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Renormalized Bogoliubov theory for the Nelson model
Marco Falconi, Jonas Lampart, Nikolai Leopold, and David Mitrouskas

Abstract. We consider the time evolution of the renormalized Nelson model, which describes
N Dbosons linearly coupled to a quantized scalar field, in the mean-field limit of many particles
N > 1 with coupling constant proportional to N —1/2_First, we show that initial states exhibiting
Bose—FEinstein condensation for the particles and approximating a coherent state for the quantum
field retain their structure under the many-body time evolution. Concretely, the dynamics of the
reduced densities are approximated by solutions of two coupled PDEs, the Schrodinger—Klein—
Gordon equations. Second, we construct a renormalized Bogoliubov evolution that describes the
quantum fluctuations around the Schrédinger—Klein—Gordon equations. This evolution is used to
extend the approximation of the evolved many-body state to the full norm topology. In summary,
we provide a comprehensive analysis of the Nelson model that reveals the role of renormalization
in the mean-field Bogoliubov theory.

1. Introduction and main results

We study the effective behavior of a large number of bosonic particles in weak interaction
with a quantized scalar field. Microscopically, such a system is described by the Nelson
Hamiltonian. This was first introduced in 1964 in the mathematical physics literature by
Nelson [82], and provides an example of rigorous renormalization in quantum field theory:
the formal Hamiltonian needs to be corrected by the divergent self-energy of the particles
to obtain a self-adjoint operator and associated unitary dynamics. Renormalization plays
a crucial role not only in (mathematical) physics, but it also led, perhaps unexpectedly, to
groundbreaking advances in pure and applied mathematics, from stochastic and non-linear
partial differential equations to dynamical systems and geometry (see [13, 17,55,71] for
some celebrated examples). A deeper understanding of renormalization is thus of great
relevance for both mathematics and physics. In this paper, we clarify the role played by
renormalization in the mean-field Bogoliubov theory for the Nelson model.

What came to be known as Bogoliubov theory was introduced in the 1940s as a heuris-
tic approach to the analysis of excitations in the condensed Bose gas [10]. After the
successful creation of Bose—Einstein condensates in laboratory experiments during the
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1990s, these ideas have regained significant interest from the mathematical physics com-
munity. This led to the development of a larger research endeavor aimed at providing a
rigorous justification of Bogoliubov’s approach, starting from the many-body Schrodinger
theory. For the low-energy excitation spectrum of large bosonic systems, Bogoliubov the-
ory was first justified by Seiringer [90] and Grech and Seiringer [46]. Regarding the
time evolution of excitations in many-particle systems, pioneering results were obtained
by Ginibre and Velo [41,42] and Grillakis, Machedon, and Margetis [51, 52]. Over the
past decade, there has been substantial progress in developing refined methods for the
derivation of Bogoliubov’s theory and in extending the analysis to cover more singular
interactions, e.g., [7, 14, 68, 69], and we refer to Section 1.3 for a detailed overview. In
the present paper, we continue this effort by establishing Bogoliubov’s approximation for
the time evolution in the Nelson model. What sets this problem qualitatively apart from
previous works is the need for renormalization of the underlying many-body Hamiltonian
at finite particle number and the corresponding Bogoliubov evolution. Our results shed
new light on the behavior of such systems and we hope that they pave the way for further
investigation of the interplay between many-body effects and singular particle-field inter-
actions. It is worth mentioning that such systems are of continued relevance in physics. To
cite a recent example from condensed matter theory, the interplay of many-body effects
and singular particle-field interactions is crucial in quantum fluids of light [21, 36, 39].
There, a renormalized Bogoliubov theory of the condensate-phonon interaction is neces-
sary to explain the properties of concrete polariton-exciton condensates [39].

Now in more detail, we investigate the dynamical evolution of the Nelson model in
a mean-field limit in which the number of particles, denoted by N, becomes large while
the coupling to the scalar field is proportional to 1/+/N. Our first result concerns the
dynamics of the one-particle and one-field-mode reduced density matrices. We assume
that, at the initial time, the particles exhibit Bose-Einstein condensation and the quan-
tum field is approximately in a coherent state. As a starting point, we prove that the time
evolution of the reduced density matrices of such initial states can be described by a con-
densate wave function and a classical scalar field that solve a system of two coupled PDEs,
the Schrédinger—Klein—Gordon equations, with errors that tend to zero as N — oo. The
renormalization on the microscopic level, interestingly, does not appear in the mean-field
equations, even though it affects the initial microscopic states for which one has conver-
gence. This was observed earlier by Ammari and one of the authors in [2], who proved a
similar statement using semiclassical techniques and without quantitative bounds. In this
article we employ different techniques that yield an explicit rate of convergence for initial
states satisfying an energy condition.

Our second result constitutes the main novelty of the paper, and concerns the Bogoli-
ubov dynamics for the renormalized Nelson model, modeling the quantum fluctuations
around the Schrodinger—Klein—Gordon mean-field dynamics. Remarkably, such a Bogoli-
ubov theory requires a renormalization similar to the one of the microscopic model itself.
However, the underlying dependence on the mean-field dynamics makes its construction
more challenging from both a conceptual and a technical point of view. The renormalized
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Bogoliubov dynamics is then used to construct an approximation in norm of the time-
evolved many-body state.

1.1. The Nelson Hamiltonian

We consider the massive Nelson model in the mean-field regime. It describes a system
of N non-relativistic bosonic particles that are linearly coupled to a scalar quantum field,
whose states are elements of the Hilbert space

N
Iy = QLR ® F,
sym
where ¥ = CQ & @2, Q% L*(R?) is the bosonic Fock space over L*(R?) with
vacuum state 2. The state of the system evolves according to the Schrédinger equation

i0,Wn(t) = HyWy(2). (1.1)

Formally, the Nelson Hamiltonian H is given by the expression

N
Z[—A_, + N2 / dk V2 (k) (e7T*¥i af + eikxfak)i| + dT, (@), (1.2)
R3

J=1

where x1, ..., xy denote the variables of the particles, w(k) = ~/k2 + 1, and dT, (w) =
fR3 dk w(k)agay is the second quantization of the multiplication operator w, describing
the energy of the quantum field. The annihilation and creation operators are defined as the
operator-valued distributions

(@ ¥n)? (X, Kp) i= v/n + 100D (X k, Ky),

n
(@pWn) ™ (Xy. Kn) =072y 8k — k) Wy " (Xn. Kn \ k)).
j=1

with U3 € @ L*(R?) ® @7, L2(R?) and Xy = (x1.....xn), Kn = (k1.....kn).
They satisfy the canonical commutation relations

lak.afl =68k —1), lak,a;] = lag.a;] =0.

This definition of Hy is only formal, since no domain has been specified. The quad-
ratic form associated to the expression is ill defined on the form domain of the non-
interacting Hamiltonian, and while it may be defined on more regular states, this makes it
unbounded from below and not closable. However, this problem can be remedied by renor-
malization [82]: Denote by H}} the version of (1.2) with w~!/2 replaced by @~'/21 5 <

in the interaction and
EN = / 4 (1.3)
T Jiiza 0K + 0(k)’ '
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Then there exists a self-adjoint operator Hy, D(Hy) so that

eTMHN = g Jim e iHN o ~HE" 1.4
A—o0
We take this as the definition of the Nelson Hamiltonian Hp. While the correct renor-
malization constant E could, in principle, depend on N, the coupling constant N ~/2 in
H A‘} ensures it can be chosen independently of N. The operator Hy can be characterized
further by applying a dressing transformation, see [48,82] and Lemma 3.1, or by an alter-
native approach related to boundary conditions [60]. It is important to note the effect of
the renormalization on the domain of Hy. While the operators H 1{} all share the domain
of the free Hamiltonian, it holds that D(Hll\,/z) NH'R3*N)® F = {0}, ie., even the
form domain of Hy is completely different from that of the free Hamiltonian [48, 60].
An important role in our analysis is played by a unitary transformation, usually called
the dressing transformation, that relates the renormalized Nelson Hamiltonian to an oper-
ator whose quadratic form is more explicit and, importantly, comparable to that of the free
Hamiltonian. Although our main results below can be stated without any reference to this
transformation, it is crucial in their proofs.

1.2. Main results

In this section we state our results on the approximation for the Nelson time evolution,
first on the level of reduced densities by the mean-field equations, and then in norm by a
renormalized Bogoliubov evolution.

Mean-field approximation. We are interested in the evolution of many-body states in
which the particles form a Bose—Einstein condensate and the field is approximately in a
coherent state. To be more precise, let us define the unitary Weyl operator

W(f) = exp ( /R Ak (f()a f(k)ak))- (15)
The initial states we have in mind are of the form
Wy ~ u® @ W(VNa)Q (1.6)

with  being the vacuum in ¥ and u, o € L?(IR3). We will show that this product-like
structure is preserved during the time evolution and that

TN Yy & u®N @ W(VNa)RQ, (1.7)

where (1, ;) € L2(R3) @ L?(R3) solve the Schrodinger—Klein—-Gordon (SKG) equa-
tions

00 = (= + () = 5 )12t ),
i0ras(k) = w(k)o (k) + (ur, Goy(k)ug) g2,

(1.8)
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where
Gy (k) := L ik g ¢ (x) := 2Re(Gx, @) 12 (m3)- (1.9)
Vok)
These equations are the Hamiltonian equations of the energy (with the usual symplectic
form (5.6))
E(u,a) = (u, (A + ¢o)u)12(r3) + (@, ©A) [ 2(R3). (1.10)

We denote the flow of solutions to the SKG equations by s[f](u, &) = (u;, o), that
is, (uy, a;) solves (1.8) with initial conditions (u;, &;)|;=0 = (4, ). In our main results,
we will use that s is well defined on H>(R?) @ 05,2, where H?3 denotes the L?-Sobolev
space and fs/5 is the weighted space with norm |[|et||5,,, = (IPRER | 2(r3)- Moreover, the
SKG flow conserves the energy & and the L2-norm of u,. These statements follow from
the more general well-posedness result summarized in Proposition 2.3.

Our first result states that the one-particle reduced density matrices of a state
e HN Yy are close to those of the product state (1.7) if this holds at the initial time
and if the energy expectation per particle of Wy is close to the initial mean-field energy.
A convenient measure for the convergence of reduced densities is given by the functional

BlYN, ()] := (N, (4)1¥N) sy + NN PWH(VNa)WN (5, (111

where (¢,,)1 denotes the orthogonal projection g, = 1 — |u){u| on L?(R3) acting on the
first particle’s variable x;, and N, = fR3 dk aZak is the number operator on ¥ . The
functional B counts the number of particles in states orthogonal to u and the number of
field modes outside of the coherent state W(\/W )2, both relative to the total number N
of particles. In particular, B[Wy, (1, «)] = O for states of the product form (1.6).

Theorem 1.1. Let (u, o) € H*(R?) @ bs/p with |ull2ws) = 1 and let (u;, ;) 1=
s[t](u, @) denote the solution of (1.8) with initial data (u, ). Then there exists a con-
stant C > 0 such that forall N > 1, ¢ € R and Wy € D(H)\'*) with Wy ||y = 1,

Ble™ Y W slr)(u, )]
< cCRO(N (W, Hy W)ty — Ee.0)] + max (B[¥x (u.00] + N 7))
J=1,

with R(t) == 1+ [o/ (s |10 sy + lesl1§2 ) ds, and € defined by (1.10).

The proof of the theorem is given in Section 3.4. We note that R(¢) does not grow
faster than polynomially in time by Proposition 2.3. Initial states of interest are of course
those for which the right-hand side is small. It is important to mention that this is not the
case if Wy is exactly of the product form (1.6). Indeed, due to the singular nature of the
Nelson Hamiltonian, such states are not in the form domain of Hp ; see [48,60]. Next, we
provide an example of initial states in the form domain of the Nelson Hamiltonian that are
close to product states. To this end, we modify the large momenta by means of a dressing
transformation.
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Proposition 1.2. For (u,a)€ L?>(R*)® L?(R3), K>0, let Bk x = (k*+ ) 'Gr x Lk >k
and define

N
Uy g = W*(N—1/2 > BK,xj)(uM Q@ W(vVNa)Q).
j=1

There exists a constant C > 0 such that for all (u,a) € H'(R3) @ b, with ||u lz2@®sy =1,
K>0and N > 1

Bl¥n.x, ()] < CK™H (1 + [lll23)),

1+InK
— ) el sy + ).

N Wy Hy W) = € < C (K™ + ——

The proof is given in Appendix A. Note that the transformation W*(N =3 Z]N=1 Bk x;)
converges strongly to the identity as K — 0o, and thus Wy  for large K is close to a prod-
uct state in the norm topology also. For initial states Wg y with K = N, Theorem 1.1
simplifies to the following form.

Corollary 1.3. Let (u,a) € H*(R?) @ b5/ with |[u 2wy = 1 and let Yy n be the
state defined in Proposition 1.2 for K = N. Then there exist constants C > 0, § > 0 so
that

ﬂ[e_itHN q}N,Nv 5[[](1,{,0[)] < eC(1+|t\5)N—1/2.

Proof. The corollary is a direct consequence of Theorem 1.1, Proposition 1.2, and the
bound on the solutions to the SKG equations of Proposition 2.3. ]

Remark 1.1 (Convergence of reduced densities). We briefly explain how Theorem 1.1
relates to the approximation of reduced densities. To this end, recall the definition of the
reduced one-particle density matrix for the bosons,

g = N Tra v ® Trg ((Wn) (W),

where Tr,, .y is the partial trace with respect to (X2, ..., xy), and the definition of the
reduced density of the field, given in terms of its integral kernel

V\(pol\’,l)(k, Iy = (Wn,a;ar¥Yn)sey-

Their distance, measured in trace norm, to the density operators obtained from the solu-
tions of the SKG equations can be controlled by B from (1.11) via the inequalities [65,
Lem. VIL.2]

Tely§® = Nju) (ul] < NJ8(Ux. (@)1 Un) ey
Trlyge? — Nl (el < 3N 2W*(VNa) Uy (13,
+ 6llell L2 3 I NS 2W* (VNa)Up | ey -
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For Wy (t) = e ""MN Wy and (u;,a;), we consequently get a bound on the difference of
reduced densities in terms of the right-hand side of the bound in Theorem 1.1. That is, for
suitable initial states (such as those of Corollary 1.3), the average boson behaves like u,
and there are on average N field modes behaving like ;.

Bogoliubov approximation. We now define the renormalized Nelson—-Bogoliubov evo-
lution and explain its role in approximating the fluctuations in the Nelson dynamics. We
gather the quantum fluctuations around the condensate with wave function u € L?(R3)
and the coherent state associated with the field vV Na € L2(R?) in an element XEFQF

that is orthogonal to u in every variable xy, ..., xy. That is,
oo k
1ePRQureF =7.07. (1.13)
k=0 sym

For any Wy € Jn one obtains such a y = X,, o ¥ using a variant of the excitation map
introduced in [69] (see Section 2.1 for the precise definition). To describe the inverse of
this map, let y®) denote the component of y in the kth summand of (1.13). If y®) =0
for k > N, we can reconstruct Wy as

N
Uy =W Na) Y u®NF g @ = xr, 1 (1.14)
k=0

where the symmetric tensor product has to be understood as the tensor product of the
orthogonal subspaces of L?(R?), span(u), and {u}"*, so that each summand yields an
element of ®Sym L?(R?) ® #, on which the Weyl operator W(+/Na) acts in the second
tensor factor.! Note that the product state (1.6) would correspond to y = Q ® Q.

Now let Wy (¢) and (u;, o;) be solutions of (1.1) and (1.8) with suitable initial
conditions Wy and (u, ), and consider the fluctuation vector y(¢) satisfying Wy () =
X, o, %(). This vector is an element of ¥,,, ® ¥, which we can naturally identify with
a subspace of the double Fock space

o0 n
FoF =P RUL>R? & L2R?)).
n=0 sym

We will denote the creation and annihilation operators on the first factor in ¥ ® ¥, asso-
ciated with excitations of the bosons, by b* and b.

The dynamics of the fluctuations y(¢#) will be approximated by a time-dependent
Bogoliubov transformation. Roughly speaking, Bogoliubov transformations on ¥ ® ¥
are unitary maps that are determined (up to a phase) by a map on L?(R3) @ L?(R3). This

"More precisely, we set u®V % @ y® = PN (U ®N—k @ y&)), where the tensor product is taken

with respect to the spaces span(u)®N —* and ({u}L)®k ® ¥ and where PN is the orthogonal projection
onto the symmetric subspace of ® L?(R?), while it acts as the identity on .T
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property makes Bogoliubov transformations much simpler in terms of complexity. To be
more precise, define the joint creation operator of the excitations and the field by

c(f@g=b"(f)+a*(g),

and the annihilation operator as its adjoint. A Bogoliubov transformation on ¥ ® ¥ is a
unitary map U with the property that

U™ (f ® g)U = c"(u(f ® ) + c(o(f & g)) (1.15)

for some bounded linear maps 11, v: L2(R3) @ L?(R3) — L2?(R3®) @ L?(R?). In other
words, conjugation of a*, b* by U maps these to linear combinations of a, a*, b, b* with
modified arguments. For a more detailed introduction of Bogoliubov transformations and
related concepts, we refer to [91] and [12, Sect. 4].

The generators of Bogoliubov transformations are (formally) Hamiltonians quadratic
in the creation and annihilation operators, a, a*, b, b*. For the Nelson model with ultra-
violet cutoff, such a quadratic generator can be obtained from the full Hamiltonian [35]
following the approximation ideas of Bogoliubov [10]. The Nelson—-Bogoliubov Hamilto-
nian with cutoff A € (0, co) is defined by

HA (1) := / dx b*hy, by +/ dk w(k)ajag (1.16)
’ R3 R3
+ /]1{6 dx dk ((qutG(A_)(k)u,)(x)a;b; + (qutG(j})(k)u,)(x)akb;) +hec.,

where G2 (k) = Gx(k)jkj<a and hy, = —A + ¢, — %(ut,d)atut) with G (k) and ¢,
given by (1.9). Here, (4, ;) := s[t](u, @), and the notation h.c. denotes the Hermitian
conjugate of the preceding term. Let us emphasize that H,ﬁa (¢) is always defined with
respect to the mean-field flow (1.8) with the subscript (u, ) referring to the initial con-
ditions. Further, let U,ﬁa (¢) be the unique unitary propagator (with initial time ¢ = 0) on
the double Fock space ¥ ® ¥ associated with Hf},a (). For a discussion of its existence,
we refer to [35, Thm. 4.1] or Proposition 5.2 below with # = 0. Our next result states the
existence of a renormalized Nelson—Bogoliubov time evolution in the limit A — oo.

Theorem 1.4. Let (u, ) € H? & b5/, with ||ul| 2r3) = 1 and let (u;, ;) = s[t](u, o)
denote the solution of (1.8). Let E® be given by (1.3) and V € L*(R3,R) by (3.2). Then

. : A —iED =L Y ds (us, V *|ug|?
Una(t) o= slim U, (1)e ™02 Jo o s Vales )

exists for all t € R. Moreover, U, o (t) has the following properties:
(1) Uy« (?) is unitary and strongly continuous in t,
(i) Uuoa@)(Fu®F) S Fiu, ® F,

(iii) Uy, (?) is a Bogoliubov transformation on ¥ @ ¥ .
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Our second main result is a norm approximation of the dynamics generated by the
Nelson Hamiltonian. It states that the fluctuations around the condensate wave function
u; € L2(R3) and the coherent state associated with the field mode ~/Na; € L2(R?)
are effectively described by the renormalized Nelson—Bogoliubov evolution introduced
in Theorem 1.4. Together with the fact that U, o (¢) is a Bogoliubov transformation, this
implies an approximation of the Nelson evolution in terms of a transformation of the form
(1.15).

Theorem 1.5. Let (u, o) € H*(R?) & bs/o with |ull2ws) = 1 and let (u;, o;) =
s[t](u, o) denote the solution of (1.8). There exists a quadratic form § > 1 whose domain
isdensein 1, ® ¥ and a constant C > 0 so thatforallt e R, N > l,and y € ¥, @ F
in the domain of §, with || x|| 7 @5 = 1, we have for Wy = Xy , x given by (1.14),

+/In N

< €CR(t)5(X)1/2

N
e NGy — W(VNar) Y udN T @ (Uya () )® N1/4

k=0

Hy

lz]

where R(t) := 1+ [, (||”s||}103(R3) + ||ots||%)2/2) ds.
This theorem is proved in Section 4.3.

