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Renormalized Bogoliubov theory for the Nelson model

Marco Falconi, Jonas Lampart, Nikolai Leopold, and David Mitrouskas

Abstract. We consider the time evolution of the renormalized Nelson model, which describes
N bosons linearly coupled to a quantized scalar field, in the mean-field limit of many particles
N � 1 with coupling constant proportional to N�1=2. First, we show that initial states exhibiting
Bose–Einstein condensation for the particles and approximating a coherent state for the quantum
field retain their structure under the many-body time evolution. Concretely, the dynamics of the
reduced densities are approximated by solutions of two coupled PDEs, the Schrödinger–Klein–
Gordon equations. Second, we construct a renormalized Bogoliubov evolution that describes the
quantum fluctuations around the Schrödinger–Klein–Gordon equations. This evolution is used to
extend the approximation of the evolved many-body state to the full norm topology. In summary,
we provide a comprehensive analysis of the Nelson model that reveals the role of renormalization
in the mean-field Bogoliubov theory.

1. Introduction and main results

We study the effective behavior of a large number of bosonic particles in weak interaction
with a quantized scalar field. Microscopically, such a system is described by the Nelson
Hamiltonian. This was first introduced in 1964 in the mathematical physics literature by
Nelson [82], and provides an example of rigorous renormalization in quantum field theory:
the formal Hamiltonian needs to be corrected by the divergent self-energy of the particles
to obtain a self-adjoint operator and associated unitary dynamics. Renormalization plays
a crucial role not only in (mathematical) physics, but it also led, perhaps unexpectedly, to
groundbreaking advances in pure and applied mathematics, from stochastic and non-linear
partial differential equations to dynamical systems and geometry (see [13, 17, 55, 71] for
some celebrated examples). A deeper understanding of renormalization is thus of great
relevance for both mathematics and physics. In this paper, we clarify the role played by
renormalization in the mean-field Bogoliubov theory for the Nelson model.

What came to be known as Bogoliubov theory was introduced in the 1940s as a heuris-
tic approach to the analysis of excitations in the condensed Bose gas [10]. After the
successful creation of Bose–Einstein condensates in laboratory experiments during the
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1990s, these ideas have regained significant interest from the mathematical physics com-
munity. This led to the development of a larger research endeavor aimed at providing a
rigorous justification of Bogoliubov’s approach, starting from the many-body Schrödinger
theory. For the low-energy excitation spectrum of large bosonic systems, Bogoliubov the-
ory was first justified by Seiringer [90] and Grech and Seiringer [46]. Regarding the
time evolution of excitations in many-particle systems, pioneering results were obtained
by Ginibre and Velo [41, 42] and Grillakis, Machedon, and Margetis [51, 52]. Over the
past decade, there has been substantial progress in developing refined methods for the
derivation of Bogoliubov’s theory and in extending the analysis to cover more singular
interactions, e.g., [7, 14, 68, 69], and we refer to Section 1.3 for a detailed overview. In
the present paper, we continue this effort by establishing Bogoliubov’s approximation for
the time evolution in the Nelson model. What sets this problem qualitatively apart from
previous works is the need for renormalization of the underlying many-body Hamiltonian
at finite particle number and the corresponding Bogoliubov evolution. Our results shed
new light on the behavior of such systems and we hope that they pave the way for further
investigation of the interplay between many-body effects and singular particle-field inter-
actions. It is worth mentioning that such systems are of continued relevance in physics. To
cite a recent example from condensed matter theory, the interplay of many-body effects
and singular particle-field interactions is crucial in quantum fluids of light [21, 36, 39].
There, a renormalized Bogoliubov theory of the condensate-phonon interaction is neces-
sary to explain the properties of concrete polariton-exciton condensates [39].

Now in more detail, we investigate the dynamical evolution of the Nelson model in
a mean-field limit in which the number of particles, denoted by N , becomes large while
the coupling to the scalar field is proportional to 1=

p
N . Our first result concerns the

dynamics of the one-particle and one-field-mode reduced density matrices. We assume
that, at the initial time, the particles exhibit Bose–Einstein condensation and the quan-
tum field is approximately in a coherent state. As a starting point, we prove that the time
evolution of the reduced density matrices of such initial states can be described by a con-
densate wave function and a classical scalar field that solve a system of two coupled PDEs,
the Schrödinger–Klein–Gordon equations, with errors that tend to zero as N !1. The
renormalization on the microscopic level, interestingly, does not appear in the mean-field
equations, even though it affects the initial microscopic states for which one has conver-
gence. This was observed earlier by Ammari and one of the authors in [2], who proved a
similar statement using semiclassical techniques and without quantitative bounds. In this
article we employ different techniques that yield an explicit rate of convergence for initial
states satisfying an energy condition.

Our second result constitutes the main novelty of the paper, and concerns the Bogoli-
ubov dynamics for the renormalized Nelson model, modeling the quantum fluctuations
around the Schrödinger–Klein–Gordon mean-field dynamics. Remarkably, such a Bogoli-
ubov theory requires a renormalization similar to the one of the microscopic model itself.
However, the underlying dependence on the mean-field dynamics makes its construction
more challenging from both a conceptual and a technical point of view. The renormalized
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Bogoliubov dynamics is then used to construct an approximation in norm of the time-
evolved many-body state.

1.1. The Nelson Hamiltonian

We consider the massive Nelson model in the mean-field regime. It describes a system
of N non-relativistic bosonic particles that are linearly coupled to a scalar quantum field,
whose states are elements of the Hilbert space

HN D

NO
sym

L2.R3/˝ F ;

where F D C� ˚
L1
nD1

Nn
sym L

2.R3/ is the bosonic Fock space over L2.R3/ with
vacuum state �. The state of the system evolves according to the Schrödinger equation

i@t‰N .t/ D HN‰N .t/: (1.1)

Formally, the Nelson Hamiltonian HN is given by the expression

NX
jD1

�
��j CN

�1=2

Z
R3

dk !�1=2.k/.e�ikxj a�k C e
ikxj ak/

�
C d�a.!/; (1.2)

where x1; : : : ; xN denote the variables of the particles, !.k/ D
p
k2 C 1, and d�a.!/ DR

R3 dk !.k/a�
k
ak is the second quantization of the multiplication operator !, describing

the energy of the quantum field. The annihilation and creation operators are defined as the
operator-valued distributions

.ak‰N /
.n/.XN ; Kn/´

p
nC 1‰

.nC1/
N .XN ; k;Kn/;

.a�k‰N /
.n/.XN ; Kn/´ n�

1
2

nX
jD1

ı.k � kj /‰
.n�1/
N .XN ; Kn n kj /;

with‰.n/N 2
NN

symL
2.R3/˝

Nn
symL

2.R3/ and XN D .x1; : : : ; xN /,Kn D .k1; : : : ; kn/.
They satisfy the canonical commutation relations

Œak ; a
�
l � D ı.k � l/; Œak ; al � D Œa

�
k ; a
�
l � D 0:

This definition of HN is only formal, since no domain has been specified. The quad-
ratic form associated to the expression is ill defined on the form domain of the non-
interacting Hamiltonian, and while it may be defined on more regular states, this makes it
unbounded from below and not closable. However, this problem can be remedied by renor-
malization [82]: Denote by Hƒ

N the version of (1.2) with !�1=2 replaced by !�1=21jkj�ƒ
in the interaction and

Eƒ´

Z
jkj�ƒ

dk
!.k/.k2 C !.k//

: (1.3)
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Then there exists a self-adjoint operator HN , D.HN / so that

e�itHN ´ s-lim
ƒ!1

e�itH
ƒ
N e�itE

ƒ

: (1.4)

We take this as the definition of the Nelson Hamiltonian HN . While the correct renor-
malization constant Eƒ could, in principle, depend on N , the coupling constant N�1=2 in
Hƒ
N ensures it can be chosen independently of N . The operator HN can be characterized

further by applying a dressing transformation, see [48,82] and Lemma 3.1, or by an alter-
native approach related to boundary conditions [60]. It is important to note the effect of
the renormalization on the domain of HN . While the operators Hƒ

N all share the domain
of the free Hamiltonian, it holds that D.H 1=2

N / \ H 1.R3N / ˝ F D ¹0º, i.e., even the
form domain of HN is completely different from that of the free Hamiltonian [48, 60].

An important role in our analysis is played by a unitary transformation, usually called
the dressing transformation, that relates the renormalized Nelson Hamiltonian to an oper-
ator whose quadratic form is more explicit and, importantly, comparable to that of the free
Hamiltonian. Although our main results below can be stated without any reference to this
transformation, it is crucial in their proofs.

1.2. Main results

In this section we state our results on the approximation for the Nelson time evolution,
first on the level of reduced densities by the mean-field equations, and then in norm by a
renormalized Bogoliubov evolution.

Mean-field approximation. We are interested in the evolution of many-body states in
which the particles form a Bose–Einstein condensate and the field is approximately in a
coherent state. To be more precise, let us define the unitary Weyl operator

W.f /´ exp
�Z

R3

dk .f .k/a�k � f .k/ak/
�
: (1.5)

The initial states we have in mind are of the form

‰N � u
˝N
˝W.

p
N˛/� (1.6)

with � being the vacuum in F and u; ˛ 2 L2.R3/. We will show that this product-like
structure is preserved during the time evolution and that

e�itHN‰N � u
˝N
t ˝W.

p
N˛t /�; (1.7)

where .ut ; ˛t / 2 L2.R3/˚ L2.R3/ solve the Schrödinger–Klein–Gordon (SKG) equa-
tions 8<:i@tut .x/ D

�
��C �˛t .x/ �

1

2
hut ; �˛tut iL2

�
ut .x/;

i@t˛t .k/ D !.k/˛t .k/C hut ; G.�/.k/ut iL2 ;

(1.8)
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where
Gx.k/´

1p
!.k/

e�ikx and �˛.x/´ 2RehGx ; ˛iL2.R3/: (1.9)

These equations are the Hamiltonian equations of the energy (with the usual symplectic
form (5.6))

E.u; ˛/´ hu; .��C �˛/uiL2.R3/ C h˛; !˛iL2.R3/: (1.10)

We denote the flow of solutions to the SKG equations by sŒt �.u; ˛/ D .ut ; ˛t /, that
is, .ut ; ˛t / solves (1.8) with initial conditions .ut ; ˛t /jtD0 D .u; ˛/. In our main results,
we will use that s is well defined on H 3.R3/˚ h5=2, where H 3 denotes the L2-Sobolev
space and h5=2 is the weighted space with norm k˛kh5=2 D k!

5=2˛kL2.R3/. Moreover, the
SKG flow conserves the energy E and the L2-norm of ut . These statements follow from
the more general well-posedness result summarized in Proposition 2.3.

Our first result states that the one-particle reduced density matrices of a state
e�itHN‰N are close to those of the product state (1.7) if this holds at the initial time
and if the energy expectation per particle of ‰N is close to the initial mean-field energy.
A convenient measure for the convergence of reduced densities is given by the functional

ˇŒ‰N ; .u; ˛/�´ h‰N ; .qu/1‰N iHN
CN�1kN 1=2

a W �.
p
N˛/‰N k

2
HN
; (1.11)

where .qu/1 denotes the orthogonal projection qu D 1 � juihuj on L2.R3/ acting on the
first particle’s variable x1, and Na D

R
R3 dk a�

k
ak is the number operator on F . The

functional ˇ counts the number of particles in states orthogonal to u and the number of
field modes outside of the coherent state W.

p
N˛/�, both relative to the total number N

of particles. In particular, ˇŒ‰N ; .u; ˛/� D 0 for states of the product form (1.6).

Theorem 1.1. Let .u; ˛/ 2 H 3.R3/ ˚ h5=2 with kukL2.R3/ D 1 and let .ut ; ˛t / ´
sŒt �.u; ˛/ denote the solution of (1.8) with initial data .u; ˛/. Then there exists a con-
stant C > 0 such that for all N � 1, t 2 R and ‰N 2 D.H

1=2
N / with k‰N kHN

D 1,

ˇ
�
e�itHN‰N ; sŒt �.u; ˛/

�
� eCR.t/

�
jN�1h‰N ;HN‰N iHN

� E.u; ˛/j C max
jD1;2

.ˇŒ‰N ; .u; ˛/�CN
�1/1=j

�
with R.t/´ 1C

R jt j
0
.kusk

10
H3.R3/

C k˛sk
10
h5=2

/ ds, and E defined by (1.10).

The proof of the theorem is given in Section 3.4. We note that R.t/ does not grow
faster than polynomially in time by Proposition 2.3. Initial states of interest are of course
those for which the right-hand side is small. It is important to mention that this is not the
case if ‰N is exactly of the product form (1.6). Indeed, due to the singular nature of the
Nelson Hamiltonian, such states are not in the form domain ofHN ; see [48,60]. Next, we
provide an example of initial states in the form domain of the Nelson Hamiltonian that are
close to product states. To this end, we modify the large momenta by means of a dressing
transformation.
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Proposition 1.2. For .u;˛/2L2.R3/˚L2.R3/,K�0, letBK;xD.k2C!/�1GK;x1jkj�K
and define

‰N;K ´ W �
�
N�1=2

NX
jD1

BK;xj

�
.u˝N ˝W.

p
N˛/�/:

There exists a constant C > 0 such that for all .u;˛/ 2H 1.R3/˚ h1 with kukL2.R3/ D 1,
K > 0, and N � 1

ˇŒ‰N;K ; .u; ˛/� � CK
�1.1C k˛kL2.R3//;

jN�1h‰N;K ;HN‰N;Ki � E.u; ˛/j � C
�
K�1 C

1C lnK
N

�
.kuk2

H1.R3/
C k˛k2h1/:

The proof is given in Appendix A. Note that the transformationW �.N�
1
2
PN
jD1BK;xj /

converges strongly to the identity asK!1, and thus‰N;K for largeK is close to a prod-
uct state in the norm topology also. For initial states ‰K;N with K D N , Theorem 1.1
simplifies to the following form.

Corollary 1.3. Let .u; ˛/ 2 H 3.R3/ ˚ h5=2 with kukL2.R3/ D 1 and let ‰N;N be the
state defined in Proposition 1.2 for K D N . Then there exist constants C > 0, ı > 0 so
that

ˇ
�
e�itHN‰N;N ; sŒt �.u; ˛/

�
� eC.1Cjt j

ı /N�1=2:

Proof. The corollary is a direct consequence of Theorem 1.1, Proposition 1.2, and the
bound on the solutions to the SKG equations of Proposition 2.3.

Remark 1.1 (Convergence of reduced densities). We briefly explain how Theorem 1.1
relates to the approximation of reduced densities. To this end, recall the definition of the
reduced one-particle density matrix for the bosons,



.1;0/
‰N
D N Tr2;:::;N ˝TrF .j‰N ih‰N j/;

where Tr2;:::;N is the partial trace with respect to .x2; : : : ; xN /, and the definition of the
reduced density of the field, given in terms of its integral kernel



.0;1/
‰N

.k; l/ D h‰N ; a
�
l ak‰N iHN

:

Their distance, measured in trace norm, to the density operators obtained from the solu-
tions of the SKG equations can be controlled by ˇ from (1.11) via the inequalities [65,
Lem. VII.2]

Tr
ˇ̌


.1;0/
‰N
�N juihuj

ˇ̌
� N

q
8h‰N ; .qu/1‰N iHN

;

Tr
ˇ̌


.0;1/
‰N
�N j˛ih˛j

ˇ̌
� 3kN 1=2

a W �.
p
N˛/‰N k

2
HN

C 6k˛kL2.R3/kN
1=2
a W �.

p
N˛/‰N kHN

:
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For ‰N .t/ D e�itHN‰N and .ut ; ˛t /, we consequently get a bound on the difference of
reduced densities in terms of the right-hand side of the bound in Theorem 1.1. That is, for
suitable initial states (such as those of Corollary 1.3), the average boson behaves like ut
and there are on average N field modes behaving like ˛t .

Bogoliubov approximation. We now define the renormalized Nelson–Bogoliubov evo-
lution and explain its role in approximating the fluctuations in the Nelson dynamics. We
gather the quantum fluctuations around the condensate with wave function u 2 L2.R3/
and the coherent state associated with the field

p
N˛ 2L2.R3/ in an element � 2 F ˝F

that is orthogonal to u in every variable x1; : : : ; xN . That is,

� 2

1M
kD0

kO
sym

¹uº? ˝ F µ F?u ˝ F : (1.13)

For any ‰N 2 HN one obtains such a � D Xu;˛‰N using a variant of the excitation map
introduced in [69] (see Section 2.1 for the precise definition). To describe the inverse of
this map, let �.k/ denote the component of � in the kth summand of (1.13). If �.k/ D 0
for k > N , we can reconstruct ‰N as

‰N D W.
p
N˛/

NX
kD0

u˝N�k ˝s �
.k/
µ X�u;˛�; (1.14)

where the symmetric tensor product has to be understood as the tensor product of the
orthogonal subspaces of L2.R3/, span.u/, and ¹uº?, so that each summand yields an
element of

NN
sym L

2.R3/˝ F , on which the Weyl operator W.
p
N˛/ acts in the second

tensor factor.1 Note that the product state (1.6) would correspond to � D �˝�.
Now let ‰N .t/ and .ut ; ˛t / be solutions of (1.1) and (1.8) with suitable initial

conditions ‰N and .u; ˛/, and consider the fluctuation vector �.t/ satisfying ‰N .t/ D
X�ut ;˛t�.t/. This vector is an element of F?ut ˝ F , which we can naturally identify with
a subspace of the double Fock space

F ˝ F Š

1M
nD0

nO
sym

.L2.R3/˚ L2.R3//:

We will denote the creation and annihilation operators on the first factor in F ˝ F , asso-
ciated with excitations of the bosons, by b� and b.

The dynamics of the fluctuations �.t/ will be approximated by a time-dependent
Bogoliubov transformation. Roughly speaking, Bogoliubov transformations on F ˝ F

are unitary maps that are determined (up to a phase) by a map on L2.R3/˚L2.R3/. This

1More precisely, we set u˝N�k ˝s �
.k/ D PNsym.u

˝N�k ˝ �.k//, where the tensor product is taken
with respect to the spaces span.u/˝N�k and .¹uº?/˝k ˝F and where PNsym is the orthogonal projection
onto the symmetric subspace of

NN
L2.R3/, while it acts as the identity on F .
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property makes Bogoliubov transformations much simpler in terms of complexity. To be
more precise, define the joint creation operator of the excitations and the field by

c�.f ˚ g/ D b�.f /C a�.g/;

and the annihilation operator as its adjoint. A Bogoliubov transformation on F ˝ F is a
unitary map U with the property that

U�c�.f ˚ g/U D c�.u.f ˚ g//C c.v.f ˚ g// (1.15)

for some bounded linear maps u; vWL2.R3/ ˚ L2.R3/! L2.R3/ ˚ L2.R3/. In other
words, conjugation of a�, b� by U maps these to linear combinations of a, a�, b, b� with
modified arguments. For a more detailed introduction of Bogoliubov transformations and
related concepts, we refer to [91] and [12, Sect. 4].

The generators of Bogoliubov transformations are (formally) Hamiltonians quadratic
in the creation and annihilation operators, a, a�, b, b�. For the Nelson model with ultra-
violet cutoff, such a quadratic generator can be obtained from the full Hamiltonian [35]
following the approximation ideas of Bogoliubov [10]. The Nelson–Bogoliubov Hamilto-
nian with cutoff ƒ 2 .0;1/ is defined by

Hƒ
u;˛.t/´

Z
R3

dx b�xh˛t bx C
Z

R3

dk !.k/a�kak (1.16)

C

Z
R6

dx dk
�
.qutG

ƒ
.�/.k/ut /.x/a

�
kb
�
x C .qutG

ƒ
.�/
.k/ut /.x/akb

�
x

�
C h.c.;

where Gƒx .k/ D Gx.k/1jkj�ƒ and h˛t D ��C �˛t �
1
2
hut ; �˛tut i with Gx.k/ and �˛t

given by (1.9). Here, .ut ; ˛t /´ sŒt �.u; ˛/, and the notation h.c. denotes the Hermitian
conjugate of the preceding term. Let us emphasize that Hƒ

u;˛.t/ is always defined with
respect to the mean-field flow (1.8) with the subscript .u; ˛/ referring to the initial con-
ditions. Further, let Uƒ

u;˛.t/ be the unique unitary propagator (with initial time t D 0) on
the double Fock space F ˝ F associated with Hƒ

u;˛.t/. For a discussion of its existence,
we refer to [35, Thm. 4.1] or Proposition 5.2 below with � D 0. Our next result states the
existence of a renormalized Nelson–Bogoliubov time evolution in the limit ƒ!1.

Theorem 1.4. Let .u; ˛/ 2 H 3 ˚ h5=2 with kukL2.R3/ D 1 and let .ut ; ˛t /´ sŒt �.u; ˛/

denote the solution of (1.8). Let Eƒ be given by (1.3) and V 2 L2.R3;R/ by (3.2). Then

Uu;˛.t/´ s-lim
ƒ!1

Uƒ
u;˛.t/e

�iEƒt� i2

R t
0 ds hus ;V �jus j2usi

exists for all t 2 R. Moreover, Uu;˛.t/ has the following properties:

(i) Uu;˛.t/ is unitary and strongly continuous in t ,

(ii) Uu;˛.t/.F?u ˝ F / � F?ut ˝ F ,

(iii) Uu;˛.t/ is a Bogoliubov transformation on F ˝ F .
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Our second main result is a norm approximation of the dynamics generated by the
Nelson Hamiltonian. It states that the fluctuations around the condensate wave function
ut 2 L

2.R3/ and the coherent state associated with the field mode
p
N˛t 2 L

2.R3/
are effectively described by the renormalized Nelson–Bogoliubov evolution introduced
in Theorem 1.4. Together with the fact that Uu;˛.t/ is a Bogoliubov transformation, this
implies an approximation of the Nelson evolution in terms of a transformation of the form
(1.15).

Theorem 1.5. Let .u; ˛/ 2 H 3.R3/ ˚ h5=2 with kukL2.R3/ D 1 and let .ut ; ˛t / ´
sŒt �.u; ˛/ denote the solution of (1.8). There exists a quadratic form ı � 1 whose domain
is dense in F?u˝F and a constant C > 0 so that for all t 2R,N � 1, and � 2F?u˝F

in the domain of ı, with k�kF˝F D 1, we have for ‰N D X�u;˛� given by (1.14),



e�itHN‰N �W.pN˛t / NX
kD0

u˝N�kt ˝s .Uu;˛.t/�/
.k/






HN

� eCR.t/ı.�/1=2
p

lnN
N 1=4

;

where R.t/´ 1C
R jt j
0
.kusk

10
H3.R3/

C k˛sk
10
h5=2

/ ds.

This theorem is proved in Section 4.3.

Remark 1.2. The quadratic form ı is constructed explicitly using a unitary Bogoliubov
transformation W that implements a dressing on the level of the fluctuation vector �. With
this transformation, which is introduced in Proposition 4.3 as W1

u;˛.1/, ı is given by

ı.�/´ k�k2F˝F C hW�; .N 3
C d�b.��/C d�a.!//W�iF˝F ;

i.e., it measures the expectation of the third moment of the number of excitations and the
energy of the excitations and the field after dressing with W . In Proposition 4.3, we also
show that W preserves the domain of N 3=2. This is relevant, as it implies that the norm of
the initial state ‰N in Theorem 1.5 approaches 1 as N !1. More precisely, it implies
that kX�u;˛�kHN

� k�kF˝F �CN
�3ı.�/ for some C > 0. On the other hand, let us note

that we do not expect that W preserves the domain of d�b.��/.

Remark 1.3. By the density of the domain of ı, Theorem 1.5 extends naturally to all ini-
tial states with a finite number of excitations. Specifically, for any ‰N such that Xu;˛‰N
has a well-defined limit as N !1, we have

lim
N!1

ke�itHN‰N �X
�
ut ;˛t

Uu;˛.t/�kHN
D 0:

1.3. Comparison with the literature

The broader subject of this work, the justification of the time-dependent mean-field, and
Bogoliubov approximations, has been addressed extensively in the literature, mainly in the
context of the Bose gas with two-body pair interaction. The situation of particles coupled
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to a quantum field has been explored to a much lesser extent. Below we give a brief
overview of the literature on this topic and other works related to this study.

