p�0 D 0,(5) ŒT
X jY

⟪go⟫;p�1 D ƒ!;hŒgo�,(6)

ŒT
Y jX

f;p
�0 D 0,(7) ŒT

Y jX

⟪ge⟫;p�0 D ƒ!;aŒge�,(8)

Œ 1p
p
T
Y jX

⟪go⟫;p�0 D 0,(9) Œ 1p
p
T
Y jX

⟪go⟫;p�1 D ƒ!;aŒgo�.(10)

Proof. The proofs of all the statements from the first part of Proposition 4.8 are very
similar to the proofs from Theorem 4.1: they all proceed by the verification that
the relevant operators satisfy the assumptions of Theorems 3.21, 3.22 and 3.23. The
proofs of the second part are also analogous: we only need to calculate the first term
of the asymptotic expansions as in (3.50), (3.51), and (3.52), and apply the last part of
Theorems 3.21, 3.22, and 3.23. For brevity, we only present the proof for the fourth
statement, which is slightly more complicated than the rest.

The validity of the first condition from Theorem 3.22 for T X jY⟪ge⟫;p is direct. The
second and the third conditions are proved in Lemma 3.12. Hence, by Theorem 3.22,
the sequence of operators T X jY⟪ge⟫;p , p 2 N, form a Toeplitz operator with exponential
decay of type X jY . We now only need to calculate the first term of the asymptotic
expansion of this sequence of operators to establish the second part of the theorem.

We decompose ge as follows:

ge D
X
i;j

ge;ij ;

where i; j 2 N and

ge;ij 2 Symi .NX jY /.1;0/� ˝ Symj .NX jY /.0;1/�:

From (3.17), (3.19) and (3.34), we deduce that for anyZD .ZY ;ZN /,ZN 2R2.n�m/,
ZY ; Z

0
Y 2 R2m, we have

JE0;ge .Z;Z
0
Y / D

X
i;j

ƒ!;hŒge;ij � �Z
˝.i�j /
N � �

X jY
N .y0/

1=2:

From this and the last part of Theorem 3.22, we conclude that the second part of
Proposition 4.8 for the fourth point holds.

5. Complex embeddings and associated Toeplitz type operators

The main goal of this section is to establish Theorems 1.1, 1.5 and 1.7. More pre-
cisely, in Section 5.1, we calculate the second term of the asymptotic expansion of
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the multiplicative defect introduced in Section 4.2 and, as a consequence, we prove
Theorem 1.7. In Section 5.2, we establish Theorems 1.1 and 1.5, and the extension of
Theorem 1.5 to towers of submanifolds of arbitrary length.

5.1. Optimal Ohsawa–Takegoshi theorem, multiplicative defect asymptotics

The main goal of this section is to calculate the second term of the asymptotic expan-
sion of the multiplicative defect and to derive as a consequence the calculation of the
asymptotics of the optimal constant in Ohsawa–Takegoshi theorem, i.e. to establish
Theorem 1.7.

Theorem 5.1. In the notations of Theorems 1.1 and 4.3, under assumption (1.8), we
have h 1

pn�m
AX jYp

i
0
D 1;h 1

pn�m
AX jYp

i
1
D

1

8�
.rX � rY / �

1

2�
p
�1

�
ƒ! ŒR

F � �ƒ��! ŒR
F �
�
:

The proof of Theorem 5.1 will be based on the following result.

Theorem 5.2. In the notations of Theorem 3.7, under assumptions (1.8), we have

J
X jX
2 .0; 0/ D

1

8�
rXx0 �

1

2�
p
�1
ƒ! ŒR

F
x0
�:

Proof. The proof is due to Lu [13] (for trivial .F; hF /) and Wang [24] (for general
.F; hF /). See also Dai–Liu–Ma [14, Theorem 1.3] and [18, Proposition 4], where the
authors calculate explicitly the polynomials JX jX1 and JX jX2 .

