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Scattering problem for Vlasov-type equations on
the d -dimensional torus with Gevrey data

Dario Benedetto, Emanuele Caglioti, Antoine Gagnebin,
Mikaela Iacobelli, and Stefano Rossi

Abstract. In this article, we consider Vlasov-type equations describing the evolution of single-
species-type plasmas, such as those composed of electrons (Vlasov—Poisson) or ions (screened
Vlasov—Poisson/Vlasov—Poisson with massless electrons). We solve the final data problem on the
torus T4, d > 1, by considering asymptotic states of regularity Gevrey—% with y > %, small per-
turbations of homogeneous equilibria satisfying the Penrose stability condition. This extends to
the Gevrey perturbative case, and to higher dimensions, the scattering result in analytic regularity
obtained by Caglioti and Maffei [J. Statist. Phys. 92 (1998), 301-323] and answers an open question
raised in Bedrossian (2022).

1. Introduction

In this paper, we investigate the asymptotic behavior of systems modeling dilute, colli-
sionless, non-relativistic plasmas in a periodic domain.

In these systems, negatively charged electrons and positively charged ions have signifi-
cantly different masses — the mass ratio being of order 103; see e.g. [13]. This dissimilarity
leads to a separation in the relevant timescales of evolution for the different species. Con-
sequently, it is reasonable to describe these species’ evolution separately and use different
models for their dynamics. We englobe such models in a unique framework given by a
general Vlasov-type equation:

0 f(t,x,v) +v-Vyf(t,x,v) — E[f](t,x) - Vy f(t,x,v) =0,
E[f](t,x) =-VV(t,x),

—AV(t,x)+ BV(t,x) + h(V)(t,x) = / ft, x,v)dv —1.
R4

(1.1)

Here, we focus on the periodic setting x € T? := R? /(27 Z)% . The unknown f(z,x,v) is
the distribution function of particles of a given species at time ¢, position x, and velocity v,
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where (7, x,v) € R x T? x R?. We denote by E[f] the mean-field force generated by
the distribution of particles.

We will consider different choices of parameters § > 0 and analytic functions /. In this
way, one could study several models for plasma physics systems. For example, the main
kinetic equation used to model plasmas is the so-called Vlasov—Poisson (VP) system,
which corresponds to the case § = h = 0. It is a well-known model in kinetic theory,
which describes the motion of electrons (i.e., f(, x, v) is the distribution function for the
electrons) in plasmas when we neglect collisions and magnetic effects and consider the
ions as a stationary background.

The (VP) system has been extensively studied over the past decades, and a vast amount
of literature on results is already available on the existence of global classical and weak
solutions with various conditions on the initial data. We mention the early work of Kurth
[40] for a local-in-time existence result for the (VP) system in dimension three. For global
well-posedness of classical solutions on the whole space, we refer to the work of Ior-
danskii [39] in dimension one, Ukai and Okabe [54] in dimension two, and Lions and
Perthame [44], Pfaffelmoser [52] in the three-dimensional case (see also [3,53]). For weak
solutions on the whole space, we refer to the work of Arsenev [1] (see also [2, 4, 30]),
while Batt and Rein [6] proved the global well-posedness on the torus (see also [16,49]).
Finally, Loeper [45] made a significant improvement to the uniqueness theory (see also
[29,34,47]).

While the (VP) system describes the evolution of electrons, on the ion timescale,
electrons move faster than ions, and it becomes relevant to consider electron—electron
collisions in the model. Thus, it is natural to assume that the electron distribution is
already in thermal equilibrium on the ion timescale, and the electron density is given by
a Maxwell-Boltzmann distribution. The resulting model under these assumptions is the
Vlasov—Poisson system for massless electrons (VPME), sometimes called ionic Vlasov—
Poisson. This model can be obtained rigorously as the mass ratio between ions and elec-
trons becomes small. We refer to [5] for a mathematical proof of the above result and
to [24] for a more thorough introduction to this model. The (VPME) system consists of
a Vlasov equation coupled to a non-linear Poisson equation that describes how the fluc-
tuation between the ion distribution and the Maxwell-Boltzmann electron distribution
generates the electric potential. In our notation, (VPME) can be obtained by setting § = 1
and h(U) =eV —1-U.

The (VPME) system has received less mathematical attention than the (VP) system
due to the additional difficulty in the non-linear Poisson coupling. Bouchut [12] was the
first to construct global weak solutions in the whole space in dimension three. In the
one-dimensional setting, weak solutions were constructed globally in time by Han-Kwan
and Iacobelli [27]. Griffin-Pickering and Iacobelli have obtained the first result of global
well-posedness in the case of the whole space in dimension three [22] and of the torus
in dimensions two and three [23]. Moreover, Cesbron and Iacobelli showed the well-
posedness of (VPME) in bounded domains [15]. We refer to [24] for an exhaustive review
of the global well-posedness theory of (VPME).
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In the setting of our system (1.1), another important example of a plasma physics
model is the screened (VP) system. This model can be obtained by choosing 8 = 1 and
h(U) = 0, and corresponds to a first-order approximation of the exponential term eV
by 1 + U in the Poisson coupling of the (VPME) system. Physically speaking, it can be
shown that this approximation holds true when the electric energy of the electrons is much
smaller than the kinetic energy. The weak global existence of this system is explored in
[25, Theorem 2.1]. Readers can refer to [26, Section 1.1 and 1.2] for a more in-depth
understanding of this system.

The analysis we conduct here is focused on the study of the system (1.1) in a general
framework that covers the three plasma models mentioned earlier. To be more specific,
we assume 8 > 0, and we consider &: (—R, R) — R to be analytic, with an analyticity
radius denoted by R, and it satisfies the condition /(x) = O(x?) as x approaches zero. It
is worth noting that in the (VP), (VPME), or screened (VP) system, we have R = oco.

In this work, we are interested in the long-time behavior of solutions of Vlasov-type
equations on the periodic domain T¢. In 1946, Landau [41] observed that the Vlasov—
Poisson equation (i.e., (1.1) with 8 = 0 and & = 0) linearized around a Maxwellian
equilibrium is exactly solvable and that, for analytic initial data, the electric field decays
exponentially fast to zero, so the flow governed by the mean-field force is asymptotically
free. This electric field decay was experimentally observed in plasmas only 18 years later
by Malmberg and Wharton [46].

Today, what is now called Landau damping is a well-known collisionless relaxation
phenomenon studied in plasma physics literature, where several works analyze and discuss
Landau’s pioneering result [41]. We mention the work of Penrose [51], who improved
Landau’s result for general analytic spatially homogeneous equilibria. Nevertheless, the
extension from the linear to the true non-linear case has proved to be particularly difficult
for the mathematical theory.

The first one-dimensional non-linear result was that of Caglioti and [14]. They solved
the final data problem in analytic regularity, proving the existence of solutions for large
times in a non-perturbative regime using a Lagrangian approach and fixed point tech-
niques. Subsequently, Hwang and Veldzquez [33] gave a proof with less restrictive hypoth-
eses. Concerning this approach, see also the work of Gagnebin [19] who extended the
work of Caglioti and Maffei [14] to the one-dimensional ions dynamic (VPME) —i.e., (1.1)
with f = 1,and h(U) = eV — 1 -U.

The solution to the Landau damping for the Vlasov—Poisson system in arbitrary dimen-
sion was finally solved in 2011 in the work of Mouhot and Villani [48]. They treated the
perturbative regime around homogeneous Penrose-stable equilibria considering analytic
and Gevrey initial data, with a Gevrey index close to 1. The proof, which uses a Newton
scheme combining both an Eulerian and a Lagrangian approach, was subsequently sim-
plified and extended to Gevrey y > % regular initial data by Bedrossian, Masmoudi, and
Moubhot [9], using paraproduct decomposition techniques instead of the Newton scheme
(it is worth mentioning that their results also include the screened (VP) case - i.e., (1.1)
with B = 1 and & = 0). Recently, Grenier, Nguyen, and Rodnianski further simplified the
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proof in [21] using a different functional setting, better characterizing the invertibility of
the linearized term and simplifying the non-linear analysis. Concerning the ion dynam-
ics, we mention the recent work by Gagnebin and Iacobelli [20], where they solve the
Cauchy problem, proving Landau damping for the (VPME) system on the torus T ¢, also
fory > %

Bedrossian [7] proved that Mouhot—Villani’s proof cannot be extended to high Sobolev
spaces in the case of gravitational interactions by showing inflation of Sobolev norms for
solutions that exhibit arbitrarily many isolated plasma echoes. In addition, Lin and Zeng
[42] and [43] showed the existence of periodic traveling BGK waves within any small
neighborhood in H? with ¢ < % of a general homogeneous equilibrium, thus proving
that Landau damping cannot hold for small Sobolev regularity. The problem is different
in other related equations, such as the Vlasov—HMF equation, where this phenomenon is
absent (for the Vlasov—-HMF case, see the work by Faou and Rousset [17] for Landau
damping in Sobolev spaces and the recent one by Benedetto, Caglioti, and Rossi [11],
where the final data and initial data Landau damping problems with analytic regularity are
compared).

While in the periodic case on T4, the phase mixing effect holds, allowing one to trade
regularity for decay, in the whole space R¢ the problem is radically different. In partic-
ular, due to the dispersive mechanism, the decay of the electric field is only algebraic,
moreover, in general, the Penrose stability condition does not hold. In this regard, see the
work by Ionescu, Pausader, Wang, and Widmayer [35] and by Flynn, Ouyang, Pausader,
and Widmayer [18] for the dynamics around vacuum for (VP) system, the work by Pau-
sader and Widmayer [50] for the stability of a charged particle, and the works by Ionescu,
Pausader, Wang, and Widmayer [36, 37] for the stability of the Poisson equilibrium. In
the case of the screened (VP) system on the whole space, the Penrose stability condition
holds and this allows one to prove Landau damping even with low Sobolev regularity; see
the work by Bedrossian, Masmoudi, and Mouhot [10] and by Han-Kwan, Nguyen, and
Rousset [28] for the d = 3 case, and the works by Huang, Nguyen, and Xu [31,32].

Let us consider solutions of (1.1) of the form

ft,x,v) = pu) +r(, x,v), (1.2)

where r is the perturbation and p an analytic homogeneous equilibrium satisfying a suit-
able stability condition (see (1.11)). The goal of this work is to study the final data problem
where an asymptotic datum g (x, v) with Gevrey regularity is given (see (1.12) for more
details). By inserting (1.2) into our system (1.1), we find that the perturbation r(z, x, v)
verifies the equation

dr(t,x,v) +v-Vyr(t,x,v) — E[r](t, x) - Vy(u(v) + r(z, x,v)) =0,

E[r](t,x) = =VU(t, x), (1.3)

—AU(t,x) + U@, x) + h(U(t,x)) = /d r(t,x,v)dv.
R
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We prove the existence of perturbative solutions r(¢, x, v) such that the electric field
asymptotically vanishes and it holds that

[r (@, x + vt,v) — goo (X, V)| poo(paxray = 0, ast — +o0, (1.4)

so that
/@2, x +vt,v) = foo(x, V)|l poo(pdxray = 0, ast — +oo,

where foo(x,v) := u(v) + goo(x, v). This answers the question about the scattering map
addressed by Bedrossian in his review on Landau damping [8].

