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Global results for the inhomogeneous Muskat problem

Neel Patel and Nikhil Shankar

Abstract. The inhomogeneous Muskat problem models the dynamics of an interface between two
fluids of differing characteristics inside a nonuniform porous medium. We consider the case of
a porous media with a permeability jump across a horizontal boundary away from an interface
between two fluids of different viscosities and densities. For initial data of explicit medium size,
depending on the characteristics of the fluids and porous media, we will prove the global existence
and uniqueness of a solution that is instantly analytic and decays in time to the flat interface.

1. Introduction

The inhomogeneous Muskat problem models the dynamics of two incompressible, immis-
cible fluids in a nonuniform, porous medium. This scenario occurs naturally when, for
example, oil and water flows meet in a sand and loam media. The physical principle
governing the porous media flow is Darcy’s law [17], given here in the two-dimensional
setting:

Euz_vp_gm, (1.1)
K p

where u(x, t) is the fluid velocity, u(x,t) is the fluid viscosity, k (x, ¢) is the permeability
of the porous media, p(x,¢) is the pressure, g is the gravitational constant, and p(x, ?) is
the fluid density. The incompressibility condition in each fluid domain is given by V - u =
0.

Given nonintersecting soil and fluid interfaces, we divide our domain into three time-
dependent disjoint open regions D;(¢) such that D3(¢) = D3 is unchanging.

Denoting the smooth, simple boundaries as dD; (¢) fori = 1,2, 3,

Di(t) U Dy(t) U D3 U dD;(t) U dD5 = R2.

The two fluids occupy domains D1 (¢) and D, (¢) U D3 respectively, and the two different
soils occupy domains D;(t) U D,(¢) and Dj:

(n1,p1)  ifx € Dy(2),

(. p)(x,1) = {(MZaP2) if x € Da(t) U D3
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Figure 1. Inhomogeneous Muskat Problem.

and
k1 ifx € D1(¢t) U Dy(2),
K(x) =
Ky if x € Ds.

We will study the evolution of the fluid interface dD1(¢). This setting is a variation of the
classical Muskat problem in which the porous medium is uniform and the permeability
constant is often normalized to k = 1. Note that in the case of uniform permeability, the
distinction between the regions D5 (¢) and D3 vanishes.

We obtain a contour equation for the fluid interface from (1.1) and the incompressib-
ility condition on the fluid velocity by first parametrizing the fluid interface 0D (¢) as

z(a,t) = (z1(a, 1), z2(ee, 1)) fora € R, t € R,
and the soil interface dD3 as
h(a) = (hy(a@), ha(x)) foro € R,

as depicted in Figure 1. We assume that z(«, 7) # h(«) for all @ € R.
Darcy’s law implies the vorticity (w = V x v) can only be supported on the boundaries:

o(x,t) = wi(a,1)8(x — z(a, 1)) + wa (e, 1)5(x — h(@)).
The Biot—Savart law gives a solution for the fluid velocity in terms of the vorticity

u(x,t) = BR(w1,z)(x,t) + BR(w2,h)(x,1)
wr 1 (x —z(B.0))*
= Epv mel(ﬂ,t) dﬂ

1 (x — h(B))*
3o /R g e B,
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where BR stands for the Birkoff—Rott integral defined above. Taking limits in the normal
direction to the boundaries, one obtains

d:z(a,t) = BR(w1,2)(z(,1),t) + BR(w2, h)(z(e, ), 1) + c(a,t) dgz (e, 1), (1.2)
wi(a,t) =24, (BR(w1,2)(z(a,t),t)

+ BR(w2, h)(z(a, 1), 1)) - 0az(at, t) — 24, 0gz2(at, t), (1.3)
wy(a,t) = =24, (BR(w1, 2)(h(), 1) + BR(w2, h)(h(@), 1)) - 0 h(cx), (1.4)

where the constants are given by

f1— k2 Y ol Bl e S S L S 2P (1.5)

A = ’ A - ’ - 1
kit " H1+ U2 P Mm1+ U2

In (1.2), the tangential term ¢ (o, 7)dq Z (¢, ¢) is determined by the choice of parametrization
of the curve and vanishes when considering the velocity normal to the interface. See [28]
for more details. If there is no jump in permeability, the constant A, = 0 and the w, terms
disappear from the evolution equation for z (o, t).

The question of well-posedness of a fluid-fluid interface in porous media has been well
studied. The local well-posedness depends on the system initially satisfying the Rayleigh—
Taylor condition, which requires the jump of the gradient of the pressure in the normal
direction to the interface to be strictly positive. A system satisfying the Rayleigh-Taylor
condition is said to be in the stable regime (see, e.g., [5]). In the case that there is a
density jump across the interface, A, # 0, the Rayleigh-Taylor condition requires that
the denser fluid lies below the interface, meaning p» > p;. The scaling invariance of the
Muskat problem gives the criticality of H 1+4 regularity, where d is the dimension of the
interface. Similarly, it can be seen that wle C1 and 3701’1 are also all scale invariant.
(For the definition of ", see (2.1) below.)

The stable regime with uniform permeability A, = O has been extensively studied;
see, for example, [1-3,9, 10, 13-15,21,24-26], etc., and references therein. Of particular
interest in this paper are results showing global well-posedness for initial data of medium
size in the case of uniform permeability. Previously, global-in-time results are known in
both two and three dimensions for systems with uniform permeability for medium size
initial data without a viscosity jump [11,12,27] and with a viscosity jump [19] in the case
of an infinite graph interface by using the norms (2.1). Under the effects of surface tension,
the stability of medium size perturbations of a gravity unstable bubble interface has also
been proven in [20]. A modulus of continuity approach in [7] and [8] gives a different
medium size condition in both 2D and 3D without viscosity jump.

As discussed earlier, in this paper, we consider the nonuniform permeability setting,
also called the inhomogeneous Muskat problem. In this setting, for a horizontal permeab-
ility jump boundary and without viscosity jump, graph interface solutions were shown to
be locally well posed using energy estimates in Sobolev spaces and there exist interfaces
starting in the stable regime that become unstable in finite time [6]. A class of graph solu-
tions exhibiting this turning behavior was also demonstrated by a computer-assisted proof
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in [22]. In the same setting, [23] demonstrated global existence and decay to the flat fluid
interface for small initial data in H?2. For a general interface curve and with a viscosity
jump, local well-posedness was shown in [28] in Sobolev spaces. The existence of splash
singularities was later shown in [16], although splat singularities were ruled out. This
paper will address the problem of global well-posedness in the critical regularity ?-01,1
for medium-sized initial data in the regime that also has a viscosity jump. Moreover, the
estimates proven in this paper will imply that the interface is instantly analytic and decays
to the flat solution as a corollary. A result from [4] in the regime without a viscosity jump
demonstrates precise conditions for H 3 solutions to show decay in the Lipschitz norm and
further establishes a global existence and decay result for Lipschitz solutions with small
initial data.

