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Abstract. We address two interrelated problems concerning permutation of roots of univariate
polynomials whose coefficients depend on parameters. First, we compute the Galois group of poly-
nomials '.x/ 2 CŒt1; : : : ; tk �Œx� over C.t1; : : : ; tk/. Provided that the corresponding multivariate
polynomial '.x; t1; : : : ; tk/ is generic with respect to its support set A � ZkC1, we determine the
latter Galois group for any A. Second, we determine the Galois group of systems of polynomial
equations of the form p.x; t/ D q.t/ D 0 where p and q have prescribed support sets A1 � Z2

and A2 � ¹0º � Z respectively. For each problem, we determine the image of an appropriate braid
monodromy map in order to compute the sought Galois group. As applications, we compute the
Galois group of any rational function that is generic with respect to its support. We also provide
general obstructions on the Galois group of enumerative problems on algebraic groups. Eventually,
the techniques we develop allow us to compute the kernel of the braid monodromy map associated
to '.

Keywords: Galois group, braid group, monodromy.

1. Introduction

1.1. Problem 1

Consider the univariate polynomial

'.x/ WD c0.y/C c1.y/x C � � � C cN .y/x
N ;

where the coefficients cj .y/ are Laurent polynomials in y WD .y1; : : : ;yk/. The projection

¹.x; y/ 2 .C?/kC1 W '.x/ D 0º ! .C?/k ; .x; y/ 7! y; (1)
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is a branched covering of degree N , ramified over the Zariski-closed subset

B WD
®
y 2 .C?/k W #¹x 2 .C?/ W '.x/ D 0º < N

¯
:

Beyond the degree, the most fundamental invariant of the covering (1) is its monodromy
group, which, according to [15], coincides with the Galois group of '.x/ over the function
field C.y/. We denote this group by G' .

Although the computation ofG' is a classical problem with wide-ranging applications
(see e.g. [22]), it has been carried out in only a few cases.

The most classical result, due to Galois, concerns the general polynomial of degreeN ,

'.x/ WD y0 C y1x C � � � C yNx
N :

It is a classical result in Galois theory, or alternatively, the consequence of a straight-
forward monodromy computation, that the Galois group is the full symmetric group:
G' D SN .

From the perspective of fewnomial theory, a natural generalisation is to consider the
general polynomial supported on a finite subset A � Z,

'.x/ WD
X
j2A

yjx
j : (2)

Let d denote the index of the affine lattice generated by A in Z. Then ' becomes a
polynomial in xd after multiplication by a monomial xa. Thus, the group Ud of d th roots
of unity acts on the set ¹'.x/ D 0º of roots, and the Galois group G' consists only of
Ud -equivariant permutations. It was only recently shown that the converse also holds:
the group G' is precisely the group of all Ud -equivariant permutations and is therefore
isomorphic to the wreath product Ud wr SN=d . This was first established in [6] using
Galois theory and later reproven in [8,9] using topological methods. Earlier partial results
are surveyed in [9].

To our knowledge, general computations of the groupG' have thus far been limited to
cases in which the coefficients cj .y/ are of degree at most 1. In this text, we compute the
group G' for any polynomial ', provided it is generic with respect to its support. Recall
that the support of ', viewed as a polynomial in k C 1 variables, is the subset A � ZkC1

such that
'.x/ D

X
aD.a0;:::;ak/2A

cax
a0y

a1
1 � � �y

ak
k

where ca 2 C? for all a 2 A. For convenience, we denote by A � Z the projection of
A�ZkC1 on the first factor, i.e. the support of the univariate polynomial '.x/ at a generic
y 2 .C?/k . Multiplying ' by a monomial if necessary, we make the convenient assump-
tion that ¹0;N º � A � ¹0; : : : ; N º.

We compute G' as the monodromy group of the covering (1). To do so, we fix a base
point y0 2 .C?/k nB, and denote its fibre by N WD ¹x 2 C? W '.x; y0/ D 0º. Hence, we
view G' as a subgroup of the group SN of permutations of the set N .
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Similarly to (2), the group Ud acts on the set N , where d WD gcd.A/. If we denote by
SN ;d � SN the subgroup of Ud -equivariant permutations, then we have G' � SN ;d .

It turns out that the inclusionG' �SN ;d may be strict. To see this, consider the group
homomorphism

indN W SN ;d ! Ud ; � 7!
Y
x2E

�.x/

x
;

where E � N is any subset that intersects each Ud -orbit in N exactly once. Since per-
mutations in SN ;d are Ud -equivariant, one easily verifies that the map indN indeed takes
values in Ud and that its definition is independent of the choice of the set E.

The group G' turns out to be the preimage under indN of a certain subgroup
of Ud , which we now define. We say that A is sharp if the sets A \ .¹0º � Zk/ and
A \ .¹N º � Zk/ each consist of a single point. In this case, the trailing and leading coef-
ficients c0.y/ and cN .y/ of ' satisfy

c0.y/

cN .y/
D cy

a1
1 � � �y

ak
k

for some c 2 C? and .a1; : : : ; ak/ 2 Zk . We define # to be the integer gcd.a1; : : : ; ak/,
adopting the convention that gcd.0; : : : ; 0/ WD 0. If A is not sharp, we set # WD 1.

Theorem 1.1. Let A � ZkC1 be a finite set not contained in any affine line. Then there
exists a Zariski-open subset O � .C?/A in the space of polynomials supported on A such
that, for any ' in O, the Galois group G' is

� the full symmetric group SN if d D 1,

� the strict subgroup SN ;d � SN if d > 1 and gcd.d; #/ D 1,

� the strict subgroup ind �1N .he2i�#=d i/ of SN ;d if d > 1 and gcd.d; #/ ¤ 1.

Let us mention that the first item of the above theorem can also be obtained via the
study of spatial symmetric curves (see [10, Theorem 1.3]).

Remark 1.2. 1. The equivariant subgroup SN ;d � SN is non-canonically isomorphic
to the wreath product Ud wr SN=d . Via this identification, the map indN reads as the
product

Ud wr SN=d ! Ud ; .�1; : : : ; �N=d ; �/ 7!
Y
j

�j :

If we denote g WD d=gcd.d; #/, Theorem 1.1 states that G' is isomorphic to°
.�1; : : : ; �N=d ; �/ 2 Ud wr SN=d W

Y
.�j /

g
D 1

±
(3)

whenever ' belongs to O.
2. The Galois group of any rational function p.x/=q.x/ 2 C.x/ coincides with the

group G' associated to the polynomial '.x/ WD p.x/ C yq.x/. When p.x/ and q.x/
are generic with respect to their supports, Theorem 1.1 determines the Galois group of
p.x/=q.x/. In this case, the integer d can be arbitrary, while # can only be 0 or 1.
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3. The case of rational functions discussed above illustrates the necessity of the gen-
ericity assumption ' 2 O in Theorem 1.1. Indeed, the Galois groups of general rational
functions are far more varied than those appearing in the theorem (see e.g. [18, 21]). For
k D 1, a candidate for the Zariski-open subset O is given in [10, Section 2]. The construc-
tion of O in loc. cit. admits an elementary generalisation to arbitrary k.

In order to prove Theorem 1.1, we compute the braid monodromy group associated
with the covering (1). Braid monodromy is a classical tool for computing the fundamental
groups of hypersurface complements (see [8] and the survey [20]).

To define braid monodromy, we consider the unordered configuration space CN .C?/

of subsets of C? with N elements, and its fundamental group B?
N
WD �1.CN .C?/;N /,

known as the braid group on N strands in C? (see [11, 12]). The map .C?/k n B !

CN .C?/ that assigns to each tuple y the set of roots of '.x; y/ induces, at the level of
fundamental groups, the braid monodromy map

�' W �1..C
?/k nB; y0/! B?N :

We denote the image of �' by B' and refer to it as the braid monodromy group of the
covering (1).

Let �N W B
?
N
! SN denote the natural projection sending a braid to its underlying

permutation. Then the monodromy map of the covering (1) is given by the composition
�N ı �' , and in particular

�N .B'/ D G' :

Our objective is therefore to compute B' .
As with G' � SN , the inclusion B' � B?N may be strict. Indeed, let Cd � CN .C?/

be the subset of point configurations that are invariant under multiplication by Ud , and let
B?

N ;d
WD �1.Cd ;N / denote the subgroup of Ud -invariant braids in B?

N
. In particular,

�N .B
?
N ;d / D SN ;d :

Since ¹x 2 C? W '.x; y/ D 0º � Cd for any y 2 .C?/k nB, we have B' � B?N ;d
.

The latter inclusion may also be strict. To see this, consider the multiplication map
CN .C?/! C?, c 7!

Q
x2c x. Denote the induced map on fundamental groups by

indN W B
?
N ! �1.C

?; x0/ ' Z; (4)

where x0 WD
Q
x2N x is the image of N . Finally, define the subgroupR#

N
WD ind �1N .#Z/

of B?
N

, where # is the integer introduced before Theorem 1.1.

Theorem 1.3. Let A � ZkC1 be a finite set not contained in any affine line. Then there
exists a Zariski-open subset O � .C?/A in the space of polynomials supported on A such
that, for any ' in O, the braid monodromy group B' is the subgroup B?

N ;d
\R#

N
of B?

N
.

Remark 1.4. 1. If A � ZkC1 is contained in an affine line, then it is sharp and '.x; y/ is
equal to z'.xdya11 � � �y

ak
k
/ for some non-singular univariate polynomial z', after multiplic-

ation by a monomial. The integer # equals N � gcd.a1; : : : ; ak/ and the bifurcation set B
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is the union of the coordinate hyperplanes ¹yj D 0º for which aj ¤ 0. The image of �'
is the cyclic group generated by �# , where � is defined in Figure 1. The corresponding
Galois group is isomorphic to the cyclic group # � .Z=dZ/.

2. The map indN measures the winding number of the product of the roots of ' around
0 2C as y traces a loop in .C?/k nB. At the level of permutations, the map indN records
the reduction modulo d of this winding number. This explains why the Galois group G'
can be strictly smaller than SN ;d , as described in the third item of Theorem 1.1. As
we will see in Section 2.5, Theorem 1.1 follows from Theorem 1.3 via the commutative
diagram

B?
N ;d

indN

��

�N // // SN ;d

indN

��

Z // // Ud

where the bottom arrow is the reduction modulo p.

1.2. Problem 2

Given a pair A WD .A1; A2/ of finite subsets of Z2, we consider the general polynomial
system supported on A, namely the system

p.x; y/ D q.x; y/ D 0; (5)

where .p; q/ is a pair of Laurent polynomials in .C?/A WD .C?/A1 � .C?/A2 . The pro-
jection

¹.x; y; p; q/ 2 .C?/2 � .C?/A W p.x; y/ D q.x; y/ D 0º ! .C?/A;

.x; y; p; q/ 7! .p; q/;
(6)

is a branched covering, ramified over a Zariski-closed subset B � .C?/A. The degree of
the covering (6), which we denote by N , is the mixed volume MV.A1; A2/, according to
the Bernstein–Kouchnirenko–Khovanskii Theorem.

We are interested in the monodromy group of the covering (6), which we denote
by GA. Again, this group can be interpreted as a Galois group. Its computation is part
of a broader research program addressed in [7, 9], which aims to determine the Galois
group of the general system in k variables supported on any tuple .A1; : : : ; Ak/, where
Aj � Zk . While the desired Galois group has been computed for several large classes of
supports (see again [7, 9]), the problem remains open even for k D 2.

Here, we focus on the largely unexplored case of pairs A referred to as reducible or
triangular in the literature (see [2,9]). In suitable coordinates, these are the pairs for which
A2 � ¹0º � Z, that is, the polynomial q only depends on y. In this text, we compute the
group GA for any reducible pair A.

Assumption 1.5. Upon a harmless affine-linear transformation on the character lattice Z2

of .C?/2, we may assume the following. First, we assume that the projection A1 � Z
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of A1 onto the first factor of Z2 is of the form ¹0; nº � A1 � ¹0; : : : ; nº for some integer
n > 1. We also assume that A2 satisfies ¹0º � ¹0;mº � A2 � ¹0º � ¹0; : : : ; mº for some
integer m > 1. In particular, we have N D nm. Finally, we assume that 0 2 A1 \ A2.

We compute GA as the monodromy group of the covering (6). To do so, we fix a base
point .p0; q0/ in CA WD .C?/A nB and denote its fibre by

N WD ¹.x; y/ 2 .C?/2 W p0.x; y/ D q0.y/ D 0º:

Hence, we view GA as a subgroup of SN .
The covering (6) admits a geometric structure that explains why the inclusion

GA � SN may be strict in general. The description of this structure relies on the fol-
lowing ingredients. First, let K WD K.A/ � .C?/2 be the largest subgroup such that the
set ¹p.x; y/D q.y/D 0º is invariant under multiplication byK, for any .p; q/ 2 .C?/A.
The group K is naturally isomorphic to the quotient Z2=hA1; A2i (see [9]). Second, the
covering (6) maps to the covering

¹.y; q/ W q.y/ D 0º 7! q:

In particular, the group GA acts on the blocks of the partition of N induced by the m
horizontal lines ¹.x; y/ W q0.y/ D 0º. Moreover, the induced permutation on the blocks,
that is, on the set of roots of q0, is an element of the Galois group GA2 of the general
polynomial supported on A2, computed in [8].