While completing this work, we learned that Ionescu, Pausader, Wang, and Widmayer
were independently working on the solution of the Landau damping and the final data
problem in the case of the (VP) system with critical regularity y = %, thus constructing
the scattering map for the problem and obtaining results similar to ours. These results
were published in the very recent preprint [38]. Compared with them, in our work, we do
not treat the case y = %, but we deal with a more general Vlasov-type equation allowing
a non-linearity in the Poisson coupling and therefore including the (VPME) system.

1.1. Notation

Let (k,n) € Z9 x R. We denote the Fourier coefficient of a given function p: R, x T;f —
[0, +00) by

polk) = plt.k) = /T ol e d,

so that we have the usual Fourier inversion formula

_ 1 A ik-x
p(t,x) = Wkgzjd pr(k)e™ ™.

Analogously, we write the Fourier transform of a given distribution function f:R; x T;f X
R;’ — [0, +00) as

Flkom) = Flkog) = /T

1, x, v)e_ik'xe_i"'v dx dv,
R4

X

with the inversion formula

1 7 ik-x jinw
ftx) = o 3 [ Gt metenan

kezd

For a function defined on the phase space Tf X ]R{f, we define the Fourier multiplier
operator A;(Vy,V,) as

(A (Ve, Vo) )k, ) = A f(k,m) == Az (k, 1) £k, ), (1.5)
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where A (k,n) := e*&1" (k 1), with Gevrey index y € (0, 1], Sobolev correction o > 0,
and Gevrey regularity radius z > 0. Here, (k,n) := /1 + |k|? + |n|? denotes the Japanese
bracket. In the following, we also use the Fourier multiplier

(B-(Vx, Vo) N)(k,n) = B f (k. ) i= (k, m) Az (k. ) £ (k. ). (1.6)

For a time-dependent function on the physical space T¢, we define the analogous
multiplier by setting 7 = k¢ in (1.5), with k € Z¢ and ¢ € R:

(A7 (Vy, tV)P) (1, k) = Azp(t, k) i= Az (k, k1)p; (k).

To quantify the regularity of the distribution function and the decay of the electric field,
we use generalized Gevrey-y ! L2 norms for our main unknowns. More precisely, given a
Gevrey index y € (0, 1], Sobolev exponent o > 0, and a function p: R, x T¢ — [0, +-00),
we introduce

14 (Ve 1Vl 7, = ) ORI 5, ()2 ke k)
kezd

where, with a little abuse of notation, we define
Ak, ) = X OED (g ) (1.7)

with
At) = doo — C (1), (1.8)

where Ao, > 0and § < 1, C > 0 such that A(0) > 0. Throughout the paper, without risk
of ambiguity, we will sometimes simplify the notation by writing Ap(¢) instead of A;p(¢),
and similarly for the multiplier B.

For a time-dependent function on the phase space f:R; x Tf X ]R‘j —- R, jeN?
a multi-index, and M > %, we introduce

1) B (V2. Vo) fill7, ~ D 1Be(k.)d] fill7 (1.9)
ljl<M "
= X% [ ORI 0] ol
[j1=M kezd

See (3.1) and (3.2) for a justification of the equivalence in (1.9). In this paper, C denotes a
generic constant that may change from line to line. Moreover, we define Z‘j =74\ {0}
and R := [0, +00). We say that A ~ Bif C"'B < A < CB, for some C > 0.

1.2. Main result

Before stating our main Theorem 1.1, we introduce the technical assumptions satisfied by
the homogeneous equilibrium g (v):
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(H1) p isreal analytic and satisfies for M > %, A > Aso > 0, and for all multi-index
j eN?,
D7 et amllLge < oo (1.10)
lil=M

where A is introduced in (1.8);

(H2) u satisfies the following Penrose stability condition: there exists a small positive
constant k¢ such that

k2

I+ —
B+ |k|?

inf

+o00
/ ti(kt)e ™ dt| > ko > 0, (1.11)
keZ4;Rt>0 0

where 7 € C and it is the real part of t;
(H3) [pa n(v)dv =1.

Theorem 1.1. Let us consider the system (1.3) with B > 0 a non-negative constant and
h:R — R an analytic function such that h(x) = O(x?) when x goes to zero. Let |1 be a
homogeneous equilibrium that satisfies the hypotheses (H1)—(H3) with A > 0 as in (1.10)
and let goo be a Gevrey function of mean zero such that forc > d + 5, M > 4 p> %
andy € (% 1),

”(v)MeA(Vx,VU)V (Vx, Vv)Uergoo”L}w <e. (1.12)

Then, for sufficiently small ¢ > 0, there exists a unique Gevrey solution r of (1.3) such
that the electric field E[r] decays exponentially fast to zero as time goes to 400, in the
sense that

145 (Vx, t V) E[FI(0)]7, < Cee €W (1.13)

where C > 0 is a constant and A < A(0) in (1.8). Moreover, we have
lim ||7(z,x 4+ vt,v) — goo(X, V) || Loo(d xra) = 0.
t—>+00
Remarks and novelty. We present here some remarks and discuss the novelties of our

approach.

Remark 1.2. The result in Theorem 1.1 gives an affirmative answer to the problem posed
by Bedrossian in the recent review [8, Section 6] about the existence and injectivity of the
wave operator map ‘W(g.o) = go, which associates the initial data to the asymptotic data.

Remark 1.3. Combining Theorem 1.1 with the Landau damping for the forward problem
proved in [20, Theorem 1.1] guarantees the construction of the scattering map S (g—c) =
g+o00 that maps the state at —oo to the asymptotic state at +-co.

Let us introduce the new unknown g, (x, v) := r(¢, x + vt, v). Since

;g = 0 +v-Vyr, Vyig=V,r,
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it follows that the profile g;(x, v) verifies the equation

0:8e(x,v) + E¢(x + v1) - Vyuu(v) = —E¢(x + v1) - (Vy —1Vx)g: (X, v),
Et(.x) = —VUt(x), (]14)
—AU;(x) + BU:(x) + h(Us (x)) = fRd g:(x —vt,v) dv.

Moreover, we can rewrite (1.4) as
g (x,v) — goo(x, V) || Loo(rd xray = 0, ast — +oo, (1.15)

where the asymptotic datum g, will be assumed to be a mean-zero function with Gevrey
regularity as in (1.12).

Observe that the system (1.14) is composed of two non-linear equations, one non-
linear transport-type PDE for g, and a non-linear elliptic equation for U. We treat the
non-linearity for the Poisson equation by introducing the modified density

01(x) == (B — A)Us(x). (1.16)

It holds that o,(x) satisfies a closed equation; see (2.1). We use this fact to study the
coupled system given by (g, 0), deriving global-in-time a priori estimates for it. We will
see that assumptions (H1) and (H2) on the homogeneous equilibrium p are necessary to
invert the linear term in equation (2.1). Moreover, the convolution operator for the lin-
earized term is different from the one in the Cauchy problem and requires the introduction
of the two-sided Laplace transform instead of the one-sided one. Regarding the a priori
estimates for the non-linearities, we study the system (g, ¢) by following the approach
introduced in the recent review by Bedrossian [8], recovering, also in this scattering prob-
lem, the Gevrey threshold for y > % Technically, the analysis of the final data problem
requires solving the equation (1.14) backwards in time, from infinity to time zero. This
involves the use of a regularity parameter in (1.8), which is increasing in time instead of
a decreasing one as in the forward problem. Moreover, dealing with general Vlasov-type
equations, we also need to study further non-linearity in the elliptic equation, which is
treated by means of elliptic PDE techniques. In Proposition 4.2, we also prove a result of
independent interest on the existence of solutions for the elliptic equation in (1.14) with
small source terms in Gevrey spaces.

After obtaining the a priori estimates for the modified density o;, as stated in Lem-
ma 2.6 and Proposition 2.7, along with the a priori bounds on g; from Proposition 3.1,
we establish the proof of the main theorem by employing a fixed-point argument. This
argument is applied to a contractive mapping defined by a suitable linear PDE, where the
contractivity will result from the application of the a priori estimates obtained.

The structure of the paper is the following: In Section 2 we focus on the equation
verified by the modified density g, (x) defined in (1.16). After writing down the Volterra
equation verified by g, in Section 2.1 we invert the linear term by using the Penrose stabil-
ity condition (1.11) and we study the decay property of the related resolvent kernel. This
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allows us to give a priori estimates on g;(x) by focusing only on the non-linear term. We
do this in Section 2.2. In Section 3, we perform the a priori estimates on the distribution
function g. Finally, in Section 4, we state a general well-posedness result with Gevrey
data for the non-linear Poisson equation in (1.14) and construct solutions to the final data
problem.

2. A priori estimates on the modified density o

As mentioned in the introduction, we consider the system (g, o) where g is the modified
density defined as o;(x) := —A, U (x) + BU,(x) so that f]Rd g(t,x —vt,v)dv =p0:(x) +
h(Uy(x)).

In this section, we obtain L2-in-time estimates in Gevrey regularity for the modified
density o. We first write down the equation verified by the Fourier coefficients of g;(x) to
carry out this analysis.

Lemma 2.1. Let u be an analytic homogeneous equilibrium. Let g be the unique solu-
tion to the problem (1.14) with asymptotic condition (1.15). Then we have the following
equation for o4 (k):
|k|?

0¢(k) + m

+o00
/ 0s(k) (s —Dp(=k(s — 1)) ds = S, (k), kezZ¢ (2.1
t

where the source term S; (k) is given by
Si(k) = goolk,kt) = h(UD) (k)
+o0 k-t
-> / (s —1)————05(0)gs(k — £, kt — £s) ds. (2.2)
‘Ji B+ 1P
LeZs

Proof. We start by taking the Fourier transform with respect to k € Z4 and 1 € R? of
(1.14). So using the properties of the Fourier transform we have

0:81(k,n) = —E((k)- Vop(n—kt) =i Y (n—kt) - E-(0)&:(k — €, n— 1)
tezd
= —i(n—kt)- E () ko) =i Y (ki) - Ee(©)gc(k = £.n 1),
tezd

Since E; (k) = —ik U, (k) we get

0:8:(k,m) = —[(n — k1) - k)T, (k) fu(n — k)
= Y [ —k)- )T, (), (k — €. n— L1). (2.3)

Lezd
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Integrating (2.3) in time, by the asymptotic condition (1.15) we obtain
o0 N
gi(k.n) = ook, n) + / [(n —ks) - k]Us (k) fu(n — ks) ds
t
+o00 R
+ Y [ 10k 0008 - L~ t5) ds.
ZeZ‘,{ d
We now consider the Fourier modes of g with n = kt:
+o00 R
Gikt) = gtk = [ (6= DL OLORKG = 1) ds
t
+o0 R
— Z/ (s — )k - LUs(0)g5(k — €, n — Ls) ds. (2.4)
tezd "’
Taking the Fourier transform of the Poisson coupling in (1.14), and noting that
/ gt,x —vt,v)dv(k) = g,(k,kt),
R4
we obtain
gek. ki) = =B, U (k) + BU (k) + h(UD(K) = 6:(k) + h(U) (k). (2.5)
Then, plugging equation (2.5) into (2.4), we obtain the closed equation in (2.1). ]
Note that, since goo has mean zero, §,(0) = — /(U\,)(O). Hence, for k € Z¢ and con-

sidering a given source term S (k), equation (2.1) is an integral Volterra-type equation for

0¢ (k). In the following subsection, we focus on how to invert this linear term.

