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Abstract. The Lagrange spectrum &£ and Markov spectrum M are subsets of the real line with
complicated fractal properties that appear naturally in the study of Diophantine approximations. It
is known that the Hausdorff dimensions of the intersections of these sets with any half-line coincide,
that is, dimg (£ N (—o0,t)) = dimg (M N (—oo,t)) =: d(t) for every ¢t > 0. It is also known that
d(3) =0and d(3 + &) > 0 for every & > 0. We show that, for sufficiently small values of ¢ > 0, one

C
W(eOllogel) | (log “"g; 1Y, where W denotes the Lambert
[log ] |log &|

function (the inverse of f(x) = xe*) and ¢p = —loglog((3 + +/5)/2) ~ 0.0383. We also show
that this result is optimal for the approximation of d(3 + ¢) by “reasonable” functions, in the sense

that, if F(¢) is a C2 function such that d(3 4+ &) = F(e) + O(I(Hi !Z‘T’; ), then its second derivative

has the approximation d(3 +¢) = 2 -

F”(t) changes sign infinitely many times as ¢ approaches 0.

Keywords: Lagrange spectrum, Markov spectrum, Hausdorff dimension, continued fraction,
Gauss—Cantor set.

1. Introduction

1.1. The Lagrange spectrum

The Lagrange spectrum is a subset of the real line which appears naturally in the study of
Diophantine approximations of real numbers.

Harold Erazo: IMPA - Instituto de Matemadtica Pura e Aplicada, 22460-320 Rio de Janeiro, Brazil;
harolderaz @gmail.com

Rodolfo Gutiérrez-Romo: Departamento de Ingenierfa Matemética & Centro de Modelamiento
Matemaitico, Universidad de Chile, 8370458 Santiago, Chile; g-r@rodol.fo

Carlos Gustavo Moreira: SUSTech International Center for Mathematics, 518055 Shenzhen,

P. R. China; IMPA - Instituto de Matematica Pura e Aplicada, 22460-320 Rio de Janeiro, Brazil;
gugu@impa.br

Sergio Romafia: Department of Mathematics, Universidade Federal do Rio de Janeiro,
21941-909 Rio de Janeiro, Brazil; sergiori @im.ufrj.br

Mathematics Subject Classification 2020: 11J06 (primary); 11J70, 28A78, 28A80, 37A44,
37B10 (secondary).


https://creativecommons.org/licenses/by/4.0/
mailto:harolderaz@gmail.com
mailto:g-r@rodol.fo
mailto:gugu@impa.br
mailto:sergiori@im.ufrj.br

H. Erazo, R. Gutiérrez-Romo, C. G. Moreira, S. Romaiia 3984

Consider an irrational real number x € R \ Q. By Dirichlet’s approximation theorem,
there exist infinitely many pairs of integers p, g with ¢ > 0 satisfying

p 1

X—=| < —=.
ql ¢*
This result is not tight. Indeed, Hurwitz’s theorem states that for infinitely many such pairs

P9,

)4 1
X—=| < —.
CI' NETE

This is the best possible inequality of this type that holds for every irrational x. Indeed, if
X = #g, the constant ~/5 cannot be replaced by a larger constant while preserving the
existence of infinitely many such pairs p, g for which the corresponding inequality holds.
However, for other irrational values of x we may hope for better results. Following this
idea, we define L(x) as the supremum of the set of all £ > 0 such that

< —_—
q ‘ tq?
holds for infinitely many pairs of integers p, g with ¢ > 0 (possibly with L(x) = oo). The

number L(x) is known as the Lagrange value of x, and the Lagrange spectrum is defined
as the set of all finite Lagrange values:

£={L(x)<oo|xecR\Q}.

By means of the continued-fraction expansion of Xx, it is possible to obtain a symbolic-
dynamical characterization of the Lagrange spectrum. Indeed, consider the infinite
sequence (¢,)n>0 such that

x = [co;c1,C2,€3,...] =cCo + ,
c1+
2+

1

c3+ .

that is, (¢, )n>o0 is the continued-fraction expansion of x. It is well-known that

Pn n 1
x——=(=1 \
qn (@ny1 + ,Bn-&-l)%%
where we set &y+1 = [Cn+1; Cnt2s Cnt3s - - -s Bu+1 = [0;¢n, Cn=1, ..., c1], and where
Pn/qn = [co;c1, ¢, ..., cp]. Tt is also known that these convergents pn/q, of the

continued-fraction expansion of x are the best rational approximations of x for instance
in the following sense: if p, g are integers with ¢ > 0 and |x — p/q| < #, then
p/q = pn/qn for some n € N. From these facts, we obtain the following expression

for the Lagrange value of x:

L(x) = limsup(ap+1 + Bn+1)-
n—>00
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If we define B, ; = [0:¢cn.Cn—1.....c1, 1, 1,...], we also have

L(x) = limsup(etn+1 + By11),
n—>o0

since the trailing sequence of 1’s does not change the value in the limit.

It follows that

£ = {lim sup A (0" (w)) ’ w € (N*)Z},
n—0o0

where, for @ = (wp)nez € (N*)Z, A(w) = [0F] + [0; 07| with o™ = (0p)n=0 and 0™ =
(a)—n)nzl-

We refer the reader to the expository article by Bombieri [1] and to the books by
Cusick—Flahive [3] and by Lima—-Matheus—Moreira—Romafia [7] for a more detailed
account of these constructions.

1.2. The Markov spectrum

The Markov spectrum is another fractal subset of the real line which is closely related to
the Lagrange spectrum. Using the symbolic-dynamical definition of the Lagrange spec-
trum as a starting point, it can be defined similarly as

M= {szgk(an(w)) ( we (N*)Z}.

We denote by m(w) = sup, <z A(0" (w)) the Markov value of w € (N*)Z.

This set is also related to some Diophantine approximation problems. Indeed, it
encodes the (inverses of) minimal possible values of real indefinite quadratic forms with
normalized discriminants (equal to 1). Nevertheless, throughout this article we will only
use the symbolic-dynamical definitions of &£ and M.

1.3. Structure of the Lagrange and Markov spectra

Both the Lagrange and Markov spectra have been intensively studied since the seminal
work of Markov [8]. In particular, it is well-known that

£00[0,3) = MN[0,3) ={v5< V8 <~221/5<---},

that is, £ and M coincide below 3 and consist of a sequence of explicit quadratic
surds accumulating only at 3. Moreover, it is also possible to explicitly characterize the
sequences w € (N*)Z associated with Markov values less than or equal to 3 [1, Theo-
rem 15].

On the other hand, the behavior of these sets after 3 remains somewhat mysteri-
ous. Indeed, it is known that £ C M and some authors conjectured that these sets are
equal; Freiman [4] disproved this conjecture only in 1968. Much more is now known in
this regard: the Hausdorff dimension of the complement M \ £ lies strictly between 0
and 1 [9].
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Even if the previous paragraph suggests that these sets are somewhat different, they
are known to coincide before 3 and after large enough values. Indeed, Hall [6] showed
in 1947 that &£ (and thus also M) contains a half-line [c, 00); any such ray is hence known
as a Hall ray. After several years, Freiman [5] found the largest Hall ray to be [cg, 00),
where cp &~ 4.5278 ... is an explicit quadratic surd known as Freiman’s constant. These
results in turn imply that £ and M coincide starting at cg, so they both contain the half-
line [cg, 00).

There are more striking similarities between these two sets. In particular, their Haus-
dorff dimensions coincide when truncated: the third author showed that

dimy (£ N (—o0,t)) = dimyg(M N (—0o0,1))

forevery ¢ > 0 [10]. Clearly, this result shows that when studying the Hausdorff dimension
of such truncated versions, one can choose to use either &£ or M.
Let
d(t) := dimg(£ N (—o00,1)) = dimg(M N (—o0,1)).

Moreira [10] also proved the following nice formula:
d() =min{1,2- D(?)},
where D(t) = dimy(K;), and
K, ={[0;¢c1,...,cn,...] | there exists (c—n)ns0 € (N*)N such that
[cks Ck+1s---s ]+ [0;Cho1, Cl—n, ... ] <t,Vk € Z}.
In fact, he showed [10, Lemma 2] that
D(t) = dimp(K,) = dimy(K,) (1.1

and
dimg(K; + K;) = dimg(K; + K;) = min{1,2 - dimy(K;)}, (1.2)

where dimg denotes the upper box dimension. Indeed, that lemma states that, given any
n > 0, there is a Gauss—Cantor set K(B) C K, such that

dimy(K(B)) > (1 — n)dimg(K;),

S0
(1 —n)dimg(K,) < dimy(K(B)) < dimy(K,) < dimg(K,).

Letting n — 0 shows (1.1), while (1.2) follows from the fact that
M N (—o0,t) C(N*N[1,1]) + K; + K;
and the inequalities

d(t) = dimg(M N (—o0,t))
< dimp(K; + K;) < dimp(K; + K;) <2-dimp(K;) = 2 - dimp(K,).
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1.4. The Hausdorff dimension near 3

The goal of this article is to determine the behavior of d(¢) near ¢ = 3. By work of the
third author [10], we know that d(¢) > 0 for every ¢ > 3. By contrast, d(¢) = 0 for every
t <3,as £ N (—00,3] = M N (—00, 3] is countable.

Our main objective is to determine the modulus of continuity of d(¢) near 3. The first
result we obtained in this direction was the following:

There exist constants C;, C, > 0 such that, for any sufficiently small ¢ > 0, one has

Jog I
< d(+e) < oeloeel (13)
llog & [log &]

log |log ¢|
e

Let us explain how this partial result is obtained. Our methods are mainly combinato-
rial and the proofs of the upper and lower bounds on d(¢) are done in separate sections.

To establish the upper bound, we extend some results in Bombieri’s article [1] to (fac-
tors of) sequences with Markov value slightly larger than 3. In this way, we can analyze
the sequences w € {1,2}2 C (N*)Z that produce such Markov values; we show that they
are not that different from those with Markov value less than or equal to 3.

To make this more precise, let £ (¢) = {w € (N*)Z | sup,cz A(6" (w)) < t}. We define
3(t, n) to be the set of length-n subwords of sequences in X (z). We have the following:

Theorem 1.1. There exists a constant B > 1 such that
YXB3+B " n)=X3,n)=XB3-B",n)

for every sufficiently large integer n. In fact, we can take B = 63 = 216 and n > 68.

This theorem can be interpreted as follows: given a bi-infinite word whose Markov
value is exponentially close to 3 (smaller than 3 + B™" = 3 4 673", its length-n sub-
words are indistinguishable from those in X(3, n). That is, a length-n window cannot
detect the patterns of symbols that make their Markov values different from 3; they are
only present when considering windows of larger lengths.

Since the words before 3 are well understood, we will construct alphabets that allow
us to write words in X (3 4+ B™", n) as weakly renormalizable words (see Definition 3.18).
This construction is inspired by the “exponent-reducing” construction by Bombieri, which
is detailed in Section 2.1. Indeed, the inductive procedure of reducing exponents can also
be regarded as replacing the alphabet in which a word is written with a more complicated
alphabet (so some exponents are “captured” by the letters of the new alphabet). The con-
struction is inductive, so we will develop it as a renormalization algorithm (Lemma 3.21).
This algorithm is used to obtain a proof of Theorem 1.1.

Theorem 1.1 allows us to reduce the proof of the upper bound to a simple count-
ing. Indeed, we show in Corollary 3.13 that |X(3,n)| = O(n3), which implies that
|Z(3 + B",n)| = O(n3). This is enough to establish the upper bound by covering K,
with small intervals in the standard way and using this counting.
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To show that the lower bound holds, we prove that d(3 + ¢™") (where r € N*) is larger
than the Hausdorff dimension of a suitable Gauss—Cantor set; recall that a Gauss—Cantor
set is a subset of the real line defined by numbers with continued-fraction expansions
that obey certain patterns. Finally, the Hausdorff dimension of a Gauss—Cantor set can
be estimated by the (relatively elementary) methods in the book by Palis—Takens [11,
Chapter 4], and hence the proof of (1.3) is complete.

While these methods are enough to prove inequalities (1.3), they are actually sufficient
to obtain an asymptotic approximation of d(¢). In fact, to prove (1.3), only the results in
Section 3 and (a simplification of the results) in Section 5 are needed.

We will now state our main results, which give more precise estimates of d(t) for ¢
close to 3. Let f:[—1, +00) — [—e™!, +00) be given by f(x) = xe* and recall that the
Lambert W function is the function W:[—e™!, +00) — [~1, +00) given by W = f~1.
Our main result is the following:

Theorem 1.2. Let d(t) = dimy(£ N [0,¢)) = dimy(M N [0,1)). Then, for all sufficiently
small &, we have

‘ol log |1
i+ =2 MNonel o loslls )

|log & |log e|?
where ¢y = —loglog((3 4+ +/5)/2) ~ 0.0383.

The main idea behind the upper bound of Theorem 1.2 is again the construction of
alphabets that allow us to write finite subwords of X (3 + e™") as weakly renormalizable
words. Then, using the fact that windows of sizes comparable to r must have a very similar
structure to those before 3 (which are well understood because of the work of Bombieri
[1]1), we can find long forced continuations of finite subwords of size comparable to r of
words of X (3 4+ e™"). Here, by size we no longer mean the length of a word, but rather the
size of the interval it induces by continued-fraction expansions. Using the covering of K;
constructed with finite subwords of X (3 4+ e™"), we can control the size of a subcovering
by smaller intervals (associated with longer words), depending on the structure of each
word, so intervals with few continuations contribute less to the dimension. It turns out that
there are some configurations which contribute more than others, namely configurations
obtained by alternate concatenations of large blocks of 1’s with blocks 22.

To be more precise, define the Gauss—Cantor set

Cn = K({221",1}) = {[0; y1, 2, ... ] | v € {2217, 1}, Vi > 1},

and let &, := max L(C,), so &, is of the order of ((3 + +/5)/2)™". From Theorem 1.2
and from the proof of its lower bound (Section 5), we have

W(eo|l 1 1 1 1
dG + £y) = 2. elogen]) O(%gil) =2-dimH(c,,)+o( og|og82n|)
log &x | [log &y | [log &, |
log |loge log [log &
= dimg(L(Cyp)) + O gl—gznl —dB+en 1)+ 0 g |log &x|
|log &n| llog &, |2
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One natural follow-up question is whether it is possible to find a better approximation
of d(t) near 3. The next theorem shows that this is not possible for “reasonable” (or
explicit) approximations: for such approximations, the error term is optimal. We prove
the following:

Theorem 1.3. Let d(t) = dimy(£ N [0,1)) = dimyg(M N [0,1)). There exist sequences
(x%), (k) and constants 0 < C; < Ca, with 0 < Crp~*F = x; < %xk < yr = Crp %k,
where ¢ = (1 4+ +/5)/2 is the golden mean, such that

1
dB+yr)—d(B+x) = O(k_z)
In particular, if F is a twice continuously-differentiable function satisfying

log |log e
dG+e) = F(e) + of 22102l
[log &|?
then its second derivative F'" (&) changes sign infinitely many times as & approaches 0.
In fact, we will prove that d(3 + yx) —d(3 + xx) = O(,%z) = o(k;cizk), while

W(ellog yk|)  W(e|log xi|) . 510gk
llog | [log x| k2

for a positive constant ¢, which implies that the error term in the approximation of
d(3 + ¢) by any reasonable function of ¢ is at least of the order of kl)lgog—oj;l. In this sense,
(3 4+ xg,3 + yx) is an “almost plateau” for the dimension function d(t) (the variation
of d(t) in these intervals is much smaller than the variation of its reasonable approxima-
tions). Indeed, we have proven that d(3 + ¢) is very well approximated by

W(e°|logel)

gi1(e) =2
|log &]
and that it is also asymptotic to the simpler function g,(¢) = 2 - %. Moreover, given
constants 0 < ¢; < ¢,, we have
log |log &|
gj(c28) — gj(c1e) = (2log(cz/c1) + OUDW

for j € {1, 2}, so reasonable functions g(g) which are asymptotic to g; and g, should
satisfy g(c2¢) — g(c1€) > log(cz/cl)% for ¢ > 0 small enough.

While the estimates in the third author’s work [10] in principle would allow us to
obtain some information regarding the modulus of continuity, those estimates are very far
from being optimal (this is particularly true for the upper estimates). Thus, we rely on
the methods described above instead of the general methods in the third author’s previous
work.

This article is organized as follows: Section 2 contains some preliminary notations

and facts that we will use later on. By analyzing the combinatorics of finite words, we
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develop a renormalization algorithm which we use to prove Theorem 1.1 in Section 3.
Using the understanding of finite subwords, we will find large forced extensions which,
by a delicate analysis of the sizes and counting of them, will give us the upper bound
of Theorem 1.2 in Section 4. In Section 5 we present the construction and analysis of a
suitable Gauss—Cantor set, which allows us to establish the lower bound in Theorem 1.2,
and thus to finish the proof of the main theorem. Finally, we study how the bad cuts
produce gaps in their respective Markov values in Section 6, which allows us to prove the
optimality of our approximation in Theorem 1.3.

2. Preliminaries

Our goal is to study the function
d(t) := dimy (£ N (—o0,t)) = dimy(M N (—o0,1))

near ¢ = 3. If a sequence w € (N*)Z contains 3, then A(w) > 3.52, which is “much larger”
than 3, so we can ignore such sequences. Thus, throughout the entire article, a word is
made up of letters of the alphabet {1, 2}. Words can be either finite, infinite or bi-infinite.
If w is a finite word, we denote its length by |w|, that is, the number of letters 1 or 2 that
are needed to write w.

We will also consider sections of words, which consist of a word together with a
choice of a splitting point marked with a vertical bar. A section of a bi-infinite word can
be interpreted as a shift of the original word. We usually write sections as w = P*|Q,
where P € (N*)N" and 0 € (N*)N are infinite words, and P* € (N*)"N" denotes the
transpose of P, that is, ij = Py forevery k € N*.

2.1. Words in ¥(3)

Bombieri [1] showed that bi-infinite words in X (3) have to follow very special patterns
(which is essentially a restatement of much older results by Markov [8], as stated in the
book by Cusick—Flahive [3]). Indeed, Bombieri showed [1, Lemma 9] that w is a word in
the letters a = 22 and b = 11 (that is, the number of consecutive ones or twos is always
even or infinite), and he also showed [1, Lemma 11] that if @ € X(3), then w has to be of
one of four possible forms:

e constant, thatis, w = a® or w = b*°;

o degenerate, that is, ® = b®ab® or w = a®ba;

Type I, thatis, = ...ab% ab®+1qa ... with every e¢; > 1; or

Type I, that is, = ...ba% ba®+1b ... with every ¢; > 1.

The exponents (e;);ez that appear in Type I and Type II elements of 3 (3) also have to be
of some special forms, but we will not use them explicitly.
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Now, let U and V be the Nielsen substitutions given by

a +— ab, a
b — b, V'b

a,

v ab.

H
H
This substitutions have inverses defined in the free group F(a, b), given by

a +~ ab7! a — a
Ut ’ |/ ’
b — b, b — a’lb.
Bombieri also proved [1, Lemma 14] that if w € X(3), then both U(w) and V(w)
belong to ¥(3). These words can be described explicitly. Indeed, if we write @ =
...ab%abf+1q ... where e; > 0 for each i, then

Uw) = ...ab% lapéi+1t1g
Similarly, if we write w = ...ba% ba®+1b ... with each ¢; > 0, then
V(w) =...ba% ha%i+1+1p

Furthermore, if w is of Type I, then U~ !(w) is well-defined and belongs to X (3).
Similarly, if @ is of Type II, then V ~!(w) is well-defined and belongs to £ (3). These can
be described by

Ul w)=...ab% tabi+1"1g . ..,

VY w) =...ba% 'ha%i+171p ..,

where e; > 1 for each i € Z by definition.
We will now include a useful lemma which is implicit in Bombieri’s work.

Lemma 2.1. A nonempty finite word w belongs to % (3, |w|) if and only if there exists
W e (U, V) such that w is a factor of W(ab).

Proof. We will first show that if w is a factor of W(ab) for some W in (U, V'), then
it belongs to X (3, |w|). This is shown by Bombieri [I, Theorem 15], as the word

o =...W(ab)W(ab)W(ab)...belongs to 3(3).
We will now show that if w € X (3, |w|), then it is a factor of W(ab) for some
W e (U,V).

