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Boundary regularity of uniformly rotating vortex patches
and an unstable elliptic free boundary problem

Yuchen Wang, Guanghui Zhang, and Maolin Zhou

Abstract. In this paper, we consider the sign-changing free boundary problem related to the uni-
formly rotating vortex patch solutions of the two-dimensional incompressible Euler equations. We
prove that the boundary of the vortex patch locally forms a 90° corner near singular boundary points,
if the patch is Lipschitz.

1. Introduction

Consider the two-dimensional incompressible Euler equations on the plane,

v+ (- -Vv=-Vp, xecR2?
V.v =0,

v—0, |x] = oo,

where v = (v!, v?)T € R? is the velocity of the fluid and p its pressure. Throughout this
paper, we shall mainly work with the vorticity formulation of the two-dimensional incom-
pressible Euler equations,

Vo = R?
{atw+(v Jo =0, xe€R=, (1

v = —VJ-(—A)’IQ), (a,az)* = (—az,ay)T,

with the vorticity field given by w(z, x) := d,v% — d,v!, in which the velocity is uniquely
determined by the vorticity due to the stream-vorticity formula. Equation (1.1) is clearly a
closed PDE system concerning @ only. The global well-posedness of smooth solutions is
well established, as well as the Yudovich-type weak solutions w € L'(R?) N L>®°(R?). For
necessary background and a review on the classical results concerning the Euler equations,
we refer to [21, 28] for interested readers.
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Particular interest focuses on the vortex patch solutions of (1.1) in the form of

N
a)(t7x) = ZKjIDj(I)a
i=1

where N is a positive integer, each k1, . .., ky is a non-zero constant, D1, ..., Dy are dis-
joint bounded domains and Ip denotes the characteristic function of the domain D. The
global existence and uniqueness of vortex patch solutions follow from [21] straightfor-
wardly. The global regularity of vortex patches was first proved by Chemin [7] provided
D € C*® k> 1.0 < a < 1; see other proofs given by Bertozzi and Constantin [3] and
Serfati [32]. Recently, Kiselev and Luo [26] established the global regularity of the patch
if the initial data are of Sobolev classes.

On the other hand, Chemin [8] studied the preservation of singularities on the bound-
ary of an evolving patch; see also [10] where Elgindi and Jeong considered the well-/ill-
posedness of specific singular structures. The global regularity of the patch solution of a
two-dimensional generalized transport equation was proved by Verdera in [34].

Kiselev and Sverak [27] studied the small-scale formation of the two-dimensional
incompressible Euler equations, namely the infinite time blow-up solutions which satisfy
IVo(t)|loo ~ C1e¢” . Furthermore, Kiselev and Li [25] proved that an analogous phe-
nomenon that the curvature of the boundary tends to infinity happens for vortex patches.
There is a long-standing conjecture that evolving vortex patches would eventually weakly
converge to some steady vortex patches. This conjecture seems beyond the current capa-
bility of PDEs, but also indicates that the singular uniformly rotating vortex patches may
occur as the global attractors in the class of vortex patch solutions.

Our main interest will focus on steady vortex patches. Being aware of the rotation
and translation invariance of the system, our consideration mainly address the uniformly
rotating vortex patches around the origin,

w(t, x) = wo(e P x),

which are relative equilibria of the two-dimensional incompressible Euler equations, i.e.,
the vorticity configuration is invariant up to rigid motions, where 2 € R is the angular
velocity and wog = Ip is the initial patch. This setting holds due to the rotational invari-
ance of R? and conservation of the center of vorticity. By the incompressible condition,
there exists a scalar function W, referred to as the stream function, such that v = —V+ W,
Then the uniformly rotating vortex patch is determined by a non-linear elliptic problem
concerning the relative stream function ¥ (x) = W(x) + % |x|2.

We call P € R? a stagnation point of the fluid if v(P) = 0, or equivalently Vi/(P) =0
in the rotating coordinate with the angular velocity €2. In general v is called the relative
stream function, but we reserve the name stream function instead, throughout this paper,
for simplicity.

Suppose D is a bounded domain enclosed by a rectifiable Jordan curve. It is not hard
to verify that w = Ip is a uniformly rotating vortex patch if and only if i solves the



Boundary regularity of vortex patch 761

elliptic free boundary problem

Ay =1Ip —2Q, x € R?,

Q
V(v - F?) =0 x| = oc, (1.2)
1//:07 XeaD,

in which the vortical domain D is the main unknown.

Denote the unit disk by Bj;. Clearly the circular patch @ = Ip, (the Rankine vortex)
is a uniformly rotating vortex patch solution for any €2 € R. Another explicit non-trivial
uniformly rotating vortex patch is the Kirchhoff elliptic patch,

¥2 x2
w=Ig,,. Eqp:= {(lexz) e R? a—; + 22 < 1}’

where the angular velocity satisfies 0 < Q = (ai};n)Z < le'
We note that the vortical domains may have a complex topology. When the domain D

is not simply connected, it is sufficient to slightly modify equation (1.2) to

Ay =1Ip —2Q, x € R?,

Q
V(v =S ?) =0 x| = oc, (1.3)
I//=Cj, XGF]',

in which each closed curve I'; is a connected component of dD, and c; is a constant,
1 < j < n, where n is the number of connected components of dD. Clearly, the annular
patches

w=Ig,,. Cpi:={xeR?|b=<|x|<1}

are trivial solutions of (1.3), holding for any 2 € R and b € (0, 1). Beyond these explicit
solutions, lots of uniformly rotating vortex patches are obtained via the local bifurca-
tion approach [4,6,9, 18-20]. All of these solutions are sufficiently close to the explicit
solutions, such as the circular/annular/elliptic vortex patches, in the sense of boundary
perturbation.

Furthermore, Hassainia, Masmoudi and Wheeler [17] studied the global continuation
of the m-fold local bifurcation curve .#;, parameterized by s € R, emanating from the
Rankine vortex for m > 3. They showed that the end of bifurcation curves has the follow-
ing alternatives:

(1) Smooth vortex patch with overhanging profiles, i.e., the boundary cannot be
parameterized as a graph in polar coordinates.

(2) Limiting V -states, i.e., singular vortex patch where the boundary is parameterized
as anon-C'! graph in polar coordinates.

Together with the numerical observations given in [30, 35], they made the following con-
jecture.
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Conjecture. The singular solution with 90° corners seen in numerics for m > 3 exists as
the (weak) limit of patches along the m-fold branch %y, as s — oo.

