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Abstract. The Lagrange spectrum L and Markov spectrum M are subsets of the real line with
complicated fractal properties that appear naturally in the study of Diophantine approximations. It
is known that the Hausdorff dimensions of the intersections of these sets with any half-line coincide,
that is, dimH .L\ .�1; t // D dimH .M \ .�1; t // DW d.t/ for every t � 0. It is also known that
d.3/D 0 and d.3C "/ > 0 for every " > 0. We show that, for sufficiently small values of " > 0, one
has the approximation d.3C "/ D 2 � W.e

c0 jlog "j/
jlog "j C O. log jlog "j

jlog "j2
/, where W denotes the Lambert

function (the inverse of f .x/ D xex) and c0 D � log log..3C
p
5/=2/ � 0:0383. We also show

that this result is optimal for the approximation of d.3C "/ by “reasonable” functions, in the sense
that, if F.t/ is a C 2 function such that d.3C "/ D F."/C o. log jlog "j

jlog "j2
/, then its second derivative

F 00.t/ changes sign infinitely many times as t approaches 0.

Keywords: Lagrange spectrum, Markov spectrum, Hausdorff dimension, continued fraction,
Gauss–Cantor set.

1. Introduction

1.1. The Lagrange spectrum

The Lagrange spectrum is a subset of the real line which appears naturally in the study of
Diophantine approximations of real numbers.
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Consider an irrational real number x 2 R nQ. By Dirichlet’s approximation theorem,
there exist infinitely many pairs of integers p; q with q > 0 satisfyingˇ̌̌̌

x �
p

q

ˇ̌̌̌
<

1

q2
:

This result is not tight. Indeed, Hurwitz’s theorem states that for infinitely many such pairs
p; q, ˇ̌̌̌

x �
p

q

ˇ̌̌̌
<

1
p
5q2

:

This is the best possible inequality of this type that holds for every irrational x. Indeed, if
x D 1C

p
5

2
, the constant

p
5 cannot be replaced by a larger constant while preserving the

existence of infinitely many such pairs p; q for which the corresponding inequality holds.
However, for other irrational values of x we may hope for better results. Following this
idea, we define L.x/ as the supremum of the set of all ` > 0 such thatˇ̌̌̌

x �
p

q

ˇ̌̌̌
<

1

`q2

holds for infinitely many pairs of integers p;q with q > 0 (possibly with L.x/D1). The
number L.x/ is known as the Lagrange value of x, and the Lagrange spectrum is defined
as the set of all finite Lagrange values:

L D ¹L.x/ <1 j x 2 R nQº:

By means of the continued-fraction expansion of x, it is possible to obtain a symbolic-
dynamical characterization of the Lagrange spectrum. Indeed, consider the infinite
sequence .cn/n�0 such that

x D Œc0I c1; c2; c3; : : :� D c0 C
1

c1 C
1

c2 C
1

c3 C
: : :

;

that is, .cn/n�0 is the continued-fraction expansion of x. It is well-known that

x �
pn

qn
D .�1/n

1

.˛nC1 C ˇnC1/q2n
;

where we set ˛nC1 D ŒcnC1I cnC2; cnC3; : : :�, ˇnC1 D Œ0I cn; cn�1; : : : ; c1�, and where
pn=qn D Œc0I c1; c2; : : : ; cn�. It is also known that these convergents pn=qn of the
continued-fraction expansion of x are the best rational approximations of x for instance
in the following sense: if p; q are integers with q > 0 and jx � p=qj < 1

2q2
, then

p=q D pn=qn for some n 2 N. From these facts, we obtain the following expression
for the Lagrange value of x:

L.x/ D lim sup
n!1

.˛nC1 C ˇnC1/:
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If we define ˇ0nC1 D Œ0I cn; cn�1; : : : ; c1; 1; 1; : : : �, we also have

L.x/ D lim sup
n!1

.˛nC1 C ˇ
0
nC1/;

since the trailing sequence of 1’s does not change the value in the limit.
It follows that

L D
°

lim sup
n!1

�.�n.!//
ˇ̌̌
! 2 .N�/Z

±
;

where, for ! D .!n/n2Z 2 .N�/Z, �.!/D Œ!C�C Œ0I!��with !CD .!n/n�0 and !�D
.!�n/n�1.

We refer the reader to the expository article by Bombieri [1] and to the books by
Cusick–Flahive [3] and by Lima–Matheus–Moreira–Romaña [7] for a more detailed
account of these constructions.

1.2. The Markov spectrum

The Markov spectrum is another fractal subset of the real line which is closely related to
the Lagrange spectrum. Using the symbolic-dynamical definition of the Lagrange spec-
trum as a starting point, it can be defined similarly as

M D
°

sup
n2Z

�.�n.!//
ˇ̌̌
! 2 .N�/Z

±
:

We denote by m.!/ D supn2Z �.�
n.!// the Markov value of ! 2 .N�/Z.

This set is also related to some Diophantine approximation problems. Indeed, it
encodes the (inverses of) minimal possible values of real indefinite quadratic forms with
normalized discriminants (equal to 1). Nevertheless, throughout this article we will only
use the symbolic-dynamical definitions of L and M.

1.3. Structure of the Lagrange and Markov spectra

Both the Lagrange and Markov spectra have been intensively studied since the seminal
work of Markov [8]. In particular, it is well-known that

L \ Œ0; 3/ DM \ Œ0; 3/ D ¹
p
5 <
p
8 <
p
221=5 < � � � º;

that is, L and M coincide below 3 and consist of a sequence of explicit quadratic
surds accumulating only at 3. Moreover, it is also possible to explicitly characterize the
sequences ! 2 .N�/Z associated with Markov values less than or equal to 3 [1, Theo-
rem 15].

On the other hand, the behavior of these sets after 3 remains somewhat mysteri-
ous. Indeed, it is known that L � M and some authors conjectured that these sets are
equal; Freı̆man [4] disproved this conjecture only in 1968. Much more is now known in
this regard: the Hausdorff dimension of the complement M n L lies strictly between 0
and 1 [9].
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Even if the previous paragraph suggests that these sets are somewhat different, they
are known to coincide before 3 and after large enough values. Indeed, Hall [6] showed
in 1947 that L (and thus also M) contains a half-line Œc;1/; any such ray is hence known
as a Hall ray. After several years, Freı̆man [5] found the largest Hall ray to be ŒcF;1/,
where cF � 4:5278 : : : is an explicit quadratic surd known as Freı̆man’s constant. These
results in turn imply that L and M coincide starting at cF, so they both contain the half-
line ŒcF;1/.

There are more striking similarities between these two sets. In particular, their Haus-
dorff dimensions coincide when truncated: the third author showed that

dimH.L \ .�1; t // D dimH.M \ .�1; t //

for every t > 0 [10]. Clearly, this result shows that when studying the Hausdorff dimension
of such truncated versions, one can choose to use either L or M.

Let
d.t/ WD dimH.L \ .�1; t // D dimH.M \ .�1; t //:

Moreira [10] also proved the following nice formula:

d.t/ D min ¹1; 2 �D.t/º;

where D.t/ D dimH.Kt /, and

Kt D ¹Œ0I c1; : : : ; cn; : : : � j there exists .c�n/n�0 2 .N�/N such that

Œck I ckC1; : : : ; �C Œ0I ck�1; ck�2; : : : � � t;8k 2 Zº:

In fact, he showed [10, Lemma 2] that

D.t/ D dimB.Kt / D dimH.Kt / (1.1)

and
dimB.Kt CKt / D dimH.Kt CKt / D min ¹1; 2 � dimH.Kt /º; (1.2)

where dimB denotes the upper box dimension. Indeed, that lemma states that, given any
� > 0, there is a Gauss–Cantor set K.B/ � Kt such that

dimH.K.B// > .1 � �/dimB.Kt /;

so
.1 � �/dimB.Kt / � dimH.K.B// � dimH.Kt / � dimB.Kt /:

Letting �! 0 shows (1.1), while (1.2) follows from the fact that

M \ .�1; t / � .N� \ Œ1; t �/CKt CKt

and the inequalities

d.t/ D dimH.M \ .�1; t //

� dimH.Kt CKt / � dimB.Kt CKt / � 2 � dimB.Kt / D 2 � dimH.Kt /:
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1.4. The Hausdorff dimension near 3

The goal of this article is to determine the behavior of d.t/ near t D 3. By work of the
third author [10], we know that d.t/ > 0 for every t > 3. By contrast, d.t/ D 0 for every
t � 3, as L \ .�1; 3� DM \ .�1; 3� is countable.

Our main objective is to determine the modulus of continuity of d.t/ near 3. The first
result we obtained in this direction was the following:

There exist constants C1; C2 > 0 such that, for any sufficiently small " > 0, one has

C1
log jlog "j
jlog "j

� d.3C "/ � C2
log jlog "j
jlog "j

: (1.3)

Let us explain how this partial result is obtained. Our methods are mainly combinato-
rial and the proofs of the upper and lower bounds on d.t/ are done in separate sections.

To establish the upper bound, we extend some results in Bombieri’s article [1] to (fac-
tors of) sequences with Markov value slightly larger than 3. In this way, we can analyze
the sequences ! 2 ¹1; 2ºZ � .N�/Z that produce such Markov values; we show that they
are not that different from those with Markov value less than or equal to 3.

To make this more precise, let†.t/D ¹! 2 .N�/Z j supn2Z�.�
n.!//� tº. We define

†.t; n/ to be the set of length-n subwords of sequences in †.t/. We have the following:

Theorem 1.1. There exists a constant B > 1 such that

†.3C B�n; n/ D †.3; n/ D †.3 � B�n; n/

for every sufficiently large integer n. In fact, we can take B D 63 D 216 and n � 68.

This theorem can be interpreted as follows: given a bi-infinite word whose Markov
value is exponentially close to 3 (smaller than 3C B�n D 3C 6�3n), its length-n sub-
words are indistinguishable from those in †.3; n/. That is, a length-n window cannot
detect the patterns of symbols that make their Markov values different from 3; they are
only present when considering windows of larger lengths.

Since the words before 3 are well understood, we will construct alphabets that allow
us to write words in†.3CB�n;n/ as weakly renormalizable words (see Definition 3.18).
This construction is inspired by the “exponent-reducing” construction by Bombieri, which
is detailed in Section 2.1. Indeed, the inductive procedure of reducing exponents can also
be regarded as replacing the alphabet in which a word is written with a more complicated
alphabet (so some exponents are “captured” by the letters of the new alphabet). The con-
struction is inductive, so we will develop it as a renormalization algorithm (Lemma 3.21).
This algorithm is used to obtain a proof of Theorem 1.1.

Theorem 1.1 allows us to reduce the proof of the upper bound to a simple count-
ing. Indeed, we show in Corollary 3.13 that j†.3; n/j D O.n3/, which implies that
j†.3 C Bn; n/j D O.n3/. This is enough to establish the upper bound by covering Kt
with small intervals in the standard way and using this counting.
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To show that the lower bound holds, we prove that d.3C e�r / (where r 2N�) is larger
than the Hausdorff dimension of a suitable Gauss–Cantor set; recall that a Gauss–Cantor
set is a subset of the real line defined by numbers with continued-fraction expansions
that obey certain patterns. Finally, the Hausdorff dimension of a Gauss–Cantor set can
be estimated by the (relatively elementary) methods in the book by Palis–Takens [11,
Chapter 4], and hence the proof of (1.3) is complete.

While these methods are enough to prove inequalities (1.3), they are actually sufficient
to obtain an asymptotic approximation of d.t/. In fact, to prove (1.3), only the results in
Section 3 and (a simplification of the results) in Section 5 are needed.

We will now state our main results, which give more precise estimates of d.t/ for t
close to 3. Let f W Œ�1;C1/! Œ�e�1;C1/ be given by f .x/ D xex and recall that the
Lambert W function is the function W W Œ�e�1;C1/! Œ�1;C1/ given by W D f �1.
Our main result is the following:

Theorem 1.2. Let d.t/D dimH.L\ Œ0; t//D dimH.M \ Œ0; t//. Then, for all sufficiently
small ", we have

d.3C "/ D 2 �
W.ec0 jlog "j/
jlog "j

C O
�

log jlog "j
jlog "j2

�
;

where c0 D � log log..3C
p
5/=2/ � 0:0383.

The main idea behind the upper bound of Theorem 1.2 is again the construction of
alphabets that allow us to write finite subwords of †.3C e�r / as weakly renormalizable
words. Then, using the fact that windows of sizes comparable to r must have a very similar
structure to those before 3 (which are well understood because of the work of Bombieri
[1]), we can find long forced continuations of finite subwords of size comparable to r of
words of†.3C e�r /. Here, by size we no longer mean the length of a word, but rather the
size of the interval it induces by continued-fraction expansions. Using the covering of Kt
constructed with finite subwords of †.3C e�r /, we can control the size of a subcovering
by smaller intervals (associated with longer words), depending on the structure of each
word, so intervals with few continuations contribute less to the dimension. It turns out that
there are some configurations which contribute more than others, namely configurations
obtained by alternate concatenations of large blocks of 1’s with blocks 22.

To be more precise, define the Gauss–Cantor set

Cn WD K.¹221
n; 1º/ D ¹Œ0I 
1; 
2; : : : � j 
i 2 ¹221

n; 1º; 8i � 1º;

and let "n WD maxL.Cn/, so "n is of the order of ..3C
p
5/=2/�n. From Theorem 1.2

and from the proof of its lower bound (Section 5), we have

d.3C "n/ D 2 �
W.ec0 jlog "nj/
jlog "nj

C O
�

log jlog "nj
jlog "nj2

�
D 2 � dimH.Cn/C O

�
log jlog "nj
jlog "nj2

�
D dimH.L.Cn//C O

�
log jlog "nj
jlog "nj2

�
D d.3C "n�1/C O

�
log jlog "nj
jlog "nj2

�
:
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One natural follow-up question is whether it is possible to find a better approximation
of d.t/ near 3. The next theorem shows that this is not possible for “reasonable” (or
explicit) approximations: for such approximations, the error term is optimal. We prove
the following:

Theorem 1.3. Let d.t/ D dimH.L \ Œ0; t// D dimH.M \ Œ0; t//. There exist sequences
.xk/; .yk/ and constants 0 < C1 < C2, with 0 < C1'�4k D xk < 3

2
xk < yk D C2'

�4k ,
where ' D .1C

p
5/=2 is the golden mean, such that

d.3C yk/ � d.3C xk/ D O
�
1

k2

�
:

In particular, if F is a twice continuously-differentiable function satisfying

d.3C "/ D F."/C o
�

log jlog "j
jlog "j2

�
;

then its second derivative F 00."/ changes sign infinitely many times as " approaches 0.

In fact, we will prove that d.3C yk/ � d.3C xk/ D O. 1
k2
/ D o. logk

k2
/, while

W.ec0 jlogykj/
jlogykj

�
W.ec0 jlog xkj/
jlog xkj

> Qc
log k
k2

for a positive constant Qc, which implies that the error term in the approximation of
d.3C "/ by any reasonable function of " is at least of the order of log jlog "j

jlog "j2
. In this sense,

.3 C xk ; 3 C yk/ is an “almost plateau” for the dimension function d.t/ (the variation
of d.t/ in these intervals is much smaller than the variation of its reasonable approxima-
tions). Indeed, we have proven that d.3C "/ is very well approximated by

g1."/ D 2 �
W.ec0 jlog "j/
jlog "j

;

and that it is also asymptotic to the simpler function g2."/D 2 �
log jlog "j
jlog "j . Moreover, given

constants 0 < c1 < c2, we have

gj .c2"/ � gj .c1"/ D .2 log.c2=c1/C o.1//
log jlog "j
jlog "j2

for j 2 ¹1; 2º, so reasonable functions Qg."/ which are asymptotic to g1 and g2 should
satisfy Qg.c2"/ � Qg.c1"/ � log.c2=c1/

log jlog "j
jlog "j2

for " > 0 small enough.
While the estimates in the third author’s work [10] in principle would allow us to

obtain some information regarding the modulus of continuity, those estimates are very far
from being optimal (this is particularly true for the upper estimates). Thus, we rely on
the methods described above instead of the general methods in the third author’s previous
work.