Let w be a bi-infinite word in X (3) containing w as a factor. We know that w can only
be constant, degenerate, of Type I or of Type II.

Assume first that e is constant. Then w is a factor of a* or b¥ for some k > 1. Observe
that U¥=1(ab) = ab* and V¥~1(ab) = a¥b, so the result follows in this case. Assume
now that @ is degenerate. If w is constant, we reduce to the previous case. Otherwise,
w is a factor of b¥ab* or akba* for some k > 0. Since UKV (ab) = ab¥ab¥+! and
VkU(ab) = a¥t'ba*b, we also obtain the result in this case.

Finally, suppose that w is of Type I or II. Hence, U ! (w) or V~!(w) is well-defined
and belongs to X (3). Recall that these automorphisms act by reducing all exponents by 1.
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By iteratively applying the appropriate automorphism, U ~! or V!, we obtain a (pos-
sibly finite) sequence of bi-infinite words @ = w®, w®, . ... This process only stops
if @™ is constant or degenerate for some n € N*. In the latter case, take W’ € (U, V)
such that = W'(w™). By definition, there exists a factor 8 of @™ such that W’'(6)
contains w. Since ™ is constant or degenerate, we know that its factors satisfy the
statement of the lemma. Thus, 6 is contained in a word of the form W’ (ab) for some
W’ e (U, V). We find that w is then a factor of W/ W" (ab).

Finally, assume that the process never stops, so we obtain an infinite sequence
(@) en+ of bi-infinite words. Possibly by first making w longer so it can be written in
the alphabet {a, b}, we can apply the same sequence of operations to the finite word w,
that is, reduce its exponents by 1 in the same way so that the exponents of the bi-infinite
words in the sequence (0®));en+ get reduced by 1. In this way, we obtain a sequence
w=w®, w® . of (possibly empty) finite words. We claim that w® is constant and
nonempty for some n > 1. Indeed, if w® is not constant for some k > 1, then w®tD g
nonempty, since only the exponents of exactly one of the letters, a or b, are reduced by the
operation of taking w® to w**1. Moreover, |w*+D| < |w®)|, as some exponents are
reduced. If w**1) is again not constant, we can continue the process inductively. Since
w is finite, this process has to stop, so some word in the sequence must be constant. This
completes the proof as we already know that constant words satisfy the statement of the
lemma. .

2.2. Constraints for words

For a finite word u = uy ... u, € (N*)", we define u™ as the transpose of u, that is,
u* = upuy—1...u; € (N*)" Moreover, we set

{ 12, |u| is even, {21, |u| is even,
— ., —

“Tl 21, ulis odd, 12, |ulis odd.

Now, given a section w = u™*|v of a finite word w, we define
At (W) = o]+ uME), A~ (w) = M) + [oum].

These quantities are the largest and smallest values of A that a section of a bi-infinite word
containing w can attain, respectively. Thus, they induce restrictions on which finite words
can be factors of bi-infinite words whose Markov values are known to be bounded in some
way.

2.3. Useful notation

We will set some notation that will be used throughout the article; some of it is borrowed
from [10].

For a finite word o € (N*)" written as « = ¢y ... ¢y, we define its size by s(a) :=
|1(a)|, where I(«) is the interval

I(@) ={x€[0,1] | x =[0;¢1,...,cn,t], t = 1} U{[0,c1,...,cn]}
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consisting of the numbers in [0, 1] whose continued fractions start with . The set 7(«) is
a closed interval in [0, 1].

If we take pg = 0, go = 1, p1 = 1, g1 = ¢; and, for each integer k > 0, we take
Pk+2 = Ck+2Pk+1 + Pk and gg12 = Ck+2qk+1 + 4k, then the endpoints of /(«) are
[0;¢1.....cn]l = pn/gnand [O;cy, ..., Cno1.cn + 1] = %. Thus,

Pn Pnt Pn-1| _ 1
dn  4n +qn— B qn(Gn + qn-1)

s(a) =

since pngn_1 — Pn_1qgn = (—=1)*~1. We define r(a) = [log(s(e)™") |, which controls the
order of magnitude of the size of (o). Observe that r(er) < r if and only if s() > e~ 1.
We also define, for r € N, the set

Or={a=ci...cp|r(@)>r,r(cy...cn-1) <r}.

Observe that @ € Q, if and only if s(«) < e and s(a’) > e™", where &’ is the word
obtained by removing the last letter from «. Informally, this means that the interval 7 (o)
is “small”, while the interval I(a’) is “not so small”, so the last letter cannot be removed
from o without changing the order of magnitude of |/(«)|.

Let us recall some estimates from [10] that will be useful for us. Indeed, for any finite
words «, 8, we have

1s(@)s(B) < s(aB) < 2s(a)s(B);

it follows that r(e) + r(8) — 1 < r(af) < r(a) + r(B) + 2 [10, Lemma A.2]. By Euler’s
property of continuants (Lemma A.1),if¢ =c¢;...¢, and B = d . . . d, are finite words,
then

Am+n@B) = gm(@)qn(B) + gm-1(c1...cm—1)qn-1(d2 ... dy),

and thus
gm(@)gn(B) < gm+n(aB) < 2gm(a)gn(B).

Finally, recall that £(¢) = {0 € (N*)Z | sup,cz A(0"(w)) < t} and that X (¢, n) is
the set of length-n subwords of sequences in X (¢). In this context, we define £ (3 + §)
as the set of words w € Q, belonging to X (3 + &, |w]).

3. Weakly renormalizable words

The main goal of this section is to prove Theorem 1.1. For this, we will prove several
lemmas that allow us to understand the structure of X (3, n).

3.1. Basic facts about A

We start by showing some basic facts about the function A that will be useful throughout
the article.
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Lemma 3.1. Let w € X(3.06). Then w does not contain 121 or 212 as subwords.

Proof. Observe that A~ (1|21) > 3.15, so the word 121 does not appear in w. Now, if 212
is a subword of w, so is 2212. This is not possible since A~ (2|212) > 3.06. |

Lemma 3.2. Let w be a bi-infinite word in 1 and 2 not containing 121 and 212 and
such that w = R*w*blawS, where w is a finite word, R = R1Ry..., S = 815>...and
Ry # Sy, with R;, S; € {1,2} for each i. Then

s(bwb) < sign([w, S] — [w, R])(AM(w) — 3) < s(bwl).
In particular, if w has even length, Ry = 1 and S1 = 2, then
s(bwb) < AMw) — 3 < s(bwl).
Proof. First observe that [2;2, w, R] 4+ [0; 1, 1, w, R] = 3. Thus,

AMR*w*11|22wS) = [2:2,w, S] + [0; 1, 1, w, R]
=34[0:1,1,w, R —[0;1,1,w, S].

‘We obtain

AMR*w*11|22wS) —3 = [0;1,1,w, R] — [0; 1,1, w, S]
sign([w, S]— [w, R]) - |[0; I, I,w, R] — [0: 1, 1, w, S]|.

Letx =[0;1,1,w, R] and y = [0; 1, 1, w, S]. We will write the continued-fraction
expansion of these numbers as

x =[0ur, ... ug U1, U2, -]

Yy =1[0u1, ..., 80 Vet1. Veg2s -]
where u1 = up = 1 and ugyq # vg41. With this notation, we have
sign([w, S]— [w, R))(A(w) —3) =[x — y|.

Let (pn/qn)nen be the sequence of convergents of x. More explicitly, p,/qn =
[0;u1,...,uy,].
If we put 0g+1 = [Ugs1;Ugtn, Ugsts, -], then

ag+1pe + Pe—1

x=[0;uy,...,.ug,Qp+1] = .
Qg+19¢ + qo—1

Similarly, let Bg4+1 = [V¢+1; V42, Vet3, - - -]- We then have

_ Beripe+ pes
Bes1qe + qe—1’
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since the sequence of convergents of y coincides with (p,/¢n)neN up ton = £. Thus,

Q1P+ Pt Beripe+ per
ar1qe +qe—1 Ber19e + qe—
(g1 — Bev1)(peqe—1 — pe-190)
(e+19¢ + qe—1)(Be+19¢ + qe-1)
(041 — Bey) (D!

(ae+19¢ + ge—1)(Be+19e + qe—1)
_ log+1 — Betl

(19 + 9e-1)(Ber19e + qe—1)’

|x —y| =

3.1)

where we have used prge—1 — pe—1q¢ = (=1t

Since we are only interested in continued fractions whose partial quotients are 1 or 2,
we can assume, without loss of generality, that uyy; = 2 and vy1; = 1. We denote o =
ag+1, B = Petrand A = go—1/q¢ € (0, 1). Thus,

x—y| = «p —i(#— ! ) (3.2)
N Ra+nB+r  Z\B+r ati) '

We see that |x — y| is (for fixed ¢¢—; and g) an increasing function of «, and a decreasing
function of 8. By analyzing (3.1) and (3.2) we deduce the following:

e |x — y| is minimized when « is minimized and f is maximized. This happens when

o =09:=[22111,272] = % ~ 2.3801,
B=PB:=1[11,2,2,2,1,1] = @ ~ 1.7076.

e |x — y| is maximized when ¢ is maximized and f is minimized. This happens when
¢ =0 =T T1227) = % ~ 2.6306,
B=p1:=[1:2,2,2,1,1,1] = % ~ 1.4132,

On the other hand, bwb = uy ...ugll, so

s(bwb) = |[0;uq,...,ug, 1,1] —[0;uy, ..., ug, 1,1, 1]|
_ |2Pet Pt 3pe+2pe—s
2qe + qe—1 3qe +2q0—
B 1 1 1
T Qe+ a0)Ba+2q1) @7 Q+DG+24)
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Similarly,

s(bwl) = |[0;uy, ..., ug, 1] —[0;uq1,...,ug, 1,1]]
_|Pet Py 2pe+ pea

qe +dqe—1 2q¢ + qe—1
1 1 1

T @t ae)Ca+ ) @2 A+ NCHA)

We then have
|x — y] > (@ _ﬂ)(2+x)(3+2x)
sbwb) — P (o + 1) (Bo + 1)
(24 1/3)(3+2/3)
= @ =0 3 Bo + 1/3)

since the maps f; (1) = azotx/l and fo(1) = 3+2)‘ are increasing and

~ 1.03895 > 1,

A=qe1/q0 = qe—1/Weqe—1 + qe—2) = qe—1/2qge—1 + qe—2) = 1/3.

Analogously,
|x — y| a1+1»2+1
< (a1 —pB1)
S(b 1) (a1 +A)(B1+A)
1+DR2+1
< — —— ~0.83374 < 1,
=G NG T D
since the maps g1(1) = BHI\A and g, (1) = ofltrﬁ are increasing and A < 1. n

Remark 3.3. The Markov value of w = R*11|22S coincides with the Markov value of
o(w)* = S*2|211R [1, Lemma 5].

It is not difficult to adapt the proof above to obtain a more explicit (but weaker) version
of this lemma which depends only on the length of w:

Lemma 3.4. Let w be a bi-infinite word in 1 and 2 not containing 121 and 212 and such
that o = R*11]|22S with R = R{R, ... and S = 8155 ... and R # S. Let { be the
smallest nonnegative integer such that Ry # Sy. Then

3—2~/§)‘.

;(3 —2v2)! < sign([S] — [R])(M(R*11]228) — 3) < %(

In particular, if w = w* and £ = |w| is even, then

313—J§
7\ 2

{+1
) < M(wba)®wblaw(baw)®) < 3 — %(3 —24/2)

We will usually use this lemma in the following way. Consider a finite word w in the
alphabet {a, b}. Assume that ba is a factor of w. Then we write w = u*b|av, where the
vertical bar indicates a cut, that is, the position at which we compute the Markov value.
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Now, let £ be the smallest nonnegative integer such that u, # vy and assume that uy, = b
and vy = a. In other words, w contains the factor b6*b|afa, where the vertical bar marks
the same position as the cut in w. By the lemma, the Markov value of any infinite word in
the alphabet {a, b} containing w is at least 3 + %(3 —2+/2)271 Similarly, if w contains
ab as a factor, then we can also write w = u*a|bv. Assume now that the smallest non-
negative integer £ such that u, # vy satisfies uy = a and vy = b. Then the Markov value
of any infinite word in the alphabet {a, b} containing w is at least 3 + %(3 —24/2)21,

In particular, if we assume that w is an infinite word in the alphabet {a, b} and that
its Markov value is sufficiently small, then no finite factor w of @ can contain patterns
as above. This ultimately allows us deduce that some letters are forced inside an infinite
word containing a finite word.

For concreteness, we will demonstrate the usage of the previous lemma by showing
that no bi-infinite word in X(3.0007) contains the factor w = bbab|aa. Let @ be a bi-
infinite word containing w. We start by considering the cut bb|abaa. By the lemma, if
aa does not appear to the left of w in w, then A(w) > 3 + %(3 —24/2)3 > 3.0007. Thus,
we assume that w contains aabbabaa as a factor. We can now consider a second cut,
aalbbabaa. This cut shows that A(w) > 3 + %(3 —2+/2)! > 3.0007, which completes
the example.

We now show that sequences of 1’s or 2’s of odd length are forbidden if we assume
that the Markov value of a word is sufficiently close to 3 (relative to the size of the interval
it defines).

Lemma 3.5. Letr € N withr > 5. Let ¢, ¢’ € {1,2} withc¢ # ¢'. Let w = ¢’c" ¢’ for some
integer n > 1, and suppose that w € (3 + e ", |w|). If r(c") < r — 4 then n is even.

Proof. Note that w 7 121 and w # 212 by Lemma 3.1, son > 1. Without loss of general-
ity, we can assume that w is the shortest word of this form satisfyingw € (3 + e, |w|).
Letw € (3 + e™") be a bi-infinite word such that w is a factor of w. Assume for a con-
tradiction that n = 2k + 1. We will show that A(w) > 3 +e7".

Suppose ¢ = 1. We have a section ® = R*11|22S with

R=RRyR;...=1%"12 §=25,5,8...=2P192" ..

By Lemma 3.2, p > 0 implies that A(w) > 3 + s(bb) =3 + %, which contradicts the

assumption on w. Thus, that p = 0. Let £ be the smallest positive integer such that
Ry # Sy. We have two cases:

e If ¢ > 2k — 1, then £ = 2k. Since we are assuming that n = 2k + 1, we have £ < n.
Moreover, [S] > [R] since Sy < Ry and £ is even.

e If ¢ <2k — 1, then g is even as, otherwise, it would contradict the assumption on k.
Thus, g <2k —2and ¢ = g + 1 < n. Hence, [S] > [R] as Sy > Ry and £ is odd.

In any case, by the assumption on n we deduce from Lemma 3.2 that
AMw) >3 4+s11111) >3 +s1"3) =3 +s(1M)e > >3+,

where the last inequality holds as r(1?) < r — 4.
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Now suppose ¢ = 2, so we have a section @ = R*11]22S with
R=RRyR3...=17291" ..., S =5.58;...=2%"1...

If p > 0, Lemma 3.2 shows that A(w) > 3 + s(bb) =3 + %, so we must have p = 0.

Let £ be the smallest positive integer such that Ry # S;. We have two cases:
e If ¢ > 2k — 1, then £ = 2k. Since we are assuming that n = 2k + 1, we have £ < n.
Moreover, [S] > [R] since Sy < Ry and £ is even.

e If g <2k — 1, then g is even as before. Thus, g < 2k —2 and £ = ¢ + 1 < n. Hence,
[S] > [R] as S¢ > R¢ and £ is odd.

In any case, by the assumption on n we deduce from Lemma 3.2 that
Mo) >3 +s11211) >3 452" e 2 >3+ e,
where the last inequality holds as r(2") < r — 3. |

Whenever we want a version of some lemma that depends only on the length of a
word instead of on the size of the interval that it defines (since we want to prove Theo-
rem 1.1 which is stated in terms of lengths of words), we can either repeat the proof using
Lemma 3.4 instead of Lemma 3.2, or directly compare r with the length using Lemma A.2.
For example, we can show that sequences of 1°s or 2’s of odd length are forbidden:

Lemma 3.6. Let n be so large that
1 1
— < -(3=2V2)";
o <7 )

for definiteness, we can take n > 68. Let w € ¥(3 + 67"). Then w does not contain
122k+11 o 2126%12 a5 subwords if 2k + 1 < n.

3.2. Nielsen substitutions and sequences with Markov value close to 3
Recall the Nielsen substitutions

a +— ab, a — a,
U'b — b, V'b — ab.
Let T be the tree obtained by successive applications of U and V, starting at the root ab.
Let P be the set of vertices of T and let P,, for n > 0, be the set of elements of P whose
distance to the root ab is exactly n. Recall from Lemma 2.1 that a finite word w belongs
to X (3, |w|) if and only if it is a factor of a word in P.

Given a pair (u, v) of words, we also define the operations U (u, v) = (uv, v) and
V(u,v) = (u,uv). Let T be the tree obtained by successive applications of U and V,
starting at the root (a, b). Let P be the set of vertices of T and let P,, for n > 0, be the
set of elements of P whose distance to (a, b) is exactly 7.

Let ¢ be the concatenation operator, that is, c(u, v) = uv.
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Lemma 3.7. Let (o, B) € P. Then there exists W € (U, V) such that « = W(a) and
B = W(b). In particular, the sets c(P) and P are equal.

Proof. We will prove a stronger equality: ¢(P,) = P, for each n > 0. It is enough to
show one inclusion as both sets have cardinality 2”.

We proceed by induction. We claim that, for every n > 0 and (u, v) € P, there exists
W e (U, V) such that u = W(a) and v = W(b). The base case, for n = 0, is clear.

Now, let (u,v) € P,_; forn > 1. We will prove the claim for (uv,v) € P, Indeed,
there exists W € (U, V) such that u = W(a) and v = W(b). Observe that WU (a) =
W(ab) = W(a)W(b) = uv and WU(b) = W(b) = v. The proof for (u, uv) € P, is
analogous. ]

To state the following lemmas, we need to fix some useful notation. Let o and 8 be
finite words and assume that « starts with a, while 8 ends with b. We write o = aat and
B = B~b. Then we define «® = ba™ and B, = B~ a. That is, a® is obtained by replacing
the first letter of & (which is a by assumption) with b, and similarly g, is obtained by
replacing the last letter of 8 (which is b by assumption) with a.

Lemma 3.8. For every (o, B) € P, a starts with a and B ends with b. Moreover, every
word akﬂ with k > 1 starts with B4, and every word aﬁk with k > 1 ends with o?. In
particular, every sufficiently large word in (a, B) starts with B~ and ends with o, and
we always have af = (Ba)(a?).

Proof. For (o, B) = (a, b), it is clear that o starts with a, 8 ends with b, ot = 8~ = @,
ab = b, By = a, aF B = a¥b starts with a = B, for every k > 1, and af* = ab* ends
with b = a? for every k > 1.

By induction, if (4, B) = (o, af) then A = « starts with @ and B = «ff ends with b.
Since B = «ff ends with ab = Ab, we see that, for every k > 1, AB¥ also ends with A%,
Now, fix k > 1. By induction, * 8 starts with B4, so AKB = a*T18 = aak B starts with
afs = ((Xﬂ)a = B,.

On the other hand, if (4, B) = (af, B) then clearly A starts with @ and B ends with b.
Since A = af starts with 8, = B,, we find that, for every k > 1, A B starts with B,. Fur-
thermore, since a8 ends with «®, A BX = af*+1 = ¥ B ends with «? B = (¢B)? = 4°
for every k > 1. The inductive argument is therefore complete.

Finally, the remaining equality af = (B4)(e?) follows immediately since |af| =
|(Ba)(?)| (and, as we have just proved, o starts with B, and ends with a?). |

Remark 3.9. Every word in P is of the form a6b with 8 palindromic, i.e., 8 coincides
with its transpose 6%, as stated in Bombieri’s article [1, proof of Theorem 15]. Since «
starts with @ and 8 ends with b, this is equivalent to (¢f)* = ((aﬁ)b)a. In other words,
both o and B, are palindromic for every pair («, ) € P. We will now present an alter-
native proof of this fact.

As in the previous lemma, we will proceed by induction; the base case is clear. Sup-
pose that «® and B, are palindromic. Then (a,B)b is palindromic, since both (a,B)b =abB
and ((aﬂ)b)* = (a?B)* = B*a® are obtained from af = (B4)(?) by replacing the first
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letter (which is a) with b, and therefore coincide. Similarly, («f), is also palindromic.
Thus, the result holds for both («f, 8) and (&, ®f), which completes the inductive proof.