Remark 1.2. The quadratic form § is constructed explicitly using a unitary Bogoliubov
transformation W that implements a dressing on the level of the fluctuation vector y. With
this transformation, which is introduced in Proposition 4.3 as W7 (1), § is given by

800 = I xllFgs + (Wx, (N +dTp(=A) + dTa (@)W ) ror

i.e., it measures the expectation of the third moment of the number of excitations and the
energy of the excitations and the field after dressing with W. In Proposition 4.3, we also
show that W preserves the domain of A'3/2. This is relevant, as it implies that the norm of
the initial state Wy in Theorem 1.5 approaches 1 as N — oo. More precisely, it implies
that | X7 o xllsey > Xl 707 — CN~38(y) for some C > 0. On the other hand, let us note
that we do not expect that W preserves the domain of dI', (—A).

Remark 1.3. By the density of the domain of §, Theorem 1.5 extends naturally to all ini-
tial states with a finite number of excitations. Specifically, for any Wy such that X, o Wy
has a well-defined limit as N — oo, we have

Nli—r>noo ”e_itHN Uy — X, Uu,a(l))(”e%zv =0.

UpsUy

1.3. Comparison with the literature

The broader subject of this work, the justification of the time-dependent mean-field, and
Bogoliubov approximations, has been addressed extensively in the literature, mainly in the
context of the Bose gas with two-body pair interaction. The situation of particles coupled



M. Falconi, J. Lampart, N. Leopold, and D. Mitrouskas 936

to a quantum field has been explored to a much lesser extent. Below we give a brief
overview of the literature on this topic and other works related to this study.

The first works on the mean-field approximation of reduced densities for the many-
body Bose gas with two-body interaction date back to the 1970s and 1980s by Hepp,
Ginibre, Velo, and Spohn [41,42, 56, 92]. The question was revived in the early 2000s
[4,33] and within the next years, new techniques were developed to obtain explicit rates of
convergence [22,86,89] and to cover more singular two-body potentials, in particular those
converging to a Dirac-delta potential [5,31,32,58,87]. Since then, this topic has continued
to be actively studied and we recommend [6,45, 81] for comprehensive surveys of recent
works. Fluctuations around the time-dependent mean-field equations were considered first
in [41,42,49,51,52]. Since [68,69], this subject has gained increased interest which has led
to further extensions and refinements in the derivation of the Bogoliubov approximation;
seee.g., [9,14,18,23,29,50,59,73-78,85]. Higher-order corrections to Bogoliubov theory
have been obtained in [11, 12,43,44]. Let us note that Bogoliubov theory also plays a
crucial role in the description of the excitation spectrum of large bosonic systems. While
this has been extensively studied for bosons with two-body potentials [7, 8, 16, 30,46, 54,
69,79, 80, 88, 90], we are not aware of any results concerning the spectral properties of
many bosons coupled to a quantum field.

The derivation of the SKG equations starting from the renormalized Nelson model, in
the same limit as considered in this work, has been addressed previously by [2]. Using
techniques from semiclassical theory, the authors demonstrate that the Wigner measure
associated with the many-body dynamics evolves in the limit N — oo in accordance with
the push-forward of a Wigner measure under the SKG flow. Since convergence of the
Wigner measure implies weak-* convergence for the reduced densities, this statement is
comparable to Theorem 1.1 of the present work. Unlike the approach taken in [2], which
provides a limit result without explicit error estimates, our method allows us to determine
an explicit rate of convergence for the reduced densities. On the other hand, the results in
[2] apply to a wider class of initial states. Regarding our second result, the construction of
the renormalized Nelson—-Bogoliubov Hamiltonian and the norm approximation, we are
not aware of any prior work that has addressed this problem.

More results have been obtained for models with regular particle-field interactions
(i.e., without need for renormalization): For the regularized Nelson model with ultraviolet
cutoff, derivations of the corresponding mean-field dynamics were obtained in [1, 34, 65]
and the validity of the Bogoliubov approximation, as well as higher-order corrections,
was established in [35]. In addition, the regularized Nelson model was also studied in a
many-fermion limit that is closely linked to a semiclassical limit [64]. Other particle-field
systems, such as the Frohlich model and the Pauli-Fierz Hamiltonian, have been studied
in the scaling regime of the present article too; see [63, 66] for the mean-field approxima-
tion and [61] for an approximation of the Frohlich dynamics in norm. The dressed Nelson
Hamiltonian, which will play a crucial role in our analysis (see Section 1.4), has similar
regularity properties to the Frohlich Hamiltonian, as both are given in terms of pertur-
bations of the non-interacting quadratic form. However, the dressed Nelson Hamiltonian
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has a more complicated structure than the Frohlich Hamiltonian since it is not linear in
creation and annihilation operators. This makes the analysis of the time evolution more
involved even on the level of the dressed Hamiltonian.

Within the broader scope of deriving effective equations from particle-field models, it
is worth noting the following works. The subject of [20,25,26,40] is a partially classical
limit of a class of models (covering the regularized Nelson, and the Frohlich, and the
Pauli-Fierz models), where a fixed number of particles is weakly coupled to a quantum
scalar field with high occupation number. For the Frohlich Hamiltonian specifically, the
time evolution has been actively studied in the strong coupling regime also [37,38,47,62,
67,72]. While the resulting effective equations are of a similar form to the SKG equations,
the strong coupling limit is accompanied by a separation of timescales between the particle
and the field, a feature that is absent in the mean-field limit. The papers [19,27,57,93]
focus on the derivation of effective pair particle potentials arising from the particle-field
interaction, in suitable weak-coupling and adiabatic limits.

Finally, for an overview of results on the renormalized Nelson model not directly
linked to the derivation of effective equations, we refer to the discussion of [70].

1.4. Outline of the proofs

General idea. The Hamiltonian expressed formally in (1.2) can be represented in terms of
an operator H}\), with a more regular and explicitly given quadratic form, conjugated with
a unitary dressing transformation WP; see Lemma 3.1. By unitarity of WP, this allows us
to relate the Nelson dynamics to the dynamics generated by the dressed Hamiltonian via

TN = (WPy*eTIHN WP, (1.17)

The general strategy of the proof is to analyze the mean-field and norm approximations
of the dressed time evolution e "~ | and then connect the corresponding dressed mean-
field and Bogoliubov evolutions to the original (undressed) ones. To accomplish this, we
will introduce approximations of the dressing transformation that relate the dressed and
undressed effective evolutions, in analogy to the relation shown in (1.17). Denoting the
approximations of the dressing transformation by ® and W, and the dressed mean-field
flow and the dressed Bogoliubov evolution as sP[¢] and Ug(u, o) (), then the connection
between the effective evolutions can be expressed as

5] =07 osPt]o® and Uyalt) = W*UZ(, OW. (1.18)

To determine ® and W, we view WP = WP(1) as the special case of a quantum evolution
operator WP(#) with “time” # and examine its mean-field and Bogoliubov approxima-
tions. The motivation for this stems from the observation that WP(#) is a unitary group
that is generated by a field operator resembling the interaction term in (1.2), but with a
square-integrable form factor (this was exploited in [2] for the mean-field flow).

In the proof of Theorem 1.4, we establish an identity that is similar to (1.18) but for
U,j\,a (t)e **EA and with A-dependent versions of W and UzD)(u, o) (1), and then show that
the cutoff can be removed for the conjugated dressed evolution.
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Mean-field approximation. In order to derive Theorem 1.1, we estimate the difference
of the dressed dynamics e itHy applied to the dressed initial state WPWy to the cor-
responding mean-field equations introduced in (5.2), whose flow is denoted by sP[¢], in
Theorem 3.2. The proof relies on the use of the excitation map and estimates on the gen-
erator of the fluctuation dynamics. To pass from the approximation of e~iHN to that of
e HN e then expand on the idea that the dressing WP itself can be approximated by
the mean-field dressing transformation ®. This is the subject of Lemmas 3.5 and 3.6,
with the latter providing the reason for the required energy condition in Theorem 1.1.
Since ® intertwines between the dressed and the undressed mean-field evolutions, i.e.,
s[t] = D71 o sP[t] o D, this allows us to translate the approximation result of the dressed
dynamics to the desired result on the undressed ones.

Bogoliubov approximation. To prove the norm approximation, we start again from the
analysis of the dressed dynamics, where we now examine the fluctuation vector y°(¢) =
X gD[,](u,o[)e_i tHy x .o X associated with the dressed mean-field flow and compare it with
the effective evolution Ug(u, ) (t) x. Here, USD)(M, o) () is obtained from the Bogoliubov
approximation of the dressed dynamics. The statement analogous to Theorem 1.5 for
the dressed dynamics is given in Theorem 4.2, whose proof is based on estimates of
the difference of the generator of the dressed fluctuations and the quadratic generator of
U% (u.) (). To establish a connection of this result to the one for the undressed dynamics,
we use (1.17) together with a norm approximation for the dressing transformation WP.
To this end, we elevate the mean-field approximation ® to the level of the fluctuations
by implementing a Bogoliubov transformation W. For the definition of W, we need to
introduce a non-autonomous flow of Bogoliubov transformations on ¥ ® ¥, which is the
content of Proposition 4.3. Lemma 4.5 then demonstrates that W indeed offers a norm
approximation of WP in the sense that X oq,a)W X ,x ~ Wy as N — oo for suit-
able y € ¥ ® F. As a final step, we argue that W intertwines between the dressed and
the undressed Bogoliubov evolutions, i.e., that Uy o (t) = W*[Ufli))(u,(x) (t) W, with the pre-
cise version of this identity given in (5.11). A schematic representation of the Bogoliubov
approximation is illustrated in Figure 1.

Renormalization. For the purpose of the norm approximation, we could take (1.18) as
the definition of U, 4 (7) in Theorem 1.5. However, we also want to elucidate the relation
of this evolution to the one that can be formally derived by applying the quadratic Bogoli-
ubov approximation to (1.2). This relation is given by Theorem 1.4. To this end, one
needs to introduce an ultraviolet cutoff A, since it is not clear that the Nelson—-Bogoliubov
Hamiltonian (1.16) defines a self-adjoint operator for A = oco. With a cutoff A, one might
expect that the Bogoliubov approximation of the Nelson dynamics is given exactly by the
Bogoliubov approximation of the dressed Hamiltonian, conjugated with the approxima-
tion of the dressing. However, the Bogoliubov evolution is fixed only up to a phase, so
the identity may only hold for an appropriate choice of such a phase. This is the content
of Proposition 5.3, where we show that the correct choice of phase e~ Jo ds EX() i3 such
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X
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/u,a) Azm)
Uy > e HHN Yy

Figure 1. Schematic representation of the approximations. The diagram commutes up to small errors
in N. The exact dynamics are represented in the front plane, with the Bogoliubov approximations
in the second plane. Note the dependence of the excitation maps on the solutions to the mean-field
equations (uy,ar) := s[t](u, ).

that EA(s) — 0o as A — oo. This is analogous to the renormalization of Hy, as stated
in (1.4). Due to the dependence of the unitary evolutions in (1.18) on the corresponding
mean-field flows, the renormalization of the Bogoliubov evolution is conceptually and
technically more challenging compared to the renormalization of Hp .

2. Preliminaries

2.1. Fock spaces and excitation map

We recall the Fock space ¥ = @y, ®
for the excitations of the particles,

L?(R3) and define the (truncated) Fock spaces

sym

k ~< k o~ k
7 ®{u}l 7T L,% Fru=PFE).

sym k=0

for {u}*t = {¢ € L2(R?) : (¢, u) = 0}. The relevant double Fock spaces for the Nelson
model are

FEVNQF, F.®F, ad FF, Q.1
where the first factor always refers to the excitations of the N bosonic particles, while the
second factor describes the excitations of the quantum field. If the context is not unam-
biguous, we will write ¥ = ¥}, for the particles and ¥ = ¥, for the quantum field. In
the order of (2.1), we refer to the Fock spaces as the truncated excitation Fock space,
excitation Fock space, and double Fock space. Moreover, we denote by by, by, N, and
ag, a;, M, the annihilation, creation, and number operators on %3 and ¥, respectively.
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For f € L?(R3) let
a(f) = [k TBax, a*(1) = [ ak rioag.
by =[x Tbe, 070 i= [ ax fn;

940

denote the bosonic annihilation and creation operators. For a self-adjoint operator 7'
D(T) — L*(R3), we denote by dI"(7') the self-adjoint second quantization of 7 on % .

Depending on which factor of ¥ ® ¥ this acts on, we write

dT,(T) :=[ dkdl T'(k,l)aga; and dI's(T) :=/ dxdy T'(x,y)b;by,
RO R6

where T'(-, -) is the Schwartz kernel of T'. With this, we introduce the notation
N =Ny + N, T :=dlu(—A)+ dl.(w).
We define the field operator by
®(f) = a(f) +a*(f).
Using this definition, the Weyl operator introduced in (1.5) can be expressed as
W) = e oD,
It satisfies
W) = W), WHW(g) = W(f +g)e e,

as well as the shift property

WA (axW(f) = ax + f(k).

2.2)

(2.3)

(2.4)

(2.5)

As an important tool in our analysis, we introduce a variant of the excitation map intro-
duced in [68, 69]. Specifically, we define Xy o 1= Xy ® W(\/ﬁa)*, where X, denotes
the usual excitation map for N bosons [68,69] and W(V/Na)is a Weyl operator. Let us
explain this in more detail: In the Nelson model, the excitation map factors out a conden-
sate with wave function u and a coherent state with field mode v/ Na. For u, o € L%(R3)

with |Ju||z2 = 1, it is defined as the map
Xya: Hn —> FLu®F

with Uy > (y®)N_  given by

N 1/2 k B .
1® = (k) [T@): NP w*(VNa)¥n) o svvy, € FX ®F,

i=1



Renormalized Bogoliubov theory for the Nelson model 941

where (¢y); is the orthogonal projection ¢,, = 1 — |u){u/| acting on the i th particle coor-
dinate x;. Here, the partial inner product is taken with respect to the particle coordinates
Xk+1. - .-, Xn. The adjoint of X,, o is given by (1.14), and it holds that

X oXua =gy, XuaXpy=1 Q2.7

FiNes

in particular Xy o: Hny — F fuN ® F is unitary. Written in terms of creation and annihi-
lation operators, the excitation map acts as

b(M)N_k

N
Xy oWy = ( q,;@k—
,@ JIN —k)!

This leads to the following useful relations [68, 69].

)® W*(VNa)Wy.

Lemma 2.1. As identities on ¥, ® ¥, we have for all f,g € {u}*,
Xuab® D) XS = [N = Nolv.  Xuab®@)b(f) X, = [N = Np]{b(f),
Xuab* (D)X 0 =D ()b, Xuab™(/)b)X;, =b*(F)N — Np]}2.
where [a]+ = max{a,0}. Moreover, for all h € L*(R?),
Xuoaa(W) X}, = a(h) + VN (h,a).

For reference, we also state the following identity for the derivative of the excitation
map, leaving the proof to the reader (see [68, eq. (40)] for the N -particle Bose case).

Lemma 2.2. Let R 55> (ug, o) be differentiable with (3sus, 05a5) € L2(R3) @ L?(R3),
and consider the family of unitaries (Xu, o, )ser. Then, as an identity of operators ¥ fujj ®
F - F=N® F, we have

i (s Xuga)) Xp 0. = (=V/N®(idy05) — N Refatg, i dy05) ) W(V'Nay)*
+ 0™ (us)b(Guyi sus) — (i dsus, us)(N — Np)

— (VN — Npb(qu,idsus) + h.c.).

To measure the distance between reduced densities, we introduced the functional § in
(1.11). In Section 3, we need a second functional given by

YN, )] == [Vi(g)1Pn [ + N7 dTa(@) 2 W* (VNe) ¥y 2. (2.8)

Essentially, y is the mean kinetic energy of particles outside the condensate state ¥ and
field modes outside the coherent state W(+/Na)S2. Using Lemma 2.1, they can be
expressed in terms of the excitation map and the operators from (2.2) as

1
Bl¥YnN, (u,a)] = N(XM,Q\IJN, NXuoaWN) ey, (2.9a)

1
J/[\IJN,(M,O[)] = N(XM’Q\PN,TXM,Q\I/N)J(N. (2.9b)
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2.2. Notation
We recall the definitions w(k) = +/k2 + 1 and

—ikx
Golk) = — e and Bk = 2B _ ¢ (2.10)

Jo(k) k2 +ok)  Jok)k? + wk))

Moreover, we adopt the following notational conventions. The space H*(R?), for s €
R, denotes the non-homogeneous L2-Sobolev space, while b, for s € R, is the weighted
L?-space with norm |« ||g, = |[@*«||z2. The symbol || - || represents the norm of either
Hy or F ® F, depending on context. For a quadratic form with domain Q (A) associated
with an operator A: Q(A4) — Q(A)’, we write A + h.c. to denote the quadratic form

(Y. (A +he)y) =2Re(y, Ay). ¥ € O(A).

Lastly, the letter C denotes a generic constant whose value may change within a sequence
of inequalities; for instance, in X < CY < CZ, the two occurrences of C may denote
different numbers.

2.3. The SKG equations

The next statement recaps the well-posedness theory of the non-linear SKG equations,

90 (6) = (= + g (0) = 5 e ) e (0,
i9,0(k) = w(k)ors (k) + (s, Gy (k) ), 2.1D)

(s otr)|i=0 = (v, @).

Proposition 2.3. For any s > 0 the Cauchy problem (2.11) is globally well posed in the
space H* (R3) @ hs_1 2. The solutions satisfy ||u;| 2 = ||ullp2 and, fors > 1, € (u, o) =
&(u, ) with & defined by (1.10).

In addition, for any integer s > 1, there exists & such that for any M > 0 there exists
C so that for all't € R and (v, ®)||Hsey,_,,, < M, the solution (u,, o) satisfies

C ifs =1,

Usl|lgs + || 12 = )
o] letelo.-o 2 {C(1+|t|)8 otherwise.

Proof. The well-posedness, together with the conservation properties is a special case of
[84, Thm. 1.4]; see also [3, 24]. The estimate on the norms for s = 1 follows from the
conservation properties and an application of the bound (6.2¢). The polynomial-in-time
bounds for s > 1 can be proved by an iterative argument, adapting the approach of [37]
for the Landau—Pekar equations; see also [53] for a different approach. ]
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3. The mean-field approximation

In this section we study the approximation of e “**~¥ on the level of reduced densities and
prove Theorem 1.1. We first consider the evolution generated by the Nelson Hamiltonian
after dressing it with a suitable unitary transformation. Even though the dressed Hamil-
tonian H}\), has a more complicated structure than the original Hamiltonian, it contains
interaction terms that are less singular and is thus better suited for our analysis. In fact,
HI'\), is a perturbation of the non-interacting Hamiltonian in the sense of quadratic forms.
In order to approximate the evolution e~/ N, itis necessary to replace the mean-field
equations by their dressed variant, as already observed in [2]. The approximation result
for the reduced densities of e /HN WPWy using the dressed mean-field equations, with
a statement analogous to that of Theorem 1.1, is given in Theorem 3.2. We then study
the dressing transformations, and state in Lemma 3.5 that they can be approximated by a
mean-field dressing flow in a similar way. The proof of Theorem 1.1 is given by combining
these results in Section 3.4.

3.1. Dressed dynamics on the microscopic level

With By (k) given by (2.10) and the field operator @ from (2.3), we consider the family of
unitary dressing transformations

Y N R
WP () := exp(L cb(inj)) G.1)

and set WP = WP(1). This transformation goes back to Gross and Nelson [82], and the
following lemma recalls a well-known relation between the renormalized Nelson Hamil-
tonian and the dressed Nelson Hamiltonian.