The first works on the mean-field approximation of reduced densities for the many-
body Bose gas with two-body interaction date back to the 1970s and 1980s by Hepp,
Ginibre, Velo, and Spohn [41, 42, 56, 92]. The question was revived in the early 2000s
[4,33] and within the next years, new techniques were developed to obtain explicit rates of
convergence [22,86,89] and to cover more singular two-body potentials, in particular those
converging to a Dirac-delta potential [5,31,32,58,87]. Since then, this topic has continued
to be actively studied and we recommend [6, 45, 81] for comprehensive surveys of recent
works. Fluctuations around the time-dependent mean-field equations were considered first
in [41,42,49,51,52]. Since [68,69], this subject has gained increased interest which has led
to further extensions and refinements in the derivation of the Bogoliubov approximation;
see e.g., [9,14,18,23,29,50,59,73–78,85]. Higher-order corrections to Bogoliubov theory
have been obtained in [11, 12, 43, 44]. Let us note that Bogoliubov theory also plays a
crucial role in the description of the excitation spectrum of large bosonic systems. While
this has been extensively studied for bosons with two-body potentials [7, 8, 16, 30, 46, 54,
69, 79, 80, 88, 90], we are not aware of any results concerning the spectral properties of
many bosons coupled to a quantum field.

The derivation of the SKG equations starting from the renormalized Nelson model, in
the same limit as considered in this work, has been addressed previously by [2]. Using
techniques from semiclassical theory, the authors demonstrate that the Wigner measure
associated with the many-body dynamics evolves in the limit N !1 in accordance with
the push-forward of a Wigner measure under the SKG flow. Since convergence of the
Wigner measure implies weak-� convergence for the reduced densities, this statement is
comparable to Theorem 1.1 of the present work. Unlike the approach taken in [2], which
provides a limit result without explicit error estimates, our method allows us to determine
an explicit rate of convergence for the reduced densities. On the other hand, the results in
[2] apply to a wider class of initial states. Regarding our second result, the construction of
the renormalized Nelson–Bogoliubov Hamiltonian and the norm approximation, we are
not aware of any prior work that has addressed this problem.

More results have been obtained for models with regular particle-field interactions
(i.e., without need for renormalization): For the regularized Nelson model with ultraviolet
cutoff, derivations of the corresponding mean-field dynamics were obtained in [1, 34, 65]
and the validity of the Bogoliubov approximation, as well as higher-order corrections,
was established in [35]. In addition, the regularized Nelson model was also studied in a
many-fermion limit that is closely linked to a semiclassical limit [64]. Other particle-field
systems, such as the Fröhlich model and the Pauli–Fierz Hamiltonian, have been studied
in the scaling regime of the present article too; see [63, 66] for the mean-field approxima-
tion and [61] for an approximation of the Fröhlich dynamics in norm. The dressed Nelson
Hamiltonian, which will play a crucial role in our analysis (see Section 1.4), has similar
regularity properties to the Fröhlich Hamiltonian, as both are given in terms of pertur-
bations of the non-interacting quadratic form. However, the dressed Nelson Hamiltonian
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has a more complicated structure than the Fröhlich Hamiltonian since it is not linear in
creation and annihilation operators. This makes the analysis of the time evolution more
involved even on the level of the dressed Hamiltonian.

Within the broader scope of deriving effective equations from particle-field models, it
is worth noting the following works. The subject of [20, 25, 26, 40] is a partially classical
limit of a class of models (covering the regularized Nelson, and the Fröhlich, and the
Pauli–Fierz models), where a fixed number of particles is weakly coupled to a quantum
scalar field with high occupation number. For the Fröhlich Hamiltonian specifically, the
time evolution has been actively studied in the strong coupling regime also [37,38,47,62,
67,72]. While the resulting effective equations are of a similar form to the SKG equations,
the strong coupling limit is accompanied by a separation of timescales between the particle
and the field, a feature that is absent in the mean-field limit. The papers [19, 27, 57, 93]
focus on the derivation of effective pair particle potentials arising from the particle-field
interaction, in suitable weak-coupling and adiabatic limits.

Finally, for an overview of results on the renormalized Nelson model not directly
linked to the derivation of effective equations, we refer to the discussion of [70].

1.4. Outline of the proofs

General idea. The Hamiltonian expressed formally in (1.2) can be represented in terms of
an operator HD

N with a more regular and explicitly given quadratic form, conjugated with
a unitary dressing transformationW D; see Lemma 3.1. By unitarity ofW D, this allows us
to relate the Nelson dynamics to the dynamics generated by the dressed Hamiltonian via

e�itHN D .W D/�e�itH
D
NW D: (1.17)

The general strategy of the proof is to analyze the mean-field and norm approximations
of the dressed time evolution e�itH

D
N , and then connect the corresponding dressed mean-

field and Bogoliubov evolutions to the original (undressed) ones. To accomplish this, we
will introduce approximations of the dressing transformation that relate the dressed and
undressed effective evolutions, in analogy to the relation shown in (1.17). Denoting the
approximations of the dressing transformation by D and W , and the dressed mean-field
flow and the dressed Bogoliubov evolution as sDŒt � and UD

D.u;˛/
.t/, then the connection

between the effective evolutions can be expressed as

sŒt � DD�1 ı sDŒt � ıD and Uu;˛.t/ DW �UD
D.u;˛/.t/W : (1.18)

To determine D and W , we viewW DDW D.1/ as the special case of a quantum evolution
operator W D.�/ with “time” � and examine its mean-field and Bogoliubov approxima-
tions. The motivation for this stems from the observation that W D.�/ is a unitary group
that is generated by a field operator resembling the interaction term in (1.2), but with a
square-integrable form factor (this was exploited in [2] for the mean-field flow).

In the proof of Theorem 1.4, we establish an identity that is similar to (1.18) but for
Uƒ
u;˛.t/e

�itEƒ and with ƒ-dependent versions of W and UD
D.u;˛/

.t/, and then show that
the cutoff can be removed for the conjugated dressed evolution.
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Mean-field approximation. In order to derive Theorem 1.1, we estimate the difference
of the dressed dynamics e�itH

D
N applied to the dressed initial state W D‰N to the cor-

responding mean-field equations introduced in (5.2), whose flow is denoted by sDŒt �, in
Theorem 3.2. The proof relies on the use of the excitation map and estimates on the gen-
erator of the fluctuation dynamics. To pass from the approximation of e�itH

D
N to that of

e�itHN , we then expand on the idea that the dressing W D itself can be approximated by
the mean-field dressing transformation D. This is the subject of Lemmas 3.5 and 3.6,
with the latter providing the reason for the required energy condition in Theorem 1.1.
Since D intertwines between the dressed and the undressed mean-field evolutions, i.e.,
sŒt �DD�1 ı sDŒt � ıD, this allows us to translate the approximation result of the dressed
dynamics to the desired result on the undressed ones.

Bogoliubov approximation. To prove the norm approximation, we start again from the
analysis of the dressed dynamics, where we now examine the fluctuation vector �D.t/ D

XsDŒt�.u;˛/e
�itHD

NX�u;˛� associated with the dressed mean-field flow and compare it with
the effective evolution UD

D.u;˛/
.t/�. Here, UD

D.u;˛/
.t/ is obtained from the Bogoliubov

approximation of the dressed dynamics. The statement analogous to Theorem 1.5 for
the dressed dynamics is given in Theorem 4.2, whose proof is based on estimates of
the difference of the generator of the dressed fluctuations and the quadratic generator of
UD

D.u;˛/
.t/. To establish a connection of this result to the one for the undressed dynamics,

we use (1.17) together with a norm approximation for the dressing transformation W D.
To this end, we elevate the mean-field approximation D to the level of the fluctuations
by implementing a Bogoliubov transformation W . For the definition of W , we need to
introduce a non-autonomous flow of Bogoliubov transformations on F ˝F , which is the
content of Proposition 4.3. Lemma 4.5 then demonstrates that W indeed offers a norm
approximation of W D, in the sense that XD.u;˛/W

DX�u;˛� � W� as N !1 for suit-
able � 2 F ˝ F . As a final step, we argue that W intertwines between the dressed and
the undressed Bogoliubov evolutions, i.e., that Uu;˛.t/DW �UD

D.u;˛/
.t/W , with the pre-

cise version of this identity given in (5.11). A schematic representation of the Bogoliubov
approximation is illustrated in Figure 1.

Renormalization. For the purpose of the norm approximation, we could take (1.18) as
the definition of Uu;˛.t/ in Theorem 1.5. However, we also want to elucidate the relation
of this evolution to the one that can be formally derived by applying the quadratic Bogoli-
ubov approximation to (1.2). This relation is given by Theorem 1.4. To this end, one
needs to introduce an ultraviolet cutoffƒ, since it is not clear that the Nelson–Bogoliubov
Hamiltonian (1.16) defines a self-adjoint operator forƒD1. With a cutoffƒ, one might
expect that the Bogoliubov approximation of the Nelson dynamics is given exactly by the
Bogoliubov approximation of the dressed Hamiltonian, conjugated with the approxima-
tion of the dressing. However, the Bogoliubov evolution is fixed only up to a phase, so
the identity may only hold for an appropriate choice of such a phase. This is the content
of Proposition 5.3, where we show that the correct choice of phase e�i

R t
0 ds Eƒ.s/ is such



Renormalized Bogoliubov theory for the Nelson model 939

�D �D.t/

W D‰N e�itH
D
NW D‰N

� �.t/

a‰Na e�itHN‰N

W

UD
D.u;˛/

W �

XD.u;˛/
XD.ut ;˛t /

U.u;˛/

X.u;˛/ X.ut ;˛t /

Figure 1. Schematic representation of the approximations. The diagram commutes up to small errors
in N . The exact dynamics are represented in the front plane, with the Bogoliubov approximations
in the second plane. Note the dependence of the excitation maps on the solutions to the mean-field
equations .ut ; ˛t / WD sŒt �.u; ˛/.

that Eƒ.s/!1 as ƒ!1. This is analogous to the renormalization of HN , as stated
in (1.4). Due to the dependence of the unitary evolutions in (1.18) on the corresponding
mean-field flows, the renormalization of the Bogoliubov evolution is conceptually and
technically more challenging compared to the renormalization of HN .

2. Preliminaries

2.1. Fock spaces and excitation map

We recall the Fock space F D
L1
kD0

Nk
symL

2.R3/ and define the (truncated) Fock spaces
for the excitations of the particles,

F
.k/
?u D

kO
sym

¹uº?; F �N
?u D

NM
kD0

F
.k/
?u ; F?u D

1M
kD0

F
.k/
?u ;

for ¹uº? D ¹' 2 L2.R3/ W h'; ui D 0º. The relevant double Fock spaces for the Nelson
model are

F �N
?u ˝ F ; F?u ˝ F ; and F ˝ F ; (2.1)

where the first factor always refers to the excitations of the N bosonic particles, while the
second factor describes the excitations of the quantum field. If the context is not unam-
biguous, we will write F D Fb for the particles and F D Fa for the quantum field. In
the order of (2.1), we refer to the Fock spaces as the truncated excitation Fock space,
excitation Fock space, and double Fock space. Moreover, we denote by bx , b�x , Nb and
ak , a�

k
, Na the annihilation, creation, and number operators on Fb and Fa, respectively.
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For f 2 L2.R3/ let

a.f /´

Z
R3

dk f .k/ak ; a�.f /´

Z
R3

dk f .k/a�k ;

b.f /´

Z
R3

dx f .x/bx ; b�.f /´

Z
R3

dx f .x/b�x

denote the bosonic annihilation and creation operators. For a self-adjoint operator T W
D.T /! L2.R3/, we denote by d�.T / the self-adjoint second quantization of T on F .
Depending on which factor of F ˝ F this acts on, we write

d�a.T /´
Z

R6

dk dl T .k; l/a�kal and d�b.T /´
Z

R6

dx dy T .x; y/b�xby ;

where T .�; �/ is the Schwartz kernel of T . With this, we introduce the notation

N ´ Nb CNa; T ´ d�a.��/C d�a.!/: (2.2)

We define the field operator by

ŷ .f /´ a.f /C a�.f /: (2.3)

Using this definition, the Weyl operator introduced in (1.5) can be expressed as

W.f / D e�i
ŷ .if /:

It satisfies

W �1.f / D W.�f /; W.f /W.g/ D W.f C g/e�i Imhf;gi; (2.4)

as well as the shift property

W �.f /akW.f / D ak C f .k/: (2.5)

As an important tool in our analysis, we introduce a variant of the excitation map intro-
duced in [68, 69]. Specifically, we define Xu;˛ ´ Xu ˝W.

p
N˛/�, where Xu denotes

the usual excitation map for N bosons [68, 69] and W.
p
N˛/ is a Weyl operator. Let us

explain this in more detail: In the Nelson model, the excitation map factors out a conden-
sate with wave function u and a coherent state with field mode

p
N˛. For u; ˛ 2 L2.R3/

with kukL2 D 1, it is defined as the map

Xu;˛WHN ! F?u ˝ F

with ‰N 7! .�.k//N
kD0

given by

�.k/ D

�
N

k

�1=2 kY
iD1

.qu/i hu
˝.N�k/; W �.

p
N˛/‰N iL2.R3.N�k// 2 F

.k/
?u ˝ F ; (2.6)
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where .qu/i is the orthogonal projection qu D 1 � juihuj acting on the i th particle coor-
dinate xi . Here, the partial inner product is taken with respect to the particle coordinates
xkC1; : : : ; xN . The adjoint of Xu;˛ is given by (1.14), and it holds that

X�u;˛Xu;˛ D 1HN
; Xu;˛X

�
u;˛ D 1

F
�N
?u ˝F

; (2.7)

in particular Xu;˛WHN ! F �N
?u ˝ F is unitary. Written in terms of creation and annihi-

lation operators, the excitation map acts as

Xu;˛‰N D

� NM
kD0

q˝ku
b.u/N�kp
.N � k/Š

�
˝W �.

p
N˛/‰N :

This leads to the following useful relations [68, 69].

Lemma 2.1. As identities on F?u ˝ F , we have for all f; g 2 ¹uº?,

Xu;˛b
�.u/b.u/X�u;˛ D ŒN �Nb�C; Xu;˛b

�.u/b.f /X�u;˛ D ŒN �Nb�
1=2
C b.f /;

Xu;˛b
�.f /b.g/X�u;˛ D b

�.f /b.g/; Xu;˛b
�.f /b.u/X�u;˛ D b

�.f /ŒN �Nb�
1=2
C ;

where Œa�C D max¹a; 0º. Moreover, for all h 2 L2.R3/,

Xu;˛a.h/X
�
u;˛ D a.h/C

p
N hh; ˛i:

For reference, we also state the following identity for the derivative of the excitation
map, leaving the proof to the reader (see [68, eq. (40)] for the N -particle Bose case).

Lemma 2.2. Let R3 s 7! .us;˛s/ be differentiable with .@sus; @s˛s/2L2.R3/˚L2.R3/,
and consider the family of unitaries .Xus ;˛s /s2R. Then, as an identity of operators F �N

?us
˝

F ! F �N ˝ F , we have

i.@sXus ;˛s /X
�
us ;˛s

D
�
�
p
N ŷ .i@s˛s/ �N Reh˛s; i@s˛si

�
W.
p
N˛t /

�

C b�.us/b.qus i@sus/ � hi@sus; usi.N �Nb/

�
�p
N �Nbb.qus i@sus/C h.c.

�
:

To measure the distance between reduced densities, we introduced the functional ˇ in
(1.11). In Section 3, we need a second functional given by


Œ‰N ; .u; ˛/�´ kr1.qu/1‰N k
2
CN�1kd�a.!/1=2W �.

p
N˛/‰N k

2: (2.8)

Essentially, 
 is the mean kinetic energy of particles outside the condensate state u and
field modes outside the coherent state W.

p
N˛/�. Using Lemma 2.1, they can be

expressed in terms of the excitation map and the operators from (2.2) as

ˇŒ‰N ; .u; ˛/� D
1

N
hXu;˛‰N ;NXu;˛‰N iHN

; (2.9a)


Œ‰N ; .u; ˛/� D
1

N
hXu;˛‰N ;TXu;˛‰N iHN

: (2.9b)



M. Falconi, J. Lampart, N. Leopold, and D. Mitrouskas 942

2.2. Notation

We recall the definitions !.k/ D
p
k2 C 1 and

Gx.k/ D
1p
!.k/

e�ikx and Bx.k/ D
Gx.k/

k2 C !.k/
D

e�ikxp
!.k/.k2 C !.k//

: (2.10)

Moreover, we adopt the following notational conventions. The space H s.R3/, for s 2
R, denotes the non-homogeneous L2-Sobolev space, while hs , for s 2 R, is the weighted
L2-space with norm k˛khs D k!

s˛kL2 . The symbol k � k represents the norm of either
HN or F ˝F , depending on context. For a quadratic form with domainQ.A/ associated
with an operator AWQ.A/! Q.A/0, we write AC h.c. to denote the quadratic form

h ; .AC h.c./ i D 2Reh ;A i;  2 Q.A/:

Lastly, the letter C denotes a generic constant whose value may change within a sequence
of inequalities; for instance, in X � CY � CZ, the two occurrences of C may denote
different numbers.

2.3. The SKG equations

The next statement recaps the well-posedness theory of the non-linear SKG equations,8̂̂̂<̂
ˆ̂:
i@tut .x/ D

�
��C �˛t .x/ �

1

2
hut ; �˛tut i

�
ut .x/;

i@t˛t .k/ D !.k/˛t .k/C hut ; G.�/.k/ut i;

.ut ; ˛t /jtD0 D .u; ˛/:

(2.11)

Proposition 2.3. For any s � 0 the Cauchy problem (2.11) is globally well posed in the
spaceH s.R3/˚hs�1=2. The solutions satisfy kutkL2 DkukL2 and, for s� 1, E.ut ;˛t /D

E.u; ˛/ with E defined by (1.10).
In addition, for any integer s � 1, there exists ı such that for any M > 0 there exists

C so that for all t 2 R and k.u; ˛/kH s˚hs�1=2 �M , the solution .ut ; ˛t / satisfies

kutkH s C k˛tkhs�1=2 �

´
C if s D 1;

C.1C jt j/ı otherwise:

Proof. The well-posedness, together with the conservation properties is a special case of
[84, Thm. 1.4]; see also [3, 24]. The estimate on the norms for s D 1 follows from the
conservation properties and an application of the bound (6.2e). The polynomial-in-time
bounds for s > 1 can be proved by an iterative argument, adapting the approach of [37]
for the Landau–Pekar equations; see also [53] for a different approach.
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3. The mean-field approximation

In this section we study the approximation of e�itHN on the level of reduced densities and
prove Theorem 1.1. We first consider the evolution generated by the Nelson Hamiltonian
after dressing it with a suitable unitary transformation. Even though the dressed Hamil-
tonian HD

N has a more complicated structure than the original Hamiltonian, it contains
interaction terms that are less singular and is thus better suited for our analysis. In fact,
HD
N is a perturbation of the non-interacting Hamiltonian in the sense of quadratic forms.

In order to approximate the evolution e�itH
D
N , it is necessary to replace the mean-field

equations by their dressed variant, as already observed in [2]. The approximation result
for the reduced densities of e�itH

D
NW D‰N using the dressed mean-field equations, with

a statement analogous to that of Theorem 1.1, is given in Theorem 3.2. We then study
the dressing transformations, and state in Lemma 3.5 that they can be approximated by a
mean-field dressing flow in a similar way. The proof of Theorem 1.1 is given by combining
these results in Section 3.4.

3.1. Dressed dynamics on the microscopic level

With Bx.k/ given by (2.10) and the field operator ŷ from (2.3), we consider the family of
unitary dressing transformations

W D.�/´ exp
�
�i�
p
N

NX
jD1

ŷ .iBxj /

�
(3.1)

and set W D D W D.1/. This transformation goes back to Gross and Nelson [82], and the
following lemma recalls a well-known relation between the renormalized Nelson Hamil-
tonian and the dressed Nelson Hamiltonian.

Lemma 3.1. Consider the symmetric quadratic form defined on the form domain of the
free operator d�a.!/C

PN
iD1.��i /,

HD
N ´ d�a.!/C

NX
iD1

.��i /C
1
p
N

NX
iD1

OAxi C
1

N

X
1�i<j�N

V.xi � xj /

C
1

N

NX
iD1

�
a.kBxi /

2
C 2a�.kBxi /a.kBxi /C a

�.kBxi /
2
�
;

where

OAx ´ �2.irx � a.kBx/C a
�.kBx/ � irx/;

V .x/´ �4RehGx ; B0i C 2Reh!Bx ; B0i: (3.2)

There exists a unique self-adjoint operator HD
N , D.HD

N / whose quadratic form coincides
with the above, and we have

HN D .W
D/�HD

NW
D:
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Proof. Formally, this follows from the definition of the Weyl operators and a direct com-
putation. The precise statement is a corollary to the original construction of the renormal-
ized Nelson Hamiltonian [82], refined in [48]. There, one considers the operator HD

N;K

related to a dressing transformation with an infrared cutoffK (as in Proposition 1.2). This
is used to bound the interaction terms relative to the form of the non-interacting operator
with bound less than 1, for K sufficiently large (see [48, Thm. 3.3]). Transforming HD

N;K

with the dressing transformation on momenta belowK gives the formula above. This does
not change the form domain by [48, Thm. 4.1, Lem. C.4].

3.2. Mean-field approximation of the dressed dynamics

Given the dressed Nelson Hamiltonian HD
N , one can derive an associated mean-field

energy by projecting onto states of the product-like form (1.6) with given one-particle
functions u, ˛. The dressed mean-field equations, the Hamiltonian equations associated
with this energy, take the form8̂̂<̂

:̂
i@tut .x/ D hut ;˛tut .x/;

i@t˛t .k/ D !.k/˛t C 2hut ; kB.�/.k/.�ir C F˛t /ut i;

.u0; ˛0/ D .u; ˛/;

(3.3)

where

hu;˛ ´ ��C A˛ C .F˛/
2
C V � juj2 � �u;˛; (3.4a)

A˛;x ´ 2.�irx/hkBx ; ˛i C 2hkBx ; ˛i.�irx/; (3.4b)

F˛.x/´ 2RehkBx ; ˛i; (3.4c)

�u;˛ ´
1

2
hu; V � juj2ui C Reh˛; fui C Reh˛; gu;˛i; (3.4d)

fu.k/´ 2hu; kB.�/.k/.�ir/ui; (3.4e)

gu;˛.k/´ 2hu; kB.�/.k/F˛ui: (3.4f)

We denote the associated flow by sDŒt �.u; ˛/D .ut ; ˛t /, that is, .ut ; ˛t / solves (3.3) with
initial conditions .ut ; ˛t /jtD0 D .u; ˛/ (existence of this flow is the special case � D 1 of
Lemma 5.1).

Remark 3.1. The notation .ut ; ˛t / is used to denote different flows throughout the paper.
For example, in Theorems 1.1, 1.4, and 1.5, we defined .ut ; ˛t /´ sŒt �.u; ˛/, while in
Theorems 3.2 and 4.2, we set .ut ; ˛t /´ sDŒt �.u; ˛/. In each case, .ut ; ˛t / serves as a
local placeholder for a specific mean-field flow.

In the next statement we compare the evolution generated by HD
N with the dressed

mean-field flow sDŒt �. To this end, we recall (1.11) for the definition of the functional ˇ
and (2.8) for the definition of the functional 
 . Also note that by Lemma 3.1 we have the
identity e�itHN‰N D .W D/�e�itH

D
NW D‰N , which explains why we now consider initial

states of the form W D‰N .
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The following statement is the main result of this section.

Theorem 3.2. Let .u; ˛/ 2 H 3 ˚ h5=2 with kukL2 D 1 and let .ut ; ˛t /´ sDŒt �.u; ˛/

denote the solution to (3.3) for initial conditions .u; ˛/. There exists a constant C > 0

such that for all ‰N 2 D.H
1=2
N / with k‰N k D 1, N � 1, and t 2 R, we have

ˇ
�
e�itH

D
NW D‰N ; s

DŒt �.u; ˛/
�
C 


�
e�itH

D
NW D‰N ; s

DŒt �.u; ˛/
�

� eCR
D.t/
�
ˇŒW D‰N ; .u; ˛/�C 
ŒW

D‰N ; .u; ˛/�CN
�1
�
;

where RD.t/´ 1C
R jt j
0
kusk

2
H3.1C k˛skh3=2/

2 ds.

