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A field-road system with a rectifiable set

Matthieu Bonnivard, Romain Ducasse, Antoine Lemenant, and
Alessandro Zilio

Abstract. The aim of this paper is to define a field-road system in 2D where the road is a merely
1D-rectifiable set. For this purpose we introduce a general setting in order to define a parabolic
problem on a rectifiable set, which is coupled with another more classical parabolic problem outside
this set, with transmission conditions.

1. Introduction

The so-called road-field system introduced by Berestycki, Roquejoffre, and Rossi [4]
aims to study the impact of a road in the propagation of a species or a disease. In this
model, the species usually thrives in a domain  C R? with moderate diffusion capa-
cities. This domain is crossed by a road K C €2, where a faster diffusion occurs. The
questions addressed by Berestycki et al. include the identification of the road’s effect on
the overall invasion speed of the species, as well as its precise quantification.

In [4], the road K is assumed to be a straight segment and in the linear setting the
system contains reaction-diffusion-type equations that are coupled with a transmission
condition as follows:

;v —alAv
d;u —bAgu
a(@;fv+9,v)|x

0 inQ\ K,
vu|g —pu  on K, (1.

puu —vv|lg  on K,

with additional standard boundary conditions. Here (3; v + 9, v)|x stands for the sum of
the outward derivatives of v on K coming from the two sides of the segment K.

A possible interpretation for the system is the following: we have a population whose
density on 2 is given by v and whose density on K is given by u. The individuals diffuse
on Q and K, with diffusivity constants a, b > 0, respectively.

The individuals located in the field by the road (whose density is v|g, that is, the trace
of v on K) enter the road with a rate v.
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The individuals on the road leave it (and enter the field) with a rate w. The road has
two sides, and we assume that the individuals have the same probability to leave to one
side or the other. In the system, we denote as 8;{ , 0, the “upward” and “downward” flux.
When the road is a straight line, this is easily defined.

When the exchange coefficients satisfy u = v = 0, for instance, the problem becomes
“uncoupled”, that is, individuals on the field do not see the road anymore and diffuse as if
it were not here (this case is somewhat degenerate).

The aim of this paper is to generalize the previous model to the case where the road K
is allowed to be a general network composed by curves, or even more generally, a compact
connected set K with #!(K) < +o0. In such a setting, since the network K can be
very wild, it is not clear whether or not we can understand this system in a classical
sense. However, we can define solutions in a weak sense by use of a certain Sobolev
space H'(K) associated to the rectifiable set K.

One of the main contributions of this paper is indeed a new approach to define a proper
Sobolev space H LK ) associated to a 1D-rectifiable set K, and its associated Dirich-
let energy. This space enjoys certain natural properties such as the compact embedding
into the space L>(K, dH"). Actually, our space H'(K) coincides with the space H
defined in [6], with u = #!|x. The approach in [6] is very general and uses powerful
abstract tools such as convex duality. In contrast, thanks to the fact that K is connected
with finite #! measure, we propose a much simpler approach that appears more effi-
cient to define the weak formulation for a parabolic problem. The construction of this
space is done in Section 2. Let us mention that an alternative approach can be found in
[1, Section 2.9]. The difference is that in [1] the authors use a more embedded point of
view invoking a special parametrization given by [2]. Our approach is different—more
extrinsic—in the sense that it does not rely on a given parametrization. However, since
in [1] the functions are moreover assumed to be globally continuous, we expect both con-
structions to produce the same result.

Once the space H ' (K) is well defined, we can define a weak solution for the parabolic
system (1.1) and prove the existence of a solution. This is done in Section 5. The method
relies on a suitable spectral decomposition performed in Section 4, which also allows us
to derive the long-time behavior of the weak solution (see Corollary 5.1). We conclude
the paper by comparing in Section 6 this asymptotic behavior to the one observed in the
absence of a road, which enables us to identify a quantitative criterion measuring the effect
of a road on the spreading of a population in this context.

2. Definition of the Sobolev space H'(K) and basic properties

We denote by #! the one-dimensional Hausdorff measure in R2. In what follows we
denote by L?(K) the usual complete space L?(K,d#') containing measurable func-
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tions u such that f e u?d ' < +oo, and defined F!-almost everywhere on K. In what
follows we describe a general strategy in order to define a Dirichlet energy associated to
the 1D-rectifiable set K.

