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Complex embeddings, Toeplitz operators and transitivity of
optimal holomorphic extensions

Siarhei Finski

Abstract. In a setting of a complex manifold with a positive line bundle and a submanifold, we
consider the optimal Ohsawa—Takegoshi extension operator, sending a holomorphic section of
the line bundle on the submanifold to the holomorphic extension of it on the ambient manifold
with the minimal LZ-norm. We show that for a tower of submanifolds and large tensor powers
of the line bundle, the extension operators act transitively modulo some small defect, which
is a Toeplitz type operator. We calculate the first significant term in the asymptotic expansion
of this “transitivity defect”. As a byproduct, we deduce composition rules for Toeplitz type
operators, the extension and restriction operators and calculate the second term in the asymptotic
expansion of the optimal constant in the semi-classical version of the extension theorem.
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1. Introduction

One of the main goals of this paper is to prove that for a tower of submanifolds, the
transitivity property is satisfied for the Ohsawa—Takegoshi extension operator, send-
ing holomorphic sections on the submanifold to their holomorphic extensions on the
ambient manifold with the minimal L2-norm, modulo some small error, which is a
Toeplitz type operator.
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More precisely, we fix two (not necessarily compact) complex manifolds X, Y
of dimensions n and m respectively. We fix also a complex embedding 1: Y — X, a
positive line bundle (L, %) over X and an arbitrary Hermitian vector bundle (F, hf)
over X. In particular, we assume that for the curvature RL of the Chern connection
on (L, hL), the closed real (1, 1)-differential form
V=1

w:= ——RE
2

is positive. We denote by g7% the Riemannian metric on X induced by w as follows
g () = o, T, (L.1)

where J: TX — TX is the complex structure on X. We denote by g7 the induced
metricon Y.

Note. We assume throughout the whole article that the triple (X, Y, gTX), and the
Hermitian vector bundles (L, h™), (F, h¥) are of bounded geometry in the sense of
Definitions 2.3 and 2.5.

This means that we assume uniform lower bounds ry, ry > 0 on the injectivity
radii of X, Y, the existence of the geodesic tubular neighborhood of Y of uniform
size r; > 0 in X, and some uniform bounds on related curvatures and the second
fundamental form of the embedding.

Now, we fix some positive (with respect to the orientation given by the complex
structure) volume forms dvy, dvy on X and Y. For smooth sections f, f' of L? ® F
over X, we define the L2-scalar product using the pointwise scalar product (-, -),
induced by A% and hf as follows

V2o = /X (£ GO £ () dux (). (1.2)

Similarly, using dvy, we introduce the L2-scalar product for sections of (*(L? ® F)
over Y. We denote by L2(X,L? ® F), L?>(Y,/*(L? ® F)) the spaces of L2-sections
of L? @ F over X and Y.

Given a continuous smoothing linear operator

K:L>(X,L? ® F) — L*(X,L? ® F),
the Schwartz kernel theorem guarantees the existence of the Schwartz kernel
K(x1,x2) € (L ® F)x, ® (LY ® F)},, x1,x2 € X,

evaluated with respect to dvy, i.e.

(Ks)(x1) = /X K(x1,x2) - s(x2) dvx(x2), se€L*(X,L? ® F).
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Similarly, we define the Schwartz kernels K;(y, x), K»(x,y), x € X, y € Y, for
smoothing operators

Ki:L*(X,L? ® F) — L*(Y,.*(L? ® F)),
K> L*(Y, (L ® F)) > L*(X,L? ® F)
with respect to the volume forms dvy and dvy respectively.
For a Hermitian vector bundle (E, h¥) over X, we denote
CX(X,E):={f € C°(X,E) :forany k € N,
there is C > 0 such that |V* f| < C}.

where V is the connection induced by the Chern connection on E and the Levi-Civita
connection on TX, and | - | is the norm induced by the metrics g7%, hZ . Assume that

for the Riemannian volume forms dv,rx, dvgry of (X, g™, (v, gTY), we have

dvgry  dvy
dvy dv

dvgrx  dvx

€ CX(X), € CR(Y). (1.3)

dvx dvgrx oTY

We denote by HY, (X, L? ® F) and H(Oz)(Y, 1*(L? ® F)) the vector spaces of
holomorphic sections of L? ® F over X and Y respectively with bounded L2-norm.
In [9, §4], by relying on the bounded geometry assumption, we proved that the restric-
tion to Y of any L2-holomorphic section, defined on X, has finite L2-norm. In other

words, the operator
Resy X: H (X, L? ® F) — H% (Y..*(L? ® F)).  f+ flr. (1.4)

is well defined. By extending the Ohsawa—Takegoshi theorem in [9, Theorem 4.1]
(cf. [6,20,21], and [5, §13]), we established that there is p; € N such that (1.4) is
surjective for any p > p;. The right inverse of this restriction, defined for p > p; by
taking the holomorphic extension with the minimal L2-norm, is called the (Ohsawa—
Takegoshi) extension operator, and it is denoted by

EXV:HY (Y. (L? ® F)) — Hj)(X.L? ® F). (1.5)

We identify the normal bundle NX¥ of ¥ in X as an orthogonal complement of
TY in TX (with respect to g7%), so that we have the following orthogonal decompo-
sition

TX|y — TY & NXIV, (1.6)
We denote by gV *I" the metric on NX!Y induced by g7X, and by PX,( ¥ the induced
projection from TX|y to NX ¥, By an abuse of notation, we denote the induced
projection from (T'X |y)* to (N X1¥)* by the same symbol.
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ForyeY, Zy € NXlY letR>¢ exp;((tZN) € X be the geodesic in X in

the direction Zy. Bounded geometry condition means, in particular, that this map

induces a diffeomorphism of r -neighborhood of the zero section in N X ¥ with a
tubular neighborhood U of Y in X.

Using this diffeomorphism, we define K1)§|Y: U — R as the only function veri-

fying

dvy = iV - dvy A dvyxiy, (1.7)

where dvy x|y is the relative Riemannian volume form on (N XY N X|Y) We have
X‘Y|Y = 1if

dvoy = dngX, dvy = dUgTY. (1.8)

Let us now fix a tower of submanifolds Y fl—l> w 3) X, L := 1 oty of dimensions
m, | and n respectively. In addition to the volume forms dvy, dvy, we fix a posi-
tive volume form dvy on W, verifying assumptions similar to (1.3) with respect to
the metric g7 induced by g7X . We assume, moreover, that the triples (X, W, g7%),
(W, Y, gTW) are of bounded geometry in the sense of Definition 2.3. We denote by r¥X
(resp. %) the scalar curvature of X (resp. W), and let A, [R¥] € End(F) be the con-
traction of the curvature of the Chern connection of (F, 1) with the Kihler form w.
We denote by A x o[RF] € End(i} F) the analogous contraction defined on W.

We denote by (NXI¥)(1,0) (yXI¥)©.1) the holomorphic, antiholomorphic com-
ponents of N X Yo C, corresponding to V—1and —v/—1 eigenspaces of the induced
complex structure action.

Theorem 1.1. There are p1 € N*, C > 0, such that for any p > py, we have

IEXY —EXW oB)IY || < C . p=(rmt /2, (1.9)
where || - || denotes the operator norm. Moreover, under the assumptions (1.8) and
dvw = dvgrw,

IEXY —BXW o BV || ~ ¢y - p=(r-m+3)/2, (1.10)

The constant Cy > 0 above is defined as follows:

Co:= sup

«/_er

1
‘ 3NW\Y(I’ —I'W) Idp,

1

27[\/— NW\Y(A [RF] AL;w[R;']) ’

where the operator

Iywiv:C®(Y) — €(Y, (NWIY)(I,O)*)
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is defined by the composition P]:/,V LS 0, the operator

VA0 €2 (Y,End(t* F)) — €2(Y, (NWIT)1.0* @ End(:* F))

NWIY

is similarly defined by the composition PK,VlY o V1O for the (1,0)-component V1-° of

the Chern connection on End(F'), endowed with the induced Hermitian metric, and
the norm is considered as a norm of an element from (N1 )(1.0* @ End(.* F) with
the induced metric.

Remark 1.2. (a) In [9, Theorem 1.1], we obtained that, as p — oo,

XY —(n—
FES ™ I~ sup iy ()2 v, (L.11)
ye

Hence, (1.9) means that the “defect of transitivity” for the extension operator is of
lower order of magnitude than the operator itself. We call this property the asymprotic
transitivity.

(b) Bounded geometry condition implies that C is a finite number.

(c) The estimate (1.9) alone can be obtained directly from [9, Theorem 1.1] and
some local calculations, following from Section 2.4. Our motivation towards refining
(1.9) to (1.10) was to understand the limits of transitivity. The stronger version (1.10)
implies, in particular, that for generic submanifolds the defect of transitivity is not
negligible.

The main goal of this paper is to develop the theory of Toeplitz operators in the
setting of restriction and extension operators, implying a more precise asymptotic
description of the sequence of operators

EXW —EXW oB) WV HY, (Y. *(LP ® F)) > H)(X.LP ® F), p = pi.

Remark that for different p, those operators act on different spaces, so the phrase
“asymptotic description” itself has to be explained. For this, we introduce below
Toeplitz type operators.

Let H(Oz’)Y l(X ,L? ® F) be the vector space of L?-holomorphic sections which
are orthogonal (with respect to the L2-scalar product (1.2)) to L?-holomorphic sec-
tions vanishing along Y. Denote by B;( IYl, Blff the orthogonal projections from
L*(X,LP®F)to H(OZ’)YJ‘(X, L?® F) and H(OZ)(X, L? ® F), respectively. The opera-
tor B;( (resp. B;( |YJ‘) will be called the Bergman projector (resp. orthogonal Bergman
projector). We extend Ef,(ly to L2(Y,1*(L? ® F))as f (EI},“Y oBY)f.

Now, for a section f* € Cp°(X, End(F)), we associate a sequence of linear opera-
tors Tf)’(p € End(L?(X,L? ® F)), p € N, called the Berezin-Toeplitz operator, by

TX(8) := By (f - By g).
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We define the sequences of operators

I 12(X, L? ® F) — L*(Y,.*(L? ® F)),

fip
X L2(Y.(LP ® F)) > L2(X.L? ® F), peN,
by
YIX YIX 17X X X|YL
Tﬁp :=Res, " oT7 o (B, —B;" ™), (1.12)
XY ._ pX X|YL X XY ’
Tf,p = (B, — B, )oTﬂpoEp .
. . . YIX —X|Y
As we show in Proposition 4.8, the asymptotic study of operators Tfp , Tfp ,

fundamental to this paper, reduces to their study for some functions f, polynomial-
like in the normal directions to Y. To describe these functions precisely, we fix a
smooth function p: R4 — [0, 1], satisfying

1 forx < l,
p(x) = { 3 (1.13)

0 forx > 5

Let 7: NXIY — ¥ be the natural projection. We fix
[oS) k XY \* *
g € (Y, Sym*(N*")* Q End(t*F)), k €N,

and construct a section {g} € C°(NXY 7* End(:* F)), polynomial in the vertical
directions, as follows {g}(y, Zy) == g(») - Zﬁk, yveY,Zye€ Nyle.

Recall that we introduced a diffeomorphism of r -neighborhood of the zero sec-
tion in N X' with a tubular neighborhood U of Y in X after (1.6). By an abuse of
notation, we denote by 7: U — Y the projection (y, Zxn) + y induced by = and
the above diffeomorphism. Over U, we identify L, F to 7*(t*L), *(:* F) by the

parallel transport with respect to Chern connections along the geodesic
0,112t (y,tZn) e X, |Zy|<TL.

From now on, we use these identifications implicitly. For fixed p € N*, over U, we
define the section (g)) € C;°(X, End(F)) as

()0 Zw) o= 12 p(22) gy 0. 2, (114
1

where the norm | Z |, is taken with respect to g o Away from U, we extend (g )
by zero. We extend the operator (-} linearly to

o0
P e (v. sym* (N*)* @ End(:* F)).
k=0
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From (1.14), (-)) clearly depends on p. We decided to neglect this in the notation
because the symbol (-)) will always appear in conjunction with another quantities,
which depend explicitly on p.

Definition 1.3. A sequence of linear operators TpY €End(L*(Y.:*(L? ® F))), peN,
respectively,

TYX:L2(X,L? ® F) — L*(Y..*(L” ® F)),
XY L2 (Y, (L? ® F)) - L*(X,L” ® F),
verifying BY o TY o BY = T, respectively,
BY oTYX o (BY — By =YX (BY = BYY Yo T}V o BY =T},

is called a Toeplitz operator with exponential decay (resp. of type Y | X, X |Y) if there
is a sequence f; € C;°(Y, End(.* F)), respectively,

oo
gh e @GZ"(Y, Sym?*+/ (N XIT)(1L,0)* & End(:* F)),
k=0

oo
gl e @ ey, Sym?*+/ (N XIY)(0.D* & End(:* F)),
k=0

where j € {1, 2} is of the same parity as i, and ¢ > 0, p; € N*, such that for any
k,l € N, there is C > 0, such that for any p > p;, the Schwartz kernels, evaluated
with respect to dvy, dvy for y1,y, € Y, x € X, satisfy

k
TY (31, 92) =Y p7'TY (y1,y2)| < Cp™*H/2 exp(—c /p - disty (y1, y2)),
4 Jrsp

r=0

el

k
TXIY (. _ —r/2p XY ’

< Cper(l_k)/2 . exp(—cﬁ - disty (x, yl)),

k
Y|X —r/27Y|X
‘Tp ()mx)—X(:)P " T<<g;z>>,p(y1,x)
r=

el

< Cp" TR exp(—c /P - distx (y1, %)), (1.15)

where the pointwise C/-norm at a point (yq, y2) € ¥ x Y is the sum of the norms
induced by hZ, hf and g7¥, evaluated at (y1, y»), of the derivatives up to order /
with respect to the connection induced by the Chern connections on L, F and the
Levi-Civita connection on 7Y, and similar notations are used for the other two norms



S. Finski 494

at points (y1,x) € ¥ x X and (x, y1) € X x Y. The sections f; (resp. gih, g will
later be denoted by [TPX li (resp. [Tple] i [Tlex],-). We alternatively call the above
operators Toeplitz type operators (with exponential decay).

Remark 1.4. (a) In Proposition 2.9, we show that (1.15) implies that for any k € N,
there is C > 0, such that for any p > p;, we have

k k
Y —rY —k Xy _ —r/2X|Y —(n—m+k)/2
Tp Z p Tfr,p =Cp, Tp Z p T((gﬁ)),p =Cp ’
r=0 r=0
k
YIX —r/27Y|X (n—m—k)/2
T, 2}1) Tigey.n| =CP :
r=

In particular, for compact Y, the sequence of operators TpY , p € N, forms a Toeplitz
operator in the sense of Ma—Marinescu [ 14, §7].

(b) As we show in Corollary 3.6, our definition ultimately does not depend on the
choice of p.

(c) In Corollary 3.13, we show that the sections f;, i € N, (resp. glh, g, verify-
ing (1.15), are uniquely defined. Hence, the notation [-];, i € N, from Definition 1.3
is well defined.

To state our main result, we place ourselves in the notations and assumptions of
Theorem 1.1.

Theorem 1.5. The sequence of operators
Dy :=EfN —EXWoEVY  peN,

Sforms a Toeplitz operator with exponential decay of type X|Y. Moreover, we have
[Dplo = 0. Also, under the assumptions (1.8) and dvw = dvgrw, we have

[Dpli =0, [Dpla=0, [DylseCR(Y,(NX¥)1O* @ End(* F))

forn € (NXWYL0 (D 151 = 0, and for n € (N"1¥)1.0);
1 d
[Dply-n = — =X =" 1dp

8w dn
1 End(E) F F
- ﬁvn (Aw[R ] - AL;(D[R ])

Remark 1.6. Theorem 1.5 largely refines Theorem 1.1, see Remark 3.15 (b).

Now, in a slightly different direction, in Theorems 4.1 and 4.7, we show that for
quasi-isometric embeddings, the set of Toeplitz type operators is closed under tak-
ing adjoints, restrictions, extensions and some products. This plays a crucial role in
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our approach to Theorem 1.5 and allows us to generalize Theorem 1.5 to towers of
embeddings of arbitrary length, see Corollary 5.8 for a precise statement. As another
direct consequence of our analysis, we obtain the following result.
Theorem 1.7. As p — oo, the following asymptotic holds:
XY \— -
[ Resy || ~ sup sy ()72 p=mr2, (1.16)
ye

Moreover, under assumption (1.8), as p — 00, we even have

1 Cs

XY _ ~ YIX ) _ ,(a—-m)/2 _ . ,(n—m=2)/2
” Ep “ p(n—m)/Z p(n_m+2)/2’ “ Resp || p C4 V4 ’

(1.17)
where the constants Cs, C4 are defined as follows:

Cr 1 inf(r;(_r}; 1 (Aw[Rf]_AL*w[Rf]))
3.——3 o~ /max s

2 yeY 8 27[\/—_]
1 1'));( - I'JI;[ Aw[Rf] - At*a)[Rf]
Cy:=-—sup| —— — Amn ,
2 yey 8 2w A/—1

where Ay and Ay are the values of the maximal and minimal eigenvalues.