This conjecture is highly challenging since the nature of the problem essentially
depends on the global geometric property of the special solutions emanating from the
disk, which have not been obtained explicitly yet. Some recent progress on the quantitative
properties of the m-fold rotating vortex patch has been made by Park [31] for sufficiently
large m via a variational argument based on the optimal transport. However, it seems not
easy to gain uniform estimates on the higher-order derivatives of the graph function.

On the other hand, inspired by the remarkable progress on the study of the unstable
obstacle problem [2,29], it is an interesting problem to employ the techniques developed
by the community of the free boundary problem to study the boundary regularity of uni-
formly rotating vortex patches, which motivates the present paper. Since our approach
follows a flavor of variation, the vortex patches we studied are not necessarily located on
the bifurcation curves emanating from the unit disk.

Our consideration is based on the observation that the uniformly rotating vortex patch
gives rise to the following elliptic unstable free boundary problem:

(1.4)

—Au = A]ID _A.ZIDC in Rz,
u=20 on dD,

in which A1, A, > 0 are prescribed constants and D is an unknown bounded domain.
By the maximum principle, clearly u is positive in the domain D, while the sign of the
solution ¥ may change in the complementary domain D°€. It is worth pointing out that
equation (1.4) indeed describes the simply connected rotating vortex patch, or vortex patch
solutions of (1.1) consist of simply connected components. However, since our analysis is
indeed local, namely we focus on the singular points on a connected component I' C dD,
thus we can add a constant such that the stream function ¥ = 0 on I'; then the conclusion
also holds for non-simply-vortical domains.

We shall focus on the regularity of the free boundary dD C {u = 0} via tools devel-
oped in the study of obstacle-type problems since the pioneer work of Caffarelli [5], in
particular, the Weiss-type monotonicity formula. See [13, 14] and references therein for
more recent advances. To the best of the authors’ knowledge, there are only a few results
on the regularity of uniformly rotating vortex patches, except for those sufficiently close to
explicit solutions. Hmidi, Mateu and Verdera [20] proved that the boundary of uniformly
rotating vortex patches on the local branch emanating from the Rankine vortex is C*°
smooth. The smoothness was very soon improved to real-analytic by Castro, Cérdoba and
Go6mez-Serrano [6]. On the other hand, regarding the unstable obstacle problem, results
obtained in [2,29] could not be implemented here straightforwardly since the level set
{u = 0} does not completely coincide with the free boundary, and behaviors of the stream
function are essentially different, and the minimal/maximal solutions hardly exist.

A uniformly rotating vortex patch is a special class of the sign-changing free boundary
problem if and only if Q2 € (0, %). Here we mainly focus on the singularity occupying the
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Lipschitz boundary of the vortex patch with Q € (0, %). A domain is called a Lipschitz
domain if its boundary is a Lipschitz curve. With the Lipschitz smoothness assumption on
the boundary, we can give a complete description of the boundary regularity of uniformly
rotating vortex patches.

The main result of this paper is given as follows.

Theorem 1.1. Suppose D is a Lipschitz domain and @ = 1p is a uniformly rotating vortex
patch with angular velocity 0 < Q < % Then the singular set S C 0D contains at most
finitely many points, and dD \ S is smooth. Near each singular point x € S, for sufficiently
smallr >0, 3D N B(x,r) consists of two C ! arcs meeting at the right angle. In particular,
if there is no stagnation point on the boundary, the boundary is C °° smooth.

Remark 1.2. The conclusion also holds for symmetric rotating vortex pairs by the same
argument. It holds regardless of the solutions located on the bifurcation curves. The result
recovers numerical observations obtained in [35]. We expect the analysis to be useful in
solving the conjecture on the limiting V' -states, but a more delicate quantitative analysis
on the geometry of the vortical domain seems necessary.

While Theorem 1.1 suggests that certain singularities are restricted, others might per-
sist in Lipschitz domains when © ¢ (0, %). However, a remarkable rigidity result by
Gomez-Serrano, Park, Shi, and Yao [16] rules out another type of singularity.

Theorem A. Let D C R? be a bounded domain with Lipschitz boundary. Assume that
w = Ip is a stationary/uniformly rotating vortex patch of (1.3) for some Q2 € R. Then D
must be radially symmetric if Q € (—o0,0] U [%, +00) and radially symmetric up to a
translation if Q@ = 0.

This result has recently been extended to domains with Jordan curve boundaries in
[12].

We would like to close the introduction with some remarks concerning the existence
of singular vortex patches. While plenty of results have been obtained, it is also worth
pointing out that our consideration here is a priori, i.e., we assume the free boundary
problem possesses a solution (u, D). Whether or not a singular steady vortex patch really
exists remains an open problem to the best of our knowledge. Of course, one could apply
a variational method to study the existence of rotating vortex patches as in [33], where the
existence of uniformly rotating vortex patches could follow from maximizing the energy
function penalized by the angular momentum,

1 Q
E(w) = —/ o(-AN)wdu — —f lx|?w dpu,
2 Jr2 2 Jr2

among the rearrangement class of prescribed vorticity and angular impulse. But it seems
highly non-trivial to determine the regularity of the boundary, except if the vortex patch is
highly concentrated. Indeed, for steady vortex patches in a bounded domain, Turkington
[33] obtained the existence of steady vortex patches and C! regularity of the boundary of
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vortical domains when these vortex patches are highly concentrated. He also proposed a
conjecture that the singular set on the boundary of a steady vortex patch has Hausdorff
dimension zero if these patches are not concentrated. So, if the conjecture in [17] holds, it
verifies the existence of singular uniformly rotating patches, which may be of independent
interest. We also note that Garcia and Haziot [15] studied the global continuation of the
local branch emanating from a pair of corotating point vortices in a very recent work.
More limiting V -states occur and their geometry is much more complicated if D and D,
are allowed to touch each other in several ways.

This paper is organized as follows. In Section 2 we consider a sign-changing unstable
elliptic free boundary problem and derive the Weiss-type monotonicity formula. The clas-
sification of singular points is obtained due to their blow-up limits. In Section 3 we prove
uniform regularity near singular points where u has super-characteristic growth, and then
finish the proof of Theorem 1.1.

