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Weak and strong solutions for polymeric fluid-structure
interaction of Oldroyd-B type

Prince Romeo Mensah

Abstract. We prove the existence of weak solutions and a unique strong solution to the Oldroyd-B
dumbbell model describing the evolution of a two-dimensional dilute polymer fluid interacting with
a one-dimensional viscoelastic shell. The polymer fluid consists of a mixture of an incompress-
ible viscous solvent and a solute comprising two massless beads connected by a Hookean spring
with center-of-mass diffusion. This solute-solvent mixture then interacts with a flexible structure
that evolves in time. An arbitrary nondegenerate reference domain for the polymer fluid is allowed
and both solutions exist globally in time provided no future degeneracies occur with the structure
deformation. Furthermore, weak-strong uniqueness holds unconditionally.

1. Introduction

A polymer fluid is a complex fluid with a high molecular weight consisting of a mixture
of a solvent and a solute. In this work, the solvent is a viscous fluid modeled by the
incompressible Navier–Stokes equation and the solute is described by the macroscopic
average of the probability distribution function of two monomers connected by a Hookean
spring and modeled by the Oldroyd-B system (also referred to as the convected Jeffreys
model by some authors [13]). We refer to [2] for the modeling of the generalized state-of-
the-art where the fluid’s density is also allowed to vary.

We initiate work on the rigorous analysis of such a polymer fluid within a flexible
structure and the interaction between the evolution of the structure and the polymer fluid.
The polymer fluid is two-dimensional and contained in a domain whose boundary is a
flexible structure in 1D modeled by a viscoelastic shell equation. We deviate from the
usual practice in the literature where one considers a simple flat reference domain for
fluids and allows for a generalized reference domain for the solute-solvent mixture.

1.1. Geometric setup and equations of motion

We consider a fluid domain whose reference configuration is � � R2. The boundary of
this reference domain @� may consist of a flexible part ! � R and a rigid part � � R.
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However, because the analysis at the rigid part is significantly simpler, we shall identify the
whole of @� with !. Let I WD .0; T / represent a time interval for a given constant T > 0.
We represent the time-dependent displacement of the structure by � W xI � ! ! .�L;L/

where L > 0 is a fixed length of the tubular neighborhood of @� given by

SL WD
®
x 2 R2 W dist.x; @�/ < L

¯
:

Now, for some k 2 N large enough, we assume that @� is parametrized by an injective
mapping ' 2 C k.!IR2/ with @y' ¤ 0 such that

@��.t/ D
®
'�.t/ WD '.y/C n.y/�.t; y/ W t 2 I; y 2 !

¯
:

The set @��.t/ represents the boundary of the flexible domain at any instant of time
t 2 I and the vector n.y/ is a unit normal at the point y 2 !. We also let n�.t/.y/ be
the corresponding normal of @��.t/ at the space-time point y 2 ! and t 2 I . Then for
L > 0 sufficiently small, n�.t/.y/ is close to n.y/ and '�.t/ is close to '. Since @y' ¤ 0,
it will follow that

@y'�.t/ ¤ 0 and n.y/ � n�.t/.y/ ¤ 0

for y 2 ! and t 2 I . Thus, in particular, there is no loss of strict positivity of the Jacobian
determinant, provided that k�kL1.I�!/ < L.

For the interior points, we transform the reference domain � into a time-dependent
moving domain ��.t/ whose state at time t 2 xI is given by

��.t/ D
®
‰�.t/.x/ W x 2 �

¯
:

Here,

‰�.t/.x/ D

´
xC n.y.x//�.t; y.x//�.s.x// if dist.x; @�/ < L;
x elsewhere

is the Hanzawa transform with inverse‰��.t/ and where, for a point x in the neighborhood
of @�, the vector n.y.x// is the unit normal at the point y.x/ D argminy2! jx � '.y/j.
Also, s.x/ D .x� '.y.x/// � n.y.x// and � 2 C1.R/ is a cut-off function, that is, � � 0
in the neighborhood of �L and � � 1 in the neighborhood of 0. Note that ‰�.t/.x/ can
be rewritten as

‰�.t/.x/ D

´
'.y.x//C n.y.x//Œs.x/C �.t; y.x//�.s.x//� if dist.x; @�/ < L;
x elsewhere.

With the above preparation in hand, we consider the Oldroyd-B model for the flow of
a dilute polymeric fluid interacting with a flexible structure in the closure of the deformed
space-time cylinder

I ��� WD
[
t2I

¹tº ���

with�� WD��.t/. Our goal is to find a structure displacement function � W .t;y/2 I �! 7!
�.t; y/ 2 R, a fluid velocity field u W .t; x/ 2 I ��� 7! u.t; x/ 2 R2, a pressure function
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p W .t; x/ 2 I � �� 7! p.t; x/ 2 R, a polymer number density � W .t; x/ 2 I � �� 7!
�.t; x/ 2 R and an extra stress tensor T W .t; x/ 2 I ��� 7! T .t; x/ 2 R2�2 such that the
system of equations

divxu D 0; (1.1)

@t�C .u � rx/� D "�x�; (1.2)

@tuC .u � rx/u D ��xu � rxp C fCKdivxT ; (1.3)

%s@
2
t � � 
@t@

2
y�C ˛@

4
y� D g � .Sn�/ ı '� � n det.@y'�/; (1.4)

@tT C .u � rx/T D .rxu/T C T .rxu/> � 2k.T � �I/C "�xT (1.5)

holds on I ��� � R1C2 where

S D �.rxuC .rxu/>/ � pI CKT ;

the parameters ";K; 
; k; �; %s; ˛ are all positive constants, n� is the normal at @�� , and I
is the identity matrix. We complement (1.1)–(1.5) with the following initial and boundary
conditions:

�.0; �/ D �0.�/; @t�.0; �/ D �?.�/ in !; (1.6)

u.0; �/ D u0.�/ in ��0 ; (1.7)

�.0; �/ D �0.�/; T .0; �/ D T0.�/ in ��0 ; (1.8)

n� � rx� D 0; n� � rxT D 0 on I � @��: (1.9)

Furthermore, for simplicity, we impose periodicity on the boundary of ! and the following
interface condition:

u ı '� D .@t�/n on I � ! (1.10)

between the polymeric fluid and the flexible part of the boundary with normal n.
The two unknowns � and T for the solute component of the polymer fluid are related

via the identities

T .t; x/ D k
Z
B

f .t; x;q/q˝ q dq; �.t; x/ D
Z
B

f .t; x;q/ dq

where for B DR2 with elements q 2 B , the function f is the probability density function
(f � 0 a.e. on xI ��� � B) satisfying the Fokker–Planck equation

@tf C divx.uf /C divq..rxu/qf / D "�xf C kdivq.Mrq.f =M// (1.11)

in I ��� � B for a Hookean dumbbell spring potential and Maxwellian

U
�1
2
jqj2

�
D
1

2
jqj2; M D

exp.�U.1
2
jqj2//R

B
exp.�U.1

2
jqj2// dq

;
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respectively. Whether the center-of-mass diffusion parameter " in (1.11) is zero or positive
has been a source of many debates over the years. In this work, we follow the school of
thought such as [4,25,49] that gives justifications for the inclusion of this term. As shown
in [2], this choice leads to the elegant parabolized macroscopic closure equation for the
polymer number density � and the elastic extra stress tensor T satisfying (1.2) and (1.5),
respectively.

The existence of smooth solutions for the coupling of the Fokker–Planck equa-
tion (1.11) with a generalized viscous compressible fluid in a fixed domain has been shown
in [17], whereas weak solutions have earlier been constructed in [9, 10, 29]. More work
has been done in the incompressible case in fixed domains. Weak solutions are constructed
in [3–8] and in [44] when " D 0 in (1.11), whereas results on the existence of strong solu-
tions are shown in [21, 22, 34, 35, 38, 42, 43, 47, 53].

There are several works on the rigorous analysis of Oldroyd-B-type models in a fixed
spatial domain or for domains without boundaries. Strong solutions have been constructed
in [32], where the authors also show the existence of stable time-periodic solutions when
the forcing term is small and time periodic. For small data, the existence of global-in-time
classical solutions has been shown in [36] using an incompressible limit argument. Small
data global solutions living in Hölder spaces and Besov spaces are also shown in [24]
and [28, 52, 55], respectively. See also [54] for the three-dimensional case. The authors
in [24] also cover large data for a model in which the potential responds to high rates of
strain in the fluid. When stress diffusion is taken into account, the authors in [23] study
the global existence and regularity of strong solutions. See also [26, 27, 51], which cover
the case where the solvent is inviscid and [20] where there is no damping or dissipation
in the equation for the extra stress tensor. Results on weak solutions are unusually fewer
and we refer to [11, 33, 39] where global weak solutions are constructed and to [12],
which combines the Oldroyd-B and the Giesekus models. Related results also include the
Peterlin model [41] and the compressible Oldroyd-B model without stress diffusion [40].

There are only a couple of results on polymer fluids evolving and interacting with a
flexible structure. The existence of weak solutions to a finitely extensible dilute polymer
(see (1.11)) of Warner type immersed in a viscous incompressible fluid (1.1)–(1.3) and
with this 3D mixture interacting with a 2D elastic structure (1.4) (
 D 0) has been shown
in [16]. These weak solutions are global provided the shell does not self-intersect and
there are no degeneracies in the system. This was recently followed up with the local-in-
time existence of a unique strong solution [15] for a viscoelastic structure with 
 > 0.
The mathematical analysis of an Oldroyd-B model interacting with a flexible structure is
completely open. Related works, however, include [30,48] where the authors study strong
solutions of the immersion of solid objects in viscoelastic fluids.

1.2. Work plan

The paper is structured in the following way: in Section 2, we introduce some notations,
give the precise definition of the types of solutions we are investigating, and state our



Weak and strong solutions for polymeric fluid-structure interaction of Oldroyd-B type 403

main results. To make the construction of solutions as concise as possible, we present in
Section 3 the a priori estimates leading to global bounds. These bounds will be referred
to several times in later sections. We then devote the entirety of Section 4 to the proof of
the existence of weak solutions. This will come in three main steps. Firstly, we construct
a finite-dimensional approximation of the linearized solvent-structure subproblem and of
the solute subproblem independently of each other. Here, the linearized subproblem is
advected by a given regularized vector field and evolves on a given regularized geometry.
A fixed point argument is then used to obtain a finite-dimensional approximation of the
fully coupled linearized system. After this, we pass to the limit in the discrete parameter
to obtain a unique solution to the linear and regularized system. Our second step will be
to remove the given advected vector field and the given spatial geometry to obtain a weak
solution to the fully nonlinear regularized system posed on a regularized spatial geom-
etry that is evolving according to the structure equation. Here, we use a Schauder-type
fixed point argument whose key ingredient is an Aubin–Lions-type compactness result
[46, Theorem 5.1] for establishing the compactness of the fluid’s velocity fields. We lose
uniqueness at this point due to the nonlinearity in the system and the fact that the regu-
larity of weak solutions is low. The final step then involves the passage to the limit in the
regularization parameter to obtain a weak solution to the original system.

We devote Section 5 to the construction of a unique strong solution via a fixed point
argument. Strong solutions are only an instant of differentiability stronger than weak solu-
tions. This low regularity of the strong solutions coupled with the boundary-valued effect
of the moving domain (e.g., boundary terms from applying the Reynolds transport theo-
rem) makes it very difficult to obtain useful estimates. Indeed, the most challenging part of
Section 5 is the proof of contraction, which requires obtaining estimates for the difference
of two solutions. Firstly, each solution is defined on a unique spatial domain evolving
in time and as such, it is not clear what the spatial domain for the difference between
the two solutions is. Secondly, the strong solutions are not very regular and are actually
only an instant on integrability stronger than weak solutions. Consequently, the standard
Hölder doubles or triples for estimating the product of functions leads one to require more
regularity for some of the terms in the product than they actually possess.

There are at least two ways to remedy the first problem. We can either transform
each of the solutions to the fixed reference domain and study the difference equation on
this fixed domain or we transform one solution to the domain of the other and study the
difference equation on this latter domain. The second approach is more difficult than the
first. However, we opt for the second approach, since it allows us to take full advantage of
the regularity properties of the latter geometry on which we study the difference equation.
This approach has been used in [31] to show the continuous dependence on initial data
in a fluid-structure problem, in [50] to obtain a weak-strong uniqueness result for a fluid
interacting with elastic plates, and in [19] for elastic shells.

The key to solving the second problem is to find equivalent (in the sense that two
spaces are continuously embedded in each other) square-integrable Sobolev spaces of
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fractional differentiability for non-square-integrable Sobolev spaces in order to obtain
sharp interpolation between the weakest and strongest spaces of the functions being esti-
mated.

Finally, we show in Section 6 that weak-strong uniqueness holds unconditionally, that
is, weak solutions are always unique in the class of strong solutions.