This article is organized as follows: Section 2 contains some preliminary notations
and facts that we will use later on. By analyzing the combinatorics of finite words, we
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develop a renormalization algorithm which we use to prove Theorem 1.1 in Section 3.
Using the understanding of finite subwords, we will find large forced extensions which,
by a delicate analysis of the sizes and counting of them, will give us the upper bound
of Theorem 1.2 in Section 4. In Section 5 we present the construction and analysis of a
suitable Gauss–Cantor set, which allows us to establish the lower bound in Theorem 1.2,
and thus to finish the proof of the main theorem. Finally, we study how the bad cuts
produce gaps in their respective Markov values in Section 6, which allows us to prove the
optimality of our approximation in Theorem 1.3.

2. Preliminaries

Our goal is to study the function

d.t/ WD dimH.L \ .�1; t // D dimH.M \ .�1; t //

near t D 3. If a sequence ! 2 .N�/Z contains 3, then �.!/ > 3:52, which is “much larger”
than 3, so we can ignore such sequences. Thus, throughout the entire article, a word is
made up of letters of the alphabet ¹1; 2º. Words can be either finite, infinite or bi-infinite.
If w is a finite word, we denote its length by jwj, that is, the number of letters 1 or 2 that
are needed to write w.

We will also consider sections of words, which consist of a word together with a
choice of a splitting point marked with a vertical bar. A section of a bi-infinite word can
be interpreted as a shift of the original word. We usually write sections as ! D P �jQ,
where P 2 .N�/N

�

and Q 2 .N�/N are infinite words, and P � 2 .N�/�N� denotes the
transpose of P , that is, P �

�k
D Pk for every k 2 N�.

2.1. Words in †.3/

Bombieri [1] showed that bi-infinite words in †.3/ have to follow very special patterns
(which is essentially a restatement of much older results by Markov [8], as stated in the
book by Cusick–Flahive [3]). Indeed, Bombieri showed [1, Lemma 9] that ! is a word in
the letters a D 22 and b D 11 (that is, the number of consecutive ones or twos is always
even or infinite), and he also showed [1, Lemma 11] that if ! 2 †.3/, then ! has to be of
one of four possible forms:

� constant, that is, ! D a1 or ! D b1;

� degenerate, that is, ! D b1ab1 or ! D a1ba1;

� Type I, that is, ! D : : : abeiabeiC1a : : : with every ei � 1; or

� Type II, that is, ! D : : : baei baeiC1b : : : with every ei � 1.

The exponents .ei /i2Z that appear in Type I and Type II elements of †.3/ also have to be
of some special forms, but we will not use them explicitly.
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Now, let U and V be the Nielsen substitutions given by

U W
a 7! ab;

b 7! b;
V W

a 7! a;

b 7! ab:

This substitutions have inverses defined in the free group Fha; bi, given by

U�1W
a 7! ab�1;

b 7! b;
V �1W

a 7! a;

b 7! a�1b:

Bombieri also proved [1, Lemma 14] that if ! 2 †.3/, then both U.!/ and V.!/

belong to †.3/. These words can be described explicitly. Indeed, if we write ! D
: : : abeiabeiC1a : : : where ei � 0 for each i , then

U.!/ D : : : abeiC1abeiC1C1a : : : :

Similarly, if we write ! D : : : baei baeiC1b : : : with each ei � 0, then

V.!/ D : : : baeiC1baeiC1C1b : : : :

Furthermore, if ! is of Type I, then U�1.!/ is well-defined and belongs to †.3/.
Similarly, if ! is of Type II, then V �1.!/ is well-defined and belongs to †.3/. These can
be described by

U�1.!/ D : : : abei�1abeiC1�1a : : : ;

V �1.!/ D : : : baei�1baeiC1�1b : : : ;

where ei � 1 for each i 2 Z by definition.
We will now include a useful lemma which is implicit in Bombieri’s work.

Lemma 2.1. A nonempty finite word w belongs to †.3; jwj/ if and only if there exists
W 2 hU; V i such that w is a factor of W.ab/.

Proof. We will first show that if w is a factor of W.ab/ for some W in hU; V i, then
it belongs to †.3; jwj/. This is shown by Bombieri [1, Theorem 15], as the word
! D : : : W.ab/W.ab/W.ab/ : : : belongs to †.3/.

We will now show that if w 2 †.3; jwj/, then it is a factor of W.ab/ for some
W 2 hU; V i.

Let ! be a bi-infinite word in†.3/ containing w as a factor. We know that ! can only
be constant, degenerate, of Type I or of Type II.

Assume first that ! is constant. Thenw is a factor of ak or bk for some k � 1. Observe
that U k�1.ab/ D abk and V k�1.ab/ D akb, so the result follows in this case. Assume
now that ! is degenerate. If w is constant, we reduce to the previous case. Otherwise,
w is a factor of bkabk or akbak for some k � 0. Since U kV.ab/ D abkabkC1 and
V kU.ab/ D akC1bakb, we also obtain the result in this case.

Finally, suppose that ! is of Type I or II. Hence, U�1.!/ or V �1.!/ is well-defined
and belongs to†.3/. Recall that these automorphisms act by reducing all exponents by 1.
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By iteratively applying the appropriate automorphism, U�1 or V �1, we obtain a (pos-
sibly finite) sequence of bi-infinite words ! D !.1/; !.2/; : : : : This process only stops
if !.n/ is constant or degenerate for some n 2 N�. In the latter case, take W 0 2 hU; V i
such that ! D W 0.!.n//. By definition, there exists a factor � of !.n/ such that W 0.�/
contains w. Since !.n/ is constant or degenerate, we know that its factors satisfy the
statement of the lemma. Thus, � is contained in a word of the form W 00.ab/ for some
W 00 2 hU; V i. We find that w is then a factor of W 0W 00.ab/.

Finally, assume that the process never stops, so we obtain an infinite sequence
.!.k//k2N� of bi-infinite words. Possibly by first making w longer so it can be written in
the alphabet ¹a; bº, we can apply the same sequence of operations to the finite word w,
that is, reduce its exponents by 1 in the same way so that the exponents of the bi-infinite
words in the sequence .!.k//k2N� get reduced by 1. In this way, we obtain a sequence
w D w.1/; w.2/; : : : of (possibly empty) finite words. We claim that w.n/ is constant and
nonempty for some n � 1. Indeed, if w.k/ is not constant for some k � 1, then w.kC1/ is
nonempty, since only the exponents of exactly one of the letters, a or b, are reduced by the
operation of taking w.k/ to w.kC1/. Moreover, jw.kC1/j < jw.k/j, as some exponents are
reduced. If w.kC1/ is again not constant, we can continue the process inductively. Since
w is finite, this process has to stop, so some word in the sequence must be constant. This
completes the proof as we already know that constant words satisfy the statement of the
lemma.

2.2. Constraints for words

For a finite word u D u1 : : : un 2 .N�/n, we define u� as the transpose of u, that is,
u� D unun�1 : : : u1 2 .N�/n. Moreover, we set

Mu D

´
12; juj is even;

21; juj is odd;
mu D

´
21; juj is even;

12; juj is odd:

Now, given a section w D u�jv of a finite word w, we define

�C.w/ D Œvm1u �C Œ0uM
1
v �; ��.w/ D ŒvM1u �C Œ0um

1
v �:

These quantities are the largest and smallest values of � that a section of a bi-infinite word
containing w can attain, respectively. Thus, they induce restrictions on which finite words
can be factors of bi-infinite words whose Markov values are known to be bounded in some
way.

2.3. Useful notation

We will set some notation that will be used throughout the article; some of it is borrowed
from [10].

For a finite word ˛ 2 .N�/n written as ˛ D c1 : : : cn, we define its size by s.˛/ WD
jI.˛/j, where I.˛/ is the interval

I.˛/ WD ¹x 2 Œ0; 1� j x D Œ0I c1; : : : ; cn; t �; t � 1º [ ¹Œ0; c1; : : : ; cn�º
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consisting of the numbers in Œ0; 1� whose continued fractions start with ˛. The set I.˛/ is
a closed interval in Œ0; 1�.

If we take p0 D 0, q0 D 1, p1 D 1, q1 D c1 and, for each integer k � 0, we take
pkC2 D ckC2pkC1 C pk and qkC2 D ckC2qkC1 C qk , then the endpoints of I.˛/ are
Œ0I c1; : : : ; cn� D pn=qn and Œ0I c1; : : : ; cn�1; cn C 1� D pnCpn�1

qnCqn�1
. Thus,

s.˛/ D

ˇ̌̌̌
pn

qn
�
pn C pn�1

qn C qn�1

ˇ̌̌̌
D

1

qn.qn C qn�1/
;

since pnqn�1 � pn�1qn D .�1/n�1. We define r.˛/D blog.s.˛/�1/c, which controls the
order of magnitude of the size of I.˛/. Observe that r.˛/ � r if and only if s.˛/ > e�r�1.

We also define, for r 2 N, the set

Qr D ¹˛ D c1 : : : cn j r.˛/ � r; r.c1 : : : cn�1/ < rº:

Observe that ˛ 2 Qr if and only if s.˛/ � e�r and s.˛0/ > e�r , where ˛0 is the word
obtained by removing the last letter from ˛. Informally, this means that the interval I.˛/
is “small”, while the interval I.˛0/ is “not so small”, so the last letter cannot be removed
from ˛ without changing the order of magnitude of jI.˛/j.

Let us recall some estimates from [10] that will be useful for us. Indeed, for any finite
words ˛, ˇ, we have

1
2

s.˛/s.ˇ/ < s.˛ˇ/ < 2s.˛/s.ˇ/I

it follows that r.˛/C r.ˇ/ � 1 � r.˛ˇ/ � r.˛/C r.ˇ/C 2 [10, Lemma A.2]. By Euler’s
property of continuants (Lemma A.1), if ˛ D c1 : : : cm and ˇ D d1 : : : dn are finite words,
then

qmCn.˛ˇ/ D qm.˛/qn.ˇ/C qm�1.c1 : : : cm�1/qn�1.d2 : : : dn/;

and thus
qm.˛/qn.ˇ/ < qmCn.˛ˇ/ < 2qm.˛/qn.ˇ/:

Finally, recall that †.t/ D ¹! 2 .N�/Z j supn2Z �.�
n.!// � tº and that †.t; n/ is

the set of length-n subwords of sequences in †.t/. In this context, we define †.r/.3C ı/
as the set of words w 2 Qr belonging to †.3C ı; jwj/.

3. Weakly renormalizable words

The main goal of this section is to prove Theorem 1.1. For this, we will prove several
lemmas that allow us to understand the structure of †.3; n/.

3.1. Basic facts about �

We start by showing some basic facts about the function � that will be useful throughout
the article.
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Lemma 3.1. Let ! 2 †.3:06/. Then ! does not contain 121 or 212 as subwords.

Proof. Observe that ��.1j21/ > 3:15, so the word 121 does not appear in !. Now, if 212
is a subword of !, so is 2212. This is not possible since ��.2j212/ > 3:06.

Lemma 3.2. Let ! be a bi-infinite word in 1 and 2 not containing 121 and 212 and
such that ! D R�w�bjawS , where w is a finite word, R D R1R2 : : : ; S D S1S2 : : : and
R1 ¤ S1, with Ri ; Si 2 ¹1; 2º for each i . Then

s.bwb/ < sign.Œw; S� � Œw;R�/.�.!/ � 3/ < s.bw1/:

In particular, if w has even length, R1 D 1 and S1 D 2, then

s.bwb/ < �.!/ � 3 < s.bw1/:

Proof. First observe that Œ2I 2;w;R�C Œ0I 1; 1; w;R� D 3. Thus,

�.R�w�11j22wS/ D Œ2I 2;w; S�C Œ0I 1; 1; w;R�

D 3C Œ0I 1; 1; w;R� � Œ0I 1; 1; w; S�:

We obtain

�.R�w�11j22wS/ � 3 D Œ0I 1; 1; w;R� � Œ0I 1; 1; w; S�

D sign.Œw; S� � Œw;R�/ � jŒ0I 1; 1; w;R� � Œ0I 1; 1; w; S�j:

Let x D Œ0I 1; 1; w; R� and y D Œ0I 1; 1; w; S�. We will write the continued-fraction
expansion of these numbers as

x D Œ0Iu1; : : : ; u`; u`C1; u`C2; : : :�;

y D Œ0Iu1; : : : ; u`; v`C1; v`C2; : : :�;

where u1 D u2 D 1 and u`C1 ¤ v`C1. With this notation, we have

sign.Œw; S� � Œw;R�/.�.!/ � 3/ D jx � yj:

Let .pn=qn/n2N be the sequence of convergents of x. More explicitly, pn=qn D
Œ0Iu1; : : : ; un�.

If we put ˛`C1 D Œu`C1Iu`C2; u`C3; : : :�, then

x D Œ0Iu1; : : : ; u`; ˛`C1� D
˛`C1p` C p`�1

˛`C1q` C q`�1
:

Similarly, let ˇ`C1 D Œv`C1I v`C2; v`C3; : : :�. We then have

y D
ˇ`C1p` C p`�1

ˇ`C1q` C q`�1
;
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since the sequence of convergents of y coincides with .pn=qn/n2N up to n D `. Thus,

jx � yj D

ˇ̌̌̌
˛`C1p` C p`�1

˛`C1q` C q`�1
�
ˇ`C1p` C p`�1

ˇ`C1q` C q`�1

ˇ̌̌̌
D

ˇ̌̌̌
.˛`C1 � ˇ`C1/.p`q`�1 � p`�1q`/

.˛`C1q` C q`�1/.ˇ`C1q` C q`�1/

ˇ̌̌̌
D

ˇ̌̌̌
.˛`C1 � ˇ`C1/.�1/

`�1

.˛`C1q` C q`�1/.ˇ`C1q` C q`�1/

ˇ̌̌̌
D

j˛`C1 � ˇ`C1j

.˛`C1q` C q`�1/.ˇ`C1q` C q`�1/
; (3.1)

where we have used p`q`�1 � p`�1q` D .�1/`C1.
Since we are only interested in continued fractions whose partial quotients are 1 or 2,

we can assume, without loss of generality, that u`C1 D 2 and v`C1 D 1. We denote ˛ D
˛`C1, ˇ D ˇ`C1 and � D q`�1=q` 2 .0; 1/. Thus,

jx � yj D
˛ � ˇ

q2
`
.˛ C �/.ˇ C �/

D
1

q2
`

�
1

ˇ C �
�

1

˛ C �

�
: (3.2)

We see that jx � yj is (for fixed q`�1 and q`) an increasing function of ˛, and a decreasing
function of ˇ. By analyzing (3.1) and (3.2) we deduce the following:

� jx � yj is minimized when ˛ is minimized and ˇ is maximized. This happens when

˛ D ˛0 WD Œ2I 2; 1; 1; 1; 2; 2� D
21C 2

p
210

21
� 2:3801;

ˇ D ˇ0 WD Œ1I 1; 2; 2; 2; 1; 1� D
6C
p
210

12
� 1:7076:

� jx � yj is maximized when ˛ is maximized and ˇ is minimized. This happens when

˛ D ˛1 WD Œ2I 1; 1; 1; 2; 2; 2� D
21C 2

p
210

19
� 2:6306;

ˇ D ˇ1 WD Œ1I 2; 2; 2; 1; 1; 1� D
12C 2

p
210

29
� 1:4132;

On the other hand, bwb D u1 : : : u`11, so

s.bwb/ D jŒ0Iu1; : : : ; u`; 1; 1� � Œ0Iu1; : : : ; u`; 1; 1; 1�j

D

ˇ̌̌̌
2p` C p`�1

2q` C q`�1
�
3p` C 2p`�1

3q` C 2q`�1

ˇ̌̌̌
D

1

.2q` C q`�1/.3q` C 2q`�1/
D

1

q2
`

1

.2C �/.3C 2�/
:
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Similarly,

s.bw1/ D jŒ0Iu1; : : : ; u`; 1� � Œ0Iu1; : : : ; u`; 1; 1�j

D

ˇ̌̌̌
p` C p`�1

q` C q`�1
�
2p` C p`�1

2q` C q`�1

ˇ̌̌̌
D

1

.q` C q`�1/.2q` C q`�1/
D

1

q2
`

1

.1C �/.2C �/
:

We then have

jx � yj

s.bwb/
� .˛0 � ˇ0/

.2C �/.3C 2�/

.˛0 C �/.ˇ0 C �/

� .˛0 � ˇ0/
.2C 1=3/.3C 2=3/

.˛0 C 1=3/.ˇ0 C 1=3/
� 1:03895 > 1;

since the maps f1.�/ D 2C�
˛0C�

and f2.�/ D 3C2�
ˇ0C�

are increasing and

� D q`�1=q` D q`�1=.u`q`�1 C q`�2/ � q`�1=.2q`�1 C q`�2/ � 1=3:

Analogously,

jx � yj

s.bw1/
� .˛1 � ˇ1/

.1C �/.2C �/

.˛1 C �/.ˇ1 C �/

� .˛1 � ˇ1/
.1C 1/.2C 1/

.˛1 C 1/.ˇ1 C 1/
� 0:83374 < 1;

since the maps g1.�/ D 1C�
ˇ1C�

and g2.�/ D 2C�
˛1C�

are increasing and � � 1.