To prepare the proof of the theorem, we introduce the fluctuation generator associated
with e�itH

D
N and sDŒt �. Recalling the definition of the excitation map (2.6), and fixing

‰N 2 HN , .u; ˛/ 2 H 3 ˚ h5=2, we consider the fluctuation vector

�D.t/´ XsDŒt�.u;˛/e
�itHD

NW D‰N : (3.5)

A simple computation shows that �D.t/ satisfies the equation i@t�D.t/DH
D;�N
u;˛ .t/�D.t/

with

HD;�N
u;˛ .t/ D i PXsDŒt�.u;˛/.XsDŒt�.u;˛//

�
CXsDŒt�.u;˛/H

D
N .XsDŒt�.u;˛//

�: (3.6)

Note thatHD;�N
u;˛ .t/ maps F �N

?ut
˝ F into F �N ˝ F , but for convenience, we will write

it as the restriction of a symmetric operator HD
u;˛.t/WF ˝ F ! F ˝ F , that is,

HD;�N
u;˛ .t/ D HD

u;˛.t/ � F �N
?ut
˝ F : (3.7)

The explicit expression for HD
u;˛.t/ is given in Section 6.4. The fluctuation vector �D.t/

then satisfies the Schrödinger type equation´
i@t�

D.t/ D HD
u;˛.t/�

D.t/;

�D.0/ D Xu;˛W
D‰N :

(3.8)

In Lemma 6.11 we will prove the following bounds:

˙.HD
u;˛.t/ � T / �

1

2
T C C.N C 1/

�
1C

1

N
Nb

�2
; (3.9a)

˙i ŒN ;HD
u;˛.t/� �

1

2
T C C.N C 1/

�
1C

1

N
Nb

�2
; (3.9b)

˙
d
dt
HD
u;˛.t/ �

1

2
T C C�.t/.N C 1/

�
1C

1

N
Nb

�2
; (3.9c)

where N and T are defined as in (2.2), �.t/ D kutk2H3.1 C k˛tkh3=2/
2, .ut ; ˛t / D

sDŒt �.u; ˛/. Equipped with these estimates we can now come to the proof of Theorem 3.2,
whose strategy is inspired by [15, 61, 78].
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Proof of Theorem 3.2. Consider .ut ; ˛t / D sDŒt �.u; ˛/ and the fluctuation vector �D.t/

given by (3.5) for initial states .u; ˛/ and ‰N as stated in the hypothesis. Note that by
definition, �D.t/ 2 F �N

?ut
˝ F . Relations (2.9a) and (2.9b) imply that

ˇ
�
e�itH

D
NW D‰N ; s

DŒt �.u; ˛/
�
D

1

N
h�D.t/;N �D.t/i; (3.10a)



�
e�itH

D
NW D‰N ; s

DŒt �.u; ˛/
�
D

1

N
h�D.t/;T�D.t/i: (3.10b)

From (3.9a) and 1Nb�N�
D.t/ D �D.t/ it follows that

Nˇ
�
e�itH

D
NW D‰N ; s

DŒt �.u; ˛/
�
CN


�
e�itH

D
NW D‰N ; s

DŒt �.u; ˛/
�

D h�D.t/; .T CN /�D.t/i

� 2h�D.t/;HD
u;˛.t/�

D.t/i C C h�D.t/; .N C 1/�D.t/i µ f .t/:

We proceed by estimating the time derivative of f .t/ in order to conclude via Grönwall’s
inequality. Using (3.8) and with the aid of (3.9a)–(3.9c), one computes

j Pf .t/j D
ˇ̌̌
2
D
�D.t/;

� d
dt
HD
u;˛.t/

�
�D.t/

E
C C h�D.t/; i ŒHD

u;˛.t/;N ��D.t/i
ˇ̌̌

� C h�D.t/;T�D.t/i C C�.t/h�D.t/; .N C 1/�D.t/i

� C h�D.t/;HD
u;˛.t/�

D.t/i C C�.t/h�D.t/; .N C 1/�D.t/i � C�.t/f .t/;

where we used that �.t/ � 1. Grönwall’s inequality thus implies f .t/ � eC
R jt j
0 �.s/ dsf .0/

and using (3.9a) again, together with (3.10a), (3.10b), we arrive at

ˇ
�
e�itH

D
NW D‰N ; s

DŒt �.u; ˛/
�
� CeC

R jt j
0 �.s/ ds 1

N
h�D.0/; .T CN C 1/�D.0/i

D eCR
D.t/.ˇŒW D‰N ; .u; ˛/�C
ŒW

D‰N ; .u; ˛/�CN
�1/:

This completes the proof of Theorem 3.2.

3.3. Mean-field approximation of the dressing transformation

The dressing transformation W D is generated by an operator that looks like the interac-
tion term of the Nelson Hamiltonian, but has the regular form factor iBx . There are thus
mean-field equations associated to the dynamics � 7! W D.�/, (3.1), as in the case of the
(dressed) Nelson Hamiltonian. The mean-field equations corresponding to the dressing
transformation are given by8̂̂<̂

:̂
i@�u

� .x/ D �u� ;˛� .x/u
� .x/;

@�˛
� .k/ D B0.k/

1
ju� j2.k/;

.u� ; ˛� /j�D0 D .u; ˛/;

(3.11)
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where we introduced

�u;˛.x/´ Q�˛.x/ �
1

2
hu; Q�˛ui; Q�˛.x/´ 2RehiBx ; ˛i: (3.12)

We denote by DŒ� � the flow corresponding to this equation, i.e.,

DŒ� �.u; ˛/ D .u� ; ˛� /; (3.13)

where .u� ; ˛� / is the solution to (3.11) with initial condition .u; ˛/. Being the flow of
an autonomous system of equations, we have DŒ� � ıDŒ��� D 1. For � D 1 we use the
shorthand D DDŒ1�.

In fact, DŒ� � can be determined explicitly following [2, Lem. III.11]. Since �u� ;˛� is
real, the solution satisfies ju� j2 D juj2, and then the equation for ˛ can be solved for

˛� .k/ D ˛.k/C �B0.k/
b
juj2.k/:

Since B0 is an even function,

RehiBx ; B0bjuj2i D Im
Z

dycB20 .y � x/juj2.y/ D 0:
Hence, we have Q�˛� D Q�˛ , and one can simplify the equations using �u� ;˛� D �u;˛ . The
system of ordinary differential equations (3.11) for each .x; k/ is then solved explicitly by

.u� ; ˛� / DDŒ� �.u; ˛/ D .e�i��u;˛u; ˛ C �B0.�/
b
juj2/: (3.14)

The flow DŒ� � preserves the relevant spaces of Cauchy data for the SKG equations (cf.
Proposition 2.3).

Lemma 3.3. Let n � 1 be an integer and n � 1 < s < nC 1. There exists C so that for
all .u; ˛/ 2 Hn.R3/˚ hs and j� j � 1 the functions .u� ; ˛� / DDŒ� �.u; ˛/ satisfy

ku�kHn � CkukHnk˛knhs and k˛�khs � C.kuk
2
Hn C k˛khs /:

Proof. We use the explicit form (3.13) of DŒ� � and some straightforward estimates (some
of which will be proved in Section 6.2). We have ei��u;˛rmu� D .r � i�r�u;˛/mu for
m � n. With r�u;˛.x/ D �2RehkBx ; ˛i we thus have

kr
mu�kL2 � C

mX
`D0

X
j1C���Cj`�m





� Ỳ
iD0

hjkjjiB0; j˛ji

�
r
m�

P
jiu






L2
� CkukHmk˛kmhs ;

by Lemma 6.3 (where we used that s > n � 1). For ˛� we have

k˛�khs � k˛khs C j� j kB0.k/
b
juj2khs � k˛khs C j� j kjuj

2
kH s�5=2 :

For n D 1 we simply bound the last term by kuk2
L4
� Ckuk2

H1 , and for n � 2 we use that

ku2kH s�5=2 � ku
2
kHn � Ckuk2Hn :

This proves the claim.
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To connect the statements of Theorems 3.2 and 1.1, we make use of the fact that the
dressing flow D interpolates between the SKG flow (2.11) and the dressed mean-field
flow (3.3). This is a direct consequence of Lemma 5.1 for � D 1.

Lemma 3.4. For all t 2 R, we have

sDŒt � ıD DD ı sŒt �:

The next lemma is an analogue to Theorem 3.2 for the dynamics W D.�/ in “time” � .

Lemma 3.5. There exists a constant C > 0 such that for all .u; ˛/ 2 H 1.R3/˚ h0 with
kukL2 D 1, ‰N 2 HN with k‰N k D 1, N � 1, and j� j � 1, we have

ˇ
�
W D.�/‰N ;DŒ� �.u; ˛/

�
� e

C.kuk2
H1
Ck˛kh0 /.ˇŒ‰N ; .u; ˛/�CN

�1/:

To prove the lemma, we introduce, in close analogy to the discussion after Theo-
rem 3.2, the fluctuation generator associated with W D.�/ and DŒ� �. For ‰N 2 HN and
.u; ˛/ 2 H 1.R3/˚ h0, we consider the fluctuation vector

�.�/´ XDŒ��.u;˛/W
D.�/‰N : (3.15)

A short computation shows that i@��.�/ D D�Nu;˛ .�/�.�/ with

D�Nu;˛ .�/DXDŒ��.u;˛/

�
1
p
N

NX
jD1

ŷ .iBxj /

�
.XDŒ��.u;˛//

�
C i.@�XDŒ��.u;˛//.XDŒ��.u;˛//

�;

acting as an operator F �N
?u ˝ F ! F �N ˝ F . As before, it is convenient to write

D�Nu;˛ .�/ as the restriction of a suitable symmetric operator Du;˛.�/WF ˝ F ! F ˝ F .
To this end, we define

Du;˛.�/´ d�b.�u;˛/C
�Z

dx dk �u� .k; x/a
�
kb
�
x

h
1 �

Nb

N

i1=2
C
C h.c.

�
�

�Z
dx dk �u� .�k; x/akb

�
x

h
1 �

Nb

N

i1=2
C
C h.c.

�
CN�1=2

Z
dx b�x.qu� ŷ .iBx/qu� � hu

� ; ŷ .iB.�//u
�
i/bx ; (3.16)

where �u;˛ is defined by (3.12) and

�u.k; x/´ .quiB.�/.k/u/.x/:

Using (2.5) and Lemmas 2.1 and 2.2 to compute D�Nu;˛ .�/, one verifies the claimed iden-
tity, namely that D�Nu;˛ .�/ D Du;˛.�/ � F �N

?u ˝ F .

Proof of Lemma 3.5. Consider the fluctuation vector �.�/ given by (3.15). Using (2.9a),
we can express the relevant ˇ functional as

ˇ
�
W D.�/‰N ;DŒ� �.u; ˛/

�
D

1

N
h�.�/;N �.�/i: (3.17)
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We use i@��.�/ D Du;˛.�/�.�/, with Du;˛.�/ given by (3.16), in combination with the
commutator bound (which is stated precisely and proved in Lemma 6.13)

˙i ŒN ;Du;˛.�/� � C.kuk
2
H1 C k˛kh0/.N C 1/

�
1C

� 1
N

Nb

�1=2�
:

Together with �.�/ D 1Nb�N �.�/, this impliesˇ̌̌ d
d�
h�.�/;N �.�/i

ˇ̌̌
� C.kuk2

H1 C k˛kh0/h�.�/; .N C 1/�.�/i;

and by applying Grönwall’s inequality, we obtain for j� j � 1,

h�.�/; .N C 1/�.�/i � e
C j� j.kuk2

H1
Ck˛kh0 /h�.0/; .N C 1/�.0/i:

In combination with (3.17) and the fact that k�.0/k D 1, we can derive the desired bound.

As a final preparation for the proof of Theorem 1.1, the following lemma gives an
upper bound for the functional 
 , defined in (2.8), when evaluated for the dressed states
W D‰N and D.u; ˛/ in terms of the energy difference of the microscopic and mean-field
models evaluated in the states ‰N and .u; ˛/, without dressing.

Lemma 3.6. Let .u;˛/ 2H 3.R3/˚ h5=2 with kukL2 D 1 and E be given by (1.10). There
exists a constant C > 0 such that for all‰N 2D.H

1=2
N / with k‰N k D 1,N � 1, we have


ŒW D‰N ;D.u; ˛/�

� C
�
jN�1h‰N ;HN‰N i � E.u; ˛/j C max

jD1;2
.ˇŒ‰N ; .u; ˛/�CN

�1/j=2
�
:

For the proof of Lemma 3.6, which is given in Section 6.5, it is important to note
that the strategy used to prove Theorem 3.2 does not work. The reason for this is that
the operator T is not dominated by the generator Du;˛.�/, and hence we do not have
analogous estimates to (3.9a)–(3.9c) at our disposal. Therefore we rely on a different type
of energy estimate, motivated by ideas from [58].

3.4. Proof of Theorem 1.1

Combining the results of the previous two sections, we can prove our first main theorem.

Proof of Theorem 1.1. For .u; ˛/ 2 H 3.R3/˚ h5=2, denote by

.ut ; ˛t /´ sŒt �.u; ˛/; .uD; ˛D/´D.u; ˛/; .uD
t ; ˛

D
t /´ sDŒt � ıD.u; ˛/

the solutions of the SKG equations (2.11), and the dressed SKG equations (3.3) with
initial data transformed by the mean-field dressing transformation (3.13). Also recall that
by Lemma 3.4,

D.ut ; ˛t / D sDŒt �.uD; ˛D/: (3.18)
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Since W D.�1/W D.1/ D 1 and DŒ�1� ıD D 1, we can use Lemma 3.5 for � D �1 and
with ‰N ! W De�itHN‰N , and .u; ˛/!D.u; ˛/, we get

ˇŒe�itHN‰N ; .ut ; ˛t /� � e
C.kuD

t k
2

H1
Ck˛D

t kh0
/
.ˇŒW De�itHN‰N ;D.ut ; ˛t /�CN

�1/:

The exponential factor is uniformly bounded in t , since by Lemma 3.3 and Proposition 2.3,

kuD
t k
2
H1 � Ckutk

2
H1k˛tk

2
h1=2
� C ;

k˛D
t kh0 � C.kutk

2
H1 C k˛tkh1=2/ � C:

(3.19)

In view of HN D .W D/�HD
NW

D (see Lemma 3.1) and (3.18), we can proceed using
Theorem 3.2 to estimate

ˇ
�
e�itH

D
NW D‰N ; s

DŒt �.uD; ˛D/
�

� eCR
D.t/
�
ˇŒW D‰N ; .u

D; ˛D/�C 
ŒW D‰N ; .u
D; ˛D/�CN�1

�
;

where RD.t/ D 1C
R jt j
0
kuD
s k
2
H3.1C k˛

D
s kh3=2/

2 ds. The ˇ functional on the right-hand
side is estimated with the aid of Lemma 3.5,

ˇŒW D‰N ;D.u; ˛/� � C.ˇŒ‰N ; .u; ˛/�CN
�1/:

The 
 functional is bounded by Lemma 3.6, which yields altogether

ˇŒe�itHN‰N ; .ut ; ˛t /� � e
CRD.t/

�
jN�1h‰N ;HN‰N i � E.u; ˛/j

C max
jD1;2

.ˇŒ‰N ; .u; ˛/�CN
�1/j=2

�
:

It remains to relate the time-dependent pre-factor to the solution of the SKG equation.
Using Lemma 3.3 and the fact that .uD

s ; ˛
D
s / DD.us; ˛s/ we have

kuD
s kH3.1C k˛D

s kh3=2/ � CkuskH3k˛sk
3
h5=2

.1C k˛skh3=2 C kusk
2
H1/:

By Proposition 2.3 we have kusk2H1 � C . Young’s inequality then yields

RD.t/ � 1C C

Z jt j
0

.kusk
10
H3 C k˛sk

10
h5=2

/ ds; (3.20)

and this proves the claim.

4. Bogoliubov theory and the norm approximation

In this section we study the Bogoliubov approximation of e�itHN and prove Theorem 1.5.
Our strategy is similar to the case of the mean-field approximation discussed in Section 3.
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We start by introducing the dressed Bogoliubov Hamiltonian HD
u;˛.t/ and the associ-

ated Fock space evolution UD
u;˛.t/, which describe the fluctuations around the mean-field

solution for the dressed dynamics. In Theorem 4.2 we provide a statement analogous to
Theorem 1.5 for the dressed case. In Section 4.2 we then study the norm approximation
of the dressing transformation, which is given again in terms of a suitable Bogoliubov-
type evolution. This evolution describes the fluctuations with respect to the mean-field
dressing DŒ� �. We use the norm approximation of the dressing to relate the statements
of Theorem 1.5 and 4.2. For that purpose, it is crucial to observe that the Bogoliubov
approximation of W D.�/ in fact interpolates between the dressed and undressed Bogoli-
ubov evolutions. This is stated in Proposition 4.6, whose proof is given in Section 5.

4.1. Norm approximation of the dressed dynamics

We introduce the Bogoliubov evolution describing the fluctuations associated with the
dressed Nelson Hamiltonian HD

N and the dressed mean-field equations (5.2). To this end,
we consider the quadratic approximation of the fluctuation generator HD

u;˛.t/ introduced
in (3.6) (see Lemma 6.10 for the explicit form of HD

u;˛.t/). For .u; ˛/ 2 H 3.R3/˚ h5=2
and .ut ; ˛t /´ sDŒt �.u; ˛/, we introduce the quadratic operator acting on F ˝ F given
by

HD
u;˛.t/´ d�b.ht /CK.1/

ut
C .K.2/

ut
C h.c./C d�a.!/ (4.1)

C

Z
dx dk

�
.qutL˛t .k/ut /.x/a

�
kb
�
x C .qutL˛t .k/

�ut /.x/akb
�
x

�
C h.c.

C

Z
dk dl

�
�2Mut .k;�l/a

�
kal CMut .k; l/a

�
ka
�
l CMut .�k;�l/akal

�
;

with ht ´ hut ;˛t as defined in (3.4a),

.L˛.k/u/.x/´ 2kBx.k/
�
.�ir C F˛.x//u

�
.x/; (4.2a)

Mu.k; l/´ hu; kB.�/.k/ � lB.�/.l/ui; (4.2b)

with F˛ given by (3.4c), and

K.1/
u ´

Z
dx dy K.1/u .x; y/b�xby ; K.2/

u ´
1

2

Z
dx dy K.2/u .x; y/b�xb

�
y ; (4.2c)

where

K.1/u ´ qu zK
.1/
u qu; zK.1/u .x; y/´ u.x/V .x � y/u.y/;

K.2/u ´ .qu ˝ qu/ zK
.2/
u ; zK.2/u .x; y/´ u.x/V .x � y/u.y/;

with qu D 1 � juihuj and V.x/ defined in (3.2).
The next proposition on the evolution generated by the operator HD

u;˛.t/ is the special
case � D 1, ƒ D1 of Proposition 5.2 below.
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Proposition 4.1. Let .u; ˛/ 2 H 3.R3/ ˚ h5=2 with kukL2 D 1 and let .ut ; ˛t / ´
sDŒt �.u; ˛/ be given by (3.3). For every ‰0 2 D..N C T /1=2/ there exists a unique solu-
tion to the Cauchy problem ´

i@t‰.t/ D HD
u;˛.t/‰.t/;

‰.0/ D ‰0;

such that ‰ 2 C.R;F ˝ F / \ L1loc.R; D..N C T /1=2//. The solution map ‰0 7! ‰.t/

extends to a unitary UD
u;˛.t/ on F ˝F satisfying UD

u;˛.t/.F?u˝F /�F?ut ˝F . More-
over, for every ` 2 N there is a constant C.`/ such that for all t 2 R,

UD
u;˛.t/

�.T CN C 1/UD
u;˛.t/ � e

C.1/RD.t/.T CN C 1/;

UD
u;˛.t/

�.N C 1/`UD
u;˛.t/ � e

C.`/RD.t/.N C 1/`;

in the sense of quadratic forms on F ˝ F , with

RD.t/´ 1C

Z jt j
0

kusk
2
H3.1C k˛skh3=2/

2 ds:

The next theorem is our main statement of this section, making precise that the evolu-
tion UD

u;˛.t/ describes the fluctuations of the dressed Nelson dynamics around the dressed
mean-field solutions.

Theorem 4.2. Let .u; ˛/ 2 H 3.R3/ ˚ h5=2 with kukL2 D 1, and UD
u;˛.t/ the unitary

defined in Proposition 4.1. There exists a constant C > 0 such that for all � 2 F?u ˝ F

with k�k D 1, N � 1, and t 2 R,

ke�itH
D
NX�u;˛� �X

�

sDŒt�.u;˛/U
D
u;˛.t/�k � e

CRD.t/ıD.�/1=2
p

logN
N 1=4

;

where RD.t/´ 1C
R jt j
0
kusk

2
H3.1C k˛skh3=2/

2 ds with .us; ˛s/´ sDŒs�.u; ˛/ and

ıD.�/´ k.1CN 3
C d�b.��/C d�a.!//1=2�k2:

The proof of the theorem relies on a technical bound on the difference of HD
u;˛.t/ and

its quadratic approximation HD
u;˛.t/ in terms of the operators N and T . In detail, there

exists a constant C > 0, such that for all � 2 F �N ˝ F , � 2 F ˝ F ,

jh�; .HD
u;˛.t/ �HD

u;˛.t//�ij

� C�.t/
lnN
N 1=2

k.N C T C 1/1=2�kk.N 3
C T C 1/1=2�k; (4.3)

with �.t/ D kutk2H3.1 C k˛tkh3=2/
2. The precise statement and its proof are given in

Lemma 6.12. Note that we choose to distribute the higher moments of N unequally in
(4.3) because below we will rely on the estimates provided by Theorem 3.2 and Proposi-
tion 4.1 that control the higher moments of N during the Bogoliubov dynamics, but only
its first moment during the many-body evolution.
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Proof of Theorem 4.2. Using that the excitation map is isometric, we can write the norm
difference as

ke�itH
D
NX�u;˛� �X

�

sDŒt�.u;˛/U
D
u;˛.t/�k D k�

D.t/ � 1Nb�NUD
u;˛.t/�k;

where �D.t/ D XsDŒt�.u;˛/e
�itHD

NX�u;˛�, and by (2.7), �D.0/ D 1Nb�N�. Then, since
1Nb�N�

D.t/ D �D.t/, we can omit the projection on the right-hand side by increasing
the value of the norm. Recalling (3.8), we now use i@t�D.t/ D HD

u;˛.t/�
D.t/ and Propo-

sition 4.1 to obtain

d
dt
k�D.t/ �UD

u;˛.t/�k
2
D 2 Imh�D.t/; .HD

u;˛.t/ �HD
u;˛.t//U

D
u;˛.t/�i:

Using 1Nb�N�
D.t/ D �D.t/ again, we can apply (4.3) to bound the right-hand side, so

that ˇ̌̌ d
dt
k�D.t/ �UD

u;˛.t/�k
2
ˇ̌̌

� C�.t/k.N C T C 1/1=2�D.t/kk.N 3
C T C 1/1=2UD

u;˛.t/�k
lnN
p
N
:

By Proposition 4.1, we have

k.N 3
C T C 1/1=2UD

u;˛.t/�k � e
CRD.t/

k.N 3
C T C 1/1=2�k

and using (3.10a), (3.10b), and Theorem 3.2, we obtain

h�D.t/; .N C T C 1/�D.t/i � eCR
D.t/
h�D.0/; .N C T C 1/�D.0/i:

Since k�D.0/��k2�N�1kN 1=2�k2, the fundamental theorem of calculus and the above
estimates, together with d

dtR
D.t/ D �.t/, imply the desired bound, namely

k�D.t/ �UD
u;˛.t/�k

2
� k�D.0/ � �k2 C

Z t

0

ˇ̌̌ d
ds
k�D.s/ �UD

u;˛.s/�k
2
ˇ̌̌
ds

� eCR
D.t/
k.N 3

C T C 1/1=2�k2N�1=2 lnN;

which concludes the proof of Theorem 4.2.

4.2. Norm approximation of the dressing transformation

We now consider the dressing transformation on the level of the fluctuations. The effective
dressing transformation is used for two purposes. First, it allows for a norm approximation
of W D.�/ and, second, it intertwines the undressed and dressed Bogoliubov evolutions.
These statements are made precise in Lemma 4.4 and Proposition 4.6, respectively. Since
the undressed and the dressed Bogoliubov Hamiltonians are both quadratic operators on
F ˝ F , see (1.16) and (4.1), it is natural to choose the dressing transformation that inter-
polates between the two itself as an evolution generated by a quadratic operator. The
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right candidate for this is the Bogoliubov-type approximation of the microscopic dressing
W D.�/ associated with the mean-field flow DŒ� � (more precisely, the evolution generated
by the quadratic approximation of the fluctuation generator (3.16)).

For .u; ˛/ 2 L2.R3/˚ L2.R3/, .u� ; ˛� /´ DŒ� �.u; ˛/, ƒ 2 RC [ ¹1º, consider
the quadratic operator

Dƒ
u;˛.�/´ d�b.�u;˛/C

�Z
dx dk

�
�ƒ
u�
.k; x/a�kb

�
x � �

ƒ
u�
.�k; x/akb

�
x

�
C h.c.

