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The general ternary form can be recovered by its Hessian

Ciro Ciliberto and Giorgio Ottaviani
(with an appendix by Jerson Caro and Juanita Duque-Rosero)

Abstract. The Hessian map is the rational map that sends a homogeneous polynomial to the deter-
minant of its Hessian matrix. We prove that the Hessian map is birational on its image for ternary
forms of degree d � 4, d ¤ 5, by considering the action of the orthogonal group. In a previous
paper, we proved the analogous result for binary forms, with more geometric techniques.

1. Introduction

In [5], we studied the Hessian map, which is the rational map

hd;r WP
�
Symd .CrC1/

�
Ü P

�
Sym.d�2/.rC1/.CrC1/

�
sending a form f to its Hessian Hess.f /, which is the determinant of the Hessian matrix.
We proved that hd;1 is birational on its image for any d � 5 (which is sharp) and that h3;3
is birational on its image, while it is classical that h3;2 is generically 3W1. In this paper, we
prove the following theorem.

Theorem 1.1. The Hessian map hd;2 is birational on its image for any d � 4, d ¤ 5.

We think the assumption d ¤ 5 can be removed but our proof does not work in this
case. The proof considers separately the cases d even and odd.

Our technique uses group actions. The Hessian map is equivariant for the action of
SL.r C 1/. This action has a unique closed orbit, both in the source and in the target space,
which is the Veronese variety. This does not help too much since the Hessian map is not
defined on the Veronese variety. Our strategy consists in considering the action of a smaller
group, namely the orthogonal group SO.r C 1/ with respect to a nondegenerate quadratic
form q. This action has finitely many closed orbits, according to the fundamental harmonic
decomposition, and when the degree d is even has a unique fixed point, corresponding to
the form qd=2. The Hessian map is defined at this point, it sends the unique fixed point in
the domain to the unique fixed point in the target and it has maximal rank at this point in
most cases, precisely when a quadratic equation, made explicit in Proposition 2.9, has no
integer solutions. There exist certain values of d when there are integer solutions of this
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equation (the first one for r D 2 is d D 14). In these cases our analysis is more subtle,
and we need to analyze the Hessian map at a second point, which is of the form qd=2�1`2,
where ` is an isotropic linear form, namely the hyperplane ` D 0 is tangent to the quadric
Z.q/, the zero locus of q. The rank of the Hessian map at this second point is maximal, at
least for r D 2 and d � 6, since the candidate values to fail the maximality are solutions
of a cubic equation, made explicit in Proposition 2.20, which has no integer solutions in
this range thanks to Theorem A.2 of the appendix. These consideration allow to prove the
birationality after an analysis of the resolution of the indeterminacy of the Hessian map,
that we are able to do only for ternary forms. In the case d D 2k C 1 odd we perform a
similar analysis around the form qk` where ` is an isotropic linear form.

We outline the content of the paper. In the second section we study the Hessian map
around the closed orbits of the SO.r C 1/-action on P .Symd .CrC1//. We state Theo-
rem 2.23, which is a criterion for the birationality of the Hessian map based on which
closed orbits belong to the graph of the Hessian map. In the third section we analyze the
indeterminacy values of the Hessian map for ternary forms, approaching the powers `d

with ` an isotropic linear form, which make the only closed SO.3/-orbit where the Hessian
map is not defined. In Theorem 3.7, we prove our main Theorem 1.1.

The appendix by Jerson Caro and Juanita Duque-Rosero shows that some cubic equa-
tions have no integer solutions beyond a few ones. This allows to show that the differential
of the Hessian map has maximum rank at some relevant points. This is a crucial step for
our technique. Without this appendix we could prove only that Theorem 1.1 holds with at
most finitely many exceptions for d .

For basic facts on the Hessian see [19], for an interesting recent approach see also [4].
After this paper has been written we received the preprint [1] by V. Beorchia, where

some results related to our Theorem 1.1 are proved.

2. The Hessian map and the SO.r C 1/-action on P .Symd.CrC1//

Set V D CrC1 with coordinates .x0; : : : ; xr / and

Hess.f /W D det
�
@2f

@xi@xj

�
0�i;j�r

:

The Hessian map defined in the Introduction is SL.V /-equivariant, this means that if g 2
SL.V / and f 2 Symd .V / then

Hess.g � f / D g � Hess.f /;

where the actions of SL.V / on forms is the obvious one.
Any nondegenerate quadratic form q 2 Sym2.V / defines the special orthogonal group

SO.V; q/ D ¹g 2 SL.V / j g � q D qº. In particular, the Hessian map is also SO.V; q/-
equivariant for any nondegenerate quadratic form q. Under the SO.V; q/-action the space
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Symd .V / is not irreducible and splits as [10, Exercise 19.21], [11, Corollary 5.2.5]

Symd .V / D Hd ˚ qHd�2 ˚ q
2Hd�4 ˚ � � � ; (2.1)

where Hi is the space of harmonic homogeneous polynomials of degree i , that by defini-
tion are killed by the dual operator q�. If q D

Pr
iD0 x

2
i , the operator q� is the classical

Laplacian operator � D
Pr
iD0

@2

@x2i
. The decomposition (2.1) is known as the harmonic

decomposition. Note that the power of a linear form `d is harmonic if and only if the
linear form ` is isotropic, namely the hyperplane ` D 0 is tangent to the isotropic quadric
Z.q/ D ¹q D 0º. For a geometric point of view, see [9, Section 1.4.5]. We summarize the
main properties of the harmonic decomposition in the following well-known proposition,
which we state separately from (2.1) just to give a few definitions that will be used in the
rest of the paper and to show in the proof an easy algorithm to construct the harmonic
decomposition.

Proposition 2.1. Fix a nondegenerate quadratic form q 2 Sym2.V / and its dual q� 2
Sym2.V _/. For any f 2 Symd .V / there exist unique fd�2i 2 Symd�2i .V / for i D
0; : : : ; bd=2c such that

f D

bd=2cX
iD0

qifd�2i ; q�.fd�2i / D 0; 8i D 0; : : : ; bd=2c:

The polynomial fd is called the harmonic part of f . The polynomial fj is called the j -th
harmonic summand of f . The harmonic decomposition of qjf is obtained by multiplying
by qj the harmonic decomposition of f .

Proof. The harmonic part fd can be found as fd D f � qg where g is the unique solution
of the linear system q�.f /D q�.qg/. The following summands can be found recursively,
starting from fd�2 which is the harmonic part of g.

Remark 2.2. The bilinear symmetric form q on V can be extended to a bilinear symmet-
ric formQ on Symd .V / by the conditionQ.vd ; wd / D .q.v;w//d , 8v;w 2 V , which is
called the Bombieri–Weyl form. The summands of the harmonic decomposition (2.1) are
orthogonal with respect toQ. The linear map that sends a polynomial to its j -th harmonic
summand coincides with the orthogonal projection on the summand Hj , in particular, it
is SO.V /-equivariant.

Our arguments do not depend on the choice of q, so we denote often SO.V / D
SO.V; q/, the form q being understood. The closed SO.V /-orbits in P .Symd .V // are
finitely many, precisely there is one closed orbit in each summand of (2.1). The closed
orbit in the summand qiHd�2i consists of polynomials qi`d�2i where ` is any linear
form such that the hyperplane ` D 0 is tangent to Z.q/. They are isomorphic to the dual
of Z.q/ (isomorphic in turn to Z.q/) embedded by the .d � 2i/-Veronese embedding,
unless d is even and d D 2i , when the orbit consists of the single point qd=2. Let us
denote by Qr�1 a smooth quadric in P .V /. Summing up, we have the following.
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Lemma 2.3. The polarized quadric .Qr�1;O.d// is the unique closed SO.V /-orbit in
the space P .Hd /. There is a natural isomorphism of SO.V /-modules

H 0
�
Qr�1;O.d/

�
D Hd :

There is a unique one-dimensional summand hqki in (2.1) exactly when d D 2k is even.

Proposition 2.4. Let dim.V / D r C 1, d D 2k. For any nondegenerate quadratic form q

we have
Hess.qk/ D cq.rC1/.k�1/

for some nonzero scalar c, which will be computed in Proposition 2.7.

Proof. The polynomial Hess.qk/ must be invariant by the SO.V; q/-action, hence it is a
power of q, up to a scalar multiple. The fact that c ¤ 0 can be checked with the diagonal
form q D

Pr
iD0 x

2
i . Indeed, the monomial power x2.rC1/.k�1/0 appears as a summand in

the Hessian and the only entries of the Hessian matrix that contain a monomial power of
x0 are the diagonal ones, that contain 2kx2.k�1/0 , which are all nonzero.

Remark 2.5. The argument in the proof of Proposition 2.4 is well known and may be
applied all the times we have an action of a group G with a single generator F of degree
d of the invariant ring .˚iSymi .V //G . Then the Hessian of F is equal to cF .rC1/.d�2/=d

for a scalar c when .rC1/.d�2/
d

2 Z and it is zero when .rC1/.d�2/
d

… Z. In these cases the
degree of the polar map (see [6]) is one if c ¤ 0 (f is homaloidal) or it is zero if c D 0
(f has vanishing Hessian). This case has been called totally Hessian in [6, Remark 3.5].
Note that V is prehomogeneous for the action of C� � SO.V /, see [16, Example 19].