Lemma 3.1. Consider the symmetric quadratic form defined on the form domain of the
free operator dT;(w) + Zf\;l (=A)),

1 ~ 1
D._ E . - E + — E V(xi .
HN = dFa(w)+ ( Al) \/ﬁi lei N (xl xj)

i=1 1<i<j=<N

N
1
+ ;(a(ka,.)z + 2a* (k By, )a(k Bx;) + a*(kBy,)?),

where
Ay 1= =2(iVy -a(kBy) + a*(kBy) - i Vy).
V(x) := —4Re(G,, Bo) + 2Re(w By, By). (3.2)

There exists a unique self-adjoint operator HY, D(H 1]\),) whose quadratic form coincides
with the above, and we have

Hy = (WP)*HRWP.
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Proof. Formally, this follows from the definition of the Weyl operators and a direct com-
putation. The precise statement is a corollary to the original construction of the renormal-
ized Nelson Hamiltonian [82], refined in [48]. There, one considers the operator H}\),, e
related to a dressing transformation with an infrared cutoff K (as in Proposition 1.2). This
is used to bound the interaction terms relative to the form of the non-interacting operator
with bound less than 1, for K sufficiently large (see [48, Thm. 3.3]). Transforming H}\),, K
with the dressing transformation on momenta below K gives the formula above. This does
not change the form domain by [48, Thm. 4.1, Lem. C.4]. [

3.2. Mean-field approximation of the dressed dynamics

Given the dressed Nelson Hamiltonian H 1’\3,, one can derive an associated mean-field
energy by projecting onto states of the product-like form (1.6) with given one-particle
functions u, «. The dressed mean-field equations, the Hamiltonian equations associated
with this energy, take the form

ialut(x) = hu;,a,ut(x),

(o, ) = (u, ),

where
hyo:i=—A+ Ay + (Fa)2 +Vx |u|2 — Mu,a, (3.4a)
Agx = 2(—iVy){kBx,a) + 2(kBx,a)(—i Vy), (3.4b)
Fy(x) := 2Re(k By, a), (3.4¢)
e = 30V ¢ JulPu) + Re(a, fu) + Rele, gua) (3.4d)
Ju(k) :=2(u, kBy(k)(—=iV)u), (3.4e)
Su.a(k) := 2(u,kBy(k) Fyu). (3.4f)

We denote the associated flow by sP[¢](u, ) = (uy, ), that is, (u;, ;) solves (3.3) with
initial conditions (4, ®;)|r=0 = (4, @) (existence of this flow is the special case § = 1 of
Lemma 5.1).

Remark 3.1. The notation (u;, ;) is used to denote different flows throughout the paper.
For example, in Theorems 1.1, 1.4, and 1.5, we defined (u;, oy) := s[t](u, @), while in
Theorems 3.2 and 4.2, we set (u;, a;) := sP[t](u, @). In each case, (u;, ;) serves as a
local placeholder for a specific mean-field flow.

In the next statement we compare the evolution generated by HB with the dressed
mean-field flow sP[¢]. To this end, we recall (1.11) for the definition of the functional 8
and (2.8) for the definition of the functional y. Also note that by Lemma 3.1 we have the
identity e 7"HN Wy = (WP)*e~i"HN WP Wy, which explains why we now consider initial
states of the form WP W .



Renormalized Bogoliubov theory for the Nelson model 945

The following statement is the main result of this section.

Theorem 3.2. Let (u,a) € H> @ Y52 with |[u|z> = 1 and let (u;, ;) = sP[t](u, a)
denote the solution to (3.3) for initial conditions (u, «). There exists a constant C > 0
such that for all Wy € D(H;,/z) with |[Wn| =1, N > 1, and t € R, we have

Ble N WP Wy, P[] (u, @)] + y[e N WUy, sP[1](u, @) ]

< RO (BIWP Wy, (u, )] + y[WPWN, (u,0)] + N7,

where RP(t) 1= 1+ [o'! lug |15 (1 + llats[15,,) ds.

To prepare the proof of the theorem, we introduce the fluctuation generator associated
with e "H~ and sP[t]. Recalling the definition of the excitation map (2.6), and fixing
Uy € Hy, (u,a) € H> @ bs/2, we consider the fluctuation vector

— D
1°() = Xevpuae INWP W, (3.5)

A simple computation shows that yP(¢) satisfies the equation i d, y° (1) = HY: <N ) x° @)
with

HYSN (1) = i Xavp ) XsP[m) ™ + Xsv[raue HY (Xspi)m) - (3.6)

Note that H,R =N (t) maps ful\,[ ® ¥ into F =N ® F, but for convenience, we will write
it as the restriction of a symmetric operator H,E ) FQ®F - F ®F, thatis,

HYSN (1) = Hpy() M PN ® F. 3.7

The explicit expression for H,E (1) is given in Section 6.4. The fluctuation vector x°(r)
then satisfies the Schrédinger type equation

i10:x°(1) = Hyo (1) x° (1), 3.8)
xP(0) = Xu,aWD"IJN- .
In Lemma 6.11 we will prove the following bounds:
D 1 1 2
£(Ho () = T) < 5T + C + (1 + —Nb) , (3.92)
1
I[N HY (0] < 5T + COV + (1 + va) , (3.9b)
d 1
£ SHD0) = 3T + CoO + D (1+ M) (3.90)

where N and T are defined as in (2.2), p(¢) = ||ut||fq3(l + ||a,||53/2)2, (ug, 0p) =
sP[#](u. a). Equipped with these estimates we can now come to the proof of Theorem 3.2,
whose strategy is inspired by [15,61,78].
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Proof of Theorem 3.2. Consider (u;,a;) = sP[t](u, «) and the fluctuation vector x°(¢)
given by (3.5) for initial states (1, o) and Wy as stated in the hypothesis. Note that by
definition, yP(¢) € ¥ fuly ® ¥ . Relations (2.92) and (2.9b) imply that

ﬁ[e_itHI[‘; WPy gD[t](u,O()] - i(XD([), N yP (1)), (3.10a)

z[—~=

y[eHNWPWy, PlH](u, @)] = — (x°(), T ° (1)) (3.10b)
From (3.9a) and 1y, <n 1P (t) = xP(¢) it follows that

N,B[e_itHII\)’ WPWy, gD[t](u,a)] + Ny[e_itHII‘)’ WPWy, gD[t](u,a)]
= (120, (T + NM)x° 1))
<2(x°@), Hyo ) x° () + C(x° (@), (N + DxP@)) =: f(©).

We proceed by estimating the time derivative of f(¢) in order to conclude via Gronwall’s
inequality. Using (3.8) and with the aid of (3.92)-(3.9¢), one computes

1= 2P0, (5 HE0)220) + CUPO.i1HD 0, M)
< CUPO.T20) + Co) (1P0). N+ 12°(0))
< CUPW). HDQ02°(0) + CoO @) (N + D2P0)) = Colo) [0,

where we used that p(f) > 1. Grénwall’s inequality thus implies f(¢) < e€ 1o p(s) s £(0)
and using (3.9a) again, together with (3.10a), (3.10b), we arrive at

Bl R WOy Pl )] = CeC R PO (P(0), (T + N + 1),°(0))
= OB POy (u. ) +y WP Un. ()] +N 7).

This completes the proof of Theorem 3.2. ]

3.3. Mean-field approximation of the dressing transformation

The dressing transformation WP is generated by an operator that looks like the interac-
tion term of the Nelson Hamiltonian, but has the regular form factor i By. There are thus
mean-field equations associated to the dynamics 8 — WP(0), (3.1), as in the case of the
(dressed) Nelson Hamiltonian. The mean-field equations corresponding to the dressing
transformation are given by

i09u% (x) = 1,0 g0 ()8 (x),
dpa? (k) = Bo(k)|u®|? (k). (3.11)
W a%)|o=0 = (u. ).
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where we introduced
) 1= Bul) L (0. Gar). Gulx) = 2ReliB.a). (3.12)
We denote by D[] the flow corresponding to this equation, i.e.,
DO (u.a) = U, a?), (3.13)

where (u?, ?) is the solution to (3.11) with initial condition (u, ). Being the flow of
an autonomous system of equations, we have D[] o D[—0] = 1. For 6 = 1 we use the
shorthand © = D[1].

In fact, ©[0] can be determined explicitly following [2, Lem. IIL11]. Since 7,6 40 is
real, the solution satisfies |u?|? = |u|2, and then the equation for & can be solved for

a® (k) = a(k) + 0By (k) |u[* (k).

Since By is an even function,
Re(iB Bolul?) = 1m [ dy B3 = 0lul*(3) = .

Hence, we have qgao = q;(,, and one can simplify the equations using 7,6 ,0 = Ty,o. The
system of ordinary differential equations (3.11) for each (x, k) is then solved explicitly by

w?,a®) = D[O](u, @) = (e~ %%wu, a + 0By () ul). (3.14)

The flow D[] preserves the relevant spaces of Cauchy data for the SKG equations (cf.
Proposition 2.3).

Lemma 3.3. Let n > 1 be an integer and n — 1 < s < n + 1. There exists C so that for
all (u,a) € H"(R?) & b and |0| < 1 the functions (u?,a?) = D[0](u, &) satisfy

[4 0
lu®llgzn < Cllullgnllelly, and lla®ls, < ClulFn + llels,).

Proof. We use the explicit form (3.13) of D[f] and some straightforward estimates (some
of which will be proved in Section 6.2). We have etftuaymyt — (V—i6Vty,q)"u for
m < n. With Vg, o(x) = —2Re(k By, @) we thus have

m
vl <Ccd Y

£=0j1++ji<m

14

(TT0k1" Bontoh ) v

i=0

< Cllullamllely, .

by Lemma 6.3 (where we used that s > n — 1). For a? we have
o —
lle”ls, < lleells, + 1611 Bo(k)uel*[lg, < lleellg, + 101 11wl |l gs-s/2-
For n = 1 we simply bound the last term by ||u||i4 < C||u||§_11, and for n > 2 we use that
1l rs-sr2 < [u?[lmgn < Cllullzgn-

This proves the claim. ]
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To connect the statements of Theorems 3.2 and 1.1, we make use of the fact that the
dressing flow ® interpolates between the SKG flow (2.11) and the dressed mean-field
flow (3.3). This is a direct consequence of Lemma 5.1 for 6 = 1.

Lemma 3.4. Forallt € R, we have
sPlt] o ® = D ost].
The next lemma is an analogue to Theorem 3.2 for the dynamics WP (8) in “time” 6.

Lemma 3.5. There exists a constant C > 0 such that for all (u,a) € H'(R3) @ bo with
lullzz =1, Yy € Hpy with |Yn|| =1, N > 1, and |0]| < 1, we have

BIWP(0)¥n, DO)(u, )] < ec<||u||§,1+||a||h0)(ﬁ[q,N,(u’a)] LN,

To prove the lemma, we introduce, in close analogy to the discussion after Theo-
rem 3.2, the fluctuation generator associated with WP (6) and D[6]. For ¥y € #x and
(u, ) € H'(R3) @ o, we consider the fluctuation vector

¢(0) = Xo0)w.a WP (O)¥y. (3.15)
A short computation shows that 1 dg¢(0) = Dufg (0)¢(0) with

N

1 A .
DY () = Xop)ua («/_ﬁ > @(iBy, )) (Xo100,2) "+ (39 X D[01t.0)) (X D0 0.) ™

j=1

acting as an operator F fuN ® F — F=N ® F. As before, it is convenient to write
Dufgl (6) as the restriction of a suitable symmetric operator Dy, 4(0): F @ ¥ — F @ F.
To this end, we define

N 11/2
Dua(8) = dTh(tua) + (/ dx dk e (k. x)a ;[1 - —”L +h.c.)

N
% Ny 11/2

_ (/ dx dk k6 (—k,x)akbx[l — W]-‘r + h.c.)

+ N—I/Z/dx ¥ (qys ®(iBx)qye — (u®, D(iB())u’))by, (3.16)

where 1y ¢ is defined by (3.12) and

ru(k, x) 1= (quiBg)(k)u)(x).

Using (2.5) and Lemmas 2.1 and 2.2 to compute ng (), one verifies the claimed iden-
tity, namely that Dufg (0) = Dy u(0) .(FfuN R F.

Proof of Lemma 3.5. Consider the fluctuation vector ¢(6) given by (3.15). Using (2.9a),
we can express the relevant 8 functional as

BIWP(0)¥n, D)1, )] = %(Z(Q), NE(0)). (3.17)
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We use i 09 (0) = Dy o(0)¢(0), with Dy, (8) given by (3.16), in combination with the
commutator bound (which is stated precisely and proved in Lemma 6.13)

1 /
£i[N. Dua®)] = Il + lolp)W + D(1+ (345) ).

Together with {(6) = 1., <y §(0), this implies
d
30 8(O). NL(©))| = CllulZr + lerllgg) (G (O), (M + 1)E(B)),
and by applying Gronwall’s inequality, we obtain for || < 1,

(€(0). (N + 1)E(0)) < S0 +li0) (£ 0) (N + 1)¢(0)).

In combination with (3.17) and the fact that ||£(0)|| = 1, we can derive the desired bound.
[

As a final preparation for the proof of Theorem 1.1, the following lemma gives an
upper bound for the functional y, defined in (2.8), when evaluated for the dressed states
WPWy and D(u, «) in terms of the energy difference of the microscopic and mean-field
models evaluated in the states Wy and (u, o), without dressing.

Lemma3.6. Let (u,a) € H*(R?) @ b5/ with ||lu| 2 = 1 and & be given by (1.10). There
exists a constant C > 0 such that for all Yy € D(HI{,/Z) with |Un| =1, N > 1, we have
y[WP N, D, a)]
< C(INTHw, Hy W) = €, 0] + max (B[¥, (u, )] + N7H772).
j=1,

For the proof of Lemma 3.6, which is given in Section 6.5, it is important to note
that the strategy used to prove Theorem 3.2 does not work. The reason for this is that
the operator T is not dominated by the generator D, (), and hence we do not have
analogous estimates to (3.9a)—(3.9¢) at our disposal. Therefore we rely on a different type
of energy estimate, motivated by ideas from [58].

3.4. Proof of Theorem 1.1

Combining the results of the previous two sections, we can prove our first main theorem.
Proof of Theorem 1.1. For (u, ) € H3(R?) @ bs/,, denote by
(ur,ar) = s[t](u,a), @°,aP) :=Du,a), @P aP):=s"[t]o Du,a)

the solutions of the SKG equations (2.11), and the dressed SKG equations (3.3) with
initial data transformed by the mean-field dressing transformation (3.13). Also recall that
by Lemma 3.4,

D(us, o) = P[] WP, oP). (3.18)
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Since WP(—1)WP(1) = 1 and D[-1] o © = 1, we can use Lemma 3.5 for § = —1 and
with Wy — WPe #HN Wy and (u, ) — D(u, ), we get

Ble N Wy (up, )] < €I Vi T1ho0) (B[P Wy Dy, )] + N 7).
The exponential factor is uniformly bounded in #, since by Lemma 3.3 and Proposition 2.3,

D2 2 2
P12 < ClluelZ o2, , < C.

b ) (3.19)
||Ol, “bo =< C(”utqu + ”at”f)l/z) <C.

In view of Hy = (WD)*HB WP (see Lemma 3.1) and (3.18), we can proceed using
Theorem 3.2 to estimate

:3 [e_itHJI\]I WDqJN , gD [t](uD, aD)]

< OBV Wy, (4. @)+ y WPy, (1% 0”)] + N 7).

where RP(t) = 1 + folt‘ ||MSD||12113(1 + ||ot?||53/2)2 ds. The B functional on the right-hand
side is estimated with the aid of Lemma 3.5,

BIWPUN, D(u,a)] < C(B[WN, (u.a)] + N 7).
The y functional is bounded by Lemma 3.6, which yields altogether
Ble™ Wy (s, ) = RO (INT! (W, Hy W) — 6w, )|

+ man (Bl 0] + N D).

It remains to relate the time-dependent pre-factor to the solution of the SKG equation.
Using Lemma 3.3 and the fact that (u?, aP) = D (us, a;5) we have

ot W s (1 Nl llgs0) < Cllusllaslless [, , (1 + lletslgs , + Nl l70)-
By Proposition 2.3 we have ||u ||1%1,1 < C. Young’s inequality then yields
D ! 10 10
RO =1+ [l + el ds. (3.20)

and this proves the claim. ]

4. Bogoliubov theory and the norm approximation

In this section we study the Bogoliubov approximation of e **¥ and prove Theorem 1.5.
Our strategy is similar to the case of the mean-field approximation discussed in Section 3.
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We start by introducing the dressed Bogoliubov Hamiltonian Hg,a(t) and the associ-
ated Fock space evolution UE, (%), which describe the fluctuations around the mean-field
solution for the dressed dynamics. In Theorem 4.2 we provide a statement analogous to
Theorem 1.5 for the dressed case. In Section 4.2 we then study the norm approximation
of the dressing transformation, which is given again in terms of a suitable Bogoliubov-
type evolution. This evolution describes the fluctuations with respect to the mean-field
dressing D[0]. We use the norm approximation of the dressing to relate the statements
of Theorem 1.5 and 4.2. For that purpose, it is crucial to observe that the Bogoliubov
approximation of WP(#) in fact interpolates between the dressed and undressed Bogoli-
ubov evolutions. This is stated in Proposition 4.6, whose proof is given in Section 5.

4.1. Norm approximation of the dressed dynamics

We introduce the Bogoliubov evolution describing the fluctuations associated with the
dressed Nelson Hamiltonian H}\), and the dressed mean-field equations (5.2). To this end,
we consider the quadratic approximation of the fluctuation generator H,‘Z (1) introduced
in (3.6) (see Lemma 6.10 for the explicit form of H,Ra(l)). For (u, ) € H3(R?) @ bs)»
and (u;, ;) := sP[t](u, o), we introduce the quadratic operator acting on ¥ ® F given
by

HY o (1) := dTs(he) + K + (K@ + hec.) + dla (@) (4.1)
+ /dx dk ((qu, Lo, (k)u:)(x)agb} + (qu, Lo, (k)*us)(x)agb}) + h.c.
+ /dk dl (=2My, (k, —Daja; + My, (k,Daga] + My, (—=k,—)agay).
with iy := hy, o, as defined in (3.4a),

(Lo (k)u)(x) := 2k Bx (k) (=i V + Fo (X)) (x), (4.22)
Mu(k, l) = (M, kB(.)(k) : ZB(.)(l)u), (4.2b)

with Fy given by (3.4c), and
1
KO = [ardy KOGih,. KD =3 [ardy KOGobib @20

where

KD =g, KM gy, KD (x.y) i= u@)V(x — y)uy),
K? = (qu ® KD, KP(x,y) = u(x)V(x — yu(y),
with ¢, = 1 — |u)(u| and V(x) defined in (3.2).

The next proposition on the evolution generated by the operator HB,Q (¢) is the special
case 8 = 1, A = oo of Proposition 5.2 below.
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Proposition 4.1. Let (u,a) € H*(R?) & bsjp with |ulz2 = 1 and let (u;, ;) =
sP[t](u, @) be given by (3.3). For every Wy € D((N + T)/2) there exists a unique solu-
tion to the Cauchy problem

10, ¥(r) = Hp) ,(1)¥ (1),
W (0) = Yo,

suchthat ¥ € CR, F ® F) N LIOC(R D((N + T)Y/2)). The solution map W — W(t)
extends to a unitary Uu’a (t)onF ® F satisfying UD (O FLu®F) S Fiu, ® F. More-
over, for every £ € N there is a constant C(£) such that for all t € R,

a([) (T + N + 1)Uu oz(l) = eC(l)RD(t)(T + N + 1)
Uy ()*(N + UZUE,D,(I) < CORO (N 4 1)L,

in the sense of quadratic formson ¥ ® ¥, with

Iz
RD(z) =1 +/0 ||us||i,3(1 + ||Ols||53/2)2 ds.

The next theorem is our main statement of this section, making precise that the evolu-
tion UP e (1) describes the fluctuations of the dressed Nelson dynamics around the dressed
mean-field solutions.