�
(4.4)

with �u;˛ defined in (3.12) and

�ƒu .k; x/´ .quiB
ƒ
.�/.k/u/.x/; Bƒx .k/´ 1jkj�ƒBx.k/:

Since the unitary generated by Dƒ
u;˛ will play an important role in the renormalization

of the Nelson–Bogoliubov Hamiltonian in Section 5, we introduce the kernel �ƒu with
a cutoff ƒ 2 RC [ ¹1º. The next proposition states the existence and some important
properties of this unitary evolution.

Proposition 4.3. Let .u;˛/ 2H 1.R3/˚L2.R3/ with kukL2 D 1 and denote .u� ; ˛� /´
DŒ� �.u; ˛/ the solution to (3.11) with initial datum .u; ˛/. For every ƒ 2 RC [ ¹1º and
‰0 2 D.N

1=2/ there exists a unique solution to the Cauchy problem´
i@�‰.�/ D Dƒ

u;˛.�/‰.�/;

‰.0/ D ‰0;

such that ‰ 2 C.R;F ˝ F /\L1loc.R;D.N
1=2//. The solution map ‰0 7! ‰.�/ defines

a unitary Wƒ
u;˛.�/ on F ˝ F with the following properties:

(i) Wƒ
u;˛.�/.F?u ˝ F / D F?u� ˝ F .

(ii) .u; ˛;ƒ/ 7!Wƒ
u;˛.�/ is strongly continuous.

(iii) Wƒ
u;˛.�/ is a Bogoliubov transformation.

(iv) For every ` 2 N there exists a constant C.`/ > 0 such that for all .u; ˛/ 2
H 1.R3/˚ L2.R3/ with kukL2 D 1, ƒ 2 RC [ ¹1º, and j� j � 1,

Wƒ
u;˛.�/

�.N C 1/`Wƒ
u;˛.�/ � e

C.`/.kuk2
H1
Ck˛kL2 /.N C 1/`; (4.5a)

Wƒ
u;˛.�/.N C 1/

`Wƒ
u;˛.�/

�
� e

C.`/.kuk2
H1
Ck˛kL2 /.N C 1/`; (4.5b)

in the sense of quadratic forms on F ˝ F .

Proof. Existence and uniqueness of the solution follow from [68, Thm. 8] in combina-
tion with the bounds from Lemma 6.13. As a consequence, there exists a two-parameter
flow Wƒ

u;˛.�; �
0/ that for �; � 0; � 00 2 R satisfies Wƒ

u;˛.�; �
00/Wƒ

u;˛.�
00; � 0/ DWƒ

u;˛.�; �
0/.

Indeed, define Wƒ
u;˛.�

0C #; � 0/‰.� 0/ to be the solution of i@#�.#/D Dƒ
u;˛.�

0C #/�.#/

with �.0/D ‰.� 0/. Then the flow property follows from uniqueness of the solution, since
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Wƒ
u;˛.�; �

0/‰.� 0/ and‰.�/ are both solutions that agree at � D � 0. Since Dƒ
u;˛.�/ defines

a symmetric quadratic form on D.N 1=2/, the flow maps Wƒ
u;˛.�; �

0/ are unitary.
To show the mapping property, consider the orthogonal projection �.qu� / defined by

�.qu� / � F .n/ ˝ F D .qu� /
˝n ˝ 1 and satisfying i d

d� �.qu� / D �Œd�.�u;˛/; �.qu� /�.
Since �.qu� /.F ˝ F / D F?u� ˝ F , proving that for all ‰ 2 D.N 1=2/,

i
d

d�
k�.qu� /‰.�/k

2
D �h‰.�/; ŒDƒ

u;˛.�/ � d�.�u;˛/; �.qu� /�‰.�/i D 0 (4.6)

will imply Wƒ
u;˛.�/.F?u ˝ F / � F?u� ˝ F . This holds, since �ƒ

u�
.k; �/ 2 Ran.qu� / and

thus�Z
dk dx �ƒ

u�
.k; x/a�kb

�
x ; �.qu� /

�
D

Z
dk a�k Œb

�.�ƒ
u�
.k; �//; �.qu� /�

D

Z
dk a�kb

�..1 � qu� /�
ƒ
u�
.k; �//�.qu� / D 0;

with similar calculations for the other terms in the commutator. Applying the same argu-
ment to Wƒ

u;˛.�/
� D Wƒ

u;˛.�
0; �/j� 0D0 shows that Wƒ

u;˛.�/
�.F?u� ˝ F / � F?u ˝ F ,

which gives the equality.
We now prove continuity of .u; ˛; ƒ/ 7! Wƒ

u;˛.�/‰ for every ‰ 2 F ˝ F , � 2 R.
Let u0; ˛0 2 L2.R3/, ƒ0 2 RC [ ¹1º. By uniqueness of the solution, Duhamel’s formula

hˆ; .1 �Wƒ
u;˛.�/

�Wƒ0

u0;˛0.�//‰i

D �i

Z �

0

d� hˆ;Wƒ
u;˛.�/

�.Dƒ
u;˛.�/ �Dƒ0

u0;˛0.�//W
ƒ0

u0;˛0.�/‰i (4.7)

holds for all‰;ˆ 2D.N 1=2/. As .u0; ˛0;ƒ0/! .u; ˛;ƒ/, �u;˛ tends to �u0;˛0 in L1.R3/
and �ƒ

0

u0 tends to �ƒu in L2.R3 � R3/, as one easily verifies. Thus, Dƒ
u;˛.�/ � Dƒ0

u0;˛0.�/

tends to zero as a quadratic form on D.N 1=2/ and since Wƒ
u;˛.�/ preserves D.N 1=2/

the difference in (4.7) tends to zero. Since 1 �Wƒ
u;˛.�/

�Wƒ0

u0;˛0.�/ is uniformly bounded,
we can extend the convergence to arbitrary ˆ; ‰ 2 F ˝ F , so Wƒ0

u0;˛0.�/ ! Wƒ
u;˛.�/

in the weak operator topology. Since this is a family of unitary operators, this implies
convergence in the strong operator topology.

The fact that Wƒ
u;˛.�/ is a Bogoliubov transformation can be deduced from the prop-

erty that �u;˛ 2 L2.R3/ and �ƒu 2 L
2.R3 �R3/, which holds for allƒ 2RC [ ¹1º. This

is a well-known result; see e.g., [12, Lem. 4.8].
To demonstrate the final statement, we rely on the fact that Wƒ

u;˛.�/ is a Bogoliubov
transformation. This implies the existence of bounded linear maps u;vWL2˚L2!L2˚

L2, v 2 S2.L2 ˚ L2/, such that

Wƒ
u;˛.�/

�c�.f ˚ g/Wƒ
u;˛.�/ D c

�.u.f ˚ g//C c.v.f ˚ g//

for all f;g 2L2, where c�.f ˚ g/D b�.f /C a�.g/. Using this relation, one can deduce
(see [12, Lem. 4.4]) that for all ` 2 N,

Wƒ
u;˛.�/

�.N C 1/`Wƒ
u;˛.�/ � `

`.1C 2kvkS2
C kuk/`.N C 1/`
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as quadratic forms on F ˝ F . To bound the norms on the right-hand side, we rely on the
fact that

kvk2S2
D kN 1=2Wƒ

u;˛.�/�k
2
� e

C.kuk2
H1
Ck˛kL2 /;

where kN 1=2Wƒ
u;˛.�/�k

2 is bounded by estimating the derivative with respect to � , using
the bounds from Lemma 6.13, and then applying Grönwall’s inequality. Together, this
proves (4.5a). Now using the fact that the inverse of a Bogoliubov transformation is again
a Bogoliubov transformation, the proof of (4.5b) can be carried out in a similar fashion.
In fact, it is easy to show that

Wƒ
u;˛.�/c

�.f ˚ g/Wƒ
u;˛.�/

�
D c�.u�.f ˚ g// � c.v�. Nf ˚ Ng//

and thus we can follow the same steps as in the proof of (4.5a).

Lemma 4.4. Let .u; ˛/ 2 H 2.R3/˚L2.R3/ with kukL2 D 1, andƒ 2 .0;1/. Then for
all � 2 R and r 2 Œ0; 1� we have

Wƒ
u;˛.�/D.T

r / � D.T r /;

where T D d�b.��/C d�a.!/.

Proof. For u 2 H 2.R3/ and finite ƒ, the coefficients of the generator, �u;˛.x/ and
�ƒ
u�
.k; x/, are elements of H 2.R3/ in x and compactly supported in k. The commutator

ŒT ;Dƒ
u;˛.�/� is thus T -bounded. From this, the claim follows from Grönwall’s inequality

and interpolation.

The next lemma shows that the dressing transformation W D.�/ introduced in (3.1) is
effectively described by the evolution W1

u;˛.�/ introduced in Proposition 4.3. The proof
of the lemma follows a similar strategy to the proof of Theorem 4.2.

Lemma 4.5. There exists a constant C > 0 such that for all .u; ˛/ 2 H 1.R3/˚L2.R3/
with kukL2 D 1, � 2 F?u ˝ F with k�k D 1, N � 1, and j� j � 1,

kW D.�/X�u;˛� �X
�
DŒ��.u;˛/W

1
u;˛.�/�k � e

C.kuk2
H1
Ck˛kL2 /k.1CN /

3
2�kN�

1
2 :

Proof. Let �.�/ D XDŒ��.u;˛/W
D.�/X�u;˛� with �.0/ D 1Nb�N� and write the norm dif-

ference as

kW D.�/X�u;˛� �X
�
DŒ��.u;˛/W

1
u;˛.�/�k D k�.�/ � 1Nb�NW1

u;˛.�/�k:

Observe that dropping the projection 1Nb�N from the norm increases its value, since
1Nb�N �.�/ D �.�/. Using i@��.�/ D Du;˛.�/�.�/, with Du;˛.�/ given by (3.16), and
Proposition 4.3, we obtain

d
d�
k�.�/ �W1

u;˛.�/�k
2
D 2 Imh�.�/ �W1

u;˛.�/�; .Du;˛.�/ �D1u;˛.�//W
1
u;˛.�/�i:
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To bound the right-hand side, we employ Lemma 6.13, which states the existence of a
constant C , such that for all .u; ˛/ 2H 1.R3/˚L2.R3/ with kukL2 D 1, �;� 2 F ˝F ,

jh�; .Du;˛.�/ �D1u;˛.�//�ij � Ck�kk.N C 1/
3=2�kN�1=2:

With this at hand, the proof is readily finished, asˇ̌̌ d
d�
k�.�/ �W1

u;˛.�/�k
2
ˇ̌̌
� Ck�.�/ �W1

u;˛.�/�kk.N C 1/
3=2W1

u;˛.�/�kN
�1=2;

so using that k�.0/ � �k D k1Nb>N�k � N
�3kN 3=2�k2 and integrating leads to

k�.�/ �W1
u;˛.�/�k � Ck.N C 1/

3=2W1
u;˛.�/�kN

�1=2:

The desired result now follows from (4.5a).

After having established that W1
u;˛.�/ provides a norm approximation forW D.�/, the

next proposition clarifies its second key characteristic: namely, how the dressing W1
u;˛.1/

intertwines between the dressed and the undressed Bogoliubov evolutions. Since W1
u;˛.1/

is the uniqueN -independent Bogoliubov-type approximation for the microscopic dressing
W D, it naturally serves as the correct dressing at the level of the Bogoliubov evolutions,
as Bogoliubov transformations are closed under composition. This is the content of the
next statement, which is the analogous statement to Lemma 3.4 for the mean-field flows
at the level of the fluctuations. The proof of the proposition, along with the proof of the
existence of Uu;˛.t/ (Theorem 1.4), is the subject of Section 5 (see Proposition 5.3).

Proposition 4.6. Let .u;˛/ 2H 3.R3/˚ h5=2 with kukL2 D 1, and U.t/, UD.t/, W1.�/

the evolutions introduced in Theorem 1.4 and Propositions 4.1 and 4.3. For every t 2 R,
we have

UD
D.u;˛/.t/W

1
u;˛.1/ DW1

sŒt�.u;˛/.1/Uu;˛.t/:

Observe that the actions of the mean-field flows, with respect to which we are con-
sidering fluctuations, on both sides of the identity agree. Indeed, on the left, .u; ˛/ is first
evolved to D.u; ˛/, by the definition of the generator D1u;˛.�/, which is taken as the ini-
tial reference state in the dressed Bogoliubov transformation UD

D.u;˛/
.t/, whose generator

includes the evolution sD. On the right-hand side, the reference states evolve according to
.u; ˛/ 7! sŒt �.u; ˛/ 7!DŒ1� ı sŒt �.u; ˛/, which equals sDŒt � ıD.u; ˛/ by Lemma 3.4.

The next statement is the last step in the preparation for the proof of Theorem 1.5. It
is an immediate consequence of Propositions 4.6, 4.1, and 4.3.

Corollary 4.7. Let Uu;˛.t/ be the unitary of Theorem 1.4 and .ut ; ˛t /´ sŒt �.u; ˛/ with
.u; ˛/ as stated in the hypothesis. For every ` 2 N there exists a constant C.`/ so that for
all jt j � 0,

Uu;˛.t/
�.N C 1/`Uu;˛.t/ � e

C.`/R.t/.N C 1/`

as quadratic forms on F ˝ F , where R.t/´ 1C
R jt j
0
.kusk

10
H3 C k˛sk

10
h5=2

/ ds.
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Proof. Starting from the identity of Proposition 4.6 and acting with W1
sŒt�.u;˛/

.1/� on both
sides, we can express Uu;˛.t/ in terms of three Bogoliubov evolutions, for each of which
the corresponding bounds on number operators have been established in (4.5a), (4.5b),
and Proposition 4.1. Collecting the right constant, this gives

Uu;˛.t/
�.N C 1/`Uu;˛.t/ � e

C.`/.RD.t/CkuD
t k
2

H1
Ck˛D

t kL2Ckuk
2

H1
Ck˛kL2 /.N C 1/`;

with RD.t/´ 1C
R jt j
0
kuD
s k
2
H3.1C k˛

D
s kh3=2/

2 ds, where .uD
t ; ˛

D
t / D sDŒt � ıD.u; ˛/.

That the exponential factor is bounded by eC.`/R.t/ follows from (3.19) and (3.20).

4.3. Proof of Theorem 1.5

We are now ready to prove our second main result.

Proof of Theorem 1.5. Let .u; ˛/ 2 H 3.R3/˚ h5=2 with kukL2 D 1, � 2 F?u ˝ F , as
given by the hypothesis. Let W1

u;˛.1/ be the Bogoliubov approximation of the dressing
transformation of Proposition 4.3 and Uu;˛.t/ be the Nelson–Bogoliubov dynamics given
by Theorem 1.4, and UD

D.u;˛/
.t/ be the dressed Bogoliubov dynamics of Proposition 4.1.

Using (1.17), we can write the norm difference that we want to estimate in terms of
the dressed dynamics,

D´ ke�itH
D
NW DX�u;˛� �W

DX�sŒt�.u;˛/Uu;˛.t/�k:

We split this into the difference of the dressed dynamics and its Bogoliubov approxima-
tion, and the corresponding approximation of the dressing transformation, i.e., we estimate
D � D1 CD2 CD3 with

D1´ ke
�itHD

NW DX�u;˛� � e
�itHD

NX�D.u;˛/W
1
u;˛.1/�k

D2´ ke
�itHD

NX�D.u;˛/W
1
u;˛.1/� �X

�

sDŒt�ıD.u;˛/U
D
D.u;˛/.t/W

1
u;˛.1/�k

D3´ kX
�

sDŒt�ıD.u;˛/U
D
D.u;˛/.t/W

1
u;˛.1/� �W

DX�sŒt�.u;˛/Uu;˛.t/�k:

Recalling D DDŒ1� and applying Lemma 4.5 with � D 1 immediately gives

D1 D kW
DX�u;˛� �X

�
D.u;˛/W

1
u;˛.1/�k � Ck.N C 1/

3=2�kN�1=2:

By Proposition 4.6 and Lemma 3.4, we have

D3 D kX
�
DısŒt�.u;˛/W

1
sŒt�.u;˛/.1/Uu;˛.t/� �W

DX�sŒt�.u;˛/Uu;˛.t/�k;

and applying Lemma 4.5, Proposition 2.3 then yields (here, .ut ; ˛t / D sŒt �.u; ˛/)

D3� e
C.kutk

2

H1
Ck˛tkL2 /k.N C1/3=2Uu;˛.t/�kN

�1=2
�Ck.N C1/3=2Uu;˛.t/�kN

�1=2:

Using Corollary 4.7 we arrive at the desired bound D3 � e
CR.t/k.N C 1/3=2�kN�1=2.

To estimate D2, we apply Theorem 4.2 (note that D.u; ˛/ 2 H 3 ˚ h5=2 by Lemma 3.3
and .u; ˛/ 2 H 3 ˚ h5=2) so that

D2 � e
CRD.t/ıD.W1

u;˛.1/�/
1=2
p

lnNN�1=4
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with RD.t/ D 1C
R jt j
0
kuD
s k
2
H3.1C k˛

D
s kh3=2/

2 ds and .uD
t ; ˛

D
t / D sDŒt �D.u; ˛/, which

equals D.sŒt �.u; ˛//. In view of the bound on RD.t/ stated in (3.20), this yields the
claimed bound with

ı.�/ D ıD.W1
u;˛.1/�/:

The domain of ı is dense in F ˝ F since it is the image under the continuous map
W1
u;˛.1/

� of the dense set D..N 3 C T /1=2/. The set D..N 3 C T /1=2/ \ F?uD ˝ F is
also dense in F?uD ˝ F , as �.quD/ is continuous and leaves D..N 3 C T /1=2/ invariant
for uD 2 H 1. By the mapping property from Proposition 4.3, we have W1

u;˛.1/
�F?uD ˝

F D F?u ˝ F , so the image of D..N 3 C T /1=2/ is also dense in F?u ˝ F . This com-
pletes the proof.

5. Renormalization of the Nelson–Bogoliubov evolution

This section is dedicated to proving the existence of the renormalized Nelson–Bogoliubov
evolution, which is stated in Theorem 1.4. To accomplish this, we consider a family of
Bogoliubov Hamiltonians Hƒ

u;˛;�
that interpolate between Hƒ

u;˛ and HD
u;˛ with “dressing

parameter” � 2 Œ0; 1� and UV cutoff ƒ < 1. The key point is that for � D 1 we can
remove the cutoff, i.e., H1u;˛;1 D HD

u;˛ , and that the Bogoliubov transformations Wƒ
u;˛.�/

associated with the dressing interpolate between the different members of .Hƒ
u;˛;�

/�2Œ0;1�.
We exploit this property to prove Theorem 1.4 in Section 5.2 by defining Uu;˛.t/ as
the Bogoliubov transformation generated by HD

u;˛ and transformed by the Bogoliubov
approximation of the dressing. Along with the existence of Uu;˛.t/, this also proves
Proposition 4.6.

Even though the general strategy in this section is motivated by Nelson’s original
approach for renormalizing the Nelson Hamiltonian, the argument is more involved on
the level of the fluctuations. This is because the dressing transformation and the different
Nelson–Bogoliubov evolutions are all generated by non-autonomous equations.

5.1. Bogoliubov Hamiltonians with � 2 Œ0; 1�

In order to define the Bogoliubov Hamiltonians Hƒ
u;˛.t/, we first introduce the partially

dressed mean-field flow
s� Œt � DDŒ� � ı sŒt � ıDŒ���; (5.1)

where s is the flow of the Schrödinger–Klein–Gordon system (2.11). For the next state-
ment recall the definitions below (3.3) and �˛.x/ D 2RehGx ; ˛i.

Lemma 5.1. For .u; ˛/ 2 H 1.R3/ ˚ h1=2, the function .ut ; ˛t /´ s� Œt �.u; ˛/ is the
unique solution to the Hamiltonian equations8̂<̂

:
i@tut .x/ D hut ;˛t ;�ut .x/;

i@t˛t .k/ D !.k/˛t C .1 � �/hut ; G.�/.k/ut i

C 2�hut ; kB.�/.k/.�ir C �F˛t /ut i;

(5.2)
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with conserved energy

E� .u;˛/´
D
u;
�
��C .1� �/�˛ C �A˛ C �

2.F˛/
2
C
1

2
V� � juj

2
�
u
E
C h˛;!˛i; (5.3)

where

hu;˛;� ´ ��C .1 � �/�˛ C �A˛ C �
2.F˛/

2
C V� � juj

2
� �u;˛;� ; (5.4a)

�u;˛;� ´
1 � �

2
hu; �˛ui C

1

2
hu; V� � juj

2ui C � Reh˛; fu C �gu;˛i; (5.4b)

V� .x/´ �4� RehGx ; B0i C 2�2 RehBx ; !B0i: (5.4c)

Remark 5.1. Since, for � D 1, equations (5.2) coincide with the dressed mean-field equa-
tions (3.3), we have s1Œt � D sDŒt �. Lemma 5.1 thus provides a proof of Lemma 3.4.

Proof of Lemma 5.1. One checks by direct calculation [2, Prop. III.12] that

E� D E0 ıDŒ���: (5.5)

Since s is a Hamiltonian flow of E0 with respect to the symplectic form

�..u; ˛/; .u0; ˛0// D 2 Im.hu; u0iL2 C h˛; ˛
0
iL2/; (5.6)

and the equations (5.2) are the Hamiltonian equations for E� , the claim should follow by
showing that D acts by symplectic transformations. However, since the involved spaces
are infinite-dimensional, we need to take care of some domain issues. These are addressed
by [28, Lem. 6.9], so we will check the hypothesis of this lemma (the reader might find it
helpful to consult the examples given in [28, Sect. 6.5]).

(1) .u; ˛/ 7! DŒ� �.u; ˛/ must be differentiable with derivative continuous on E D
H 1.R3/˚ h1=2, and symplectic. The derivative of the flow is

@.v;�/DŒ� �.u;˛/D
�
e�i��u;˛v�i�. Q���2Rehu; Q�˛vi/u� ;
C�B021Re Nuv

�
: (5.7)

As a linear function of .v;�/, this is continuous onH 1.R3/˚ h1=2, for all .u;˛/2
H 1.R3/˚ h1=2, as follows from the bounds of Lemma 6.3. Using formula (5.7),
one also checks that

�.@.v;�/D; @.v0;�0/D/ D �..v; �/; .v
0; �0//;

by using that B0 is an even function and observing that the mixed terms in v,
�0 cancel each other (see also [2, Prop. IV.1]), i.e., D is symplectic in the sense
of [28, Def. 6.5].

(2) The domain D on which the Hamiltonian vector field (given by equation (5.2)) is
defined must be invariant under the flow D. We take DDH 3.R3/˚ h5=2, so this
follows from Lemma 3.3.
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(3) The derivative of E� on D should be compatible with the symplectic structure as
in [28, Def. 6.5]. Since in our case the symplectic map is simply JD 2i with range
H 1.R3/˚ h1=2 � E

0, we must check that for .u; ˛/ 2 D, the right-hand side of
equation (5.2) is an element of H 1.R3/˚ h1=2. This follows from the bounds of
Lemmas 6.3 and 6.4.

Thus the hypothesis of [28, Lem. 6.9] is satisfied and this implies the claim.

Next we introduce a family of � - and t -dependent quadratic operators Hƒ
u;˛;�

.�/ on
F ˝ F that is associated with the mean-field flow s� Œt �.u; ˛/ and defined such that

Hƒ
u;˛;0.t/ D Hƒ

u;˛.t/ and H1u;˛;1.t/ D HD
u;˛.t/

for the Nelson–Bogoliubov Hamiltonian (1.16) and the dressed Bogoliubov Hamiltonian
(4.1). These are essentially the Bogoliubov Hamiltonians associated with the partially
dressed Hamiltonians W D.�/HNW

D.�/�. It is important to note that for � 2 Œ0; 1/ the
operator needs to be defined with a UV cutoff ƒ <1, while for � D 1 the definition also
makes sense for ƒ D1.

Now, more concretely, for .u; ˛/ and � 2 Œ0; 1�, let .ut ; ˛t /´ s� Œt �.u; ˛/ denote the
solution to (5.2), and define

Hƒ
u;˛;� .t/´ d�b.hut ;˛t ;� /CK.1/;ƒ

�;ut
C .K.2/;ƒ

�;ut
C h.c./C d�a.!/ (5.8)

C

Z
dx dk

�
.qutL

ƒ
�;˛t

.k/ut /.x/a
�
kb
�
x C .qutL

ƒ
�;˛t

.k/�ut /.x/akb
�
x

�
C h.c.