Remark 3.3. The Markov value of ! D R�11j22S coincides with the Markov value of
�.!/� D S�2j211R [1, Lemma 5].

It is not difficult to adapt the proof above to obtain a more explicit (but weaker) version
of this lemma which depends only on the length of w:

Lemma 3.4. Let ! be a bi-infinite word in 1 and 2 not containing 121 and 212 and such
that ! D R�11j22S with R D R1R2 : : : and S D S1S2 : : : and R ¤ S . Let ` be the
smallest nonnegative integer such that R` ¤ S`. Then

1

7
.3 � 2

p
2/` < sign.ŒS� � ŒR�/.�.R�11j22S/ � 3/ <

1

7

�
3 �
p
5

2

�`
:

In particular, if w D w� and ` D jwj is even, then

3 �
1

7

�
3 �
p
5

2

�`C1
< �..wba/1wbjaw.baw/1/ < 3 �

1

7
.3 � 2

p
2/`C1:

We will usually use this lemma in the following way. Consider a finite word w in the
alphabet ¹a; bº. Assume that ba is a factor of w. Then we write w D u�bjav, where the
vertical bar indicates a cut, that is, the position at which we compute the Markov value.
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Now, let ` be the smallest nonnegative integer such that u` ¤ v` and assume that u` D b
and v` D a. In other words, w contains the factor b��bja�a, where the vertical bar marks
the same position as the cut in w. By the lemma, the Markov value of any infinite word in
the alphabet ¹a; bº containing w is at least 3C 1

7
.3 � 2

p
2/2`�1. Similarly, if w contains

ab as a factor, then we can also write w D u�ajbv. Assume now that the smallest non-
negative integer ` such that u` ¤ v` satisfies u` D a and v` D b. Then the Markov value
of any infinite word in the alphabet ¹a; bº containing w is at least 3C 1

7
.3 � 2

p
2/2`�1.

In particular, if we assume that ! is an infinite word in the alphabet ¹a; bº and that
its Markov value is sufficiently small, then no finite factor w of ! can contain patterns
as above. This ultimately allows us deduce that some letters are forced inside an infinite
word containing a finite word.

For concreteness, we will demonstrate the usage of the previous lemma by showing
that no bi-infinite word in †.3:0007/ contains the factor w D bbabjaa. Let ! be a bi-
infinite word containing w. We start by considering the cut bbjabaa. By the lemma, if
aa does not appear to the left of w in !, then �.!/ > 3C 1

7
.3 � 2

p
2/3 > 3:0007. Thus,

we assume that ! contains aabbabaa as a factor. We can now consider a second cut,
aajbbabaa. This cut shows that �.!/ > 3C 1

7
.3 � 2

p
2/1 > 3:0007, which completes

the example.
We now show that sequences of 1’s or 2’s of odd length are forbidden if we assume

that the Markov value of a word is sufficiently close to 3 (relative to the size of the interval
it defines).

Lemma 3.5. Let r 2N with r � 5. Let c; c0 2 ¹1; 2º with c ¤ c0. Letw D c0cnc0 for some
integer n � 1, and suppose that w 2 †.3C e�r ; jwj/. If r.cn/ � r � 4 then n is even.

Proof. Note thatw ¤ 121 andw ¤ 212 by Lemma 3.1, so n > 1. Without loss of general-
ity, we can assume thatw is the shortest word of this form satisfyingw 2†.3C e�r ; jwj/.
Let ! 2 †.3C e�r / be a bi-infinite word such that w is a factor of !. Assume for a con-
tradiction that n D 2k C 1. We will show that �.!/ > 3C e�r .

Suppose c D 1. We have a section ! D R�11j22S with

R D R1R2R3 : : : D 1
2k�12 : : : ; S D S1S2S3 : : : D 2

p1q2r : : : :

By Lemma 3.2, p > 0 implies that �.!/ > 3C s.bb/ D 3C 1
40

, which contradicts the
assumption on w. Thus, that p D 0. Let ` be the smallest positive integer such that
R` ¤ S`. We have two cases:

� If q > 2k � 1, then ` D 2k. Since we are assuming that n D 2k C 1, we have ` < n.
Moreover, ŒS� > ŒR� since S` < R` and ` is even.

� If q � 2k � 1, then q is even as, otherwise, it would contradict the assumption on k.
Thus, q � 2k � 2 and ` D q C 1 < n. Hence, ŒS� > ŒR� as S` > R` and ` is odd.

In any case, by the assumption on n we deduce from Lemma 3.2 that

�.!/ > 3C s.111`�111/ � 3C s.1nC3/ � 3C s.1n/e�3 > 3C e�r ;

where the last inequality holds as r.1n/ � r � 4.
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Now suppose c D 2, so we have a section ! D R�11j22S with

R D R1R2R3 : : : D 1
p2q1r : : : ; S D S1S2S3 : : : D 2

2k�11 : : : :

If p > 0, Lemma 3.2 shows that �.!/ > 3C s.bb/ D 3C 1
40

, so we must have p D 0.
Let ` be the smallest positive integer such that R` ¤ S`. We have two cases:

� If q > 2k � 1, then ` D 2k. Since we are assuming that n D 2k C 1, we have ` < n.
Moreover, ŒS� > ŒR� since S` < R` and ` is even.

� If q � 2k � 1, then q is even as before. Thus, q � 2k � 2 and ` D q C 1 < n. Hence,
ŒS� > ŒR� as S` > R` and ` is odd.

In any case, by the assumption on n we deduce from Lemma 3.2 that

�.!/ > 3C s.112`�111/ � 3C s.2n/e�2 > 3C e�r ;

where the last inequality holds as r.2n/ � r � 3.

Whenever we want a version of some lemma that depends only on the length of a
word instead of on the size of the interval that it defines (since we want to prove Theo-
rem 1.1 which is stated in terms of lengths of words), we can either repeat the proof using
Lemma 3.4 instead of Lemma 3.2, or directly compare r with the length using Lemma A.2.
For example, we can show that sequences of 1’s or 2’s of odd length are forbidden:

Lemma 3.6. Let n be so large that

1

6n
<
1

7
.3 � 2

p
2/nI

for definiteness, we can take n � 68. Let ! 2 †.3 C 6�n/. Then ! does not contain
122kC11 or 212kC12 as subwords if 2k C 1 < n.

3.2. Nielsen substitutions and sequences with Markov value close to 3

Recall the Nielsen substitutions

U W
a 7! ab;

b 7! b;
V W

a 7! a;

b 7! ab:

Let T be the tree obtained by successive applications of U and V , starting at the root ab.
Let P be the set of vertices of T and let Pn, for n � 0, be the set of elements of P whose
distance to the root ab is exactly n. Recall from Lemma 2.1 that a finite word w belongs
to †.3; jwj/ if and only if it is a factor of a word in P .

Given a pair .u; v/ of words, we also define the operations xU.u; v/ D .uv; v/ and
V .u; v/ D .u; uv/. Let T be the tree obtained by successive applications of xU and V ,
starting at the root .a; b/. Let xP be the set of vertices of T and let xPn, for n � 0, be the
set of elements of xP whose distance to .a; b/ is exactly n.

Let c be the concatenation operator, that is, c.u; v/ D uv.
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Lemma 3.7. Let .˛; ˇ/ 2 xP . Then there exists W 2 hU; V i such that ˛ D W.a/ and
ˇ D W.b/. In particular, the sets c. xP / and P are equal.

Proof. We will prove a stronger equality: c. xPn/ D Pn for each n � 0. It is enough to
show one inclusion as both sets have cardinality 2n.

We proceed by induction. We claim that, for every n � 0 and .u; v/ 2 xPn, there exists
W 2 hU; V i such that u D W.a/ and v D W.b/. The base case, for n D 0, is clear.

Now, let .u; v/ 2 xPn�1 for n � 1. We will prove the claim for .uv; v/ 2 xPn. Indeed,
there exists W 2 hU; V i such that u D W.a/ and v D W.b/. Observe that WU.a/ D
W.ab/ D W.a/W.b/ D uv and WU.b/ D W.b/ D v. The proof for .u; uv/ 2 xPn is
analogous.

To state the following lemmas, we need to fix some useful notation. Let ˛ and ˇ be
finite words and assume that ˛ starts with a, while ˇ ends with b. We write ˛ D a˛C and
ˇ D ˇ�b. Then we define ˛b D b˛C and ˇa D ˇ�a. That is, ˛b is obtained by replacing
the first letter of ˛ (which is a by assumption) with b, and similarly ˇa is obtained by
replacing the last letter of ˇ (which is b by assumption) with a.

Lemma 3.8. For every .˛; ˇ/ 2 xP , ˛ starts with a and ˇ ends with b. Moreover, every
word ˛kˇ with k � 1 starts with ˇa, and every word ˛ˇk with k � 1 ends with ˛b . In
particular, every sufficiently large word in .˛; ˇ/ starts with ˇ� and ends with ˛C, and
we always have ˛ˇ D .ˇa/.˛b/.

Proof. For .˛; ˇ/ D .a; b/, it is clear that ˛ starts with a, ˇ ends with b, ˛C D ˇ� D ¿,
˛b D b, ˇa D a, ˛kˇ D akb starts with a D ˇa for every k � 1, and ˛ˇk D abk ends
with b D ˛b for every k � 1.

By induction, if .A;B/ D .˛; ˛ˇ/ then A D ˛ starts with a and B D ˛ˇ ends with b.
Since B D ˛ˇ ends with ˛b D Ab , we see that, for every k � 1, ABk also ends with Ab .
Now, fix k � 1. By induction, ˛kˇ starts with ˇa, so AkB D ˛kC1ˇ D ˛˛kˇ starts with
˛ˇa D .˛ˇ/a D Ba.

On the other hand, if .A;B/D .˛ˇ;ˇ/ then clearly A starts with a and B ends with b.
SinceAD ˛ˇ starts with ˇa DBa, we find that, for every k � 1,AkB starts withBa. Fur-
thermore, since ˛ˇk ends with ˛b ,ABk D ˛ˇkC1 D ˛ˇkˇ ends with ˛bˇD .˛ˇ/b DAb

for every k � 1. The inductive argument is therefore complete.
Finally, the remaining equality ˛ˇ D .ˇa/.˛

b/ follows immediately since j˛ˇj D
j.ˇa/.˛

b/j (and, as we have just proved, ˛ˇ starts with ˇa and ends with ˛b).

Remark 3.9. Every word in P is of the form a�b with � palindromic, i.e., � coincides
with its transpose ��, as stated in Bombieri’s article [1, proof of Theorem 15]. Since ˛
starts with a and ˇ ends with b, this is equivalent to .˛ˇ/� D ..˛ˇ/b/a. In other words,
both ˛b and ˇa are palindromic for every pair .˛; ˇ/ 2 xP . We will now present an alter-
native proof of this fact.

As in the previous lemma, we will proceed by induction; the base case is clear. Sup-
pose that ˛b and ˇa are palindromic. Then .˛ˇ/b is palindromic, since both .˛ˇ/b D ˛bˇ
and ..˛ˇ/b/� D .˛bˇ/� D ˇ�˛b are obtained from ˛ˇ D .ˇa/.˛

b/ by replacing the first
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letter (which is a) with b, and therefore coincide. Similarly, .˛ˇ/a is also palindromic.
Thus, the result holds for both .˛ˇ; ˇ/ and .˛; ˛ˇ/, which completes the inductive proof.

Lemma 3.10. Suppose that a word w can be written as a concatenation �˛ˇ� 0 for some
words � , � 0, ˛ and ˇ with .˛; ˇ/ 2 xPn and n 2 N. If there exist .A; B/ 2 xPn, k � 1 and
w1; : : : ; wk 2 ¹A; Bº such that w D w1 : : : wk , then .A; B/ D .˛; ˇ/ and there exists
1 � j < k such that w1 : : : wj�1 D � , wj D ˛, wjC1 D ˇ and wjC2 : : : wk D � 0.

Proof. As usual, we proceed by induction. The result is trivial for the base case .˛; ˇ/ D
.a; b/ 2 xP0. Assume now that .˛;ˇ/D .uv; v/ for .u; v/ 2 xPn�1, where n� 1. Letw be a
word such that w D �˛ˇ� 0 for some words �; � 0 and assume that there exist .A;B/ 2 xPn,
k � 1 and w1; : : : ; wk 2 ¹A;Bº such that w D w1 : : : wk .

SincewD �˛ˇ� 0 and ˛ˇD uvv, there exist � D � and � 0D v� 0 such thatwD �uv� 0.
Thus, by induction, if w can be written as concatenation of words from a pair in xPn�1,
then the pair is necessarily .u; v/ and the words u, v and v appear consecutively in this
decomposition. This is indeed the case as each wj for 1 � j � k is a concatenation of
words from a pair in xPn�1, so w can be written in this way as well.

We conclude that .A;B/D xU.u;v/D .uv;v/ or .A;B/D V .u;v/D .u;uv/. Indeed,
if this did not hold, then we would be able to find a different pair in xPn�1 whose words can
be concatenated to obtain w. Finally, if .A;B/ D V .u; uv/, then it would not be possible
for the words u, v, v to appear consecutively. We conclude that .A;B/ D .˛; ˇ/.

The case where .˛; ˇ/ D .u; uv/ for .u; v/ 2 xPn�1 is analogous.

We can now relate the length of a factor of a word in P to the length of the smallest
word in P containing it:

Lemma 3.11. Let w be a factor of a word in P . Then the length of the shortest word in P
containing w is strictly smaller than 3jwj.

Proof. Let .˛; ˇ/ 2 xP be such that ˛ˇ contains w and j˛ˇj is minimal for this property.
We will assume j˛j > jˇj (the case j˛j < jˇj is analogous, and the case j˛j D jˇj only
occurs in the trivial case ˛ D a; ˇ D b, in which we may replace the constant 3 with 2).
Hence, we may write ˛ D Q̨ˇr for some r � 1, where . Q̨ ; ˇ/ 2 xP and j Q̨ j � jˇj. We then
have the bounds .r C 1/jˇj < j˛ˇj � .r C 2/jˇj.