We will consider the case of a graphical fluid interface z(«, ) = (o, f(«,t)) and a
fixed horizontal permeability jump interface i (o) = (o, —h3) for h; > 0 as in [6], under
the assumption | f(«, )| < h,, and we will allow for a viscosity jump. Setting

fl@) - fl@—p)
5 :

the choice of a graph interface determines the tangential constant c(«, t) and turns the
system (1.2)—(1.3)—(1.4) into

Ap fla) =

9, (@) = %(11 (@) + L(@) + I3(e) + La(a)) (1.6)
for
Ii(@) = p.v.[]R - A;f(a)z ‘“‘(“ﬁ_ P g 1.7)
L) =p.v. [ 8;”; (“A)?Jf(i g‘j) ”1(“ﬂ_ P) g, (1.8)
I3(@) = p.V./R i (f(’i) T el B db. (1.9)
la@ =pv | E;“zf f‘();{of‘;ir Jrhf)zz) wy(a — B) dp, (1.10)
in which
=g | MOl
g [
— 24,00 f(@), (1.11)
(@) = —% p.v./R - +f((;‘(; f)ﬂj; Thz)z w1 — B) dB. (1.12)
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Defining 042; = wj;, it can be derived that

A [ A f@—daf@—B) i@ —B)
@) =-7 p‘“/ 1+ A5 f(@)? ;
4, Fle) + ha
_ 7p.v./]R B (@)t hz)ZQZ(a —B)dB—24,f(a), (1.13)
Fl@—B) + hs + Boa f(a — B)
B2t (f@—p) + )

Equations (1.6), (1.11), and (1.12) give a coupled system for the evolution of fluid-fluid
graph interface f(«,t).

dp

Qo (x) = —% p-v. Qi(x—p) dB. (1.14)

Outline of the paper. In Section 2, the main results of the paper are stated followed by
some preliminary facts that will be used in the proof. In Section 3, we compute bounds on
the vorticity terms by Taylor expanding the expressions of w; and €2; and then computing
the Fourier transforms. Next, in Section 4, we decompose (1.6) into its linear and nonlinear
parts and prove (2.2) for s = 0, 1. In Section 5, we prove (2.3) and then a higher order
Sobolev estimate that is used for the existence argument. We conclude in Section 6 by
proving Theorem 2.1.

2. Main Results

To study the evolution of the interface, we adopt the weighted Fourier norms defined as
follows. For a function g : RY x Rs>o — R and for s > —d, define the norm

gy 1) = e ¥ 11" §E e = ( /R JeErigEnras)” @

where g is the Fourier transform of g in the spatial variable
gE. 1) =F(g(.0)E) = /Rd g(x,1)e™ ¢ dx.

Let %, be the space of all functions with finite || - || zs.» norm.

Let 6 be the constant defined in (4.21) and observe that 6 > 0 because |A,| < 1 in
the setting of (1.1). Let o5 = as(||f0||$:,1, ||f0||$01,1), s = 0, 1,2 be continuous functions
defined in (4.22), (4.23), and (5.13). Note that 05(0, 0) = 0. Since the o are continuous,
we define the constants ko(|Ay|, |[Ac|) < hz and k1(|Al, |Ac]) < 1 such that

0 —os(ko(|Aul. [Ac]). k1(|Aul. [Ac])) > O

fors =0,1,2.
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Theorem 2.1. Suppose fo € L*> N ;" such that | fo| o< ko(|Apl. [Ac]) and ]| fo 1.
< k1(|Apl, |Ax|) hold. Then there exists a unique solution f € L>([0,T]; L* N Tol’l)
NL([0, T; ?’02’1) to (1.6) for all T > 0 and a constant v > 0 satisfying for s = 0, 1

t
1/ 150 () + (450 — A0 = v) /0 1 llgeiia@) ds < [ foll s @2)

and
IIfIIi%(t) <l /l3. ~exp(R([ foll go.1. [l foll 1.1 7)) (2.3)

for any t > 0 for a positive function R that is bounded for | foll z01 < ko(|Apl, [Ak]),
0
I foll g1 < Ki([Apl, |Ac]), and t = 0.

Remark 2.2. By (2.2) and (2.3), it can be seen from the exponential weight that the
solution gains analytic regularity instantly in time for all # > 0. Moreover, using the
Hausdorff—Young inequality, since ko(| A, |, |A«|) < h2, inequality (2.2) for s = 0 implies
that | f(a,t)| < hy forallz > 0.

Next, to show decay to the flat solution, we will need the Decay Lemma proved in [19],
which we have restated for our setting below.

Lemma 2.3 (Decay Lemma). Suppose || g|| gs11(t) = Co and
0

d
E”g||37052,1(l) < _C||g||376‘2+1,l(l)
where s1 < §5. Then
”g”:;-sz,l (Z) S (1 + t)sl—Sz.
0

The Decay Lemma along with (2.2) implies the large time decay of solutions to the
inhomogeneous Muskat problem. Specifically, (2.2) implies uniform in time bounds of
|| f |l #s1 for s = 0, 1 and then we use the Decay Lemma to obtain the following result.

Theorem 2.4. Suppose fo(o) is initial data satisfying the conditions of Theorem 2.1.
Then the solution f(w,t) to (1.6) decays with the rate

If g s +0)7h

2.5. Preliminary Facts

To prove Theorem 2.1, we employ the following collection of useful facts. First, letting
iterated convolutions be denoted as
(+"g)(x) = (g * -+ * g)(x)
~—————
n times

we have the following product rule inequalities.
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Lemma 2.6. Given functions f : R¢ — R for 1 < k < n, we have

evt|$|(|f1| ¥ | o] kx| fu]) < (e"’mlfll) * (evtlsl|f2|) Kook (euz|$||fn|) 2.4)

and for0 <s <1,

EF (AL [ fal oo [ fa) < D UEFIfD * Geiel 5D (2.5)

k=1

where
k| il

indicates a convolution over the absolute values of all functions f; except fi.