Let SN ;A �SN denote the subgroup of permutations that are bothK-equivariant and
preserve the partition of N induced by the roots of q0, with the additional requirement
that the induced permutation on these roots lies in GA2 . Thus, we have GA � SN ;A.

The above structure of the covering (6) and its impact on the Galois group are well-
known (see e.g. [7, Theorem 1.19]). In this text, we uncover an additional structure that
explains the possible strictness of the inclusion GA � SN ;A. To describe this structure,
write

p.x; y/ DW c0.y/C c1.y/x C � � � C cn.y/x
n

and define
v.x; y/ WD .�1/1Cn=dc0.y/C cn.y/x

d ;

where d WD d.A/ denotes the integer gcd.A1/. To any pair .p; q/ 2 CA, we can now
associate the auxiliary system

v.x; y/ D q.y/ D 0: (7)

This system relates to the original system (5) as follows.
As p.x;y/D Qp.xd ; y/ for some polynomial Qp, the groupUd acts on ¹x W p.x; r/D 0º

for any root r of q. Define a d -slice of p.x; r/ to be any subset E � ¹x W p.x; r/ D 0º
that intersects each Ud -orbit exactly once, and let xE WD

Q
x2E x. By Vieta’s formula,

we have

.�1/n
c0.r/

cn.r/
D

Y
p.x;r/D0

x D
Y
x2E

Y
�dD1

�x D
Y
x2E

xd .�1/dC1 D .�1/nCn=dxdE :
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Therefore, the point .xE ; r/ is a solution to (7), and conversely, every solution to (7) arises
in this way, for some root r of q and some d -slice E of p.x; r/.

This relation between the two systems induces a homomorphism at the level of Galois
groups. To define the Galois group of the system (7), we denote by V WD V.A/ WD .V1;A2/
its support, let v0.x; y/ be the polynomial associated to p0.x; y/, and denote

M WD ¹.x; y/ 2 .C?/2 W v0.x; y/ D q0.y/ D 0º:

We define the Galois group GV � SM analogously to GA, that is, as the monodromy
group of the covering ¹.x; y; v; q/ W v D q D 0º ! .v; q/ based at .v0; q0/.

Given a permutation � 2 SN ;A, denote by �2 the permutation of the roots of q0
induced by � . Observe that for any d -slice E of p0.x; r/, the image of the subset E � ¹rº
� N under � is of the form E� � ¹�2.r/º, where E� is a d -slice of p0.x; �2.r//. This
yields a group homomorphism

indA W SN ;A ! SM; � 7!
�
.xE ; y/ 7! .xE� ; �2.y//

�
:

The K-equivariance of SN ;A and the inclusion Ud � ¹1º � K ensure that indA is well-
defined.

Theorem 1.6. Let A WD .A1; A2/ be a pair such that A2 lies on a line and A1 does not.
Then the Galois group GA equals the subgroup ind �1A .GV / of SN ;A.

The case where both A1 and A2 are contained in a line is treated in Section 3.2.

Remark 1.7. The above theorem reduces the computation of GA to that of GV . If A1 is
not sharp, we show in Theorem 3.11 that GV equals the subgroup SM;V � SM. This
subgroup is defined exactly as SN ;A � SN and depends upon the integer d.V / and the
groupK.V / � .C?/2. Note that d.V /D d , while the inclusionK �K.V /may be strict.

When A1 is sharp, the support V does not satisfy the assumption of the theorem. The
group GV is determined in Section 3.2, as mentioned above.

As in Problem 1, we deduce the Galois group GA from a certain braid monodromy
group associated with the covering (6). Let CN ..C?/2/ denote the unordered configur-
ation space of .C?/2. A natural candidate for the braid monodromy map is the homo-
morphism

�1.CA/! �1.CN ..C?/2//

induced by the map

CA 3 .p; q/ 7! ¹p D q D 0º 2 CN ..C?/2/:

However, the point configurations of the form ¹p D q D 0º in CN ..C?/2/ have extra
structure. To capture this, we consider the subset UA WD UA.K/ � CN ..C?/2/ of config-
urations that are

� equidistributed among the m connected components of ¹q.y/ D 0º � .C?/2

for some non-singular polynomial q 2 .C?/A2 ;

� invariant under multiplication by K � .C?/2:

(8)
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It is clear that the map .p; q/ 7! ¹p D q D 0º sends CA into UA. The induced map on
fundamental groups is our braid monodromy map

�A W �1.CA; .p0; q0//! B?N ; (9)

where we denote B?
N
WD �1.UA;N /. We refer to BA WD im.�A/ as the braid monodromy

group of the covering (6).
Let �N W B

?
N
! SN denote the natural projection sending a braid to its underlying

permutation. Then the monodromy map of the covering (6) is given by the composition
�N ı �A, and in particular

�N .BA/ D GA:

Our objective is therefore to compute BA.
The main geometric structure of the covering (6) is already accounted for in the defin-

ition of B?
N

. In particular, one can verify that �N .B
?
N
/ D SN ;A. For the remaining

structure, consider yet another auxiliary system, namely

w.x; y/ D q.y/ D 0; (10)

where w.x; y/ WD .�1/nC1c0.y/C cn.y/x. Again, this system relates to the original one
via Vieta’s formula. Indeed, write every configuration in UA as a union

S
q.y/D0Fy � ¹yº

of m subsets Fy � C? of size n, and consider the multiplication map

UA ! Cm..C?/2/;
[

q.y/D0

Fy � ¹yº 7!
[

q.y/D0

� Y
x2Fy

x; y
�
: (11)

This maps sends the solution set ¹p.x; y/ D q.y/ D 0º to ¹w.x; y/ D q.y/ D 0º.
This relation between the two systems induces a homomorphism at the level of braid

groups. To define the braid group of (10), we denote W WD .W1; A2/ its support, let
w0.x; y/ be the polynomial associated with p0.x; y/, and denote

L WD ¹.x; y/ 2 .C?/2 W w0.x; y/ D q0.y/ D 0º:

Finally, denoteB?
L
WD �1.UW ;L/, where UW WDUW .K.W //. We define the braid mono-

dromy group BW associated withW analogously to BA, namely as the image of the braid
monodromy map �W .

The image of UA under the map (11) is contained in the superset UW .¹1º/ � UW
consisting of configurations that are equidistributed among the m connected components
of ¹q.y/ D 0º. Denote its fundamental group by B?

L;2
, and let

indA W B?N ! B?L;2

be the map induced by (11) at the level of fundamental groups. Observe that the inclusion
UW � UW .¹1º/ induces an inclusion B?

L
,! B?

L;2
at the level of fundamental groups.

This allows us to consider BW � B?L as a subgroup of B?
L;2

.

Theorem 1.8. Let A WD .A1; A2/ be a pair such that A2 lies on a line and A1 does not.
Then the braid monodromy group BA equals the subgroup ind �1A .BW / of B?

N
.
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Remark 1.9. 1. The above theorem reduces the computation of BA to that of BW . If A1
is not sharp, we show in Theorem 3.11 that BW equals B?

L
. If A1 is sharp, we show in the

same theorem that BW isomorphic to �1.C?/�BA2 , where BA2 is the braid monodromy
group of the univariate polynomial supported on A2 (see [8]).

2. The map (11) assigns to each root r of q the product of the roots of the polynomial
p.x; r/ in the variable x. The map indA records the trajectory of each product as .p; q/
traces a loop in CA. At the level of permutations, the map indA can be interpreted as a
reduction modulo p of the map indA, reflecting the fact that the system (7) is obtained
from the system (10) via a d -fold covering. We will see in Section 3 that the associ-
ated braid monodromy groups BV and BW are in fact isomorphic, and that Theorem 1.6
follows from Theorem 1.8 via the commutative diagram

BA

indA
��

�N // // GA

indA
��

BW ' BV
�M // // GV

To conclude the introduction to Problems 1 and 2, we acknowledge that this article
involves substantial notation. We see no convenient way to avoid this and refer the reader
to the index of notation at the end of the paper.

1.3. Discussions

1.3.1. Braid monodromy groups versus Galois groups. There are at least three motiva-
tions for considering braid monodromy. First, the Galois groups sought in Problems 1
and 2 are obtained as natural projections of the corresponding braid monodromy groups.
Second, the computation of braid monodromy groups enjoys functorial properties that the
Galois groups do not possess. In particular, the braid monodromy groups computed here
are invariant under coverings of .C?/2. This allows us to reduce to simpler support sets A
in both problems (see Sections 2.2 and 3.1). Finally, the braid monodromy group is a finer
invariant of the underlying covering than its monodromy group. It gives a better approx-
imation of the fundamental group of the base, which is a discriminant complement in both
problems. This is of great interest in the context of [5] (see [20] for a recent account).

1.3.2. Towards generalisations of Zariski’s Theorem. Theorem 1.3 generalises [8, The-
orem 1], which describes the braid monodromy of the general (univariate) polynomial
supported on A � Z. Indeed, consider a generic polynomial '.x; y/ supported on the
set A WD A � ¹0º [ A � ¹1º � Z2, so that ' corresponds to a generic line in CA. By
Zariski’s Theorem [3, Théorème], the braid monodromy group of A is the image of �' .
More generally, Zariski’s Theorem relates the j th homotopy group of the complement
of a (quasi-)projective hypersurface with the j th homotopy group of the complement
of its pullback under a linear map. It is natural to investigate what happens when lin-
ear maps are replaced with arbitrary algebraic maps. Theorem 1.1 is one step in this
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direction: we restrict ourselves to the first homotopy group but consider polynomial maps
C ! CA; y 7! '.x; y/, of arbitrary degree.

1.3.3. Sectional monodromy. Theorem 1.1 indicates that the sectional monodromy group
of a smooth projective curve need not coincide with the monodromy arising from a given
linear subsystem of sections. Indeed, according to Theorem 1.1 and [17, Proposition 1.1],
it is possible to find a planar curve ¹'.x;y/D 0ºwith sectional monodromy group SN for
which the monodromy group of horizontal sections, namely the groupG' , is strictly smal-
ler. In other words, restricting to a non-complete linear system may reduce the sectional
monodromy group for certain planar curves. It would be interesting to study whether this
phenomenon persists for spatial curves and in higher codimension.

1.3.4. Relation between the two problems. Both problems deal with the permutation of
roots of univariate polynomials whose coefficients depend on parameters, although this
is less obvious in Problem 2. There, one may restrict to the subgroup of either BA or GA
consisting of elements acting trivially on the set of roots of q0. One is therefore consider-
ing the problem of simultaneous permutation of the roots of the collection of polynomials
p0.x; r/ indexed by the roots of q0. The result can be compared with [8, Corollary 4].

Let us also mention that we can essentially assume that k D 1 in Problem 1, thanks
to Proposition 2.2. Under this assumption, Problem 1 relates to Problem 2 when the poly-
nomial q has degree 1, with the major difference being that the coefficients of p.x; y/
are allowed to vary in Problem 2, while the coefficients of ' are fixed once and for all in
Problem 1. This is reflected in the fact that the Galois group of Problem 1 is contained in
that of Problem 2 and that the latter group never assumes the form described in the third
item of Theorem 1.1.

1.3.5. A word on the techniques. To prove Theorem 1.3, we use considerations involving
coamoebas, similar to those of [8]. In the case k D 1 and jAj D 3, we compute explicitly
the image under �' of a set of generators of �1.C n B; y0/ in Section 2.3. This allows
us to compute the kernel of the map and to obtain a presentation of the braid monodromy
group BA. In Section 2.6, we discuss how methods from tropical geometry allow one to
extend these results to arbitrary supports A � Z2. We also discuss how such results allow
us to study isomonodromy loci, namely subsets of the form

®
' 2 CA W im.�'/ D B

¯
for

a given subgroup B � B?
N

.

1.4. Galois group of enumerative problems over algebraic groups

1.4.1. The Bernstein–Kouchnirenko–Khovanskii enumerative problem. Theorems 1.3
and 1.8 illustrate that the product of the solutions to the systems of equations considered
in Problems 1 and 2 play a central role in computing the corresponding Galois groups.

This invites speculation on the Galois group of the general system supported on
tuples zA WD . zA1; : : : ; zAk/, zAi � Zk , that are both irreducible and non-reduced (also
referred to as not triangular and lacunary). For such a tuple, there is a finite covering
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 W .C?/k ! .C?/k of degree > 1 such that any polynomial Qfi 2 .C?/
zAi is of the form

fi ı  for some other polynomial fi whose support we denote by Ai . In particular, the
solution set of the system

Qf1 D � � � D Qfk D 0; Qfi 2 .C
?/
zAi ;

is the preimage under  of the solution set of the system

f1 D � � � D fk D 0; fi 2 .C
?/Ai ;

supported on the irreducible and reduced tuple A WD .A1; : : : ; Ak/.
According to [7, Theorem 1.5], the Galois group GA associated to the tuple A is the

full symmetric group. The factorisation Qfi D fi ı  , for i 2 ¹1; : : : ; kº, implies that the
Galois groupG zA consists entirely ofK-equivariant permutations, whereK WD ker. /. In
particular, the group G zA is isomorphic to a subgroup of the wreath product K wr GA.

In [9], we provide examples of tuples zA WD . zA1; : : : ; zAk/ for which GA is a strict
subgroup of K wr GA. There is therefore another geometric structure, beyond the action
of K on the set ¹ Qf1 D � � � D Qfk D 0º, that affects the Galois group G zA.

