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A convergent augmented SAV scheme for stochastic
Cahn-Hilliard equations with dynamic boundary
conditions describing contact line tension

Stefan Metzger

Abstract. We augment a thermodynamically consistent diffuse interface model for the description
of line tension phenomena by multiplicative stochastic noise to capture the effects of thermal fluc-
tuations and establish the existence of pathwise-unique (stochastically) strong solutions. By starting
from a fully discrete linear finite element scheme, we do not only prove the well-posedness of the
model, but also provide a practicable and convergent scheme for its numerical treatment. Conceptu-
ally, our discrete scheme relies on a recently developed augmentation of the scalar auxiliary variable
approach, which reduces the requirements on the time regularity of the solution. By showing that
fully discrete solutions to this scheme satisfy an energy estimate, we obtain first uniform regular-
ity results. Establishing Nikolskii estimates with respect to time, we are able to show convergence
toward pathwise-unique martingale solutions by applying Jakubowski’s generalization of Skorok-
hod’s theorem. Finally, a generalization of the Gyongy—Krylov characterization of convergence in
probability provides convergence toward strong solutions and thereby completes the proof.

1. Introduction

The description of the evolution of two immiscible fluids in a confined domain @ has
been a significant research topic throughout the last centuries. Thereby, the evolution of
the three-phase contact line between the two fluids and the solid wall was of particular
interest. The investigation of mathematical formulas to predict the contact angles of a
droplet wetting a solid substrate dates back to the beginning of the 19th century, when
Young [66] proposed the following famous formula for the equilibrium contact angle ®:

Gcos® = Y1 — Vs (1.1)

Here, yr,» denotes the contact energy density between the wetting fluid and the solid
substrate, yy,,1 denotes the contact energy density between the surrounding fluid (e.g., air
or vapor) and the substrate, and & describes the interfacial tension between the two fluids.
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Relation (1.1) can be derived by minimizing the energy

& ;Z[I Gdr +/A(st,2_yfs,l)dr’

where [y denotes the fluid-fluid interface and A C 0O denotes the surface wetted by
the droplet. It was, however, already noted by J. W. Gibbs toward the end of the 19th
century that contact line effects should be included (cf. [22, Chapter III]), yet Gibbs did
not provide any mathematical formulation. Since then, the influence of contact lines on
the contact angle was investigated by many authors (see, e.g., [2,6,36,61-63,67], and the
references therein). In order to include contact line effects in the description, the energy &1
has to be augmented by an additional contact line integral, that is,

&, :=/ 5dI‘+/(yfs,2—yfs,1)dF+[ Kds.
Iy A I;N3O

Here, Iy N 00 is the three-phase contact line on the boundary 0O of the fluid domain
and ¥ denotes the line tension. Although the line tension can be negative, we will restrict
ourselves to the case ¥ > 0. Assuming that the droplet is spherical (or a spherical cap
when attached to the substrate) and minimizing &, leads to the following formula for the
stationary contact line (cf. [63]):

~ K
Gcos® = (Yrs,1 — Vfs2) + P (1.2)

Formula (1.2) indicates that Young’s original description (see (1.1)) predicts the stationary
contact angle sufficiently well, if the radius r of the circular contact area A is sufficiently
large. For smaller droplets with smaller contact areas, however, this effect is able to cause
significant deviations from the results predicted by Young’s formula (see, e.g., [63]). As
it was noted in [61] these descriptions should also take thermally excited fluctuations into
account, as they are able to change the contact line contour and thereby modify the contact
angle.

In this publication, we analyze a diffuse interface model with dynamic boundary con-
ditions describing contact line tension effects including thermal fluctuations. The basic
idea of a diffuse interface model is to replace surface (or line) Dirac functions of Iy
(or Ir N 00, respectively) by smooth approximations of the form %8|V¢|2 + e F(¢),
where ¢ is the phase-field parameter describing the two fluid phases, F is a double-well
potential with minima in (or close to) the values £1 indicating the pure phases, and ¢ is
a small parameter related to the width of the diffuse interface. Typical choices for this
double-well potential are the logarithmic double-well potential

) D 0
Wiog(@) := (1 + ) log (1 + ) + 5 (1 =) log (1 = ¢) — -4
with 0 < ¥ < ¥, the double obstacle potential
O(1—¢?) if¢p e[—1,+1],
Wobsl(¢) = {OO [ ]

else
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with ¢ > 0, and the polynomial double-well potential Wo1(¢) := i(¢2 — 1)2. The log-
arithmic and double obstacle potentials are of great analytical interest, as they allow us
to confine the phase-field parameter to the physically meaningful interval [—1, 4+1]. The
numerical treatment of these potentials, however, is rather intricate (cf. [4,5,7,8,16,21])
and most numerical schemes are based on the polynomial double-well potential W,.
Assuming F(¢) = Wpoi(¢), we approximate &, by

~ ) 1
€@ = [ o(516P + sF@)ax+ [ yp@rar
o 2 40
g 1
+ [ k(519eoP + SF@))ar.
90 2 &
with yy, interpolating between yrs 1 and yrs o, 0 and k being rescaled versions of &

and ¥, and Vr denoting the surface gradient. A deterministic evolution of the phase-field
that minimizes & and conserves |, © @ dx can be described by

90 = Ap in O, (1.3a)
w=—0eAp + o LF'(¢) in@, (1.3b)

01 = —Vfs(¢) — k(—eAr¢ + &' F'(¢)) —0eVe-n  on 0, (1.3¢c)
Vu-n=0 on 009, (1.3d)

that is, by a Cahn—Hilliard equation with Allen—Cahn-type dynamic boundary conditions.
For a more rigorous derivation of system (1.3) and a discussion of the involved parameters,
we refer the reader to [67]. Similar equations were derived in [50], where system (1.3)
with k = 0 was coupled with suitable Navier—Stokes equations to describe moving contact
lines. Such Allen—Cahn-type boundary conditions have been extensively studied. A by no
means exhausting list of contributions includes, for example, [12—-14,19,20,23,32,45,46,
51,64]. As in this publication we are not interested in the sharp interface limit ¢ N\ 0, we
will simplify the representation of system (1.3) by setting ¢ = 0 = k = 1 and introduce
G(@) = F(§) + vrs(9).

To include thermal fluctuations in the model, we consider a @-Wiener process W =
(Wi)¢epo, 1) defined on a filtered probability space (2, A, ¥, IP). The exact assumptions
on the @-Wiener process are listed in Assumptions (W1) and (W2) in Section 2. They
in particular imply that its trace ([W¢]|r);epo,r] on I' := 92 is well defined. With this
@Q-Wiener process we augment system (1.3) by multiplicative Itd noise:

d¢p — Apdt = O(¢)dW in O, (1.4a)

w=-A¢p+ F'(p) in0, (1.4b)

d[¢llr + (=Ar[gllr + G'([¢llr) + Vo - n) dt = [@(#)dW]lr  ond0, (l.4c)
Vu-n=0 on 009 (1.44d)
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with [ - ]| denoting the trace operator, that is, we model the noise on the boundary I' = 009
as the trace of the noise in the bulk. The operator ® maps the stochastic process ¢ into the
space of Hilbert—Schmidt operators from @'/2L2(9). For a detailed definition, we refer
the reader to Section 2 below.

To show the existence of solutions to system (1.4), we will start from a fully discrete
finite element scheme. Hence, we will not only prove the well-posedness of system (1.4)
but also establish convergence for our numerical scheme. The considered scheme relies on
an augmented version of the scalar auxiliary variable (SAV) approach. Originally, the SAV
approach was introduced in [55] for deterministic PDEs describing gradient flows. This
approach has been applied to various deterministic problems (see, e.g., [56,57] and the
references therein) and many variations of this approach have been developed and tested
(see, e.g., [28, 29, 35, 38, 65, 68]). As this approach provides linear schemes, it allows
for a significant reduction in computation time. Hence, an application to stochastic PDEs
(SPDEs), where often multiple different paths need to be simulated, is tempting. Yet, a
straightforward application of the standard SAV scheme to SPDEs is not always crowned
with success. Although there are positive results for the stochastic wave equation (see,
e.g., [17]), for most SPDEs the poor time regularity of the solutions impedes convergence
results. As shown in [44] this is not only an artificial analytical problem that jeopardizes
rigorous convergence proofs; it can also lead to wrong results in practical simulations. To
overcome these difficulties, the author proposed an augmented version of the SAV scheme
in [44], which extends the applicability of the SAV schemes to SPDEs with less-regular
solutions.

The outline of this paper is as follows: In Section 2, we will introduce the relevant
function spaces and interpolation operators. We will also collect our assumptions on the
data and important auxiliary results. In Section 3, we present the numerical scheme. The
main convergence results of this publication can be found in Section 4: Theorem 4.2
provides convergence toward pathwise-unique martingale solutions and Theorem 4.3
provides for a given @-Wiener process the convergence of discrete solutions toward
(stochastically) strong solutions. The results are proven in the remaining sections: The
existence of solutions to the numerical scheme is established in Section 5. Uniform reg-
ularity results for these solutions are established in Section 6. In Section 7, we apply
Jakubowski’s theorem to identify weakly and strongly converging subsequences based
on the prior established regularity results. In Section 8, we pass to the limit (7, 7) N\ 0
and establish the convergence toward (and existence of) martingale solutions. Exploiting
monotonicity arguments in Section 9, we show that these martingale solutions are path-
wise unique, which concludes the proof of Theorem 4.2. The proof of Theorem 4.3 can be
found in Section 10, where we apply a generalized version of the Gyongy—Krylov char-
acterization of convergence in probability to show that for a given @-Wiener process our
discrete solutions converge toward strong solutions to system (1.4).
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2. Notation and assumptions

The spatial domain @ C R¢ with d € {2, 3} is assumed to be bounded and convex with
Lipschitzian boundary I" := 9. To avoid additional technicalities, we shall assume that @
is polygonal (or polyhedral, respectively). We denote the space of k-times weakly dif-
ferentiable functions with weak derivatives in L?(0) by W5P?(0©). For p = 2, these
spaces are Hilbert spaces, which we shall denote by H¥(©) := W*2(0). The dual space
of H'(O) will be denoted by (H 1(0))'. The symbol (-, -) stands for the duality pairing
between (Hl((9))/ and H'(0), which satisfies (u,v) = (u, V)2(@) foru € L?(0O) and
ve HYO).Forg e (H! ((9))/ we define a generalized mean value by

(@ =101 (¢, 1).

We shall use a similar notation for the function spaces on I". As we always assume that the
domain @ has a Lipschitzian boundary, the spaces L?(I") and W -7 (T") are well defined
for all p > 1 (cf. [34]) and the trace operator [-]|r is uniquely defined as an element of
LWLP(O); WI=VPP(T)) (cf. [47]).

We also define the space

H' = H'(9)x H'(IN),
which is a Hilbert space with respect to the inner product

((d’» Ir//)» (é-’ é))]fl = (¢’ é.)Hl(O) + (l//v S)Hl(r)

for all (¢, V), (¢, &) € H#!. Furthermore, we introduce the following subspace of H!(0):

Vi={pe H'(0): (p.l¢llr) € #'}.

For a Banach space X and a set /, the symbol L?(/; X) (p € (1,00)) stands for the
Bochner space of strongly measurable L?-integrable functions on I with values in X.
If X is only separable (and not reflexive), we follow the notation used in [18, Chapter 0.3]
and denote the dual space of L?/®=D(I: X) (p € (1, 00)) by Lv‘;eak_(*)(l; X’). A space X
endowed with the weak topology is denoted by Xyeak-

By C k. (1; X) with k € INg and « € (0, 1], we denote the space of k-times continu-
ously differentiable functions from / to X whose k-th derivatives are Holder continuous
with Holder exponent . If I = X = R, we shall write C**(R). We shall also intro-
duce the Nikolskii spaces N%# (a € (0, 1), B € [, 00]), which are defined for a time
interval (0, 7') and a Banach space X via

N*PO,T;X):={f e LP(0,T:X): sup KN fC+k) = FOlnsrr—r.x) < 00}
>0

Here, the standard convention f = 0 outside of (0, T') for f € LA (0, T; X) is used.
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Concerning the discretization with respect to time, we shall assume that

(T) the time interval / := [0, T'] is subdivided into N equidistant intervals /,, given by
nodes (1"),—o,.. x With1® = 0,1V = T, and 1" — 1"~! = ¢ =: L. Without loss of
generality, we assume 7 < 1.

Concerning the spacial domain, we consider a bounded and convex domain @ C R4

(d € {2,3}) with boundary I' = 9. Furthermore, we shall assume that O is polygonal

(or polyhedral, respectively) to avoid additional technicalities. The spatial discretization

is based on partitions 73 of @ depending on a discretization parameter s > 0 satisfying

the following assumption:

(S1) Let {73};-0 be a quasiuniform family (in the sense of [10]) of partitions of @ into
disjoint, open simplices K, satisfying

O =
U K with Il{nax diam (K) < h.
KeT},

For the discretization of I', we follow the ideas employed in [33,41,43] and use a partition
consisting of the edges (or faces, respectively) of elements of 7. In particular, we shall
consider partitions ’J‘;IF of I' satisfying the following assumption:

(S2) Let {7, I‘}h o be a quasiuniform family of partitions of I" into disjoint open sim-
plices KT, satisfying

VKT e 7, 3K € 7, suchthat KT = K N T,

and L
r= ) KT with max_diam(K") <h.