C �2
Z

dk dl
�
�2Mƒ

ut
.k;�l/a�kal CM

ƒ
ut
.k; l/a�ka

�
l CM

ƒ
ut
.�k;�l/akal

�
;

with hut ;˛t ;� defined in (5.4a),

.Lƒ�;˛.k/u/.x/´ .1 � �/Gƒx .k/C 2B
ƒ
x .k/k

�
.�i�r C �2F˛.x//u

�
.x/; (5.9a)

Mƒ
u .k; l/´ hu; kB

ƒ
.�/.k/ � lB

ƒ
.�/.l/ui; (5.9b)

and

K.1/;ƒ

�;u
´

Z
dx dy K.1/;ƒ

�;u
.x; y/b�xby ; K.2/;ƒ

�;u
´

1

2

Z
dx dy K.2/;ƒ

�;u
.x; y/b�xb

�
y ;

where

K
.1/;ƒ

�;u
´ qu zK

.1/;ƒ

�;u
qu; zK

.1/;ƒ

�;u
.x; y/´ u.x/V ƒ� .x � y/u.y/; (5.9c)

K
.2/;ƒ

�;u
´ .qu ˝ qu/ zK

.2/;ƒ

�;u
; zK

.2/;ƒ

�;u
.x; y/´ u.x/V ƒ� .x � y/u.y/; (5.9d)

with
V ƒ� .x/´ �4� RehGƒx ; B0i C 2�

2 RehBƒx ; !B0i:

For � D 1 andƒD1, these definitions coincide with those from Section 4.1. For � ¤ 1,
the cutoff ƒ <1 is necessary, since the term involving Gƒx .k/ in (5.9a) does not yield
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a quadratic form on D.T1=2/ for ƒ D 1. All other terms are in fact unproblematic for
ƒD1 even if � ¤ 1. For the purpose of the proof of Proposition 5.3, where cancellations
between different terms are important, we work with the definition given above.

The next proposition states the existence and suitable properties of the unitary time
evolution generated by Hƒ

u;˛;�
.t/.

Proposition 5.2. Let .u; ˛/ 2 H 3.R3/ ˚ h5=2 with kukL2 D 1 and let .ut ; ˛t / ´
s� Œt �.u; ˛/ be given by (5.1). Moreover, let � D 1 and ƒ D1 or � ¤ 1 and ƒ 2 .0;1/.
For every ‰ 2 D..N C T /1=2/ there exists a unique solution to the Cauchy problem´

i@t‰.t/ D Hƒ
u;˛;�

.t/‰.t/;

‰.0/ D ‰0;

such that ‰ 2 C.R;F ˝ F / \ L1loc.R; D..N C T /1=2//. The solution map ‰0 7! ‰.t/

extends to a unitary Uƒ
u;˛;�

.t/ on F ˝ F satisfying Uƒ
u;˛;�

.t/.F?u ˝ F / � F?ut ˝ F .
Moreover, for � D 1 we have the following properties:

(i) There is a constant C > 0 such that for all ƒ 2 RC [ ¹1º and t 2 R,

Uƒ
u;˛;1.t/

�.T CN /Uƒ
u;˛;1.t/ � e

CRD.t/.T CN C 1/

in the sense of quadratic forms on F ˝ F , with RD.t/´ 1C
R jt j
0
kusk

2
H3.1C

k˛skh3=2/
2 ds.

(ii) For every t 2 R,
U1u;˛;1.t/ D s-lim

ƒ!1
Uƒ
u;˛;1.t/:

(iii) Uƒ
u;˛;1.t/ is a Bogoliubov transformation for all t 2 R, ƒ 2 RC [ ¹1º.

(iv) For every ` 2 N there is a constant C.`/ such that for all t 2 R and ƒ 2 RC [
¹1º,

Uƒ
u;˛;1.t/

�.N C 1/`Uƒ
u;˛;1.t/ � e

C.`/RD.t/.N C 1/`

in the sense of quadratic forms on F ˝ F , with RD.t/ as in (i).

Proof. Existence and uniqueness of the dynamics and property (i) follow from [68,
Thm. 8] and the bounds of Lemma 6.8. Note that the existence of the unitary Uƒ

u;˛;�
.t/

follows by the same reasoning as in the proof of Proposition 4.3 and that the mapping
property is obtained by a similar argument to (4.6).

To prove (ii) use Duhamel’s formula for ‰;„ 2 D..N C T /1=2/ together with Lem-
ma 6.9 to obtain

jh„; .1 �U1u;˛;1.t/
�Uƒ

u;˛;1.t//‰ij

�

Z jt j
0

ds jh„;U1u;˛;1.s/
�.H1u;˛;1.s/ �Hƒ

u;˛;1.s//U
ƒ
u;˛;1.s/‰ij

� "ƒ

Z jt j
0

ds eCR
D.s/
k.T CN C 1/

1
2U1u;˛;1.s/„kk.T CN C 1/

1
2Uƒ

u;˛;1.s/‰k;
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where RD.s/ D kusk
2
H3.1C k˛skh3=2/

2 and "ƒ ! 0 as ƒ! 0. The right-hand side thus
converges to zero by property (i). This implies strong convergence of Uƒ

u;˛;1 to U1u;˛;1 by
unitarity of Uƒ

u;˛;1, ƒ 2 RC [ ¹1º, as argued in the proof of Proposition 4.3.
The statement that Uƒ

u;˛;1.t/ for finite ƒ is a Bogoliubov transformation is essentially
a consequence of the square-integrability of the kernels in (5.8) appearing in the terms
with b�b�, b�a�, and a�a�; see [12, Lem. 4.8] for a detailed argument. For ƒ D 1,
however, the kernel corresponding to a�b� fails to meet the Hilbert–Schmidt criterion. In
this case, the statement follows from a suitable approximation argument, see Lemma B.1,
together with the fact that Uƒ

u;˛;1.t/! U1u;˛;1.t/ converges strongly.
The final statement can be derived using the same logic as in the proof of Proposi-

tion 4.3, in combination with Proposition 5.2 (i).

5.2. Dressing identity and proof of Theorem 1.4

We can now prepare for the proof of Theorem 1.4. We will start by making precise how the
unitaries Wƒ

u;˛.�/ interpolate between the Bogoliubov dynamics Uƒ
u;˛;�

.t/ for different � .
For � D 1 we can then take the limit ƒ!1 of Uƒ

u;˛;1.t/ to obtain information on the
behavior of Uƒ

u;˛;0.t/ as ƒ!1.
Let .u; ˛/ 2 H 3.R3/˚ h5=2 with kukL2 D 1, and consider the evolutions

Uƒ
DŒ��.u;˛/;� .t/ and Wƒ

s0Œt�.u;˛/
.�/; (5.10)

with generators Hƒ
DŒ��.u;˛/;�

.t/ and Dƒ
s0Œt�.u;˛/

.�/, respectively (see Propositions 5.2
and 4.3). It is important to keep in mind that the subscripts refer to the initial condition of
the mean-field flow, which is used to define the generator of each evolution.

The next result shows that the two flows in (5.10) commute, up to a global phase.
The additional phase is due to the fact that we wrote Hƒ

DŒ��.u;˛/;�
.t/ in normal order,

which is not preserved by the transformations. As discussed below, this identity is the key
ingredient for the renormalization of the Nelson–Bogoliubov Hamiltonian.

Proposition 5.3. Let .u; ˛/ 2H 3.R3/˚ h5=2 with kukL2 D 1 and .ut ; ˛t /´ sŒt �.u; ˛/

be the solution of (1.8) with initial datum .u; ˛/. If we denote

Eƒ� .t/´ .2� � �2/hGƒ0 ; B
ƒ
0 i C

1

2
hut ; V

ƒ
� � jut j

2ut i;

then for all t; � 2 R and ƒ 2 .0;1/ we have the identity

Uƒ
u;˛;0.t/e

�i
R t
0 ds Eƒ

�
.s/
DWƒ

s0Œt�.u;˛/
.�/�Uƒ

DŒ��.u;˛/;� .t/W
ƒ
u;˛.�/:

This proposition follows from the uniqueness of both sides by comparing their deriva-
tives. The lengthy calculation is given in Section 5.3. Assuming this for now, we can prove
Theorem 1.4 and Proposition 4.6.
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Proofs of Theorem 1.4 and Proposition 4.6. By strong continuity of Wƒ
u;˛.�/ in ƒ (see

Lemma 4.3) and of Uƒ
u;˛;1.t/ (Proposition 5.2), we have

s-lim
ƒ!1

Wƒ
s0Œt�.u;˛/

.1/�Uƒ
D.u;˛/;1.t/W

ƒ
u;˛.0/ DW1

s0Œt�.u;˛/
.1/�U1D.u;˛/;1.t/W

1
u;˛.0/:

By Proposition 5.3 with � D 1 and Uƒ
u;˛.t/ D Uƒ

u;˛;0.t/ this shows that

Uu;˛.t/ D s-lim
ƒ!1

Uƒ
u;˛;0.t/e

�i
R t
0 ds Eƒ1 .s/ DW1

s0Œt�.u;˛/
.1/�U1D.u;˛/;1.t/W

1
u;˛.0/: (5.11)

Strong continuity of t 7! Uu;˛.t/ follows since the right-hand side is strongly continuous,
as for ‰ 2 F ˝ F the maps

t 7!W1
s0Œt�.u;˛/

.1/�‰; t 7! U1D.u;˛/;1.t/‰; t 7!W1
u;˛.0/‰

are continuous. In order to relate the phase to the one given in the statement of the theorem,
we recall from (1.3) that hGƒ0 ; B

ƒ
0 i D E

ƒ. The convergence of hus; V ƒ � jusj2usi for
ƒ!1 follows from Lemma 6.4 and Proposition 2.3.

To show the mapping property for Uu;˛.t/, consider �.qut / as in the proof of Propo-
sition 4.3 for .ut ; ˛t / D sŒt �.u; ˛/. By the same argument as in (4.6) one shows that
k�.qut /U

ƒ
u;˛;0.t/‰k D 0 for every ‰ 2 F ˝ F and all ƒ 2 RC, t 2 R. The desired

result then follows from k�.qut /U
ƒ
u;˛;0.t/‰k ! k�.qut /Uu;˛.t/‰k

2 as ƒ!1.
The property that Uu;˛.t/ is a Bogoliubov transformation is a direct consequence of

the result that it is a composition of three Bogoliubov transformations.

Remark 5.2 (On the renormalized Nelson–Bogoliubov Hamiltonian). If the evolution
operator Uu;˛.t/ were a semigroup, we could deduce from Theorem 1.4 the existence
of a generator Hu;˛ that would represent the renormalization of the Nelson–Bogoliubov
Hamiltonian (1.16). But Uu;˛.t/ is associated with a non-autonomous evolution equation
and Hu;˛ should depend on the time t . In this setting, only the following, weaker theory
is available (see [83] for details). Consider the extension of Uu;˛.t/ to a two-parameter
family Uu;˛.t; s/ with Uu;˛.t; 0/ D Uu;˛.t/. On the Banach space C1.R;F ˝ F / of
continuous F ˝ F -valued functions tending to zero at infinity, we can define the corre-
sponding evolution semigroup of isometries by

.T .t/�/.s/ D Uu;˛.s; s � t /�.s � t /:

Then T has a generator A, D.A/ � C1.R;F ˝ F /, which corresponds formally to

.A�/.s/ D
d
dt
T .t/

ˇ̌̌
tD0
�.s/ D

�
�iHu;˛.s/ �

d
ds

�
�.s/:

However, we do not have any information concerning the domain or self-adjointness of
Hu;˛.t/ (one could consider using [83, Thm. 2.9], but this does not apply since the solu-
tions provided by Proposition 5.2 need not be differentiable in the norm of F ˝ F ).
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5.3. Proof of the dressing identity

In this section we derive the dressing identity for the Nelson–Bogoliubov evolution, that
is, we prove Proposition 5.3. To enhance the clarity of the presentation, we will use the
shorthand notation

Uƒ
� .t/´ Uƒ

DŒ��.u;˛/;� .t/; Wƒ
t .�/´Wƒ

s0Œt�.u;˛/
.�/;

Hƒ
� .t/´ Hƒ

DŒ��.u;˛/;� .t/; Dƒ
t .�/´ Dƒ

s0Œt�.u;˛/
.�/:

(5.12)

Proof of Proposition 5.3. Adopting (5.12), the identity we aim to prove becomes

Uƒ
0 .t/e

�i
R t
0 ds Eƒ1 .s/ DWƒ

t .�/
�Uƒ

� .t/W
ƒ
0 .�/:

The idea is to prove a differential version of this identity after taking derivatives in t and
� . To make this precise, first note that the coefficients of Dƒ

t .�/ given in (4.4) depend
on u, ˛ in a differentiable way. Since for .u; ˛/ 2 H 2.R3/ ˚ h1 the flow s� Œt �.u; ˛/

is differentiable in t in the L2-sense, this implies that for any ‰ 2 D.N / the mapping
t 7! Dƒ

t .�/‰ is differentiable in F ˝ F . Since Wƒ
t .�/ preserves D.N /, we deduce

from Duhamel’s formula (4.7) that Wƒ
t .�/‰ is differentiable in t for ‰ 2 D.N / and

.i@tW
ƒ
t .�/

�/Wƒ
t .�/‰ D �

Z �

0

d�Wƒ
t .�/

�.@tD
ƒ
t /.�/W

ƒ
t .�/‰:

Denote by Vƒ
�
.t/DWƒ

t .�/
�Uƒ

�
.t/Wƒ

0 .�/ the right-hand side of the identity we want to
prove. It follows from our previous considerations and Lemma 4.4 that for ‰ 2 D..N C
T /1=2/ we have

i@tV
ƒ
� .t/‰ D .i@tW

ƒ
t .�/

�/Uƒ
� .t/W

ƒ
0 .�/‰ CWƒ

t .�/
�Hƒ

� .t/U
ƒ
� .t/W

ƒ
0 .�/‰

µ B� .t/V
ƒ
� .t/‰

in D..N C T /�1=2/. By uniqueness of the solutions proved in Proposition 5.2 our claim
will follow if we can show that the generators of Uƒ

0 .t/e
�i

R t
0 ds Eƒ

�
.s/ and Vƒ

�
.t/ are equal,

that is, for every t 2 R,

Hƒ
0 .t/CE

ƒ
� .t/ D B� .t/

D �

Z �

0

d�Wƒ
t .�/

�.@tD
ƒ
t /.�/W

ƒ
t .�/CWƒ

t .�/
�Hƒ

� .t/W
ƒ
t .�/:

Equality holds for � D 0 since Eƒ0 D 0 and Wƒ
t .0/ D 1, so it is sufficient to prove that

for all ‰;„ 2 D..N C T /1=2/,

0 D i@� h„; .H
ƒ
0 .t/CE

ƒ
� .t/ � B� .t//‰i (5.13)

D hWƒ
t .�/„; .i@�E

ƒ
� .t/C i@tD

ƒ
t .�/ � i@�Hƒ

� .t/ � ŒH
ƒ
� .t/;D

ƒ
t .�/�/W

ƒ
t .�/‰i;
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where we anticipated differentiability of Hƒ
�

which follows easily from the explicit cal-
culation of its derivative below.

The remainder of the proof is an explicit calculation of this quadratic form. For ease
of presentation, we set, using that the flows commute,

.u�t ; ˛
�
t /´ s� Œt � ıDŒ� �.u; ˛/ DDŒ� � ı s0Œt �.u; ˛/: (5.14)

Moreover, we do not make the dependence of the different objects on t , � , ƒ explicit
everywhere and adopt the following shorthand notation:

h� ´ hu�t ;˛�t ;�
; Lƒ� .k/´ .1� �/Gƒ.�/ C 2B

ƒ
.�/.k/k.�i�r C �

2F˛�t
.�//;

�t ´ �ut ;˛t ; Mƒ.k; l/´ hu�t ; kB
ƒ
.�/.k/lB

ƒ
.�/.l/u

�
t i;

q´ qu�t
D 1 � ju�t ihu

�
t j; K

.1/;ƒ

�
´ K

.1/;ƒ

�;u�t
;

�ƒt .k; x/´ .qiBƒ.�/.k/u
�
t /.x/; K

.2/;ƒ

�
´ K

.2/;ƒ

�;u�t
:

Note that Mƒ.k; l/ is independent of � as the flow D preserves the modulus of u.
After commuting H� and Dt , the expression from (5.13) takes the form

� i@tD
ƒ
t .�/C i@�Hƒ

� .t/C ŒH
ƒ
� .t/;D

ƒ
t .�/�

D

Z
dx b�x.�i@t�t C i@�h� C Œh� ; �t �/bx (5.15a)

C

Z
dx dy D.x; y/b�xby C iEb C

�Z
dx dy zD.x; y/b�xb

�
y � h.c.

�
(5.15b)

C

Z
dk dx .X.k; x/a�kb

�
x C

zX.k; x/akb
�
x/ � h.c. (5.15c)

C

Z
dk dl A.k; l/a�kal C iEa C

�Z
dk dl QA.k; l/a�ka

�
l � h.c.

�
; (5.15d)

in the sense of sesquilinear forms on D..N C T /1=2/. We will now show that all the
coefficients of creation and annihilation operators vanish, and that Ea CEb D @�Eƒ� .t/.

Mean-field part (5.15a). By (3.11), Lemma 5.1, and (5.14) we have @�u�t D�i�tu
�
t and

@tu
�
t D �ih�u

�
t , and since the derivatives commute

0 D .@t@� � @�@t /u
�
t D .�.i@t�t /C i.@�h� /C Œh� ; �t �/u

�
t :

Since (5.14) is a bijection, this implies that (5.15a) vanishes.

Terms quadratic in b, b�, and Eb (5.15b). In the commutator ŒHƒ
�
.t/;Dƒ

t .�/� a quad-
ratic term in b, b� can arise either by commuting two terms with b#a#, or terms with b#b#.
In the first case, the coefficients are combinations ofLƒ

�
.k/ and �ƒt .k; �/ integrated over k.

In the latter case, some terms have already been taken into account in (5.15a) and only the
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commutators of K.1/;ƒ
�

, K.2/;ƒ
�

with �t remain. Combining these with the derivatives of
K
.1/;ƒ

�
, K.2/;ƒ

�
and putting them in normal order yields

D.x; y/ D i@�K
ƒ;.1/

�
.x; y/ � .�t .x/ � �t .y//K

ƒ;.1/

�
.x; y/

�

Z
dk
�
q.Lƒ� .k/C L

ƒ
� .�k/

�/u�t
�
.x/�ƒt .k; y/

C

Z
dk �ƒt .k; x/

�
q.Lƒ

�
.k/C Lƒ

�
.�k/�/u�t

�
.y/;

Eb D i

Z
dx dk �ƒt .k; x/

�
q.Lƒ� .k/C L

ƒ
� .�k/

�/
�
u�t .x/;

zD.x; y/ D
i

2
@�K

.2/;ƒ

�
.x; y/ �

1

2
.�t .x/C �t .y//K

.2/;ƒ

�
.x; y/

C

Z
dk
�
q.Lƒ� .k/

�
C Lƒ� .�k//u

�
t

�
.x/�ƒt .k; y/:

We now show that D.x; y/ D 0. First, we may observe that i@�u�t D �tu
�
t and q D 1 �

ju�t ihu
�
t j imply for any operator T� the identity

i@� .qT�u
�
t / D �tqT�u

�
t C qŒT� ; �t �u

�
t C q.i@�T� /u

�
t : (5.16)

Since ŒV ƒ
�
; �t � D 0, this gives us

i@�K
.1/;ƒ

�
.x; y/ � .�t .x/ � �t .y//K

.1/;ƒ

�
.x; y/

D

Z
dz dz0 q.x; z/u�t .z/.i@�V

ƒ
� .z � z

0// Nu�t .z
0/q.z0; y/: (5.17)

To evaluate the terms involving Lƒ
�
.k/C Lƒ

�
.�k/�, we first calculate using Bƒx .�k/ D

Bƒx .k/,

.Lƒ� .k/C L
ƒ
� .�k/

�/u�t .x/ D ..1 � �/2G
ƒ
x .k/C 2�k

2Bƒx .k//u
�
t .x/:

This gives

�

Z
dk
�
q.Lƒ� .k/C L

ƒ
� .�k/

�/u
�
.x/�ƒt .k; y/

D

Z
dz dz0 q.x; z/u�t .z/

�
2i.1 � �/hBƒz0 ; G

ƒ
z i C 2i�hk

2Bƒz0 ; B
ƒ
z i
�
Nu�t .z

0/q.z0; y/:

Adding this and minus its complex conjugate with x, y exchanged (which leads to an
exchange of z, z0) gives with .k2 C !.k//Bx.k/ D Gx.k/,Z

dz dz0 q.x; z/u�t .z/.4i.1 � �/RehBƒz0 ; G
ƒ
z i C 4i� Rehk2Bƒz0 ; B

ƒ
z i„ ƒ‚ …

D4i RehBƒ
z0
;Gƒz i�4�i Reh!Bƒ

z0
;Bƒz iD�i@�V

ƒ
�

/ Nu�t .z
0/q.z0; y/:

Combined with (5.17), this shows that D � 0.
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For zD this follows from the same calculation, using that hBƒx ;G
ƒ
y i D

2Bƒ0 Gƒ0 .x � y/
is real valued since G, B are even functions. By the same reasoning, the value of the
constant is

Eb D �i

Z
dx dz dz0 q.x; z/u�t .z/.2i.1 � �/hB

ƒ
z0 ; G

ƒ
z i C 2i�hk

2Bƒz0 ; B
ƒ
z i/

� Nu�t .z
0/q.z0; x/

D �
i

2

Z
dz dz0 q.z0; z/.�i@�V ƒ� .z � z

0/u�t .z/ Nu
�
t .z
0//

D 2RehGƒ0 ; B
ƒ
0 i � 2� Reh!Bƒ0 ; B

ƒ
0 i C @�

1

2
hu0t ; V

ƒ
� � ju

0
t j
2u0t i; (5.18)

where we used that ju�t j
2 is independent of � and integrates to 1.

Mixed terms in a, a�, b, b� (5.15c). Mixed terms with, say, a�
k
b�x arise from the deriva-

tives of the respective terms in Hƒ
�

, Dƒ
t , and from the commutator ŒHƒ

�
;Dƒ

t � if one
commutes a term with one a# and one b# with terms with two a#’s or two b#’s. The
commutator � Z

dk dl .2Mƒ.k;�l/a�ka
�
l CM

ƒ.k; l/a�ka
�
l C h.c./;Z

dx dm.�ƒt .m; x/a
�
mb
�
x � �

ƒ
t .�m; x/amb

�
x/C h.c.

�
vanishes identically, as one easily checks.

We group the remaining terms into two parts, X D X .1/ C X .2/, which vanish sepa-
rately. Spelling things out, we set

X .1/.k; x/´ .i@� � �t .x//.qL
ƒ
� .k/u

�
t /.x/C .�i@t C h� C !.k//�

ƒ
t .k; x/;

X .2/.k; x/´

Z
dy .K.1/;ƒ

�
.x; y/�ƒt .k; y/CK

.2/;ƒ

�
.x; y/�ƒt .�k; y//;

zX .1/.k; x/´ .i@� � �t .x//.qL
ƒ
� .k/

�u�t /.x/C .i@t � h� C !.k//�
ƒ
t .�k; x/;

zX .2/.k; x/´ �X .2/.�k; x/:

To see that X .1/.k; x/ D 0, we use (5.16) with T� D Lƒ� .k/ and the identity

r�t .x/ D r2RehiBx ; ˛�t i D 2RehkBx ; ˛�t i D F˛�t .x/

to obtain

.i@� � �t .x//.qL
ƒ
� .k/u

�
t / D qŒL

ƒ
� .k/; �t �u

�
t C q.i@�L

ƒ
� .k//u

�
t

D q.2�Bƒ.�/.k/kŒ�ir; �t � � iG
ƒ
.�/.k/

C 2iBƒ.�/.k/k.�ir C 2�F˛�t
//u�t

D q.�iGƒ.�/.k/C 2B
ƒ
.�/.k/kr C 2i�B

ƒ
.�/.k/kF˛�t

/u�t : (5.19)
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Using

Œ��;Bƒx .k/� D k
2Bƒx .k/C 2kB

ƒ
x .k/ir;

ŒA˛; B
ƒ
x .k/� D Œ2.�ir/hkBx ; ˛i C h.c.; Bƒx .k/� D �2kB

ƒ
x .k/ 2RehkBx ; ˛i„ ƒ‚ …

DF˛.x/

;

we find in the same way that

.�i@t C h� C !.k//�
ƒ
t .k; x/ D q.i!.k/B

ƒ
.�/ C Œ��C �A˛�t

; iBƒ.�/.k/�/u
�
t

D q.iGƒ.�/ � 2B
ƒ
.�/.k/kr � 2i�B

ƒ
.�/.k/kF˛�t

/u�t :

This equals the negative of (5.19), so X .1/ � 0.
The equality X .2/ � 0 follows simply by expanding the expressions:Z
dy K.2/;ƒ

�
.x; y/�ƒt .�k; y/

D

Z
dy dz dz0 dz00 q.x; z/q.y; z0/u�t .z/u

�
t .z
0/V ƒ� .z� z

0/iBƒz00.�k/u
�
t .z
00/q.y; z00/

D

Z
dz dz0 dz00 q.x; z/q.z00; z0/u�t .z/u

�
t .z
0/V ƒ� .z � z

0/ Nu�t .z
00/.�iBƒz00.k//

D �

Z
dz dz0 q.x; z/u�t .z/ju

�
t .z
0/j2V ƒ� .z � z

0/iBƒz0 .k/

C i

Z
dz q.x; z/.V ƒ� � ju

�
t j
2/.z/hu�t ; B

ƒ
� .k/u

�
t i

D �

Z
dy K.1/;ƒ

�
.x; y/�ƒt .k; y/;

where the last equality is obtained by performing the same calculation for K.1/�, which
just changes the location of some complex conjugates. This implies vanishing of zX .2/ and
the argument for zX .1/ is completely analogous to that for X .1/.