The simplest example of this behavior is when F is the symmetric n � n determinant,
then Hess.F / D cF .nC1/.n�2/=2 for a nonzero scalar c. This was noticed by Beniamino
Segre in [20].

When F is the determinant of a matrix in n2 indeterminates, its Hessian is cF n.n�2/

for a nonzero scalar c. In the same way Hess.F k/ D cF n.nk�2/ for another nonzero
scalar c. When F is the n � n Pfaffian, then Hess.F / D cF .n�1/.n�4/=2.

Proposition 2.6. Let Q D Qr�1 � P .V / be the isotropic quadric. Fix x 2 Q and let
Px D ¹g 2 SO.V / j gx D xº. Let H D x? be the tangent hyperplane to Q at x.

(i) The action of SO.V / on P .V / has exactly two orbits, namely P .V / nQ and Q.

(ii) The action of Px on P .V / has exactly five orbits for r � 4, namely,
P .V / n .Q [H/, Q nH , H nQ, .Q \H/ n ¹xº and ¹xº.

For r D 3, the orbits are six since Q \H consists of two lines.
For r D 2, the orbits are four since .Q \H/ n ¹xº D ;.
For r D 1, the orbits are three since H nQ D .Q \H/ n ¹xº D ;.

Proof. It is well known and a straightforward computation in a coordinate system.

Proposition 2.4 has the following generalization to the other closed SO.r C 1/-orbits
in the decomposition (2.1).
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Proposition 2.7. Let q be a nondegenerate quadratic form, let ` be a linear form such
that ` D 0 is tangent to Z.q/. Then

Hess.qk`h/ D

´
cq.rC1/.k�1/`.rC1/h if k � 1 for c D �2r�1kr .k C h/.2k C h � 1/;

0 if k D 0:

Proof. Let P` � SO.V / be the isotropy group acting on V _ which fixes the hyperplane
Z.`/ with equation ` D 0, as in Proposition 2.6. The group P` acts on P .V / which is a
prehomogeneous space with a dense orbit with complement the reducible divisor Z.q/ [
Z.`/. The groupP` acts on each space P .Symd .V _//. Since g 2 P .Symd .V _// is a fixed
point if and only ifZ.g/�P .V / is an invariant subset, it follows from Proposition 2.6 that
the only fixed points are qk`h for 2k C hD d . Since the Hessian is a P`-equivariant map,
Hess.qk`h/ must be cqs`t for some integer s, t such that 2s C t D .r C 1/.2k C h � 2/
and some scalar c. We may set q D x0x1 C x22 C � � � C x

2
r , ` D x0.

We can now see which monomials of the type x˛0x
ˇ
1 occur in the hessian of qk`h.

Let us take notice of these monomials occurring in each entry of the Hessian matrix, as
follows:0BBBBB@
.hC k/.hC k � 1/xhCk�20 xk1 k.k C h/xhCk�10 xk�11 0 � � � 0

k.k C h/xhCk�10 xk�11 k.k � 1/xhCk0 xk�21 0 � � � 0

0 0 2kxhCk�10 xk�11 0 0

0 0 0
: : : 0

0 0 0 0 2kxhCk�10 xk�11

1CCCCCA:
Computing the determinant of this matrix, we see that the only monomial containing x0,
x1 is x.hCk�1/.rC1/0 x

.k�1/.rC1/
1 , with nonzero scalar coefficient if k � 1. The computation

of c is straightforward. This concludes the proof.

Proposition 2.8. Let ` be a q-isotropic linear form, i.e., the hyperplane with equation
` D 0 is tangent to the quadric Z.q/. We have

Hess.qk C "qk�m`2m/ D c0q.rC1/.k�1/ C "c1q.rC1/.k�1/�m`2m C � � � ;

where ´
c0 D 2

r�1krC1.1 � 2k/;

c1 D 2
rkr .2k � 1/

�
2m2 Cm.r � 1/ � k.r C 1/

�
:

Proof. As in the proof of Proposition 2.7, the terms of Taylor expansion areP`- invariants,
hence they are linear combinations of terms of the form qh`j for integers h; j . The 0-term
has been computed in Proposition 2.7. Exactly as in the proof of Proposition 2.7 we take
note of the monomials containing only x0; x1, in each entry of the Hessian matrix. The
monomials containing only x0, x1 fill up the following blocks of the Hessian matrix�

A 0

0 B

�
;
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where A is the following 2 � 2 matrix�
k.k � 1/xk�20 xk1 C ".kCm/.kCm� 1/x

kCm�2
0 xk�m1 k2xk�10 xk�11 C ".k2 �m2/xkCm�10 xk�m�11

k2xk�10 xk�11 C ".k2 �m2/xkCm�10 xk�m�11 k.k � 1/xk0x
k�2
1 C ".k �m/.k �m� 1/xkCm0 xk�m�21

�
and B is the identity matrix of size r � 1 multiplied by

2kxk�10 xk�11 C "2.k �m/xkCm�10 xk�m�11 :

By expanding the determinant, according to Proposition 2.7 there is a term

c0x
.rC1/.k�1/
0 x

.rC1/.k�1/
1

corresponding to c0q.rC1/.k�1/. The "-term is

c1"x
.rC1/.k�1/Cm
0 x

.rC1/.k�1/�m
1

corresponding to "c1q.rC1/.k�1/�m`2m.

We have the following consequence.

Proposition 2.9. Let dim.V / D r C 1, d D 2k. Assume that for every m such that 1 �
m � k we have 2m2 C m.r � 1/ � k.r C 1/ ¤ 0. Then the Hessian map has maximal
rank at qk .

Proof. The differential of the Hessian map at qk is a linear map between two representa-
tion spaces for SO.r C 1/, that is invariant for the Lie algebra of SO.r C 1/. By (2.1) the
domain is ˚kiD1q

k�iH2i . Note that the i D 0 summand does not appear since the point
corresponding to qk is a generator of that summand when seen in Symd .V /, but here
we are considering the tangent space at the corresponding point in the projective space
P .Symd .V //. In the same way the target space is ˚.rC1/.k�1/iD1 q.rC1/.k�1/�iH2i . Note
that each summand in the domain has a corresponding isomorphic space in the target
corresponding to the same index.

So the differential of the Hessian map at qk sends a form qk�i`2i 2 qk�iH2i to a
nonzero scalar multiple of q.rC1/.k�1/�i`2i 2 q.rC1/.k�1/�iH2i by Proposition 2.8. Since
this linear map is SO.r C 1/-equivariant, extending it by linearity it coincides, by Schur’s
Lemma, with a scalar multiple of the identity (up to isomorphism) in each irreducible
harmonic subspace. At level of polynomials, the differential of hd;r at qk , restricted to the
summand qk�iH2i , is the multiplication by a nonzero scalar multiple of qr.k�1/�1. The
scalar of each summand depend on i , so that the differential of hd;r at qk has a diagonal
block structure padded by zeros.

Remark 2.10. As in the proof of Proposition 2.7, we set q D x0x1 C x
2
2 C � � � C x

2
r ,

` D x0, a q-isotropic linear form. Every matrix in P` fixes `, hence it has .1; 0; : : : ; 0/t as
eigenvector. Then every A 2 P` has its entries satisfying ai1 D 0 for i � 2 and a11 ¤ 0.
The one-dimensional representation of P` given byA 7! a�111 , where a11 is the .1;1/-entry
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(necessarily nonzero) of A, is called L. We see now that this representation corresponds
to a basic line bundle.

There is a well known equivalence of categories between P`-modules and SO.r C 1/-
equivariant vector bundles on the smooth .r�1/-dimensional quadric Qr�1DSO.rC1/=P`
(see [2, 12]). In this latter category the morphisms are SO.r C 1/-equivariant morphisms.
In a nutshell, given �WP`! GL.r/, it is defined an action of P` on SO.r C 1/�Cr given
by p � .g; v/ D .gp; �.p�1/v/ for p 2 P`, g 2 SO.r C 1/, v 2 Cr , and the orbit space
has a natural vector bundle structure E� with fibers Cr on the variety Qr�1. In other
words, E� is obtained by the principal bundle SO.r C 1/! SO.r C 1/=P` D Qr�1 via
the homomorphism �.

Under this equivalence of categories, the representation L corresponds to the line bun-
dle O.1/ on Qr�1, and more generally the representation L˝t corresponds to O.t/. This
can be seen since the space of sectionsH 0.Qr�1;E�/ is identified with ¹f WSO.r C 1/!
Cr j f .gp/ D �.p�1/f .g/º with the natural SO.r C 1/-action given by .g � f /.g1/ WD
f .g�1g1/. Then a basis ofH 0.Qr�1; L/ is given by fi .A/ D ai1 for i D 0; : : : ; r , which
identifies H 0.Qr�1; L/ Š V as SO.r C 1/-modules, hence L D O.1/ as wanted.