Remark 1.8. (a) The first asymptotics (1.17) corresponds to the calculation of the
optimal constant in Ohsawa—Takegoshi theorem. A less refined version was proved
in [9, Theorem 1.1], see (1.11).

(b) In particular, from (1.11) and (1.16), we see that the sequence of operators
pr—m/2 -Eg,(ly, p € N, is an asymptotic isometry if and only if K;\gly ly = 1.

We say a few words about the proof of Theorem 1.5. The essential step consists
in showing that the sequence D,, p > pi, from Theorem 1.5 satisfies the assump-
tions of the asymptotic characterizations of Toeplitz type operators similar to Ma—
Marinescu [15]. For more amenable calculations of the higher order terms, in Sec-

tion 4.2, for p > p;, we introduce the sequence of operators A;(IY

, called multi-
plicative defect, relating extension and restriction maps. This sequence of operators
has found further applications in the subsequent work of the author [8]. The gen-
eral strategy for dealing with semi-classical limits here is inspired by Bismut [1] and
Bismut—Vasserot [2].

This paper is organized as follows. In Section 2, we study the geometry of man-
ifolds of bounded geometry. In Section 3, we study the asymptotics of Toeplitz type
operators and derive asymptotic criteria for them. In Section 4, we study the algebraic
properties of the set of Toeplitz type operators: we show that it is closed under taking
adjoints, restrictions, extensions and some products. We study the adjoints of Toeplitz

type operators and introduce multiplicative defect. Finally, in Section 5, using those
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preparations, we prove Theorems 1.1, 1.5 and 1.7, and generalize Theorem 1.5 to
towers of submanifolds of arbitrary length.

Notations. We use notations X, Y for complex manifolds and M, H for real man-
ifolds. The complex (resp. real) dimensions of X, Y (resp. M, H) are denoted here
by n,m. An operator ¢ always means an embedding ¢: Y — X (resp. ©: H — M). We
denote by Resy (resp. Resg) the restriction operator from X to Y (resp. M to H).

For a Riemannian manifold (M, g7™), we denote the Levi-Civita connection
by V™ by RTM the curvature of it, and by d vgrm the Riemannian volume form.
For a closed subset W C M, r > 0, let Bﬁ,” (r) be the ball of radius r around W.

For a fixed volume form dvy, on M, we denote by L?(dvyy, hE ) the space of
L?-sections of E with respect to dvys and hE. When dvy = dvgrm, we also use the
notation L2(g”™  hE). When there is no confusion about the data, we also use the
simplified notation L?(M, E) or L?(M).

For n € N*, we denote by dvcn the standard volume form on C”. We view C™
(resp. R™) embedded in C” (resp. R”) by the first m coordinates. For Z € R¥, we
denote by Z;, | = 1,..., k, the coordinates of Z. If Z € R?", we denote by z;,
i =1,...,n,the induced complex coordinates z; = Z5; 1 + V=1Z5;. We frequently
use the decomposition Z = (Zy, Zy), where Zy = (Z1,...,Zay) and Zy =
(Zam+1, .-+ Z2y). For a fixed frame (eq,...,e2,) in Tx X, x € X, (resp. y € Y)
we implicitly identify Z (resp. Zy, Zy) to an element in 7, X (resp. 1) Y, NyX |Y) by

2n 2m 2n
ZZZZiei, Zy=ZZ,’€,’, ZN= Z Zie,'.
i=1 i=1 i=2m+1
If the frame e; satisfies the condition
Jeri—1 = ey, (1.13)

we denote Biz,- = %(ez,-_l — v/ —ley;), 3%_ = %(ez,-_l + +/—ley;i), and identify z, z
to vectors in 7, X ®g C as follows

n
0 _ _
z = Zj —, Z = Zi—.
; ' aZ,' ; ! 821'
Clearly, in this identification, Z = z + z. We define

zy,zy € )Y Qr C, ZN,ENENJ,XIY ®r C

in a similar way. We sometimes further decompose Zy = (Zywir, Zyxw) for
Zywiy € R2U=m) Zyxiw € R2(=D 1 < | < n, and use the analogous identifi-
cations. Sometimes, we use the notation Zy := (Zy, Zywiv).
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For a polynomial P(Z,Z'), Z, Z' € R", we denote by Res,, o P the polynomial
inZyg € R™, 7' € R", defined as

Resp oP(Zp,Z') = P((Zn,0). Z').

Similarly, we define P o Res,,.
Fora = (aq,...,0¢) € Nk B = (B1,...,By) € Ck,wewriteby

k k k
|| = Zai, al = H(ai)!, B* = HB;”.

2. Bounded geometry condition and local trivializations

The main goal of this section is to study the geometry of manifolds of bounded geom-
etry. More precisely, in Section 2.1, we recall the definitions manifolds (resp. pairs
of manifolds, vector bundles) of bounded geometry and the quasi-isometry assump-
tion. In Section 2.2, we study the convergence of exponential integrals on manifolds
of bounded geometry. In Section 2.3, we recall some results comparing geodesic and
Fermi coordinates and related trivializations of vector bundles. Finally, in Section 2.4,
we extend those results to towers of submanifolds.

2.1. Introduction to bounded geometry condition

In this section, we recall the definitions of manifolds (resp. pairs of manifolds, vector
bundles) of bounded geometry. We also recall the basic facts about the second fun-
damental form and the quasi-isometry assumption. For a more detailed overview, we
refer to [7,11,22], cf. [9].

Definition 2.1. We say that a Riemannian manifold (M, g7™) is of bounded geome-
try if the following two conditions are satisfied:

(i) The injectivity radius of (M, gT™) is bounded below by a positive con-
stant rpy.

RTM

(i1) For the Riemann curvature tensor of M, we have

R™ € C°(M, A*T*M ® End(TM)).

Now, let (H, gTH) be an embedded submanifold of (M, gT™), gTH := gT™ |,
We identify the normal bundle N ¥ IH of H in M to an orthogonal complement of TH
in TM as in (1.6). We denote by gNM‘H the metric on N™!H induced by g7™ . We

denote by Plc/llH: TM|g — NMIH, P}I/”H: TM|g — TH, the projections induced
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by (1.6). Clearly, gL P]]\}/”HVTM|H defines a connection on NMH  we
define the second fundamental form AMH e @°(H,T*H ® End(TM |f)) by

AMIH . gTM | gTH g gNMIT Q.1

Recall that the mean curvature vMH ¢ @ (H, NMIHY of  is defined as follows
1 m
pyMIH . - 2; AMlH(e,-)e,-, 2.2)
1=

where the sum runs over an orthonormal basis of (TH, gTH).

Proposition 2.2. The second fundamental form satisfies the following properties:

(1) It takes values in skew-symmetric endomorphisms of TM |y, interchanging
TH and NMIH .

(2) Forany U,V € TH, we have AMH (U = AMIH (U .
Assume, moreover, that (M, g™ is Kihler. Then the following hold:

(3) AMH commutes with the action of the complex structure.

@) ForanyU e TH,V e TM,U =u+u,V =v+70,u,v € T"OM, we have

AMIE Uy = AMIHE (i1yy,  AMIE(UYg = AMIH () ifV e NMIH,
AMIE Yy = AMIH )y, AMH (U5 = AMIH @)y ifV € TH.

(5) We have yMIH —

Proof. An elementary proof is omitted for brevity; the reader may refer to the arXiv
version for a complete argument. |

Definition 2.3. We say that the triple (M, H, gT™) is of bounded geometry if the
following conditions are fulfilled:

(i) The manifold (M, g"™™) is of bounded geometry.

(i) The injectivity radius of (H, g7H) is bounded below by a positive con-
stant rg.

(iii) There is a collar around H (a tubular neighborhood of fixed radius), i.e. there
is r1 > 0 such that for any x, y € H, the normal geodesic balls B,Jl (x),
BrJl (), obtained by the application of the exponential mapping to vectors,
orthogonal to H, of norm bounded by r , are disjoint.

AM|H

(iv) The second fundamental form, , satisfies

AMIH ¢ C°(H, T*M |y ® End(TM |g)).
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We will now introduce a coordinate system in M near a fixed point in H, which is
particularly well adapted to the study of triples of bounded geometry. We fix a point
Yo € H and an orthonormal frame (ey,. .., ex) (resp. (em+1,...,ep))in (Ty, H, g;)H)

. M|H
(resp. in (Nﬁle, g% )). For
Z=Zyg.ZNn), Zyg €R™, ZyeR"™,
ZH=(Zl,...,Zm), ZN=(Zm+1,...,Zn), |ZH|§I‘H, |ZN|§Y'J_,

. M
we define a coordinate system v,

1//))0 (ZH’ ZN) L expexp%(ZH)(ZN (ZH))7 (23)
|

H: BR™ (rpr) x BR"™" (r1) — M by

where Z y (Z ) is the parallel transport of Zy € Nylgl H along expﬁ tZg),t=10,1],
with respect to the connection V¥ M on NMIH The coordinates w% 7 are called
the Fermi coordinates at yy. Their importance comes from the fact that the metric
tensor has uniformly bounded coefficients in these coordinates, cf. [22, Lemma 3.9]
and [11, Theorem 4.9].

Now, recall that an embedding ¢: H — M is called quasi-isometry if there are

A, B > 0 such that for any yy, y, € H, we have
distg (y1, y2) < Adisty (¢(y1), 1(y2)) + B. (2.4)

In what follows, for brevity, we omit ¢ from the distance function. The following
proposition will be useful in the study of restriction of Toeplitz operators.

Proposition 2.4. Assume that a triple (M, H, g™™) is of bounded geometry and the
embedding t is quasi-isometry. Then one can choose B = 0 in (2.4).

Proof. An elementary proof is omitted for brevity; the reader may refer to the arXiv
version for a complete argument. ]

Finally, we recall the last definition related to bounded geometry.

Definition 2.5. Let (E, VE LE ) be a Hermitian vector bundle with a fixed Hermitian
connection over a manifold (M, g7™) of bounded geometry. We say that (E, VE  hE)
is of bounded geometry if RE € C (M, A2T*M ® End(E)).

If (E, h®) is a Hermitian vector bundle over a complex manifold, we say that it is
of bounded geometry if (E, VE, h¥) is of bounded geometry for the Chern connec-
tion VE on (E, hF).

2.2. Convergence of exponential integrals for triples of bounded geometry

The main goal of this section is to study convergence of exponential integrals for
triples of bounded geometry. More precisely, fix a triple (M, H, gTM ) of bounded
geometry. We conserve the notations from Definition 2.3.
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Proposition 2.6 ([9, Corollary 3.3]). There are c,C’ > 0, which depend only on n, m,
rM, YN, r1 and sup-norm on RTM RTH AMIH o, cp that for any yg € H, | > ¢,
the following bound holds:

/

: C
/H exp(—l dlstM(yo,y)) dvgru (y) < T

Let (E, h®) be a Hermitian vector bundle over M and D is an operator acting on
L2(H ,t*E). Assume that there are ¢ > 0, [ as in Proposition 2.6 and C > 0, such
that for any y;, y, € H, the Schwartz kernel of D, evaluated with respect to d VgTH,
satisfies the bound

|D(y1. y2)| < CI™ exp(—I distar (y1. y2)). (2.5)
Corollary 2.7. For C’ > 0 as in Proposition 2.6, we have | D| < CC".

Proof. From Proposition 2.6 and (2.5), we deduce that there is C’ > 0, as in Proposi-
tion 2.6, such that for any yg € H, we have

/H 1D(vo. )| dvi (v) < CC, /H DO, yo)ldvg(y) <CC'. (26)

We conclude directly from (2.6) and Young’s inequality for integral operators, cf. [23,
Theorem 0.3.1] applied for p, g = 2, r = 1 in the notations of [23]. |

Now, let ¢ > 0 be as in Proposition 2.6. Let D;,i = 1,...,r, be operators acting
on L%(H,* E), such that for some [ > 2¢, C > 0, the bound (2.5) holds for D := D;.

Corollary 2.8 ([9, Lemma 3.1] ). The Schwartz kernel D,41(y1, y2) of the operator
Dyi1:= DyoDyo---0 Dy, evaluated with respect to dv,ru, is well defined for any
Y1, V2 € H and it satisfies the bound (2.5) for D := Dy41, 1 :=1/2, C := (C')"C"
for C’ as in Proposition 2.6.

Now, in addition to the triple (M, H, g”™) of bounded geometry, we consider a

Riemannian manifold (K, g7X) with an embedding (;: M — K, such that
ot oTK — oTM

We assume, moreover, that the triple (K, M, g7X) is of bounded geometry. We let
(E, h%) be a Hermitian vector bundle over M and D: L?>(H,1*E) — L*>(M, E) be
a fixed linear operator. Assume that there is ¢ > 0 as in Proposition 2.6 and C > 0,
such that for some / > ¢ and any y € H, x € M, the Schwartz kernel of D, evaluated
with respect to d VgTH, satisfies the bound

|D(x. y)| < CI" exp(—I distg (x. y)).
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Proposition 2.9. There is C' > 0, which depends on the same data as constants from
Proposition 2.6 and the analogous data on (K, M, gTX), such that

c'cC
ID1 = T

Remark 2.10. Clearly, Corollary 2.7 is a special case of Proposition 2.9 for M := H.

Proof. First of all, let us establish this result for K := M. We consider the exponential
map exp,y MIH. NMIH _, M.oAs M s complete, the map exp%lH is surjective. We

consider a subset V of NMIH consisting of points u € NMIH guch that
dist(eprNllH(u), Y) = |ul,

where |u| is the norm of u with respect to the induced metric on N™ |5

We let § = min{infy 7 sec(x, T'), —1}, where sec(x, T') is the sectional curvature
of (M, g™), evaluated at x € M for the two-dimensional subspace T € Ty M of
the tangent bundle, and the infimum is taken over all possible choices of x and T'.
Bounded geometry condition implies that § is a finite constant. For r > 0, we denote

ss(r) = sinh(|8]'/2r) and  c5(r) 1= s5(r).

1
|5|1/2

Then from the result of Heintze—Karcher [12, Corollary 3.3.1], foru € V, |u| = ¢,
t > 0, we obtain that

[det(d expy™), | < (“zﬁ)n_m_l (es (@) = (M ) - 55(0)",

M|H

where v was defined in (2.2). In particular, due to bounded geometry assumption,

we obtain that there are ¢, C’ > 0, as in Proposition 2.6, such that
|det(d exleH) | < Cexp(ct).

Using this fact, we deduce that there is C > 0 such that for any f € L?(H,(*E),
we have

I/ = [ explelu) @)
2
.(lm/Hexp(—l distM(yl,exp%(u)))f(y)dngH(yl)) dUN%\H(u) dvgra (y2).

However, clearly, we have distas (y1,exp); M (y)) > distp (Y, expy, M (11)). But by the def-
inition of the subset V', we have

distys (Y, exp%(u)) = distys (yz,exp%(u)) = |ul.



S. Finski 502
From this and (2.7), for [ > 8¢, we obtain that
)
IDf 1 =€ [ exp(~31ul) @)
I 2
: (lm /H eXP(—g diStM(le’Z))f(y) dUgTH ()’1)) dUNyA;\H (u) dngH (»2).

From the boundness of the exponential integral, for any y € Y, we obtain that

C
/;/nNyl‘l'H exp(——|u|) dUNM\H(M) =

By combining with (2.8), it gives us

C
”Df“iz = =
] 2
f (lm/ eXp(—ZdiStM(YLyZ))f(y)dUgTH(yl)) dvgra (y2). (2.9)
H H

Now, from Corollary 2.7, we obtain that there is C > 0, verifying

l 2
/H (l’" /H exp(—zdistM(yl,yz>)f(y)dvgm(yl)) dvgrn (72)
<C|f13- (2.10)

A combination of (2.9) and (2.10) finishes the proof for the case K := M. An easy
verification shows that all the constants can be chosen as described in the statement
of the proposition we are proving. The proof of the general case reduces to the case
considered above through the use of the tubular neighborhood of M in K in the same
way as in the proof of [9, Corollary 3.3]. |

2.3. Fermi and geodesic coordinates; related trivializations of vector bundles

In this section, we recall some results comparing geodesic and Fermi coordinates
and trivializations of vector bundles adapted to those coordinate systems. We place
ourselves in the setting of a triple (M, H, g7™) of bounded geometry.

Let us fix xo € M and an orthonormal frame (eq, ..., e,) of (Tx, M, gxM) We
define the map ¢%: R" - M, xo € M, as follows:

P (Z) := expit (2). (2.11)
Define the constant R > 0 as follows:

M TH TL
R _mm{ }

247 4
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Assume now xg = yo, where yg € H and let (eq, ..., e,) be as in (2.3). Recall that
Fermi coordinates v, MIH yere defined in (2.3). Clearly, there is a (unique) smooth
diffeomorphism /! i, : BR"(R) — R", h}11# (0) = 0, such that the following identity
holds
MIH M|H
= ¢y0 o hy . (2.12)

We recall that AMIH € @°(H, T* H @ End(TM |5)) was defined in (2.1). Let an aux-
iliary section BMIH ¢ @°(H,Sym*(T*M |g) ® TM |y ) for Z € TM |, be defined
as
1
BMIH(Z) == BMI(Z.2) = S AMH (Zy) Zy + AMT (Z) Z.

Proposition 2.11 ([9, Proposition 2.18]). The diffeomorphism h%lH admits the Taylor
expansion

WMH 7y = 7 + BMH (Z) + 0(|1Z]?).