2. Preliminaries and main results

Henceforth, without loss of generality, we set all the parameters ¹"; K; 
; k; �; %s; ˛º in
(1.1)–(1.9) to 1. For two non-negative quantities F and G, we write F . G if there is a
constant c > 0 such that F � cG. If F . G and G . F both hold, we use the notation
F � G. The symbol j � j may be used in four different contexts. For a scalar function
f 2R, jf j denotes the absolute value of f . For a vector f 2Rd , jfj denotes the Euclidean
norm of f. For a square matrix F 2 Rd�d , jF j shall denote the Frobenius normp

trace.FT F/. Finally, if S � Rd is a (sub)set, then jS j is the d -dimensional Lebesgue
measure of S .

For I D .0; T /, T > 0, and � 2 C.xI � !/ with k�kL1.I�!/ < L, we define for
1 � p; r � 1,

Lp.I ILr .��// WD
®
v 2 L1.I ���/ W v.t; �/ 2 L

r .��.t// for a.e. t;

kv.t; �/kLr .��.t// 2 L
p.I /

¯
;

Lp.I IW 1;r .��// WD
®
v 2 Lp.I ILr .��// W rxv 2 L

p.I ILr .��//
¯
:

Higher-order Sobolev spaces can be defined accordingly. For k > 0 with k …N, we define
the fractional Sobolev spaceLp.I IW k;r .��// as the class ofLp.I ILr .��//-functions v
for which

kvk
p

Lp.I IW k;r .��//
D

Z
I

�Z
��

jvjr dxC
Z
��

Z
��

jv.x/ � v.x0/jr

jx � x0jdCkr
dx dx0

� p
r

dt

is finite. Accordingly, we can also introduce fractional differentiability in time for the
spaces on moving domains. Next, for � 2 C.xI � !/ satisfying

k�kL1.I�!/ � L and k@y�kL1.I�!/ � c.L/;

where L > 0 is a constant, we let

Bog� W C
1
0 .��/! C10 .��IR

d / with divxBog�.f / D f � b
Z
��

f dx;

with b 2C10 .�� nSL/, be the time-dependent Bogovskij operator (see [19, Theorem 2.11
and Remark 2.12]). The operator Bog� vanishes on the boundary @�� , it commutes with
time derivatives, and it continuously maps scalar elements in W s;p.�� / into vectors in
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W sC1;p.�� IR
d / for any p 2 .1;1/ and s � 0. Furthermore, the Hanzawa transform ‰�

together with its inverse ‰�1� W �� ! � possesses the following properties; see [14, 19]
for details: if for some `;R > 0, we assume that

k�kL1.!/ C k�kL1.!/ < ` < L and k@y�kL1.!/ C k@y�kL1.!/ < R

holds, then for any s > 0, %;p 2 Œ1;1� and for any �;� 2Bs%;p.!/\W
1;1.!/ (whereBs%;p

is a Besov space), we have that the estimates

k‰�kBs%;p.�[S`/ C k‰
�1
� kBs%;p.�[S`/ . 1C k�kBs%;p.!/;

k‰� �‰�kBs%;p.�[S`/ C k‰
�1
� �‰

�1
� kB

s
%;p.�[S`/ . k� � �kBs%;p.!/

and
k@t‰�kBs%;p.�[S`/ . k@t�kBs%;p.!/; � 2 W 1;1.I IBs%;p.!//

holds uniformly in time with the hidden constants depending only on the reference geom-
etry, L � `, and R.

2.1. The concept of solutions and the main results

Let us start with a precise definition of what we mean by a weak solution. We recall that
L > 0 is a sufficiently small constant as introduced in Section 1.1.

Definition 2.1 (Weak solution). Let .f; g; �0;T0;u0; �0; �?/ be a dataset that satisfies

f 2 L2.I IL2loc.R
2//; g 2 L2.I IL2.!//;

�0 2 W
2;2.!/ with k�0kL1.!/ < L; �? 2 L

2.!/;

u0 2 L2divx
.��0/ is such that u0 ı '�0 D �?n on !;

�0 2 L
2.��0/; T0 2 L

2.��0/;

�0 � 0; T0 > 0; a.e. in ��0 :

(2.1)

We call .�;u; �;T / a weak solution of (1.1)–(1.10) with data .f; g; �0;T0;u0; �0; �?/ if:

(a) the properties

� 2 W 1;1.I IL2.!// \W 1;2.I IW 1;2.!// \ L1.I IW 2;2.!//;

k�kL1.I�!/ < L;

u 2 L1.I IL2.��// \ L2.I IW 1;2
divx
.��//;

� 2 L1.I IL2.��// \ L
2.I IW 1;2.��//;

T 2 L1.I IL2.��// \ L
2.I IW 1;2.��//

hold;
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(b) for all  2 C1.xI �R2/, we haveZ
I

d
dt

Z
��

� dx dt D
Z
I

Z
��

Œ�@t C .�u � rx/ � dx dt

�

Z
I

Z
��

rx� � rx dx dt I (2.2)

(c) for all Y 2 C1.xI �R2/, we haveZ
I

d
dt

Z
��

T W Y dx dt D
Z
I

Z
��

ŒT W @tY C T W .u � rx/Y � dx dt

C

Z
I

Z
��

Œ.rxu/T C T .rxu/>� W Y dx dt

� 2

Z
I

Z
��

.T W Y � �tr.Y // dx dt

�

Z
I

Z
��

rxT WW rxY dx dt (2.3)

where rxT WW rxY D
P2
iD1 @xiT W @xiY ;

(d) for all .�; �/ 2 C1divx
.xI � R2/˝ C1.xI � !/ with �.T; �/ D 0, �.T; �/ D 0 and

� ı '� D �n, we haveZ
I

d
dt

�Z
��

u � � dxC
Z
!

@t�� dy
�

dt

D

Z
I

Z
��

Œu � @t�C u � .u � rx/�� dx dt

�

Z
I

Z
��

�
rxu W rx� � f � �C T W rx�

�
dx dt

C

Z
I

Z
!

�
@t�@t� � @t@y�@y� � @

2
y�@

2
y� C g�

�
dy dt I (2.4)

(e) the energy inequality

sup
t2I

�Z
��

tr.T .t// dxC ku.t/k2
L2.��/

C k@t�.t/k
2
L2.!/

C k@2y�.t/k
2
L2.!/

�
C

Z
I

Z
��

tr.T / dx dt C
Z
I

krxuk2
L2.��/

dt C
Z
I

k@t@y�k
2
L2.!/

dt

.
Z
��0

tr.T0/ dxC ku0k2L2.��0 / C k�?k
2
L2.!/

C k@2y�0k
2
L2.!/

C T

Z
��0

�0 dxC
Z
I

kfk2
L2.��/

dt C
Z
I

kgk2
L2.!/

dt (2.5)

holds;
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(f) in addition, we have

sup
t2I

�
k�.t/k2

L2.��/
C kT .t/k2

L2.��/

�
C

Z
I

�
k�k2

W 1;2.��/
C kTk2

W 1;2.��/

�
dt

C

Z
I

kTk2
L2.��/

dt

. k�0k2L2.��0 / C
�
kT0k

2
L2.��0 /

C T k�0k
2
L2.��0 /

�
� exp

�
c

Z
I

krxuk2
L2.��/

dt
�
: (2.6)

With this definition in hand, we now state our first main result.

Theorem 2.2. For a dataset .f; g; �0; T0; u0; �0; �?/ that satisfies (2.1), there exists a
weak solution .�;u; �;T / of (1.1)–(1.10).

Remark 2.3. As in [1] (see also [2, Section 8.2]), a solution T of (1.5) remains strictly
positive if it were initially so. Furthermore, a solution � of (1.2) also remains non-negative
if it were initially non-negative. Indeed, if we test (1.2) with the nonpositive part
�� D min¹0; �º of �, integrate over �� and use the boundary condition (1.9) together
with the Reynolds transport theorem, we obtain

1

2

d
dt

Z
��

j��j
2 dxC

Z
��

jrx��j
2 dx D 0:

Therefore, it follows that �� D 0 almost everywhere in �� for any t 2 I and thus,
�D �CDmax¹0;�º. Rigorously showing the strict positivity of � an T , however, requires
another approximating layer. For simplicity, however, we omit the requirement of preserv-
ing positivity in our notion of a weak solution.

We note that since the test function for the (weak) momentum equation in (2.4) is
divergence free, our weak formulation is consequently pressure free. However, when the
weak solution and the forcing f are sufficiently regular, the pressure can be recovered
by solving an elliptic problem obtained by taking the divergence in (1.3). A first step to
obtaining said regularity is by showing the existence of a strong solution, which is the
subject of our second main result. Here, by a “strong solution”, we mean the following:

Definition 2.4 (Strong solution). Let .f; g; �0;T0;u0; �0; �?/ be a dataset that satisfies

f 2 L2.I IL2loc.R
2//; g 2 L2.I IL2.!//;

�0 2 W
3;2.!/ with k�0kL1.!/ < L; �? 2 W

1;2.!/;

u0 2 W 1;2
divx
.��0/ is such that u0 ı '�0 D �?n on !;

�0 2 W
1;2.��0/; T0 2 W

1;2.��0/;

�0 � 0; T0 > 0; a.e. in ��0 :

(2.7)
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We call .�;u;p;�;T / a strong solution of (1.1)–(1.10) with data .f; g; �0;T0;u0; �0; �?/ if

(a) .�;u; �;T / is a weak solution of (1.1)–(1.10);

(b) the structure-function � is such that k�kL1.I�!/ < L and

� 2 W 1;1.I IW 1;2.!// \ L1.I IW 3;2.!// \W 1;2.I IW 2;2.!//

\W 2;2.I IL2.!// \ L2.I IW 4;2.!//I

(c) the velocity u is such that u ı '� D .@t�/n on I � ! and

u 2 W 1;2.I IL2divx
.��// \ L

2.I IW 2;2.��//I

(d) the pressure p is such that

p 2 L2.I IW 1;2.��//I

(e) the pair .�;T / is such that

�;T 2 W 1;2.I IL2.��// \ L
1
�
I IW 1;2.��// \ L

2.I IW 2;2.��//I

(f) equations (1.1)–(1.5) are satisfied almost everywhere in space-time with �.0/
D �0 and @t�.0/ D �? almost everywhere in !, as well as u.0/ D u0, �.0/ D �0
and T .0/ D T0 almost everywhere in ��0 .

Our second main result concerning the existence of a strong solution is given as fol-
lows:

Theorem 2.5. For a dataset .f; g; �0; T0; u0; �0; �?/ that satisfies (2.7), there exists a
strong solution .�;u; p; �;T / of (1.1)–(1.10).

Finally, a consequence of Theorem 2.5 and its proof is the following unconditional
weak-strong uniqueness result:

Theorem 2.6. Let .�w ; uw ; �w ; Tw/ be a weak solution of (1.1)–(1.10) with dataset
.fw ; gw ; �0;w ;T0;w ;u0;w ; �0;w ; �?;w/ in the sense of Definition 2.1 and let .�s;us; �s;Ts/
be a strong solution of (1.1)–(1.10) with dataset .fs; gs; �0;s;T0;s; u0;s; �0;s; �?;s/ in the
sense of Definition 2.4. Set

�ws WD �w � �s; Tws WD Tw � T s; uws D uw � us;

�ws D �w � �s; fws WD fw � fs; gws D gw � gs;

where xfs WD fs ı‰�s��w . Then the inequality

sup
t2I

�
k�ws.t/k

2
L2.��w .t//

CkTws.t/k
2
L2.��w .t//

Ckuws.t/k2L2.��w .t//Ck@t�ws.t/k
2
L2.!/

�
C sup

t2I

k@2y�ws.t/k
2
L2.!/

C

Z
I

�
krx�wsk

2
L2.��w /

C krxTwsk
2
L2.��w /

�
dt

C

Z
I

�
krxuwsk2L2.��w / C k@t@y�wsk

2
L2.!/

�
dt
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. k�ws.0/k2L2.��w .0//CkTws.0/k
2
L2.��w .0//

Ckuws.0/k2L2.��w .0//Ck@t�ws.0/k
2
L2.!/

C k@2y�ws.0/k
2
L2.!/

C

Z
I

�
kfwsk2L2.��w / C kgwsk

2
L2.!/

�
dt

hold.

3. A priori estimates

In this section, we derive formal estimates in energy norms satisfied by smooth solutions
of (1.1)–(1.5). The first two estimates will be shown to be satisfied by weak solutions in
subsequent sections and the last estimate will be satisfied by a strong solution.