Observe that w must intersect both ˛ and ˇ by minimality of j˛ˇj. Indeed, if w
only intersects ˛ D Q̨ˇr or ˇ, then the shorter word Q̨ˇr�1ˇ corresponding to the pair
. Q̨ˇr�1; ˇ/ 2 xP contradicts the minimality of j˛ˇj. Now, if w intersects the prefix Q̨ of ˛,
then it contains ˇr strictly, and so the ratio jwj=j˛ˇj is larger than r=.r C 2/� 1=3. Thus,
from now on we may assume that w is contained in ˇrC1. Moreover, r is minimal for this
property, as otherwise the pair . Q̨ˇr�1; ˇ/ 2 xP again contradicts the minimality of j˛ˇj.
Thus, w D uˇr�1v, where u is a nonempty suffix of ˇ and v is a nonempty prefix of ˇ.

Assume that r � 2. By Lemma 3.8, we know that Q̨ˇ D .ˇa/. Q̨
b/. We now claim

that juj � j Q̨bj. Indeed, assume that this is not the case. Then w is contained in
˛ D Q̨ˇr , since any proper suffix of Q̨b is also a proper suffix of Q̨ . This contradicts
the minimality of j˛ˇj as before. Thus, since j Q̨bj D j Q̨ j, the ratio jwj=j˛ˇj is at least
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..r � 1/jˇj C j Q̨ j/=..r C 1/jˇj C j Q̨ j/, which is larger than .r � 1/=.r C 1/ � 1=3 since
r � 2.

We will now address the remaining case where r D 1. First observe that if j Q̨ j D jˇj,
then Q̨ D a and ˇ D b. Hence, ˛ D ab and w D b2. We then have jwj=j˛ˇj D 2=3. We
can therefore assume from now on that jˇj > j Q̨ j and we may write ˇ D Q̨ j Q̌ for some
j � 1, where . Q̨ ; Q̌/ 2 xP and j Q̌j � j Q̨ j.

We see that w is a factor of ˇ2 D Q̨ j Q̌ Q̨ j Q̌ and it intersects both copies of ˇ. Hence,
w D uv, where u is a nonempty suffix of ˇ D Q̨ j Q̌ and v is a nonempty prefix of ˇ D
Q̨ j Q̌ D Q̨ Q̨ j�1 Q̌.

By Lemma 3.8, Q̨ j Q̌ ends with Q̨b . We claim that Q̨b is a suffix of u. Indeed, if this
were not the case, then u would be a suffix of Q̨ , and hence w would be contained in
the shorter word Q̨ Q̨ j Q̌ corresponding to the pair . Q̨ ; Q̨ j Q̌/ 2 xP , which is not possible
by the minimality of j˛ˇj. Similarly, Lemma 3.8 implies that Q̨ j Q̌ D Q̨ Q̨ j�1 Q̌ starts with
Q̨ j�1 Q̌a. We claim that Q̨ j�1 Q̌a is a prefix of v. Indeed, otherwise v would be a prefix of
Q̨ j�1 Q̌, and hence w would be contained in the shorter word Q̨ j Q̌ Q̨ j�1 Q̌ correspond-
ing to the pair . Q̨ j Q̌; Q̨ j�1 Q̌/ 2 xP , which is not possible by the minimality of j˛ˇj.
Finally, we conclude from j Q̨bj D j Q̨ j and j Q̌aj D j Q̌j that the ratio jwj=j˛ˇj is at least
.j j Q̨ j C j Q̌j/=..2j C 1/j Q̨ j C 2j Q̌j/, which is larger than j=.2j C 1/ � 1=3.

Remark 3.12. The general bound in the previous lemma cannot be improved. Indeed,
for the word w D babkC1a for k � 1, we find that j˛ˇj is minimal for the pair .˛; ˇ/ D
.abkabkC1; abkC1/ 2 xP . Since jwj D 2.kC 4/ and j˛ˇj D 2.3kC 5/, the ratio jwj=j˛ˇj
is arbitrarily close to 1=3 when k is sufficiently large.

This example corresponds to the first case of the proof of the previous lemma, namely
when w intersects the prefix Q̨ of ˛ D Q̨ˇr . In the remaining two cases of the proof,
nevertheless, the bound can be improved as we do below.

Assume then that w does not intersect Q̨ . As in the previous proof, we first con-
sider the case where r � 2. Then we may replace the constant 3 with 2 C " for any
" > 0. Indeed, observe first that if j Q̨ j D jˇj, then Q̨ D a and ˇ D b, so ˛ D abr and
w D brC1. Thus, the ratio jwj=j˛ˇj is .r C 1/=.r C 2/ � 3=4 � 1=2. Otherwise, if
jˇj > j Q̨ j, we write ˇ D Q̨ j Q̌ for j � 1 and . Q̨ ; Q̌/ 2 xP . We have w D uv, where u is a
suffix of ˇr D Q̨ j Q̌ˇr�1 and v is prefix of ˇ D Q̨ j Q̌. By Lemma 3.8, Q̨ j Q̌ ends with Q̨b

and we claim that Q̨bˇr�1 is a suffix of u. Indeed, otherwise u would be a suffix of
Q̨ˇr�1, so w would be contained in the shorter word ˛ D Q̨ˇr corresponding to the pair
. Q̨ˇr�1; ˇ/ 2 xP . Similarly, if we put Ǒ D Q̨ j�1 Q̌ we have . Q̨ ; Ǒ/ D . Q̨ ; Q̨ j�1 Q̌/ 2 xP , so
Lemma 3.8 implies that Q̨ Ǒ starts with Ǒa. We claim that Ǒa is a prefix of v. Indeed, other-
wise v is a prefix of Ǒ, and thus w is contained in the shorter word . Q̨ Ǒ/r Ǒ corresponding
to the pair . Q̨ Ǒ; . Q̨ Ǒ/r�1 Ǒ/ 2 xP , a contradiction. Therefore, the ratio jwj=j˛ˇj is at least
..r � 1/jˇj C j Q̨ j C j Ǒj/=..r C 1/jˇj C j Q̨ j/ D r jˇj=..r C 1/jˇj C j Q̨ j/, which is larger
than r=.r C 2/ � 1=2.

Finally, we analyze the case where r D 1 and show that we can replace the constant 3
with 5=2C " for any " > 0. Recall that ˇ D Q̨ j Q̌, so the result is clear when j � 2 as
j=.2j C 1/ � 2=5. Thus, we will assume that j D 1, so ˛ D Q̨ Q̨ Q̌ and ˇ D Q̨ Q̌. If j D 1
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and j Q̨ j D j Q̌j, then Q̨ D a, Q̌ D b, ˛ D aab and ˇ D ab. Since w intersects both ˛ and ˇ,
we have jwj � 4, so we obtain jwj=j˛ˇj � 2=5 once again. We will then assume that
j Q̌j < j Q̨ j. We see that w is a factor of Q̨ Q̌ Q̨ Q̌, which is in turn a factor of the shorter word
Q̨ Q̌ Q̨ Q̌ Q̌ corresponding to the pair . Q̨ Q̌; Q̨ Q̌ Q̌/ 2 xP , a contradiction.

The lemma allows us to control the size of the set †.3; n/:

Corollary 3.13. For all n � 1, we have j†.3; n/j � 9n3.

Proof. If w 2 †.3; n/, then there is .˛; ˇ/ 2 xP with j˛ˇj < 3n such that w is a factor
of ˛ˇ by Lemmas 2.1 and 3.11. Notice now that the pair .˛; ˇ/ 2 xP is determined by
the irreducible fraction j˛j=jˇj: indeed, j˛j D jˇj if and only if ˛ D a and ˇ D b; if
j˛j > jˇj, then ˛ D Q̨ˇk for some positive integer k with . Q̨ ; ˇ/ 2 xP and j Q̨ j � jˇj, and
thus j˛j=jˇj D kC j Q̨ j=jˇj; and if j˛j< jˇj, then ˇD ˛k Q̌ and j˛j=jˇj D 1=.kC j Q̌j=j˛j/.
Hence, our claim follows by induction on the number of elements of the continued fraction
of j˛j=jˇj.

The number of such fractions j˛j=jˇj is bounded by the number of pairs .i; j / of
positive numbers with i C j � 3n, which is 3n.3n � 1/=2 < 9n2=2. Since a word of
size smaller than 3n has at most 2n factors of size n, there are at most 2n � 9n2=2 D 9n3

elements in †.3; n/.

Recall that U and V are the Nielsen operators given by U.a/ D ab, U.b/ D b,
V.a/ D a and V.b/ D ab.

Lemma 3.14. For any finite word w in the alphabet ¹a; bº, we have the identities

bU.w�/ D U.w/�b and V.w�/a D aV.w/�:

In particular, if w is a palindrome, then so are bU.w/ and V.w/a.

Proof. This was already shown by Bombieri [1, proof of Theorem 15], but for complete-
ness we include a short proof by induction.

The identities are trivial if jwj D 0. Assume that they hold for words of length n � 1
for n � 1, and let w be a word of that length. If Qw D aw, then

bU. Qw�/ D bU.w�a/ D bU.w�/ab D U.w/�bab D U. Qw/�b;

V . Qw�/a D V.w�a/a D V.w�/aa D aV.w/�a D aV. Qw/�:

On the other hand, if Qw D bw, then

bU. Qw�/ D bU.w�b/ D bU.w�/b D U.w/�bb D U. Qw/�b;

V . Qw�/a D V.w�b/a D V.w�/aba D aV.w/�ba D aV. Qw/�:

Assume now that w is a palindrome. Then

.bU.w//� D U.w/�b D bU.w�/ D bU.w/;

.V .w/a/� D aV.w/� D V.w�/a D V.w/a:
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The following lemma shows that bi-infinite words with Markov value exponentially
close to 3 (relative to the size of the interval they induce) cannot contain both ˛˛ and ˇˇ
if .˛; ˇ/ 2 xP . Recall that

r.w/ D blog.s.˛/�1/c D blog.jI.˛/j�1/c:

Lemma 3.15. Let .˛;ˇ/ 2 xP . If w is a finite word in the alphabet ¹˛;ˇº starting with ˛˛
and ending with ˇˇ such that r.w/ � r , then the Markov value of any bi-infinite word
containing w as a factor is larger than 3 C e�r . Moreover, if w contains ˛˛ˇˇ as a
factor and r.w/ � 2r , then the Markov value of any bi-infinite word containing w as a
factor is larger than 3C e�r .

Proof. The proof is in several steps. The first step, labeled as “Step 0”, is not strictly
necessary; it is contained in the other more general steps. In this step we make an estimate
depending on jwj, and it is weaker than the estimate of the statement, which depends
on r.w/. However, we have included it since it contributes to the understanding of the
overall strategy.

Step 0: Assume that ˛ D a and ˇ D b. Without loss of generality, we can assume that
w D aa.ba/kbb, since otherwise there is a factor ofw of this form and we may replacew
by this factor. We will consider two cuts of this word. One cut, to which we will refer as
the “first cut”, is aa.ba/kjbb, while the “second cut” is aa.ba/kbbj. We start by applying
Lemma 3.4 to the first cut. This immediately shows that k � 1, as otherwise any bi-infinite
word containing w has a Markov value of at least 3C 1

7
(in the general case this is not

immediate; it is treated in Step 2). Hence, we assume that k � 1.
Let ! be a bi-infinite word containing w and assume towards a contradiction that its

Markov value is smaller than 3C 1
7
.3� 2

p
2/jwj. We continue drawing conclusions from

Lemma 3.4: the first cut shows that ! must contain an a to the right ofw. Thus, ! contains
w0 D aa.ba/kjbbja, where we have again marked both cuts. We now use these cuts to
conclude inductively that w0 must be followed by .ba/k�1 in !: each b is forced by the
second cut (since there is a b at the symmetric position with respect to the second cut),
and it is followed by an a by the first cut (since there is an a at the symmetric position
with respect to the first cut).

Set 
 D .ba/k�1. Between both cuts, we have the word bb which we will write as b�b
with � D ¿ (in the general case, � can be more complicated). On the left of the first cut,
we have a word of the form .�ba
a/�a, while the second cut is followed by a
 . Thus, !
contains the word w00 D .�ba
a/�ajb�bja
 , where we have again marked the first and
second cuts.

The structure above is precisely the configuration that we will try to replicate in
the general case, as it already leads to a large Markov value. Indeed, using the first
cut again, we find that w00 is followed by an a in !. Finally, w00 can also be written
as w00 D .��ba�ba
a/�bja
 (where only the second cut is marked). Since ��ba�ba

starts with 
b, we deduce that w00 is followed by a b inside !, which contradicts the
fact that it is followed by an a as established before. In other words, we have shown that
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any bi-infinite word containing w has a Markov value of at least 3C 1
7
.3 � 2

p
2/j
 jC1 >

3C 1
7
.3 � 2

p
2/jwj.

Step 1: We now start treating the general case, so assume that w starts with ˛˛ and ends
with ˇˇ. Since .˛; ˇ/ 2 xP , Lemma 3.7 shows that there exists some W 2 hU; V i such
that ˛ D W.a/ and ˇ D W.b/. Thus, w is the image by W of a word in the alphabet
¹a; bº starting with aa and ending with bb. Without loss of generality, we assume that
w D ˛˛.ˇ˛/kˇˇ with k � 0, as otherwise w contains a factor of this form and we may
replace w with this factor.

Step 2: In this step, we assume that k D 0, so w D ˛˛ˇˇ. We claim that w contains a cut
of the form �ajb�b, where �� starts with �a and � is a palindromic word. This leads to a
contradiction by Lemma 3.2, as then the Markov value of any bi-infinite word containing
w is at least 3C s.b�b/, which is larger than 3C e�r by the following computation.

By hypothesis, we have s.w/ � e�2r�1, so s.˛˛ˇˇ/ � e�2r�1. Write � D �1 : : : �n.
By (A.1) we have s.a�a/�1 � 961qn.�/2 and s.b�b/�1 � 162qn.�/2. Therefore,

e�2r�1 � s.˛˛ˇˇ/ � s.a�ab�b/ � 2s.a�a/s.b�b/ �
324

961
s.b�b/2;

hence s.b�b/ � e�r .
We proceed by induction: in the base case, we have � D ¿ and � D a. Now, observe

that
U.�ab�b/ D U.�/ajbbU.�/b D Q�ajb Q�b;

where Q� D U.�/ and Q� D bU.�/, and we have adjusted the position of the cut. We claim
that Q�� D U.�/� starts with bU.�/a D Q�a. Indeed, since �� starts with �a, we see that �
ends with a��. Thus, U.�/ ends with abU.��/. Therefore, U.�/� starts with U.��/�ba,
which is equal, by Lemma 3.14, to bU.�/a D Q�a (since � is a palindrome).

On the other hand, observe that

V.�ab�b/ D V.�/aajbV.�/ab D Q�ajb Q�b;

where Q� D V.�/a and Q� D V.�/a, and we have adjusted the position of the cut.
We claim that Q�� D aV.�/� starts with V.�/aa D Q�a. Indeed, first observe that, by
Lemma 3.14, Q�� D V.��/a. Now, we consider two cases. If �� D �a, then Q�� D
V.�a/aD V.�/aaD Q�a. Otherwise, �� starts with �ac where c 2 ¹a;bº, so Q�� starts with
V.�ac/ D V.�/aV.c/. Since V.c/ starts with a whether c D a or c D b, we conclude
that Q�� starts with V.�/aa D Q�a.

Since, by Step 1, there exists W 2 hU; V i such that W.a/ D ˛ and W.b/ D ˇ, this
concludes the proof when k D 0.