Terms quadratic in a, a�(5.15d). The only way to obtain a term with two a#’s from the
commutator ŒHƒ

�
;Dƒ

t � is to commute two terms with one a# and one b# each. Since the
coefficient Mƒ.k; l/ (5.9b) of the terms with two a#’s in Hƒ

�
.t/ is independent of � , we

obtain, for the coefficients in (5.15d),

A.k; l/ D �4i�Mƒ.k;�l/

�

Z
dx
�
.qLƒ� .k/u

�
t /.x/�

ƒ
t .l; x/C .qL

ƒ
�
.k/�u�t /.x/�

ƒ
t .�l; x/

�
C

Z
dx
�
.qLƒ

�
.l/u�t /.x/�

ƒ
t .k; x/C .qL

ƒ
� .l/

�u�t /.x/�
ƒ
t .�k; x/

�
; (5.20)

Ea D �i

Z
dk dx

�
.qLƒ

�
.k/u�t /.x/�

ƒ
t .k; x/C .qL

ƒ
� .k/

�u�t /.x/�
ƒ
t .�k; x/

�
QA.k; l/ D 2i�Mƒ.k; l/C

Z
dx
�
.qLƒ

�
.k/�u�t /.x/�

ƒ
t .l; x/C.qL

ƒ
� .k/u

�
t /.x/�

ƒ
t .�l; x/

�
:



M. Falconi, J. Lampart, N. Leopold, and D. Mitrouskas 970

To see that A.k; l/ D 0, we first calculate using that q2 D q D 1 � ju�t ihu
�
t j andZ

dx
�
.qLƒ� .k/u

�
t /.x/�

ƒ
t .l; x/C qL

ƒ
�
.k/�u�t .x/�

ƒ
t .�l; x/

�
D

Z
dz dz0 q.z0; z/

�
.Lƒ� .k/u

�
t /.z/.�iB

ƒ
z0 .�l// Nu

�
t .z
0/

C .Lƒ
�
.k/�u�t /.z

0/iBƒz .�l/u
�
t .z/

�
D hu�t ; i ŒL

ƒ
� .k/; B

ƒ
.�/.�l/�u

�
t i

D 2i�hu�t ; B
ƒ
.�/.�l/lkB

ƒ
.�/.k/u

�
t i D �2i�M

ƒ.k;�l/:

The second line in (5.20) is the complex conjugate of this with k, l exchanged, so it equals
2i�Mƒ.k;�l/. This implies that A � 0. The argument for QA � 0 is essentially the same.

It remains to evaluate Ea. We have by the calculation of A.k; l/,

Ea D 2�

Z
dkMƒ.k;�k/ D �2�hk2Bƒ0 ; B

ƒ
0 i:

Consequently, with (5.18),

Ea CEb D 2RehGƒ0 ; B
ƒ
0 i � 2� Reh.k2 C !/Bƒ0 ; B

ƒ
0 i C @�

1

2
hu0t ; V

ƒ
� � ju

0
t j
2u0t i

D .2 � 2�/RehGƒ0 ; B
ƒ
0 i C @�

1

2
hu0t ; V

ƒ
� � ju

0
t j
2u0t i D @�E

ƒ
� .t/:

This completes the proof of the proposition.

6. Estimates for the generators

In this section we establish the inequalities on the different generators of the dynamics
considered in the previous sections. This includes the generators of the fluctuation dynam-
ics for e�itH

D
N and its Bogoliubov approximation used in the proofs of Theorems 3.2 and

4.2, given in Sections 6.4 and 6.3, respectively. Similar bounds for the generators associ-
ated with the dressing flow and its Bogoliubov approximation are given in Section 6.5.

6.1. Fock space operator bounds

We start by proving a general bound for operators on Fock space that will prove very
useful.

Lemma 6.1. Let na, nb , ma, mb 2 N0, M D na C nb Cma Cmb , s; t 2 R and

T WL2.R3/˝mb ˝ h˝mat ! L2.R3/˝nb ˝ h˝na�s

be a bounded operator of norm � with an integral kernel T ..K;X/; .L; Y // 2 S0.R3M /.
Set

An.K/ D

nY
iD1

aki and Bn.X/ D

nY
iD1

bxi :
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Then for all 0 � rb � nb Cmb , 0 � ra � na Cma,ˇ̌̌̌�
�;

Z
R3M

T .X;K; Y;L/B�nb .X/A
�
na
.K/Ama.L/Bmb .Y / dX dK dY dL�

�ˇ̌̌̌
� �k.Nb CM/

nbCmb�rb
2 .Na CM C 1/

ra d�a .!2s/
na
2 �k

� k.Nb CM/
rb
2 .Na C 1/

�ra d�a .!2t /
ma
2 �k:

Proof. To keep the notation manageable we give the proof in the case nb D mb D 0; the
generalization is straightforward. Set nD na,mDma, and let � 2D.d�.!2s/n=2/. ThenZ 



 nY

iD1

!s.ki /aki�





2 dK D
Z � nY

iD1

!2s.ki /

�
h�; a�k1 � � � a

�
kn
akn � � � ak1�i dK

D kd�a.!2s/n=2�k2;

so

.k1; : : : ; kn/ 7!

� nY
iD1

!s.ki /aki

�
� 2 L2.R3n;F ˝ F /;

and analogously for �. Henceˇ̌̌̌�
�;

Z
T .K;L/A�n.K/Am.L/ dK dL�

�ˇ̌̌̌
D

ˇ̌̌̌Z
dK dL

�
.Na C 1/

ra

� nY
iD1

!s.ki /aki

�
�;

T .K;L/.Na C 1/
�ra

� nY
iD1

!�s.ki /

�
Am.L/�

�ˇ̌̌̌
� kd�a.!2s/

n
2 .Na C nC 1/

ra�k

�





Z � nY
iD1

!�s.ki /

�
T .K;L/Am.L/.Na CmC 1/

�ra� dL





L2.R3n

K ;F˝F /

� kT kh˝mt !h˝n�s
kd�a.!2s/

n
2 .Na CM C 1/

ra�k kd�a.!2t /
m
2 .Na C 1/

�ra�k:

This proves the claim.

Two special cases of the previous lemma that we use frequently are given separately
below.

Lemma 6.2. For any s 2 R and �; � 2 F ˝ F , we have

jh�; d�a.!s=2/�ij � kd�a.!s/1=2�kkN 1=2
a �k; (6.1a)

kd�a.!s=2/�k � kN 1=2
a d�a.!s/1=2�k: (6.1b)

Proof. The first inequality is a special case of Lemma 6.1 (t D 0, T˛ D !s˛,ma D na D
1, ra D 0). The second inequality follows from the first by taking the supremum over
k�k D 1.
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6.2. Preliminary estimates

Here we provide some bounds on the terms appearing in the mean-field Hamiltonians as
well as the kernels of the Bogoliubov Hamiltonians. These will later be combined with
the operator bounds from the previous section to prove the estimates for the generators.

Lemma 6.3. Let G, B , and V be defined as in (2.10) and (3.2). For every s > 0 there
exists a constant C > 0 such that

k yV kL1Cs � C; (6.2a)

kkB0kh�s � C; (6.2b)

8n 2 N0; hjkj
nB0; j˛ji � Ck˛kh.n�1/Cs ; (6.2c)

8n 2 ¹1; 2; 3º; khknB.�/; ˛iukL2 � Ck˛kh.n�2/=2CskukHn=2 (6.2d)

for all u 2Hn.R3/ and ˛ 2 hn�1Cs . Moreover, for every " > 0 there exists C > 0 so that
for u 2 H 1.R3/, ˛ 2 h1=2,

khG.�/; ˛iukL2 � ".kuk
2
H1 C k˛k

2
h1=2

/C Ckuk2
L2
: (6.2e)

Proof. In view of the formula for V , we have the identity .2�/3=2 yV .k/D�4G0.k/B0.k/
C 2!.k/B20 .k/, and the first three inequalities then follow immediately from the integra-
bility properties of G0.k/ D !.k/�1=2 and B0.k/ D .k2 C !.k//�1!.k/�1=2.

For (6.2d), we use the Fourier representation in x together with Parseval to write

khknB.�/; ˛iuk
2
L2
D

1

.2�/3





Z dk knB0.k/˛.k/
Z

dp eip.�/ Ou.p � k/




2
L2

D





Z dk knB0.k/˛.k/ Ou.� � k/




2
L2

D

Z
dp dk d`

knB0.k/˛.k/

!.p � k/n=2
`nB0.`/˛.`/

!.p � `/n=2

� !.p � k/
n
2 Ou.p � k/!.p � `/

n
2 Ou.p � `/:

Since k 7! jkjnB0.k/2!.k/2�2s and k 7! !.k/�n are radial and decreasing functions for
s > 0 and n 2 ¹1; 2; 3º, it follows by symmetric rearrangement that

sup
p2R3

Z
dk
jkjnB0.k/

2!.k/2�2s

!.p � k/n
�

Z
dk B0.k/2!.k/2�2s � C: (6.3)

With Cauchy–Schwarz we thus find

khknB.�/; ˛iuk
2
L2

�

Z
dp dk d`

jkjnB0.k/
2!.k/2�2s

!.p � k/n
j`jn!.`/2s�2j˛.`/j2!.p � `/nj Ou.p � `/j2

� C

Z
d`!.`/nC2s�2j˛.`/j2

Z
dp .jpj2 C 1/

n
2 j Ou.p/j2 � Ck˛k2hn=2Cs�1kuk

2
Hn=2 :
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The final inequality (6.2e) is proved in a similar way, but to obtain the small constant
in front of the energy norm we start by introducing a cutoff ƒ <1. We then bound

khG.�/; ˛iukL2 � kh1j�j>ƒG.�/; ˛iukL2 C
"

2
k˛k2h1=2 C

1

2"
k1j�j�ƒG0k

2
h�1=2
kukL2 :

Now the first term is treated exactly as for (6.2d), which yields

kh1j�j>ƒG.�/; ˛iuk
2
L2
� k˛k2h1=2kuk

2
H1

Z
jkj>ƒ

dk
jG0.k/j

2

!.k/3
: (6.4)

Choosing ƒ so that the final integral is less than or equal to "2 proves the claim.

The next lemma collects bounds for the different potentials that appear in the mean-
field equations introduced in Section 3.2.

Lemma 6.4. Let V be defined by (3.2) and fu by (3.4e). There exists a constant C > 0

such that for all u 2 H 1.R3/ with kukL2 D 1,

kV � juj2kL1 C kV
2
� juj2kL1 C kr.V � juj

2/kL1 � Ckuk
3=2

H1 ; (6.5a)

kfukL1 C kfukh1=2 � Ckuk
2
H1 : (6.5b)

Moreover, for every s > 0 there exists a constant C > 0 such that for all u 2 H 1.R3/,
kukL2 D 1, and ˛ 2 h1Cs , the objects F˛ , gu;˛ , �u;˛ defined in (3.4c)–(3.4f) satisfy

kF˛kL1 � Ck˛khs ; kgu;˛kL1 C kgu;˛kh1=2 � CkukH1k˛khs ;

krF˛kL1 � Ck˛kh1Cs ; j�u;˛j � Ckuk
2
H1k˛k

2
hs
:

Proof. For the first term in (6.5a), applying Young’s inequality and Parseval,

kV � juj2kL1 � kV kL2kjuj
2
kL2 D k

yV kL2kuk
2
L4

(6.2a)
� Ckuk2

L4
;

and then the Cauchy–Schwarz and Sobolev inequalities yield

kuk2
L4
� kuk

1=2

L2
kuk

3=2

L6
� Ckuk

3=2

H1 : (6.7)

For the convolution involving V 2, we proceed similarly, and obtain

kV 2 � juj2kL1 � kV
2
kL2kjuj

2
kL2 D kV k

2
L4
kuk2

L4
� CkV k2

L4
kuk

3=2

H1 :

By Hausdorff–Young, the Fourier transform is bounded from L4=3 to L4, so by (6.2a),

kV kL4 � Ck yV kL4=3 � C:

For the convolution involving the gradient, we use the same inequalities to estimate

kr.V � juj2/kL1 � 2kV kL4k NurukL4=3 � Ck NurukL4=3 :
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With Hölder and (6.7) we conclude that

k NurukL4=3 � CkukL4krukL2 � Ckuk
3=2

H1 (6.8)

and thus obtain (6.5a).
In view of fu.k/D hu; kB.�/.k/.�ir/ui, the bound on kfukL1 is obvious. To bound

the h1=2-norm of fu, we use that

kfu
p
!kL2 � 2kkB0

p
!kL4kFŒ Nuru�kL4 :

This implies the bound by the Hausdorff–Young inequality and (6.8).
The bounds on F˛.x/ D 2 RehkBx ; ˛i and rF˛ follow directly from the fact that

jkjB.k/ 2 h�s . The bound on F˛ implies the bound on the L1-norm of gu;˛ D
2hu; kB.�/.k/F˛ui. For the h1=2-norm, writing gu;˛ D 2kB0 � FŒF˛juj2� gives

kgu;˛
p
!kL2 � 2kkB0

p
!kL4kFŒF˛juj

2�kL4 � CkF˛juj
2
kL4=3 � CkF˛kL1kjuj

2
kL4=3 :

The claimed bound then follows from (6.7) by Hölder’s inequality, since kukH1 � 1.
The estimate for �u;˛ D 1

2
hu;V � juj2ui CReh˛;fui CReh˛;gu;˛i follows from the

previous bounds.

We have similar bounds on the mean-field Hamiltonian.

Lemma 6.5. Let hu;˛ be defined by (3.4a). For every s > 0 there is a constant C > 0 such
that for all .u; ˛/ 2 H 3 ˚ h1Cs with kukL2 D 1,

khu;˛ukL2 � C.kukH2 C kuk2
H1/.1C k˛k

2
hs
/;

krhu;˛ukL2 � C.kukH3 C kuk
5=2

H1 /.1C k˛kh1Csk˛k
2
hs
/:

Proof. The proof follows from Lemmas 6.3 and 6.4 in combination with (we use k � kH s �

1 and k � khs � k � khr for s � r)

khu;˛ukL2 � k�ukL2 C 2khk
2B.�/; ˛iukL2 C 4hjkjB0; j˛jikrukL2

C kF˛k
2
L1 C kV � juj

2
kL1 C j�u;˛j

� C.kukH2 C kuk2
H1/.1C k˛k

2
hs
/

and

krhu;˛ukL2 � kr�ukL2 C 2khk
3B.�/; ˛iukL2 C 6khk

2B.�/; ˛irukL2

C 4hjkjB0; j˛jik�ukL2 C 2kF˛kL1krF˛kL1 C kF˛k
2
L1krukL2

C kr.V � juj2/kL1 C kV � juj
2
kL1krukL2 C j�u;˛jkrukL2

� C.kukH3 C kuk
5=2

H1 /.1C k˛kh1Csk˛k
2
hs
/:

Next, we state suitable bounds for the time derivatives of ut , ˛t , and �ut ;˛t . Note that
the constant C in the bound is uniform in t but not in .u; ˛/, as it depends on the energy
of the initial condition.
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Lemma 6.6. Let .u; ˛/ 2 H 3.R3/˚ h5=2 with kukL2 D 1 and .ut ; ˛t /´ sDŒt �.u; ˛/

denote the solution to (3.3). Let �ut ;˛t be defined as in (3.4d). There exists a constant
C > 0 such that for all jt j � 0,

k PutkH1 C k P̨ tkh1=2 C j P�ut ;˛t j � CkutkH3.1C k˛tkh3=2/:

Proof. We use that k Putk2H1 D k Putk
2
L2
C kr Putk

2
L2

and i Put D hut ;˛tut . Since, by Propo-
sition 2.3 and Lemma 3.3, kutkH1 Ck˛tkh1=2 � C , we obtain from Lemma 6.5 for s D 1

2

khut ;˛tutkL2 � CkutkH2 and krhut ;˛tutkL2 � CkutkH3.1C k˛tkh3=2/:

With the aid of Lemma 6.4, one easily verifies

k P̨ tkh1=2 � k˛tkh3=2 C kutk
2
H1k˛tkh1=2 :

Recall that �u;˛ D 1
2
hu; V � juj2ui C Reh˛; fui C Reh˛; gu;˛i. Since V is an even func-

tion,ˇ̌̌ d
dt
hu; V � juj2ui

ˇ̌̌
D 4jReh Put ; V � jut j2ut ij � 4kV � jut j2kL1k PutkL2 � Ck PutkL2 :

We further estimate

k Pfut kh�1=2 � 2kkB0kh�1=2.k PutkL2kutkH1 C k PutkH1kutkL2/ � Ck PutkH1 ;

k Pgut ;˛t kh�1=2 � 4kh Put ; kB.�/ � F˛tut ikh�1=2 C 2khut ; kB.�/ � F P̨ tut ikh�1=2

� .2k PutkL2kF˛t kL1 C kF P̨ t kL1/kkB0kh�1=2 :

With (6.2c) we have kF P̨ t kL1 � Ck P̨ tkh1=2 , and hence

j P�ut ;˛t j � Ck PutkL2 C k P̨ tkL2kfut C gut ;˛t kL2 C k˛tkh1=2k
Pfut C Pgut ;˛t kh�1=2

� C.k P̨ tkh1=2 C k PutkH1/:

This completes the proof of the lemma.

The next lemma summarizes estimates for the different kernels (and their time deriva-
tives) that appear in the (dressed) Bogoliubov Hamiltonian (4.1) and the fluctuation Hamil-
tonian introduced in (3.7), given explicitly by (6.24).

We introduce the integral kernels

Nu.x; k; l/´ .qukB.�/.k/ � lB.�/.l/u/.x/; (6.9a)

Qu.x; y; k; l/´ .qukB.�/.k/ � lB.�/.l/qu/.x; y/; (6.9b)

where we note that kBx.k/ � lBx.l/ acts as a multiplication operator in x. Recalling the
definition .L˛.k/f /.x/ D 2kBx.k/..�ir C F˛.x//f /.x/ from (4.2a), we set

`
.1/
t .x; k/´ .qutL˛t .k/ut /.x/; `

.2/
t .x; k/´ .qutL˛t .k/

�ut /.x/:
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Moreover, for u 2 L2.R3/ and ¹uº? � L2.R3/, we consider the operators

K.3/u W ¹uº
?
! ¹uº? ˝ ¹uº?;

 7! .K.3/u  /.x1; x2/´ .qu/1.qu/2Wu.x1; x2/u.x1/.qu /.x2/; (6.10a)

K.4/u W ¹uº
?
˝ ¹uº? ! ¹uº? ˝ ¹uº?;

 7! .K.4/u  /.x1; x2/´ .qu/1.qu/2Wu.x1; x2/.qu ˝ qu /.x1; x2/: (6.10b)

with, for V defined in (3.2),

Wu.x1; x2/´ V.x1 � x2/ � V � juj
2.x1/ � V � juj

2.x2/C hu; V � juj
2ui: (6.11)

Lemma 6.7. Let .u; ˛/ 2 H 3.R3/ ˚ h5=2 with kukL2 D 1, denote by .ut ; ˛t / ´

sDŒt �.u; ˛/ the solution to (3.3), and �.t/ D kutk2H3.1C k˛tkh3=2/
2. There exists a con-

stant C > 0 such that for all jt j � 0,

kK.2/ut kL2.R6/ � C ; k PK.2/ut kL2.R6/ � C
p
�.t/; (6.12a)

kK.1/ut kL2!L2 � C ; k PK.1/ut kL2!L2 � C
p
�.t/; (6.12b)

k`
.1/
t kL2˝h�1=4

� C ; k P̀
.1/
t kL2˝h�1=4

� C
p
�.t/; (6.12c)

k`
.2/
t k

2
h1=4!L

2 � C ; k P̀
.2/
t kh1=4!L2 � C

p
�.t/; (6.12d)

kMut k.L2/˝2 � C ; k PMut k.L2/˝2 � C
p
�.t/; (6.12e)

kK.3/ut kL2!L2˝L2 � C ; k PK.3/ut kL2!L2˝L2 � C
p
�.t/; (6.12f)

kNut kL2˝h˝2
�1=8
� C ; k PNut kL2˝h˝2

�1=8
� C

p
�.t/; (6.12g)

kQut kL2˝h˝2
1=8
!L2 � C ; k

PQut kL2˝h˝2
1=8
!L2 � C

p
�.t/; (6.12h)

where L2 stands for L2.R3/.

Let us note the evident fact that the bounds (6.12a)–(6.12e) also hold uniformly for
the ƒ-dependent kernels introduced in (5.8). For instance, kK.2/;ƒ1;ut

kL2.R6/ � C for all
ƒ 2 RC [ ¹1º with K.2/;ƒ1;ut

defined by (5.9d). While we do not state them explicitly
here, such uniform bounds will be used in the proofs of Lemmas 6.8 and 6.9.

Proof. Recall that kutkL2 D 1 and kutkH1 C k˛tkh1=2 � C for all jt j � 0 by Proposi-
tion 2.3 and Lemma 3.3. We go through the claimed bounds line by line.

Line (6.12a). We use that kqut k D 1, so kK.2/ut k
2
L2.R6/

� k zK
.2/
ut kL2.R6/ and

k zK.2/ut k
2
L2.R6/

D

Z
dx dy jut .x/j2V 2.x � y/jut .y/j2

� kV 2 � jut j
2
kL1kutk

2
L2
� C (6.13)



Renormalized Bogoliubov theory for the Nelson model 977

by Lemma 6.4. Invoking

PK.2/ut D Pqut ˝ qut
zK.2/ut C qut ˝ Pqut

zK.2/ut C qut ˝ qut
d
dt
zK.2/ut ;

together with Pqut D � Pput , k Pput kL2!L2 � 2k PutkL2 , and k d
dt
zK
.2/
ut kL2.R6/ � Ck PutkL2 as

in (6.13), we obtain
k PK.2/ut kL2.R6/ � Ck PutkL2 � C

p
�.t/;

where we employed Lemma 6.6 in the last step.

Line (6.12b). Since jK.1/ut .x; y/j D jK
.2/
ut .x; y/j we can use that the operator norm is

bounded by the Hilbert–Schmidt norm, kK.1/ut kL2!L2 � kK
.2/
ut kL2.R6/, so that we can

apply the previous bounds. The time derivative is bounded analogously.

Line (6.12c). We recall `.1/t .x; k/ D .qutkB.�/.k/ � .�ir C F˛t /ut /.x/ and estimate

k`
.1/
t kL2˝h�1=4

� 2kkB0kh�1=4k.�ir C F˛t /utkL2 � C.kutkH1 C kF˛t kL1/ � C;

and similarly for

k P̀
.1/
t kL2˝h�1=4

� 2kkB0kh�1=4




 d
dt
qut e

�ik.�/.�ir C F˛t /ut





L2

� C.k PutkH1 C kF P̨ t kL1/ � C.k PutkH1 C k P̨ tkh1=2/ � C
p
�.t/;

where we used k Pqut kL2!L2 � 2k PutkL2 � 2k PutkH1 and kF P̨ t kL1 � Ck P̨ tkh1=2 .