Lemma 3.10. Suppose that a word w can be written as a concatenation taft’ for some
words t, ', a and B with («, B) € P, andn € N. If there exist (A, B) € P, k> 1and
Wi, ..., wg € {A, B} such that w = w; ... wy, then (A, B) = («, B) and there exists
1 <j<ksuchthatw; ... wj—; =7, wj =, Wj+1 = Pand Wiy ... wx = 7.

Proof. As usual, we proceed by induction. The result is trivial for the base case («, f) =
(a,b) € Py. Assume now that (, ) = (uv,v) for (u,v) € P,_1, wheren > 1. Let w be a
word such that w = taft’ for some words 7, 7’ and assume that there exist (4, B) € 13,,,
k> 1land wy,...,wg € {A, B} such that w = wy ... wy.

Since w = taft’ and o = uvv, there exist 0 = 7 and 6’ = vt’ such that w = ouvo’.
Thus, by induction, if w can be written as concatenation of words from a pair in Pn_l,
then the pair is necessarily (1, v) and the words u, v and v appear consecutively in this
decomposition. This is indeed the case as each w; for 1 < j < k is a concatenation of
words from a pair in P,_1, so w can be written in this way as well.

We conclude that (4, B) = U (u,v) = (uv,v) or (4, B) =V (u,v) = (u,uv). Indeed,
if this did not hold, then we would be able to find a different pair in P,_1 whose words can
be concatenated to obtain w. Finally, if (4, B) = V(u, uv), then it would not be possible
for the words u, v, v to appear consecutively. We conclude that (4, B) = («, B).

The case where (c, 8) = (u, uv) for (u,v) € P,_; is analogous. |

We can now relate the length of a factor of a word in P to the length of the smallest
word in P containing it:

Lemma 3.11. Let w be a factor of a word in P. Then the length of the shortest word in P
containing w is strictly smaller than 3|w)|.

Proof. Let (a, B) € P be such that af contains w and |a8| is minimal for this property.
We will assume || > |B] (the case |¢| < |B] is analogous, and the case |«| = |B| only
occurs in the trivial case « = a, f = b, in which we may replace the constant 3 with 2).
Hence, we may write o = @B" for some r > 1, where (&, 8) € P and |@| < |B|. We then
have the bounds (r + 1)|8] < |aB| < (r + 2)|8].

Observe that w must intersect both o and f by minimality of |¢f]|. Indeed, if w
only intersects @ = @B or B, then the shorter word &@8" !B corresponding to the pair
(@B™ !, B) € P contradicts the minimality of | |. Now, if w intersects the prefix @ of a,
then it contains 87 strictly, and so the ratio |w|/|af| is larger than r/(r + 2) > 1/3. Thus,
from now on we may assume that w is contained in 8”1, Moreover, r is minimal for this
property, as otherwise the pair (@8" ', B) € P again contradicts the minimality of |af]|.
Thus, w = uB” v, where u is a nonempty suffix of 8 and v is a nonempty prefix of B.

Assume that r > 2. By Lemma 3.8, we know that @8 = (B4)(&?). We now claim
that |u| > |&@®|. Indeed, assume that this is not the case. Then w is contained in
o = @B’ since any proper suffix of &@° is also a proper suffix of &. This contradicts
the minimality of o8| as before. Thus, since |@?| = |@|, the ratio |w|/|ap] is at least



Fractal dimensions of the Markov and Lagrange spectra near 3 4001

((r = DB + |@])/((r + 1)|B] + |&|), which is larger than (r — 1)/(r 4+ 1) > 1/3 since
r>2.

We will now address the remaining case where r = 1. First observe that if |&| = |B],
then @ = a and B = b. Hence, « = ab and w = h%. We then have |w|/|aB| = 2/3. We
can therefore assume from now on that |8| > |&| and we may write = G/ ﬁ for some
j > 1, where (d,,é) € P and |/§| < la|.

We see that w is a factor of 82 = @/ Bo?j B and it intersects both copies of 8. Hence,
w = uv, where u is a nonempty suffix of g = &’ ﬁ~ and v is a nonempty prefix of g =
alp =aa’ 1.

By Lemma 3.8, @/ B ends with &@°. We claim that @ is a suffix of u. Indeed, if this
were not the case, then u would be a suffix of &, and hence w would be contained in
the shorter word @a’ corresponding to the pair (&, G/ B) € P, which is not possible
by the minimality of |eA]. Similarly, Lemma 3.8 implies that &/ f = @&/ ! § starts with
a1 ﬁa. We claim that ¢/ ~! ,3a is a prefix of v. Indeed, otherwise v would be a prefix of
@/~18, and hence w would be contained in the shorter word &/ &/ =!8 correspond-
ing to the pair (@’ B, & ~!f) € P, which is not possible by the minimality of |«f].
Finally, we conclude from |&?| = |@| and |,5a| = |B| that the ratio |w|/|af] is at least
(1@l + 18)/((2j + D)|@| + 2|B]), which is larger than j/(2j + 1) > 1/3. ]

Remark 3.12. The general bound in the previous lemma cannot be improved. Indeed,
for the word w = bab**'qa for k > 1, we find that |af| is minimal for the pair (o, f) =
(abkab**+1 abkt1) e P. Since [w| = 2(k + 4) and |aB| = 2(3k + 5), the ratio |w|/|ap]
is arbitrarily close to 1/3 when k is sufficiently large.

This example corresponds to the first case of the proof of the previous lemma, namely
when w intersects the prefix @ of « = @f”. In the remaining two cases of the proof,
nevertheless, the bound can be improved as we do below.

Assume then that w does not intersect &. As in the previous proof, we first con-
sider the case where r > 2. Then we may replace the constant 3 with 2 4+ ¢ for any
& > 0. Indeed, observe first that if |&| = |8], then &® = a and 8 = b, so « = ab” and
w = b"*1. Thus, the ratio |w|/|ocﬂ| is (r + 1)/(r +2) > 3/4 > 1/2. Otherwise, if
18| > |&|, Wewrlte,B = aJ,B for j > 1 and (@, ﬂ) € P. We have w = uv, where u i 1sa
suffix of B = ocf,Bﬂ’ Uand v is prefix of B = otJ,B By Lemma 3.8, (x’ﬂ ends with &@°
and we claim that &? B 1 is a suffix of u. Indeed, otherwise u would be a suffix of
@B" 1, so w would be contained in the shorter word @ = & 3" corresponding to the pair
(ap™ 1 .B) e P. Similarly, if we put,B al~ 1,3 we have (&, ,3) (a, &"*1,5) € P,so
Lemma 3.8 implies that & /3 starts with ,Ba We claim that /3a isa preﬁx of v. Indeed, other-
wise v is a preﬁx of ,3 and thus w is contained in the shorter word (ot,B) /3 corresponding
to the pair (oz,B, (a ,B)’ R 1,3) € P, a contradiction. Therefore, the ratio |w|/|af] is at least
((r =DIBI+ lal + [BD/((r + DIB| + |al) = r[B[/((r + DIB| + |@|), which is larger
than r/(r +2) > 1/2.

Finally, we analyze the case where r = 1 and show that we can replace the constant 3
with 5/2 + ¢ for any & > 0. Recall that 8 = otfﬁ so the result is clear when j > 2 as
j/(2j + 1) = 2/5. Thus, we will assume that j = 1, soa = aaﬂ and f = ap. Ifj=1
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and |a| = |,B~| then @ = a, ,5 =b,a = aab and B = ab. Since w intersects both « and 3,
we have |w| > 4, so we obtain |wl|/|ef| > 2/5 once again. We will then assume that
| ,8| < |a|. We see that w is a factor of & ﬁa ,3 which is in turn a factor of the shorter word
a,Baﬂ ,3 corresponding to the pair (& ﬂ oz,B ,3) € P, a contradiction.

The lemma allows us to control the size of the set X (3, n):

Corollary 3.13. Foralln > 1, we have |2 (3,n)| < 9n3.

Proof. If w € X(3,n), then there is («, B) € P with |af| < 3n such that w is a factor
of af by Lemmas 2.1 and 3.11. Notice now that the pair (o, 8) € P is determined by
the irreducible fraction |«|/|B]: indeed, |¢| = |B]| if and only if « = a and B = b; if
la| > |B], then @ = @pB* for some positive integer k with (&, ) € P and |&| < |B], and
thus |e|/|B| = k +|&|/|B]; and if || <| ], then B = &* B and |a|/|B] =1/ (k + |BI/|t])-
Hence, our claim follows by induction on the number of elements of the continued fraction

of a|/|B]-

The number of such fractions |«|/|B]| is bounded by the number of pairs (i, j) of
positive numbers with i 4+ j < 3n, which is 3n(3n — 1)/2 < 9n?/2. Since a word of
size smaller than 37 has at most 2n factors of size n, there are at most 27 - 9n> /2 = 9n3
elements in X (3, n). |

Recall that U and V are the Nielsen operators given by U(a) = ab, U(b) = b,
V(a) = a and V(b) = ab.

Lemma 3.14. For any finite word w in the alphabet {a, b}, we have the identities
bUwW™) = Uw)*h and V(w*)a = aV(w)*.
In particular, if w is a palindrome, then so are bU(w) and V(w)a.

Proof. This was already shown by Bombieri [1, proof of Theorem 15], but for complete-
ness we include a short proof by induction.

The identities are trivial if |w| = 0. Assume that they hold for words of length n — 1
forn > 1, and let w be a word of that length. If 0 = aw, then

bUGD*) = bU(w*a) = bU(w*)ab = U(w)*bab = UGH)*b,
Vw*)a = V(w*a)a = V(w*)aa = aV(w)*a = aV(w)*.

On the other hand, if W = bw, then

bUG*) = bU(w*b) = bU(w*)b = U(w)*bb = U(W)*b,
Vw*)a = V(w*b)a = V(w*)aba = aV(w)*ba = aV(0)*.

Assume now that w is a palindrome. Then

(bUw))*
(V(w)a)*

Uw)*h = bU(w*) = bU(w),
aV(w)* = V(w*a = V(w)a. [
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The following lemma shows that bi-infinite words with Markov value exponentially
close to 3 (relative to the size of the interval they induce) cannot contain both ¢« and B8
if (0, B) € P. Recall that

r(w) = [log(s(@)™")] = Llog(|7(e)]™)].

Lemma 3.15. Let (a, B) € P. Ifw is a finite word in the alphabet {o, B} starting with o
and ending with BB such that r(w) < r, then the Markov value of any bi-infinite word
containing w as a factor is larger than 3 + e~". Moreover, if w contains aafp as a
factor and r(w) < 2r, then the Markov value of any bi-infinite word containing w as a

factor is larger than 3 4+ e™".

Proof. The proof is in several steps. The first step, labeled as “Step 07, is not strictly
necessarys; it is contained in the other more general steps. In this step we make an estimate
depending on |w|, and it is weaker than the estimate of the statement, which depends
on r(w). However, we have included it since it contributes to the understanding of the
overall strategy.

Step 0: Assume that « = a and § = b. Without loss of generality, we can assume that
w = aa(ba)*bb, since otherwise there is a factor of w of this form and we may replace w
by this factor. We will consider two cuts of this word. One cut, to which we will refer as
the “first cut”, is aa (ba)¥|bb, while the “second cut” is aa(ba)¥bb|. We start by applying
Lemma 3.4 to the first cut. This immediately shows that k > 1, as otherwise any bi-infinite
word containing w has a Markov value of at least 3 + % (in the general case this is not
immediate; it is treated in Step 2). Hence, we assume that k > 1.

Let w be a bi-infinite word containing w and assume towards a contradiction that its
Markov value is smaller than 3 + %(3 —24/2)*!. We continue drawing conclusions from
Lemma 3.4: the first cut shows that @ must contain an a to the right of w. Thus, w contains
w’ = aa(ba)*|bb|a, where we have again marked both cuts. We now use these cuts to
conclude inductively that w’ must be followed by (ha)*~! in w: each b is forced by the
second cut (since there is a b at the symmetric position with respect to the second cut),
and it is followed by an a by the first cut (since there is an a at the symmetric position
with respect to the first cut).

Set y = (ba)*~1. Between both cuts, we have the word bb which we will write as h6b
with & = & (in the general case, 6 can be more complicated). On the left of the first cut,
we have a word of the form (8baya)*a, while the second cut is followed by ay. Thus, w
contains the word w” = (6baya)*a|bBb|ay, where we have again marked the first and
second cuts.

The structure above is precisely the configuration that we will try to replicate in
the general case, as it already leads to a large Markov value. Indeed, using the first
cut again, we find that w” is followed by an a in w. Finally, w” can also be written
as w” = (0*baObaya)*blay (where only the second cut is marked). Since 6*babbay
starts with yb, we deduce that w” is followed by a b inside w, which contradicts the
fact that it is followed by an a as established before. In other words, we have shown that
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any bi-infinite word containing w has a Markov value of at least 3 4+ 1 (3 — 24/2)71+1 >
3+ 13 -2Vl

Step 1: We now start treating the general case, so assume that w starts with e« and ends
with BB. Since (, B) € P, Lemma 3.7 shows that there exists some W € (U, V) such
that @ = W(a) and B = W(b). Thus, w is the image by W of a word in the alphabet
{a, b} starting with aa and ending with bb. Without loss of generality, we assume that
w = aa(Ba)k BB with k > 0, as otherwise w contains a factor of this form and we may
replace w with this factor.

Step 2: In this step, we assume that k = 0, so w = caf. We claim that w contains a cut
of the form ta|b6b, where t* starts with fa and 6 is a palindromic word. This leads to a
contradiction by Lemma 3.2, as then the Markov value of any bi-infinite word containing
w is at least 3 + s(hOb), which is larger than 3 4 e~" by the following computation.

By hypothesis, we have s(w) > e™2""1, so s(aaBB) > e 2" 1. Write § = 6, ...6,.
By (A.1) we have s(afa)~! > 961¢,(0)? and s(h8bh)~! < 1624, (0)?. Therefore,

e 21 < s(aaBpB) < s(aBabbb) < 2s(aba)s(bOb) < %s(b@b)z,

hence s(b0b) > e~ 7.

We proceed by induction: in the base case, we have 8 = @ and t = a. Now, observe
that

U(rab0b) = U(t)a|bbU(0)b = Ta|blb,

where 7 = U(r) and 6 =bU (0), and we have adjusted the position of the cut. We claim
that 7* = U(t)* starts with bU(0)a = fa. Indeed, since t* starts with fa, we see that
ends with a6*. Thus, U(t) ends with abU(6*). Therefore, U(t)* starts with U(6*)*ba,
which is equal, by Lemma 3.14, to bU(0)a = fa (since 6 is a palindrome).

On the other hand, observe that

V(zabb) = V(t)aalbV(0)ab = 7a|bdb,

where T = V(t)a and 6 = V(0)a, and we have adjusted the position of the cut.
We claim that 7* = aV/(7)* starts with V(8)aa = fa. Indeed, first observe that, by
Lemma 3.14, T* = V(z*)a. Now, we consider two cases. If t* = 6a, then T* =
V(0a)a = V(0)aa = Ha. Otherwise, T* starts with fac where ¢ € {a, b}, so T* starts with
V(Bac) = V(B)aV(c). Since V(c) starts with a whether ¢ = a or ¢ = b, we conclude
that T* starts with V(0)aa = fa.

Since, by Step 1, there exists W € (U, V) such that W(a) = « and W(b) = B, this
concludes the proof when k = 0.

Step 3: In this step we leverage the structure found in Step O when k > 1 and show that
it also leads to a large Markov value in a more general context. Assume now that we have
a word w with two cuts of the form w = ta|b0b| such that

(1) there exists a word y such that T ends with (6baya)*;

(2) 0*babBbay starts with yb.
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We have shown that (1) and (2) hold for the base case w = aa(ba)¥bb with v =
aa(ba)*~'b and 6 = @.

Then, as before, the Markov value of any bi-infinite word @ containing w is at least
3 4+ e7". To see this, we will again use the fact that, by Lemma 3.2, some of the letters
surrounding w are forced in w for the Markov value to remain below this value; eventually
this will not be possible anymore. Indeed, an a is forced after w by the first cut, since
7 ends with (8ba)*. Moreover, Lemma 3.5 shows that the configuration ta|b6b|a is
followed by y: each a of y is forced by the first cut (since t ends with (8bay)*), while
each b of y is forced by the second cut (since 8*bafbay starts with yb). Finally, the first
cut forces an a after ta|b6blay (since T ends with (fbaya)*), while, on the contrary,
the second cut forces a b after ta|bOb|ay (since 8*babbay starts with yb). Thus, the
Markov value of any bi-infinite word containing w is at least 3 + e™".

To be more precise about this last part, observe that y cannot be followed by 12 or 21,
because otherwise we will find a sequence of the form ¢’c’¢’ where ¢, ¢’ € {1, 2} with
¢ # ¢’ and s odd, but using Lemma A.4 and the fact that s is monotone and w ends with
(Obaya)*(abbb), we get

s(¢®) > s(aya) > 27 's(ay*ab0*) > 27 2s(abb) " 's(w) = (775/2)s(w),

whence r(c®) < r — 4, contradicting Lemma 3.5. If y is followed by b, then writing the
first cut as w* = R*bn*blanaS with n = Obay we have, by Lemma 3.2,

M) = Mo*) = 3 + s(bnb).

Since an*abfb is a subword of w, we see that r(an*ab8b) < r by Lemma A.3. In
particular, s(an*ab6b) > e~"!. On the other hand, by Lemma A.4, s(an*ab0b) <
4s(ana)s(b6b) < s(bnb)/3, whence s(bnb) > e ".
Similarly, if the word y is followed by a, then, by writing the second cut as w =
R*by*blayasS, we have
Alw) = 3 + s(byb).

Finally, since y is a subword of n = 8bay, by Lemma A.3 again we get s(byb)
s(bnb) > e™".

v

Step 4: We now show inductively that the previous structure (namely properties (1)
and (2)) persists when we apply U or V to w = ta|b6b|. First, observe that, after adjust-
ing the position of the cuts, we have

U(w) = U(t)albbU(0)b] and  V(w) = V()aa|bV(§)ab|. (3.3)

Thus, U(w) = %a|b§b| with 7 = U(r) and 6 = bU(H). Let 7 = bU(y). Then, since w
satisfies (1), T = U(t) ends with

U((Obaya)*) = U(ay*ab0*) = abU(y*)abbU(6%)
= aU(y)*babU(#)*b = (Bbaya)*,
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where we have used Lemma 3.14. This shows that (1) holds for U(w). Similarly, this
lemma shows that

6*babbay = U(0)*bbabU(0)babU(y)
= bU(0*)babU(0)babU(y)
= bU(0*babbay).
This word starts with bU(yb) = bU(y)b = yb, since 0*babbay starts with yb, as w
satisfies (2). Hence, (2) also holds for U(w). 3 3
Now, from (3.3), we have V(w) = Ta|b0b| with T = V(t)a and 6 = V(0)a. Let
y = V(y)a. Then, since w satisfies (1), T = V(7)a ends with

V((8baya)*)a = aV(Bbaya)* = a(V(0)abaV(y)a)* = (Bbaya)*,

where we have used Lemma 3.14. This shows that (1) holds for V(w). Similarly, this
lemma shows that

6*babbay = (V(0)a)*baV(0)abaV(y)a = aV(0)*baV(0)abaV(y)a
= V(0%)abaV(0)abaV(y)a = V(0*babbay)a.

This word starts with V(yb) = V(y)ab = yb, since 0*babbay starts with yb, as (2) holds
for w. Hence, (2) also holds for V(w).

Since, by Step 1, there exists W € (U, V') such that W(a) = o and W(b) = B, this
concludes the proof when k > 1. [

In order to consider other possible cases, such as words starting with 88 and ending
with «oe, we will show some symmetry properties of the pairs in P.

Lemma 3.16. Ler (u,v) € P. If (o, B) = (u,uv), then a*p = (ubakv,)*. Similarly, if
(a, B) = (uv, v), then af* = (ub prv,)*.