KTeTl
KFErThF h

For the approximation of the phase-field ¢ and the chemical potential u, we use continu-
ous, piecewise linear finite element functions on 7. This space will be denoted by U}fp
and is spanned by functions {Xni};_;
{Xhitp=1,.. dim U0 of 73, For the dlscretlzatlon of [#]lr and 6, we use continuous, piece-

assumptions on 7z and ’J}lr, this space is given by traces of functions in U (9, that is,

UL = span {[ya]lr : v € UP). 2.1)

This space can also be described as the span of functions { )(}1: o) i which form

. . ,dim U}F ’
a dual basis to the vertices

..........

of ’J;ZF. For a different discretization approach that relaxes the connection between U}?
and U{ by introducing Lagrange multipliers, we refer to [1] and the references therein.
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We define the nodal interpolation operators Ij, : C%(9) — U }? and 7 }I; :C'IMN)—U }f by

dimU? dimUF
Infay = > a(xpi)yne and Ijfa}:= Y a(xh)xps-
k=1 k=1

For future reference, we state the following norm equivalences for p € [1,00) and f;, €
U}? ,8n € U{ :

C(/0|fh|pdx)l/p§(/ofh{|fh|p}dx>l/pSC(/0|fh|pdx)l/p» (2.22)

1/p

([ tawrar)” = ([ 25tairyar) " = [L1sarrar) (2.20)

with ¢, C > 0 independent of A. The proof of this estimate relies on standard inverse
estimates and can be found, for example, in [58, Lemma 3.2.11]. To simplify the notation,
we introduce the discrete norms

Ehllno := /@ TG} dx and (8l 0) = /151 0 + 1 VEhI3aq)  (2:30)
Eallnr =/ fr THG2) dx and (8l ey = 180G - + 1V 822, (230)

on U}? and U { . Due to estimates (2.2), these norms are equivalent to the usual L?- and
H'-norms on Q and T, respectively. Furthermore, we state the following lemma that was
proven in [42]:

Lemma 2.1. Let 7 and '];lr satisfy assumptions (S1) and (S2), respectively. Furthermore,
let pefl,o0), 1 <g<ooandq* = qulforq < ooorg* =1forq = co. Then

11— I fugnllie@) < CRIV fullLra@) V&Rl Lra* (@)- (2.4a)
(L= I){ frgntllwrr@) < ChIV fullLra@) IV ErllLre* (o) (2.4b)
(1 = I)unvat Loy < CH Vel Loa @I Veval ey (2.4¢)
11 = I){unvallwroy < ChIVrupllLoa Ve vall oo oy (2.4d)

hold true for all fy, gy € U}? and uy, vy, € U{

Using the nodal interpolation operator, we define the discrete Laplacian Ay on @ via

/ In{Annyn}dx = —/ Vip - Vi dx (2.5)
) )

for &y, Yy, € U}?.
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Concerning the potentials F and G, we postulate assumptions similar to the ones used
in [44]. In particular, we shall assume that

(P) F,G € C?%(R) are bounded from below by a positive constant y > 0 and satisfy the
growth estimates

L+ LH<FO=CA+ Y, [FOI=CA+ ¢, [F'©O|<CA + L),
L+ LM <GO)<CA+ LY, [G(O)I=C+[¢P). |G"©)=C + ¢

for all { € R and a positive constant cy .
Furthermore, F and G can be decomposed into Fi, G; € C*V(R) with v € (0, 1)
and F»,G> € C*(R), |F}"(§)] = C(1 +[¢]?), and |G (D) = C(1 + []).

Remark 2.2. Having a positive lower bound for F' and G is a purely technical assumption
that is required to state the SAV scheme, as we will need that ( f@ F(¢) dx)_l/ % and
(Jr G(9) dF)_l/ % are well defined and bounded. As system (1.4) only depends on the
derivatives of F and G, it is always possible to add arbitrary constants without changing
system (1.4). Hence, any lower bounds for F' and G are sufficient. The necessary shift can
then be interpreted as a numerical parameter.

The statements given in assumption (P) are satisfied for instance by a shifted polyno-
mial double-well potential Wpol(qﬁ) = %((1)2 — 1)2 + y with y > 0. We are, however, not
limited to this specific choice. As stated before in system (1.3), we also consider a wetting
energy density yy,, which can be chosen, for example, as

Yfs,2 — Vfs, z 5_§ 3 E Vrs2 T Vs . =
e (295 - 297+ T9) + LA g e 141l

Yrs(@) := Vfsi ifp <—1,
Vfs2 ifgp > 1

to satisfy assumption (P). An admissible choice obtained by merging this wetting energy
density with the polynomial double-well potential is, for example,

G(¢p) = I}r/pol + st(¢) — min {st,ls st,z}-

In comparison to the assumptions used in [43] for the numerical treatment of a determ-
inistic Cahn—Hilliard-Cahn—Hilliard system, assumptions (P) are stricter. In particular,
the decrease in regularity caused by the additional stochastic noise terms requires us to
enhance our discrete scheme by additional terms involving higher derivatives of the poten-
tials (cf. Section 3). Hence, the potentials used in the stochastic setting need to allow for
one derivative more than their counterparts in the deterministic setting. The growth con-
ditions imposed on F and G are necessary to control the source terms using a Gronwall
argument. As discussed in [35, Remark 5], these growth conditions seem to be sharp even
for deterministic source terms.
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For simplicity, we consider deterministic initial data and assume that
(M ¢o € H*(0). The discrete initial data ¢ € U? is then obtained via ¢ := I {¢o}.

Immediate consequences of assumption (I) are

g lwrs) + llgplirlwrsay < C(go). (2.6a)
and [|¢p — o) + B3]l — [BollrllLsry < C(¢o)h. (2.6b)
The stochastic source terms in system (1.4) are governed by a @-Wiener process and an
operator ®. Throughout this paper, we shall assume that
(W1) the trace class operator @ : L%(9) — L?(0) satisfies
Qg =Y A7(g. 8k)12() Bk
kez
where (Ag)rez are given real numbers, and (gi)iez is an orthonormal basis
of L2(0).
Hence, @'/2 given by Q'/2g := 3" ./ Ak (8. k) 12() 3k is a Hilbert-Schmidt operator
from L2(0) to L?(O). We shall denote its image of L?(©) by
Q'21%(09) := {@'?g : g € L*(0)}.

Hence, the @-Wiener process (Wr),¢[o, 1] has the representation

Wi =Y ArgrBe()

kez
with mutually independent Brownian motions (8 ). Furthermore, we assume that the
@-Wiener process is colored in the sense that

(W2) there exists a positive constant C such that

Y Allskl} 2@ = C. .7
keZ

The operator ® mapping the stochastic process ¢ into the space of Hilbert—Schmidt oper-
ators from @Q'/2L2(0) to L2(0) is defined via

(p)g :=0($) > (2. 8k)12(0)8k (2.8)

keZ
for all g € @Q'/2L2(O9). Concerning the coefficient function ¢ : R — R, we follow [40]
and [44] and assume that
(C) o€ L®R)NCO(R).

This assumption in particular guarantees that @ as defined in (2.8) is indeed a mapping
into the space of Hilbert—Schmidt operators from @'/2L2(©) to L2(0), since

D I@ A8kl = Y lle@Aear 72 @) < lelfem Y 1@ akl72@) < C-
keZ keZ kez
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Hence, the source terms on the right-hand side of system (1.4) are governed by

(P)dW = Argro(p)dpy. 2.9)

keZ

Another straightforward consequence of assumption (C) are the estimates

IVIn{eC)}ir@) < ClIVElLr (o).
IVe I} o} lLray < ClIVrénlLem)

forany ¢, € U }? , Eh € UF, and p € [1, oc] with a constant C depending on the Lipschitz
constant of o.

Remark 2.3. As discussed in [54], the multiplicative noise can be chosen in the form

O(@)ax = k(@) - /@ 51 (9) dx.

resulting in |, o ¢ dx being conserved. Such a choice makes sense from the modeling point
of view, but is not necessary for the results presented in this paper.

In our discrete scheme, we shall approximate the @-Wiener process W by a sequence
of discrete stochastic increments {A”£%}, _; 5 that are supposed to have the following

.....

properties:
DO0) LetF* = (.‘F’)te[o ) be defined by #,° = Fyn1 fort € [,
(D1) A"£T is #,5-measurable and independent of 5, forall0 <m <n — 1.

(D2) There exist mutually independent symmetric random variables £, © such that

ATET =T Mearky”

kez
where E[§;""] = 0, E[|§;""|*] = 1, and E[|§;""|?] < C, for all integers p > 2 with
a constant C,, depending on the exponent p but not on 4, t, k, or n.

Here (gx)gey is an orthogonal basis of L2(©)) and (Ag)gey, are given real numbers such
that

(D3) the noise A"&T is colored in the sense that estimate (2.7) in assumption (W2) is
satisfied for a positive constant C that is independent of 4 and 7.

Due to the trace theorem (see, e.g., [34,47]), assumption (D3) also implies

Y Alarlle ey < (2.10)
keZ

Summing A”&7 from n = 1 to m provides the discrete approximation §™° of the @-
Wiener process. We want to emphasize that assumption (D2) is more general than assum-
ing that £”F is obtained by evaluating a @-Wiener process satisfying assumption (W1)
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at given points in time, as assumption (D2) does not require the independent random vari-
ables SZI to be N (0, 1) distributed. Further, we shall approximate ® by ®;, which is
defined via

u(n) f = Y In{ow)(f 8r)r2(0)8k ) @.11)

kGZh
for all f € QYV2L%(O) and ¢, € UP. Here, Zj, is an h-dependent finite subset of Z
satisfying | ;~¢ Zp = Z and Zj, C Zy, for hy > h,. As a consequence, only a finite

number of modes will enter the discrete scheme for every given /. Hence, it suffices to
approximate the @-Wiener process by

Ti=) VT ke (2.12)

n=1 keZy

In order to control higher moments of the (discrete) stochastic integrals, we will need
the following estimates:

Lemma 2.4. Let (A"E"),_, y be a sequence of discrete stochastic increments satis-
Sfying assumptions (D0)—(D3). Also let (@Z‘l)nzl,m’N be a sequence of (¥5,-1),_  n-
measurable mappings from S to the set of Hilbert-Schmidt operators mapping Q'/2L%(O)
to a separable Hilbert space H, that is, CDZ_l € L,(QY2L2(0); H), satisfying CDZ_lgk
= 0 forall k ¢ Zy, (cf. equation (2.11)). Then, for p € [1,00), the estimates

E[[|®,A"E7)5] < CPTP/ZEI:( Z ||Akd>2_lgk||%1)p/2], (2.13a)
EZp
L%HZ o]

< Cy(m)"T Z rIE)[( 3 ||xkq>g—1gk||§,)p/2] (2.13b)

n=1 kezy,

hold true with a constant C, > 0 that depends on p but is independent of h and t.

These results are an extension of the results established for IR-valued stochastic incre-
ments in [49, Lemma 2.8]. For a proof of Lemma 2.4, we refer to [44, Lemma 2.2].

When passing to the limit (%, t) — (0, 0) with families of fully discrete random vari-
ables, we need time interpolants of our time-discrete random variables. For a time-discrete

function a”,n = 0, ..., N, we introduce some time-index-free notation as follows:
T 1=t ! n —1 a~ 1 n— 1 "
a®(-,t) ;= —a ()+ () tet "], n>1, (2.14a)
T T
a® (-, t) = a""1() tel™ L"), n=>1, (2.14b)

a®t (-, t) :==a" (") te(@ ", n>1. (2.14c)
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We shall complete this definition by setting a®* (-, 0) := a°(-). Obviously, we have

t — n—1

at(-,t)—a® (1) = (@" —a™ 'y forallt e [t" 1, t").

To indicate that a statement is valid for all three time interpolants defined in equa-
tion (2.14), we use the abbreviation a®(®).

3. The discrete scheme

For the ease of representation, we define the abbreviations

EO(5)) = /0 Th{F (@) dx, (3.12)
EF () :=/FI£{G(E;,)}(1F (3.1b)

for ¢y € U}? and Eh e U, { . To linearize the discrete system, we introduce the stochastic
auxiliary variables r, s : Q x [0,T] — R with r(w,1) := \/ Jig F(@(@,1,x))dx and
s(w,t) := \/ fr G([¢(w,t,x)]|r)dI as the square roots of the nonquadratic parts of the
energy. An application of the chain rule suggests that the evolution of these auxiliary vari-
ables is given by

1
r=— | Fl($)dpdx, (3.22)
2,/f(9 F(¢)dx /(;
1
0ss = G'([¢]Ir)0:[¢]|r dT. (3.2b)
2,/ [r G((¢llr)dT /F

The original idea of the scalar auxiliary variable method, as presented in [55], is to approx-
imate equation (3.2a) by

1
2\/Jo F¢(n)) dx

r(t™) —r@" ) =

/0 F @@ NG — (") dx. (3.3)

which leads to a time-discrete scheme that is linear with respect to the unknown quant-
ities, but also still stable with respect to the modified energy expressed in terms of r(¢")
and s(¢") instead of [, F(¢(t"))dx and [ G([¢(¢")]|r) dT'. When discussing the conver-
gence behavior of the auxiliary variables, that is, the question whether the discrete approx-
imations of (") converge toward ,/ /, of (#(t")) dx in a suitable sense, it is important to
notice that the right-hand side of equation (3.3) is given as the first-order Taylor approxim-

ation of \/ [ o F(¢(t"))dx around ¢ (t"~1). Hence, as outlined in [44, Remark 3.1], we can
anticipate that the additional approximation error per time step stemming from the time
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discretization of r will depend on the term (¢ (t") — ¢>(t”_1))2, that is, the global approx-
imation error will depend on Y % _, (¢ (¢¥) — ¢>(tk_1))2. Unfortunately, in the stochastic
setting, the time regularity of ¢ is severely limited by the regularity of the Brownian
motions on the right-hand side of system (1.4). As a consequence, this approximation
error will not vanish for T N\ 0. Hence, we follow the ideas presented in [44] and add
suitable linear approximations of the second-order terms of the Taylor approximation that
guarantee convergence of the scalar auxiliary variables. For the rigorous computations, we
refer to Lemma 6.4 below.

In our discrete scheme, the scalar auxiliary variables are approximated using a se-
quence of random variables (r;l’)nzo,m’ n and (s3), _ 0. N" which are supposed to approx-

imate
(V El?(('bl’:))n:O ..... N and (V E}l:([gb;:”r))n:o ..... N

Defining the discrete initial data via ¢2 =1y {¢0} (cf. Assumption (I)), r}? =4/ E,? ((;Sg),
and sg =L4/E }I; (¢2), we state the following discrete scheme:

For a given U,fg X R x R-valued random variable (¢Z_1’ r}’l’_l,sz_l), find a U,? X
U}f9 X U{ X R x R-valued random variable (¢, uj, 05, r;, s;) such that pathwise

/ Ih{(¢Z—¢Z_1)Wh}dx+T/ Vil - Vi dx
O O
- /0 Th (@@ )A"E ) d, (3.42)
[I{{[¢z—¢z—1]|r¢7h}dr+r/I};{e;:x/?h}dr
I T

= /Ff}:{[@h(sbz"‘)A”E’]lr@h}dF, (3.4b)

/@Ih{uznh}dx+/FI£{9;:[nh1|r}dr
=/ V¢2-Vnhdx+/ Ve[l - Velmlle dr
] T

¥ [W [ TP e ax

r;: n—1 n—1 n n—1
— | LF @O ATET dx | IR{F'(¢f7")
4[E,?(¢;:—1>13/2/ W @0  Jo TG} o

r
4+t /I,, F"
2 /E(9 ¢n—1

+[ /Ih {G'(I¢5 " 1Ir) Al } AT

(@] ) Ou(pp " A"E dx]

EF([¢” i)
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- ’h TG (g [@p(@p ) AE ) dT
4[E,{([¢z-1]|r>]3/2/r AR r}

X / Ty AG" (85 1Ir) sl } AT
r

Sh
+
24/ E (197~ Ir)

for all ¥y, ny € U 9 and Iﬁh € UhF together with

1
1 _
2 /E2(¢r ")
1

/FI,f{G”([¢Z‘1]Ir)[cbh(qs,’}—l)ﬂgf]|F[n,,]|p}dr], (3.4¢)

n n—
Ty =Ty

/0 T F @@ — g7} dx

5 | T F' @, )@, HAE"}d
S[E,‘,’(qs;:‘l)f”/o SR

x/ Th{F' (¢} ")y — ¢y ")} dx
o
1

4 JEQ @y

x /0 Th{F (@) ) Ou( @) HAE @ — gl D) dx  (B4d)

+

and

n n—1 __

1
————— | L {G' (" 1ID)Ig) — 5 Ir} dT
2\/E;1:([¢Z_1]|r)/r mee ne
1
8[EF (f¢r 1)1 /r

x / TG (9509 — ¢4~ MIr} dT
r
1

4,/ E; (197~ 1Ir)

< [ TG @ I ag A E I log — 7 N} A )

TG (87 1Ir) [@n(¢) ") A"E7]|r } AT

+

Here, the terms in the square brackets in equation (3.4c) are the discrete approximations
of the nonlinear terms [, F'(¢(1"))ndx and [ G'([¢(:")]|r)[n]|r dT. To simplify the
notation, we shall suppress the trace operator [-]|r whenever the notation is unambiguous.
For future reference, we shall denote the additional terms added to equation (3.4c) by the
more accurate Taylor expansion by U hO -and U, { -valued random variables EZ o and EZ,F,
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that is,
Ef = —Lm / Ih{F (@) ") Pn(pp A" E" dx T {F (¢ ")}
A[EP (17 1)
rn
+—Ih{F”(¢;: D@ (¢ ATET), (3.52)
2\ ER ()
mn . Sh Tynren—1 n—1\anget Tfnren—1
PRI 1)13/2/1,1 (G @ @n(eHA"E I} aT TF{G' (8] )
Sn " n—1 n—1 n
+—I,, {G"(¢r DI Pn(ep A E]Ir}. (3.5b)

2,/ Ey (9p)

As we shall show in Lemma 6.2, these additional terms vanish for 7 \ 0. With these
definitions, equation (3.4c) can be written as

| Tty ax + [ 25 ogmiryar = [ Ve Vnax+ [ Vegp-Vengar

+ r—h/ Ih{F/(qbZ_l)ﬂh}der/ Ti{E]on} dx
/E0(¢n—l o o

G (¢p! dr gick dr.
EF(¢n1/ 1w G (9~ ) +/1“ 0 B}

4. Main results

In this section, we shall state the main results, which will be proven in the subsequent
sections. The first result provides the existence of pathwise-unique solutions to the discrete
scheme (3.4).