2. A sign-changing two-phase unstable elliptic free boundary
problem: Weiss-type monotonicity formula and classification of
blow-up limits

The uniformly rotating vortex patch problem (1.2) gives rise to the two-phase unstable
elliptic free boundary problem as follows:

{—Au = Aidp —A2Ipe inR", n>2, 2.1

u=~0 on dD,

where Ay, A, > 0 are prescribed constants and the bounded domain D is the main
unknown. Here D¢ := R" \ D denotes the complementary set of the domain D.

Being aware that u may change its sign in D€, in general D¢ does not coincide with
the set {u < 0}. Thus (2.1) is rather different from the classical unstable obstacle problem
which has been extensively investigated since the seminal works [2,29], since equation
(2.1) concerns not only the function u but also the domain D.

Assume a weak solution (u, D) € H'(R") x O(R") exists for equation (2.1), where
O(R"™) :={D C R" is a bounded domain}. By standard elliptic regularity theory, we have
u € CY*(R?) for any o € (0, 1) and u is real-analytic in either D or D€.

Employing the implicit function theorem on a regular point x € dD, i.e., |Vu(x)| # 0,
there exists § > 0 such that 3D N B,(x) is a C* curve for some 0 < a < 1. Further
employing the classical bootstrap argument, see for example [24], the regularity of this
local curve can be improved to real-analytic.

On the other hand, when D is not C'! smooth, the singular set of dD, defined by

§":={x €D | |Vu(x)| = 0},

and the geometric properties of the boundary nearby are our main interest. We begin by
establishing the Weiss-type monotonicity formula for (2.1) as follows.
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Lemma 2.1. Suppose that (u, D) is a weak solution of (2.1). For any xo € R", let

®,,(r) = r—"—2/ [Vu|?2 = 2u(AIp — AsIpe) d H™ — 2r—"—3/ u?dJn1,
By (x0) 0B (x0)

where J* is the k-dimensional Hausdorff measure. Then for any 0 < p < 8, the following
Weiss-type monotonicity formula holds:

)

2yN 2

/ 2r—"—2(w v— —") d¥" Vdr>0.  (22)
9B, (xo) r

®u8) — By ) = [

o

We begin by proving the following lemma.

Lemma 2.2. Ifu is a weak solution of (2.1), then
/ IVu|2div X —2(Vu)TDXVu — 2u(AiIp — AoIpe)divX =0 (2.3)
Rn

holds for all X = (X1,..., X,) € CZ(R",R"), where DX = (3; X;)1<i_j<n-

Proof. Since X is compactly supported and Vu € L2(R?), by a straightforward compu-
tation, we get

o=/ div(|Vu|>X)
Rn
n n
:/ zzzaiuaiquj + |Vu|2divX
"oi=1j=1

n n
=/ 23S @i uX; + dud; X;0;u) + |Vul? div X
R~

i=1j=1
=/ —2Au(Vu - X) = 2(Vu)TDX Vu + |Vu|? div X
= / 2214IpVu - X —2A,Ipe Vi - X — 2(Vu)TDX Vu + |Vul? div X
= / IVul? div X — 2(Vu)TDX Vi — 2u(A1Ip — AzIpe) div X.

Then the proof is complete. u

Now we are going to prove the Weiss-type monotonicity formula of the sign-changing
elliptic free boundary problem.

Proof of Lemma 2.1. Suppose that r, k are positive constants and let

e (x) = max{0, min{1, (r — |x)k}},  Xi(x) = ne(0)x = (e (X)x1, - ., g (X))
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A straightforward computation shows that

div Xp (x) = > 0 (e (x)x1) = nme () + Ve (x) - x,

i=1

(Vu)Ti))?kVu = Z Z 0;ud; (g (x)x;)0;u

i=1j=1

n n
=YD diumi8i;dju + 0iud; (i) xi 9
i=1j=1
= |Vu*ni + (Vu - x)(Vu - V).
According to (2.3), one has

0= / nIVuPe + [Vl Vg - x — 2/VulPn — 2(Vu - x)(Va - Vigg)
]Rn

- f 20T — Axlpe)(nme + Vg - .
]Rn

766

Due to the definition of the cutoff function ng (x), we get nx = 1, |x| <r — % and n; =0,

|x| > r. Now letting k — 400, we obtain
0=/ (n —2)|Vu)? = 2nu(AIp — AIpe) d H™
B, (0)
- r/ [Vu|> = 2(Vu - v)® = 2u(AIp — Adpe) d H™ 1,
9B, (0)
for a.e. r > 0, where v is the unit outward normal vector of B, (0). Then one has

d
E(on(r) =—(n+ 2)r_"_3/ |Vu|*> = 2u(AIp — 2A5Ipe) d H"
By (x0)
—{-r_”_z/ |Vu|? = 2u(AIp — AoIpe) d !
aBr(xO)
+8r7° / u?(xo +rx)d "1
0B1(0)
—4r_4/ u(xo + rx)(Vu(xo +rx) - x)dH" L.
9B1(0)
Inserting (2.4) into above equation, one has

@;O(r) = —r_"_3/l; ( )(n —2)|Vu|? = 2nu(AIp — AyIpe) d H"
r(Xo

—4r_"_3/ ( )|Vu|2—u(A11D—/XzIDc)dJ€”
B (xo

2.4)
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+r_”_2/ [Vu|? = 2u(AIp — Adpe) d H" 1
9By (x0)
+ 8r_"_4/ w>dynt —4pn3 / u(Vu -v)dJm1
8Br(x0) 3Br(xO)
= 2r_"_2/ (Vu-v)2dF" " + Sr_”_“/ urd gt
0B (x0) 0B (xo0)
— gr—"—3/ u(Vu -v)dH" 1
0B (xo)

2 2
_ 2r—n—2/ (w o _“) dgen-, (2.5)
aBr(XO) r

in which we used the identity

/ u(Vu -v)dJm1 =/ |Vul?> + uAudH"
0B, (x9) Br(xo)

=/ |Vul|? —u(AIp — AoIpe) d H".
B, (x0)

Equation (2.2) is obtained by integrating equation (2.5). ]

Lemma 2.1 leads to a classification of the blow-up limits of u at singular points on the
free boundary.