Proof. Assume first that («, B) = (u, uv). We have (u,u¥v) € P for any k > 1. Now,
recall that, by Lemma 3.8, uukv = (uk v)aub = ukv,ub. Moreover, both u? and u*v,

are palindromic by Remark 3.9. Thus,
o* B = uukv = ukvul = W) Wh)* = WbuFv,)* = WPakv,)*.
Similarly, if («, ) = (uv, v), we have (uv¥, v) € P forany k > 1. Now, using Lemma 3.8

. . b
again, we obtain uvkv = v, (uv*)" = voulok

by Remark 3.9. Hence,

, where both v, and u?v* are palindromic

ap® = uvkv = vaul vk = (Va)* WPV = WbvFv,)* = WP BFv,)*. n
Lemma 3.17. Let (u,v) € P and letey, ..., ex > 1. If (a, B) = (u,uv), then
ubBac a2 B .. a%* v, = (@ Ba 1B ... Ba BB)*,
while if («, B) = (uv,v), then
ubpraB®a ... % av, = (aaf*af ... af)*.
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Proof. Assume first that (o, 8) = (1, uv). Then, by Lemmas 3.8 and 3.16,

ubBa a2 B .. a%* v, = ul (uv)a (uv). .. (uv)a v,
W?)(vau?)a® (Vau®) . .. (Vau®)a* v,
= Wbv)WPa v )ul ... va(ubavy,)
= )" (@ B)*... (@*p)*

= (a* pa 1B ... B’ BB)".

Now, take (¢, ) = (uv, v). Then, by Lemmas 3.8 and 3.16,

ub B ... B av, = uP)BE (uv) ... B (uv)v,
= ") (vau®) ... B (vau®)va
= WP B v’ .. B v (uv,)
= (af)* ... (@f)* (uv)*

= (xaf*af-1 .. . af°)*. u

The previous three lemmas imply that we obtain a large Markov value when (o, 8) =
(u, uv) for any word of the form u?B . .. @av,, and when (a, ) = (uv, v) for any word
of the form u? BB . . . av,.

We now define the notion of a weakly renormalizable word, which is central to our
methods as it is used to find suitable alphabets in which words can be written.

Definition 3.18. Let (o, 8) € P and w € (a, b) be a finite word. We say that w is
(e, B)-weakly renormalizable if we can write w = w;yw, where y is a word (called
the renormalization kernel) in the alphabet {«, 8} and w1, w, are (possibly empty) finite
words with |wq|, |wz| < max {|«|, |B|} such that w; is a prefix of ¢f and w; is a suffix
of af, with the following restrictions:

If (a, B) = (u, uv) for some (u,v) € P and y ends with a, then |v| < |ws|. If (o, B) =
(uv, v) for some (u,v) € P and y starts with 8, then |u| < |w;|.

Definition 3.19. Let (o, 8) € P and w € (1,2) be a finite word. We say that w is (e, B)-
semirenormalizable if there is an extension w of at most two digits, one to the left and
one to the right such that W is («, 8)-weakly renormalizable.

The definition is motivated by the following ideas. Given an alphabet {«, 8} with
(o, B) € P, it may not be possible to write a word w in terms of « and . Nevertheless,
it may very well be possible to write “most” of w in terms of « and B, preceded by
and followed by some short trailing words. These words are w; and w, in the previous
definition, and the condition ensuring that they are short is that |wq |, |w,| < max {|«/[, | B|}.
Indeed, if for example |w;| > max {|«|, | 8|}, then either w; ends with @ or B in {«, B}
(so our choice of renormalization kernel was spurious; it should be longer), or it does not
(so w is actually not well described by the alphabet {«, 8}). To further ensure that w,
and w, are well-adjusted to the chosen alphabet, we also require them to be a prefix or
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suffix of @f; then w is contained in aBy«af, where the renormalization kernel y can be
written in the alphabet {«, B}.

Finally, we need to ensure that the first and last letters of the renormalization kernel
are chosen appropriately. This follows from the following lemma (which is essentially
already contained in Definition 3.18).

Lemma 3.20. Let (x, B) € P and w € (a,b) be an («, B)-weakly renormalizable word.
Write w = wiyw, as in Definition 3.18.

If (o, B) = (u, uv) for some (u,v) € P and y ends with o = u, then w, starts with
Vg # v. Moreover, the word 0 consisting of the last |u| letters of y followed by the first
|v| letters of w, is different from .

Similarly, if (a, B) = (uv, v) for some (u,v) € P and y starts with B = v, then w;
ends with u® # u. Moreover, the word 0 consisting of the last |u| letters of w followed
by the first |v| letters of y is different from .

Proof. Assume first that (o, §) = (4, uv) and that y ends with « = u. Then Defini-
tion 3.18 ensures that |v| < |w,|. Since w, is a prefix of af of length at least |v],
Lemma 3.16 implies that w, starts with v, # v (since v ends with b, and v, is palin-
dromic by Remark 3.9). Now, 6 ends with the first |v| letters of w;, so it ends with
vg # v. Therefore, it cannot be equal to § = uv.

Similarly, if (¢, 8) = (uv, v) and y starts with § = v, then Definition 3.18 ensures
that |u| < |wq]. Since wy is a suffix of «f of length at least |u|, Lemma 3.16 implies that
w1 ends with u? % u (since u starts with @, and u? is palindromic by Remark 3.9). Now,
6 starts with the last |u| letters of wy, so it starts with u? # u. Therefore, it cannot be
equal to ¢ = uv. ]

The previous lemma can be understood as follows. Since the renormalization kernel
y is the part of w = w;yw, that can be written in the alphabet (c, 8), it should be as
long as possible (in the sense that w; and w, are just “short trailing words”). Hence, if
(o, B) = (4, uv) and y ends with o = u, then the word w, should not start with v, since
otherwise y should instead end with 8 = uv (and w, should be shorter). Similarly, if
(o, B) = (uv,v) and y starts with f = v, then the word w; should not start with u, since
otherwise y should instead start with ¢ = uv (and w; should be shorter). All of these
undesirable cases are ruled out by the lemma.

Exhibiting a word as being (o, #)-weakly renormalizable is nontrivial in general and,
to complicate matters even further, the choice of alphabet («, ) € P is not clear to begin
with. Nevertheless, any word in the alphabet {a, b} is trivially (a, b)-weakly renormaliz-
able (by setting the renormalization kernel equal to the entire word).

On the other hand, there are subwords of words in (a, b) that can fail to be weakly
renormalizable (for any alphabet) with nontrivial kernel, because they miss one digit at
one (or both) of their ends. For example, the word w = 21...1 of even length is a sub-
word of b*°ab®°, and hence it belongs to X(3, 7). However, it can only be exhibited
as an («, B)-weakly renormalizable word by w = w;w,. That is why we introduce the
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notion of (c, B)-semirenormalizable in Definition 3.19. Indeed, the w above is (a, b)-
semirenormalizable (with nontrivial kernel), since 2wl € {(a, b).

With these considerations, we will now present a renormalization algorithm: if we
have a (u, v)-weakly renormalizable word with a nonempty renormalization kernel, we
can exhibit this word as being («, §)-weakly renormalizable for («, 8) € {(uv,v), (u,uv)}
chosen appropriately.

Lemma 3.21 (Renormalization algorithm). Let w € (3 + e, |w|) satisfy r(w) < r. If
w is (u, v)-weakly renormalizable as w = wyyw, with y # @, then w is («, B)-weakly
renormalizable for some (a, B) € {(uv,v), (u,uv)}. Moreover, if y starts with u or ends
with v, then wy or wa, respectively, does not change for the renormalization with alphabet

(a. B).

Before proving the lemma, we will discuss the intuition behind this algorithm. The
main inspiration is the “exponent-reducing” procedure discussed in Section 2.1. Indeed,
if a word w is (u, v)-weakly renormalizable, then it is of the form w = wjyw,, where y
is written in terms of u and v. The word y cannot contain factors of the form uu ...vv or
vv...uu (as discussed in the proof below), so it is written as powers of u (respectively, v)
followed by single instances of v (respectively, ©). Hence, we can choose a new alphabet
(o, B) = (u, uv) (respectively, («, B) = (uv, v)) so that all exponents are now reduced
by 1 when y is written in the alphabet (c, 8). This simplifies the structure of the renor-
malization kernel at the cost of making the alphabet more complex. The renormalization
algorithm should hence be applied inductively a certain number of times to ensure that the
complexity of both the renormalization kernel and the alphabet remains reasonable (see
for example Corollary 3.23 and the proof of Theorem 1.1 to see how this is used).

Proof of Lemma 3.21. We will explicitly exhibit w as being («, B)-renormalizable as
w = Wy W, for some (a, B) € {(uv,v), (u,uv)}.

By Lemma 3.15 and the comments after Lemma 3.17, some patterns on a weakly
renormalizable word imply that w ¢ (3 4+ ¢™", |w|), and so are forbidden: this holds if
y contains both the factors uu and vv (in any order), and also in the following situations:

(1) (u,v) = (1, nB) for some (17,0) € P, y starts with v and contains the factor uu, and
lwi| > Jul.
(2) (u,v) = (10, 6) for some (n,6) € P,y ends with u and contains the factor vv, and

[wa| > |vl.

We first assume that w does not contain the factor vv and we analyze the following
subcases (where s and e; are positive integers for 1 < j < k):

ase 1: = LW =u,fB =
Case 1: If utovu®v ... u%v, wetakeo = u uv and
p=aBa27IB oI Wy = wy, W = wo.

Indeed, W, = w; is a suffix of uv by hypothesis, so it is also a suffix of af = u?v.

Moreover, W, = w; is a prefix of uv by hypothesis and to show that it is also a prefix
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of aff we consider two cases. If |wz| < |v|, then w, is a prefix of v,, since uv starts
with v, by Lemma 3.8. The same lemma also shows that u?v starts with vg, so w, is
a prefix of o = u?v. Otherwise, we must have |w,| < |u[, since |w,| < max {|u|, |v]}.
Thus, W, = wj is a proper prefix of u, and hence of e = u?v.

Case 2: If y = vu®'vu®wv...u% v we consider two cases. If |w;| < |u|, we take & = u,
B = uv and

F=a 1 Ba27 1B a% TR Wy = wiv, Wy = ws.

Indeed, recall that uv ends with u? and wy is a suffix of uv. Since |wq| < |u|, wy is also a
suffix of u (as u? and u are equal up to the first letter). Consequently, 1 = w; v is a suffix
of af = u?v. Moreover, 1, is a prefix of & = u?v by the same proof as in the previous
case: it is either shorter than v (in which case it is a proper prefix of v,, and hence of u?v
by Lemma 3.8), or shorter than u (in which case it is a prefix of u, and hence of u2v).

Otherwise, we have |u| < |wi| < |v], so (u, v) = (3, nf) for some pair (1, 6) € P.
Since w is a suffix of uv = 720 and |wy| > |u| = |n|, we find that w, ends with n?
by Lemma 3.8. If ¢; > 1 for some 1 < j < k, then w contains a factor of the form
r)b v...uuby,. In fact, since w; ends with r]b , it follows that w contains a word of the form
w = nbv . u% T 2yyv, where 1 < Jj < k is chosen so that e; > 1. Moreover, v = nf
starts with 6, by Lemma 3.8, so w’ contains, in turn, a word of the form nb V...uuby,.
This contradicts w € £(3 4+ e™", |w|) by Lemmas 3.15 to 3.17.

We next assume that e; = 1 forevery 1 < j < k and take « = uv, f = v and

~ k ~ ~
y=pa", w=wy, Wy =ws.

Indeed, W, = wj is a prefix of uv? since it is a prefix of uv. Moreover, if |w| < |v| then
W, = w; is a suffix of uv? as it is a suffix of uv, and if |wy| < |u| then wy is a proper
suffix of u? (by Lemma 3.8), so it is also a suffix of uv? (by Lemma 3.8 again). Finally,
since y starts with 8 and («, 8) = (uv, v), we have to check that |u| < || = |wq], but
this holds by hypothesis.

Case 3: If y = u®tvu®v...u%vu’, we must have |v| < |uw,|. Indeed, if |v| > |uw,|,
then (u, v) = (5, nf) for some alphabet (7, 6). Since y ends with u, by definition of
(u, v)-weak renormalizability we have || < |w;|. Hence, |v| = |n8]| = |ub]| < |uw,|,
a contradiction.

Let r € {0, 1} now be such that |v| < [u"w,| < |uv| < |[u" T w,|. Then we choose
o =u, B =uvand

~ e;—1 ex—1 er—1 s—r -~ -~ r
y=a1 a2 B ok BT, Wy = wy, Wy = u ws.

Indeed, w; = wy is a suffix of ¥ = u2v since it is a suffix of uv. Now, if r = 0, then
|wsy| < |u| since |wy| < max {|u|, |v|} and |v| < |w,| by hypothesis. Since w, is a prefix
of uv, it is actually a prefix of u, and hence of o = w?v. If r = 1, we see that w, is a

prefix of uv, and thus W, = uw; is a prefix of af = u?v.
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Since y ends with « if r = 0, we have to check that |v| < |W,|. This holds since
v| < |w2| = |w2] in this case.
v < 2] = |wa|

Case 4: Finally, if y = vu®'vu®v...uvu’, we combine the discussions of the pre-
vious two cases. More precisely, we assume first that |u| < |wi| < |[v]. If ¢; > 1 for
some 1 < j <k ors > 1, then we obtain a contradiction with the hypothesis that w €
(34 e ", |w|) by Lemmas 3.15 to 3.17. Indeed, in this case (4, v) = (n, n60) for some
n,0) € P, so w contains a factor of the form nbv ...uub, asin the second case if e; > 1
for some 1 < j < k. On the other hand, if s > 1, then w contains a word of the form
w = nPv...u*"2uuw,. Now, observe that the fact that y ends with u and the definition
of (u, v)-renormalizability imply that w starts with 6,. Hence, w’ contains a word of the
form nPv ... uub,. This leads to the same contradiction with Lemmas 3.15 to 3.17.

When |u| < |w;| <|v|,ej =1foreveryl < j <kands=1,wetakea =uv, =v
and

)7 = ,BOlk, 1;)1 = wq, 1I)2 = UW3y.

Since wy is a suffix of uv, it follows that W; = w; is a suffix of B = u?v. Now, observe
that |u| < |w;| < |v| implies that |w,| < |v], since |wq |, |wz| < max {|u]|, |v|} by hypoth-
esis. Thus, by Lemma 3.8, w, is a proper prefix of v,, so it is also a prefix of v. We then
conclude that W, = uw; is a prefix of «f = uv?.

Otherwise, if |wy| < |u| we take @ = u, 8 = uv and argue as in the third case. More
precisely, let r € {0, 1} be such that [v| < [u"w;| < |uv| < |u" T w,| and take

7=a1Ba27IB T BaS T, Wy = wyv, s = u"ws.

We find that w, = u"w, is a prefix of ¢f by the same arguments as in the third case, and
r is chosen so |v| < |,|. Moreover, W, = wv is a suffix of @ = u?v since Lemma 3.8
and the fact that |w; | < |u| imply that w; is a proper suffix of u?, so that it is also a suffix
of u. This finishes the last subcase.

We now assume that w contains the factor vv, so in particular it does not contain the
factor uu. We analyze the following subcases (where s and e; are positive integers for
l<j=k)

ase 1: = uvluve ... uvé, w a=uv,B=v
Case 1: If Clype2 €k we take and
7=ap lap ™l afT W = wy, W = wa.
ase 2: = , =uv, B =
Case 2: If uveluv®? .. uvu, we take @ = uv v and
~ e;—1 er—1 er—1 ~ ~
y=af a2 BT, W = wp, Wy = uw;.

Case 3: If y = vSuv®ue® ... uv, we take r € {0, 1} such that |u| < |wiv"| < |uv| <
|lw;v™ 1|, and define @ = uv, B = v and

7=pBTap o BT BT = wiv, W = wo.
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Case4: If y = viuv®ue® .. uvu, wetake r € {0, 1} such that |u| < |wv"| < |uv| <
|lw;v™ T, and define @ = uv, B = v and

)7 — ﬂs_rOt,Bel_IOt...,Bek_l_laﬂek_l, lZ)] — wlvr’ lZ)z = uws.

Observe that the cases where e; = 1 for all 1 < j < k cannot arise in the previous
subcases, since we are explicitly assuming that w contains the factor vv. The arguments
showing that these choices satisfy the definition of (¢, 8)-renormalizabilty are analogous
to those of the previous cases (where the factor vv was not present). Thus, this concludes
the proof. ]

Once again, this lemma could be stated in terms of the length of w, as in the following
corollary:

Corollary 3.22. Let w € (3 + (3 4+ 2+/2)~ 121+ D |\w)|) be a finite word. If w is (u, v)-
weakly renormalizable as w = wyyw, with y # @, then w is («, B)-weakly renormaliz-
able for some (a, B) € {(uv,v), (u,uv)}.

Proof. By Lemma A.2 we have r(w) < (n + 1) log(3 + 2+/2) =: r and applying Lem-
ma 3.21 we obtain the result. ]

We will now present a series of corollaries of the renormalization algorithm. We start
with the version that is needed for the proof of Theorem 1.1.

Corollary 3.23. Letn > 68 and let w € (3 4+ 673", 3n). Then there exists an alphabet
(, B) € P satisfying |a|, |B| < n and |af| = n such that w is («, B)-semirenormalizable.

Proof. Since n > 68, the conclusion of Lemma 3.6 holds, so, possibly up to adding one
letter to the left and one to the right, w is a word in the alphabet {a, b}. As previously
discussed, w is trivially (a, b)-weakly renormalizable with w; = w, = @ and y = w.
Observe that w satisfies the first hypothesis of Corollary 3.22. Indeed, this follows from
the fact that 673" < (3 4 24/2)=3"+3) for every n > 61. By Corollary 3.22, we can
apply the renormalization algorithm inductively as long as the renormalization kernel is
nonempty; this produces a a finite sequence of alphabets. We will show that the sought-
after alphabet (o, f) is the first alphabet in the sequence that satisfies ¢8| > n.

We will first show that such an alphabet exists. Assume that (u,v) € P is one of the
alphabets of the sequence. If |uv| < n, then |w;|, |wz| < n, since

|wy ], |wz| < max {|ul, |v]} < |uv| <n,

where w; and w, are the words obtained in this step of the algorithm by the decomposition
w = w;yw,. Hence, y # @, since

ly| = |lw| — |lwq| — |wa| >3n—n—n =n.

Thus, we can apply the algorithm again if |uv| < n. Since the length of an alphabet
increases with each inductive application of the algorithm, we will eventually find an
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alphabet (o, B) € P satisfying |¢B| > n. Assume that (a, B) € P is the first alphabet in
the sequence satisfying this condition.

It remains to show that |«|, | 8| < n. Assume this is false. Assume further that («, 8) =
(uv, v) for some alphabet (1, v) € P; the case where (, ) = (1, uv) is similar. We then
have |«| > n.

Observe that the alphabet (u, v) satisfies |[uv| = ||, which contradicts the assumption
that («, B) is the first alphabet in the sequence of inductive applications of the algorithm
satisfying this inequality. Thus, the proof of the corollary is complete. ]

Remark 3.24. Clearly, the previous corollary holds for any w € X (3 + B~>",3n), where
B >3 +2+/2and n € N* is large enough (depending on B).

The following corollaries are straightforward consequences of the renormalization
algorithm and are thus presented here. Nevertheless, they are not used in the proof of
Theorem 1.1 and will only be used in the next section. Recall that a word belongs to
S (3 + ¢77) if it belongs to both £(3 + ™", |w|) and Q,_».

Corollary 3.25. Let r € N and let w € S7~2 (3 + e™") be a finite word. If w is (u, v)-
weakly renormalizable as wiyw, with y # @, then w is («, B)-weakly renormalizable
for some (a, B) € {(uv,v), (u,uv)}.

Proof. Observe thatif w =c¢y...c, € Qr—p,thenr(cy...cp—1) <r —3,s0
s(w)_1 < 23(cn)_1s(c1 ceCne1) < 12772,
which implies that r(w) < r. We then use Lemma 3.21. |

Corollary 3.26. Let 6 € P and let w € 22 (3 4 ¢77) be a word starting with 6. Then,
by extending w by at most one digit to the right, w is («, B)-weakly renormalizable for
some alphabet (o, B) satisfying |af| > r/e6.