Proof. By the triangle inequality, we have for 0 < s < 1,
[ol* <160 —&1I° + 161 =& + - + |En—2 — Ena ] + &1’

Applying this triangle inequality to the convolution gives us (2.5). Moreover,

n
eviléol < 1_[ eVE =&+l
Jj=0

Plugging this inequality into the function convolution, we obtain (2.4). ]

We also have the interpolation inequality:

Proposition 2.7. If g € ' N 752! for s1 < 52, then g € F*' for each s € [s1. 52]
and g satisfies

I8l ger < NgNG 0 gl (2.6)
for 6 € [0, 1] such that s = 6s1 + (1 — 0)s».

Finally, to compute the linearization of (1.6) and of the vorticity terms, the following
Fourier transforms will be needed (see, e.g., [18, Chapter 3]):

Proposition 2.8. Fora € R, we have
a
e — ol
f[x2+a2](.§) =gme ¢ 2.7

and
[ )© = =iz sen@e . 2.8)
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3. Potential jump and vorticity

In this section, we compute the Fourier transforms and bounds on the potential jump and
vorticity terms.
First, we compute the Fourier transform of €2,. Write Q, = Q5,7 + Q25,5, where

4 flo—B) + Iy
Un(@) =— /Rﬂz (e —f) + )

Qi(a—B)dp,

and

_ A Ba f(a — )
QZZ(a) - T 2 2
7 Jr B+ (fla—=B)+h2)
Taking the Fourier transform of €25, we obtain using (2.7)

_ A, _ h -
Q21(5) = —?[R/R 52 +f((jl,(a li)ﬂ—; +2h2)2 Q1o — B)e 't dBda

_ A J) +ha it i
7 -/ﬂkfﬂxﬂ2+(f(y)+h2)2e dp Qi(y)e dy

_ _ﬁ[ we= UL O (1)e=18 dy
T JR

Qi(ax—p)dp.

— Aol /Re—f(y)m Q1) dy
- =fIED” -

= —A, Ze_h2|§|A—z' - Qi (y)e ' dy
n=0 ’

= Y e TV (o fy 0. 1)

n=0
For ©5,, we have

5 _ A —ita (@ —pB)da f(B)
Q22(8) = - Adﬁ/Rdae (oz—ﬂ)2+(f(ﬁ)+h2)291(ﬂ)

== [ ap durpr215)7 on ®

i)
o+ (f(B) + h2)?
= _ﬂ/ dp e_igﬂaaf(ﬁ)ﬂl(ﬂ) i Sgn(é)e—(f(ﬂ)Jrhz)l‘s‘l

7 JR

= ac Y ism@e 8 U gz eane. 62
"0 n:

Next, we compute similarly for ;. By (1.13), we write the term Q2 = Qq; + Q12
— 24, f(a), where

_ Ap [ Apf(@) = 3o fla—p) Qi(a—p)
Qll(a)—_n/R 1+ Ag f(a)? B d

B (3.3)
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and
A [ S@+h .
(o) = =2 [ O 0 —p) ap

It can be seen that €21, has no linear part. For €25, taking the Fourier transform, we obtain

N A . ~ . h
Qo) =2 [ et [ [ St Pag o LEOL s apae

A _ita ~ 3 —if f((){)+h2
== fpee [ Bt (| e g T s 48 )t

__ﬂ/ e_,-ga/ 1% &) (1) we~U@OHmIE! gg dy
T JR R

:—AMZ(;I.) /Re"'f“f(a)" /R Qa(51) el [gy "¢ drdar

——4, Z EX (@ e 1) « (5" PG, (3.4

The first term, €211, satisfies the following bound (where the proof technique from [12] is
used):

Lemma 3.1. For ||f||$01,1 < 1, we have the bound

1Q01(8)] < 2/4u] D" da f| % Q1)) (3.5)

n=0
Proof. We first consider the term
/ Ag f(@) = o fla—B) Qi(a —B)
T Jr 1+ Ag f(a)? p
L@ + Q2).

Qr1(a) =

dp

Taking the Fourier transform of the first term €217 and Taylor expanding the denominator
for |Ag f(a)| < 1, we obtain

Ay Ap fla)  Qi(a—p)
?R?[1+A5f(a)2 B ]

e é(‘”" [ a0 r@r 2= ap

Lo R _d
_?M;(—l)"[R(*z”*l(fm/s)*fﬂQl)@) ?ﬂ

Qi) = - (&) dB

in which
1 — e 6P

mg(§) = 5
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Expanding the convolution of the n-th term in the sum, we have

Lot Gy @@ = [ dsr... [ deanfe -6

oo f(Ean = Eang) - Q1 (E2ng1) - My,

where
e iEm+1B
My = My(§,81,....52n41) = fRdﬂTmﬁ(E =& ...ompan — E2n+1).
Since .
mg(§) = 15/ ds eP=DE
0
we have

, 1 1 it
Ml =[2G = &) Con i) [ dsvee [ dsain [ ap— o]
0 0 R B

1 1

= €=t @ =) [ s [ dsa i sgnd = )

<m-E=&| ... |&n —Ental.
where

A=s1—-DE-&) + -+ (52041 — D(E2n — E2041)-
Therefore,
~ . d ~
[y @ F | = [ dee [ deanenl 6 -l
oo | Gan = Eans )] - Q1 (B2ng1)| - | My
< w2 3o f | % Q1] (&)

The term €21, is bounded by the same quantity using a similar computation. This con-
cludes the proof. [ ]

Next, we consider the vorticity terms. The Fourier transform of @, can be computed
similarly to €251

o6 = A Y0 e TV (o 7y . (3.6)
n=0 :

For w1, similarly to €, we decompose w; = w1 + w12 — 24,0, f, where we have the
analogous bound on @1

1B11(E)] < 204,] D23 f | @1 1) (8). 3.7

n=0
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and, @1, (§) is explicitly computed as —iéﬁlz(S) using (2.5):

B1a(6) = Z cl

—Au ZO %((@z e M) 5 (6 ) (8) (3.8)

)n+1

(i sgn()e 21| @) % 30 f % (" 1)) (§)

Using the computations above, we can bound the vorticity terms in the frequency space
norms %> fors = 0, 1.