Proposition 2.3 (Classification of blow-up limits). Suppose u is a solution of (2.1) and
Xo € 8™, The following alternative cases occur:

ey

@

In the case of @, (0+) = —oo0, one has lim,_,qr~37" faB,(xo) u?dH" ! = 400,
and each limit of
u(xo + rx)

S(xo,7)

as r — 0 is a homogeneous harmonic polynomial of degree two, where

1/2
S(xo,r) i= (rl”/ u2dJ€"1) :
3By (xo)

In the case of @x,(0+) > —o0, for any given R > 0, there exists T(R) > 0 such
that for r < T(R),

vr(x) =

u(xo + rx)
ur(x) = ———
.
is bounded in W'2(Bg(0)). Let {r;}jeN be a sequence such that {ur, }jen con-
verges to uy weakly in WI’Z(R"). Then uy is a degree-two homogeneous solution

loc
of
{—AMO = AlIDi —)LzIDz in Rn,

ug =0 on dD} U D2,
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where D} and D? are open cones satisfying D! N D? = 9, R? \ (D! U D2) C
{MO = O} and Ug > 0in Di Here, AllDl — AZIDZ = 1imj—>oo(AIIDrj — A.zIDC_)

* * rj
in the sense of distribution and D, = {x | xo + rx € D}.

Remark 2.4. When n = 2 and D} # 0, we get |[R? \ (D} U D2?)| = 0. Indeed, direct
calculation shows that forall x ¢ D! U D2 U {0}, |Vu(x)| # 0. Therefore, uy is a solution
to the equation

—Aug = Ailp — A2l (p1ye  inR?,

with ug > 0in D! andug = O on dD}.
Proof of Proposition 2.3. (1) If &, (0+) = —oo, we suppose towards a contradiction

that lim sup, _,o S(xo, ) < Mr? for some constant M, and there exists an ro > 0 such
that, for r < ry,

[ M2 d%n_l < M2rn+3‘
8Br(XO)

Thus
-
/ |u|dH" =[ / lu|dF"tdt
By (x0) 0 JIB;(xo0)
r % n—1
< C1/ (/ uszf"_l) t 2z dt
0 0B (xo0)
,
< C2[ thit% dt
0
< C3l’n+2.
Consequently,

1

— 2u(Ailp — Alpe) d H"| < Ca.

We conclude that

q)xo(r) ==

r_"_Z/ ZM(AIID—Alec)d%n
By (x0)

—2r_"_3/ u?d !
aBr(xO)

>_—Cy—2M?,

for all r < ry, which contradicts the assumption that ®,,(0+) = —oco. Therefore,

w = 4o00. We pick up a sequence {r;}jen such that lim; .o r; =0
and lim;_, oo W = +o0. Let
j

limsup,_,

u(xo + rrx)

= TG

Then [[vkllz23B,(0)) = 1. We may assume that limy o, vx — vo weakly in L?(3B1(0)).
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Let K = W Then u;" + K|x|? and u; + K|x|? are sub-harmonic functions

which imply
1
tn—l

1
tn_l

/ uf + K|x|*d "1,
9B:(0)

/ ul + K|x[>dJen,
0B:(0)

are monotone increasing in ¢. Therefore,

/ ulf dyn! ft’“l/ ulf + K|x*dx"!
3B, (0) 9B1(0)

< Cst" " (llur 2By oy + 1)

for some constant Cs. Thus we get

1
_ Cs

/ ut dy" =/ / uf dx" " di < = (|lurll 208,y + -

B1(0) 0 JaB:(0) n

Analogously, we have

_ Cs
[ up dH" <= —([urllL2@B,0) + -
B1(0) "

By the monotonicity formula (2.2) we have

/ (IVur |* + 201 1p, up, — 222lpg up,) d H" — 2/ Uy, dH"™ < Dyy(ry).
B1(0) dB1(0)

Let Ty = W and vg (x) = W Then
2 :

/ [Vug |2 d #H" < Tk_zcbx(](rl)—i-CTk_z/ |urk|d5‘€”+2/ v,%dé‘(’”_l.
B1(0) B1(0) 0B1(0)
Note that limg oo T = +00 and
[ o 1l 497 < CT g zamon + 1) = €O+ T,
1

Thus

sup [[Vogllr2(s, 0y =< Cs>
keN

for some constant Cg. By the Poincaré—Steklov inequality (see, e.g., [11, Lemma 3.30])
we have

lvellzza, ) < C7UIVkllL28,0)) + vk 238, 0)) = Cs,
where Cg does not depend on k. Thus we may assume that v, converges to vy weakly in
W12(B1(0)). Letting k — 0o, we obtain that vg is harmonic and

/ [Vvol?> d #" < 2/ vadH" !,
B1(0) 9B1(0)
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Since |Avg| < max{A;,A,}, by the elliptic regularity and the Sobolev embedding theorem,
for any given o € (0, 1), there exists a constant Cy such that

sup [[villcre(s, o)) = Co.

keN
We may assume that v converges to vo in C 8 (B} (0)) for some 8 € (0, «). Notice that
vx(0) = 0 and Vg (0) = 0, and we have vg(0) = 0 and Vvy(0) = 0. It follows from
the frequency formula (see, e.g., [29, Lemma 4.2]) that vg is a harmonic polynomial of
degree two.

(2) If ®,,(04) > —o0, there exists a constant M < oo such that

limsupr_3_"/ wdyH" !t < M.
r—0 0B (x9)

Thus we can choose ry > 0 small enough such that ||u,||125p, o)) < M + 1forr € (0,79).
Without loss of generality, we set R = 1. Similar to case (1), we have f B1(0) |uy| d K" <
Cjo for some constant Cjg. It follows from the monotonicity formula that there exists a
constant Cy; such that

/ |V, (x)|? < @y () + 2max{Ay, A2} lu,|d 3> +2[ uzd H" ' <y,
B1(0)

B1(0) 0B1(x)

for all r € (0, o). Thus {u,} is uniformly bounded in W!2(B;(0)). We may choose
a sequence {rg}ren such that, for some ug € W12(B1(0)), u, — up weakly in
W12(B1(0)), uy, — ug in L2(B1(0)) and u,, — ug in L*(3B;(0)). Moreover, for any
given o > p > 0, we have

§
2 2
/ / 2<Vurk -V — urk) dx" Vdr = Dy (18) — Py (rep) — O,
p JOBr(x0) r
as k — oo. Letting k — 0o, we have
Viug(x) - x —2up(x) =0

for all x € R”, and thus u¢ is a homogeneous function of degree two.
On the other hand, u,, is a weak solution to equation

—Aurk = AlIDrk — AZI(Drk)C’

withu,, =0ondD,,, where D, ={x € R" | xo + rpx € D}. By the weak-* compactness
of L°°, we may assume that )LlIDrk — Al Dy weak-* converges to some functions
v(x) € L°°(R"), and uy is a weak solution to equation

—Aug = v.
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By the elliptic regularity theory, for any given o € (0, 1), {u,, } is bounded in Ckl,;a (R™).
Thus we may assume u,, converges to g in Ckl)éﬂ (R™) for some B € (0, ). We first show
that in each connected component of {uy # 0}, either —Aug = A1 or —Aug = —A,.
Indeed, if ug(x1) < 0, there exists an ro such that ug < 0 in Bay,(x1). By the C1* con-

vergence of u,,, there exists a constant N € N such that fork > N, u;, < 0in B, (x1).