2.1. Invertibility of the linear term

We start by introducing the one-sided and two-sided Laplace transforms. Let ¢: R — R be

of exponential type with parameter ¢ > 0, i.e., there exists ¢ > 0 such that | (¢)| < Ce

for a constant C > 0. Then the one-sided Laplace transform of ¢ is given by

400
Llg:](x) := /0 e "p(t)ydt, teC,

while the two-sided Laplace transform is given by

+o00

Bl (0) = / () d.

—0o0

both well defined for || < c.
To invert the linear term of (2.1), we state the following lemma.

—clt|
2
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Lemma 2.2. Let  and ¢ be two real-valued functions of exponential type with parameter
¢ > 0. Then for |Nt| < ¢, we have

+o0
3[ o6 ds}(r)=£[wt1(r)x[¢,1<—r). 26)

Proof. We have
+00 +oo r+oo
i)’|: Y(s)p(s —1) dsi| () = / V(s)p(s —t)e " dsdt
t —00 t

+o0o s
= / / V(s)p(s — 1)e e dt ds

+o00

+o00
= [ e ds /0 $(v)e® dy

= B[V ()L$:](—1).
where we used Fubini’s theorem and the change of variable y = s — 1. ]

2.1.1. Resolvent estimates. In the following, we assume k € Z%. Using the one-sided
and two-sided Laplace transforms, we will convert the integral Volterra-type equation
(2.1) for o;(k) into an algebraic equation. By taking the two-sided Laplace transform
of (2.1), thanks to (2.6), we get

k|? ~
B16:(0)() + ﬁ'+—'|k|2x[zﬂ<—kr)](—r)£[@t(k)](r) — 85,0,
which gives the solution
B[S, (k
B, (0)(r) = ——e A )

1+ s 2l —kn)(-o)

By the Penrose stability condition (1.11), the denominator of (2.7) never vanishes. Indeed,
note that the requirement

|k |?

1+
B+ Ik[?

inf

+o00
/ ti(=kt)e™ dt| > kg > 0
kezd;Mr<0 0

needed in (2.7) is implied by (1.11). Next we define the kernel Ky (1), as

S £ (kD) (r)

Ki(7) = — e - . (2.8)
L+ gp LlAkDI()
Therefore, (2.7) becomes
B[o:(0)](r) = B[S, ()](x) + Ki () B[S (k)](7). (2.9)

Thanks to [21, Lemma 3.2], we have the following property of the resolvent kernel.
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Lemma 2.3. Let  be an analytic homogeneous equilibrium satisfying assumptions (H1)—
(H3) with A > 0 as in (1.10). Then there is a positive constant A1 < %)& so that the function
K (1) is an analytic function in {Nt > —A|k|}. Moreover, there exists a constant C such

that
C

ey (2.10)

~ -
fork # 0and Rt = —A1|k|.

Note, by sending k + —k in (2.8), our resolvent kernel K is equal, up to the constant
|k|2(B + |k|?>)~! to the one in [21, equation (3.6)]. Since the estimates on this kernel
depend only on the modulus of k, the proof of Lemma 2.3 is analogous to the one in
[21, Lemma 3.2] and is therefore omitted.

2.1.2. Inverse of the resolvent kernel. First, we recall the definition of the inverse
Laplace transform for the function K (7) defined in the region {7 > —A4|k|},
~ ~ 1 ~
Ki(1) = LK (0](0) := 5— Ki(r)e™ dx, (2.11)
270 Jigte=yo}
for some constant yy > 0. Then, we have the following property.

Lemma 2.4 ([21, Proposition 3.3]). The function fk (t) satisfies
|Ki(t)| < Ce Ikl (2.12)
where the constant A1 comes from Lemma 2.3.

Proof. By Lemma 2.3, we know that K (r) is analytic in the region {it > —A|k|};
therefore we have by the Cauchy theory on a complex contour integral,
A~ 1 ~ ot 1 ” Tt
Ki(t) = — Ki(v)e dt = — Ki(t)e® dr.
271 Jije=yo) 271 Jie=—2alkl}
That is, we can deform the complex contour of integration from {fit = y,} into {Nt =
—A1]k|}. Then using (2.10) we get

A~ 1 _
K] = 5 R (0)e™|dr
27 Jige=—hilkl}
=< L ; —)LllkIt d‘[
27 Jgem—ng ey 1+ K2 4 ST

Qe—w«\t/ 1 dy < Ce—lkI
2n —oo L+ k> + |y

Next, taking the inverse two-sided Laplace transform of (2.9), we have the following
proposition.

A
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Proposition 2.5. Let p be an analytic homogeneous equilibrium satisfying assumptions
(H1)—(H3). Let 0, (k) be a solution of (2.1) and let K (t) be given by (2.11). Then we can
express 0;(k) as

+00
20 =S+ [ Ruts =S ds, @13)
t
where S, (k) is given by (2.2) and K, (k) satisfies (2.12).
Proof. With (2.11), we can rewrite (2.9) as

B[o:(k)](x) = B[S, (k)](v) + Kie(—7) B[S, (k)] ()
= B[S (k)](v) + LKk (O)](—=0) B[S (k)] (7).

Then we take the inverse two-sided Laplace transform, and we recall the convolution
property (2.6). ]
2.2. Estimates on the modified density o

Thanks to the previous Proposition 2.5, to estimate o, we just need to study the source
term in (2.2). Indeed, recalling the notation for the weight 4, (k, n) := e*®O&n" (. p)o
where k € Z49, ne R4, and A(t) as in (1.8), we can prove the following lemma.

Lemma 2.6. Assume 0, (k) satisfies (2.13). Under the hypothesis of Proposition 2.5, we
have

l (f)bAt(Vmfvx)Qt“L%(RJr)Lg(Td) = C||(f)bAt(Vx,fvx)St”L,Z(RJr)Lg(Td),
for b > 0 and some constant C > 0.

Proof. Starting from (2.13), we multiply by ()2 A; (k, k) on both sides and consider the
L?(R4)L2(Z4) norm. Therefore, we get

146)° Ar (s k)& )22 < 1) Ao k) St ()| 22

+

)

L?L?

+oo R
(t)bA,(k,kt)/ Ki(s —1)Ss(k) ds

where K ,(¢) is given by (2.11). We only need to control the last norm on the right-hand
side: by using A(¢) < A(s) and A, (k, kt) < As(k,ks) if t < s, we obtain

+oo R
(t)bA,(k,kt)/ Ki(s —1)Ss(k) ds
t

L?L?

=

/+°° Ki(s — 1)(s)? Ay (k. ks)S (k) ds

1212
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Let us define, for a fixed k € fo , the operator

+oo
Pr(g) = / Rels — 0 (s) ds.

We show that || P ||L%(R+)—>L§(R+) < C, for some constant C > 0 uniform in k € Z%. We
have

C C
[P (D)L ) = m||¢||L§’°(R+)» [#Pe@ L ry) = m||¢“L}(R+)’

where we used the decay property in (2.12) and Fubini’s theorem. Therefore, by the Riesz—
Thorin interpolation theorem, we get that %% is bounded in L?(R ). Hence, by taking the
Li (Z%) and using Fubini’s theorem again, we obtain

+o00 R R
(z)bA,(k,kz)/ Ki(s —1)Ss(k) ds

C a
< 10 4 kD) S ()21
L7L? 1

—

Finally, noticing that 9, (0) = —h(U;)(0), we get the result. L]

We now pass to estimating the source term in (2.13). This contains the non-linear
integral term where the echoes mechanism appears and where we recover the Gevrey
limitation y > % We carry this analysis in the following proposition.

Proposition 2.7. Let S; be the inverse Fourier transform of (2.2) and g~ be a Gevrey
function of mean zero satisfying (1.12). Then forc > d, M > 4 b >0, we have

b
1{6)° A (V. t V) St ll L2y L2 (1)
< Cll)M MV (VL Vi) P g2 (raxray
+ [40)? A (Ve tVORUD) | L2, y 1207

+C||(f)bAt(Vx»th)Qt||L§(R+)L§(Td) S‘}%P ||(U)MBt(Vx»Vu)gt”Lg,v(deRd)v
teR

for some constant C > 0, where B;(Vy, Vy) is defined in (1.6) and A > 0 as in (1.10).

To prove this result, we need some useful Gevrey inequalities, which we summarize
in the following lemma.
Lemma 2.8 (See e.g. [9, Lemma 3.2]). Let x,y > 0and y € (0, 1).

(i) The triangle inequality

C({x)" + () = {x +y) (2.14)
holds for some C = C(y) > 0 depending only on y.
(ii) There exists a constant C = C(y) such that

(x—y)

[(x)” — (»)7] < Cw-

(2.15)
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(i) If |x — y| < % for some K > 1, then we have the following inequality:

14
[(x)” = ()| = W(X—Y)y- (2.16)
@v) Ify <x < Ky for some K > 0, then
1_
o) = (15g) @7+ 00, 217)

In particular, the improved inequalities for y < 1 given in (2.15), (2.16), and (2.17)
are important in the following. Indeed, note that these estimates deteriorate when y = 1.
This implies a gain of decay in the estimates that is absent if y = 1.

Proof of Proposition 2.7. Recall that

+m>
8100 = goollekt) = KT — 3 [ s (O, (k — €.ki —5)ds.

k-t
=30
o O
By the triangle inequality, we treat each term separately.