Let ` be a nonzero q-isotropic linear form, and let d D 2k C 1. The differential of the
Hessian map hd;r at qk` is a linear map invariant for the isotropy group P` � SO.r C
1/, consisting of g 2 SO.r C 1/ such that g.`/ D `. The group P` is well known to be
parabolic [10, Section 23.3] but not reductive for r � 2.

The differential of hd;r at qk` is as follows

h0d;r W
�
T
�
P .SymdV /

��
qk`
�!

�
T
�
P .Sym.rC1/.d�2/V /

��
q.rC1/.k�1/`rC1

; (2.2)

where we used Proposition 2.7. We study now the rank of h0
d;r

. We will show in Proposi-
tion 2.19 that h0

2kC1;r
has maximal rank for k � 2, with some numerical assumption on

k, r , exactly as we did in the even case in Proposition 2.9. In order to linearize this map,
it is convenient to consider the induced map�

T
�
P .SymdV /

��
qk`
�!

�
h�d;r

�
T
�
P .Sym.rC1/.d�2/V /

���
qk`
;

where now both spaces are based at the same point qk`.
The rank of the differential h0

d;r
in (2.2) is one less than the rank of the corresponding

linear map between vector spaces, namely the map

kM
jD0

Hd�2j �!

.rC1/.k�1/M
iD0

H.rC1/.d�2/�2i ˝ L
r ; (2.3)

where the exponent r of L is computed by the fact that hd;r .qk`/ D q.rC1/.k�1/`rC1, so
that qk` 2H1 goes to q.rC1/.k�1/`rC1 2HrC1 ˝L

r , and we see that the factor ` is mul-
tiplied by `r 2 H 0.O.r// and the line bundle O.r/ corresponds to Lr (see Remark 2.10).
Note that the map h0

d;r
in (2.4) is injective if and only if the map in (2.3) is injective.
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Comparing with the proof of Proposition 2.9, we note that sinceP` is not reductive, the
summands of (2.3) are no longer irreducible for the action of P` and we can no longer use
Schur’s Lemma. For example H1 D V has the nonsplitting filtration 0 � h`i � h`i? � V
where the consecutive quotients are irreducible, and similar considerations hold for all Hr .
The source and the target of (2.3) both split for the action of the reductive part of P`
in summands having multiplicities which are difficult to control, so that we find more
efficient to consider the map (2.3) as a map of P`-modules.

A description of P`-modules in terms of quiver representations is exposed in [18], but
here we proceed in a more elementary way. Let us define first the following linear maps.

Definition 2.11. Let i; j; k be nonnegative integers, such that jj � i j�k� iCj , iCk�j
being even. The linear map P ki;j WHi ! Hj ˝ L

k is defined by

P kij .h/ WD .h`
k/j

where .h`k/j is the j -th harmonic summand of h`k , according to Proposition 2.1. Notice
that j D k C i � 0 is the maximal value of j for which P kij is nonzero, for given i , k,
since the degree of h`k is k C i .

Proposition 2.12. The map P kij is P`-equivariant and it is injective for j D k C i � 0
(in this case the first inequality in Definition 2.11 becomes an equality).

Proof. The equivariance is clear since ` is a P`-invariant function (up to scalar multiples)
and the projection on the harmonic summands are even SO.V /-invariant, see Remark 2.2.
Let j D k C i and assume g 2 Ker.P j�iij /. Then g`j�i has degree j and has vanishing
harmonic part, hence it is divided by q. It follows that g is divided by q which implies
g D 0 since g is harmonic.

The following Lemma is a well known result from Representation Theory.

Proposition 2.13. Let i � j . As SO.r C 1/-modules, we have the following decomposi-
tions:

• If r � 3 then Hi ˝Hj D .˚
i
pD0HiCj�2p/˚ T where T is the direct sum of certain

irreducible SO.r C 1/-modules, not isomorphic to any Hq .

• If r D 2 then Hi ˝Hj D ˚
jCi

kDj�i
Hk (note here there is no parity condition among

i , j and k).

Proof. It follows from the Littlewood–Richardson rule for the orthogonal group, which is
exposed in full generality in [14]. The particular cases treated in [13] are enough for our
purposes, see [13, Example 2, p. 510]. Actually this example is exposed for the symplectic
group, but anything applies also in the case of the orthogonal group, see [13, p. 509]. In the
case r D 2, the module Hd has dimension 2d C 1 and corresponds to H 0.P1;O.2d//,
in this case the result is classical and it is sometimes attributed to Clebsch–Gordan (see
[10, Exercise 11.11] for a modern reference).
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Although we do not use it, it seems worth to state the following interesting conse-
quence of Proposition 2.13.

Corollary 2.14. Let r � 2. Let fi 2 Hi , fj 2 Hj . Then the k-th harmonic summands of
the product fifj are nonzero only for jj � i j � k � i C j , i C j � k even.

Proof. The map which sends the pair .fi ; fj / the k-th harmonic summand of the product
fifj is a SO.r C 1/-equivariant map Hi ˝Hj !Hk . The parity condition follows from
the harmonic decomposition and it is necessary also for r D 2. In other words, among the
summands of the tensor product Hi ˝Hj which are listed in the case r D 2 of Proposi-
tion 2.13, only the ones satisfying the condition i C j � k even appear as a k-th harmonic
summand of fifj .

Proposition 2.15. Let r�2. Every nonzeroP`-equivariant map from Hi to Hj˝L
k coin-

cides with a scalar multiple of P ki;j as in Definition 2.11. In particular, one has jj � i j �
k � i C j , i C j � k is even.

Proof. We come back to the equivalence of categories betweenP`-modules and SO.rC1/-
equivariant vector bundles on Qr�1 D SO.r C 1/=P` sketched in Remark 2.10. The injec-
tive map P j�iij of Proposition 2.12 corresponds to the injective map

H 0
�
Qr�1;O.i/

�
˝OQr�1 ! H 0

�
Qr�1;O.j /

�
˝O.j � i/:

This map is natural: indeed it corresponds to the multiplication of sections of O.i/ with
sections of O.j � i/, which gives sections of O.j /. This map is SO.r C 1/-equivariant
and corresponds, taking theH 0 functor, to the injection Hi !Hj ˝Hj�i . Consider now
any nonzero P`-equivariant map from Hi to Hj ˝ L

k . By taking the H 0 functor, such a
map corresponds to a SO.r C 1/-equivariant map Hi ! Hj ˝Hk (see Lemma 2.3) and
it exist exactly for the values of k considered in Definition 2.11 and Proposition 2.13.

Remark 2.16. In the case r D 2 we have that the Lie algebra of SO.3/ is sl.2/ and
the tensor product contains more summands, look at Proposition 2.13, where for r D 2

the parity condition disappear. Apparently, we get more maps than the ones stated in
Proposition 2.15, but the statement there is actually correct. There are indeed maps of
homogeneous bundles on Q1 Š P1 that do not come from representations of P`. In this
case Q1 Š P1 is embedded in the plane P .H1/ by twice the generator of Pic.P1/. Con-
sider the universal covering SL.2/

�
�! SO.3/. The generator of Pic.P1/ is homogeneous

as well, but it comes from a representation of the parabolic group ��1.P`/ � SL.2/, so it
does not come from a representation of P`.

Proposition 2.17. Let ` be a q-isotropic linear form. We have

Hess.qk`C "qk�m`2mC1/ D c0q.rC1/.k�1/`rC1 C "c1q.rC1/.k�1/�m`2mCrC1 C � � � ;

where ´
c0 D �2

rkrC1.k C 1/;

c1 D 2
rkr

�
m2.2k C 1/Cm.rk C r � k/ � k.k C 1/.r C 1/

�
:
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Proof. As in the proof of Proposition 2.7, the terms of Taylor expansion areP`- invariants,
hence they are linear combinations of terms qh`j for integers h; j . The 0-term has been
computed in Proposition 2.7. Exactly as in the proof of Proposition 2.7 we take note of
the monomials containing just x0; x1, in each entry of the Hessian matrix, that fill up the
following blocks �

A 0

0 B

�
;

where A is the following 2 � 2 matrix�
k.kC1/xk�10 xk1C".kCm/.kCmC1/x

kCm�1
0 xk�m1 k.kC1/xk0x

k�1
1 C".k�m/.kCmC1/xkCm0 xk�m�11

k.kC1/xk0x
k�1
1 C".k�m/.kCmC1/xkCm0 xk�m�11 k.k�1/xkC10 xk�21 C".k�m/.k�m�1/xkCmC10 xk�m�21

�
and B is the identity matrix of size .r � 1/ multiplied by

2kxk0x
k�1
1 C "2.k �m/xkCm0 xk�m�11

By expanding the determinant, according to Proposition 2.7, there is a term

c0x
.rC1/k
0 x

.rC1/.k�1/
1

corresponding to c0q.rC1/.k�1/`rC1. The "-term is

c1"x
.rC1/kCm
0 x

.rC1/.k�1/�m
1

corresponding to "c1q.rC1/.k�1/�m`2mCrC1.