Proof. By Lemma 3.5 we know that w does not contain “internal” blocks of 1’s or 2’s
of odd length, that is, words of the form ¢’c”¢’ for ¢, ¢’ € {1, 2} with ¢ # ¢’ for some
odd n € N. Since w starts with 6, it starts with an even block as well. On the other hand,
w can possibly end with an odd block of 1’s or 2’s. If w ends with an odd block of 2’s, then
w = yws is (a, b)-weakly renormalizable, where y € (a, b) and w, = 2. In case it ends
with an odd block of 1’s, we just need to extend w =c;...cp, to W = wl =c¢1...cpyl.
In this case
s(cr...cn) V< 2s(er...cn1)Is(1, D)7 < 120772,

which gives r(cy ...c,1) <r.

We claim that w or w is («, 8)-weakly renormalizable for an alphabet (c, 8) satisfying
||, |B| < |w| with || > |w|/2. Indeed, if |¢f| < |w]|/2, then writing w = w;yw, gives
|wy| + |w2| < 2|aB| < |w|. We obtain y # @&, so we can continue applying the algorithm.
Here, we have skipped most details as this is very similar to the proof of Corollary 3.23.

We remark that if, for some iteration of the algorithm, we obtain y = «” (respectively,
y = B), then the algorithm increases the size of the alphabet, but does not change the
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renormalization kernel y. In these cases, w is a subword of «fa”af and of &” 1 a1
(respectively, of afB"af and of af” 1B +1), and so it belongs to X (3, |w)).

Now, let (o, 8) be such an alphabet. If r < 24, then |ef| > 4 > r/6 since |«|, || > 2.
If r > 24, we have

@Bl = |wl/2 = (r = 8)/(2log(3 +2v2)) — 1/2 = 1/6,
where we are using Lemma A.2. |

Corollary 3.27. Let (a, B) € P with |af| < /6, let0 € P andlet w € 20723 4+ ¢77)
be a word starting with 0. If w contains af, then w is («, B)-semirenormalizable, say
W = wyyws. Moreover, if w starts (resp. ends) with of8, then wy = @ (resp. wy = D).

Proof. First note that w is trivially (a, b)-semirenormalizable, say w = yo where yy €
(a,b). Now we inductively apply the renormalization algorithm (Lemma 3.21) to obtain
a sequence of alphabets (A4;, B;) € P; such that forall 0 < j < m, the word W is (4;, B;)-
weakly renormalizable for each j and |A,, By,| = r/6.

On the other hand, since (., 8) € P, there exists a sequence of alphabets («;, B;) € P;
such thataf € (o, B;) forall 0 <i <n and (o, Bs) = (o, B). Since af starts witha = g
and ends with b = B (Lemma 3.8), inductively we find that of starts with ¢; and ends
with B;. In particular, f contains «; ;.

Write @ = w;y; w, as in the definition of (4;, B;)-weakly renormalizable. Using the
fact that «f contains «; 8;, gluing some words 7 and 7/ we get

ta;Bit’ = A;Bjy;A; Bj € (4;, B)),

hence by Lemma 3.10 we obtain (4;, B;) = («;, B;) for all 0 < j < n. In particular,
m > n, because otherwise r/6 < |Ap Bm| = |0mBm| < r/6. This shows that W is («, B)-
weakly renormalizable.

Now assume that w starts with o8 (the other case is analogous). Observe that there is
no need to complete the word to the left. We will show that w; = @ forall 0 < j < n.
Note that we have already shown that w; is empty for («g, Bo) = (a, b). If w; becomes
nonempty for k + 1 for some 0 < k < n, it must happen that @ = y,w, starts with 8
(because of the renormalization algorithm). But w starts with @8, which in turn starts with
o B, which leads to a contradiction because it starts with (8¢), by Lemma 3.8. Since
(o, Bn) = (a, B), this finishes the proof. |

Proof of Theorem 1.1. Consider n > 68. We claim that (3 + 673",n) = £ (3,n). Indeed,
let § € (3 + 673", n). By definition, # can be continued indefinitely to the left and right,
so in particular there exists a word T € X(3 4+ 673", 3n) obtained by gluing words of
size n on each side of . By Corollary 3.23, there exists («, 8) € P with ||, |8| < n
and |aB| > n such that 7 is («, B)-semirenormalizable. Writing T = w;yw, as in the
definition of weak renormalization, we have |wq|, |wz| < max {|«|, |B|} < n, so 0 is a
factor of y. Considering the smallest sequence 7 of («, 8)-letters of y containing 6 as a
factor, the sequence obtained by removing the first and the last (c, §)-letter of 1 has size
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smaller than n and thus cannot contain of or B« as factors, and thus 7 is of the form «”,
B, a"B, B, Ba" B, afa, Ba” or af” for some positive integer r.

In each of these cases, 7 € (3, |5|). Indeed, since («, B) € P, all of these words
are factors of words in ¢(P) = P (where recall that ¢ is the concatenation operator
c(u, v) = uv). Since, by Lemma 2.1, the set of factors of words in P coincides with
the set of words w satisfying w € X (3, |w|), we deduce that n € X (3, ||). Therefore,
0 € X(3,n).

To complete our proof, we need to show that, for every sufficiently large integer n, we
have

(3 —-67"n) = =(3,n).

Indeed, given w € X (3, n), by Lemmas 2.1 and 3.11, there exists [T € P containing w
such that |TI| < 3|w|. Since (3 + 2+/2)3 < 63, if n is sufficiently large then Lemma 3.4
shows that [I® € £ (3 —673"),sow € (3 — 673", n). n

4. Improving the estimates

Bombieri [1, Lemma 13] characterized the words in 3 (3) by stating the conditions that
the sequence (e;);ez of exponents has to satisfy for a Type I or Type II bi-infinite word to
belong to X (3) (where we are using the terminology of Section 2.1). We begin this section
by stating an analogue of this fact for words in (3 4+ e™", n). The proof is essentially
applying the renormalization algorithm to a word of the form w = % Ba®+1 or w =
B apci+la, but we need to be careful about the magnitude of r(w).

Lemma 4.1 (Bombieri’s characterization). Let («, ) € P. Consider a word y of the

formy =a®Ba1f ... Bat ory = BOufa...af withe; > 1 foralll <i <{—1.

Assume thaty € (3 + e, |y|) and let 0 = « in the first case and 0 = B in the second

case. If r(0¢) < r —2|af]|, then

e for1 <i <{—2 wehave |le; —ej+1| <1,

o fori =0, we have e1 > eg — 1 when 0 = «; if 0 = B, and moreover r(¢°) <r — 6|af]|
or|a| < |B|, thene; > eg — 1.

o fori =L —1,wehave ey < ey_1 + 1 when 6 = B; if 0 = «, and moreover r(at-1) <
r—6|af|or|B| < |a|, theney < ep_1 + 1.

Before proceeding to the proof, we must comment why we need r(6¢') to be smaller
at the end of the word in the last two bullet points. Observe that if § = a’v for some
(ax,v) € P, then clearly ey can be much larger than e;_;, because all powers o¢¢~¢¢-1
could belong to the (potential) next letter 8. Similarly, when o = u* for some (u, B) € P,
the power ¢07¢1 could belong to the (potential) preceding letter .

Proof of Lemma 4.1. Let w lze a bi-infinite word ~containing y and such that w €
3 (3 + e™"). Note that if {0, 0} = {«, B} then r(6¢0) < r —2|af| + 2|6 + 4 < r by
Lemma A.2.
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Suppose y = a®Bac' B .... Take k < e; | maximal such that r(a® Ba*) < 2r. If
e; > k then r(ak) <r —2lapf| as well, so actually k = e; ;1 because, otherwise,

(% Ba* 1y < r(@®) + r(Ba) + r(e) + 4
<r=2laf|+r(fa) +r —2|laf| + 4 < 2r,

where we have used Lemma A.2 to guarantee that r(ef) < 1.8|Ba| + 1.8. Similarly, we
use r(B) < 1.8|8| + 1.8 (for B = b use r(b) = 1 instead) to get

r(a® Bafi+1B) < 2r —4af| + 2r(B) + 6 < 2r.
Hence, letting (&, ,3) = (a,af+1B) we find that
7 =aBatitif = *ei—ei+1/§l§

isasubword ofaword w € X (3 4+ e™"), soif e; — e; 41 > 2 this will contradict the second
part of Lemma 3.15. If ¢; < k, then let (u,v) = (a,@%~'B) and (&, ) = (u,uv). Thus
by the first case of Lemma 3.17,

afa Batit! B = af a4 B = ou® Bacit1 i vou® = Ba(@+1 ¢ fp) a”

is a subword of y wheni < £ —1.1f ¢; 41 — e; > 2, then 07&/5,5 would be a subword of
y* with r(o?&/g,é) =r(a®*2Ba’ B) < 2r, which contradicts Lemma 3.15. This settles the
first bullet point for & = «. In the particular case where i = £ — 1, we do not necessarily
have B after a®¢. If |B| < |a|, then (a?)*(a%+17% BB)(Ba)* is a subword of y* after
removing a 8* at the beginning, so do?/g ,3 is still a subword of y*.

When («, B) = (u, uv) we need to extend the word a1 Ba®t by using Corol-
lary 3.27. We will extend this word to the left and then to the right. Since |uv| = || <r/6
and r(8) <r — 2 (because 0 < r(a®-1) <r — 6|af]), consider the (1, v)-semirenormaliz-
able continuation w € £~ (3 4+ ¢77") inside w that contains and ends in the leftmost 3
of Ba®—1 B’ (one begins with B and then one starts adding the digits of w that are to
the left of that 8 until one obtains a word w with r(w) > r — 2, which by minimality must
be in 22 (3 + ¢77)); in particular, w has a (u, v)-weakly renormalizable extension
W = Wy where p € (u,v) and W is a suffix of uv. We claim that |u| < | |. Otherwise,
Lemma A.2 yields

r—2
1.8

r
—lflwlslwlﬁlslaﬂl—lsg—l,

which is a contradiction. Hence |u| < |11 and t; ends with u?. Therefore there must be
auba’ with f > 0 before the first B.

Now we want to extend the word to the right. Consider now the continuation w €
Y =2 (3 + ¢77) that begins at «fa®. In particular, w has an extension 1 that is (e, B)-
weakly renormalizable by Corollary 3.27. Since

rlefa—1 o) < r(@fa) + r(@®—") + r(aB) + 4
<36|af|+ 1.8|a|+r —6laf| +8 <r—2,
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we deduce that W contains all ¢fa®¢-1 2 if e; > ey_; + 2 and after it must come an asp
or af W, where W, starts with v, and g > 0. In conclusion,

ubafﬁaee—l Bace- +2+g Vg

is a subword of w € X (3 + e7"). In this situation the first case of Lemma 3.17 yields
ub(xfﬂae“‘ﬁae“""z*'gva - (ae‘*1+2+gﬂael*‘ﬂaf,3)*,

so we still find that &&35 = a®-1728¢%~18 is a subword of * € (3 + e~ "), contrary
to Lemma 3.15 above. This finishes the case 8 = «.

Now assume y = faf¢ «. ... Take the maximal integer k < e; 1 r(B¢ af¥) < 2r.
If e; < k, then letting (&, ,5) = (B¢, B) one finds that af af* = &&ng—e,- is a subword
of aword w € (3 4+ e™"). Observe that

@B af™?) < r(a) + r(B%) + r(@p?) +r(B) + 6
<2r —4laB| + r(a) + r(af?) + 6 < 2r,

where we have used r(a) + r(eB?) < 3.6|aB| + 3.6 for |aB| > 24 and the explicit val-
ues for |@f| < 24. Since k < e;41, if e;41 — e; > 2 we again have a contradiction
with Lemma 3.15. If ¢; > k, then r(8¥) < r — 2|af]| so k = e;+1 as before, hence let
(u,v) = (@B%+171,B) and (a, ,3) = (uv, v); then by the second case of Lemma 3.17 one
deduces that

affiaftitiaf = &Bei_ef+‘&a,3 = vaubgei_eiJf‘&vaab = ,Ba(d&,gei_ei“)*ab

is a subword of y. If ¢; — e; 1 > 2 then one would infer that G@B B = af¢i+1af¢i+112
is a subword of y* with r(@@f ) = r(af%+1ape+112) < 2r, which is impossible. This
settles the first bullet point for # = S. In the particular case where i = 0, we do not have
a before B. If |a| < |B] this is no problem because then (ab)*aafei—ei+1(B,)* is a
subword of y after removing an o* at the end, so we still find that 07&,5 B is a subword
of y. When (¢, 8) = (uv, v), an analogous argument shows that the word 8¢°«af has a
continuation to the left that is («, 8)-weakly renormalizable. So as before there is either
an B’ ora B/, where 1 is a suffix of af that ends with u?. Similarly there is a & v,
to the right of ¢ «. In summary, u? g0+ ape1+8y, is a subword of w € T(3 + e™").
But the second case of Lemma 3.17 implies that

ubpeotfaperapev, = (eapdafapot/ ),

So again if eg — e; > 2, then @@BB = af®1afe 72 is a subword of w* € (3 + "),
which contradicts Lemma 3.15 once more. [

4.1. Constructing renormalizable extensions

We start by considering local extensions. More precisely, if we have a word w that starts
(resp. ends) with a8 where («, ) € P, then the alphabet is uniquely determined, and the



H. Erazo, R. Gutiérrez-Romo, C. G. Moreira, S. Romaiia 4018

beginning (resp. end) of w should be («, 8)-weakly renormalizable. This is a consequence
of Corollary 3.27.

Now we want to consider extensions of renormalizable words. The next lemma says
that if we have a power (1v)* with (1, v) € P, then it will have a large extension w
that is “almost” (u, v)-weakly renormalizable consisting mostly of powers (#v)% . This is
explained since exponents can only decrease linearly, in fact, they may only decrease by 1
when below some threshold by Lemma 4.1. We say that w = yw, is almost (u, v)-weakly
renormalizable, because the tail w, now satisfies the condition |w;| < 2|uv| and w; is a
prefix of a word in {uuv, uvv}.

Lemma 4.2. Let w € X772 (3 4 ¢7") be a finite word starting with 6%, where 6 = uv
and (u,v) € P, r(6%) < r —4|6|, luv| < r/9 and also
Tr < s2|0]log((3 + +/5)/2)/2.

Then w = yws, where y = (uv)*10;(uv)*26, ... (uv)%, s; > 0, each 0; belongs to
{uuv,uvv} and wy is a prefix of a word in {uuv,uvv}. Moreover, £ <2.1Tr/|0°| + 1.

Proof. Let y be the largest prefix of the word w than can be written in the form y =
(uv)*10; (uv)*20, ... (uv)*t where each 6; belongs to {uuv, uvv} and s; > 0. Then we
claim that:

o Ifr((uv)%+1) <r —6luv|, thend; =0; 1 forl1 < j <L—-2.
o If r((uv)*) <r —10Juv|, then |s; — sj41| < 1forl < j <€ —2.
o s;>s—jforalll <j<{—-1
Indeed, to see the first claim, if 6; # 6, note that
r(0; (uv)V+16; 1) <r(0;) + r((uv)¥+1) +r(0;11) + 4
1.8|uuv| + r — 6juv| + 1.8Juvv| +7.6 <r —2,

A

IA

which is clear for |uv| > 16, while for |uv| < 16 we have computed the explicit values
of r(uuv) + r(uvv) to check that the inequality r(6; (uv)*+16;41) < r — 2 still holds.
If ; = uuv, let (o, B) = (v, uv), and if 8; = uvv, let (o, B) = (uv, v). Consequently,
oft’ = 6;(uv)*+10; 4, is a subword of a word in 2 =2 (3 4+ ¢7"). Then Corollary 3.27
says that this word is contained in a word that can be written in the alphabet {«, §}. But
if 841 # 0;, this would be impossible.

To prove the second claim, consider the subword 6;_;(uv)® 6;(uv)%+!. Since
0j—1 = 0;, using the appropriate pair («, B) € P this whole word can be written in that
alphabet. An application of Bombieri’s characterization (Lemma 4.1) yields 6; = 60,4,
and also the second claim. Indeed, if (o, 8) = (v, uv) then 8;_;(uv)% 0; (wv)%+'y =
afsi Tlapsi+1T1q is a subword of a word in X(3 4+ e™") so the first bullet point of
Lemma 4.1 gives |s; — sj4+1] < 1. If (o, B) = (uv, v) then 6;_1(uv)* ; (uv)*+! =
afa®i T Basi+1, so the third bullet point of Lemma 4.1 gives s;4+1 < s; + 2. Therefore,

r((uv)+1) < r((v)*) + r((uv)?) + 2
<r —10Juv| + 1.8|uv| + 3.8 < r — 6|uv|,
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which is clear for [uv| > 10, while for [uv| < 10 the inequality r((uv)?) 4+ 2 < 4|uv| can
be checked directly. The previous item gives 8; =6; 1.1, hence 8; _1 (uv)% 0; (uv)*/+160; 14
= afa’ T1Ba®i+1 718 and finally we use the first bullet point of Lemma 4.1.

We now prove the third claim. Observe that s; > s — 1 by construction of y. If 5; >
s — 2 then we are done. Note that if s; < s — 3, then

r(uv)) < r —4uv| —r(wv)?) + 1 < r — 6luy|

where we have used r((uv)?) > 2.8uv| — 3 for |uv| > 4 and for (1, v) = (a,b) we have
used r((uv)®) = 16. Hence the first claim shows that s; < s — 3 implies 6; = 6;_1. In
particular, (uv)*/—160;_; (uv)*/ 6; can be written in the appropriate alphabet (¢, B) € P as
asi=1t18Sit1B or BSi-1aB% T1apB. Since s; < s — 3 implies r((uv)*) < r — 2|aB| by
hypothesis, Lemma 4.1 gives s; > s;_1 — 1. This proves the three claims.

Now, note that s > 2, since if s = 1 we get a contradiction because

r(0) <r(w) <Tr <16|/2

gives |0]| < 8, butr(ab) = 5and r(ab) <r(8) < |0]/2 < 4.
On the other hand, using Lemma A.2 one sees that

3+ V5\\"
(10e(Z55)) T4zl z = 1 sl ok 0
> (514 -+ 50+ 0)0]

If £ > s then one gets

-1
(log(3 +2\/§)) Tr+4>@G+G6—-1)+---4+1)|0]

> 52101/2 +5101/2 = 5%|61/2 + 4,

contradicting the hypothesis (we have used irrationality). Thus £ < s. Hence

—1
(log(3 +2*/§)) Tr44>(C—1)(s—£/2)0].

This shows that £ < 2.1 Tr/|6%| + 1 (for £ = 2 we use r(6*) < T'r) instead.

Now, write w = yw,. We have two cases to consider. When s, < 1, we choose w €
»(r=2) (3 + e7 ) starting with 6;_1, while when sy > 2, we choose W € »(r=2) (B+e™)
starting at the last occurrence of uvuv. Since |uv| < r/6, Corollary 3.27 shows that
W is (u, v)-semirenormalizable. We know that w is (&, ,3)—semirenormalizable for some
(&,ﬁ) € P with |0?;§| > r/6, because of Corollary 3.26. Since |uv| < r/6 and W has uv,
the word W is («, B)-semirenormalizable for some («, 8) € {(uv, v), (u, uv)}. Possibly
adding one digit to the right, write W = pw, with y € (u, v) and W, a prefix of uv.
Observe that 5|uv| < r/1.8 < ||, thus |P| = |W| — |Wz]| > 4|uv].

We will find a continuation of yy’ of y with

y' € {uv,uuv, uvv} N {a, B, af}.
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By the maximality of y, we find that w, is contained in y’, which will finish the proof
of the lemma. When s; > 2, if uvuv = aa we see that eaff = uv(uvv) extends and
aaa = (uv)? extends (uv)*¢ to (uv)*¢t1. If uvuv = BB then BBB = (uv)> extends
(uv)¢ to (uv)*et! while if there is aar after BB, then B is followed by a¥ v, (if there is
no B after aa then W, starts with v,). But note that

ﬂﬁakva = Uaublgakva = Ua(akﬂﬂ)*,

so aafp is a subword of w*, contradicting Lemma 3.15. In the situation where sy = 1, we
have uvvuv = afa, so if there is an « afterwards, then ¢faa extends (uv)¢ while ¢faf
gives a contradiction because before 6, there is sy—; > 2 and we have caafaf = aaﬁ ,5 .
When 0p_juv = uuvuv = afp, if there is B afterwards then ¢BBB = 0¢—; (uv)? extends
and affaf = 0;_1(uv)f; also extends, but if there is aa after § we have the same
contradiction with Lemma 3.15 in the transpose word. If s, = 0, we have uvuvfy_; €
{aaapf, BBaf} and we arrive at the same contradictions or extensions as before. In sum-
mary, w, is a subword of y’, so it is a subword of a word in {uv, uuv, uvv}. ]

If we have a power a® or b®, then its extensions are not necessarily (a, b)-weakly
renormalizable, because we could have odd powers of a digit {1, 2} appearing after. Nev-
ertheless, it takes a long time for these powers to decay, which gives us the next extension
lemma.