Estimate on g Asymptotic term. First, we show the bound on the asymptotic datum g
with Gevrey regularity parameter A. Using that | goo(x,v) dx dv = 0 and A > A(r), we
get

146)” A (Vi 192)800ll72 2

/ D ()P AZ(k k)| goo(k. k)| di

kezd

<> / (ke kt)20 A% (k, k1) oo (k. k1) |? dt

kezd

k 20 k 2
< oMb KN (e K ‘ di
Zd/ |k| ¢ < K] ) e 1] )
keZ$
= D 1M ke ) P goo (k. 7, £
kezd

< C Z Z ”D’; (el(k,ﬂ)y (k, n>0+b A (k n))”Lz(Rd)

kezd 0=j=M
< Cl)M YV, V) H g7, (2.18)

where in the fourth inequality, we used the Sobolev trace lemma with M > % to bound
the L2 integral on the line.
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Estimate on h(Uy). The L?(R4)L>2 (T4) norm of the second term is exactly
()? Ar (Ve 1 V) (U | 22 (2.19)

we refer to Section 4 for the treatment of this non-linearity.
Therefore, it remains to treat the non-linear contribution

+oo ol
T = Z/ |e|2Qs(£)gs(k L.kt —Ls)ds.
Lezd

Estimate on Tny: Non-linear term. The idea is to subdivide the analysis of this term into
different regions of frequency. We use the following splitting:

V=T o<t ik—eki—ts) T Li—ekr—tsi<iie.es) T L=t ki—tsi~1t,5]- (2.20)
Therefore, we can rewrite Ty, as

()P A (k. k) T

C-k o
= ()P A (k. kt)Z/ 11%'5%%_&,(,_&'m(s—r)gs(e)gs(k—e,kz—es)ds
Lezd

0k o
)0 A, (k, kt)Z/ ]llk_e’k,_es‘s%w’“lW(s—t)gs(ﬁ)gs(k—ﬁ,kt—ﬁs)ds

tezd
{-k R R
Ak k) / 1\e,es|~|k—e,kz—es|W(S—I)Qs(e)gs(k—e,kt—ﬁs) ds
tezd

Non-linear estimate on Ty y. We first estimate Ty g. In this region |£, £s| < %|k -4,
kt — Ls|, and we have

(k. kt) < (€, Ls)y + (k—L,kt —Lls) <2{k —L,kt —Ls).
Therefore,

Ag(k, k) <20 e~ AEO=AELN ASOUKN (fo g Jp — £5)7 (2.22)
< 206—()\(s)—/1(t))(k,kt)yec)t(s)(ﬁ,!s)”e/\(s)(k—ﬁ,kt—ﬁs)y (k _ e’ ki — Es)(}"

where we used (2.16) to get

(k. kt) — (k — €.kt — £s)Y] < c (L, €s)?,
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with ¢ < 1. Thus, using (2.22), we get

+o0
b £k
Tl < 00 Aek) Y [ Liziecir-ong

Lezd
X (s —1)|os(O]|&s(k — £, kt — Ls)|ds

e b —Gu(s)=AO) ek} eAgs)ieesyr |-k
S C Z Ilw,ls|§%|k—€,k[—ﬁs|<[) e e m
tezd !

x (s = 1)]05(O)| | Ags(k — €.kt — Ls)| ds.

In this case, we can bound e~ @) —AWKKN < | therefore

oo b cA(s)(L,Ls)Y w ) k|
Tl <C ) Ligesi<dk—e ko—es1(0)7€ s
2, z prll

x (s = 1105 (O | Ags(k — L.kt — Ls)| ds.
Thus, adding the weight A to ¢ and using that

k| (s — 1) = ks — €5 + s —kt| < (s)[k — €] + |£s —kt| < (s)(k — €.kt — Ls), (2.23)

we have
oo 1)° o s)
Tl <C ) t Ljg,esi<1ik—€.kr—ts| €.t ¢ ’
Lezd '
x %@s(z)uk — 0.kt —Us)|Ags(k — €.kt — €s)| ds
+o0 O aormisy
—(l—c S RAY
<C Z / ﬂll,@slg%lk—l,kt—lsl <£ es)ge
tezd ’
x | Ags(0)||Bgs(k — L.kt — £s)| ds. (2.24)

Therefore, taking the L?(R)L2 (T4) norm and using Cauchy—Schwarz in £ and s, we
get

2
”TLH”L%L)ZC
(s)b+1

+00 +00
<C 1 —_—
= /(; Z ( Z /t |[,5S|5%|k—[,kl‘—[.§‘| (g’esy;—

kezd "yezd

2
x e~ =X | 40 (0)||Bgs(k — €, kt — Ls)] ds) dt
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( )b+ B
= C/ Z (Z/ L es1< L i—t ker—ts] 0. ls ) A=ARELY | 4o, (0)] ds
kezd “yezd
+o0 b+1
(Z/ L, Ls|<Xlk—Lkt—Ls]| ((Z>€S)a
tezd ’

x e~ UL | Z0 (0)||Bgs(k — €, kt — Us)|? ds) di

We treat the first parenthesis using Cauchy—Schwarz again:

+o00 (s)b+1

ZXZ;/t Lig,es1<1 k-t k—ts| (€ 05)7
€

e~ A=OEL) | 75 (0)| ds

1

(5)2 | Ao (0)2 d : oo (s)? —2(1-)ALs) g
Z |[Aos(O)|” ds EZZ:d ) We §
€Zs

Zdt

(f 2 Zb'AQS“)'Z‘“)Z(EEZm o

Lezd
= CINO A (Va, 1Y)l 212

+o0o ’ >
/ (5)2¢~21-OMO)) ds)
t

where we used that the second term is bounded by a constant if o > % and recall A(s) >
A(0). Thus, by Fubini’s theorem,

ITenl,, < C||<r>bA,<vx,rvx)g,anLz
+o0o

o~ (1=OA () (L L5)”
x / 2 Z (@, es

Lezd k
x |Ags(£)||Bgs(k — L.kt — £s)|* ds dt
< C||(t)? As (Vs 1Vx)oillp2r2

e e o~ (1= L.Ls)7
TS
(3 suplBaatenP ) ds

kezd "
< CIOP AT tVerlrzrz sup [ (0)™ By (Ve Vgl

te+

+oo  r+o0
TS e B e e

Lezd
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The bound, in the penultimate inequality on E(\g, is obtained using the L Sobolev embed-
ding with M > £,

> sup [Bgs(koP=C Y0 Y 118)(Besk.)l

kezd N€R? kezd |jl<M

=C| <U>MBS(Vx, Vu)8s 2

17, . (2.25)

By using that A(s) > A(0) and s > ¢, we get

ITenlz s = IO 40T Vi1 sup 100 B (Ve Volsil,
teRy ’

) /+Oo o /+°° Y 1des ()] (o) e~ TIAOL g gy
0 ! tezd o (€, Ls)e .
ez¢

Then, by Cauchy—Schwarz in s and £ we have

”TLH“Lsz < CIl()" Ae(Vx, 1V)orll 212 sup [|(v )MBI(Vx,VU)gt”i)ZM

teR4
+o00 ¢
X/ o = ),1(0) (/ Z 2b|AQ (€)|2ds)
0 Lezd
e (1=)AG)L,Ls)?
— C 5 S d dt
(/ 2 s ﬂs s)

tezd
b 2 M 2
= CIHO A (Va1V0)i 731 9 100" Br (Vi Vo)gelly o (2:26)
teR4 ’

where we used that the integral in s and sum over £ is finite for ¢ > %, and the integral in
time is bounded thanks to the exponential decay in .

Non-linear estimate on Tyr. We now turn to the analysis of the term Ty in (2.21):

Lk A
Ta := { A ((k,kt) Z / ]llk—[,kl‘—[ﬂf%w,eﬂm(s_t)QS(E)
tezd

x gs(k — L, kt —Ls)ds.
In this region |k — £, kt — £s| < %|€,€s|, and we have
(k, kt) < (€, Ls) + (k—L,kt —Ls) <2(L,Ls).
Therefore,

A,k k1) < 20 e~ GO=AONK ASEKN (4 gy
< 20~k (oA () k—Lkt—Ls)) AL (0§10 2.27)
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where we used (2.16) to get
Ik, kt)Y — (€, Ls)7]| < clk — L kt —Ls)”,
with ¢ < 1. Hence, by (2.27),

+o0
|Ta| < C Z / ﬂlk—e,kr—uls%w,“l(l)be—()u(s)—l(t))(k,kt)yec)t(s)(k—l,kt—lx)y
Lezd g
|- k|

B+ €2
—(A=)A ) k=L kt—Ls)¥

+o0o
b —(As)—A@®) (k. k) €
=C Z[, L T vy T2
tezd ’

|- k|
B+ L2
Next, similarly to (2.25), we have

|Bgs(k — L.kt —€s)| < > sup | Bgs(k — £,m)] < Cl[(v)™ By(Vx, Vo)gsll 12, -

x (s —1)|A0s(0)||gs(k — £, kt — €s)| ds

x (s —1)|Aos(0)||Bgs(k — £, kt — Ls)| ds.

Lezd ner?
Therefore,
+o00 .
Tl < C sup [[(0)" Bi(Ve. Vo)gill 2, K (t,5.k.£)(s)"| Aos (0)] ds.
t€R+ ’ ¢ d t
eZ4
where
) |-k
K, s,k l) = ———(s—1t
sk b= g "

—(1=c)A(s) (k=L kt—Ls)Y
Xe—(k(s)—x(t))(k,k,)ye (1=c)A(s)( t—Ls)

(k _ g k[ _ ES>G+1 ﬂ\k—e,kt—eﬂg%m,ﬁs\’ (228)
By taking the L?(R4)L2 (T4) norm, we get by Cauchy—Schwarz in s and £,

1Tl < € sup (o)™ Bo(Vi. Vo)go2
1o teR v

+
“+oo +o0 by 2
X/o Z (Z/t K(t,s, k,£)(s) |AQS(€)|ds) dt
kezd “yezd
<C sup ”(U)MBI(szvv)gt

teRy

+00 +00 -
x/ > (Z/ K(l,s,k,@)(s)2b|AQs(€)|2ds)
0 t

kezd “yezd

+o0
x ( > K(t,s, k., 0) ds)dt.

t
Lezd

2
Izz,
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Then, by Fubini’s theorem,

1T l72,2 (2.29)
+o0
< C sup ()M B(Va. Vo)gil2, sup (Z K(t,5.k.0) ds)
teRy * kezd teR, tezd V!

+oo +o00 .
X/o 2 (Z/ J‘(”S’k’@(S)ZblAes(znzd“‘)d’
kezd “yezd
> /+OOJ<(t,s,k,€)ds)
t

= C sup [)M Bi(Va, VodgilZ, | sup (
Lezd

teR4 " kezZd teR4

+o0 . s
[T X @A or( X [ xeskar)is

tezd kezd
b 2 M 2
= Cl{6)" Ae (Vi 1Y)l 7212 sup [[(0)™ B (Vi Vo)gelly2
X lERJr X,

X sup ( Z /+OOJC(t,s,k,Z) ds) sup ( Z /SJ((t,s,k,Z) dt).
0

kezd reRy tezd t tezd ,seR kezd

Therefore, the analysis of the term Ty reduces to estimating the integral quantities of the
kernel X in the last line of (2.29). Let us start with the first one. Note that we have for all

time s > ¢,
C C |s —¢]
AS)—At) = —— — > .
(1) (s)? (s)(2)?
This implies we get enough exponential decay in (2.28) when s > 2¢. Hence, we split the
time integral into two regions: t < s < 2f and s > 2¢. For s > 2¢, we get from (2.30),

/7]

(2.30)

-8
As) = A(t) = AQ2t) —A(t) = C T > C{(s)7°. (2.31)
Therefore,
+o00
I _S;?f( > /Zt JC(t,s,k,E)ds)

00 b
Ssup(z i (s—1)

y ef(lfc)k(s)(kfﬁ,ktfﬁs)y

5) 78 (k ket
(k— € kt —€s)o+1 ﬂ\k—@,kt—KSIE%ILES\ ds).

x e~ ¢!