Theorem 4.2. Let (u, ) € H3*(R?) & bs)» with ||u|z2 = 1, and U2 wa (1) the unitary
defined in Proposition 4.1. There exists a constant C > 0 such that forall y € ¥1, @ ¥
with |yl =1, N > 1, andt € R,

J1og N

—itHD v * CRP 1/2
le™ N X 5 X = X0 Ui (D1 = € O8P(0)12 o,

where RP(1) := 1+ [0 |lugl1%s (1 + llesllps )2 ds with (us, 5) = sP[s](u, @) and
8°(x) = (1 + N 4+ dTp(=A) + dTa (@) x|

The proof of the theorem relies on a technical bound on the difference of H,E o(t) and
its quadratic approximation Hg,a (t) in terms of the operators N and T. In detail, there
exists a constant C > 0, such that for all y € FN @ F, PeFRF,

(s (Hypo (6) = H 4 (1))9)]

< CoO s | + T+ DV AN + T+ D)2l 43)
with p(t) = ||u,||§_13(1 + ||a,||53/2)2. The precise statement and its proof are given in
Lemma 6.12. Note that we choose to distribute the higher moments of N unequally in
(4.3) because below we will rely on the estimates provided by Theorem 3.2 and Proposi-
tion 4.1 that control the higher moments of N during the Bogoliubov dynamics, but only
its first moment during the many-body evolution.
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Proof of Theorem 4.2. Using that the excitation map is isometric, we can write the norm
difference as

—i D % *
le™ N X o 1 = Xoopgsa Uiea O = 12°0) = La sn Ul (D21l

where yP(¢) = X;D[t](u’a)e_”Hll\)/X;,a)(, and by (2.7), x°(0) = 1y, <n x. Then, since
L, <N P (t) = xP(t), we can omit the projection on the right-hand side by increasing
the value of the norm. Recalling (3.8), we now use i, y°(t) = H,Ea (t)x°(t) and Propo-
sition 4.1 to obtain

d
3 12°® = Uda 11 = 21m{x° (1), (g () = H o (1)) Upe () 0)-

Using 1y, <n x°(t) = xP(¢) again, we can apply (4.3) to bound the right-hand side, so
that

d
EIIXD(I) -0, (Oxl?
In N

< CoO (N + T + D2 OIII(N> + T + 1)‘/2U,?,a<t)x||ﬁ.

By Proposition 4.1, we have
V3 + T+ DV2UR (0] < R QYN+ T + 1)y
and using (3.10a), (3.10b), and Theorem 3.2, we obtain
@), (N + T + DrP(0) < RO (P0), (N + T + 1)1°(0)).

Since || x°(0) — x||> < N~1|| N /2 ||, the fundamental theorem of calculus and the above
estimates, together with %RD(Z) = p(t), imply the desired bound, namely

t
d
1X°(@) = Upo O xI7 = 1°(0) — xII? +/0 ‘&”XD(S)_UE,a(S)XHZ ds

< eCRD(t)||(N3 +T + 1)1/2X||2N_1/2 In N,

which concludes the proof of Theorem 4.2. ]

4.2. Norm approximation of the dressing transformation

We now consider the dressing transformation on the level of the fluctuations. The effective
dressing transformation is used for two purposes. First, it allows for a norm approximation
of WD(O) and, second, it intertwines the undressed and dressed Bogoliubov evolutions.
These statements are made precise in Lemma 4.4 and Proposition 4.6, respectively. Since
the undressed and the dressed Bogoliubov Hamiltonians are both quadratic operators on
F ® F,see (1.16) and (4.1), it is natural to choose the dressing transformation that inter-
polates between the two itself as an evolution generated by a quadratic operator. The
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right candidate for this is the Bogoliubov-type approximation of the microscopic dressing
WP(6) associated with the mean-field flow D[#] (more precisely, the evolution generated
by the quadratic approximation of the fluctuation generator (3.16)).

For (u,a) € L2(R?) @ L2(R?), u?, af) := D[6](u, @), A € Ry U {oo}, consider
the quadratic operator

DS, (0) := dT(tua) + ( / dx dk (k2 (k, x)ab} — kb (—k. x)agb}) + h.c.) 4.4)
with 7, o defined in (3.12) and

e (k. ) = (qui B ()w)(x), B (k) i= Tjgj<a Bx (k).

Since the unitary generated by ]DD{,\’a will play an important role in the renormalization

of the Nelson—-Bogoliubov Hamiltonian in Section 5, we introduce the kernel K{} with
a cutoff A € Ry U {oco}. The next proposition states the existence and some important
properties of this unitary evolution.

Proposition 4.3. Let (u,o) € H'(R?) @ L2(R?) with ||u||2 = 1 and denote (u?,a?) :=
D[0](u, &) the solution to (3.11) with initial datum (u, o). For every A € R4 U {oo} and
Wy € D(N'/2) there exists a unique solution to the Cauchy problem

10W(0) = Dy, (0)¥(6),
v (0) = Yo,

suchthat W € CR, F @ ¥F) N L2 (R, D(N12)). The solution map Wy +— ¥ (0) defines
a unitary W,f}a (0) on ¥ ® F with the following properties:

(i) WA D) FLu®F) = Fl0 @ F.
) (u,a,A) Wu{\a (0) is strongly continuous.
(iii) Wul,\a (0) is a Bogoliubov transformation.
(iv) For every £ € N there exists a constant C(£) > 0 such that for all (u, o) €
HY(R3) @ L2(R?) with |u|l;2 = 1, A € Ry U {oo}, and |0] < 1,
WA O N + WA, 0) < COMn 2 (v e @50)
WA BN + DEWA,0)* < COME D (4 e (45b)

in the sense of quadratic formson ¥ ® F .

Proof. Existence and uniqueness of the solution follow from [68, Thm. 8] in combina-
tion with the bounds from Lemma 6.13. As a consequence, there exists a two-parameter
flow WA, (6, 6') that for 6,6’, 0" € R satisfies W2, (6, 0”") WA, (6”7,6") = WA, (6, 6.
Indeed, define W,f}a (6" + 9, 0")¥(0’) to be the solution of i dy y () = D{,\,a O+ %) x ()
with y(0) = W(0’). Then the flow property follows from uniqueness of the solution, since
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W,f’\a (6,0")¥(6’) and W(0) are both solutions that agree at 6 = 6’. Since ID);\,“ (0) defines
a symmetric quadratic form on D (N /2), the flow maps W,f,‘a (6, 0’) are unitary.

To show the mapping property, consider the orthogonal projection I'(g,,¢) defined by
I'(ge) } F™ ® F = (q,0)®" ® 1 and satisfying i%F(que) = —[dT (tu,a), T'(gy0)]-
Since I'(g,0)(F ® ¥F) = F,,6 ® F, proving that for all ¥ € D(N1/2),

d
i 5 IT@0) WO = —(W(0), [D7e () — T (ru0). T(q,0)]¥(0)) =0 (4.6)

will imply WA, (0)(F1, ® F) C ¥, ® . This holds, since k*, (k, -) € Ran(g,,s) and
thus

[ akaxiemaiet T | = [ akaiib e T

= /dka;b*((l — o)y (k. DT (gye) =0,

with similar calculations for the other terms in the commutator. Applying the same argu-
ment to Wu’}a(@)* = Wlf}a(e’, 0)|g:=o shows that Wtf,‘a(e)*(?]_ue RF)CFLu®F,
which gives the equality.

We now prove continuity of (u, o, A) — Wuﬁx (O)V forevery V e F Q@ ¥, 0 € R.
Letu’,a’ € L>(R3), A’ € R4 U {co}. By uniqueness of the solution, Duhamel’s formula

(@, (1— WA, (0)* WA, (6)¥)
0
= i fo dy (&, WA ()" (D2, () — DA WA, (p¥) @7

holds for all W, ® € D(N'/2). As (', ', A') — (u,a, A), Ty, tends to Tw o in L2 (R3)
and /c,j\,/ tends to K,j\ in L2(R3 x R3), as one easily verifies. Thus, D;\’a (n) — ]D)f},ia,(n)
tends to zero as a quadratic form on D(N'!/2) and since W2, (1) preserves D(N1/2)
the difference in (4.7) tends to zero. Since 1 — WM‘/}‘X (9)*Wu‘},;
we can extend the convergence to arbitrary &, ¥ € ¥ ® F, so Wu‘}’;,(e) — Wu[,\a 0)
in the weak operator topology. Since this is a family of unitary operators, this implies
convergence in the strong operator topology.

The fact that W,j}a (8) is a Bogoliubov transformation can be deduced from the prop-
erty that 7, o € L2(R3) and k2 € L2(R3 x R3), which holds for all A € R4 U {cc}. This
is a well-known result; see e.g., [12, Lem. 4.8].

To demonstrate the final statement, we rely on the fact that W,j}a (0) is a Bogoliubov
transformation. This implies the existence of bounded linear maps 1, v: L? @ L? — L> @
L?,v e &2(L? ® L?), such that

Wi (0) ™ (f ® )Wy (0) = c*(f @ g) + c(o(f @ g))

forall f,g € L?, where c*(f @ g) = b*(f) + a*(g). Using this relation, one can deduce
(see [12, Lem. 4.4]) that forall £ € N,

WAO)* (N + DEWA0) < €51 + 2]vle, + lul)“ (N + 1)

,(0) is uniformly bounded,
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as quadratic forms on ¥ ® ¥ . To bound the norms on the right-hand side, we rely on the
fact that )
Iolig, = &2 Wi, O))? < Ml el

where ||V 1/2 W,f,‘a (9)K2]|? is bounded by estimating the derivative with respect to 6, using
the bounds from Lemma 6.13, and then applying Gronwall’s inequality. Together, this
proves (4.5a). Now using the fact that the inverse of a Bogoliubov transformation is again
a Bogoliubov transformation, the proof of (4.5b) can be carried out in a similar fashion.
In fact, it is easy to show that

Wi ()™ (f @ )W, (0)" = c* (™ (f @ ) — c(v*(f & 2))
and thus we can follow the same steps as in the proof of (4.5a). ]

Lemma 4.4. Let (u, o) € H>(R3) @ L?(R3) with ||lu||z2 = 1, and A € (0, 00). Then for
all @ € R and r € [0, 1] we have

W, (@)D(T") € D(T"),
where T = dTp(—A) + dT'; (w).

Proof. For u € H*(R3) and finite A, the coefficients of the generator, 7, 4(x) and
K;\g (k, x), are elements of H?(R3) in x and compactly supported in k. The commutator
[T, D,ﬁa ()] is thus T -bounded. From this, the claim follows from Gronwall’s inequality
and interpolation. ]

The next lemma shows that the dressing transformation WP (#) introduced in (3.1) is
effectively described by the evolution W23, (6) introduced in Proposition 4.3. The proof
of the lemma follows a similar strategy to the proof of Theorem 4.2.

Lemma 4.5. There exists a constant C > 0 such that for all (u, ) € H'(R3) & L?(R?)
with|ullj2 =1, y € FLy @ F with ||yl =1, N > 1, and |0] < 1,

o} 2 3 _1
IWPO) XS o = X D010y Wi () x| < eC PN H 002 (1 4 )2 y v =2,

Proof. Let {(8) = Xo[0)u,0) WD(G)X;‘#)( with {(0) = 1, <y x and write the norm dif-
ference as

||WD(9)X:,O¢X - X%[e](u’a)W;fx(O))(H = [15(0) — I, <~ W,ffx(f))xll.

Observe that dropping the projection 14, <y from the norm increases its value, since
L, <n8(0) = £(0). Using 139 (0) = Dy ,a(0)5(0), with Dy, 4(6) given by (3.16), and
Proposition 4.3, we obtain

d
3018 — Wea (011 = 2Im(Z(8) — W35, (0) . (Du,a(8) — DS, () Wi, (6) ).
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To bound the right-hand side, we employ Lemma 6.13, which states the existence of a
constant C, such that for all (u,a) € H'(R?) @ L2(R3) with |u;2 =1, ¢,y € F @ F,

¢, (Dua(8) =D, (0N 1)] < ClIIIIIN + 12 x| N~V2,

With this at hand, the proof is readily finished, as
d _
@II?(@ — W2 O)xl*| < ClIE©) = WD) xIlII(N + 1> ZWE2,(0) xIIN 2,

so using that [|£(0) — x|l = [Lu,>n x| < N73|N'3/2x|? and integrating leads to
15(6) = W% () xll < CII(N + 1 2Wee,(0) xIN 712,
The desired result now follows from (4.5a). [

After having established that W,77, (¢) provides a norm approximation for WP(6), the
next proposition clarifies its second key characteristic: namely, how the dressing W7, (1)
intertwines between the dressed and the undressed Bogoliubov evolutions. Since W7, (1)
is the unique N -independent Bogoliubov-type approximation for the microscopic dressing
WP, it naturally serves as the correct dressing at the level of the Bogoliubov evolutions,
as Bogoliubov transformations are closed under composition. This is the content of the
next statement, which is the analogous statement to Lemma 3.4 for the mean-field flows
at the level of the fluctuations. The proof of the proposition, along with the proof of the
existence of Uy o () (Theorem 1.4), is the subject of Section 5 (see Proposition 5.3).

Proposition 4.6. Let (u,«) € H3(R?) @ Y55 with |[u||z2 = 1, and U(z), UP(¢), W (0)
the evolutions introduced in Theorem 1.4 and Propositions 4.1 and 4.3. For every t € R,
we have

Ug(u,a)(t)wuofx(l) = so[i)](u,a)(l)Uu,Ot(t)'

Observe that the actions of the mean-field flows, with respect to which we are con-
sidering fluctuations, on both sides of the identity agree. Indeed, on the left, (1, «) is first
evolved to ©(u, o), by the definition of the generator D;;%, (6), which is taken as the ini-
tial reference state in the dressed Bogoliubov transformation Ug(u, o) (1), whose generator
includes the evolution sP. On the right-hand side, the reference states evolve according to
(u,0) > s[t](u,a) = D[1] o s[t](u, @), which equals sP[t] o D(u, a) by Lemma 3.4.

The next statement is the last step in the preparation for the proof of Theorem 1.5. It
is an immediate consequence of Propositions 4.6, 4.1, and 4.3.

Corollary 4.7. Let U, o (t) be the unitary of Theorem 1.4 and (u;, oy := s[t](u, o) with
(u, @) as stated in the hypothesis. For every £ € N there exists a constant C({) so that for
all |t| = 0,

Una(®)* (N + D Uya(t) < eCORON 4 1)t

as quadratic forms on ¥ @ ¥, where R(t) =1+ f(lt|(||us||}_103 + ||ozs||%)0 ) ds.

5/2
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Proof. Starting from the identity of Proposition 4.6 and acting with Wg"[‘;](u, ) (1)* on both
sides, we can express Uy () in terms of three Bogoliubov evolutions, for each of which
the corresponding bounds on number operators have been established in (4.5a), (4.5b),
and Proposition 4.1. Collecting the right constant, this gives

Uyo(1)*(N + l)fUu,a(t) < eC(ﬁ)(RD(t)JrIIu?II;{l+||a'?||Lz+||u||§1+||¢¥||Lz)(W- + I)E’

with RP(¢) := 1 + f(lt‘ [ul|7,5(1 + laPll5,/,)* ds, where (u}, ap) = sP[r] o D(u, ).
That the exponential factor is bounded by e€©R® follows from (3.19) and (3.20). ]

4.3. Proof of Theorem 1.5
We are now ready to prove our second main result.

Proof of Theorem 1.5. Let (u,a) € H3(R3) @ hsp with lullp2 =1, y € F1, ® ¥, as
given by the hypothesis. Let W,7¢, (1) be the Bogoliubov approximation of the dressing
transformation of Proposition 4.3 and U,, o (¢) be the Nelson—-Bogoliubov dynamics given

by Theorem 1.4, and U%(u a)(t) be the dressed Bogoliubov dynamics of Proposition 4.1.

Using (1.17), we can write the norm difference that we want to estimate in terms of
the dressed dynamics,

—itHP *
D= [le " INWPXE L x = WP X200 U O -

We split this into the difference of the dressed dynamics and its Bogoliubov approxima-
tion, and the corresponding approximation of the dressing transformation, i.e., we estimate
D <Dy + Dy + D3 with

Dy = [l HRWPX o x — e N X oy Wit (D]
—itHP v * *
Dy 1= [l ¥ X350 0y Wi (DX = X010 00 UB .o ) Was (D1
D3 := ”X:D[t]o,’i)(u,a)U%(u,ot)(t)W;jl(l)X - WDX:[I](usOl)U"’“(t)X”'
Recalling © = D[1] and applying Lemma 4.5 with 6 = 1 immediately gives
D1 = IWPXZ X = X500 Wira DXl = CIGN + 12y INTV2.
By Proposition 4.6 and Lemma 3.4, we have
“D3 = ”X%()os[[](u,a) so[Ct)](u’o()(l)Uu,a(t)X - WDX:[;](u,a)Uu,a(t)X”’
and applying Lemma 4.5, Proposition 2.3 then yields (here, (1, «;) = s[t](u, a))
D; < CMlin Tlelid) (4 1320, o ()2 INTV2 < CIN + 1) Upa () 2 IN V2.

Using Corollary 4.7 we arrive at the desired bound D3 < eCRO|(N + 1)3/2y||[N~1/2.,
To estimate D5, we apply Theorem 4.2 (note that D(u, o) € H* & §s/» by Lemma 3.3
and (v, ) € H? @ bs/) so that

Dy < e“ROL (WS, (1)) 2ViIn NN~V



Renormalized Bogoliubov theory for the Nelson model 959

with RP(¢) = 1 + foltl ||u?||§{3(1 + ||oz?||53/2)2 ds and (uP, aP) = sP[1]D(u, @), which
equals D(s[t](u, @)). In view of the bound on RP(¢) stated in (3.20), this yields the
claimed bound with
8(x) = 8P (Woe, (1) ).

The domain of § is dense in ¥ ® F since it is the image under the continuous map
W2, (1)* of the dense set D((N3 + T)'/2). The set D(N3 + T)'/2) N F o @ F is
also dense in ¥ ,0 ® %, as I'(¢,p) is continuous and leaves D((N3 + T)'/?) invariant
for uP® € H'. By the mapping property from Proposition 4.3, we have Wea(D*Fruo ®
F = F1, ®F, so the image of D((N3 + T)'/2) is also dense in F1,, ® F. This com-
pletes the proof. ]

5. Renormalization of the Nelson-Bogoliubov evolution

This section is dedicated to proving the existence of the renormalized Nelson—-Bogoliubov
evolution, which is stated in Theorem 1.4. To accomplish this, we consider a family of
Bogoliubov Hamiltonians Hf},a,@ that interpolate between Hf},a and HI}) , with “dressing
parameter” 6 € [0, 1] and UV cutoff A < co. The key point is that for § = 1 we can
remove the cutoff, i.e., HS, | = HB’W and that the Bogoliubov transformations W,f}a 0)
associated with the dressing interpolate between the different members of (Hf}, o 0)oelo,1]-
We exploit this property to prove Theorem 1.4 in Section 5.2 by defining U, () as
the Bogoliubov transformation generated by HB,‘X and transformed by the Bogoliubov
approximation of the dressing. Along with the existence of Uy 4(?), this also proves
Proposition 4.6.

Even though the general strategy in this section is motivated by Nelson’s original
approach for renormalizing the Nelson Hamiltonian, the argument is more involved on
the level of the fluctuations. This is because the dressing transformation and the different

Nelson—-Bogoliubov evolutions are all generated by non-autonomous equations.

5.1. Bogoliubov Hamiltonians with § € [0, 1]

In order to define the Bogoliubov Hamiltonians H,‘},a (1), we first introduce the partially
dressed mean-field flow
sglt] = D[] o s[t] 0 D[], 5.1

where s is the flow of the Schrodinger—Klein—Gordon system (2.11). For the next state-
ment recall the definitions below (3.3) and ¢4 (x) = 2Re(Gy, «).

Lemma 5.1. For (u, ) € H'(R3) @ by/a, the function (uy, o;) 1= sg[t](u, &) is the
unique solution to the Hamiltonian equations
iatut(x) = hu,,a,,eut(x)v
100 (k) = o(k)a; + (1 —0){us, Gy (k)uy) (5.2)
+20(u;, kB (k)(—iV + 0Fy, )uy).