Thus —Au,, = —A, in B, (x) fork > N. Let vg = u,, — ;—’21|X|2. Then {vg }r>n are
harmonic functions and vy — ug — é—fl|x|2 in C1%(By,(x1)). It follows that ug — é—fl|x|2
is harmonic in By (x;), which implies —Auy = —A, in By, (x1). Therefore, v = —A, in

{ug < 0}. If ug(x2) > 0, there exists an rg such that ug > 0in Ba,(x2). By the C1* con-
vergence of u,, , there exists a constant N € N such that for k > N, u,, > 0in By, (x3).
Note that for each k > N, —Au,, = A, or —Au,, = —A, in B, (x2). Choosing a subse-

quence if necessary, we may assume that —Au,, = A, or —Au,, = —A, forallk > N.
Thus —Aug = A; or Aug = —A; in By, (x2). Therefore, in each connected component of
{ug > 0}, eitherv = Ay orv = —A,.

Next, we show that v(x) = 0 for almost all x € {1 = 0}. Since the set {uy > 0} is C 1-*
smooth, it is easy to see that the Hausdorff dimension of {u = 0} N {|Vu| # 0} isn — 1,
so the Lebesgue measure of {ug = 0} N {|Vug| # 0} is 0. In {ug = 0} N {|Vue| = 0}
we have D?ug(x) = 0 a.e., which implies that Aug(x) = 0 for almost all x € {uy = 0}
N {|Vug| = 0}. Therefore, Aug(x) = 0 for almost all x € {uy = 0}.

Since u¢ is homogeneous of degree two, v(rx) = v(x) for all x # 0 and r > 0. There-
fore, v = X111 — A2l p2, where D} and D7 are open cones, Dy N D} =@, R" \ (D U
D2) C {ug =0}, up > 0in D!, and ug = 0 on dD} U D2, n

Proposition 2.3 implies the singular points on the free boundary would be classified
into the following two classes:
(1) singular points where u has super-characteristic growth (the blow-up limit I),

(2) singular points where u has characteristic growth (the blow-up limit II).

3. Singularities of the two-dimensional unstable elliptic
free boundary problem

The proof of our main results will be accomplished by the following lemmas. Firstly, we
focus on the two-dimensional unstable elliptic free boundary problem

—Aw = /’\.11D — AzIDc in Rz,
V(i — 2x]?) — 0, |x| = o0, 3.1
Y =0 on dD,

where D is a bounded domain. Due to the maximum principle, we have ¥ > 0in D.
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3.1. Blow-up analysis
Suppose xo € $Y. It follows from the monotonicity formula that

ol = [

B, (x

2
|VW|2_21#(A11D—)tzIDc)dez—_S/ dee%l
2 7> JoB, (xo)

is monotone increasing. Proposition 2.3 implies the following alternatives occur, hence
we need to consider them case by case.

Blow-up limit I. If ®¥, (0+) = —oo. One has

lim r_S/ V2dH! = +o0.
aBr(XO)

r—>0
Proposition 2.3 implies that, as r — 0, any limit function of

¥ (xo + rx)
S(xo,7)
must be a homogeneous harmonic polynomial of the form
xX1X2 + A(x? — x3)

, AekR,
lx1x2 + A(xF — x3) | 22081)

where S(xo,r) = (% faB,(xo) Y2 d%l)%. Up to a rotation, we may assume that A = 0.
Let Dy be the limit of D,. Then Dy = {(x1, x2) | x1x2 > 0}, or Dy = {(x1,x2) | x1 >
0,x2 > 0}, or Do = {(x1,x2) | x1 <0,x2 < 0}.

Blow-up limit II. If @fo (0+) > —o0, by Proposition 2.3 one has that

P 1= YT

is bounded in W !2(Bp) for any given R > 0, and there exists a subsequence {Yr, } weakly
converging to a degree-two homogeneous function ¢ satisfying

{—AI//O = AlIDl —AZIDz, x € R2, 32)

Yo =0, X € 0Dy,

where D, := {x | xo + rx € D} and the blow-up limit /\110,1 - A2ID£ = limj_mo)kllprj
— A2l Dy, depends on the extraction of the subsequence r; — 0. Let Yo = r2 f(0).
Recall the polar coordinate formula of the Laplacian A = d,, + %8r + %2899. In any
given connected component of D}, we solve the equation f”(0) + 4f(6) = —A, and
obtain that f () = C;sin(20 + C;) — % for some constants C; and C,, and similarly in
a connected component of D2, f(0) = Cssin(20 + C4) + %. Since ¥ € C1%, we have
feche,
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If D! # @, then it easy to see that for all x € D! U dD2 and x # 0, we have
|Vu(x)| # 0. Thus |R2\ (D! U D2)| = 0. A direct computation shows that equation
(3.2) is equivalent to the following ODE concerning f(6):

—f"(0)—4f(O) = A1, 0 <0 < b6ri41,
—f"(0)—=4f(0) = —A2, brit1 <0 < Orit0. (3.3)
f(02i) = f(02i+1) = f(62i42) =0,

fori =0,..., N, where f is positive in (62;, 62 +1).

Without loss of generality, we let 89 = 0 and 6,52 = 27. By the standard ODE
technique, we can write down the solution in each sector explicitly as follows:
A Al

- in265; 11— sin20,; 20
1 +4sin2(92i+1—92i)((sm hi+1—sin26,;) cos

+(cos 205; — cos 205; 4+1) sin 20),

for 0 €(6a;, 02i1+1),
f(0)= s As

4 4sin2(Bris2 — Orit1)

((sin26;; 42— sin26,; 4 1) cos 26

~+(cos 202,‘4.1— cos 292j+2) sin 29),

for 0€(62i 41, 02i42).