Lemma 4.3. Let w € X772 (3 + ¢7") be a finite word starting with c¢*, where ¢ €
{1,2} and r(c®) < r — 2. Suppose that Tr < s*(log x)/4 where x = (3 + v/5)/2 and
x =3+ 2v2forc =1 and ¢ = 2 respectively. Then w = c*10'¢520" ... 0'¢5%¢, 0/ =
e, e{l,2},c #£c and Tr > (s — £ + 1)logx (in particular £ < 2Tr /(s logx)).
Moreover, if t(c% ) < r — 8 then s; is even and |sj 11 — s;| € {0, 2}.

Proof. Observe that we only have to prove that in w there is no ¢’c¢’¢’c’, as the sequence
cc’c’c’c is forbidden by Lemma 3.5. Define y = ¢5160'¢%260’ ... 0'c¢ to be the longest
sequence inside w starting with ¢* that does not contain (6")2. The fact thatr(¢% ) <r —8
implies s; even and |s;+1 — 5| € {0, 2} follows from Lemmas 3.5 and 4.1. Inequalities
(A4)forc =2and (A3)forc =1give Tr > £(s — € + 1)logx. Since £ <s/2—1 (by
hypothesis), we can bound the length: £ < 27'r/(slogx). If w # y, then y must end with
0’cc6’, but this would imply that £ > s/2. [

The next situation is where we have an («, 8)-renormalizable word w that does not
contain big powers of « or §. In this case there is an extension that can be written in the
same alphabet («, 8). In fact, this extension is almost (o, 8)-weakly renormalizable, in
the sense that its tail is small; it is a prefix of a word in (, §) but it is not necessarily a
prefix of af.

Lemma 4.4. Let w € "2 (3 + ¢™") be an (a, B)-weakly renormalizable word with
leB| < r/40. Suppose that for every factor of the form o® or BS of w, we have |a°| < §|w|
and |B*| < 8|lw| where 0 < § < (1/2)10g((3 + ~/3)/2) is a constant. Assume further that
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w contains an af. If w0 € 2T (3 4 ") is an extension of w with T 42 < §'r/(16|af])
where §' = 1 — 28/10g((3 + +/5)/2)), then wiv = w,yt’ where y € (o, B), ' with
|t'| < |aB| is a prefix of some word in {«, B) and wy is a suffix of af.

Proof. Write w = w1yw, as in the definition of (&, 8)-weakly renormalizable. Take y’
to be the largest word inside ww starting with y which can be written in the alphabet
(o, B). Write www = wyy’t’. We will show that 7’ is a prefix of some word in {«, ) and
|t’| < |aB|. Take the last factor of @f in y’, say y’ = nafn’. In particular, by Lemma 3.10
we obtain 7' = 6° with 0 € {«, B}. Consider the factor » € X" ~2)(3 4 ¢~") (which pos-
sibly extends ww) starting at this last occurrence of @f8. By Corollary 3.27, after possibly
adding one digit to the right, it can be written as W = pw;, y = off ... with y € (o, B)
and W, a prefix of af. If B6° is strictly contained in p, then if |z/| > |af| we will find
that there is at least one more letter {c, 8} of y inside ww after y’, contradicting the max-
imality of y’. Hence |t/| < |@B] and af0°t’ is a subword of paf, so t’ is the prefix of a
word in (o, B8) as claimed. Now suppose that «80° contains 7, so r(8%) > r — 4|af| — 6.
We will get a contradiction by considering an extension in the transpose word (ww)*.

We need the identity ((uv)¥)* = u?(uv)*~'v,. For k = 1 this is a consequence
of Lemma 3.8. To prove the identity for k > 2, let (&, B) = (uv, v), so that (uv)* =
vaul (uv)*2v,ul = vaubak_zﬁaub. Now since u?, v,, akﬂa are all palindromic, one
gets (uv)k)* = ulak—2B,ubv, = ub (wv)*lv,.

In summary there is a 657! inside (ww)*. Let 65" be the maximal suffix of 65~ that
satisfies r(9%") < r — 4/6). Since r(8*") > r — 6|aB| — 10, by Lemma A.2 we see that
s'|6] = |0%"| > r/2. Observe that r((ww)*) < (T + 2)r — 4 by Lemma A4, which gives

"2 > T
(s)710]/4 = (r/8) 20| > (T +2)r

since T 4+ 2 < #IGW by hypothesis. Note that (7 + 2)r < (s")?/8 also holds.

If & = wv with (u,v) € P we use Lemma 4.2 to find a 7 = 6516,6%2 ... 95¢ starting
with this 5" = (uv)*’, where each 6; is in {uuv, uvv} and such that (w)* = 77,
with W, a prefix of some word in {uuv, uvv}. When |0| = 2, we write § = cc with
c €{1,2}, 6’ € {a, b} and use Lemma 4.3 to find an extension y = c¢16'c®26’ ... c%
starting with 6" such that (wiv)* = 7y.

Since (ww)* = w*w™*, when 0 = uv we find that 85¢ (or at least some factor of it) is
inside w*. Similarly, when |0| = 2, we see that c®¢ (or at least some factor of it) is inside
w*, so 6°¢ is inside w where sy = 2|eg/2].

In any case 0%¢~! is inside w (because of the identity proved above). In any case we
will also get s; > s’ — 1 — £ and also £ < 2.1Tr/|0*'| + 1. But note that using |#*"| > r/2
and Lemma A.2, we get

16571 > 1057178 = |05 — |07 = r/2 — (€ + 1)]6)
>r/2—Q1Tr/|6%|4+2)|0] = r/2—2Q2.1T +1)
16

22 4 610] = (1/2)(1 = 8)r +6/0] = §|w],
o
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which contradicts the existence of those factors inside w. In conclusion, www = wyyt’
where t/ with |t/| < |aB] is a prefix of some word in (&, 8) and wy is a suffix of . m

4.2. Proof of Theorem 1.2

The main idea of the proof of Theorem 1.2 is to find a subcovering of the natural covering
of K. Indeed, recall from the introduction that

d(t) = min{l,2-dimy(K;)} = min {1, 2 - dimg(K;)}.

In order to prove that the Hausdorff dimension of K; is at most d we will start with a
covering of K; by a finite union of intervals and then replace each of these intervals by a
suitable union of smaller subintervals so that the sum of the d-th powers of the sizes of
the subintervals is smaller than the d -th power of the size of the initial interval.

The proof is quite long, so it is divided into several subsections. We will need the
following combinatorial lemma.

Lemma 4.5. Let U be a positive integer, and let m be a positive real number. If U < m
then the number of solutions (£, x1,...,xg) of x1 + -+ + x¢g < (U — £)m with each
x; € N* is at most

(—em)(U+1)
U(emem ) § = UeUmemWUD/em _ oW m)U+1),
1—ep
emey _ 1

where ey, is the solution in (0, 1) of the equation log({Z;) = +.

In general (including the case when U > m), this number of solutions is at most
W(m—1) . . . _
UeUm/e™™ " Form > 1, this upper bound is equal to UeV meT Wim=1) and form > 5,

L. L logm . _ logm .
it is at most UeV "m U Wn=1) o yoU-"5~ oU-W(m)

In particular, if U = 0(%), then this number is at most ¢(egm=loglogm+o())U+1)

Proof. We should have 1 < £ < U. Given such an ¢, the number of solutions of the
inequality is the number of natural solutions of xo + x; 4+ --- 4+ x¢ = [ (U — £)m |, where
X is included to transform the inequality into an equality. This is equal to (L(U_Ze)mJH),
and using the inequalities (}) < ’,’C—]: < (42)*, which hold for 1 < k < n, this number of
solutions is at most

(e(|_(U —Om]| + Z))Z - (e((U —Om + 5))‘“

14 14

IfU <m,then? <U <mand (U —-{)m + £ < (U 4+ 1 — £)m, so the previous upper
bound is at most

e((U — Om)\*
()

where U := U + 1. Lete € (0, 1) be such that £ = (1 — &)U, so # = £ The derivative
U~ G—O)m) \ ;
of g(Z) = log (M)E — glog(e((U[ )m)) is
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I e((U — O)m) U _1 eme 1
Og( ¢ )_0—5_04A—J_E’

and so g(£) is maximized for £ = (1 — &,,)U.. Moreover, since there are U possible values
of £, the number of solutions we are estimating is at most

U - 8 U=em0) _ jo(=em)U+D/em

since, by definition, {72 = el/em,
Notice that since &, is the solution in (0, 1) of the equation log(§%%) = -, writing
Xm = 18;’" we have i = xm + 1, and thus log(£™*) = x,, + 1, and log(;t’n) = Xp. It

follows that x,,e*” = m, and thus x,, = W(m), and Ue(1=em)U+D/em — yeU+Dxm —
UeWmU+1).

In the general case, let us estimate

4
o) - (AU =0m 0’

The derivative of log 1(£) = log (w)e =/ log(W) is

o U —-0m+1¢ B Lim—1) o Z_m—l
g ] U—Om+e % z

where z= W isa decreasing function of £ and so A ({) is maximized when logz =

m=1 'which is equivalent to zlogz = m — 1 and to log z = W (m — 1). In this case, we have
h(E) = (ez)t = etl2?) Since f = andlog(ez) =1 +logz =1 + =1 — z4m=1

z
m

+m1

we have £ log(ez) = U = eW[(jTl), which gives the upper estimate for h(ﬁ).

W(im—1)
eUm/e

’

and as before, since there are U possible values of £, the number of solutions we are

estimating is at most
W(m—1)

UeUm/e

Wim—-1) _— _m—1

Wem=T> SO our bound becomes

Form > 1, we have e

UeUmW(m—l)/(m—l) — UeU'mWil W(m—l)_

We have -W(m —1) = W(m — 1) + W(m 1)’ 50

UeU it Wm=1) _ UeUW(’" L LUW(m—1)

m—1

W(m 1)

logm
Tm—1 m

and for m > 5, we have < (indeed, this is equivalent to

(m—-1) logmm(m_l)/m _ (m — 1)1ogme(m*1r)lk>gm m—1,
m m
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which is equivalent to logm > m!/™

our upper estimate becomes

, and thus holds for every m > 5). Thus, in this case,

logm logm

UeU-S JU-Wn=1) _ U5 ,U-W(m)

If U= o(y) then U = o(elcem—logloem) " and thus, since -W(m — 1) =
W(m —1) + o(1) = W(m) 4+ o(1) = logm — loglogm + o(1), we have

e(U+1)A%W(m—1) — elogm—loglogm+o(1)eU~%W(m—l)

= (1+o(1): MU W) o (Ut Won=1)
ogm

which was our previous upper estimate, and we have

e(U+1)~ S W(m—1) _ e(logm—loglogm+0(1))(U+1)

m—1

which concludes the proof. ]

Remark 4.6. In the proof of Theorem 1.2 we only use the case U < m of Lemma 4.5.
We use the general case of Lemma 4.5 only in Section 6.

Proof of Theorem 1.2. We start by recalling some notation. Let m(w) = sup,,cz A(c" (®))
be the Markov value of w, and we have

Or={a=cr...cp|r(@)>rr(cr...cn1) <r},

that is, « belongs to Q, if and only if s(a) < e™"! and s(a’) > e™" !, where o’ is the
word obtained by removing the last letter from w.
We now recall how the covering of K; is constructed. We define the sets of words

Ct,ry={a=c1...cn € O, | K; N I(a) # T}
= {o € 0, | a subword of a word w € (N*)Z with m(w) < t}.

Here, K; = {[0;¥] | ¥ € m4(2(¢))} where m1: X — X7 is the projection associated with
the decomposition & = ¥~ x ¥+ = (N*)Z- x (N*)N | that is,

4+ (...coaC—1CpC1C2...) = CoC1Ca . ...
Moreover, 2 (t) = {w € (N*)Z | m(w) < t}. It is clear that
MN(—o0,t) € (N*N[L, |z]]) + K; + K;.

Observe that K; is covered by all I(«) where o € C(¢, r) for any fixed r.
If r < s, then the set C(¢,r) covers C(t, s), in the sense that for any interval /(o) with
a=cy...cp € C(t,s)thereism <nsuchthat@a =c;y...c, € C(t,r) and I(@) C I(a).
Given d depending on r, we can prove that the Hausdorff dimension of K; is at
most d, by replacing an interval / (corresponding to a word in C(t, r)) with several
intervals /; contained in it, but smaller and of different sizes, each corresponding to a word
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in C(t, Tr), where T € {10, |log? r |, |r/5]}, whose union still contains the intersection
of K; with I and that satisfy > _; |/; |4 < |I]. Since this process can be iterated, this
shows that the d -dimensional Hausdorff measure of K; is finite for large enough r.

By Corollary 3.26, if w € £ (3 4+ ¢77™*), then there is a sequence of alphabets
(@, Bj) such that, forall 0 < j < m, wis (a;, B;)-semirenormalizable with

(a0, Bo) = (a,b) and (oj41,Bj+1) € {(ajBj.B)). (o), jBj)}

foreach 0 < j < m, and |o;y 8| = 1/6.
We consider such a renormalization (o, 8;) with

r/+/logr <o + |B¢| < 2r/+/logr.

We will consider words 1 € (3 4+ e™"~*) such that wi € (3 + e~ ~*, [wi|). Then,
depending on wb, we will consider continuations i € £ (3 4 ¢~"~*) for some T €
{10, [log® r |, |r/5]} such that wib € (3 + ™", |wbin)).

The strategy is the following: If w (or, more generally, ww) contains a factor o, f;,
we may consider the factor W € Q4+, of w starting at this factor «, ;; it should be
(o, Bt)-renormalizable. We will attempt to use this argument several times in order to
cover the whole word ww by (o, B;)-renormalizable words. To determine W, we only
need to estimate the number of words in («;, B;) after the last factor equal to oy §; in w.
For this, we consider several cases according to the size of o, B} as a factor of w, for
some integer s.

In Cases 1 and 2 below, we choose 7" = 10, while in Case 3 we initially choose
T = |log? r]. Furthermore, in all the following cases except Case 3.2.2, we take d =
logr—loglog” 1 Case 3.2.2, corresponding to when oy = 11 and ww contains a relatively

.
long factor «f, we initially choose the estimate d = & r_l°gl°gr'+co+°(l)

, where cg =

—log log(#) > (. This is already enough to obtain the upper bound

logr —loglogr + co 4+ o(1)
. .

d3+e ) <2.

The only case that produces a “bad” estimate is then Case 3.2.2. This estimate can actually
be improved by a refined analysis using 7 = |r/5], giving rise to Case 3.2.3. Our final
upper bound in Theorem 1.2 is derived in this way.

Case 1: Suppose first that, for every factor of the form of or §7 of w, we have |a]| <
|w|/3 and |B{| < |w]|/3. In this case we take T = 10.

Then there is a factor «; B; in the first half of w, and until the next appearance of o, §;
(which happens before the end of w), we have a factor with total size smaller than |w|/2
of the type o, B B: or a;B] s B, for some positive integer j. Suppose we are in the
first case, without loss of generality.

Then, given a continuation Wi of w with W € T3 4 ¢ *) and w €
»0r)(3 4 ¢~"=4) Lemma 4.4 shows that ww = tyt’ with y € (a;, B;), T a suf-
fix of o;8; and 7’ a prefix of some word in (a;, 8;) with |t/| < |aB;|. Thus, the



H. Erazo, R. Gutiérrez-Romo, C. G. Moreira, S. Romaiia 4026

continuation of the first factor of the form a; B of w in wWw is a concatenation of fac-
tors of the form o B, or a; 8. The number of such factors is at most lwww|/|a; B | <
(137 +10)/]a; B¢ | < 25+/Tog r. Moreover, if we have two consecutive such factors al' By
and o/* B; (or o; 7" and a; B/?), then | 1 — j2| < 1, and if we have two consecutive fac-
tors B, B; and ozt,B{zotJ then 2 <|j1| + | j2| < 3. This implies that each of these factors
of the form & B, or &, B has at most three continuations of this form, and so the number
of such continuations Wi of w is at most 325vI°¢” < r_ Since the number of possible
w e XM (3 + e777*) is O(r3), the number of possible continuations w1 in this case

is O(r*).

Case 2: Suppose now that w has a factor oy with || > |w|/3 (the case of w having a
factor B with |B7| > |w|/3 will be analogous).

Let us check that we can apply Lemmas 4.2 and 4.3 to this factor. Observe that
r/6 —1/3 < |w|/3 < s|a;|, whence s > 4/logr/12, so the condition (T + 2)r <
s2|a|/8 holds for T = 10 and r large. In particular, £ < 2.1 Tr/|af| + 1 < 150. Hence
(s —£/2)|a;| > r/7 for sufficiently large r. Going back to the inequality 1.1 Tr 4+ 4 >
€ —=1)(s —£/2)|ay| we getastrongerbound £ < (1.1Tr +4)/((s —£/2)|as|) + 1 < 80.
We consider two subcases depending on the length of ;.

Case 2.1: Suppose that |o;| > r'%/1® and o; = uv with (u,v) € P.

For r large we can assume further that r(ef) < r — 4|a;,/|, since % |w| < r + 3. Then
we claim that after of = (uv)* the continuation is renormalizable with alphabet {u, v},
and the first appearance of uu or vv determines the new alphabet ({u, uv} or {uv, v}). To
prove that, let € Z({T+27)(3 4 ¢7"*) be the factor of w1 starting at that factor aj.
Then Lemma 4.2 gives w = p,, where

7 = uv)*1 6, (uv)*26, ... (uv)*,

and each 6; belongs to {uuv, uvv} and moreover £ < 80.
In particular, given a continuation Wi of w with w € (3 + ¢ *) and w €
207 (3 4 ¢7774), from the first such factor (uv)*1, the sequence should be

(uv)°101 (uv)*20, ... (uv)®t

with 0; € {uuv,uvv}, £ <80and sy + --- + s¢ < 20r'/1®, 50 we have in total at most 28°
choices for the 6}, and, given £ < 80, the number of choices for the s; is at most the
number of natural solutions of x; + -+ 4+ x4 = [20r1/16] =: M, which is (M(H) <
(2171/16)80 — 21805 and so the total number of such words ww is O(r3 - 289 - 80 -
21897%) = O(r®).

Case 2.2: Suppose |o;| < ,15/16

r — 170|Olt|

We claim there is 8 such that («t;, B) € P, B(a}")B is a subword of wib, and the
continuation www has the form B(ct;)*! B(ers)*2 ... ()% with |s; —s; 41| < 1 for all
1 < j < £ < 80. By hypothesis there is B;(o;)°B; inside ww. If (o, B;) = (uv, v)

and that the largest factor of of ww satisfies r(a}) <
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for some (u,v) € P or (o;, B) = (a, b) then we set B = B;, while if f; = (xf/é with
(at,ﬁ) € P and |,3| < |oy|, then we set § = ,g

If (s, B) = (uv,v) with (1, v) € P then we use Lemma 4.2 to obtain a continuation 1
with p = (uv)*10; (uv)*26, ... with 6; € {uuv,uvv} and w = Pw,. Moreover, £ < 80.
Since r(afl) < r — 170|a;/|, by induction r(otfj) <r— (172 —2j)|oy|, and since £ < 80,
by the proof of Lemma 4.2 we conclude that all 6; are equal to ; = «;8 = uvv (since
asB; = (uv)’ v for some f > 1, and uuv and uv start with v,) and that |s; —s; 11| < 1
forall j > 1.

When o; = a, we use Lemma 4.3 to find a continuation © such that w = 26152¢2p . . ..
But observe that 2¢1 = afl/z is inside w, so by hypothesis r(2!) < r — 170|o;| and there
is b before 2!, so e, is even and |e; — ez| € {0, 2}. By induction we obtain r(2%) <
r — (172 — 2j)|a;|, which forces all e; to be even and |e;j 1 — ¢;| € {0, 2}. In this case
B = b, sowe geth = 2¢52%h...=0o;' Ba?B ... with |sj41 —s;| < 1 forall j > 1.