M. Falconi, J. Lampart, N. Leopold, and D. Mitrouskas 960
with conserved energy

o (u, ) 1= (u (—A + (1= 0)pa + 0Aq + 02(Fa)* + %Vg x |u|2)u> 1 (@, wa), (5.3)

where
hu,a,9 =—A+ (1= 0)py + 04y + 92(Fa)2 + Vo * |u|2 — Mu,a,6, (5.4a)
1—0 1
P9 = —— (1t datt) + 5 (u, Vo % lu*u) + 6 Re(er, fu + 0gu.a). (5.4b)
Vo (x) := —40 Re(Gy, Bo) + 26% Re(By, wBy). (5.4¢)

Remark 5.1. Since, for & = 1, equations (5.2) coincide with the dressed mean-field equa-
tions (3.3), we have s1[t] = sP[¢]. Lemma 5.1 thus provides a proof of Lemma 3.4.

Proof of Lemma 5.1. One checks by direct calculation [2, Prop. I1I.12] that
&y = &y o D[-1]. (5.5)
Since s is a Hamiltonian flow of &, with respect to the symplectic form
o((u.a), (@' ")) =2Im((u,u')2 + (. ') 2). (5.6)

and the equations (5.2) are the Hamiltonian equations for &y, the claim should follow by
showing that © acts by symplectic transformations. However, since the involved spaces
are infinite-dimensional, we need to take care of some domain issues. These are addressed
by [28, Lem. 6.9], so we will check the hypothesis of this lemma (the reader might find it
helpful to consult the examples given in [28, Sect. 6.5]).

(1) (v, @) — D[O](u, ) must be differentiable with derivative continuous on E =
H'R3 @b, /2- and symplectic. The derivative of the flow is

Ao D01, @) = (e 7% v—iB($, —2Re(u, g v))u’,y +6By2Re uiv). (5.7)

As alinear function of (v, ), this is continuous on H ! (R3) @ by /2, forall (u, ) €
H'(R?) & b2, as follows from the bounds of Lemma 6.3. Using formula (5.7),
one also checks that

0 (0w,n D, 0w,y D) = a((v,n), @),

by using that By is an even function and observing that the mixed terms in v,
1’ cancel each other (see also [2, Prop. IV.1]), i.e., D is symplectic in the sense
of [28, Def. 6.5].

(2) The domain D on which the Hamiltonian vector field (given by equation (5.2)) is
defined must be invariant under the flow ©. We take D = H3(R>) & §s/2, so this
follows from Lemma 3.3.
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(3) The derivative of &g on D should be compatible with the symplectic structure as
in [28, Def. 6.5]. Since in our case the symplectic map is simply J = 2i with range
H'(R3) & by/» C E’, we must check that for (u, ) € D, the right-hand side of
equation (5.2) is an element of H'(R3) @ b; /2. This follows from the bounds of
Lemmas 6.3 and 6.4.

Thus the hypothesis of [28, Lem. 6.9] is satisfied and this implies the claim. ]

Next we introduce a family of 8- and 7-dependent quadratic operators Hf}a o(0) on
F ® ¥ that is associated with the mean-field flow sg[t](u, o) and defined such that

HR, o) = HY (1) and H, (1) = HD ()

u,o, 1

for the Nelson-Bogoliubov Hamiltonian (1.16) and the dressed Bogoliubov Hamiltonian
(4.1). These are essentially the Bogoliubov Hamiltonians associated with the partially
dressed Hamiltonians WP (8) Hy WP(#)*. It is important to note that for 6 € [0, 1) the
operator needs to be defined with a UV cutoff A < oo, while for 8 = 1 the definition also
makes sense for A = co.

Now, more concretely, for (4, ) and 6 € [0, 1], let (u;, ot;) := s¢[t](u, o) denote the
solution to (5.2), and define

H2, o (1) == Ty (hy, 0,.0) + KSO + (KEPD + he.) + dTy (o) (5.8)

b [ e (@ L, 000 + (L, (0" 1) (W0arb) + b

t

+ 6?2 / dk dl (—2M 2 (k, —Daga; + M (k. Dagal + M (—k, —Dagay),
with hy,, 4, ¢ defined in (5.4a),
(Ly o) (x) := (1= )G (k) + 2B ()k((—i6V + 0% Fy(x)u)(x).  (5.9a)
M2 (k1) := (u.kB{ (k) - 1By (D). (5.9b)
and
A A A 1 A
Kéli)l = /dx dy Kélt)t (x,y)biby, Kézl)l = 3 dxdy K(gz; (x,y)b;b;,
where
AL (1), A (1), A . VN
Kyo™ = quKy o qu, Koot (v, y) i=u) V(e = yu(y),  (5.9¢)
AL (2),A i (2),A .
KD = (qu @ g K™ K0 (xy) = u@ VA = yu(y).  (5.9d)
with
VA (x) := —40Re(G2, Bo) + 260% Re(BL, 0 Bo).
For 6 = 1 and A = oo, these definitions coincide with those from Section 4.1. For 6 # 1,
the cutoff A < oo is necessary, since the term involving G2 (k) in (5.9a) does not yield
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a quadratic form on D(T1/2) for A = oco. All other terms are in fact unproblematic for
A = oo evenif 6 # 1. For the purpose of the proof of Proposition 5.3, where cancellations
between different terms are important, we work with the definition given above.

The next proposition states the existence and suitable properties of the unitary time
evolution generated by ]HI;:\ @.f ().

Proposition 5.2. Let (u,a) € H*(R?) & bsjp with |ulz2 = 1 and let (u;, ;) =
sg[t](u, ) be given by (5.1). Moreover, let @ = 1 and A = oo or 6 # 1 and A € (0, 00).
For every W € D((N + T)'/2) there exists a unique solution to the Cauchy problem

19, W(t) = HY , o ()% (0),
W(0) = Wy,

such that ¥ € C(R, ¥ @ F) N L (R, D((N + T)V2)). The solution map ¥o +— W(¢)
extends to a unitary U:f\,aﬂ(t) on ¥ Q@ F satisfying U,f\a’e O FLu®F) S Fiuy, @ F.

Moreover, for 6 = 1 we have the following properties:

(i) There is a constant C > 0 such that for all A € Ry U {oco} andt € R,
UL, L(O*(T + MUL, (1) < eCF°OT + W + 1)

in the sense of quadratic forms on ¥ ® ¥, with R°(t) :== 1 + fom ||us||12q3(l +
||Ots||53/2)2 ds.
(i) Foreveryt € R,
Uy ) = IS\‘E‘;]O Utf\,a,l(t)'

(iii) U,ﬁa,l () is a Bogoliubov transformation for allt € R, A € R4 U {oo}.
(iv) For every £ € N there is a constant C(£) such that for allt € R and A € R4 U
foo), )
Uit 1 (N + D UR 1 (1) < eCOFON + 1)

in the sense of quadratic forms on ¥ ® ¥, with RP(t) as in (i).

Proof. Existence and uniqueness of the dynamics and property (i) follow from [68,
Thm. 8] and the bounds of Lemma 6.8. Note that the existence of the unitary Uwﬁ .0 ()
follows by the same reasoning as in the proof of Proposition 4.3 and that the mapping
property is obtained by a similar argument to (4.6).

To prove (ii) use Duhamel’s formula for ¥, & € D((N + T)'/2) together with Lem-
ma 6.9 to obtain

(B, (1 - U (1) UL, (1)) P)]

u,a,l

2]
< /0 ds (2. U, 1 ()" (HE, 1 (5) — HA, () UL, , (5)0)]

[¢]
seA/ ds eCR"O (T + N + 12U, O ENIT + N + D2 UL, ()W],
0

u,o,1
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where RP(s) = ||usl|§_13(1 + ||O(s||f)3/2)2 and ep — 0as A — 0. The right -hand side thus
converges to zero by property (i). This implies strong convergence of U a1 10 U w1 b
unitarity of Uu w1 A € Ry U {oo}, as argued in the proof of Proposition 4.3.

The statement that Ulj\’a’l (¢) for finite A is a Bogoliubov transformation is essentially
a consequence of the square-integrability of the kernels in (5.8) appearing in the terms
with b*b*, b*a*, and a*a*; see [12, Lem. 4.8] for a detailed argument. For A = oo,
however, the kernel corresponding to a*b* fails to meet the Hilbert—Schmidt criterion. In
this case, the statement follows from a suitable approximation argument, see Lemma B.1,
together with the fact that U;f\,a,1 (1) = U;5,.1 () converges strongly.

The final statement can be derived using the same logic as in the proof of Proposi-
tion 4.3, in combination with Proposition 5.2 (i). ]

5.2. Dressing identity and proof of Theorem 1.4

We can now prepare for the proof of Theorem 1.4. We will start by making precise how the
unitaries WA (0) interpolate between the Bogoliubov dynamics U;\ a0 (¢) for different 6.
For 6§ = 1 we can then take the limit A — oo of Uif\,oz,l (¢) to obtain information on the
behavior of U,f‘a ot) as A — oo.

Let (u, ) € H3(R?) @ b5/ with [[ul|z2 = 1, and consider the evolutions

Us)[e(ua)e(f) and W (11w (0): (5.10)

with generators ]HI 01(u.00), o(7) and ID) [l (0), respectively (see Propositions 5.2
and 4.3). It is 1mp0rtant to keep in mind that the subscripts refer to the initial condition of
the mean-field flow, which is used to define the generator of each evolution.

The next result shows that the two flows in (5.10) commute, up to a global phase.
The additional phase is due to the fact that we wrote H%[B](u, .0 (t) in normal order,
which is not preserved by the transformations. As discussed below, this identity is the key
ingredient for the renormalization of the Nelson—-Bogoliubov Hamiltonian.

Proposition 5.3. Let (u,a) € H*(R?) @ s/ with |lu 2 = 1 and (us, ;) = s[t](u, o)
be the solution of (1.8) with initial datum (u, @). If we denote

EM®) = 20— 0)(G. B + -

2(u,, VGA s g |2uy),

then forallt,0 € R and A € (0, 00) we have the identity

A —i [tds EA A *TTA A
U, 0(t)e o ds B () = We o100 @) " Usa1a,a,0 1) Wi o (0).

This proposition follows from the uniqueness of both sides by comparing their deriva-
tives. The lengthy calculation is given in Section 5.3. Assuming this for now, we can prove
Theorem 1.4 and Proposition 4.6.
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Proofs of Theorem 1.4 and Proposition 4.6. By strong continuity of W,f’\a (6) in A (see
Lemma 4.3) and of U2 (t) (Proposition 5.2), we have

u,a,l

By Proposition 5.3 with 6 = 1 and UA (1) = U:f\,a,o(t) this shows that

S

. et A
Una(t) = slim Uy o(0)e 7 o ETS = Was ) (D Uy 0,1 (OW25(0). (5.11)

Strong continuity of ¢ + U, 4 () follows since the right-hand side is strongly continuous,
asfor ¥ € ¥ ® ¥ the maps

1= W solt](u, a)(l) v, 1t Ul%o(u,a),l(t)‘p’ l Wu a(O)“p

are continuous. In order to relate the phase to the one given in the statement of the theorem,
we recall from (1.3) that (Gé\, Bé\) = EA. The convergence of (us, V2 * |ug|?uy) for
A — oo follows from Lemma 6.4 and Proposition 2.3.

To show the mapping property for Uy (), consider I"(qy,) as in the proof of Propo-
sition 4.3 for (u;, «;) = s[t](u, ). By the same argument as in (4.6) one shows that
1T (qu,)U, ao(l)\I’H =0 forevery Y € ¥ ® ¥ and all A € R4, ¢t € R. The desired

result then follows from ||T'(qu, ) U2, o()W[| = [IT(qu,) U (1) ¥[|* as A — oo.
The property that Uy, ,(?) is a Bogoliubov transformation is a direct consequence of
the result that it is a composition of three Bogoliubov transformations. ]

Remark 5.2 (On the renormalized Nelson—-Bogoliubov Hamiltonian). If the evolution
operator Uy, o(¢) were a semigroup, we could deduce from Theorem 1.4 the existence
of a generator H, , that would represent the renormalization of the Nelson—Bogoliubov
Hamiltonian (1.16). But U, 4(?) is associated with a non-autonomous evolution equation
and M, o should depend on the time ¢. In this setting, only the following, weaker theory
is available (see [83] for details). Consider the extension of Uy, () to a two-parameter
family U, o(#, s) with Uy (#,0) = Uy (). On the Banach space Coo(R, ¥ ® F) of
continuous ¥ ® ¥ -valued functions tending to zero at infinity, we can define the corre-
sponding evolution semigroup of isometries by

(T@®)x)(s) = Unals.s 1) x(s —1).
Then T has a generator A, D(A) C Coo(R, ¥ ® F), which corresponds formally to
d . d
ADE) = TO| _ 1) = (=i Hua) = ) 16).

However, we do not have any information concerning the domain or self-adjointness of
H,,«(¢) (one could consider using [83, Thm. 2.9], but this does not apply since the solu-
tions provided by Proposition 5.2 need not be differentiable in the norm of ¥ ® F).
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5.3. Proof of the dressing identity

In this section we derive the dressing identity for the Nelson—-Bogoliubov evolution, that
is, we prove Proposition 5.3. To enhance the clarity of the presentation, we will use the
shorthand notation

U (1) := U giuay0@s - WAO) 1= WAL 1) (0),

(5.12)
HE (1) := HYprm.0().  DP(O) = D;‘O[,](u,a)(e).

Proof of Proposition 5.3. Adopting (5.12), the identity we aim to prove becomes
Ugh e B EEO = WA6) U (1) Wi (9).

The idea is to prove a differential version of this identity after taking derivatives in ¢ and
6. To make this precise, first note that the coefficients of DA (#) given in (4.4) depend
on u, o in a differentiable way. Since for (u,a) € H?(R3) @ b; the flow sg[t](u, @)
is differentiable in ¢ in the L2-sense, this implies that for any W € D(.) the mapping
t— D;\(G)\IJ is differentiable in ¥ ® % . Since WtA (0) preserves D(N), we deduce
from Duhamel’s formula (4.7) that WtA (0)V is differentiable in ¢ for ¥ € D(N) and

2]
(9, WAO) YWA(O)W = — /0 dp WA () *(3:DM () WA () .

Denote by VGA ()= WtA 9)* Ué\ (1) WOA (0) the right-hand side of the identity we want to
prove. It follows from our previous considerations and Lemma 4.4 that for ¥ € D((N +
T)/2) we have

10, VAW = (19, WAO)*) UL ()W () + WA (0) HP (1)UL (1) W (0)®
=:Bo() Vi (1) W

in D((N + T)~"/2). By uniqueness of the solutions proved in Proposition 5.2 our claim
. ot

will follow if we can show that the generators of Ué\ (t)e™ Jods E§ () ang VOA () are equal,

that is, for every ¢ € R,

HA () + EL (1) = Bo(t)

0
=— fo dp WA m)*@,DM) WA () + WAB) HE (1) WA (6).

Equality holds for # = 0 since E{* = 0 and W,A (0) = 1, so it is sufficient to prove that
forall W, E € D((N + T)Y?),

0=idg(E, (HY (1) + EX(1) — Bo(1)¥) (5.13)
= (WAO)E, (109 ER (1) + i3, DM (0) — idgHA (1) — [HE (1), DM@ WA (0)¥),
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where we anticipated differentiability of Hé\ which follows easily from the explicit cal-
culation of its derivative below.

The remainder of the proof is an explicit calculation of this quadratic form. For ease
of presentation, we set, using that the flows commute,

W?,a?) 1= sq[t] 0 DA (u, @) = D[O] 0 s0[t](u, @). (5.14)

Moreover, we do not make the dependence of the different objects on #, 6, A explicit
everywhere and adopt the following shorthand notation:

ho = hys 40 - LY (k) := (1= 0)GY + 2B (K)k(~i0V + 07 F0().
Tt i= Tuy s M™ (k. 1) == (uf kB (K)IBYDuf).

q =g, =1-ui)(u7l. KA = KéliﬁA

kM k. x) = (@i B ()ud)(x), KPS = K(gi}?‘\.

Note that M2 (k, 1) is independent of @ as the flow D preserves the modulus of u.
After commuting Hy and Dy, the expression from (5.13) takes the form

— 10D (6) +id9Hy (1) + [Hg (1), D7 (6)]
= /dx b¥(—id;ts + idghg + [he, )by (5.15a)
+ / dxdy D(x, y)byby, +iEp + (/ dxdy D(x, y)byby — h.c.) (5.15b)
+ / dk dx (X (k, x)a;bk + X (k, x)arh}) — h.c. (5.15¢)
+ / dkdl A(k,laza; +iEq + (/ dk dl A(k, Daga) — h.c.), (5.15d)
in the sense of sesquilinear forms on D((N + T)'/2). We will now show that all the

coefficients of creation and annihilation operators vanish, and that £, + Ep = dg E é\ ).

Mean-field part (5.15a). By (3.11), Lemma 5.1, and (5.14) we have Bguf = —ittu‘f and
d,u? = —ihgu?, and since the derivatives commute

0= (0;09 — 990 u? = (—(id;7/) + i(dghg) + [hg. T:])ul.

Since (5.14) is a bijection, this implies that (5.152a) vanishes.

Terms quadratic in b, b*, and E}p (5.15b). In the commutator [Hé\ (t),DA(6)] a quad-
ratic term in b, b* can arise either by commuting two terms with b*a*, or terms with b*b*.
In the first case, the coefficients are combinations of Lé\ (k) and k2 (k, ) integrated over k.
In the latter case, some terms have already been taken into account in (5.15a) and only the
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commutators of K 6(.1)’A, K ;2)’1\ with 7; remain. Combining these with the derivatives of

K él)’A, K éz)’A and putting them in normal order yields
. A, A,
D(x.y) = idgKy P (x,y) = (m(x) = ()K" (x. y)

_ / dk (g(LA (k) + LA~k ) (xP (k. )

+ [ ko el @) + L )0,
By =1 [ ardeflen(aLd ) + L 0"l o
Bix.y) = 50KPN (w0 — 30 () + 5 ONKP M x, )
+ [k @@ w0 + L o) k).

We now show that D(x, y) = 0. First, we may observe that i8gu? = rtuf andg =1—
|uf) (uf| imply for any operator Ty the identity

id0(qTou?) = v1qTou’ + q[T, tJul + q(ideTo)u?. (5.16)
Since [VA, 7] = 0, this gives us
i3 K5 (%, y) — (1 (x) — e ) KSA (x, )

= /dz dz’ q(x, 2)ub (2) (9 VL (z — 2 )il (2')g (2, y). (5.17)

To evaluate the terms involving Lé\(k) + Lé\(—k)*, we first calculate using B_)ﬁ\(—k) =
B} (k).

(L3 (k) + L (=Kl (x) = (1 = 0)2G 2 (k) + 20k BL (k))uf (x).
This gives
- / ke (g (L (k) + LA (—k)*u) ()P (k. 7)
= /dz dz’ q(x, 2)uf(z)(2i (1 — )(BLS, G2) + 2i0(k*BS, B2))ul (2')q(2', y).

z'»

Adding this and minus its complex conjugate with x, y exchanged (which leads to an
exchange of z, z’) gives with (k? + w(k)) By (k) = G« (k),

z/»

/dz dz’ q(x, 2)ul (z)(4i (1 — O)Re(BL, G2) + 4i0 Re(k?BS, BA)il (')q (2", y).

=4iRe(BS,GP)—40i Re(w B, BM)=—idg VP

Combined with (5.17), this shows that D = 0.
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For D this follows from the same calculation, using that (B;\, G;‘) = Bé‘ Gé\ (x—y)
is real valued since G, B are even functions. By the same reasoning, the value of the
constant is

z!» z'»

Ep =—i /dx dzdz' q(x, 2)uf(2)(2i (1 — 6)(BA, G2) + 2i0(k?BS, BXY)
x ﬁ?(z’)q(z’,x)
i / / . A - A
= —E[dz dz' q(z', z)(—i 89V9A(z —z )uf(z)uf(z ))
1
= 2Re(G&, BL) — 20 Re(wBE, BL) + 39§<u?, VA * ul)?u?y, (5.18)

where we used that |u? |2 is independent of # and integrates to 1.