Step 3: In this step we leverage the structure found in Step 0 when k � 1 and show that
it also leads to a large Markov value in a more general context. Assume now that we have
a word w with two cuts of the form w D �ajb�bj such that

(1) there exists a word 
 such that � ends with .�ba
a/�;

(2) ��ba�ba
 starts with 
b.
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We have shown that (1) and (2) hold for the base case w D aa.ba/kbb with � D

aa.ba/k�1b and � D ¿.
Then, as before, the Markov value of any bi-infinite word ! containing w is at least

3C e�r . To see this, we will again use the fact that, by Lemma 3.2, some of the letters
surroundingw are forced in ! for the Markov value to remain below this value; eventually
this will not be possible anymore. Indeed, an a is forced after w by the first cut, since
� ends with .�ba/�. Moreover, Lemma 3.5 shows that the configuration �ajb�bja is
followed by 
 : each a of 
 is forced by the first cut (since � ends with .�ba
/�), while
each b of 
 is forced by the second cut (since ��ba�ba
 starts with 
b). Finally, the first
cut forces an a after �ajb�bja
 (since � ends with .�ba
a/�), while, on the contrary,
the second cut forces a b after �ajb�bja
 (since ��ba�ba
 starts with 
b). Thus, the
Markov value of any bi-infinite word containing w is at least 3C e�r .

To be more precise about this last part, observe that 
 cannot be followed by 12 or 21,
because otherwise we will find a sequence of the form c0csc0 where c; c0 2 ¹1; 2º with
c ¤ c0 and s odd, but using Lemma A.4 and the fact that s is monotone and w ends with
.�ba
a/�.ab�b/, we get

s.cs/ � s.a
a/ � 2�1s.a
�ab��/ � 2�2s.abb/�1s.w/ D .775=2/s.w/;

whence r.cs/ � r � 4, contradicting Lemma 3.5. If 
 is followed by b, then writing the
first cut as !� D R�b��bja�aS with � D �ba
 we have, by Lemma 3.2,

�.!/ D �.!�/ � 3C s.b�b/:

Since a��ab�b is a subword of w, we see that r.a��ab�b/ � r by Lemma A.3. In
particular, s.a��ab�b/ � e�r�1. On the other hand, by Lemma A.4, s.a��ab�b/ �
4s.a�a/s.b�b/ � s.b�b/=3, whence s.b�b/ � e�r .

Similarly, if the word 
 is followed by a, then, by writing the second cut as ! D
R�b
�bja
aS , we have

�.!/ � 3C s.b
b/:

Finally, since 
 is a subword of � D �ba
 , by Lemma A.3 again we get s.b
b/ �
s.b�b/ � e�r .

Step 4: We now show inductively that the previous structure (namely properties (1)
and (2)) persists when we apply U or V to w D �ajb�bj. First, observe that, after adjust-
ing the position of the cuts, we have

U.w/ D U.�/ajbbU.�/bj and V.w/ D V.�/aajbV.�/abj: (3.3)

Thus, U.w/ D Q�ajb Q�bj with Q� D U.�/ and Q� D bU.�/. Let Q
 D bU.
/. Then, since w
satisfies (1), Q� D U.�/ ends with

U..�ba
a/�/ D U.a
�ab��/ D abU.
�/abbU.��/

D aU.
/�babU.�/�b D . Q�ba Q
a/�;
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where we have used Lemma 3.14. This shows that (1) holds for U.w/. Similarly, this
lemma shows that

Q��ba Q�ba Q
 D U.�/�bbabU.�/babU.
/

D bU.��/babU.�/babU.
/

D bU.��ba�ba
/:

This word starts with bU.
b/ D bU.
/b D Q
b, since ��ba�ba
 starts with 
b, as w
satisfies (2). Hence, (2) also holds for U.w/.

Now, from (3.3), we have V.w/ D Q�ajb Q�bj with Q� D V.�/a and Q� D V.�/a. Let
Q
 D V.
/a. Then, since w satisfies (1), Q� D V.�/a ends with

V..�ba
a/�/a D aV.�ba
a/� D a.V .�/abaV.
/a/� D . Q�ba Q
a/�;

where we have used Lemma 3.14. This shows that (1) holds for V.w/. Similarly, this
lemma shows that

Q��ba Q�ba Q
 D .V .�/a/�baV.�/abaV.
/a D aV.�/�baV.�/abaV.
/a

D V.��/abaV.�/abaV.
/a D V.��ba�ba
/a:

This word starts with V.
b/D V.
/abD Q
b, since ��ba�ba
 starts with 
b, as (2) holds
for w. Hence, (2) also holds for V.w/.

Since, by Step 1, there exists W 2 hU; V i such that W.a/ D ˛ and W.b/ D ˇ, this
concludes the proof when k � 1.

In order to consider other possible cases, such as words starting with ˇˇ and ending
with ˛˛, we will show some symmetry properties of the pairs in xP .

Lemma 3.16. Let .u; v/ 2 xP . If .˛; ˇ/ D .u; uv/, then ˛kˇ D .ub˛kva/�. Similarly, if
.˛; ˇ/ D .uv; v/, then ˛ˇk D .ubˇkva/�.

Proof. Assume first that .˛; ˇ/ D .u; uv/. We have .u; ukv/ 2 xP for any k � 1. Now,
recall that, by Lemma 3.8, uukv D .ukv/au

b D ukvau
b . Moreover, both ub and ukva

are palindromic by Remark 3.9. Thus,

˛kˇ D uukv D ukvau
b
D .ukva/

�.ub/� D .ubukva/
�
D .ub˛kva/

�:

Similarly, if .˛;ˇ/D .uv;v/, we have .uvk ; v/ 2 xP for any k � 1. Now, using Lemma 3.8
again, we obtain uvkv D va.uvk/

b
D vau

bvk , where both va and ubvk are palindromic
by Remark 3.9. Hence,

˛ˇk D uvkv D vau
bvk D .va/

�.ubvk/� D .ubvkva/
�
D .ubˇkva/

�:

Lemma 3.17. Let .u; v/ 2 xP and let e1; : : : ; ek � 1. If .˛; ˇ/ D .u; uv/, then

ubˇ˛e1ˇ˛e2ˇ : : : ˛ekva D .˛
ekˇ˛ek�1ˇ : : : ˇ˛e1ˇˇ/�;

while if .˛; ˇ/ D .uv; v/, then

ubˇe1˛ˇe2˛ : : : ˇek˛va D .˛˛ˇ
ek˛ˇek�1˛ : : : ˛ˇe1/�:
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Proof. Assume first that .˛; ˇ/ D .u; uv/. Then, by Lemmas 3.8 and 3.16,

ubˇ˛e1ˇ˛e2ˇ : : : ˛ekva D u
b.uv/˛e1.uv/ : : : .uv/˛ekva

D .ub/.vau
b/˛e1.vau

b/ : : : .vau
b/˛ekva

D .ubva/.u
b˛e1va/u

b : : : va.u
b˛ekva/

D .uv/�.˛e1ˇ/� : : : .˛ekˇ/�

D .˛ekˇ˛ek�1ˇ : : : ˇ˛e1ˇˇ/�:

Now, take .˛; ˇ/ D .uv; v/. Then, by Lemmas 3.8 and 3.16,

ubˇe1˛ : : : ˇek˛va D .u
b/ˇe1.uv/ : : : ˇek .uv/va

D .ub/ˇe1.vau
b/ : : : ˇek .vau

b/va

D .ubˇe1va/u
b : : : ˇekva.u

bva/

D .˛ˇe1/� : : : .˛ˇek /�.uv/�

D .˛˛ˇek˛ˇek�1 : : : ˛ˇe1/�:

The previous three lemmas imply that we obtain a large Markov value when .˛; ˇ/ D
.u; uv/ for any word of the form ubˇ : : : ˛˛va, and when .˛; ˇ/ D .uv; v/ for any word
of the form ubˇˇ : : : ˛va.

We now define the notion of a weakly renormalizable word, which is central to our
methods as it is used to find suitable alphabets in which words can be written.

Definition 3.18. Let .˛; ˇ/ 2 xP and w 2 ha; bi be a finite word. We say that w is
.˛; ˇ/-weakly renormalizable if we can write w D w1
w2 where 
 is a word (called
the renormalization kernel) in the alphabet ¹˛; ˇº and w1; w2 are (possibly empty) finite
words with jw1j; jw2j < max ¹j˛j; jˇjº such that w2 is a prefix of ˛ˇ and w1 is a suffix
of ˛ˇ, with the following restrictions:

If .˛;ˇ/D .u;uv/ for some .u; v/ 2 xP and 
 ends with ˛, then jvj � jw2j. If .˛;ˇ/D
.uv; v/ for some .u; v/ 2 xP and 
 starts with ˇ, then juj � jw1j.

Definition 3.19. Let .˛; ˇ/ 2 xP and w 2 h1; 2i be a finite word. We say that w is .˛; ˇ/-
semirenormalizable if there is an extension Qw of at most two digits, one to the left and
one to the right such that Qw is .˛; ˇ/-weakly renormalizable.

The definition is motivated by the following ideas. Given an alphabet ¹˛; ˇº with
.˛; ˇ/ 2 xP , it may not be possible to write a word w in terms of ˛ and ˇ. Nevertheless,
it may very well be possible to write “most” of w in terms of ˛ and ˇ, preceded by
and followed by some short trailing words. These words are w1 and w2 in the previous
definition, and the condition ensuring that they are short is that jw1j; jw2j<max ¹j˛j; jˇjº.
Indeed, if for example jw1j � max ¹j˛j; jˇjº, then either w1 ends with ˛ or ˇ in ¹˛; ˇº
(so our choice of renormalization kernel was spurious; it should be longer), or it does not
(so w is actually not well described by the alphabet ¹˛; ˇº). To further ensure that w1
and w2 are well-adjusted to the chosen alphabet, we also require them to be a prefix or
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suffix of ˛ˇ; then w is contained in ˛ˇ
˛ˇ, where the renormalization kernel 
 can be
written in the alphabet ¹˛; ˇº.

Finally, we need to ensure that the first and last letters of the renormalization kernel
are chosen appropriately. This follows from the following lemma (which is essentially
already contained in Definition 3.18).

Lemma 3.20. Let .˛; ˇ/ 2 xP and w 2 ha; bi be an .˛; ˇ/-weakly renormalizable word.
Write w D w1
w2 as in Definition 3.18.

If .˛; ˇ/ D .u; uv/ for some .u; v/ 2 xP and 
 ends with ˛ D u, then w2 starts with
va ¤ v. Moreover, the word � consisting of the last juj letters of 
 followed by the first
jvj letters of w2 is different from ˇ.

Similarly, if .˛; ˇ/ D .uv; v/ for some .u; v/ 2 xP and 
 starts with ˇ D v, then w1
ends with ub ¤ u. Moreover, the word � consisting of the last juj letters of w1 followed
by the first jvj letters of 
 is different from ˛.

Proof. Assume first that .˛; ˇ/ D .u; uv/ and that 
 ends with ˛ D u. Then Defini-
tion 3.18 ensures that jvj � jw2j. Since w2 is a prefix of ˛ˇ of length at least jvj,
Lemma 3.16 implies that w2 starts with va ¤ v (since v ends with b, and va is palin-
dromic by Remark 3.9). Now, � ends with the first jvj letters of w2, so it ends with
va ¤ v. Therefore, it cannot be equal to ˇ D uv.

Similarly, if .˛; ˇ/ D .uv; v/ and 
 starts with ˇ D v, then Definition 3.18 ensures
that juj � jw1j. Since w1 is a suffix of ˛ˇ of length at least juj, Lemma 3.16 implies that
w1 ends with ub ¤ u (since u starts with a, and ub is palindromic by Remark 3.9). Now,
� starts with the last juj letters of w1, so it starts with ub ¤ u. Therefore, it cannot be
equal to ˛ D uv.

The previous lemma can be understood as follows. Since the renormalization kernel

 is the part of w D w1
w2 that can be written in the alphabet .˛; ˇ/, it should be as
long as possible (in the sense that w1 and w2 are just “short trailing words”). Hence, if
.˛; ˇ/ D .u; uv/ and 
 ends with ˛ D u, then the word w2 should not start with v, since
otherwise 
 should instead end with ˇ D uv (and w2 should be shorter). Similarly, if
.˛; ˇ/ D .uv; v/ and 
 starts with ˇ D v, then the word w1 should not start with u, since
otherwise 
 should instead start with ˛ D uv (and w1 should be shorter). All of these
undesirable cases are ruled out by the lemma.

Exhibiting a word as being .˛; ˇ/-weakly renormalizable is nontrivial in general and,
to complicate matters even further, the choice of alphabet .˛; ˇ/ 2 xP is not clear to begin
with. Nevertheless, any word in the alphabet ¹a; bº is trivially .a; b/-weakly renormaliz-
able (by setting the renormalization kernel equal to the entire word).

On the other hand, there are subwords of words in ha; bi that can fail to be weakly
renormalizable (for any alphabet) with nontrivial kernel, because they miss one digit at
one (or both) of their ends. For example, the word w D 21 : : : 1 of even length is a sub-
word of b1ab1, and hence it belongs to †.3; n/. However, it can only be exhibited
as an .˛; ˇ/-weakly renormalizable word by w D w1w2. That is why we introduce the
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notion of .˛; ˇ/-semirenormalizable in Definition 3.19. Indeed, the w above is .a; b/-
semirenormalizable (with nontrivial kernel), since 2w1 2 ha; bi.

With these considerations, we will now present a renormalization algorithm: if we
have a .u; v/-weakly renormalizable word with a nonempty renormalization kernel, we
can exhibit this word as being .˛;ˇ/-weakly renormalizable for .˛;ˇ/2 ¹.uv;v/; .u;uv/º
chosen appropriately.

Lemma 3.21 (Renormalization algorithm). Let w 2 †.3C e�r ; jwj/ satisfy r.w/ � r . If
w is .u; v/-weakly renormalizable as w D w1
w2 with 
 ¤ ¿, then w is .˛; ˇ/-weakly
renormalizable for some .˛; ˇ/ 2 ¹.uv; v/; .u; uv/º. Moreover, if 
 starts with u or ends
with v, thenw1 orw2, respectively, does not change for the renormalization with alphabet
.˛; ˇ/.

Before proving the lemma, we will discuss the intuition behind this algorithm. The
main inspiration is the “exponent-reducing” procedure discussed in Section 2.1. Indeed,
if a word w is .u; v/-weakly renormalizable, then it is of the form w D w1
w2, where 

is written in terms of u and v. The word 
 cannot contain factors of the form uu : : : vv or
vv : : : uu (as discussed in the proof below), so it is written as powers of u (respectively, v)
followed by single instances of v (respectively, u). Hence, we can choose a new alphabet
.˛; ˇ/ D .u; uv/ (respectively, .˛; ˇ/ D .uv; v/) so that all exponents are now reduced
by 1 when 
 is written in the alphabet .˛; ˇ/. This simplifies the structure of the renor-
malization kernel at the cost of making the alphabet more complex. The renormalization
algorithm should hence be applied inductively a certain number of times to ensure that the
complexity of both the renormalization kernel and the alphabet remains reasonable (see
for example Corollary 3.23 and the proof of Theorem 1.1 to see how this is used).

Proof of Lemma 3.21. We will explicitly exhibit w as being .˛; ˇ/-renormalizable as
w D Qw1 Q
 Qw2 for some .˛; ˇ/ 2 ¹.uv; v/; .u; uv/º.

By Lemma 3.15 and the comments after Lemma 3.17, some patterns on a weakly
renormalizable word imply that w … †.3C e�r ; jwj/, and so are forbidden: this holds if

 contains both the factors uu and vv (in any order), and also in the following situations:

(1) .u; v/ D .�; ��/ for some .�; �/ 2 xP , 
 starts with v and contains the factor uu, and
jw1j � juj.

(2) .u; v/ D .��; �/ for some .�; �/ 2 xP , 
 ends with u and contains the factor vv, and
jw2j � jvj.