As mentioned above, Theorems 1.3 and 1.8 suggest that special attention should be
paid to the product of the solutions of the system f1 D � � � D fk D 0. Indeed, as the tuple
of polynomials f WD .f1; : : : ; fk/ travels along a loop in the complement of the branch-
ing locus in .C?/A, the product of the solutions to f D 0 traces a loop in .C?/k , and
thereby defines an element of �1..C?/k/. Collecting all such loops yields a subgroup of
�1..C?/k/, which a priori depends on the combinatorics of the tuple A. As we discuss in
the next section, this subgroup has an impact on the Galois groupG zA that is not accounted
for in the inclusion G zA � K wr GA.

1.4.2. The general case. An enumerative problem P usually refers to the following data:

� a pair of smooth algebraic varieties T and C, with C connected,

� an algebraic variety U � T � C such that the projection T � C! C restrict to a finite
covering c W U! C.

Working over C, the monodromy group of the covering c can be considered as a Galois
group, which we denote by GP (see again [15]). This framework includes the coverings
considered in Problems 1 and 2, as well as the BKK enumerative problem mentioned in
the previous section.

Assume that T is an algebraic group. A finite, surjective homomorphism  W zT ! T

between algebraic groups gives rise to a new enumerative problem zP , with underlying
dataeT, zC WD C and zU WD . ; id/�1.U/ � zT � U. The group K WD ker. / acts on zU and
yields an inclusion

G zP ,! K wr GP (12)

(see [9, Observation 2.5]). The BKK enumerative problem studied in [9] illustrates the
fact that the above inclusion may be strict.
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Here, we present a geometric structure that explains the possible strictness of this
inclusion in the general setting of enumerative problems over algebraic groups. To do so,
we consider the braid monodromy map associated with P , namely the map

�P W �1.C/! �1.CN .T//

induced by C 3 f 7! c�1.f / � T. We denote by BP WD im.�P / the associated braid
monodromy group. Again, there is a natural projection �P W BP ! GP sending a braid
to the underlying permutation. Since T is an algebraic group, we have a product map
CN .T/! T, c 7!

Q
z2c z. We denote the induced map at the level of fundamental groups

by
indP W �1.CN .T//! �1.T/:

We claim that the Galois group G zP of the enumerative problem zP depends on the
group I WD indP .BP / associated with the enumerative problem P . Indeed, on the one
hand, the map CN .T / ! C zN .zT/ obtained by pulling back point configurations by  
induces an isomorphism  � W BP ! B zP . On the other hand, we have a short exact
sequence

0! �1.zT/
 �
��! �1.T/

m
�! K ! 0;

wherem is the monodromy map of the covering  . Since ker.� zP ı 
�/� ker.m ı indP /,

there exists a map ind zP W G zP ! K that fits into the following commutative diagram:

BP

indP

��

� zP ı 
�

// G zP

ind zP
��

�1.T /
m // K

The diagram yields the inclusion

G zP � ind �1
zP
.m.I//: (13)

Therefore, the following question looks natural.

Is the Galois group G zP of the enumerative problem zP completely determined by
the inclusions (12) and (13)?

This applies in particular to the enumerative problem associated to the irreducible non-
reduced tuples zA studied in [9]. There, the obstruction described by (13) appeared, in
disguise, via the Poisson-type formula [4, Theorem 1.1].

2. Proofs for Problem 1

In this section, we address Problem 1 described in Section 1.1 and prove Theorems 1.1
and 1.3. We refer to the aforementioned section for notations.
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2.1. Obstructions

In this section, we show that the braid monodromy group of ' is subject to the inclusion
given in Theorem 1.3.

Lemma 2.1. For any support A � ZkC1 not contained in any affine line, the group BA
is a subgroup of B?

N ;d
\R#

N
.

Proof. The inclusion BA � B?N ;d
follows from the fact that '.x; y/D z'.xd ; y/ for some

Laurent polynomial z', whose support we denote by zA� ZkC1. Let us add a tilde to every
piece of notation coming from z'. Thus, the map .x;y/ 7! .xd ;y/ induces an isomorphism
from C zA to CA that maps the branching locus zB � C zA to B � CA. In turn, we have the
commutative diagram

�1..C?/k n zB/
� //

�z'

��

�1..C?/k nB/

�'

��

B?
zN

fd // B?
N ;d

(14)

where fd W B?zN ! B?
N ;d

is the isomorphism induced by the map CN=d .C?/! CN .C?/

taking a configuration of points to its preimage under x 7! xd . The inclusion BA � B?N ;d

follows from the commutativity of the above diagram.
Since R#

N
D B?

N
when # D 1, we can restrict ourselves to the case # > 1. Thus,

the coefficients c0 and cN of ' are monomials and c0=cN D cy
a1
1 � � � y

ak
k

with # WD
gcd.a1; : : : ; ak/. For a given tuple y WD .y1; : : : ; yk/, the product of the N roots of
'.x; y/ is equal to cya11 � � � y

ak
k

up to sign, by Vieta’s formula. Therefore, for any loop

 2 �1..C?/k n B; y0/, we see that indN .�'.
// is the rotational index of the compos-
ition .ya11 � � � y

ak
k
/ ı 
 around 0 2 C. This index is necessarily in #Z, which implies the

inclusion BA � R#N .

2.2. Reductions

In this section, we argue that we can restrict to simpler cases while proving Theorem 1.3.
First, we show that we can restrict to a single parameter to determine BA.

Proposition 2.2. Theorem 1.3 holds if and only if it holds for k D 1.

Proof. Fix a support A � ZkC1 as in Theorem 1.3 and a generic polynomial '.x; y/
2 CA. Assume that Theorem 1.3 holds for k D 1.

In order to prove the statement, it suffices to find a polynomial map L W C?! .C?/k ,
s 7! L.s/, such that 'L.x; s/ WD '.x; L.s// is generic with respect to its support AL,
with the same invariants N , d , and # as '. Moreover, the support AL should not be
contained in a line. Indeed, observe that im.�'L/ � im.�'/, im.�'L/ D R#

N
\ B?

N ;d
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by assumption, and im.�'/ � R#N \ B
?
N ;d

by Lemma 2.1. Thus, the sought equality
im.�'/ D R#N \ B

?
N ;d

follows.
We take L to be a monomial map, that is, L.s/ D .sn1 ; : : : ; snk /. The dual map

Zk ! Z between character lattices is a linear projection, and the map CA ! CAL ,
' 7! 'L, between the corresponding spaces of polynomials is surjective. Consequently,
the polynomial 'L can be made generic with respect to its support AL by choosing the
coefficients of ' suitably. Moreover, the polynomials ' and 'L share the same integers
d.A/ D d.AL/ and N.A/ D N.AL/, since these integers only depend on the projec-
tion of the support A (respectively AL) onto the first coordinate axis of ZkC1 (respect-
ively Z1C1).

Let us show that we can choose the exponents nj involved inL so that #.A/D #.AL/.
If A is sharp, that is, c0=cN D cy

a1
1 � � �y

ak
k

for some c 2 C? and some .a1; : : : ; ak/ 2 Zk ,
then .c0=cN / ıL D cya1n1C���Caknk . If we take n1; : : : ; nk such that a1n1 C � � � C aknk
D # , which is possible since # D gcd.a1; : : : ; ak/, then we have #.A/ D #.AL/. If A is
not sharp, we can always take .n1; : : : ; nk/ such that the map A! AL induced by L is
injective (take .n1; : : : ; nk/ not orthogonal to the difference between any pair of points
in A). In particular, .c0=cN / ı L is not a monomial and #.A/ D #.AL/ D 1.

Finally, it remains to show that L can be chosen so that AL is not contained in a line.
If A is not sharp, at least one of c0 ı L or cN ı L has at least two monomials (recall
that we took L to be injective in that case). Thus, the support AL is not contained in a
line. Assume that A is sharp. Then the set of vectors .n1; : : : ; nk/ 2 Zk such that AL
is contained in a line is itself contained in an affine hyperplane V � Rk not parallel to
H WD ¹.n1; : : : ; nk/ 2 Zk W n1a1 C � � � C nkak D #º. This is because A is not contained
in a line. In particular, the set H n V is non-empty, and any vector .n1; : : : ; nk/ 2 H n V
will do. The result follows.

We conclude this section with another reduction.

Proposition 2.3. Theorem 1.3 holds if and only if it holds for supports A with d.A/ D 1.

Proof. Fix a support A � ZkC1 as in Theorem 1.3 and a generic polynomial '.x; y/
2 CA. As in the proof of Lemma 2.1, we can write

'.x; y/ D z'.xd ; y/

for some Laurent polynomial z' supported on zA � ZkC1. Again, we add a tilde to every
piece of notation coming from z'. In view of the commutative diagram (14), it suffices
to prove that fd maps R Q#

zN
into B?

N
\ R#

N
. To see this, observe first that Q# D # . Then

consider the commutative diagram

CN=d .C?/ //

c 7!
Q
x2c x

��

CN .C?/

c 7!
Q
x2c x

��

C? // C?
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where CN=d .C?/! CN .C?/ is the pullback by x 7! xd , and the bottom horizontal map
is multiplication by .

Q
06j<d e

2�ij=d /N=d D .�1/N.d�1/=d . At the level of fundamental
groups, we obtain the commutative diagram

B?
zN

fd //

ind zN
��

B?
N

indN

��

�1.C?; Qx0/
� // �1.C?; x0/

(15)

The result follows.

2.3. Trinomials

According to the previous section, it suffices to prove Theorem 1.3 for polynomials '
whose coefficients depend on a single parameter y 2 C? and whose support A satisfies
d WD d.A/D 1. In this section, we restrict our attention even further, namely to trinomials
'.x;y/D ˛ya1xn1 C ˇya2xn2 C 
ya3xn3 with ˛;ˇ; 
 2C? and integers n1 6 n2 6 n3.
The aim of this section is to prove the following.

Theorem 2.4. Let ¹0º � A � Z2 be any support set not contained in a line, with asso-
ciated integers d WD d.A/ and # WD #.A/, and satisfying jAj D 3. For any generic
Laurent polynomial ' 2 CA, the image of the braid monodromy map �' is the subgroup
B?

N ;d
\R#

N
of B?

N
.

For simplicity, we will assume that ˛ D ˇ D 
 D 1. There is no loss of generality in
doing so, since one of the coefficients ˛, ˇ, or 
 can be brought to 1 by projective equival-
ence, while the remaining two can be compensated by a harmless change of coordinates
.x; y/ 7! .ux; vy/, where u; v 2 C?.

2.3.1. Braids and their diagrams. Braids in B?
N

can be represented by braid diagrams
similarly to the elements of the Artin braid group BN WD �1.CN .C/;N /. Braids live in
the three-dimensional space C � timeline, and their diagrams are obtained by a real linear
projection onto R� timeline (see, for instance, [12, Section 9.1.1]). Here, we associate to
any braid inB?

N
a braid diagram using the argument map arg WC?! S1 as our projection,

as done in [8, Section 2.1].
More precisely, a braid ˇ 2 B?

N
is an isotopy class of continuous maps ˇ W Œ0; 1�!

CN .C?/ into the configuration space CN .C?/ such that ˇ.0/D ˇ.1/DN . The argument
map arg W C? ! S1 defines a map from the open dense subset U � CN .C?/ of config-
urations with pairwise distinct arguments to CN .S1/. If C � CN .C?/ is the complement
of U , we can ensure, using an isotopy if necessary, that exactly two points of ˇ.s/ have
the same argument whenever ˇ.s/ 2 C . At such a meeting point of the projection under
arg of two strands of ˇ, we can make sense of which of them has smaller modulus in C?

than the other. We choose to represent the strand with smaller modulus as crossing over
the other strand.
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� � � � � � � � �

b1 bN �

Fig. 1. The braid diagrams of b1, bN , and � in B?
N

.

This way, we can represent the element ˇ by the corresponding diagram in S1 � Œ0; 1�,
picturing simultaneously the trajectories of theN points ˇ.s/, and keeping track of which
strand is passing over which one at a crossing. In order to be able to draw braid diagrams
in S1 � Œ0; 1�, we choose a fundamental domain Œ�; � C 2�Œ of S1 and draw the diagrams
in Œ�; � C 2�Œ � Œ0; 1� instead. Thus, strings in a diagram are allowed to hit boundary
points .�; s/, disappear, and reappear at .2� C �; s/.

In Figure 1, we represent the braid diagrams of some useful elements of B?
N

. From
the braids b1 and � , we define

bj WD �
j�1b1�

�jC1; j 2 ¹1; : : : ; N º:

By a slight abuse of language, we will identify braids with their diagrams and therefore
view braid diagrams as elements of the relevant braid group.

Lemma 2.5. The elements b1; : : : ; bN 2 B?N generate ker.indN /.

Proof. Clearly, the elements bj , j 2 ¹1; : : : ; N º, belong to ker.indN /. As shown in [8,
Lemma 2.2], the elements bj generate B?

N
together with � . Moreover, any element of

B?
N

can be written as b� i for some integer i , where b is a word in the bj ’s. Indeed, the
commutator �bj ��1b�1j equals the product bjC1b�1j , or equivalently �bj D bjC1� .

Finally, since indN .b�
i / D i , the element b� i lies in ker.indN / if and only if i D 0.

Thus, we have the inclusion ker.indN / � hb1; : : : ; bN i, and the result follows.