It is easy to see that 65; 41 — 02542 € (0, Z), otherwise f will change sign. On the other
hand, f can change its sign in (6a; 41, 62i+2). Note that f/(62;+1) <0 < f/(62i42). If
f <0in (02i+1, 02i+2), then we have 05; 4, — 02;+1 € (0, %); otherwise it follows that
62i12 — 6ri11 € (m,3Z). Since f € C1*, there is

/\1 /\2
L 20;) = f'(02i41) = ———2—(1 — cos 2B1),
2sin2a,-( +cos2a;) = f'(62i+1) 25in2ﬂi( cos2B;)
o = Oriy1 — 02, Bi = 0242 — Oaiy1.
It follows that /X
t .
MU _ 22 .0, i=0,...,N, (3.4)

== >
tan B; A1
which are independent of the index i. Similarly, the continuity of f’(#) implies

tan o 41 tan o; As

= =—=>0, i=1,...,N—1. 3.5
tan B; tanBi—1 A g ! 3-3)

From equalities (3.4) and (3.5) it follows that these angles «; coincide with each other
and |B; — Bj| € {0, '} for all i, j. Therefore, we have the following alternatives:

(1) There exists a super-harmonic sector of ¢ with the opening angle denoted by
B > m without loss of generality. The complement consists of N sectors with
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opening angle « and another N — 1 sectors with opening angle § — = which occur
alternately. Here o and S satisfy

tanae A
tanf Ay

_ N+l

a+p 7 and

In particular, the pattern is Z,-symmetric.

(2) The pattern is N-fold symmetric where super-harmonic and sub-harmonic do-
mains of ¥, denoted by {(r,0) € R? | r >0, 0 <0 < a} and {(r,0) € R? |
r >0, « <0 <o+ B}, and their copies by rotating by %k, k=1,...,N—1
respectively, occur alternately, where N(« + B) = 2.

If D! = @, we can easily show that one of the following holds:

(1) D2 = @, then ¢p9 = 0.

(2) D2 =R2, then ¢o(x1,X2) = Ax? — Bx2 after a rotation, where A > 0 and B > 0
are constants such that A — B = 22.

3) Df 0, le #* R2, then Yo(x1,Xx2) = %(xi")z after a rotation, where x1+ denotes
the positive part of x.

Due to the above discussion, we can show the following lemma.

Lemma 3.1. Suppose x° € SV is a singular point. Regarding the blow-up limit (2) in
Proposition 2.3, for the equation (3.3) we have the following conclusions:

(1) If D! # @, then one of the following two options holds:
(a) Both D} and D2 consist of N (> 3) open cones, which are distributed alter-
nately, and |R? \ (D! U D2)| = 0.
(b) Concerning the opening angles of these cones, one of the following two alter-
natives holds:
(i) The opening angles of all cones in D} are a € (0, 7)., and the opening
angles of all cones in D? are B € (0, 7) (Figure 1a);
(ii) The opening angles of all cones in D} are a € (0, Z), N — 1 cones of
D2 have the same opening angle B € (0, %) and the remaining one has

an opening angle B + m, while o changes its sign in the cone with an
opening angle B + m (Figure 1b).
a and B depend on Ay, A, and N.
(2) If DL = @, then one of the following holds:
(a) D2 =0, then Yy = 0.
(b) D_f = R2, then Yo(x1, Xx2) = Ax? — Bx2 after a rotation, where A > 0 and
B > 0 are constants such that A — B = %
(c) D2 #9, ZT,% £ R2, then Vo(x1, x2) = %(xf’)z after a rotation.
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(a) D}: white (b) D2: grey

Figure 1. Classification of the blow-up limits II

We summarize the above conclusions in the following theorem.

Theorem 3.2. Suppose D C R”" is a bounded domain and (u, D) solves the two-dimen-
sional unstable elliptic free boundary problem

Al,lz > 0.

—Aw == A'IID - lzIDc in Rz,
v =0 on dD,

Then the regular part of the free boundary oD \ § is locally real-analytic, where
§:={xe€dD | |Vy(x)| =0}.
For any given xo € S8, one of the following holds:

(1) limy—or™ faB,(xo) u?dH' — +ooasr — 0+,

. Y(xg 4+ rx)
or(x) = S(x0.7)

is bounded in Wl;C’Z(R”), and each limit of ¢, (x) as r — 0 is a homogeneous

harmonic polynomial of degree two, where

1

2

S(xo.r) := (r_I/ 1//sz€1) )
9By (xo0)

() imsup, 7™ [yp () V2 dH' < 00,

Yoy o= VT

is bounded in W, (R?), and each limit of Y (x) as r — 0 is a degree-two homo-

loc
geneous function satisfying

—AWO = AIID}( - AzID% in Rn,
Yo =0 on dD}! U D2,
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where D} and D? are open cones satisfying D! N D? = 9, R? \ (D! U D2) C
{0 = 0} and Yo > 0 in DL. The complete classification of the solutions Yy is
given in Lemma 3.1.

The proof concerned with the regular portion is standard, thus we just outline it here.

By the standard elliptic regularity theorem, we have u € C'* for 0 < o < 1 due to
(1.4). For the free boundary dD near a regular point xo € 9D, i.e., |[Vu(xg)| # 0 and
u(xo) = 0, by applying the implicit function theorem we have dD is locally a C1* curve
near xg, namely there exists r > 0 such that dD N B, (xg) is parameterized by the graph
of a C1¥ function. Following the idea in the proof of [23, Theorem 3.1], we apply the
hodograph transform and the local real-analyticity of the curve follows.

Remark 3.3. If D is unbounded, under the assumption that ¥ > 0 in D, the same conclu-
sions as Theorem 3.2 also hold.

Moreover, suppose that the domain D is Lipschitz; then the second case in Theo-
rem 3.2 can be ruled out.

Proposition 3.4. Under the assumptions of Theorem 3.2, if D is Lipschitz and xo € dD
is a singular point, then the blow-up limit Il will not occur.

Proof. Suppose towards a contradiction that we have a blow-up limit IT at some singular
point xo € dD. Without loss of generality we may assume that xo = 0 and the bound-
ary of D near xo can be written as {(x1, x2) | x1 € (=6, 68), x2 = f(x1)}, where f
is a Lipschitz function and L is the Lipschitz constant. Then we have {(x;, x2) | x; €
(=6,8), f(x1) <x2 <68} C D and{(x1,x2) | x1 € (=65,8), =6 <x2 < f(x1)} C D°.