Proposition 2.18. Let ` be a q-isotropic linear form. We have the formula

Hess.qk�1`2C"qk�m`2m/D c0q.rC1/.k�2/`2.rC1/C"c1q.rC1/.k�2/C1�m`2mC2rC � � � ;

where´
c0 D �2

r�1.k � 1/r .k C 1/.2k � 1/;

c1 D 2
r�1.k�1/r�1.2k�1/

�
2km2Cm.rkC r�5kC1/�k

�
k.rC1/C r�3

��
:

Proof. As in the proof of Proposition 2.7, the terms of Taylor expansion areP`- invariants,
hence they are linear combinations of terms qh`j for integers h; j . The 0-term has been
computed in Proposition 2.7. Exactly as in the proof of Proposition 2.7 we take note of
the monomials containing just x0; x1, in each entry of the Hessian matrix, that fill up the
following blocks �

A 0

0 B

�
;

where A is the 2 � 2 matrix�
k.kC1/xk�10 xk�11 C".kCm/.kCm�1/xkCm�20 xk�m1 .k2�1/xk0x

k�2
1 C".k�m/.kCm/xkCm�10 xk�m�11

.k2�1/xk0x
k�2
1 C".k�m/.kCm/xkCm�10 xk�m�11 .k�1/.k�2/xkC10 xk�31 C".k�m/.k�m�1/xkCm0 xk�m�21

�
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and B is the identity matrix of size .r � 1/ multiplied by

2.k � 1/xk0x
k�2
1 C "2.k �m/xkCm�10 xk�m�11 :

By expanding the determinant, according to Proposition 2.7 there is a term

c0x
.rC1/k
0 x

.rC1/.k�1/
1

corresponding to q.rC1/.k�1/`rC1. The "-term is

"c1x
.rC1/kCm
0 x

.rC1/.k�1/�m
1

corresponding to "c1q.rC1/.k�1/�m`2mCrC1.

Proposition 2.19. Let d D 2k C 1, r � 2. Assume that for every m such that 0 � m � k
we have m2.2k C 1/Cm.rk C r � k/ � k.k C 1/.r C 1/ ¤ 0. Then the differential of
hd;r at qk` is injective.

Proof. The differential of hd;r at qk` as in (2.3) takes the summand Hd�2j in the domain
to several summands Hp in the target, for p � d � 2j C r , as it follows from Proposi-
tion 2.15.

By using Proposition 2.15, the map induced from Hd�2j to the extreme summand
Hd�2jCr is a nonzero scalar multiple of P r

d�2j;d�2jCr
defined in Definition 2.11, hence

it is injective. Indeed, the fact that this map is nonzero follows for j < k by computing the
derivative at qk` in the direction of qk�m`2mC1 with the same linear form `, which makes
the computation easier and it has been already performed in Proposition 2.17. Here we
use the numerical assumption in the hypothesis. In particular, the differential of hd;r has
a triangular block shape, with the diagonal blocks of maximal rank, hence it has maximal
rank and it is indeed injective.

In order to prove that the restriction of hd;r is nonzero also on the summand H1=hq
k`i,

for j D k, we fix q D x0x1 C
P
i�2 x

2
i and we consider the Hessian of qkx0 C "qkx2

which is
�2rkrC1.k C 1/q.rC1/.k�1/

�
xrC10 C ".r C 1/xr0x2 C � � �

�
:

This computation can be performed, as in the proof of Proposition 2.7, in the case where
xi D 0 for i � 3, so looking only at the monomials containing x0, x1, x2. In this compu-
tation x2 may be replaced with any other linear form q-orthogonal with x0. The assertion
follows.

Proposition 2.20. Let d D 2k, r � 2. Assume that for every m such that 0 � m � k we
have 2km2 Cm.rk C r � 5k C 1/ � k.k.r C 1/C r � 3/ ¤ 0. Then the differential of
hd;r at qk�1`2 is injective.

Proof. The argument is analogous to the one of Proposition 2.19 and we just sketch it.
The differential of hd;r at qk�1`2 is the P`-equivariant map

h0d;r W
�
T
�
P .SymdV /

��
qk�1`2

�!
�
T
�
P .Sym.rC1/.d�2/V /

��
q.rC1/.k�2/`2.rC1/

: (2.4)
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which is injective if and only if the corresponding linear map

kM
jD0

Hd�2j �!

.rC1/.k�1/M
iD0

H.rC1/.d�2/�2i ˝ L
2r (2.5)

is injective.
We continue exactly as in Proposition 2.19, by using Propositions 2.15 and 2.18. In

order to prove that the restriction of hd;r is nonzero also on the summand H2=hq
k�1`2i,

we fix qDx0x1C
P
i�2 x

2
i and we consider the Hessian of qk�1x20C"q

k�1x0x2 which is

�2r�1.k � 1/r .k C 1/.2k � 1/q.rC1/.k�2/
�
x
2.rC1/
0 C ".r C 1/x2rC10 x2 C � � �

�
:

Remark 2.21. The parabolic subgroup P` used in the proof of Proposition 2.7 appears
implicitly in [8, Section 1, Example 4], where it is considered the homaloidal polynomial
x0.x0x2 C x

2
1/ as relative invariant for P` � SO.3/. In the same way, the Perazzo cubic

3-fold (see for example [19, Theorem 7.6.7 (iv)]), is a relative invariant for the parabolic
subgroup P � SL.3/ of linear transformations fixing a point, which is 6-dimensional. The
Perazzo cubic 3-fold is isomorphic to the zero locus of the symmetric determinantˇ̌̌̌

ˇ̌ 0 x0 x1
x0 x2 x3
x1 x3 x4

ˇ̌̌̌
ˇ̌

and this determinantal expression shows it can be interpreted as the variety of singular
conics passing through a point p 2 P2. This remark completes the description of the
isotropy group of the Perazzo cubic 3-fold begun in [7, Example 4.3].

Remark 2.22. Proposition 2.7 gives an obstruction to extend the present technique to the
cubic case in higher dimension. Indeed, since Hess.q`/ D �2rC1`rC1, the Hessian map
h3;r contracts the variety E` D ¹q` j q is tangent to `º (which is a degree r hypersurface)
to a point and it has not maximal rank at q`.

We prove now our main criterion of birationality by using the group action.

Theorem 2.23. Let Gd;r � P .Symd .V // � P .Sym.d�2/.rC1/.V // be the closure of the
graph ¹.f; hd;r .f //; for any f such that hd;r .f / is definedº. Assume there exists a non-
degenerate quadratic form q and a linear form ` such that the hyperplane `D 0 is tangent
to the quadric Z.q/ and such that one of the following three assumptions hold:

.`d ; q.rC1/.k�1// … G2k;r if d D 2k is even

and moreover assume that for every m such that 1 � m � k;

we have 2m2 Cm.r � 1/ � k.r C 1/ ¤ 0I

(2.6)

.`d ; q.rC1/.k�1/`rC1/ … G2kC1;r if d D 2k C 1 is odd

and moreover assume that for every m such that 0 � m � k;

we have m2.2k C 1/Cm.rk C r � k/ � k.k C 1/.r C 1/ ¤ 0I

(2.7)
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.`d ; q.rC1/.k�2/`2.rC1// … G2k;r if d D 2k is even

and moreover assume that for every m such that 0 � m � k;

we have 2km2 Cm.rk C r � 5k C 1/ � k.k.r C 1/C r � 3/ ¤ 0:

(2.8)

Then hd;r is birational onto its image.

Proof. The group G D SO.V / leaves Gd;r invariant and the projection on the second
factor � WGd;r ! P .Sym.d�2/.rC1/.V // is G-equivariant. We consider first the case d
even. We have to prove that � is generically injective and since it is a morphism between
projective varieties it is enough to prove that the scheme-theoretic fiber of some point is
a unique point. Under the assumption (2.6), we may want to prove that ��1.q.rC1/.k�1//
consists of the single pair .qk ; q.rC1/.k�1// (compare with Proposition 2.4). The fiber
��1.q.rC1/.k�1// is G-invariant. Since .qk ; q.rC1/.k�1// is a connected component of the
fiber by Proposition 2.9, if the fiber is larger it must contain another closed G-orbit. These
closed orbits have the form®

.qa`b; q.rC1/.k�1// for ` isotropic
¯

for a a nonnegative integer and b a positive integer, such that 2a C b D 2k. The cases
a > 0 do not belong to Gd;r by Proposition 2.7. The case a D 0, b D 2k does not belong
to Gd;r by the assumption (2.6).

