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On an inhomogeneous coagulation model with a
differential sedimentation kernel

Iulia Cristian, Barbara Niethammer, and Juan J. L. Veldzquez

Abstract. We study an inhomogeneous coagulation equation that contains a transport term in the
spatial variable modeling the sedimentation of clusters. We prove local existence of mass-conserving
solutions for a class of coagulation kernels for which in the space homogeneous case instantaneous
gelation (i.e., instantaneous loss of mass) occurs. Our result holds true in particular for sum-type
kernels of homogeneity greater than one, for which solutions do not exist at all in the spatially
homogeneous case. Moreover, our result covers kernels that in addition vanish on the diagonal,
which have been used to model the onset of rain and the behavior of air bubbles in water.

1. Introduction

1.1. Background

In [25] the authors suggest a space-dependent coagulation equation to model the onset of
rain. Here, spherical particles of volume v move in space vertically, for example due to
gravitation, and merge when their trajectories cross. This leads to the following inhomo-
geneous coagulation equation for the density f of particles of size v at the point x:

1
9, f(x,v,t) + v%axf(x,v,t) = E/ K —v,v)f(x,v—=0,6)f(x, v, 0)dv
0,v)

—/ KW, v) f(x,v,0) f(x,v, t)dv’ (1.1
(0,00)

with a so-called differential sedimentation kernel of the form
Kw,v) = |v% —v/%|(v% +v/%)2. (1.2)

This choice of kernel is motivated by the following consideration (see [25]): the cross-
section of interaction between two particles of radii r and r’, and volume v and v/,
respectively, that merged upon touching is given by 7 (r + r')? ~ (v% + v %)2.

Additionally, the velocity is approximately v %, which represents the Stokes velocity of
arigid sphere with no slip boundary condition, and the collision rate between two particles
is taken to be proportional to their relative velocities |v% —v'3 |
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The model is used to describe the behavior of air bubbles in water which move due to
buoyancy and it is also valid for water droplets. We refer to [12, 20, 32] for more details.
In [25], slip-flow corrections for water droplets are discussed and it is mentioned that this
requires changing the power of the volume for the velocity. More precisely, the left-hand
side of (1.1) becomes d; f(x, v, ) + v¥dy f(x, v, t), for some o € (0, 1), and the kernel
in (1.2) has the form K(v,v’) = [v* — v""|(v% +0'3)2,

The model in (1.1) with kernel (1.2) is referred to as the free merging regime in [25],
since it is assumed in its derivation that the particles merge when their trajectories cross.
When studying equations like (1.1), it is customary to look for stationary solutions of non-
zero flux (cf. [34]) of the form f = v¢, for some d € R. One of the possible approaches
is to compute them using the so-called Zakharov transform (see [39]) and using it we find
the solution f(x,v,t) ~ v However, this approach can be made rigorous only if the
integral containing the coagulation kernel in (1.1) is finite, which is not the case for the
kernel (1.2). In order to be able to rigorously find a solution for kernels with the same
homogeneity, the so-called forced locality regime (in which only particles of similar sizes
can merge) is studied in [25]. More precisely, for the forced locality regime a cut-off in
the coagulation kernel is introduced that makes the kernel vanish outside the region where
% < % < ¢, for some g > 1. With this cut-off, the integlgal containing the coagulation
kernel converges and thus the stationary solution f &~ v~76 is a valid solution.

Our main goal in this paper is to show that mass-conserving solutions exist, at least
for a short time interval, for a class of inhomogeneous coagulation equations that includes
example (1.1) with (1.2). At first glance this might look surprising since the homogeneity
of the kernel in (1.2) is greater than 1. Indeed, it is well known that gelation (mass loss)
occurs for the standard one-dimensional coagulation equation,

9, f(v,1) = % )K(v—v’,v')f(v—v’,t)f(v’,t)dv’

O,v
—/ K@, V) f(v,t) f(V, 1) dv’,
(0,00)

when the coagulation kernel behaves like a power law of homogeneity y > 1 (see for
example [18,19,26]). In particular, for sum kernels of the form

K@, v) =vY 407, (1.3)

with y > 1, gelation happens instantaneously. Actually, making use of this property, one
can prove that solutions which belong to L' for the standard coagulation equation do
not exist at all for kernels as in (1.3) (see [2, 3, 8,38]). In addition, it has been proven in
[14] that the instantaneous gelation phenomenon holds for Radon measure solutions of
the standard coagulation equation with sum kernels of homogeneity greater than 1 which
vanish on the diagonal, i.e., K(v, v") = 0, such as the kernel in (1.2).
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Our main goal is then to prove that, in contrast to the homogeneous case, there exist,
at least for short times, mass-conserving solutions to the inhomogeneous model

1
9, f(x,v, 1) +v%0x f(x,v,1) = E/ K —v,v) f(x,v—0,0) f(x, v, t)dv
0,v)

—/ KW, v) f(x,v,0) f(x,v,t)dv, (1.4)
(0,00)

where o € (0, 1). Our proof holds for a rather general class of coagulation kernels (see
Assumption 1.1), in particular kernels of the forms (1.2) and (1.3). Thus, the model (1.4)
provides a coagulation model in which existence for kernels of the form (1.3) with y > 1
holds, at least for short times.

1.2. Main result

Short-time existence of mass-conserving solutions for the inhomogeneous model. Our
goal is to prove short-time existence of mass-conserving solutions for the inhomogeneous
model

|
00 f (e, 0.0) + 090, £ 0,0) = 5 / K@ =o' 0) fe,v =0, 0) £, 1) do
0,v)

—/ KW, v) f(x,v,t) f(x,v,t)dv, (1.5)
(0,00)

where
a € (0,1).

Assumption 1.1 (Assumptions on the coagulation kernel). We assume that K: [0, c0) x
[0, 00) — [0, 00) is a symmetric and continuous function that satisfies

0< K@, V) < Ki(v¥ +v"7), withy €[0,14+ ) (1.6)
for some constant K; > 0 and
K@w—v,v) < K(,v'), whenv € [0, g] (L.7)

Condition (1.7) is a rather standard assumption in the study of coagulation equations,
see for example [27], and most of the kernels used in applications satisfy this condition,
in particular, kernels of the form K(v, v’) = v¥ + v’ or (1.2). The condition y < 1 +
o in (1.6) is such that the transport term will control the contribution coming from the
coagulation term.

Definition 1.2 (Mild solutions). Leta € (0,1),y € [0,1 4+ «), and m > VT'H Let7T >0
and K satisfy Assumption 1.1. We say that a non-negative function f € C([0, T] x R x
(0, o0)) such that

Cr

sup / 1 4+v")f(x,v,t)dv < > forx eR,
1€[0,T]/(0,00) max{l, |x|"" =« }
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is a mild solution of equation (1.5) if
fx,v0) = flx —v*,0,0)S[f](x,v,0,7)
1 t
= —f / SLF1x,v,8,)K(v —v',v) f(x — (t —s)v¥, v —0',5)
2 Jo Jow
X f(x —(t —s)%, ', 5)ds, (1.8)
forallz € [0,T], v € (0,00), and x € R, where
S[f](x, v, s, t) = e—f; al f1(x—v®%(t—1),v,7) dr’ (19)

with

alf1(x,v,t) :=/ KW, v) f(x,v,t)dv.

(0,00)

Definition 1.3. We call f € C([0, T] x R x (0, c0)) a mass-conserving solution of equa-
tion (1.5) if f is as in Definition 1.2 and satisfies in addition

// vf(x,v,l)dvdxz// vf(x,v,0)dvdx
R J(0,00) R J(0,00)
forallt € [0, T1.

Theorem 1.4 (Local existence of solutions). Leta € (0,1), y € [0,1 + «), m € N even,
and p = am withm > max{zya—H, 2:—" + 3}. Let K satisfy Assumption 1.1 and T > 0 be
sufficiently small. Let f;, € C'(R x (0, 00)) such that

Co

Jin(x,v) < m, (1.10)

for some Cy > 0 and all x € R, v € (0, 00). Then there exists a mass-conserving solution
f of (1.8) as in Definition 1.3 that satisfies

C

b 7t§—
Slev ) = T

, 1.11
+ v?P ( )

forallt € [0, T], for some C > 0.

Remark 1.5. Theorem 1.4 is valid for coagulation kernels K as in (1.2), as well as coag-
ulation kernels of the form K (v, v’) = v¥ + v".

Remark 1.6. It is worthwhile mentioning that mass conservation will follow due to the
fact that our solution will have sufficiently fast decay for large values of |x| and v; see
(1.11). For more details, see the proof of Theorem 1.4. In other words, if we denote by

Tmin:zsup{// vf(x,v,t)dvdxz[/ vf(x,v,O)dvdx},
t>0 \JR J(0,00) R J(0,00)

then Try, > 0 and the choice of Ty, depends on the total mass of particles at initial time
through the choice of Cy in (1.10). We refer to Remark 2.13 and Proposition 2.19, (2.94),
and Step 5, for more details on the choice of Tpy;y.
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1.3. Existence theory for coagulation equations in the mathematical literature

When y < 1, our result could be expected according to the general theory of existence
for one-dimensional coagulation equations. This states that solutions exist for kernels that
behave like power laws of homogeneity y < 1; see for example [33] for existence of
solutions and [22] for existence of self-similar profiles.

Some multi-dimensional coagulation models have been studied in the mathematical
literature; see [15,21]. Moreover, several classes of coagulation models for the distribution
of particles with space dependence have also been considered. In particular, models in
which in addition to coagulation there is space diffusion of the aggregating particles can
be found in [1,6,9,27]. Models that contain coagulation of particles as well as transport
terms (that might include sedimentation terms) were studied in [5,10,11,16,17,23]. In all
the models mentioned above, the homogeneity of the coagulation kernel is either y < 1, in
which case the solutions are globally defined and preserve the total mass, or product-type
kernels are discussed, for which solutions preserve the mass up to a certain point in time.

To our knowledge, the only exception that considers the case y > 1 for space-
dependent models is [24]. Indeed, existence of solutions for the discrete version of the
model in (1.1) has been established for coagulation kernels of the form K (i, j) = o;;|v; —
vi|, i, j € N. Here, v; is a non-negative function of volume which represents the sed-
imentation velocity of the particles and o;; can be estimated by a function of the form
C(i¥ 4+ j7) with y < 1. More precisely, the following discrete model was considered in
[24]:

i—1
0 fi000) + e fir0) = 5 3 KG = ) i 060 f 1)
1

j=

— [l )Y K@) fi(x.0). (1.12)

j=1

Assuming that v; scales like a power law i £ we would obtain a coagulation kernel K (i, j)
that behaves like a homogeneous function with homogeneity 8 + y that might be larger
than 1. In fact, the results in [24] hold for any choice of v; > 0. In particular, the solutions
constructed in [24] have total mass of particles that may change continuously in time.
The main idea behind the proof in [24] is that one can make use of the transport term to
control the mass of the clusters for fixed x. We denote by M the total mass at initial time,
ie., M = fR ZieN ifi(x,0)dx, multiply by 7 in (1.12), sum over i, and integrate over
(—o0, x] and in ¢ in order to obtain

t
/ E Jvj fi(x,t)dt < M. (1.13)
0 3
J

If v; = i#, (1.13) yields a bound for a power larger than 1 for fixed x. This allows one
to obtain an estimate of the loss term which implies that f does not vanish instanta-
neously. In addition, due to the discreteness of the equations, a diagonal argument can
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be used to obtain compactness for a sequence of solutions of an approximating scheme.
However, this does not imply conservation of mass. By contrast, in the present paper we
develop a theory of existence for mild solutions which conserve mass in finite time, i.e.,
Jr J0.00) U (x, 0, 2) dvdx < o0.

The class of kernels considered in [24] has a non-empty intersection with the class of
kernels considered in this paper and this intersection includes the coagulation kernel (1.2),
which is relevant in the physical literature as explained above. However, neither of the two
classes of kernels is included in the other. On the other hand, the sedimentation speed v;
can be an arbitrary power law in [24]. This opens the question of whether we can extend
our result to powers of « which are larger than 1 for the model in (1.5). However, a dif-
ferent approach to obtaining information from the characteristics created by the transport
term in (1.5) will be needed in this case.

Moreover, kernels of the form K(v,v") = v¥ + v’?, with y € (1,1 4 @), also satisfy the
conditions (1.6), (1.7). Solutions of the standard one-dimensional coagulation equation do
not exist for these types of kernels; see [2,3,8,38]. This is to our knowledge the first result
of existence of mass-conserving solutions involving sum kernels of homogeneity y > 1,
regardless of whether one considers one-dimensional or multi-dimensional coagulation
models.