2.3.2. Further reductions. In this section, we state some elementary lemmas that allow
us to restrict our attention to trinomials '.x; y/ with specific support sets.

Lemma 2.6. Let ¹0º �A�Z2 be any support set not contained in a line, and let ' 2CA

be any generic Laurent polynomial. Then the conclusion of Theorem 1.3 holds for ' if and
only if it holds for z'.x; y/ WD '.x"; y�/, where j"j D j�j D 1.

Proof. The statement follows from the fact that the change of variables .x; y/ 7! .x"; y�/

induces an isomorphism between the two coverings

¹.x; y/ 2 C?
� .C nB/ W '.x; y/ D 0º ! C nB

and
¹.x; y/ 2 C?

� .C n zB/ W z'.x; y/ D 0º ! C n zB:

We obtain the corresponding commutative diagrams, analogous to (14) and (15). The
details are left to the reader.
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Corollary 2.7. Theorem 2.4 holds if and only if it holds for at least one trinomial in each
orbit of the following group action:

.i; j; d; �/ 2 Z3 � ¹�1; 1º; .i; j; d; �/ � '.x; y/ WD xiyj'.xd ; y�/:

In particular, it suffices to prove Theorem 2.4 for trinomials ' whose support set A is of
one of the following types:

(1) A D ¹.0; 0/; .m; a/; .n; b/º with 0 < m < n, gcd.m; n/ D 1, and na �mb > 0,

(2) A D ¹.0; a/; .0; b/; .1; 0/º with a < b.

Proof. The first part of the statement follows from Proposition 2.3, Lemma 2.6, and the
fact that the covering

¹.x; y/ 2 C?
� .C nB/ W '.x; y/ D 0º ! C nB

associated to ' is the same as the covering associated to xiyj � '.
For the second part, observe that the involutions x 7! x�1 and y 7! y�1 induce reflec-

tions along the horizontal and vertical axes, respectively, in the monomial lattice Z2.
Multiplication by xiyj corresponds to translation by the vector .i; j / in Z2.

If every vertical line intersects A in at most one point, then we can translate A so that
¹.0; 0/º � A � N � Z. Using the involution y 7! y�1, we may assume na � mb > 0.
Finally, acting by d , we can achieve gcd.m; n/ D 1, and thus reduce to case (1).

If there exists a vertical line intersectingA in two points, we can translateA so that this
line becomes the vertical axis, and the third point of A lies on the horizontal axis. Then,
using the involutions x 7! x�1 and y 7! y�1, we may assume AD ¹.0; a/; .0; b/; .d; 0/º
with a < b and d > 0. Rescaling the first coordinate by d gives case (2).

2.3.3. Trinomials of type .2/. As we have seen in Corollary 2.7, we can restrict ourselves
to two types of trinomials when proving Theorem 2.4, namely trinomials of type (1)
or (2). In this subsection, we prove the theorem for trinomials of type (2). Let '.x; y/ D
.ya C yb/C x with integers a < b. In this case, N D 1 and B?1 D �1.C

?/. Additionally,
we have d D # D 1.

The branching locus B � C is defined by the equation ya C yb D 0 ,

ya.yb�a C 1/ D 0, which has b � a simple roots in C?. When y travels along a small
circle around one of these roots, the root x D �.ya C yb/ of '.x/ traces a simple
loop around 0. The corresponding element in im.�'/ is thus a generator of B?1 . Since
d D # D 1 and R11 D B

?
1 , this proves Theorem 2.4 for trinomials of type (2).

2.3.4. The branching locus. From now until the end of Section 2.3.6, we restrict to
trinomials of type (1), according to the dichotomy in Corollary 2.7. This means that
'.x; y/ D 1C yaxm C ybxn with 0 < m < n, gcd.m; n/ D 1, and na �mb > 0.

Let us determine the branching locus B � C of '. To that end, consider for a moment
the polynomial f .x/D 1C uxmC vxn. Aside from the trivial case vD 0, the polynomial
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f .x/ has strictly fewer than n roots if the triple .u; v; x/ satisfies´
1C uxm C vxn D 0

muxm C nvxn D 0
”

´
v D m

n�m
x�n;

u D n
m�n

x�m:
(16)

Therefore, the polynomial f is singular if and only if

v

��
v �
n �m

m

�m
�

�
u �
m � n

n

�n�
D 0;

which holds because gcd.m; n/ D 1.
It follows that the branching locus is defined by the equation

yb
��
yb �

n �m

m

�m
�

�
ya �

m � n

n

�n�
D 0:

Therefore, B is the disjoint union of 0 2 C with the ı WD na �mb non-zero roots of the
binomial equation �

yb �
n �m

m

�m
D

�
ya �

m � n

n

�n
:

In particular, the points of B n ¹0º are equidistributed on the circle ¹y 2 C W jyj D �º for
some � WD �.a; b;m; n/ > 0.

2.3.5. The coamoeba of '. Denote by Arg' the (closed) coamoeba of ', that is, the
closure in .S1/2 of the subset

¹.�; �/ 2 .S1/2 W � D arg.x/; � D arg.y/; '.x; y/ D 0º:

The set Arg' can easily be described in terms of Arg`, where `.x; y/ WD 1 C x C y.
Indeed, the polynomial ' is projectively equivalent to the composition of the polynomial `
with the map  W .x; y/ 7! .yaxm; ybxn/. Therefore, Arg' is the pullback of Arg` under
the covering map .�; �/ 7! .m� C a�; n� C b�/ from .S1/2 to itself.

Straightforward computations show that the set Arg` is the union of the two closed
triangles in .S1/2 ' .R=2�Z/2 bounded by the three geodesics

¹� D �º; ¹� D �º; and ¹� � � D �º: (17)

These two triangles are copies of the Newton polygon of `, rotated by �=2 and ��=2
respectively. As a consequence, the closed coamoeba Arg' consists of 2ı triangles. Each
such triangle is bounded by three geodesics. These are precisely the pullbacks, under the
covering map  , of the three geodesics in (17).

We refer to the boundary geodesics of Arg' with respective slopes .b;�n/, .�a;m/
and .a � b; n � m/ as the D-, L-, and R-geodesics; see Figures 2 and 3. These slopes
are the outer normal vectors to the edges of the convex hull conv.A/. The letters D, L,
and R stand for down, left, and right, respectively, in reference to the positions of the
corresponding edges of conv.A/.
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� � � � � � � � �

b1 bN �

.0; 0/

S1 � S1
Arg`

Fig. 2. The coamoeba Arg` of the line ` in the fundamental domain Œ��;�Œ of .S1/2 ' .R=2�Z/2.

� � � � � � � � �

b1 bN �

.1; 1/

S1 � S1
Arg`Z2A

Arg' S1 � S1

�

�

D-geodesic

L-geodesic

R-geodesic

Fig. 3. The coamoeba of ' with A D ¹.0; 0/; .2; 4/; .5; 2/º.

The braid monodromy map �' tracks the configuration of points given by horizontal
sections of the curve

¹.x; y/ 2 .C?/2 W '.x; y/ D 0º:

Below, we argue that the horizontal sections of Arg' can be used to determine the image
of �' .

While generic horizontal sections of the above curve consist of n distinct points, gen-
eric horizontal sections of Arg' consist of n distinct line segments. Indeed, observe that
each such segment has a single endpoint lying on a D-geodesic, and that the D-geodesics
intersect any horizontal section exactly n times in total. This remains true unless the hori-
zontal section passes through an intersection point of an L-geodesic with an R-geodesic,
in which case the corresponding segment is bounded by two (possibly distinct) points on
D-geodesics.

For practical purposes, we refer to the intersection points between L- and R-geodesics
as the singular vertices of Arg' . We denote by S � .S1/2 the set of all such points.

Lemma 2.8. The ı singular vertices of Arg' have pairwise distinct �-coordinates.

Proof. The set S�Arg' is the preimage under the covering .�;�/ 7! .m� C a�;n� C b�/

from .S1/2 to itself of the vertex .0;�/ of Arg`. This is because this covering maps L- and
R-geodesics respectively to ¹�D�º and ¹� � �D�º, which intersect at .0;�/. Therefore,
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the set S consists of ı points and, up to translation, coincides with the projection onto
.R=2�Z/2 of the lattice

1

ı

�
b �a

�n m

�
� .2�Z/2:

Two points in this lattice have the same �-coordinate in .R=2�Z/2 if their difference,
which is of the form

2�

ı

�
�

�
b

�n

�
C �

�
�a

m

��
;

has a second coordinate in 2�Z. Thus, the pair .�; �/ has to satisfy �m � �n D �ı for
some � 2 Z. The general solution to this equation is the sum of a particular solution, for
instance .�;�/D �� � .a; b/, and a solution to the homogeneous equation �m� �nD 0,
which is of the form .�; �/ D ` � .m; n/ since gcd.n;m/ D 1. Thus,

.�; �/ D .`m � �a; `n � �b/;

and the first coordinate of the corresponding lattice point is

2�

ı
.b.`m � �a/ � a.`n � �b// D

2�

ı
`.bm � an/ D �2�` 2 2�Z:

Hence, the two points have the same image in .R=2�Z/2. The result follows.

Lemma 2.9. (1) For any y 2 C?, the intersection of ¹.�; �/ 2 .S1/2 W � D arg.y/º with
Arg' consists of n connected components if ¹� D arg.y/º does not pass through S.
Otherwise, the intersection consists of n � 1 components.

(2) The map Arg W .C?/2 ! .S1/2 induces a bijection between S and the set of points
.x; y/ 2 .C?/2 such that x is a multiple root of '.x; y/. In particular, the projection
of S onto ¹1º � S1 equals arg.B n ¹0º/.

(3) For any y 2 C nB, each connected component C of

.¹� D arg.y/º \ Arg'/ n S

contains the projection under Arg of a single point p 2 ¹.x;y/2 .C?/2 W '.x;y/D 0º.
If jyj is sufficiently small, then Arg.p/ is arbitrarily close to the D-geodesic bound-
ing C. If jyj is sufficiently large, then Arg.p/ is arbitrarily close to the other geodesic
bounding C.

Proof. (1) This part follows from the discussion prior to Lemma 2.8 and the lemma itself.
(2) Assume that x is a multiple root of '.x;y/ and let .�; �/ WD .arg.x/;arg.y//. From

the right-hand side of (16), we deduce that n� C b� D 0 and m� C a� D � . These two
equations characterise the points in S, according to the proof of Lemma 2.8. Conversely,
any point of S is of the form .arg.x/; arg.y// for some pair .x; y/ 2 .C?/2 such that x is
a multiple root of '.x; y/, by definition of S. The rest follows.

(3) Since the polynomial ' is of type (1) (see Corollary 2.7), the outer normal to the
edge conv¹.0; 0/; .n; b/º of conv.A/ points downward, while the outer normals to the
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two remaining edges point upward. By the Newton–Puiseux theorem, the n solutions to
'.x; y/ D 0 are asymptotically equivalent to

.x; y/ D ..�1=yb/1=n; y/

for any of the n determinations of .�1=yb/1=n as jyj ! 0. Similarly, as jyj ! 1, the n
solutions split into two groups:

.x; y/ � ..�1=ya/1=m; y/ and .x; y/ � ..�ya�b/1=.n�m/; y/:

The images of these parametrisations under Arg map surjectively onto the D-, L-, and
R-geodesics, respectively. This yields the second part of the statement.

To prove the first part, note that if ¹� D arg.y/º is disjoint from S, then for sufficiently
small jyj, the above asymptotics ensure that each of the n points in ¹.x; y/ W '.x; y/D 0º
contributes to a distinct component of ¹� D arg.y/º \ Arg' . This configuration persists
as jyj increases from 0 to1, while fixing arg.y/D �. This is because the set ¹'.x;y/D 0º
varies continuously with y and always contains n distinct points for y … B.

If instead ¹� D arg.y/º intersects S, and y … B, then the image of ¹x W '.x; y/ D 0º
under Arg still consists of n distinct points. Assume for contradiction that several points
in the image lie in the same component of .¹� D arg.y/º \Arg'/ n S. By continuity, this
configuration would persist upon a small perturbation of �, and therefore contradict the
above paragraph. The result follows.

2.3.6. Proof of Theorem 2.4. Here, we compute the image under �' of a generating set
of �1.C nB; y0/, relying essentially on Lemma 2.9.

To do so, we fix a graph � � C n B with y0 2 � and such that �1.C n B; y0/ D
�1.�; y0/. Concretely, we take � to be the union of two circles

C" WD ¹y 2 C?
W jyj D "º and CM WD ¹y 2 C?

W jyj DM º

for ";M > 0 arbitrarily small and large respectively, together with ı many segments join-
ingC" toCM . Each segment is contained in a half-ray ¹y 2C? W arg.y/D �º, the segments
have equidistributed arguments � on S1 and share the same distance to B n ¹0º. This is
possible since B n ¹0º is equidistributed on some circle C�; see Section 2.3.4. Altogether,
the graph � looks like a circular railway track, as pictured in Figure 4.

We fix the base point y0 2 � as a midpoint on an edge of � contained in C". In
particular, the modulus jy0j D " is arbitrarily small. We also fix the set of generators
`0; `1; : : : ; `ı of �1.�;y0/ as pictured in Figure 4. Recall the elements b1; : : : ; bn; � 2B?N
defined in Figure 1. We have the following.