Similarly, under the assumption (2.8), given any isotropic linear form `, we may
want to prove that the fiber ��1.q.rC1/.k�2/`2.rC1// consists of the single pair .qk�1`2;
q.rC1/.k�2/`2.rC1// (compare with Proposition 2.7). Consider the algebraic set † of all
forms of the type q.rC1/.k�2/`2.rC1/ with ` isotropic. The set† is G-invariant, and there-
fore also its counterimage†0 via � isG-invariant. By Proposition 2.20, there is a connected
component †00 of †0, that consists of all pairs of the form .qk�1`2; q.rC1/.k�1/`2.rC1//,
with ` isotropic. We want to prove that †0 D †00. We argue by contradiction. If this is
not the case, then there is some closed orbit contained in †0 n †00. Such a closed orbit,
different from †00, could only be of the form®

.qa`b; q.rC1/.k�2/`2.rC1// for ` isotropic
¯

with a; b nonnegative integers such that 2a C b D 2k and a ¤ k � 1. The cases a > 0,
a ¤ k � 1 give a contradiction by Theorems 2.4 and 2.7. The case a D 0 and b D 2k is
excluded by (2.8). This concludes the proof of the case d even.

The cased odd, under the assumption (2.7), is analogous by using Proposition 2.19.

Remark 2.24. A linear form ` defines a hyperplane `D 0 that is tangent to the nondegen-
erate quadric Z.q/ if and only if ` is an isotropic point for the dual quadric, and then we
have called ` a q-isotropic linear form. SinceGd;r is SL.V /-invariant, if .̀ d;q.rC1/.k�1//2
Gd;r for a nondegenerate quadratic form q and a q-isotropic linear form ` (see (2.6)), then
.`d ; q.rC1/.k�1// 2 Gd;r for any nondegenerate quadratic form q and any q-isotropic lin-
ear form `.
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In the next section, we will investigate the assumptions of Theorem 2.23. We will
prove in Corollary 3.6 that (2.6) is satisfied when r D 2 and k � 2 (d even) and that (2.7)
is satisfied when r D 2 and k � 3 (d odd). Note that for r D 1 this strategy does not
work, in [5, Proposition 2.5] we proved that for r D 1 and for any linear forms x, y then
.xd ; .xy/d�2/ 2 Gd;1, so that we used a different approach to prove the birationality of
hd;1. It is unclear if the assumptions (2.6) and (2.7) hold for r � 3.

3. The indeterminacy values assumed by the Hessian map for ternary
forms

The goal of this section is to show that the assumptions of Theorem 2.23, regarding the
membership of certain elements to the closure of the graph of the Hessian map, are sat-
isfied for ternary forms, i.e., when r D 2. Recall that the Hessian map is not defined at
forms which are cones but, approaching such forms, the Hessian map (as all the rational
maps) can assume some “indeterminacy values”. In [5, Proposition 2.5], we proved that,
for r D 1, approaching the power xd0 , the Hessian is a form of degree 2d � 4 which is
divisible by xd�20 , so these are the indeterminacy values of the Hessian map in the case of
binary forms. The main result of this section is Theorem 3.3, which shows an analogous
property for ternary forms.

Let Gd;2 � P .Symd .C3// � P .Sym3.d�2/.C3// be the closure of the graph of the
Hessian map hd;2 as in Theorem 2.23. Assume .xd0 ; r/ 2Gd;2 for some polynomial r . The
point .xd0 ; r/ may be approximated by an algebraic one-dimensional branch .f .t/; g.t//
such that g.t/ D Hess.f .t// for small t ¤ 0 and such that f .0/ D xd0 . Considering the
projection f .t/ to the first component, we get a Puiseux series

f .t/ D xd0 C

C1X
iD1

t˛ifi (3.1)

with ˛i 2 Q, 0 < ˛1 < ˛2 < � � � , the denominators of ˛i are bounded and the series con-
verges in the Euclidean topology for jt j<ı. We may assume that hd;2.f .t//DHess.f .t//
is well defined for 0 < jt j < ı.

The Hessian matrix of f .t/ is0B@d.d � 1/x
d�2
0 C

P
t˛ifi;00

P
t˛ifi;01

P
t˛ifi;02P

t˛ifi;01
P
t˛ifi;11

P
t˛ifi;12P

t˛ifi;02
P
t˛ifi;12

P
t˛ifi;22

1CA ;
where, of course, the indices refer to differentiation.

Computing the determinant, by linearity on each row, we have in a neighborhood of
t D 0

Hess
�
f .t/

�
Dd.d�1/xd�20

�X
i;j

t˛iC j̨H12.fi ;fj /
�
C

X
i;j;k

t˛iC j̨C˛kH.fi ;fj ;fk/; (3.2)
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where

H12.f;g/DH12.g;f /D
1

2
.f11g22 � 2f12g12C f22g11/D

1

2

ˇ̌̌̌
f11 f12
g21 g22

ˇ̌̌̌
C
1

2

ˇ̌̌̌
g11 g12
f21 f22

ˇ̌̌̌
(see, for example, [17, Section 4.3]) and

6H.f; g; h/ D

ˇ̌̌̌
ˇ̌f00 f01 f02
g10 g11 g12
h20 h21 h22

ˇ̌̌̌
ˇ̌C

ˇ̌̌̌
ˇ̌f00 f01 f02
h10 h11 h12
g20 g21 g22

ˇ̌̌̌
ˇ̌C

ˇ̌̌̌
ˇ̌g00 g01 g02
f10 f11 f12
h20 h21 h22

ˇ̌̌̌
ˇ̌

C

ˇ̌̌̌
ˇ̌g00 g01 g02
h10 h11 h12
f20 f21 f22

ˇ̌̌̌
ˇ̌C

ˇ̌̌̌
ˇ̌h00 h01 h02
f10 f11 f12
g20 g21 g22

ˇ̌̌̌
ˇ̌C

ˇ̌̌̌
ˇ̌h00 h01 h02
g10 g11 g12
f20 f21 f22

ˇ̌̌̌
ˇ̌

so that H.f; f; f / D Hess.f /. We set H12.f / D H12.f; f / D f11f22 � f 212.

Lemma 3.1. Let r D 2. Assume f11f22 � f 212 is identically zero. Then

• f D xd0 C x
d�1
0 l.x1;x2/C

Pd
iD2x

d�i
0 cim.x1;x2/

i with l ,m linear forms, ci scalars,

• Hess.f / is divisible by x2d�40 . Moreover, Hess.f / vanishes if and only if l and m are
proportional.

Proof. Let f D
Pd
iD0 f

.i/.x1; x2/x
d�i
0 be the x0-expansion of f , with f .i/.x1; x2/ a

form of degree i , for 0 � i � d . The first two summands f .0/xd0 C f
.1/xd�10 do not

contribute to f11f22 � f 212, hence the assumption has an influence only on the summands
for 2 � i � d . This explains the different behavior of the summands in the first claim of
the thesis. We consider the matrix 

f11 f12

f12 f22

!
D

 Pd
iD2 f

.i/
11 x

d�i
0

Pd
iD2 f

.i/
12 x

d�i
0Pd

iD2 f
.i/
12 x

d�i
0

Pd
iD2 f

.i/
22 x

d�i
0

!
:

Let f .j / be the first nonzero summand. We get

f11f22 � f
2
12 D H12.f

j /x
2d�2j
0 C � � � CH12.f

.d//;

where the intermediate terms involve also some mixed transvectants among the f .i/. By
linearity on each row of the determinant, we get some formulas similar to (3.2). Expanding
the determinant, we find the precise formula that is

f11f22 � f
2
12 D

dX
iDj

� X
k1Ck2D2i

H12
�
f .k1/; f .k2/

��
x2d�2i0 :

The Hessian off .j /.x1;x2/vanishes since it corresponds to the first summand obtained
for i D j . Hence, up to a linear change of coordinates, the form f .j /.x1; x2/ can be
assumed to be xj1 (note that j � 2). Indeed our statement is invariant by linear change of
coordinates involving x1; x2.
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The first claim is that xj1 divides f .i/ for any i � j . This is proved by induction on i ,
the starting case i D j has been just granted. For the next case, H12.x

j
1 ; f

.jC1// D 0

implies f .jC1/22 D 0, so that f .jC1/ D xj1n for a linear form n. At the next step one has

H12.x
j
1 ; f

.jC2//CH12.x
j
1n; x

j
1n/ D 0:

This implies j.j � 1/xj�21 f
.jC2/
22 � 2j 2x

2j�2
1 n22D 0 hence f .jC2/22 is proportional to xj1 ,

which implies that f .jC2/ D xj1q for a quadratic form q. At the next step one has

H12.x
j
1 ; f

.jC3//CH12.x
j
1n; x

j
1q/ D 0;

which implies

j.j � 1/x
j�2
1 f

.jC3/
22 C

�
j.j � 1/x

j�2
1 nC 2jx

j�1
1 n1

�
x
j
1q22

� 2.jx
j�1
1 q2 C x

j
1q12/jx

j�1
1 n2 D 0;

hence f .jC3/22 is divisible by xj1 , which implies that f .jC3/ D x
j
1 c for a cubic form c.