In the region |k — £, kt — {s| < %|€,€s|, we have

(€.05) < (k.kt) + (k— 0, kt —£s) < (k. kt) + = (€. L) <2(k.kt).  (2.32)

1
2
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Hence, by (2.23) and (2.32), we get for § sufficiently small and o > d,

(t) —C{s)8(L,L5)Y ef(lfc)l(s)(kfﬁ,ktfls)y
I, < AN s As d
- Sup( 2 /2’ o e (k—Cki—ts)r

< Sup( Z ; [+°°(S>e_C(S)Y8 ds)
B k.t tezd (k_g)g 2t
1

kot Lezd

Now, let us treat the case t < s < 2¢. If £ = k, we have
2t
sup ( K(t,s, k, k) ds)
t

k.t
—(1—=c)A(s)(k(t—s))"
e
< sup(/ (s — t)e_(’l(s) A@)e.ker)? ds)

(k(t —s))o+!
2t
< sup (/ e Clt=s)” ds) <C,
k.t t

where we used that (1 — ¢)A(s) > C for some constant C > 0. Therefore, we only have
to look at the sum over £ when £ # k. By (2.23), the Gevrey inequality in (2.14), and
following the argument [9, p. 62], we have

I, :=sup( > [ x(z,s,k,@ds) (2.33)

kst N pezd o2k

—Clki—Ljkjt—Ljs)”
<Csup Z Z [ ()e—(l(s)—)t(t))(kj’kjt)y e~ Clkj—tjkjt—Ljs
1£] (kj =€, kit —Ljs)°

tezd jlj#k; 4
X l_[ eic(k"ié")yﬂ(#k dS)
i#j

S G)=A@) K K1) e C(kj—e,',kjt—eis)y

<C E B A L, 2, ds |.

Sup( /; (£;) (kj —Lj kjt —1L;s)° btk 43
J=14;€Z

In this way, we can reduce our analysis to the one-dimensional case. Note that if either k;
or {; is zero, we get exponential decay in the kernel as in the previous case, hence we can
assume that both k; and £; are different from zero.

We split the support of the last integral between |kt — €;s| < 55 100 (t)and |k;t — ;5] >
100( ). Let us first treat the easy case |kjt — £;s| > 100< ), where we can get enough

exponential decay in (2.28). Since t < s < 2¢, we get |kjt — £;s]| > Therefore,

300 (5)-
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using (2.23), we obtain

2t S AW Uy ;1) e~ Clkj—Lj,kjt—Ljs)Y
—Als i 1o, 2k, d
Sup(z Z / ¢;) (kj — € kit —£;s)° L #kj S)

J=14;€Zx
o—Clkjt—t;s|”
< C sup (Z Z / W dS)
J=14;€Z. J
2t c y
<C sup (Z Z / (s)e 200 () ds) <C.
J=14;€Z4 4

The second case |kjt — £;s| < 100( ) is more challenging, and it is the part of the proof
where we need the requirement on the Gevrey regularity assumption y € (%, 1). If k; and
£; have opposite signs, then |k; — £;s| > |{;s| and we get sufficient exponential decay
in (2.28) as before, hence it is sufficient to assume that k;£; > 0.

Analogously, if |k;| < |¢;] then |k;t — £;s| > (|¢;] — |k;|)s, hence we only have to
consider the case |k;| > |¢;]. By (2.30), we have

- [t —s| _ C kLt C kLt - (t)lst
M) =202 Cms = s (=) e -5 = 7 33

Hence, using (2.34) in (2.33), we get for some o > 0,

_ 1 4 (k,-—lj,k,-t—[js)”

(kjkit)y e g
I,<C ) ‘“ 7 1, 21, d
2 SUP(Z Z / (kj — €. kjt —;5)° Lj#k; S)

J=1L;€Zx

—C(kj—[j,kjt—[js)y

{s) {s)*1€;1*
— Ty, £k,
Scsup(z Z / 6] (6) =9 (k; kjryre (kj — £, kjt — €;5)° ¢ #k; 4

kt Nj=1¢;ez.

C(kj-[j,kjt—ijs)y

<C 1+¢x(18)ayot£a1yot 1. 2. ds),
S”p(z Z/ o G g e

J=14;€Zx

where we used that |k;| > |{;|, ({;,£;s) > |{;s|, and t < s < 2¢. Choosing o such that
l+a—(1—-8a—ya=0,ie,a=(y—357", and doing a change of variable T = s,
we get

o1 va 1 e—C(kj—Zj,k,vt—r)V
I, <C VS e A pe— dt ).
? S“p(ZZ/ A TR YT Ry T )

J=14;€Zx
In order to be able to sum over £, we need « — 1 — ya < 1. Therefore,

1 y 1+ 26
—_— <]l = — <
y—96 y—396 3 4
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This inequality gives us the Gevrey regularity threshold that we have to impose, which is
y € (3.1). Finally,

o—Clki—t; k=)
I2<Csup(z Z/ W =G =) dr)

J=14;€Z«

o0
<Csup(z Z ki —¢;) / e Clkjr—r)7 dr) <C.

J=14;€Zx

Next, we turn to the estimate of the second integral kernel in (2.29). In this case, we
have 0 <t < s, and therefore (2.30) holds as well. Again, we split the time integral into
two regions: 0 <t < % and % <t < s. As before, we get enough exponential decay for
0<t< %, so let us first treat this case. By (2.31), we get

I3:=sup( /J{(tskﬁ)dt)
bs N pezd

(1) 1€ - k| P
fs“p(Z/ sb5+|e|2< s = p)emClTkknyY

L,s kezd
e—(l—c)/l(s)(k—ﬁ,kt—ﬁs)y

X k=l ki —Ls)o Ljk—t k—tsi<1iets) d’)-

Then, by (2.23) and (2.32), we obtain

([ ~5(0.45)7 € —(1—=c)A(s)(k—L,kt—Ls)
I< L (s)e CEITHGLs) dt
} = SHP(Z/ TR k=€ ki—ts)°

bs N ezd

1 2 _Cls)yr—8
§seup( Z —(k—ﬁ)"/o (s)e Cls) dt)
o kezd

<cun( T o) =

bs N rezd

Then, let us treat the case % <t <s.If k = £, we have

—(1=c)A(s){(L(t—s))”
Sllp [ JC(Z‘ S,Z,g) dt) < sup [ (S _ t)e A()—A@) (L, L)Y e (1=c)A(s){L(z—s5)) it
(L(t —s))ott

s
< sup (/ e~ Clt=s) dt) <C,
L,s s

2

where we used that (1 — ¢)A(s) > C for some constant C > 0. Therefore, we only have to
consider the sum over k when k # £. Similarly to (2.33) we have using (2.23), the Gevrey
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inequality in (2.14), and following the argument [9, p. 62]:

sup( > / K(t,s.k,€) dt) (2.35)

bs N pend
(ki—fj,kit—fjs)y

-C
<cC ORI ON IR I
Sup( 2 2 f {kj =& kit = L;s)°

S N kezd jtki A
Xl_[e ki— y]lg;gkdt)
i#j

—C(kj—t; kj1—L;s)

d s
B8) -2k ki €
<C S i Tg, 25, dt ).
e (LY [ e gl

bs Nj—iker’2

In this way, we can reduce our analysis to the one-dimensional case as before. Note that
again, if either k; or {; is zero, we get exponential decay in the kernel as in the previous
case; hence, we can assume that both k; and {; are different from zero.

Similarly to I, we split the support of the integral between |k;t — £;s| < 100< s)
|kt —£€;s] > 100( s). We first treat the latter case. Starting from (2.35), we have

and

C(k,—ej,k,-t—ljs)l'

s S e~
C e~ A=A {k; kjt) Ty zr. dt
sup(z > o T e

=1kj€Zx

J=lk;€Zy

e—Clkjt—t;s
<Csup(Z Z / k —E ﬂﬁﬁék] dt)
§ c
<Csup(z Z k —€ / ~100 (s )
<Csup(z Z k _Z ) e 100(5)) C.

J=lk;€Zx

Let us now estimate the case |kjt — £;s| < 100( s). By the same argument as for I,, we
only have to consider the case |k;| > |{;|. Hence, by using (2.34) in (2.35), we obtain for
some o« > 0,

S (11t g gy € TGS ,
I,<C - 7k kg L ds
" Sup(nggz: [ 61 (ki = kit —Ls)o 97

—C(kj—fj,kjt—éjs)y

< ( 1y, .d
SHP(Z Z / |g | (£)(- 8)a(k kjtyre (kj — €, kit —L;s)° L#k; Al

J=lkj€Zx
1 —(1-8a—yata ,—Clk;—t;.k;t—t;s)
<Csu 1y 2 dt ).
- e,f(z 2 / G =4 kgt = Gys)7 97 )

Lkj€Zy
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where we used (k;, kjt) > |k;t|, t > %, and |k;j| > |{;|. Then we choose « such that

1—(1-8)a—ya+a=0,ie,a=(y—3§) !, and we do the change of variable t = k.
Therefore,

p— 1 o—Clhi—t;.t—t;s) ;
T.<C e—ya—1_—~
4= S“p(ZZ/ o 6 =6 e =) ’)

J=1kj€Zx
| o=Clki—t;c—t;s)
<C e_a—ya—l_ d .
p(;kZZ/ o =g )

In order to be able to sum over k uniformly in £, we need « — 1 — ya < 1. Therefore,

1 y 1+ 26
—_— <1l =
y—396 y—396 3

<.

Finally,

Clkj—Lj,t—Ljs)Y
I4<Csup(z Z/ k Y dr)

J=lk;€Zx
+o00o
<c Sup (Z S ik / o—Clr=t;s) dr) <c
j=1k;€Z. 0
which concludes the analysis of the second kernel.
Non-linear estimate on Tyy. Finally, we estimate the last term of (2.21),
-k . .
Tun = (t)° A, (k. kt) Z ]1|z,es|z|k—e,kt—es|W(S —1)0s(D)gs(k — L.kt —Ls)ds.
Lezd

In this region, we have %M, €s| < |k —L, kt —Ls| <2|L,Ls|. Therefore, we can apply
inequality (2.17),

(kkt) =(k—L+ €kt —Lls +Ls)Y <c({k—L,kt —Ls)Y + (£,Ls5)7),
where ¢ = ¢(y) € (0, 1). This allows us to bound
At(k, k[) < (k, kt)aeck(t)(k—f,kt—fs)yeck(t)(l,@t)y
< C(k — Ukt — ES)U(E, gs)aeck(s)(k—i,kt—is)”ec)t(s)(ﬁ,@s)y,

where we used s > ¢ and A(¢) is an increasing function. Hence,

+o00
|THH| <C Z ]1|z,zs\~\k—e,kt—es|e_(l_c)m)(e’es)y8_(1_”’1(”("_6”7_&”
Lezd
p 1Lkl

ST

|s — 1] Aos(0)] | Ags(k — £, ki — Ls)| ds.
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Using (2.23) we can bound %B —t| < (s){k — £, n — Ls). Therefore,

Tou| < C Z /+w1w’es%k_z’kt_zsle(1c)A(s)(e,es)Ve(1c)x(s)(k4,r,es)1’
tezd "’
x (5)0%1| Ao (0)|| Bgs(k — L.kt — £s)| ds.
By taking the L?(R4)L2(T¢) norm and proceeding as for the term Tiy after estimate

(2.24), we get the final estimate thanks to the two exponential decays in the integral. That
is,