Proposition 3.1. Any smooth solution .�;u; p; �;T / of (1.1)–(1.10) with smooth dataset
.f; g; �0;T0;u0; �0; �?/ satisfies

sup
t2I

� Z
��

tr.T .t// dxC ku.t/k2
L2.��/

C k@t�.t/k
2
L2.!/

C k@2y�.t/k
2
L2.!/

�
C

Z
I

Z
��

tr.T / dx dt C
Z
I

krxuk2
L2.��/

dt C
Z
I

k@t@y�k
2
L2.!/

dt

.
Z
��0

tr.T0/ dxC ku0k2L2.��0 / C k�?k
2
L2.!/

C k@2y�0k
2
L2.!/

C T

Z
��0

�0 dxC
Z
I

kfk2
L2.��/

dt C
Z
I

kgk2
L2.!/

dt: (3.1)

Proof. Take .�; �/ D .u; @t�/ in (2.4) to obtain

1

2

Z
I

d
dt

�
kuk2

L2.��/
C k@t�k

2
L2.!/

C k@2y�k
2
L2.!/

�
dt

C

Z
I

�
krxuk2

L2.��/
C k@t@y�k

2
L2.!/

�
dt

D �

Z
I

Z
��

T W rxu dx dt C
Z
I

Z
��

f � u dx dt C
Z
I

Z
!

g@t� dy dt (3.2)

where Z
I

Z
��

f � u dx dt � c
Z
I

kfk2
L2.��/

dt C
1

4
sup
t2I

ku.t/k2
L2.��/

;Z
I

Z
!

g@t� dy dt � c
Z
I

kgk2
L2.!/

dt C
1

4
sup
t2I

k@t�.t/k
2
L2.!/

:
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On the other hand, if we take the trace in (1.5), integrate and use (1.9) and the relation
tr.AB>/ D A W B which holds for all A;B 2 Rd�d , we obtain

1

2

Z
I

d
dt

Z
��

tr.T / dx dt C
Z
I

Z
��

tr.T / dx dt

D

Z
I

Z
��

T W rxu dx dt C 3
Z
I

Z
��

� dx dt: (3.3)

Now note that due to the Neumann boundary condition (1.9) for �, if we integrate (1.2)
over space, and apply Gauss’s theorem and the fact that the left-hand side is transported
by divergence-free velocity, it follows thatZ

��

� dx D
Z
��0

�0 dx:

Combining everything finishes the proof.

Proposition 3.2. Any smooth solution .�;u; p; �;T / of (1.1)–(1.10) with smooth dataset
.f; g; �0;T0;u0; �0; �?/ satisfies

sup
t2I

�
k�.t/k2

L2.��/
C kT .t/k2

L2.��/

�
C

Z
I

�
k�k2

W 1;2.��/
C kTk2

W 1;2.��/

�
dt

. k�0k2L2.��0 / C
�
kT0k

2
L2.��0 /

C T k�0k
2
L2.��0 /

�
exp

�
c

Z
I

krxuk2
L2.��/

dt
�
: (3.4)

Proof. If we set  D � in (2.2), we obtainZ
I

d
dt

Z
��

j�j2 dx dt D
Z
I

Z
��

Œ�@t�C .�u � rx/�� dx dt �
Z
I

Z
��

jrx�j
2 dx dt:

Thus, by the Reynolds transport theorem, we obtain

1

2
sup
t2I

k�.t/k2
L2.��/

C

Z
I

krx�k
2
L2.��/

dt D
1

2
k�0k

2
L2.��0 /

: (3.5)

On the other hand, if we set Y D T in (2.3), we obtainZ
I

d
dt

Z
��

jT j2 dx dt D
Z
I

Z
��

ŒT W @tT C T W .u � rx/T � dx dt

C

Z
I

Z
��

Œ.rxu/T C T .rxu/>� W T dx dt

� 2

Z
I

Z
��

.jT j2 � �tr.T // dx dt �
Z
I

Z
��

jrxT j2 dx dt:

If we now use the estimate Z
��

jtr.T /j2 dx �
Z
��

jT j2 dx
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and the Reynolds transport theorem, we obtain

1

2

Z
I

d
dt
kT .t/k2

L2.��/
dt C

Z
I

kTk2
W 1;2.��/

dt

� 2

Z
I

Z
��

jrxujjT j2 dx dt C
Z
I

k�k2
L2.��/

dt

� 2

Z
I

Z
��

jrxujjT j2 dx dt C T k�0k2L2.��0 /

where the second inequality follows from (3.5). We now note that

2

Z
��

jrxujjT j2 dx . krxukL2.��/kTk
2
L4.��/

. krxukL2.��/kTkL2.��/kTkW 1;2.��/

� ıkTkW 1;2.��/ C ckrxuk2
L2.��/

kTk2
L2.��/

holds for any ı > 0. Consequently, it follows from Grönwall’s lemma that

sup
t2I

kT .t/k2
L2.��/

C

Z
I

kTk2
W 1;2.��/

dt

.
�
kT0k

2
L2.��0 /

C T k�0k
2
L2.��0 /

�
exp

�
c

Z
I

krxuk2
L2.��/

dt
�
: (3.6)

Combining everything finishes the proof.

We now present a result that will be satisfied by strong solutions.

Proposition 3.3. Any smooth solution .�;u; p; �;T / of (1.1)–(1.10) with smooth dataset
.f; g; �0;T0;u0; �0; �?/ satisfiesZ

I

�
k@t�k

2
L2.��/

C k@tTk
2
L2.��/

C k@tuk2L2.��/ C k@
2
t �k

2
L2.!/

�
dt

C sup
t2I

�
k�.t/k2

W 1;2.��/
C kT .t/k2

W 1;2.��/
C ku.t/k2

W 1;2.��/
C k@t�.t/k

2
W 1;2.!/

�
C sup

t2I

k�.t/k2
W 3;2.!/

C

Z
I

�
k�kW 2;2.��/ C kTkW 2;2.��/ C kukW 2;2.��/

�
dt

C

Z
I

�
krxpkL2.��/ C k@t�k

2
W 2;2.!/

C k�k2
W 4;2.!/

�
dt

. k�0kW 1;2.��0 /
C kT0kW 1;2.��0 /

C ku0kW 1;2.��0 /
C k�?k

2
W 1;2.!/

C k�0k
2
W 3;2.!/

C

Z
I

�
kfk2

L2.��/
C kgk2

L2.!/

�
dt

C T
�
kT0k

2
L2.��0 /

C T k�0k
2
L2.��0 /

�
exp.ch0/; (3.7)

where h0 is the right-hand side of (3.1).
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Proof. We begin with the following acceleration estimate for the solvent-structure sub-
system in (1.1) and (1.3)–(1.4) (see [14, (5.4)] and [19, (4.5)])

sup
t2I

�
krxu.t/k2

L2.��/
C k@t@y�.t/k

2
L2.!/

C k@3y�.t/k
2
L2.!/

�
C

Z
I

�
kr

2
x uk2

L2.��/
C k@tuk2L2.��/ C krxpk

2
L2.��/

�
dt

C

Z
I

�
k@t@

2
y�k

2
L2.!/

C k@2t �k
2
L2.!/

�
dt

. krxu0k2L2.��0 / C k@y�?k
2
L2.!/

C k@3y�0k
2
L2.!/

C

Z
I

kfk2
L2.��/

dt C
Z
I

krxTk2
L2.��/

dt C
Z
I

kgk2
L2.!/

dt: (3.8)

The constant in the bound depends only on the right-hand side of (3.1) and the estimate
is the key ingredient in showing the global-in-time existence of strong solutions for the
solvent-structure subsystem in (1.1) and (1.3)–(1.4) satisfying k�kL1.I�!/ <L. The orig-
inal estimate in [14, (5.4)] required the L2-norm in time of k@ygk2L2.!/ on the right-hand
side of (3.8). The fact that kgk2

L2.!/
(rather than k@ygk2L2.!/) is sufficient is shown in

[19, (4.5)]. We also note that by (3.4),Z
I

krxTk2
L2.��/

dt . k�0k2L2.��0 / C
�
kT0k

2
L2.��0 /

C T k�0k
2
L2.��0 /

�
ech0 (3.9)

where

h0 WD

Z
��0

tr.T0/ dxC ku0k2L2.��0 / C k�?k
2
L2.!/

C k@2y�0k
2
L2.!/

C T

Z
��0

�0 dxC
Z
I

kfk2
L2.��/

dt C
Z
I

kgk2
L2.!/

dt: (3.10)

We now test (1.2) with �x�. This yieldsZ
I

d
dt
krx�k

2
L2.��/

dt C
Z
I

k�x�k
2
L2.��/

dt

D

Z
I

Z
��

..u � rx/�/�x� dx dt C
1

2

Z
I

Z
@��

.@t�n/ ı '�1� � n�jrx�j
2 dH1 dt

DW I1 C I2 (3.11)

where
I1 � ı

Z
I

k�x�k
2
L2.��/

dt C c.ı/
Z
I

kuk2
W 2;2.��/

krx�k
2
L2.��/

dt

for any ı > 0, and by using � 2 L1.I IW 1;1.!// and @t� 2 L1.I IW 1;2.!// (which
follows from (3.8)), we also obtain

I2 .
Z
I

krx�k
2
L2.@��/

k.@t�n/ ı '�1� � n�kL1.@��/ dt
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.
Z
I

k�kW 2;2.��/krx�kW 3=4;2.��/
k@y�kL1.!/k@t�kW 5=4;2.!/ dt

.
Z
I

k�k
7=4

W 2;2.��/
krx�k

1=4

L2.��/
k@t�k

3=4

W 1;2.!/
k@t�k

1=4

W 2;2.!/
dt

� ı

Z
I

k�k2
W 2;2.��/

C c.ı/

Z
I

krx�k
2
L2.��/

k@t�k
2
W 2;2.!/

dt

or any ı > 0. Consequently, it follows from Grönwall’s lemma that

sup
t2I

krx�.t/kL2.��/ C

Z
I

k�x�kL2.��/ dt

. krx�0kL2.��0 /
C

Z
I

�
k@t�k

2
W 2;2.!/

C kuk2
W 2;2.��/

�
dt: (3.12)

If we also test (1.5) with �xT , we obtainZ
I

d
dt
krxTk2

L2.��/
dt C

Z
I

k�xTk2
L2.��/

dt

D

Z
I

Z
��

..u � rx/T /�xT dx dt

C
1

2

Z
I

Z
@��

.@t�n/ ı '�1� � n�jrxT j2 dH1 dt

C 2

Z
I

Z
��

.T � �I/�xT dx dt

�

Z
I

Z
��

..rxu/T C T .rxu/>/�xT dx dt

DW J1 C J2 C J3 C J4: (3.13)

The terms J1 and J2 can be treated as I1 and I2 above. By using (3.4), we obtain

J3 � ı

Z
I

k�xTk2
L2.��/

dt C cT
�
kT0k

2
L2.��0 /

C T k�0k
2
L2.��0 /

�
� exp

�
c

Z
I

krxuk2
L2.��/

dt
�

for any ı > 0 and by Ladyzhenskaya’s inequality and (3.4),

J4 .
Z
I

krxuk1=2
L2.��/

kuk1=2
W 2;2.��/

kTk1=2
L2.��/

krxTk1=2
L2.��/

k�xTkL2.��/ dt

� ı

Z
I

k�xTk2
L2.��/

dt C c
Z
I

kuk2
W 2;2.��/

kTk2
W 1;2.��/

dt

C cT
�
kT0k

2
L2.��0 /

C T k�0k
2
L2.��0 /

�
exp

�
c

Z
I

krxuk2
L2.��/

dt
�
:
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Thus, it follows from Grönwall’s lemma that

sup
t2I

kT .t/k2
W 1;2.��/

C

Z
I

k�xTk2
L2.��/

dt

. krxT0k
2
L2.��0 /

C

Z
I

�
k@t�k

2
W 2;2.!/

C kuk2
W 2;2.��/

�
dt

C T
�
kT0k

2
L2.��0 /

C T k�0k
2
L2.��0 /

�
exp

�
c

Z
I

krxuk2
L2.��/

dt
�
: (3.14)

To obtain regularity in time, we test (1.2) with @t�. This yieldsZ
I

k@t�k
2
L2.��/

dt C
Z
I

d
dt
krx�k

2
L2.��/

dt

D
1

2

Z
I

Z
@��

.@t�n/ ı '�1� � n�jrx�j
2 dH1 dt �

Z
I

Z
��

.u � rx/�@t� dx dt

� c

Z
I

k�k2
W 2;2.��/

C c

Z
I

krx�k
2
L2.��/

k@t�k
2
W 2;2.!/

dt

C c.ı/

Z
I

krx�k
2
L2.��/

kuk2
W 2;2.��/

dt C ı
Z
I

k@t�k
2
L2.��/

(3.15)

for any ı > 0. Note the estimate for the boundary term done earlier in (3.11). By using
estimate (3.12), it follows from (3.15) thatZ

I

k@t�k
2
L2.��/

dt C sup
t2I

krx�.t/k
2
L2.��/

. krx�0kL2.��0 /
C

Z
I

�
k@t�k

2
W 2;2.!/

C kuk2
W 2;2.��/

�
dt: (3.16)

Now, we note that (compare with the estimate for J3 in (3.13))

2k

Z
I

Z
��

.T � �I/ W @tT dx dt

� ı

Z
I

k@tTk
2
L2.��/

dt C cT
�
kT0k

2
L2.��0 /

C T k�0k
2
L2.��0 /

�
� exp

�
c

Z
I

krxuk2
L2.��/

dt
�

and (compare with the estimate for J4 in (3.13))Z
I

Z
��

Œ.rxu/T C T .rxu/>� W @tT dx dt

� ı

Z
I

k@tTk
2
L2.��/

dt C c
Z
I

kuk2
W 2;2.��/

krxTk2
L2.��/

dt

C cT
�
kT0k

2
L2.��0 /

C T k�0k
2
L2.��0 /

�
exp

�
c

Z
I

krxuk2
L2.��/

dt
�
:
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Therefore, by testing (1.5) with @tT , we obtainZ
I

k@tTk
2
L2.��/

dt C sup
t2I

krxT .t/k2
L2.��/

. krxT0kL2.��0 / C

Z
I

�
k@t�k

2
W 2;2.!/

C kuk2
W 2;2.��/

�
dt

C cT
�
kT0k

2
L2.��0 /

C T k�0k
2
L2.��0 /

�
exp

�
c

Z
I

krxuk2
L2.��/

dt
�
: (3.17)

If we now combine (3.12), (3.14), (3.16), and (3.17), we obtainZ
I

�
k@t�k

2
L2.��/

C k@tTk
2
L2.��/

�
dt C sup

t2I

�
k�.t/k2

W 1;2.��/
C kT .t/k2

W 1;2.��/

�
C

Z
I

�
k�kW 2;2.��/ C kTkW 2;2.��/

�
. k�0kW 1;2.��0 /

C kT0kW 1;2.��0 /
C

Z
I

�
k@t�k

2
W 2;2.!/

C kuk2
W 2;2.��/

�
dt

C T
�
kT0k

2
L2.��0 /

C T k�0k
2
L2.��0 /

�
exp

�
c

Z
I

krxuk2
L2.��/

dt
�
: (3.18)

Further combining (3.8) and (3.18) yields the desired estimate. Note that we can use equa-
tion (1.4) to directly obtain a bound for

R
I
k�k2

W 4;2.!/
dt in terms of the dataset by virtue

of (3.8) and (3.18).