It is worth mentioning that our results also include the cases y = 0 and y = 1, which
are normally studied separately in the literature due to their rich features, such as being
able to predict the long-time behavior of solutions, see [4,7,29,30,37], or prove uniqueness
of self-similar profiles, see [29,35,36], where the constant kernel and perturbations of the
constant kernel are discussed.

The strategy for proving existence of solutions is to consider an iterative scheme based
on a linear version of (1.5). For this equation, we are able to find a suitable supersolution,
which in turn will provide sufficiently good moment estimates. This will give us com-
pactness of the iterated sequence and enable us to pass to the limit in the equation. The
idea of finding appropriate supersolutions was also used in [31], in this case for finding
self-similar solutions with fat tails. The idea of considering a linear version of the model
in order to better study properties of its solutions is common in the study of coagulation
equations; see for example [35] where this idea is used to study uniqueness of solutions.

We present the proof of our main Theorem 1.4 in the following Section 2 with some
technical computations moved to the appendix.

2. Proof of the main theorem

2.1. Formal approximation and discussion on the assumptions

Our approach to prove existence of a solution to (1.5) is based on constructing a suitable
supersolution by approximating the coagulation term for large particles by a transport
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term. To motivate this we present in this subsection this formal approximation of (1.5).
Similar computations can be found in [25, Section 4 and Appendix 1].

Suppose now that f is a solution of (1.5). Since we are interested in the behavior
for large values of v, we can assume, due to the fast decay of f(x,v,), that the term
f[%’oo) K@,v") f(x,v,t) f(x,v,t)dv’ gives a small contribution. This is consistent with
the known results in coagulation equations. We can then approximate (1.5) via

9 f(x,v,1) + vy f(x,v,1)

=/ K —v,v)fx,v =06 f(x,v,t)dv
0,3)
—/ KW, v)f(x,v,0) f(x,v,r)dv’
(0,00)
= / [K(v—v',v) f(x,v—20",1) — K(,v) f(x,v, )] f(x,v, 1) dv
0,3)

—/ K@, v) f(x,v,0) f(x, v, 1) dv
[5,00)

N/(O

Since our strategy relies on finding a suitable supersolution, it suffices to find a lower
bound for (2.1). This is where assumption (1.7) is needed. We thus use that K(v — v/,
v") < K(v,v’") when v’ € [0, %] and obtain

9 f(x,v,1) +v%0 f(x,v,1)

Jus

A
°2

>0 f(x,v,t) +v¥0y f(x,v,1)

—/ KW, vV)[fGx,v—v",t)— flx,v,0)] f(x, v, t)dv'. (2.2)
0,3)

[K(v—v", V) f(x,v—=20",t) — K(v,v) f(x,v,0)] f(x,v,0)dv'. (2.1)
3)

s

[K(v—2", V) f(x,v—0",1) — K(,v) f(x,v,0)] f(x, v, 1) dv

Assuming now that the coagulation kernel K behaves like v + v” and since v’ € [0, 3],
we further deduce that

A f(x,v,1) + v%0x f(x,0,1)
%/ V[ f(x,v =0 1) — flx,v,0)]f(x, v, ) dv
0,3)
v
A —vy/ / 0w f(x,w, t)dw f(x,v',¢)dv.
0,5) Jv—v’
Assume that dy, f(x, w, ?) behaves similarly for w € [%, v] and thus

0, f(x,v,0) + vy f(x,v,1) ~ —vY0, f(x, v,t)/ v f(x,v 1) dv. (2.3)
0.%)
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We denote by M;(x,t) := f(o ooy V' f(x,v', 1) dv’ the first moment in v of f". We consider

only large values of v so that we can safely assume that f(o vy v’ f(x, v, 1) dv’ contains
)

most of the mass. In this manner, we can further approximate (2.3) by

0 f(x,v,1) + vy f(x,v,1) &~ =0V 0y f(x,v,t) M (x,1). 2.4)

Notice that in order for our approximation to hold, assumption (1.7) was needed in
(2.2). Otherwise, an analogous approximation of the model could be obtained by replac-
ing v¥9, f(x,v,t) in (2.3) by d,(vY f(x, v, t)). The approximation containing the term
dy(vY f(x,v,1)) is the one actually used in [25]. However, due to (1.7), the approxima-
tion used in (2.4) suffices in order to prove our desired result. Suppose now that M (x,t)
decays sufficiently fast for large values of x, that is, assume that

L
My(x,t) < W, (2.5

for some sufficiently large m and some L > 0. Combining (2.5) with (2.4), we obtain that
f should behave formally like the solution of the equation

LvY0y f(x,v,0)

_ 0. 2.6
14 |x|™ 2.6)

0 f(x,v,1) +v%0x f(x,v,1) +

This motivates the analysis of equation (2.14) below when trying to find a supersolution
for a linear version of (1.5). In order to obtain behavior of the form (2.5) for M;(x,t), we
have to work with functions f such that (1.11) holds.

2.2. Upper and lower bounds for the solution of the approximated model

To prove short-time existence of a solution to (1.5) we will set up an iterative scheme
and derive, using (2.6), a uniform supersolution for the solutions of this scheme. More
precisely, for n € N, we define inductively a sequence of functions { f; }nen as follows:

atfn-i—l(xv U,Z) + vo‘axf,,+1(x, U,t)

1
= K@ —v,v) fur1(x,v =01 fu(x, v, t)dv’
2 Jow
- / KW, V) fur1(x,v,0) fu(x, v, 1) dv, 2.7
(0,00)

witha € (0, 1), and

Co

n(X,U) < m, forall n € N. (28)

fn+1(x’ U,O) = fn(X,U,O) = ﬁ
We take f to be a function such that

0; fo(x,v,1) + v%0x fo(x,v,) =0 (2.9)
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with
Co

0,0) = finlx,v) = - ——.
fole,0.0) = fnlw0) = {7

Notice that, if we have equality in (2.10), the solution of (2.9) is

(2.10)

Co
1+ |x — v*|™ + vP’

fO(x» U,t) =

Remark 2.1. In principle we have to prove that the sequence in (2.7) is well defined. A
rigorous proof would work as follows. First we approximate K with a kernel K which
is such that

Kn(v,v") = K@, v)xn (v + "),

for N > 1 and where ypn: [0, c0) — [0, 1] is a continuous function such that yy(x) =
1, when x < %, and yy(x) = 0, when x > N. Then we can establish with a standard
fixed-point argument the existence and uniqueness of f, . The key result is then that we
obtain a uniform fast decaying bound for the sequence of solutions which is in particular
independent of N. Then one can pass to the limit N — oo. Since this procedure is standard

once one has the bounds on the solution, we omit the details here and work directly with K.
Notation and assumptions. Let R > 0. In the following we will denote

§r € C([0,00)), §r:[0,00) — [0, 1]

2.11
such that £g(v) = 1if v > 2R and ég(v) = 0if v < R. @1

Furthermore, we assume
ae(0,1), yel0,1+«a), meN, meven,

v 412 (2.12)
p=am, m>max{ ,—+3},
o

o

and define d via
d = [E] +1 if[%] odd,

o o
d= [;] +2 if [%] even, =

where [-] denotes the floor function. Note that (2.12) and (2.13) in particular imply that
m>d+ 1.

The main goal in this section will be to derive estimates for the solution of a transport
equation that approximates the coagulation equation. For L > 0 let G, be the solution of

14
3:GL(x,v,1) + v¥0xGr(x,v,1) + —Er(V)0yGL(x,v,1) =0,  (2.14)

v
1+ |x|™
Co

GLlev O = T or
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We first study the properties of the backward characteristics for equation (2.14). To this
end, we define X and V via

0; X(x,v,t) =-V*, X(x,v,0) = x,
LV7ER(V) (2.15)
8;V(X,U,Z)=—W, V(X,U,O) =,

where d was defined in (2.13) and L is as in (2.14).

Proposition 2.2 (Properties of the characteristics). Given L > 0and § € (0, %) there exists
a sufficiently large R > 0 such that for all t > 0 the following estimates hold:

(1=8)v < V(x,v.,t) < (14 v, (2.16)
(1=8v% < x—X(x,v,1) < (1 +8)v*e, 2.17)
f—gv“—lz < 9, X(x,v,1) < 1820”1, (2.18)
Moreover, if x & [(1 — 28)v%t, (1 4+ 28)v*t], then
1 9
Z < BUV(x,v,t) < Z (219)
Otherwise, if x € [(1 —28)v*t, (1 4 28)v*t], then
|0,V (x,v,1)| < 36L max{l,v" ¢}, (2.20)
dyV(x,v,t) <2. (2.21)
Corollary 2.3. As an immediate consequence of (2.17) we obtain the following estimates
forallt > 0.
If x <0 then

[x] + (1 =8)v¥ = |x — (1 = §)v¥]| < |X(x,v,1)]
<Ix|+ A+ Hv% = |x — (1 +Hv%|. (2.22)

If x > 0 then
[x — (1 =8)v] < |X(x,v,0)| < |x — (A +6v*| ift > ﬁ (2.23)
X
— o _ _ o . .~
|x = (1 4+ 8)v%%| < | X(x,v,0)| <|x—(0—=38)v¥| ift < Tk (2.24)
and N N
X Yt g . 2.2
X0l =3 it e (G T ) 2.25)

Proof of Proposition 2.2. Proof of (2.16). First, we see from (2.15) that X(x,v,7) < x
and V(x,v,t) < v forallt > 0. Next, we define

[ Lt
v(x) = /_Oo T (2.26)
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and ®: (0,00)? — R, (z,v) = ®(z,v) via

O(Y(X(x,v,1) — Y(x),v) := V(x,v,1). (2.27)

Then it follows from (2.15) that

0, P(-,v) = PY*ER (D), >0,
z®(,v) §r(P), z (2.28)
®(0,v) = .
By integrating the ODE in (2.28) we deduce that
d(z,v)=v forallz > 0, v € [0, R], (2.29)
d(z,v) = (vl_(y_a) +(1—=(y—a))2) oo forall z >0,v > 2R, (2.30)
®(z,0) < W0 L (1 - (y —a))z)To® forallz >0,v> R, (2.31)
d(z,v)>v forallz > 0,v > R. (2.32)

Notice also that 0 < (x) < CL, for some constant C > 0 which is independent of x.
It thus suffices to consider values of z in the interval [0, CL]. Taking in particular R
sufficiently large, it follows that (1 — §)v < ®(z,v) < (1 + §)v for all z € [0, CL] and
v > 0. Due to the definition of ® in (2.27), estimate (2.16) follows.

Proof of (2.17). Estimate (2.17) follows then from (2.16) and the relation
t

X(x,v,t)—x = —/ V% (x,v,7)dr,
0

together with the facts that (1 + §)* <1+ 8§ and (1 —8)* > 1 —4.

Proof of (2.18): In order to estimate the derivatives with respect to v of the characteristics
we first prove that

[

3 < 0y ®(z,v) < 2. (2.33)
Estimate (2.33) is immediate if v < R. If v > R we have
d /dd do do
(=) = — Q)DL (D P (D) —, —(0)=1
2(5) = [0 =@ (@) + " ER(@) . -(0)
such that
do

[ e"p(/o [y = o) @7 ER(®) + BT (@] dS) < exp(CR ™)

and the upper bound in (2.33) follows since y < 1 + « and if R is sufficiently large.
Analogously, we obtain

do
— >exp(—~CR?™* )
dv
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and (2.33) follows. In order to proceed, we notice that

X 1
dé = —t. .
/x IGER S e (239

Differentiating in v we obtain
d X (x,v,1) _ a/X Iy @Y (§) — ¥ (x). v)
(Y (X(x,v,1) = ¥ (x), v)" x PWE) —Y(x),v)eH!
Since § € (0, %), (2.16) and (2.17) imply that 5 < V(x,v,t) < 37” and that %’ <x-—

X(x,v,t) < 3”7% From this we deduce, using (2.17), the estimates for ®, and the fact
that o < 1, that

T R0(©) — y(x).v)
—0,X(x,v,1) —O‘/X DY (§) — ¥(x),v)et!

X
1
< 40{3"‘/ I dEv® < 12av 7 x — X(x,v,1)] < 18av® 17,
X VU

d&.

dg x [PV (X(x,v.1)) = ¥ (x), V)]

Analogously we obtain

(@ (X(x,v.0) = ¥ (x). v)]

a [~ 1
_811 > —
Xz 2/X S IGERGT) Galie

o * o1 o o 1
wax devaZ§U [X—X()C,U,l)]zl—gva t,

which concludes the proof of (2.18).