2.1. Definition

Let Q C R? be a smooth open set. We will denote by K () the class of all K C  being
compact, connected, and satisfying #!(K) < +oo. The following well-known facts are
standard:

Proposition 2.1 ([9, Proposition 30.1, p. 186]). Let K € K (2). Then
* K isa 1D-rectifiable set.

e K is arcwise connected: for every x,y € K there exists an injective Lipschitz curve
y 1[0,1] = K such that y(0) = x, y(1) = y, and # ' (y([0, 1])) = distx (x, y), where
distg (x, y) is the geodesic distance in K, defined by

1
distg (x. y) := inf| /0 YOl | y < Lip(0. 1], K). y(0) = x.y(1) = y .

In particular, for K € K (£2), we know the existence of an approximative tangent line
at J¢1-almost every point x € K, and for any such point x we can choose a unit tangent
vector tx (x) in the direction of that line. Observe that if K has a locally smooth paramet-
rization y € C!([0, 1]), then tx (x) is a unit vector parallel to the tangent vector y’.

For every smooth function u € C*(R?), we introduce

N = ([ 20y aaet o)+ [ v wmP aiet o)’

Notice that N(u) involves only the trace on K of the smooth function u defined on the
whole of R2. Then we consider the space D (K) as being the restriction on K of C*°(R?)
functions, and we endow this space with the norm N. In particular, O (K) is a subspace
of L?(K). Finally, we define H!(K) as follows:

Definition 2.1 (Space H'(K) and Vgu). For K € X (), we define H!(K) as the com-
pletion of D(K) for the norm N . In particular, H ! (K) is a closed subspace of L2(K) for
which D (K) is a dense subset.

We define similarly the space Hol’ 9o (K) as the subspace of H 1(K) of functions that
vanish on 92 N K, that is, the completion of {u € D(K) :u =00ndQ2 N K}.If K NIQ
= @, then HOI’BQ(K) = H'(K).

For any u € H'(K), we define Vgu € L?(K;R?) as the L? limit of the projection
(a.e.) of Vu, on K, thatis, (Vu, - tx)tg, for u, — u in the norm N. In particular, Vgu
does not depend on the choice of the sequence u,, € O (K) such that u, — u in H'(K),
in the equivalent class of Cauchy sequences for the norm N, which justifies the definition.
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The construction of H!(K) is rather standard. A way to define it rigorously is, for
instance, by considering all Cauchy sequences for N in O(K), on which one defines the
following equivalence relation: two Cauchy sequences u, and v, are equivalent if and
only if N(u, — v,) — 0. Then H!(K) is the quotient of all Cauchy sequences by this
relation. It is easy to see that this space is a complete space for which D (K) is a dense
subset.

In particular, we can consider u € H'(K) as being a function u € L?(K) for which
there exists a sequence u, € C*°(R?) such that u,|g — u in L? and (Vu,, - tx )7k has a
limitin L2(K;R?). Foru € H'(K), we will denote by Vxu the limit of (Vu,, - t7x)tk. By
construction, the limit of (Vu,, - tx ) tx does not depend on the choice of the sequence u,,
chosen in the equivalent class of Cauchy sequences, and Vgu is therefore well defined.

Next, our Dirichlet energy, defined on H!(K), is given by

/ |Vgul? dJet.
K

Of course, if u € C®(R?), Vxu = (Vu - tg)tx H'-almost everywhere, and thus the
Dirichlet energy coincides with the natural one in that case.

It is also easy to see that our definition coincides with the one of [6] for the particular
case u = H#'|k.

2.2. Compact embedding of H(K) in L%(K)

Now we would like to establish an analogue of Sobolev embedding and Rellich’s theorem
within our context.

Proposition 2.2. If K € K (), then for allu € H'(K),
() —u(y)| = diste (v, )} [Vaulzg  for #'aex.y e K, @)
where distg (x, y) is the geodesic distance on K.