4. Weak solutions

4.1. Galerkin approximation

Our goal in this section is to construct a finite-dimensional approximation of a linearized
version of the polymeric fluid-structure system for a given geometric setup. The approach
follows a fixed point argument where we decouple the equation for the solute from the
solvent-structure system. In this case, the solute system becomes a bilinear system whose
finite-dimensional approximation can be constructed using the classical Galerkin method.
On the other hand, the problem for the solvent-structure system can follow the construc-
tion done in [37] where the Galerkin basis on the moving domain is constructed from the
Piola transform of the basis of the fixed reference domain. For completeness, but to avoid
repetition, we summarize the construction in what follows.

We consider a given structure displacement � 2 C.xI � !/ with an initial state �.0; �/
D �0 and a given driving divergence-free velocity field v 2 L2divx

.I �R2/. To ensure that
the pair .�; v/ are sufficiently smooth so that the subsequent analyses are well defined,
we consider their spatial regularization .�� ; v�/1 and assume that they satisfy the interface

1Here, f� WD R�f , where the regularizing kernels .R�/�>0 commute with @t . See [37] for more
details.
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condition v� ı '�� D n@t�� on I � !. For � > 0 fixed, we are going to use a Galerkin
approximation to construct a weak solution .�� ; u� ; �� ;T�/ of the following linearized
system:

divxu� D 0; (4.1)

@t�� C .v� � rx/�� D �x�� ; (4.2)

@tu� C .v� � rx/u� D �xu� � rxp� C f� C divxT� ; (4.3)

@2t �� � @t@
2
y�� C @

4
y�� D g� � .S�n�� / ı '�� � n det.@y'�� /; (4.4)

@tT� C .v� � rx/T� D .rxu�/T� C T�.rxu�/> � 2.T� � ��I/C�xT� (4.5)

on I ���� � R1C2 where

S� D .rxu� C .rxu�/>/ � p�I C T�

and

��.0; �/ D �0;�.�/; @t��.0; �/ D �?;�.�/ in !; (4.6)

u�.0; �/ D u0;�.�/ in ��0;� ; (4.7)

��.0; �/ D �0;�.�/; T�.0; �/ D T0;�.�/ in ��0;� ;

n�� � rx�� D 0; n�� � rxT� D 0 on I � @��� :

We now make precise the notion of a weak solution .�� ; u� ; �� ; T�/ in this linearized
setting.

Definition 4.1. Let .f� ; g� ; �0;� ;T0;� ;u0;� ; �0;� ; �?;�/ be a dataset that satisfies

f� 2 L2.I IL2loc.R
2//; g 2 L2.I IL2.!//;

�0;� 2 W
2;2.!/ with k�0;�kL1.!/ < L; �?;� 2 L

2.!/;

u0;� 2 L2divx
.��0;� / is such that u0;� ı '�0;� D �?;�n on !;

�0;� 2 L
2.��0;� /; T0;� 2 L

2.��0;� /;

�0;� � 0; T0;� > 0 a.e. in ��0 :

(4.8)

We call .�� ;u� ; �� ;T�/ a weak solution of (4.1)–(4.5) if:

(a) the following properties

�� 2 W
1;1.I IL2.!// \W 1;2.I IW 1;2.!// \ L1.I IW 2;2.!//;

k��kL1.I�!/ < L;

u� 2 L1.I IL2.��� // \ L
2.I IW

1;2
divx
.��� //;

�� 2 L
1.I IL2.��� // \ L

2.I IW 1;2.��� //;

T� 2 L
1.I IL2.��� // \ L

2.I IW 1;2.��� //;

�� � 0; T� > 0; a.e. in I ����

holds;



Weak and strong solutions for polymeric fluid-structure interaction of Oldroyd-B type 417

(b) for all  2 C1.xI �R2/, we haveZ
I

d
dt

Z
���

�� dx dt D
Z
I

Z
���

Œ��@t C .��v� � rx/ � dx dt

�

Z
I

Z
���

rx�� � rx dx dt I

(c) for all Y 2 C1.xI �R2/, we haveZ
I

d
dt

Z
���

T� W Y dx dt D
Z
I

Z
���

ŒT� W @tY C T� W .v� � rx/Y � dx dt

C

Z
I

Z
���

Œ.rxu�/T� C T�.rxu�/>� W Y dx dt

� 2

Z
I

Z
���

.T� W Y � �� tr.Y // dx dt

�

Z
I

Z
���

rxT� WW rxY dx dt I

(d) for all .�; �/ 2 C1divx
.xI � R2/˝ C1.xI � !/ with �.T; �/ D 0, �.T; �/ D 0 and

� ı '�� D �n, we haveZ
I

d
dt

� Z
!

@t�� � dy C
Z
���

u� � � dx
�
dt

D

Z
I

Z
!

.@t��@t� � @t@y��@y� C g�� ��y��y��/ dy dt

C

Z
I

Z
!

�1
2

n�� ı '�� � n
>� @t�� @t�� det.@y'�� /

�
dy dt

C

Z
I

Z
���

�
u� � @t� �

1

2
..v� � rx/u�/ � �

�
dx dt

C

Z
I

Z
���

�1
2
..v� � rx/�/ � u� � rxu� W rx�C f� � �

�
dx dt

�

Z
I

Z
���

T� W rx� dx dt I

(e) the energy inequality

sup
t2I

� Z
���

tr.T�.t// dxCku�.t/k2L2.��� /Ck@t��.t/k
2
L2.!/

Ck@2y��.t/k
2
L2.!/

�
C

Z
I

Z
���

tr.T�/ dx dtC
Z
I

krxu�k2L2.��� / dtC
Z
I

k@t@y��k
2
L2.!/

dt

.
Z
��0;�

tr.T0;�/ dxC ku0k2L2.��0;� / C k�?;�k
2
L2.!/

C k@2y�0;�k
2
L2.!/
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C T

Z
��0;�

�0;� dxC
Z
I

kf�k2L2.��� / dt C
Z
I

kg�k
2
L2.!/

dt (4.9)

holds.

(f) In addition, we have

sup
t2I

�
k��.t/k

2
L2.��� /

C kT�.t/k
2
L2.��� /

�
C

Z
I

�
k��k

2
W 1;2.��� /

C kT�k
2
W 1;2.��� /

�
dt

. k�0;�k2L2.��0 / C kT0;�k
2
L2.��0 /

exp
�
c

Z
I

krxu�k2L2.��� / dt
�

C T k�0;�k
2
L2.��0 /

exp
�
c

Z
I

krxu�k2L2.��� / dt
�
:

Our main result in this section is now given as follows:

Theorem 4.2. Let � > 0 be fixed. For a dataset .f� ; g� ; �0;� ;T0;� ; u0;� ; �0;� ; �?;�/ that
satisfies (4.8), there exists a weak solution .�� ;u� ; �� ;T�/ of (4.1)–(4.5).

Remark 4.3. We remark here that the subscript � for the unknowns are meant to empha-
size that these are the solutions to the regularized system constructed from a given regu-
larized dataset.

We now devote the rest of this section to the proof of Theorem 4.2. To obtain
.�� ;u� ; �� ;T�/, we consider the basis .Xn/n2N and . xYn/n2N ofW 1;2

0;divx
.�/ andW 2;2.!/

respectively. Then by [37, Theorem A.3], there exist solenoidal vector fields . xYn/n2N that
solve a Stokes system on the fixed reference domain with boundary data .n xYn/n2N . Now,
for all t 2 xI , we obtain from .Xn/n2N the following basis:

Xn.t; �/ WD J��.t/Xn

for W 1;2
0;divx

.���.t// where, for a vector field v, J��v defined by

J��v D
�
rx‰�� .detrx‰�� /

�1v
�
ı‰�1��

is the Piola transform of v with respect to a mapping � W ! ! R. The Piola transform is
invertible with inverse

J�1�� v D
�
.rx‰�� /

�1.detrx‰�� /v
�
ı‰�� :

In order to ensure that the basis for the solvent system matches with the basis for the
structure at the solvent-structure interface, additionally, we consider the Piola transform
of the solenoidal vector fields . xYn/n2N by setting

Yn.t; �/ WD J��.t/
xYn:
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Consequently, if we set
Yn.t; �/ WD .det.@y'��.t///

�1 xYk

we obtain the interface condition

Yn.t; �/n D Yn.t; �/ ı '��.t/:

Our extended basis for the moving domain will now consist of the pair . n; n/n2N where

 n D

´
Xn n even;

Yn n odd
and  nn WD  n ı '��.t/: (4.10)

With basis (4.10) in hand, we can use the Picard–Lindelöf theorem to find functions
˛Nn 2 C

1.xI /, n;N 2 N such that uN� WD ˛Nn  n and �N� D
R t
0
˛Nn  n ds C �N�;0 solves2

d
dt

� Z
!

@t�
N
�  j dy C

Z
���

uN� � j dx
�

D

Z
!

�
@t�

N
� @t j � @t@y�

N
� @y j C g

N
�  j ��y j�y�

N
�

�
dy

C

Z
!

�1
2

n�� ı '�� � n
> j @t�� @t�

N
� det.@y'�� /

�
dy

C

Z
���

�
uN� � @t j �

1

2
..v� � rx/uN� / � j

�
dx

C

Z
���

�1
2
..v� � rx/ j / � uN� � rxuN� W rx j C fN� � j � TN

� W rx j

�
dx (4.11)

for all 1 � j � N with the pair .�N� ;T
N
� / determined by

@t�
N
� C .v� � rx/�

N
� D �x�

N
� ; (4.12)

@tT
N
� C .v� � rx/T

N
� D .rxuN� /T

N
� C TN

� .rxuN� /
>
� 2.TN

� � �
N
� I/

C�xTN
� (4.13)

on I � ��� � R1C2. Here, we complement (4.12)–(4.13) with the following initial and
boundary conditions:

�N0;� � 0; TN
0;� > 0 a.e in I ���� ; (4.14)

�N� .0; �/ D �
N
0;�.�/; TN

� .0; �/ D TN
0;�.�/ in ��0;� ; (4.15)

n�� � rx�
N
� D 0 on I � @��� ; (4.16)

n�� � rxTN
� D 0 on I � @��� : (4.17)

2The dependence of uN� and �N� on � follows from the implicit dependence of  n and  n on �
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Indeed, for a fixed N 2 N, suppose that .�N� ;uN� / satisfying

�N� 2 W
1;1.I IL2.!// \W 1;2.I IW 1;2.!// \ L1.I IW 2;2.!//;

uN� 2 L
1.I IL2.��� // \ L

2.I IW
1;2

divx
.��� //;

uN� ı '�� D n@t�N� on I � !

is given. Then due to the bilinearity of (4.12)–(4.13), a solution pair .�N� ; TN
� / of

(4.12)–(4.17) satisfyingZ
I

d
dt

Z
���

�N� �i dx dt D
Z
I

Z
���

Œ�N� @t�i C .�
N
� v� � rx/�i � dx dt

�

Z
I

Z
���

rx�
N
� � rx�i dx dt (4.18)

andZ
I

d
dt

Z
���

TN
� W Yi dx dt D

Z
I

Z
���

ŒTN
� W @tYi C TN

� W .v� � rx/Yi � dx dt

C

Z
I

Z
���

Œ.rxuN� /T
N
� C TN

� .rxuN� /
>� W Yi dx dt

� 2

Z
I

Z
���

.TN
� W Yi � �

N
� tr.Yi // dx dt

�

Z
I

Z
���

rxTN
� WW rxYi dx dt (4.19)

for all 1 � i � N is obtained as a limit M !1 of, yet again, a Galerkin approximation
.�
N;M
� ;TN;M