Proof of (2.19). We now prove that (2.19) holds if x & [(1 — 28)v%t, (1 + 26)v¥t]. From
(2.27) we deduce that

D V(x,v,1) = @Y (X) — ¥ (x),v) + 3 (Y (X) — ¥ (x), V)Y (X)d X.  (2.35)
Due to (2.33) it suffices to show that

1
0 (Y (X) = ¥ (x), V)Y (X)d, X| < 1 (2.36)
in order to conclude our proof. From (2.27), (2.28), and (2.16), we have
0<0,®(z,v) <2v" %

Indeed, by (2.26) and (2.16) it holds that

3\v—«
0,P(z,v) < ®(z,v)V * < max{2°‘_y, <§> }v”_“ < 20¥Y7%,

By (2.18), it thus follows that

, 6L 36aLvY 1t
|azq)(1//(X) - W(x)’ U)W (X)avX| = 1 + |X(l)|m_d v = 14+ |X(Z)|m_d :

We only analyze here the case when v > R, since by (2.28) we have that 3, ®(z,v) =0
when v < R and thus there is nothing to prove in this case.

(2.37)
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(1) Assume x < (1 —268)v¥z. Then by (2.23) we have | X(x,v,1)| > |x — (1 = §)v*t| =
(1 —8)v¥t — x > §v¥t and we obtain

. vt
10, P(Y (X)) — ¥ (x), )P (X)dp X| < CLW'

Now, if v¥~ 1z > ﬁ, then vt > ﬁ since @ > y — 1 and we obtain

vl CL
vy—a—l (Svat)1+d—m

02 2 (X) — ¥ (x), V)Y (X) 3 X| < CLW =

1
<C(L, s ! < 3

if R > 0 is sufficiently large. If vl < ﬁ, (2.37) becomes

CLv 1t 1

10: P (X) — ¥ (x), )Y (X)0, X| < W < rE

(2) Assume x > (1 + 28)v%t. Then | X(x,v,2)| > |x — (1 + §)v¥| = x — (1 + §)v¥t >
Sv*t and we can conclude as before.

Proof of (2.20) and (2.21). If x € [(1 — 28)v¥t, (1 4 28)v*¢], then from (2.37) it follows

that
, 36Lv7 11 .
|0, (Y (X) — ¥ (x), V)Y (X)), X| < W <36LvY "'t

and (2.20) follows.
In order to prove that (2.21) holds, we notice that

QY (X) — ¥ (x), )Y (X)d, X <0.
Combining this with (2.35) and (2.33), the conclusion follows. [ ]

With the help of the characteristics, the solution G, of (2.14) can be written as

Co
Gr(x,v,1) = . 2.38
L0V = T R G V007 238
Moreover, it holds that
X" 2X0,X VrP19,V
006y (x. v.1) = —Co X WX APVIRV] L (239)

1+ X"+ VP)?

This function Gy will be the main building block for constructing a uniform super-
solution to the sequence { f; }»en in Section 2.3. We would like this supersolution to be
decreasing in v for fixed x. Unfortunately, for x > 0 the function G, is not decreasing
inv.
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Proposition 2.4. In the following we characterize a local maximum of Gr.

(a) Given L > 0 and § € (0, %) there exists a sufficiently large R > 0 such that for all
t € [0, 1] the following holds. For every x € R and t € [0, 1] there exists at least one point
Umax (X, ) with the properties that

o X X
imax (X, 1) £ [(1 +28)° (1— 25):] (240

and
0yGr (X, Vmax(x,1),1) = 0. (2.41)
Moreover, there exists a constant K,x > 0, which is independent of x, t, §, R, and L,

such that the following holds:

1
Kmax

)Clﬁ < VUpmax (X, Z)a =< I(maxxrﬁ . (242)

(b) Given L > 0 and § € (0, %) there exists a sufficiently large R > 0 such that for all
t €10, T], with T sufficiently small, that is independent of L, 8§, and R, there exists a
unique point Vmax With the properties (2.40) and (2.41).

Proof. Let v* ¢ [(1+XT)z (I_XT)t] such that (2.41) holds. Notice that from (2.39), it fol-
lows that m| X |""2X9,X + pV?719,V = 0.If R is sufficiently large, then the estimates
from Proposition 2.2 hold. We have the following cases.

Case 1: x — (1 + 28)v¥t > 0. Then, by (2.17), it holds that 0 < x — (1 + §)v*t <
X(x,v,1) < x — (1 —68)v¥ and by (2.18), it follows that d, X < 0. Thus, if (2.41) holds,
we have that m|X |19, X| = pV?~19,V. By Proposition 2.2 and since § € (0, %), we
have that there exists a constant C > 0, that is independent of 8, L, and R, such that

1
Sl = o™ = m|X "0, X | = pVPTIo,V < CoP T

This implies that &|x — (1 4 §)v*|™ "1 < v*™~D_ Since m — 1 is odd, § < 1, and
x — (1 + 28)v*t > 0, we further have that = < Cv® + 2v%m-1. Since 1 < 1, we
then obtain that x¢ m-1 < Cv“ and the lower bound in (2.42) follows. In order to obtain
the upper bound in (2.42), we use similar computations together with the fact that z > 0

and that
1
Clx — (1 =8)v% ™ Wt > m|X|™ 19, X| = pV P 1o,V > Evpfl.

Case 2: x — (1 — 28)v¥t < 0. Then, by (2.17), it holds that x — (1 4 §)v*t < X(x,v,1)
<x—(1=8v% <0 and thus m|X|"2X0,X + pVP710,V = m|X|" 10, X| +
pV P13,V > 0 in this region. Using this and (2.39), it follows that 3, G (x,v,t) < 0.

In Appendix A, Proposition A.l, we will prove that for a sufficiently small 7 > 0,
which is independent of L, §, and R, we have that

2Gr(x,v,1) <0, (2.43)
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for all v that satisfy the estimate in (2.42) and all ¢ € [0, T'] which implies the uniqueness
of such a point. This concludes our proof. ]

The following lemma will also be needed in the construction of a supersolution in
Section 2.3.

Proposition 2.5. Given L > 0 and § € (0, %) there exists a sufficiently large R > 0 such
that for all t € [0, T, with T sufficiently small, which is independent of L, 8, and R, it
holds that

axGL(xv vmax(xv l), t) = 07

where Gy, is the solution of (2.14) and v (x,t) was defined in (2.41).

Proof. If R is sufficiently large, then the estimates from Proposition 2.2 hold. We first
notice that due to (2.17) and (2.42) we have

1
X (X, Umax (%, £), 1) = X — 2Umax (%, )%t > X — 2Kpaext' Ti1 > 0

ift € [0,T] and T is sufficiently small. Then we compute

m|X|"2X0, X + pVP~19,V]

0xGL(x,v,t) = —C U, 1),
KGL(x,0.1) = —Cor— s )
and thus it suffices to prove that
(MX™ 10X + pV P 0, V) (X, Umax (X, 1), 1) > 0. (2.44)

Since V' > 0 we have to prove that 9, X (X, Umax(x,7),¢) > 0and 0, V (x, Vpax (X,2),1) >
0. We start by analyzing 0, X .

‘We consider the case when v > 2R, since the other cases work similarly. Differentiat-
ing (2.34) with respect to x, keeping in mind that x > 0, we obtain

0 X (x,v,1) /X 9, PV (x)dE 1

(X0 0) v o) 0 WO -y B0,

We have that d,® > 0 due to (2.28). Since X(x,v,?) < x and by (2.27) and (2.16) we
obtain
_ O (X v,0) — Y0, 0)* 1
- V% - C
Thus, in order for (2.44) to hold, what is left to prove is that d, V(x, Vmax (x,7),2) > 0.
Integrating (2.15) over time and differentiating with respect to x, we obtain

0xX(x,v,t) > 0.

" Lim—d)|X|™ 92X, Xd
Vi) = [ S

Since we have X (x, vmax (x,1),1) > 0and d, X (x, v,1) > 0 we obtain dy V (x, Vmax (X, 1), )
> 0. n
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2.3. Construction of a supersolution for a linear reformulation of the model

In this subsection we will prove that the solution G, of (2.14), after suitable modifications,
is a supersolution for problem (2.7).

Definition 2.6. Let § € (0, %), L > 0, and R, which depends on L and §, be as in Propo-
sition 2.2. Let G, be the solution of (2.14) with given §, L, and R. We define the function
Hj via
Gp(x,v,t) if 0,Gr(x,v,t) <0
Hp(x,v,t) = or x € [(1—28)v¥, (1 4+ 28§)v¥e],
Gr(x, vmax(x,2),t) otherwise,

where vmax (x, ) was defined in (2.41).

By the choice of v,y in (2.41),if x ¢ [(1 — 28)v¥s, (1 + 28)v¥] and v < vyax (X, 1),
then we have that Hy (x,v,t) = GL(x, vmax (X, 1),1). Moreover, Hy is decreasing in v for
fixed x outside possibly a critical region where x € [(1 — 28§)v¥t, (1 + 28)v®¢].

Intuition behind the choice of our supersolution. We expect that for small times the
coagulation operator gives a small contribution and solutions to (1.5) behave like solutions
of

0:h(x,v,1) +v¥0h(x,v,1) =0,

1
h(x,v,0) = ———,
1+ |x|™ + vP
that is, h(x,v,t) = m However, this cannot be a good approximation for

large v, since for large volumes the coagulation operator cannot be neglected. In order
to find a supersolution for equation (2.7), motivated by the formal arguments presented
in Section 2.1, a possible candidate is the function G, that solves the transport equation
(2.14). Unfortunately though, G, is not monotone in the regions where v < vy,x and
where x € [(1 — 28)v*t, (1 4 28)v*t], but monotonicity is useful to control the coagula-
tion operator. In the formal argument this was used in (2.4) in order to obtain (2.6). Thus,
in Definition 2.6 we replace G, by a constant function for v < vp,«. Such a simple con-
struction is however not possible in the region where x € [(1 — 28)v%¢, (1 4 28)v%¢]. In
the following we always have to deal with this region separately. Roughly speaking, in
that region we can estimate the contribution due to the coagulation operator by terms pro-
portional to 1 G - These terms can be controlled by an exponential factor in the time
derivative and explain the choice of B; in equation (2.66) below in the final definition of
a supersolution.

We now collect some properties of the function Hy, which are independent of §, L,
and R.

Lemma2.7. Let 6 € (0, %), L >0, and R be as in Proposition2.2. Let T > 0 be sufficiently
small, independent of §, L, and R, and Hy be as in Definition 2.6. Then there exists a
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constant K, > 0, which is independent of §, L, and R, such that the following holds for
t €[0,T].
If x > 0 then

Hy(x,v—v',1) < KoHp(x,v,1) forallv' e (o, %) (2.45)

If x > 0 and for all v such that v* ¢ [m, (1_’67”] then there exists a sufficiently
large constant C; > 0 such that

—0y Hp (x,v',1) < —K30,Hp(x,v,t) forall v > max{R, Cjvmax(x,1)}
v
Vi
and v’ € (2,11). (2.46)

If x <0 then
Oy HL(x, 0 1) < =Ky Hy(x,v,1) forallv> R, v € (%v) (2.47)

Proof of (2.45). We will prove that (2.45) holds by proving separately that there exists
K, > 0, which is independent of §, L, and R, such that the following hold.
If x > 0 and for all v such that v¥ ¢ [m, m] then

Hp(x,v—v',1) < KyHp(x,v,t) forallv' € (0, %)

and v, v — v > vpax(x, 1), (2.48)
Hyp (x, vmax(x,1),1) < Ko Hp (x,v,t) forall v € (Vmax(x,1), 20max (X, 1)), (2.49)

If x > 0 and for all v such that v* € [(1+XT)t’ (1—xT)t] then

Hy(x,v—v',1) < KaHy(x,v,1) forallv' e (o, %) (2.50)

Before beginning our proof, we make the following observation. Because the proof of
each region when v* ¢ [(H"T)t, (I—XT)t] differs, we have to distinguish between different
cases.

If v* > (1ch); and w € [3, v], we have the following subcases:

(l.a) x>0, v% > (1_"—25”, and w% > (1—x—28)z Notice that in this region, x — (1 —

SHw*t < 0.
(lb) X > O, v¥ > (I—XT)I’ and w* € [(I-I—XT)t’ (l—xT)t]
(lc) x>0, v* > m, and w¥ < (1+x—28)t Notice that in this region, x — (I +
SHw*t > 0.
The remaining case is

2) x>0,v% < and then w® < (1+XT)t

X
(1428)¢



L. Cristian, B. Niethammer, and J. J. L. Veldzquez 804

Proof of (2.48). We will prove that there exists a constant C > 0, which is independent
of §, L, and R, such that
1 C

<H W, 1)  —————————,
CU+ I +opy = LW S T

forall w € [3, v].
Case (1.2). Notice that because of (2.17), we are in the region where X (x, w, ) < 0.