We first assume that w does not contain the factor vv and we analyze the following
subcases (where s and ej are positive integers for 1 � j � k):

Case 1: If 
 D ue1vue2v : : : uekv, we take ˛ D u, ˇ D uv and

Q
 D ˛e1�1ˇ˛e2�1ˇ : : : ˛ek�1ˇ; Qw1 D w1; Qw2 D w2:

Indeed, Qw1 D w1 is a suffix of uv by hypothesis, so it is also a suffix of ˛ˇ D u2v.
Moreover, Qw2 D w2 is a prefix of uv by hypothesis and to show that it is also a prefix
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of ˛ˇ we consider two cases. If jw2j < jvj, then w2 is a prefix of va, since uv starts
with va by Lemma 3.8. The same lemma also shows that u2v starts with va, so w2 is
a prefix of ˛ˇ D u2v. Otherwise, we must have jw2j < juj, since jw2j < max ¹juj; jvjº.
Thus, Qw2 D w2 is a proper prefix of u, and hence of ˛ˇ D u2v.

Case 2: If 
 D vue1vue2v : : : uekv we consider two cases. If jw1j < juj, we take ˛ D u,
ˇ D uv and

Q
 D ˛e1�1ˇ˛e2�1ˇ : : : ˛ek�1ˇ; Qw1 D w1v; Qw2 D w2:

Indeed, recall that uv ends with ub and w1 is a suffix of uv. Since jw1j < juj, w1 is also a
suffix of u (as ub and u are equal up to the first letter). Consequently, Qw1 Dw1v is a suffix
of ˛ˇ D u2v. Moreover, Qw2 is a prefix of ˛ˇ D u2v by the same proof as in the previous
case: it is either shorter than v (in which case it is a proper prefix of va, and hence of u2v
by Lemma 3.8), or shorter than u (in which case it is a prefix of u, and hence of u2v).

Otherwise, we have juj � jw1j < jvj, so .u; v/ D .�; ��/ for some pair .�; �/ 2 xP .
Since w1 is a suffix of uv D �2� and jw1j � juj D j�j, we find that w1 ends with �b

by Lemma 3.8. If ej > 1 for some 1 � j � k, then w contains a factor of the form
�bv : : : uu�a. In fact, since w1 ends with �b , it follows that w contains a word of the form
w0 D �bv : : : uej�2uuv, where 1 � j � k is chosen so that ej > 1. Moreover, v D ��
starts with �a by Lemma 3.8, so w0 contains, in turn, a word of the form �bv : : : uu�a.
This contradicts w 2 †.3C e�r ; jwj/ by Lemmas 3.15 to 3.17.

We next assume that ej D 1 for every 1 � j � k and take ˛ D uv, ˇ D v and

Q
 D ˇ˛k ; Qw1 D w1; Qw2 D w2:

Indeed, Qw2 D w2 is a prefix of uv2 since it is a prefix of uv. Moreover, if jw1j < jvj then
Qw1 D w1 is a suffix of uv2 as it is a suffix of uv, and if jw1j < juj then w1 is a proper

suffix of ub (by Lemma 3.8), so it is also a suffix of uv2 (by Lemma 3.8 again). Finally,
since Q
 starts with ˇ and .˛; ˇ/ D .uv; v/, we have to check that juj � j Qw1j D jw1j, but
this holds by hypothesis.

Case 3: If 
 D ue1vue2v : : : uekvus , we must have jvj � juw2j. Indeed, if jvj > juw2j,
then .u; v/ D .�; ��/ for some alphabet .�; �/. Since 
 ends with u, by definition of
.u; v/-weak renormalizability we have j� j � jw2j. Hence, jvj D j�� j D ju� j � juw2j,
a contradiction.

Let r 2 ¹0; 1º now be such that jvj � jurw2j < juvj � jurC1w2j. Then we choose
˛ D u, ˇ D uv and

Q
 D ˛e1�1ˇ˛e2�1ˇ : : : ˛ek�1ˇ˛s�r ; Qw1 D w1; Qw2 D u
rw2:

Indeed, Qw1 D w1 is a suffix of ˛ˇ D u2v since it is a suffix of uv. Now, if r D 0, then
jw2j < juj since jw2j < max ¹juj; jvjº and jvj � jw2j by hypothesis. Since w2 is a prefix
of uv, it is actually a prefix of u, and hence of ˛ˇ D u2v. If r D 1, we see that w2 is a
prefix of uv, and thus Qw2 D uw2 is a prefix of ˛ˇ D u2v.



Fractal dimensions of the Markov and Lagrange spectra near 3 4011

Since Q
 ends with ˛ if r D 0, we have to check that jvj � j Qw2j. This holds since
jvj � j Qw2j D jw2j in this case.

Case 4: Finally, if 
 D vue1vue2v : : : uekvus , we combine the discussions of the pre-
vious two cases. More precisely, we assume first that juj � jw1j < jvj. If ej > 1 for
some 1 � j � k or s > 1, then we obtain a contradiction with the hypothesis that w 2
†.3C e�r ; jwj/ by Lemmas 3.15 to 3.17. Indeed, in this case .u; v/ D .�; ��/ for some
.�; �/ 2 xP , so w contains a factor of the form �bv : : : uu�a as in the second case if ej > 1
for some 1 � j � k. On the other hand, if s > 1, then w contains a word of the form
w0 D �bv : : : us�2uuw2. Now, observe that the fact that 
 ends with u and the definition
of .u; v/-renormalizability imply that w2 starts with �a. Hence, w0 contains a word of the
form �bv : : : uu�a. This leads to the same contradiction with Lemmas 3.15 to 3.17.

When juj � jw1j< jvj, ej D 1 for every 1� j � k and s D 1, we take ˛ D uv, ˇ D v
and

Q
 D ˇ˛k ; Qw1 D w1; Qw2 D uw2:

Since w1 is a suffix of uv, it follows that Qw1 D w1 is a suffix of ˛ˇ D u2v. Now, observe
that juj � jw1j < jvj implies that jw2j < jvj, since jw1j; jw2j < max ¹juj; jvjº by hypoth-
esis. Thus, by Lemma 3.8, w2 is a proper prefix of va, so it is also a prefix of v. We then
conclude that Qw2 D uw2 is a prefix of ˛ˇ D uv2.

Otherwise, if jw1j < juj we take ˛ D u, ˇ D uv and argue as in the third case. More
precisely, let r 2 ¹0; 1º be such that jvj � jurw2j < juvj � jurC1w2j and take

Q
 D ˛e1�1ˇ˛e2�1ˇ : : : ˛ek�1ˇ˛s�r ; Qw1 D w1v; Qw2 D u
rw2:

We find that Qw2 D urw2 is a prefix of ˛ˇ by the same arguments as in the third case, and
r is chosen so jvj � j Qw2j. Moreover, Qw1 D w1v is a suffix of ˛ˇ D u2v since Lemma 3.8
and the fact that jw1j < juj imply that w1 is a proper suffix of ub , so that it is also a suffix
of u. This finishes the last subcase.

We now assume that w contains the factor vv, so in particular it does not contain the
factor uu. We analyze the following subcases (where s and ej are positive integers for
1 � j � k):

Case 1: If 
 D uve1uve2 : : : uvek , we take ˛ D uv, ˇ D v and

Q
 D ˛ˇe1�1˛ˇe2�1 : : : ˛ˇek�1; Qw1 D w1; Qw2 D w2:

Case 2: If 
 D uve1uve2 : : : uveku, we take ˛ D uv, ˇ D v and

Q
 D ˛ˇe1�1˛ˇe2�1 : : : ˛ˇek�1; Qw1 D w1; Qw2 D uw2:

Case 3: If 
 D vsuve1uee2 : : : uvek , we take r 2 ¹0; 1º such that juj � jw1vr j < juvj �
jw1v

rC1j, and define ˛ D uv, ˇ D v and

Q
 D ˇs�r˛ˇe1�1˛ : : : ˇek�1�1˛ˇek�1; Qw1 D w1v
r ; Qw2 D w2:
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Case 4: If 
 D vsuve1uee2 : : : uveku, we take r 2 ¹0; 1º such that juj � jw1vr j< juvj �
jw1v

rC1j, and define ˛ D uv, ˇ D v and

Q
 D ˇs�r˛ˇe1�1˛ : : : ˇek�1�1˛ˇek�1; Qw1 D w1v
r ; Qw2 D uw2:

Observe that the cases where ej D 1 for all 1 � j � k cannot arise in the previous
subcases, since we are explicitly assuming that w contains the factor vv. The arguments
showing that these choices satisfy the definition of .˛; ˇ/-renormalizabilty are analogous
to those of the previous cases (where the factor vv was not present). Thus, this concludes
the proof.

Once again, this lemma could be stated in terms of the length of w, as in the following
corollary:

Corollary 3.22. Let w 2 †.3C .3C 2
p
2/�.jwjC1/; jwj/ be a finite word. If w is .u; v/-

weakly renormalizable as w D w1
w2 with 
 ¤ ¿, then w is .˛; ˇ/-weakly renormaliz-
able for some .˛; ˇ/ 2 ¹.uv; v/; .u; uv/º.

Proof. By Lemma A.2 we have r.w/ � .nC 1/ log.3C 2
p
2/ DW r and applying Lem-

ma 3.21 we obtain the result.

We will now present a series of corollaries of the renormalization algorithm. We start
with the version that is needed for the proof of Theorem 1.1.

Corollary 3.23. Let n � 68 and let w 2 †.3C 6�3n; 3n/. Then there exists an alphabet
.˛;ˇ/ 2 xP satisfying j˛j; jˇj < n and j˛ˇj � n such that w is .˛;ˇ/-semirenormalizable.

Proof. Since n � 68, the conclusion of Lemma 3.6 holds, so, possibly up to adding one
letter to the left and one to the right, w is a word in the alphabet ¹a; bº. As previously
discussed, w is trivially .a; b/-weakly renormalizable with w1 D w2 D ¿ and 
 D w.
Observe that w satisfies the first hypothesis of Corollary 3.22. Indeed, this follows from
the fact that 6�3n � .3 C 2

p
2/�.3nC3/ for every n � 61. By Corollary 3.22, we can

apply the renormalization algorithm inductively as long as the renormalization kernel is
nonempty; this produces a a finite sequence of alphabets. We will show that the sought-
after alphabet .˛; ˇ/ is the first alphabet in the sequence that satisfies j˛ˇj � n.

We will first show that such an alphabet exists. Assume that .u; v/ 2 xP is one of the
alphabets of the sequence. If juvj < n, then jw1j; jw2j < n, since

jw1j; jw2j � max ¹juj; jvjº < juvj < n;

wherew1 andw2 are the words obtained in this step of the algorithm by the decomposition
w D w1
w2. Hence, 
 ¤ ¿, since

j
 j D jwj � jw1j � jw2j > 3n � n � n D n:

Thus, we can apply the algorithm again if juvj < n. Since the length of an alphabet
increases with each inductive application of the algorithm, we will eventually find an
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alphabet .˛; ˇ/ 2 xP satisfying j˛ˇj � n. Assume that .˛; ˇ/ 2 xP is the first alphabet in
the sequence satisfying this condition.

It remains to show that j˛j; jˇj< n. Assume this is false. Assume further that .˛;ˇ/D
.uv; v/ for some alphabet .u; v/ 2 xP ; the case where .˛; ˇ/D .u; uv/ is similar. We then
have j˛j � n.

Observe that the alphabet .u; v/ satisfies juvj D j˛j, which contradicts the assumption
that .˛; ˇ/ is the first alphabet in the sequence of inductive applications of the algorithm
satisfying this inequality. Thus, the proof of the corollary is complete.

Remark 3.24. Clearly, the previous corollary holds for anyw 2†.3CB�3n; 3n/, where
B > 3C 2

p
2 and n 2 N� is large enough .depending on B/.

The following corollaries are straightforward consequences of the renormalization
algorithm and are thus presented here. Nevertheless, they are not used in the proof of
Theorem 1.1 and will only be used in the next section. Recall that a word belongs to
†.r�2/.3C e�r / if it belongs to both †.3C e�r ; jwj/ and Qr�2.

Corollary 3.25. Let r 2 N and let w 2 †.r�2/.3C e�r / be a finite word. If w is .u; v/-
weakly renormalizable as w1
w2 with 
 ¤ ¿, then w is .˛; ˇ/-weakly renormalizable
for some .˛; ˇ/ 2 ¹.uv; v/; .u; uv/º.

Proof. Observe that if w D c1 : : : cn 2 Qr�2, then r.c1 : : : cn�1/ � r � 3, so

s.w/�1 � 2s.cn/
�1s.c1 : : : cn�1/

�1
� 12er�2;

which implies that r.w/ � r . We then use Lemma 3.21.

Corollary 3.26. Let � 2 P and let w 2†.r�2/.3C e�r / be a word starting with � . Then,
by extending w by at most one digit to the right, w is .˛; ˇ/-weakly renormalizable for
some alphabet .˛; ˇ/ satisfying j˛ˇj � r=6.

Proof. By Lemma 3.5 we know that w does not contain “internal” blocks of 1’s or 2’s
of odd length, that is, words of the form c0cnc0 for c; c0 2 ¹1; 2º with c ¤ c0 for some
odd n 2 N. Since w starts with � , it starts with an even block as well. On the other hand,
w can possibly end with an odd block of 1’s or 2’s. Ifw ends with an odd block of 2’s, then
w D 
w2 is .a; b/-weakly renormalizable, where 
 2 ha; bi and w2 D 2. In case it ends
with an odd block of 1’s, we just need to extend w D c1 : : : cn to Qw D w1 D c1 : : : cn1.
In this case

s.c1 : : : cn1/
�1
� 2s.c1 : : : cn�1/

�1s.1; 1/�1 � 12er�2;

which gives r.c1 : : : cn1/ � r .
We claim thatw or Qw is .˛;ˇ/-weakly renormalizable for an alphabet .˛;ˇ/ satisfying

j˛j; jˇj< jwj with j˛ˇj � jwj=2. Indeed, if j˛ˇj< jwj=2, then writingw D w1
w2 gives
jw1j C jw2j< 2j˛ˇj � jwj. We obtain 
 ¤¿, so we can continue applying the algorithm.
Here, we have skipped most details as this is very similar to the proof of Corollary 3.23.

We remark that if, for some iteration of the algorithm, we obtain 
 D ˛r (respectively,

 D ˇr ), then the algorithm increases the size of the alphabet, but does not change the
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renormalization kernel 
 . In these cases, w is a subword of ˛ˇ˛r˛ˇ and of ˛rC1ˇ˛rC1ˇ
(respectively, of ˛ˇˇr˛ˇ and of ˛ˇrC1˛ˇrC1), and so it belongs to †.3; jwj/.

Now, let .˛; ˇ/ be such an alphabet. If r � 24, then j˛ˇj � 4 � r=6 since j˛j; jˇj � 2.
If r > 24, we have

j˛ˇj � jwj=2 � .r � 8/=.2 log.3C 2
p
2// � 1=2 � r=6;

where we are using Lemma A.2.

Corollary 3.27. Let .˛; ˇ/ 2 xP with j˛ˇj < r=6, let � 2 P and let w 2 †.r�2/.3C e�r /
be a word starting with � . If w contains ˛ˇ, then w is .˛; ˇ/-semirenormalizable, say
Qw D w1
w2. Moreover, if w starts .resp. ends/ with ˛ˇ, then w1 D ¿ . resp. w2 D ¿/.

Proof. First note that w is trivially .a; b/-semirenormalizable, say Qw D 
0 where 
0 2
ha; bi. Now we inductively apply the renormalization algorithm (Lemma 3.21) to obtain
a sequence of alphabets .Aj ;Bj / 2 xPj such that for all 0� j �m, the word Qw is .Aj ;Bj /-
weakly renormalizable for each j and jAmBmj � r=6.