� / for a basis .�i ;Yi / in W 1;2
0 .��� /˝W

1;2
0 .��� /. Furthermore, if we take

the trace in (4.13), then similar to (3.3), we obtainZ
���

tr.TN
� .t// dxC 2

Z t

0

Z
���

tr.TN
� / dx dt 0

�

Z t

0

kTN
� k

2
L2.��� /

dt 0 C
Z t

0

krxuN� k
2
L2.��� /

dt 0

C 6

Z
��0;�

�N�;0 dxC
Z
��0;�

tr.TN
�;0/ dx (4.20)

for all t 2 I . On the other hand, if we take the inner product of (4.13) with TN
� and apply

Grönwall’s lemma, we obtain

sup
t2I

kTN
� .t/k

2
L2.��� /

C

Z
I

kTN
� k

2
W 1;2.��� /

dt

.
�
kTN

0;�k
2
L2.��0;� /

C T k�N0;�k
2
L2.��0;� /

�
exp

�
c

Z
I

krxuN� k
2
L2.��� /

dt
�

(4.21)
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with a similar but simpler estimate holding for �N� . If we now combine (4.20) and (4.21),
we obtain

sup
t2I

Z
���

tr.TN
� .t// dxC sup

t2I

kTN
� .t/k

2
L2.��� /

C

Z
I

Z
���

tr.TN
� / dx dt

C

Z
I

kTN
� k

2
W 1;2.��� /

dt . D.uN� ; �
N
0;� ;T

N
0;�/ (4.22)

where

D.uN� ; �
N
0;� ;T

N
0;�/ WD

Z
I

krxuN� k
2
L2.��� /

dt C
Z
��0;�

�N0;� dxC
Z
��0;�

tr.TN
0;�/ dx

C
�
kTN

0;�k
2
L2.��0;� /

C T k�N0;�k
2
L2.��0;� /

�
� exp

�
c

Z
I

krxuN� k
2
L2.��� /

dt
�
:

The right-hand side of (4.22) is finite, and thus, we have constructed a solution .�N� ;T
N
� /

of (4.12)–(4.17) satisfying

�N� 2 L
1.I IL2.��� // \ L

2.I IW 1;2.��� //;

TN
� 2 L

1.I IL2.��� // \ L
2.I IW 1;2.��� //:

Now, with the constructed pair .�N� ;T
N
� / in hand, we revisit (4.11). As stated earlier, its

solution follows from Picard–Lindelöf theorem. Furthermore, by taking the pair .�N� ;uN� /
as test functions, we obtain the global bound

sup
t2I

�
kuN� k

2
L2.��� /

C k@t�
N
� k

2
L2.!/

C k@2y�
N
� k

2
L2.!/

�
C

Z
I

�
krxuN� k

2
L2.��� /

C k@t@y�
N
� k

2
L2.!/

�
dt

.
Z
I

kTN
� k

2
L2.��� /

dt C
Z
I

kfN� k
2
L2.��� /

dt C
Z
I

kgN� k
2
L2.��� /

dt

C kuN0;�k
2
L2.��0;� /

C k�N?;�k
2
L2.!/

C k@2y�
N
0;�k

2
L2.!/

. 1 (4.23)

leading to .�N� ;uN� / 2 XI where

XI WD
�
W 1;1.I IL2.!// \W 1;2.I IW 1;2.!// \ L1.I IW 2;2.!//

�
˝
�
L1.I IL2.��� // \ L

2.I IW
1;2

divx
.��� //

�
:

At this point, on the one hand, we have obtained a solution .�N� ;T
N
� / to the solute system

(4.12)–(4.17) given a solvent-structure pair .�N� ; uN� /. On the other hand, we have also
constructed a solvent-structure pair .�N� ; uN� / given a solute pair .�N� ;T

N
� /. We can now

use a fixed point argument to get a local solution .�N� ; uN� ; �N� ; TN
� / for the mutually
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coupled system. To do this, for a time T� > 0, I� WD .0; T�/ to be determined soon, we
consider the solution map T D T1 ı T2 W XI� ! XI� where

T.�N� ;uN� / D .�
N
� ;u

N
� /; T2.�N� ;uN� / D .�

N
� ;T

N
� /; T1.�N� ;T

N
� / D .�

N
� ;u

N
� /

and the associated set

B
I�
R WD

®
.�N� ;uN� / 2 X

I� with uN� WD ˛
N
n  n; �

N
� WD

Z t

0

˛Nn  n ds C �N�;0

such that k.�N� ;uN� /k
2
XI�
� R2 for t 2 xI�

¯
for R > 0 large enough and for fixed � > 0. From (4.22) and (4.23), it follows that T W
B
I�
R ! B

I�
R for R > 0 large and T� > 0 small, that is, the solution mapping T maps the

ball BI�R onto itself. To show the contraction property leading to the existence of a unique
local solution for the fully coupled system, we consider any two solution pairs .�N;i� ;uN;i� /,
i D 1;2 of the solvent-structure system with datasets .fN� ; gN� ;uN0;� ; �

N
0;� ; �

N
?;� ; �

N;i
� ;TN;i

� /,
i D 1; 2, respectively. Thus, the difference

.�N;12� ; uN;12� / WD .�N;1� � �N;2� ; uN;1� � uN;2� /

solves

@2t �
N;12
� � @t@

2
y�
N;12
� C @4y�

N;12
� D �n>SN;12� ı '��n�� det.@y'�� / (4.24)

in I� � ! and

@tuN;12� C .v� � rx/uN;12� D �xuN;12� � rxp
N;12
� C divxTN;12

� (4.25)

in I� ���� ; where

SN;12� D .rxuN;12� Crx.uN;12� />/ � pN;12� I C TN;12
�

with pN;12� WD p
N;1
� � p

N;2
� and TN;12

� WD TN;1
� � TN;2

� . Similar to (3.2), we obtain

sup
t2I�

�
kuN;12� .t/k2

L2.��� /
C k@t�

N;12
� .t/k2

L2.!/
C k@2y�

N;12
� .t/k2

L2.!/

�
C

Z
I�

�
krxuN;12� k

2
L2.��� /

C k@t@y�
N;12
� k

2
L2.!/

�
dt

. T� sup
t2I�

kTN;12
� .t/k2

L2.��� /
: (4.26)

To obtain a contraction estimate for TN
� , let us consider any two solution pairs .�N;i� ;

TN;i
� /, i D 1;2 of (4.12)–(4.13) with datasets .�N0;� ;T

N
0;� ;�

N;i
� ;uN;i� /, i D 1;2, respectively,

so that the differences �N;12� WD �
N;1
� � �

N;2
� and TN;12

� WD TN;1
� � TN;2

� solve

@t�
N;12
� C .v� � rx/�

N;12
� D �x�

N;12
� (4.27)
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and

@tT
N;12
� C .v� � rx/T

N;12
� D .rxuN;12� /TN;1

� C TN;1
� .rxuN;12� />

� 2.TN;12
� � �N;12� I/C�xTN;12

�

C .rxuN;2� /TN;12
� C TN;12

� .rxuN;2� /> (4.28)

in I� � ��� . We now test (4.27) with �N;12� and use boundary condition (4.16), which
leads to

sup
t2I�

k�N;12� .t/k2
L2.��� /

C

Z
I�

krx�
N;12
� k

2
L2.��� /

dt D 0: (4.29)

Next we test (4.28) with TN;12
� . We obtain

kTN;12
� .t/k2

L2.��� /
C

Z t

0

kTN;12
� k

2
W 1;2.��� /

dt 0

. T�k�
N;12
� .t/k2

L2.��� /
C

Z t

0

kTN;12
� k

2
L2.��� /

dt 0

C

Z t

0

Z
���

�
jrxuN;12� j jTN;1

� j C jrxuN;2� j jT
N;12
� j

�
jTN;12
� j dx dt 0

for all t 2 I�, whereas by using the Ladyzhenskaya inequality, we find that the estimateZ t

0

Z
���

jrxuN;12� j jTN;1
� j jT

N;12
� j dx dt 0

.
Z t

0

kTN;1
� kL4.��� /

kTN;12
� kL4.��� /

krxuN;12� kL2.��� /
dt 0

� ı

Z t

0

kTN;12
� k

2
W 1;2.��� /

dt 0 C ı
Z t

0

kTN;1
� kL2.��� /

krxuN;12� k
2
L2.��� /

dt

C c

Z t

0

kTN;1
� k

2
W 1;2.��� /

kTN;12
� k

2
L2.��� /

dt 0

holds for any ı > 0 andZ t

0

Z
���

jrxuN;2� j jT
N;12
� j

2 dx dt 0 .
Z t

0

krxuN;2� kL2.��� /
kTN;12

� k
2
L4.��� /

dt 0

� ı

Z t

0

kTN;12
� k

2
W 1;2.��� /

dt 0

C c

Z t

0

krxuN;2� k
2
L2.��� /

kTN;12
� k

2
L2.��� /

dt 0:
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If we now use the regularity of TN;1
� ; uN;2� as well as (4.29), we obtain from Grönwall’s

lemma that

sup
t2I�

kTN;12
� .t/k2

L2.��� /
C

Z
I�

kTN;12
� k

2
W 1;2.��� /

dt

� ıecT�
Z
I�

krxuN;12� k
2
L2.��� /

dt: (4.30)

By combining (4.26) and (4.30), we obtain

kT.�N� ;uN� /k
2
XI�
D k.�N� ;u

N
� /k

2
XI�
� cıT�e

cT�k.�N� ;uN� /k
2
XI�
�

1
2
k.�N� ;uN� /k

2
XI�

for the choice of T� such that 2T�ecT� � .cı/�1. This completes the proof of the existence
of a unique local-in-time weak solution for the fully coupled finite-dimensional system
(4.11)–(4.13). The fact that this solution is global follows from the energy estimate. Sim-
ilarly to (3.1), we obtain

sup
t2I

� Z
���

tr.TN
� .t// dxC kuN� .t/k

2
L2.��� /

C k@t�
N
� .t/k

2
L2.!/

C k@2y�
N
� .t/k

2
L2.!/

�
C

Z
I

Z
���

tr.TN
� / dx dt C

Z
I

krxuN� k
2
L2.��� /

dt C
Z
I

k@t@y�
N
� k

2
L2.!/

dt

.
Z
��� .0/

tr.TN
0;�/ dxC kuN0;�k

2
L2.��� .0//

C k�N?;�k
2
L2.!/

C k@2y�
N
0;�k

2
L2.!/

C T

Z
��� .0/

�N0;� dxC
Z
I

kfN� k
2
L2.��� /

dt C
Z
I

kgN� k
2
L2.!/

dt (4.31)

and similar to (3.4), we obtain

sup
t2I

�
k�N� .t/k

2
L2.��� /

C kTN
� .t/k

2
L2.��� /

�
C

Z
I

�
k�N� k

2
W 1;2.��� /

C kTN
� k

2
W 1;2.��� /

�
dt

. k�N0;�k
2
L2.��� .0//

C kTN
0;�k

2
L2.��� .0//

exp
�
c

Z
I

krxuN� k
2
L2.��� /

dt
�

C T k�N0;�k
2
L2.��� .0//

exp
�
c

Z
I

krxuN� k
2
L2.��� /

dt
�
: (4.32)

By using the boundedness of the initial conditions, it follows from (4.31) and (4.32) that

�N� ! �� in
�
L1.I IW 2;2.!//; w�

�
;

@t�
N
� ! @t�� in

�
L1.I IL2.!//; w�

�
\
�
L2.I IW 1;2.!//; w

�
;

uN� ! u� in
�
L1.I IL2.��� //; w

�
�
\
�
L2.I IW

1;2
divx
.��� //; w

�
;

�N� ! �� in
�
L1.I IL2.��� //; w

�
�
\
�
L2.I IW 1;2.��� //; w

�
;

TN
� ! T� in

�
L1.I IL2.��� //; w

�
�
\
�
L2.I IW 1;2.��� //; w

�
:
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Furthermore, by using a density argument and lower semi-continuity of norms, the conver-
gences above offer all the ingredients to pass to the limit in (4.11), (4.18), (4.19), (4.31),
and (4.32) to complete the proof of Theorem 4.2.

4.2. The regularized fully coupled system

In the previous section, we constructed a weak solution .�� ; u� ; �� ;T�/ to the linearized
system posed on the given regularized space-time geometry I ���� . In this section, we
are going to use a fixed point argument to show that .�� ; u� ; �� ;T�/ actually solves the
fully coupled nonlinear system posed on the unknown regularized geometry, that is,

divxu� D 0; (4.33)

@t�� C .u� � rx/�� D �x�� ; (4.34)

@tu� C .u� � rx/u� D �xu� � rxp� C f� C divxT� ; (4.35)

@2t �� � @t@
2
y�� C @

4
y�� D g� � .S�n�� / ı '�� � n det.@y'�� /; (4.36)

@tT� C .u� � rx/T� D .rxu�/T� C T�.rxu�/> � 2.T� � ��I/C�xT� (4.37)

on I ���� � R1C2 where

S� D .rxu� C .rxu�/>/ � p�I C T� :

A weak solution of (4.33)–(4.37) is defined in analogy to Definition 4.1. Our main result
now reads

Theorem 4.4. Let � > 0 be arbitrary. For a dataset .f� ; g� ; �0;� ;T0;� ; u0;� ; �0;� ; �?;�/
that satisfies (4.8), there exists a weak solution .�� ;u� ; �� ;T�/ of (4.33)–(4.37).