Suppose that {1, } = "%} is a blow-up sequence converging to a function ¥ that is

;
J
homogeneous of degree two, with

—Ayo = Ailp1 + A20pe,

where D} and D2 are open cones satisfying D! N D2 =@, R?\ (D} U D2) C {¢o = 0}
and Yo = 0 on dD} U dD2. It is easy to see that ¥y, satisfies

_Aer = A'IID] + A'ZIDjz7

where D; :={x € R? | rjx € D} and the boundary of D; can be represented by the graph
of a Lipschitz function f;, where f;(x1) = %}’x) Moreover, we have

{1 x2) | xy € (=871, 8r7Y), fi(x1) < xp <871} C D;,

{1, x2) [ x1 € (=871, 8r7Y), —6r7! < x2 < fi(x1)} C D§.

Since || fj||cor < L for all j € N, passing if necessary to a subsequence, f; converges
uniformly to a Lipschitz function f with Lipschitz constant L. Let x = (x1, x3) be such
that x, > fo(x1). It follows from the uniform convergence of f; that there exists a constant
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t > 0 such that B;(x) C Dj for all large j. Thus ¥,; > 0 and —Ay,, = A1 in By (x).
We conclude that ¢ > 0 and —Avg = A; in B;(x). By the maximal principle, we have
Yo > 0in B;(x). Since x is arbitrary, it follows that

{(xl,xz) | Xy > fo(xl)} c DL

Similarly, we have {(x1, x2) | x2 < fo(x1)} C D2. Therefore

D} ={(x1,x2) | x2> fo(x1)}., DI ={(x1.x2)]|x2 < folx1)}.
which leads to a contradiction with Lemma 3.1. [

Corollary 3.5. Suppose that D is a bounded domain in R? with Lipschitz boundary, and
(D, V) is a solution to the uniformly rotating vortex patch problem with Q € (0, %)

-Ay =Ip-2Q., xeR?
Q

V(¢—5|x|2)—>0, |x| = oo,

v =0, x € dD.

Then for each xo € 0D N {|Vy| = 0}, we have

r—0

limr_sf YrdH! - 400
9By (x0)

asr — 0and
u(xo + rx)

Yr(x) 1= SCro.7)

is uniformly bounded in Wlic’z (R?). Moreover, up to sequence of r, each limit Yo of ¥, (x)
as r — 0 is a homogeneous harmonic polynomial of degree two, where

2
S(xg,7) 1= (r_I/ uzdﬂl) .
9By (xo)

3.2. Uniform regularity

The Weiss-type monotonicity formula, as well as the classification of the blow-up limits
of singular points, provides some geometric information concerning the 0-level set of the
blow-up limit function. In general, the limits may not be unique, i.e., the limiting solution
may depend on the choice of subsequence {7} };eN.

For the singular points where i has super-characteristic growth (the blow-up limit (1)),
in this subsection we further prove the uniqueness of the blow-up limit and the uniform
regularity of the free boundary dD near the singularities. The situation is similar to The-
orem A established in [1], where the proof essentially depends on the uniqueness of the
generalized Newtonian potential of the function —I;y, x,>0}-
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It suffices for us to consider the specific equation
—Ay =Ip—2Q, ¥ =0o0ndD,

where D is simply connected. Since the free boundary near the singular points of blow-
up limit (1) is always cross-like, it consists of sectors with the opening angle 5 which is
independent of the values A1, A, > 0.

Lemma 3.6. Let v be a solution of (3.1) and

r2

SY (0 r) > —
() =

for some 0 < § < 80,0 <1 < ro, SUpp,(xy) V| < M and y (x°) = |V (x°)| = 0. Then

(1) there exists a second-order homogeneous harmonic polynomial pxo"/’ = p such
that for each a € (0, %) and each B € (0, 1),

‘ V¥ (x0 + sx) “

k) «
— <CM,«a, — )
supp, (xo) [V ( ﬂ)< )

ClLB(By) — 1+ 8log(5)

(2) the set { = 0} N By, (x°) consists of two C! curves intersecting each other at
right angles at x°.

It suffices for us to consider the generalized Newtonian potential
—Az=1c-2Q, C:={r0)CcR*|r>00<0<Z} (3.6)

Note that the right-hand side of (3.6) is of class L and homogeneous of degree zero. By
[22], z is uniquely representable in the form

X

2(0) = p()log x| + [xP¢ (=) +q1(x). x € E2,

|x|

where p is a homogeneous harmonic polynomial of degree two, ¢ € C1(S!) and g; (x) =
a-x + b. Suppose z(0) = Vz(0) = 0. It is sufficient to compute in the form of class
p(x)log|x| + |x|2¢(‘§—|). Consider (3.6):

1 1
_(arr + -0, + _286'9)2 = T
r r -2Q, 5 < 0 < 27,
in polar coordinates, in which z is of the form

X
z(x1,x2) = (A(x} — x3) + 2Bx;x2) log |x| + |X|2¢(m)

r?logr(Acos260 + Bsin26) + r2¢(6),
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with constants A, B € R. A straightforward computation shows that

1-2Q, 0<6< g
—4(Acos26 + Bsin20) — ¢ (0) —4¢(0) = x
—29Q, ) <60 <2m.

Consider the Fourier series

A o0
¢ (0) = 70 + ZA,, cosnf + By sinné.
n=1
For n # 2, one has
1 -2Q 1 1
0= —-3Q, A,,:—sinnz, Bn:—(l—cosnz), n>1,n#?2
nmw 2 nmw 2
and |
A=0, B=—.
2

Note that 72 (A, cos 26 + B, sin26) is a harmonic function. We let

Z(r,0) = rz(l —489 + % Z %(sin%cosne + (l — cos HTJT) sinn@))

n>1,n#2
2] 1
I 087 in26 — —r2sin26. 3.7
b4 4

Lemma 3.7. The potential z given in (3.7) is the unique solution of equation (3.6) satis-
Jying

(1) z(0) = [Vz(0)] =0,

@) limeoo 25 =0,

(3) H(z) =0,

@) M(z)) = a2z,

(5) 7(zy) =2

=
where P is the space of second-order homogeneous harmonic polynomials and TI:
W22(B,) — P is a projection such that T1(u) is the unique minimizer of

p— / |D?v — D?p|?
B,

on P and t(u) > 0 is defined by Tl(u) = t(u)p, p € P, supg, |p| = L.