Proposition 3.2. The term w, satisfies

||a)2||$vo,1 < |AK|C0||C()1||$‘}0,1 3.9)
and
lw2llgrr < [Aels———llo1 ] gor | /| g1.1 + [Aie| Collwr ]| 411 (3.10)
v ”f”}r
where
el 161" I/l g0
Co = Colll f I ) = ZH e AT > SRR e
n=0

and

o0 o0

e e a1 f o\

Co= ) nfe I HLoo”f”j,m:Zenn!( - ). 61
n=1

n=1

which converge for || f || z-o.1 < ha. Note that Co — 1 and Co — 0 in the limit || f || 01 — 0.

Proof. Using Young’s inequalities for convolutions, (2.4), and (3.6),

oo
ozl gor = 14cl Y |
n=0
ud £I"
—hy|ElIST
= 144l X_:He n! HLOO‘

< |4, |(ZH Sl BT i Yol

This computation yields (3.9). Applying (2.5), we obtain (3.10). ]

QVilE]—hale] (—1’)1"!|5|" ((*nf) § 5)1)

" El G ) % 3y HLI

We will use (3.9) and (3.10) implicitly to bound w; in the same norms.
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Lemma 3.3. The vorticity term w, satisfies the bounds

”wl”ﬁ}ﬂ’l = 2A,0C1||f||5:v1»1 (3.13)

and
||y ||57v1,1 < 2APC1 C3||f||$.v2,1 (3.14)

where 271
371)1’1 —1
Cr = (1= 14ul[ =5 — + 143 + 1 f 52 ]) (3.15)
1— ”f”?‘)l,l v
and

1/ g (L 11200
1 A=1/1Z.0?
+ 3 141Co[(Co+2Ca) I fll g + Ca(1 + [l 2] (3.16)

Cy=1 +2|AM|C1(

are defined for ||f”?7v°" < ko(|Apl, |Akl|) and ||f||3,v1,1 < k1(|Aul. |Ak|). Note that as
”f”ﬁo’l + ||f||$v1,1 — 0, we have C1 — (1 — |A||Au)~! and C3 — 1.

Proof. Similarly to the proof of (3.9), we use (2.4) and Young’s inequality to obtain
from (3.7) that

20 f s

P ey per. (3.17)
Vi e

o0
2 1
lonllgor < 204l Y 1A onllgor < 144l
n=0

We can also bound w1, from (3.8) by

lorz ]l gor < [AulCo(l + 11f |12l oo
< 1Al A+ 11l ) lon [l ot (3.18)

where we used (3.9) in the second inequality. Hence, we now have that

/1l 10
lwill o1 < 2| Au|——5—llw1llgo1 + [Aicl|A|Cq 1+ [ £ ]| 1) @1 ]] oo
Y 1- ||f||$«vl,l v v v
+ 24,/ aa-

Using (3.9) solving for [[@1 ]| 0.1 in the inequality implies (3.13). Estimate (3.14) follows
similarly by applying (2.5). Next, via (2.6) we compute

L4110 20 f | g

lonllgrr < 20l s L gz ol o + Aul s 5—
(Ol W PRD) 1A T gr

ot llg11.
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ozl grr < [Al(Co + Co)llwall gor [ f | 21 + [AulColl £l g1 w2l g1

C,
A - =
(7

Now, using (3.13) and (3.9) gives (3.21) from the next proposition. Using (3.21), (3.10),
and (3.13), and applying interpolation (2.6), we obtain

[/l g (X + IIfII';VI,l) o
2,1
A= 1f12.02 &
1Lf g
1- ||f||;7v11
lorall gt < 24| Aell A CoC1(Co + 2C) | f I | f Il g2
+ Al Al CE A+ [ f | g0 lon [l g1
+ 24| Ac||Ap| CoCLCo (1 + (L f | g1 )L f [l 2.1 (3.20)

1/l g2l o1 + Collonl g1 )-

lorillg11 < 44, AL|Cy

+2|A,] [l ”Tvl’] (3.19)

Computing implicitly as before yields the bound. |

Plugging estimates (3.13) and (3.14) into (3.9) and (3.10), and then using (2.6), we
obtain

Proposition 3.4. The term w, is bounded as

||a)2||$vo,1 < 2A4,|Ac|CoCy ”f”?u“’ (3.21)
lo2ll g1 < 240l AclC1Call £ 152 (3.22)

where
Ci=Cr+CoC3—>1 as ”f”?vo‘l + ||f||$v1,1 — 0. (3.23)

4. Instant analyticity and decay inequality for the interface

In this section, we will prove inequality (2.2), which will imply the instantaneous gain of
analytic regularity and the decay to the flat solution of the density jump interface for initial
data of an explicitly calculable size. We perform these estimates in the spaces defined
in(2.1)for p =1,v > 0,and 0 < s < 1. We first need to linearize the contour equation
for the fluid-fluid interface f(w, ). To do so, we need to extract the linear part of w; . First,
by (3.6), we can write the decomposition in of w, in frequency space:

@2(§) = L(@2)(§) + N(@2)(§). 4.1

where
L(@2)(§) = —Ace "2E1G, (£)
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and

N@© =~ Y e EVE (7))o,

n=1
From (3.8), we can write
@1(8) = L(@1)(§) + N(@1)(§) 4.2)
where -
L@1)(§) = —Aue " Flay(§) — 24,04 f (£)
and
N@)(E) = on1(6) — Ay Z CU (@2 0111 5 (" ) ) 43

T Ay Z(_ (i san@)e 2l £ % 07 % (57 1)) ).

We can now use relations (4.1) and (4.2) to say
L(@2) = —Ace ™ E(L(®1)(8) + N(@1) (%))
= A Aue 2B (L(@,)(€) + N(@2)(8))
+24,ApeT"E10, £ (8) — AceEINGGY).