In the second part of this section, we recall the comparison between two trivializa-
tions of vector bundles, done using parallel transport adapted to the above coordinate

systems.
We fix an orthonormal frame fi,..., fr € (Ex,, xo) Let f fr’M be a
frame of E over BM (rar), obtained by the parallel transport of fi,..., f; along

the curve ¢ (tZ),t €[0,1], Z € Ty,M, |Z| < rpr. Assume now xo = yo, where
yo € H and let (e1,...,e,) be as in (2.3). We define ~M|H,...,fM|H by the
parallel transport of fl, ..., f» with respect to the connection V%, first along the
path leH(tZY, 0), ¢ € [0, 1], and then along the path w%lH(Zy, tZy),t €0,1],
Zy € RZm ZN € RZ(n—m) |Zy| <ry,|Zn| <L

Let &5 min be the unique smooth function over BM (R), with values in End(C"),
such that & M\H (0) = 0, and the following identity holds

MV MUY — exp(ed ™y (FIM, L T, (2.13)

where we view (f;MlH, e, ﬁMlH) and (f;’M, e, f;’M) as r X 1 matrices.

Proposition 2.12 ([9, Proposition 2.22]). The following asymptotic holds:

Y (yMIH (7)) = 0(1Z ).

If, moreover, (E,VE hE):= (L,VE, h')is aline bundle, and there is a skew-adjoint
endomorphism Q of TM, which is parallel with respect to VIM (i.e. VIM Q = 0),
which commutes with AMM | the restriction of which to H respects the decomposi-

tion (1.6), and such that for the curvature RL of VL, and for any u,v € TM, we

have
gRL(u,v) = g™ (Qu,v), (2.14)
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then the following more precise bound holds:

M|H
gMIE (yMIH (7)) = —ZRyLO(ZN,AMW(ZH)ZH) +0(1Z]%). (2.15)
Remark 2.13. Assume (M, gT™) is endowed with a complex structure J, and g7™
is invariant under the action of it. Assume, moreover, that (2.14) holds for Q := J as
in (1.1). Then all the requirements are satisfied for Q := J, cf. [9, Remark 2.23].

2.4. Towers of embeddings, associated coordinates and holonomies

In this section, we compare natural coordinate systems and trivializations of vector
bundles associated to towers of submanifolds. The proofs here are left to an interested
reader.

We fix a tower of (real) manifolds H < K <> M of dimensions m,/ and n,
respectively. Endow M with the Riemannian metric g7 and induce the metrics

K and gTH on K and H. We fix yo € H and an orthonormal frame (e, . .., ;)
(resp. (em+1.....e;)and (ej41,....e,)) of (T, H, gTH) (resp. (NyISIH, g%K‘H) and
(N, M‘K, %MlK)). Recall that Fermi coordinates were defined in (2.3). Clearly, there
is a (unique) smooth embedding o: R — R”, ¢(0) = 0, such that for any Z € R/

small enough, we have
Uyal (0 (2) = v (2). 2.16)

By comparing the Jacobians, we get the following result.
Proposition 2.14. The function o satisfies 0(Z) = Z + O(|Z|?).

Next, we compare two natural trivializations of vector bundles for towers of sub-
manifolds associated to Fermi coordinates: one for the pair (M, H), another one
for (K, H).

Let (E, VE, h®) be a Hermitian vector bundle of bounded geometry and rank r
over (M, gTM ). We fix an orthonormal frame fi. ..., f; € (Ey,, hf ). Recall that the
frames f1 lH, cee, fMlH 1K|H’ cee, :KlH were defined before (2.13). Let tg be
the (unique) smooth function, defined in B% (R), with values in End(C"), such that

t£(0) = 0, and
RCSK(fMlH ’ﬁMlH) _ CXP(TE) ( K‘H’ --7ﬁK|H)a (217)

where we view ResK(fMlH, . fMlH) and (leH, ey leH) as r x 1 matrices.

Proposition 2.15. In the notation of Proposition 2.12, the following asymptotic holds:

(WX (2) = 0(21?), wWXH(2))=o0(z*). (2.18)
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Proof. The proof is done by a repetitive use of Propositions 2.11, 2.12 and 2.14.
By (2.13), we have

(’;MlH’ fM|H) _ ( MlH) ("I/M"”’f';/M)’
( . M):e ( M\K)(flMlK’.”’er\K)’ 210
R (75 ) = (7 ) o
( . /K)=e ( KlH)(fiKlH,...,f:KlH)-

Now, from (2.17) and (2.19), we obtain

exp(tg) = ResK(exp(ggllH) .exp(— g”K)) exp(— KlH).

From Propositions 2.11, 2.12 and 2.14, we deduce the first part of (2.18). Remark the
basic identity

AMIKgyy + AXIH gy = AMIEU)  forU,V € TH. (2.20)

The second part is now obtained by the same means, one only has to use (2.20) in
addition to previous considerations. ]

We will now relate the Fermi coordinates for the pairs (M, K) and (M, H).
Clearly, there is a unique diffeomorphism v: R* — R”, v(0) = 0, so that for any
Z € R” small enough, we have

YK w(2)) = yMH (2). (2.21)
By comparing the Jacobians, we get the following result.
Proposition 2.16. The function v has the following Taylor expansion:
v(Z)=Z+ 0(1Z]).

Our next goal is to compare two trivializations of a vector bundle: one associ-
ated to the trivializations in Fermi coordinates for the pair (M, K), another one for
(M, H). Let yg be the (unique) smooth function, defined over B% (R), with values
in End(C"), such that yg (0) = 0 and

(A MY = exp(yp) - (AL FMIE),

where we view (f;MlK, e, f:M‘K) nd (fMlH, . fMlH) as r x 1 matrices.
An elementary variation on the proof of Proposition 2.15 leads to the following
result.

Proposition 2.17. In the notation of Proposition 2.12, the following asymptotic holds:

(WM (2)) = 0(1217). (@M (2)) =o0(zP).
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3. Asymptotics of Toeplitz type operators and kernel calculus

The main goal of this section is to study asymptotics of Schwartz kernels of Toeplitz
type operators. More precisely, in Section 3.1, we consider the model situation, for
which an explicit formula for the Schwartz kernels of Bergman projectors, the exten-
sion and restriction operators can be given. We then study the composition rules for
the operators with related kernels. Those results play the foundational role in this
article. In Section 3.2, we recall the asymptotics of Schwartz kernels of Bergman pro-
jectors and the extension operator. In Section 3.3, we study the asymptotic expansion
of basic Toeplitz type operators, in particular, we establish Theorem 3.14. Finally, in
Section 3.4, we establish asymptotic characterization of Toeplitz type operators with
exponential decay.

3.1. Model operators on the complex vector space

In this section, we consider the model situation, for which an explicit formula for the
Schwartz kernels of Bergman projectors, the extension and restriction operators can
be given. We then use those explicit formulas to give a description for compositions
of operators, the Schwartz kernels of which can be expressed using the above kernels.
This section is motivated in many ways by the works of Ma—Marinescu [14, 16] and
Dai-Liu-Ma [4].

Endow C” with the standard Riemannian metric and consider a trivialized holo-
morphic line bundle Ly on C”. We endow L with the Hermitian metric hilo, given
by

T2
11520 (2) = exp(=31Z ). (3.1

where Z is the natural real coordinate on C”, and 1 is the trivializing section of L.
An easy verification shows that (3.1) implies that (1.1) holds in our setting. Recall
that [14, §4.1.6] shows that the Kodaira Laplacian on C*°(X, L), multiplied by 2,
which we denote here by £, and view as an operator on C*°(X) using the orthonormal
trivialization by 1 exp(5|Z |2) of Ly, is given by

L= bb,
i=1

where b;, b;r are creation and annihilation operators, defined as

ad d
bi = —2— +nz;, bt =2— ;.
i oz, + rz; ; oz + mz;

We verify easily that

0
[g(z.2).bj] = ZTg(Z,f). (3.2)
Zj
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From [14, Theorem 4.1.20], we know that for a multiindex @ € N”, the functions

b* (zﬁ exp(—% i |z; |2)), (3.3)

i=1

form vector spaces of orthogonal eigenvectors of £ (viewed as sections of C*°(X, L)
using the above orthonormal trivialization) corresponding to the eigenvalues

n
4 E o;.
i=1

From this (cf. [15, Theorem 1.15] and [14, (4.1.84)]), the Bergman kernel P,, of C”"
is given by

n
Pu(Z,2) = exp(—% Z(|z,~|2 + 1z}]* — 2zi2;)) forZ,Z' e C".  (3.4)

i=1
In particular, we deduce that
bj:Pu(Z,Z") = 2n(Z; —E]’»)(Pn(Z,Z’). (3.5)

Also, we see easily (cf. [9, (3.28), (3.29)]) that Schwartz kernels of the orthogonal
Bergman kernel, fPim,

orthogonal to the holomorphic sections which vanish along C”, and the L?-extension

corresponding to the projection onto holomorphic sections

operator £, ,, extending each element from (ker £)|c» to an element from ker £ with
the minimal L2-norm, are given by

m n
b g _ T
Pt (2.2') = exp(-; Do (=l + =P =227) =5 Y (=l + |z£|2)),
i=1 i=m+1
b4 " T "
Enm(Z, Zy) = CXP(—E > 1zl + 127 = 22:7)) — ) > |Zi|2)~ (3.6)
i=1 i=m+1

We, finally, remark that the Schwartz kernel of the operator Rescm oP,, is given by

m n
T _ b
Rnm(Zy,Z') = CXP(_E > 1z + 12]? —22:7)) — b} > szlz). (3.7

i=1 i=m+1

Remark the trivial identity

_ *
Rnm = & -

Now, a lot of calculations in this article will have something to do with composi-
tions of operators having Schwartz kernels, given by the product of polynomials with
the above kernels. For that reason, the following lemma will be of utmost importance
in what follows.
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Lemma 3.1. For any polynomials A(Z, Z'), A2(Z,Z'), Z,Z' € R?", there is a
polynomial A3 := K, n[A1, A2], the coefficients of which are polynomials of the
coefficients of A, A,, such that

(A1 P 0 (A2 - Pory) = Az - Pr . (3.8)

Moreover, deg A3 < deg A; + deg A,. Also, if both polynomials A;, A, are even or
odd (resp. one is even, another is odd), then the polynomial A3 is even (resp. odd).
Similarly, there is a polynomial A} := X', »[A1, A2] with the same properties as A3,
such that

(A1-Pp) o (Az - Pyrpy) = Ay - Pit . (3.9)
Also, for any polynomials A(Z, Z},), D(Zy,Z',), Z € R*", Zy, Z}, € R*™, there
is a polynomial A% := J{f,ﬁ [A, D] with the same properties as A3 such that

(A-Eum)o(D-Pp) = A Enm. (3.10)
For polynomials B(Z,Z'), C(Zy.Z'), Z,Z' e R*", Zy € R?™, the following iden-
tities hold:
(B-Pp)o(A-Enm) = (KnnlB. Al o Resp) - Enm.

(B - (P;J{,m) o(A- En,m) = (J{n,m[By A]o Resm) : 8n,ma (3.11)

(C -Rum)o(A-Eum) = (Resm oKnmlC, A] o Resm) - Poms
Finally, for any polynomials A4(Z, Z},), As(Zw.,Z}), Z € R*", Z}, € R*™,
Zw.Zy € R?! there is a polynomial A}’ := JCfm [A4, As], with the same properties

as Az, such that
(A4 . 8n,l) o (AS : El,m) = A/?,N . 8n,m-

Remark 3.2. The statement (3.8) for n = m is due to Ma—Marinescu [14, Lem-
ma 7.1.1, (7.1.6)].

Proof. We decompose polynomials Ay, A, as follows

ANZ.2) =) 2% - A% (Zy.Z)). ANZ.Z))=) A$(Z.Zy)Z\".
o ’

o

where o, o’ € N2 verify || < deg A1, |’| < deg A,. In [9, (3.36)], we estab-
lished the first statement and proved that

Knm[Ar, A2) =" Z% Z\* K n[AT. A ]. (3.12)
o o

Along the same lines, we obtained in [9, (3.38)] the second statement and

KnmlAr. AN(Z.2)) =D ZN™ - KuulAr ASUZ. Zy). (3.13)

a/



Complex embeddings and Toeplitz operators 509

To get the third statement, we represent A(Z, Zy,) := ) Z% - A%*(Zy, ZYy ). Then,
from (3.4) and (3.6), the following equation holds:

T
(A% Enm) © (D F) = exp(=5 [ ZN[) - (A P} o (D D).
By this and (3.8), we clearly have (3.10) for

KEEP[A, D] = ZZN m.mlA%, D]. (3.14)

Now, we note that an easy verification, based on (3.4), (3.6) and (3.7), shows that
((B-Pp)o(A-Enm)(Z,Zy) = ((B-Pp) o (A-Pu))(Z, Zy),
(B-Pyy)o(A-EnmNZ.Zy) = ((B-Pyp) 0 (A- Py INZ. ZY),
((C - Rnm) 0 (A-Enm))(Zy. Zy) = ((C - Py ) 0 (A~ Py, ) (Zy, Zy).

This clearly implies (3.11) by (3.8) and (3.9).
It is now only left to prove the fifth statement. For this, for

Z=Zy,Zywy,Zyxw), Zy,Zy € R?™,

ZNW‘Y S Rz(l_m), ZNX‘W S Rz(n_l), Z{/V S RZI, ZW = (Zy, ZNW|y),

we decompose the polynomial A4 as follows:

AlZ, Zy) =) Zxw - A{(Zw, Ziy). (3.15)
o

An easy verification shows that

((AZ nl) (AS 8lm))(z Zy )
= exp(= 31 Zyxmw[?) - (A5 - P1) o (4s - €1,0) (Zw. Z3).

From (3.11), we obtain

Koy mlAa, As) = Y Zf - (K11[AS, As] o Resy), (3.16)

which finishes the proof. The statements about the degrees of A3, etc., follow from the
validity of the corresponding statements for X, ,, proved by Ma—Marinescu in [16]
and expressions (3.12), (3.13), (3.14), (3.15), (3.16). ]

From the above, we see that to compute the polynomials from Lemma 3.1, it
suffices to give an algorithm for the calculation of X, ;. Below, we explain how to
do this. Directly from the definitions, we see that

Knmll - P(Z"), Al = Knmll. P(Z) - A]
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for any polynomial A. Also, we trivially have
KnmP(Z) - A(Z.Z"), A(Z,ZN] = P(Z)Knml[A(Z. Z'), A(Z. Z")]

for any polynomials P, A, A’. Hence, it is enough to give an algorithm for the calcu-
lation of KX, ,, where the first argument is given by 1. For this, remark that for any
i=1,...,n,a,b € N, we have

Knmll, Pi(Z)28Z2) = Kpm[l, Pi(Z2)] - Knml, 2827],

[ A |

where the polynomial P;(Z) does not depend on z; and z;. Hence, to understand
Kn.,m, it suffices to know how to calculate it for polynomials Z?Ef’ . We describe below
the general formula.

Using (3.2) and (3.5), we see that forany a,b € N, i < n, we get

a=bh a bi = b
Py o (2920 - Py) = Py o (z,. : (2— —|—zi> P ).
g

Remark that by (3.3), we have $, o (h*zP - £,) = 0 as long as « # 0. Hence,
from (3.2), we have

a2* _a—k o
z87KkYg fora > k,
Pp o (28 bkp,) = @hrsi on =
0 otherwise.

From this, for i < m, we deduce directly the following identity
1 a'b!
azby _ e a—kzl
Knmll, zi'Z; ] _I+Ek_b " (a—k)!l!k!zl Z;". (3.17)

Recall the following famous integral calculation: for z = x + +/—1y, we have
b al
/ exp(—n|z|2)2“2 dxdy = §ap—. (3.18)
C e

Form + 1 <i < n, (3.18) shows that

|
K[l 2020] = Sqp—

[ A |

(3.19)

e’

Corollary 3.3. Assume that for a polynomial A(Z, ZY), Z € R*", Z}, € R*™, the
following equality holds:

Pro(A-Epm)oPm=A4-Csm.

Then A is a polynomial in z,Z% .
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Proof. First of all, our assumption clearly implies that P, o (4- &, ;) = A - Ep -
Hence, from (3.11), we deduce K, ,[1, A] o Res,, = A. This along with (3.17) imply
that A is a polynomial in z and Z,. Now, again, our assumption implies that

(A- ‘gn,m) oPn=4- En,m-

Hence, KEF[A,1] = A. This, in conjunction with (3.14) and (3.17), implies that A
is a polynomial in z and Z},, which concludes the proof. |

3.2. Schwartz kernels of Bergman projectors and extension operator

The main goal of this section is to recall the results about the asymptotics of Schwartz
kernels of Bergman projectors and the extension operator. We use notations from
Section 1 and assume that the triple (X, Y, gTX ) is of bounded geometry. Let us recall
first the results about the exponential decay of those Schwartz kernels.

Theorem 3.4 (Ma—Marinescu [19, Theorem 1]). There are ¢ > 0, p1 € N*, such that
for any k € N, there is C > 0, such that for any p > p1, x1, x2 € X, the following
estimate holds:

|B§(x1,x2)|@k < Cp"TF/2 . exp(—c /P - dist(x1, x2)),

where CX-norm here is interpreted as in Definition 1.3.