Because of (2.23), it follows that |[x — (1 — §)w*z| < |X(x, w, )| < |x — (1 + H)w%t|.
Thus, due to (2.38), it suffices to show in this case that

|x — (1 + 8w ™ + w? < C(|x" +vP) < C(|x — (1 = Hw*|™ + w?). (2.51)
To prove (2.51) we notice that it suffices to show that
|x — (1 + 8w | + w? < C(|x|" + w?) < C(|x — (1 = Hw*t|™ + w?)
since w € [3,v]. Since x — (1 — §)w*t < 0 in this case, it holds that [x — (1 — §)w*¢| <
w?. In this case, we have that |x| — (1 — §)w*t < |x — (1 — §)w*t| < w®. This implies
that |x| < 2w®. Notice that since x > 0 and x — (1 — §)w*t < 0, it immediately follows
that 0 < x < w®. However, we do a more general proof as a similar estimate will be needed

in order to prove (2.47) or when x — (1 + §)w® > 0 later on.
Since (|x| + (1 + §)w*)™ < Cp (|x|™ 4+ t™w?) and ¢ is sufficiently small, we obtain

[x — (1 + & w*t|™ + w? < (x| + (1 + Hw*t)” + w? < Cp, (|x|™ + t"w?) + w?
< C(|x|™ + w?).
Additionally, since |x| < 2w?, it holds that
p J |
[x — (1 =8)w*|" + w? > w? = wT + w7 > 5(|x|’" + w?).

Case (1.b). From (2.17) and (2.25), it follows that X(x,v,#) < 0 and |X(x, w, )| <
Cw%t. Since in this case v¥ > (1_"—28”, from (2.51) we know that there exists a constant
C > 0, which is independent of §, L, and R, such that

1
< Hp(x,v.1).
CO+ x4 opy = HLlxv0)

Thus, in order for (2.48) to hold in this case, we need to prove that there exists a constant

C > 0, which is independent of 8, L, and R, such that Hy (x, w,t) < Hufw’ for
w € [3,v]. More precisely, due to (2.38), it suffices to prove that
1
L+ | X(x,w, )"+ V(x,w,1)? > E(l + |x|™ + v?). (2.52)

Since t < 1, we have that x < (1 4+ 2§)w®t < 2w in this case. Due to (2.16), it holds
that

Cw? Cuw?

[ X(x,w, )" + V(x,w,t)? > V(x,w,t)? > Cw? = +

> C(|x|™ + w?).
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Case (1.c). From (2.17), it follows that X (x,v,#) <0and X(x,w,t) > 0. Since in this
case v% > (1—xT)z from (2.51) we know that there exists a constant C > 0, independent of
8, L, and R, such that m < Hp (x,v,t) and we need to prove that Hy (x,w,t) <
HM%’ for w € [, v]. More precisely, due to (2.24) and (2.38), it suffices to prove
as before that 1 + | X (x, w, )| 4+ V(x,w,t)? > C(1 + |x|™ + vP). Actually, we prove
here a more general estimate that will be used in Case (2), namely

[x — (1 = 8w ™ + w? < C(|x|™ +v?) < C(jJx — (1 + Hw*t|" + w?). (2.53)

In order to prove (2.53), we distinguish between two cases:

@) |x—(1+8)w%|> w?. In this case, we have that w* < |x — (1 + §)w*s| < |x| +
(1 + 8)w“¢, which implies that %w“ < |x|. Thus |x| — (1 + §)w*t > |x| — '”Ta >
% > 0and (|x| — (1 4+ §w*t)™ > "ZC# Since |x| — (1 + §)w*t > 0 and remem-
bering that m is even, we also have that |x — (1 + §)w*t|™ > (|x| — (1 + §w*t)™
and thus |x — (1 + §)w¢|™ > 27| x|™. Additionally , since ¢ is sufficiently small
and %w"‘ < |x|, it holds that |x — (1 — §)w*¢| < |x| + w*t < 2|x]|.

(i) |x — (1 4+ §)w*t| < w®*. This case can be treated as in the proof of (2.51).

Case (2). From (2.17), it follows that X(x, v,¢) > 0 and X(x, w, ) > 0. Thus, from
(2.24) and (2.53), the conclusion follows.

Proof of (2.49). Notice that due to (2.42) and since v € (Vimax(X, 1), 2Umax (X, 1)), We
have that x — (1 + 28)v*t > 0 if we choose ¢ to be sufficiently small. Moreover, since
§ < %, t can be chosen independently of §. Since v > v (X, 1), it holds by (2.53) that
< Hjy (x,v,t). Thus, since v € (Vmax(x,7), 20max (X, 1)), we further have that
COTR T om D) < Hp(x,v,t). From (2.38) and (2.24), it suffices to prove that there
exists a constant C > 1, independent of 8, L, and R, such that

1
C(+[x|m+vP)
1

[X]™ + Vimax (X, 8)? < C(Jx — (1 4 ) vmax (x, )%™ + viax (X, 1)P).
The inequality holds since due to (2.42) we can choose ¢ sufficiently small such that
|x = (1 4+ 8)vmax (x, 1)*t] = x — (1 + 8) vmax (x, )%t > 3.
Proof of (2.50). Due to (2.38) and since v — v" € (3, v) it holds on one side that

C C

H ) - /»t =< < .
L=V S T T S T

for some C > 0, independent of §, L, and R. On the other side, similarly to (2.25) and
from (2.38), we have
C C

Hp(x,v,t) > > )
L )_1+v1’t’"+v1’_1+v1’

for some C > 0, independent of §, L, and R. Combining the two inequalities, we can
conclude that (2.50) holds.



L. Cristian, B. Niethammer, and J. J. L. Veldzquez 806

Proof of (2.46).
Case (1.a). We will prove that in this case it holds that

1 pP1 o H c pP~1
- < - ) »t S 5
C Ut e g ory = LWt = O

(2.54)

for some C > 0, independent of §, L, and R, and for all w € [%, v]. We remember we
are in the case when x — (1 4+ §)w*r < x — (1 — §)w*t < 0 and thus due to (2.17) it
holds that | X |72 (x, w, ) X(x,w, )3, X (x, w, 1) (x, w, 1) = | X |10, X(x, w, t)|. Due
to (2.16)—(2.19) we thus have in this region that

1 1
_ —(1- o \m—1_ a—1 (1 - p—1
C(x (1 =8w*)" w* 't + C( SHw

<|X|"2X0,X(x,w,t) + VP13, V(x, w,1)
<—Ckx—>0+Hw*)™ w1t +Cc + §w?P™ L.

Moreover, from (2.51), we have
|x — (1 + S w*t|™ + w? < C(|x|™ +v?P) < C(|x — (1 = SHw*t|™ + w?).
In order to prove (2.54), due to (2.39), it then suffices to show in this case that

lx — (1 + &ws ™ Lw* 1 + w?P!
<CvP Tl < C(lx — (1 = Hw " w* 1t + wP™, (2.55)

for all w € [3, v]. We thus prove (2.55). We have

w* | x — (1 4+ §we " + w?P™!
= w* (|x = (1 + &) w*t|™ 1 + w*m=D), (2.56)

Since w € [3, v], it suffices to prove
Ji=|x = (1 + 8w ™ 't + w1 < Cyu*m=D

and

Ix = (1 = §)wt|" 't + w*™=V > éw"‘(’”—l),

We are in the case v > Cjumax (X, 1), for some sufficiently large C; > 0 and x > 0. We
know that vy (x,1)* > ﬁxtﬁ, for Kpax as in (2.42), and thus w® > %xtﬁ >0
since w > 3.

We have that [x — (1 — 8)w®r |1t + w*=1 > y*m=1) On the other hand, since
0< xtmeT < Cw%and ¢ < 1, it follows that

J(x,w,t) < Con(Ix|™ 1t + w“(m_l)tm) + w2 < cyeltn=1),
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Remark 2.8. Since v* > a= 25)t, we know from (2.54) that

1 pP~1 5,
Hyp(x,v,t
CUF o2~ L(x.v.0).
Thus, for Cases (1.b) and (1.c) we need to prove that —d, Hy, (x, w, ) < %, for
some C > 0, which is independent of §, L, and R.
CyP1

Case (1.b). As mentioned above, we need to prove that —d, Hy (x, w, Z)—W
when w? € [(1+23)zv (1-25);1’ w € [%,v]. More precisely, due to (2.39), it suffices to prove
that

I+ | X(x,w, )"+ V(x,w,t)? = C> + |x|" + v?)

and that
X, w, )™ 19, X(x, w, 1) + V(x,w, )P 19, V(x,w,t) < CvP7 L,

for all w € [3, v] such that w* € [(H"T)t, (l_xT)t]
We know from (2.52) that the first inequality holds and thus we focus on proving the
second inequality. Due to (2.16) and (2.21), it follows that

X(x,w, )" 19, X(x, w, 1) + V(x,w, )P 19, V(x, w, 1)
<X, w, )" 19, X(x, w, 1) + CwP™ !,

where C >0 is independent of §, L, and R. We now analyze the term X (x, w,?)" 19, X (x,
w, t). From (2.25) and (2.18), it holds that

X(x,w, )™ 19, X(x,w, 1) < |X(x,w, )" 0, X(x, w,1)|

<Cwa(m 1) o— 1 <pr 1

for some C > 0, which is independent of §, L, and R, and we can conclude by using that
w e [ v].

Case (1.c). Asbefore, by Remark 2.8, we only need to prove that 1 + | X (x, w,?)|™ +
V(x,w,t)? > C(1 + |x|™ 4+ v?) and that X(x, w, )" 10, X(x,w,?) + V(x,w, )P Ix
0,V (x,w,1) < CvP~! when w® < e W €[5, 0]

By (2.17) and (2.18) it holds that X (x, w,?) > 0 and d, X (x, w, ) < 0 in this region.
Moreover, due to (2.16) and (2.19), it follows that

X, w, )" 19, X (x, w, 1) + V(x,w, )P 19, V(x, w, )
<V(x,w,0)? 1, V(x,w,t) < CwP™L.

The fact that 1 + |X(x, w, )| + V(x,w,t)? > C(1 4 |x|™ 4+ v?) in this region
follows from (2.53).
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Case (2). We will prove that (2.54) holds in this case too. Due to (2.17), we have
that X(x, v,1), X(x,w,t) > 0 in this region. Thus, from (2.24), it holds that |x — (1 +
Hwt| < | X(x,w,t)| <|x — (1 —§)w*t|. We know from (2.53) that |x — (1 — §)w*t|™ +
w? < C(|x|™ + v?) < C(Jx — (1 + §)w*t|™ + w?P), for some constant C > 0, which is
independent of §, L, and R. Moreover, since X(x, w,?) > 0 and 0y, X(x, w,1) < 0, we
have that X(x, w, )0y X(x, w, 1) = —| X(x, w, t)||0w X(x, w, t)|. Thus, due to (2.39), it
suffices to show in this case that there exists C > 0, independent of §, L, and R such that

—x =1+ Hw*t " w1 4 wP!
< CvP7! < C(=|x — (1= §)we " Tw 1 + wP™),
forall w € [3,v].

We remember we are in the case when x — (1 4+ §)w*¢ > 0. It is clear that —|x — (1 +
Swt ™ 1w* 1t + wP~! < CvP~L. For the other inequality, due to (2.56) it suffices to
prove the statement for —|x — (1 — §)w*¢|" ¢ + w*™ =D, Since x — (1 — §Hw*t > 0
and using that ™! + ™1 < (a + by, for a, b > 0, we have that x™~1 — ((1 —
Sw*t)™ 1 > (x — (1 — §)w*t)™ . Thus, it holds that

—|x = (1 = §ws|" 't + wmD

> — x| 4 (1 = §)" L= Dgm 4 e tm=1) (2.57)

. . . _1 o . o .
Since w > % > %vmax (x,1) in this case we have that xtm-1 < ”%Xw, for a sufficiently
1

large constant C; > 0. Thus (2.57) becomes
2p_a K[’I’lldzl wa(m_l) + wa(m—l) >
Clp_“ - 2

for C; sufficiently large, thus concluding our proof.

wa(m—l)
—|x — (1 = §)we "1 + we =D > _ v

Proof of (2.47). In order to prove (2.47), it is useful to notice that if x < 0, then (2.22)
holds. We will prove that there exists C > 0, which is independent of §, L, and R, such
that
1 a—1 m—ll p—1 a—1 m—lt p—1
L Y o oy < 0 Y
C (1+|x|™+vP)? (I +|x|™ +vP)?
for all w € [3, v]. Using similar computations to those for (2.53), we can prove that
(x| + A +Hw*)™ + w? < C(|x|" +v?) < C((|x] + (1 = Hw*t)™ + w?). (2.59)

Since X(x,w,t) <0 and 9, X(x, w,t) < 0 we have that X(x, w, t)d, X(x, w, t) =
| X (x, w, )]0y X(x,w,t)|. Due to (2.22) and (2.39), what is left to prove in order for
(2.58) to hold is that
(x] + (A + Hw*)y™ 1w 1t 4 wP!
< C* x|™ 1 40Pl

< C((Ix] + (1 = & w )™ 1w 1t + wP™1h, (2.60)

. (2.58)

for some C > 0, independent of 6, L, and R, forall w € [%, v].
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Thus, we only need to prove (2.60). For x < 0 and w € [3, v], we have that (|x| +
(1= 8wy 1 + w1 > |x|m~1t 4 w*=1D_ Furthermore, since ¢ < 1, it follows
that

(x| + (1 +5)w(xt)m—ll + wa(m—l) < Cm|x|m_ll + me(x(m—l)lm + wa(m—l)
< C(|x|" 't 4+ w0y, .