Proof. Assume first that u € C°°(R?) and let x, y € K be given. By Proposition 2.1 we
know that there exists a geodesic Lipschitz curve y : [0, L] — K with L = distg(x, y),
which is injective, parametrized with constant speed so that |y’ (¢)| = 1 such that y(0) = x,
y(L) = y, and
L
| o ds = disue e 3).
0
The function u o y : [0, L] — R is Lipschitz continuous, and thus in particular abso-
lutely continuous, and therefore,

L
u(x) —u(y) = /0 (Vuo y(1).y' () dt,
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from which we easily deduce that

L 1 L 1
e —ul = ([ wora)’ ([ Gueyo.y @y )
< distg (¥, )% | Vi 2.

which proves (2.1) in the case of a smooth u € D(K). Now if u € H'(K), we know by
definition that there exists a sequence of functions u, € O such that u, — u in L?(K)
and Vgu, = (Vu, - tx)tx — Viu in L?(K). Up to extracting a subsequence, we can
assume that u, — u J'-almost everywhere on K. Applying (2.1) to u, and then passing
to the limit, we then conclude that (2.1) also holds for u. [

From Proposition 2.2, we get the following immediate corollary:

Corollary 2.1. If K € K (), then every function u € H'(K) admits an L? representa-
tive that is continuous.

We will also need the following L*° estimate:

Corollary 2.2. If K € K (), then every function u € H'(K) is bounded. Moreover;

1 1
ul|z 0o < —— ullr + (FYK))2||Vkul,.
l[ullLoe (k) < ng(K)%'l 2 + (F(K))2||Vkull2

Proof. Foru € H'(K), we know from Proposition 2.2 that for J# !-almost every x,y € K,
: 1
lu(x) —u(y)| < [IVku|2 distg (x, y)2.

In particular, X
u(x) —u(y) < | Vgull2(¥'(K))?

and thus, integrating with respect to y € K and dividing by #!(K), we get
! 1 1 1
U = S [ 1) 4 0) = IVl ().

Finally, using the Holder inequality,

u(x) < [ Vxula(F ' (K)* + mnunz.

Reasoning the same way with —u, we get

1
< |V HYK))? + ———||ull,.
lu(x)| < [[Vgul2(#H " (K)) 7K %”“”2

which proves the corollary. u
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We can also prove the following compact embedding result:

Corollary 2.3. Let K € X(Q). The embedding H'(K) < L*(K) is compact. More
precisely, from every bounded sequence (up)neN in H'(K) we can extract a uniformly
converging sequence, and in particular, a converging sequence in L?(K).

Proof. Let (u,) be a bounded sequence in H'(K). Then for each n, we consider the
specific L2 representative of u,, for which Proposition 2.2 yields the estimate

ln (x) — un ()] < C distg (x, y)?,

where the constant C is uniform in n. In particular, the sequence (u,) is equicontinu-
ous on the compact set K C R2. Moreover, applying Corollary 2.2, we know that (u,)
is also equibounded. Thanks to Arzela—Ascoli theorem, we deduce the existence of a
subsequence (u,, ) that converges uniformly on K. This achieves the proof of the corol-
lary. ]

3. Trace of Sobolev functions on a rectifiable set

The object of this section is to summarize some basic facts concerning the precise repres-
entative of a Sobolev function. Consider an open set Q C R2. For f € LIIOC(Q), the value
of the precise representative of f at x € Q is defined by

lim ][ f(y)dy if the limit exists,
fH(x) =1 70 B

0 otherwise.

The function f* depends only on the equivalence class of f, and coincides with f almost
everywhere in 2. In turn, we say that f has an approximate limit at x if there exists € R
such that

lim |f(y)—t|dy =0.

r—0 B(x,r)
The set Sy of points where this property fails is called the approximate discontinuity set.
For a merely L function, the set Sy is an £2-negligible Borel set. On the other
hand, by standard results on functions with bounded variation (see, for instance, [3, Sec-
tion 3.7]), we have ! (S7) = 0 whenever f € Wléc’l (£2). In what follows, any function f
in W11(Q) (or, in particular, in H'(2)) will be implicitly identified with its precise rep-
resentative without mentioning it explicitly. Since ' (Sy) = 0, the pointwise values of f
are well defined on K for K € K (£2) and the integral