Theorem 3.5 ([9, Theorems 1.5 and 1.8]). There are ¢ > 0, p1 € N*, such that for
any k,l € N, there is C > 0, such that for any p > p1, x1,x2 € X, y €Y, the
following estimates hold:
[ESY (1 p)len = Cp T2 exp(—c.y/p - dist(x1, ).
|B§‘YJ'(X1,)C2)|GIC < Cpn+k/2
~exp(—c/p - (dist(xy, x2) + dist(xq, Y) + dist(x2, Y))).
Let us now give the first direct application of Theorems 3.4, 3.5. Assume that we

start with two different choices of functions py, p2 as in (1.13), and form two different
brackets (-)1, (-)2, as in (1.14), corresponding to those choices.

Corollary 3.6. Thereis py € N* such that for any g € C° (Y, SymF(NXY)*) keN,
there are ¢, C > 0, such that forany p > p1, x € X, y € Y, we have

XY XY .
|T<<g|>>l’p(x, y) — T«gl»z’p(x, Wlet < Cexp(—c/p- (1 4+ dist(x, y))),

Y|X Y|X .
|T«g|>>l,p(y, x) — T«gl»z’p(y, X)|et <C exp(—cﬁ- (1 + dist(x, y))).

In particular, Definition 1.3 ultimately does not depend on the choice of p.
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Proof. The proof follows directly from Theorem 3.4 and Corollary 2.8. |

Theorem 3.5 shows that to understand fully the asymptotics of the Schwartz ker-
nel of the Bergman projector (resp. orthogonal Bergman projector and the extension
operator), it suffices to do so in a neighborhood of a fixed point on the diagonal of X
(resp. Y), embedded in X x X (resp. X x X and X x V). Let us recall the results in
this direction, showing that Schwartz kernels of our operators are essentially equal,
up to a recalling, to Schwartz kernel of the model operators considered in Section 3.1.
Before this, let us fix some notation.

We fix xo € X and an orthonormal frame (e, ..., e2,) of (Tx, X, gx X)), verify-
ing (1.18). Recall that geodesic coordinates were defined in (2.11). Define the function

X . pR"
K¢’x().BO (rx) >R

by
()  dvx)(Z) = ki, dZ1 A+ AdZay. (3.20)
0 @,x0

Now, let xo = yg, where yg € Y, and (ey, ..., e2,) be as (2.3). Recall that Fermi
coordinates were defined in (2.3). Define the function

XY 2(n—m)
kX B (ry) x BT (r) > R

by
(W) dvy)(2) = &\ dZy A A dZop. (3.21)

Recall that the function Kl}élY was defined in (1.7). Clearly, for Z = (Zy, Zy) € R?",
Zy € R?™ we have the following relation between different «-functions

kg (Z) = ky T (XY (2)) -k, (Z1). (3.22)

Also, under assumptions (1.8), we have KW Yo (0) ¢ 50 =1
Recall that the second fundamental form AXY € € (Y, T*Y ® End(TX ly)) was
defined in (2.1). Recall that the functions P,,, iPn m> ©n,m, were defined in (3.4), (3.6).
We fix an orthonormal frame (fi.. .., fr) of (F),, hF ,) and define the orthonormal
frames (f;XlY, e, ﬁXlY), (ﬁ’X, . f’X) of (F, hF) in a neighborhood of yy, as in
Section 2.1.

Notation. For g € C*°(X, F), by an abuse of notation, we write g(qby (Z2)) e R",
Z € R?" |Z| < R, for coordinates of g in the frame ( f vy £1%). We iden-
tify g(¢y (Z)) with an element in F), using the frame (f1, .. f,) Similarly, we
denote by g(wyo| (Z)) € R the coordinates in the frame (fX‘Y, .. leY) and
identify them with an element from F),,. Similar notations are used for sections of
F* F L?,(FQ®LP)*, FX F*, etc
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Theorem 3.7. Foranyr € N, yg € Y, there are J,XlY(Z, Z') € End(F,,) polynomi-

alsin Z,Z' € R?*", with the same parity as r and deg J,XlY < 3r, whose coefficients

are polynomials in o, RTX, AXIY RF, (de/dngx)il/Z", (dvy/dvgry)il/zn,
and their derivatives of order < 2r, all evaluated at yq, such that for the functions
FrX‘Y = JrX|Y - P, over R?" x R?", the following holds: There are e,c > 0, p; € N*,
such that for any k, 1,1’ € N, there exists C > 0, such that for any

yo€Y, p=pi. Z,Z' eR*™, |Z|,|Z|<e
a. o e N |+ | <1 Q=3+ k+1+2)+1,

we have
el 1 Xy X|Y
azaaz/a’ FBP (wyo (Z)’ wy() (Z ))

k
— XY — XY _
Y PR (R BT @) )
r=0

1
< Cp~® 1021 ¢ /p|Z| + | Z)) %10 exp(—c/PIZ — Z')),

el

where the C! -norm is taken with respect to yg. Also, the following identity holds
12,2 = 1dp,,. (3.23)
Moreover, under the assumption (1.8), we have
IX(Zz.2") =1dg,, -7 (g(zn. AW Gy — )Gy — 7))
+ g(Zy. AKX (zy — zp) 2y — 23)))- (3.24)

Proof. For X =Y, the result is due to Dai—Liu—Ma [4] and the calculation of J IX X
is due to Ma—Marinescu [14, Remark 4.1.26]. The proof of the general case is done

in [9, Theorem 5.5] by relying on the result of [4] and some local calculations. ]

Theorem 3.8 ([9, Theorem 1.6]). For any r € N, yg € Y, there are polynomials
J,XIY’E (Z,Zy) € End(Fy,) in Z € R27, Zy € R2™, with the same properties as in
Theorem 3.7, such that for FrX|Y,E = JrXIY’E - En,m> the following holds: There are
g,¢ >0, py € N*, such that for any k, 1,1’ € N, there is C > 0, such that for any

voeY, p=p. Z=(Zy.Zy), Zy.Zy €eR¥, ZyeR2®m,

|Z),1Zy] <&, aeN? o eN?™ |af+|d|<!
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for Ql%,l,l' = 6(16(n + 2)(k + 1) +1") + 21, the following bound holds:

et tle] U oxyy ) xiy X|Y (77
'W(,,—m%' WX @) (zp)

k
- XY — _
=Y p PR Bz i @ 2y
r=0

el

= Cp D214 JPIZ| + VpIZy )
rexp(—c/P(1Zy = Zy| + 1Zx1)).

where the €' -norm is taken with respect to yg. Also, the following identity holds:
JEE(Z,Zy) = Wdp,, -k (o) V2. (3.25)

Theorem 3.9 ([9, Theorem 1.9]). For any r € N, yg € Y, there are polynomials
JrX|Y’J‘(Z, Z') €End(Fy,), Z,Z' € R2", with the same properties as in Theorem 3.7
such that, for FrX‘Y’J' = JrX|Y’J' . fPf;’m, the following holds: There are ¢,c > 0 and

p1 € N* such that for any k, 1,1’ € N, there is C > 0, such that for any

yoeY, p>pi. Z=(Zy.Zn), Z' =(Z%.Zy), Zy,Zy e R*",

Zn.Zy eR*0™ |z |Z | <6, ad € NP Jo| + o] <1,
for le,l,lf =308 +2)(k +1)+1') + 1, we have

‘ glel+le’| ( 1 pXIVL

9Z23z'% \ pn

B (50 (203" (2)

k
- XY — XY _
=Y r RNz 2R @) 2

r=0

e’
3
< Cp TR (1L 4 pIZ| + pIZ/) P
exp(—e /P Zy = Zy| + |Zn] +1Z)1)).

where the G -norm is taken with respect to yo. Also, we have
Iz, 2') = 1dp,, . (3.26)

Remark 3.10. In the paper [9, Theorems 1.6 and 1.9], we also explicitly calculated
JVE ang X1V
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3.3. Basic Toeplitz type operators and their asymptotics

The main goal of this section is to study asymptotic expansions of basic Toeplitz
type operators. In particular, we prove Theorem 3.14 and give precise formulas for
the constants C, C, from (3.38). The following two lemmas will be crucial in what
follows.

Lemma 3.11. Let (X,Y, g7%) be of bounded geometry. There is p; € N, such that
forany f € C°(Y,End(:* F)), g € Do, C3 (Y. Sym* (N XIV)* @ End(:* F)). 1 € N,
there is C > 0, such that for any p > p;, the Schwartz kernels

T, ya) Ty o). TR ,0n0:0  xeX yyeY

of Tffp, Té';i » T«{;‘)‘)Y » evaluated with respect to dvy, dvy and dvy respectively,

satisfy
|Tf,Yp(y17 y2)ler < Cpm+l/2 'eXp(—Cﬁ - disty (y1, yz)),

|TX|Y . yD)er < Cpm+l/2-exp(—cf-distx(x y1)) (3.27)
1T 51 X)er < Cp"™/2 wexp(—c /- distx (x. y1)).

Proof. The first and third estimates of (3.27) follow trivially from Theorem 3.4 and
Corollary 2.8. The second estimate is a consequence of Theorems 3.4, 3.5 and Corol-
lary 2.8. u

We fix yo € Y, a unitary frame (f1,..., fr) of (Fy,, hF) and use the notational
conventions introduced before Theorem 3.7.

Lemma 3.12. Forany f € C;°(Y, End(.* F)), respectively,
g € C°(Y, Sym* (N*IV)* ® End(.* F)), k eN,
where yg € Y, r € N, there are J (ZY Zy) € End(F,,), respectively,
F(Z.Zy) € End(Fy,), JR(Zy.Z') € End(F,,).
polynomials in Zy, Z}, € R*", Z, Z' € R*" of the same parity as r (resp. r + k),
such that the coefficients of J Yf (resp. JE Yo JR e) lie in C°(Y, End(¢* F')), and for

FYpi=JY, P esp. By =07 - en,m,Fng-— JR, - Ry m), the following holds:

There ares c > 0, p1 € N*, such that for any k,/,!’ € N, there are C, Q > 0, such
that for any
yoeY, p>=p.,. Z,Z' eR*™, Z=(Zy.Zn), Z =(ZY%,Z)\),
Zy,Zy e R*™, |Z|,|Z'| <&, a,a’ € N*"| ag,aye N?™,

|| + letgl. levo] + [ef']. Joro| + letg| = 1.
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the following bounds hold:

leol+leg] Ly o
‘W(p_mTP,f(¢y0(ZY),¢yO(ZY))
y 0%y

’

k
=N PR (B 2y B2y (Zy) Vi (Z’Y)—”Z)
r=0

el

< Cp O HID2 (14 /p|Zy | + VpIZy])?
~exp(—c/plZy — Zyl), o

glel+le’| 1 XY iy ;
‘ 02292}, (p_mT«g»,p(%o' (2).6y,(Zy))

7

k
- XY — _
- Y PRz (2 2
r=0

el

< Cp®HD2 (14 /p1Z) + /pIZyl)?
exp(—e/P(IZn| + 1 Zy — Zy])). (3.29)

glettle’ U oyix oy XY (7
7 Tieh.o (B30 (Z1) ¥5, (1)

0Z%0Z'

k
_ — XY —
D WAL AN AN A RO
r=0

el
< Cp~®T1D2(1 ¢ /p|Zy| + VPIZ')°
cexp(=e/P(1Zy| + 1Zy — Zy ), (3.30)

where the €/’ -norm is taken with respect to yo.
Moreover, we have Jo r(Zy, Z}) = f(yo) and in the notations of (1.14), for
gheex(. SymF (N XIY)(L.0* & End(* F)), respectively,

g? e (Y, SymF (N XIY)O:D* & End(:* F)),

where k €N, the polynomial J(fgh (Z,Zy) (resp. Jolfgu (Zy, Z")) depends only on z
(resp. Zn), it has degree k, and as a section of Sym* (N ¥1¥)(1.0* & End(.* F), resp-
ectively,

Sym* (N X1Y)O:D* @ End(.* F)

over Y, it coincides with g” ~K§|Y(y0)1/2 (resp. g“ -Kﬁly(yo)_l/z) for k > 1 and
equal to O for k = 0.

Proof. We establish each of the three statements one by one. Remark first that Ma—
Marinescu in [16, Lemma 4.6] established the first part of this result for compact man-
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ifolds. We will now describe why essentially the same proof holds for the first state-
ment of Lemma 3.12 for functions from C3°(Y, End(:* F')) on manifolds of bounded
geometry (Y, g7Y). Trivially, we have

T} (y1.y2) = /Y BY (y1.y3) - [(y3) - B (y3.y2) dvy (y3). (3.31)

Now, let ¢ > 0 be as in Theorem 3.7. We put gg:=¢/2. Let yp€Y and y1,y> € By); (g0)-
We decompose the integral in (3.31) into two parts: the first one over B},; (¢), and the
second one is over its complement, which we denote by Q. Clearly, for y3 € Q, we
get

dist(y1, y3) + dist(y3, y2) = e.

Hence, from Theorem 3.4, Proposition 2.6 and (1.3), we see that the contribution
from the integration over Q is smaller than exp(—c,/p(1 + dist(y1, y2))) for some
constant ¢ > 0. Consequently, only the integration over B;I ,(¢) is non-negligible. To
evaluate it, we apply Theorem 3.4. We calculate the integral over the pull-back with
respect to the exponential map of our differential forms. We use the notations intro-
duced before Theorem 3.7. After the change of variables Z + ,/pZ, an estimate
similar to the one which bounded the integral over Q, and the first part of Lemma 3.1,
applied for n := m, we see that (3.28) holds for

o Y o
=y ZJCm,m[JaY'Y,M(O)-%-JbY'Y], (3.32)

0Z$
a+b+la|=r @ Y

where o runs through the set of multiindices N2”*. From (3.23) and (3.32), we deduce
the statement about J(f Iz From (3.32), our bounded geometry assumption, the fact
that /€ C;°(Y, End(¢:* F)) and the fact that the coefficients of J,YlY are polynomials
inw, RTY | RF (dvy/dvgry)il/zm, and their derivatives of order < 2r, we deduce
that the coefficients of J f f lie in €3°(Y, End(:* F)). The statement about their parity
follows from Lemma 3.1 and (3.32).

Now, let us establish the second part. The proof is absolutely analogous to the
proof of the first part. One only has to, in addition to Theorems 3.4 and 3.7, use Theo-
rems 3.5, 3.8 and 3.9. Again we use the notations introduced before Theorem 3.7. We
view the section {g}, constructed before (1.14), as a function with values in End(Fy,).
Clearly, {g}(w;’(oly (Zy, Zy)) is polynomial in vertical directions; in other words

ZB
B WrY (Zy. Zw)) = ;m (¢50(zy))ﬁ—f!v, (3.33)

where 8 € N2"=") runs through all the multiindices and the sum is finite. From the
first two equations of (3.11) and the reasoning similar to the one before (3.32), we
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obtain that the polynomials

(ZZ>—ZZ 2

a+b+|a|=r
B a
X|¥ gﬂ@yo(z”) N 2Ly xivE
(‘K"’"[J“ ’ IZ% ©) B! ! Ip
Fgp(or (Zy))  ZB z¢
—Jcn,m[fx'“ %@)’ﬂ—l‘a—lﬁ'”l)(z Zy), (334

where « runs through the multiindices N2, satisfy the second equation from (3.28).
The statement about the parity of J £ ¢ follows from (3.34) similarly to how it was done
in (3.32). The calculation of J follows from (3.17), (3.23), (3.25), (3.26) and (3.34).

Now, let us establish the thlrd part. The proof is absolutely analogous to the proof
of the first part. One only has to use Theorems 3.5 and 3.9, in addition to Theorems 3.4
and 3.7. More precisely, in the notations of (3.33), from (3.8) and (3.9), we obtain that
the third equation from (3.28) holds for

re(Zr.2') —ZZ 2

a+b+|al=r
a“g,g(d) (Zy))  Zh Z% x
Xy Z OP Ty VI gy EN  ZY g XIY
(J< [J aze O o ]
o 7 B o
X, [JXIY 9 gﬁ(;bzy%( Y))(O).%.%.JI)XYL})(ZY 7). (3.35)

The statement about the parity of J; R follows from (3.35), similarly to (3.32). The
calculation of J follows from (3. 17) (3.23), (3.25), (3.26) and (3.35). ]

From Lemma 3.12, we obtain directly the following statement.

Corollary 3.13. Assume that for

fl’ f2 S GZO(Ys End(l’*F))’
o0
gl ghe @ (Y, Sym* (NXI7)(10* & End(* F)),

k=1

o0
g?. g5 € @ e (v. Sym* (N1 OD* @ End(* F)),
k=1

there are C > 0, p1 € N*, such that for any p > p1, in the notations of Lemma 3.11,
we have

|Tf)1’,p(y1, y2) — ng,p(h, y2)l < Cpmt2,
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XY
|T<<g"

1

XY

-T m—1/2
yp &I~ Ty ’

(xx.yDl =Cp

YiX _TYIX n—1/2
|T<<gi‘>>,p(y1’x) T<<gg>>,p(y1,x)| <Cp ,

forany x € X, y1,y2 € Y. Then we have f1 = f>, g{’ = gé‘, g¢ = g5. In particular,
the notation [-); from Definition 1.3 is well defined.