Recall that in Lemma 3.12, for any f 2 C1
b
.X; End.F //, x0 2 X , r 2 N, we

defined the polynomials JX
r;f
.Z;Z0/ 2 End.Fx0/, Z;Z

0 2 R2n.

Corollary 5.3. Under the assumptions (1.8), we have

JX1;f .Z;Z
0/ D r

End.F /
@
@z

f C
@f

@xz0
:

Proof. It follows directly from (3.17), (3.23), (3.32), (3.24) and the fact, following
from Proposition 2.12, that a derivative of a sections of a vector bundle, written in the
trivialization, considered in Theorem 3.7, corresponds to covariant derivatives.

Proof of Theorem 5.1. The first identity is a direct consequence of Theorem 4.3 and
our assumption, see the remark before (1.8).

To establish the second identity, remark that from the first part and Theorem 4.3,
the sequence of operators p..1=pn�m/AX jYp �BYp /, p �p1 forms a Toeplitz operator
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with weak exponential decay with respect to X . Moreover, from (3.24) and (4.19),
we see that the expansion (3.50) holds for T Yp WD p..1=p

n�m/A
X jY
p � BYp / and for

polynomials IYr .ZY ; Z
0
Y /, ZY ; Z

0
Y 2 R2m, verifying

IY0 .0; 0/ D J
X jX
2 .0; 0/ � J

Y jY
2 .0; 0/:

From Theorem 5.2, we obtain that

IY0 .0; 0/ D
1

8�
.rXy0 � rYy0/ �

1

2�
p
�1

�
ƒ! ŒR

F
y0
� �ƒ��! ŒR

F
y0
�
�
: (5.1)

From the last part of Theorem 3.21 and (5.1), we obtain the needed result.

Let us now give the first application of those calculations.

Proof of Theorem 1.7. From (4.16), remark that the following identities hold

.EX jYp /� ı EX jYp D
�
.AX jYp /�

��1
; ResY jXp ı.ResY jXp /� D AX jYp : (5.2)

Clearly, we have

k.EX jYp /� ı EX jYp k D kEX jYp k
2 and kResY jXp ı.ResY jXp /�k D kResY jXp k

2:

The result now follows from this observation, Theorem 5.1, Lemma 3.17 and (5.2).

Remark 5.4. From (5.2), we see that AX jYp is a self-adjoint operator.

5.2. Transitivity defect, proofs of Theorems 1.1 and 1.5

The main goal of this section is to study the asymptotic transitivity of the optimal
holomorphic extension operator and to prove Theorems 1.1 and 1.5.

One possible way of proceeding would be to directly use the formula (4.8) to
calculate the asymptotics of the sequence of operators

TW jYp WD ResW ıEX jYp �EW jYp ; p � p1; (5.3)

where p1 2N is as in (1.5) and study the first non-vanishing term of this asymptotics.
Then, the needed result would follow by the use of the basic formula

EX jWp ıTW jYp D Dp D EX jYp �EX jWp ıEW jYp ; (5.4)

and the subsequent use of the formula (4.14). This method is, although straight-
forward, computationally demanding. In fact, to calculate ŒEX jYp � EX jWp ı EW jYp �3

(which is the first significant term of our asymptotic expansion according to Theo-
rem 1.5), we will need to calculate JX jX3 , and the third terms of the Taylor expansions
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of �E , p�L, � , � , etc. Although some information on JX jX3 is known, e.g. [17,
Lemma 5.2], it seems that there is still no explicit formula.

Our approach here is different. We will still, however, base our consideration on
the study of the sequence of operators TW jYp , p 2 N, defined in (5.3), instead of Dp .
But differently from the above approach, instead of using right away the explicit
formula for the asymptotic expansion, we will first find an alternative expression
for TW jYp in terms of the operators AX jYp , AX jWp and AW jYp . Then the calculation
of the asymptotic expansion for TW jYp will be essentially encapsulated in the calcu-
lations of the asymptotic expansions of AX jYp , AX jWp and AW jYp , which was done in
Theorem 5.1. More precisely, our formula looks as follows.