Lemma 2.10. For any j 2 ¹1; : : : ; ıº, we have �'. j̀ / D bi for some i 2 ¹1; : : : ; nº.
Conversely, ¹b1; : : : ; bnº � im.�'/. Moreover, �'.`0/ D �b .

Before proving the lemma, let us fix the labelling of the roots of '.x; y0/ as follows:
choose an arbitrary root to be labelled 1 and label the remaining roots by increasing argu-
ment. Consequently, their projection under Arg appears in order on the horizontal section
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� � � � � � � � �

b1 bN �

.1; 1/

S1 � S1
Arg` Z2A

Arg' S1 � S1

�

�

A-geodesic

B-geodesic

C -geodesic

� � C

B

y0
0

`0 `1

`2 `ı

Fig. 4. The graph � and the generators `0; `1; : : : ; `ı of �1.�; y0/.

� � � � � � � � �

b1 bN �

.1; 1/

S1 � S1
Arg`Z2A �

� D arg.y0/ 1 2 3 4 5

3 4 51 2

P1

Fig. 5. The labelling of the roots of '.x; y0/, of the D-segments, and the first D-parallelogram P1.

¹� D arg.y0/º of Arg' ; see Figure 5. The horizontal section ¹� D arg.y0/º splits the
union of the D-geodesics into n open segments, which we refer to as D-segments. Recall
that, by the construction of � , the choice of y0, and Lemma 2.9, the upper endpoint of
each D-segment is arbitrarily close to a labelled point of Arg.¹'.x; y0/ D 0º/. We label
the D-segments accordingly. The union of the D-geodesics and the horizontal geodesic
¹� D arg.y0/º splits .S1/2 into n components, which we refer to as D-parallelograms,
and which we label according to the D-segment on their left; see again Figure 5. Finally,
the gcd.n; b/many D-geodesics split .S1/2 into gcd.n; b/ components, which we refer to
as the D-stripes.

Proof of Lemma 2.10. Fix a parametrisation s 7! y.s/ of `0. According to Lem-
ma 2.9 (3), the projection under Arg of ¹.x; y.s// 2 .C?/2 W '.x; y.s//D 0º is arbitrarily
close to the intersection of the horizontal section ¹� D arg.y.s//º with the union of the
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D-geodesics. Thus, the projection under Arg of each point of this set follows a trajectory
as close as desired to a straight line of slope .�b; n/. Thus, we have �'.`0/ D �b .

For any j 2 ¹1; : : : ; ıº, we can find a locally injective parametrisation Œ0; 1�! C?,
s 7! y.s/, of j̀ such that there exist 0 6 s1 < s2 6 1 satisfying y.Œ0; s1�/D y.Œs2; 1�/ and
such that the restriction of s 7! y.s/ to �s1; s2Œ is injective. Observe that .s1; s2/ D .0; 1/
exactly when j D 1. Let us restrict to the case j > 1, as the result for j D 1 is similar.

As we have seen above, the n points of Arg.¹.x;y.s// 2C? W '.x;y.s//D 0º/ follow
tightly the D-geodesics downwards in S1 � S1 when s travels along Œ0; s1�, and follow
the same trajectory upwards between s2 and 1. We now focus on the segment Œs1; s2�.
Let �1; �2 2 S1 be such that arg.y.Œs1; s2�// � S1 is the arc between �1 and �2 with
arg.y.s1// D arg.y.s2// D �1. We denote this arc, somewhat abusively, by Œ�1; �2�.

We claim that the intersection of Arg' with S1 � Œ�1; �2� consists of exactly n � 1
connected components. Indeed, the intersection of S1 � Œ�1; �2� with the union of the
D-geodesics consists of n segments. Each component of Arg' \ .S

1 � Œ�1; �2�/ contains
exactly one such segment, except the one component that contains a singular vertex of
Arg' (by Lemma 2.9 (2), there is exactly one such vertex since j̀ encloses exactly one
point of B). The claim follows.

According to Lemma 2.9 (3), when s goes from s1 to s2, each of the n points of the
subset Arg.¹.x; y.s// 2 C? W '.x; y.s//D 0º/ travels arbitrarily close to the boundary of
one of the connected components of Arg' \ .S

1 � Œ�1; �2�/; see Figure 6. More precisely,
each of these n points travels horizontally when y.s/ traverses part of the circles C"
and CM , and follows tightly part of a boundary geodesic of Arg' otherwise. In particular,
exactly two branches of s 7! Arg.¹.x; y.s// 2 C? W '.x; y.s// D 0º/ cross each other
at the unique point of S \ .S1 � Œ�1; �2�/. The image of j̀ under �' is therefore of the
form b˙1i for some 1 6 i 6 n. Plainly, the integer i is the label of the D-parallelogram
containing the singular vertex involved. Although it is not of crucial importance, it can be
shown that, according to our conventions, we have �'. j̀ / D bi ; see Figure 6.

In order to conclude the proof, we need to show that all bi , 1 6 i 6 n, are in the
image of �' . It is not necessarily true that every bi appears as �'.`˙1j /, since it is not
guaranteed that every D-parallelogram contains a singular vertex. However, we claim that
any bi appears as �'.`˙1j ı `

p
0 / for an appropriate integer p. According to the above

discussion, this is equivalent to saying that each D-stripe contains a singular vertex. But
this is clear, since at least one such stripe contains a singular vertex and since, for two
different stripes S1 and S2, the set Arg' \ S1 is a translation of Arg' \ S2 in the argument
torus S1 � S1. Therefore, any such stripe contains a singular vertex. This implies the
inclusion ¹b1; : : : ; bnº � im.�'/ and concludes the proof.

Proof of Theorem 2.4. By Corollary 2.7 and Section 2.3.3, it suffices to prove the theorem
in the case of trinomials of type (1). In this case, we have d D gcd.n; m/ D 1, and thus
B?

N ;d
D B?

N
. Therefore, we only need to show that im.�'/D R#N . Here, we have # D b.

Since the elements b1; : : : ; bn generate ker.indN / by Lemma 2.5, and indN .�
b/ D b, the

elements b1; : : : ; bn; �b generate R#
N

. The result now follows from Lemma 2.10.
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� � � � � � � � �

b1 bN �

.1; 1/

S1 � S1
Arg`Z2A �

1 2 3 4 5

1 2 3 4 5

� D �1

� D �2

� D arg.y0/

Fig. 6. The image of j̀ , j > 1, under �' .

2.4. Proof of Theorem 1.3

According to Proposition 2.2, we can restrict our attention to the case k D 1while proving
Theorem 1.3. By Proposition 2.3, we can even restrict to supports A such that d.A/ D 1.
Thus, we fix a support ¹.0;0/º �A�Z2 with d.A/D 1 and horizontal widthN WDN.A/,
and fix a generic polynomial ' 2 .C?/A.

Let us briefly describe the overall strategy of the proof. Let � W Œ0; 1�! CA, s 7! 's ,
be a continuous path from ' to some other polynomial z' 2 CA, and denote by Bs � C
the branching locus associated with 's . Fix a continuous path 
 W s 7! y0;s 2 C n Bs of
base points. The pair .�; 
/ is said to be A-suitable if

� the support As of 's has horizontal width N.As/ D N for all 0 6 s 6 1,

� the family of fundamental groups �1.C nBs; y0;s/ is locally trivial for 0 6 s < 1.

Clearly, the pair .�; 
/ induces an injective morphism im.�z'/ ! im.�'/. In order to
prove Theorem 1.3, we will take z' to be a trinomial and determine the image of the
map im.�z'/! im.�'/ using Theorem 2.4. Using the Euclidean algorithm [8, Proposi-
tion 4.1], we will then argue that the images of these morphisms generate the expected
braid monodromy group once sufficiently many trinomials z' are considered. It will be
crucial to observe that different A-suitable pairs .�; 
/ lead to different maps im.�z'/!
im.�'/. We will choose these pairs carefully. In that regard, it will be helpful to keep the
following in mind.

Remark 2.11. For a general support ¹.0; 0/º � A � Z2, the base point N of the braid
group B?

N
WD �1.CN .C?/;N / is globally invariant under the map x 7! e2i�=dx, where

d WD d.A/. In turn, this map induces an automorphism � onB?
N

, andB?
N ;d

can be alternat-
ively defined as the invariant subgroup under �. If the base point N of B?

N
is not globally

invariant under x 7! e2i�=jx for some integer j > 2, a choice must be made to define
the subgroup B?

N ;j
� B?

N
, namely, we must specify a path in CN .C?/ joining N to a

configuration invariant under x 7! e2i�=jx.

Recall that the Hausdorff distance on compact subsets of C? induces a metric on the
configuration space CN .C?/. Fix a binomial ˇ 2 CA0 , where A0 � A has horizontal
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width N . Fix " > 0 arbitrarily small, and choose an open ball V � CA containing ˇ such
that

� for any O' 2 V , the associated branching locus B O' � C does not contain 1,

� for any O' 2 V , the configuration N O' WD ¹x 2 C? W z'.x; 1/ D 0º is contained in the
"-neighbourhood of Nˇ in CN .C?/.

The existence of V follows from the facts that Bˇ D ¹0º (and thus 1 … Bˇ ), and that both
B O' and N O' depend continuously on O'.

As discussed in Remark 2.11, any path � � V from O' to ˇ allows one to define the
subgroup B?

N O' ;
Qd
� B?

N O'
for any divisor Qd of N . This is because the set Nˇ is invariant

under multiplication by e2i�=N . Since V is simply connected, this subgroup is independ-
ent of the path �. Moreover, any such path defines an isomorphism between B?

N O'
and

B?
Nˇ

, which is also path-independent for the same reason. In turn, this defines a path-
independent isomorphism between the braid groups B?

N O'
, O' 2 V , which we refer to,

somewhat abusively, as the V -isomorphism.
Since we are allowed to choose ' in some Zariski-open subset of .C?/A, we take

' 2 V . In particular, we can make sense of the subgroup B?
N ; Qd
� B?

N
for any divisor Qd

of N . We have the following:

Lemma 2.12. For any A0 � zA � A with j zAj D 3 and any generic z' 2 C zA \ V , there
exists a path � � V from ' to z' such that the pair .�; 
/ is A-suitable, where 
 is constant
and equal to 1. For any such path, the image of the corresponding morphism im.�z'/!
im.�'/ is

B?
N ;d. zA/

\R
#. zA/

N
� B?N :

Proof. It is an elementary fact that the cardinality of B O' is constant and maximal on a
Zariski-open subset of CA. In particular, the fundamental group �1.C nB O' ; 1/ is locally
constant on an open dense subset of V . This proves the existence of the A-suitable pair
.�; 
/. By Theorem 2.4, we have

im.�z'/ D B?Nz' ;d. zA/
\R

#. zA/

Nz'
� B?Nz' :

Therefore, it suffices to show that the V -isomorphism between B?
Nz'

and B?
N

maps

B?
Nz' ;d. zA/

to B?
N ;d. zA/

and R
#. zA/

Nz'
to R#.

zA/

N
:

The latter is clear since the V -isomorphism maps indNz' to indN . The former follows
from the definition of the subgroup B?

N O' ;
Qd
� B?

N O'
for any divisor Qd of N and O' 2 V .

Let ¹ zAiºi2I be the set of all supports zA as in the lemma above. Denote Qdi WD d. zAi /
and Q#i WD #. zAi /. Then gcd.¹ Qdiºi2I / D d.A/ D 1. By the lemma above, B?

N ; Qdi
\R0

N
�

im.�'/ for all i 2 I . By the Euclidean algorithm [8, Proposition 4.1] and Lemma 2.5, the
subgroups B?

N ; Qdi
\R0

N
together generate R0

N
D ker.indN /. Thus, ker.indN / � im.�'/.
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Finally, it remains to construct an element � 2 im.�'/ such that indN .�/ D #.A/.
By the lemma above, there exists �i 2 im.�'/ such that indN .�i / D Q#i . Thus, there is
� 2 im.�'/ such that

indN .�/ D gcd.¹ Q#iºi2I / D #.A/:

This concludes the proof of Theorem 1.3.

2.5. Proof of Theorem 1.1

In order to prove Theorem 1.1, it suffices to show that the image of BA D R#N \ B
?
N ;d

under the map �N W B
?
N
! SN is ind�1N .he2i�#=d i/. To see this, we claim that there is a

commutative diagram

B?
N ;d

indN

��

�N // // SN ;d

indN

��

Z
�

// // Ud

(18)

such that �N .ker.indN // D ker.indN /. If so, the commutativity of the diagram and
the surjectivity of the horizontal arrows imply that indN .GA/ D �.R#

N
/ D he2i�#=d i.

To prove that GA D ind�1N .he2i�#=d i/, it remains to show that ker.indN / � GA. But
since ker.indN / � BA and GA D �N .BA/, the inclusion ker.indN / � GA follows from
�N .ker.indN // D ker.indN /.

Let us now verify the existence of the commutative diagram with the desired proper-
ties. Clearly, the image of B?

N ;d
under �N is the Ud -equivariant subgroup SN ;d � SN .

We identify the target �1.C?; x0/ of indN with Z via the choice of the generator t 7!
x0 � e

2i�t , 0 6 t 6 1. Observe that any braid ˇ 2 B?
N ;d

can be represented by a collection
of paths t 7! x.t/, 0 6 t 6 1, indexed by x 2 N . From this representative of ˇ, we con-
struct the element 
 W t 7!