Proof. 1t follows directly from (3.28), (3.29), (3.30) and the precise descriptions of
J()),If,-’ J(fg{?’ J(fg;z fori = 1,2, given in the end of Lemma 3.12. n

We will now state a theorem which will help us to get a better understanding of
the relation between Theorems 1.1 and 1.5. For

o0
g€ @ ey, Sym*(NXV)* @ End(:* F)),
k=0
using the coordinate system as in (1.14), we define the sequence of operators
MXY L2 (Y, *(L? ® F)) - L*(X, L ® F), p €N,
by
g
MY (0. Zn) = (g) (. Zw) -exp(—p5|ZN|2) (B H(»).  (3.36)
where f € L>(Y,.*(L? ® F)) and the norm |Zy|, Zy € NX!Y | is taken with respect
to g ¥ We also define an operator
MIXTL2(X, 1P ® F) — L*(Y,.*(L ® F)), peN,
as follows:
(M f)(y) = p" ™
big
BY (&) (v Zw) -exp(=pFI1Zn ) - F(3. Zw) - dvy v (Zw) ).
where we implicitly identified the restriction of f € L?(X,L? ® F) to U with an ele-
ment from L?(U, 7*1*(L? ® F)), and 7, is the integration over the fibers of N XY,

Remark that the integration is well defined because the function (g )) has support in a
small tubular neighborhood of Y.

Theorem 3.14. There is p; € N*, such that for any

o0
g" e P e (v. Sym* (NXIV) 0% @ End(c* F)),
1

=
Il

e (v, SymF (NXIT)O:-D* @ End(* F)),

oq
m
P2

x~
I

1
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there is C > 0, such that for any p > py, the following bounds hold.:

X|Y XY —(n—-m+1)/2

| Tigny, = Mgn | = Cp : 337)
YIX YK (n—m—1)/2 :

| T gay,p = Mga'p' || < CP 7072,

Remark 3.15. (a) In Proposition 3.18, we show that for non-zero

[e.e]
g€ @ ee(Y, Sym*(NXV)* ® End(:* F)),
k=0

there are Cq, C, > 0, such that, as p — oo, we have
MX|Y ~ Clp—(n—m)/z’ MY|X,T ~ C2p(n_m)/2- (338)
&p g.p

Hence, by (3.37), the operators MmXY  pYIXA

XY Y|X
gh,p> " 8%p > T T

are asymptotic to (&0’ L(ga).p°

respectively.
(b) From Theorem 3.14 and Remark 3.15 (a), we see that Theorem 1.5 refines
Theorem 1.1.

Lemma 3.16. There are ¢, C > 0, p; € N*, such that forany p > p1,x € X,y €Y,
the following estimates hold:

|MX)Y (x,y)] < Cp™ exp(—c/p - dist(x, y)),
|M5{L}X’T(y,x)| < Cp" exp(—c/p - dist(x, y)).

Proof. 1t follows trivially from Theorem 3.4, (3.36) and the fact that the function
uk exp(—u) is bounded for u € R for any k € N. [

Proof of Theorem 3.14. In order to prove the theorem, we consider the Schwartz ker-
nel M;fJ,,Y (x,y) (resp. M;K(i (y,x))of MgJ,,Y, (resp. MgY,L,X’T, viewed as an operator
acting on the sections with support in a | -tubular neighborhood of Y') evaluated with
respect to the volume form dvy (resp. dvy A dvyxiy). We use the notational conven-
tion introduced before Theorem 3.7. From Theorem 3.7 and (3.36), (3.4), and (3.6),

we conclude that there are &, ¢, C, Q > 0, p; € N*, such that for any

yoeY, p=>pi, Z,Z eR?*,
Z=(Zy,Zn), Z'=(Z%,Zy\), |Z|,|Z|<e, Zy,Z} € R*™,

we have

1
—a MY (VT (Z). 43,(Z7))

{8100 VPZN) * Enm(VPZ. DZYy) - kg (Zy) 2k} (Z3) V>

< Cp V(1 + yPIZ| + VDI Zy ) exp(—c P (1Zy — Zy| + | ZN])), (3.39)
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1
ML (63,20 v ()
—{8}00. VPZY)  Rum(VPZy . JPZ') - k3 (Zy) 2k} (Z}y)™V?

<Cp V(1 + vplZy| + vPI1Z') % exp(—c P (1Zy — Zy| + | Z1)). (3.40)

We denote now by Mg, L,X’T (y, x) the Schwartz kernel of Mé{ Lfm, evaluated with
respect to dvy. From (3.22), (3.39) and (3.40), for Q¢ := max{Q, deg g}, we then
obtain that in the same notations (but, probably, for a different choice of C), we have

= MY‘XT(¢y0<Z ) VXY (Z) — i (yo) V2

AL V0. VPZN) * Rum(VPZy JPZ") -k} (Zy) 2k (2712

< Cp (1 + Up1Zy| + VPIZ') P exp(—c P12y — Zy| + | Zy1). (B41)

By comparing (3.39) and (3.41) with the expansions from Lemma 3.12, there is
Q1 > 0, such that

M (W (2). 00 (Z) = T (kY (2). 90, (29)))]
<Cp" P+ UpIZ| + ﬁIZYI)Q‘ exp(—c/P(1Zy — Zy |+ |Zn1)). (3.42)
MU (@Y (zy) wXY (2)) = T (0 (Zv) XY (2))

<Cp" V2 (14 /plZy| + ﬁlZ’DQ‘ exp(—c/P(1Zy — Zy | + | Z1)). (3.43)

From Proposition 2.9, Lemma 3.16, and (3.42) and (3.43), we finally deduce Theo-
rem 3.14. ]

Let us now briefly describe how to calculate the asymptotics of the norms of oper-
ators Mg)f J,,Y and Mg, LX’T, p € N. For this, the following lemma will be of crucial
importance.

Lemma 3.17 (Bordemann—-Meinrenken—Schlichenmaier [3, Theorem 4.1], Finski [9,
Theorem 1.1], Ma—Marinescu [16, Theorem 3.19, (3.91)]). For f € C5° (X, End(F))
non-zero, the following holds:

1T~ sup [ FON. (1T < sup | f()].
xeX xeX

Moreover, if the above supremum is achieved in X, then there is C > 0, such that
for p big enough

C
su X)|| = — < ||ITX |I.
xeglIf( )l ﬁ_II 7ol
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Now, let us introduce some further notations. We fix yp € ¥ and an orthogonal
basis wy, ..., Wy—m of (Ny}le)(l’O), verifying ||w;|| = 1/+/2,i =1,...,n —m. For
example, take w; = 0/0zj 4m, j = 1,...,n —m, where z; are the complex coordinates
induced by Fermi coordinates at yo. For any i, j € N, we define the operator

Ag,=: Sym' (N*T)10%) @ Sym/ (N XI7)©:D*) . C, (3.44)
for multiindices o, € N*7™  as follows:

1/7'8h81 ifa = ,
Ao =[w® @ f] = (/7 FDpt ifa=p
0 otherwise.

Clearly, this operator does not depend on the choice of the basis wy, ..., Wy—p. By
linearity, we extend A, =[] to Sym’ (N X¥)*) ® End(:*F) ® C.

Proposition 3.18. The constants Cy, C, > 0 from (3.38) are given by
XY . 1/2
€1 = sup(iy" 2 Ao [7 @ 5,11,
ye

C, 2y,

sup(ky " ()72 | Aw <[y ® 3]
yey

Proof. The main idea of the proof is to reduce the calculation of the norms from (3.38)
to the calculation of the norms of some Toeplitz operators.

An easy calculation using (1.7) shows that for any f € L2(Y,*(L? ® F)), we
have

IMEY fllz2auy) = hg.p () - BY fllz2(avy)- (3.45)

where the section hg , € (Y, End(¢* F)) satisfies

hep()? = /R o N 0 /PZN) - exp(—prl Zu )

|1ZN|

2
—) dZZm—i—l VANRREIVAN dZZn
ry

A VPZN Ah 0 VP ZN) -
By an easy calculation using (3.18), there is ¢ > 0, such that, as p — oo, we have

XY (1) A =[g(0)* & 2()]

hgp(¥)* =
&g,P pn—m

+ 0(pn_,i+1/2). (3.46)

Now, let h € @®°(Y,End(:* F)) verifies h(y)? = Kj)\le(y) “Ao=[g(»)* ® g(»)].
Clearly, the bounded geometry condition and assumption that

o0
g € P ey (v. sym* (WXIV)* @ End(* F))
k=0
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imply that 2(y) € C;°(Y, End(.* F)). Trivially, Toeplitz operator Th)f » satisfies

(TY o f P2ty = W0 BY £ 2oy (3.47)
Thus, by (3.45), (3.46) and (3.47), we have
1 1
XY — Y
IMep I = 1Tl + O<—p(n—m+1)/2)' (3.48)

We deduce the first part of Proposition 3.18 by Lemma 3.17 and (3.48).
Now, to get the second part, let us first remark that the following formula holds
X|Y\— XY
Mo = Gy M

The proof now proceeds in the same way as the proof for the first part. ]

3.4. Asymptotic criteria for Toeplitz type operators

As we approach the study of Toeplitz operators with exponential decay through the
asymptotic expansions of their Schwartz kernels, it is fundamental to find character-
izations of the latter operators in terms of the former asymptotic expansions. This is
the main goal of this section.

To state and prove those characterizations in the generality we need, we will intro-
duce a weaker notion of Toeplitz operators, compared to the one from Definition 1.3.
For this definition, we fix some Riemannian manifold (Z, g7#) and an embedding
/1 X — Z, such that (')*gT% = gTX and such that the triple (Z, X, g7%) is of
bounded geometry.

Definition 3.19. A sequence of linear operators TpY € End(L2(Y, *(L? ® F))),
respectively,

TYX:L2(X,LP ® F) > L*(Y..*(L? ® F)),
XY L2 (Y. *(L? ® F)) -» L*(X.L? ® F), peN,

as in Definition 1.3 is called a Toeplitz operator with weak exponential decay (resp.
of type Y| X, X|Y) with respect to Z if all the assumptions of Definition 1.3 hold,
except that in the estimate (1.15) in the right-hand side instead of disty (y1, y2) (resp.
disty (x, y1), disty (y1, x)), we have distz (y1, y2) (resp. distz(x, y1), distz(y1, x)).
To shorten, we sometimes omit the reference to Z. The coefficients of the asymptotic
expansions will still be denoted by [TPY] i [Tlex]i, [Tley] i

Remark 3.20. (a) The analogue of Remark 1.4 (a) holds for this weaker notion of
Toeplitz operators due to Propositions 2.6 and 2.9.

(b) From Proposition 2.4, we conclude that if ¢’ is quasi-isometry, the notions from
Definition 3.19 coincide with those from Definition 1.3.
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Theorem 3.21. Let (Y, gTY) be of bounded geometry. Then a family of linear oper-
ators TpY € End(L2(Y,*(L? ® F))), p € N, forms a Toeplitz operator with (resp.
weak) exponential decay if and only if the following conditions hold:

Y _ pY Y Y
(1) Foranyp e N, T =B, oT, oB,.

(2) There is p1 € N, such that for any | € N, there is C > 0, such that for any
P = pi1, the Schwartz kernel TpY (y1,¥2); y1.y2 €Y, of TpY , evaluated with respect
to dvy, satisfies

T (71, y2)ler < Cp" /% - exp(—c /p - disty (1. y2)), (3.49)

respectively,

ITY (v1.y2)|er < Cp™ /2 -exp(—c /P - distz (1. y2)).

where in the last equation we used the notations from Definition 3.19.

(3) For any yo € Y, r € N, there are 1Y (Zy, Zy) € End(Fy,) polynomials
inZy,Zy € R2™ of the same parity as r, such that the coefficients of IrY lie in
Cy°(Y,End(¢* F)), and for F, := 1Y - P, the following holds: There are &,c > 0,
p1 € N*, such that for any k,1,I’ € N, there are C, Q > 0, such that for any

yoeY, p=pi. Zy,Zy eR>™, |Zyl|,|Zy| <e,

a0 e N |+ || <1,

the following bound holds:

glael+le’| 1 vy o
‘W(FJP (B0 (Z7)-43,(Z7))

k
S DR Zy P2y (Zy) (zw—‘/z)
r=0

< CpCHIDR(L 4 P\ Zy | + PIZy )¢ exp(—c/PIZy — Zy]),  (3.50)

7

el

where the C' -norm is taken with respect to yy.

Moreover, (3.50) is related to the expansion from Definition 1.3 by 137 (0,0) = [TPY]O.

Proof. The proof for Toeplitz operators with weak exponential decay is analogous to
the proof for Toeplitz operators with exponential decay, so we only concentrate on the
proof of the former case.

First of all, let us assume that the sequence of operators pr, p € N, forms a
Toeplitz operator with exponential decay. Then the first condition of Theorem 3.21
holds by definition. The second holds due to Lemma 3.11. The third holds due to



Complex embeddings and Toeplitz operators 525

Lemma 3.12. The identity Ig’ (0,0) = [TpY]O follows from Lemma 3.12. Overall, we
obtain one direction of Theorem 3.21.

Let us now prove the opposite direction. Our proof is based on [15, Theorem 4.9],
where the authors proved the analogous theorem for compact manifolds and Toeplitz
operators in the sense of [14, §7], see Remark 1.4 (a). The first step of their proof
shows that the polynomial IOY (Zy, Z) from Theorem 3.21 is constant, and hence
equal to IOY (0, 0). Their argument (which does not use the assumption on parity of
1 rY (Zy, Z%), r € N) adapts line by line in our non-compact setting, except that the
estimate [15, (4.47)] has to be replaced by Corollary 2.7.

Then Ma and Marinescu define a section fy € C*°(Y,End(t* F)) as

fo(yo) := 13 (0,0).

Our assumption on the coefficients of 7Y implies that f, € Cy°(Y,End(¢* F)). From
Lemma 3.12, most notably the fact that

Iy +(Zy.Zy) = fo(yo).

the fact that / OY (Zy, Zy) is constant and the choice of fy, we see that all the assump-
tions of Theorem 3.21 are satisfied for the sequence of operators /p - (TPY - Tfl(;’ )
p € N (except for the parity of / rY, which is now opposite to 7).

By repeating this argument for ,/p - (TPY — Tf’(;p) instead of TPY, we conclude
that the first polynomial in Taylor-type expansion of ,/p - (TPY — ng’p), as in (3.50),
is constant. It is, however, of odd parity due to the parenthesized remark above. Hence,
the first coefficient is equal to 0. Due to this, we see that all the assumptions of The-
orem 3.21 (now, even for the parity of / ,Y ) are satisfied for the sequence of operators
p- (TpY — Tf};’ p), p € N. In particular, the first equation of (1.15) holds for k = 1

by (3.49), applied for p - (TPY — Tf)(; p). We finish by induction. [

We will now describe the analogue of Theorem 3.21 for Toeplitz operators with
exponential decay of type X|Y.

Theorem 3.22. Let (X, Y, g7X) be a triple of bounded geometry. Then a family
XY L2 (Y, (LP ® F)) > L*(X,L? ® F), pe€N,

of linear operators forms a Toeplitz operator with (resp. weak) exponential decay of
type X|Y if and only if the following conditions are satisfied:

(1) Forany p € N, TPX‘Y = (Blf( — B;(lYJ‘) o TPX|Y o B}'.

(2) There is py € N*, such that for any | € N, there is C > 0, such that for any
p = pi1, the Schwartz kernel Tpxly(x, y)y,xeX, yeY, of Tple, evaluated with
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respect to dvy, satisfies

ITPXIY(X, Mler < cpmti2 -exp(—c./p - dist(x, y)),
respectively,

75 (. y)ler < Cp™HI2 - exp(—c /P - distz (x, ).

where in the last equation we used notations from Definition 3.19.

(3) For any yo € Y, r € N, there are 1F(Z, Z}) € End(F,,) polynomials in
7 € R?", Zy e R2™ of the same parity as r, such that the coefficients of IrE lie in
C°(Y,End(t* F)), and for FrE = I,E - En.m, the following holds. There are g, c > 0,
p1 € N*, such that for any k,1,I’ € N, there are C, Q > 0, such that for any

yo€Y, p>pi, ZeR*™ Z,eR™, |Z|,|Zy| <e,

ae N o eN?" a|+ 0| <1,

we have

glol+ler I xiy ., xiv Y (1
(V50" (2). ¢y, (Zy))

9Z2dZ}, iy

k
- XY — _
DN NN SR AR
r=0

el

< Cp®HDR (1 /p1Z) + /pIZy))?
~exp(—cﬁ(|ZN|+ |Zy—Z}|)). (3.51)

Moreover, in the notations of (1.14), for any yo € Y, the polynomial I(fE (Z.Zy)
depends only on zy, and, as a section of Pr—, SymF (NXYV)L.0* & End(,* F)
over Y, it coincides with [TpX|Y]0 . Kl}é‘y(yo)l/z.

Proof. As the proof for the weak version of Toeplitz operators is completely analo-
gous to the proof of non-weak version, we only concentrate on proving the former
case.