/iﬂ@d%%m
K

makes sense for any f € W11(Q).
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We also recall the following elementary property: if f1 < f, almost everywhere in €2,
then f}*(x) < f,"(x) for every x € @\ (Sy, U Sp,). As a consequence, for any f €
WI’I(Q) N L*°(2) and any K € K (R2),

loc

J 11050 < 11 i ' K.
In what follows, we would need a more accurate estimate with a Sobolev norm on the
right-hand side. This is the purpose of the following lemma:

Lemma 3.1. Let Q@ C R? be a Lipschitz domain and assume that K € X () is Ahlfors-
regular, in the sense that it satisfies

1
HEOBEDD p 50, xe k) < +ov. 3.1

A = sup{ .

Then for any (vi,v2) € HY(Q) x HY(Q), the integral fK vivy dH is well defined.
Moreover, the mapping

(v1,v2) € HI(Q) x HY(Q) —>/ vivy dJ!
K

is bilinear, symmetric, non-negative, and continuous, and there exists a constant C > 0,
depending only on 2, such that

/K l1va d ' < CAk v larsen vl a1
forany (v1,v2) € HY(Q) x HY(Q). (3.2)

Remark 3.1. The standard notion of Ahlfors regularity usually refers not only to the
upper bound in (3.1), but additionally to a lower bound:

3C4 > 0 st. Vx € K, Vr € (0,r9), H'(K N B(x,r)) > Cyr.

A set K satisfying the above property is usually called “lower Ahlfors-regular”. Here, for
K € X () this property is automatically verified with C4 = 1, since K is connected.

Remark 3.2. The assumption that €2 is a Lipschitz domain ensures the existence of a
linear and continuous extension operator from H () to H'(IR?). The same result holds
under less restrictive hypotheses, for instance, if we have a uniform interior cone condition
(see, e.g., [8]).

Proof. The proof can be found in [5, Lemma 2.2], which itself relies on a standard estim-
ate that one can find, for instance, in the book [12]. For the reader’s convenience, we write
again the details.

Define the Radon measure  on R? by

w=H'LK.
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Notice that p satisfies
Vx e R%, Vr >0, w(B(x,r)) <2rAg. (3.3)

Indeed, let x € R? and 7 > 0 such that K N B(x,r) # (. Forany z € K N B(x,r), observe
that (K N B(x,r)) C (K N B(z,2r)), so that by the definition in (3.1),

HY(K N B(x,r)) < #'(K N B(z,2r)) < 2rAk.

This proves (3.3).
Now, by the proof of [12, Theorem 5.12.4], there exists a universal constant C > 0
such that

lw|dpn < CAgllw|gy@ey forany w € BV(R?), (3.4
(R?)

where BV(R?) is the space of functions with bounded variation in R2. Here we have
also used that K is lower Ahlfors regular with constant 1 thanks to the connectedness
assumption (see Remark 3.1) in order to deduce that the constant C coming from the
covering lemma [12, Lemma 5.9.4] is universal.

Let vy, v, be in H1(RQ). Since Q is a Lipschitz domain, there exists a linear con-
tinuous extension operator E : H1(Q) — H'(R?). Now define w := E(v;)E(vs). The
function w is in W11(R?) so by the continuous injection W1 (R?) < BV(R?), there
exists a constant C > 0 (depending only on €2) such that

lwllpym2) = Cllwllwiiwzy < CllEvi g1 @2y | Evallgi®2) < Clvillav@)llv2llar@)-

Since the integral [ |w|du is equal to [ |w] d#' and w coincides with viv, in R,
combining the previous inequality with (3.4) yields (3.2). ]

4. Spectral analysis associated to the system

In this section we show that problem (1.1) has a unique global solution via variational
methods. Here we follow the standard strategy of recasting the system as an abstract semi-
linear parabolic problem by Faedo and Galerkin (see [10, Section 7.1.2]).

Let Q C R? be a bounded Lipschitz domain and K € X (). We start by recalling the
system that we would like to solve:

d;v—alAv =0 inQ\ K,
d;u —bAgu =vv—puu onKk,

a(df +9,) kv =pu—vv onk,

v=20 on 012, 4.1)
u=~0 on K N0,
d,u =0 on dK \ 0€2,

(v, u)|s=0 = (vo,uo).
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This model can be understood if K is a smooth curve in €2 and v and u are smooth func-
tions. In this case, the set dK \ d<2 is the set of endpoints of K inside of 2. The Neumann
condition on this set corresponds to a local mass conservation: the individuals only leave
the domain through the boundary of 2.