We also prove some moment bounds for the function Hy,, which are independent of §,
L, and R.

Lemma 2.9 (Moment estimates). Let T > 0 be sufficiently small, independent of 8, L,
and R. Then there exists K3z > 0, which is independent of § € (0, %), L, and R, such that
forallt € [0,T] we have

K3Cy

M p(x,t):= / vHy(x,v,t)dv < ————— forx e R, t > 0. (2.61)
(0,00) 1 4 |x|m—d

In general, if p > max{2y + 1,2}, we have

KC.
My (x,1) := / V' HL(x,v.0)dv < ———"—— forx €R, >0, (2.62)
(0,00) I+ |x|™ e

for n € [0, max{2y, 1}].

Proof. We first recall that due to (2.16) we have G (x,v,t) <
the integral for M,, 1 as follows:

C .
TFXGO D TP We split

vmax(x,t) [oe]
My 1(x,1) =/ v Hp (x,v,t)dv +/ v Hp (x,v,t)dv
0 v

max (%52)

= Mn,l(X,t) + Mn,z(X, [),

where v (x, ) = 0 if x < 0. From (2.16) and since § € (0, %), we have that % <
Vix,v,t) < 37” Due to (2.17) and since § € (0, %), it holds that X(x,v,t) > x — (1 +
8)v*t > x — 2v¥%¢. Then, by (2.42), we further deduce that

X(X, vmax(x,t)yt) =X — zvmax(x’t)al > X = 2Ky xtm=1 > >0,

0| =

forallt < T if T is sufficiently small. Thus, by Definition 2.6 and (2.38), we obtain

Umax

Umax
My 1(x,1) =/ v Hyp (x,v,1t)dv =/ V'Gr(x, vpax(x, 1), 1) dv
0 0

Cvn+1 - C

max

n+1°

1+ |x|m+v£ax - 1—|—|X|m_T

for some constant C > 0 which is independent of §, L, and R.
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To estimate M, » we note that for all x € R we have

oo n

My (x.1) scfo o awsc

since p —n > 1 by assumption.
To obtain a decay for large |x| we consider first x > 1 and use (2.23)—(2.24) to obtain

M o (o™ v d - n=p 4
1) < '
n2(X,1) (/0 1+ (x — (1 + 8)ver)m + vP U+‘/(‘ v U)

1
1)

Then, since § < %, we have

n+1

o _ntl m—= _ntl
/ VP dy < — ((] +28)t)m e (i)m ‘.
()@ p—n—1 X p—n—1\x

For the other term, by using the change of variables v = (7) a &, we find

(am) @ v
/ dv
0 14+ (x — (1 + §ver)ym + vP

X\a (3)eg"
< (- t d
_<[> /(‘0,00) 1+xm|1—(1+8)§“|m+(’t_‘)§gp ]
Lo (Heg”
1L d&. 2.63
= xm_i ti /(AO,OO) [1—(148)Exim 4 (%)mgp E ( )

Since t < 1 and m > 1 is even we have that the following holds:

1 1
3= (1 + 987" + 67 = 1+ 7, (264

for & > 0. Indeed, if |1 — (1 + §)&%| > %, then (2.64) follows. Otherwise, if |1 — (1 +
8)E¥| < %, then % <(1+6§)§E% < % and since § < % it holds that £* > % Thus, if we use
in addition that ¢t < 1, we have

1 1 1 1 1
I—(1+8)E%™m + —§P > §P 4 gD > Iy
L= (U OF" + 87 = S =P = o

and thus (2.64) holds. It then follows that

1 Xyagn C Xyagn
[ G [,
( (

xXM=ata Jo,00) |1 —EX™ + (2)mEP x"~ata Joeo) 1+ (7)"EP

c " C
S — / > dn <= —— 7,
xm= %% Jo,000 1 + 1 X" e

for some constant C > 0 which is independent of § € (0, %), L, and R.

In the case x < 0 we can use (2.22) to obtain the estimate similarly to above without
the need to split the integral. Estimate (2.61) follows from (2.62) by choosing n = 1 and
the fact that d in (2.13) satisfies d > % [ ]
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Remark 2.10. With similar computations to those used in Lemma 2.9, we can prove that

(2.65)

" K3
/ — S ———
©,00) I + [x|" +v? 1+ |x|™ =

for all x € R and for n € [0, max{2y, 1}]. This is since we can take ¢ = 1 in (2.63) in order
to obtain

=

X o i xgé_-n
——dv < x=@ ———d¢
o l4+xm4op (0,00) 1 + x™ + xa £P

< ! / & d¢
- xm—lf;" 0,00) 1+ &P ’

We now define the function that we will prove is a supersolution for the problem (2.7).

Definition 2.11. Let § € (0, %] and L = 4K, K, K5Cy, where Cy is as in (2.38), K; is
as in (1.6), K, is as in Lemma 2.7, and K3 is as in Lemma 2.9. Denote by H(x, v,t) :=
Hj (x,v,t), where Hy is as in Definition 2.6. Moreover, let B; be

atl—y

B, 1= eMTA @ (2.66)

for some A > 0. Then we define the function G via
G(x,v,t) = B;H(x,v,t). (2.67)

As mentioned before, with this construction G is decreasing in v for fixed x outside
possibly a critical region where x € [(1 — 28)v*¢, (1 4 28)v*¢]. In the following we will
have to deal with this region separately.

Our key result is the following.

Proposition 2.12. Let m, p, y, « as in (2.12). Let T > 0 be sufficiently small and § €
(0, %] There exists a sufficiently large A > 0, which depends only on Cy and the parameters
m, ¥, «, p, such that if f,, < G, where the sequence { f,,}neN was defined in (2.7) with
initial condition as in (2.8), then f,+1 < G, foralln € N and allt € [0, T].

Remark 2.13. Since the constants will play an important role in our proof, it is worth-
while mentioning for clarity which are the constants that the parameters in Proposition
2.12 depend on. Let Cy be as in (2.38), K; as in (1.6), K, as in Lemma 2.7, and K3 be
as in Lemma 2.9. Notice that these constants do not depend on &, L, or R from Proposi-
tion 2.2. In order to prove that G is a supersolution, we take L = 4K; K> K3Cy. We then
take A to be sufficiently large depending on Cy, K1, K5, and K3. We then take T to be
such that max{T, T(Holtiy } < %, which implies that B; < 2, for all ¢ € [0, T'], where B,
was defined in (2.66).

Before we begin with the proof of Proposition 2.12, it is worthwhile noticing that we
have some moment bounds for the function G in Definition 2.11 as a direct consequence
of Lemma 2.9.
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Lemma 2.14. Let T > 0 be sufficiently small with K3 as in Lemma 2.9. Then for all
t € [0,T] we have
K3COB[

W foerR,

My(x,t) = / vG(x,v,t)dv <
(0,00)

where By was defined in (2.66). In general, if p > max{2y + 1,2}, we have
K3CoB
M, (x,1) ::/ v"G(x,v,l)dvath forx e R, t >0,
(0,00) 1L+ |x|™ "
forn € [0, max{2y, 1}].
We now focus on proving Proposition 2.12.

Proof of Proposition 2.12. We now prove that G is a supersolution of the problem (2.7),
that is, we show

9,G(x,v,t) + v¥0,G(x,v,1) — /2 Kw—v,v)G(x,v—v"1) fru(x,v, 1) dv
0

o0
+/ K, v)G(x,v,1) fu(x,v,t)dv’ > 0. (2.68)
0
We prove (2.68) by showing first that
LvY
0;G(x,v,t) + v%0,G(x,v,t) + —————ER(V)0,G(x,v,1) > 0, (2.69)
1+ |x|m—d

for any L > 0 and where d was defined in (2.13), and then that
%
9,G(x,v,t) + v¥0,G(x,v,1) — / K@ —v,v)G(x,v—v",1) fu(x,v, 1) dv’
0

+ / K@, v)G(x,v,1) f(x, v, t)dv’
0

> 0;G(x,v,1) + v¥0,G(x,v,1) + ()9, G(x, v, 1), (2.70)

Uy
T ok
for L > 0 as in Definition 2.11.
We now prove (2.69).

Assume x ¢ [(1 — 28)v¥t, (1 + 28)v*t] and 0,Gr < 0 or x € [(1 —28)v¥t, (1 +
28)v¥t]. Then G = B,Gp and thus, using (2.14), it holds with ¢, 1= w that

LvY
9,G(x.v.1) + 1%, G(x.v.1) + ﬁg,g(v)avc(x, v,1)
Y

= Bi(8GL(x,v,1) +v%0:GLx,v.0) + R ()0, GL(x,v,1))

Lv
1+ [x|™
atl-y

+ A1 +cqt = YHB,GL > 2eMGp(x,v.1) > 0.
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Notice that we did not use the contribution of the term ¢ & in the computations. This
term will be needed later in the proof.

Assume now x € [(1 —268)v¥t, (1 4+ 28)v*t] and d,G1, > 0 such that we have G (x, v,1)
= B;Gr(x, Umax(x,2),1). Then

L Y
9,G(x.v.1) + V70, G(x,v.1) + ————Er (1), G (x, v.1)
1+ |x|m—d

= B;(3:GL(x, Umax (x, 7). 1) + v¥0x GL (X, Umax (X, 1), 1)) (2.71)

+1-y

+ A1+ Calu @ _I)BtGL(x»UmaX(x’t)vt)
= Bt(azGL(X, Umax (X, 1), 1) + v¥0,GL(x, Umax(xa[)’t))-

By the choice of v, (X, ) we have that v < v, (x, 1) in the region where 0, G (x,v,t) >
0. Moreover, from Proposition 2.5, we know that dxGr, (X, Vnax(x, 1), 1) < 0. Thus, from
(2.71) and (2.14), we further obtain

L Y
9,G(x, v.1) + 905G (x, v, 1) + ——— ER(1)3G(x, v.1)
1+ |x|m—d

> B; (atGL(x» Umax (X, 1), 1) + U5, 0x GL (X, Vmax (X, 1), t)) =0
and (2.69) follows.

We are thus left to prove that (2.70) holds. We analyze the cases when x € [(1 —
28)v¥t, (1 + 28)v¥t] and x & [(1 — 28)v*t, (1 4 28)v*t] separately.

Proof of (2.70) for x & [(1 — 28)v°¢, (1 + 28)v1]. We have
- /031((1; — v )G (x. v = 1) fu(x. v ) d + /OOOK(v, V)G (x. v, 1) f(x. 0 1) dv’
> — /Og K@.0)[G(x.v —v'.1) — G(x,v.0)] f(x. v/, 1) dv'
+ /Og (K. v") — K(v =", 0)]G(x.v — v, 1) fy(x. 0. 1) dv. (2.72)

Since G, f, > 0and K(v —v’,v") < K(v,v") when v’ € [0, %) by (1.7), it holds that

/E[K(v, V)= K@ —v,0)]G(x,v—=0",1) fu(x,v,t)dv’ > 0. (2.73)
0

We know that K(v,v’) < K;(v¥ + v'V), where K is as in (1.6). Thus, when v’ < % it

holds that K(v, v") < 2K;vY. Without loss of generality we assume in the following that

K, v") < vY when v’ < % This is in order to simplify the notation, but we allow L in
Definition 2.11 to depend on K. Additionally, by (2.67), it holds that d,G < 0 and thus

G(x,v—2",t)—G(x,v,t) >0, forv € (0, %) Since f, < G and with (2.73) we deduce
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that

v

— /: v [G(x,v =V, 1) — G(x,v,1)] fru(x, v, ) dv
> —p? /()Z(G(x, v—',1) — G(x,v,1)G(x, v, t)dv .
We use the following notation:
I =" /(;Z(G(x, v—v1) = G(x,v,1))G(x, v, t)dv" = Egr(v) 1 + (1 — Er(V))]4

with &g as in (2.11). Assume that H, as in Definition 2.11, satisfies

Er(V)VY /2 (H(x,v—v",t) — H(x,v,t))G(x,v, ) dv’
0
LvY
S—WSR(U)avH(X,U,t)+CBtH(X,U,[) (274)
and

(1 —Er())VY [E(H(x,v v, 1) — H(x,v,1))G(x, v, t)dv' < CB;H(x,v,t), (2.75)
0

for L. = 4K K5 K3Cy as in Definition 2.11. Then
%
9,G 4+ v%0,G —v? / (G(x,v—2",1) — G(x,v,))G(x,v, t)dv’
0

> B, (a,H Fo%a H — oY /2 (H(x,v—v',1) = H(x,v,0)G(x, v, t)dv’)
0
+ )Le)u-i-)tt%ﬂ[_]
= Bi(0H + 005 H + — e (v)d, H(x.v.1))
1+ |x|m—d
b Bi(=2CB + MV H > 0.6 + 190G + — =Y tr(v)0,G
1+ |x|m—d

atl—y

if A > 2C By, which holds true if A = 4C and if max{t,t  « } < % This proves (2.70).