Proof. Suppose h := I1(z). Since & is harmonic, we let

2, fa b
b=t 1),
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Since 4 is the minimizer of the mapping p — fBl |D2v — D?p|?, we have

ozab/ |D?v — D2h|> =4b—4 | 312z
By

By
! in 26 1 1
— 4b _/ / (Sm (a,,z n —2399)2(7’, 0) — ~0,92(r, )
o Jst 2 r r
1 in 26
+ —062(r,0) + = a,z(r,e))rdrde.
r 2r
Being aware that only ﬂzl%r sin 26 — ﬁrz sin 26 provides non-zero integrals, we have
b = 0 since
1 2 2 1
/ 812(Mx1xz — —X1X2) dX] dX2
B, 2 2
11 s o 4x3x32
=-3 + 7 . (2 + log(x7 + x3) — —(x12 n x§)2> dxydx; =0,

while a = 0 is obtained similarly by considering

0=29, | |D?*v—D?h|?=4a.
B

Therefore, one has & := I1(z) = 0 due to & being a second-order polynomial. Moreover,

we have
Z(sXx1,8Xx2) X1X2
— =z(x1,x2) — log s.
52 bid

Then it follows that

1
M(1) = () — H<x1x2 log(i)) _ 10g2x1x2
2 b4 bid
If z; and z, are solutions of (3.7) and n := z; — z5 is a second-order harmonic poly-
nomial, then |V7(0)| = n(0) = 0 and I1(n) = 0 imply z; = z,, namely z is the unique
solution. -

Lemma 3.8. Suppose yr solves (3.1), xo € 8" and supg, () [u| < M < +oc. Then

(/B Dzu(xor—zi— rx) Dzn(u(xor—zi— rx))‘p); <M. p)

and

= C(M. B).

u(x® + rx) - u(x® 4+ rx)
H N ( )Hcl’ﬁ(El) -

2 2

Lemma 3.9. Foreache >0, M < 400, @ € [1,+00) and € (0, 1), there exist ry,6 > 0
with the following property: suppose that O < r < ro and that ¥ is a solution of (3.1)
satisfying supp, (x) Ul < M, u(x) = |Vu(x)| = 0 and

iz(({u(x +r) > 0}A{x1x2 > 0}) N Bl) <.
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Then

<e¢

HM - H(M> - ZHCLﬂ(El) -

2 72

Proof. Suppose that r; — 0 such that
E"{u(x +r-) > 0}JA{x1x3 >0}) >0 asj — c©
and

Wi ) o+
2 2
J J

) — Z strongly in Cl(l)’clg (R") and weakly in W% (R™).

loc

Now consider N be the Newtonian potential of Au i, 1€,

Ry o= 5 [ toely =l @ d

Let N(y) = ]V(y) — N/ - Vﬁ(xj)(y — x/). Then h(y) = uj(y) — N(y) is a har-
monic function. We have

uj (v) = N(») = D*h(x)(y = x)(y = x7)| = Clx’ = y|> in By ().

For the scaled function v; (y)=w, N; (y)=w and p; (»)=D?*h(x/)y-y,
we obtain
v; () = Nj(») = p; (W] < Crjlyl> in By (7).
Thus,
vj — I(v;) = N; — II(N;) + o(1), j — oo.

Therefore, N; converges locally to Ng, where
—ANO = IC — 29, N()(O) = VN()(O) =0 and N() — H(N()) = E

Then it suffices to show that No(y) = o(|y|?) as | y| — oo since one would conclude Z =
No — I1(Np) = z due to the uniqueness result given in Lemma 3.7. Since D?N, € BMO

we have
/.

for all R € (0, +00), where D2(Ny(R-)) denotes the mean value of D?(Ny(R-)) on B;.

Therefore, we have that a subsequence % converges to a degree-two homoge-
Ry

neous harmonic polynomial as Ry — 0o. Assume

y [No(¥)]
im sup 3
|y|—o00 |y|

D>(No(Ry)) = D2(No(R)) |2, _ R*
supg, |D2No| T supg, [DZNo|?

> 0.
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Since A(No —z) = 0 and

|No(y) —z()I

limsup —————=—— >0,
|y|—>o0 |y|
No — z must be a harmonic polynomial of degree m > 3 which is a contradiction. ]

Based on Lemma 3.9, Lemma 3.6 is proved by the same approach as [1, Theorem A],
hence we omit it here.
Now we are in the position to prove the main theorem.

Proof of Theorem 1.1. Employ Theorem 3.2 by letting Ay = 1 — 2 and A, = 2. Sup-
pose that there is no stagnation point on the boundary, namely |V/| # 0 on dD. Since dD
is a connected component of level set {1/ = 0} and ¥ € C'* due to the standard elliptic
regularity theorem, dD is a C 1% curve, which is indeed locally real-analytic due to Theo-
rem 3.2. Since the curve dD is real-analytic hence C*°, dD is a C *® smooth manifold due
to the fundamental theorem concerning partition of unity.

For the singular set, by Proposition 3.4 we have that only type I singular points
can occur. Moreover, suppose x%e SY cab,ie., Vi (x9) = 0. By Theorem 3.2 and
Lemma 3.6, there exists a small parameter ro > O such that {¢y = 0} N B, (xo) consists
of two C! curves intersecting each other at right angles at x°, meaning that x° must be an
isolated singular point.

In the last part, we shall show that the singular set is finite, or equivalently the iso-
latedness of singular points since dD is rectifiable. Assume the conclusion fails, i.e., the
singular points are not isolated. There would be a sequence of singular points

{x;}52, € 8Y :={x € 3D | Y(x;) = V¥ (x;)| = 0},

converging to x° € dD satisfying Vi/(x®) = 0 by taking a subsequence since SV is a
closed set.

We note that x° must be a singular point, i.e., for any » > 0, 3D N B,(x°) cannot
be represented as the graph of a smooth function. Indeed, Theorem 3.2 establishes the
classification for all critical points on dD satisfying Vi/(x°%) = 0. By Proposition 3.4,
only blow-up limit I can occur. Then Lemma 3.6 implies that there exists ro > 0 such that
dD N By, (x°) is a crossing of two C! curves thus x; ¢ dD N By, (x°). Therefore, x° is
a singular point on the boundary, and x; ¢ NB;, (x%), which contradicts the assumption
Xj —> x°. The proof is then complete. ]
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