Lemma 5.5. There is p1 2 N, such that for any p � p1, the following expression
for TW jYp holds:

TW jYp D ResW ıEX jYp ı

h
BYp �

� 1

pn�m
AX jYp

�
ı

� 1

pl�m
AW jYp

��1i
C

h
BWp �

� 1

pn�l
AX jWp

��1i
ı ResW ıEX jYp

�

h
BWp �

� 1

pn�l
AX jWp

��1i
ı ResW ıEX jYp

ı

h
BYp �

� 1

pn�m
AX jYp

�
ı

� 1

pl�m
AW jYp

��1i
: (5.5)

Proof. First of all, recall that by Theorem 4.3 and Lemma 4.5, there is p1 2 N, such
that for p � p1, the operators .1=pn�l/AX jWp , .1=pn�m/AX jYp , .1=pl�m/AW jYp are
invertible. In what follows, we work with such p with no further notice. From (4.16),
we have

EW jYp D .ResY ıBWp /
�
ı .AW jYp /�1: (5.6)

Now, from the fact thatBWp D ResW ıEX jWp and (5.6), applied forW WDX , Y WDW ,
we obtain

BWp D ResW ı.ResW ıBXp /
�
ı .AX jWp /�1: (5.7)

From (5.6), (5.7) and the trivial fact that ResY ıResW D ResY , we obtain

EW jYp D
�
ResY ı.ResW ıBXp /

�
ı .AX jWp /�1

��
ı .AW jYp /�1: (5.8)

We replace ResY in (5.8) by ResY ıBXp , open the brackets in (5.8), we then once again
use (4.16) to give an alternative expression for .ResY ıBXp /

� and use the trivial fact

BXp ı EX jYp D EX jYp , to obtain

EW jYp D

� 1

pn�l
.AX jWp /�

��1
ı ResW ıEX jYp ı

� 1

pn�m
AX jYp

�
ı

� 1

pl�m
AW jYp

��1
:

(5.9)
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The formula (5.5) is then a formal consequence of Remark 5.4, (5.9) and the fact that

ResW ıEX jYp D BWp ı ResW ıEX jYp ıBYp ;

which follows from (1.4).

To establish Theorem 1.5, we need two additional lemmas. To state the first, let
us fix a function f 2 C1

b
.X; End.F //. We use below the notational conventions

introduced before Theorem 3.7. Compare the following result with the first part of
Lemma 3.12.

Lemma 5.6. There are polynomials JX jY
0;f

.Z;Z0/, JX jY
1;f

.Z;Z0/ inZ;Z0 2R2n, such
that for FX jY

r;f
WD J

X jY

r;f
� Pn, r D 0; 1, the following holds. There are "; c; C;Q > 0,

p1 2N�, such that for any y0 2 Y , p � p1, jZj; jZ0j � ", the Schwartz kernel of T X
f;p

,
evaluated with respect to the volume form dvX , satisfiesˇ̌̌̌

1

pn
T Xf;p

�
 X jYy0

.Z/;  X jYy0
.Z0/

�
�

1X
rD0

p�r=2F
X jY

r;f
.
p
pZ;
p
pZ0/�

X jY
 .Z/�1=2�

X jY
 .Z0/�1=2

ˇ̌̌̌
� Cp�1

�
1C
p
pjZj C

p
pjZ0j

�Q exp
�
�c
p
pjZ �Z0j

�
:

Moreover, we have JX jY
0;f

.ZY ; Z
0
Y / D f .y0/, and for Z D .0; ZN /, ZN 2 R2.n�m/,

we have
J
X jY

1;f
.Z; 0/ D r

End.E/
@
@z

f:

Proof. First of all, recall that the diffeomorphism hX jY was defined in (2.12), and the
functions �X jYL , �X jYF were defined in (2.13). Directly from the definitions, we obtain
the following relation between the Schwartz kernels:

T Xf;p
�
 X jYy0

.Z/;  X jYy0
.Z0/

�
D exp

�
p.�

X jY
L /� C .�

X jY
F /�

��
 X jYy0

.Z0/
�

� T Xf;p
�
�Xy0.h

X jY .Z//; �Xy0.h
X jY .Z0//

�
� exp

�
p�

X jY
L C �

X jY
F

��
 X jYy0

.Z/
�
: (5.10)

Remark also that in the notations of (2.2), (3.20), (3.21), by [17, (3.26)] and [9, (5.35)],
we have

�X�;y0.Z/ D 1CO
�
jZj2

�
; �

X jY
 ;y0

.Z/ D 1 � gTXy0 .�
X jY ; Z/CO

�
jZj2

�
: (5.11)

By Proposition 2.2 (5) and (5.11), we deduce that

�X�;y0

�
X jY
 ;y0

D 1CO
�
jZj2

�
: (5.12)
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From Lemma 3.12, Corollary 5.3, (5.10), (5.12) and the trivial fact that for Z D
.0;ZN /, ZN 2 R2.n�m/, we have

�
X jY
L .Z/ D �

X jY
F .Z/ D 0; hX jY .Z/ D Z;

we deduce the result.

Compare the following result with Theorem 3.8.

Lemma 5.7. There are polynomials JW jY0;Res .ZW ;Z
0
Y /, J

W jY
1;Res .ZW ;Z

0
Y / inZW 2R2l ,

Z0Y 2 R2m, such that for

F
W jY
r;Res WD J

W jY
r;Res � El;m; r D 0; 1;

the following holds. There are "; c; C; Q > 0, p1 2 N�, such that for any y0 2 Y ,
p � p1, ZW D .ZY ; ZNW jY /, ZY 2 R2m, jZW j; jZ0Y j � ", the Schwartz kernel of
ResW ıEX jYp , evaluated with respect to dvY , satisfies the following bound:ˇ̌̌̌

1

pm
ResW ıEX jYp

�
 W jYy0

.ZW /; �
Y
y0
.Z0Y /

�
�

1X
rD0

p�r=2F
W jY
r;Res .

p
pZW ;

p
pZ0Y /�

W jY
 .ZW /

�1=2�W� .Z
0
Y /
�1=2

ˇ̌̌̌
� Cp�1

�
1C
p
pjZW j C

p
pjZ0Y j

�Q
� exp

�
�c
p
p
�
jZY �Z

0
Y j C jZNW jY j

��
:

Moreover, we have
J
W jY
0;Res .ZW ; Z

0
Y / D 1;

and for ZW D .0; ZNW jY /, ZNW jY 2 R2.l�m/, in the notations of Lemma 3.1, we
have

Kl;l Œ1; J
W jY
1;Res �.ZW ; 0/ D J

W jY
1;Res .ZW ; 0/; KEP

l;m ŒJ
W jY
1;Res ; 1� D J

W jY
1;Res : (5.13)

Proof. The existence of polynomials was proved in (4.8). The calculation of JW jY0;Res
was included in (4.9). Now, to prove (5.13), we first remark that

BWp ı ResW ıEX jYp D ResW ıEX jYp ; ResW ıEX jYp D ResW ıEX jYp ıBYp : (5.14)

Comparing the first order asymptotics of each side of (5.14), using Lemma 3.1 and
the analysis similar to the one before (3.32), gives

Kl;l Œ1; J
W jY
1;Res �CKl;l ŒJ

W jY
1 ; 1� D J

W jY
1;Res ;

KEP
l;m ŒJ

W jY
1;Res ; 1�CKEP

l;m Œ1; J
Y jY
1 � D J

W jY
1;Res :
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However, an easy calculation, using (3.14), (3.17) and (3.24), shows that for ZW D
.0;ZNW jY /, ZNW jY 2 R2.l�m/, we have

Kl;l ŒJ
W jY
1 ; 1�.ZW ; 0/ D 0; KEP

l;m Œ1; J
Y jY
1 � D 0;

which obviously finishes the proof.