Proof of (2.75). We have the following cases:

Case (1.a): x > 0 and v < vpax(x, t). In this case H(x,v —v’,1) = H(x,v,t), for
v’ € (0, ]. Thus, (2.75) holds.

Case (1.b): x > 0 and v (X, 1) < v < 2Umax(x, 7). The proof of this case is the same
as for Case (1.b) when proving that (2.74) holds. We thus postpone its proof.
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Case (2): Either {x > 0 and 2v,x(x,7) < v} or {x <0}. Since v <2R and y > 0,
it follows, using (2.48) and Lemma 2.14, that

(1— e L™ < 2R)Y / N(H(x, v — 1) — Hx.v.0)G(x, v, 1) dv!
0
< (2R) /5 H(x,v—v,0)G(x,v,1)dv
0

%
< K2(2R)”H(x,v,t)/ G(x,v',1)dv
0

- CoK>K3(2R)Y B;H(x,v,t)

4t <CB;H(x,v,t). (2.76)
X a

Remark 2.15. Notice that the constant C in (2.76) depends on R from Proposition 2.2,
on the constant K, from (2.48), and on the constant K3 from Lemma 2.14. However, since
L is fixed in Definition 2.11, R depends only on K, K», K3, and Cy.

Proof of (2.74). We have the following cases:

Case (1.a): x > 0 and v < vy (x, t). Notice that in this case H(x,v — v, ) =
H(x,v,t),forv" € (0, 3], and 3, H(x, v, 1) = 0. Thus, (2.74) holds.

Case (1.b): x > 0 and vmax (X, 1) <V < 2 (X, 1). We divide the integral on the left-
hand side of (2.74) into the region v’ € (0, v — Viax) and v" € (v — Vmax, 5), respectively.
For v € (v — Umax, 5), Using 5 < Umax(x,?) and Lemma 2.14 with n = 0, we obtain

v

2
/ (H(x,v—0v,t) — H(x,v,1))G(x,v, 1) dv’
V—VUmax (X,2)

VUmax

< H(x. v (5. 1).1) / Glx. v, 0) dv’
0

< C0K3BIH(xvvmax(x9[)v[)

- 1+ [x|m~a '

@ (x.1) < 2K Xt 701, with Kppay as in (2.42).
Moreover, using (2.49) it follows that

We have 0 < v* < 2v%

v

2
v / (H(x,v—v",t)— H(x,v,t))G(x,v, ) dv
V—VUmax (X,)
- 2YCo K2 K3By H(x, v, t)Umax (X, 1)
B 14 xma

Since vmax (X, )% < 2Kgaxxt m—1, with K, as in (2.42), we further obtain

Y
H(x,v,t)vmax(x,2)Y - CH(x,v,t)xgtMm*l)
1+ X" N 1+ XM~

Y
< Cten-D H(x,v,t),
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since m > 1’ai Thus

v

2
v”/ (H(x,v—v’,t)—H(x,v,t))G(x,v’,t)dv/fCB,ta("y*U H(x,v,t). 2.77)
v

—VUmax (X,1)

We now estimate the integral

V—Vmax (X,)
J ;:/ (H(x,v—v",1) — H(x,v,1))G(x,v,t)dv’.
0

As before, using (2.48) and Lemma 2.14, we find

V—Vmax (X,1)

U_Umax(xat)
J 5/ H(x,v=v',H)G(x,v', ) dv’ 5/ K>H(x,v,t)G(x,v',t)dv
0 0

< COK2K3B[H(X, U,l)
B 1+ xm @

’

and this implies, since v < 2V« (x, 1), that

U_vmax(xat)
v"/ (H(x,v—=v",1) — H(x,v,1))G(x,v',t)dv
0

max (X, 14 gta(”:/_l)

< CB,H(x, v,z)u <CBHx.v.)—""— (278)
1+ x" & 1+ x" &

Since m > Vaj it follows that (2.74) holds in this case.

Remark 2.16. Notice that the constant C in (2.77) and (2.78) depends only on the con-
stant K, from (2.48) and on the constants Cy, K3 from Lemma 2.14.

Case (1.c): x > 0 and 2vma(x,t) < v or x < 0. Notice that the computations used
in Case (1.b) hold for any v < Cjvumax(x, t), for some fixed constant C; > 0. We can thus
assume without loss of generality in this case that v > Cjvax (X, ¢) and that v > R because
of the presence of £g(v) in (2.74).

We have that v — v’ € (3, v), for v’ € (0, 3). It holds that

/2 (H(x,v—v',t) — H(x,v,t))G(x, v, 1) dv’
0

L v
_ _/2 G(x,v/,t)/ 3, H(x,,1)di dv’.
0 v—v’

We can then use (2.47), (2.46), and Lemma 2.14 with n = 1 in order to deduce that
3 v
—vyéR(v)/ G(x,v’,t)/ 0y H(x,v,t)dodv’
0 v—v’

< —KqugR(v)aUH(x,v,z)/2 VG (x v 1)
0
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- _ CoK3K3Bv"ER(v)dy H (x, v, 1)
- 1+ |x|m—d
- _Lv”&R(v)avH(x,v,t)
- 1+ |x|m—d

)

where in the last inequality we used the definition of L in Definition 2.11 and that B; <2
by Remark 2.13. Thus (2.74) holds in this case.

Proof of (2.70) for x € [(1 —28)v*t, (1 + 28)v*1] or; alternatively, vt € [Z55, 1255

We will assume that v > 1 and y > 1, since the other cases are similar but easier to treat.
In order to prove (2.70) we will first show that

3
/ KW, v) fulx, vV, 0)|H(x,v =", 1) — H(x,v,t)|dv’
0

at+l—y

<CL( +¢ HH(x,v,1) (2.79)

and then that
v 10, H(x,v,1)| < CLt =&~
X, U, = o

1 + |x|m—d v

for H and L as in Definition 2.11. If (2.79) and (2.80) hold, then (2.70) holds. Indeed,
arguing as in (2.72), (2.73) and using f, < G, we find

YH(x,v,1), (2.80)

(%) :=9;G + v*9;,G — [2 Kw—v,v)G(x,v—=v"1) fu(x,v', 1) dv’
" 0
—|—/ KW, v)G(x,v,1) fu(x, v, t)dv
0

> B, (BtH +vY¥0,H + (v)B,,H(x,v,t))

vY
T

LvY
— Bi—————— |0, H(x,v,t
g e P H w0

v

3
— B,v”/ |H(x,v—20",1) — H(x,v,t)| fu(x,v, 1) dv’
0

at+l—y

+ Aot @ '+ 1)B/H.

Now using (2.79) and (2.80), we can conclude that

o LvY
() > B, <8tH VRO g RO H (. v,t))

atl-y atl-y

T Aeat = T+ DH

Uy
WER(U)aUG(X7 v, 1)

+ B/-CL —2LCt

> 0;G +v¥0,G +

if A is sufficiently large.
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Remark 2.17. It is worthwhile mentioning that L depends only on K; from (1.6), K»
from Lemma 2.7, and K5 from Lemma 2.14; see Definition 2.11.

We now prove that (2.79) holds. Let 1 € (0, 1) be fixed and sufficiently small. We want
to bound the following terms:

%
K@, v) fu(x, v, 0)|H(x,v—v', 1) — H(x,v,t)| dv’
nv
nv
+ K, v) fx, vV, 0)|H(x,v =", t) — H(x,v,t)|dv' =: J; + J>.
0

We analyze each term separately. We notice that, since § < 1 and ¢ is sufficiently small, we
have that v* > (l-i-xT)t > ZKmaxxtﬁ > 20% _ in this region, where K,y is as in (2.42).
Thus we can assume in all the following that

v
V> 20max and v > v, forall v’ e [5, v]. (2.81)
Moreover, by (2.38), it holds that G(x, v,?) = 1+|§‘|’fiw < &’5; < fogf‘. Using

(2.50) and the fact that B; < 2, fort < T, we have

%
Ji < C/ v [H(x,v—v,1) + H(x,v,1)]G(x,v, t)dv
nv
> Y
<CH(x,v,t) dv’
gv 1+

< CoYH(x.v.1) /0 L

14 v'P
For the second term, it holds that

dv' < CH(x,v,1).

nv
Jr < Cv”/ |H(x,v—2',t)— H(x,v,1)|G(x,v, 1) dv.
0

X

We remember we are in the region where v¥7 € [355

(l'ia—;;)t. Due to (2.17), it follows that

1—XT] and thus v* < p%v® <

1+8)n*x 1-26—(14+8n*
— — X,
1—-28 1—-28
for all v’ € [0, nv]. Since § < i it follows that we can choose 7 to be sufficiently small,
but independent of &, such that 1 — 2§ — (1 + §)n* > % and thus

X(x,v',t) > x—(1+8)v% > x

X(x. v 1) > (1-28 — (1 4 8)n%)x > %

for all v’ € [0, nv]. Thus, since v¥f € [lf—zg, T255] and § < 41'1’ we have that X(x,v’,1) >
%t. It follows that

™ fymy 5 H B OB o (05 H (x B, 1)] B d'

Jo < CB?
2 =500 0 1+ (v¥t)™ 4 v'? - 0 1+ (v*t)™ 4+ v'P
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since By <2.Now let ¥ € [v — v/, v], with v € [0, nv]. We have

|m|X|™2X0;X + Vp_135V|(x 5.10)
rxprvey P

m|X|"2X35X + VP logV| .
(x,0,1).

|05 H(x,0,1)| < Co

<C

= (1+Vr)y2

Assume vY !¢t > 1 and remember we are in the case when y > 1l and v > 1. Since

v’ < nu it holds that % < v <wvford € [v—v,v]. In addition, by (2.81), we have that

D > Upax. If 0% > Hf—zs, then from (2.20), we have

|m|X|"2X05X + VP LoV | < CL(X(x,0,0)|™" 0% 1 + 57T 21).  (2.82)
Otherwise, if 7% < H-Lzs’ then (2.82) still holds since v¥~1¢ > 1.

Moreover, since % < ¥ <vford e [v—v',v],itholds that | X(x,7,t)| < Cv*t < Cv*
and thus | X (x, 0, 1) 19%" 1t < CvP~ 't < CvP*Y 2t since y > 1. Thus

. CLvP*r=2
[05H(x,0,1)] < W, (2.83)
and thus it holds that
Jy < CLy2-D_ V1 /"" v'dv’
- +vP + (ver)m +v'r’
( )2 Jo 1+ (v¥) !
making the change of variables v/ = (1 + v?¢ ¥ , we further obtain
By making the change of bles v’ 1 pym
Jr < CLv?0~D v? ! /Oo §d§
- (1+vP)? (1+vptm)1—% o 1+5§&7
< CLv*@~D v ! >
- (l + vp)2 (1 + Uptm)l_;
Remembering the definition of H and since we have, due to (2.16), that
C C
H(x,v.1) = 0 > : (2.84)
14+ | X(x,v,0)|™ 4+ V(x,v,1)? 14+ vP
we deduce that 2y-1)
CLv=V= Yy
Bh<—""" 1 Hor). (2.85)
(1 +vPrm)'=%
We now analyze the term vl 5. It holds that
(14vPem)' =7
2(y—1) o Z(Va—l) 1_2(1'a—1) _ _
v t _ (v*t) t < t1_2(ya 1 < [_yTl. (2.86)

(1+verm)'=5 (14 erym)' =7
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y—1

It holds that —VT_I > —1since y < o + 1 and thus we have thate!' © < C. Then (2.79)
follows from (2.85).
If v¥~1¢ < 1, we use (2.20) and then (2.83) becomes
CLyP™!

We can conclude using the same computations as above and by noticing that —(ya;l) >—1.