ITiil25 2 < CIHO? A (Ve tV)0r 220 sup 1(0)Y B (Ve Vo)gal2s . (2.36)
X X t€R+ X,v

Hence, by collecting (2.18), (2.19), (2.26), (2.29), and (2.36) we get the result of Proposi-
tion 2.7. -

3. A priori estimates on the distribution function g

In this section, we give a priori estimates for the distribution function g. Inserting the
expression for the modified density ¢, (k) = (|k|?> + B)U, (k) in (2.3), we get the following
equation for g, (k, n):

=k -k]
k2 + B

—kt)-£
it —ke) — 3 I o 02k~ Lot

Ltezd

9:8:(k.m) =

We consider energy estimates by using the L? norm introduced in (1.9). Recalling
the notation B, (k, n) = e*@%m” (k. n)o+1 note that for any multi-index j € N¢ and
A(t) € [0, A], there exists a constant C = C(|j|, A) such that

: 1
J -
|87;Bf(k’77)| fC |]|(1_y)Bt(k7 T])

(k. n)
Thanks to the previous inequality, we get the bounds

1) B/(Vx, Vo)gillpz, < C | > 1Bk, n)aéélelL,gm
jl=M

<C Y IB(Va, V)@ g0 12, 3.1
lil=M

and

D BV V) g0z, = D 195(Bik @0z,

ljlsM lil=M
< Cl{)™Bi(Vx, Vo)gil 12, (3.2)
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Therefore,
1) B (Ve Vo)gillzz, ~ Y 1B:(Va, Vo) 0/ g0) 12, (33)
lil=M
and it suffices to get a priori estimates on the second norm.
Proposition 3.1 (A priori estimates on the distribution function). Let g be the solution
of the Viasov equation (1.14). Let |t be an analytic homogeneous equilibrium satisfying

assumptions (H1)—(H3) with A > 0 as in (1.10) and let goo be a Gevrey function of mean
zero satisfying (1.12). Then foro > d + 5 M > %, it holds that

1d .
So= 2 IB(Va V) gl s
0<ljl<M ’
2 ] y/2 j
+ (C (1) ”At(vx»tvx)Qt”L,%_k(t)) Z [(Vx, V)" Z By (Vx, Vi) (v gt)”L)ZC’U
0<ljl=M
= —C(?A:(Vx,tV)erllz Y 1BV, Vo) (0 g0)l17,
0<|jl<M ’
—CU)”A:(Vx,le)Qt“L; Z ”Bt(v)mvv)(ngt)“L%’v’ (3.4)
o=ljl=M

for some constant C > 0.
The following two lemmas are used several times in the proof of Proposition 3.1.

Lemma 3.2 ([9, Lemma 3.1]). The two inequalities listed below hold:

() Let ¢, ¢ € L>(Z?% x R?) and (k)P € L2(Z?) for 6 > % Then, for any t € R,
we have

> /R Bk, n)ww)w(k—e,n—endn' =Clgl 10" ¥ lzzlelzz - GBS

ktezd

(ii) Let ¢, (k)?¢ € L2(Z4% x R?) and € L*(Z?) for 6 > %. Then, for any t € R,
we have

> [ gtemwote—ta-tdy

ktezd

=Cligliz 111K 0z - 3.6)

The proof of Lemma 3.2 follows by applying the Cauchy—Schwarz and Young inequal-
ities; see e.g. [9, Lemma 3.1]. By (2.15) and (2.16), the following result also holds.

Lemma 3.3. Let x,y > 0 and y € (0, 1) such that |x — y| < 5. Then there exists a

¢ € (0, 1) such that

™ — M| < AC =yl eCAX=YIY pAXT

xl_l’ —+ yl_l’
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Proof of Proposition 3.1. We compute the time derivative of the L)ZC,U norm in (3.3). By
the product rule, we get,

1d

2dt | Be(Vx, Vv)(ngt)”izc Y, A(t)” (Vx, Vv)szt (Vx, Vv)(ngt)”L,%,v

+3 0 /R Bulle, g8k, 1) Bk, m)d: 91 (k. )
kezd

Recall that the Fourier transform of the Vlasov equation (1.14) is given by

0:81(k.n) = —Ei(k) - Vot —kt) —i Y (n—kt)- E((0)g,(k — .0 —1).
Ltezd

Thus, we get

1d . . .
5 1B (Ve Vo) (v g)l 72 - = AO)[|(Vx, V)2 By (V. Vo)W gz,

2dt
= JL + T, G.7)
where
==y W / Be(k. )95 &1 (k. ) Be(k. ) E( (k) - 93 Vop(n — ki) dn.  (3.8)
kezd R
Ri=— Y mi/ By (k, )} 8, (k, ) B: (k. )
kezd R4
X 8{}( Z('I—kl)-Et(ﬁ)ﬁt(k—ﬁ,n—ez)) dn. (3.9)
Ltezd
Using the bound

|70+ Tl < CONA (Ve 1V 000 2 11Be (Ve Vo) (07 g0l 2,
+ C(t)_ZHAt(Vx, 1Vx)0: ||L§ [(Vx, Vu)y/th(Vx, Vv)(ngt)”i)lc ;
+C (t) ”At(vx, tvx)Qt ”L}C ”Bt(v)ca Vv)(ngt)ni% v (3.10)

in (3.7), we get

LBV Y0 80IZ |~ MO (Ve Vo) BV, )0 03,
|70 + Tni|

C{O) A (Ve V)0l 1 Be (Vi Vo) (07 80) .2,

C() 2[4 (Va1 V)l (Ve Vo) By (Ve V) (0 80117
CONA(Vas 1V)eill 2 1 Be (Vi V) (07 807z -

By summing over j, this shows estimate (3.4) of Proposition 3.1 assuming that we have
(3.10). So let us prove that estimate (3.10) holds.

2_
2_
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Estimate on J.: Linear term. We start by studying the linear term (3.8) involving the
homogeneous equilibrium w. Using that B, (k,n) < B;(n —kt)B;(k,kt), where B;(n) =
O (n)o+1 and recalling the relation E (k) = —ikU, (k) and the definition of the
modified density o, (k) = (|k|?> + ,B)ﬁt (k), we obtain

d= X [ Btk k618~ k[0 Togaln — ko)
kezd

x By (k. n)[0) 8 (k. n)| dn

<{) Yy |AQt(k)|/ B (n—k0)|0)Vyp(n — k)| B, (k. n)|9] g (k. )| d.
kezd

where in the last inequality, we used the fact that [k |~ B, (k.kt) < (t)A; (k. kt), for k # 0.
By applying Cauchy—Schwarz in n we obtain

1
o~ . e~ 2
70 = 0) X Al [ 80— k0io)Tontn kol an)
ker

<( [, Bremioge i an)

Using the assumption (1.10) on the equilibrium, we can bound the first integral as follows:

/R B2(n— k)3 Vyuu(n — k)|? dn = /Rd B (n—k0)|9((n —ko)u(n — k) > dn
<Cf BY(n—kt)(n—kt)*(19]a(n—ko)[> + 1877 (g — ko)[*) dn

< C( Z ||el<n>|35,1(n)|||§%o) [Rd B2(n—kt)(n—kt)2e 22—k} gy

|pl=M

<coo X 1Fazami)

lpl=M

where we recall that A > A(¢). Hence, applying Cauchy—Schwarz in k we obtain

72l < Clr (Z e |35ﬂ(77)|||L;,°°)(Z|Z§t(k)|2)2 G.11)

|pl=M keZd
( > [, B n>|2dn)
kezd

=) X 1A B )14 Va 1001 1B T, T 0 i,
lpl=M
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Estimate on J\1.: Non-linear term. We now treat the non-linear term 7y, (3.9). Introduc-

ing commutators in the n-derivatives, we get i, = TI\I(LI) + TI\I(LZ), where

T == ) Wi / Belk g (e.n) By (k. m)(n—k1) - E(0)3) &0 (k —C.n—Lo) .
k,lezd

T ==Y i | B(k.m)dgge(k. ) B (k. )3 (n—kt) - E,(0)g:(k—€.n—L1))

NL * LRdt”?ngt»Tlt»ﬁn’I t(£)8: 1
ktezZd

+ 3 9 [ Bk ¥ . By (e ) (n—k) - E (03] g1k —L.n—Lr) .
ktezd R

Non-linear estimate on TI\I(LI). We introduce a commutator in the weight B, (k, ) which

reflects the Hamiltonian structure of the equation:

T =i Y [ Bk g e Btk Bl — £on = to)
k,leZd

x (n—kt)- E(0)) g (k —€.n— Lr)dy

i 3 [ Belkmogg kB~ €~ b
k,LeZd

x (n—kt)- E(0)d) g, (k — .0 — Lt) dn. (3.12)

We can show that the last term in (3.12) is zero: indeed by the change of variables £ — —¢
and k — k — £, we get

— % Z /RdB’(k’n)aé‘é’(k’"wt(k—e"7_“)(’7—"’)'iﬁt(ﬁ)ai}ét(k—i,n—mdn
k,tezd

=Y /dB,(k—e,r,)a,f;g,(k—e,n)B,(k,n+ez)
ktezd R

x (n— (k= O)t) - i E(—£)0] &, (k.7 + £1) dn

=0 3 [ Bl ton— 00t~ €y~ o)
ktezd R

x By (k,n)(n—kt) - i E,(€)) g, (k,n) dn = 0,

where we applied the change of variable 7 — n — £t and the fact that i E, (=) =—i E, )
for the second equality. We deduce that the expression is zero, noting that R (z;2;) =
m(Z_lZz) for z1,z5 € C.
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Next, let us treat the first term of (3.12). We use the usual frequency decomposition as
in (2.20):

WY [ Bl e Btk — Bk~ ton— )
ktezd *R

x (n—kt)- E(0)d) g, (k —t.n—Lt)dn

= Z /d(ﬂw,enggk—e,n—en + ﬂlk—@,n—ltls%li,@tl + Lie,er|lk—e.n—t1))
ktezd "R
X | By (k, )3 &k, m)| | Be (k, ) — Be(k — €, —£0)| |n — kt|
x |E0(0)]1978:(k — £, — €1)| dn

=: Tiu + T + Tan-
Term T g. Since |, 0t] < %|k — £, n— L], we get, by the triangle inequality,
(k,ny <, Lt) +{(k—L,n—1Lt) <2{k —€,n—Lt).