Combining terms and solving for L(®,), we find

eh2lél
L(@2)() = 24 Apda | f(f)m
cAp
R eh2lél R A A
- AKN(wl)(f)m + N(wz)(f)m- 4.4)

With (4.4) in hand, we are ready to begin analyzing the interface decay. Differentiating in
time, we obtain

d d ~
T g = 5 [ e er1Feerta
_ velEl g s+1) 7
v/Re EFH )] de

1 @S +d.f f(E)f(S)
4+ = ve|€|| g8
Z/R ¢l 17 ®)

Next, to obtain the decay term in the expression above, we need to decompose the evolu-
tion equation for the interface into the linear and nonlinear terms

576 = 5= (h®) + B®) + B(® + (e
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Defining Ny as
B w1 (o — B) Ag f(@)?  wi(a—p)
ne@=pv [ G ap- [ rpf@z p P
= 7w H(w1)(@) + 21 No(@),

where H is the Hilbert transform, we use equation (4.2) to find
1 ~ ] — ~
~— 1) = s H@)(E) + No(§)
21 2

= — A lE|f (&) + %Sgn(é)Aue_hMl@z(f) - ; sgn(€)N(@1)(€)
+ No(8). (4.5)

Expanding @&, via (4.1) and (4.4) gives

) . ~ AcA
%sgn(é)AMe_h2|S|w2(§) = —Ap|§|f(§)m
— Au(Ny + Na + N3)(8), (4.6)
in which
i) = 5 sen®e N @) ), 47
~ i Ay ~
N2 (§) = 3 Sgn(é)mN(wl)@), (4.3)
N i A Ay e h2lEl R
Ra(®) = 5 sen(§) g ——— N@2)(©). (4.9)
kcAp

Combining (4.5) and (4.6) leads to

1~ “ A A
Ell(é) = _Ap|§|f(g)(1 + M)

+ R+ ATy + Ry + R)E) — 5 sen@N @ E).

Next,

@) = [ g onta =) ap

B / f@ +2h  Bf(@)
R B2+ (f(@) + ) B2 + 12

and denoting the nonlinear part as

N L / fl@)+2h  Bf(@)
YT R B2 (f@) + o) B2 A2

wr(a — B) dB, (4.10)

w2 (a — B) dp,
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we apply (2.8) and (4.4) once again to obtain

I3 =~ sen@e " Hoy(®) + Na(e)
T 2

. A, L
=Ap|5|f(§)m+(1vl + No + N3z + Ny)(§). 4.11)

Collecting terms, we have

o~ - Ac(1—Ay) 1o~ -
0O =~ T O (1= ) + 5, B+ 0 ©

+ No() + (1 + A) (N1 + Ny + N3)(©) + Na(€)
— 3 sen@N@)©). “.12)

In (4.12), the linear terms will give the decay of the interface as long as the nonlinear
terms are sufficiently bounded. So let us bound the nonlinear terms by following analogous
computations to those in Section 3. The nonlinear bounds in this section grow arbitrarily
small as ”f”ﬁ()’l + ||f||5,—u1,1 — 0.

Defining
AKAMe—hzlé\
& = | =g | @13
(WAIPRS
Co=——20— 50 as |flg1—0, (4.14)
1- ”f”}-vl,l v
we have the following estimates:
2
1 1 ”f”_?,ll
EHIZH;-VOJ = EW”MHWVO" < ApC1C6||f||2%1,1, (4.15)
fvl,l
1 ISl g1a
52l g1 < —”(Ilwlll 01| fll g2
N (R VA T e
1
+ 5 A= 112000 g o )
1
= 24,C1(1+ SC (1= I I CENf g (4.16)

Above, the computation of I, is done similarly to (3.5) and the norms are computed
using (2.4), (2.5), and (2.6). Next, similar to (3.4),

@ =23 T @ el oy w0 ) )0
n=0 :



Global results for the inhomogeneous Muskat problem 383

and the bounds on /4 are

_”14”3701 =< C0||f||_7711||w2”3701 < A | AICS LI f 11 (4.17)

$11
sl = AplAICOCICo + gl gz + Coll Fllgpa o

< AplAc|CoCr(Co + Co + CH fll 11 L f ]l 2

Z A A Cro] £ ] g2 (4.18)

where
ho = CoCo+ Co+ Co)ll fllgpa =0 as || fllgor+ 1 fllgpa 0. (@19)

Next, like the term 111,
i —
(Mol = 5 Y210, 7 1) * a1 D ).
n=0

which leads to

2
INoll g0 = ApC1Coll f I g11

Noll g = 4pCrCo(Call £l + 7 f” )1 gz

Now, reusing techniques from the Fourier transforms in Section 3, we have

N f@) +2h B
26 = [ [ 98 o ey g PO
(S 2 @)
:[d,B (f(ﬁ2+(f+h2)2/32+h§)*f w)(é)

_ e l)+2h) Bf(e) B —iE A
_/Rdﬂ/RdEl f(ﬂz—i—(f(ot)—i—hz)z ﬂz—i—h%)(é £1) e (1)

- / dt1 &6 / do 1€ f(q)
R R

/ dB e~ifE S (@) + 2hy p
R B2+ (f(@) + ha)? B2 + h3

By (2.7) and (2.8), the integral in § is the convolution

def —iB&1 J(@) + 2k i
T(fl)—/ dp e B2+ (f(a) + h2)? B2 + h3

_ (n(f(oz) +2h2) —(s@+hol
fla) + ha

—imsgn()e M) &),
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which can be calculated via the identity

2a (el — o=bIxl)

(e~ % sgn(-)e M) (x) = —sgn(x)

)
as
T(E) = J;(EX))-:_ 2:2 sem (81)2( f(a) + }(ljr)(t)r(::jil&l — ehaléaly

=2in’ sgn(sl)e—hﬁl'(e_f(;)(%
= 2insene R S S

and so

Na(§) = —WZ( i / dtr Ba(E1) sgn(Er) [ "e 2] / da e EE0a £y,

e

Hence,

Na(§) = el s (1 £)) (). (4.20)

Using (2.6) gives us the bounds

[Nall o1 = 7(Co — D@zl gor < 27A,|Ac[Co(Co — DCill /] 11
[INall g1 = 270Ap| Al CoC1 Co| [l 20 + 71 (Co — Dllwz || g1
< 274, A|C1(CoCa 4 (Co — DCY)| f |l 21

At this point, bounds on N(w;) and N(w,) will lead to estimates of all the remaining
terms. In £ %1,

[N(@2)]| gor < [A](Co — Dlwrll go1 = 24p[Ac[(Co — DCo || fll 510
and

[IN(@)]| gor < 2|Ap|Collwr || gor + [Aul(Coll fl g1 + (Co — D) @2 zoa
< Ap|Au|C1/\1||f”;vv1’1

where the second inequality follows from (3.13) and (3.21). Above,

AL =4Ce + 2|AK|C0(C0||f||3,V1,1 +(Co—1)) >0 as ||f||$,vo,1 + ”f”%l’l — 0.
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Next in F 11