Finally, we need to prove that (2.80) holds in the case when x € [(1 — 2§)v%¢,
(1 4 28)v%t]. Assume first that v?~1# > 1. We have

4 CvY|0,H(x,v,t
v—|8vH(x,v,t)| <= 190 (x, v, )]
1+ |x|m—d 1+ (ver)ym—d

Making use of (2.83) and (2.84), we further obtain as before that

vP t
1+ 0P 1+ (ver)m—d

vY

9, H(x,v,1)| < CLv?*¥~—D H(x,v,1),
—d

L+ x|
and we can then use similar arguments to (2.86). The case when v¥ !¢ < 1 can be proved
similarly using (2.87) instead of (2.83). This concludes our proof. ]

2.4. Proof of Theorem 1.4

In this subsection, we finish the proof of Theorem 1.4 by establishing that there exists
a limit for the sequence { f;, },en defined in (2.7) and then passing to the limit in the
equation. Our proof has analogies with the methods used to solve symmetric hyperbolic
systems; see for example [28].

We first prove some bounds that are independent of ¢ for the function G defined in
Definition 2.11.

Lemma 2.18. Let T > 0 be sufficiently small. Then it holds that

2"CoB:  _ 2"FIG

G(x,v,1) < < , 2.88
(x,v,1) N g r—" (2.88)
2m+1K2C0 v

! /
Glev—v'0) = T ﬁmﬂve@z) (2.89)

forallv>0, x € R, and all t € [0, T], where B; was defined in (2.66), K, is as in
Lemma 2.7, and Cy is as in (2.8).

Proof. To prove (2.88) we notice first that it holds that B; < 2 if we take t < 1 to be
sufficiently small, where B; was defined in (2.66).
We first consider the case x > 0 and v < Vg, Where vyax (X, ) was defined in (2.41).
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From Definition 2.11 and the fact that if v < vy« (x, ?) then we are in the region where

t < we can use the bound in (2.24) to deduce that

_x
= ve(1+28)°

Co
+ S)Umax(x’ t)t)tt|m + (1 - 8)pvmax(x’ t)P ’

G(x,v,t) <
v < —a

when v < v (x, t), where Cy is as in (2.38).
By (2.42), we have that ﬁﬂxtﬁ < Umax(x,7) < Kmaxxtﬁ and thus x > x — (1 +
8)Vmax (x,2)%¢ = 3 > 0 when x > 0 if 7 is sufficiently small. Thus, using in addition that

U < Umax and that 8 < 1, it holds that (1—8)pv£ax2;—Z.Thus,
2" Co

G(x,v,t) = G(x, Umax(x,1),1) £ ———.

(x,v,1) (X, Umax (x, 1), 1) e

‘We now consider the case when ¢ € [W m] From (2.38) and then using
the fact that x < 2v%t < v¥, it follows that

2PC 2P F1C
G(x,v,t) < 0 < o
L+v? 7 1+ x| 4 v?

If v¥ < Hf‘—zs, from (2.24) it holds that

Co
G 9 b t S
v ) S T T A S + (= 8)Po7

and (2.88) follows from (2.53).
Finally, if v*¢ > =55, from (2.23) it holds that

Co
Sv*t|™ + (1 —8)Pv?

G , 7t E
vt < T as

and (2.88) follows from (2.51).

If x <0, from (2.22) we have that | X(x,v,1)| > |[x — (1 = §)v%t| = |x| + (1 — §)v¥t
and the conclusion follows.

Formula (2.89) follows from (2.88), (2.45), and (2.59). [

Using these bounds, we can now prove that there exists a limit for the sequence
{ fu}nen that was defined in (2.7).

Proposition 2.19. Let m, p, y, o be as in (2.12). Assume in addition that m > Zl’aﬁ Let
T > 0 be sufficiently small. For every ¢ > 0, there exists n, € N such that, for everyn,m >

ng, it holds that ||fn — fm”oo ‘= SUP;¢[0,T],x€R,ve(0,00) |fn(xs v, 1) — fm(xa v, t)| =e

Proof. Step 1 (Setup). Lett > 0,x € R, and v > 0. Let { f, }nen be the sequence defined
in (2.7). For n € N, we denote

Rn(xv U’t) = fn+1(xv U,l) - fn(x» U,l).
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Moreover, for two functions f, g, we denote
%
Ki[f. g] := / K —v",v) f(x,v,t)g(x,v—2",t)dv,
0

Ka[f. g] := /000 K@, V) f(x,v,)g(x,v,1)dv,

and
K[/, gl :==Ki[f gl — K[ f g].
Using this notation, it holds that
0 Ry (x,v,1) + v¥0x Ry (x,v,1)
=Kilfn, o1l = Kilfu—1. ful =Kzl fo, fos1] + Kol fu—1. ful
= Kil/fn, fot1] = Kilfn. fu] + Kilfn, ful = Kilfn—1. ful
—Ka[fn, farr] + Kol fu. fu] = Kol fu. fu] + Kol fa—1. ful
= K[ /fn, Ru] + K[Rn—1, fa]. (2.90)

Remark 2.20. Notice that it suffices to analyze the term R, in order to obtain the state-
ment of Proposition 2.19. This is since we can repeat the computations in (2.90) to obtain

0l fm = fal + 0% 0x[fm — fol = K[ fm—1. fin = ful + K[ fm—1 = fa—1. ful.

Since the estimates we will prove do not depend on n, m € N, we can reduce the problem
to analyzing R, in order to simplify the notation.

Notice the following. From (2.90) and (2.8), we have that R, solves the following
system:
atRn(xs U,t) + vaaan(-xs U,t) = Kl[fnv Rn] + Kl[Rn—lv fn]
_KZ[fn’ Rn]_Kz[Rn—lyfnL (291)
R,(x,v,0) =0.

Since the system is linear in R,, by Duhamel’s principle, it suffices to derive estimates for

{8,Rfl(x, v, 1) + Y0 Ry (x,v,t) = K[ fu, R] — K[ fn, R}], fort >, (2.92)

RS (x,v,8) = Ki[Ru—1, ful(x.v,5) = Ka[Rp—1, ful(x,v,5).

We now prove suitable estimates for the inhomogeneous part in (2.91), which in turn
will give us suitable estimates for R,,.

Step 2 (Induction basis). 1t holds that
CT

1+ |x["=a 4 vpr’

Ri(x,v,1) < (2.93)

forallt € [0, T1].
We will prove (2.93) after (2.94) since the estimates are similar.
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Step 3 (Induction step). It holds that

cry
Row,v0) < —— T 2.94)
1+ x| + vV
forallt € [0, T1].
We assume by induction that there exists a constant C > 0 such that
CT n—1
Rooa(x.v.0) = — 1) 2.95)

L+ [x|m=i 4Py

We estimate the inhomogeneous terms K1 [R,—1, f,] and K3 [R,—1, f]. Assume that
the following inequality holds:

cn Tn—l

L+ |x|m=6 4 vpy

|K1[Rn—1» fn]| + |K2[Rn—1’ fn]| = (296)

Notice that (2.92) is a linearized version of the spatially inhomogeneous coagulation
equation as in (2.7) with initial condition satisfying the bound (2.96). Moreover, Proposi-
tion 2.12 holds for m replaced by m — % and for p =am replacedby p=am—y=p—y
since m > max{zyaﬁ, 2?:—" + 3} and thus m — £ > max{”TH, (% + 3}. By (2.96) and
(2.92), we can thus apply Proposition 2.12 and (2.88) with m replaced by m — % It fol-
lows that

cn Tn—l

1+ |x|’"—% + Py
fort € [0, T], if T is sufficiently small. Since from (2.91) and (2.92), we have that

R} (x,v,1) < (2.97)

t
R,,(x,v,t):/ R (x,v,t)ds,
0

the conclusion (2.94) follows from (2.97).
It remains to prove that (2.96) holds. We start with K,[R,—_1, f5]. Using Proposi-
tion 2.12, (2.88) and the fact that K(v, v') < K1(v?¥ + v'?) from (1.6), we have

KalRuor, fo] = /0 K00 Ryt (o o) fr (. v, 1) 0

Ccv?
< - -
T 14+ |x|™ + 0P
+ C
1+ |x|™ +vP

o0
/ Ru_1(x,v',t)dv
0
o
/ VY Ry_1(x, v, 1) dv’. (2.98)
0

Using assumption (2.95) and then (2.65), we further obtain

oo oo v+ 1
/ (I + V)R i(x, v, )dv' < (CT)"_I/ - dv’
0 o 14 |x|""a 40PV

cr Tn—l
2y+1

< ——— 5 =<c'rh (2.99)
1+ |x|m%
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Plugging (2.99) into (2.98), we deduce that

C" T (07 + 1)

KZ[Rn—L fn] 1 + |x|m + oP .

Analyzing separately the cases when v* < |x| and v* > |x| and since p = am, we have

CnTn—l(l +vy) - CnTn—l
L+ x| 40P 7 4 |xm=a +vpr

KZ[Rn—lv fn] =<

Similarly, we can bound the term K;[R,—1, fu]. More precisely, since v" € (0, 5), we
make use of Proposition 2.12 and (2.89) and, as before, it holds that

%
Ki[Ru—1. fn] = / K —v,vV)Ru_1(x, V', 1) fn(x,v—0",1)dv
0

CcvY o0
< —/ Ry_1(x,v',t)dv’
L+ [x|[™ 4+ v? Jo

C'T"1(v” +1)
L+ |x|m +vP ~
This concludes the proof of (2.94).
Step 4 (Proof of (2.93)). Using the definition of fj in (2.9), we obtain
0:Ri(x,v,1) + v¥0x R (x,v.1) = K[ fo. R1] + K[ fo. fol-

Following the steps of the proof of (2.94), we obtain

c(1l+v” C
Klfo fol = — 2D
L+ x| +vP 7 ] 4 x|« 4 vPY

and the conclusion follows by Duhamel’s principle as before.

Step 5 (Conclusion). We combine Remark 2.20 with (2.93) and (2.94) and choose the
time T in (2.94) to be sufficiently small, such that the right-hand side of (2.94) tends to
Zero as n — oo. [ ]

We are now able to conclude the proof of Theorem 1.4.

Proof of Theorem 1.4. We first prove thatif + < 7 and T is sufficiently small, it holds that

2Cy

WU I) S e ——
Jo(x, v, 1) 1+ x|

. 2.100
+ v? ( )

From (2.9) and (2.10) it follows that fo(x,v,t) < W' We first consider x > 0.

If v*r < x(1— ’”Lﬁ) then x — v%r > % and thus

1 1 2
< < .
L+ x —vm 4 v? 7 1425 42 = 1™ 40P
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Ifv% >x(1 - ’Zsz) then ¢ # 0 and since ¢ < 1 is sufficiently small we have that v? > 2x™
and thus
1 1 1 1 2

< = < < .
L fx—vom + o2 = 1+0vP 14242 7 [4xm+ 27 L+xm 0P

If x <0, then, since m is even, we have (x — v*#)" = (|x| + v¥¢)™ > x™ and the con-
clusion follows. Then, by (2.100) and (2.65), we obtain

2K3C
f vfo(x,v,t)dv < ;02.
(0,00) 1+ |x|" "«
On the other hand, by Lemma 2.14, it follows that we can find a constant K3 > 0 such
that

(2.101)

/ vG(x,v,t)dv < ﬂ, (2.102)
(0,00) 1+ [x|m—d

where d was defined in (2.13), B; was defined in (2.66), and G was defined in Defini-
tion 2.11. Moreover, we can choose ¢t < 1 to be sufficiently small (as in Remark 2.13)
such that B; < 2 and thus it holds that f(o,oo) vG(x,v,t)dv < %.

We use induction in order to prove that f,, < G for all n € N. By Proposition 2.12, the
induction step holds true. For the induction basis, we need to prove that (2.68) holds true
for n = 0. This is done with the same estimates as in Proposition 2.12 by using (2.101).
Thus, if we take L in (2.14) to be as in Definition 2.11, namely L = 4K K, K3Cy, where

K isasin (1.6), K, is as in Lemma 2.7, and K3 is as in (2.102), we can conclude that

fa(x,v,0) < G(x,v,1), (2.103)
foralln € N.
From (2.103) and (2.88), it follows that there exists some C > 0 such that
Snx,v,0) = ¢ (2.104)
x’ v’ f— —5 .
" 1+ |x|™ 4+ v?

foralln e N, 1 € [0,T], x € R,and v € (0, 00).