Mixed terms in a, a*, b, b* (5.15¢). Mixed terms with, say, a; b} arise from the deriva-
tives of the respective terms in H2, DA, and from the commutator [HZ, DA] if one
commutes a term with one a* and one b* with terms with two a*’s or two b*’s. The
commutator

[/dkdl @M (k,~Daga; + M*(k.l)aja} + h.c.),

/ dx dm (k2 (m, x)ak bt — kA (=m, x)amb*) + h.c.]

vanishes identically, as one easily checks.
We group the remaining terms into two parts, X = X 4+ X @ which vanish sepa-
rately. Spelling things out, we set

XDk, x) == (i0g — 1,(x))(@L{ (k)uf)(x) + (=id; + hg + w(k))kP (k. x),
Xk, x) = / dy (KSR e, )i (e, y) + K2 (6, ) (<, y)),
XDk, x) == (i0g — 1,(x))(qL{ (k) u)(x) + (0, — hg + w(k))k (—k, x),
Xk, x) = —XP(—k, x).
To see that XV (k, x) = 0, we use (5.16) with Ty = Lé\(k) and the identity
V1, (x) = V2Re(i By, a’) = 2Re(k By, a?) = Foo(x)
to obtain
(idp — (X)L (k)u?y = q[LY (k). v ]u? + q(idg L) (k))u?
= q(0B{()k[-i V. 7] — i G} (k)
+ 2iBl(k)k(—iV + 20F 9 Nul
= q(=iG{(k) + 2B ()kV + ZiOB({‘)(k)kFate)uf. (5.19)
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Using

[—A, BA(k)] = k2 B2 (k) 4 2k B2 (k)i v,

[Ag, BA(K)] = [2(—=iV)(k By, ) + h.c., BA(k)] = —2k B2 (k) 2Re(k By, @) ,

———
=Fy(x)

we find in the same way that

(—id; + he + (k) (k. x) = qliw(k) B + [-A + eAa?,iB(é)(k)])uf

=q(GY —2B{(k)kV — 2i03({\)(k)kFa?)uf.
This equals the negative of (5.19), so XV = 0.
The equality X @ = 0 follows simply by expanding the expressions:

/ dy K22 (e, )k =k, y)

= [avdzaz'az" g0e a0 2l il Ve - BA CRou ()

= f dzdz'dz" q(x, 2)q(z", 2 Wl ()l ()P (z — 2yal (z")(—i BL (k)

= - / dzdz’' q(x, 2)ul ()l () PVP (2 — 2)iBE (k)
+i [ dz g0 Wl PE el B Goul)
=~ [ ay KMot e,

where the last equality is obtained by performing the same calculation for KMk, which
just changes the location of some complex conjugates. This implies vanishing of X and
the argument for X V) is completely analogous to that for X V.

Terms quadratic in a, a*(5.15d). The only way to obtain a term with two a*’s from the
commutator [H2, DtA] is to commute two terms with one a* and one b* each. Since the
coefficient M2 (k, 1) (5.9b) of the terms with two a*’s in Hé‘(l) is independent of 6, we
obtain, for the coefficients in (5.15d),

Ak, 1) = —4iOM 2 (k, —1)

—/dx ((qLg (yu) () (1, x) + (gLg (k) uf) (e (=1, x))

+ / dx ((gL2 () () (e, x) + (qLE (1) *ul) ()P (=K, x)), (5.20)
Eq=—i / dk dx ((qL2 (oyud) () (e, x) + (L& (k) u?) (x)P (—k, x))

Ak, 1) = 2i0MA(k,l)+/dx ((@LE () uf) oy (1 x)+ (gL (kyuf) (x)c (=1, x)).
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To see that A(k, ) = 0, we first calculate using that g> = ¢ = 1 — |u?)(uf| and

/dx ((qLg Ueyu) (o) (1, x) + gL (k) uf () (—1, x))

= [ 424z LR D B D)l )
+ (L (y*uf)(2)iBA (~Dul (2))

= (uf. i[L§ (k). BY(=Duf)

=2i0(uf. BY(=DIkB{(kuf) = —2i0M ™ (k. -1).

The second line in (5.20) is the complex conjugate of this with k, / exchanged, so it equals
2iOM A (k, —1). This implies that A = 0. The argument for A = 0 is essentially the same.
It remains to evaluate E,. We have by the calculation of A(k, 1),

E, = 29[dk MA(k,—k) = —26(k>B&, BL).
Consequently, with (5.18),
1
E, + Ep = 2Re(G, BY) — 20 Re((k? + w) B, BL) + 895<u?, VA * [u?2u?)
1
= (2—20)Re(G{, BE) + 39§<u‘3, VA 5 ulPul) = 9 EL (1).

This completes the proof of the proposition. ]

6. Estimates for the generators

In this section we establish the inequalities on the different generators of the dynamics
considered in the previous sections. This includes the generators of the fluctuation dynam-
ics for e71"HN and its Bogoliubov approximation used in the proofs of Theorems 3.2 and
4.2, given in Sections 6.4 and 6.3, respectively. Similar bounds for the generators associ-
ated with the dressing flow and its Bogoliubov approximation are given in Section 6.5.

6.1. Fock space operator bounds

We start by proving a general bound for operators on Fock space that will prove very
useful.

Lemma 6.1. Let ng, np, mg, mp € No, M = ng + np +mg + my, s,t € R and
T:L*(R*)®™ @ hP" — L2(R?)®" @ H

be a bounded operator of norm t with an integral kernel T((K, X), (L,Y)) € 8'(R3M),
Set

n n
An(K) =[Jax, and By(X) =[] bx-
i=1

i=1
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Then forall 0 < rp, <np +mp, 0 <1y <ng +myg,

<x, [ T(X.K.Y,L)B} (X) A}, (K)Am, (L) By, (Y)dX dK dY dL g>‘
R3M

np+my—ry

<T|(Np+ M) 2 (Ng + M + 1)@ dT, (0*°) % |
< [|(Np + M) T (N + 1) dT, (02) T E].

Proof. To keep the notation manageable we give the proof in the case np = mp = 0; the
generalization is straightforward. Set n = ng, m = mg, and let y € D(dT'(w?*)"/?). Then

n 2 n
/ st(ki)aki)(H dK:/(HwZS(ki))O(’al’:l...a;nakn...akl)()d[{
i=1 i=1

= [[dTq ()" x|,

SO
n
(k1. k) > (l_[a)s(ki)aki))( e LXR¥". 7 ® %),
i=1

and analogously for &. Hence

'<X,/T(K, LYAX(K)Am(L)dK dL g>‘
= '/deL<(JVa + 1)’“(]_[ws(ki)ak,-)x,
i=1

T(K.L)(Na + 1)~ (H w—S(k,-))Am(L)sﬂ

i=1

< [|dT4 (@) 2 (N, +n + D y]|

X

[ (TTo 0 ) T LA, 1760

i=1

L2RY,FQF)
< T lgem_per dTa (@)% (Na + M + 1) x|| [dTa(@) % (Mo + D) 77E].
This proves the claim. u

Two special cases of the previous lemma that we use frequently are given separately
below.

Lemma 6.2. Foranys € Rand yx,§ € ¥ ® ¥, we have
[{(x,dTa(@*/?)&)| < [[dTa(w®) 2 x|l|| N1/ 2E]|, (6.1a)
[dTa (@) xIl < [IN;/2dTa ()2 1]I. (6.1b)

Proof. The first inequality is a special case of Lemma 6.1 (t =0, Ta = o’a, mg =ng =
1, r, = 0). The second inequality follows from the first by taking the supremum over

€1 = 1. =
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6.2. Preliminary estimates

Here we provide some bounds on the terms appearing in the mean-field Hamiltonians as
well as the kernels of the Bogoliubov Hamiltonians. These will later be combined with
the operator bounds from the previous section to prove the estimates for the generators.

Lemma 6.3. Let G, B, and V be defined as in (2.10) and (3.2). For every s > 0 there
exists a constant C > 0 such that

IV pi+s < C, (6.22)

[k Bollp_, < C, (6.2b)

Vn € No, {[k|"Bo, |e]) < Cllllgg, ., (6.2¢)

Vn € {1,2,3}, (K" By, c)ullzz < Clltllpg,_py 14l gns2 (6.2d)

forallu € H"(R3) and a € b,_115. Moreover, for every & > 0 there exists C > 0 so that
foru € HI(R3), o€ f)]/z,

G )ullzz < elullfy + llelig, ) + Cllull7-. (6.2¢)
Proof. In view of the formula for V, we have the identity (27)3/2 17(k) = —4Gy(k)Bo(k)
+ 2w(k) B3 (k), and the first three inequalities then follow immediately from the integra-

bility properties of Go(k) = w(k)~™"/2 and Bo(k) = (k* + w(k)) " w(k)~1/2.
For (6.2d), we use the Fourier representation in x together with Parseval to write

1
(2m)?

= H / dk k" Bo(k)a(k)i(- — k)

2
(K" Bey. edull7. =
L2

/dkk”Bo(k)a(k)/dpei”(')ﬁ(p—k)

2
L2

B k" Bo(k)a (k) €7 Bo(£)er(£)
= /dpdkdﬁ o — K72 w(p— O
x o(p —k)2i(p — k)o(p —0)24(p — 0).

Since k > |k|" Bo(k)?>w(k)?>~2% and k — w(k)™™ are radial and decreasing functions for
s > 0andn € {1,2, 3}, it follows by symmetric rearrangement that

k1" Bo (k) 2w (k)22
k
/ A Py 5T

With Cauchy—Schwarz we thus find

sup

< / dk By(k)’w(k)?>™* < C. (6.3)
peR3

(K" By, o)ull7»

nB 2 2—-2s
3 /dpdkde k1" Bo(k) e (k)

w(p— k"
<c [ Al o (0)" 202 f dp (pl? + DHaPP < Clel, .. lull2m:

1€ (0)* 2| () Pw(p — )" |i(p — O




Renormalized Bogoliubov theory for the Nelson model 973

The final inequality (6.2¢) is proved in a similar way, but to obtain the small constant
in front of the energy norm we start by introducing a cutoff A < co. We then bound

e 1
(G @ullz = IUy=a Gy aulzz + SNl , + 5= ILaGolly_, , lullez.

Now the first term is treated exactly as for (6.2d), which yields

TN M N T I R e (64)
172 ki=a @)
Choosing A so that the final integral is less than or equal to &2 proves the claim. ]

The next lemma collects bounds for the different potentials that appear in the mean-
field equations introduced in Section 3.2.

Lemma 6.4. Let V be defined by (3.2) and f, by (3.4¢). There exists a constant C > 0
such that for allu € HY(R3) with |ul|;2 = 1,

IV s o + V2 5 Lo + VOV # [ul)l L < Clull}s, (6.5a)
I fullzoe + 1l fullg,, < Clluligga. (6.5b)

Moreover, for every s > 0 there exists a constant C > 0 such that for all u € H'(R?),
lullpz = 1, and o € Y145, the objects Fo, u ., Hu,a defined in (3.4¢c)—(3.41) satisfy

[Fallze < Cllelly,.  lguallzoe + lguallyy, < Cllullalleclls,.

IVFy| e < Cllelg,,, |ual < CllullZllell,-

Proof. For the first term in (6.52a), applying Young’s inequality and Parseval,

~ (6.22)
2 2 2 2
[V o ul"lLe < IVIz2lllul“lz2 = VL2 llullze < Cllullis,

and then the Cauchy—Schwarz and Sobolev inequalities yield

1/2 3/2 3/2
lul2s < el Y2 ll3e < Cllull)?. 6.7)

For the convolution involving V2, we proceed similarly, and obtain

3/2

V25 [ul e < V222 lllull 22 = IVIZallullZe < CIVIZalulyi-

By Hausdorff—Young, the Fourier transform is bounded from L*/3 to L*, so by (6.2a),
[ViLs = ClIVIlpas < C.
For the convolution involving the gradient, we use the same inequalities to estimate

IV Ju) e < 20V |4 ll@Vull s < ClaVaullLas.
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With Holder and (6.7) we conclude that

1@Vl o < Cllull sl Vull L2 < Cllul3? (6.8)
H

and thus obtain (6.5a).
In view of fy, (k) = (u,kB()(k)(—iV)u), the bound on || f, || L is obvious. To bound
the b /,-norm of f,,, we use that

I fuv/ollr2 < 2|kBov/o| 4| FlaVu]| L+

This implies the bound by the Hausdorff—Young inequality and (6.8).

The bounds on Fy(x) = 2Re(kBy, o) and VF, follow directly from the fact that
|k|B(k) € h—_s. The bound on F, implies the bound on the L*°-norm of gy, =
2(u, kB, (k) Fyu). For the b /»-norm, writing gy, = 2kBo - F[Fy|u|*] gives

lgu.a V@l L2 < 20k BovVll s |FFalulPlllLe < Cll Falul? |l Lass < Cll Fallzoollul? [l Lass-

The claimed bound then follows from (6.7) by Holder’s inequality, since |Ju|| g1 > 1.
The estimate for (y, 4 = %(u, V * |ul?u) + Re(a, f,) + Re(a, gy o) follows from the
previous bounds. ]

We have similar bounds on the mean-field Hamiltonian.

Lemma 6.5. Let hy, o be defined by (3.4a). For every s > 0 there is a constant C > 0 such
that for all (u, ) € H3 @ b4 with ||lul|p2 = 1,

Ihuaulzz < C(lull gz + lullZ) 0+ ).

5/2
IVhuattlz2 < Cllullgs + el + lltllyy, lel,)-

Proof. The proof follows from Lemmas 6.3 and 6.4 in combination with (we use || - || gs >
lLand | - ||y, = || - ||p, fors >r)

luaullz2 < |Au] L2 + 201 (k* By ahul| L2 + 4(k| Bo. |a|)| V]| 2
I FallZeo + 1V * [ulll 2o + [pual
< C(llull gz + lulZ) (A + llelig)

and

IVhuatellze < 1V Aul g2 + 200K By aull 22 + 6]1(k* By, ) Vul| 2
+ 41k Bo. [al) | Aull 2 + 2] Fall oo |V Fall oo + | Fall3oo [ V] 2

2 2
+ VIV s [u|T) oo + IV * [ul*[|Loe VUl L2 + [Hual VUl L2
5/2 2
< Clllullgzs + lull3 D+ ey, el .
Next, we state suitable bounds for the time derivatives of u;, s, and fiy, o, . Note that
the constant C in the bound is uniform in ¢ but not in (u, ), as it depends on the energy
of the initial condition.
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Lemma 6.6. Let (u, ) € H3(R3) & b5/ with |lull 2 = 1 and (uy, ;) := sP[t](u, @)
denote the solution to (3.3). Let Wy, o, be defined as in (3.4d). There exists a constant
C > 0 such that for all |t]| > 0,

el + lldeelly, , + e | < Clluellas (T + llarllp,),)-

Proof. We use that ||u,||f,_11 = ||u,||i2 + ||V12,||i2 and i1, = hy, o,u;. Since, by Propo-

sition 2.3 and Lemma 3.3, [[u¢ || g1 + [la¢[|p,,, = C, we obtain from Lemma 6.5 for s = 1

= 2
A, e tellz < Clluelgz  and  [[Vhy, guellpz < Clluellgs (1 + llaclls,,,)-
With the aid of Lemma 6.4, one easily verifies

ey, < Netellny, + el Fg e, -
Recall that jty,o = 5 (u, V * [u]?u) + Re{a, f,) + Re(a, gu,o). Since V is an even func-

tion,

d . . .
gV ul?u)| = 4| Re(ite, V o |uePue)| < 41V Jue [z il 22 < Clltie]| -

‘We further estimate

I fucllo_y < 20kBolly_,,, (el lluellmr + el g luel2) < Clliellgn,
I &ura o s/ < 4 Ce, kB - Fo,ue)llo_,,, + 20(ue, kBey - Fgue)lly_,),
< Qe 2l Fo oo + [ Fg, llzoo) Ik Bolly_, -

With (6.2¢) we have || Fg, || < C|la|lg,,,, and hence
|l:Lut,0tt| =< C ”ut ”LZ + ”at ||L2 ||fut + 8u;,aq ”L2 + ”at ”51/2 ”fut + gut;at ||f)_1/2
< Cllaellg,, + lletellz0)-
This completes the proof of the lemma. ]

The next lemma summarizes estimates for the different kernels (and their time deriva-
tives) that appear in the (dressed) Bogoliubov Hamiltonian (4.1) and the fluctuation Hamil-
tonian introduced in (3.7), given explicitly by (6.24).

We introduce the integral kernels

Ny (x. k. 1) := (quk By(k) - 1By (Du) (x). (6.92)
Qu(x,y,k,1) := (qukBy(k) - IB¢y(Dqu)(x, y), (6.9b)

where we note that kB, (k) - [ By ([) acts as a multiplication operator in x. Recalling the
definition (Lg (k) f)(x) = 2kBx(k)((—iV 4+ Fy(x)) f)(x) from (4.2a), we set

¢ (0, k) i= (Guy Loy () (), €2 (x,k) = (qu, L, (k) 1) (x).
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Moreover, for u € L2(R?) and {u}* C L2(R?3), we consider the operators
KQ:uyt — fupt @ i,
¥ (KPY)(x1,x2) = (qu)1(qu)2 Wa (X1, x2)u(x1) (qu ) (x2), (6.102)
KP @ (wyh — (o fupt,
¥ (KO (01, %) 2= (@)1 ()2 Wa (31, X2) (Gu ® uip)(¥1,%2).  (6.10b)
with, for V defined in (3.2),
Wi (x1,%x2) 1= V(x1 —x2) = V s u?(x1) = V % [u|>(x2) + (u, V * [u?u). (6.11)

Lemma 6.7. Let (u, ) € H*(R3) @ bs/» with |lulz2 = 1, denote by (u;, ay) 1=
sP[t](u, a) the solution to (3.3), and p(t) = |u; ||%13(1 + ||y ||53/2)2. There exists a con-
stant C > 0 such that for all |t| > 0,

1K 2ms) < C. 1K N 22rey < CVp(0). (6.12a)
IKM 22022 < C, IKM 22022 < CVp(0), (6.12b)
160205 0 <€ 16 l2g5.,,, < C VPO, (6.12¢)
16203, 2 =C 18PNy, 2 = €V, (6.12d)
1My, |22y < C. 1M, llL2ye2 < CV/p(), (6.12¢)
1Kl r2g2 < C. 1K 12512022 < CVp(0). (6.12)
INulp2gge2, <C. 1Nl aggez < CVo(0). (6.122)
1Quill2gp22 12 = C | Ou, l2gpe2 12 = C V(D). (6.12h)

where L? stands for L?(R3).

Let us note the evident fact that the bounds (6.12a)—(6.12e) also hold uniformly for
the A-dependent kernels introduced in (5.8). For instance, || K fzztA l2(rsy < C for all
A € Ry U {oo} with K @-A gefined by (5.9d). While we do not state them explicitly

l,ut
here, such uniform bounds will be used in the proofs of Lemmas 6.8 and 6.9.

Proof. Recall that [[u,||z2 = 1 and [lu[|a, + [lee|lp,,, < C for all |¢| > 0 by Proposi-
tion 2.3 and Lemma 3.3. We go through the claimed bounds line by line.

Line (6.122). We use that |lqu, || = 1,50 | Ki? |2, ge) < 1K |L2(ge) and

IR 12, ey = / dx dy Jue (O PV2(x — ) ()2

<V s fuePllpeellucll;> < C (6.13)
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by Lemma 6.4. Invoking

o 3 o .
KD = du, ® qu KD + quy ® 4, K3 + g, ® gy KD

. . . . . ~(2 .
together with ¢u, = —puys || Pu 22522 < 20ie | 22, and || & RS || 2 gey < Clliill 2 as

in (6.13), we obtain
IR 22@e) < Clitellze < € V(o).
where we employed Lemma 6.6 in the last step.

Line (6.12b). Since |K,$1)(x, y)| = |K,5?) (x, y)| we can use that the operator norm is
bounded by the Hilbert-Schmidt norm, ”K;P”LZ»LZ < ||K,,(43)||L2(R6), so that we can
apply the previous bounds. The time derivative is bounded analogously.