First of all, let us assume that the sequence of operators TPX‘Y, p € N, forms a
Toeplitz operator with exponential decay of type X |Y . Then the first condition of The-
orem 3.22 holds by definition. The second holds due to Lemma 3.11. The third holds

due to Lemma 3.12. The relation between 1, ({5 and [TPX

lY]O follows from Lemma 3.12.
Overall, we obtain one direction of Theorem 3.22.

Let us now prove the opposite direction. From the first condition of Theorem 3.22
and Corollary 3.3, we first deduce that in the notations of (3.51), I({s (Z,Zy)is a

polynomial in z, Z},. Let us show that it only depends on zy .
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Consider first the operator TY = Resy o7, XY Of course TY = 0 due to our first
assumption on 7}, XY From Lemma 3.12 and the fact that in Ferml coordinates, the
submanifold Y corresponds to the embedding R?”™ <> R2", we obtain as a conse-
quence that IF (Zy, Z},) = 0.

Now, let U be a smooth vector field, such that

3
Uly e N Y Uyo)=—, j=m+1,....n

8Zj
where zy, ..., z, are the complex coordinates associated to Fermi coordinates. We
consider the sequence of operators
7Y, = — Resy oBX o Vy TXIY eN
p1 = €Sy D U p N p .

NZ

This sequence of operators is well defined due to (1.4). It follows from (1.4) that 7' >, 1,
p € N* satisfies the first condition from Theorem 3.21. The second condition asso-
ciated to the weak notion also holds for Z := X in the notations of Definition 3.19
(remark that the strong version holds only under additional quasi-isometry assump-
tion, see Proposition 2.4. This technical caveat is one of the reasons why we need to
consider weak version of Toeplitz type operators).
An easy verification using (3.9) shows that Tp’f ; satisfies the third assumption of
Theorem 3.21 for 3
1Y (Zy.Z}) = (87

18)(Zy. Z}).
J

Hence, by the results of Theorem 3.21 and its proof, we conclude that the sequence

of operators Tp 1>

associated to X, and (% I({E )(Zy. Z}) a constant. Let

p € N, forms a Toeplitz operator with weak exponential decay

g1 € (Y, (NXI)1L0* & End(.* F))

be defined so that for any n € (Ny)(()IY)(l,o), we have

n

gin= ). (%

j=m+1

1E)(0,0) 1,

where n; are the coordinates of 7 in the basis 3 . We define
X\Y ._ rXx|y X XYL XY
Lo =1, | _(Bp _Bpl )°(<<g/1>>'Ep| )-

By Lemma 3.12, (3.51) and the remark after it, we deduce that the asymptotic expan-
sion (3.50) holds for 7,*" := T and I£ := PoIf, where Pi, i € N, is the
projection onto the vector space of polynomials of degree > i.
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We then repeat the procedure for the pair of smooth vector fields U, V, verifying
similar assumptions as above, and the sequence of operators

1
Tp)fz = ;RCSY OB;( o VUVVTP}’(I‘Y, p € N,

to construct
g5 € C° (Y, Sym?(NXI)(1.0* @ End(i* F)).

Then, as before, we form the sequence of operators

XY XY
T5" =T = (BY — BY ) o ((g3) - EXY), peN.

By continuing in the same fashion, we construct the sequence of elements
g, € CX (Y, SymF(NXI)(L0* @ End(1* F)), k € N*,
and operators Tp{(k‘y, k € N, such that the asymptotic expansion (3.50) holds for
Xy
XV =TXY and If = Py

Of course, since I({E Z,z ’Y) is a polynomial, only a finite number of g;c, k e N*,
is non-zero. We put go := Y ;0 g;. Clearly, go has the same parity as IOE . By the
above, we see that the asymptotic expansion (3.51) holds for

XY =1 — (BY — B¥" 1) 0 ((go) -EXY) and 1§ :=0.
Hence, the same asymptotic expansion (3.51) holds for
VP(T — By = BTy o ((0) - E5T)).

We repeat the same procedure for the new sequence of operators and construct an ele-
ment g;. Clearly, by the assumptions on the parity of / rE , the parity of g, is different
from go. By induction, we get a sequence of elements g;, i € N, which satisfy the
second equation from (1.15), and the parities of which are as we need. |

We are finally ready to treat the last type of Toeplitz operators with exponential
decay.

Theorem 3.23. A family Ty *: L2(X, L? ® F) — L*(Y..*(L? ® F)), p € N, of
linear operators forms a Toeplitz operator with exponential decay of type Y | X if and

only if the following three conditions are satisfied:

(1) Forany p € N, TleX = B; o TleX o (B;( — B;(l“').
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(2) Thereis p; € N*, such that for any | € N, there is C > 0, such that for any
p > pi1, the Schwartz kernel prlX(y, x);,xeX, yeY, of prlX, evaluated with
respect to dvy, satisfies

T (. 0)ler < Cp"172 - exp(—c /P - dist(x, y))
respectively,
T, X (. 0)ler < Cp"172 - exp(—c /P - distz(x, ),

where in the last equation we used the notations from Definition 3.19.

(3) Forany yo € Y, r € N, there are IR(Zy,Z') € End(Fy,) polynomials in
Zy € R?™, 7' € R?" of the same parity as r, such that the coefficients of I,R lie in
Cy°(Y,End(t* F)), and for FR .= [R.R, ,n, the following holds. There are &,c > 0,
p1 € N*, such that for any k,1,I’ € N, there are C, Q > 0, such that for any

yoeY, p>=pi, ZyeR*™,  Z' eR*™, |Zy|.|Z'|<e

ae N o eN?" |o|+ 0| <1,

we have

el 11 yix v XIY
‘8Z§aZ,a/ (FTp (¢yO(ZY)7WyO (Z))

k
= Y PRS2y P2 2 2
r=0

el

< Cp DL (1 4 pIZy| + P Z'1)°
rexp(—ev/P(1Zy| +1Zy = Z1)). (3.52)
Moreover, in the notations of (1.14) and (3.51), the polynomial I(fe (Zy, Z') depends
only on Z)y, and as a section of @y, SymF (NXIY)O:D* @ End(i* F) over Y, it
coincides with [Tlex]o -Kﬁly(yo)_l/Z.
Clearly, Lemmas 3.11, 3.12 imply the first implication of Theorem 3.23. The proof

of the second implication will be given in Section 4.2, where we study adjoints of
Toeplitz type operators.

4. Toeplitz type operators: Algebraic properties and examples

The main goal of this section is to study algebraic properties of the set of Toeplitz
type operators and to construct some examples of those operators. More precisely, in
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Section 4.1, we show that the set of Toeplitz type operators is closed under taking
restrictions, extensions and some products. In Section 4.2, we prove the analogous
statement for the adjoints of Toeplitz type operators. To do this and out of indepen-
dent interest, we introduce a sequence of operators, so-called multiplicative defect,
which plays a crucial role in our approach to the main statements of this article. We
also prove that the multiplicative defect is itself a Toeplitz type operator with weak
exponential decay. Finally, in Section 4.3, we provide several examples of Toeplitz
type operators.

4.1. Products, extensions and restrictions of Toeplitz type operators

The main goal of this section is to show that the set of Toeplitz type operators with
(weak) exponential decay is closed under taking restrictions, extensions and some
products.

To describe our main result, we fix some notations first. We have a natural isomor-
phism

NXIY LTNXIW @& NVIY,

We then extend the induced projection onto the N"!Y' component to an operator on
Sym* (N XIY)(L.0* "and denote it by an abuse of notation PIF,V ' Recall that Ay —[]
was defined in (3.44).

For k, k' € N*, we fix

Y, Sym* (N¥IV) (0% @ End(* F)),
Y, Sym* (N XIY)O:D* @ End(:* F)),
Y, Sym* (NV1Y)(1.0* @ End(i} F)),
W, Sym* (N XIW)(1.0* & End (i3 F)).

gleego
g1 €CY

g2 €€y

A~ N A~ A~

g3eeg°

The main result of this section goes as follows.

Theorem 4.1. The sequences of operators

TXY

| XY WY
(g1 ).p’ » —Ep

(1) Reswy o (2) ReswoE

for p € N, form a Toeplitz operator with weak exponential decay of type W|Y with
respect to X. The sequence of operators

Y|X x|y
G Tigryp © Tiernp

for p € N, forms a Toeplitz operator with weak exponential decay on Y with respect
to X.
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Finally, the sequences of operators

X\w WY X|\w WY X\W WY
@D Tiezyp © Tigayp O) Tiezyp°Ep 6) Ep ™ oToyp

XY Y
7 T((g1>>,p © Tﬁp’

for p € N, form Toeplitz operators with exponential decay of type X|Y. Moreover,

we have

(D) [Resw OT(é‘lI;,p]O = PIEV'Y(gl), (2) [Resw oEy Y —E;V‘Y]o =0,

@) ITIS oTEh Jo=Roclgiarl @) (TX 0TI Jo=ii(g9) g2,
(5) [Tighy.p °Bp "o = (i (83). © B or/Ill 1o =g,

X|Y
7 [T<<g|1 ».p Tffp]o =81/

Remark 4.2. In particular, from Proposition 2.4, if the embedding t,: W — X is
quasi-isometry then, in points (1) and (2), the related sequences of operators form
Toeplitz type operator with exponential decay. The same holds for the point (3) if the
embedding (: Y — X is quasi-isometry.

Proof. The proofs of all those statements proceed by the verification that relevant
operators satisfy the assumptions of Theorems 3.21 and 3.22.

For statements (1) and (2), the validity of the first condition from Theorem 3.22
follows from (1.4). For statements (3), (4), (5), (6) and (7), the validity of the first
condition from Theorems 3.21 and 3.22 is direct.

The weak version of the second condition for Z := X for statement (1) (resp. (2))
follows trivially from Lemma 3.11 (resp. Theorem 3.5). For statements (4), (5), (6)
and (7), (resp. (3)) the validity of the second condition (resp. weak version of the
second condition for Z := X) from Theorem 3.22 follows from Corollary 2.8 and
Lemma 3.11.

Hence, it is only left to verify the third statement for each of the operators. This
is slightly more delicate, and will be done separately for each of the statements. By
doing so, and employing the relationship between the polynomials from the third
condition of Theorems 3.21 and 3.22 and the asymptotic expansions (1.15), we also
establish the second part of Theorem 4.1.

Let us introduce the following notations first. For a function f: R*¥ — R and s > 0,
we denote by f;(Z), the function given by Z % f(sZ). For functions P(Z, Z"),
R(Z,Z2"), Z eR", Z' € R® r,e € N*, verifying R(0,0) # 0, and two functions
f:R" - R", g:R¢ — R®, verifying

f(Z2y=Z2+0(2zP). gZz)=2z"+0(zZ']P).
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we decompose P(f;(Z), gs(Z")) as follows:

k
P(f(Z).85(Z) =Y P(f@u(Z.Z)s' + O(s**),

i=0

R(f5(Z),g5(Z"))
R(Z.Z')

k
=Y R(f£.9n(Z.2)s" + (s,
i=0

where P(f, &)1, R'(f. g)pi are functions, which do not depend on s. It is clear that
P(f. &)1, R'(f. &)} are polynomials if P is a polynomial and R is the exponen-
tial of a polynomial. When f (resp. g) is the identity map, we write P(f, Z');
(resp. P(Z, g)yip for P(f, g)ii1- When P or R depend only on Z or Z', we write
P(i)(2), P(g))(Z') and R'(f)i1(Z), R’ (g)[i1(Z’) for the above polynomials.

We use the notations introduced before Theorem 3.7. From (2.16) and (2.17), we
deduce that

Resw o (g , (Vo ¥ (Zw). $7,(Z3))
= Ty s (o @(Zw)). 63, (Zp) exp(pe + Tr) (Vo ¥ (Zw)).  (4.D)

For k € N, we decompose exp(tr), into power series expansion

k

exp(tr)(Zw) = Y exp(tr)(Zw) + O(1Zw [ 1), (4.2)
i=0

where exp(7F )[;] are homogeneous polynomials in Zy of degree i. Using (2.15), we

see that we can decompose exp(p1r,) as follows:

2k i/2] _
exp(prL)(Zw) =D > /P’ exp(pro)in)(Zw) + O(VP 1 Zw T, 43)

i=0j=0

where exp(ptr)[;,j] are homogeneous polynomials in Zy, of degree i, independent
of p.

Recall that k-functions were defined in (1.7), (3.20), (3.21). Clearly, from (3.22),
we have

K;(IY((I(ZW)) = KK,VlY(Zw) -K;\‘;Iy(lﬂX'Y(a(ZW)))
-1 K};(UY(ZW))

v M) e

, 4.4

where oy is the horizontal component of o.
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For k € N, let us expand in a neighborhood of y,:

Kﬁlw(wxw(a(z ) -1/2 ZK;&'?]/(O) I/Z(ZW)+0(|Z |k+1)
4.5)

k
W W (Zw)' =3 ) 2 @w) + 0(1Zw <.
i=0

where K]iil[‘?]/ (0)"2(Zw) and (KXII/E;) 1/2(Zw) are homogeneous polynomials of de-
greei.
We also decompose

Kg(GY(ZW)))_l/Z k (Kq{(o‘y))—l/z "
T (Zy) = z 0(z ,
( ky (Zy) ZO < (Zw) + O(|1Zw|™™)

where (/cg (oy)/ Kg)[_l.]l/ 2(Z w) are homogeneous polynomials of degree i. Since
0(Zy,0)=Zy

for any i € N*, the polynomials (KY(Uy)/KY)[_ll/ (Zw) divide Z ywiy, where Zy =

(Zy,Z ywv), and we have
(qu (oy))—1/2 .
% =1.
Kg [0]

For r € N, we now introduce

Ko Zw) = Y ky @)V (Zw)
a+b+c=r
kY (oy)\~1/2
i) @w) - ( - ) Zw). (46
¢ [e]

From (4.1)—(4.5) and (4.6), we deduce that the asymptotic expansion (3.51) holds

for X := W the operator T, Xy .- = Reswy oT XY

{&1).p
1E(Zw,Z) = R 4 R e Z!
r (Zw, Y) = Z ( €s; o agl)(a Y)[b ( €sy O( n,m(a’ Y)[C]))
a+b+c+d+e+ f=r
cexp(t)a)(Zw) - Y exp(pTL) i j)(Zw) Ko 1y (Zw). (A7)

i—j=e

and the polynomials

From (4.3), we see that the second sum in (4.7) is finite. From this, we see that
the first part of the first statement of Theorem 4.1 follows from Theorem 3.22. The
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fact that the coefficients of /£ are bounded with all their derivatives follows from
Propositions 2.14, 2.15 and the corresponding statement for the polynomials Jfg "
r € N, from Lemma 3.12. The statement about the parity of 1F follows from the
analogous statements for J lfg] from Lemma 3.12 and the fact that exp(pzr)[;, ;] are
non-zero only for even j. Now, from Propositions 2.14, 2.15, the expression for J(fgl
from Lemma 3.12 and (4.7), we deduce that for any Zw = (Zy, Zywiy) € R2,

Zy,Z}, e R¥™:
1EZw. Zy) = Py (g0 (o) - 285,y ki T ()72,

From this, we deduce by the last remark from Theorem 3.22 the first statement of the
second part of Theorem 4.1.

The proof for the second statement of the first part of Theorem 4.1 is completely
analogous to the proof for the first statement. The only difference is that the asymp-
totic expansion (3.51) now holds for the operators Tpxly := Reswy OE;( v _ EII;V ¥
and the polynomials

1E(Zw. Zy) = Y (Res; ol M) (0, Zy )y
a+b+ct+d+e+f=r

- (Res; o(&,,,(0, Zy)1e1)) - exp(zr)a)(Zw)
c Y exp(prL) i ((Zw) ko 11 Zw) = T VE(Zw . Zy). (4.8)

i—j=e
From (3.17), (4.8) and the expressions for J()XlY’E, J0W|Y’E from Theorem 3.8, we
conclude that for Z = (Zy, Zy), we have
I1E(Zw.Z}y) = 0. 4.9)

This establishes the second statement from the second part of Theorem 4.1 by the
remark in the end of Theorem 3.22.

We now treat the third statement from the first part of Theorem 4.1. Directly from
Lemma 2.6, the last part of (3.11) and the analysis similar to the one before (3.32),

we conclude that the expansion (3.50) holds for TPY =T «Yg V; »© T él}; » and
s ,
1= ) ReswoKum[J S Iy, ] o Resn. (4.10)

a+b=r

From (3.19), (4.10) and the expression for J(fg,, J()Eg1 from Lemma 3.12, we con-
»81 >
clude that for any Zy, Z}, € R*™, we have

Jo(Zy,Zy) == Ao =[g" - g1



Complex embeddings and Toeplitz operators 535

The statement about the parity of 1Y follows from the corresponding statements for
J Rg, and J Egl from Lemma 3.12 and the parity statement from Lemma 3.1. This
establishes the third statement from the first and the second parts of Theorem 4.1 by
the last part of Theorem 3.21.

Let us now treat the fourth statement from the first part of Theorem 4.1. From
(2.16) and (2.17), for Z € R?", Z{,V € R?, we deduce that

T s (2), 90 (Z3y) = exp(p& ™) + &) (Y (Zy))
’;L”ﬁp(w;f,'w(v(zn o (WY (Zy)) - exp(par + 1) (VEY (2)). @.11)
From (2.12), (3.20) and (3.21), we deduce that
kg W (Zw) =) (WY (Zw)) - (detTac(h” 7)) (Zw). (4.12)
From (2.12) and (2.21), we deduce that
W (v(2)) = WY (2).