Lemma 4.1. Let the assumptions (T), (S1), (S2), and (D0) hold true. Then, there exists a
sequence (¢, iy, 05 1y sp), o1 of U,? X U}? X U{ x R x R-valued random variables
that solves scheme (3.4) for each w € Q2. Furthermore, the map (¢, iy, 05,1}, s3) + 2
— Uh@ X U}? X U{ X R x R is Fyn-measurable.

The proof of this result can be found in Section 5. Starting from these fully discrete
solutions, we can pass to the limit (4, ) — (0,0) to obtain the existence of pathwise-
unique martingale solutions to system (1.4).

Theorem 4.2. Let the assumptions (T), (S1), (S2), (P) (I) (C) and (D0)—(D3), hold

true. Then, there exists a filtered probabllzty space (Q A, F, IP) and a sequence of ran-

dom variables (d)h ¢p Iy u;+ 97 +) he 0N Q whose laws coincide with the laws of the
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time interpolants (¢F, [6F]|T, r’+,9r’+ of the discrete solutions to system (3.4) estab-
P no \PplITs Ky > 9 )y o Yy

lished in Lemma 4.1. Furthermore, there exists an ¥ -measurable Q-Wiener process W=
> ez MGk Br on Q and progressively ¥ -measurable processes
$ € Lot (L0, T; H' (9))) N L*P(Q; ¢C~Y/ ) ([0, T); L7(0))),

gr € L2P (S5 L°°(0, T; H'(T))) N L2 (Q; C-®=D/CP) ([0, T]; L2(T))),

weak- (%)
fi € L?($; L*(0, T; H'(0))).
0 € L?(Q; L*(0,T; L*(I")))

forp € (1, 00) such that P-almost surely

lim &f=¢ inC([0,T];L(0O)),
(h’r)q(o’o)dn, ¢ ([0, T]: L*(09))

-
li = in C([0, T]; L"(I")),
(h,r)l_)II}O,O)QSFh ¢r inC([0,T];L"(I))

li ittt =n inL*0,T: H (O ;
L moin L7( (9)) weax

li 05T =0  in L2(0,T; L3(T
h)=(0.0) " n L7( ()

weak

with s € [1, dz—fz) and r € [1, 00). These processes are pathwise unique and satisfy

[ @0 -sonwar+ t [ va-vyase

= Z/O /@Q(fz)lkgkl/fdxdgk, (4.1a)

keZ

/F @r(1) — [$]Ir (0)7 dT" + /0 /F 7 drds

=y /0 /F [o(@)Aear]| ¥ dT dBy, (4.1b)

keZ

P-almost surely for all t € [0, T| and test functions € H'(O) and IZ e L2(I). Further-
more,

/@ﬁndw/ﬁ[nnrdr=/@vawdx+/rvr¢}-vr[n1|rdr
+ / F'@@)ndx + / G@rlirdl  (@.1o)
] T

holds true P-almost surely for almost all t € [0, T and test functions n € V. In addition,
[¢]llr = ¢r P-almost surely almost everywhere on (0, T) x T.
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The above results use an arbitrary finite-dimensional random walk & Z”T (cf. equa-
tion (2.12)) satisfying assumptions (D0)—(D3) as starting point in the finite element
scheme and provide the existence of pathwise-unique martingale solutions. Hence, the
Yamada—Watanabe theorem provides the existence of strong solutions (cf. [52] or [39,
Theorem E.0.8]). These strong solutions can also be obtained as the limit of a sequence
of fully discrete solutions: if we approximate a @-Wiener process W satisfying assump-
tions (W1) and (W2) via

ERT =" (W(™). gk)12(0) 8k 4.2)
keZy

then &} still satisfies assumptions (D0)—(D3) with Gaussian random variables &, . For
this choice, we can establish convergence toward strong solutions.

Theorem 4.3. Let W be a Wiener process defined on (2, A, ¥, P) satisfying assump-
tions (W1) and (W2) with finite-dimensional approximations given by equation (4.2).
Furthermore, let assumptions (T), (S1), (S2), (P), (I), (C), and (D0)—(D2) hold true. Then,
there exist pathwise-unique, progressively ¥ -measurable processes

¢ € L o(Q:L®(0.T: H'(0))) N L¥(Q: CO®=V/E) ([0, T); L2(0))),

weak-(*

Or € Lyt (R L0, T HY(D)) N L2P(: €2~V ([0, T]: LA(I)).

p e L (Q; L0, T; H'(0))),
0 € L2 (Q: L2(0,T; L*(I)))

forp € (1, 00), which are the limits of the time interpolants (¢, [¢;]|r, ,u;’+, 9;’+)h L of
the discrete solutions to equation (3.4). In particular, we have P-almost surely
lim r= in C([0,T]; L*(0)),
PRI ¢p=¢ inC(0,.T]:L*(0))
lim Alr = in C ([0, T]; L"(I)),
o dm [l = grin C(0.T): L7 (D))
li ot = in L2(0, T; H'(0)) years
am ot =i L (O))wea

" }130 o 00t =60  inL*(0,T; L*(T))

weak

fors €1, dz—fz) andr € [1,00). These processes satisfy

(@) — ¢(0)y dx + t Vi -Vydrds =) t 0(P)Akgr ¥ dx dpy,
o 0o JO 0o JO

keZ

| e = glir )i ar + [0 [GZXEDY /0 | le@hegulled ar d

keZ
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P-almost surely for all t € [0, T and test functions ¥ € H'(O) and 1@ € L2(T"). Further-
more,

/@/«Lndx+/r9[n]lrdl“=/OV¢-VndX+/FVr¢r-Vr[n]IrdF
F’ d G’ dr
+/0 @) x+/F Gl

P-almost surely for almost all t € [0, T| and test functions n € V. Further, [¢p]|r = ¢r
P-almost surely almost everywhere on (0,T) x T.

Here, the term ‘strong solution’ refers to a solution concept, where the filtered prob-
ability space and the Wiener process are a priori specified and solution processes on this
filtered probability space satisfying the SPDE with the given Wiener process must be
found. This distinguishes the results in Theorem 4.3 from the concept of martingale solu-
tions used in Theorem 4.2, where constructing a suitable filtered probability space is part
of the solution concept (see, e.g., [39,49]).

The remainder of the paper is structured as follows: in Section 5, we present the proof
of Lemma 4.1. The proof of Theorem 4.2 can be found in Sections 6—9: in Section 6, we
establish regularity results for discrete solutions to system (3.4) that are independent of the
discretization parameters /2 and 7. These results will be used in Section 7 together with
Jakubowski’s theorem (cf. [30]) to establish the existence of converging subsequences. In
Section 8, we discuss the passage to the limit (%2, 7) N\ 0, which provides the existence
statement in Theorem 4.2. The pathwise uniqueness of these martingale solutions is then
established in Section 9. Section 10 is devoted to the proof of Theorem 4.3.

5. Existence of discrete solutions

In this section we will prove Lemma 4.1 by establishing the existence of pathwise-unique
solutions to system (3.4). We adapt the ideas of [44] and start by showing that for each
fixed w € Q, system (3.4) has a unique solution: Since A”£° is given for fixed w, sys-
tem (3.4) is linear with respect to the unknown quantities ¢Z, /LZ, 9]2’, r;l’, and s,’;. As for
finite-dimensional linear problems, uniqueness of possible solutions guarantees the exist-
ence of solutions for arbitrary right-hand sides, we assume that for given qb;l’_l, r;l’_l,

sz_l, and A"§7, there exist two solutions. We denote their difference by $, i, ) ,7,and S.
Obviously, these differences satisfy

[ Ih{q?wh}dx + r[ Vii-Vyj,dx =0, (5.1a)
[¢] o

/sz{@@h}d“rf/ I5{09,)dr =o, (5.1b)
r T
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/(;Ih{ﬁnh}dx +/ I;{énh}dr = /; Va- Vi, dx +/ Vr‘(g' Vrap dl'
r
[ TtE @ ax +

]
—— ———— [ (G @y} ar
JES @i Yo \/Efw D /

S — F'(¢pp Dy (pp A" dx | I F' (o) Hmstd
AED @) 1)13/2/ WP }’“/@ WF @ mn) dx

| L (@)D )ATE ) dx
2\ E(¢ph) /@

a net 1 an—
_W/ I G @ D[Py A"E ]|F}dF/FJ;{G (@0 ~Vyn) dT

§

+ ————— | I;{G" (@} ) [®n(&} " )A"E ] Irns ) dT, (5.1c)
2 EF ) J

P | TPy} ax

2 ER (g7 70

— 1 repn—1 n—lyangt roan—1I\2
8[E}?(¢}’1’_1)]3/2/@Ih{F (¢, ) Pn(d), )A"E }dx/(DIh{F (95 1} dx
1 ~
_y— I F” n—1 (D n—1 An T d , Sld
+4 E@(¢n—1)fo W @)D Po@ ) A"ET) dx S1d)

[ TG/ (@) dr

2 /EF ¢n 1
7 /I}J{G (¢ )1@n(@h"HA"E I} T | Zi{G' (@ )lar

8[EF(¢" D]

+ = [ TG @30 A ) T (5.10
4 /El" d)n 1

Choosing v, = [i in equation (5.1a), &h = r_1$ in equation (5.1b), and np, = éﬁ\ in equa-

tion (5.1c), we obtain after substituting equations (5.1d) and (5.1e)

zf |Vi2dx 4+t~ [ IT|g12 Tl + / V| dx + / |Vrg|? dT
o r o r

+ 2712 4+ 25> = 0. (5.2)
This immediately implies 7 = § = 0 and $ = 0, which entails § = 0 by equation (5.1b).
Finally, using 15 = 1 in equation (5.1c), we obtain f@ it dx = 0. Due to equation (5.2),
we have i = 0. This provides the uniqueness and therefore the existence of solutions. As

shown in, for example, [24, Theorem 6.7] the uniqueness of the solution obtained for each
w € Q also entails its measurability.
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6. Regularity results

In this section, we shall establish uniform regularity results for the discrete solutions
obtained in Lemma 4.1.

Lemma 6.1. Let the assumptions (T), (S1), (S2), (P), (I), (C), and (D0)—(D3) hold true.
Then, for every 1 < p < 00, there exists a constant C = C(p, T) > 0 independent of h
and t such that

m2p m||2p m|2p m|2p
E[ogna;v”d)h ”H1<0>]+E[0£n"‘;‘1v||¢h ||H1(F)]+E[Ogna;(N Iyl ]+E[ogna;(1v Is7'17%]

+ E:(inqs;: ~ 0 o) |+ E[(inqs;: ~ 8 )|
n=1 n=1

+ E(i lrp =yt |2>p] + E[(i s, — s;l’_1|2)p]
n=1 n=1

M =

P
6} 122) | = €. ©.1)

+ E(i | Vi Ilizw))p] + E[(

n=1 n=1

Proof. In a first step, we will establish
m2p m ) 2p m|2p
omax Elllgy o)) +  max Blllgy [ )] + max Blry"™]
+ max E[sf**]<C (6.2)
0<n<N
before proving estimate (6.1). For fixed w € €2, we test equation (3.4a) by ¥, = u}, equa-

tion (3.4b) by ¥, =0}/, and equation (3.4c) by n, = ¢}/ —¢Z_1 and ny = -y, (<]§,’1’_1)A”§’.
This provides

0= / Ve V@l — i) dx + / Vel - Ve — 1) dr
0] T

[ 2lF @ - g} ax

EQ(gpY) /o

_ng/ In{F (g5 ) Pn (g~ A"E™} dx
HES (¢ Jo

x / AP @)@ — i)} da
O

rh
_I_ . L —
2\ ED (¢

/@ TW{F @) Pn (@ AE (@] — ¢ )} d
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T
EI‘(¢n 1)/ h h h }

W/Ih G (¢~ DI ®n(¢; ) A"E" ]} dT

x f IT(G (@) @) — ) dT
r

[ G G @n0 A 9] — g ar
2 JENgp) Ir
- /@ Vor - V(@ ATEY) dx — / Vrgl - Vr(®p () ) A" |r dT

T/ IF (@) 0@ )ATE) d
EO (¢]

n—1 n—1 n 2
+W|/ In{F (¢ HPn(e " )A"ET} dx|

. h /¢ an—1 n—1 ez
2\/W/0Ih{17 (P )| Pp(dpy, )A"ET| }dx

?/Ih G/ (@) [ (@) A" ) dT
¢)n

+W'/ LG @R @n@HA"E I} dr

I II‘ G//(¢n—1)[q) (¢n—1)AnEr]|2 dr
2mﬁ h{ h h\Pp I‘}
+r/0|wg|2dx+rfrf,f{|e;;|2}dr

Using equations (5.1d) and (5.1¢) multiplied by ;' and sy, respectively, we obtain

1 1 _ 1 _
§||V¢Z”1242((9) + E”V(‘p}rzl - ¢}r: 1)”1242(@) - §”V¢Z 1”%2(@)