Proof of Theorem 1.5. First of all, remark that in Theorem 4.1 (2), we already estab-
lished that the sequence of operators TW jYp , p � p1, from (5.3), forms a Toeplitz
operator with weak exponential decay with respect to X of type W jY , and the iden-
tity ŒTW jYp �0 D 0 holds. From this, Theorem 4.1 (6) and (5.4), we obtain that the
sequence of operatorsDp , p 2N, form a Toeplitz operator with exponential decay of
type X jY , and the identity ŒDp�0 D 0 holds. We see also that it suffices to prove that
under the assumption (1.8) and dvW D dvgTW , we have ŒTW jYp �1 D 0, ŒTW jYp �2 D 0,
the polynomial ŒTW jYp �3 has degree 1, and for any n 2 .NW jY /.1;0/, we have

ŒTW jYp �3 � n D
1

8�

@

@n
.rX � rW / � IdF

�
1

2�
p
�1
r

End.F /
n

�
ƒ! ŒR

F � �ƒ��
2
! ŒR

F �
�
: (5.15)

Let us now establish all those statements. In what follows, we assume (1.8) as well as
dvW D dvgTW .

To simplify further presentation, we define f 2 C1.W; ��2F /, g 2 C
1.Y; ��F /, as

follows

f WD
h 1

pn�l
AX jWp

i
1
; g WD

h 1

pl�m
AW jYp

i
1
�

h 1

pn�m
AX jYp

i
1
:

Remark that both f and g are self-adjoint due to Theorem 5.1, cf. Remark 5.4. From
Theorem 5.1, we obtain the following identities

f D �g D
1

8�
.rXy0 � rWy0/ �

1

2�
p
�1

�
ƒ! ŒR

F � �ƒ��
2
! ŒR

F �
�
: (5.16)

Clearly, from Lemmas 4.5 and 5.5, the sequences of operators

TWp;1 WD B
W
p �

� 1

pn�l
.AX jWp /�

��1
;

T Yp;2 WD B
Y
p �

� 1

pn�m
AX jYp

�
ı

� 1

pl�m
AW jYp

��1
; p 2 N�;

form Toeplitz operators with exponential decay, and we have

ŒTWp;1�0 D 0; ŒTWp;1�1 D f; ŒT Yp;2�0 D 0; ŒT Yp;2�1 D g: (5.17)
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We now denote

T
W jY
p;0 WD TWf;p ı ResW ıEX jYp CResW ıEX jYp ıT Yg;p: (5.18)

From Corollary 2.8, Lemma 5.5 and (5.17), we deduce that the Schwartz kernels
T
W jY
p .x; y/, TW jYp;0 .x; y/; x 2 W , y 2 Y , of TW jYp , TW jYp;0 , evaluated with respect

to dvY , are related byˇ̌̌
TW jYp .x; y/ �

1

p
T
W jY
p;0 .x; y/

ˇ̌̌
� Cpm�2 � exp

�
�c
p
p � distX .x; y/

�
: (5.19)

From Lemmas 3.1, 5.6 and 5.7, and (5.18), we see that there are polynomials

J
W jY
0;0 .ZW ; Z

0
Y /; J

X jY
0;1 .ZW ; Z

0
Y /;

ZW D .ZY ; ZNW jY /; ZY ; Z
0
Y 2 R2m; ZNW jY 2 R2.l�m/;

verifying

J
W jY
0;0 WD J

W jY

0;f
� J

W jY
0;Res C J

W jY
0;Res � J

Y
0;g ;