Hence by (4.12), we obtain

X\ XY (detJac(hX"))(v(2))
Ky W) =0y () e Tac (T ))(Z)
For r € N, we denote by
1/2 1/2

(det]ac(thW))(v)[ 12, (detJac(h*17)) (detJac(h”17))

(]’ [r]

the homogeneous polynomials of degree r, defined as in (4.5) from Taylor expansions
of (det Jac(hX!"))(v)~1/2, (detJac(hX¥))1/2 and (detJac(h"1¥))!/2. For r € N,
we now introduce

K2or(Z.Zy) = Y (detTac(h™)) ()2 (2)
a+b+c=r

(det]ac(thY))l/z(Z) (det]ac(hW‘Y)) 0

(Zy).

We use notations similar to (4.2) and (4.3) for

74) ¢ 74) ¢
exp((Ex ")), exp(xr) and exp(p() )%). exp(prn).
From the analysis similar to the one before (3.32), (4.1), (4.2) and (4.11), we deduce
that the asymptotic expansion (3.51) holds for the operator

X|Y X|\w w\|Y
Ty = Tieayn © Tga)oo
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and the polynomials
WY
1E )3 Kl expl€F7 1) Zi)
a+b+ctd+e+ f+g+htk=r

- > exp(pE ) 1) - TE W F )y - € 0, R )
i—j=b

cexp(UR)1(Z) - Y exp(pAL)i (L) - ke (2 Ziy )hg} (4.13)
i—j=g

where both sums run over a subset of natural numbers. From (2.15), similarly to the
remark after (4.3), we see that the second and the third sums in (4.13) are actually
finite. The statement about the parity of [ ,E follows from the analogous statements
for J CEg S/ ,fg2 from Lemma 3.12 and the parity statement from Lemma 3.1. From
this, we see that the fourth part of the first statement of Theorem 3.22 follows from
Theorem 3.22. From (3.16), (3.17), (4.13), and the expressions for Jr 23 Jr ey € N
from Lemma 3.12, we conclude that for Z = (Zy, Zy), Zy € R?>™, we have

k+k’
IE(Z,Zy) == (1(g3) - 22) (o) - ZSETRD KT (yg) 12,

which establishes the fourth statement from the second part of Theorem 4.1 by the
last part of Theorem 3.22.

The proofs of the fifth and sixth statements are completely analogous to the proof
of the fourth one. The only difference is that the asymptotic expansion (3.51) holds
for the operators

TX\Y TXIW Wiy

XY ._ pX|W Wy
(g3 °Fp T, " == E,; " oT

<< 82 >> 5D
and the polynomials

IE = )3 XE, [exp(@W'Y) )t (Zi)

a+b+c+d+e+ f+g+htk=r

> exp(pE ")) i) - T 0 Y )
i—j=b

&, 1. B - exp(xp)r1(2)

Z exp(pXL)[l’]](Z) ) Kczor,[h](Zy Z{/V)’ J;VlY’Ei| s

i—j=g
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WY
IE = ) K€1) Zi)
atbt+ct+d+et+f+gthtk=r
> exp(p@E ")) Zi) - JEWE Y g
i—j=b
& (W ") exp(xp)r1(2)

WIY,E
Z exp(pxL)ii,j1(Z) - Kcor [h](Z Z; W) Jk g|2 :|, 4.14)
i—j=g
respectively. The proofs of the parity statements are analogous. From (3.16), (3.17),
(4.13), and the expressions for JXlWE Jo wIY.E LJE JJE

0.3 Jo.g5° from Theorem 3.8 and
Lemma 3.12, we conclude that

XY
1E(Z, Zyy) = 5 (g3) (o) - Z8F -1k (3o) /2,
XY
1E(Z,ZYy) = g2(y0) - ZF i (30) /2,

respectively. This establishes fifth and sixth statements from the second part of Theo-
rem 4.1 by the remark in the end of Theorem 3.22.

Let us now treat the seventh statement. Directly from Lemma 2.6, (3.10) and the
analysis similar to the one before (3.32), we conclude that (3.51) holds for the operator
7, =1 oTY and

P T e O hp A0
IF = Y KEPLIE, . TY . (4.15)
a+b=r

The parity statement /; £ holds by the same reasons as before. From (3.17), (4.15), and

the expression for J &

0.21° JOYf from Lemma 3.12, we conclude that for Z = (Zy, Zy),

we have
1E(Z,Zy) = g1(00) - Z8% - 1 -1 X (yo) /2,

which establishes the seventh statement from the second part of Theorem 4.1 by the
last part of Theorem 3.21. ]

4.2. Multiplicative defect and adjoints of Toeplitz type operators

The main goal of this section is to study the adjoints of Toeplitz type operators. For
this, we introduce the so-called multiplicative defect operator and study some of its
properties. This operator will also play an important role in our calculations of the
first significant term of the asymptotic expansion of the transitivity defect, D, from
Theorem 1.5.
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Theorem 4.3. Assume (X,Y, gTX) is of bounded geometry. Then there is p; € N*
such that, for any p > p1, there is a unique operator

AXIY € End(HY, (Y. (L? ® F))).

verifying
(Resy oBY)* = EXV 04XV (4.16)

Moreover, (1/ p”_m)A,},ﬂY, p > p1, when viewed as a sequence of elements from
End(L?(Y, *(L? ® F))) by precomposing with BPY, forms a Toeplitz operator with
weak exponential decay with respect to X, and we have

1 XY XY -1
[pn—mAP ]0 =Ky ly

where K]}s‘Y was defined in (1.7).

Remark 4.4. (a) The sequence of operators (1/ p"_m)Affly, p € N*, will be later
called “multiplicative defect”.

(b) This theorem can be used to give an alternative proof of the main results
from [9] bypassing some of the technical difficulties contained in [9, §§2.5 and 4],
see [10] for details.

Proof. First of all, let us establish the existence and uniqueness of Al},(lY for p big
enough. Clearly, it suffices to prove that the kernels and the images of the operators
(Resy oB;( )* and EI),“Y coincide for p big enough. First of all, we have

ker(Resy oBX)* = (Im(Resy 0BX))™. 4.17)
Now, in [9, (4.1)], we established that Resy oBI‘,X has its image inside of
Hy (Y. 5 (LP ® F)).

In [9, Theorem 4.4], by following the proof of Ohsawa—Takegoshi extension theorem,
we proved that there is p; € N, such that for any p > p;, the image of Resy oBIf(
coincides exactly with H (02)(Y, t*(L? ® F)). From this, and (4.17), we see that the

kernels of (Resy oBgf )* and El),(ly coincide. Similar reasoning shows that the images

of those operators coincide as well. In particular, for p> p1, there is a unique sequence
XY ..

of operators A, '~ as in (4.16).

Now, let us establish that the sequence of operators (1/ p”_m)A;,(lY, P > p1,
viewed as a sequence of elements from End(L?(Y, *(L? ® F))) by precomposing
with B}’ , forms a Toeplitz operator with weak exponential decay. We do so by veri-
fying that this sequence of operators satisfies all the properties of Theorem 3.21.
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In fact, from (4.16) and the fact Resy o EXIY = BY we obtain the explicit formula
AX1Y = Resy o(Resy oB))". (4.18)

Clearly, the first property from Theorem 3.21 follows from (1.4) and (4.18). The weak
version of the second property with respect to X follows from Theorem 3.4 and (4.18).

We will now show that the third property is a direct consequence of Theorem 3.7.
For the Taylor expansions of the x-functions, we will use the same notation as in (4.5).
From the fact that ResY(fX‘Y, e ﬁXlY) = ~{Y, e :’Y and (3.22), we see directly
that the expansion (3.50) holds for TpY = (1/ p”_m)Af,(IY and for the polynomials
1Y (Zy,Z}), Zy, Z}, € R®™, defined as follows:

1Y (Zy.Zyy= Y I (Zy. Zy) ik (2 T (2T 2 @19)
a+b+c=r

From the parity properties of J; x1x

assumption, we see that the coefficients of rY are bounded with all their derivatives,

from Theorem 3.7 and the bounded geometry

and the parity of I, Y coincides with r. Hence, by Theorem 3.21, the sequence of
operators (1/p"~ m)AX|Y
decay with respect to X . Moreover, from (3.23) and (4.19), we deduce

, p € N*, forms a Toeplitz operator with weak exponential

x|y
1Y (Zy, Zy) = X5
From the last statement of Theorem 3.21, we deduce that

1 Xy XIY
[pn mAP ]0 = |Y : u

For technical reasons, we will later need to consider the inverse of (1/ p”_m)Af,(lY.
The following result gives a sufficient condition for inverting Toeplitz operators with
weak exponential decay.

Lemma 4.5. Assume that a sequence of operators G,, p € N, forms a Toeplitz
operator with weak exponential decay with respect to a manifold Z in the notations
from Definition 3.19. Assume that for f := [Gp]o, we have f # 0 everywhere and
fle C°(Y, End(¢* F)). Then there is p; € N, such that for p > py, the opera-
tors G, are invertible. Moreover, the sequence of operators Gp_ L p > pi1, forms a
Toeplitz operator with weak exponential decay with respect to the same manifold Z
and we have [(Gp)™ 1o = f~L

To prove this result, the following statement will be of utmost importance.
Lemma 4.6. For any f1, f> € €;°(Y, End(«* F')), the sequence of operators

Y Y
TflapOTstp’ p€N7
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forms a Toeplitz operator with exponential decay. Moreover, we have
Y Y _
[Tfl,P ° sz,p]o =fi- fo

In particular, a product of two Toeplitz type operators with weak exponential decay
forms a Toeplitz type operator with weak exponential decay.

Proof. In the case of compact manifolds, the result is due to Bordemann—Meinrenken—
Schlichenmaier [3] and Ma—Marinescu ([14, Theorem 7.4.1], [16]), who used the
asymptotic characterization of Toeplitz operators as in Theorem 3.21. Since by The-
orem 3.21, the analogous characterization holds in the setting of Toeplitz type opera-
tors, the same proof would give us the needed result. ]

Proof of Lemma 4.5. First of all, let us consider a sequence of operators
. Y
Kp = Gpon*I,p’ pGN.

According to Lemma 4.6, K,,, p € N, form a Toeplitz operator with weak exponential
decay with respect to Z and we can represent it in the form

K,=1+ L7 (4.20)
P

where Q,, p € N, is a Toeplitz operator with weak exponential decay with respect
to Z. In particular, by Corollary 2.7, there are C > 0, p; € N*, such that for any
p > p1, we have

10,1l < C. 4.21)

From (4.20) and (4.21), we deduce that there is p; € N*, such that K, is invertible
for p > p1, and

o0 Qr
K, =) (D=L
r=0 p

However, by Corollary 2.8, we infer that there are C > 0, p; € N, such that for any
p > p1,r € N* we have

|07 (1. y2)|ox < CTp™H2 - exp(—c /P - distx (y1. y2)). (4.22)

We conclude by Lemma 4.6 and (4.22) that the sequence of operators K, Lp>pi1,
forms a Toeplitz type operator. But then again by Lemma 4.6, we obtain that the
sequence of operators TfY_l’p oK, 1. p > p1, forms a Toeplitz operator with expo-
nential decay. But trivially, we have

Gpo TfY,lyp oK, = TfY,lyp oK, oG, =1d.

Hence, G, is invertible and (Gp)_1 = TfYﬂ,p o Kp_ 1 which finishes the proof. n
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The following result will be useful in our further considerations.

Theorem 4.7. A family TI,Y|X: L*(X,L? ® F) — L>(Y,.:*(L? ® F)), p € N, of lin-
ear operators forms a Toeplitz operator with exponential decay of type Y |X if and
only if the family of linear operators

1
pn—m

(T X)* L2 (Y, .*(L? ® F)) - L*(X, L ® F), peN,
Sforms a Toeplitz operator with exponential decay of type X |Y. Moreover, we have

15 = ([ @ ™7],) 31y (4.23)

Proof. Let us first assume that a sequence of operators prlx, p € N, forms a Toeplitz
operator with exponential decay of type Y |X. Clearly, it is enough to prove that for
any k e N, j = {1,2},

gi € e (Y, Sym?+/ NOD* ¢ End(:* F)).

for T, % =T % . j =2 and for T,'¥ = (1/ /p)T % . j =1, the sequence
of operators (1/ fv"’_m)(prlx)*, p € N*, forms a Toeplitzjoﬁerator with exponential
decay of type X|Y.

From Theorem 4.3 and (1.12), for p > py, where p; € N* is as in Theorem 4.3,
we have

YIX \* _ X|Y XY
(Tety.n) = Tl yp ® 45 -

Hence, according to Theorems 4.1 (6) and 4.3, we see that (1/ p”_m)(TéIf»,p)* forms
a Toeplitz operator with exponential decay of type X |Y. The relation (4.23) follows
from Theorems 4.1 (6) and 4.3. This proves the first direction of Theorem 4.7. The
proof of the opposite direction is completely analogous and is left to the interested
reader. |

Proof of Theorem 3.23. The proof of one implication of Theorem 3.23 was described
in the end of Section 3.4. The inverse implication is a direct consequence of Theo-
rems 3.22 and 4.7. |

4.3. Some examples of Toeplitz type operators

The main goal of this section is to give some examples of Toeplitz type operators. To
state our results in this direction, we need to fix some notation first.
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We fix yo € Y, choose an orthogonal basis wy, ..., wy_m, of (Ny)f)‘Y)(LO) as
in (3.44). We define

Aa) e Syml ((NX|Y)(1,O)*) ® Symj ((NX|Y)(O,1)*) _)Symmax{i—j,O}((NX|Y)(1,0)*)’
Aw,a: Syml ((NX|Y)(1,O)*) ® Sym] ((NX|Y)(O,1)*) _)Symmax{j—i,O}((NX|Y)(O,1)*)’

for multiindices o, 8 € N"~" as follows:

1 ! - .
Ay (¥ & 0Py = | @’ ez padp
w, = :
0 otherwise,

WP ifa > Ba# B,

1
Aw,a(wa ® wﬂ) — Pl
0 otherwise.

Clearly, those operators do not depend on the choice of the basis. We extend A, 4[]

and Ay 4[] to Sym*(NXY)* @ C linearly. For the next result, we will use the fol-
lowing notation. For f € C3°(X, End(F)), we let TfYILY := Resy onXp o E;(IY.

Proposition 4.8. For any

f € C°(X,End(F)),

o0
g € P er(v. sym* (W¥I")* @ End(* F)).
k=0

oo
ge € @ ee(Y, Sym*(NX¥y* @ End(:* F)),
k=0

o0
g0 € P ey (v. sym® T (N XIV)* @ End(* F)).
k=0

the sequences of operators

YlY Y)Y
D Trps @ Tig).p
for p € N, form Toeplitz operators with exponential decay. Also, the sequences of
operators
X|Y X|Y 1 XY
M Trp @ Tigepr S 75 (zo).r

for p € N, form Toeplitz operators with exponential decay of type X |Y . The sequences
of operators

Y|X Y|X 1 Y|X
M Ty @ Tigey.r 3 75T gonr

for p € N, form Toeplitz operators with exponential decay of type Y | X .
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Moreover, we have

M (1) o= f, @ (150 =0,

3) [Ty o = Aw=lel @ (TR0 o = Awaleel
()[BT gy plo =0, ©) [T(ey ol = Awplgol
M (1, %0 =0, ®) [Ty plo = Awalgel
O [T o =0, (10) [Z5 <<Yg'j§>,,,]1=Aw,a[go].

Proof. The proofs of all the statements from the first part of Proposition 4.8 are very
similar to the proofs from Theorem 4.1: they all proceed by the verification that
the relevant operators satisfy the assumptions of Theorems 3.21, 3.22 and 3.23. The
proofs of the second part are also analogous: we only need to calculate the first term
of the asymptotic expansions as in (3.50), (3.51), and (3.52), and apply the last part of
Theorems 3.21, 3.22, and 3.23. For brevity, we only present the proof for the fourth
statement, which is slightly more complicated than the rest.

The validity of the first condition from Theorem 3.22 for T<< XY )P is direct. The
second and the third conditions are proved in Lemma 3.12. Hence, by Theorem 3.22,
the sequence of operators T(< XY o P € N, form a Toeplitz operator with exponential
decay of type X|Y. We now only need to calculate the first term of the asymptotic
expansion of this sequence of operators to establish the second part of the theorem.

We decompose g, as follows:

8e = Z 8e,ij»
i,

where i, j € N and
Se.ij e Syml (NX|Y)(1,0)* ® Symj (NX|Y)(0’1)*.

From (3.17), (3.19) and (3.34), we deduce that forany Z = (Zy, Zy), Zy € R20*=m)
Zy,Zy € R2™  we have

‘a xly
JENZ.Zy) = > Noplgei]- Z90 -,y (vo) /2.
iL,Jj
From this and the last part of Theorem 3.22, we conclude that the second part of
Proposition 4.8 for the fourth point holds. |

S. Complex embeddings and associated Toeplitz type operators

The main goal of this section is to establish Theorems 1.1, 1.5 and 1.7. More pre-
cisely, in Section 5.1, we calculate the second term of the asymptotic expansion of
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the multiplicative defect introduced in Section 4.2 and, as a consequence, we prove
Theorem 1.7. In Section 5.2, we establish Theorems 1.1 and 1.5, and the extension of
Theorem 1.5 to towers of submanifolds of arbitrary length.