Line (6.12d). We have `.2/t .x; k/ D `
.1/
t .x; k/C 2.qutk

2B.�/.k/ut /.x/, and thus

k`
.2/
t kh1=4!L2 � k`

.1/
kh1=4!L2 C 2 sup

k�kh1=4
D1





Z dk k2B.�/.k/�.k/ut






L2

� k`.1/kL2˝h�1=4
C CkutkH1

by (6.2d) (with ˛ D �, u D ut , n D 2, and s D 1=4). Similarly, for the time derivative,

k P̀
.2/
t kh1=4!L2 � k

P̀.1/kL2˝h�1=4
C Ck PutkH1 � C

p
�.t/:

Line (6.12e). The estimate

jMut .k; l/j D
ˇ̌̌kB0.k/ � lB0.l/.2�/3=2.k C l/ � F Œirjut j2�.k C l/

jk C l j2

ˇ̌̌
� CkutrutkL1

jkjB0.k/jl jB0.l/

jk C l j

and the Hardy–Littlewood–Sobolev inequality imply

kMut kL2.R6/ � Ckutk
2
H1kj�jB0k

2
L3
� Ckutk

2
H1 :

For PMut we obtain by the same argument

k PMut kL2.R6/ � CkutkH1k PutkH1 ;

which implies the claim by Lemma 6.6.
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Line (6.12f). Recall the definition ofWu in (6.11), and denote qi D .qut /i . Using kutkH1

� C we get

kK.3/ut kL2!L2˝L2 D sup
k kD1

kq1q2Wut .x1; x2/ut .x1/.qut /.x2/kL2˝L2

� Ckqut k
3
L2!L2

.kV 2 � jut j
2
k
1=2
L1 C kV � jut j

2
kL1/ � C (6.14)

by Lemma 6.4. For the norm of the time derivative, one computes

. PK.3/ut  /.x1; x2/

D q1q2 PWut .x1; x2/ut .x1/.q /.x2/

C Pq1q2Wut .x1; x2/ut .x1/.q /.x2/C q1 Pq2Wut .x1; x2/ut .x1/.q /.x2/

C q1q2Wut .x1; x2/ Put .x1/.q /.x2/C q1q2Wut .x1; x2/ut .x1/. Pq /.x2/

where each term can be estimated similarly to (6.14). Using Lemma 6.4 in


 d
dt
V � jut j

2




L1
� 2k PutkL2kV

2
� jut j

2
k
1=2
L1 � Ck PutkL2 ; (6.15)

one obtains k PWut kL1.R6/ � Ck PutkL2 . Together with k Pqut kL2!L2 � 2k PutkL2 , this leads
to k PK.3/ut kL2!L2˝L2 � C

p
�.t/.

Lines (6.12g) and (6.12h). Recalling the definitions of Nt , Qt in (6.9a), (6.9b) it follows
readily that

kNut kL2˝h˝2
�1=8
C kQut kL2˝h˝2

1=8
!L2 � CkkB0k

2
h�1=8

� C ;

k PNut kL2˝h˝2
�1=8
C k PQut kL2˝h˝2

1=8
!L2 � CkkB0k

2
h�1=8
k PutkL2 � C

p
�.t/:

This completes the proof of the lemma.

6.3. Estimates for the Bogoliubov Hamiltonians

The first lemma provides bounds on the dressed Bogoliubov Hamiltonian (4.1) and its time
derivative, its difference from the operator T D d�b.��/C d�a.!/, and its commutator
with the total number operator N D Nb CNa. These imply existence and uniqueness of
the associated dynamics, as explained in Proposition 5.2. Similar bounds also hold for the
family of interpolating Bogoliubov Hamiltonians (5.8) (recall that HD

u;˛.t/ D H1u;˛;1.t/).
Note that for � D 1 the bounds in part (b) are uniform in ƒ.

Lemma 6.8. For HD
u;˛.t/ defined by (4.1) and Hƒ

u;˛;�
.t/ defined by (5.8), we have the

following bounds:

(a) Let .u; ˛/ 2 H 3.R3/˚ h5=2 with kukL2 D 1 and .ut ; ˛t /´ sDŒt �.u; ˛/ denote
the solution to (3.3). There exists a constant C > 0 such that for all t 2 R,

˙.HD
u;˛.t/ � T / �

1

2
T C C.N C 1/; (6.16a)
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˙i ŒN ;HD
u;˛.t/� �

1

2
T C C.N C 1/; (6.16b)

˙
d
dt

HD
u;˛.t/ �

1

2
T C C�.t/.N C 1/; (6.16c)

as quadratic forms on F ˝ F , where �.t/ D kutk2H3.1C k˛tkh3=2/
2.

(b) Let .u;˛/2H 3.R3/˚ h5=2 with kukL2 D 1 and .ut ;˛t /´ s� Œt �.u;˛/ as defined
in (5.1). There exists a constant C > 0 such that for all t 2R, j� j�1 andƒ 2RC,

˙.Hƒ
u;˛;� .t/ � T / �

1

2
T C C.1C j1 � � jƒ/.N C 1/;

˙i ŒN ;Hƒ
u;˛;� .t/� �

1

2
T C C.1C j1 � � jƒ/.N C 1/;

˙
d
dt

Hƒ
u;˛;� .t/ �

1

2
T C C.1C j1 � � jƒ/�.t/.N C 1/;

as quadratic forms on F ˝ F , where �.t/ D kutk2H3.1C k˛tkh3=2/
2.

Proof. The proof follows essentially by combining the operator bounds of Lemma 6.1
with the kernel bounds of Lemma 6.7. We give the details below.

Proof of (6.16a). Recall that

HD
u;˛.t/ � T D d�b.A˛t C F

2
˛t
� �ut ;˛t /CK.1/

ut
C .K.2/

ut
C h.c./

C

�Z
dk dx .`.1/t .x; k/b

�
xa
�
k C `

.2/
t .x; k/b

�
xak/C h.c.

�
C

Z
dk dl Mut .k; l/Akl : (6.17)

Since A˛t D 2.�irx/ � hkBx ; ˛t i C h.c., the first term in the first line is bounded, using
the Cauchy–Schwarz inequality, by

˙d�b.A˛t CF
2
˛t
��ut ;˛t / � " d�b.��/C

�4
"
hjkjB0; j˛t ji

2
CkF˛t k

2
L1 Cj�ut ;˛t j

�
Nb

� " d�b.��/C
C

"
Nb;

where the last bound follows from Lemmas 6.3 and 6.4, and kutkH1 C k˛tkh1=2 � C .
For the second and third terms in the first line, we apply Lemmas 6.1 and 6.7 to get

˙K.1/
ut
� kK.1/ut kL2!L2.Nb C 1/ � C.Nb C 1/; (6.18a)

˙.K.2/
ut
C h.c./ � 2kK.2/ut kL2.R6/.Nb C 1/ � C.Nb C 1/: (6.18b)

For the mixed quadratic terms, we use Lemma 6.1 choosing ma D mb D 0, na D
nb D 1, s D 1=2, and ra D 0, rb D 1 for the term involving b�xa

�
k

, and ma D 1 D nb ,
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na D mb D 0, t D 1=2, and ra D rb D 0 for the term involving b�xak . This gives

˙

�Z
dk dx .`.1/t .x; k/b

�
xa
�
k C `

.2/
t .x; k/b

�
xak/C h.c.

�
� " d�a.!/C C"�1.k`

.1/
t k

2
L2˝h�1=2

C k`
.2/
t k

2
h1=2!L

2/.Nb C 1/

� " d�a.!/C C"�1.Nb C 1/; (6.19)

where again we used Lemma 6.7 and monotonicity of the hs-norms.
In the last term in (6.17) we have Akl D �2a

�
k
a�l C a

�
k
a�
l
C a�la�k , so using that

the operator norm is bounded by the Hilbert–Schmidt norm, we have with Lemma 6.1 and
(6.12e),

˙

Z
dk dl Mut .k; l/Ak;l � C.Na C 1/: (6.20)

Proof of (6.16b). The commutator is easily found to be

ŒN ;HD
u;˛.t/� D 2

�Z
dk dx `.1/t .x; k/b

�
xa
�
k � h.c.

�
C 2

Z
dk dl Mut .k; l/.a

�
ka
�
l � a�ka�l /;

which can be estimated exactly as in (6.19) and (6.20).

Proof of (6.16c). We compute

d
dt

HD
u;˛.t/ D d�b. Phut ;˛t /C PK

.1/
ut
C . PK.2/

ut
C h.c./

C

�Z
dk dx . P̀.1/t .x; k/b

�
xa
�
k C
P̀.2/
t .x; k/b

�
xak/C h.c.

�
C

Z
dk dl PMut .k; l/Akl ; (6.21)

with
Phut ;˛t D A P̨ t C 2F˛t � F P̨ t C

d
dt
V � jut j

2
� P�ut ;˛t :

SinceA P̨ t D 2.�irx/ � hkBx ; P̨ t iC h.c., we can use Cauchy–Schwarz and Lemma 6.3
to obtain

˙d�b.A P̨ t / � " d�b.��/C
C

"
k P̨ tk

2
h1=2

Nb :

Recalling F P̨ t .x/ D 2RehkBx ; P̨ t i we estimate

˙d�b.F˛t � F P̨ t / � kF˛t kL1kF P̨ t kL1Nb � Ck P̨ tkh1=2Nb :

The time derivative of the convolution is estimated in (6.15), and thus

˙d�b
� d

dt
V � jut j

2
�
� Ck PutkL2Nb :
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Combining the above estimates, we arrive at

˙d�b. Phut ;˛t / � " d�b.��/C
C

"
.k P̨ tk

2
h1=2
C k PutkL2/Nb :

Similarly to (6.18a) and (6.18b) we bound the remaining terms in the first line in
(6.21):

˙ PK.1/
ut
� k PK.1/ut kL2!L2.Nb C 1/ � C

p
�.t/.Nb C 1/;

˙. PK.2/
ut
C h.c./ � 2k PK.2/ut kL2.R6/.Nb C 1/ � C

p
�.t/.Nb C 1/:

By the reasoning of (6.19) we obtain

˙

�Z
dk dx . P̀.1/t .x; k/b

�
xa
�
k C
P̀.2/
t .x; k/b

�
xak/C h.c.

�
� " d�a.!/C

C�.t/

"
.Nb C 1/;

and analogously to (6.20) one also verifies that

˙

Z
dk dl PMut .k; l/Akl � C�.t/.Na C 1/:

The above estimates prove (6.16c) and thus complete the proof of part (a) of the lemma.

Turning to part (b), first note that for � D 1 the proof is verbatim the same as that for
part (a). To see this, recall that all kernels that appear in Hƒ

u;˛;1.t/ satisfy the same bounds
as in Lemma 6.7, as explained thereafter (in particular, they are uniformly bounded inƒ).

The crucial difference for � ¤ 1, apart from the trivial � -dependence of the kernels, is
the appearance of the term

.1 � �/

Z
dk dx

�
.qutG

ƒ
x .k/ut /a

�
kb
�
x C .qutG

ƒ
x .k/ut /a

�
kbx

�
C h.c.

in Hƒ
u;˛;�

which is not present when � D 1 (hence this term did not appear in the proof
of part (a)). Since kqutG

ƒ
.�/
utkL2˝L2 � kG

ƒ
0 kL2 � Cƒ, we can bound the above term by

Cƒ.N C 1/. All other contributions in Hƒ
u;˛;�

.t/ are estimated as for � D 1, i.e., they
are uniformly bounded in ƒ. This explains the ƒ-dependent upper bound in (6.16a). The
bounds for the commutator and the time derivative are obtained in the same way.

The next lemma was used in the proof of Proposition 5.2 to show that Uƒ
1 .t/!U11 .t/

strongly as ƒ!1.

Lemma 6.9. Let .u; ˛/ 2 H 3.R3/ ˚ h5=2 with kukL2 D 1, .ut ; ˛t /´ s1Œt �.u; ˛/ as
defined in (5.1) and �.t/ D kutk

2
H3.1 C k˛tkh3=2/

2. There is a family "ƒ > 0 with
"ƒ

ƒ!1
����! 0 such that

jh�; .H1u;˛;1.t/�Hƒ
u;˛;1.t//�ij � "ƒe

C
R jt j
0 �.s/ ds

k.TCN C 1/1=2�kk.TCN C1/1=2�k

for all t 2 R and �; � 2 D..T CN /1=2/.
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Proof. The difference H1u;˛;1.t/ � Hƒ
u;˛;1.t/ is up to the term d�b.hut ;˛t / C d�a.!/

precisely of the same form as (5.8), with all kernels replaced by kernels of the form
K
.1/;1
ut ;1

�K
.1/;ƒ
ut ;1

and M1ut ;1.k; l/�M
ƒ
ut ;1

.k; l/, and analogously for the other terms. The
claimed bound is now obtained following the same steps as in the proof of (6.16a) and
taking into account that, by Lemma 6.7 and continuity in ƒ, the norms of the kernel dif-
ferences all vanish as ƒ!1.

6.4. Fluctuation generator for the dressed dynamics

We start by stating the precise form of the fluctuation generator HD
u;˛.t/ introduced in

(3.7). For Œa�C D max¹0; aº and .ut ; ˛t /´ sDŒt �.u; ˛/, we set

H0.t/´ d�a.!/C d�b.hut ;˛t /C
h
1 �

Nb

N

i
C

K.1/
ut

C

�
K.2/
ut

p
Œ.N �Nb/.N �Nb � 1/�C

N
C h.c.

�
C

�Z
dk dx .qutL˛t .k/ut /.x/b

�
xa
�
k

rh
1 �

Nb

N

i
C
C h.c.

�
C

�Z
dk dx .qutL˛t .k/

�ut /.x/b
�
xak

rh
1 �

Nb

N

i
C
C h.c.

�
C

Z
dk dl Mut .k; l/

h
1 �

Nb

N

i
C
.�2a�ka�l C a

�
ka
�
l C a�ka�l /; (6.22)

with L˛t .k/, Mut .k; l/, and K.j /
ut defined in (4.2a), (3.4a), and (4.2c), respectively. Note

that up to the N -dependent factors H0.t/ coincides with HD
u;˛.t/. We further introduce

the operators

K.3/
ut
´

Z
dx1 dx2 dx3K.3/ut .x1; x2; x3/b

�
x1
b�x2bx3 ;

K.4/
ut
´

1

2

Z
dx1 dx2 dx3 dx4K.4/ut .x1; x2; x3; x4/b

�
x1
b�x2bx3bx4 ;

where for u 2 L2.R3/ and ¹uº? � L2.R3/ we used the kernels of the operators K.3/u ,
K
.4/
u introduced in (6.10a), (6.10b). Lastly, recall (6.9a) and (6.9b) and let

Ju;˛.x; k; y/´ 2.qukB.�/.k/ � .�ir C F˛/qu/.x; y/: (6.23)

The next lemma provides an explicit formula for the fluctuation generator HD;�N
u;˛ .t/

defined in (3.6).

Lemma 6.10. For .u; ˛/ 2 H 3.R3/˚ h5=2 with kukL2 D 1, let .ut ; ˛t /´ sDŒt �.u; ˛/

be the solution to (3.3). The operator HD;�N
u;˛ .t/WF �N

?ut
˝ F ! F ˝ F defined by (3.6)

satisfies the identity HD;�N
u;˛ .t/ D HD

u;˛.t/ � F �N
?ut
˝ F , where HD

u;˛.t/W F ˝ F !
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F ˝ F is given by

HD
u;˛.t/´

5X
jD0

Hj .t/ (6.24)

with H0.t/ defined by (6.22), and

H1.t/´ �
1

N
d�b.V � jut j2 � �ut ;˛t /C

�
K.3/
ut

p
ŒN �Nb�C

N
C h.c.

�
C
1

N
K.4/
ut
;

H2.t/´ �
1
p
N

Nb
ŷ .fut C gut ;˛t /;

H3.t/´
1
p
N

Z
dk dx dy Jut ;˛t .x; k; y/b

�
xbya

�
k C h.c.;

H4.t/´
1
p
N

Z
dk dl dx

�
Nut .x; k; l/b

�
x

h
1 �

Nb

N

i 1
2

C

CNut .x; k; l/
h
1 �

Nb

N

i 1
2

C
bx

�
Akl ;

H5.t/´
1

N

Z
dk dl dx dy Qut .x; y; k; l/b

�
xbyAkl ;

where Akl D �2a
�
k
a�l C a

�
k
a�
l
C a�ka�l .

Proof. The proof follows from a straightforward but lengthy computation using the Weyl
operator shift property (2.5) and Lemmas 2.1 and 2.2. We omit the details; similar com-
putations in the context of N -particle Bose systems can be found in [12, 68].

The next lemma provides estimates for the fluctuation Hamiltonian that are an impor-
tant ingredient of the proof of Theorem 3.2.

Lemma 6.11. Let .u;˛/2H 3.R3/˚ h5=2 with kukL2 D 1, .ut ;˛t /´ sDŒt �.u;˛/ denote
the solution to (3.3). There exists a constant C > 0 such that for all t 2 R,

˙.HD
u;˛.t/ � T / �

1

2
T C C.N C 1/

�
1C

1

N
Nb

�2
; (6.25a)

˙i ŒN ;HD
u;˛.t/� �

1

2
T C C.N C 1/

�
1C

1

N
Nb

�2
; (6.25b)

˙
d
dt
HD
u;˛.t/ �

1

2
T C C�.t/.N C 1/

�
1C

1

N
Nb

�2
; (6.25c)

as quadratic forms on F ˝ F , where �.t/´ kutk2H3.1C k˛tkh3=2/
2.

Proof of (6.25a). Comparing (6.22) with (6.17) we see that H0.t/ differs from HD
u;˛.t/

only by the factors

0 �
h
1 �

Nb

N

i
C
� 1; 0 �

p
Œ.N �Nb/.N �Nb � 1/�C

N
� 1;



M. Falconi, J. Lampart, N. Leopold, and D. Mitrouskas 984

and is thus estimated in analogy to the proof of Lemma 6.8.
For later purposes we consider h�;H1.t/�i for �; � 2 F ˝ F . The first two terms in

H1.t/ are estimated byˇ̌̌D
�;
1

N
d�b.V � jut j2 � �ut ;˛t /�

Eˇ̌̌
�
C

N
kN

1
2

b
�kkN

1
2

b
�k; (6.26)

where we used Lemma 6.4, andˇ̌̌D
�;
�
K.3/
ut

p
ŒN �Nb�C

N
C h.c.

�
�
Eˇ̌̌

�
1
p
N
kK.3/ut kL2!L2˝L2k.Nb C 1/

1
2�kk.Nb C 1/�k

�
C
p
N
k.Nb C 1/

1
2�kk.Nb C 1/�k; (6.27)

by Lemmas 6.1 and 6.7.
To estimate the term involving K.4/

ut we recall (3.2) and writeWut .x;y/DW
b
ut
.x;y/�

4RehGx ;Byi, whereW b
ut
.x;y/ is pointwise bounded. Using the symmetry of �.n/; �.n/ 2

F .n/ ˝ F in the n particle coordinates, we find

h�;K.4/
ut
�i D

1X
nD2

n.n � 1/

2

˝
q1q2�

.n/; .W b
ut
.x1; x2/ � 4RehGx1 ; Bx2i/q1q2�

.n/
˛
;

with ˇ̌̌̌ 1X
nD2

n.n � 1/

2
hq1q2�

.n/; W b
ut
.x1; x2/q1q2�

.n/
i

ˇ̌̌̌
� CkN

1
2

b
�kkN

3
2

b
�k:

We use the Cauchy–Schwarz inequality and the fact that

eikx D .1C .�ir1 � k/
2/�

1
2 eikx.1 ��1/

1
2 (6.28)

to bound the remaining term byˇ̌̌̌ 1X
nD2

n.n � 1/

2

˝
q1q2�

.n/;RehGx1 ; Bx2iq1q2�
.n/
˛ˇ̌̌̌

� C

� 1X
nD0

n3k�.n/k2
� 1
2
� 1X
nD0

nkRehGx1 ; Bx2iq1q2�
.n/
k
2

� 1
2

� CkN
3=2

b
�k

� 1X
nD0

n





Z dk .1C .�ir1 � k/2/�
1
2Gx1.k/

� Bx2.k/.1 ��1/
1
2 q1q2�

.n/





2� 1
2

:
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The last factor is bounded by

sup
p2R3

²Z
dk

G0.k/B0.k/

.1C .p� k/2/
1
2

³� 1X
nD0

nk.1��1/
1
2 q1�

.n/
k
2

� 1
2

� Ckd�b.1��/
1
2�k;

where the supremum over p 2 R3 is finite by the same argument as in (6.3), and where
we further used

k.1 ��1/
1
2 q1�

.n/.t/k � CkutkH1k.1 ��1/
1
2�.n/.t/k: (6.29)

Adding up the relevant terms, we arrive at the desired estimate

jh�;H1.t/�ij

� Ck.N C T C 1/
1
2�k

� 1
p
N
k.Nb C 1/�k C

1

N
k.Nb C 1/N

1
2

b
�k
�
: (6.30)

The bound for H2.t/ is straightforward:

jh�;H2.t/�ij � C
1
p
N
k.N C 1/

1
2�kk.N C 1/�k; (6.31)

where we used that kfut C gut ;˛t kL2 � C by Lemma 6.7.
With the definition of the kernel of H3.t/ in (6.23), we write

h�;H3.t/�i D

1X
nD1

2n
p
N

Z
dk kB0.k/ � 2Rehq1�.n/; e�ikx1.�ir1C F˛t .x1//q1a

�
k�

.n/
i;

with �.n/ 2 F .n/ ˝ F . With kF˛t kL1 � C and kkB0kh�1=4 � C , we obtain by Cauchy–
Schwarz,

jh�;H3.t/�ij �

1X
nD1

4n
p
N
k.�ir1 C F˛t .x1//q1�

.n/
k

Z
dk jkB0.k/jkak�.n/k

(6.29)
� C

1X
nD1

4n
p
N
k.1 ��1/

1
2�.n/kkd�a.

p
!/

1
2�.n/k

�
C
p
N
kd�b.1 ��/

1
2�kkN

1
2

b
d�a.
p
!/

1
2�k

(6.1a)
�

C
p
N
kd�b.1 ��/

1
2�kkd�a.!/

1
2�k

1
2 kN

1
2
a Nb�k

1
2 ; (6.32)

which implies the desired bound.
To bound H4.t/, we apply Lemma 6.1 (for instance, for the term involving b�xa

�
k
a�l

we choose mb D 0, nb D ma D na D 1, s D t D 1=4, and ra D rb D 0) and use from
Lemma 6.7 that

kNtkh1=4!L2˝h�1=4
C kNtkL2˝h˝2

1=4
!C � 2kNtkL2!h˝2

�1=4
� 2kNtkL2˝h˝2

�1=8
� C:
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This implies

jh�;H4.t/�ij � C
�
k.Nb C 1/

1
2 d�a.

p
!/

1
2�kkd�a.

p
!/

1
2�k

C k.1CNb/
1
2 .1CNa/

1
2�kk.1CNa/

� 12 d�a.
p
!/�k

C k.Nb C 1/
1
2 .Na C 1/

1
2�kk.Na C 1/

� 12 d�a.
p
!/�k

�
:

The desired bound now follows easily from (6.1a). For H5.t/, we use that

kQtkL2˝h1=4!L
2˝h�1=4

C kQtkL2˝h˝2
1=4
!L2 � CkQtkL2˝h˝2

1=8
!L2 � C;

by Lemma 6.7, and Lemma 6.1 imply

jh�;H5.t/�ij �
C

N

�
k.Nb C 1/

1
2 d�a.

p
!/

1
2�k2

C k.Nb C 1/.Na C 1/
1
2�kk.Na C 1/

� 12 d�a.
p
!/�k

�
:

The desired bound now follows from Lemma 6.2.

Proof of (6.25b). The commutation relations imply, e.g., ŒN ; ak � D �ak , so the non-
zero terms in the commutator ŒN ; HD

u;˛.t/� have the same kernels, up to signs, as those
in HD

u;˛.t/ � T . They can thus be estimated as in the proof of (6.25a), and we omit the
details.

Proof of (6.25c). This inequality is obtained following similar steps to the proof of (6.25a)
with some obvious modifications, like the use of the bounds for the time derivatives in
Lemma 6.7 and the use of k Pqut kH1 � C

p
�.t/, cf. Lemma 6.6.

The next lemma shows that the fluctuation generator can be approximated by the
Bogoliubov Hamiltonian HD

u;˛.t/ for large N , when tested on suitable states.

Lemma 6.12. Let .u; ˛/ 2 H 3.R3/˚ h5=2 with kukL2 D 1 and .ut ; ˛t /´ sDŒt �.u; ˛/

denote the solution to (3.3). There exists a constant C > 0 such that

jh�; .HD
u;˛.t/ �HD

u;˛.t//�ij

� C�.t/N�
1
2 lnN k.N C T C 1/

1
2�kk.N 3

C T C 1/
1
2�k

for all � 2 F �N ˝ F and � 2 F ˝ F , where �.t/´ kutk2H3.1C k˛tkh3=2/
2.