Proof. We note that the only differences between (4.1)–(4.5) and the anticipated system
(4.33)–(4.37) consists of the linearization by the given velocity v� (rather than u�) in the
advection term, the stress tensor term on the right-hand side of (4.4) being transformed
by a coordinate transform with respect of �� (rather than ��), and finally the full sys-
tem posed on ��� (rather than ��� ). The proof of Theorem 4.4 therefore follows from
the construction of a fixed point T.��; v�/ D .��; u�/ of a certain solution map T. Unfor-
tunately, since we are dealing with weak solutions and the anticipated system given by
(4.33)–(4.37) is nonlinear, we are unable to use a Banach fixed point-type argument as we
did in the previous section. Consequently, we resort to a fixed point theorem for set-valued
mappings that gives the existence (but not uniqueness) of a fixed point [37, Theorem A.4].
For this, with a slight abuse of notation, we (still) consider the interval I� WD .0; T�/

where T� is to be chosen later. For a tubular neighborhood S˛ of @� with ˛ � L, we set

X WD C.xI� � !/˝ L
2.I�IL

2.� [ S˛//

and define the ball

BXR D
®
.�� ; v�/ 2 X W ��.0/ D �0;� ; k.�� ; v�/kX � R

¯
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for R > 0 large enough and for fixed � > 0. Now let us consider the solution map
T W BXR � X ! 2B

X
R defined by T.�� ; v�/ D .�� ;u�/. The critical requirement for a fixed

point is to show compactness of the map T. Thus, for a sequence .�n� ; T
n
� / satisfying

(4.12)–(4.13), we consider any sequence .�n� ; vn�/n2N 2 B
X
R with T.�n� ; vn�/ D .�n� ; un�/

(where the existence of such a solution map is guaranteed by (4.11) and (4.23)). Conse-
quently, we have in particular that

sup
t2I

�
k@t�

n
�k
2
L2.!/

C k@2y�
n
�k
2
L2.!/

�
. 1

uniformly in n 2 N. Given that the embedding W 2;2.!/ ,! C.!/ is compact and the
embedding C.!/ ,! L2.!/ is continuous, it follows from Aubin–Lions lemma that

�n� ! �� in C.xI� � !/:

Also, just as in [46, Lemma 6.3], we can use a reformulated Aubin–Lions lemma [46, The-
orem 5.1] and the existence of a smooth solenoidal extension operator [46, Corollary 3.4]
to also obtain

@t�
n
� ! @t�� in L2.I�IL2.!//; (4.38)

I��n� un� ! I��� u� in L2.I�IL2.� [ S˛//; (4.39)

which finishes the proof of compactness of T. Consequently, the map T posses a fixed
point, that is, there exists .�� ; u�/ 2 BXR with T.�� ; u�/ D .�� ; u�/. The fact that the
solution is global follows from (3.1).

Remark 4.5. We remark that the now standard method [46, Lemma 6.3] for obtaining
compactness for the velocity sequence has been adapted to various settings, including a
momentum equation with a forcing in divergence form [16, page 31] (just as we have in
our present setting) and to stochastic models [18, page 24].

4.3. Limits of the regularized system

We are now going to pass to the limit � !1 in the regularization parameter to complete
the proof of Theorem 2.2. Due to Theorem 4.4 (and (3.1)), it follows that

�� ! � in .L1.I IW 2;2.!//; w�/;

@t�� ! @t� in
�
L1.I IL2.!//; w�

�
\
�
L2.I IW 1;2.!//; w

�
;

I��� u� ! I��u in
�
L1.I IL2.� [ S˛//; w

�
�
\
�
L2.I IW

1;2
divx
.� [ S˛//; w

�
;

I��� �� ! I��� in
�
L1.I IL2.� [ S˛//; w

�
�
\
�
L2.I IW 1;2.� [ S˛//; w

�
;

I��� T� ! I��T in
�
L1.I IL2.� [ S˛//; w

�
�
\
�
L2.I IW 1;2.� [ S˛//; w

�
:
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Furthermore, just as in (4.38)–(4.39), we also obtain

@t�� ! @t� in L2.I�IL2.!//;

I��� u� ! I��u in L2.I�IL2.� [ S˛//:

The above convergence results allow us to pass to the limit in the weak formulation and
the energy inequality.

5. Strong solutions

We now attend to the proof of Theorem 2.5. Our strategy for constructing a solution also
involves solving the solvent-structure subproblem and the solute subproblem indepen-
dently of each other and using a fixed point argument to get a local solution to the fully
coupled system. The extension to a global solution will then follow from estimate (3.7).

5.1. The solvent-structure subproblem

In the following, for a given pair .�;T /, given body forces f and g, we wish to find a
strong solution to the following system of equations:

divxu D 0; (5.1)

@tuC .u � rx/u D �xu � rxp C fC divxT ; (5.2)

@2t � � @t@
2
y�C @

4
y� D g � .Sn�/ ı '� � n det.@y'�/; (5.3)

defined on I ��� � R1C2 where

S D .rxuC .rxu/>/ � pI C T :

We complement (5.1)–(5.3) with the following initial and interface conditions

�.0; �/ D �0.�/; @t�.0; �/ D �?.�/ in !; (5.4)

u.0; �/ D u0.�/ in ��0 : (5.5)

u ı '� D .@t�/n on I � !: (5.6)

The precise definition of a strong solution is given as follows:

Definition 5.1 (Strong solution). Let .f; g; �0; �?;u0;T / be a dataset such that

f 2 L2.I IL2loc.R
2//; g 2 L2.I IL2.!//; �0 2 W

3;2.!/ with k�0kL1.!/ < L;

�? 2 W
1;2.!/; T 2 L2.I IW 1;2

loc .R
2//;

u0 2 W 1;2
divx
.��0/ is such that u0 ı '�0 D �?n on !:
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We call .�; u; p/ a strong solution of (5.1)–(5.6) with data .f; g; �0; �?; u0;T / provided
that the following hold:

(a) the structure-function � is such that k�kL1.I�!/ < L and

� 2 W 1;1.I IW 1;2.!// \ L1.I IW 3;2.!// \W 1;2.I IW 2;2.!//

\W 2;2.I IL2.!// \ L2.I IW 4;2.!//I

(b) the velocity u is such that u ı '� D .@t�/n on I � ! and

u 2 W 1;2.I IL2divx
.��// \ L

2.I IW 2;2.��//I

(c) the pressure p is such that

p 2 L2.I IW 1;2.��//I

(d) equations (5.1)–(5.3) are satisfied almost everywhere in space-time with �.0/
D �0 and @t� D �? almost everywhere in ! as well as u.0/ D u0 almost every-
where in ��0 .

The existence of a unique global-in-time strong solution to (5.1)–(5.6) in the sense of
Definition 5.1 is already shown in [14, Theorem 2.5], so we can proceed to the solute
subproblem.

5.2. The solute subproblem

For a known flexible domain �� and a known solenoidal vector field v, we aim in this
section to construct a strong solution of the following solute subproblem:

@t�C .v � rx/� D �x�; (5.7)

@tT C .v � rx/T D .rxv/T C T .rxv/> � 2.T � �I/C�xT (5.8)

on I ��� � R1C2 subject to the initial and boundary conditions

�.0; �/ D �0.�/; T .0; �/ D T0.�/ in ��.0/; (5.9)

n� � rx� D 0; n� � rxT D 0 on I � @�� : (5.10)

The two unknowns � and T for the solute component of the polymer fluid are related via
the identities

T .t; x/ D
Z
B

f .t; x;q/q˝ q dq; �.t; x/ D
Z
B

f .t; x;q/ dq

where f solves (1.11).
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Let us start with a precise definition of what we mean by a strong solution.

Definition 5.2. Assume that .�0;T0; v; �/ satisfies

�0;T0 2 W
1;2.��.0//;

�0 � 0; T0 > 0 a.e. in ��.0/;

v 2 W 1;2.I IL2divx
.�� // \ L

2.I IW 2;2.�� //;

� 2 W 1;1.I IW 1;2.!// \ L1.I IW 3;2.!// \W 1;2.I IW 2;2.!//

\W 2;2.I IL2.!// \ L2.I IW 4;2.!//;

v ı '� D .@t�/n on I � !; k�kL1.I�!/ < L:

(5.11)

We call .�;T / a strong solution of (5.7)–(5.10) with dataset .�0;T0; v; �/ if

(a) .�;T / satisfies

�;T 2 W 1;2.I IL2.�� // \ L
2.I IW 2;2.�� //I

(b) for all  2 C1.xI �R2/, we haveZ
I

d
dt

Z
��

� dx dt D
Z
I

Z
��

Œ�@t C .�v � rx/ � dx dt

�

Z
I

Z
��

rx� � rx dx dt I

(c) for all Y 2 C1.xI �R2/, we haveZ
I

d
dt

Z
��

T W Y dx dt D
Z
I

Z
��

ŒT W @tY C T W .v � rx/Y � dx dt

C

Z
I

Z
��

Œ.rxv/T C T .rxv/>� W Y dx dt

� 2

Z
I

Z
��

.T W Y � �tr.Y // dx dt

�

Z
I

Z
��

rxT WW rxY dx dt:

We now formulate our result on the existence of a unique strong solution of (5.7)–(5.10).

Theorem 5.3. Let.�0;T0;v; �/ satisfy (5.11). Then there is a unique strong solution .�;T /
of (5.7)–(5.10), in the sense of Definition 5.2, such thatZ

I

�
k@t�k

2
L2.�� /

C k@tTk
2
L2.�� /

�
dt C sup

t2I

�
k�.t/k2

W 1;2.�� /
C kT .t/k2

W 1;2.�� /

�
C

Z
I

�
k�kW 2;2.�� /

C kTkW 2;2.�� /

�
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. k�0kW 1;2.��.0//
C kT0kW 1;2.��.0//

C

Z
I

�
k@t�k

2
W 2;2.!/

C kvk2
W 2;2.�� /

�
dt

C T
�
kT0k

2
L2.��.0//

C T k�0k
2
L2.��.0//

�
exp

�
c

Z
I

krxvk2
L2.�� /

dt
�
: (5.12)

holds with a constant depending on the L1.I IW 1;2.!//-norm of @t� and the L1.I I
W 1;1.!//-norm of �, but otherwise being independent of the data.

Since (5.7) and (5.8) are dissipative and bilinear, a strong solution of (5.7)–(5.10) is
directly obtained by way of a limit to a Galerkin approximation. In particular, bound (5.12)
for the finite-dimensional solution is obtained in the same manner as (3.18), after which
one can pass to the limit.

5.3. The fully coupled system

In this section, we are going to use a fixed point argument to first establish the existence
of a unique local strong solution to the fully coupled solute-solvent-structure system. This
solution will hold globally in time because of Proposition 3.3. The fixed point argument
requires showing the closedness of an anticipated solution in a ball and a contraction
argument. These two properties will be shown in the following spaces:

X� WD W
1;2.I�IL

2.��// \ L
1.I�IW

1;2.��// \ L
2.I�IW

2;2.��//;

Y� WD L
1.I�IL

2.��// \ L
2.I�IW

1;2.��//;

equipped with their canonical norms k � kX� and k � kY� , respectively. Here, I� with
I� D .0; T�/ is to be determined later.