1 2 1 —1\12 1 —-12
+ §||VF¢Z ”LZ(I‘) + EHVF(¢Z - ¢Z )||L2(l") - EHVF¢2 ||L2(F)

ol L e e e e i i o P R P e e K

+ IV ooy + IO 2 ¢

- [0 Vol V(@ ATET) dx + /F Vel - Vi@ (@)~ AET - dT

323
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0 o
I Y
' EZ(¢ih) /(9 n{F' (¢~ ) On(gy ") A"E"} dx

W)/ Tl F' (g5~ ) nlep A"ET }dx‘

h 1" an—1 n—1yanget|2
+—2\/W/01h{F (@)D A"ET ) dx
I {G'(¢p [ Pn(gy )A€} dl
EF(¢n 1 / h Wk F}
—W/Ih G'(¢p ) Pn(p) A E"]Ir dI‘)
oS R AT
2 /El"(d)n 1
=S1+ S+ S3+ S84+ S5+ S6 + 57+ Ss. (6.3)

As the scalar auxiliary variables r; and s} are merely approximations of positive terms,
there is no non-negativity result available. Therefore, the terms S4 and S7 can not simply
be neglected. Similarly to [44], we apply Young’s inequality to separate the implicit terms
and the stochastic increments A”§7. In particular, we obtain

1 _ _
S = IV} — V&i 220y + CIV@4@) A 2o,
+ [ Vot @@ AE
(]
1 _ _
S> < —|IVro, — Vroy 1”22(1‘) + C||Vr[®n(¢; YA E Ir | L2(r)
+ / Vrgr ! vr[d>h<¢z—‘)A"sf1|rdn
T

1
S3 < —|V;r,l -+ C

[ 1P honwars s

E%;: D!
P T f TW{F (@) )0 ATE") dx.,
E%
Sy < —|r;: — 2 4 c—3) / Ih{F’<¢z—‘)d>h(¢z—l)A"sf}dx\4
4 I

3

rh n— Net 2
W‘/ Ih{F (¢} ) Pn(p) A E }dx
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1
1,2
S5 < er;‘l_r;: |

E9r L, T e A |
h

7‘;: ! 1" an—1 n—1 net|2
+ e | L{F" () @0 A"ET ) dx
2\JER(¢p") /0
! 2
So < glsh =i +CEF(¢ 1)(/ ITG @) @n(@p A" Ir} dr |
+—/Ih G' @ a(gf A" ar,
EF (g}

1
S7§Z|SZ—SZ—1|2+Cm/Ih G(qbZ 1)[q)h(¢Z I)A"E I dI“
n—1

- W‘/F sz{G’(¢;',’_l)[<1>h(¢;’,’_l)A"E’]Ir}dF‘Z,
h \*h

1 _
Ss < leZ —SZ 1|2

C g L THE @ Do g ar
h

+ i [ IH6 e AR ar
2 EF(¢n 1
As we allow the stochastic term in equation (3.4a) to act as a source or sink term, con-
trolling the H'!(©)-seminorm of the phase-field parameter is insufficient. In order to
obtain the full H'-norms on the left-hand side of equation (6.3), we choose ¥, = o
in equation (3.4a) and Up = [#7]]r in equation (3.4b). After applying Young’s inequality,
we obtain
l n|2 l n_ n—1)2 _1 n—12 l ny2
I6n o + 5188 —¢n lho =500 lhe + 51en 15
2 ’ 2 ’ 2 ’ 2 :
1 _ 1 _
+ 57 =i i — 3108 ir
3 1 1 _ _
= 131V 2 0) + T3 1V8R o) + 7195 — 03 o + 1P )AE" I} o
_ _ 3 1
+ [ Tt ou @A x4 10+ e 107
1 _ _
+ ek — ¢ Hor 4 11@n(dr A€ [I;
+ [ It ony A" ) ar.

Combining the above equations and summing from n = 1 to m, we obtain

1
||¢;,"||H1(0) SN 3oy + 1P 1P+ sy P ZII@, % 10
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1 & B 1 & _ 1 — _
g DM =B eyt g 2o T P g Dk s
n=1 n=1 n=1

1 & 1 &
+7 Zuwzniz(@) +7 > 16813 ¢
= n=1

326

1 1 m 1 m
S188121 ) 51951201 oy HIrBI2 + S+ 37V I + 318
n=1

Y IV@n AT >||L2(0)+2 f V! V(n(g) T A"ET) d

n=1
m

Z \/ L F @) on (@) A x|

=1

f TRl (@) Du(@) " )ATET) dx

4
e — -1 n—l\angt
+Cn 1[E0(¢ —hy? ‘/ L @0 A" dx

_ZWV In{F' (@~ ) Pn(g) A ET }dx(
n=1

+e ZEGW S| 2 e P

[ nutEr @ Dleney hare P ax

+ Th
; 2\ EQ (¢ 7O

+C Y IIVr[®a(gr HA"E 2

n=1

D3 / Vg - Vr[@n (g )A"E|r dT

e ZEF@Z S| [ 3o e ewe e ar|

m

+
/EF(¢n 1)
+C Z

R AT I,

[EF<¢Z o /Ih G'(¢p DI®n(py HA"E™ ]I dr(
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- 4EF(¢,, 1)]3/2 /Ih G, [@n(@h A E"Ir} dF‘
n=1

+C ZEF /Ih {G" (¢} 1)[q>h(¢z_l)ln’§r]|%}df‘2

/ IT(G (@)@ (@) ATETIR) dT

n Z o Sh
n=12/EF (¢p~1) /T

1 1 1 & 1 &
=t 518150 0+ 51870 oy T 1P P H IS+ 32D IV 1720y + 3790 7
=1 n=1

Absorbing ‘L’% Ve ||iz(0) and r% [[oxe ||%l r on the left-hand side, taking the p-th power,
and using the equivalence between the norms defined in equation (2.3) and their standard
counterparts, we obtain for any m € {0, ..., N} the estimate

m »
2 2 —
[ e A P L (Zu«p;: ~ 1 o))

m » m »

(ans,, o 1||Hl(r)) (g 1P) +(;|s2—s2_1|2)
+(x annzz(@)) +(x Zne,, ||Lzm)

< Clpllz o) + Clpl3 oy + Clri P + Clsp P + C Z Vo7 o)

n=1

16
+C Z tlgn 17y + € D | Raml®, (6.4)
a=1

n=1

where the constant C depends on p but not on /4 or 7. We will now follow the lines of [44]
to derive estimates for the expected values of the stochastic terms |Ry |, ..., |Ri6,m|".
We start by deducing an estimate for E[|R; ,,|P]. Applying Holder’s inequality, Lem-
ma 2.4, inequality (2.2), and assumptions (D3) and (C), we compute

E[|R1,m["] < Cm*~ 121E IV(@n(d; YA ED) 1750y

n=1

<cC i ’E[( > ||lkV(<Ph(¢Z’_1)Qk)”izw))p]
n=1

keZzy,
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§Ci [||Ih{g(¢;; ‘)}IIHI(O)(ZA ||Qk||W1°°(0)>p]

n=1 keZ

<CY B[+ Ve 175 0))] (6.5)

For R; ,, we obtain from Lemma 2.4

E[|R2,m|p <E 1;1 ‘Z/V(Cbh(qb )Angt).v@r;—ldx‘)v]

m 2
Z ZV‘/ VIi{o(y~ )gk}'wirf—ld"‘z)p ]
n=1 keZy,

< C Y B[IIh{e@h o)1V 720
n=1

< C+ CE[ Y 1V 12 0|

n=1

Using similar arguments, we obtain for R3 ,,

E[|Rsm|?] <= C z_; [WHH{Q@Z YF'(¢p~ 1)}||L1((9)]

As the left-hand side of estlmate (6.4) only includes 2p-th powers of ¢;", it will not be
possible to control || F' (¢}~ b || L1(0) We therefore follow the approach used in [44] (see
also [35]) and use the negative powers of £, o (o5 ~1) to our advantage. As o is bounded, we
can use the growth condition stated in assumptlon (P), the norm equivalence in inequal-
ity (2.2), and Holder’s inequality to obtain

[ Z{e@p D F @p O ey < € + Clor " 12200, /{9 I{F (¢~ H}dx.  (6.6)

Hence, the lower bound on F provides
E[[RsmlP]=C+C Z E[l¢7 " 175 o))
n=1
Reusing inequality (6.6), we estimate IE[| R4, |?] via

| n—1

Uraplze deel( s
n= h \*h

17 {e@i ™ F' @ W o) ]
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m m
<C+CY B[l PP+ C Y <B[lgr 175 o))

n=1 n=1

Similar to the lines of the proof of [44, Lemma 6.1], we obtain
E[|Rsm|?] = C7?,
m
E[|Re.m|"] < C Z PP+ C
E[|R7.m|*] < C‘L’p,

m
E[[Rsml?) < C Y tE[[r ' [PP] + C
n=1
The remaining terms can be estimated analogously using estimate (2.10). In particular, we

interpret Vr|[®y, (q&;l”l) -]Ir as a Hilbert-Schmidt operator onto (LZ(F))d_l and apply
Lemma 2.4 to obtain

E[| Ry, m|’] < Cm*~ IZE N AT Y SN

n=1

m
= LB e i (X lalw~m)’]
"
<CY B[+ Vrdy )]
n=1
Similarly, we obtain
m
E[|Rioml?] < C + CE|Y 7| Vrei~ ‘IILZ(F)]
n=1

E[|Ri1n["] < C + CE Z <l 1

1
ﬁm m
E[|Rizm|’] < C + CE| > tlsp™ ‘|2*’] + CIE[Z tllgp~ ||L2(p)]
n=1 n=1
E[|R13m[?] < C7P,
m
B[ |Riaml] < C + CE[ Y elsp ™7
n=1
E[|R15.m|"] < C<P,
m
[ =

n=1
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Hence, we obtain from estimate (6.4) after neglecting non-negative terms
E[loi 17 )] + ELIGR 177 ] + B[l 7] + B[ sy 127

< Clopllz o) + ClR N3y + Clrn P + Clsp P + € Z E[l¢7 " 17 o))

n=1

“ m
+ C Z ‘L']E[Hd)zl_l ”i}al(r)] + C + C Z TE[|VZ_1|2p]

n=1 n=1

m
+C Y B[|sp ]

n=1

for all m € {1,..., N}. As assumption (I) allows us to control the first four terms on
the right-hand side independently of the discretization parameters, we can apply a dis-
crete version of Gronwall’s inequality and obtain estimate (6.2). In the second step, we
shall now establish estimate (6.1) for p € 2IN. Starting from estimate (6.4), we can take
the maximum over m € {1,..., N} before taking the expected value. Reusing the above
calculations, in particular estimate (6.2), provides the claim. [

In the next step, we shall analyze equation (3.4c) in more detail and verify that the
additional terms 8} o and E} 1. introduced in the approximation of F'(¢) and G'(¢) (cf.
equation (3.5)) will vanish for ¢ N\ 0.

Lemma 6.2. Let the assumptions (T), (S1), (S2), (P), (I), (C), and (D0)—(D3) hold true.
Then, for every 1 < q < oo, there exists a positive constant C independent of h and ©
such that

=z

B[(3 f||a;;,0||§,0)q] <Co, (6.72)

n=1

e

Furthermore, the following estimate on the L*(O)-norm holds true:

E[(i i 220) | = € 6.8)

n=1

q
I rlie) | = Cor. (6.7b)

M=

n=1

Proof. We start by establishing estimate (6.7a). Discussing both summands in the defini-
tion of E h o separately, we obtain by using Holder’s inequality, the lower bound on £ }(ly ),
and the growth estimate for F’

N
E[(2 [E@W o | / (F @ ooy A" e} ax T F @R 0)']

n=1
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1/2
gCE[( max_|rf| (1+ max [1¢f;” ||;,1(0)))2’1]

\ IR ey Hargax )]

Here, the first factor on the right-hand side can immediately be controlled using Lem-
ma 6.1. To control the second factor, we apply Lemma 2.4, the definition in (2.11), and
assumptions (C) and (D3) to obtain

= f‘/of”{F @y en(ey A ax )]
N 1 pn—1 nels A neT 4q
SCE[’;T‘/(;Ih{F(ﬁbh oA ax] ]

N 2q
§Crqur]E[< ‘/\k/ Ii{F' (g7 Do(ep~ l)gk}dx‘ ) ]
Zp

n=1 ke

N
2¢
<ce Y r]E[(l n ||¢Zfl||3;1(0))( 3 A§||gk||§m(@)) ] <Cr¥,
n=1

kEZh

The estimate for the second summand in equation (3.5a) can be deduced using similar
considerations:

N
(X rgemr Lt o e} )

N 1/2
< CE[ max 1/ 1*] B[ 3 | 2 {F (6~ @nofA"E |
n=1

N
< (Y e[ X 1 alE @ e el 7)) = et

n=1 kezZy

due to Holder’s inequality, Lemmas 2.4 and 6.1, and assumptions (C), (D3), and (P).
Estimate (6.7b) on E h r can be proven analogously by applying Lemma 2.4 to the oper-
ators I {G' (¢ ~1)[@4(¢7 ") -1Ir} and I {G" (¢} ) [@n(¢) ") -]|r} and recalling in-
equality (2.10).

Choosing 1, = 1 in equation (3.4c), we obtain

)/Mhdx /thF‘+’\/W[IhF(¢ 1)}dx‘
’ ‘m/ TP @@ A ax [ Z{F @)
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' ﬁ/@fh{F/f(¢z—l><bh<¢z”>t"s’}dx(
. —[z,, G'(¢y )} dr|

_ h Fig/(pn—1 n—l\angt Tfrppn—1
+ 4[EF(¢n—1)]3/2/rI" {G' (95 DI®n(¢y HA"E ]|r}dF/FIh (G (¢ )}dr(

+| e [ 6 @A |
El"(d)n 1

e

Due to the above estimates, taking the second power on both sides, summing from n = 1
to N, taking the g-th power, and taking the expected value provides

f{(5 | o 2>ﬂfcm[&rueznzm

e )]

Mz

+ C]E[(

Il
-

n

E0(¢n l

Mz

+ CIE[( f G (@) dF‘z)q] + .

)
El" n—1 T
1 h (¢h )
Using the growth conditions for F’ and G’ stated in assumption (P) and the regularity
results established in Lemma 6.1, we obtain

n

N n
E[(; r’\/#T /0 L{F'(¢ph) dx‘z)q]

< C]E[ max |rh|2‘](l + ||¢Z 1”[_]1(0))] = Cs

and
N n
s 2\q
E[(Z r(—h /I,{{G’(qs;;—l }dr) ) ]
n—1 /El" ¢n—l T
< CIE[ max |sh|2q(1 + [lgy~ 1||H1(1"))] <C.
Therefore, we can apply Poincaré’s inequality to deduce estimate (6.8). ]

Lemma 6.3. Let the assumptions (T), (S1), (S2), (P), (I), (C), and (D0)—(D3) hold true.
Then forall a, p > 1 and 1 < B < 2, there exists a constant C > 0 that is independent



Contact line tension with thermal noise 333

of h and t such that

N-I

I:Z r||¢m+l ¢)h ||L2((9)] =< C(lf)a/z, (6.92)

m=0
p

E[(ZNjcnqsh o ) | = (6.9b)

n=1

2

[Z gy = 95128 )| = CD” 6.9¢)

m=0
foralll =0,...,N.