Proof. Recalling the definitions of the fluctuation generator (6.24) and the Bogoliubov
Hamiltonian (6.17), we write

h�; .HD
u;˛.t/ �HD

u;˛.t//�i D
D
�;K.1/

ut

�h
1 �

Nb

N

i
C
� 1

�
�
E

(6.33a)

C
˝
�;
�
K.2/
ut

�
N�1

p
Œ.N �Nb/.N �Nb � 1/�C � 1

�
C h.c.

�
�
˛

(6.33b)

C

�
�;

�Z
dx dk .qutL˛t .k/ut /.x/a

�
kb
�
x

�h
1 �

Nb

N

i 1
2

C
� 1

�
C h.c.

�
�

�
(6.33c)
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C

�
�;

�Z
dx dk .qutL˛t .k/

�ut /.x/akb
�
x

�h
1 �

Nb

N

i 1
2

C
� 1

�
C h.c.

�
�

�
(6.33d)

C

�
�;

Z
dk dl Mut .k; l/Akl

�h
1 �

Nb

N

i
C
� 1

�
�

�
(6.33e)

C h�; .H1.t/CH2.t/CH3.t/CH4.t/CH5.t//�i: (6.33f)

When bounding these terms, we have to take care to put any powers of the number operator
exceeding one-half to the right, i.e., on �. At the same time, the power of N C T acting
on � cannot exceed one-half, either. For the terms in (6.33a)–(6.33e) the estimates are
rather straightforward and given at the end of the proof. The most difficult estimate is that
for the term coming from H3.t/, which is also responsible for the presence of the factor
lnN in the statement.

Term H3.t/. Recall the expression for the kernel Ju;˛ D 2.qukB.�/.k/ � .�ir C F˛/qu/,
which multiplies b�xbya

�
k

in H3.t/. This term is problematic, for when the gradient acts
on � we cannot put further powers of N on � while keeping control by k.N 3CT /1=2�k.
We deal with this problem by using the identity

k � Bx1.k/.�ir1 C F˛t .x1//a
�
k D .�ir1 C F˛t .x1// � kBx1.k/C a

�
kk
2Bx1.k/

and splitting the momentum integration into jkj � ƒ and jkj > ƒ. Together with the
adjoint expression, which is less of a problem, this gives

1

2
h�;H3.t/�i D

1
p
N

1X
nD0

n

�
.�ir1CF˛t .x1//q1�

.n/;

Z
dk kBx1.k/akq1�

.n/

�
(6.34a)

C
1
p
N

1X
nD0

n

�
�.n/; q1

Z
jkj�ƒ

dk kBx1.k/a
�
k.�ir1 C F˛t .x1//q1�

.n/

�
(6.34b)

C
1
p
N

1X
nD0

n

�
.�ir1 C F˛t .x1//q1�

.n/;

Z
jkj�ƒ

dk kBx1.k/a
�
kq1�

.n/

�
(6.34c)

C
1
p
N

1X
nD0

n

�Z
jkj�ƒ

dk k2Bx1.k/akq1�
.n/; q1�

.n/

�
: (6.34d)

In the first line, the gradient acts on �, so we can simply bound it as in (6.32):

j(6.34a)j � CN�
1
2 kd�b.1 ��/

1
2�kkd�a.!/

1
2�k

1
2 k.N C 1/3=2�k

1
2 :

In the second line, we can use that �.n/ D 0 for n > N to remove a factor of .n=N /1=2,
since the lower cutoffƒwill give us a small pre-factor. With the Cauchy–Schwarz inequal-
ity and Lemma 6.1 this gives

j(6.34b)j �
1X
nD0

n
1
2

ˇ̌̌̌�
�.n/; q1

Z
jkj�ƒ

dk kBx1.k/a
�
k.�ir1 C F˛t .x1//q1�

.n/

�ˇ̌̌̌
� C

� 1X
nD0





Z
jkj�ƒ

dk kBx1.k/akq1�
.n/





2� 1
2
� 1X
nD0

nk.1 ��1/
1
2�.n/k2

� 1
2



M. Falconi, J. Lampart, N. Leopold, and D. Mitrouskas 988

� Ck1j�j�ƒ!
� 12 kB0kL2kd�a.!/

1
2�kkd�b.1 ��/

1
2�k

� Cƒ�
1
2 kT

1
2�kk.N C T /

1
2�k;

where we used k1j�j�ƒ!�1=2kB0kL2 �
p
4�=ƒ in the last step. Lemma 6.1 together with

k1j�j�ƒkB0k2 �
p
4� lnƒ yields for the third line,

j(6.34c)j � CN�
1
2CN�

1
2

p
lnƒkd�b.1 ��/

1
2�k k.N C 1/�k:

It remains to bound the last line, (6.34d). Here, we will need to use the regularity of � in
x to improve the integrability of k2Bx.k/. Using the identity (6.28) to this end, we obtain



Z
jkj�ƒ

dk k2Bx1.k/ak�




2 D Z

jkj�ƒ

dk
Z
jlj�ƒ

dl k2B0.k/l2B0.l/heikx1ak�; eilx1al�i

D

Z
jkj�ƒ

dk
Z
jlj�ƒ

dl k2B0.k/l2B0.l/
˝
..�ir1 � l/

2
C 1/�

1
2 eikx1.1 ��1/

1
2 ak�;

..�ir1 � k/
2
C 1/�

1
2 eilx1.1 ��1/

1
2 al�

˛
�

Z
jkj�ƒ

dk
Z
jlj�ƒ

dl k4B0.k/2k..�ir1 � k/2 C 1/�
1
2 eilx1.1 ��1/

1
2 al�k

2

� sup
p2R3

²Z
jkj�ƒ

dk
k4B0.k/

2

1C .p � k/2

³
kN

1
2
a .1 ��1/

1
2�k2:

By symmetric rearrangement (similarly to (6.3)) the supremum over p 2 R3 is bounded
by a constant times lnƒ. With this inequality, we can estimate the remaining term by

j(6.34d)j D
1
p
N

1X
nD1

n

ˇ̌̌̌�Z
jkj�ƒ

dk k2Bx1.k/akN
� 12
a q1�

.n/; q1.Na C 1/
1
2�.n/

�ˇ̌̌̌
� C

p
lnƒ
p
N

� 1X
nD0

nk.1 ��1/
1
2 q1�

.n/
k
2

� 1
2
� 1X
nD0

nk.Na C 1/
1
2�.n/k2

� 1
2

� C

p
lnƒ
p
N
k.N C T /

1
2�kk.N C 1/�k:

If we choose the cutoff parameter ƒ D N we thus arrive at

jh�;H3.t/�ij � CN
� 12 k.N CT C 1/

1
2�k

�
k.N 3

CT C 1/
1
2�k C

p
lnN k.N C 1/�k

�
:

The termsHj .t/ for j ¤ 3 are somewhat easier to treat, since if there are any gradients
(as in H2.t/, via fu) they act on ut and not �, �. The powers of ! needed to render the
kernels integrable are strictly less than 1, so the possibility of distributing factors of N

given by Lemma 6.1 is sufficient to treat these terms, as we now show.

Term H1.t/ C H2.t/. For this contribution we can use the already established bounds
from the proof of Lemma 6.11, that is, (6.30) and (6.31), respectively.
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TermH4.t/. We use kNtkh1=8!L2˝h�1=8
CkNtkh˝2

1=8
!L2 � kNtkL2˝h˝2

�1=8
�C (see Lem-

ma 6.7) and Lemma 6.1 to get

jh�;H4.t/�ij �
C
p
N

�
k.N C 1/

1
2�kkd�a.!

1
4 /�k

C k.N C 1/�
1
2 d�a.

p
!/�kk.N C 1/�k

C kd�a.
p
!/

1
2�k kd�a.

p
!/

1
2 .N C 1/

1
2�k

�
:

By means of (6.1b) we then obtain

jh�;H4.t/�ij � CN
� 12 k.N C T C 1/

1
2�kk.N 3

C T C 1/
1
2�k:

Term H5.t/. Recalling that jkjB0.k/ 2 h�s for s > 0, Lemma 6.1 gives

jh�;H5.t/�ij Œ CN�1
�
kN

1
2

b
d�a.
p
!/

1
2�kkd�a.

p
!/

1
2N

1
2

b
�k

C kN
1
2

b
.Na C 1/

� 12 d�a.
p
!/�kk.N C 1/�k

C kNb�kkd�a.!1=4/�k
�
:

Since � D 1Nb�N�, equation (6.1b) leads to

jh�;H5.t/�ij � CN
� 12 k.N C T C 1/

1
2�kk.N 3

C T C 1/
1
2�k:

We conclude by estimating the terms from (6.33a)–(6.33e) by using that

˙

�h
1 �

Nb

N

i
C
� 1

�
� N�1Nb; (6.35a)

˙
�
N�1

p
Œ.N �Nb/.N �Nb � 1/�C � 1

�
� CN�1Nb : (6.35b)

Terms (6.33a) and (6.33b). Using (6.26), (6.27), and 1Nb�N� D �, we can estimate the
first two lines by

j(6.33a)j C j(6.33b)j � CN�
1
2 k.N C 1/

1
2�kk.N C 1/�k:

Term (6.33c). Using Lemmas 6.7 and 6.1 we arrive at

j(6.33c)j D 2

ˇ̌̌̌
Re
�
�;

Z
dx dk `.1/.x; k/a�kb

�
x

�h
1 �

Nb

N

i 1
2

C
� 1

�
�

�ˇ̌̌̌
� k`.1/kL2˝h�1=2

kd�a.!/
1
2�k




.N C 1/ 12 �h1 � Nb

N

i 1
2

C
� 1

�
�





C k`.1/kL2˝h�1=4




�h1 � Nb

N

i 1
2

C
� 1

�
�



kd�a.p!/ 12N

1
2

b
�k

(6.35a)
� CN�1kd�a.!/

1
2�kk.N C 1/

3
2�k C CN�1kNb�kkd�a.

p
!/

1
2N

1
2

b
�k

(6.1b)
� CN�

1
2 .kd�a.!/

1
2�k C kN�

1
2Nb�k/.k.N C 1/

3=2�k C kT
1
2�k/:

This implies the claimed bound since 1Nb�N� D �.
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Term (6.33d). This term is treated in close analogy to the previous one, leading to

j(6.33d)j � N�
1
2 k.N C T C 1/

1
2�kk.N 3

C T C 1/
1
2�k:

Term (6.33e). By means of Lemmas 6.7 and 6.1, and (6.35a), we get

j(6.33e)j � CN�1k.N C 1/
1
2�kk.N C 1/3=2�k:

This completes the proof of the lemma.

6.5. Estimates for the dressing transformation

In this section, we will derive estimates for the fluctuation generator associated with the
dressing transformationDu;˛ defined in (3.16), and its quadratic approximation Dƒ

u;˛ from
(4.4). We also give the proof of Lemma 3.6.

Lemma 6.13. Let Dƒ
u;˛.�/ and Du;˛.�/ be defined by (4.4) and (3.16). There exists a

constant C > 0, such that for all .u; ˛/ 2 H 1.R3/˚ h0 with kukL2 D 1, j� j � 1, and
ƒ 2 RC [ ¹1º,

˙Dƒ
u;˛.�/ � C.kuk

2
H1 C k˛kh0/.N C 1/;

˙i ŒN ;Dƒ
u;˛.�/� � C.kuk

2
H1 C k˛kh0/.N C 1/;

˙
d

d�
Dƒ
u;˛.�/ � C.kuk

3=2

H1 C k˛kh0/.N C 1/;

˙i ŒN ;Du;˛.�/� � C.kuk
2
H1 C k˛kh0/.N C 1/

�
1C

� 1
N

Nb

� 1
2
�
;

in the sense of quadratic forms on F ˝ F and

jh�; .Du;˛.�/ �D1u;˛.�//�ij � Ck�kk.N C 1/
3=2�kN�

1
2

for all �; � 2 F ˝ F .

Proof. Recall that Dƒ
u;˛.�/ and Du;˛.�/ are defined with respect to the mean-field flow

.u� ; ˛� /´DŒ� �.u; ˛/ and that ju� j D juj by (3.14). One readily shows that k�u;˛kL1 �
3kB0kL2k˛kL2 and k�ƒ

u�
kL2.R6/ � kB0kL2 . By means of (3.14) and (6.7) one further

obtains
k@��

ƒ
u�
kL2.R6/ D k�u;˛�

ƒ
u�
kL2.R6/ � 3kB0k

2
L2
k˛kL2 :

Using this, the estimates involving Dƒ
u;˛.�/ follow standard bounds for creation and

annihilation operators that are special cases of Lemma 6.1.
Since 0 � Œ1 � Nb

N
�C � 1, the commutator of N with the first two terms in (3.16) can

be bounded as before. Now let us denote the last term in (3.16), which is cubic in the
creation/annihilation operators, by D.3/

u;˛.�/. Using the canonical commutation relations
and again standard estimates for creation and annihilation operators, one obtains

˙i ŒN ;D.3/
u;˛.�/� � 4kB0kL2N

� 12NbN
1
2
a :
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This proves the bound on the commutator ŒN ;D
.3/
u;˛�.

To show the last inequality, write

Du;˛.�/ �D1u;˛.�/ D

Z
dx dk .�1

u�
.k; x/a�k � �

1

u�
.�k; x/ak/b

�
x

�h
1 �

Nb

N

i 1
2

C
� 1

�
C

Z
dx dk .�1

u�
.k; x/ak � �

1

u�
.�k; x/a�k/bx

�h
1 �

Nb � 1

N

i 1
2

C
� 1

�
CD.3/

u;˛.�/:

It is straightforward to show that

jh�;D.3/
u;˛.�/�ij � 4kB0kL2k�kkNbN

1
2
a �kN

� 12 :

For the first two terms, the bounds k�1
u�
kL2.R6/ � kB0kL2 and .Œ1 � Nb�j

N
�
1=2
C � 1/

2 �

CN�1.Nb C 1/ for j 2 ¹0; 1º imply thatˇ̌̌̌�
�;

Z
dx dk .�1

u�
.k; x/a�k � �

1

u�
.�k; x/ak/b

�
x

�h
1 �

Nb � j

N

i 1
2

C
� 1

�
�

�ˇ̌̌̌
� Ck�kk.Nb C 1/

1
2N

1
2

b
N

1
2
a �kN

� 12

where � 2 ¹¿;�º. This completes the proof of the lemma.

We now turn to the proof of Lemma 3.6, which relates the energy of excitations in
W D‰N to the difference of the energy of ‰ to its mean-field energy. As explained below
the statement of the lemma, it is not possible to apply the strategy of the proof of Theo-
rem 3.2 because T is not dominated by the generatorDu;˛.�/ in (3.16). Instead, our proof
relies on comparingX�DTXD directly with the difference between the many-body energy
per particle and the dressed mean-field energy E1, evaluated at D.u; ˛/. Energy estimates
of this kind were previously used in a different context in [58].

Proof of Lemma 3.6. We recall Lemma 3.1 and the fact that E D E1 ıD as shown by
equation (5.5) for E0 D E . With this at hand, we write the difference between the many-
body energy per particle and the mean-field energy as

N�1h‰N ;HN‰N i � E.u; ˛/ D N�1hW D‰N ;H
D
NW

D‰N i � E1 ıD.u; ˛/: (6.36)

Moreover, for � D XD.u;˛/W
D‰, we can use (2.9b) to write the relevant 
 functional as


ŒW D‰N ;D.u; ˛/� D N
�1
h�;T�i: (6.37)

To relate the expressions on the right-hand side of (6.36) and (6.37), we make use of
the excitation map XD.u;˛/. To do so, we rewriteHD

N in terms of the fluctuation generator
HD

D.u;˛/
.0/ from (6.24). This will allow us to employ previously established estimates.
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To ease the notation, from now on we set .uD; ˛D/´ D.u; ˛/ and the shorthand
q ´ quD , h´ hD.u;˛/, f ´ fuD , g´ guD;˛D (see (3.4a)–(3.4f) for the definitions of
these objects). We can use (2.5) and Lemma 2.1 to obtain

XD.u;˛/H
D
NX

�
D.u;˛/ D H

D
D.u;˛/.0/C hu

D; huD
i.N �Nb/CN h˛

D; !˛D
i

C
p
Nˆ.!˛D

C f C g/ � b�.uD/b.qhuD/

C
p
N �Nbb.qhu

D/C b�.qhuD/
p
N �Nb :

From the first inequality of Lemma 6.11, the fact that 1Nb�N � D �, and (6.35a), we get

h�;T�i � 2h�;HD
D.u;˛/.0/�i C C h�;N �i:

With formula (5.3) for the dressed mean-field energy E1, and using the inverse triangle
inequality (with separate but similar calculations for both signs of the expression inside
the absolute value), we arrive at

N�1h�;T�i � 2jN�1h‰N ;HN‰N i � E.u; ˛/j

� CN�1h�;N �i C C
ˇ̌̌
�N�1huD; huD

ih�;Nb�i �N
�1
h�; b�.uD/b.qhuD/�i

CN�
1
2 h�;ˆ.!˛D

C f C g/�i

C 2N�
1
2 Re

D
�;

r
1 �

Nb

N
b.qhuD/�

Eˇ̌̌
: (6.38)

We bound the terms on the right-hand side of (6.38) by (using that k�k D k‰N k D 1)

j(6.38)j � C h�;N �iN�1.1C khuD
kL2/

C CN�
1
2 .k!˛D

C f C gkL2kN
1
2
a �k C CkN

1
2

b
�k/:

By Lemmas 6.4 and 6.5, the norms of f , g, huD are bounded in terms of the H 2 ˚ h1=2-
norm of .uD; ˛D/, which by Lemma 3.3 is controlled by the norm of .u; ˛/ 2 H 2 ˚ h3=2.
Thus there exists a constant C , depending on this norm, so that

j(6.38)j � C.N�1h�;N �i C .N�1h�;N �i/
1
2 /: (6.39)

Moreover, by (2.9a) and Lemma 3.5 for � D 1, we have

N�1h�;N �i D ˇŒW D‰N ;D.u; ˛/� � C.ˇŒ‰N ; .u; ˛/�CN
�1/:

Combined with (6.39) this proves the statement of the lemma.

A. Initial states

Proof of Proposition 1.2. Let

W D
�K ´ W

�
N�1=2

NX
jD1

BK;xj

�
and W D

�K;xj
´ W.N�1=2BK;xj /:
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The first inequality of the proposition can be obtained similarly to [63, Prop. II.2]. More
explicitly, we use (2.4) and (2.5) to estimate

N�1kN
1
2
a W

�.
p
N˛/‰N;Kk D N

�1

Z
d3k kak.W D

�K/
�.u˝N ˝�/k2

� kBK;0k
2
L2
� CK�2:

By means of

W D
�K.qu/1.W

D
�K/

�
D .qu/1 C juihuj1 �W

D
�K;x1

juihuj1.W
D
�K;x1

/�

and
.1 � .W D

�K;x1
//.1 � .W D

�K;x1
/�/ � N�1 ŷ .iBK;x1/

2;

we get

jh‰N;K ; .qu/1‰N;Kij � 2k.1 � .W
D
�K;x1

/�/u˝N ˝W.
p
N˛/�k

� 2N�
1
2 kBK;0kL2k.Na C 1/

1
2u˝N ˝W.

p
N˛/�k

� CK�1.N�
1
2 C k˛kL2/;

and thus ˇŒ‰N;K ; u; ˛� � CK�1.1C k˛kL2/. Since W D
�K D

QN
jD1W

D
�K;xj

, the transfor-
mation relations of the dressing transformation from [48, Sect. II] lead to

W D
�KHN .W

D
�K/

�
D

NX
jD1

�
��j CN

� 12 ŷ .1.j�j � K/Gxj /

CN�1.a.kBK;xj /
2
C h.c.C 2a�.kBK;xj /a.kBK;xj //

� 2N�
1
2 .irxj � a.kBK;xj /C a

�.kBK;xj / � irxj /
�

CN�1
X
i<j

VK.xi � xj /C d�a.!/CEK ;

with VK.xi � xj /D 2RehBK;xi ; !BK;xj i � 4RehGxi ;BK;xj i andEK D
R 1jkj�K dk
!.k/.k2C!.k//

.
Using the shift property of the Weyl operator (2.5), we write the expectation value of the
energy per particle as

N�1h‰N;K ;HN‰N;Ki D N
�1EK C E.u; ˛/

C

D
u;
�
2RehG.�/; ˛�Ki C A˛�K ;.�/ C F

2
˛�K
C
1

2
VK � juj

2
�
u
E
;

with ˛�K D 1j�j�K˛ and A˛ , F˛ as defined in (3.4b), (3.4c). Note that jEK j � C.1 C
lnK/. By means of supx2R3 jhkBx ; ˛�Kij �CK

�1k˛kh1 , kVKk �CK�3=2, and kukL2 D
1 we get

jhu;A˛�K ;.�/uij � CK
�1
k˛kh1kukH1 ; kF˛�KkL1 � CK

�1
k˛kh1
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and
kVK � juj

2
kL1 � kVKkL2kjuj

2
kL2 � CK

�3=2
kuk2

H1 :

Inequality (6.4) with G.�/ 7! !�1=2G.�/ and ˛ 7! !1=2˛ leads to

kRehG.�/; ˛�KiukL2 � CK
�1
k˛kh1kukH1 :

In total, we obtain

jN�1h‰N;K ;HN‰N;Ki � E.u; ˛/j � C.K�1 CN�1.1C lnK//.kuk2
H1 C k˛k

2
h1
/:

B. Bogoliubov transformations

For a linear map T on a complex Hilbert space, we denote by xT f D T Nf its complex
conjugate.

Lemma B.1. Let H be a Hilbert space and Un with n 2 N be a family of unitary Bogoli-
ubov transformations on the Fock space over H, that is, there exist un linear, bounded
and vn Hilbert–Schmidt, so that

U�na
�.f /Un D a

�.unf /C a.vn Nf /; U�na.f /Un D a. Nunf /C a
�.vnf /:

Assume that U1 D s-limn!1Un exists, and moreover there exists a self-adjointA,D.A/
with A � 1 and C > 0 so that for all n 2 N [ ¹1º and ‰ 2 D.d�.A/1=2/ it holds that

hUn‰;N Un‰i � C h‰; .1C d�.A//‰i:

Then U1 is a Bogoliubov transformation and the corresponding maps u, v satisfy the
bounds kukH!H � C C 1, kvkS2.H/ � C .

Proof. We start by showing that for ‰;ˆ 2 D.d�.A/1=2/, f 2 H, and � 2 ¹¿;�º,

lim
n!1
hˆ;U�na

�.f /Un‰i D hˆ;U
�
1a
�.f /U1‰i:

To see this, note that

jhˆ;U�na
�.f /Un‰i � hˆ;U

�
1a
�.f /U1‰ij

� Ckf kH
�
k.Un �U1/ˆkF k.1C d�.A//

1
2‰kF

C k.Un �U1/‰kF k.1C d�.A//
1
2ˆkF

�
;

which tends to zero since Un converges strongly to U1.
Now let f 2 D.A/, so a�.f /� 2 D.d�.A/1=2/. Then we have, using that Un is a

Bogoliubov transformation for n 2 N,

ha�.f /�;U1a
�.g/U�1�i D lim

n!1
ha�.f /�; .a�.ung/C a.vn Ng//�i D lim

n!1
hf;ungi;

ha�.f /�;U1a.g/U
�
1�i D lim

n!1
ha�.f /�; .a.ung/C a

�.vng//�i D lim
n!1
hf; vngi:
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Since, moreover,

jha�.f /�;U1a
�.g/U�1�ij � kf kHkgkH

�CC1‚ …„ ƒ
k.1CN

1
2 /U1�kF ;

the operators un, vn converge weakly to operators u, v with norm less than C C 1. Weak
convergence of un, vn implies that for ˆ 2 D.N 1=2/, ‰ 2 F , and f 2 H,

lim
n!1
hˆ; a.unf /‰i D hˆ; a.uf /‰i; lim

ƒ!1
hˆ; a.vnf /‰i D hˆ; a.vf /‰i;

and thus for ˆ;‰ 2 D.N 1=2/,

hˆ;U�1a
�.f /U1‰i D ha.uf /ˆ;‰i C hˆ; a.v Nf /‰i D hˆ; .a

�.uf /C a.v Nf //‰i;

and similarly for a.f /. Moreover, we have

kvnk
2
S2
D kN

1
2Un�k

2
� C;

so the sequence vn is bounded in S2, whence it has a subsequence that converges weakly
in S2. Since hf;vngi D Tr.jf ihgjvn/, the limit must be v, so v 2S2 with norm less than
C . This proves the claim.
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