Therefore, given a continuation Wi of w with w € T3 4+ ¢ %) and W €
$A0M) (3 4 e774), there is B with (a;, B) € P such that w has a factor B(«;)*! B, after
which the continuation of www is a concatenation of at most 79 sequences of the type
()% B,2 < j < 80, with |sj41 — sj| < 1 for every j > 1. This gives at most 38 con-
tinuations of B(a;)*! B, and so, since we have at most O((r3)?) = O(r®) choices for wb,
we have in total O(289 - ) = O(r®) such words w1w.

In all the previous cases (Case 1, Case 2.1 and Case 2.2), if d =

log r—l:g logr , then

-10
(e—IOr)d — o—10(logr—loglogr) _ r .
logr

Moreover, in these cases we have O(r®) possible such words w . Notice that

-10 10
r8(e=10myd — ;8 ( r ) _logr ! <l
log r r2 r

Our third case is derived from Case 2.2, but it is more delicate.

15/16 and that w has a

Case 3: Under the conditions of Case 2, suppose that |o;| < r
factor ;' satisfying r(a;') > r — 170]a]|.

In this case we will consider continuations w € XT3 + ¢777#) for T = |log? r |
such that wiw € X (3 + e~ "*, Jwww|). Again, consider two subcases depending on the

length of o;.

Case 3.1: Suppose that |a;| > 2.

So, a; = uv with (u,v) € P. Now let T = |(logr)?]. The condition on «}' implies
that s; > (r — 170]a, )/ (2la|) > (1/2)r'/16 — 85,50 s2|at;|/2 > s1(r — 170r15/16) /4 >
(log r)2r = Tr. Let w € S{T+2)(3 4 ¢=7=4) be the factor of wwiw starting at the
factor or;'. Lemma 4.2 guarantees that

W = (uv)"1 01 (uv)*2 ... (uv)*,

where each 6; is in {uuv,uvv}and £ < 2.1Tr/|a;'| + 1 < 5T + 2 for r large enough.
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Therefore, from this factor af‘ , the continuation of www is an initial factor of a word
of the form (uv)*10; (uv)*26, . ..0;_1(uv)*¢, and

Tr < r((uv)*10;(uv)26,...wuv)*%) < (T +3)r

with 6; € {uuv,uvv}, £ < 5T + 2 (and such that (uv)*10; (uv)*26, ... 0_; is an initial
factor of this word beginning in this factor j' and going till the end of www) with
r(afj) >r— (173 + T)|a;s| > r — [6log? r - r'5/16| =: M (notice that if r((uv)%) <
r — 10|a;| then |sj+1 — sj| < 1). Let so be the smallest integer satisfying r(e;°) > M.
Then s; = 5o + §; with§; > Oforeach 1 < j < £.

Since gagja,|(@F) = qoja, ()’ and Gajq, () > q4(1122) = 12, we have r(a}) >
[108(¢s a1 (@)2)] = Ll0g((12%)2)] = |5 log(144)] > 4s. Hence

(T 4 3)r > r((uv)* 101 (uv)*26; ... (uv)*¢) > £r(a;®) + (51 + -+ + 5¢) r(or)
> UM + 451 + -+ 5p).
In particular, £ < T + 3 for r large. Since (T + 4)M = (T + 4)(r — |6log? r - r13/16]) >

(T + 3)r, it follows that, given 1 < £ < T + 3, the number of choices of the s5;, j < ¢, is
at most the number of natural solutions of

Sid 45 < (T +4—0)M/4,
which is

(L(T +4—0M/4) + e) B (e((T +4—OM/4+ e))e 3 (e((f - e)M/4))Z
¢ = ¢ ¢ ’

where T :=T + 5 (here we have used the inequalities (Z) < nk/k! < (en/k)k, which
hold for 1 < k < n). We have at most 2¢ choices for the 0;,j < &; let us estimate the
maximum of

e(T - z)M/4))K _ (e((f ~OM/2)

L
7 . ) forl<¢<T—1.

1o =2(
The derivative of log f(£) is log(w) — %. Since, in this range of £,

(e((f —0OM/2)
log| ——=

; ): (1+o(l))logM = (1 +o(1)) logr

and T = T + 5 = log? r + O(1), we have the maximum attained for

- 1 1
{= T(l —+—0()) =1log?r — (1 +o(l)logr < T,
log r

and, for this value of £,

e(T —t)M/2) l_ e((1+o(1))M/2)\* 3y O\ [—(+o()logr
) () <)

16 = (
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We have at most 7 = log? r + O(1) choices for £, and at most O(r®) choices for ww, so
we have at most

o r6 10g2 . IM T—(140(1))logr B 2 T—(14o0(1))logr
2logr logr

such words www.
. log r—log 1 _ _ _
Notice that, for d = =2—2287 'we have (e Tryd = =T(logr—loglogr) gq

T T
2r (e—Tr)d — 2r e—logr-’rloglogr — 2T
logr logr ’

and

T—(1+0(1)) I —(140(1)) 1
2 0 Ogr(e—Tr)d - 2 o ogr ‘ 210g2r
logr ~ \logr

— e*(lJro(l))logzr A elongogzr

— o~ (1-log2+o(1)) log> r
11062
<eTalEr L,

Case 3.2: Suppose that |a;| = 2. Then, for some ¢ € {1,2}, ww has a factor ¢*! satisfying
r(c®') > r —340. Let ¢’ =3 — ¢ € {1,2} and 6 = ¢’c’. Observe that (s + 1) logx >
r(c®) > r — 340, so (T + 2)r < s%(log x)/4. Using Lemma 4.3, from this factor ¢*!
the continuation of www has the form c*160¢*26 ... 0c% with £ < 2Tr/((s —4)logx) <
2Tr/(r —340) < 3T for large r. Using this information in the inequality £(s — £ — 3) log x
< Tr gives £ < T + 1 for large r. Therefore, from this factor ¢!, the continuation of
wWw is an initial factor of a word of the form ¢510¢*20 ...0c%, Tr <r(c*10c¢520...c5¢)
<(T + 1)r,£ <T + 1 (and such that ¢*16¢*26 . .. c%¢=16 is an initial factor of this word
beginning with this factor ¢*! and going till the end of www) withr(c¢% ) > r — (342+42T)
>r—|3log?r] =: N (notice thatif r(c*/) < r — 7 then s; is even and |s;+1 — 5| € {0,2}).
Let 5o be minimal such that r(c0) > N. Then s; = so + 5; with§; > Oforeach 1 < j </{.
Notice that, given ¢, w is determined by the choice of (¢, 51, ..., s¢).

To estimate the number of the corresponding possibilities, we will make use of
Lemma 4.5. We will consider last two subcases depending on the value of c.

Case 3.2.1: Assume that ¢ = 2.
Since ¢5(25) > 2%, we have

r(2°) > [log(gs(2°)?)] > [log((2°)%)] = |slog(4)] > 4s/3 — 1.
We have

(T 4+ D)r > r(2°1112°211...2%¢) > £r(2°0) + 451 + -~ + 5¢) /3 —
>IN + 4G +---+350)/3 - L.
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Since
(T +2)N = (T +2)(r — [3log®r]) > (T + Dr + (T + 1) > (T + Dr + ¢,

it follows that, given 1 < £ < T + 1, the number of choices of the s;, j < £, is at most
the number of natural solutions of §1 + --- + §¢ < 3(T + 2 —{¢)N/4. By Lemma 4.5, it
is at most

e(10g(3N/4—10g10g(3N/4)+0(1))(T+3) — e(log N —loglog N—log(4/3)+0(1))T

since log N = o(T’). We have at most O(r°) choices for w, so we have at most
O(rGe(log N —loglog N—log(4/3)+o(1)T _ O(e(log N —loglog N—log(4/3)+0(1))T)
such words www.

Notice that, for d = M we have (e~ 77)4 = ¢~ T(ogr—loglogr) anq 5o, since
log N = logr + o(1),

e(log N —loglog N—log(4/3)+o(1))T (e—Tr)d — eT(log r—loglog r—log(4/3)+o(1)) (e—Tr)d

2y

— TMlogé/3) _ =5 1.

Case 3.2.2: Assume that ¢ = 1. Observe that

3+45
(T + Dr > r(1°1221°222...2215¢) > (N + (51 + -+ + Eg)log( +2‘/_)

by (A.3) and (A.8). Since
(T +2)N = (T +2)(r — [3log®r]) > (T + )r,

it follows that, given 1 < £ < T + 1, the number of choices of the s;, j < £, is at most
the number of natural solutions of

S1+-+5 =< (T + Z—K)N/log(3 +2ﬁ).
By Lemma 4.5, it is at most
o U02(N/1og(3H42)) —log log (N /10g(2E/2)) +0(1)) (T +3)
— o (10e(N/10g(H32)) ~log og(V /10 (*132)) +o()T

since log N = o(T’). We have at most O(r®) choices for w0, so we have at most

O(,se(log(zv/log(%))—log 1og(N/1og(%))+o(1»T)

_ o(e(log(N/log(%ﬁ»—loglog(N/log(#)Ho(l))T)

such words wiw.
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3+\/§)+8

: ) log 7—log log r—log |
Notice that if § > 0, for d = —2-—°£¢" :g 0e(75

we have

(e—Tr)d — e—dTr — g_T(l"gr—loglogr—loglog(3+2*/§)+5),
and so, since log N = logr + o(1),

U0e(N/1ogCH3/2)) —log log(N/1ox(F2) +o(I)T (,~Tr)d

— eT(log r—loglog r—log log(#)-{—o(l)—log r+loglog r+log log(%ﬁ)—zg)

810g2r
= TOM=0) =757 « 1.

Since ¢y := —log log(#) = 0.03830054.. .. > 0, it follows that

logr —loglogr + co + o(1)
. .

d3+e ) <2-

Up to this point of the proof, we have shown the upper bound

log [logt| — loglog [logt| + co + o(1)

dB3+1)<2.
G+n= llog 1

)

which gives us a different proof of the upper bound on the easier bounds stated in the
introduction. In fact, the only case that gives the worst bound is the last one with ¢ = 1
(that is, Case 3.2.2).

We can actually obtain a more precise upper estimate by choosing 7' = | r/5], which is
what we will do now. For the sake of exposition, we will consider this improved estimate
to be a separate case.

Case 3.2.3: We will derive a more precise estimate for ¢ = 1. Observe that it is possible
to choose T' = |r/5] in Lemma 4.3, because r(1°) > r — 340 gives s logx > r — 340, so
one has

s2(logx)/4 = (r — 340)%/(41log x) > r?/5

for large r. Moreover,
£ <2Tr/(slogx) <2.1Tr/(r —340) < (5/2)T <r/2

for large r. Putting this again in the inequality £ < Tr/((s — £ + 1) log x) gives further
£ < 2T + 1,s04€ < 2T forlarge r.

Let T = |r/5]. We would have a worst lower estimate for r(er;’ ): for i > 1, we have
r(a;’) > r —2(173 +i) > r/3. Indeed,

r2/5 +r > (1512215222, .. 2215¢)
min {€,r/2}

> Y (r=20173+1)

i=1

=min{{,r/2} (r — 347 —min {{,r/2}),
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which implies ¢ < 3r/10, and thus r(e;’) > r — 2(173 + i) > r/3. We will intro-
duce a parameter j equal to the number of values of i for which r(a;’) < r — 3 in
1512215222 ... 2215¢, for which we should have s;41 € {s;,s; — 2, s; + 2} (for the
other £ — j values of 1 <i < { we have r(afi) > r — 3); if we consider these j val-
ues iy < --- < ij of i, we have s5;; > so — 100, so s;, > 59 — 100 —2¢,1 <t < j, and
2151'5]' i > J - (50 — 100 — j).

Letfzﬁ—j and{s; [i e I ={1,....00\{i; |1 =1 < j}} ={51,...,5;}. We have
¢ < 3r/10 < 2T. Given { and J there are at most

()=(51)=(5) ()

choices for the set {s;, | 1 <t < j}. Since fori € {i; | 1 <t < j} we have at most
three choices for s; 41, the total number of these choices is at most 3/, Together with the
number of choices for the set {s;, | 1 <t < j}, this gives an estimate of (6eT/j)’ for
these choices.

Let § be the smallest integer with r(150) > r — 3. Then §¢ > (r — 5)/log(%§). The
number of solutions of the above inequality is at most the number of natural solutions of

3+4/5
2

§1+---+§Z§(T+2—£7)(r—5)/log( )—j~(s0—100—j)

3+J§)

2

<(T+2—0—j-(r—104—j)/r)(r —5)/log(

3+2\/§).

<(T+2-0-j/2)(r - 5)/log(

By Lemma 4.5, the number of solutions of

S d < (T+2_g_j.(r_104—j)/r)(r_s)/10g(3 +2ﬁ)

is at most
(T + 2)6(1—Sm)(T+3—j~(r—104—j)/r)/em’

where &, is the solution in (0, 1) of the equation

log(emg) = é withm = (r —5)/10g(3 + \/3)

1—¢ 2

Since &%ém -
m

1—¢

6eT J emem —j-(r=104—j)/r 6eT r —(r—104—j)/r\ J
— <|— .
( J ) (l_gm) ( J (210gr) )

This is smaller than (Gi_'T(zl(:T)_lﬂ)j’ and for j > r3/* this is o(1) (using T < r/4).
3/4

_21(:gr’ the factor (%)7j'(r71047j)/r s such that

For 10logr < j < r>/%, the estimate
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6eT r —(r—104—j)/rN Jj
(Few) )

will be o(1) since —(r — 104 — j)/r < —1 4+ r~/> and (21;gr)’7]/5 =1+ o(1), so
the estimate becomes ((3 + o(1))e/10)!°1°¢” = o(1). On the other hand, for 0 < j <
101og r, the estimate (ﬂ(ﬁy)_(’_m“—i)/’)j becomes (M)j < (”;—.gr)j.
910gr

The maximum of the function v(j) = (=8X)/ is attained at j = 9(logr)/e, and is equal

to e20ezn/e < 14 S0, using again the fact that we have O(r®) choices for wb, in any case
we get an upper estimate for the total number of words www, which is

(1—em)(T+3) (l—em)T
O(r®) - r* - (T +2)- (fmg’" ) —0(r!%). (_emsm ) .

_Sm

As before, this gives an upper estimate for the dimension which is

(1 — em) log(7252) + O((logr)/T) _ (1 — &m) log(7252) + O((log r)/r)

r r

Since &, is the solution in (0, 1) of the equation log(ems’") = —m with m =
(r— 5)/10g(3+[) we have (1 — ) log(§22) = 1= —om Writing z = —2, the equal-
ity log(§22) = a can be written as log(¢*) = z + 1, s0 z + logz = logm and

- - — 3445
ze? =m,soz = W(m)=W((r —5)/log(=5 2)), where W is Lambert’s function. Since
W'(x) < 1/x, we get

w (o= soe(352)) = w(roe(355)) w0,

and our upper estimate for the dimension is
5 log r
\/—) )/ r+ O( g ) [
r2

z/r—i—O(lOgr) (r/log(3+

5. The lower bound

The statements and definitions below are taken from the third author’s work [10].

Definition 5.1. Given B = {f1, ..., B¢}, £ > 2, a finite alphabet of finite words
B; € (N*)"/, which is primitive (in the sense that 8; does not begin with §; foralli # j)
then the Gauss—Cantor set K(B) C [0, 1] associated with B is defined as

K(B) :={[0;y1.y2,...] | vi € B}.

The set K(B) is a dynamically defined Cantor set. We will now exhibit its Markov
partition and the expanding map which defines it.
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For each word 8; € (N*)"/,let I; = I(f;) be the convex hull of {[0; B;, v1,¥2....] ]|
yi € B} andlet |, := G'"/|;, where

Gx) ={1/x} =1/x—[1/x]

is the Gauss map. This defines an expanding map y: I(f;) U---U I(By) — . Let I =
[min K(B), max K(B)]. Then [ is the convex hull of /; U---U Iy and ¥ (I;) = I for
every j <{.

Let us describe how to estimate dimy (K (B)).

According to Palis—Takens [11, Chapter 4], let

A,j :inf‘lﬂ/“j s AJ = Sup|'¢',|]j|
and &, B > 0 be such that
J4 4 5
D=1 Y AP =1
j=1 j=1
Then
B < dimy(K(B)) < a. (5.1)

Let us discuss how to find estimates for o and 8.
The iterates of the Gauss map are given explicitly by
a)'x = py))
Yl () = — A
o _ )
rj—1 qrj —lx

where p,(cj)/q](cj) = [0; bY), . ,b](cj)] and B; = (bij), ey bfj)). Hence
1y
1) —
Wiy =G — &

Pri1— qrjflx)2

Lemma 5.2. Let x = [co,¢1,C2,...] and pn/qn = [co,C1, ..., cn]. Then
1 1 1
< < |x— Pn < ,
2qnqn+1 qn(qn + qn+1) 4qn qndn+1
and therefore
< |gnx — pul < .
2qn+1 dn+1
Lemma 5.2 implies that
. 1 .
@) < Wl Wl = —5——r— < a7

prj—l - qrj—lx)z

Thus
(q;gjj))z < Aj = inf}w’|1j| < Aj = sup ‘w/|1j| < (2(15;))2.
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Let a = 22, s the smallest natural number such that r(1%) > r, k = 2r, 1 = 1% and, for
2<j<k+1,8;=1¥1"7qg15 = 1¥+1=/22 15, Then B = {B1,. .., fx+1} is primitive.
The alphabet B = {f1,..., Br+1} as above induces a subshift

2(B) ={(vi)iez | vi € B}.
Lemma 3.2 implies that, for any 6 € ¥(B) and every n € Z,
Ao"(@) <3+e.
Recall thatif &« = ¢y ...¢; and B = By ... By, are finite words, then
qm(@)qn(B) < dm+n(@f) < 2qm(2)qn(B).

The above estimates give A1 = sup [{//|7g)| < 4(#)2" and, for2 < j <k +1,

1+ ﬁ 2k—2(j—2)
SUP|¢,|I(ﬁj)| <8- ( 3 ) ,(102,er+1)

2k—2(j—2)
<(1+2f5) J rary

Thus, from the above lemma and [10], we conclude that

Aj

d(3 +e") > dimy(m(X(B))) = min{l,2 - dimy(K(B))} > 2d,

where m(w) = sup, <z A(0" (w)) denotes the Markov value of ® € ¥(B), and d is the

solution of
4rs —d k=1 2t\ —d .
() S e
t=0

Since d(3 + ¢™") = O(%%), we also have d = O(IO#) = o(1). The rest of this section

r

is devoted to finding a lower bound for d.

Since (1£¥2)4 > ¢3/2, we have
L+ VAT 1A
4 < < e 2 )
2 - 2 a
and we get .
B 1_(1+ﬁ)_2kd 3.5
e rt®d 2 ) Qe 279 (5.2)
| _ (1524
- ( 2 )

In particular,

(14454 } —2d
IZe—(r+8)d.1 (—32) :e—(r+8)d'(l+(1+\/§) )

7)
- —2d -
> 2=+ (1 + ﬁ) > 2o (r+9)d
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andsod > lro_“ig > % So we have
—2kd —4rd ~
(1 +2¢§) _ (1 +2«/§) <o 3rd < o3 2
and thus ~
1++/5\—2kd - i
1_( > ) e~ (r+8)d

L= (A58)72 7 o(1— (1555))

Since d = o(1), writing c¢; = log 3455 _ 0.9624. .. we have

(1+\/§

—2d . ~ ~
> ) =e 1% =1—¢;d +0(d?),

and therefore 1 — (#5)_2‘2 =cid + O(d~2) =1+ O(J))cld. It follows that

o—(r+8)d o= r+8)d o—(r+8)d

21— () ) Crodid =

1>

and thus 0 > —(r + §)d~ —log?2 — log d. It follows that —rd < logai + O(1), and thus
(#)_4”{ < e=3rd = O(j3/2). From (5.2), we get

| — (1+¢§)—2k(§

1 _O(d‘3/2) — e—(r+8)¢7 .

il -
—2d
1 - (155)
— o r+8)d ﬂ = +0(cZ))e_ri1
(11 0(d)cid crd

and thus 0(J3/2) =—rd + O(c?) ~+ co —log d and therefore
rd = —logd + co + O(d) = |logd| + co + O(d). (5.3)

where ¢o = —logc; = 0.03830054.... ; 5 }
In particular, rd = (1 + O(1/[logd|))[logd| = (1 + o(1))[log d|, and thus logd +
logr = log|logd| + o(1) and

logr = —logc? + log |10gc?| +o(l)=(1- 0(1))|10gc§|.
It follows that |10gc§| = (1 4+ o(1)) log r and log |10ga7| = loglogr + o(1), and so
logd + logr = log|logd| 4 o(1) = loglogr + o(1)

and |10gc?| = —logci = logr —loglogr +o(1) =logr (1 — (1 + o(1)) loglogr/logr),
which implies log |[log d| = loglogr — (1 4+ o(1)) loglogr/logr.
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From rd = (1 + O(l/|loga7|))|10gd~| it follows that

1
) log|logd|+0( )
d| |log r|

(14 o(1))loglogr
= loglogr — )
logr

logd +logr = log|logd| —l—O(|1

so |log d| —log d = logr —loglogr + (1 4+ o(1)) loglog r/log r, and from rd =
llogd| + co +O(d) = |logd| + co + O((logr)/r) we get
llogd| + co + O((logr)/r)
r
__logr —loglogr + co + (1 + o(1)) loglogr/logr
r

d =

- logr —loglogr + ¢o

’
and thus
dB3+e ) >2-

logr —loglogr + co
" .