Line (6.12c). We recall Zgl)(x, k) = (qu,k B (k) - (—=iV 4+ Fg,)u;)(x) and estimate
16V 2 0 = 20k Bolls_y (=Y + Fauellzz < Cllucllm + | Fa llz) < C,

and similarly for

. d .
1 —ik( .
12 N2y < 20Kk Bolls_ | o dure™ OV + Faue|

< Cltell gy + 1 Fa lzoe) = Clllate |l r + lléelly, ) = C+/p(@).

where we used [|Gu, [|L2—12 < 2|t |2 < 2|t || g1 and || Fg, [[Le < Clla |y, ,-

Line (6.12d). We have 552)()(, k) = 651)()6, k) + 2(qu,k*B(y(k)u)(x), and thus

2
1€ 15, 422 < 1€Plg,,4>z2 +2  sup
Inlly, =1

f dk k2 Bey (k)n(k)u,

L2
< 16D L2054 + Clltee

by (6.2d) (witha = n, u = u;, n = 2, and s = 1/4). Similarly, for the time derivative,

1€ 1lg, 422 < 16D 205, + Cllitellz < C Vo).
Line (6.12¢). The estimate
kBo(k) - 1Bo(1)(2m)2(k + 1) - F[i V]u,|*](k + 1)
|k +1]? ‘
|k|Bo (k)| Bo(l)
|k + 1]
and the Hardy-Littlewood—Sobolev inequality imply

|Mut(kvl)| =

< C||u,Vu,||L1

2 2 2
My, llL2wsy < Clluellz Il Bollzs = Cllus iz -
For Mu[ we obtain by the same argument
[ M, L2ws) < Clluell g lliell g

which implies the claim by Lemma 6.6.
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Line (6.12f). Recall the definition of W, in (6.11), and denote ¢; = (qy, )i. Using ||u;| g1
< C we get

IKD 22012 = Sup 9192 Wae, (1, %2011 (¥1) (quey W) (2) | L2 @ 2
¥l=1

< Cllqu 122021V * e PILE 1V 5 s Plw) <€ (6.14)
by Lemma 6.4. For the norm of the time derivative, one computes
(KG9 (x1.x2)
= q1q2Wa, (x1, x2)u (x1) (g V) (x2)

+ q1g2Wu, (x1, x2)u; (x1)(q¥) (x2) + q1G2 Wi, (X1, X2)u, (x1) (g V) (x2)
+ q1q2Wa, (x1, x2)1: (x1) (@ V) (x2) + q192 Wi, (x1, X2)u (x1)(G V) (x2)

where each term can be estimated similarly to (6.14). Using Lemma 6.4 in
d . .
|5V el =2l PIER < Cllille 615)

one obtains ||Wu, [ oorey < C|[1t¢| 2. Together with ||Gy, ||2—12 < 2||tis |2, this leads
(3
0 1K 1212012 < € v/p(0).

Lines (6.12g) and (6.12h). Recalling the definitions of N, Q; in (6.92), (6.9b) it follows
readily that

2
”Nut ”1}@[@12/8 + ||Qut||L2®[)%28—)L2 = C”kBOHILU8 <C,
. . 5 .
I 222, + 1 Ourllagien o < CUkBol, lliellze < € V(o).

This completes the proof of the lemma. ]

6.3. Estimates for the Bogoliubov Hamiltonians

The first lemma provides bounds on the dressed Bogoliubov Hamiltonian (4.1) and its time
derivative, its difference from the operator T = dI',(—A) + dI';(w), and its commutator
with the total number operator N' = N, + N,. These imply existence and uniqueness of
the associated dynamics, as explained in Proposition 5.2. Similar bounds also hold for the
family of interpolating Bogoliubov Hamiltonians (5.8) (recall that HB’(X (1) = H2, 1 ().
Note that for & = 1 the bounds in part (b) are uniform in A.

Lemma 6.8. For HB’Q (t) defined by (4.1) and H;\a o (1) defined by (5.8), we have the
following bounds:

(@) Let (u,a) € H3*(R?) @ bs/o with ||ullp2 = 1 and (uy, o) = sP[t](u, &) denote
the solution to (3.3). There exists a constant C > 0 such that for all t € R,

+(H, (1) —T) < %T +C(N + 1), (6.16a)
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1
+i [N, H,, ()] < ET +C(N + 1), (6.16b)
d

1
iEHS’a(t) < ET + Co(t)(N + 1), (6.16¢)

as quadratic forms on ¥ @ ¥, where p(t) = ||u; ||§13(1 + ||l ||f,3/2)2.

(b) Let (u,a) € H*(R?) @ Y55 with |[u|| 2 = 1 and (uy, ;) == s4[t](u, @) as defined
in (5.1). There exists a constant C > 0 such that forallt € R, |0| <1 and A € Ry,

+(Hp o) —T) < =T + C(1+ |1 = 0|A)(N + 1),

—_— N | =

Hi[ N HE (0] < 5T+ CU+[L=0[A)N +1).

—

d
£ —HR, o(1) <

H T + C(1 + |1 — 8|A)p(t)(N + 1),

2
as quadratic forms on ¥ @ ¥, where p(t) = ||u,||§13(1 + |loes ”[)3/2)2.

Proof. The proof follows essentially by combining the operator bounds of Lemma 6.1
with the kernel bounds of Lemma 6.7. We give the details below.

Proof of (6.16a). Recall that
Hy o (1) = T = dTy(Ag, + Fy, = ftu, ) + K& + (K +hc)

+ ( / dk dx (¢ (x, k)b*af + €2 (x, k)brar) + h.c.)
—l—/dk Al My, (k. 1)y (6.17)

Since Ay, = 2(—iVy) - (kBx, o) + h.c., the first term in the first line is bounded, using
the Cauchy—Schwarz inequality, by
4
ATy (Aa, + F, = ) < € dTp(=) + (k1 Bo lete ) + | Fay [0 + 1t 1) Mo
C
<edlp(=A) + — N,
e

where the last bound follows from Lemmas 6.3 and 6.4, and [|u¢|| g1 + [lo¢lp,,, < C.
For the second and third terms in the first line, we apply Lemmas 6.1 and 6.7 to get

KO < KD 2np2 (M + 1) < C(Np + 1), (6.18)
£(KP +he) < 21 K@ L2wey(Np + 1) < C(N, + 1). (6.18b)

For the mixed quadratic terms, we use Lemma 6.1 choosing m, = mp = 0, n, =
np=1,5 =1/2,and r, =0, rp, = 1 for the term involving b;az, and mg = 1 = nyp,
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ng =mp =0, =1/2,and r, = rp = 0 for the term involving by ay. This gives

+ ( / dk dx (¢ (x, k)b*ar + €2 (x, k)brar) + h.c.)
<edll C —1 K(l) 2 e(z) 2 N 1
<edlg(w) + Ce™ (|I4; ||L2®b,1/2 + |14 ”51/2—>L2)( b+ 1)
<edly(w) 4+ Ce Y (N + 1), (6.19)

where again we used Lemma 6.7 and monotonicity of the f)s-norms.

In the last term in (6.17) we have 4y, = —2a;a_; + aga; + a_ja_x, so using that
the operator norm is bounded by the Hilbert—Schmidt norm, we have with Lemma 6.1 and
(6.12e),

i/dk di My, (k, 1) Ar; < C(Ng + 1). (6.20)

Proof of (6.16b). The commutator is easily found to be
[V, HE ()] = 2( [ dk dx ¢ (x, k)b*af — h.c.)
+ Z/dk dl My, (k,1)(aza] —a—xa—y),

which can be estimated exactly as in (6.19) and (6.20).
Proof of (6.16c). We compute

d . . .
3 e () = dTh (o) + K + (KD +he)

+ ( / dk dx (€9 (x, k)braf + 62 (x, k)bkag) + h.c.)
+ / dk dI My, (k1) A, (6.21)

with 4
hutﬂt = Adt + 2F0!t : th + EV * |ut|2 - /lu,,oz,-

Since Ag, =2(—iVy) - (kBx,d;) + h.c., we can use Cauchy—Schwarz and Lemma 6.3
to obtain

C .
+dlp(Ag,) < edlp(—A) + ?Hazllﬁl/zd\fb-
Recalling Fy, (x) = 2Re(k By, &;) we estimate
+dlp (Fo, * Fa,) < [ Fa, Lo || Fa, Lo Np < Clloee|lg,,, Np-

The time derivative of the convolution is estimated in (6.15), and thus

d .
idrb(av s 2) = C i 2N
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Combining the above estimates, we arrive at
: C .2 .
ATy () = 0T (=) + — (I, + el 2) V.

Similarly to (6.18a) and (6.18b) we bound the remaining terms in the first line in
(6.21):

KD < KD | p2mr2(Np + 1) < CVp) (N + 1),
£(KP +he) < 2| K@@y (N + 1) < C /o) (N + 1).

t

By the reasoning of (6.19) we obtain

Cp(1)

j:(/ dke dx (69 (x, k)b*af + 6P (x, k)b*ar) + h.c.) < edly(w) + ——= (N + 1),
I

and analogously to (6.20) one also verifies that
+ / dk di My, (k, 1) A < Cp(t)(Na + 1).

The above estimates prove (6.16¢) and thus complete the proof of part (a) of the lemma.

Turning to part (b), first note that for & = 1 the proof is verbatim the same as that for
part (a). To see this, recall that all kernels that appear in Hf}’ «.1(?) satisfy the same bounds
as in Lemma 6.7, as explained thereafter (in particular, they are uniformly bounded in A).

The crucial difference for 6 # 1, apart from the trivial 6-dependence of the kernels, is
the appearance of the term

(1-10) / dk dx ((quthc\(k)ut)a,tb; + (qu, G2 (k)us)a;by) + hec.

in Hfl‘ .0 which is not present when 6 = 1 (hence this term did not appear in the proof
of part (a)). Since ||qu,G(‘_\)u, lL2er2 < ||Gé\ 12 < CA, we can bound the above term by
CA(N + 1). All other contributions in Hf},a’g(t) are estimated as for 6 = 1, i.e., they
are uniformly bounded in A. This explains the A-dependent upper bound in (6.16a). The
bounds for the commutator and the time derivative are obtained in the same way. ]

The next lemma was used in the proof of Proposition 5.2 to show that UIA )= Ur@)
strongly as A — oo.

Lemma 6.9. Let (u, ) € H>(R?) @ bsp with |ulzz = 1, (us, o) 1= s1[t](u, @) as
defined in (5.1) and p(t) = ||ut||§13(1 + ||at||53/2)2. There is a family epx > 0 with

EA A=0% () such that

oo I
(1 (H, 1 (1) —HA o, (0)¢)] < eaeC o POE|(T 4 N + D)V2y | |(T + N + 1)/ 2g||

forallt € Rand y,¢ € D(T + N)'/?).
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Proof. The difference Hy7, ; () — Hf}’a’l(t) is up to the term dI'y(hy, q,) + dlg(w)
precisely of the same form as (5.8), with all kernels replaced by kernels of the form
K,S?’loo — K,%?’IA and M2, (k,1) — sz},l (k, 1), and analogously for the other terms. The
claimed bound is now obtained following the same steps as in the proof of (6.16a) and
taking into account that, by Lemma 6.7 and continuity in A, the norms of the kernel dif-

ferences all vanish as A — oo. [

6.4. Fluctuation generator for the dressed dynamics
We start by stating the precise form of the fluctuation generator H,Ea (t) introduced in
(3.7). For [a]+ = max{0,a} and (u,, ;) := sP[t](u, a), we set
— _ M) ko
Ho(t) T drd(a)) + drb(hut,(xt) + 1 N +Kut

n (Kg) VIN — «/Vb)(]fv\’ — Ny — D]+ . h.c.)

+ (/ dk dx (qu, La, (K)ug) (¥)bEal [1 . %L + h.c.)
+ (/ dk dx (qu, La, (k) 1) (x)b ar [1 - %L + h.c.)

+/dkdl Mut(k,l)[l - %L(—za;a_l Valal +a_as).  (6.22)

with Lg, (k), My, (k,[), and K,(/t) defined in (4.2a), (3.4a), and (4.2c), respectively. Note
that up to the N-dependent factors Hy(z) coincides with HE’Q (z). We further introduce
the operators

K

/ dx1 dX2 dX3 Kl([:’) ()Cl , X2, x3)b;1b;2bx3,

1
K® .= —/dx1 dxy dxs dxy K,E‘:)(xl,xz,X3,X4)b* b} bxbx,,

U 2 X1~ X2

where for u € L2(R?) and {u}* C L2(R3) we used the kernels of the operators K\,
K,54) introduced in (6.10a), (6.10b). Lastly, recall (6.92) and (6.9b) and let

Jua(xX. k. y) i= 2(quk By (k) - (=iV + Fa)qu)(x. y). (6.23)

The next lemma provides an explicit formula for the fluctuation generator H,E ;),SN )
defined in (3.6).

Lemma 6.10. For (u,a) € H*(R?) @ b5/, with ||ullp2 = 1, let (u;, o) := sP[t](u, @)
be the solution to (3.3). The operator H,]Z;fN (1): ?ful:] RF — F ® F defined by (3.6)

satisfies the identity H,E;EN(I) = H,Ea(t) P ?fujy ® F, where H,Ba(t): FRF —
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F ® F is given by

5
Hp o (6) := Y Hj(t) (6.24)
Jj=0
with Hy(t) defined by (6.22), and
1 VIN — Nb
H10) = ATV P i) + (R )y Zxeo,

1 -~
H2(Z) = _ﬁﬂb¢(fut +guz,otz)7

1
H;(1) := ﬁ[dk dx dy Ju, e, (x,k, y)bibya; +h.c.,

1
Ha(t) := ﬁ[dk dl dx (Nu,(x,k,Z)b [1 - %]i

- Ny 13
+ Ny kD[ 1= 7] ) v
1
Hs(t) := N/dk dl dxdy Qu,(x,y.k,1)biby Ak,

where Ay = —2a,’;a_1 + a;a;‘ +a_ra_y.

Proof. The proof follows from a straightforward but lengthy computation using the Weyl
operator shift property (2.5) and Lemmas 2.1 and 2.2. We omit the details; similar com-
putations in the context of N -particle Bose systems can be found in [12, 68]. ]

The next lemma provides estimates for the fluctuation Hamiltonian that are an impor-
tant ingredient of the proof of Theorem 3.2.

Lemma 6.11. Let (u,) € H3(R?) @ bs/p with ||lu 2 =1, (us, o) 1= sP[t](u, ) denote
the solution to (3.3). There exists a constant C > 0 such that for all t € R,

1 1 2

£(HD(1) = T) = 5T +CW + D1+ —Nb) , (6.250)
1

Ei[ N, Hy o (1)] < ST +HCW + 1)(1 + - Nb) , (6.25b)
d 1

£ H,)o (1) < 5T + Cp(t)(N + 1)(1 + Nb) , (6.25¢)
dr 2

as quadratic forms on ¥ @ ¥, where p(t) := ||ut||§.13(1 + o ||I)3/2)2-

Proof of (6.25a). Comparing (6.22) with (6.17) we see that Hy(¢) differs from HB’Q ()
only by the factors

&] 1 o< YIWN = M)V =Ny — Dl _
N 1+ N

05[1—
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and is thus estimated in analogy to the proof of Lemma 6.8.
For later purposes we consider (y, Hy(t)¢) for y,¢ € F ® ¥ . The first two terms in
H(t) are estimated by

1 C 1 1
(- ATV % el = )| = 15 21145 9. (6.26)

where we used Lemma 6.4, and

e (2 LET )

1

< ﬁnKﬁinuzw@un(M + D)2 ][N + D
C 1

< ——||(Np + 1)2 Ny + 1 , 6.27
= I+ DEN N5 + D (6.27)

by Lemmas 6.1 and 6.7.

To estimate the term involving K,(;? we recall (3.2) and write Wy, (x,y) = Wubt (x,y)—
4Re(Gx, By), where Wubt (x, y) is pointwise bounded. Using the symmetry of y™, ¢
F® & F in the n particle coordinates, we find

oo

nn—1)
(KPp)=>" T(qlth)(("), (W;p (x1,%2) — 4Re(Grx,, Bx,))q1920™),
n=2
with
o0
nn—1) 1 3
> @ @x™ W (132041926 ™) | < CIN AN -
n=2

We use the Cauchy—Schwarz inequality and the fact that
kX = (1 4+ (=iVy —k)?) 26tk (1 — A))2 (6.28)

to bound the remaining term by

oo

nn—1)
Z T(Ql‘h)((n)v Re(Gy,, sz)611612¢(n))
n=2
< (X)X nIRe(Go Brolarass 1)
n=0 n=0

o0

< C||Nb3/2¢||(2n

n=0

[ak s vk G

1
2)2

X By, (k)(1 = A1)2q1g2 ™
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The last factor is bounded by

Go(k) Bo(k) }("" L 2)% ,
dk —————~ 1—A)>2 C|ldT,(1—=A)2 x|,
sup | ax ZEOPE (- a0t ) = clana syt

where the supremum over p € R3 is finite by the same argument as in (6.3), and where
we further used

1 1
11— ADzZq ™ @) < Clluellg 11— Ar)z x™ (@) (6.29)

Adding up the relevant terms, we arrive at the desired estimate

|, Hi()@)]

1 1 1 1
< CIN + T+ DI (N + DI+ I + DA 61). (630
The bound for H;(¢) is straightforward:
1 1
,H <C—=|(N +1)2 N+ 1Do|, 6.31
[(x. H2(1))| = «/N”( + D2V + D (6.31)

where we used that || f,, + gu,.a, |12 < C by Lemma 6.7.
With the definition of the kernel of H3(¢) in (6.23), we write

X 2n .
(- Hs@x) =) N / dk kBo(k) - 2Re{qy ¢, e K (=i V) + Fo, (x1)qrag x™).
n=1

with y™ € F™ ® . With || Fy, | .~ < C and lkBollp_,/,, < C, we obtain by Cauchy—
Schwarz,

|(x. H3() 1) Z (- iVi + Fo, (x1))q1 ™| / dk |k Bo (k) lax x|

(6.29)
<

CZ - A ADZ ™| [[dTa (V)2 ¢ ™|

C 1 1 1
< ﬁ||drb(1—A)ix||||av;draw5)%x||
L € 1ary (i — )} glldTa(@)} £l 14 Mol 632)
— — w , .
< «/N b X a X a Vb X

which implies the desired bound.

To bound Hy(t), we apply Lemma 6.1 (for instance, for the term involving bya;a_;
we choose mp, = 0,np =mg =ng =1,5s =t = 1/4, and r;, = rp = 0) and use from
Lemma 6.7 that

||Nt||bl/4—>L2®b_1/4 + ||Nt||L2®f)?/i_’<C = 2||Nt||L2—>5§12/4 = 2||Nt||L2®f)?12/8 =C



M. Falconi, J. Lampart, N. Leopold, and D. Mitrouskas 986

This implies
1 Ha@) )| < C[I(Np + 1)2dTo (V@) ? x| 1dTa (V@) 2 1|
F I+ Np) 2 (14 N2 (1 + No) ™2 dTu (V) 1|
F (N 4+ D2 (N 4+ D2 (N + D)2 dTo (V) £]l]-

The desired bound now follows easily from (6.1a). For Hs(t), we use that

10¢ll2085, 1205, ), + ||Qt||Lz®5§>/§_>Lz < C||Qz||Lz®f,§/28_,Lz <C,

by Lemma 6.7, and Lemma 6.1 imply

C 1 1
[{x. Hs(t) )| < N[”(Nb + 1)2dla (Vo) x|I?
1 _1
+ [Ny + D(Na + D2 1 [(Na + DT2dTa (V) I]-
The desired bound now follows from Lemma 6.2.

Proof of (6.25b). The commutation relations imply, e.g., [N, ax] = —ag, so the non-
zero terms in the commutator [N, nga (t)] have the same kernels, up to signs, as those
in H,Ea (t) — T. They can thus be estimated as in the proof of (6.25a), and we omit the
details.