We shall introduce a weak formulation of (4.1) in order to make sense of the problem
under fewer regularity assumptions. We take ¢ : 2 — R and ¥ : K — R to be smooth
test functions with ¢ = 0 on dQ2 and ¥ = 0 on K N 92. We multiply the equation in v
by ve and the equation in u by uy and we integrate by parts, leading us to the identities

v/8,v<p+av/Vv-V(p—av/8n+v<p—av/8,,—vg0=0
Q Q K K

;L/Ka,uw+bu/KVKu-VK1//=/L/K(vv—,uu)w.

Adding the two equations together and substituting the transmission condition, we con-
clude that a smooth solution would solve

v/8,vg0+/1,/8,u1ﬂ+av/Vv-V<p+b/L/ Viu - Vg
Q K Q K

+ [ o= pg =y =0

and

forany ¢ € (0, T].

4.1. Variational setting

Inspired by the previous identity, we introduce some functional spaces in which to set our
problem. We consider functional spaces

H =H;(Q) x Hj 3o(K) and L = L*(Q) x L*(K)

endowed with their natural scalar products and the induced topologies. More explicitly,
for any (v, u), (¢, ¥) € L, we let

_ 1
(o). (@ Y))L = v /Q (vp)dx + /K (wy)d
and for any (v, u), (¢, ¥) € H,
(o). (9o ) = u/ (Vo- Vo + vg)dx + u/ (Vi - Vo +up)d .
Q K

It follows from Section 2 that when K € K (£2), H and L are Hilbert spaces. Moreover,
the embedding H — L is compact.
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We complete the variational setting by introducing the Hilbert triplet (H*, L = L*, H),
where L* and H™ are the dual spaces of L and H, respectively, and we have identified L*
with L itself.

We introduce the bilinear form B : H x H — R defined for any (v, u), (¢, ¥) € H as

B((v,u),(¢.¥))
:av/QVv-Vgo dx—i—pr/KVKu'VKw d%l—l—/K(vv—pLu)(vgo—m//) dyel.

We have the following result, whose proof follows from Lemma 3.1:

Lemma 4.1. Let K € K (S2) be an Ahlfors-regular set with upper constant Ag. Then the
bilinear form B is symmetric, continuous, and coercive, that is,

© forevery (v.u).(¢.¥) € H, B(v.u), (9. ¥)) = B((¢. V). (v, u));

e there exists C > 0 such that
|B((v,u), (0, YD) = Cllv,wlla i@, Y)m, Y(,u),(p,¥) € H;
e there exists ¢ > 0 such that

B((v,u), (v,u)) = cll(v,u)l|%.

Here, ¢ and o can be bounded below by constants that depend only on the Poincaré
constant of 2 and on the Ahlfors regularity constant Ag.

Proof. The symmetry of B is self-evident, and the continuity follows from Lemma 3.1.
Concerning the coercivity, let Cp > 0 and Ct > 0 be, respectively, the Poincaré constant
of  and the trace constant on K, so that

/Q|v|2dx§Cp/Q|Vv|2dx, /K|v|2dJ€1 SCT/Q|VU|2dx, VUEHOI(Q).

From Lemma 3.1 we know that this holds true with C7 = C’A g where C’ > 0 is universal.
We exploit the elementary inequality

(@ —pB)* + ea® > L,Bz, Vo, eR,e>0 4.2)
1+¢
and find

B((v,u>,(v,u)>=av/ IVv|2+bM/ |vKu|2+/ o — pul?
Q K K

£
zav/ IVv|2+bu/ |vKu|2—ev2/ |v|2+—/ﬁ/ Jup?
Q K K I+e¢ K
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We now choose ¢ = % and find
TV

B((v,u), (v,u))
(44 ap 2 2 2 2
zmm<3,3CP,b,a+3CTU)<v/Q|Vv| + v +M/K|VKM| +|u|)

for all (v,u) € H. This proves the coercivity of B. |

We are now in a position to apply Fredholm’s alternative to bilinear forms. Here &%
stands for Kronecker’s delta symbol (that is, 85, = 1 and 8, = 0if h # k).