Continuing in this way we can prove that f .i/22 is divisible by xj1 for any i � j , hence f .i/

is divisible by xj1 (in particular, by x21 ) for any i � j .
Now assume by contradiction that x2 appears with positive exponent in f .i/.x1; x2/

for some i D 3; : : : ; d . Let xM2 be the maximum appearance, henceM � 1. It may appear
more than once, so that for convenient scalars ai we have

dX
iD2

f .i/xd�i0 D

� dX
iDMC2

aix
d�i
0 xi�M1

�
xM2 C lower terms in x2;

and i �M � 2 since f .i/ is divisible by x21 . Let N D max¹i DM C 2; : : : ; d j ai ¤ 0º.
Then

f11 D

NX
iDMC2

.i �M/.i �M � 1/aix
d�i
0 xi�M�21 xM2 C lower terms in x2;

f12 D

NX
iDMC2

.i �M/Maix
d�i
0 xi�M�11 xM�12 C lower terms in x2;

f22 D

NX
iDMC2

M.M � 1/aix
d�i
0 xi�M1 xM�22 C lower terms in x2

so that

f11f22 � f
2
12 D�a

2
NM.N �1/.N �M/x2d�2N0 x2N�2M�21 x2M�22 C lower terms in x2;

where the monomial order is the lexicographical order with x2 > x1 > x0. The hypothesis
implies aN D 0 which is the desired contradiction, that proves the first assertion.



The general ternary form can be recovered by its Hessian 999

Now we go on assuming m D x1. If Hess.f / D 0 then f D 0 is a cone by Hesse’s
Theorem, and it is immediate to check that then l is a multiple of x1. Conversely, if l , m
are proportional then f D 0 is a cone and Hess.f / D 0.

We finally show that Hess.f / is divisible by x2d�40 . Recall that

f D xd0 C x
d�1
0 l.x1; x2/C

dX
iD2

cix
d�i
0 xi1:

If ci D 0 for all 2 � i � d , then f D 0 is easily seen to be a cone and Hess.f / D 0, in
which case the assertion is trivial. If there is an i with 2 � i � d such that ci ¤ 0, then
we have f11 ¤ 0, and also

f12 D 0; f22 D 0; f02 D 
x
d�2
0

with 
 a constant. Hence the Hessian matrix is0@ f00 f01 
xd�20

f01 f11 0


xd�20 0 0

1A
and the thesis follows.

Remark 3.2. The plane curves of degree d with equation f D 0; with f as in Lemma 3.1
have a pointP of multiplicity d � 1 (which is .0 W 0 W 1/ in the homogeneous coordinates of
the Lemma if l D x2), which is a hyperflex, in the sense that all lines through P meet the
curve with multiplicity d � 1 except the flex tangent (which is x0 D 0) which meets with
the highest multiplicity d at P . Note these curves are rational and in some sense are the
irreducible curves “closest” to the cones. Indeed a plane curve of degree d is a cone if and
only if it has a point of multiplicity d , where all derivatives of degree d � 1 of the defining
polynomial vanish. Instead, for the curves in question, at the point of multiplicity d � 1
all derivatives up to order d � 2 vanish, moreover, the tangent cone has degree d � 1 and
consists of a multiple line, which means that all derivatives of order d � 1 vanish except
(in the above coordinate system) @

d�1f

@xd�12

.0; 0; 1/ ¤ 0.

Theorem 3.3. Let r D 2, let f .t/ be as in (3.1). Assume d � 4. Then xd�30 divides the
limit of Hess.f .t// for t ! 0.

Proof. The proof is a case by case analysis of the expansion (3.2).
First case, the limit in (3.2) for t ! 0 is a summand in the second row. In this case it

is clear that xd�20 divides the limit.
Second case, the limit in (3.2) for t!0 is a summand in the third row. LetH.fi;fj;fk/

be such a summand. We have now a few subcases.

(1) If i D j D k then H12.fi ; fi / vanish (since it is a previous summand in (3.2))
and by Lemma 3.1 we get that H.fi ; fi ; fi / is divisible by x2d�40 .
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(2) If i<jDk thenH12.fi ;fi /DH12.fi ;fj /DH12.fj ;fj /D0 and alsoH.fi ;fi ;fi /
D 0. By Lemma 3.4 below we get that H.fi ; fj ; fj / is divisible by x2d�40 .

(3) If i D j < k then H12.fi ; fi / D H12.fi ; fj / D 0 and also H.fi ; fi ; fi / D 0. In
this case H.fi ; fi ; fk/ is divisible by x2d�40 , by Lemma 3.4 below.

(4) If i < j < k then H12.fi ; fi / D H12.fi ; fj / D H12.fj ; fj / D H12.fi ; fk/ D
H12.fj ; fk/D 0 and alsoH.fi ; fi ; fi /DH.fi ; fi ; fj /DH.fi ; fj ; fj /D 0. By
Lemma 3.5 below we get that H.fi ; fj ; fk/ is divisible by xd�30 .

This concludes the proof of Theorem 3.3 after the following two lemmas are proved.

Lemma 3.4. If H12.f; f / D 0, H12.f; g/ D 0, H.f / D 0, then H.f; f; g/ is divisible
by x2d�40 . Moreover, if also H12.g; g/ vanishes then H.f; g; g/ is divisible by x2d�40 .

Proof. Let us prove the first assertion. By Lemma 3.1, the assumptions imply that

f D xd0 C

dX
iD1

cix
d�i
0 m.x1; x2/

i :

The statement is invariant by a linear change of coordinates in x1, x2, hence we may
assumem.x1; x2/D x1. It follows that f2D 0. We getH12.f;g/D 1

2
f11g22, hence either

f11 D 0 or g22 D 0.
Suppose first f11 D 0. As

f11 D

dX
iD2

i.i � 1/cix
d�i
0 xi�21 ;

we have that ci D 0 for all 2 � i � d , and therefore f D xd0 C c1x
d�1
0 x1, so f01 is

divisible by xd�20 . A straightforward calculation shows thatH.f; f; g/D �1
3
g22f

2
01, that

proves the assertion.
If g22 D 0, taking into account that f2 D 0, one easily checks thatH.f; f; g/D 0 and

the assertion follows again.
Let us now prove the second assertion. Again, by Lemma 3.1 applied to f , we have

that

f D xd0 C

dX
iD1

cix
d�i
0 .ax1 C bx2/

i : (3.3)

By Lemma 3.1 applied to g we may assume that

g D xd0 C x
d�1
0 l C

dX
iD2

eix
d�i
0 xi1 (3.4)

with l D l.x1; x2/ a suitable linear form, so that g12 D g22 D 0 and xd�20 divides g02.
Then again H12.f; g/ D 1

2
f22g11 D 0, so that either g11 D 0 or f22 D 0.
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Assume first that g11 D 0. One has

g11 D

dX
iD2

ei i.i � 1/x
d�i
0 xi�21 ;

hence g11 D 0 implies that ei D 0 for all 2 � i � d , so that

g D xd0 C x
d�1
0 l; (3.5)

so g00 is divisible by xd�30 and g01 , g02 are divisible by xd�20 . Then the only nonzero
summands in H.f; g; g/ are as follows

3H.f; g; g/ D

ˇ̌̌̌
ˇ̌g00 g01 g02
f10 f11 f12
g20 0 0

ˇ̌̌̌
ˇ̌C

ˇ̌̌̌
ˇ̌g00 g01 g02
g10 0 0

f20 f21 f22

ˇ̌̌̌
ˇ̌

and, taking into account the previous divisibilities, the assertion follows.
Next we assume f22 D 0. We have

f22 D

dX
iD2

ci i.i � 1/b
2xd�i0 .ax1 C bx2/

i�2:

So, either b D 0 or ci D 0 for all 2 � i � d . Suppose first that b D 0. So we may write f
as

f D xd0 C

dX
iD1

c0ix
d�i
0 xi1 (3.6)

so that f2 D 0. Then H.f; g; g/ reduces to

3H.f; g; g/ D

ˇ̌̌̌
ˇ̌g00 g01 g02
f10 f11 0

g02 0 0

ˇ̌̌̌
ˇ̌

and, taking into account that xd�20 divides g02, the assertion follows again.
Finally, assume that ci D 0 for all 2 � i � d , so that

f D xd0 C c1x
d�1
0 .ax1 C bx2/; (3.7)

and f02 is divisible by xd�20 and f11 D f12 D f22 D 0. Then one has

3H.f; g; g/ D

ˇ̌̌̌
ˇ̌g00 g01 g02
g10 g11 0

f20 0 0

ˇ̌̌̌
ˇ̌C

ˇ̌̌̌
ˇ̌f00 f01 f02
g10 g11 0

g20 0 0

ˇ̌̌̌
ˇ̌

and the assertion again follows.
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Lemma 3.5. If H12.f; f / D H12.f; g/ D H12.g; g/ D H12.f; h/ D H12.g; h/ D 0,
H.f / D 0, then H.f; g; h/ is divisible by xd�30 .

Proof. The analysis is similar to the one in the proof of Lemma 3.4. As in the proof of that
lemma, we have that f and g are as in (3.3) and (3.4) respectively, so that g12 D g22 D 0
and xd�20 divides g02. AgainH12.f; g/D f22g11 D 0, so that either g11 D 0 or f22 D 0.