Proof. Summing equation (3.4a) fromn =m + 1tom + [ < N, choosing ¥, = ¢m+l
— ¢, taking the a-th power on both sides, multiplying by 7, summing the result from
m = 0to N — [, and computing the expected value, we obtain

N-I - m+1

B3 el - o] < cB[Y \ > o [ v vt -]
m=0 m=0 n=m+1
N-— m+l o
+ e Z [ s wrs @y o) e
m=0 n=m+1
=: A+ B. (6.10)

Using Holder’s inequality multiple times and recalling the already established regularity
results from Lemma 6.1, the first term can be controlled via

N-I m+l

o/
A <CE[ max ||v¢h ||L2(0)(zf)a/z DR ( > 1:||V/Lh||L2(0)> 2]

m=0 n=m+1

< C(lr)"‘/z.

As shown in [44, Lemma 6.3], the second term is bounded by

N-I N-I m+l
B = B[ Y clept o]+ Y B[] X nenehane])” ]
m=0 m=0 n=m+1
N-I
< L[ ellept - a3 |
m=0
N-I m+1
+C Y 0t Y B[ n{e@r )} 0] (6.11)

m=0 n=m+1
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due to Young’s inequality and Lemma 2.4. As o € L*°(R), the second term can be con-
trolled by C (/7)*. By applying norm equivalence (2.2), we obtain estimate (6.9a).
To prove estimate (6.9b), we set « = 2 and / = 1 and obtain analogously to equation (6.10)

B(X ot~ 1ke) ) = E{(X e v o)

n=1
P
e CE[(X | sutonr s - as]) |
n=1
=: /T—i— B.

Applying Holder’s inequality and the regularity results established in Lemma 6.1, we
compute

N

~ p
2p -1 ny2
A= CTPE[ max V] - ||L2(0)(;r||th||Lz(@)) ]
N N
B 2p11/2 2p11/2
= CePE[ (Y IVe) — Vo o) | E[(X TV ) ]
n=1 n=1

< Ct??,

To obtain an estimate for B, we adapt estimate (6.11) and combine Young’s inequality,
Holder’s inequality, and Lemma 2.4 to obtain

~ 1

B= E [(irllqﬁ;’,’—cﬁ‘llli,@)] i B] 12 {n (@] A3

n=1

N
1 _ D
= [(Zrnqsh o) |+ Cr.
n=1
Estimate (6.9b) for arbitrary 1 < 8 < 2 then follows by equation (2.2) and Holder’s
inequality.
The remaining estimate in (6.9¢) can be shown in a similar manner using

par(’]
N-I N-I m+l o
B[ Y elgpt -] + oo B[ X o( X o) |
m=0 m=0 n=m+1
N-I

E[ Y tlgp! - ol | + can®

m=0

m—+1

L5 R ot

n=m+1

=

4>|~

=

-Ikl'—‘
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and
CZﬂE[U S oA 0
Nil " m+l o
=Y w0 Y B3 Akl I ZE @i 1)) |
m=0 n=m+1 keZ
< C(0)”. u

Next, we shall derive an estimate for the error introduced by the scalar auxiliary vari-
ables.

Lemma 6.4. Let assumptions (T), (S1), (S2), (P), (I), (C), and (D0)—(D3) hold true. Then,
forall p € [1,00), there exists a constant C that is independent of h and t such that the

estimates
E[ , nax }rh VES (o)) sCrpmaxtv/z.1/8) (6.12a)
<
E[ max |sh VEL@M|"] =CeP/?, (6.12b)
0< <
hold true.

Proof. Adapting the ideas in [44, Lemma 6.5], we start with a Taylor expansion
of /E ,‘:’ (¢7,) to quantify the approximation error for one time step, that is, the difference
between the increments 7' — r'~! and \/Ehm (¢))— \/E}? (¢p!

JES@p — VES @)

1 1 2
= (EP () —E) (@) ) ————— (EP (7)) — ES (3 7")
2,/ E2(¢7 ) pe 8LES (1 P
1 3
+ (B2 () — EP (¢771)
wEg @

B ;(/@ DR @@~ 95 + 5 PG @h - 9 ax)

! l ” _ ! pn—1 n_ n—1y2
e /Ih{z(F (92) — F" ("N (r —r) }dx

+2\/ P R

2
- T /e pan—1 n_ 4n—1 d
S[EI?W_I)]a/Z(/@ W @D — 83} dx)
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1 rean—1 n n—1
_W</(9Ih{F(¢h )Py — ¢ )}dx)

x /@ TW{F"(g3)(@} — ¢p ™)} d)

1 1
W( f IAF" @} - 4} ax)
3
+w(/ In{F'(pa) (@) — ¢~ D} dx) (6.13)
1

with @1, 92,93, ¢4 € conv{gy, ¢,’l’_1 }. Recalling the definition of the discrete Laplacian Ay,
in equation (2.5), we write equation (3.4a) as

O — 4 = Th + Da(8ATET.

Hence, we obtain from equation (6.13)

JES @ — JEC@ ) =i =
/ T @)@ — ¢ rApl) dx

1
+—
AER @O
1 " _ M an—1 n__ n—1,2
—— / I(F"(2) — '@ 0@ — 377} da

W( [ o @@ - 47 ax)

x( f@ Ly F/ (¢ enu) d)
- W( [ I '@ @) — 97} ax)
h

< (| TW{F"(@s)@} — ™)} dx
(/

1 1 " n n—1,2 2
_W(E/(;Ih{F (‘P3)(¢h _¢h ) }dx)

+ W([ In{F'(e0) (@} — o3 )} dx)3

=: rh - rh -|- Ry, + R2,n + R3’n 4+ Ry + Rspn+ Repn. (6.14)

Summing equation (6.14) fromn = 1 to m < N, noting that by definition rh =/ E; o (¢h)
taking the p-th power and the supremum over all m € {0,..., N}, and computlng the
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expected value, we obtain

E[ sup [ = E7(@i["]

0<m=<N
» N
|+ CE[[3 R
n=1

< C]EH% Rin ] +C]EH§: Rl
n;l 5 n;l

+ C]EHZ Ran ,,] + C]EHZ Rsun ,,] n C]EHZ Rem p].
n=1 n=1 n=1

Deriving estimates for this right-hand side is more intricate than for the one discussed
in [44] as uniform bounds for A, uj are only available in the (H 1 ((9))/-norm. It is, how-
ever, possible to derive a t-dependent bound that provides sufficient regularity. Choosing
Yy = rl/zAth in equation (3.4a), we obtain

PP A IR o
SR R T N Rty R AL AR PO N
< eIV a0 + 5 IV~ VO o)
2 IV@4 A (e 615

Recalling the computation in estimate (6.5) and the regularity results from Lemma 6.1,

E[(i A 120) | = CE[(i Vi) ]
n=1

n=1

+ cm[(inwz — Y Bae) ]+ cm[(i||v<<1>h(¢;:‘1)ﬂsf)||22(@))”]
n=1 n=1

<C (6.16)

for any p > 1. Using this estimate, we compute an upper bound for R;, by applying
Holder’s inequality, assumption (P), Young’s inequality, and Lemma 6.1:

e[ o]

N

_ _ p

SC]EHZ )| Ay 2@ 1 Tn{F" (@5~ D 3o 07 — o 1||L6((9)‘ ]
n=1

n2 1/4
= CE[[(1+ max 19715 0))

N N
_ b4
X (20 218k ooy + DoI6E = i o) | = €7
n=1

n=1
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Concerning the second term R, ,, we start by discussing the C2”-part F of the poten-
tial F (cf. assumption (P)). Due to the Gagliardo—Nirenberg inequality, we obtain

[ 2l = P 0@ = a7 b ax] < € [ Tulion ot P as

—13v/2 — 4—v)/2
< Cllgy — i 13 oo Itk — 1 I ) =2 (%),

If v < 0.8, we may apply Young’s inequality to deduce

_ —3p2 — — 8—2 4-3
(¥) < CT2 gt — @ 21 gy + CT2 00 gt — g 20/,

where we will control the second term using estimate (6.9b) as (8 —2v)/(4 — 3v) < 4.
Unfortunately, the limited regularity of the phase-field parameter reduces gains for lar-
ger v. Yet, we still can rely on the discrete L°°(0, T; H'(®))-bounds for (¢5),, and
recover the scaling obtained for v = 0.8. In particular, we estimate

—1,(5v—4)/4 _
() = Cligr —dp M IGTe) T 0lgp — b5 1oy
+ 77 = dh 7 17200
To deal with the remaining part, we recall the growth condition for F,” and apply the
Gagliardo—Nirenberg inequality to deduce
_ _1.2
[ 2l =~ @067 - 47 |
_ —115/2 - 1/2
< CU+ 6810 + 105 1200085 — 8 nioy 97 — 61 1 o)
11/4 —111/4 —1,7/4 —11/2
< COU+ 6}t oy + 05 I go 0k — 1~ aeon 0% — 81 1 ooy
11/4 —111/4 _
< CU+ 167111 + 108 1))t 5165 — 857 11 o)
11/4 11/4

+CO 1B, + 185 I )77/ 185 — 85 IE2(-

Combining the above results with the uniform lower bound on £ ;? (), Holder’s inequality,
and Lemmas 6.1 and 6.3, we compute

N
5w
n=1

Combining Holder’s inequality, assumption (P), Young’s inequality, and Lemma 6.1, and
estimate (6.16) provides

N
p
B[ X & ]
n=1
N

p
< CE[(Z T L F (@ D} 720y 105 — ¢Z_1||L2(0)||AhMZ||L2(c9)) ]

n=1

p] < C_L,pmin{v/2,1/8}.
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< CIE[(I + max [l¢7 ¢ )pt”/4
- 1<n<N h H'(0)
d p
x (32 @2 1Ay a0, + 165 = 6 Ra0)) | = €27/

n=1

The remaining terms R4 ,, Rs,, and R , can be treated similarly to R» ;. In particular,
applying the Gagliardo—Nirenberg inequality and assumption (P),

N
s
n=1 N
5 ~1/2 —14 p 2
+ CE[((l + ogfngN||¢Z”H1(‘9))r; T / ”d’z - ¢}r; ||L2((9)> :| = CTP/ ,
N
5 r.
n=1

n)5 —1/2\4n _ 4n—1;4 P p/2
+CE[((1+Ogg§xN||¢h||H1(@))’;r 165 — 81 i) | < €T/,

N
P ns 12y 4n _ an—1y2 P
]sCE[((l+0$2xN||¢h||H1(@))’;t 15 =41 I3no) |

N
p nys 12\ on _ pn—1y2 p
:I = CE[((l + OIST:?SXN”‘P}, ”Hl(@))r; T ||¢h - ¢h ”Hl(@)) ]

N
P 9 —13 P 2
| = cE[(max (1+ 193 100) 215~ 95 I320)) | = o7
n=

o5

Combining the above estimates provides estimate (6.12a). To obtain estimate (6.12b), we
follow a similar pathway and obtain

VEL @D — VER @™ = s — s~
1
—— | L;{G" @, )@} —¢; )by} dl
4 JEF @) /F

N W /F TG @) = G" @)@, — ¢ )7} ar
N W( /F IHG @ (@) — ¢p7)dr)
S RACICAT)
B W( /F TG @p )@ — i) dr)
« /F TG @) @h — i)’} dr)

—1 1 " n n— 2
) 8[EF(¢”_1)]3/2<§/1~I£{G @2)(07 = g5} ar)
h \"h
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1 N _ 3
+ L~ 152 (/ I {G'@a)(¢h — o1} dF)
16[Eh (@1)] r
= SZ - SZ_I + iél,n + I/éZ,n + R\B,n + §4,n + I/éS,n + §6,n

with @1, §2, @3, Pa € convi{gy, ¢"~'}. The error terms Ry, ..., Re,n can in principle
be estimated similarly to Rq . ..., Ren. On the boundary, however, this requires only
control over the potential 6} instead of its discrete Laplacian. Furthermore, the Gagliardo—
Nirenberg inequality in d — 1 dimensions allows for better estimates. In particular, we
obtain for the first term

N ~ V4
Sy

N

_ P

< CE[|(1+ max 67 130)2 Y @610y + Ih =83 W) |
- n=1

< CP/?,

To estimate the second term, we again use the decomposition of the potential G. Starting
with the C%¥-part, we compute by using the Gagliardo—Nirenberg inequality

[ 461G - 0@ @ — g ar| < [ 2o gty ar
< Cligh =1 iy 65 — & 132y
< C@gp —p Wy + 7N — o ).
Concerning the C3-part of G, we deduce
[ 14630 - 63 @ - a5 ar|
< CU+ 313y + 167 W) lgr — b 13wy
< CU+ i1y + 167 na)lgr —or gty C 0 ey — o 1555
< COU+ 163 ey + 1870~ 3T 20 — 63 13y

_ _3+38 —1112/(3—6
+CU+ 01y + 185 W2 )T o2 s — 30y

for arbitrary 0 < § < 1. Using estimate (6.9¢), we obtain

N
3 e
n=1

as v < 1. Furthermore, we have

N ~
fl[5
n=1

p] < C-CVP/2

N
p p
| = CE[| X AIH {6 @O ey 87 = 65 ey 167 oy | |
n=1

<Ct??,
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N
E Z I/é4 n 8 =< CTP/Z,
Ll = i
N e
E||Y Rsa| | =Ct?2,
Ll = _
N -
E(|> Ren| | <Ct?,
L= _
which concludes the proof. ]

In the proof of Lemma 6.4, we relied on a bound on TS/ZHAh/LZ”i,(D (cf. estim-
ate (6.15)). When passing to the limit t Y\ 0, this bound loses its significance. Using a
weaker spatial norm, however, allows us to obtain r-independent bounds for the weak
form of the Laplacian of u}. Introducing the linear form /[u}] : H (@) — R given via

v 150 = [ gy 6.17)

for all v € H'(0O), a straightforward computation provides the following result:

Corollary 6.5. Let assumptions (T), (S1), (S2), (P), (I), (C), and (D0)—(D3) hold true.
Then, for every 1 < p < oo, there exists a constant C = C(p, T) > 0 independent of h
and t such that the linear form [[ju}] : H'(0) — R given in equation (6.17) satisfies

N

E[(3 i ey) ] = €

n=1

7. Compactness properties of discrete solutions

In this section, we shall establish the tightness of the laws of the discrete solutions and
deduce the existence of weakly and strongly converging subsequences.