By Proposition 2.19 we have that there exists a limit of the sequence { f; }nen. It
remains to show that the limit of the sequence { f;, }»eN satisfies equation (1.8). We recall
that since f,, satisfies (2.7), it also satisfies the mild formulation of equation (2.7), namely

f,,(x,v,l)—f,,(x—v“t,v,O)S[fn_l](x,v,(),z)
! t ro7 7 a o
= 5/0 A.O,U)S[fn—l](x,v,s,t)K(v—v ) falx = (@ =)0, v =0, 5)

X fu—1(x — (t —s)v*, V', 5) ds,

forall?z € [0,T], v € (0,00), and x € R, where § is as in (1.9). With the bound on { f,,} in
(2.104) and the bound on the kernel (1.6) it is completely standard to pass to the limit in the
equation. Mass conservation of f; follows by testing with v in (2.7) and then integrating
in v and x. Mass conservation of f then follows by passing to the limit as n — oo in
Jr f(O,oo) v fn(x,v,t)dvdx. We omit the details here.
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Discussion on global-in-time existence of mass-conserving solutions. The strategy
presented in this paper cannot easily be adapted to prove existence of mass-conserving
solutions for larger times. Indeed, the estimates for the characteristics (Proposition 2.2) of
equation (2.14) hold for all times. Our candidate G for a supersolution satisfies d,G = 0
and changes its sign at

For ¢ > 1, this point can be approximated by 1% ~ 7. In this region it is not clear whether
the coagulation operator can be estimated by a transport operator, which was the main
idea in the construction of a supersolution for small times. (See also the formal arguments
in [13, Section 6.4].) In addition, for large times, 1 4+ |x — v¥¢|" 4 v? cannot be approx-
imated by 1 + |x|™ 4 v?. This will imply that (2.61) will have a different upper bound
and that the transport term in the v variable in (2.14) will change. ]

A. Estimates for the second-order derivative of G

We will prove in this appendix that (2.43) holds true.

Proposition A.1. Given L > 0 and § € (0, %) there exists a sufficiently large R > 0 such
that for all t € [0, T), with T sufficiently small, which is independent of L, 8, and R, it
holds that

2Gr(x,v,1) <0 (A.1)

if

xtm1 < ¥ < KpaxXtmT1, (A2)
where K. is as in (2.42).

Proof. Let Q(x,v,t) =14 |X|™ + VP. Since G;, = &, we have

0
0,0(x,v,1) =m|X|"2X3,X + pVP~1,V, (A.3)
20 (x,v.1) = m(m — D[X|" 20, X|> + p(p — DVP (@0, V)?
+m|X|"2X02X + pV P12V, (A.4)
and 2 2 2 2
agGL=2|a”QQ3| _Bég =2|8vQIQ—3 % (A5)

It is worthwhile noticing that if v is as in (A.2), then x > (1 4 2§)v¥%¢ if ¢ is suf-
ficiently small and thus (2.19) holds. We analyze first the term 2|3, Q| in (A.5). Since
v¥ < Kmaxxtﬁ, wehavethat0 <x — (1 +§)v*t <X <x— (1 —§8)v*t <xand x > 0.
Using Proposition 2.2 and (A.2) we deduce that

Cx™

10,0] < C1x™ W 1t 4+ CuuP ! < T,
v
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for some constants Cy, C,, C > 0, and thus

szm 2m

200, 0(x,v,1)|]* < = (A.6)

We then analyze the terms in (A.4). We have | X |"~2|9, X |? > 0 and from Proposition 2.2
we know

1
VP2(0,V)* > EU”_Z. (A7)
We are going to show that if ¢ is sufficiently small and v as in (A.2) we have
2X(x,v,t) >0, (A.8)
and that for any € > 0 and v as in (A.2) we have
|VPTI32V | < P2 (A.9)

if R is sufficiently large and ¢ is sufficiently small. Then, combining (A.7)—(A.9) with
(A.2) and noticing that Q > | X|" > (x — (1 + §)v*t)™ > )2‘—:: if ¢ is sufficiently small, it

follows that
2m

2 XM g2 X
08,0 2 P = 5tnT. (A.10)

Now, (A.5), (A.6), and (A.10) imply that we can find a sufficiently small 7 € (0, 1) such
that (A.1) holds forallt < T.

In all the following computations, we will assume for simplicity that v > 2R, with R
as in Proposition 2.2. The remaining cases can be proved using similar computations.

Auxiliary result. Given L > 0 and § € (0, %) there exists a sufficiently large R > 0 such
that for all ¢ € [0, T'], with T sufficiently small, which is independent of L, §, and R, it
holds that

102X (x,v,1)| < Cv* 2t (A.11)

if vis asin (A.2).
In order to show (A.11) we first prove that there exists C > 0 such that

|02®(z,v)| < Cv™!, forv > 2R, (A.12)

where ® is as (2.28). We differentiate two times with respect to v in (2.30) in order to
deduce that

2(y—a)—1
B 0(z.v) = (y=a) (v 707 + (1 = (y=a))z) 707 p7207)
y—o
— (y—a)(vl_(”_“) +(1- (y—a))z) =) = (r—0)-1

Since 0 < z < C and we are in the case when v > 2R, we can choose R > 0 sufficiently
large such that v!="=®) < p1=0=®) 1 (1 — (y —a))z <20~ and thus [02d(z,v)| <
Cv 1,
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In order to prove (A.11) we differentiate (2.34) twice with respect to v and obtain

92X (x,v,1) _aavX(x,v,t)[8v®+3Z<I>1//’(X)8,,X]
O(y (X(x,v.1) = ¥ (x).v)" O(y (X(x.v,1)) — ¥ (x).v)""
X 2 d de x (0, D)2 d¢
= - +ae+1 /
“|. sgE v D [, a5w e o
+ @0 ® 3y X (A.13)
O (X) — Y (x), v)ett T '
From (A.12), (2.17), and (2.16) we deduce that
X 2D dE
v <Cv ™ ?[x—-X]<Cv 2. A.14
| sw@ o =6k -x= A9
Furthermore, Proposition 2.2 implies that
0,90, X]
Cv™*t, A.15
W)~y et =" (A1
@@, 2
C —X]<Cv ™t A.16
|, 5@ g =G kX = (A10
and that év“ < PW(X) —Y¥(x),v)* < Cv¥.
We claim that if v satisfies (A.2) it holds that
I DY (X)]3y X |? 2
< <C t. A.17
=@M -y =" (1D
Indeed, Proposition 2.2 implies that |9, X | < Cv*~ !t and W < Cvl,

We use (A.2) again to deduce that we are in the region where x — (1 + 28)v*z > 0 for
sufficiently small ¢. From the estimate (2.36) we obtain

0 <0, Dy"(X)|d,X| < C.

Thus, (A.17) follows.
Combining the estimates (A.14)—(A.17) and then making use of (A.13), we obtain
(A.11).

Proof of (A.9). We only look at the case when y > 1. The case y € [0, 1] can be proved
in a similar manner. As before, we assume in the following for simplicity that the constant
Lin(2.15)is L = 1.If y € (1,1 + «), then by integrating in (2.15) it follows that

¢
L+ X (x, v, 6)md

t
Vix,o,H)7 =07 = (y — 1)/
0

such that .
Vix,v,t) =

1

(14 = Do f§ ma) 7
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Differentiating in v, we obtain

1
dyV(x,v,t) = 1
( +(V_1)Uy 1_[0 1+|x|m d)y_l
-2
_ (V_ 1)vvy f() 1+|X‘m T x |m—d
s
(1+ (y — Dor=1 [3 W)H
—1 [t (m=d)|X|" 972X 0, X dE
+ v Jo (1+\X|'"*d)2 . NI
y—1 S
(1 + (y - I)U f() 1+‘X|m d) T2
where . in
—d)| X" *X0,Xd
Tyim 1o [ DX X d
0 (1 + [X|m=2)2
and , :
d
Tr:=1+ —1vV—1[ _—
2 (J/ ) 0 1+|X|m_d

Differentiating in v, we obtain

It holds that
BT — -l tm—d)| X" 972X9,X d&
N ) (O
_zvy/t (m — d)| X|"~4-2X 9, X | de
0 (14 |X|m=d)3
+vy/f (m—d)| X" 92X 92X d¢
0 (1 +|X|m=d)2
n “(m—d)(m—d—1)|X"929, Xlzdé
v
0 (1 +|X|m=4)2
Moreover, we have
! dé " (m—d)|X|" 4 2X03,X d&
0, T» = —127*2/—— — D! v
v =(y—D% T x| (y —Dv | 0+ [X[d)2

We first prove the following estimates:

t
0< v”_l/ 4 <
o 14+ [X(x,v,8)md

(A.18)

=
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and

vY

/, (m — )X (x, v, )" 72X (x, v, )0 X(x, v, §) dE| 1 (A.19)
0

(1 +[X(x v, §)m9)? m 2

We first prove that (A.18) holds. For sufficiently small ¢, we are in the case when
x > (1 4+ 28)v%t since v is as in (A.2). We use (2.17) and the fact that x > (1 + 28)v¥t >
(14 28)v%s forall s € [0,¢]. Thus, | X(s)| > |x — (1 4+ §)v¥s| when x > (1 4 28)v*t, for
all s € [0, 7]. It follows that

¥ ! /t d <Cy’! /t d
o 1+[X(x,v,§)lm=d ~ o L+[x—(1+8vegmd
< CypYo1 /vat dz
- o l4+|x—(04+8)z|md
< Ccvro (A.20)

which, since v > R and y < « + 1, implies (A.18) if R is sufficiently large.
We now prove (A.19). As before, we consider the case when x > (1 4 28)v%t since
we can choose ¢ sufficiently small. It follows that

[ DIX|" X0, X dE_ [ §vogm—dtveg d
0 0

Y
’ (14 [X[=d)2 (It [x — (1 + 8)ag[n=d)? |

If visasin (A.2), then x — (1 4+ 8)z > x —2z > 3 for sufficiently small ¢, for z € [0, v*¢].
By making the change of variables z = v*¢ and using the fact that x — (1 — §)z < x we
further obtain

o /t Ix — (1 = §)vrg|m—d—1yog dg < Cyr-a- /v"‘t |x — (1 =8)z|m4-17dz
o (L4 |x—(1+8vegm=d)? = o (4 lx=(148zm=9)
< cyprat / x|~ dz
B 0 (1 + [x|m=d)2
va—a—1|x|m—d+1

< < Cy? ™1,
T (4 xmmd)2 T
and thus (A.19) follows if we take R sufficiently large since v > Rand y < o + 1.
From (A.18) and (A.19), it holds that Ty € [3, 1] and T> € [3, 2]. From this we deduce
that
102V (x,v,0)| < C(18uT1| + 9, T2 ).

We analyze each term of 9,7 separately. Following the computations for (A.19), we
deduce that
L (m—d)|X|m42X9,X dE

vyl
0 (1 +|X|m=d)2

< Cvv oyl (A21)
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Similarly, by making the change of variables z = v®£, it follows that

, /t ||X|’"‘d_2X8,,X|2 dé /t (|X _ (1 _ §)va§-|m—d—lva—lg§-)2 di‘-
v < Cv’
o (IL+[X|md)3  ~ o (14 |x—(1+8vrgm=d)3
v¥t m—d—1_,\2
- va_a_Z/ (Jx = (1 =98)z| z)*dz
- o (T4 |x—Q1+8)zm4)3
< Cyr eIyl (A.22)

Moreover, (A.11) implies that

C(m—d)|X|" g dg

0 (14 |X|m=d)?
p—— [v“f lx —(1—=8)z|m4-1zdz

- o (14 |x—(1+8)zm=9)?
< Cv¥ Iyl (A.23)

vY < Cv* 2pY

tm—d)|X|" 9 2X02X dE ‘
0 (1 +]X|m=d)2

We now analyze the last term in d,77. We have
, /-t |X|m_d_2|3vX|2 dé < Cypr—e-2 /-v"‘t |X _ (1 _ 5)Z|m—d—222 dz
0 0

(1 4+ |X|m=d)2 (I +]x =1+ 8)z|m=d)?
< Cvr eyl (A.24)

We continue by finding upper bounds for each term in 9, 75. From (A.20), it holds that

t dg
o2 [ s e (A.25)
0

which offers the right estimate in order to prove (A.9). Notice that the last term in 9,75,
which is

-1 /' | X | 472X 9, X dE
o (14 ]X|m=d)2

)

was analyzed in (A.21).
Combining (A.21)—(A.25) with the fact that v > R and that y < o + 1, we obtain

P12V (x, v, )] < Co¥™* 2P ! < gyP 2
if v > R is sufficiently large. This concludes the proof of (A.9).
Proof of (A.8). From (2.15) it follows that

t t
Z2X(x,v,t) = a(l —a)/ V"‘_Z(avV)zds—a/ Verla2y ds.
0 0

Now (A.9) implies that the second term on the right-hand side can be absorbed into the
first one and thus (A.8) follows. ]
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