On the other hand, since .˛;ˇ/ 2 xP , there exists a sequence of alphabets .˛i ; ˇi / 2 xPi
such that ˛ˇ 2 h˛i ;ˇi i for all 0� i � n and .˛n;ˇn/D .˛;ˇ/. Since ˛ˇ starts with aD ˛0
and ends with b D ˇ0 (Lemma 3.8), inductively we find that ˛ˇ starts with ˛i and ends
with ˇi . In particular, ˛ˇ contains ˛iˇi .

Write Qw D w1
jw2 as in the definition of .Aj ; Bj /-weakly renormalizable. Using the
fact that ˛ˇ contains j̨ ǰ , gluing some words � and � 0 we get

� j̨ ǰ �
0
D AjBj 
jAjBj 2 hAj ; Bj i;

hence by Lemma 3.10 we obtain .Aj ; Bj / D . j̨ ; ǰ / for all 0 � j � n. In particular,
m > n, because otherwise r=6 � jAmBmj D j˛mˇmj < r=6. This shows that Qw is .˛; ˇ/-
weakly renormalizable.

Now assume that w starts with ˛ˇ (the other case is analogous). Observe that there is
no need to complete the word to the left. We will show that w1 D ¿ for all 0 � j � n.
Note that we have already shown that w1 is empty for .˛0; ˇ0/ D .a; b/. If w1 becomes
nonempty for k C 1 for some 0 � k � n, it must happen that Qw D 
kw2 starts with ˇk
(because of the renormalization algorithm). Butw starts with ˛ˇ, which in turn starts with
˛s
k
ˇk , which leads to a contradiction because it starts with .ˇk/a by Lemma 3.8. Since

.˛n; ˇn/ D .˛; ˇ/, this finishes the proof.

Proof of Theorem 1.1. Consider n� 68. We claim that†.3C 6�3n;n/D†.3;n/. Indeed,
let � 2†.3C 6�3n; n/. By definition, � can be continued indefinitely to the left and right,
so in particular there exists a word � 2 †.3 C 6�3n; 3n/ obtained by gluing words of
size n on each side of � . By Corollary 3.23, there exists .˛; ˇ/ 2 xP with j˛j; jˇj < n

and j˛ˇj � n such that � is .˛; ˇ/-semirenormalizable. Writing Q� D w1
w2 as in the
definition of weak renormalization, we have jw1j; jw2j < max ¹j˛j; jˇjº < n, so � is a
factor of 
 . Considering the smallest sequence � of .˛; ˇ/-letters of 
 containing � as a
factor, the sequence obtained by removing the first and the last .˛; ˇ/-letter of � has size
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smaller than n and thus cannot contain ˛ˇ or ˇ˛ as factors, and thus � is of the form ˛r ,
ˇr , ˛rˇ, ˇr˛, ˇ˛rˇ, ˛ˇr˛, ˇ˛r or ˛ˇr for some positive integer r .

In each of these cases, � 2 †.3; j�j/. Indeed, since .˛; ˇ/ 2 xP , all of these words
are factors of words in c. xP / D P (where recall that c is the concatenation operator
c.u; v/ D uv). Since, by Lemma 2.1, the set of factors of words in P coincides with
the set of words w satisfying w 2 †.3; jwj/, we deduce that � 2 †.3; j�j/. Therefore,
� 2 †.3; n/.

To complete our proof, we need to show that, for every sufficiently large integer n, we
have

†.3 � 6�3n; n/ D †.3; n/:

Indeed, given w 2 †.3; n/, by Lemmas 2.1 and 3.11, there exists … 2 P containing w
such that j…j � 3jwj. Since .3C 2

p
2/3 < 63, if n is sufficiently large then Lemma 3.4

shows that …1 2 †.3 � 6�3n/, so w 2 †.3 � 6�3n; n/.

4. Improving the estimates

Bombieri [1, Lemma 13] characterized the words in †.3/ by stating the conditions that
the sequence .ei /i2Z of exponents has to satisfy for a Type I or Type II bi-infinite word to
belong to†.3/ (where we are using the terminology of Section 2.1). We begin this section
by stating an analogue of this fact for words in †.3C e�r ; n/. The proof is essentially
applying the renormalization algorithm to a word of the form w D ˛eiˇ˛eiC1ˇ or w D
ˇei˛ˇeiC1˛, but we need to be careful about the magnitude of r.w/.

Lemma 4.1 (Bombieri’s characterization). Let .˛; ˇ/ 2 xP . Consider a word 
 of the
form 
 D ˛e0ˇ˛e1ˇ : : : ˇ˛e` or 
 D ˇe0˛ˇe1˛ : : : ˛ˇe` with ei � 1 for all 1� i � `� 1.
Assume that 
 2 †.3C e�r ; j
 j/ and let � D ˛ in the first case and � D ˇ in the second
case. If r.�ei / � r � 2j˛ˇj, then

� for 1 � i � ` � 2, we have jei � eiC1j � 1,

� for i D 0, we have e1 � e0 � 1 when � D ˛; if � D ˇ, and moreover r.ˇe0/� r � 6j˛ˇj
or j˛j � jˇj, then e1 � e0 � 1.

� for i D `� 1, we have e` � e`�1 C 1 when � D ˇ; if � D ˛, and moreover r.˛e`�1/ �
r � 6j˛ˇj or jˇj � j˛j, then e` � e`�1 C 1.

Before proceeding to the proof, we must comment why we need r.�ei / to be smaller
at the end of the word in the last two bullet points. Observe that if ˇ D ˛sv for some
.˛; v/ 2 xP , then clearly e` can be much larger than e`�1, because all powers ˛e`�e`�1

could belong to the (potential) next letter ˇ. Similarly, when ˛D uˇs for some .u;ˇ/2 xP ,
the power ˇe0�e1 could belong to the (potential) preceding letter ˛.

Proof of Lemma 4.1. Let ! be a bi-infinite word containing 
 and such that ! 2
†.3 C e�r /. Note that if ¹�; Q�º D ¹˛; ˇº then r.�ei Q�/ < r � 2j˛ˇj C 2j� j C 4 � r by
Lemma A.2.
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Suppose 
 D ˛e0ˇ˛e1ˇ : : : : Take k � eiC1 maximal such that r.˛eiˇ˛k/ � 2r . If
ei � k then r.˛k/ � r � 2j˛ˇj as well, so actually k D eiC1 because, otherwise,

r.˛eiˇ˛kC1/ � r.˛ei /C r.ˇ˛/C r.˛k/C 4

� r � 2j˛ˇj C r.ˇ˛/C r � 2j˛ˇj C 4 � 2r;

where we have used Lemma A.2 to guarantee that r.˛ˇ/ � 1:8jˇ˛j C 1:8. Similarly, we
use r.ˇ/ � 1:8jˇj C 1:8 (for ˇ D b use r.b/ D 1 instead) to get

r.˛eiˇ˛eiC1ˇ/ � 2r � 4j˛ˇj C 2 r.ˇ/C 6 � 2r:

Hence, letting . Q̨ ; Q̌/ D .˛; ˛eiC1ˇ/ we find that

Q
 D ˛eiˇ˛eiC1ˇ D Q̨ ei�eiC1 Q̌ Q̌

is a subword of a word ! 2†.3C e�r /, so if ei � eiC1 � 2 this will contradict the second
part of Lemma 3.15. If ei < k, then let .u; v/ D .˛; ˛ei�1ˇ/ and . Q̨ ; Q̌/ D .u; uv/. Thus
by the first case of Lemma 3.17,

˛ˇ˛eiˇ˛eiC1ˇ D ˛ˇ Q̌˛eiC1�ei Q̌ D ˇau
b Q̌ Q̨

eiC1�ei vau
b
D ˇa. Q̨

eiC1�ei Q̌ Q̌/�˛b

is a subword of 
 when i < ` � 1. If eiC1 � ei � 2, then Q̨ Q̨ Q̌ Q̌ would be a subword of

� with r. Q̨ Q̨ Q̌ Q̌/D r.˛eiC2ˇ˛eiˇ/� 2r , which contradicts Lemma 3.15. This settles the
first bullet point for � D ˛. In the particular case where i D ` � 1, we do not necessarily
have ˇ after ˛e` . If jˇj � j˛j, then .˛b/�. Q̨ eiC1�ei Q̌ Q̌/.ˇa/� is a subword of 
� after
removing a ˇ� at the beginning, so Q̨ Q̨ Q̌ Q̌ is still a subword of 
�.

When .˛; ˇ/ D .u; uv/ we need to extend the word ˇ˛e`�1ˇ˛e` by using Corol-
lary 3.27. We will extend this word to the left and then to the right. Since juvj D jˇj< r=6
and r.ˇ/ < r � 2 (because 0� r.˛e`�1/� r � 6j˛ˇj), consider the .u;v/-semirenormaliz-
able continuation w 2 †.r�2/.3C e�r / inside ! that contains and ends in the leftmost ˇ
of ˇ˛e`�1ˇ˛e` (one begins with ˇ and then one starts adding the digits of ! that are to
the left of that ˇ until one obtains a word w with r.w/ � r � 2, which by minimality must
be in †.r�2/.3 C e�r /); in particular, w has a .u; v/-weakly renormalizable extension
Ow D Ow1 O
 where O
 2 hu; vi and Ow1 is a suffix of uv. We claim that juj � j Ow1j. Otherwise,

Lemma A.2 yields

r � 2

1:8
� 1 � j Owj � j Ow1ˇj � j˛ˇj � 1 �

r

6
� 1;

which is a contradiction. Hence juj � j Ow1j and Ow1 ends with ub . Therefore there must be
a ub˛f with f � 0 before the first ˇ.

Now we want to extend the word to the right. Consider now the continuation w 2
†.r�2/.3C e�r / that begins at ˛ˇ˛e` . In particular, w has an extension Ow that is .˛; ˇ/-
weakly renormalizable by Corollary 3.27. Since

r.˛ˇ˛e`�1C1˛ˇ/ � r.˛ˇ˛/C r.˛e`�1/C r.˛ˇ/C 4

� 3:6j˛ˇj C 1:8j˛j C r � 6j˛ˇj C 8 � r � 2;
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we deduce that Ow contains all ˛ˇ˛e`�1C2 if e` � e`�1 C 2 and after it must come an ˛gˇ
or ˛g Ow2 where Ow2 starts with va and g � 0. In conclusion,

ub˛f ˇ˛e`�1ˇ˛e`�1C2Cgva

is a subword of ! 2 †.3C e�r /. In this situation the first case of Lemma 3.17 yields

ub˛f ˇ˛e`�1ˇ˛e`�1C2Cgva D .˛
e`�1C2Cgˇ˛e`�1ˇ˛f ˇ/�;

so we still find that Q̨ Q̨ Q̌ Q̌ D ˛e`�1C2ˇ˛e`�1ˇ is a subword of !� 2†.3C e�r /, contrary
to Lemma 3.15 above. This finishes the case � D ˛.

Now assume 
 D ˇe0˛ˇe1˛ : : : : Take the maximal integer k � eiC1 r.ˇei˛ˇk/ � 2r .
If ei < k, then letting . Q̨ ; Q̌/D .˛ˇei ; ˇ/ one finds that ˛ˇei˛ˇk D Q̨ Q̨ Q̌k�ei is a subword
of a word ! 2 †.3C e�r /. Observe that

r.˛ˇei˛ˇeiC2/ � r.˛/C r.ˇei /C r.˛ˇ2/C r.ˇei /C 6

� 2r � 4j˛ˇj C r.˛/C r.˛ˇ2/C 6 � 2r;

where we have used r.˛/C r.˛ˇ2/ � 3:6j˛ˇj C 3:6 for j˛ˇj � 24 and the explicit val-
ues for j˛ˇj < 24. Since k � eiC1, if eiC1 � ei � 2 we again have a contradiction
with Lemma 3.15. If ei � k, then r.ˇk/ � r � 2j˛ˇj so k D eiC1 as before, hence let
.u; v/D .˛ˇeiC1�1; ˇ/ and . Q̨ ; Q̌/D .uv; v/; then by the second case of Lemma 3.17 one
deduces that

˛ˇei˛ˇeiC1˛ˇ D Q̨ Q̌ei�eiC1 Q̨˛ˇ D vau
b Q̌ei�eiC1 Q̨va˛

b
D ˇa. Q̨ Q̨ Q̌

ei�eiC1/�˛b

is a subword of 
 . If ei � eiC1 � 2 then one would infer that Q̨ Q̨ Q̌ Q̌ D ˛ˇeiC1˛ˇeiC1C2

is a subword of 
� with r. Q̨ Q̨ Q̌ Q̌/ D r.˛ˇeiC1˛ˇeiC1C2/ � 2r , which is impossible. This
settles the first bullet point for � D ˇ. In the particular case where i D 0, we do not have
˛ before ˇe0 . If j˛j � jˇj this is no problem because then .˛b/� Q̨ Q̨ Q̌ei�eiC1.ˇa/� is a
subword of 
 after removing an ˛� at the end, so we still find that Q̨ Q̨ Q̌ Q̌ is a subword
of 
 . When .˛; ˇ/ D .uv; v/, an analogous argument shows that the word ˇe0˛ˇ has a
continuation to the left that is .˛; ˇ/-weakly renormalizable. So as before there is either
an ˛ˇf or a Ow1ˇf , where Ow1 is a suffix of ˛ˇ that ends with ub . Similarly there is a ˇgva
to the right of ˇe1˛. In summary, ubˇe0Cf ˛ˇe1Cgva is a subword of ! 2 †.3C e�r /.
But the second case of Lemma 3.17 implies that

ubˇe0Cf ˛ˇe1˛ˇgva D .˛˛ˇ
g˛ˇe1˛ˇe0Cf /�:

So again if e0 � e1 � 2, then Q̨ Q̨ Q̌ Q̌ D ˛ˇe1˛ˇe1C2 is a subword of !� 2 †.3C e�r /,
which contradicts Lemma 3.15 once more.

4.1. Constructing renormalizable extensions

We start by considering local extensions. More precisely, if we have a word w that starts
(resp. ends) with ˛ˇ where .˛; ˇ/ 2 xP , then the alphabet is uniquely determined, and the
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beginning (resp. end) ofw should be .˛;ˇ/-weakly renormalizable. This is a consequence
of Corollary 3.27.

Now we want to consider extensions of renormalizable words. The next lemma says
that if we have a power .uv/s with .u; v/ 2 xP , then it will have a large extension w
that is “almost” .u; v/-weakly renormalizable consisting mostly of powers .uv/si . This is
explained since exponents can only decrease linearly, in fact, they may only decrease by 1
when below some threshold by Lemma 4.1. We say thatwD 
w2 is almost .u; v/-weakly
renormalizable, because the tail w2 now satisfies the condition jw2j < 2juvj and w2 is a
prefix of a word in ¹uuv; uvvº.

Lemma 4.2. Let w 2 †.T r�2/.3C e�r / be a finite word starting with � s , where � D uv
and .u; v/ 2 xP , r.� s/ � r � 4j� j, juvj < r=9 and also

T r � s2j� jlog..3C
p
5/=2/=2:

Then w D 
w2, where 
 D .uv/s1�1.uv/
s2�2 : : : .uv/

s` , sj � 0, each �j belongs to
¹uuv; uvvº and w2 is a prefix of a word in ¹uuv; uvvº. Moreover, ` � 2:1 T r=j� sj C 1.

Proof. Let 
 be the largest prefix of the word w than can be written in the form 
 D

.uv/s1�1.uv/
s2�2 : : : .uv/

s` where each �j belongs to ¹uuv; uvvº and sj � 0. Then we
claim that:

� If r..uv/sjC1/ � r � 6juvj, then �j D �jC1 for 1 � j � ` � 2.