Lemma 4.2. Let K € K (2) an Ahlfors-regular set. Then the bilinear form B admits a
spectral resolution: there exist sequences {Ay }ren+ C [0, +00) and {(vg, ug)}ren+ C H
such that

(1) the sequence of eigenvalues {A }ren+ (counted with multiplicity) is nondecreas-
ing and unbounded, A, — +0o0. In particular, each eigenvalue has finite multipli-
city and A1 > 0;

2) {(vk,ug)}ken* C L is a orthonormal basis of L, and ((vg,ug), (vp, up))r = Ok

(3) {(vg,ur)}ren+ C H is a basis of H, and

B((vk.uk), (vp, up)) = AxSkn.

Proof. Tt is rather standard that B will induce a linear operator on L that has compact
resolvent. Let us write some details for the convenience of the reader.

From Lemma 4.1, we know that B is continuous and coercive on the Hilbert space H .
By the Lax—Milgram theorem (see, for instance, [7, Corollaire V.8, p. 84]), we deduce that
for each (f, g) € L C H*, there exists a unique solution (v, u) € H to the problem

B((v.u). (9. ¥)) = ((/.8). (@.¥))L. VY (p.¥) € H. 4.3)

Let T : L — H be the linear operator defined by T(f, g) = (v, u), where (v, u) is the
solution to (4.3). Then T is a linear operator from L — L that is self-adjoint and com-
pact. Moreover, by coercivity (see Lemma 4.1) we conclude that (T'(f, g), (f, &)} >
cll(v,u) ||%1 forall (f,g) € L. In virtue of [7, Theorem VI.11], we deduce that T admits an
orthonormal basis of eigenfunctions {(vg,ux)}reny C H associated to a discrete sequence
of eigenvalues p > 0, which induces the conclusion of the lemma by taking px = ﬁ ]

4.2. Lower bound on the principal eigenvalue A {

From the above lemma, we already know that the principal eigenvalue is positive, but in
the next proposition we give a more precise lower bound.

Proposition 4.1. Let K € K (2) be an Ahlfors-regular set with constant Ag and let us
denote by Cp the Poincaré constant in 2. Then there exists an explicit constant co > 0
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depending only on Cp, Ak, a, 4, v such that
A1 = co,

where A1 is the first eigenvalue defined in Lemma 4.2.

Proof. We denote by Cr = C’Ag the same constant as in the proof of Lemma 4.1. First
we have for o € (0, 1) and ¢ > 0, using once again the elementary inequality in (4.2),

B((v,u),(v,u))zav/ IVv|2+bM/ |vKu|2+/ o —
Q K K

av 5 (av 2/ 5 e 2/ 2
— v+ |(—(0—a)—¢ev v+ —— ul”.
Cp /Q|| CT( ) >K|| It+e Kll

Choosing ¢ = (1 — «)a/(Crv), we obtain

v

>ﬂ 2 & 2 2
B((v,u), (v,u)) > CPOl/Q|U| + (1_a)a+CTvM /K|u| .

Now, we seek @ € (0, 1) such that

a (1—a)a
—_— " hl = s
Cp (1 —oc)a+CTvM

or equivalently, t(«) = 0, where t is the trinomial
t(X) =aX?>—(a+ Cpu+ Crv)X + Cppu.
Its discriminant is positive, since
(a+Cppu+ Crv)> —4aCpp = (a + Crv — Cpp)? + 4CrCpop,

and hence, 7 possesses two real roots

a+Crv+Cpp \/(a + Crv + Cpu)2 _ Cpu

2a 2a a

Noticing that both roots are positive and that the product 7(0)z (1) is negative, the smaller
root necessarily belongs to (0, 1). Hence, setting

a_a—l—CTv—i-Cp,u_\/(a+CTv+Cp,LL)2_Cpu

2a 2a a

we have found « € (0, 1) such that

B((v,ux(v,u))zC?—Pa(v/9|v|2+u/K|u|2).