Moreover, we have

Wk — Loy — L) —k.m)| = (6. b1) = ————

As a consequence, we can apply Lemma 3.3 with x = (k — €, n—£t) and y = (k, n) to
bound the difference of the weight as follows:

— |ek(t)(k,r])y (k, n)(f—i-l _ e)t(t)(k—f,r]—(t)y (k — ¢, n— ZI)U+1|

< C(k _ g’ n— Kt)(r-i-l |e/\(l)(k,n)y _ e)t(t)(k—l,n—(t)yl
[(k — £, — L) — (k. n)|

(k=& — L)'= + (k,m)'=7
¢ eCMOIk=Ln—te)= (k) ” (A0 (kL. —Lo)”

< CAt)(k—Lt,n—Lr)°t!

where ¢ € (0, 1). Then, using that A(t) < A and [(k — £, n —£t) — (k,n)| < (€, Lt), we
obtain

|Be(k,n) — Bi(k — £,n —L1)]
(€, 2¢)

<Cx AL B (k — 2,0 — L1).
=M kgt k€ a n—t)
Hence,
— (€, L) A (L8
Jin=C Z Ad Lig e <L ik—e.n—t1] e —Con— €07 1 (k)i ¢

ktezZd

x By(k — €,n—€0)|n—kt||E;(0)]10)2:(k — €,n— £0)| | B (k, )35 & (k, m)| dn.
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Since we have (¢, Kt)|Et )| < C{t)|6: ()], we obtain

o n — k| PYOTATY
Tin < C(r) Z /Rd]lw,h|5%|k—é,n—£t| =l + (k)7 €

x |01 ()| By (k — £,n = €0)|87 ¢ (k — £, 11— L1)]
x | By (k, n)@{’-ﬁ,(k, mldn.

Since | k|
n—Kt b2 y
i ey S Ot k=L -0k,
we get
Tn=C{)™2 /Rdﬂ\e,mg|H,,,_mw‘“‘“”““””<r>4<z,er>—“|@t(z>|

k,LezZd
X (ke — 0,0 — €)% |By(k — €1 — £0)3] g, (k — €, — €1))|
x (k. n) 2| By (k. Mg (k. )| dn.
Hence, by (3.5) with 6 = % + 1, we get

— —o+-4 .
Tin < C{O) 2 Va) 7F 25 A (Vs tV2) i 2 11(Vis V)2 Be (Vi Vo) (v g0)17

< C(0) 1 4¢(Vx, 1V)0rll 2 (Vi Vo) 2 Bi (Vi Vi) (v g0) | (3.13)

2
L3y’
thanks to the assumption 0 > 5 + %.

Term Ty.. In this case, we do not need the difference inside the commutator, and we take
the absolute values:

oL < Z /]Rd ]l|k_e,n_u|5%|(,e,|(Bt(ks n + Bi(k —£,n—L1))

ktezd
x| By (k. )] &: (k. )l |n — kt||E(0)]10] g (k — £, — £1)| dn
=T 4

We estimate the first term as follows:

T = Z /dﬂ|k—z,n—ez|5%|e,zz\3r(k,U)|Bt(k,ﬂ)af}ét(k,ﬂﬂ
ktezd "R

x [n— k] | E((0)][0)&:(k — €, — £0)| dn

=C ) fd Lie—gpetri< i (€T + (k= £ = £0)7TT)
ktezd R
o QML) lk—tm—tr)

x | By (e, )3y & (e, )| In — k| |1E(0)]18) 81 (k — £, — €0)| dn,
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where we used the triangle inequality for B; (k,n). For (£, £t)°*!, we use (,(t) |Et 0] <
C(r)|o:(6)] and

In—kt| < n—Le] 4+ |€—k|{t) < (()(k —£,n—L1). (3.14)

For (k — £, n — £t)°*!, we use the same bound for the electric field and | — kt| <
(£)(£, £t) thanks to (3.14) and the region of the indicator function. Therefore,

T =0 X [ T anzpianl Bell g Gl Aot
ktezd

x (k —€,n—Le)e L=t 578, (k — 0,n—€1)| dn

+C? /Rd Lk—.—tri< 31,60 | Be e g &0 (ke m| (€, £r)etE00
kLeZd

x 01 (0)]| By (k — €, 0 — €0)3; 8¢ (k — £, — L1)| .

By using (3.6) with 6 = o, we can bound the first term allowing extra spatial moment on
|07 8¢ (k — £, — £1)|, and for the second term we use (3.5) with § = o — 1 allowing extra
spatial moment on |9, (£)|. Hence,

T < C(O2 1A (V. 190 2 | Be (Vi Vi) (07 g0) 12, (3.15)

The second term is easier to treat. We have

—~2 . i A
0= Y /R ta—tei< b etall Be e 120Gl Iy — ket

ktezZd
< |E((O)||Bi(k — £.n—£2)0) g, (k — £, n—€1)| d.

Note that we have again | — kt| < (¢)(€, £t) thanks to (3.14) and the region of the indi-
cator function. Therefore,

In—kt||E.(0)] < (£){€, L) E,(0)] < C(1)*]6:(0)].

Thus,

T <€ Y /R mtigte<dje.enl| Bk 3 &Gkl 6, (O]
ktezd

X |Bu(k — €.~ €0)332,(k — €0~ £0)| dn,
Hence, by applying (3.5) with 6 = o, we get

Tir < C)21A:(Va, 1V)0e 12 1B (Vie, Vo) (0 2012, (3.16)



Scattering problem for Vlasov-type equations on the d-dimensional torus 869

Term Tgu. This one is estimated as Jyp. Note that in this region, we have %|£, {t] <
|k —€,n—Lt] <2|€,Lt|. Therefore, (3.14) also holds with a factor 2. That is,

In—kt| < (t){k —€,n—Lr) < 2(r)(€, ).
Then, we can repeat the same analysis by splitting Ty into ’J‘H(é) and ’J‘H(é) as we did with
TuL.- Hence,

T < C{0)214:(Vx.1V)0e 22 1 Be (Vx, Vo) (7 80175 (3.17)

Non-linear estimate on TN(E). With the same techniques, we can treat the commutator term
in the n-derivatives. In this case we have

TRI=C Y Y [ 1Bk o] e e Bk ) EOD g0k~ o~ o)l dy
k.tezd 0<|pl<lj| * K

<c>y > /ﬂ;d(]lw,ezlg%lk—ﬁ,n—ezl"Hl\k—l,n—lt\s%\é,lﬂ_Hllﬁ,@t\%\k*@,n*ftl)
kLezd 0<|pl<|jl

x| Bo(k. )8 &e(k.m) By (k. ) E (035 0 (k=51 —L)| d.
We bound the first term with ﬂlﬁ,ltlsélk—l,n—hl' By using the triangle inequality,

and
Bt(k, n) < C(k . €7 n— Et)d-i-le)t(t)(k—f,r]—(t)ye)t(t)(f,et)y.

Therefore, using |E, @) < )0:(0)], we get

c> X /Rdﬂw,ezgak—e,n—en

k,Lezd 0<|p|<|jl
| By (k. )] &, (k. n) By (k. ) E(0)82 8, (k — £, — €1)| dny

SC Y Y [ Nl Bl e pleH O
k.tezd 0<lpl<lj|*®

x [0:(O)|Bi(k — £, —£0)|07 8, (k — £.n— L1)| dn
= Cll4:(Vx. tVx)orll 2 1 B (Vi Vu)(v"gz)lli;w, (3.18)

where we used (3.5) with 6 = o for the last inequality.
The second term with ﬂlk—&n—ﬁtlsélﬁ,@tl can be treated exactly as TH(Ll) above. Note,
however, that in this case, we do not have the factor |n — k¢| and therefore only have one
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power of (¢) and not (t)? as before. That is,

c> X /Rdﬂm—z,n—zns%w,en

k,tezd 0<|p|<|j|

| By (k. )] &, (k. n) By (k. ) E(0)02 8, (k — £, — €1)| dny
= C{NA(Vx. 1Vx)0r 2 1B (Ve Vo) (0 80175 - (3.19)

Using the same argument as before, the term with 1j¢ ¢/|~k—¢,5—¢¢| is treated similarly.
Hence, by collecting the estimates (3.11), (3.13), (3.15), (3.16), (3.17), (3.18), and
(3.19) we get estimate (3.10). [

4. Construction of solutions: Proof of Theorem 1.1

In this section, we conclude our analysis, constructing a solution to the Vlasov-type system
(1.14) with given asymptotic state goo as in (1.12).

Prior to this, we state two useful results to treat the non-linearity inside the Poisson
coupling in (1.14).

Lemma 4.1. Let h: R — R be an analytic function with analyticity radius R > 0,

h(y) =) any", fan} CR,

n>2
and we define };(y) = psa lan|y". Let o: T4 — R be a Gevrey function such that
|42 (V. 1V)wll 2 < R.
where A;(Vy,tVy) is defined in (1.7) with o > d /2. Then
I142(V. t V) h(@) ] 12 < H(C [ Az (V. V)0l 12).
for a constant C.
Proof. Let us first prove the inequality in the case h(y) = y2:

|4z (Vx, tvx)wZHL% < C|lAz(Vx, tvx)w||i2(~ 4.1

1
2)2

By direct computation, we have

( > Aﬁ(k,kr>|c52<k)|2)2 = ( > A2k k)

> ak —0d(0)

kezd kezd Lezd
= ( ST Atk =t (k — Ok — A (L. L)
keZd tezd . A, (k k1) 2\ 1
<O AL k=t ;=0 ) ‘




Scattering problem for Vlasov-type equations on the d-dimensional torus 871

We estimate the sum over £ by using Cauchy—Schwarz and the following claim:

S = Z A2(k, kt)A72 (L) A2 (k — €, (k — 1) < C, 4.2)
tezd

which follows by the inequalities
ez(k,kt)y < ez([,ft)yez(k—ﬁ,(k—()t)y, (k,kl)g < C((l,ll)o + (k —1, (k _ l)[)a),

and that, for o > %,

B (k, k1)
S=2. (€002 (k — €, (k — £)1)2°

Lezd
1 1
C .
=C 2 G et o) <
€

Therefore, by (4.2),

HAz(V&,fo)wZHLg

< C( DY A2k -t (k= D)ok —Z)|2A§(€,£t)|c6(€)|2)2

kezd tezd
1
2
—c( X . enowp( X a0~ k- onjaw - oP))
tezd kezd
=C Y A2k kD)@ = C|| Az (Ve 1Yo |2,
kezd

Iterating (4.1) for h(y) = y™ withn € N5,, we get
|4z (Vi tVy)o" ”L)% = crt | Az (Vx, tvx)w||2§~ 4.3)

Using that (y) = }_,-, any", we conclude that

”Az(vx»tvx)h(w)“L)% = Z|an|||Az(Vx7tvx)wn”L§ = };(C”Az(vxatvx)w”L}C)»

n>2

where in the last inequality, we used (4.3). Note that the right-hand side in the last formula
is well defined thanks to the assumption [|A; (V. 1Vy)w| 2 < RC7L. |

To prove Theorem 1.1, we also need a well-posedness result in the Gevrey setting for
the non-linear equation

—Au(x) + fu(x) + h(u) = q(x), xeR? B=>0,
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with ¢ (x) a given source term with small Gevrey norm. For our purposes, it is convenient
to reformulate the problem in terms of the modified density ¢ := (8 — A)u and study the
equivalent equation

o(x) = q(x) = h((B—A)"0). 4.4
We denote by B, the closed ball of Gevrey functions  such that |4z (Vx, 1 Vx)w| 2 <r.

Proposition 4.2. Let h(y) = ) _,., any" be an analytic function with analyticity radius
R > 0 and consider a Gevrey source term q € B, fore,z > 0and o > % If ¢ is sufficiently
small, there exists r(g) such that r(¢) = O(e) as ¢ — 0 and so that (4.4) admits a unique
Gevrey solution ¢ € By ().