We can give a more precise asymptotic expression for d (and thus for d B+e™)),
using the Lambert function W: [e_l, +00) — [—1, 4+00), which is the inverse func-
tion of f:[—1, +00) — [e™1, +00), f(x) = xe* (which is increasing in [—1, 4+00)).
Let g: (0 +00) — R be given by g(x) = rx + log x. We have g(cz) =rd + logcﬁl~ =
co + O(d) Let dy € (0, +00) be the solution of g(dp) = ¢o. Since g'(x) =r + 1/x > r
for every x € (0, +00), and there exists ¢ between dy and d such that | g(d ) —co| =
|g(d) gldo)| = |g’ (t)(d do)| = r|d do|, it follows that

@ —dol = ~12(d) ~ col = O(d /1) = O(Clog )/ r?)

andd = dy + O((logr)/r?) = (1 + O(1/r))dy. On the other hand, since rdy + logdy =
g(do) = co, we have dge™@ = ¢ and so f(rdy) = rdpe™@ = re® and thus rdy =
W(re®), which gives a closed expression for dy: dy = %W(re”o), from which we get

J— W(reo) +O(logr) _ 14+0(1/r)

> - W(re®).
r r r
(for a detailed discussion of the function W, including its asymptotic expansion, we refer
the reader to the work of Corless et al. [2]).
The improved estimates of the previous section (using 7 = |r/5] in the case of
15122152 | . .) give the same asymptotic expression for %d (3 4+ e™"), so the proof of The-
orem 1.2 is complete.

6. The error term is optimal

In the case ¢ = 1, the Markov values larger than 3 are due to two types of “contradictions”
that we analyze as two separate subcases:
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Case 1: Words of the form 1512212+12212k+/ 22152 where 2k + 1 is of the order
of So, and s1, s are at least Sy — 4. In this case the Markov value associated with the
cut 1512212k+1|2212%+722152 is 3 + x, where

x = [0; 12K 122150 ] —[0; 122+ 22152 ]

2(3<p 4)( 4 (=1’ )

gtk T pakt2+2j

= (1 +o(1)

where ¢ = #, and so x belongs to an interval of the type

%[(1 + 0(1))(1 - %) (+ "(”)(1 " %)}

Indeed, we have
[0; 12K 122151 ] = [0; 12K F1221] + O(p~ %),
[0; 126424722152 ] = [0; 12KF2H7221] + O(p~%F).
Moreover, denoting the n-th Fibonacci number by F,;,

(4 - (p)Fn + Fn—l
(4—@)Fp41 +Fy

= 1
[0;17221] = [0; 1”2+ 2+¢_1] =[0:1",4—¢] =

_ Fn—l/Fn +@4—-9)
(4—@)Fu_1/Fp+5—¢°

On the other hand, the identity ?;‘j_f} - f;’_ts = ((fj_:jf()c(l’f;z’i)) applied fora =1, b =

d—p,c=4—¢,d =5—¢,u=For/Fory1and v = For 114 /Fak424; together with
(cu+d)cv+d)=(1+ 0(1))(C<P_l +d)? =0+ 0(1))(3@2 gives

x=(1+ (1)) Go )2 (v —u)=~1+ 0(1)) (v —u).
In order to estimate v — u, let us estimate F,, /F, 11 — (p‘lz we have
F, 1 ¢" = (=7 1 D" M@+ g™

[ = ot — (—p T o = (I+o(1) ont2

_ DG —4+ 0(1))
¢2n
Using this for n = 2k + 1 + j,n = 2k and subtracting, we get the above estimate for x.

Case 2: Words of the form 1512212%2212k+3+722152 where 2k is of the order of §o,
and s1, 5o are at least §o — 4. In this case the Markov value associated with the cut
1512212k22|12k+3+7 22152 is 3 4 y, where

y = [0; 12KF34722152 ] —[0; 124222151 .. ]
2(3<p 4)( 1 (=1’ )

@kt2 T paktat2)

= (1 +o(1)
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The proof of this estimate is analogous to the previous one, applying the above estimate
of F /P11 — @ ! forn = 2k + 1,n = 2k + 2 + j and subtracting.
Hence, y belongs to an interval of the type

%[(1 + 0(1))(1 - #) (+ 0(1))(1 " #)}

1 1 1
1—F>0.854>0.528>(l—i—ﬁ)-F

Since

and 1 1
L+ 5 <1382<2236 < (1 —~ F)wz,

it follows that, for large k, none of these Markov values belongs to the interval

23¢ — 4)

B+xe,3+w =3+ 3ot

[1.382,2.236],
whose size is comparable to the value of its endpoints, and so there are no sequences of
the type ... 1%1221%2221%322 ... with s; > 3k /2 for all j whose Markov values belong
to [3 + xk, 3 + yk]. Indeed, we have the same characterization of sequences of this type
whose Markov values are smaller than y; and whose values are smaller than xj: for
s =2k, if s; < s then s; is even and s;_1 — s5;, 541 —§; € {—2,0,2} (and there are no
other restrictions).

Let again s = 2k and T = |r logr]|, where r = ||log yk|]. For each T with
T/2 <T < T, let M(T) be the number of elements of the set B(T) of sequences
1512215222 ... 2215122 with

re (T —1) <r(1512219222...221522) < r - T,

sj > 3s/4forevery j <t,s1,s; > s and such that, for each j <t withs; <s,s; is even
and sj—1 — 5, 8j+1 —S; € {—2,0,2}. Let d = max{%}. Then d(3 + xx) > 2d.
Indeed, m(Z(B(T))) € M N (—00, 3 + x), where m(w) = sup,cz A(0"(w)) denotes
the Markov value of w € X (B(T)).

Let us now give upper estimates. Suppose that ww does not have a factor 15! satisfy-
ing r(11) > r — 340 where r = ||log yx||, and consider an infinite continuation w of it
contained in (3 4+ e¢™") 2 X (3 + yg). Then the previous discussion provides a contin-
uvation i € X7 (3 4 ¢77) for some T € {10, [log? r |} depending on % such that wbw
is the continuation of ww in w, www € X(3 + ™", |[www|), and the number K of these
words www satisfies K - e~ 774 < 1/r ford = m.

Suppose now that w has a factor 1°1 satisfying r(1°1) > r — 340 where

o loen (Slog(3 +2ﬁ)’(s +2)log(3 +2~/§)).

Let us consider continuations w € £ (3 4 ™) for some r3/? < m < r|rlogr|
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such that www € (3 + ¢ 7, |[www|) and the continuation of 151 in www is
1512215222 ... 15¢22 such that there are at least 7 !°/16 values of i <t withs; <s,and ¢
is minimum with this property. Then s; > r — 3r'5/16. We will introduce a parameter j
equal to the number of values of i < ¢ withs; < s;letiy <--- <1i; be those values. We
have j > r'5/16_ There are atmost( ) < (et/j)’ choices for the set {i; | | <t < j}. Since
fori € {i, | 1 <v < j} we have at most three choices for s;11, the total number of these
choices is at most 3/. Together with the number of choices for the set {i; | 1 <t < j},
this gives an estimate of (3et/j)/ for these choices of the set {(i,s;,) | 1 <t < j}.
Let 7 = ¢t — j. The number of choices of the remaining values of the s; is at most the
(ES5) 57— j(r —3715/16) < (U = T)s,

log

number of solutions of §; + -« - + §7 < m/log

where U = m/(r —2) — j/2 < rlog r, which is at most UeV s eU"W()  As before,
logs rlogrlogs
e = (1 + o(1))s/log s, and (since eU"5 < e 5 = 000878 = o)) the total

number K of these sequences is

ofrt(*" ) (n/r)(-+o(1))5/logs) 12605 HOMOD) _ o5t

. . W(r/log(3H2 S _
and since j 2r15/16,ford=M—ﬁwehavelﬂe md =T

15/16 yalues of i <t

Consider now the remaining case where there are less than r
with s; < s and consider the largest continuation of 151 in wiwiw € XT3 +e7"), T =
|rlogr| of the form 1912215222 ... 1% with s; > s — 3r15/16 for each j. Taking j; mini-
mum and j, maximum with s, , 5, > s (notice that j; + ¢ — jo < r'5/16), the number N
of such words is at most 3112 f < 3’15/16M, where M is the number of elements
of B(T), where r - (T — 1) < r(191+1221%222 . 1%271) < r - T; We have T<T -
(j1+1t— j»)/2and M(fv) <erdT erd(T—(j1+t—j2)/2)’ so N < erdT(3e—rd/2)j1+t—j2_
Since, by our lower estimates on d(3 + &), logN w, it follows that

logM _ logr—logl
d > "gf > o= = °¢" and thus
r

>

(3e—r3/2)j1+t—j2 < (3(log r/r)l/Z)jl-i-t—jz <1
adding these estimates for all possible choices of (ji,? — j2), we get N <2¢’ dr.
This, together with the previous estimates, implies that d(3 + yx) < 2d + O(1/ r?).
Indeed, (e—Tr)al+1/r2 = ¢ T/rp—rdT _ el—logre—rdT’ and thus 2erdT(e—Tr)d+1/r2
2el7loer = 2¢/r = o(1).
Finally, suppose that F is a twice continuously differentiable function such that
log |log 8|)

d(34+¢) = F(e) + 0( lloge|?

By the mean value theorem there is & € (xg, yx) such that

Fyx) = Flxx) _ O(log [log yk|)
Vi — Xk vk [log y|?

Let ¢; > 1 be a constant we will choose later. By Theorem 1.2 we have

Fl(ge) =
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log [log y|
F(ciyie) — F(yx) = g1(crye) — g1(ve) + O(ﬁ
[log yl
log |lo log |lo
— Qlog(e) + o(1)) 22! gy2k| ( gl gyzkl)
|log y| |log y|

By choosing ¢; > 1 large enough and using the mean value theorem, we obtain §k €
(¥k, c1Y%) such that
log [log yi|

yillog yi|?
Hence for each k, we can find a point in (&, ék) where the second derivative of F' is
positive and also a point in (é:g, &) (for € large enough) where the second derivative of F
is negative.

F'() > C

Appendix A. Basic facts and estimates on continued fractions

Leta =c¢q...c, € (N*)" be a finite word of length n > 0. We define K(cg ...cy) to be
the continuant of «, that is, the denominator of the fraction [0; ¢q, .. ., ¢,]. The following
lemma can be found in the book by Cusick—Flahive [3, Appendix 2].

Lemma A.1 (Euler’s property of continuants). The continuant K(cy ...cy) is equal to a
sum of certain products of the integers c1, ..., cy. Moreover, the products that appear in
this sum can be determined in the following way. Start with the product ¢y ... cp. Now,
include all products obtained by removing pairs of adjacent integers. Continue by includ-
ing all products obtained by removing two separate pairs of adjacent integers, and follow
this procedure until no pair remains. Observe that if n is even, then the empty product,
equal to 1, must also be included.
As a corollary,

K(cy...cn) =K(cy...cm)K(emsr...cn) + K(cr...cm—1)K(Cm+2 - .. Cn)
forany 1 <m < n.
In particular, the lemma implies that
K(c1) = c1,
K(cic2) = c1-c2 + 1,
K(cicacs) =c1-ca-c3+cp +cs,
K(C1€26‘3C4) =cC1-Cy-C3-C4+C1-Cr+cCcr-Cc4+c3-cq4+1.

Letd =6;...0, € (N*)",a = (2,2)and b = (1, 1). Using Euler’s property of con-
tinuants we can find a gap between the size of the intervals of the following words:

i 2 2)\? )
s(bb)~! < (5 +o-+ 9—) qn (),
roon (A1)

10 10 \?
-1 2 —_— 4 — 2,
s(aba) 2(5+91+1+9n+1) qn(0)
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Indeed, using the convention go = 1 and g—; = 0 we have
qn+4(bOD) = 4qn(0) + 2qn—1(61 ... On—1) + 2gn—1(02 ... 0n) + gn—2(02 ... Op—1)
2 2
<5+ —+— 0),
_( + o +9n)qn( )
Gn+a(aba) = 25¢,(0)+10¢g,—1(01 ...0,—1) +10g,—1(02...6,) +4gn—2(02 ... 0n—1)
10 10

—— |qn(0),
91+1+9n+1)q()

> (25+

and finally we use ¢ (ay ...am)? <s(ai...am) < 2qm(ay ...am)>.

Lemma A.2. Let w be a nonempty finite word in 1 and 2 of length n € N*. Then

3445
2

(n—3) log( ) <r(w) < (n + 1) log(3 + 2v/2).

Proof. Givena = ¢y ...c, € (N*)", we have
1
s(ld) = ———,
qn(qn + gn-1)

so s(a) is minimized when ¢, and ¢g,—; are maximized, and maximized when ¢, and
qn—1 are minimized. This happens, respectively, when ¢,, = P, (where P, is the n-th Pell
number) and where g, = F,, (where F,, is the n-th Fibonacci number). Hence,

r(1") < r(w) < r(2").
Moreover,

s(1")™" = Fpg1(Fag1 + Fn)
_ Ly Y5 1(3+ ﬁ)”“ - ﬁ—l(%ﬁ)”“

5 10 2 10 2
L ﬁ+1(3+¢§)”+‘_ V5-1

=5 10 2

_ JEI(;L 1 ((3 +2J§)”+l B 1) . ( +2~/§)"‘1’ (A2)

and, on the other hand,

(3 +2v2)" — (3 -2V2)"
42

< (3+2\/§)n+1.

s ' =P, (P, + P,_y) =
- (3+2ﬁ)n+1
=i

Thus,
3445

(n— l)log( ) <logs(w)™! < (n 4 1)log(3 + 2v/2).



Fractal dimensions of the Markov and Lagrange spectra near 3 4043

Finally, since 210g(#) > 1, we get

3445
2

(-3 log( ) <r(w) = llogs(@)™'] < (1 + Dlog3+2v3). =

Lemma A.3. Let w be a finite word and let v be a factor of w. Then s(w) < s(v) and
r(w) > r(v).

Proof. Assume first that v is a prefix of w, so w = v for some word 8. Then s(w) =
s(vB) = [I(vB)| < |I(v)| = s(v), since, by definition, I(v8) C I(v).

Assume now that w = avf for some words o, 8, where « is nonempty. Then s(w) =
s(avB) < s(av) < 2s(a)s(v). Moreover, if « starts with the letter ¢, then s(«) < s(c).
Since s(c) = 1/(c? + ¢), we have s(c) < 1/2. We obtain s(w) < s(v), as desired. L]

A property that is useful to simplify some computations is
r(w1k1k2 U)Z) Z r(w 1) + I’(wz)

for any positive integers such that (ky, k2) # (1, 1) and any words w;, w,. Indeed, it
follows from

S(wlklkzwz) < 4s(k1k2)s(w1)s(w2) < S(wl)S(UJ2)/3.

For (k1, kz) = (1, 1) we have r(wybwy) > r(wy) + r(wz) — 1, since r(b) = 1.
Nevertheless, we will prove some sharper bounds that we use to get cleaner statements
of the lemmas.

Let 51, ..., s¢ be nonnegative integers with £ > 2. We will show that
r(1512215222...221%¢) > (s; + - + s¢ + 3(£ — 2)) log(3 +2\/§), (A.3)
r(2°1112%211...112%¢) > (s; +--- + s¢ + £ —2) log(3 + 2«/5). (A4)

First, we will show inductively that

q(151221°222 ... 221°¢) > Fy foqsy43(0—1)+1+ (A.S)
gq(2° 112°211 ... 112%) > Py 4oyt (A.6)

By Euler’s property of continuants (Lemma A.1),
g(1°122192) = q(1*))q(221°2) + ¢(1°1~)q(21%2).
Since ¢(1°) = Fs41, one has

q(221°) = 5q(1°) + 2q(1°~") = 5F4 | + 2F; = 3Fsy1 + 2F, 4,
g21%) =2¢(1%) + g(1°71) = 2F,4; + F.

From the identity
FuFm + Fy—1Fp—1 = 1:n+m—17
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we get

Fn+1q(221m) + an(21m) =Fu11@Fn42 + 3Fut1) + Fon(QFnq1 + Fw)
= 2Fn4m+2 + Fngme1 + 2Fn41Fmp
= Futm+a + 2F+1Fm41. (A7)

Thus
q(1°1221°2) = g(1°1)q(221°2) + q(1*1"1)q(21°2)
= Fy,+19(221°2) + F;,q(21%2)

= Fs; +s,+4 + 2Fs; +1Fs, +1.

Hence (A.5) is true for £ = 2. Assuming it for £, we use (A.7) withn = 51 + -+ + 5¢ +
3(( —1) + 1 and m = sy to obtain
q(1512215222 . 2215¢+1) = ¢ (1512215222 ... 2215¢)q(2215¢+1)
+q(1°1221222 ... 2215¢" g (215¢+1)
> Fog(2215¢+1) 4 F,_1g(215¢+1)
> Fy ptsop 1 +30+1-

Finally, using (A.2) we obtain

s(1512215222. .. 2215¢) ™! > Fy s, +3(6—1)+1
+ (B 4tso+3¢=+1 + By s 130-1)

(3_1_\/5 s1+-+se+3¢—1)—1
) ~

>

On the other hand, using F,, 4, < 3F, we get

3 345\

s(1")™' = Fpy1Fug2 < ZF2n+2 < ( +2f) ,
SO

r(1") < nlog((3 + v/5)/2). (A.8)

Similarly, one has ¢(2°) = Py and ¢(112%) = Pg4,. The Pell numbers also satisfy
the identity
PyPm + Pu—1Pm—1 = Puym—1.

Hence
Puy1g(112™) + Prq(12™) = Ppy1Pry2 + Pu(Pr + Prt1) = Pugma2 + PuPpi.
Therefore by induction

G122 1L 11260 > Py g, 0q (112640) 4 Py g, o1 (12°641)

2 Pststsep i+ e+
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Finally, to show (A.4) we use
S(21112°211...112°¢) 7 = P2 > 4(3 4 2+/2)" 2
wheren = s; + -+ + s¢ + £.
Lemma Ad. Ifa =cy...c, € (N*)" then

[Lien +1] _s@®) _  [15¢n]
il 7 s(@) ~ [Lieg + 17

and hence

—log(l + ) —1 < @) —r(@”) < IOg(l + i) .y

cn+1 Cn

Proof. By Euler’s property of continuants (Lemma A.l1) we have g,(ci...c,) =
qn(cy ...c1), and thus

s(@*) L = gu(cn...c))(qncn...c1) + gnor(cn...c2))

1 1
> (1 )= 14+ — ),
_( +cl+1)qn(cn 1) ( +Cl+l)qn<c1 )

while

s(oz)f1 =gqgu(cr...cn)(gn(cr...cn) + gn—1(c1...cn-1)) < (1 + Ci)qn(cl ...cn)z.

Hence
s@") _[lie
s(@) ~ [Lier + 1]
By symmetry we obtain the lower bound. ]
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