Q
x2N x.t/ of �1.C?; x0/. With these conventions, the sought

diagram is the following:

B?
N ;d

ˇ 7! 1
2i�

R


dz
z

��

ˇ 7!.x 7!x.1//x2N // // SN ;d

� 7!
Q
x2E

�.x/
x

��

Z
� 7!e2i��=d // // Ud

where the formula � 7!
Q
x2E

�.x/
x

for indN does not depend on the choice of
E � N . The commutativity of the diagram is now an easy exercise in complex ana-
lysis, showing that the composition of the two arrows in the diagram equals the map
ˇ 7! exp. 1

2i�

R

E

dz
z
/, where 
E W t 7!

Q
x2E x.t/.

To see that �N .ker.indN //D ker.indN /, recall that SN ;d is isomorphic to the wreath
product Ud wrN=d SN=d and that indN acts as .�1; : : : ; �N=q; �/ 7!

Q
j �j . The kernel of

indN is generated by elements of the form .1; : : : ; 1; �/ and .�1; : : : ; �N=q; id/ such thatQ
j �j D 1. Clearly, such elements belong to �N .ker.indN //.
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Remark 2.13. Let us briefly comment on the Zariski-open subset O appearing in The-
orems 1.3 and 1.1 when k D 1. In this case, the branching locus B � C? is a finite set
whose cardinality is upper semicontinuous in '. The set of polynomials ' for which jBj
is maximal is a Zariski-open subset of .C?/A. On this set, the Galois group G' is as large
as possible. A concrete Zariski-open subset O is given by the set of polynomials ' for
which the subsets ¹c0.y/ D 0º, ¹cn.y/ D 0º, and ¹'.x; y/ D @'

@x
.x; y/ D 0º of C? have

maximal cardinality. We refer to [10, Section 2] for more details.

2.6. Discussions: kernel, presentation and isomonodromy

In this section, we discuss how the explicit methods of Section 2.3.5 allow us to determine
the kernel of �' , obtain a presentation of the braid monodromy group BA, and study
isomonodromy loci.

As discussed in the proof of Lemma 2.10, we can explicitly determine the image
under �' of the generators j̀ , 0 6 j 6 ı, of �1.C nB; y0/ when ' is a trinomial. Recall
that �'.`0/ D �b and �'. j̀ / D bi for j > 1 and for some 1 6 i 6 n. The integer i
is determined as follows: j̀ encircles exactly one point of B in C?, this point maps to
a singular vertex under Arg, and this singular vertex lies in the interior of one of the
D-parallelograms covering .S1/2. The corresponding parallelogram is indexed by some
integer i , so that �'. j̀ / D bi .

To determine the kernel of �' as well as a presentation of the corresponding braid
monodromy group, it suffices to

� know the relations between the elements �b , b1; : : : ; bn of B?
N

(see e.g. [19]),

� determine the image and cardinality of the fibres of the map j 7! i .

For the latter, observe that the singular vertices are equidistributed along a collection of
gcd.n; b/ geodesics parallel to the D-geodesics. These are the preimages under the map

S1 ! S1; .�; �/ 7! .m� C a�; n� C b�/;

of the geodesic ¹� D 0º; see Section 2.3.5. We refer to these geodesics as D0-geodesics.
Each D0-geodesic decomposes into labelled D0-segments, which are the intersections of
the geodesic with labelled D-parallelograms. Therefore, the image and cardinality of the
fibres of j 7! i are determined by the distribution, on each D0-geodesic, of the ı=gcd.n;b/
equidistributed singular vertices relative to the n=gcd.n; b/ equidistributed intersection
points with the horizontal section ¹�D arg.y0/º. This can be computed for any specific tri-
nomial ' and depends solely on the arithmetic of the support A WD ¹.0; 0/; .m; a/; .n; b/º.

Next, let us briefly discuss how the above observations on trinomials extend to arbit-
rary supports A � Z2 using tropical geometry. Consider a regular triangulation T of
conv.A/ whose vertex set is A, that is, there is a piecewise-linear convex function f W
conv.A/!R whose domains of linearity are exactly the triangles in T (see e.g. [14, Sec-
tion 2.1] for existence). We further assume that no inner edge of T is vertical. This can
be achieved by taking a smaller subset zA � A with the same invariants N , d , and # , and
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a triangulation T supported on zA rather than A. Then, we fix

'.x; y/ WD
X

aWD.a1;a2/2A

sf .a/xa1ya2 (19)

for s > 0 arbitrarily small. Such a polynomial is known as a Viro polynomial, a central
object in tropical geometry (see [1]). The Viro polynomial ' defines a tropical curve
C � R2, where R2 is the plane with coordinates .x; y/ WD Log.x; y/ WD .log jxj; log jyj/.
The tropical curve C is a piecewise-linear graph dual to the subdivision T of conv.A/
(see [1, Proposition 2.5]). Any triangle T � T defines a trinomial

'T .x; y/ WD
X

aWD.a1;a2/2T

sf .a/xa1ya2 ;

which is dual to a vertex vT of C ; see Figure 7 (a)–(b). Viro’s Patchworking Theorem
states that for any neighbourhood VT � R2 of vT , the set Log�1.VT /\ ¹'.x; y/ D 0º is
a small deformation of Log�1.VT /\ ¹'T .x; y/D 0º (see [16, Section 2.3.2]). Moreover,
it describes how the pieces Log�1.VT / \ ¹'.x; y/ D 0º glue together, for all triangles
T � T . Using the trinomial case, this allows one to compute the image of the generators
of �1.C nB; y0/ under �' , determine the kernel of �' , and obtain a presentation of BA.

� � � � � � � � �

b1 bN �

.1; 1/

S1 � S1
Arg`

Z2A

Arg' S1 � S1

�

�

A-geodesic

B-geodesic

C -geodesic

� � C

B

t0
0

`0 `1

`2 `ı

R2C � � � C

B

conv. zA/

(a) (b) (c) (d)

Fig. 7. (a) The triangulated support setAwith conv. zA/ in blue. (b) The corresponding tropical curve
C � R2. Coloured halos illustrate the duality with the triangulation of A. (c) The bifurcation set B
for ' as in (19). We can choose a skeleton � of C nB to be the juxtaposition of two railway tracks
and compute �' explicitly on the generators of �1.�/. Again, coloured halos illustrate duality.
(d) The deformation of B along a path from ' as in (19) to z' as in the left-hand side of (20). In this
example, D D 5.

We now explain how the explicit description of the map �' allows one to derive
information on isomonodromy loci, i.e. subsets of the form

Mon.B/ WD ¹' 2 CA
W im.�'/ D Bº

for a prescribed subgroup B � B?
N

. The first instance is the set Mon.BA/. In Remark
2.13, we mentioned that Mon.BA/ contains the Zariski-open subset of CA consisting of
polynomials ' for which the cardinality of the bifurcation set B is maximal. We now
illustrate that this containment is generally strict.
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Consider, for instance, a sharp support set A � Z2 contained in a vertical strip
Œ0; n��Z, including .0; 0/ and .n; b/ as vertices and lying in the upper half-plane defined
by the line R � .n; b/. Assume further that .n; b/ is primitive, and that there exists a point
.m; a/ 2 A with gcd.m; n/ D 1. Then the trinomial zA WD ¹.0; 0/; .m; a/; .n; b/º has the
same invariants as A, namely d. zA/ D d.A/ D 1, N. zA/ D N.A/ D n, and #. zA/ D #.A/.
Define

D WD Vol.A/ � Vol. zA/C 1;

where Vol denotes twice the Euclidean area of the convex hull of its argument. Also, write
A0 WD ¹.0; 0/; .n; b/º and A? WD A n A0. Then we claim that

¹z' 2 .C?/A0 �CA?
W B has at least D simple points in C?

º � Mon.BA/: (20)

Whenever A is sharp, the maximal cardinality of B for ' 2 CA is Vol.A/ C 1. This
follows from the Bernstein–Kouchnirenko–Khovanskii Theorem, noting that 0 2 C must
lie in B for sharp supports. In particular, the left-hand side of (20) strictly contains the set
of polynomials ' such that jBj D Vol.A/C 1.

Let us outline the proof of (20) in the case where A consists of four points and admits
a triangulation with exactly two triangles, one of which is conv. zA/ (see Figure 7). For ' as
in (19), the bifurcation set B appears as in Figure 7 (c). The generators of �1.�/ encircling
the blue points map to elements bi 2 B?N under �' , while the circle around 0 maps to �b .
Now consider a path in CA from ' to z' as in the left-hand side of (20). By cardinality,
at least one of the blue points in B remains simple along the deformation. We deduce
that im.�z'/ contains �b and some bi . As n and b are coprime, every element bj arises as
a conjugate of bi by a power of �b . Hence, im.�z'/ contains ¹b1; : : : ; bnº D ker.ind zN /.
Since ind zN .�

b/D b D #.A/, we conclude that im.�z'/�RbzN DBA. The latter inclusion,
which must be an equality, proves the claim in (20).

Finally, observe that the integer D can be as small as 2 for suitable choices of A,
while Vol.A/ can be made arbitrarily large. This illustrates that for certain choices of A,
the isomonodromy locus Mon.BA/ contains polynomials z' that are highly degenerate
with respect to the projection .x; y/ 7! y.

3. Proofs for Problem 2

3.1. One two-dimensional support

As in Section 1.2, we consider a pair A WD .A1; A2/, Aj � Z2, where A2 � ¹0º � Z.
We are interested in the determination of the Galois group GA of the general system of
equations supported on A,

p.x; y/ D q.y/ D 0; (21)

where p 2 .C?/A1 and q 2 .C?/A2 . For now, we restrict ourselves to the case where A1
is not contained in a line. The remaining case is addressed in Section 3.2.

Recall the branching locus B � .C?/A, that is the hypersurface consisting of pairs
.p; q/ for which the number of solutions to (21) in .C?/2 is not maximal. Loops in the
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complement of B based at a chosen pair .p0; q0/ induce permutations on the set of solu-
tions N to the system (21) corresponding to .p0; q0/. The latter permutations form the
Galois group GA � SN of A that we aim to compute.

As explained in Section 1.2, we will deduce GA as the image of the braid monodromy
group BA under the natural projection �N W B

?
N
! SN . In other words, Theorem 1.6,

which describes GA, will come as a corollary of Theorem 1.8, which describes BA.
For convenience, we work under the conditions of Assumption 1.5. In particular, the

polynomial q.x; y/ D q.y/ is univariate of degree m, the polynomial p.x; y/ has degree
n in x and the system (21) has N WD n �m solutions for generic .p; q/.

We decompose the proof of Theorem 1.8 into the following three lemmas, whose
proofs are given in subsequent sections.

Lemma 3.1. For A as in Assumption 1.5, we have indA.BA/ D BW .

Lemma 3.2. Theorem 1.8 holds if and only if it holds for reduced pairs A, that is, for
pairs A such that hA1; A2i D Z2.

Lemma 3.3. For A as in Assumption 1.5 and reduced, the group BA contains ker.indA/.

Proof of Theorem 1.8. Thanks to Lemma 3.2, we may assume thatA is reduced. By Lem-
mas 3.1 and 3.3, we know that indA.BA/ D BW and ker.indA/ � BA. It follows that BA
is equal to ind �1A .BW /.

We postpone the proof of Theorem 1.6, which we will derive as a corollary of Theorem
1.8, until the end of this section.

3.1.1. Proof of Lemma 3.1. We aim to prove that indA.BA/ D BW , where A is as in
Assumption 1.5.

Recall from (11) that the map indA WB?N !B?
L;2

is induced by the multiplication map[
q.y/D0

Fy � ¹yº 7!
[

q.y/D0

� Y
x2Fy

x; y
�

from UA � CN ..C?/2/ to UW .¹1º/� Cm..C?/2/. The composition of this multiplication
map with CA! UA, .p; q/ 7! ¹p D q D 0º, admits a simple description, thanks to Vieta’s
formula. Indeed, writing

p.x; y/ D c0.y/C c1.y/x C � � � C cn.y/x
n;

the product of the roots of p for a chosen y 2 C? is the unique solution to the equation

w.x; y/ D 0; where w.x; y/ WD .�1/nC1c0.y/C cn.y/x:

It follows that the composition of the map indA with �A takes values in the braid
group BW , corresponding to systems of the form

w.x; y/ D q.y/ D 0:
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Moreover, the linear map .C?/A ! .C?/W , which sends the pair .p; q/ supported on A
to the pair .w; q/ supported on W , maps CA to CW . We claim that this map is surject-
ive and that any loop in CW lifts to a loop in CA. From this claim, the desired equality
indA.BA/ D BW follows.

Let us prove the claim. To show surjectivity, observe that any pair .w; q/ 2 CW sat-
isfies cn.y/c0.y/ ¤ 0 for any root y 2 C? of q. For a generic choice of the remaining
coefficients ca.y/ of p.x; y/, each of the m polynomials x 7! p.x; y/, for q.y/ D 0,
has n distinct roots in C?. Observe that this remains true even when A1 D ¹0; nº. Thus,
the map CA ! CW is surjective. Furthermore, the fibre in CA over any point in CW is
the complement to a hypersurface in an affine subspace of CA. In particular, the fibre is
connected. Hence, any loop in CW lifts to a loop in CA, completing the proof of the claim
and the lemma.