J
W jY
0;1 .ZW ; 0/ WD

1X
iD0

Kl;l ŒJ
W jY

i;f
; J

W jY
1�i;Res�.ZW ; 0/

C

1X
iD0

KEP
l;m ŒJ

W jY
i;Res ; J

Y
1�i;g �.ZW ; 0/; (5.20)

such that for
F
W jY
0;r WD J

W jY
0;r � Em;l ; r D 0; 1;

the following holds. There are "; c; C; Q > 0, p1 2 N�, such that for any y0 2 Y ,
p � p1, ZW 2 R2l , jZW j; jZ0Y j � ", the following bound holdsˇ̌̌̌

1

pm
T
W jY
p;0

�
 W jYy0

.ZW /; �
Y
y0
.Z0Y /

�
�

1X
rD0

p�r=2F
W jY
0;r .

p
pZW ;

p
pZ0Y /�

W jY
 .ZW /

�1=2�Y� .Z
0
Y /
�1=2

ˇ̌̌̌
� Cp�1

�
1C
p
pjZW j C

p
pjZ0Y j

�Q
� exp

�
�c
p
p
�
jZY �Z

0
Y j C jZNW jY j

��
: (5.21)

From Lemmas 5.6, 5.7, (3.24) and (5.20), forZW D .0;ZNW jY /, ZNW jY 2 R2.l�m/,
we deduce that

J
W jY
0;0 WD f C g; J

W jY
0;1 .ZW ; 0/ WD r

End.F /
@

@zW

f: (5.22)
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Now, from (5.19) and (5.21), we deduce that ŒTW jYp �1 D 0. Remark now that
by (5.16), we have f C g D 0. From this, (5.19), (5.21) and (5.22), we deduce that

ŒTW jYp �2 D 0:

Finally, from (5.19), (5.21), (5.22) and the last part of Lemma 3.12, we deduce (5.15),
which finishes the proof of Theorem 1.5, as we explained before (5.15).

Let us now generalize Theorem 1.5 to the tower of embeddings of an arbitrary
length. We fix a tower of embeddings

Y
�1
,�! W1

�2
,�! � � �

�r
,�! Wr

�rC1
,��! X; � WD �rC1 ı � � � ı �1;

and volume forms dvWi on Wi , i D 1; : : : ; r , verifying assumptions similar to (1.3)
with respect to the metric gTWi induced by gTX . We assume that the triples

.X;Wr ; g
TX /; : : : ; .WiC1; Wi ; g

TWiC1/; .W1; Y; g
TW1/; i D 1; : : : ; r � 1;

are of bounded geometry in the sense of Definition 2.3.

Corollary 5.8. The sequence of operators

Dp;r WD EX jYp �EX jWrp ıEWr jWr�1p ı � � � ı EW2jW1p ıEW1jYp ; p 2 N;

forms a Toeplitz operator with exponential decay of type X jY . Moreover, we have

ŒDp;r �0 D 0:

Also, under assumptions (1.8) and dvWi D dvgTWi , i D 1; : : : r , we have

ŒDp;r �1 D 0; ŒDp;r �2 D 0; ŒDp;r �3 2 C1b
�
Y; .NX jY /.1;0/� ˝ End.��F /

�
for n 2 .NX jY /.1;0/, we have

ŒDp;r �3 � n D

rX
iD1

²
1

8�

@

@ni
� .rWiC1 � rWi /

C

p
�1

2�
r

End.F /
ni

�
ƒ.�iC1/�! ŒR

F � �ƒ.�i /�! ŒR
F �
�³
;

where we denotedWrC1 WDX ,W0 WD Y ; �i WWi !X is defined as �i WD �r ı � � � ı �iC1,
and ni WD P

Wi jWi�1
N n, i D 1; : : : ; r .
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Proof. Let us rewrite Dp;r in the following way:

Dp;r WD EX jYp �EX jWrp ıEWr jYp

C EX jWrp ı

�
EWr jYp �EWr jWr�1p ı � � � ı EW2jW1p ıEW1jYp

�
:

Now, the result follows directly from Theorems 1.5 and 4.1 (6) by induction.

Proof of Theorem 1.1. It follows directly from Theorems 1.5, 3.14, Remark 3.15 (a)
and Proposition 3.18.
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