B((v,u), (v,u)) . a
wwed (w7 T~ Cp

It follows that

A.1= Ol>0,

which proves the proposition. ]
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Remark 4.1. At this stage it is not clear whether the first eigenvalue A; is simple. It can
be shown that the eigenfunctions associated to A1 do not change sign, but it is unknown
if they are multiples of strictly positive functions in €2 x K since, at this stage, we do not
know whether the equation enjoys a strong maximum principle.

5. Existence for the parabolic problem

We are now in a position to introduce the definition of a weak solution for (1.1).

Definition 5.1. We consider the Hilbert space X ([0, T']; (H; H*)) defined as the space of
functions (v, u) such that

d
(v,u) € L2(0,T]; H),  ——(v,u) € L*([0, T} H”)
with its natural norm
2 2 d 2
el = [ lewolEd+ [ |Sewo|, d.
[0,T] 0,11 dt H
Let us mention that by the Aubin—Lions lemma (see [11]), X € C°([0, T]; L).

Theorem 5.1. System (4.1) admits a weak solution (v,u) € X ([0, T]; (H, H*)) in the
following sense: (v,u)(0) = (vo,ug) and for every (¢, V) € H and almost everyt € (0, T],
we have

d
(@) .+ B g.v) =0, 5.1)

where (%(v, u), (@, V) (m=,m) is the duality between H* and H. Moreover, any weak
solution is unique.

Proof. We formally write
+o00
W) = D cn(t) (Vn, un)
n=1

where ¢, : [0, T] — R are continuous functions such that ¢, € C'((0, T]; R). Project-
ing (5.1) onto the eigenfunctions, we find

<+§ Cpa (1) (Vm . Um ). (Vp, u,,)>

m=1

=, (t) + Ancn(t) =0,

(H*,H)

+ B(Jio cm (1) (O, tm), (V. un))
m=1

and projecting the initial condition, we get ¢, (0) = ((vn, Un), (v, Uo))r. We therefore
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conclude that the couple

+oo
(W,1) = Y ((Vn, n), (vo, u0)) L€ (V)
n=1
is a weak solution, and this choice is unique. [

As a useful consequence, we have the following:

Corollary 5.1. Under the assumptions of Theorem 5.1, assume moreover that (vg, Ug) is
not orthogonal to the eigenspace of Ay. Then there exists (¢, V) € H such that

(v, u) —e ™ (@, ¥)|lg = oe™) ast — +oo.

6. Interpretation and perspectives

In order to interpret the previous corollary, it seems meaningful from a modelization per-
spective to compare this long-time asymptotic expansion to what would happen in the
absence of a road. In that instance, one has that the solution of the problem

;v —aAv =0 inQ,
v=0 onadf,

V|r=0 = Vo in

satisfies
lv—e™ gllga@ = 0™ ast — +oo,

for some function ¢ € H} (£2), where y; > 0 is the first eigenvalue of

—alAvg = Yrvr in Q,
v =0 on 092.

As a result, to each K € K (2), one can associate the ratio A1/y;, which provides a
criterion to determine if the presence of the road K affects the effective diffusivity in the
field ©2, and quantify this influence. More precisely, if A1/y; > 1, the road K improves
the diffusion of the population, and this effect becomes more pronounced as this ratio
increases. On the other hand, for A1/y; < 1, the road tends to slow down the spread of the
species, and has no effect if A; is equal to y;.

This efficiency criterion that one can associate to any admissible road K belonging
to the class K (2) suggests several applications of the generalized framework for road-
field systems introduced in this paper. The most natural one is possibly the maximization
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of A1/y1, among certain classes of roads subject to given constraints, such as:
* auniform length constraint LK) <C;

* topological constraints, for instance, restricting the admissible class to finite unions of
curves or segment;

* constraints involving endpoints of K, such as the requirement that they contain some
given points in the field €2, or that some of them belonging to the boundary of €2.

Thanks to the connectedness constraint satisfied by all elements of K (£2), taking previ-
ous constraints into account could allow one to apply the direct method of calculus of
variations and obtain compactness on any minimizing sequence in the set of compact and
connected 1D-rectifiable subsets of €2, endowed with the Hausdorff distance.
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