[N(@2)]| g1 = IAKI((CO = Dllorllgpr + 77— ||f||$11||w1||$01)

()
1/ 1l &0
< AplAc|Cihz| fll g21.

where A, is defined by applying (3.13), (3.14), and then (2.6):
Ay =2(Co—1)C3+2C, -0 as ||f||:77v0,1 + ”f”?vl’l — 0.
Finally, calculating as in (3.20),

IN@DI g1 = lonllgr + 14u0 ((Co+ Co)lwall ol 21 + Coll g1 ol

C,
+ =l g2l goa + (Co = Dllall gt )
1/ T o

< 4|44 C12a] f 121
in which A3 is defined by using (3.13), (3.14), (3.19), (3.21), and (3.22):

LIS,
A3 = 4Pl 4 4C3C + 214l (Co(Co + Co + Co)l £l g
A=171Z0

+ 2|A|(CoCa + (Co — 1)Cy),

and A3 — 0as || f|go1 + [ f [l 411 — 0.
Now, fix

. Ac(1—Ay)
b= 52]11;(1 - m) 4.21)

and note that § > 0, since |A,| < 1. Then by (4.12) and the above estimates,

d
N gpr = (=450 + V) f g + A0l £l

where
def
00 = 0o(ll f o ILf )
= C1[(Co + 1AICDI
1

511+ Al (2141(Co = D) + €5 (214l 1) + 1))

+ 27| Ac|Co(Co = 1) + [ AulA1 + Coll £l 5 ] (4.22)
and

d
N llgp = (A0 + )] Fllgza + 4011 N 2
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where
def
or = o1l g 1f 1 g00)
1
= C1[201+ 5651 = 1 /12,1 CE + Aclho
2 Fy
1
+ 31+ Apl(1AclAz + Cs (1 AelAz + 43))
1
+ 27| A (CoCa + (Cg — 1)Ca) + 51 Aulds + C3Cell f I 51
2C¢ ]
£ llgpad

Note that o; (|| f || zo.1, || f || z1.1), i = 1,2, are continuous functions in (|| /|| go.1, [|.f | #1.1)
such that ¢;(0,0) = 0.

+

(4.23)

5. L? estimates

5.1. Analytic estimates

In this section, we will prove the L? estimate (see (2.3)) of Theorem 2.1. We will introduce
the notation <, which indicates a constant depending on || /|| g0 and || f|| &-1.1. Let us
begin by differentiating

1d
S IZ0 =1 £
Ac(1—Ay)

—ap [ FOR(1 - ) ds
+(f. ho.t.),: (5.1

in which the higher order terms are defined as
1 ~ ~ ~ ~ ~ ~ ~
hot. = E(Iz + 14) + No(§) + (1 + 4,) (N1 + Na + N3)(§) + Na(§)

— 3 se@N@)®).

In the following estimates, we will use the convention g(x) = g(—x) and the convolution
identities

/ 21(0)(g2 * g3)(X)dx = f 1(x) / g2(x — 1)gs(y)dydx
R R R
- / o0 [ g1(0g2(x — y)dxdy
R R

_ A 230 (g1 * §2)(0)dy
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and

g1%82 =81 &.

Using the substitution |@; (§)] = |€| |Q1 (&)|, we obtain
(o) 5/Rez”"s'lf(é)l-nZ((*Z”“Ia/JI)*|-||521|)(E)d§
n=0
<x Y [ M@ e 87D e 18]) @) dé
n=0 R

<7y [R IR )22 g 1) # M) 1) €) d.
n=0

Hence,

(e9) —
(f Bz =7 ) IRl g | E12 (272" Moy £1) e 1) ]

n=0

o0
<7y el ;’:ﬁl(@n + 2D f gl fllgz + 1 gl £ 1] gar2)

n=0
oo
€ 1
=7 ) S Il + 5 Cn+ DI 117
n=0
i VA sl oA PR TP (52)

where the last inequality is from Young’s inequality for products where we choose €, =

€/(1 + n?) for a small value € > 0. The other nonlinear terms can be estimated via similar
methods

o0
- e JEL”
(Folig =m0 Y[ BT 19l el £ 10,
n=0

(I gzl fllz + @+ DI gl f 1l gr2)
and

(F Rz = 5 [ de 8 F@)IN @5 ©)
R

Al ¥ el el EP A s
'2 | X_;/RdE el 2”2'5'%-|f(s)|(<* £ 1 11€211) &)

LS ezt BR [ ag eien@@ien A« 170e)
n=1

n!

=

=
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oo

- AzAZ“ 72h2|§'\|é§| ” 1+ DS Wor IR0l sz LA N are

def

= [ Aclall@ull g2 | £ 1l g
where A4 — O as || f || go1 + || f || 411 — 0. Next,
(f.N2)p2

1 o
< ECS(”QIHHVI/Z 22(|If||2"+1||fll 12+ @+ DISINZAS gzl 1122)

1,1
Fy

e 1/22)\ e BT
0 DI g1 )

oo
el 1"
1Rl gy Yo EEEo DIF Il £ l02)
n=1 :

er 1
= —Cs(IIQ I a2 Qs 1l g2 + Asll £l gz £ 1)

+ A1l gyl f ). 5.3

and

7R ! 2vtlg] ,~halél) 7, &

(7. Rz = 5Cs [ g PH 8 FRIN @ @)

1
< 5 CslAdAl@1 3 £y

<fﬁ>Lz<nZH R RV (I A Py

in which

As.d7—>0 and Ag ST as [ fllpor + [/ 11 — 0. (5.4)

Related to the computations in (5.3),

o A 1 o
(f No)rz = 51121l g2 IIfIIZ”IﬁZIIfII 7172
2 H,y 7y

+ (2n + 2)||f||2”“llf||3,-v3/z,1 I/ 1lzz

A

(F N @) 1z < 1211 sl £ Loz + Al f L gesza £ 1123)
+ 119l 2 1/ 1 e

So, it is enough to control €21 and 2,. We can write

A~

Q]ZQ11+§12—2Apf.
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Using (3.4) and (3.5), we have

o0
2 1 2
19010502 = 1Aul YIS g + @+ DL D g 121123

n=0
= | 4ul(Cell Rl gz + Crl211.2) (55
[1€212]l 12 = 1Aul(Co + Co)l[R2]] 172, (5.6)
where
Cr = 1Sl a2
— |- ISI 1
Gy =3 nfeta B H UGN N > == f gns = 0

n=1

as || fll o1 + [ fll g1 — 0. With (3.1) and (3.2), we have the bounds
1221 172 <[4l Co(1 + ||f||3,~1 O] g2