3.1.2. Proof of Lemma 3.2. We aim to prove that Theorem 1.8 holds if and only if it holds
for reduced pairs A. Recall that A satisfies Assumption 1.5 in the theorem.

As in Section 1.2, we denote by K WD K.A/ � .C?/2 the largest subgroup such
that the set ¹p.x; y/ D q.y/ D 0º is invariant under multiplication by K, for any .p; q/
in .C?/A. Pick generators

�
a
b

�
and

�
0
c

�
of the lattice hA1; A2i � Z2 (any lattice of rank 2

in Z2 admits such a basis). Then the kernel of the group homomorphism

� W .C?/2 ! .C?/2; .x; y/ 7! .xayb; yc/;

is exactlyK. For any pair .p; q/ 2 .C?/A, we can write p D Qp ı � and q D Qq ı � for some
auxiliary Laurent polynomials Qp and Qq. Denote by zA WD . zA1; zA2/ the support of the pair
. Qp; Qq/, for generic .p; q/ 2 .C?/A, and add a tilde to every piece of notation associated
to zA.

Up to composition of � with .x; y/ 7! .x˙1; y˙1/, we can assume that a and c are
positive, hence zA satisfies Assumption 1.5 for the integers Qn WD n. zA/ and Qm WD m. zA/.
Observe that the support zA is reduced. In particular, K. zA/ D ¹1º and d. zA/ D 1.

To prove Lemma 3.2, we show that Theorem 1.8 holds for A if and only if it holds
for zA. To prove this, we rely on the existence of appropriate commutative diagrams.

First, it is clear that the map . Qp; Qq/ 7! . Qp ı �; Qq ı �/ from .C?/
zA to .C?/A induces

an isomorphism f W C zA ! CA. Next, the injective map CN=jKj..C?/2/! CN ..C?/2/,
defined by taking preimages under � , induces a map g W U zA ! UA. Finally, observing
that m D Qmc, the injective map C Qm..C?/2/! Cm..C?/2/, defined by taking preimages
under .x; y/ 7! ..�1/nCQnxy Qnb; yc/, induces a map h W U zW .¹1º/! UW .¹1º/.

We claim that the maps f , g, and h are isomorphisms and fit into the following com-
mutative diagram:

C zA

f

��

.p;q/ 7!¹pDqD0º
// U zA

g

��

// U zW .¹1º/

h

��

CA
. Qp; Qq/ 7!¹ QpDQqD0º

// UA // UW .¹1º/
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where the horizontal maps on the right-hand side are the multiplication maps (11). Passing
to fundamental groups, we obtain the following diagram:

�1.C zA/

f�

��

� zA // B zA

g�

��

ind zA // B zW

h�

��

�1.CA/
�A // BA

indA // BW

(22)

where all vertical maps are isomorphisms. This is because the images of � zA and �A are
B zA and BA respectively, which are in turn mapped to B zW and BW , by Lemma 3.1.

Upon these claims and the fact that indA and ind zA are surjective, by Lemma 3.1, we
conclude that BA D ind�1A .BW / if and only if B zA D ind�1

zA
.B zW /.

Let us now prove the above claims. The fact that g is an isomorphism is a simple
consequence of the definition given in (8). Indeed, it is clear that the preimage of a con-
figuration in C zA under � is in CA. Conversely, one easily verifies that the direct image of
a configuration in CA lies in C zA. The fact that h is an isomorphism follows from the same
principle. There, it may be helpful to decompose the map .x;y/ 7! ..�1/nCQnxy Qnb; yc/ as
the composition of the bijection .x; y/ 7! ..�1/nCQnxy Qnb; y/ with the covering .x; y/ 7!
.x; yc/, and observe that q.y/ D Qq.yc/.

The commutativity of the left square in the first diagram is clear. For the right square,
recall that a configuration

S
Qq.y/D0

zFy � ¹yº in C zA maps to
S
Qq.y/D0.

Q
x2 zFy

x; y/ in
U zW .¹1º/. The image of the former configuration under g is of the form[

Qq.yc/D0

®
� a
p
x=yb W �a D 1; x 2 zFyc

¯
� ¹yº

for any chosen determination of a
p
x=yb . The image under the multiplication map (11) of

this configuration is[
Qq.yc/D0

� Y
x2 zFyc

Y
�aD1

� a
p
x=yb; y

�
D

[
Qq.yc/D0

� Y
x2 zFyc

.�1/aC1x=yb; y
�

D

[
Qq.yc/D0

�
.�1/nCQn

y Qnb

Y
x2 zFyc

x; y

�
;

which is the preimage of the point configuration
S
Qq.y/D0.

Q
x2 zFy

x; y/ under the map

.x; y/ 7! ..�1/nCQnxy Qnb; y/ . This proves the commutativity of the right square.
The commutativity of the second diagram follows from the commutativity of the first

and the fact that indA and ind zA are surjective, by Lemma 3.1. The maps f�, g�, and h�
are isomorphisms, since f , g, and h are. The result follows.

During the proof, we showed that g� W B zA ! BA is an isomorphism, without using
the fact that ker.�/ D K. This leads to the following, more general statement.
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Lemma 3.4. Let zA and A be two finite subsets of Z2 that satisfy Assumption 1.5, and
suppose that AD L. zA/ for some injective homomorphism L W Z2! Z2. Denote the dual
map by � W .C?/2 ! .C?/2. Then the map

C zA 3 ¹ Qp D Qq D 0º 7! ¹ Qp ı � D Qq ı � D 0º 2 CA

induces an isomorphism B zA ! BA.

3.1.3. Proof of Lemma 3.3. To prove that BA contains the kernel of indA for reduced
pairs A, we study the geometry of the branching locus B of the covering (6). For Oy 2 C?,
define

B Oy WD ¹p 2 .C
?/A1 W p.x; Oy/ is singular, with n roots in C? counted with multiplicitiesº:

The set B Oy is the pullback under the linear map L Oy W CA1 ! CA1 , p.x; y/ 7! p.x; Oy/,
of the A1-discriminant in CA1 . Provided that n > 1, the latter discriminant is irreducible
and non-empty (see [13, Chapter 10]). Therefore, the set B Oy is an irreducible non-empty
hypersurface of .C?/A1 .

Lemma 3.5. For A1 as in Assumption 1.5 and distinct Oy; Ly 2 C?, the intersection
B Oy \B Ly has codimension 1 in both B Oy and B Ly unless Oy= Ly is a kth root of unity, where
k is the index of the lattice hA1i in Z2.

Proof. Since B Oy and B Ly are irreducible, either they coincide or B Oy \ B Ly has codimen-
sion 1 in both B Oy and B Ly . Assume that B Oy and B Ly coincide. Take B � A1 so that the
projection Z2! Z� ¹0º induces a bijection between B and A1. In particular, each of the
evaluation maps ev Oy W .x; y/ 7! .x; Oy/ and ev Ly W .x; y/ 7! .x; Ly/ realises an isomorphism
from CB to CA1 . Since B Oy \CB DB Ly \CB , it follows that ev Ly ı .ev Oy/�1 WCA1!CA1

preserves the A1-discriminant. In other words, the A1-discriminant is invariant under
translation by .. Oy= Ly/b.a//a2A1 , where we denote by .a;b.a//2B the point above a 2A1.

By the Horn–Kapranov uniformisation, the vector .. Oy= Ly/b.a//a2A1 has to be of the
form .uva/a2A1 for some u; v 2 C?. Otherwise, the reduced A1-discriminant would still
be invariant under translation by .. Oy= Ly/b.a//a2A1 , contradicting the fact that the logar-
ithmic Gauss map is birational (see [13, Theorem 3.1]).

We deduce from the above argument that j Oy= Lyjb.a/ D juvaj. Setting ! WD Oy= Ly and
taking the logarithm of both sides, we find that either j!j D 1, or

b.a/ D
log jvj
log j!j

� aC
log juj
log j!j

for all a 2 A1. In particular, the subset B � Amust lie on a line in Z2 if ! ¤ 1. However,
since A1 is not contained in a line, we can choose B not contained in a line and thereby
conclude that j!j D 1.

Now, for any pair a1; a2 2 A1, and

D WD D.a1; a2/ D det
�

a1 � 0 a2 � 0

b.a1/ � b.0/ b.a2/ � b.0/

�
;



A. Esterov, L. Lang 3746

a straightforward computation shows that !D D 1, recalling that !b.a/ D uva. By consid-
ering all subsets B � A1 whose projection onto A1 is bijective, we deduce that !G D 1,
where

G WD gcd.¹D.a1; a2/ºa1; a22A1/:

Finally, we observe that G is the index of the lattice hA1i in Z2.

The proof of Lemma 3.3 also relies on a stronger form of [8, Theorem 3], which
is already established there. Recall that for a support A � Z such that ¹0; nº � A �
¹0; : : : ; nº, we can consider the braid monodromy map

�?A W �1.CA/! B?N

where CA �CA is the set of polynomials p.x/D
P
a2A cax

a with n distinct roots in C?,
and B?

N
is denoted B?n in [8]. We have the following.

Theorem 3.6. For any reduced support A � Z as above and constants k0; kn 2 C?, the
composition of �1.CA \ ¹c0 D k0; cn D knº/! �1.CA/ with �?A maps surjectively onto
the subgroup R0

N
� B?

N
. In particular, the image under �?A of the kernel of the map

�1.CA n ¹c0cn D 0º/ ! �1.C
A
n ¹c0cn D 0º/

induced by the inclusion CA n ¹c0cn D 0º ,! CA n ¹c0cn D 0º is R0
N

.

Proof. Let us first assume that k0 D k1 D 1. Recall from Lemma 2.5 that R0
N

is the
subgroup of B?

N
generated by b1; : : : ; bn. Therefore, the proof of Theorem 3.6 is identical

to the proof of [8, Theorem 3], provided that we upgrade [8, Corollary 5] accordingly.
Using the notations in loc. cit., we need to show that the composition of

�1.CA \ ¹c0 D c2 D 1º/! �1.CA/

with �?A maps onto R0
N

. This upgrade is obviously true, by [8, Lemma 3.5]. This proves
the result for k0 D k1 D 1.

For arbitrary constants k0 and kn, observe that the image of �1.CA \ ¹c0 D cn D 1º/
under �?A is not affected by the coordinate change p.x/ 7! u � p.vx/. Choosing u and v
appropriately, we can achieve any prescribed value k0 and kn.

We are now ready to prove Lemma 3.3. To this end, consider the affine subspace
V � CA consisting of all pairs .p; q/ such that q D q0 and the coefficients c0.y/ and
cn.y/ in the expansion

p.x; y/ D c0.y/C c1.y/x C � � � C cn.y/x
n

are constant and equal to the corresponding coefficients of the fixed polynomial p0. In
particular, we have .p0; q0/ 2 V . By Vieta’s formula, the composition of the natural map
�1.V n B/ ! �1.CA/ with �A takes values in ker.indA/. Our goal is to show that the
image of this composition is ker.indA/.
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To do so, observe that ker.indA/ is a product. Indeed, the map B?
N
! SQ, which

records the permutation induced on the set Q of roots of q0, factors through indA. This
implies that ker.indA/ is a subgroup of the kernel of B?

N
! SQ. Moreover, the restric-

tion of indA to this kernel is the product map
Q
y2Q indNy , where Ny WD ¹x 2 C? W

p.x; y/ D 0º and each map indNy is defined as in (4). It follows that ker.indA/ DQ
y2Q ker.indNy / D

Q
y2Q R

0
Ny

.
To show that �1.V n B/ surjects onto ker.indA/, we invoke Zariski’s Theorem [3,

Théorème], which states that for a generic line L � V passing through .p0; q0/, the
images of �1.L nB/ and �1.V nB/ in B?

N
coincide. We claim that for any pair Oy; Ly 2Q,

the intersection B Oy \ B Ly has codimension 1 in both B Oy and B Ly . This ensures that the
finite sets L\B Oy , for Oy 2Q, are pairwise disjoint. It then follows from Theorem 3.6 that
the image of �1.L nB/ contains

Q
y2Q R

0
Ny

, and hence ker.indA/.
It remains to prove the claim. By Lemma 3.5, the claim holds unless Oy= Ly is a kth root

of unity, where k is the index of the lattice hA1i. Since q0 2 CA2 is generic, the ratio Oy= Ly
can only be an l th root of unity, where l is the index of hA2i. Pick generators

�
a
b

�
and

�
0
c

�
ofA1. Since the pairA is reduced andA2 D ¹0º � `Z, we deduce successively that aD 1,
c D k, and eventually k and l are coprime. This proves the claim and thus the lemma. �

Proof of Theorem 1.6. The map

� W .C?/2 ! .C?/2; .x; y/ 7! .xd .�1/nCn=d ; y/;

satisfies

w.�.x; y// D .�1/nC1c0.y/C cn.y/x
d .�1/nCn=d D v.x; y/.�1/nCn=d :

Consequently, the preimage of ¹v.x; y/ D q.y/ D 0º under � is ¹w.x; y/ D q.y/ D 0º.
By Lemma 3.4, the map .v; q/ 7! .w; q/ induces an isomorphism BV ' BW . This iso-
morphism fits into the following commutative diagram:

BA

indA
��

�N // // GA

indA
��

BW ' BV
�M // // GV

Since indA is surjective by Lemma 2.1, it follows that indA is also surjective. Thus, it
remains to show that the projection �N W BA ! GA maps

ker.indA/ D
Y
y2Q

ker.indNy /

surjectively onto
ker.indA/ D

Y
y2Q

ker.indNy
/:

In the proof of Theorem 1.1, we showed that ker.indN Oy / maps surjectively onto
ker.indN Oy

/. The result follows.
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3.2. Two one-dimensional supports

We now consider the same problem as in the previous section, in the special case where
there exist two skew lines L1 and L2 such that Ai � Li for i 2 ¹1; 2º. Without loss of
generality, we assume that both A1 and A2 contain .0; 0/ as an endpoint.