Using the time-index free notation defined in equation (2.14), we restate the regularity
results from the last section as follows:

85 @ lzs@izm.raom + 195D lze@imoramy + 1S s @iweo.ry
+ llsy P N2y + 115 e @iz, 7:m1 0 + 105 L2 @20, 7:L20)
n T—1/2||¢Zs+ — ¢y ll2e@:r20,7:H (@)))
n T—1/2”¢;,+ _ ¢;’_”LZD(Q;LZ(O,T;HI(F)))

—1/2||s}1;,+

—1/2 ,+ P s
+ 2T = e ey + T — 57" 2o @ir2(0,1y)

+ ||l[//v;,’+]||L2p(Q;L2(0,T;(H1((9))’)) <C, (7.1a)
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i Tt
IE; ollLe@:r20.r:200) + 1EL T lLr@;L20.7:2(ry) < Ct'/2, (71.1b)
67 |20 (s n 17420 0,7:L20))) T 197 | L20(@: N 1/2200, ;12 (1)) = Cs (7.1¢)

71| Lao (@ co.c- 1/ (0, 71:12(0))) T 185 1120 (@ c0-@-/Co (0, 11:22(Ty)) < Cs (7.1d)

for p € [1,00) and & € (1, 00). While equation (7.1a) is a direct consequence of Lem-
mas 6.1 and 6.2 and Corollary 6.5, equation (7.1b) follows from Lemma 6.2 and equa-
tion (2.2), and equation (7.1c) follows from the results of Lemma 6.3 and [3, Lemma 3.2].
The last inequality (see equation (7.1d)) then follows from the embedding results in [60].

In the next step, we want to identify almost surely converging subsequences by apply-
ing Jakubowski’s theorem (cf. [30]). In particular, we are interested in the convergence
properties of (¢;, [#;1Ir. 77, ), /Lh+ % . 9;’—1_)%r and the linear interpolation &},
of {Ehm’r}m. Although the time-continuous processes £ are not martingales, we will later
show that they converge toward martingales.

We start by establishing uniform estimates for & .

Lemma 7.1. Let assumptions (D0)—(D3) hold true. Then, the piecewise linear process &,
satisfies

||§Z ||L21J(Sz;CO,(pfl)/(zp)([OJT];HZ(@))) <C

for arbitrary p € (1, 00) with a constant C > 0 independent of h and .
Proof. Recalling the definition of & ;l"’t (cf. equation (2.12)) and Lemma 2.4, we obtain

N—-I m+l

N—
m+l, m,
[Z ‘L’”l;' ‘ _Eh 1:”1112((9)] [Z H Z \/_ Z Akgkg H2((9):|
m=0 m=0 n=m+1 keZy,
N-I m+l »
=Y w0 3 B[(X okl ]
m=0 n=m+1 kezy,
< C(lt)?,
which is sufficient to establish the result (cf. [3, Lemma 3.2]). ]

Lemma 7.1 in particular provides the tightness of the laws of (£}) ne 0 C(0.T];
H'(0)). With the next lemma, we establish the tightness of the laws of (#7) he and
(I#x1lr)y,  in C([0,T]; L¥(0)) and C ([0, T]; L™(I')) with s € [, d2 %) and r € [1,00).

Lemma 7.2. Let (¢, [¢;]Ir) he be a family of continuous, piecewise linear processes
that satisfy the bounds stated in equation (7.1). Then the family of laws (v¢r) bt generated
by (¢h)h,r is tight on C ([0, T]; L°(0)) (s € [1, dz)) and the family of laws (V[¢,,]|r)
generated by ([¢;L]|r)h,r is tight on C ([0, T]; L™ (")) withr € [1, 00).

Proof. Recalling the compactness theorem by Simon (cf. [59]) we note that the closed
ball B in L>®°(0,T; H'(0)) N C%@=D/Ga) ([0, T]; L2(9)) is a compact subset of
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C([0,T]; L*(0O)). Furthermore, the family of laws (v‘ﬁ,)h . satisfies for any R > 0

vgs (C([0.T]: L*(0)) \ BY)
- IP[||¢h ”Loo(() T: Hl((g)) + ||¢Z”z‘%s(o‘_l)/(“‘")([O,T];LZ(O)) > R4a]
—4 4

= R aE[”(ph”Loo(O,T;Hl(@)) + ”d)}:||C%,(a71)/(40t)([O,T];LZ((Q))]'
The tightness of the family of laws (vw“r)h ,on C([0,T]; L™ (I")) follows by similar
arguments. ’ L]

As the closed balls in L2(0, T), L2(0,T; H'(0)), L*>(0, T; (H' ((9))/) and L2(0, T’
L?(T")) are compact in the weak topology, laws (vrh)h , (vsh)h , (v z+) (Ul[ur +])
h

and (ver+) generated by (rh)h - (sh)h - (/,L )h,r (! [/,L ])h - and (9h )h are tlght
in the spaces L2(O T)yearr L2(0, T)year» LZ(0, T3 HY(O))year» L*(0, T; (H! ((9)) )weaks
and in L2(0, T; L2(T'))eq due to Markov’s inequality and the bounds collected in equa-
tion (7.1). Hence, the joint laws (vfl)h L of (¢}’l)h - ([¢Z]|p)h - (r}f)h’r, (sZ)h’r, (M;’+)h,1,
(! [pLh +])h - (9r +)h > and (Eh)h , are tight on the path space

X := C([0.T]: L*(O)) x C([0. T); L"(T")) x L*(0. T),yee X L*(0.T)

x L2(0,T; H' (O))ye x L2(0,T: (H'(0)))
X L*(0,T: L*(I)) e X C ([0, T]; H'(0)),

weak

weak

fors €1, 7 ) and r € [1, 00). Therefore, we can apply Jakubowski’s generalization of
the Skorokhod theorem (cf. [30]) to obtain the following convergence result:

Theorem 7.3. Let (¢, [¢;]Ir. 77 5, uh ot l[/f . 91 +)h , satisfy the estimates given in
equation (7.1) and let the family of discrete approximations (§}),, . of the @-Wiener pro-
cess satisfy the bounds in Lemma 7.1. Then there exists a subsequence

@) [o1lr s sis o 1], 9*,51)
T, T T AT LT
= (¢h]jv[¢h]j]|rarhj»shj»/ihj ,Z[/thj ],Gh; ’gh]j)j’

a stochastic basis (S~2, e;( I?’) a sequence of random variables
(@ [@1Ir. 7. 55, 7 1AL 6. 8)) - @ —> X,

and random variables

(. ¢r.F.5.L.L.O.W) : Q> X
such that the following holds:
e Thelaw of(&,,[&ﬁjnr i, Si, uj ,l[/ﬁ'] 9+,§])0nXundethEd’ coincides with for any
j € IN with the lawof(¢,,[¢1]|r,r],s],uj ,l[,u] 1,6 ; ,Ej) under P.
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*  The sequence (@,L@] Ir. 75,5}, pL]+, l[ 1. §]-+, Ej) converges P-almost surely toward
(¢, ér, 7.5, [, L, 0, W) in the topology ofX.

Proof. As the combined laws on X are tight, Jakuboswki’s theorem provides the existence
of a stochastic basis and a sequence of random variables (¢j , ¢>p IR u o Lt i 0/+, &)
on € with the stated convergence properties. Hence, it only remains to identify ¢r,;
and L+ with [¢;]|r and l[uj ]. As the laws of (/)] and ¢; coincide, ¢; is P-almost surely
a p1ecew1se linear (time) interpolation of a U -valued random variable. Hence, the trace
of ¢] is well defined as a continuous mapping from C () to C(I"). Therefore, by iden-
tity of laws, we may identify ¢E j as [$j]|r. Similarly, we deduce that ﬁ;r and Z]JF are
P-almost surely piecewise constant in time. Using again the identity of laws, we can
identify L (¥) with [, V,il+ Vydx =1[g; () forally € H'(O) P-almost surely. m

Remark 7.4. The restriction to subsequences in Theorem 7.3 is necessary, as Jakubow-
ski’s theorem uses a generalization of Prokhorov’s theorem to deduce convergence in
distribution for a subsequence from uniform bounds. For (£}) p.r» convergence in dis-
tribution can already be deduced from Donsker’s invariance theorem.

As the random variables introduced in Theorem 7.3 are P-almost surely continu-
ous and piecewise linear (or left continuous and piecewise constant, respectively), we
can evaluate them at the nodes of the time grid and recover the remaining time inter-
polants. Analogously to equation (3.5), we introduce the P-almost surely left continuous
and piecewise constant in time finite-element-valued random variables g io and @j’r
Due to the identity of laws, the constructed sequences satisfy the bounds collected in
equation (7.1) with respect to the new probability space (S~2, A, I’?). Hence, we obtain the

following additional convergence properties:

+ + ~(* ~(+
Lemma 7.5. Let (§,°) . (,71Ir), o B 0 G 0 (), o UESD,
and (9+) be the sequences deﬁned by mterpolatton of the sequences f{’ om Theorem 7 3

Furthermore let assumptions (T), (S1), (S2), (P), (), (C), and (D0)—(D3) hold true. Then
there exist functions

¢ ELd (L0, T: H'(0))) N L*P(Q: COPV/EP ([0, T L2(0))), (7.2a)
br €L Qi L0 T: H'(I) N L2 (Q: CO®=D/@P([0, T]; LA(I))),  (7.2b)

7 eLweak (& L0, 7)), (7.2¢)
F el (@ L%0,T)), (7.2d)
[l L% (Q2; L%(0,T: H'(0))), (7.2¢)
L eL?(Q; L0, T;: (H'(0)))), (7.2)
6 €L?(Q: L*(0,T; LA(T"))) (7.29)

foranyp € (1, 00) such that [5] Ir = (,1;1w P-almost surely almost everywhere on (0, T) x T,
F= ,/f@ F(¢)dx and5 = VIt G(¢r)dl P-almost surely almost everywhere on (0, T),
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and L =1[[] P-almost surely almost everywhere on (0, T') x Q. Furthermore, for j — 00,
the following convergence statements hold true along a subsequence:

¢ — ¢ in L?(Q; C ([0, T); L*(0))), (7.3a)
" > in LP(Q:; LP(0,T: L°(0))), (7.3b)
§P g in L? ) (@:L(0.T: H'(0))). (7.3c)
[6/]Ir — ér in L?(Q: C([0. T}; L" (1)), (7.3d)
[61Ir — ér in LP(Q; L?(0,T; L"(T))) (7.3¢)
[zz;i)]lr X r in LY (@ L0, T; H'(T))), (7.3D)
iR in L?($3: L2(0, T H'(0))), (7.32)
N in LP(Q; L*(0, T; L*(IN))), (7.3h)
/ In {F@7)}dx — / F($)dx in LP($: L7(0,T)), (7.3i)
[¢] ’ [¢]
PP 7 in L?($: L?(0,T)), (7.3))
e i L @LZO.T). (3
/ TGI8} dT — / G(¢r)dl' in LP(Q, LP(0.T)). (7.31)
r ’ r
3‘.*) -5 in LP(Q; L?(0,T)), (7.3m)
50 Ly in LY (@i L0, 7)), (7.3n)
~]+0 -0 in LP(Q; L*(0, T; L*(0))), (7.30)
Efr—0 in LP(Q; L*(0, T; L*(I"))) (7.3p)
for p e [1,00), s €1, 2)andre[loo)

Proof. Due to Theorem 7.3, we have 5; — ¢ in C([0,T]; L*(O)) P-almost surely. By
Vitali’s convergence theorem and the bounds in equation (7.1), we obtain the strong con-
vergence expressed in equation (7.3a). This strong convergence provides the existence of a
subsequence ¢J — ¢ pointwise almost everywhere in Q x [0,T] x O. As equation (7.1a)
entails

~(+)  ~
19, = billLee@:L20.1:00 00 = O
there exists a subsequence (¢( )) N converging pointwise almost everywhere toward (}5

Hence, we can again combme the uniform bounds from equation (7.1a) and Vitali’s con-
vergence theorem to establish equation (7.3b). Similar arguments provide equations (7.3d)
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and (7.3e). Finally, choosing ¢ € LZ(Q; L%(0,T; (C°°((§))d)), we obtain
E[/T/(gadiVdedt] <—I~E[/T/0$j(i)div1/;dxdt]
0 0
:E[_/()T/@vaj(.i)..pdxdt+/0T/F[$]€i>]|rw.ndrdz]
—>1E[—/()Tfov$-¢dxdr+/OT/F¢}¢-ndrdz]

=1"E’[/()T/@¢7div¢dxdt]+]"E'[/0Tfr(¢3}—[$]|p)0-ndrdz],

allowing us to identify ¢ with [¢]|r.

The weak and weak* convergence results stated in equations (7.3c), (7.3f), (7.3g),
(7.3h), (7.3k), and (7.3n) are a direct consequence of the uniform bounds in equa-
tion (7.1a).

The convergence results in equations (7.31)—(7.3j) can be obtained as follows (see
also [44]): By [43, estimate (4.8)], we have

esssup [ 11— Iy} UF @) dx = Chyl0]+ Chy esssupl 520
t€(0,T) JO t€(0,T)

which indicates that the interpolation operator I, is negligible when passing to the limit.

Starting from a pointwise almost-everywhere convergent subsequence, we may use the

continuity of F, the growth condition in assumption (P), and Vitali’s convergence the-

orem to establish equation (7.3i). The strong convergence follows from equation (7.31)

and Lemma 6.4. This also allows for the identification of 7 with 4/ f(9 F(¢)dx. Sim-
ilar arguments provide equations (7.31) and (7.3m) and the identification of 5. The strong
convergence of E;{O and EIJFF stated in equations (7.30) and (7.3p) follows from equa-
tion (7.1b). [

8. Passage to the limit

The goal of this section is the identification of the limits of the (discrete) stochastic integ-

rals. We shall use a more precise notation for our time grid and write t}' (n=20,...,N;)

for the nodes of the equidistant grid obtained using the step size t;. Denoting the incre-
-~ ~ s =~J . . .

ments §; (t]’.’) —§; (t;‘ 1) by A&’ and using the stochastic processes defined in the last

section, we can rewrite equations (3.4a) and (3.4b) as

/0 T (@50 = F)wm e+ ( — 171) /0 Vit Vi, dx
t—¢n1

=— /Ihj{q%j@f)l”gjw,}dx, (8.1a)
o

Tj
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[F Ty {16 (6) = 67 lrdn, } AT + (¢ —177") [F {8 v,y dT
t— tn 1

= / Ih {[@n, (3] )A"E’ ]|1"¢fh }dr (8.1b)

)

for all yp,; € U,? and Wh € UF The relation between ¢j, i ] , /Ll , and 9+ in the
interval (t" 1 .1}') is given by

/0Ihj{ﬁ;'r"hj}dx+/1;I11;j{5f[77h,-]|r‘}dr
- /@ VEF Vg, dx + [ Vel# I - Vel e T

+—/ Ihj F(d) )Uh, dx—i—/ Ihj @Uh,}dx

JES @) Jo

Sj T e
————— | I {G'(&; ), ]Ir} dT
EF.([¢-1|r>/F v

/ Iy A€l ]ir T (8.1¢)

+

forall ny; € U}g.

As the convergence properties collected in Lemma 7.5 allow to pass to the limit
Jj — ooin equation (8.1c) and the left-hand sides of equations (8.1a) and (8.1b), it remains
to identify the limit of the right-hand sides of equations (8.1a) and (8.1b) as suitable Itd
integrals.