Now, for .�;T / 2 Y� ˝ Y� , let .�;u; p/ be a unique strong solution of (5.1)–(5.6) with
data .f; g; �0; �?;u0;T / as shown in [14, Theorem 2.5]. On the other hand, for

.�;u/ 2 W 1;1.I�IW
1;2.!// \ L1.I�IW

3;2.!// \W 1;2.I�IW
2;2.!//

\W 2;2.I�IL
2.!// \ L2.I IW 4;2.!//

˝W 1;2.I�IL
2
divx
.��// \ L

2.I�IW
2;2.��//;

let .�;T / be the unique strong solution of (5.7)–(5.10) with dataset .�0;T0;u; �/ as shown
in Theorem 5.3. Now define the mapping T D T1 ı T2 where

T.�;T / D .�;T /; T2.�;T / D .�;u; p/; T1.�;u; p/ D .�;T /

and let
BR WD

®
.�;T / 2 X� ˝X� W k.�;T /k

2
X�˝X�

� R2
¯
:

Let show that T W X� ˝ X� ! X� ˝ X� maps BR into BR, that is, for any .�;T / 2 BR,
we have that

k.�;T /k2X�˝X� DkT.�;T /k
2
X�˝X�

DkT1 ı T2.�;T /k2X�˝X� DkT1.�;u;p/k
2
X�˝X�

�R2:
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Indeed if we let .�;T / 2 X� ˝X� then by the a priori estimate in (5.12),

k.�;T /k2X�˝X� . k�0kW 1;2.��0 /
C kT0kW 1;2.��0 /

C

Z
I�

�
k@t�k

2
W 2;2.!/

C kuk2
W 2;2.��/

�
dt

C cT�
�
kT0k

2
L2.��0 /

C T�k�0k
2
L2.��0 /

�
� exp

�
c

Z
I�

krxuk2
L2.��/

dt
�
: (5.13)

However, by [14, (4.14) and Lemma 4.2], a unique strong solution .�;u; p/ of (5.1)–(5.6)
with data .f; g; �0; �?;u0;T / satisfies3Z

I�

�
k@t�k

2
W 2;2.!/

C kuk2
W 2;2.��/

�
dt

. ku0k2W 1;2.�0/
C k�0k

2
W 3;2.!/

C k�?k
2
W 1;2.!/

C

Z
I�

�
kgk2

L2.!/
C kfk2

L2.��/
C kTk2

W 1;2.��/

�
dt: (5.14)

Given the regularity of the dataset and the fact that T 2 X� , for a large enough R > 0 and
T� > 0 small enough, we obtain

k.�;T /k2X�˝X� � R
2

by substituting (5.14) into (5.13). Thus, T W BR ! BR.
To show the contraction property, we let .�i ;Ti /, i D 1; 2 be two strong solutions of

(5.7)–(5.10) with dataset .�0;T0; ui ; �i /, i D 1; 2, respectively. Since the fluid domain
depends on the deformation of the shell, we have to transform one solution, say T2, to the
domain of T1 in order to get a difference estimate. To get the equation for the transforma-
tion of T2, we make use of the distributional formulationZ

I�

Z
��2

Œ@tT2 C .u2 � rx/T2� W Y2 dx

D

Z
I�

Z
��2

Œ.rxu2/T2 C T2.rxu2/>� W Y2 dx dt

� 2

Z
I�

Z
��2

.T2 W Y2 � �2tr.Y2// dx dt �
Z
I�

Z
��2

rxT2 WW rxY2 dx dt

for all Y 2 C1.I� � R2/. Let us set T2 D T2 ı ‰�2��1 , u2 D u2 ı ‰�2��1 , �2
D �2 ı‰�2��1 , and Y2 D Y2 ı‰

�1
�2��1

, thenZ
I�

Z
��2

@tT2 W Y2 dx dt

3A careful analysis of [14, (4.14)] shows that kgk2
L2.!/

(rather than kgk2
W 1;2.!/

) is sufficient on the
right-hand side of (5.14).
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D

Z
I�

Z
��2

.@tT2 ı‰
�1
�2��1

CrxT2 ı‰
�1
�2��1

@t‰
�1
�2��1

/ W Y2 ı‰
�1
�2��1

dx dt

D

Z
I�

Z
��1

J�2��1 .@tT2 CrxT2 � @t‰
�1
�2��1

ı‰�2��1/ W Y2 dx dt

where J�2��1 D det.rx‰�2��1/. We also haveZ
I�

Z
��2

u2 � rxT2 W Y2 dx dt

D

Z
I�

Z
��2

u2 ı‰�1�2��1 � rxT2 ı‰
�1
�2��1

rx‰
�1
�2��1

W Y2 ı‰
�1
�2��1

dx dt

D

Z
I�

Z
��1

J�2��1 u2 � rxT2rx‰
�1
�2��1

ı‰�2��1 W Y2 dx dt

as well asZ
I�

Z
��2

Œ.rxu2/T2 C T2.rxu2/>� W Y2 dx dt

D

Z
I�

Z
��2

Œrxu2 ı‰�1�2��1rx‰
�1
�2��1

T2 ı‰
�1
�2��1

C T2 ı‰
�1
�2��1

.rx‰
�1
�2��1

/>.rxu2 ı‰�1�2��1/
>� W Y2 ı‰

�1
�2��1

dx dt

D

Z
I�

Z
��1

J�2��1 rxu2rx‰
�1
�2��1

ı‰�2��1T2 W Y2 dx dt

D

Z
I�

Z
��1

J�2��1 T2.rx‰
�1
�2��1

ı‰�2��1/
>.rxu2/> W Y2 dx dt:

Similarly,Z
I�

Z
��2

.T2 W Y2 � �2tr.Y2// dx dt D
Z
I�

Z
��1

J�2��1 .T2 W Y2 � �2tr.Y2// dx dt

andZ
I�

Z
��2

rxT2 WW rxY2 dx dt

D

Z
I�

Z
��2

rx‰
�1
�2��1

rxT2 ı‰
�1
�2��1

W rx‰
�1
�2��1

rxY2 ı‰
�1
�2��1

dx dt

D

Z
I�

Z
��1

J�2��1 .rx‰
�1
�2��1

ı‰�2��1/
>
rx‰

�1
�2��1

ı‰�2��1rxT2 WW rxY2 dx dt:

Now let

A�2��1 WD .rx‰
�1
�2��1

ı‰�2��1/
>B�2��1 ;
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where B�2��1 WD J�2��1rx‰
�1
�2��1

ı‰�2��1 I

then we obtain the equation

@tT2 C u2 � rxT2 D rxu2T2 C T2.rxu2/> � 2.T2 � �2I/C�xT2

� divx..I �A�2��1/rxT2/CH�2��1.�2;u2;T2/

defined on I� ���1 where

H�2��1.�2;u2;T2/

D .1 � J�2��1/@tT2 � J�2��1rxT2 � @t‰
�1
�2��1

ı‰�2��1 Crxu2.B�2��1 � I/T2

C T2.B�2��1 � I/>.rxu2/> C u2 � rxT2.I � B�2��1/

C 2.1 � J�2��1/.T2 � �2I/:

Now take the first solution

@tT1 C u1 � rxT1 D rxu1T1 C T1.rxu1/> � 2.T1 � �1I/C�xT1

defined on I� ���1 and set

T12 WD T1 � T2; u12 D u1 � u2; �12 D �1 � �2; �12 D �1 � �2:

Then T12 solves

@tT12 C u1 � rxT12 D rxu1T12 C T12.rxu1/> � 2.T12 � �12I/C�xT12

� u12 � rxT2 Crxu12T2 C T2.rxu12/>

C divx..I �A��12/rxT2/ �H��12.�2;u2;T2/ (5.15)

on I� ���1 with identically zero initial condition. If we now test (5.15) with T12, then
for t 2 I�, we obtain

1

2

d
dt
kT12k

2
L2.��1 /

C kT12k
2
W 1;2.��1 /

� kT12k
2
L2.��1 /

C k�12k
2
L2.��1 /

C 2

Z
��1

jrxu1jjT12j2 dx

C

Z
��1

�
rxu12T2 C T2.rxu12/> � u12 � rxT2

�
W T12 dx

C

Z
��1

�
divx..I �A��12/rxT2/ �H��12.�2;u2;T2/

�
W T12 dx: (5.16)

Firstly, we obtain

2

Z
��1

jrxu1jjT12j2 dx . krxu1kL2.��1 /kT12k
2
L4.��1 /
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. krxu1kL2.��1 /kT12kL2.��1 /kT12kW 1;2.��1 /

� ckrxu1k2L2.��1 /kT12k
2
L2.��1 /

C ıkT12k
2
W 1;2.��1 /

(5.17)

for any ı > 0. Next, by using the embedding W 2;2.��1/ ,! L1.��1/, we obtainZ
��1

�
rxu12T2 C T2.rxu12/>

�
W T12 dx

. krxu12kL2.��1 /kT2kL1.��1 /
kT12kL2.��1 /

� ıkrxu12k2L2.��1 / C ckT2k
2
W 2;2.��1 /

kT12k
2
L2.��1 /

(5.18)

for any ı > 0. Similarly,Z
��1

u12 � rxT2 W T12 dx . ku12kL4.��1 /krxT2kL4.��1 /
kT12kL2.��1 /

� ıkrxu12k2L2.��1 / C ckT2k
2
W 2;2.��1 /

kT12k
2
L2.��1 /

: (5.19)

Next, we writeZ
��1

divx..I �A��12/rxT2/ W T12 dx D
Z
@��1

n�1 � .I �A��12/rxT2 W T12 dx

�

Z
��1

.I �A��12/rxT2 WW rxT12 dx (5.20)

where, by trace theorem and the fact that I �A��12 � �@y�12 holds in norm,Z
@��1

n�1 � .I �A��12/rxT2 W T12 dx

. krxT2kL4.@��1 /
kI �A��12kL4.@��1 /kT12kL2.@��1 /

. krxT2kW 3=4;2.��1 /
k�12kW 1;4.!/kT12kW 3=4;2.��1 /

. kT2kW 2;2.��1 /
k�12kW 2;2.!/kT12k

1=4

L2.��1 /
kT12k

3=4

W 1;2.��1 /

� ıkT12k
2
W 1;2.��1 /

C ıkT12k
2
L2.��1 /

C ckT2k
2
W 2;2.��1 /

k�12k
2
W 2;2.!/

: (5.21)

We also obtain Z
��1

.I �A��12/rxT2 WW rxT12 dx

� ıkrxT12k
2
L2.��1 /

C ckT2k
2
W 2;2.��1 /

k�12k
2
W 2;2.!/

: (5.22)

Next, we rewriteZ
��1

H��12.�2;u2;T2/ W T12 dx D
Z
��1

.1 � J��12/@tT2 W T12 dx
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�

Z
��1

J��12rxT2 � @t‰
�1
��12
ı‰��12 W T12 dx

C

Z
��1

rxu2.B��12 � I/T2 W T12 dx

C

Z
��1

T2.B��12 � I/>.rxu2/> W T12 dx

C

Z
��1

u2 � rxT2.I � B��12/ W T12 dx

C 2

Z
��1

.1 � J��12/.T2 � �2I/ W T12 dx

DW I1 C : : :C I6: (5.23)

Then we have, by interpolation

I1 . k�12kW 1;4.!/k@tT2kL2.��1 /
kT12kL4.��1 /

. k�12kW 2;2.!/k@tT2kL2.��1 /
kT12k

1=2

L2.��1 /
kT12k

1=2

W 1;2.��1 /

� ck�12k
2
W 2;2.!/

k@tT2k
2
L2.��1 /

C 2ıkT12kL2.��1 /kT12kW 1;2.��1 /

� ck�12k
2
W 2;2.!/

k@tT2k
2
L2.��1 /

C ıkT12k
2
L2.��1 /

C ıkT12k
2
W 1;2.��1 /

:

For I2, we use the equivalence W 3=2;2.��1/ � W 1;4.��1/ in 2D and interpolation to
obtain

I2 . k@t�12kL2.!/kT2kW 3=2;2.��1 /
kT12kL4.��1 /

. k@t�12kL2.!/kT2k
1=2

W 1;2.��1 /
kT2k

1=2

W 2;2.��1 /
kT12k

1=2

L2.��1 /
kT12k

1=2

W 1;2.��1 /

� ıkT12k
2
W 1;2.��1 /

C ck@t�12k
4=3

L2.!/
kT2k

2=3

W 1;2.��1 /
kT2k

2=3

W 2;2.��1 /
kT12k

2=3

L2.��1 /

� ıkT12k
2
W 1;2.��1 /

C ck@t�12k
2
L2.!/

kT2kW 1;2.��1 /
C ckT2k

2
W 2;2.��1 /

kT12k
2
L2.��1 /

:

Finally, we also obtain

I3 C I4 C I5 . k�12k2W 2;2.!/
kT2k

2
W 2;2.��1 /

C ku2k2W 2;2.��1 /
kT12k

2
L2.��1 /

;

I6 � ck�12k
2
W 2;2.!/

�
kT2k

2
W 1;2.��1 /

C k�2k
2
W 1;2.��1 /

�
C ıkT12k

2
L2.��1 /

:

We have shown that

sup
t2I�

kT12.t/k
2
L2.��1 /

C

Z
I�

kT12k
2
W 1;2.��1 /

dt

. exp
� Z

I�

�
1C ku2k2W 2;2.��1 /

C krxu1k2L2.��1 / C kT2k
2
W 2;2.��1 /

�
dt
�

�

h Z
I�

k�12k
2
L2.��1 /

dt C
Z
I�

�
1C kT2k

2
W 1;2.��1 /

�
ku12k2W 1;2.��1 /

dt
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C

Z
I�

�
1C kT2k

2
W 1;2.��1 /

�
k@t�12k

2
L2.!/

dt

C

Z
I�

�
k@tT2k

2
L2.��1 /

CkT2k
2
W 2;2.��1 /

Ck�2k
2
W 1;2.��1 /

�
k�12k

2
W 2;2.!/

dt
i
; (5.24)

which can be simplified to

sup
t2I�

kT12.t/k
2
L2.��1 /

C

Z
I�

kT12k
2
W 1;2.��1 /

dt

.
Z
I�

k�12k
2
L2.��1 /

dt C
Z
I�

�
ku12k2W 1;2.��1 /

C k@t�12k
2
L2.!/

�
dt

C sup
t2I�

k�12k
2
W 2;2.!/

(5.25)

by using the regularity of the individual terms. Similarly, for the difference of two strong
solutions of (5.7), we also obtain

sup
t2I�

k�12.t/k
2
L2.��1 /

C

Z
I�

k�12k
2
W 1;2.��1 /

dt

.
Z
I�

�
ku12k2W 1;2.��1 /

C k@t�12k
2
L2.!/

�
dt C sup

t2I�

k�12k
2
W 2;2.!/

: (5.26)