Proof of (6.25c). This inequality is obtained following similar steps to the proof of (6.252)
with some obvious modifications, like the use of the bounds for the time derivatives in
Lemma 6.7 and the use of ||y, ||g1 < C+/p(¢), cf. Lemma 6.6. |

The next lemma shows that the fluctuation generator can be approximated by the
Bogoliubov Hamiltonian HBJX (z) for large N, when tested on suitable states.

Lemma 6.12. Let (u,a) € H3(R3) & bs/p with |lu|z2 = 1 and (u;, o) := sP[t](u, @)
denote the solution to (3.3). There exists a constant C > 0 such that

[ (i (0) = Hy o (0)9)]
< Cp(t)N_i NI + T+ DL T + bgl

forally e F=N @ ¥ and p € F ® F, where p(t) := |lus||3;5(1 + e ||g,,)*

Proof. Recalling the definitions of the fluctuation generator (6.24) and the Bogoliubov
Hamiltonian (6.17), we write

(. (B2, ~ B2, 009) = (. KP([1 - 2], - 1)9) (6.33)
+{(x. (K@ (NI = Np)(N = Ny — D4 — 1) +hc)g) (6.33b)
+ <x, (/ dx dk (qu,La,(k)u,)(x)a;;b;([ 'Nb]% >+h.c.)¢> (6.33¢)

+
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+ <x, (/ dx dk (qu, La, (k)*u,)(x)akb:ql - %L - 1) + h.c.)¢> (6.33d)
+ <)(,/dk di Mu,(k,l)Akl([l - %L - 1)¢> (6.33¢)
+ (. (Hy(t) + Ha(t) + H3(t) + Ha(t) + Hs(t))o). (6.331)

When bounding these terms, we have to take care to put any powers of the number operator
exceeding one-half to the right, i.e., on ¢. At the same time, the power of & + T acting
on ¢ cannot exceed one-half, either. For the terms in (6.33a)—(6.33¢) the estimates are
rather straightforward and given at the end of the proof. The most difficult estimate is that
for the term coming from H3(¢), which is also responsible for the presence of the factor
In N in the statement.

Term H3(t). Recall the expression for the kernel Jy, o = 2(quk B)(k) - (=iV 4+ Fy)qu),
which multiplies bYbyay in Hs(t). This term is problematic, for when the gradient acts
on ¢ we cannot put further powers of N on ¢ while keeping control by ||(N3 + T)'/2¢||.
We deal with this problem by using the identity

k- By, (k)(—i V1 + Fo, (x1))ag = (=i Vi + Fy, (x1)) - kBx, (k) 4 agk?® By, (k)

and splitting the momentum integration into |k| < A and |k| > A. Together with the
adjoint expression, which is less of a problem, this gives

L Hs(0)) = 7; << iVt Fa, (611 ™, f dkkal(k)akm(")} (6.342)

1 & . n
+72< ). q1 kMdkkal(k)ak(—zvl+Fa,(x1>)q1¢< )> (6.34b)
1 o0
+72=j < (=i Vi + Fo, (x1)q1 4™, fklsAdkkal(k)a,tq1¢‘"’> (6.34¢)
oo [
Z < f dkszxl(k)akqlx‘"),q1¢(”>>. (6.34d)
lk|l<A

=0

In the first hne, the gradient acts on y, so we can simply bound it as in (6.32):
(6:340)] < CNZ[[dT(1 = A)2 ¢l ldTa(@) 2|2 [ (N + D g2,

In the second line, we can use that y™ = 0 for n > N to remove a factor of (n/N)'/2,

since the lower cutoff A will give us a small pre-factor. With the Cauchy—Schwarz inequal-

ity and Lemma 6.1 this gives

(6.34b)| < an

< /kl dk k By, (kK)a} (=i Vy + Fa, (xl))q1¢(n)>'
>A

21, o 1 !
) (Znn(l—mw‘"’nz)

n=0

(o]

§C(Z

n=0

/ dk k By Oagqr 1™
k|>A
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_1 1 1
< C|[I}za0™ 2k Bo| 2 [|dTa (@) 2 x[[|dTs (1 — A) 24|
_1 1 1
< CAT2| T2 x|V +T)2g|,

where we used || 1 =A@ 1/2kBy|| > < \/47/A in the last step. Lemma 6.1 together with
1 11.1<akBoll2 < /47 In A yields for the third line,

1(6.340)] < CN~2CN 2 /In A||dT5 (1 — A)2 x|| (VN + Dp]l.

It remains to bound the last line, (6.34d). Here, we will need to use the regularity of y in
x to improve the integrability of k2 B (k). Using the identity (6.28) to this end, we obtain

i

2
=/ dk/ dl k2 Bo(k)I?Bo (1) (e 1 ag x, e!*1a; x)
lk|<A l|<A

/ dk szxl(k)ak)(
lk|<A

= / dk dl k*Bo(k)I* Bo(D{((—i V1 — 1)* + D7 ze* 1 (1 — Ay Zagy,
|k|<A [Il=A .
(—iVi—k)? + D)72e™1(1 - Ay)2apy)

k*B 2 1
< sup {/|k| L Lk)}nw}(l—m)%xnz.

" peR? I+ (p—k)

< / d [ A Bot)PI(—iVy — k) + DR (1 — ApdagP
[kl<A [I|<A

By symmetric rearrangement (similarly to (6.3)) the supremum over p € R3 is bounded
by a constant times In A. With this inequality, we can estimate the remaining term by

- _ n
(0340 = N =" </k| Adk I? By ()ax Ny 2q1 X, q1(Na + 1);¢(n)>
n=1 =
0o 1 . A
InA . 1 1 1
=7 (Z””“ ‘AI)Z‘“X("’”Z) (anl(wa n 1)z¢(">||2)
N n=0 ne0
VIn A )
L T + 19

If we choose the cutoff parameter A = N we thus arrive at
_1 1 1
(X, H3(D))] < CNTZ(N + T + D2 gl|(l (N> + T + D2 gll + VIn N [[(V + Do)

The terms H; () for j # 3 are somewhat easier to treat, since if there are any gradients
(as in H,(t), via f,) they act on u, and not y, ¢. The powers of w needed to render the
kernels integrable are strictly less than 1, so the possibility of distributing factors of N
given by Lemma 6.1 is sufficient to treat these terms, as we now show.

Term Hi(t) + H,(t). For this contribution we can use the already established bounds
from the proof of Lemma 6.11, that is, (6.30) and (6.31), respectively.
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Term Hy(t). Weuse || N¢llg, o—>1205_,, + | Vi "f)i@/zs—)LZ < ||Nt||L2®f)§>lz/8 <C (see Lem-
ma 6.7) and Lemma 6.1 to get

C
[(x, Ha(1)9)] T[Il(d\“r 12 ¢[[ldTa (@)

+ (N + DT2dT (Vo) (| (N + D]
+ e (V@) 2 11 [dTa (V@) (N + D2 ][],
By means of (6.1b) we then obtain
(6 Ha)$)] < CNTH|(N +T + D2 [V + T + 129
Term Hs(t). Recalling that |k|Bgy(k) € H—s for s > 0, Lemma 6.1 gives
(. Hs()9)] 5 CN 7 [I0; 4T (Ve 2l 1T (V) 4

+ IINb% (Na + D72dTa (V) x|V + D]
+ | M xllldTa (@' /)8 [].

Since y = 1u, <n X, equation (6.1b) leads to
_1 1 1
(X, Hs()$)] < CNT2 (N + T + D2 x|[(N + T + 1)2 9|

We conclude by estimating the terms from (6.33a)—(6.33¢) by using that

:t([l _ %L _ 1) < NN, (6.352)

(N VIV = Np)(N =Ny = DI+ = 1) = CN ™' . (6:35b)

Terms (6.33a) and (6.33b). Using (6.26), (6.27), and 1y, <y ¥ = X, we can estimate the
first two lines by

1(6.330)] + [(6.33b)] < CN™2 (N + D)2 x|[[|(N + Db].

Term (6.33c). Using Lemmas 6.7 and 6.1 we arrive at

Re<x,/dx dk E(l)(x,k)a;b)t([l — %]i - 1)¢>‘

6.33c)] = 2

< 160 lsgn o IaTa@) o + 03 ([1- 2212 < 1)g]
1O | ([1 - 221~ 1) iara vyt b ol

(6.352) _ 1 3 _ 1 1
< CN7Yda(@)2 21N + DI + CN V| Np Il [dTa (V) 2 N, |

(6.1b) _1 1 _1 3/2 1
< CN72([[dTa(@)2 x| + [N 72 N x IDAUN + D77 + [T 2¢]]).

This implies the claimed bound since 1y, <y ¥ = 1.
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Term (6.33d). This term is treated in close analogy to the previous one, leading to
(633)] < N2[[(W + T + D2 x|V + T + D2g.
Term (6.33e). By means of Lemmas 6.7 and 6.1, and (6.352), we get

(6.33¢)] < CN7Y(N + D2 g[l|(V + DY

This completes the proof of the lemma. |

6.5. Estimates for the dressing transformation

In this section, we will derive estimates for the fluctuation generator associated with the
dressing transformation D,, o defined in (3.16), and its quadratic approximation D,ﬁa from
(4.4). We also give the proof of Lemma 3.6.

Lemma 6.13. Let ]D),j\’a (0) and Dy (0) be defined by (4.4) and (3.16). There exists a
constant C > 0, such that for all (u,a) € H'(R3) & bo with ||ul|;2 = 1, |8] < 1, and
A e R+ U {OO},

D2, () < C(ul% + llellge) (N + 1),
£i[N D2 L(O)] < ClullZ + Nl (N + 1),

d
= 5Dt (®) < Clulf? + letllng) (N + ).

. 1 3
[ Dua(®)] = C(luly + el )V + D(1+ (54)°).
in the sense of quadratic formson ¥ ® ¥ and

(¢, (Dua(8) =D, (0N )] < ClISIIN + DY 2(|N72
Jorallp, y e F Q F.

Proof. Recall that ]D,f,a (6) and Dy, 4(9) are defined with respect to the mean-field flow
W, a?) := D[0](u, ) and that [u?| = |u| by (3.14). One readily shows that ||z, ¢ ||z <
3|l Bollz2llellz2 and ||K;\9||L2(R6) < || Bo||z2. By means of (3.14) and (6.7) one further
obtains

19653 | L2Re) = llTwakes L2y < 3 BollZa Nl L2

Using this, the estimates involving ]D),j\,a (0) follow standard bounds for creation and
annihilation operators that are special cases of Lemma 6.1.

Since 0 < [1 — %h < 1, the commutator of N with the first two terms in (3.16) can
be bounded as before. Now let us denote the last term in (3.16), which is cubic in the
creation/annihilation operators, by D,(,?) (0). Using the canonical commutation relations
and again standard estimates for creation and annihilation operators, one obtains

1
+i[N, DP)(0)] < 4] BollL2 N2 Ny N2
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This proves the bound on the commutator [N, D,(f()x .
To show the last inequality, write

Pual® = Duia® = / dx dk (35 (k. )ag — k5 (k. by ([ 1 - &L ~1)

141
NbN 1]2

1 /dx dk (%5 (k. x)a — k5 (k. x)a;;)bx([l _

It is straightforward to show that
1 _1
(. DXL (O) )] < 41l BollL2 @[ Ns N x| N 2.

For the first two terms, the bounds ||K;;§||L2(]R6) < ||Bollz2 and ([1 — %]i_ﬂ —-1)2 <
CN~Y(Np + 1) for j € {0, 1} imply that

. ‘N.b - ] %
‘<¢, / dx dk (25 (k, x)aj — Kﬁ(—k,x)ak)bx([l —— L - 1);(
r 11 _1
= Cliglll(Np + 1)2 Ny NG xIIN ™2
where o € {&, x}. This completes the proof of the lemma. ]

We now turn to the proof of Lemma 3.6, which relates the energy of excitations in
WPWy to the difference of the energy of W to its mean-field energy. As explained below
the statement of the lemma, it is not possible to apply the strategy of the proof of Theo-
rem 3.2 because T is not dominated by the generator Dy, ,(0) in (3.16). Instead, our proof
relies on comparing X T X o directly with the difference between the many-body energy
per particle and the dressed mean-field energy &, evaluated at D (u, o). Energy estimates
of this kind were previously used in a different context in [58].

Proof of Lemma 3.6. We recall Lemma 3.1 and the fact that & = &; o © as shown by
equation (5.5) for &y = &. With this at hand, we write the difference between the many-
body energy per particle and the mean-field energy as

N YUy, HyWy) — E(u,0) = N"Y(WPUy, HOWPWUN) — & 0 D(u,a). (6.36)
Moreover, for { = Xo,a) WPW, we can use (2.9b) to write the relevant y functional as
yIWPWN, D, a)] = N7, TY). (6.37)

To relate the expressions on the right-hand side of (6.36) and (6.37), we make use of
the excitation map X oy,«)- To do so, we rewrite H}e, in terms of the fluctuation generator
H 3D)(u @ (0) from (6.24). This will allow us to employ previously established estimates.
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To ease the notation, from now on we set (u°, aP) := D(u, &) and the shorthand
q:=qu, h = ho@a), f = fup, § := guv,qv (see (3.4a)—(3.4f) for the definitions of
these objects). We can use (2.5) and Lemma 2.1 to obtain

X0 AN X Da) = HR .y (0) + (U, huP)(N — Np) + N (a®, waP)
+ VNO(@aP + f + g) — b*uP)b(qhuP)
+ VN — Npb(ghuP) + b*(ghu) /N — Np.
From the first inequality of Lemma 6.11, the fact that 1,5, < ¢ = {, and (6.352), we get
(6 TE) <2(8 HY .0y (0)C) + C (L, NE).

With formula (5.3) for the dressed mean-field energy &;, and using the inverse triangle
inequality (with separate but similar calculations for both signs of the expression inside
the absolute value), we arrive at

N7HETE) = 2N~ (Wn, HyWn) — E(u, @)
< CN7HELNE) + C‘—N_I(MD,hMD)(Z, Np¢) — N7HE b* (uP)b(ghu)¢)

+ N2, D(waP + [+ g)¢)

yON"3 Re<;, Ji- %b(qhuD)EH. (6.38)

We bound the terms on the right-hand side of (6.38) by (using that ||{|| = [|[¥n ]| = 1)
638)] < C{L.NENTH(L + [huPl|L2)
_1 1 1
+ CN"2(|wa® + f + gllL2 [N S+ N EID.

By Lemmas 6.4 and 6.5, the norms of f, g, huP are bounded in terms of the H? & Hi/2-
norm of (u°, &), which by Lemma 3.3 is controlled by the norm of (u, ) € H? & b3,5.
Thus there exists a constant C, depending on this norm, so that

(6:38)] < CINTHELNE) + (NTHE N ED)2). (6.39)
Moreover, by (2.9a) and Lemma 3.5 for 6 = 1, we have
N_l ({, NC) = IB[WD\IJN’ S(u’ Ol)] = C(ﬂ[lIlN’ (M, Ol)] + N_l)'

Combined with (6.39) this proves the statement of the lemma. [

A. Initial states

Proof of Proposition 1.2. Let

N
Wox = W(N_l/z > BK’xf) and Wy, = WNT'2Bi.,).
j=1
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The first inequality of the proposition can be obtained similarly to [63, Prop. I1.2]. More
explicitly, we use (2.4) and (2.5) to estimate

1
NN W (VNa) Wy k| = N7 / &k lax (Wo)* @B @ Q)|
< |IBkol;. < CK2.
By means of

W2 (@)1 (W)™ = (qu)1 + [u)(uly — Wk . lu)(ult (Whk  )*
and
(1= (W2 N = (W2 ") < N7'D(iBg x,)>.

we get

{UN& (@)1 PN &)] < 21— (W, )Y @ W(VNa)Q|
<2N72||Brolzz | (Mo + D2u® @ W(VNe)Q|
< CK' N7 + [l o).
and thus B[Wn,k, u,a] < CK~'(1 + [l z2). Since WDy = ]_[jv=1 Wﬁx,x,’ the transfor-
mation relations of the dressing transformation from [48, Sect. II] lead to

N
WhHy W2 = Y [-A; + N728(1(|| < K)Gx,)
j=1
+ N7 (a(kBgx;)* + h.c. + 2a*(k Bk x;)a(k Bk x,))
—2NT3(iVy, - a(kBi,x;) + a* (kBx) - Vx))]
+N7'Y Vik(xi — x)) + dTa (o) + Ek,
i<j

. 1y <k dk
with VK(X,' — )Cj) = ZRC(BK,XI. ,a)BK,xj) — 4R6(Gxi, BK,xj) and Ex = f m
Using the shift property of the Weyl operator (2.5), we write the expectation value of the

energy per particle as
N_l(‘IJN,K’ HyVYn k) = N 'Egx + &(u,a)

1
+ <u, <2RC(G(.),012K> + Ade,(') + FOtzzK + EVK * |u|2>u>,

with o> = I >go and Ag, Fy as defined in (3.4b), (3.4¢c). Note that |Ex| < C(1 +
In K). By means of sup, cg3|(kBx, s x)| < CK~'||a|g,, |V || < CK=3/2, and |ju| .- =
1 we get

[, Aoz, )] <= CK ey, llullzrr, [ Fasgllzoe < CK™ ey,
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and
K Lo = KIlL? L2 = H!l

1/24 leads to

Inequality (6.4) with G(,) a)_l/2G(.) and o > @
IRe(G ), azk)ullz < CK™ lellg, lull g1
In total, we obtain

NN Nk, HyWn k) — €@, @) < C(K™ + N7H 1+ In K)([ullZ + llellp,)-

B. Bogoliubov transformations
For a linear map T on a complex Hilbert space, we denote by T f = T_f its complex
conjugate.

Lemma B.1. Let H be a Hilbert space and U, with n € N be a family of unitary Bogoli-
ubov transformations on the Fock space over H, that is, there exist u, linear, bounded
and v, Hilbert—Schmidt, so that

Uya*(f)Up = a*(n f) +a(af),  Uya(f)Un = a(iin f) + a* (o f).

Assume that Uy, = s-limy,—o0 Uy, exists, and moreover there exists a self-adjoint A, D(A)
with A > 1 and C > 0 so that for alln € N U {oco} and ¥ € D(dT'(A)'/?) it holds that

(U W, N U, W) < C(¥, (1 + dT(A))¥).

Then Uy is a Bogoliubov transformation and the corresponding maps 1, v satisfy the
bounds ||Jull3c—3c < C + 1, [[v]g,@0) < C.

Proof. We start by showing that for W, ® € D(dT'(4)/?), f € H,and e € {@, *},
Jim (@, U a*(f)Un W) = (@, Ugea® (/) Uno ¥).
To see this, note that
(@, Uya®(fHUn¥) — (@, ULa®(f)Uso V)|
< CII Nl3e(I(Un = Usa) @Il | (1 + dT(4)) 2 ¥ 5
+[1(Un = Uso) ¥l | (1 + AT (4))2 @ ).

which tends to zero since U, converges strongly to Ugo.
Now let f € D(A), so a*(f)Q € D(dI'(4)!/?). Then we have, using that U, is a
Bogoliubov transformation for n € N,

(@™ (/)R Usoa™(9)Use Q) = lim (a* ()R, (a*(ung) + a(va2))RQ) = lim (£, ung),
(@* ()R, Unoa()ULR) = lim (a*(/)Q. (a(iing) + a*(0,2)Q) = lim (f.9,8).
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Since, moreover,

<C+1

(@™ (/)R Usoa®(@)UEQ)] < [ £llscllgllzc II(1 + N ) Uo7

the operators 1, v, converge weakly to operators u, v with norm less than C + 1. Weak
convergence of 11, v, implies that for ® € D(N1/?), W € ¥, and f € K,
Jim (@, a(up )W) = (P a(ufHP),  lim (@, a(o, f)¥) = (P, a(vf)P),
and thus for ®, ¥ € D(Nl/z),
(. U%a™(UsoW) = (a(uf)®.¥) + (D.a(vf)¥) = (D, (@ (uf) +a(ofHV),
and similarly for a( f). Moreover, we have

1
loallg, = V20,21 < C.

so the sequence v,, is bounded in ©,, whence it has a subsequence that converges weakly
in ©,. Since ( f,v,g) = Tr(| f){g|v,), the limit must be v, so v € &, with norm less than
C. This proves the claim. ]
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