We start by introducing the filtration (?,),E[O 71 as the augmentation of the filtration

generated by <]§ L, L, ¢1", 6, and W and show that W is a @-Wiener process.

Lemma 8.1. The process W obtained in Theorem 7.3 is a Q-Wiener process adapted
10 (F1) 10,17 and can be written as

W =>" XiarBr.

kez

Here (Ek) rez IS a family of independently and identically distributed Brownian motions
with respect 10 (¥1) ef0,1)-

Proof. As the laws of § B " and § ; coincide, we have P-almost surely that E j 1s piecewise
linear in time and satisfies

E( = Zf Y wE

n=1 keZh]
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where E k 7 are mutually independent random variables on Q satisfying assumptlon (D2).
Although £ ; j_is not a martingale, we can use the P-almost sure convergence of ¢, [¢j]|1",

sy ; R /LJ+, 01+, and )‘;‘ ; established in Theorem 7.3 to show that the limit process W isa

martingale. According to [49, Lemma 5.8] it suffices to show that

q o
B[ (7 () = W () 1:[1 11 Sae Wi @(s0). g (0. L(s). (s, 860 W ()]
=0

forall times 0 <s; < ... <s§; <11 <tp <T,all fj, € Cp(R), and for all ¥y,,..., ¥y,
€ s, where sy, is a subset of real-valued functions on

X, := C([0.5.); L*(0)) x C([0.5]: L"(T)) x L2(0, 5:: (H(0)) ) year
x L2(0, 5:; H' (9))yeur X L*(0, 5 L*(T)year X C ([0, 5,]: H'(O))

weal

for which the o-algebra of 4, equals the Borel o-algebra on X s,- As explained in [49,
Example 5.9], these functions can always be chosen in a manner such that they are con-
tinuous with respect to weakly converging sequences. Hence, using the abbreviations

q o
= [TT1 /i@, br(s), Ls), Bi(s), B(s), W (s0))), (8.22)

i=1:=1

q o
197 =TT T fieWie@ (s 1110 (5. LR 1(s0). i (), 671 (5,). &5 (s0)))  (8.2b)

i=1t1=1

for times 0 < 51 < ... < 84 < 1 < tp, the uniform integrability of Ej established in
Lemma 7.1, and a Vitali argument, we obtain

q o
B[ (W () = W) [T [T @@ 0. dr (s, L), (5. 865, W (0]

i=1:=1
= lim B[ ()~ &)}l
= lim E[(E;(]) — & ()T + fim E[E; (1) — &; (1))
— Jlim E[(E,- (1) — &; (" NFL)

= lim EJ Z ST Z gkgj’rj] =0.

j—o00
a=m+1 kEZhj

Here we compared #; and £, to grid pomts ¢} and t’" satisfying 0 < ¢ — L =7 and 0 <
J —t1 < t; and used the continuity ofEI We now deﬁne ,Bk (t):= lfO Wi, x)gr (x)dx
and use similar arguments to show that

Br(1)Bi(1) — it
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with 8; denoting the usual Kronecker delta is a martingale. Hence, by Levy’s character-
ization of Brownian motions, we obtain the result. n

In the next step, we shall show that the limit processes of the left-hand sides of
equations (8.1a) and (8.1b) are martingales with respect to (3?,) te[0,T] and identify the
corresponding quadratic variation processes. Hence, we consider for arbitrary but fixed
v e C®(9) and w € C°°(T) the families of processes

MP(t) :=thj{($j(t)—$j(0))v}dx+f() /@v;zj-whj{v}dxds, (8.3a)

NP () = /FI};{(qu(t)—aj(O))w}dr+/OZ/FI};{§j+w}drds. (8.3b)
We shall now show that these processes converge toward the processes

M (1) :=/@((Z(t)—(E(O))vdx+/0t/0V[Z-Vvdxds, (8.4a)

N™ (1) :=/F(¢~1~(t)—¢~p(0))wd1"—i—/otfrgwdr‘ds, (8.4b)

which are martingales with respect to (If;t),e[o,T].

Lemma 8.2. Let the assumptions of Lemma 7.5 hold true. Then, the processes M?
and NV defined in equation (8.4) with v € C(O) and w € C(I") are martingales with
respect to the filtration (¥¢) ,e[0,7)-

Proof. We start by showing that the piecewise linear process M j“ converges toward MY
in L?(Q) fort € [0, T:
Eazv ) - M} @)|7]

< CTE[U@ (@(1) = §; (1) = $(0) + 5 (0)v dx’p]

~ ~ ~ p
+ CE[| [ @0 =5000 - Zu )ty x|

+ CE[| [ (1= 2i)t@0 - 503, (o) x| ]

~ t V4
+CF f /V(ﬁ—ﬁj)-wdxds‘ ]
0 JO

+CE

/Ot /(9 Vﬁ]"‘ V(1 = Ip){v}dx ds‘p] -0,

L

due to the convergence results from Theorem 7.3, Lemma 2.1, the regularity results collec-
ted in equation (7.1), and the standard error estimates for the nodal interpolation operator
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(see, e.g., [10]). Hence, we can repeat the arguments from the proof of Lemma 8.1 and
show that

E[(M" (12) = M" ()] = Tim B[} (¢]') = M} (1])F°]

= lim IE Z /cph (@ (187 1))A%E’ dx]—O

J—o00
a=m+1

due to assumption (D2). Here, we again used grid points t" and t’" satisfying 0 < t —1
<7;and 0 < t"’ — 11 < 7j and the abbreviations in equatlon (8 2) for times 0 < 51 <

<S5y =h < tz This establishes the martingale property of M?. The properties of Nw
follow by similar arguments. ]

In the next step, we shall identify the quadratic variation processes (M") and (N*)
of MV and N", as well as their cross-variation processes (M ", ) and (N", B¢ ). Nat-
ural candidates for the quadratic and cross variation processes are

- 4 - 2
MV = A d ds, 8.5
(1) (1) /o,g(/@@(‘“ carvdx) ds (850
(M?, Br)(1) 1=/ /Q(&)lkgkvdxds, (8.5b)
(0= [ X [ emrdaivwar)’as (8.50)
keZ
(V. B (0) = /0 /F (@) A laellrw dT ds. (8.50)

Lemma 8.3. The processes defined in equation (8.5) are the quadratic and cross-
variation processes of the martingales MV and N defined in equation (8.4).

Proof. We start by showing that (M “)2 — (M V) is a martingale, that is, using the abbre-
viations introduced in equation (8.2) we shall show that

BI(MY ()" — (F(11))" — (M) (62) + (M) (11))§9°] =

For this reason, we introduce a family of approximations ((1\71 j”))jelN of (1\7 V) via

() = / ) ([ 2hle@ruaiv) ax) o

kEZ

and prove that (M j”)(t;”) converges in L? () toward (M ?)(¢) for 17" (1. We decompose
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the discretization error as follows:

E[[(M") () — (M})(™)|7]

< CIEU/:%(/@ Q(a)lkgkvdx)zds—/: Z (/@ Q(‘Zj_)lkgkvdxyr]

kEZhj

[ 5 (uians o
+CEH/OZJm Z [(/@ Q(af)lkgkvdx)z—(ﬂ Ihj{g(czf))tkgku}dx)z] ds‘p]

kGZhj

+ CE[

=07 + 09 + 0%.
From assumptions (D3) and (C) and Lemma 7.5, we obtain that Q? vanishes. The bounds
stated in assumption (C) yield Q? = C(v)[t]" —t|” — 0. To show that also Q? vanishes,
we use assumption (C), the standard error estimates for the interpolation operator (see,
e.g., [10]), and Lemma 2.1 to compute

‘/(;Q(fzj_))tkgkvdx—/(th,-{Q(‘;j_))Lkgkv} dx)
< ‘/ (1= In)te(@; )} Akgrv dx) 1 ‘/ I, {0(@)} A (1 — I {grv} dx
o o

| [ 0= 1), (@)} 1 Pragio)
o

< Chj||IVe; 20 klllskllze@vllz2(0) + ChjlAkllskllwre@)llvliweo)
+ Chj|Aklllgkllwie @) lvliwe@)- (8.6)

Hence,
~r (Y ~
09 < cB[|[" X ||+ 1)@ rcarvras| Aellgelwaoco)
kGZhj

~ p
X [llwroeoy (1 + V8] 20 ds| ]

~ Zj -
< COIER Y e Pkl 2o o) /0 (1+ [V 1 20y) ds|] = 0.
keZ

Having established the convergence in L? (S~2), we have P-almost sure convergence for
a subsequence. Using similar arguments, we also obtain the uniform bounds for higher
moments of (]\71 ]V). Hence, we can reuse the ideas from the proof of Lemma 8.2 and
deduce for 0 < tj” —t, <tjand0 < t;" -1 <71

B4 (12))” = (917 (1))” = (H")(12) + (8} (12))7%°)
= lim BT} ()" = (T = (V) ) + () 0 )i
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n

= lim [( ( Iy |y (@514 )AE v} d )2

a=m+1

Z /Ih, (¢ (1" N Akarv} d X>2)f;’”] =0
Z

a=m+1
Here we used the mutual independence of the stochastic increments and ]E[|§n 12
= 1 (cf. assumption (D2)).
We shall now apply similar arguments to show that (]l7[ “,Ek) defined in equa-
tion (8.5b) is indeed the cross-variation process. We start by defining suitable time-discrete
approximations for time points t}” via

it ~ .
(M Z ﬁéa Uy o /o /(DAkI;,j {o(¢;)arv}dxds ifk € Zy,,
0 else,

and show that this approximation converges toward (M v, Ek)(t) for t;" Nt As Upso Zn
= Z, we can assume without loss of generality that k € Zj,,. Hence,

IEH/(:AQ(&)Akavdxds—fot;n/OIhj{Q(fgf)gkv} dxds‘p]

<ci]| [ [ @ - e@nmawaral [+ ]| [ [ o@maara’]

+ CIEH[Ot/O(l - Ihj){Q(aj_)/\kgkv}dx dsﬂ
=:RY + R + RY.

As before, R? vanishes due to assumption (C) and Lemma 7.5, while Rg vanishes as
Rg <C(v) |tl’" — t|?. To treat Rgo, we use the estimates in equation (8.6). Hence, we can
again argue for 0 < t;’ —fh <tjand 0 < t;" — 11 < 7; as follows:

E[(M°(t2) Br (t2) — MY (t1)Bie(t1) — (M°. Bic) (&2) + (M°, Bi)(11))§9°]
= lim ]E[(M (’")Zféa UMY JGET
a=1

_/m] / M (0@ )grv) dv ds)f°

:jll‘EoE / 21,00, 62 DAYE v} ar Y VGE 1]
a=1

~ fim E[Z /0 Iy {3, @ (2 )APE v} dx 2; ]
b=1 a=

j—oo
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i ] / [RE Ry

j—oo

= lim ]E[ > Z/@Ihj{cp,,j(&Zj(tlb—l))pgfﬁg,jwv}dxf;?o]

j—oo
b=m+1a=1

+ lim ]E[Z > /0.rhj{@hj(a,(;]b—l)nbgiﬁgz,rjv}de]c_;o]

j—o00
b=1a=m+1

— lim ]E[/j/@k;clh, {o(@;)akv} dx dsfflo]

j—oo

= lim E[ > /0Ih].{q>,,j(g?_,(;jb—l))AbE.iﬁg];;,rjv}dxsf]qg]

j—oo
b=m+1

j—oo

— lim f@[/jAkkfh,{a(if)gkv}dxdsff”]

= lim IEI: Z LIhj{q)hj(aj(t]l.’_l))/xkgkgllz’fj‘[jglf’rjv}dx f;lo]

j—oo
b=m+1

~ 1im E[j;jn /OAkIhj {Q@f)gkv}dx ds fjt‘lo]

j—oo

= lim E[( 3 /0Ihj{d>hj($j(t,'~”1))kkgkfjv}dx

=00 b=m+1
tJ"l ~_ qgo| _
_ A I {o(¢; )grv} dx ds)fj ] =0.
z;” o

Here, we used equation (8.3a) and assumption (D2).

We repeat the above arguments to show that (N*) and (NY, Ek) defined in equa-
tions (8.5¢) and (8.5d) respectively are indeed the quadratic and cross-variation processes
of the martingale N'* . We again introduce a family of approximations ({N i ))J,E]N of (N )
via

Fra = | Ty [ 25 {le@rusdirw) ar)as.

kEZhi

To establish convergence, we again decompose the error as follows:

E[{NY)(t) — (N})(t)]?]

< ci[| [ T( [ edoelardirwar)as
kez
[ T ([ e immtaelivwar) as|]

0
kEZhj
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~ 2 (P
Dharlirwdr) ds|]

wei]| [ Z [([ @ I0mtaulirw ar)’

- ([ 75 tte@; s ar)]as|]
=01 + 05 +05.

As before, QF vanishes due to Lemma 7.5 and assumptions (D3) and (C). The term Q2
can be treated analogously to Q. To show that Q3 vanishes, we note that qu are finite
element functions and g are bounded in W2:°°(0), that is, they are continuous on ©.
Together with equation (2.1), assumption (C), and the arguments from equation (8.6), this
provides

[ e@I0ladiowar = [ 15 {o@) kel ar |
<| [ @ Imaddanivwar = [ 15 (eI} 22, (isdirw) or|
+| [ 0= 25 @ lI0) e I (fnelirw) ar|
< Chy Il lgelle ey I ey (1 + 1903 2y

As [[[gklIr lwieory < Cllgk lw2. @), we have

~ t ~ P
0 = C[ iy Y- e lacliyamoy [ 1+ 19087 T as]] =0,
kez

. ~ 2 ~ . .
As before, we use this convergence property to show that (N*) — (N ™) is a martingale
by showing this property for its approximations and using the convergence. For 0 < t]’.’ -
tp <tjand0 < t]’-” — 11 < tj we compute

El(N" (1)) - (fv'wm))z — (N} (62) + (N™)(11))§)
= Jim B[( 3 ([ 75 t10n, @A E lrwhar)’

j—oo
a=m+1
n

Z T; Z (/ Ih [Q(‘Pj(fa 1)))&kgk]|pw} )2)&(’10]:0

a=m+1 keZh]
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due to assumption (D2). To identify the cross variations of N, we define suitable approx-
imations for time points t;” via

m il - .
(Nv Z«/T_fga’rj) o /0 /;I;I;{[Q@’j JArgrllrw}dlds ifk € Zj,,
J o k1=
a=1

0 else.

Assuming without loss of generality that k € Zj; and arguing like before shows

B[|[ [ edmtaatrwaras— [ [ 15 fo@ maulirw)aras’] o
and hence,

E[(N® (t2) Brc(t2) — N¥ (1) Bre(t1) — (N, Bi) (12) + (N, B ) (11))T7°]

n m
= Jim B (8 (1) Y v = Ny Y g
a=1 a=1

- / [ AT Hlo@ g} ar )] = o .

Having obtained explicit expressions for the quadratic and cross variations of the
martingales M? and N ¥, we can follow the approach introduced in [11, 27, 48] (see
also [9, 26]) to show that MV and N¥ can be written as Ito integrals with the Wiener
process w.