1A (T 1 graa (4 1 ) + Col £l ) 1

IIf||
def
= | Acl(Col| 921 Il g1z + Croll21lL2) (5.7)
with Co — 1 and Cio — |Ai|l| /1l g3/21 as [ fllgoa + [ /]l z1.0 — 0. Similarly to the
above calculations, we derive
€220z < [AclCo(1 + (| fll 1) 1R1 1l 2 = [Ail CollS21 ]2
and therefore, by (3.4) and (3.5), we have
(I = [AulCol21 N2 = [AulCollS22llL2 + 24,1 ]Iz
< |Ael|AplCoCollRll 2 + 24,1 f I 12
which gives
12112 <24,Cull fllLz, (5.8)
€220z < 24,[Ac|CoCrr |l fl 2 (5.9
where
Ci1 = (1 —|A,|Cs — | Ac||Ap|CoCo) ™!
= (1= ]A4cll4uD™" as [ fllgor + [ fllg11 — 0. (5.10)
Collecting terms from (5.5), (5.6), (5.7), (5.8), and (5.9) we find
€211 172 = 24pCr2(|Ap|Cr1(C7 + |Ac[(Co + C)Cro) 1 f NIz + 171 172)

Z24,C2(Cusll fllz + 1 £ 1l gor2) (5.11)
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||92||I_'Iu1/2 < 24| Ac|((CoCr2Cr13 + CroCi) 1 f 12 + C9C12||f||1_'1v1/2)

def
= 24| Ac|(Crall f I L2 + C9C12||f||1:1v1/2) (5.12)

for
Ciz = (1= [A4u](Cs + |4 (Co + C3)Co)) ™! — (1 = |Acl|Au]) ™",
Cis S 1+ f pama. Cra S 1+ f o
We see two expression types. For the first type of expression, of the form
€20l /20l 2
we can apply Young’s inequality for products and control the 1y /2 terms as in (5.2), for
example, using (5.11):

121l 1201 NIz =< 24,Cra(Casll £1I7; + IS Nl gl £ 112)

c 2 2
< —
< IS+ enll 1

Here ¢, as earlier in (5.2) can always be chosen arbitrarily small. For the second type of
expression [[$2; || 512 || f1| 172, after applying (5.11) or (5.12) we can control the resulting
.f ||2 1/» term via the linear decay term in the interface equation; see o, below. In terms

with || /|| 2 that contain a coefficient of || f ||§73 /2.1 Such as the middle term in (5.2), we

use ||f||§73/2’1 < ||f||%1,1 ”f”%z’l by (2.6). Collecting terms from above, (5.1) becomes

1d
S I F1220) < (<40 + v+ 400 + &) 11312
+ R+ Ra - (If L gz + 1f Il g2 DS 172

where

02 Z 0o (| f I o 1/ 1l 1)
= C12(Cs + Co + C) | f | 511
+ 1+ Ap|C12(2[Ak|Aa + C5(As + [Ak|(A7Co + A4)))
+ 27| Ac|(Co = 1+ C2)CoCrz + C6Crzl| fll 11 + 245C 12
+ 2|Ak|A7CoCr2, (5.13)
in which ¢ = 8(||f0||3,oo,1, I f0||f01,1) can be chosen to be sufficiently small and R; =

Ri (|| follgo.1, | foll g1.1) for i = 1,2 is bounded for medium-sized initial data. Again,
recall that

WA= VA PRRY 73 X
by (2.6). Hence, by (2.2), || f || z-1.1(¢) and || f|| 2.1 (2) are L' functions in time on [0, T']

for any 7' > 0, and hence, s0 is || /| 3/2.1 () with L' norm bounded by initial data. By
Gronwall’s inequality, we obtain (2.3).
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5.2. Sobolev space estimates

In this section, we will prove an evolution estimate for a subcritical Sobolev norm H 3te
of the interface. This estimate will be used in the local existence proof in the next section.
We have
1d
2dt

Ac(1—-A4,)

12,30 =~y [ 167217 OP(1 - it

+(fohot) e

The weighted triangle inequality

n n
DIUINNETDS Vi
=1 =1

allows us to use the constants from prior sections with the convention that for 0 < k
< 14, C ¢ is Ci adjusted for the small € weight from the weighted triangle inequality.
All of the C ¢ are bounded and Cy  — Ci as € — 0. As an example, we compute the
constants Co ¢, C1 ¢, and C; ¢ explicitly.

By (3.6), we have

)as

’1+€

€221 gro+e = w2l e
C
< 1A (T7 = o llgpa ./ Do + Coell @l ase ).
[FTgor %0
where
oo = S 0 (b yr b Ly
0,e — e /’l2 P 2, — e h2 .
n=0 n=1
Similarly, by (3.7) and (3.8),
1211l 2+
L+ £12 0
\?7 )
< Al (2ot g0 |/l ave + 2CoclI Rl o
A= F1Z02 %
0

Cz,e
1/ 5o

+ Co.cloall ol £l gave ) + 2401 f | ase.

+ Coe(1+ [l g20l1822l frave + @+ fllgrlloall o lLf | gose

From this, we derive

1211 gase < 24,C1e(Cisell fll e + Croell f Il ate) (5.14)

where, for example, we recover the € adjusted constant

-1
Cre = (1 =2[4u[Coc — [Aul| Ac|Cg e (1 + ILf Il 5))



N. Patel and N. Shankar 392

and lim¢_,9 Ci6,e < C3 and Cjs is a finite constant obtained using (3.21). This in turn
implies
19221l gra+e < 24p(Crr,ell [l grve + Cusiell Sl gare), (5.15)

where Cy7¢ is a finite constant computed similarly to C;5 and where
Cis,e = Co,eC1,cCr6,c

which, as € — 0, approaches a value strictly less than C; Cy.
Next, similarly computed to (4.15) and (4.16), we have that