Assume first that g11 D 0. As in the proof of Lemma 3.4, this yields that g is as in
(3.5), so g00 is divisible by xd�30 and g01 is divisible by xd�20 . Now let us look at the six
determinants that appear as summands in H.f; g; h/. In the first and the last ones the row
.g10; g11; g12/ D .g10; 0; 0/ appears and g10 is divisible by xd�20 . In the second and the
fifth ones the row .g20; g21; g22/D .g20; 0; 0/ appears and g20 is divisible by xd�20 . In the
third and the fourth ones the row .g00; g01; g02/ appears and all three entries are divisible
by xd�30 . This proves that H.f; g; h/ is divisible by xd�30 .

Assume next that f22 D 0. As in the proof of Lemma 3.4, this yields that either b D 0
or ci D 0 for all 2 � i � d .

Suppose first that b D 0. Again as in the proof of Lemma 3.4, this implies that f
can be written as in (3.6), so that f2 D 0. Then we have H12.f; h/ D f11h22 D 0 and
H12.g; h/ D g11h22 D 0. Suppose h22 D 0. We compute

6H.f; g; h/ D

ˇ̌̌̌
ˇ̌f00 f01 0

g10 g11 0

h20 h21 0

ˇ̌̌̌
ˇ̌C

ˇ̌̌̌
ˇ̌f00 f01 0

h10 h11 h12
g20 0 0

ˇ̌̌̌
ˇ̌C

ˇ̌̌̌
ˇ̌g00 g01 0

f10 f11 0

h20 h21 0

ˇ̌̌̌
ˇ̌

C

ˇ̌̌̌
ˇ̌g00 g01 0

h10 h11 h12
0 0 0

ˇ̌̌̌
ˇ̌C

ˇ̌̌̌
ˇ̌h00 h01 h02
f10 f11 0

g20 0 0

ˇ̌̌̌
ˇ̌C

ˇ̌̌̌
ˇ̌h00 h01 h02
g10 g11 0

0 0 0

ˇ̌̌̌
ˇ̌ ;

so that the only two nonzero summands are divisible by g20 that in turn is divisible by
xd�20 , and the assertion follows.

If h22 ¤ 0, then we have f11 D g11 D 0, which implies that

f D xd0 C c
0
1x
d�1
0 x1; g D xd0 C x

d�1
0 l

and this yields that xd�30 divides f00 and g00 and xd�20 divides f01 and g01. Then again
we compute

6H.f; g; h/ D

ˇ̌̌̌
ˇ̌f00 f01 0

g10 0 0

h20 h21 h22

ˇ̌̌̌
ˇ̌C

ˇ̌̌̌
ˇ̌f00 f01 0

h10 h11 h12
g20 0 0

ˇ̌̌̌
ˇ̌C

ˇ̌̌̌
ˇ̌g00 g01 0

f10 0 0

h20 h21 h22

ˇ̌̌̌
ˇ̌

C

ˇ̌̌̌
ˇ̌g00 g01 0

h10 h11 h12
0 0 0

ˇ̌̌̌
ˇ̌C

ˇ̌̌̌
ˇ̌h00 h01 h02
f10 0 0

g20 0 0

ˇ̌̌̌
ˇ̌C

ˇ̌̌̌
ˇ̌h00 h01 h02
g10 0 0

0 0 0

ˇ̌̌̌
ˇ̌

and we see that the nonzero summands are divisible by x2d�40 and the assertion follows.
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Finally, we have to analyze the case in which ci D 0 for all 2 � i � d , so that f is
as in (3.7), that yields f11 D f22 D f12 D 0 and xd�30 divides f00 whereas xd�20 divides
f01 and f02. We have again H12.g; h/ D g11h22 D 0, so that either g11 D 0 of h22 D 0.

Suppose g11 D 0. Then, as above, we have g D xd0 C x
d�1
0 l so that xd�30 divides g00,

xd�20 divides g01 and g02. We have

6H.f; g; h/ D

ˇ̌̌̌
ˇ̌f00 f01 f02
g10 0 0

h20 h21 h22

ˇ̌̌̌
ˇ̌C

ˇ̌̌̌
ˇ̌f00 f01 f02
h10 h11 h12
g20 0 0

ˇ̌̌̌
ˇ̌C

ˇ̌̌̌
ˇ̌g00 g01 g02
f10 0 0

h20 h21 h22

ˇ̌̌̌
ˇ̌

C

ˇ̌̌̌
ˇ̌g00 g01 g02
h10 h11 h12
0 0 0

ˇ̌̌̌
ˇ̌C

ˇ̌̌̌
ˇ̌h00 h01 h02
f10 0 0

g20 0 0

ˇ̌̌̌
ˇ̌C

ˇ̌̌̌
ˇ̌h00 h01 h02
g10 0 0

0 0 0

ˇ̌̌̌
ˇ̌

and again H.f; g; h/ is divisible by xd�20 .
Finally, if h22 D 0, we have

6H.f; g; h/ D

ˇ̌̌̌
ˇ̌f00 f01 f02
g10 g11 0

h20 h21 0

ˇ̌̌̌
ˇ̌C

ˇ̌̌̌
ˇ̌f00 f01 f02
h10 h11 h12
g20 0 0

ˇ̌̌̌
ˇ̌C

ˇ̌̌̌
ˇ̌g00 g01 g02
f10 0 0

h20 h21 h22

ˇ̌̌̌
ˇ̌

C

ˇ̌̌̌
ˇ̌g00 g01 g02
h10 h11 h12
f20 0 0

ˇ̌̌̌
ˇ̌C

ˇ̌̌̌
ˇ̌h00 h01 h02
f10 0 0

g20 0 0

ˇ̌̌̌
ˇ̌C

ˇ̌̌̌
ˇ̌h00 h01 h02
g10 g11 0

f20 0 0

ˇ̌̌̌
ˇ̌

and by the divisibilities noted above, we again have thatH.f;g;h/ is divisible byxd�20 .

Corollary 3.6. (1) The point .x2k0 ; q
3.k�1// does not belong to the closure G2k;2, of

the graph of the Hessian map h2k;2, as in (2.6).

(2) The point .x2kC10 ; q3.k�1/x30/ does not belong to the closureG2kC1;2, of the graph
of the Hessian map h2kC1;2, as in (2.7) if k � 3.

(3) The point .x2k0 ; q
3.k�2/x60/ does not belong to the closure G2k;2, of the graph of

the Hessian map h2k;2, as in (2.8) if k � 5.

Proof. The first case is clear by Theorem 3.3. When d D 2k C 1, in order to apply The-
orem 3.3 we need 2k C 1 � 3 > 3, so k � 3. In the last case we need 2k � 3 > 6, so
k � 5.

Theorem 3.7. The Hessian map hd;2 is birational onto its image for plane curves of even
degree d � 4, d ¤ 5.

Proof. We apply Theorem 2.23. Let first d be even. The numerical assumption in (2.6)
for r D 2 is 2m2 Cm � 3k ¤ 0 for every m such that 1 � m � k. The equation 2m2 C
m � 3k D 0 has no integer solutions for k D 2; : : : ; 6, so in these cases we get the the-
sis by Theorem 2.23, since the assumption (2.6) about the graph is satisfied thanks to
Corollary 3.6 (1). For k � 7 the numerical assumption (2.8) of Theorem 2.23 for r D 2 is
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satisfied thanks to Theorem A.2 of the appendix (read there .k;m/D .x;y/). The assump-
tion (2.8) about the graph is satisfied thanks to Corollary 3.6 (3) and we get the thesis by
Theorem 2.23. Let now d be odd. The numerical assumption (2.7) of Theorem 2.23 for
r D 2 is satisfied thanks to Theorem A.1 of the appendix. The assumption (2.7) about
the graph is satisfied thanks to Corollary 3.6 (2), and we get again the thesis by Theo-
rem 2.23.

Appendix: Integral points on two elliptic curves (by Jerson Caro and
Juanita Duque-Rosero)

In this appendix, we answer a question from Ciro Ciliberto and Giorgio Ottaviani and
show the following theorems.

Theorem A.1. The integral points on the curve y2.2xC1/Cy.xC2/�3x.xC1/D0 are

�1 WD
®
.0; 0/; .�1; 1/; .1;�2/; .1; 1/; .�1; 0/; .0;�2/

¯
:

Theorem A.2. The integral points on the curve 2xy2 C y.�3x C 3/ � x.3x � 1/ D 0

are
�2 WD

®
.1;�1/; .9;�3/; .2; 2/; .1; 1/; .0; 0/; .�1; 2/; .�1; 1/

¯
:

A.1. The curve y2.2x C 1/C y.x C 2/ � 3x.x C 1/ D 0

We first change coordinates using the map .x W y W z/ 7! .x W x C y W z/ in homogeneous
coordinates. To set up some notation, consider the projective curves

C W 2x3 C 4x2y C 2xy2 � x2z C 3xyz C y2z � xz2 C 2yz2 D 0;

W Wy2z D x3 �
35

16
x2z C

21

16
xz2 C

9

64
z3:

(A.8)

We have that W is isomorphic to the elliptic curve with LFMDB label 366.b1 (see [15]).
The Mordell–Weil rank of W is 1, and the torsion of the Mordell–Weil group is Z=3Z.
The curves C and W are birational:

�1W C // W

.x W y W z/
� //

�
6xy W 3x2 �

9

2
xy � 3y2 C

3

2
xz � 6yz W �8x2 � 4xz

�
:

A simple computation shows that the only point P 2 C.Z/ for which �1 is not defined is
.0 W 0 W 1/.