Proof. For a given g € B,, we define the map
My: By — By, o+ My(w):=q(x)—h((f—A)"'w).
This map is well defined if ¢ and r are sufficiently small. Indeed,
142 (Va1 V) Mg (@) 12 < 142 (Ve 1Vl 2 + 42 (Vaeo tV)R(E = A) ' 0) 12
<&+ h(CllAz (V. t V) (B — D) )| 2).

where we used that ¢ € 8, and Lemma 4.1 to take / out of the L2 norm. For the second
term, note that on the Fourier side,

- 1 . R
(B = A)lw) (k)| = mw(k) < (k)| (4.5)

So we get
142 (Ve 1 V)M (@) 12 < &+ h(C[|Az(Vx. 1V )0 12) < &+ Cr2,
where we used that w € 8B, and l;(x) = O (x?) for x small. It follows that,
14z (Vi t Vi) Mg (@)l g2 <,

provided ¢ is sufficiently small and 7 € (r—(g), 7+ (g)), r+(e) :== 2C)"1(1 £ V/1 —4Ce¢).
We now want to show that M is a contraction with respect to the previously defined
Gevrey norm so that, by a fixed point argument, we get the existence of a unique solution
of (4.4) inside B;.
Let w1, wr € B;. Then

[ Az (V. 1V)[Mg(@1) — Mg (@2)]ll 2

< 1 4z(V, tV)[((B = D) 1) = (B = D) 2]l 2
< sup [W' (G Az(Vx, tV)[(B = A) " (@1 — 02)]l 2

[E|<r



Scattering problem for Vlasov-type equations on the d-dimensional torus 873

Then, using (4.5) and /’(x) = O(x) for x small, we have
14z (V. V) [Mg(@1) = Mg(@2)]ll 2 = Crl|Az(Va, 1V) (@1 — w2) |2

Therefore, for r (¢) € (r—(¢), r+(¢)) sufficiently small, there exists a unique ¢ € B, () such
that

0=q(x)—h((B—A)"o). n

We have now completed the preliminary work required to prove Theorem 1.1. Before
starting the proof, in the following proposition we recollect the a priori estimates for the
coupled system given by (¢;, g;) obtained combining Lemma 2.6 and Proposition 2.7 for
the modified density o; and Proposition 3.1 for the distribution function g;.

Proposition 4.3 (A priori estimates for the coupled system (o, g;)). Let i be an analytic
homogeneous equilibrium satisfying assumptions (H1)—(H3) with A > 0 as in (1.10) and

let goo be a Gevrey function of mean zero satisfying (1.12).

Foro >d +5, b > % and M > %, the following a priori estimates hold for the

coupled system (0;, g¢) solution to (1.14) with o = (B — A)Uy:
(1) A priori estimate for 0;:

10 A (Vi V)0 | 2y 23 crey
< Cll )MV VL V) P ool 2, (raxra)
+ 0 A (Vi t VORWU) | 1212
+ CIO° A (Ve V00 2y 13ma)
x sup [[(V) Bi(Vx, Vo)gil 12, (raxray: (4.6)

teR 4

(2) A priori estimate for g;:

1d )
S > 1BV, V)]s
0<ljl<M ’
+ (C{0) 2| A (Vx, 1 V)0t 2 — A1)
XY (Ve Vo) 2B (Ve Vo) (07 g0) 12,
0<ljl=M
= —C{)?[4:(Va,t Vel Do 1Be(Va, V) g7
0<ljl=M ’
—C{)A: (V. tVx)0:l 2 Z ”Bt(vx,vv)(ngt)”L}C,vv 4.7
0<|jl=M

where C > 0 is a generic constant and A;, B; are the multipliers defined as in (1.5), (1.6)
with the time-dependent parameter A(t) defined in (1.8).
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Proof of Theorem 1.1. Let X := C([0, +00); §*) be the space of continuous-in-time
Gevrey functions in the norm given by the supremum in time of (1.9) with Gevrey param-
eter A < A(0).

We consider the closed subset €, C X: the set of Gevrey functions ¢ in X such that

N[@] := N1[¢] + Nalge] < Ce,

Nifgl = sup ()M B/ (Va. Vi)illzz,. Nalgo] := I1(6)° A (V. 1V)qgll 212
t€[0,4+00) ’

where ¢4 (1, x) := [ ¢(t,x — tv,v) dv. Note that thanks to the Sobolev embedding on the
Fourier side,

HA,(Vx,th)/qb(l,x —tv,v)dv < MNi[¢] < Ce. 4.8)

L3

We introduce the map

FiC— Co, Adt}ielo,400) = F(Udt}) = V1t } 10,400

where V¥ is the unique solution to the linear problem

Ay (t,x,v)+Eg(t, x+vt) - (Vu—tV)y(t, x,v) = —Ey(t, x+vt) - Vyuu(v),
Eg(t,x) = =Vug(t, x),

— At %) + Bug(t, ) + hiug) (1, x) = qo(t. %),

Ey(t, %) = —Vuy (1.%),

—Auy(t, x) + Buy(t,x) + h(ug)(t, x) = gy (2, X),

zlggo I — goo“LOO(de]Rd) =0,

4.9)

where goo is a Gevrey function with parameter A > A(¢) such that [, ga §oo(X, V) dx dv
= 0 and satisfying (1.12).

The map is well defined, provided that ¢ is sufficiently small, thanks to Proposition 4.2
and the a priori estimates recalled in Proposition 4.3. Indeed, starting from the a priori
estimate (4.7) for the linear system (4.9) we get

1d ,

DD CACARBICEAI
0<ljl<M ’

+ (C(1) 21 A (Vs 1 V)0l 12 = AV, Vo) ? B (Ve Vi) (07 Y1)l 2,

> —CO?A(Vx. 1Yol iz D I1B:(Ve. Vo)W )7,
0<|jl=M

_C(l‘)”At(vx»l‘vx)QW”L,zc Z ”BI(VXva)(UjWZ)”L,ZC’U’ (410)
0=|jl=M
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where 0 is the solution of 0y = g4 —h((B — A)og) and 0y := gy — h((B — A)"Log).
Note that, by Proposition 4.2 and thanks to (4.8), 04 is well defined and that

[Ar(Vx. [Vx)Q¢”L§ = Ce.

On the other hand, the non-linearity in the definition of o, is given by the modified density
0¢- This is necessary to treat the non-linearity / as a perturbative term of O(&?), as shown
in (4.12) and (4.13). In other words, the contractive map % is defined in such a way
that both non-linearities in the Vlasov-type equation and the Poisson-type equation are
replaced by the data generated by ¢.

Moreover, note that in (4.10) the term Ey (¢, x + vt) - V0 (v) corresponds to the linear
term in the a priori estimate (4.7) and gives the term with the (¢) in (4.10), while E4(z,
x 4+ vt) - (Vy —t V)Y (2, x, v) corresponds to the non-linear term in the a priori estimate
(4.7) and gives the terms with (¢)~2 and (¢)? in (4.10). Then, by using the equivalence of
norm (3.3), and the fact that

(C{) 21 Ar (Ve tV)0gll 2 — A1) <0,
for § <« 1, we obtain
d .
Y BV V)il = =C (0714 (V. 100 iz | (0} Be (V. Voo ¥l 2,
— C{O) 1A (Vx. tVx)oy 2

Integrating from ¢ to +o0 and rearranging terms, we get
HYY Be(Va, Vo) Vel 2, < (o) Ba, (Vix, Vo) gooll2,
+o00
€[ 1014V V0o 12 101 B (V. V)i, ds
t

+o0
[ AT 0000 1z .
t

Next, by using Cauchy—Schwarz in time with b > % we have

Ni[¥] < Cllgoolle + CNalog]Ni[¥] + CNaloy], 4.11)
where || goo|lg 1= [|[(v)M A VeV) (V. V)0t g [z ,- By inequality (4.6), we obtain
Na2loy] = Cligoollg + CN2[1((B — A) " 0g)] + C Na[og]N:1[¥/]. (4.12)

Note, thanks to Lemma 4.1,

Nalh((B = ) 09)] = [{0) 1 4: (Va1 VIR((B = A 0p) 12 12
< ) A A (Vx, 1 V) (B = 2) " 09)lI12)
< [OPRUIA (T, 1V 006 12) | 2-

Ly
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Then, by linearization of h (x), we get
Na[h((B = A) o)l = Ce (1) 1140 (Vi 1V:)0p 12,2
= Ce|[(t)° A/ (V. 1Vx)ogll 212 < CE%, (4.13)
since by assumption ¢ € €,. For N>[o4] we have
Na[og] = Nalgg] + Na[h((B — A)7'og)] < Ce + Ce?, (4.14)

where we used (4.13) and ¢ € €;. Therefore, by assumption (1.12) and inequalities (4.13)
and (4.14) in (4.12), we get

Nz[Qw] < Ce+ CeNy[Y]. (4.15)
Finally, using (1.12), (4.14), and (4.15) in (4.11), we obtain
Ni[y] < Ce+ CeNq[y]. (4.16)

Collecting the inequalities in (4.15) and (4.16), we get that ¥ € €, provided that ¢ is
sufficiently small.

To construct solutions to the non-linear problem with asymptotic state g, , we want
to prove that ¥ is contractive in the norm N [-] defined as N [-] but with a different A1) =
Aoo — C (t)~8, Xoo < Aoo. Note that we have the equation

(Y@ —y D) + (Eyo — Egn)(x + v1)) - (Vy —tVy )y @
+ Eg(t.x +v1) - (Vy =tV ) (0P =y V) = —(Ey0 — Ey) - Vo,

and that

0p — 0 = /[¢(2)(t,x —1v,v) — W (1, x —1v,v)] dv
—h((B— D) ope) + h((B = D) ogm).
By the a priori estimate in (4.7), we get
M@ —y D] < CMaloger — 0pwIN1 Y P] + CNalog] My @ — v O]
+ C Moy —oym],

where Np[-] and MN;[-] are defined as Np[-] and N,[-] but with i(t). Since, by Proposi-
tion 2.7,

Naloy@ —oyw] = CMR((B — B) " oge) — h((B — B) " ogm)]

+ CMalogm — 0p@] N1 [¥?]
+ CNafoym M [y @ —y D],
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using that N[y @] + Na[ogsm] < Ce, we conclude that
Ny @ =y D] < CeN[p® —¢W],

proving the contraction property for small & and the global existence of the solution
g:(x,v) of (1.14) such that N [g] < Ce. Finally, note that for A < A(0) we recover the
decay property of the electric field (1.13) by the previous estimates

|45 (Va (VO E[ ()7, < ) e 2OTDERT 22OERN (e 1) 2015, (k)
kezd
< Cee €)Y

3

and, using that

“+o00 k k
8ok n) = ootk ) + / 0 =k) K5 )ty — ks) ds

. KPP
ks)- £
; / > M a0t - ety ds

Lezd

we also get the convergence of g; towards the asymptotic condition guo:
lg:(x, v) = oo (X, V)| oo raxray < 145(Vi, Vo) (&1 — €oo)llz2, < Coe €. m
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