(/. 5) 3e /|s|3+2f|f(s)|2(*2"+2|a (- l1Q1D)(E)dé

n=0
o0
= 7l fllgaee 2|2 2100 f 11Nl
n=0

Applying the weighted triangle inequality and then using (5.14) and (5.15), we obtain
(F. D) e

oo
<[ fllgave D@20+ 3)F ((2n + DI IR g1 1 | gree
n=0 0

ISR e )-

Similarly, making use of the fact that the || N(£2;)|| g2+ can be bounded in the same way
asin (5.14) or (5.15),

(fTa) e < 7l f D s (Co,e(llfllf,vl,1 12211 gr2+e + llo2ll o ILf | frave)

Coe
||f|| ||f||5:1lllszITOIIIfIIHHE),

SF e 2n 4 3)

(@n+ 2)||f||§f’1ﬁ1||f||$1,1 [1€21 ||H1+e+||f||§f’$zllf21 | graee )
0 0 0

~
<
A

Ha+e =

IA

1
S g2 IN(R2) ] s

Ar

(fN2)y3ee = EH STl — A A

i e i IN @D e

PPN 1
(Fo M)y 3ee = 31 N gane IN@2) | o
A~ A~ CZ,E
(Fo98) g3ee = 707 N gse ((Coce = DRl e s 1221 41+<).

IA

IF 1l g2 INCRO grate.
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Combining terms and using Young’s inequality for products for terms involving
I/l g1+, we have

EEIIfIIZ. 3.0 = =450 =G ave + SUSNgor 1 N g2 IS 1 1ien (5-16)

in which, as ¢ — 0,
O < 01 5.17)

and S is a continuous function of || £l 701 and || f|| &1 that vanishes at (0, 0). So,
0

for every finite 7 > 0 we can bound % s || - (t) on [0, T'] giving the desired derivative

in time bound.

6. Proof of the theorem

We argue similarly to [19] for the proof of existence and uniqueness of solutions to (1.6).
Uniqueness of solutions is proven at the level of ?00’1 and follows exactly as in [19]. It
yields an inequality of the type

d
I —sligor = —allf —gligpr + el f = gllgon (6.1)

for two solutions f, g of (1.6) and where ¢; = ¢; (|| fo ”3700’1’ Il fo ||T01,1, ||go||%o,1, ||g0||$01,1)
> 0 are positive constants. Note that the key difference with [19] is that for some terms,
the difference of solutions occurs at the level of ?00’1 which, unlike the Muskat problem
without a permeability jump, cannot be absorbed into the decay term.

Consider the mollified system with initial data ff = ¢® * fo € H* for any s > 0 (since
fo € L?) and the evolution equation

0 f°=L(@° *¢° % [°) 4+ ¢ x N(@° % ¢° * [°, 0], 05) (6.2)

where

N A Ac(1—A4,)
Lo(t) = —Aplé‘lg(é)(l - m>

and N denotes the remaining nonlinear terms from (4.12). Here w; = 0, are given
by the mollified (1.11), (1.12), (1.13), and (1.14) where f is replaced by the mollified
@F x @f k[

For any § > 0, the mollified system satisfies the hypothesis to apply Picard’s Theorem
on the open set in H 3+8 given by the condition that

lp® * % % follgor + 9%+ 9" % fEgrr < 1,



N. Patel and N. Shankar 394

. 3 . 3
noting that H 2% < ?00’1 N ?701’1. Hence, we have a local solution f2€C([0, T;); H 219).
Next, we can reproduce the analogous estimates for the medium-size condition on fy for
0<s<1l:

t
I/l g5 (£) + (Apf — Apos — v)/o lp® * @ % ol gpera(s) ds < [ follgpr  (6.3)
and
||f8||ig(t) <l fl3. ~exp(R([[ foll .1, [l foll g1.1))- (6.4)

Due to the exponential weight in L2, estimate (6.4) implies that || f €||H E (1)
< C,g,s(l)||f0||z2 ~exp(R(||f0||Too,1, ||f0||$01,1)) for t > 0 where Cs .(¢) is a bounded de-
creasing constant for # > 0. Moreover, it can be seen by combining the proof of (2.3)
and (5.16) that

d
Ellfsllfq%S <GS 345 L foll ot 1 foll 1.0)

for a continuous function G. Hence, we can take the limit continuously to the endpoint
of [0, T'] and then continuously extend the local time of existence. Thus, the local solution
can be extended to C([0, T]; H2%3) forany T > 0.

By (6.1) and following the argument in [19], the sequence f* is shown to be Cauchy
in L*°([0, T; 3700’1) for any &, — 0. The main idea is that by the argument from unique-
ness, we have

d / / / /
N F* = £ g < —erllo® 0 % =07 w07 x f g
+eallp® k9" x [T = 9" k9% % [T gou,
and hence,
17 = £ o1 @) < I9° % fo— 0% foll po

t
+ o / 10 5 0° % £ — g% % 0¥ % £ soa(s)ds.
0 0

Using the Mean Value Theorem in the mollifiers in the Fourier variables and assuming
e>¢g,
’ 1
lg® % fo— ¢ * foll zor = Cll foll grne?
and
! / / /
lo® * @° % f* =% % 9% % [* | gor < [l9° % 9" % [* =" 0" % [* ] g0
+ 167 5 0% % % = g% % g% % | o
0
’ ’ 1
<178 = £ Nlgor + CIF e
q 1
<1£5= 1% lgor + Cll foll grae®.
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Thus,

t
/ 1 ’
1f* = Fo g0 (@) = CA + 20l foll g6 + 62/ /2= 7l gor(s)ds. (6.5
0
Gronwall’s inequality finally yields
’ 1
1£€ = £l g1 @) < CA+ c20)e | foll grare?.

Hence, there exists a limit f¢ — f in L°°([0, T]; .?700’1). Hence, we can obtain point-
wise almost everywhere convergence of a subsequence f en (£, t) and @ (€,1)? f En(&,1)
to f (&,1). Thus, Fatou’s Lemma applied to (6.3) allows us to conclude that the limit f
indeed satisfies inequality (2.2) fors = O and s = 1.

Interpolation (2.6) with (6.5) and the s = 1 case of (6.3) yields strong convergence of
@° % @® % fto f in L2([0, T); F4"), similar to the argument in [19]:

[ 1t = 7 @ds < 17 = £ a0 = 7 a1
0 0

1

< C(1+ c20)e™ | foll 162
0

Finally, we can now take weak limits in (6.2) and with the regularity of (2.2), we get the
limiting function f as a solution to (1.6).
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