5.1. Optimal Ohsawa-Takegoshi theorem, multiplicative defect asymptotics

The main goal of this section is to calculate the second term of the asymptotic expan-
sion of the multiplicative defect and to derive as a consequence the calculation of the
asymptotics of the optimal constant in Ohsawa—Takegoshi theorem, i.e. to establish
Theorem 1.7.

Theorem 5.1. In the notations of Theorems 1.1 and 4.3, under assumption (1.8), we
have

[;Axw] _ 1
pn—m p 0

1 1 1
_AXlY] X Yy
[p”_m p 1 8 (r r) 24/ —1

The proof of Theorem 5.1 will be based on the following result.

(Aw[RF] - At*w[RF])-

Theorem 5.2. In the notations of Theorem 3.7, under assumptions (1.8), we have

XX 1 1
0.0 = g - Al

Proof. The proof is due to Lu [13] (for trivial (F, hf)) and Wang [24] (for general
(F,hf)). See also Dai-Liu—-Ma [14, Theorem 1.3] and [18, Proposition 4], where the

authors calculate explicitly the polynomials J IX X and JZX X

RE.

Recall that in Lemma 3.12, for any f € GZ"(X, End(F)), xo € X, r € N, we
defined the polynomials JrXf (Z,Z') € End(Fy,), Z,Z' € R?".

Corollary 5.3. Under the assumptions (1.8), we have

X End(F af
JX (2.2 = V5« )f+F'
dz V4
Proof. Tt follows directly from (3.17), (3.23), (3.32), (3.24) and the fact, following
from Proposition 2.12, that a derivative of a sections of a vector bundle, written in the
trivialization, considered in Theorem 3.7, corresponds to covariant derivatives. n

Proof of Theorem 5.1. The first identity is a direct consequence of Theorem 4.3 and
our assumption, see the remark before (1.8).

To establish the second identity, remark that from the first part and Theorem 4.3,
the sequence of operators p((1/ p”_m)A,)le — Bg ), p = p1 forms a Toeplitz operator
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with weak exponential decay with respect to X. Moreover, from (3.24) and (4.19),
we see that the expansion (3.50) holds for TPY = p((1/ p"_’”)AI},“Y — B}’ ) and for
polynomials 1Y (Zy, Z}), Zy, Z}, € R?™, verifying

17(0,0) = 75%0,0)— 1117 (0. 0).

From Theorem 5.2, we obtain that

1 1
17(0,0) = g(r;fo —-r)— 2m/__l(Aa,[Rfo] — ArolR} ). (5.1)
From the last part of Theorem 3.21 and (5.1), we obtain the needed result. ]

Let us now give the first application of those calculations.

Proof of Theorem 1.7. From (4.16), remark that the following identities hold
-1
EXT)* o EXIY = ((AF17)*)™",  Res)y X o(Resf 1¥)* = 4XIV. (5.2)
Clearly, we have
X|Y\* pX|Y | _ | wXIY |2 Y|X Y|X %) _ Y|X 2
[(E, ") o E; " [ =1E;" [© and [Res,' o(Res,")"|| = || Res, " ||*.
The result now follows from this observation, Theorem 5.1, Lemma 3.17 and (5.2). =

Remark 5.4. From (5.2), we see that A;(lY is a self-adjoint operator.

5.2. Transitivity defect, proofs of Theorems 1.1 and 1.5

The main goal of this section is to study the asymptotic transitivity of the optimal
holomorphic extension operator and to prove Theorems 1.1 and 1.5.

One possible way of proceeding would be to directly use the formula (4.8) to
calculate the asymptotics of the sequence of operators

TPW|Y := Resy oEl},(lY —E;VW, P> pi, (5.3)

where p; € N is asin (1.5) and study the first non-vanishing term of this asymptotics.
Then, the needed result would follow by the use of the basic formula

EXW oV = p, = EXW —EXWoplIY, (5.4)

and the subsequent use of the formula (4.14). This method is, although straight-
forward, computationally demanding. In fact, to calculate [Eff‘y - Ef,( L E;VIY]g
(which is the first significant term of our asymptotic expansion according to Theo-

rem 1.5), we will need to calculate J 3X ‘X, and the third terms of the Taylor expansions
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X|X

of 7, ptr, 0, v, etc. Although some information on Jj
Lemma 5.2], it seems that there is still no explicit formula.

Our approach here is different. We will still, however, base our consideration on

is known, e.g. [17,

the study of the sequence of operators TPW|Y, p € N, defined in (5.3), instead of D,.
But differently from the above approach, instead of using right away the explicit
formula for the asymptotic expansion, we will first find an alternative expression

x|y Af,(lW and AII,/V‘Y

for T, "I in terms of the operators Ap . Then the calculation

4 Y

of the asymptotic expansion for 7, '~ will be essentially encapsulated in the calcu-

lations of the asymptotic expansions of AX‘Y Al)flw and A;,’I"Y, which was done in
Theorem 5.1. More precisely, our formula looks as follows.

Lemma 5.5. There is p; € N, such that for any p > p;, the following expression
WY )
for T,” * holds:

1 1 1
WY _ XY Y XY w\|Y
Tp —ReSWoEp O[BP _(p” mAP ) (pl mAP ) ]

1 -1
w X|\w XY
+ |:Bp — (FAP ) ] ] ReSW OEp

n—I

o[8 - G s™) e ™) ) 69

Proof. First of all, recall that by Theorem 4.3 and Lemma 4.5, there is p; € N, such
that for p > p;, the operators (l/p”_l)AI),(‘W, (l/p”_m)Ag(IY, (l/pl_'”)A;VIY are
invertible. In what follows, we work with such p with no further notice. From (4.16),

1 1
—[B;V—(p AX|W) ]oResWoEjf'Y

we have
EJY = (Resy oB))* o (AW1")~1. (5.6)

Now, from the fact that BII,'V =Resy oE, XV and (5.6), applied for W :=X,Y =W,
we obtain
B) = Resy o(Resy oBX)* o (AX")~1. (5.7
From (5.6), (5.7) and the trivial fact that Resy o Resyy = Resy, we obtain
EV = (Resy o(Resy oBY)* o (AX)™1)" o (41771, (5.8)

We replace Resy in (5.8) by Resy oBX, open the brackets in (5.8), we then once again
use (4.16) to give an alternative expression for (Resy oBIff )* and use the trivial fact

B;( oEI)](lY = EXlY to obtain

1 = 1 1 =

Wiy _ X|\w XY Xy WY

E) _(pn_,(Ap )*) oResy oE; (pn_mAp ) (l_mAp ) :
(5.9)
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The formula (5.5) is then a formal consequence of Remark 5.4, (5.9) and the fact that
ResWoEle BW oResWoEle oBIf,
which follows from (1.4). n

To establish Theorem 1.5, we need two additional lemmas. To state the first, let
us fix a function f € €;°(X, End(F)). We use below the notational conventions
introduced before Theorem 3.7. Compare the following result with the first part of
Lemma 3.12.

Lemma 5.6. There are polynomials J |Y(Z z", JXlY(Z Z)in Z,Z' e R?*, such
that for F X}Y =J X}Y Pn.,r =0, 1, the following holds There are ¢,¢,C, Q > O
p1 € N*, suchthat forany yo € Y, p > p1, |Z|,|Z’| < ¢, the Schwartz kernel of T' f
evaluated with respect to the volume form dvy, satisfies

D’

— 17X (vx(2).y X1V (2")

_21: _r/zFle(\/_Z «/_Z )KXlY(Z) 1/2 XlY(Z) 1/2
r=0

< Cp~ (1 + VPl Z| + VP Z'))° exp(—c /DI Z — Z')).

Moreover, we have J |Y(Zy, Zy) = f(»o),and for Z = (0,Zn), Zn € R2(O=m)
we have
X|Y(Z 0) = End(E)f

Proof. First of all, recall that the diffeomorphism /% ¥ was defined in (2.12), and the

functions &; XIY jle were defined in (2.13). Directly from the definitions, we obtain

the following relation between the Schwartz kernels:

TX (Y (2). 957 (29) = exp(pE™)* + EEH) (v (2))
TE (0X XY (2)), ¢ (WX (27))) - exp(p&r " + £2 ) (XY (2)). (5.10)

Remark also that in the notations of (2.2), (3.20), (3.21), by [17, (3.26)] and [9, (5.35)],
we have

kX2 =1+0(2P).  «p Y (2)=1-¢X0XIY. Z2) + 0(1Z?). 5.11)

By Proposition 2.2 (5) and (5.11), we deduce that

“5.
Xf; =1+ 0(ZP). (5.12)

Kyvo



S. Finski 548
From Lemma 3.12, Corollary 5.3, (5.10), (5.12) and the trivial fact that for Z =
0,Zn), Zy € R2=™) we have
XY x|y
Moy =@ =0, WY2)=2
we deduce the result. ]

Compare the following result with Theorem 3.8.

Lemma 5.7. There are polynomials JOV’I;I; (Zw.Zy), leKzle); (Zw,Zy)in Zy € R2,
Zy € R2™_such that for

Wiy ._ WY _
Fr,Res = ‘]r,Res ' Sl,m’ r=20,1,

the following holds. There are ¢, ¢, C, Q > 0, p; € N*, such that for any yg € Y,
p=pi.Zw = Zy,Zywy), Zy € R?™ |Zw|,|Z}| < e, the Schwartz kernel of
Resy o EI),“Y, evaluated with respect to dvy, satisfies the following bound:

1
o Resw oEI},(‘Y (WX'Y(ZW),d’yYO(Z%))

1
— w\|Y WY — _
=N PR (UpzZw. ypZipe) T (Zw) TV (2y) 2
r=0

< Cp7 (1 + VpIZwl + VDI Z}1)°
-exp(—cﬁ(|ZY — Z§;| + |ZNW|Y|)).

Moreover, we have
w\|Y Iy
JO,Res (ZW’ ZY) - 1’

and for Zw = (0, Zywiy), Zywiy € R2(=m) in the notations of Lemma 3.1, we
have

w\Y w\Yy w\Y WYy
J{l,l[l"ll,Rles](ZW’O) = Jl,Rles(ZW’O)’ J{lE,‘rrI;[‘]l,Rles’l] = Jl,Rles’ (513)
Proof. The existence of polynomials was proved in (4.8). The calculation of JJ};':;
was included in (4.9). Now, to prove (5.13), we first remark that

B;V o Reswy OE;(IY = Reswy OE;(IY, Reswy OE;('Y = Reswy OE;(IY OB;. (5.14)

Comparing the first order asymptotics of each side of (5.14), using Lemma 3.1 and
the analysis similar to the one before (3.32), gives

JQ,I[LJIV,V]J:Z] + JCI,I[J1W|Y, 1] = le,VRle);

EP W|Y EP Y|Y WY
J{l,m [Jl,Res’ 1]+ Kl,m [LJy 7 ]= Jl,Res'



Complex embeddings and Toeplitz operators 549

However, an easy calculation, using (3.14), (3.17) and (3.24), shows that for Zy =
0, Zywiy), Zywiy € R2(=m) e have

Kl zw. 0 =0, xEPL M =0,
which obviously finishes the proof. |

Proof of Theorem 1.5. First of all, remark that in Theorem 4.1 (2), we already estab-
lished that the sequence of operators Tley, p > pi1, from (5.3), forms a Toeplitz
operator with weak exponential decay with respect to X of type WY, and the iden-
tity [TPW|Y]0 = 0 holds. From this, Theorem 4.1 (6) and (5.4), we obtain that the
sequence of operators D, p € N, form a Toeplitz operator with exponential decay of
type X|Y, and the identity [D,]o = 0 holds. We see also that it suffices to prove that
under the assumption (1.8) and dvw = dvgrw, we have [TPWIY]l =0, [T,,W‘Y]z =0,

the polynomial [TpW|Y]3 has degree 1, and for any n € (N"1¥)(1.:0) we have

19
WYy . - 7 X _ Wy,
(7,7 ]s-n o Bn(r r’)-Idg
1
— VBN A LIRF] = A g [RT]). 5.15
mvn (RelRTT = Agu[RT]) (5.15)

Let us now establish all those statements. In what follows, we assume (1.8) as well as
dvw = dvgrw.

To simplify further presentation, we define /' € C*°(W, 5 F), g € C*°(Y,1*F), as
follows

_T b xw . wy 1 xy
f'_ [pn—lAP ]1’ 8= [pl—mAP ]1_[pn—mAP ]1'

Remark that both f and g are self-adjoint due to Theorem 5.1, cf. Remark 5.4. From
Theorem 5.1, we obtain the following identities

1
f=—g= g(rffo —r)) - (Ao[RT] = Az [RT]). (5.16)

1
2m/—1

Clearly, from Lemmas 4.5 and 5.5, the sequences of operators

1 -1
W ._ pW X|W %
TV = BY — (—pn_l (AXIW) ) :

1 1 -1
Y ._ pY XY w\Y *
TILZ T BP o <pn—m AP ) © <pl—m AP ) ’ pPe N ’

form Toeplitz operators with exponential decay, and we have

[Tplf/l]() = 0’ [Tpv,Vl]l = .f? [TpY,Z]O = 0’ [TpY,Z]I = g (517)
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‘We now denote

TP%IY = Tflf; o Resw oEI)f‘Y + Resy oE;,('Y ngY’p. (5.18)

From Corollary 2.8, Lemma 5.5 and (5.17), we deduce that the Schwartz kernels
WlY(x ¥), TWlY(x y); xeW,yeY,of TW‘Y Tp%‘Y, evaluated with respect
to dvy, are related by

TpW|Y(x,y) —TW| (x,y)| < Cp™2 -exp(—c/p - disty (x, y)). (5.19)

From Lemmas 3.1, 5.6 and 5.7, and (5.18), we see that there are polynomials

Y XY
I @w.zy). I 2w, Zy),
Zw = (Zy, ZNW|Y), Zy,Z} S Rzm, ZNW|Y [S RZ(Z—m)’

verifying
WY wly SWw|Y WY oy
Toor = I T 4 T I
WlY(ZW,O) —ZJC; [JW‘Y, mﬁzes](ZW,O)
wlY
+Z=7<z [ ks - s ) (Zw . 0). (5.20)
such that for

WY ._ jWIY —
Fo’r = JOJ . Em,l, r = 0, 1,

the following holds. There are ¢, ¢, C, Q > 0, p; € N*, such that for any yg € Y,
p>p, Zw € R¥ | Zw|, |Z% | < e, the following bound holds

1
AR

1
=Y PR Pz P Zyky T (Zw) T Py (2) 7
r=0
< Cp (1 + VPI1Zw| + VDI Zy))?
cexp(—e/P(1Zy — Zy| + | Zywiv])). (5.21)

From Lemmas 5.6, 5.7, (3.24) and (5.20), for Zw = (0, Zywy ), Zywiy € R2=™,
we deduce that

I = f g I (Zw.0) = VEE) 1 (5.22)

zw
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Now, from (5.19) and (5.21), we deduce that [T,,W‘Y]l = 0. Remark now that
by (5.16), we have f + g = 0. From this, (5.19), (5.21) and (5.22), we deduce that

(7], = 0.

Finally, from (5.19), (5.21), (5.22) and the last part of Lemma 3.12, we deduce (5.15),
which finishes the proof of Theorem 1.5, as we explained before (5.15). ]

Let us now generalize Theorem 1.5 to the tower of embeddings of an arbitrary
length. We fix a tower of embeddings

1 %3 Ly lr+1
YoW<—S---> W — X, (:=t(410---011,

and volume forms dle. on W;,i =1,...,r, verifying assumptions similar to (1.3)
with respect to the metric g7 Wi induced by g7X . We assume that the triples

X We g™ Wi Wa g TP, (W, Y. g™, =1 = 1
are of bounded geometry in the sense of Definition 2.3.
Corollary 5.8. The sequence of operators

Dy, 1= EXIY _EXWr GEW Wit o o EW2WI GEMIY ) e
Sforms a Toeplitz operator with exponential decay of type X |Y. Moreover, we have
[Dp,rlo = 0.

Also, under assumptions (1.8) and dvwy, = dngWi, i=1,...r, we have

[Dprl1 =0, [Dp,l2=0, [Dp,]seCP(Y,(NX¥)1-0* @ End(.* F))

forn € (NXIY)(1.0) \pe have

r 1 a ‘ ‘
[Dp,r]3 n = Z{gﬁ . (rWz+1 _I.W,)

i=1
N
+ ﬁvf,- V(A it1yeo [RF] = A(u’)*w[RF])},

where we denoted Wy 1 := X, Wy :=Y; ": W; — X isdefinedast’ :=1, 001,41,
W; Wi _

andn; = Py’ ni=1,...,r.
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Proof. Let us rewrite D), , in the following way:
Dy, = E;(lY _El)ler OEII;Vrly

X|W, WrlY _ gWelWe—1 ... gWalW Wi |Y
—|—Ep O<EP Ep 1o oEp2 loEpl )
Now, the result follows directly from Theorems 1.5 and 4.1 (6) by induction. n

Proof of Theorem 1.1. 1t follows directly from Theorems 1.5, 3.14, Remark 3.15 (a)
and Proposition 3.18. u
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