An integral model for W is the curve

X Wy2z D x3 � 8960x2z C 22020096xz2 C 9663676416z3:

We also have
�2W W // X

.x W y W 1/
� // .212x W 218y W 1/:
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Let C0, W0, and X0 be the affine charts where z D 1. Then Theorem A.1 can be
restated as C0.Z/D �1. We now prove three lemmas that will allow us to identify C0.Z/
using points on W and X .

Lemma A.3. Let P WD .x;y/ 2 C0.Z/ n ¹.0; 0/º. Then, �1.P / 2W0.ZŒ16 �/[ ¹.0 W 1 W 0/º.

Proof. Let .x W y W 1/ 2 C0.Z/. Since �1 is defined over ZŒ1
2
�, then �1.P / may have

powers of 2 as denominators. The only part that is left is to show that if �8x2 � 4x ¤ 0,
then normalizing �1 to have the coordinate z equal to one produces coordinates x and y
in ZŒ1

6
�. To prove this it is enough to show that for any prime number p > 3 and x; y as

before,

vp.6xy/; vp

�
3x2 �

9

2
xy � 3y2 C

3

2
x � 6y

�
� vp.�8x

2
� 4x/:

Let p > 3 be a prime number. Then

vp.�8x
2
� 4xz/ D vp

�
� 4x.2x C 1/

�
D vp.x/C vp.2x C 1/:

We note that since p > 3, only one of those valuations can be nonzero. We first assume
that vp.x/ > 0. It follows that v.6xy/ � vp.x/. For the other coordinate:

vp

�
3x2 �

9

2
xy � 3y2 C

3

2
x � 6y

�
D vp.2x

2
� 3xy � 2y2 C x � 4y/

D vp.3xy C 4x
3
C 8x2y C 4xy2 � x/

D vp.x/C vp.3y C 4x
2
C 8xy C 4y2 � 1/

� vp.x/;

where the second equality follows from the equation of C .
Now we assume that vp.2x C 1/ > 0 and we note that this implies that vp.x/D 0. By

the equation defining W , we have that modulo p the only point at infinity is Œ0 W 1 W 0�,
in particular, vp.y/ D vp.6xy/ � vp.�8x2 � 4x/ D vp.2x C 1/. On the other hand, we
have:

vp

�
3x2 �

9

2
xy � 3y2 C

3

2
x � 6y

�
D vp

�
.2x C 1/

�
3

2
x

�
� y

�
9

2
x C 3y C 6

��
� min

²
vp.2x C 1/C vp

�
3

2
x

�
; vp.y/C vp

�
9

2
x C 3y C 6

�³
� min

®
vp.2x C 1/; vp.y/

¯
� vp.2x C 1/;

which yields the desired result.

Lemma A.4. Let x; y 2 ZŒ1
6
� and let P WD .x; y/. Then P 2 W0.ZŒ16 �/ if and only if

�2.P / 2 X0.ZŒ
1
6
�/.
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Proof. The map �1 is already normalized, and the only denominators are powers of 2.

Lemma A.5. For W0 as above, we have

W0

�
Z

�
1

6

��
D

´�
�
29

324
;˙

817

11664

�
;

�
0;˙

3

8

�
;

�
3

16
;˙

9

16

�
;

�
3

4
;˙

9

16

�
;�

5

4
;˙

9

16

�
;

�
3

2
;˙
3

4

�
;

�
2145

1024
;˙
51633

32768

�
;

�
3;˙

27

8

�
;�

21

4
;˙
153

16

�
;

�
27;˙

1077

8

�µ
:

Proof. Using the Magma function SIntegralPoints [3], we compute the set X0.ZŒ16 �/
and then take the preimage under �2 to W . By Lemma A.4, this set equals W0.ZŒ16 �/.

Proof of Theorem A.1. We first compute integral points on C0. Lemma A.3 implies that
the images via �1 of the points in C0.Z/ n ¹.0; 0/º lie in

W0

�
Z

�
1

6

��
[
®
.0 W 1 W 0/

¯
:

The only points in C0.Z/ with coordinates x or y equal to 0 are .0; 0/, .0;�2/, and .1; 0/.
Consequently, by the equations defining �1, the other integral points of C0.Z/ map to
W0.ZŒ

1
6
�/ via �1.

For .a; b/ 2 W0.ZŒ16 �/ and x; y 2 xQ�, we have that �1.x; y/ D .a; b/ if and only if

a D
�3y

4x C 2
and b D

3x2 � 9
2
xy � 3y2 C 3

2
x � 6y

�8x2 � 4x
:

We solve for y obtaining �a.4xC2/
3

and the possible values of x are the roots of the
quadratic polynomial

x2
�
3C 6a �

16a2

3
C 8b

�
C x

�
11a � 4b �

16a2

3
C
3

2

�
C 4a �

4a2

3
:

Using these identities, we find the values for x and y associated with all points obtained
from Lemma A.5. Then we check that the only integer values are:®

.0; 0/; .�1; 0/; .1;�3/; .1; 0/; .�1; 1/; .0;�2/
¯
:

We recall that the morphism from the curve of Theorem A.1 to C is

.x W y W z/ 7�! .x W x C y W z/:

That allows us to recover the desired set �1.

A.2. The curve 2xy2 C y.�3x C 3/ � x.3x � 1/ D 0

We follow the same ideas as in Section A.1. We consider the curve

C W 2xy2 C y.�3x C 3/ � x.3x � 1/ D 0;
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with Weierstrass model

W Wy2 D x3 C
1

4
x2 � 27x C 81: (A.9)

The curveW is isomorphic to the elliptic curve with LFMDB label 1002.e1. The Mordell-
Weil rank is 1, and this group has no torsion. The curves C and W are birational:

�1W C // W

.x W y W z/
� // .6yz W 12y2 � 9xz � 9yz W �xz/:

An integral model for W is the curve

X Wy2 D x3 C 4x2 � 6912x C 331776:

We also have

�2W W // X

.x W y W 1/
� // .16x W 64y W 1/:

Let C0, W0, and X0 be the affine charts where z D 1. Then Theorem A.2 can be
restated as C0.Z/ D �2. We now prove lemmas similar to the ones in Section A.1 to
identify C0.Z/ using points on W and X .

Lemma A.6. For P WD .x; y/ 2 C0.Z/ with x ¤ 0, we have �1.P / 2 W0.Z/.

Proof. Let P WD .x W y W 1/ 2 C0.Z/ with x ¤ 1. Since �1 is defined over Z and �xz ¤ 0,
we need to show that normalizing �1.P / to have the coordinate z equal to 1 produces
coordinates x and y in Z. The fact we want follows from the equality:

vp.3y/ D vp.x/C vp.2y
2
� 3x � 3y C 1/:

Even when p D 3, this is enough since 3j6x and 3j.12y2 � 9x � 9z/.

Lemma A.7. If P WD .x; y/ 2 W0.Z/ then �2.P / 2 X0.Z/.

Proof. Clear from the definition of �2.

Lemma A.8. For W0 as above, we have

W0.Z/ D
®
.�6 W ˙6 W 1/; .0 W ˙9 W 1/; .2 W ˙6 W 1/;

.6 W ˙12 W 1/; .12 W ˙39 W 1/; .54 W ˙396 W 1/
¯
:

Proof. Using the Magma function IntegralPoints [3], we compute the set X0.Z/ and
then take the preimage under �2 to W . By Lemma A.4, this set contains W0.Z/, so we
pick the points with integral coordinates.
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Proof of Theorem A.2. By Lemma A.6, we have that �1.C0.Z/ n ¹.0; 0/º/ � W0.Z/. For
.a; b/ 2 W0.Z/ and x; y 2 xQ the equality �1.x; y/ D .a; b/ holds if and only if

a D
�6y

x
and b D

9x C 9y � 12y2

x
:

We note that x ¤ 0 since this would also imply that y D 0, and the image under �1 is
not defined. Using the identities above, we solve for .x; y/ from each value of .a; b/ in
Lemma A.5. Then we add .0; 0/ since we excluded it in Lemma A.6. Finally, we check
that the only integer values are the points in �2.

Remark A.9. TheMagma functions IntegralPoints and SIntegralPoints [3] imple-
ment a deterministic method based on the work of Stroeker and Tzanakis [21], which uses
elliptic logarithms. This method is deterministic provided the group structure of the ratio-
nal points on the elliptic curve is fully determined, which, as mentioned above, is indeed
the case here. Specifically, the group of rational points on the elliptic curve (A.8) is iso-
morphic to Z ˚ Z=3Z, while the group of rational points on the elliptic curve (A.9) is
isomorphic to Z.
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