Combining the two estimates above therefore yields

sup
t2I�

�
k�12.t/k

2
L2.��1 /

CkT12.t/k
2
L2.��1 /

�
C

Z
I�

�
k�12k

2
W 1;2.��1 /

CkT12k
2
W 1;2.��1 /

�
dt

. .1C T�/
h Z

I�

�
ku12k2W 1;2.��1 /

C k@t�12k
2
L2.!/

�
dt C sup

t2I�

k�12k
2
W 2;2.!/

i
: (5.27)

Now, let us consider two strong solutions .�i ; ui ; pi /, i D 1; 2 of (5.1)–(5.6) with data
.f; g; �0; �?;u0;T i /, respectively. The existence of these solutions is shown in [14, Theo-
rem 2.5]. For

T12 WD T1 � T2; u12 D u1 � u2; �12 D �1 � �2;

where T2 WD T2 ı‰�2��1 , it follows from [19, Remark 5.2] thatZ
I�

�
ku12k2W 1;2.��1 /

C k@t�12k
2
L2.!/

�
dt C sup

t2I�

k�12k
2
W 2;2.!/

.
Z
I�

kT12k
2
L2.��1 /

dt

. T�k.�12
;T12/k

2
Y�1˝Y�1

:

Inserting into (5.27) then yields

k.�12;T12/k
2
Y�1˝Y�1

. .1C T�/
�
T�k.�12

;T12/k
2
Y�1˝Y�1

�
:

By choosing T� > 0 small enough, we obtain

k.�12;T12/k
2
Y�1˝Y�1

�
1
2
k.�

12
;T12/k

2
Y�1˝Y�1

:

The existence of the desired fixed point now follows.
The strong solution being global in time follows from Proposition 3.3.
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6. Weak-strong uniqueness

Due to the fixed point argument shown above, we obtain a unique strong solution in the
fixed ball. Nevertheless, one can extend uniqueness to the whole space using a continuity
argument. In the following, however, we show a stronger weak-strong uniqueness result
where one solution is allowed to be a generalized weak solution. Unlike the 3D/2D frame-
work in [19] where a weak-strong uniqueness result is shown for the interaction of a 3D
fluid with a 2D shell under the condition that

� 2 L1.I IC 1.!//; (6.1)

u 2 Lr .I ILs.��//; 2
r
C

3
s
� 1; (6.2)

we can take advantage of our 2D/1D setup to obtain an unconditional weak-strong
uniqueness result for our fully coupled solute-solvent-structure system.

To simplify our work, we first explain why (6.1)–(6.2) was needed in [19] and then
justify why they are not needed in our setting.

Firstly, the requirement in (6.1) was needed in [19] for three reasons:

• The regularity for strong solutions consists of proving a so-called acceleration esti-
mate where a key tool is to estimate r2x u and rxp by means of @tuC u � rxu. This
can be done by means of a steady Stokes theory for irregular domains [14] that strongly
requires a boundary with a small local Lipschitz constant and thus, (6.1) is essentially
needed. Note that since the Lipschitz constant needs to be small, it is not enough to
have spatial regularity C 0;1.!/.

• To obtain weak-strong uniqueness, the authors in [19] required the introduction of
the so-called Universal Bogovskij operator (see Section 2 and [19, Theorem 2.1]),
which further requires that the structure or shell is Lipschitz continuous in space.
For weak solutions, the highest spatial regularity for � is W 2;2.!/ and since the
embedding W 2;2.!/ ,! C 0;1.!/ fails in 2D, one needs (6.1) to obtain weak-strong
uniqueness. The aforementioned embedding is however true for our 1D shell, so (6.1)
is not needed.

• The final reason for needing (6.1) has to do with Sobolev multipliers where one needs
Lipschitz continuous shell displacements to get estimates of the form [19, (2.5)].

None of these issues arise for our 1D shell due to the validity of W 2;2.!/ ,! C 0;1.!/

in 1D with small Lipschitz constant.
The second requirement in (6.2), however, is crucial in the estimate of the convective

term .u � rx/u when one wants to improve weak solutions to strong ones in 3D. See the
estimate for Roman number I [19, (4.8)] in the acceleration estimate. The correspond-
ing 2D acceleration estimate, as shown in [14], does not require any additional condition
such as (6.2). Also, even though (6.2) is used in constructing strong solution in [19], it
plays no explicit role in the actual weak-strong uniqueness result. Consequently, we also
do not need (6.2) in our current setting.
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From the explanation above, it is clear that any potential conditional weak-strong
uniqueness result can only depend on � or T . A quick inspection of the contraction
argument shown in the preceding section, however, shows that we do not need any extra
assumption on � nor T to obtain our desired result. Indeed, if we let .�w ; uw ; �w ;Tw/
be a weak solution of (1.1)–(1.10) with dataset .fw ; gw ; �0;w ;T0;w ;u0;w ; �0;w ; �?;w/ and
.�s; us; �s;Ts/ be a strong solution of (1.1)–(1.10) with dataset .fs; gs; �0;s;T0;s; u0;s;
�0;s; �?;s/, then in particular,

�w 2 L
1.I IL2.��// \ L

2.I IW 1;2.��//;

Tw 2 L
1.I IL2.��// \ L

2.I IW 1;2.��//:

This regularity (which should be compared with �1 and T1 in the contraction argument
earlier) is enough to make sense of all the terms in (5.16) and (5.26) without change. More
importantly, the right-hand side of (5.16) (and of (5.26)) does not contain the individual
weak solution terms �w and Tw .

With the explanation above in hand, we can now proceed to prove Theorem 2.6. For
this, we set

�ws WD �w � �s; Tws WD Tw � T s; uws D uw � us;

�ws D �w � �s; fws WD fw � fs; gws D gw � gs;

and define the following:

B��ws WD J��wsrx‰
�1
��ws
ı‰��ws ;

A��ws WD .rx‰
�1
��ws
ı‰��ws /

>B��ws ;

h��ws .us/ WD .1 � J��ws /@tus � J��wsrxus � @t‰�1��ws ı‰��ws
C us � rxus.I � B��ws /;

h��ws .�s;us/ WD .1 � J��ws /@t�s � J��wsrx�s � @t‰
�1
��ws
ı‰��ws

C us � rx�s.I � B��ws /;

H��ws .�s;us;T s/ WD .1 � J��ws /@tT s � J��wsrxT s � @t‰
�1
��ws
ı‰��ws

Crxus.B��ws � I/T s C T s.B��ws � I/>.rxus/>

C us � rxT s.I � B��ws /C 2.1 � J��ws /.T s � �sI/:

As in Section 5.3 (compare with [45, Section 4]), the difference equation satisfies

1

2

�
k�ws.t/k

2
L2.��w .t//

C kTws.t/k
2
L2.��w .t//

C kuws.t/k2L2.��w .t// C k@t�ws.t/k
2
L2.!/

�
C
1

2
k@2y�ws.t/k

2
L2.!/

C

Z t

0

�
krx�wsk

2
L2.��w /

C krxTwsk
2
L2.��w /

�
dt 0

C

Z t

0

�
krxuwsk2L2.��w / C k@t@y�wsk

2
L2.!/

�
dt 0
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�
1

2

�
k�ws.0/k

2
L2.��w .0//

C kTws.0/k
2
L2.��w .0//

C kuws.0/k2L2.��w .0//
�

C
1

2

�
k@t�ws.0/k

2
L2.!/

C k@2y�ws.0/k
2
L2.!/

�
CR1 CR2 CR3 CR4 (6.3)

for any t 2 I where

R1 WD

Z t

0

Z
��w

.1 � J��ws /divxT s � .uws C Bog�w .divxus// dx dt 0

C

Z t

0

Z
��w

divxTws � .uws C Bog�w .divxus// dx dt 0;

R2 WD

Z t

0

Z
@��w

.n�w � rx/�ws�ws dH1 dt 0 �
Z t

0

Z
��w

.uws � rx/�s �ws dx dt 0

C

Z t

0

Z
��w

�
divx..I �A��ws /rx�s/ � h��ws .�s;us/

�
�ws dx dt 0;

R3 WD

Z t

0

�
kTwsk

2
L2.��1 /

C k�wsk
2
L2.��1 /

�
dt 0

C

Z t

0

Z
@��w

.n�w � rx/Tws W Tws dH1 dt 0 C 2
Z t

0

Z
��w

jrxuw jjTwsj2 dx dt 0

C

Z t

0

Z
��w

�
rxuwsT s C T s.rxuws/> � uws � rxT s

�
W Tws dx dt 0

C

Z t

0

Z
��w

�
divx..I �A��ws /rxT s/ �H��ws .�s;us;T s/

�
W Tws dx dt 0

and

R4 D

Z t

0

Z
��w

�
us � rxus � h��ws .us/

�
�
�
uws C Bog�w .divxus/

�
dx dt 0

C
1

2

Z t

0

Z
@��w

n ı '�1�w � .@t�wn�w / ı '
�1
�w
jusj2 dH1 dt 0

�

Z t

0

Z
@��w

n ı '�1�w � .@t�sn�w / ı '
�1
�w
juw j2 dH1 dt 0

C

Z t

0

Z
��w

uws � @tBog�w .divxus/ dx dt 0 �
Z
��w

uws � Bog�w .divxus/ dx

C

Z
��w .0/

uws.0/ � Bog�w .0/.divxus.0// dx

�

Z t

0

Z
��w

rxuws W rxBog�w .divxus/ dx dt 0

C

Z t

0

Z
��w

�
A��ws � I

�
rxus W rx.uws C Bog�w .divxus// dx dt 0
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C

Z t

0

Z
��w

�
I � B��ws

�
ps W rx.uws C Bog�w .divxus// dx dt 0

C

Z t

0

Z
!

gws @t�ws dy dt 0 C
Z t

0

Z
��w

fws � .uws C Bog�w .divxus// dx dt 0

C

Z t

0

Z
��w

.1 � J��ws /fs � .uws C Bog�w .divxus// dx dt 0

C

Z t

0

Z
��w

uw ˝ uw W rxBog�w .divxus/ dx dt 0

C

Z t

0

Z
��w

uw � rxuw � us dx dt 0

C

Z t

0

Z
��w

fws � Bog�w .divxus/ dx dt 0:

To estimate R1, we use the estimate

kBog�w .divxus/k2W k;2.��w /
D kBog�w .divxuws/k2W k;2.��w /

. kuwsk2W k;2.��w /

for k � 0 to obtain

R1 � ı

Z t

0

krxuwsk2L2.��w / dt 0 C c.ı/
Z t

0

krxT sk
2
L2.��w /

k@2y�wsk
2
L2.!/

dt 0

C ı

Z t

0

krxTwsk
2
L2.��w /

dt 0 C c.ı/
Z t

0

kuwsk2L2.��w / dt 0

for any ı > 0. Also, just as in (5.16) and (5.26),

R2 CR3 � ı

Z t

0

�
krxuwsk2L2.��w / C krx�wsk

2
L2.��w /

C krxTwsk
2
L2.��w /

�
dt 0

C c.ı/

Z t

0

�
1C krxuwk2L2.��w / C kusk

2
W 2;2.��w /

C k�sk
2
W 2;2.��w /

C kT sk
2
W 2;2.��w /

�
�
�
k�wsk

2
L2.��w /

C kTwsk
2
L2.��w /

�
dt 0
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C c.ı/

Z t

0

�
k�sk

2
W 2;2.��w /

C kT sk
2
W 2;2.��w /

C k@t�sk
2
L2.��w /

C k@tT sk
2
L2.��w /

�
�
�
k@2y�wsk

2
L2.!/

C k@t�wsk
2
L2.!/

�
dt 0:

Finally, as shown in [19, (5.6)] (see also [19, Remark 5.2.]),

R4 � ı
�
kuwsk2L2.��w / C k@

2
y�wsk

2
L2.!/

�
C ı

Z t

0

�
krxuwsk2L2.��w / C k@t@y�wsk

2
L2.!/

�
dt 0

C c.ı/

Z t

0

�
1C kusk2W 2;2.��w /

C kpsk
2
W 1;2.��w /

�
k@2y�wsk

2
L2.!/

dt 0

C c.ı/

Z t

0

�
k@tusk2L2.��w / C kfsk

2
L2.��w /

�
k@2y�wsk

2
L2.!/

dt 0

C c.ı/

Z t

0

�
1C kusk2W 2;2.��w /

C k@t�sk
2
W 2;2.!/

�
kuwsk2L2.��w / dt 0

C c.ı/

Z t

0

�
1C kusk2W 2;2.��w /

C k@t�sk
2
W 2;2.!/

�
k@t�wsk

2
L2.!/

dt 0

C c.ı/kuws.0/k2L2.��w .0// C c.ı/
Z t

0

�
kfwsk2L2.��w / C kgwsk

2
L2.!/

�
dt 0:

Substituting the estimates for the Ri s back into (6.3) and taking the supremum with
respect to time, we obtain Theorem 2.6 by applying Grönwall’s lemma. The proof is done!

7. Conclusion

In conclusion, we have presented in this work the Oldroyd-B dumbbell model describing
the evolution of a two-dimensional dilute polymer fluid interacting with a one-dimensional
viscoelastic shell. We have shown that if no degeneracies occur while the structure
deforms, a weak and strong solution exist and the strong solution is unique. This result
now opens the door to the study of further properties for this system including the quali-
tative and quantitative properties of their solutions.
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