Fix generators .a; b/ and .u; v/ for the lattices hL1 \Z2i and hL2 \Z2i respectively.
Then, the covering � W .C?/2! .C?/2, .x; y/ 7! .xayb; xuyv/, maps the set of solutions
to the system

p.x; y/ D q.x; y/ D 0 (23)

supported on A to the set of solutions to a system

Qp.x/ D Qq.y/ D 0;

where Qp.x/ and Qq.y/ are univariate polynomials. To describe GA, consider the auxiliary
systems

p.x; y/ D 0; xuyv D 1; (24)

xayb D 1; q.x; y/ D 0: (25)

Each solution to (23) is a product in .C?/2 of a solution to (24) with a solution to (25),
and vice versa. Indeed, the respective solution sets are[

Qp.x/DQq.y/D0

��1.x; y/;
[
Qp.x/D0

��1.x; 1/; and
[
Qq.y/D0

��1.1; y/:

Thus, the multiplication map .C?/2 � .C?/2! .C?/2 induces a surjection from the cov-
ering G

.p;q/2CA

²
p.x; y/ D 0;

xuyv D 1

³
�

²
xayb D 1;

q.x; y/ D 0

³
� .C?/2 � .C?/2 � CA ! CA (26)

to the covering G
.p;q/2CA

²
p.x; y/ D 0;

q.x; y/ D 0

³
� .C?/2 � CA ! CA: (27)

Let G1 and G2 be the respective monodromy groups of the coveringsG
p2CA1

²
p.x; y/ D 0;

xuyv D 1

³
! CA1 and

G
q2CA2

²
xayb D 1;

q.x; y/ D 0

³
! CA2 :

The map from (26) to (27) induces, at the level of monodromy groups, a surjective homo-
morphism G1 � G2 ! GA, which we will use to describe GA. We first describe the
homomorphism, its kernel, and eventually the factors G1 and G2.

The mapG1 �G2!GA admits the following description. Let N , N1, and N2 denote
the sets of solutions to (23), (24), and (25), respectively. Each of these sets is acted upon
by the group K WD ker.�/. We denote by SN1;K , SN2;K , and SN ;K the corresponding
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K-equivariant permutation groups. Since each element .x; y/ 2 N can be expressed as a
product .x1; y2/ � .x2; y2/ with .xi ; yi / 2 Ni , we have a map

SN1;K �SN2;K ! SN ;K ;

.�1; �2/ 7! ..x; y/ 7! �1.x1; y1/ � �2.x2; y2//:
(28)

The K-equivariance of �1 and �2 ensures that the above map is well-defined.
The monodromy groupsGA,G1, andG2 areK-equivariant, hence included in SN1;K ,

SN2;K , and SN ;K , respectively. The map G1 �G2 ! GA is the restriction of (28).
Clearly, the kernel of (28) is a subgroup of SN1;K �SN2;K isomorphic toK, namely

the image of the injection

� 7!
�
N1 �N2 3 .s1; s2/ 7! .� � s1; �

�1
� s2/

�
:

Theorem 3.7. Let A WD .A1; A2/ be any pair of finite subsets Ai � Z2 such that there
exist skew linesL1 andL2 withAi �Li for i 2 ¹1;2º. Then the productG1 �G2 contains
the kernel of (28) and GA fits into the short exact sequence

1! K ! G1 �G2 ! GA ! 1: (29)

Remark 3.8. If the covering � has degree 1, then it is a coordinate change that transforms
the system p.x; y/ D q.x; y/ D 0 into the system Qp.x/ D Qq.y/ D 0. The exact sequence
(29) then reduces to an isomorphism G1 � G2 ! GA, where G1 and G2 are the Galois
groups of the univariate polynomials Qp and Qq, respectively. These groups are determined
in [8].

The explicit map (28) and the above exact sequence provide a description ofGA, given
a description of the groups G1 and G2, which we now provide. Define di WD gcd.Ai /, so
that

Qp.x/ D Lp.xd1/ and Qq.y/ D Lq.yd2/

for some polynomials Lp and Lq with reduced supports. The set ¹p.x; y/ D 0; xuyv D 1º
is the preimage of ¹ Lp.x/ D 0; y D 1º under the covering

�1 W .x; y/ 7! ..xayb/d1 ; xuyv/:

In particular, the set N1 is acted upon byK1 WD ker.�1/'K �Ud1 and G1 is a subgroup
of the K1-equivariant permutations in SN1 . The same reasoning applies to G2. Denote
by SNi ;Ki � SNi the subgroup of Ki -equivariant permutations.

Lemma 3.9. For i 2 ¹1; 2º, the group Gi equals the subgroup SNi ;Ki � SNi .

Proof. We prove the lemma for i D 1, the remaining case being similar. The subgroup of
K1-equivariant permutations in SN1 is isomorphic to the wreath product K1 wr LN1 S LN1

,

where LN1 is the set of roots of Lp. By K1-equivariance, we have a surjective map
SN1;K1 ! S LN1

that records the induced permutation on the set LN1. To prove the state-
ment, it suffices to show that the restriction of this map to G1 is still surjective, and that

G1 contains its kernel, which is canonically isomorphic to K
LN1

1 .
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From [8, Theorem 1], we know two things. First, the Galois group of Lp is the full
symmetric group. This implies that G1 surjects onto S LN1

. Second, for any tuple t in
�1.C?/

LN1 , we can find a loop ` in the space of non-singular polynomials Lp such that
each root in LN1 traces out a loop whose class in �1.C?/ ' Z is prescribed by the corres-
ponding component of the latter tuple. In particular, the image of ` in G1 belongs to the

kernel of SN1;K1 ! S LN1
. The image of ` in K

LN1
1 is the image of the tuple t under the

coordinatewise monodromy map of the covering �1 restricted to � �11 .C? � ¹1º/. Since
the monodromy group of the latter covering isK1 and since t 2 �1.C?/

LN1 can be chosen

arbitrarily, we conclude that G1 contains the kernel K
LN1

1 of SN1;K1 ! S LN1
.

Proof of Theorem 3.7. A consequence of the lemma is that, for any � 2 K, the group Gi
contains the permutation si 7! � � si . It follows that the product G1 � G2 contains the
kernel of (28), proving in turn the existence of the short exact sequence (29).

In certain situations, it is possible to find an explicit subgroup of G1 � G2 that maps
bijectively to GA. To see this, define the map

indi W SNi ;Ki ! K; � 7!
Y
s2E

�.s/

s
;

where E � Ni is any subset that intersects each K-orbit in Ni exactly once. The K-
equivariance of � implies that indi .�/ does not depend on the choice of E. To see that
indi .�/ actually takes values in K, observe that, in the case i D 1,

�
�Y
s2E

s
�
D

Y
s2E

�.s/ D
Y
Qp.x/D0

.x; 1/ D
Y

s2�.E/

�.s/ D �
�Y
s2E

�.s/
�
:

Proposition 3.10. The Galois groupGA is isomorphic to ker.ind1/�G2 if jKj is coprime
to deg. Qp/, and to G1 � ker.ind2/ if jKj is coprime to deg. Qq/.

Proof. We prove the statement for i D 1, the remaining case being similar. In view of the
exact sequence (29), it suffices to show that the subgroup ker.ind1/ has index jKj in Gi
and that ker.ind1/ �G2 intersects the kernel of (28) trivially.

The group G1 is isomorphic to K wr QN1 S QN1;d1
, where QN1 is the set ¹ Qp.x/ D 0º

and S QN1;d1
�S QN1

is the Ud1 -equivariant subgroup (recall that Qp.x/D Lp.xd1/). Via this
isomorphism, the map ind1 reads

..�s/s2 QN1
; �/ 7!

Y
s2 QN1

�s :

In particular, it is surjective. Therefore, the subgroup ker.ind1/ has index jKj in G1.
The projection of the kernel of (28) onto the first factor of G1 � G2 consists of ele-

ments of the form ..�/
s2 QN1

; id QN1/ 2 K wr QN1 S QN1;d1
, for any � 2 K. The image of such

an element under ind1 is � j QN1j D �deg. Qp/. We conclude that ker.ind1/ �G2 intersects the
kernel of (28) trivially if jKj and deg. Qp/ are coprime.
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3.3. The groups BW and GV

The description of the braid monodromy group BA in Theorem 1.8 depends on the braid
monodromy group BW associated with the auxiliary systemw.x;y/D q.y/D 0, suppor-
ted on W . Similarly, the description of the Galois group GA in Theorem 1.6 depends on
the Galois group GV associated with the auxiliary system v.x; y/D q.y/D 0, supported
on V . In order to provide a complete description of BA and GA, we now describe BW
and GV .

Theorem 3.11. Let A WD .A1; A2/ be a pair such that A2 lies on a line and A1 does not.
If A1 is not sharp, then the braid group BW equals B?

L
and the Galois group GV

equals SM;V .
If A1 is sharp, then BW is a subgroup of B?

L
isomorphic to �1.C?/ � BA2 , and GV

is described in Theorem 3.7.

Proof. Assume that A1 is not sharp.
We begin with the computation of the groupBW . The projection .C?/2!C? onto the

second factor induces a map UW ! Cm.C?/, whose induced map on fundamental groups
is a surjective morphism B?

L
! BA2 onto the braid monodromy group of the univariate

polynomial q supported on A2 (see [8]). The restriction of this map to BW is induced by
the projection of the coveringG

.w;q/2CW

¹w.x; y/ D q.y/ D 0º ! CW ; .x; y; w; q/ 7! .w; q/;

onto the covering G
q2CA2

¹q.y/ D 0º ! CA2 ; .y; q/ 7! q:

In particular, the restriction ofB?
L
!BA2 toBW remains surjective. To prove the equality

BW D B
?
L

, it suffices to show that BW contains the kernel of the map B?
L
! BA2 .

Let us describe this kernel. First, recall that the groupK.W / – the largest subgroup of
.C?/2 that leaves ¹w.x; y/ D q.y/ D 0º invariant under multiplication – is of the form
¹1º � Ue for some positive integer e. This integer e is the largest such that

c0.y/ D Qc0.y
e/; cn.y/ D Qcn.y

e/ � y%; and q.y/ D Qq.ye/

for some Laurent polynomials Qc0, Qcn, Qq, and some integer %. In particular, the group Ue
acts on the set Q of roots of q0. The kernel of B?

L
! BA2 is thus canonically isomorphic

to the subgroup of �1..C?/2/Q that is invariant under the action of Ue by permutation of
the factors.

To show that BW contains this kernel, we consider loops ` W t 7! .wt ; qt / such that qt
is constant and equal to q0. This ensures that the image of ` in BW lies in the kernel of
B?

L
! BA2 .
Let ¹y1; : : : ; ymº denote the set of roots of q0. Denote by C0 �Z the support of c0.y/.

Provided that c0.y/ is not a monomial, each root yj defines a hyperplane ¹ Qc0.yj /D 0º in
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the space .C?/C0 of coefficients of c0. Let g0 WD gcd.A2; C0/. In particular, e j g0, and
hence Ue � Ug0 acts on �1..C?/2/Q.

Consider the map ¹y1; : : : ; ymº ! P.CW1/ that assigns to each root yj of q0 the
hypersurface ¹c0.yj /D 0º in the space of polynomialsw.x;y/. Since q0 is chosen gener-
ically, it is an elementary exercise to check that this map is g0-to-1. Denote byH1; : : : ;Hk
the collection of hyperplanes in the image of this map. For each Hj , we can construct a
loop j̀ W t 7! .wt ; qt / such that the winding number of t 7!wt aroundHi equals the Kro-
necker delta ıi;j . The image of the loops j̀ in BW generates the subgroup of �1..C?/2/Q

invariant under the action of Ug0 .
Repeating the same argument with the support Cn of cn, and letting gn WD

gcd.A2; Cn/, we conclude that BW contains the Ugn -invariant subgroup of �1..C?/2/Q.
By construction, we have gcd.g0; gn/D e. Consequently, theUg0 - andUgn -invariant sub-
groups together generate theUe-invariant subgroup of �1..C?/2/Q, which is precisely the
kernel of the map B?

L
! BA2 . This concludes the proof that BW D B?L.

By Lemma 3.4, we obtain that BW D B?
L

implies BV D B?
M

. Since the group GV
is the image of BV under the surjective map �M W B

?
M
! SM;V , we deduce that GV D

SM;V .

Now assume that A1 is sharp. In this case, we can write

c0.y/ D c0; cn.y/ D cn � y
meC# ; and q.y/ D Qq.ye/;

where 0 6 # < c. The map .x; y/ 7! .xy# ; ye/ induces an isomorphism between BW
and the braid monodromy group of the reducible and reduced system

cnx � .�1/
nc0 D 0; Qq.y/ D 0:

Clearly, the latter group is isomorphic to �1.C?/ � B QA2 .
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