Lemma 8.4. Let the assumptions of Theorem 7.3 and Lemma 7.5 hold true. Then we have,
for M® and NV,

W) = /0 /@ S 0@)reai dx dfi. (8.72)

) t keZ ) 3

o = [ [ 3 e@onnloddivw ar ofi. (8.7b)
kez

Proof. As a martingale with vanishing quadratic variation is almost surely constant, it
suffices to show that the quadratic variation of

0~ [ [ 3 e@naedx i

keZ

vanishes to establish equation (8.7a). We get

(Mv —/0(‘)/0 Y o@Akarv dXd,gk>(f)

ke

= 10 +( ! |3 e@acauvarapi)o

keZ
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_2(Mv,/0(')/0Zg(a)xkgkvdxdﬁk)(z). (8.8)

keZ

To find a suitable expression for the last term on the right-hand side of equation (8.8), we
apply the cross-variation formula (see, e.g., [31]) to obtain

(MU’[O(.)/GICZE;Q(a)AkaUdXdEk)(I) = /OtLé@(&)lkgkvdxd(Mvﬁk)(S)-

By equation (8.5b) and assumption (C), we deduce that the process [0,7T] > s
(M7, B )(s) is absolutely continuous. Hence, we have

AT i) (s) = A /0 o(@)arv dx ds

and consequently,
e [ > e@haroarafi) = / tkEZZMkF( | o@aivax) o

Together with equation (8.5a) and

</o(') /0 Z 0(@)Aigiv dx dgk)(l) = /t Z |)kk|2(/(9 Q@)gkvdx)st’

kEeZ 0 rez

this provides equation (8.7a). Repeating the above arguments also provides equa-
tion (8.7b). [

We conclude the proof of Theorem 4.2 by passing to the limit in equation (8.1c). For
any v € C*{O}, we choose I, {v} multiplied by a sufficiently regular function from
Q x [0, 7] to R as a test function in equation (8.1c). An application of the convergence
results collected in Lemma 7.5 yields the following result:

Lemma 8.5. Let the assumptions of Theorem 7.3 and Lemma 7.5 hold true. Then the limit
processes ¢, ¢r, L, and 0 satisfy

Lﬁndx+A§[ﬂ]|rdT=/0V<5'V7)dx+/FVF¢~F'VF[’I]|rdeT
F'(¢)nd G’ (1
+/@ @ ”/r @i

P-almost surely for almost all t € [0, T] and all n € C*®(O).

A density argument shows that the martingale solutions satisfy the formulation stated
in Theorem 4.2. Hence, it remains to establish the pathwise uniqueness.
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9. Pathwise uniqueness of martingale solutions

In this section we shall prove that the martingale solutions established in Section 8 are
pathwise unique and hence complete the proof of Theorem 4.2. As the Allen—Cahn-type
equation on I can be interpreted as an L2-gradient flow and the Cahn-Hilliard equation
on O is a gradient flow with respect to the H ~!-norm, we shall estimate the difference
between two possible solutions using a combination of these norms. To define the dual
norm on (), we follow the ideas used in [15] to prove the uniqueness of the deterministic
problem and define

dom D := {¢* € (H'(0)) : (¢*)p = 0}.
D:domD — {p € H(O): (¢)p = 0}
by setting, for ¢* € dom D,
Dy* e H(0). (Dg¥)g =0,

1 ©.1)
/ VDe*-Vzdx = (¢p*,z), Vze H (0).
o

Hence, D¢* is the solution to the generalized Neumann problem for —A with datum ¢*
satisfying (¢*)o = 0. From equation (9.1), we immediately obtain the identity

(v*, De*) = (p*, Dy ™) = / VOyY™* - VDe*dx fory*, ¢* € domD.
o

Using D, we define a norm |||« on (H(0))’ that is equivalent to the usual dual norm via

le* 11 == IVD(@* = (9™)o)l72(0) + (¢ )ol? 92)

and denote the corresponding seminorm by

"2 == VD" ~ ©")0)I220).

Lemma9.1. Let assumptions (T), (S1), (S2), (P), (I), (C), and (D0)—(D3) hold true. Then,
martingale solutions to system (4.1) are pathwise unique.

Proof. Let (¢>1,¢p1, w1, 91) and (¢2,¢p2, w2, 02) be two martmgale solutions to sys-
tem (4.1) with the same initial data ¢y, the same probability space (Q, A, F. P), and the
same @-Wiener process W . To show that these solutions are identical, we will make use
of a local monotonicity argument (cf. [37,53] for a generalization) and apply a Gronwall-
type argument. Hence, we introduce

N(p*,0p) = o™ 2 + ot 172 + 2IT1")6 + 20" o (@F)r

* 1 *
> |lo ”i + 5”‘/’1‘”%2([*)
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and apply It6’s formula to the expression

Rt ($1.¢r1) = ($2.9r2))

1 jmie 7~ ~ - -
— Ee Jo (C+15‘(¢1,¢2,¢r1,¢Fz))d5m(¢1 — . ¢r — ¢ra)

with a suitable positive constant C and a measurable mapping ¢, which we will define
later. As both solutions share the same initial conditions, we obtain for T € [0, T'],

E[R(T, @1(T), ¢r1 (1)) — ($2(T), pro(T)))]
Y o o
= EI:/(; [_(C + 79(¢19 ¢27 ¢F17¢F2))]%(Z, (¢17¢F1) — (¢)2’ ¢F2)) d[:l

~ T t oA _ -~ - _ _ _ B
+ ]E[/O o~ o (C+9(@1.62.6r1.6r2)) ds (_/0(¢1 —¢2 — (p1 — $2) o) (1 — fi2) dx)dt]

+8[ fofe—fé €0 20 s /F( G — G2 — (1 — 000 @ — Byar)ar]

1~ T t A - e o~ ~ ~
+ EE[/ e~ o CH0@LB2br1dr2) s (37 (o) — 0(G2) kak I
0 kez

+ Y @) — o@D Aegrllr 22y + 21T Y. (@@) — 2@2)Aes0)o

keZ keZ
+2) ((0($1) — 0(@))Akgi) o ((2($1) — Q@z))xkgknr)r) dt]
keZ

=L+ 1L+ 13+ 14

We start by estimating /> + I3: as ¢r, — ¢r, — (1 — $2)g is P-almost surely the trace
of ¢1 — ¢2 — (¢1 — ¢2) 9, We obtain

— [ 1= = @1 = F)o) 1 — i) x
~ [~ 2= G~ Fo) B~ By ar
=~V — V220, — Vrdri — Vrdra |z
~ [ F G0~ @)@~ Fa~ 1= o)
~ [ @' Gr) = G'Gran s~ dr2 = G~ o) ar

=: R1 + R2 + R3 + R4.
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Similarly to [44], we use Holder’s inequality, assumption (P), the standard Sobolev
embeddings, and Young’s inequality to deduce, for 0 < o << 1,

|R4| < ClI1+ |y > + 6ra P L3y lléry — drallzay (léry — drallm
+1(¢1 — $2)ol)
< Co(1 + llér1 1131y + 1602031 ) Ubrs — drallfar + 161 — 2113
+ “”VI‘Q;IH - VF¢}2||]%2(F)-

From assumption (P), Holder’s inequality, Poincaré’s inequality, and Young’s inequality,
we obtain

|R3| < ClI1+ |1 * + 182 llL30) |1 — B2l 20 V1 — VeballL2(0)
< Call + 181110y + 18211210 161 = 21220,
+ & VF1 — V2 220,
Recalling the definition of ||-||« in equation (9.2), we compute
161 — 321220y = 61 — B2 — B1 — 2o 220y + @1 — B2
< |¢1 — Gol« Vo1 — Vol 12(0) + (b1 — 52)o- 9.3)
Hence, by Young’s inequality, we obtain

IRal < Call + 1811316y + 18211310181 — B2 + 221V — VE2l2a .

We continue by deducing estimates for /4. Using the Lipschitz continuity of o (cf. assump-
tion (C)), we obtain using assumption (D3), estimate (9.3), and Young’s inequality

1 ~ ~ ~ ~
5 2@ —e@)eaelz < C 3 @) — o@2)Akskl 720,

kez kez
<C ||¢1 - ¢2||i2((9)
< Cull$1 — $2ll2 + o[ V1 — V$2||i2(0)-
Similar computations provide P-almost surely
~ ~ 2 ~ ~ ~ ~
ITI )" (@) — o@D ksk)o < Calldr — $al2 + @ V1 — Va7 2(0)

keZ

1 ~ ~ ~ ~
5 2 lle@)—e@)Aiatlir 72y < Clidri—dralza ).
keZ

and

Y ((0(@1) — o) Axar)o (1) — (@) Arar]lr)r

keZ
< Call$r = 2113 + Cligry — drallzo ) + @ V1 = V|72 (r)-
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Combining the above results, we obtain for « sufficiently small

L+ 1+ 14
(T ' (C—9(B1.,02.61 1,61 T T2 ~ ~ o2
< E[ / e~ (€@ d2dri9rD (16 — Gy |12+ |Igry — fralZary)
0
X (Cl + Cz(l + ”51“?—11(@) + ”52“?—11((9) + ”‘5}‘1”4[-11([*) + “&"2”‘1‘-11(1"))) dt]

T
= E[/(; (C1 +C(1 + ||$1||§-11(@) + ||$2||§11(@) + ||<I;I‘1||;11(r) + ”‘/5}2”;-11@)))
X (e, Fr.6r1) = @2 ra)) dr .
Choosing
(1. b2, dr1, 9r2) = Calll1l31 0y + 12151 0y +Ir 1 171y +Ir2 151 (1)
and C sufficiently large, we obtain

E[R(T, (¢1(T), ¢r1 (1)) — (@2(T), dr,(T)))] < 0.

Due to the already established regularity of the martingale solutions to equation (4.1), we
have

T
/(; 19(51752»¢}1’&‘2)dt<00

P-almost surely. Together with the continuity (¢1, ¢r,) and (¢, ¢r,) in L2(O) x L2(T")
this implies the pathwise uniqueness of martingale solutions. ]

10. Convergence toward strong solutions

In this section, we shall prove Theorem 4.3. Hence, we assume that for a given a filtered
probability space (€2, A, F , P) with a @-Wiener process W satisfying assumptions (W1)
and (W2), we have a finite-dimensional approximation

ENT =) (W(™). ak)120)8k- (10.1)
kEZh

satisfying assumptions (D0), (D1), (D2), and (D3). As this is a specialization of the pre-
viously discussed setting, the prior results remain valid. In particular, we still have the
pathwise uniqueness of martingale solutions. Hence, we can apply a generalization of the
Gyongy—Krylov characterization of convergence in probability (cf. [25]) to the setting of
quasi-Polish spaces that was established in [9].
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As shown before, our numerical scheme (see scheme (3.4)) has a pathwise-unique

solution for any % and 7. Hence, there exists a sequence of stochastic processes defined
on (2, A, ¥, P) satisfying

/0 Th {5 — 65 )y dx + (1 — ") /@ ViEt Vi dx

_ 4n—1
= i /0 Tn{@n(@y DV (1) = W)y} o, (10.22)
frfzf{[qbf,(t) —¢p ey} dl + (¢ — ") /F IP{OF* ) dT
_4n—1 R
== frfi {[@n(d; )W (1) = W ))]Ir v} dT, (10.2b)

and

[0 Th (st o) dx + / I {65 allr AT

= /0V¢Z’+ -V dX+/ Vrlg; i - Velnallr dT

E0(¢r, / Ih F(¢ )ﬂh}dx-i-/@.fh{az”onh}dx

— [ ITG' (7 1) nallr} AT
E} (I¢y 1Ir) T

/ LB, Fallr} dT (10.2¢)

for all Yy, 1, € UL and ¥, € U Here, EZZ and E;JIC are the piecewise constant-in-
time interpolations of EZ o and EZ » Which were defined in equation (3.5). As shown in
Lemma 6.2, these terms will vanish for 7 \ 0.

From this sequence of stochastic processes, we extract an arbitrary pair of subse-

quences, which we shall denote by

= (g ol e Sha,uhaJr g +] O, )

and

L 8 17 T8 r 8,+ r,g + r,g +
ag = (¢hﬂ’ [¢hﬂ]|r‘»rhﬂ I'Lhﬁ l[ 1.0 )Be]N'

For these subsequences, we consider their joint laws (vg, 5) a.pen On Y x Y with
Y:=C([0,T; L°(0)) x C([0, T]; L" () x L2(0, T)yeqc X L2(0, T) g
X L2(0’ T» Hl((g))weak X Lz(ov Tv (Hl((g))/)weak X L2(07 T; LZ(F))



S. Metzger 362

and s € [1, dz—fz) and r € [1, %). In the following we will show that for the sequence
of joint laws, there exists a further subsequence that converges weakly to a probability
measure v such that

v((a,b) eYx¥Y :a=>b)=1. (10.3)

Then [9, Proposition A.4] provides PP-almost-sure convergence in the topology of ¥
for a subsequence (¢5. [¢7]Ir. 7. s, ,u;l’+, l[u2’+], 0}11:,+)h,r‘ Together with the pathwise
uniqueness, this guarantees convergence for the complete sequence.

To establish equation (10.3), we define the extended path space

X :=YxYxC(0,T]; H (0)),
and consider the sequence

(ZaB)g pen = (@a.ap. W), gen-

Recalling the arguments from Section 7, we note that the joint laws of this sequence are
tight on X. Hence, repeating the arguments of Theorem 7.3, we obtain for a subsequence
(Z¢; ;); ey the existence of a probability space (Q, A, I?’) and a sequence of random vari-
ables

(Zi)ie]N = (alxi’aﬂi’ I/V,')l.E]N

defined on (S~2, A, I~P) that has the same law as (zy,g;); )y and converges toward random
variables

~ ~ A~

(dﬁ;v &_‘7773{7 /7/5 Zv 59 $5 ¢}a R7§7 [I/’ Lv 9» W)

Arguing as in Lemma 7.5, we obtain

Blir=gr.7= | [ F@ae5= ,// G(fr)dr. I = I[a],
] T

)
3

s

[$llr = r.7 = F(¢)dx,5 = G(¢r)dl', and L =I[]

e
5—

P-almost surely almost everywhere. Following the arguments of Section 8, we can show
that (5, ¢~p, 7, 0, W) and (:5, 51: , ﬁ,,Q\, W) are both martingale solutions satisfying equa-
tion (4.1) with the same initial conditions and the same Wiener process. Due to the
pathwise uniqueness established in Section 9, we have 5 = a, ¢~r = cﬁ; =1, 6=0
P-almost surely. As a consequence, we also obtain 7 = 7, § =5, and L=L. Hence, by
equality of laws, we obtain equation (10.3).

As this guarantees IP-almost-sure convergence in the topology of ¥ for a subsequence
of (¢f. [¢f1lr.7f. sf. MZ’+, Z[;LZ”L , 9;’+)h,r’ we have a convergence result similar to the
one stated in Theorem 7.3 without introducing a new probability space. Consequently, we
can repeat the arguments of the previous sections to conclude the proof of Theorem 4.3.
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