� If r..uv/sj / � r � 10juvj, then jsj � sjC1j � 1 for 1 � j � ` � 2.

� sj � s � j for all 1 � j � ` � 1.

Indeed, to see the first claim, if �j ¤ �jC1 note that

r.�j .uv/
sjC1�jC1/ � r.�j /C r..uv/sjC1/C r.�jC1/C 4

� 1:8juuvj C r � 6juvj C 1:8juvvj C 7:6 � r � 2;

which is clear for juvj � 16, while for juvj < 16 we have computed the explicit values
of r.uuv/ C r.uvv/ to check that the inequality r.�j .uv/sjC1�jC1/ � r � 2 still holds.
If �j D uuv, let .˛; ˇ/ D .u; uv/, and if �j D uvv, let .˛; ˇ/ D .uv; v/. Consequently,
˛ˇ� 0 D �j .uv/

sjC1�jC1 is a subword of a word in†.r�2/.3C e�r /. Then Corollary 3.27
says that this word is contained in a word that can be written in the alphabet ¹˛; ˇº. But
if �jC1 ¤ �j , this would be impossible.

To prove the second claim, consider the subword �j�1.uv/
sj �j .uv/

sjC1 . Since
�j�1 D �j , using the appropriate pair .˛; ˇ/ 2 xP this whole word can be written in that
alphabet. An application of Bombieri’s characterization (Lemma 4.1) yields �j D �jC1
and also the second claim. Indeed, if .˛; ˇ/ D .u; uv/ then �j�1.uv/sj �j .uv/sjC1u D
˛ˇsjC1˛ˇsjC1C1˛ is a subword of a word in †.3 C e�r / so the first bullet point of
Lemma 4.1 gives jsj � sjC1j � 1. If .˛; ˇ/ D .uv; v/ then �j�1.uv/sj �j .uv/sjC1 D
˛ˇ˛sjC1ˇ˛sjC1 , so the third bullet point of Lemma 4.1 gives sjC1 � sj C 2. Therefore,

r..uv/sjC1/ � r..uv/sj /C r..uv/2/C 2

� r � 10juvj C 1:8juvj C 3:8 � r � 6juvj;
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which is clear for juvj � 10, while for juvj < 10 the inequality r..uv/2/C 2 � 4juvj can
be checked directly. The previous item gives �jD�jC1, hence �j�1.uv/sj �j .uv/sjC1�jC1
D ˛ˇ˛sjC1ˇ˛sjC1C1ˇ and finally we use the first bullet point of Lemma 4.1.

We now prove the third claim. Observe that s1 � s � 1 by construction of 
 . If sj �
s � 2 then we are done. Note that if sj � s � 3, then

r..uv/sj / � r � 4juvj � r..uv/3/C 1 � r � 6juvj

where we have used r..uv/3/ � 2:8juvj � 3 for juvj > 4 and for .u; v/ D .a; b/ we have
used r..uv/3/ D 16. Hence the first claim shows that sj � s � 3 implies �j D �j�1. In
particular, .uv/sj�1�j�1.uv/sj �j can be written in the appropriate alphabet .˛;ˇ/ 2 xP as
˛sj�1C1ˇ˛sjC1ˇ or ˇsj�1˛ˇsjC1˛ˇ. Since sj � s � 3 implies r..uv/sj / � r � 2j˛ˇj by
hypothesis, Lemma 4.1 gives sj � sj�1 � 1. This proves the three claims.

Now, note that s � 2, since if s D 1 we get a contradiction because

r.�/ � r.w/ � T r � j� j=2

gives j� j � 8, but r.ab/ D 5 and r.ab/ � r.�/ � j� j=2 � 4.
On the other hand, using Lemma A.2 one sees that�
log
�
3C
p
5

2

���1
T r C 4 � jwj � j
 j D .s1 C � � � C s`/juvj C j�1j C � � � C j�`j

� .s1 C � � � C s` C `/j� j

If ` � s then one gets�
log
�
3C
p
5

2

���1
T r C 4 > .s C .s � 1/C � � � C 1/j� j

� s2j� j=2C sj� j=2 � s2j� j=2C 4;

contradicting the hypothesis (we have used irrationality). Thus ` < s. Hence�
log
�
3C
p
5

2

���1
T r C 4 � .` � 1/.s � `=2/j� j:

This shows that ` � 2:1 T r=j� sj C 1 (for ` D 2 we use r.� s/ � T r) instead.
Now, write w D 
w2. We have two cases to consider. When s` � 1, we choose Ow 2

†.r�2/.3C e�r / starting with �`�1, while when s` � 2, we choose Ow 2 †.r�2/.3C e�r /
starting at the last occurrence of uvuv. Since juvj < r=6, Corollary 3.27 shows that
Ow is .u; v/-semirenormalizable. We know that Ow is . Ǫ ; Ǒ/-semirenormalizable for some
. Ǫ ; Ǒ/ 2 xP with j Ǫ Ǒj � r=6, because of Corollary 3.26. Since juvj < r=6 and Ow has uv,
the word Ow is .˛; ˇ/-semirenormalizable for some .˛; ˇ/ 2 ¹.uv; v/; .u; uv/º. Possibly
adding one digit to the right, write Ow D O
 Ow2 with O
 2 hu; vi and Ow2 a prefix of uv.
Observe that 5juvj < r=1:8 < j Owj, thus j O
 j D j Owj � j Ow2j > 4juvj.

We will find a continuation of 

 0 of 
 with


 0 2 ¹uv; uuv; uvvº \ ¹˛; ˇ; ˛ˇº:
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By the maximality of 
 , we find that w2 is contained in 
 0, which will finish the proof
of the lemma. When s` � 2, if uvuv D ˛˛ we see that ˛˛ˇ D uv.uvv/ extends and
˛˛˛ D .uv/3 extends .uv/s` to .uv/s`C1. If uvuv D ˇˇ then ˇˇˇ D .uv/3 extends
.uv/s` to .uv/s`C1 while if there is ˛˛ after ˇˇ, then ˇˇ is followed by ˛kva (if there is
no ˇ after ˛˛ then Ow2 starts with va). But note that

ˇˇ˛kva D vau
bˇ˛kva D va.˛

kˇˇ/�;

so ˛˛ˇˇ is a subword ofw�, contradicting Lemma 3.15. In the situation where s` D 1, we
have uvvuvD ˛ˇ˛, so if there is an ˛ afterwards, then ˛ˇ˛˛ extends .uv/s` while ˛ˇ˛ˇ
gives a contradiction because before �` there is s`�1 � 2 and we have ˛˛˛ˇ˛ˇ D ˛˛ Q̌ Q̌.
When �`�1uv D uuvuv D ˛ˇˇ, if there is ˇ afterwards then ˛ˇˇˇ D �`�1.uv/2 extends
and ˛ˇˇ˛ˇ D �`�1.uv/�` also extends, but if there is ˛˛ after ˇ we have the same
contradiction with Lemma 3.15 in the transpose word. If s` D 0, we have uvuv�`�1 2
¹˛˛˛ˇ; ˇˇ˛ˇº and we arrive at the same contradictions or extensions as before. In sum-
mary, w2 is a subword of 
 0, so it is a subword of a word in ¹uv; uuv; uvvº.

If we have a power ae or be , then its extensions are not necessarily .a; b/-weakly
renormalizable, because we could have odd powers of a digit ¹1; 2º appearing after. Nev-
ertheless, it takes a long time for these powers to decay, which gives us the next extension
lemma.

Lemma 4.3. Let w 2 †.T r�2/.3 C e�r / be a finite word starting with cs , where c 2
¹1; 2º and r.cs/ � r � 2. Suppose that T r � s2.log x/=4 where x D .3 C

p
5/=2 and

x D 3 C 2
p
2 for c D 1 and c D 2 respectively. Then w D cs1� 0cs2� 0 : : : � 0cs` , � 0 D

c0c0, c0 2 ¹1; 2º, c ¤ c0 and T r � `.s � `C 1/ log x .in particular ` < 2T r=.s log x//.
Moreover, if r.csj / � r � 8 then sj is even and jsjC1 � sj j 2 ¹0; 2º.

Proof. Observe that we only have to prove that in w there is no c0c0c0c0, as the sequence
cc0c0c0c is forbidden by Lemma 3.5. Define 
 D cs1� 0cs2� 0 : : : � 0cs` to be the longest
sequence insidew starting with cs that does not contain .� 0/2. The fact that r.csj /� r � 8
implies sj even and jsjC1 � sj j 2 ¹0; 2º follows from Lemmas 3.5 and 4.1. Inequalities
(A.4) for c D 2 and (A.3) for c D 1 give T r � `.s � `C 1/ logx. Since ` � s=2� 1 (by
hypothesis), we can bound the length: ` < 2T r=.s logx/. If w ¤ 
 , then 
 must end with
� 0cc� 0, but this would imply that ` � s=2.

The next situation is where we have an .˛; ˇ/-renormalizable word w that does not
contain big powers of ˛ or ˇ. In this case there is an extension that can be written in the
same alphabet .˛; ˇ/. In fact, this extension is almost .˛; ˇ/-weakly renormalizable, in
the sense that its tail is small; it is a prefix of a word in h˛; ˇi but it is not necessarily a
prefix of ˛ˇ.

Lemma 4.4. Let w 2 †.r�2/.3 C e�r / be an .˛; ˇ/-weakly renormalizable word with
j˛ˇj< r=40. Suppose that for every factor of the form ˛s or ˇs of w, we have j˛sj< ıjwj
and jˇsj < ıjwj where 0 < ı < .1=2/ log..3C

p
5/=2/ is a constant. Assume further that
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w contains an ˛ˇ. If xw 2†.T r/.3C e�r / is an extension ofw with T C 2� ı0r=.16j˛ˇj/
where ı0 D 1 � 2ı=log..3 C

p
5/=2//, then w xw D w1
�

0 where 
 2 h˛; ˇi, � 0 with
j� 0j < j˛ˇj is a prefix of some word in h˛; ˇi and w1 is a suffix of ˛ˇ.

Proof. Write w D w1
w2 as in the definition of .˛; ˇ/-weakly renormalizable. Take 
 0

to be the largest word inside w xw starting with 
 which can be written in the alphabet
h˛; ˇi. Write w xw D w1
 0� 0. We will show that � 0 is a prefix of some word in h˛; ˇi and
j� 0j< j˛ˇj. Take the last factor of ˛ˇ in 
 0, say 
 0 D �˛ˇ�0. In particular, by Lemma 3.10
we obtain �0 D � s with � 2 ¹˛;ˇº. Consider the factor Ow 2 †.r�2/.3C e�r / (which pos-
sibly extends w xw) starting at this last occurrence of ˛ˇ. By Corollary 3.27, after possibly
adding one digit to the right, it can be written as Ow D O
 Ow2, O
 D ˛ˇ : : : with O
 2 h˛; ˇi
and Ow2 a prefix of ˛ˇ. If ˛ˇ� s is strictly contained in O
 , then if j� 0j � j˛ˇj we will find
that there is at least one more letter ¹˛;ˇº of O
 inside w xw after 
 0, contradicting the max-
imality of 
 0. Hence j� 0j < j˛ˇj and ˛ˇ� s� 0 is a subword of O
˛ˇ, so � 0 is the prefix of a
word in h˛; ˇi as claimed. Now suppose that ˛ˇ� s contains O
 , so r.� s/ � r � 4j˛ˇj � 6.
We will get a contradiction by considering an extension in the transpose word .w xw/�.

We need the identity ..uv/k/� D ub.uv/k�1va. For k D 1 this is a consequence
of Lemma 3.8. To prove the identity for k � 2, let .˛; ˇ/ D .uv; v/, so that .uv/k D
vau

b.uv/k�2vau
b D vau

b˛k�2ˇau
b . Now since ub; va; ˛kˇa are all palindromic, one

gets ..uv/k/� D ub˛k�2ˇaubva D ub.uv/k�1va.
In summary there is a � s�1 inside .w xw/�. Let � s

0

be the maximal suffix of � s�1 that
satisfies r.� s

0

/ � r � 4j� j. Since r.� s
0

/ � r � 6j˛ˇj � 10, by Lemma A.2 we see that
s0j� j D j� s

0

j > r=2. Observe that r..w xw/�/ � .T C 2/r � 4 by Lemma A.4, which gives

.s0/2j� j=4 � .r=8/ �
r

2j� j
� .T C 2/r

since T C 2 � r
16j� j

by hypothesis. Note that .T C 2/r � .s0/2=8 also holds.
If � D uv with .u; v/ 2 xP we use Lemma 4.2 to find a Q
 D � s1�1� s2 : : : � s` starting

with this � s
0

D .uv/s
0

, where each �i is in ¹uuv; uvvº and such that .w xw/� D Q� Q
 Qw2
with Qw2 a prefix of some word in ¹uuv; uvvº. When j� j D 2, we write � D cc with
c 2 ¹1; 2º, � 0 2 ¹a; bº and use Lemma 4.3 to find an extension Q
 D ce1� 0ce2� 0 : : : ce`

starting with � s
0

such that .w xw/� D Q� Q
 .
Since .w xw/� D xw�w�, when � D uv we find that � s` (or at least some factor of it) is

inside w�. Similarly, when j� j D 2, we see that ce` (or at least some factor of it) is inside
w�, so � s` is inside w where s` D 2be`=2c.

In any case � s`�1 is inside w (because of the identity proved above). In any case we
will also get s` � s0 � 1� ` and also `� 2:1T r=j� s

0

j C 1. But note that using j� s
0

j> r=2

and Lemma A.2, we get

j� s`�1j � j� s
0�1�`

j D j� s
0

j � j�`C1j � r=2 � .`C 1/j� j

� r=2 � .2:1 T r=j� s
0

j C 2/j� j � r=2 � 2.2:1 T C 1/

� r=2 �
j� j

j˛ˇj
� ı0r C 6j� j � .1=2/.1 � ı0/r C 6j� j � ıjwj;
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which contradicts the existence of those factors inside w. In conclusion, w xw D w1
�
0

where � 0 with j� 0j < j˛ˇj is a prefix of some word in h˛; ˇi and w1 is a suffix of ˛ˇ.

4.2. Proof of Theorem 1.2

The main idea of the proof of Theorem 1.2 is to find a subcovering of the natural covering
of Kt . Indeed, recall from the introduction that

d.t/ D min ¹1; 2 � dimH.Kt /º D min ¹1; 2 � dimB.Kt /º:

In order to prove that the Hausdorff dimension of Kt is at most d we will start with a
covering of Kt by a finite union of intervals and then replace each of these intervals by a
suitable union of smaller subintervals so that the sum of the d -th powers of the sizes of
the subintervals is smaller than the d -th power of the size of the initial interval.

The proof is quite long, so it is divided into several subsections. We will need the
following combinatorial lemma.

Lemma 4.5. Let U be a positive integer, and let m be a positive real number. If U � m
then the number of solutions .`; x1; : : : ; x`/ of x1 C � � � C x` � .U � `/m with each
xi 2 N� is at most

U

�
em"m

1 � "m

�.1�"m/.UC1/
D Ue.1�"m/.UC1/="m D UeW.m/.UC1/;

where "m is the solution in .0; 1/ of the equation log. em"
1�"

/ D 1
"

.
In general .including the case when U > m/, this number of solutions is at most

UeUm=e
W.m�1/

. Form > 1, this upper bound is equal to UeU �
m
m�1W.m�1/, and form � 5,

it is at most UeU �
logm
m eU �W.m�1/ < UeU �

logm
m eU �W.m/.

In particular, if U D o. m
logm /, then this number is at most e.logm�log logmCo.1//.UC1/.

Proof. We should have 1 � ` � U . Given such an `, the number of solutions of the
inequality is the number of natural solutions of x0C x1C � � � C x` D b.U � `/mc, where
x0 is included to transform the inequality into an equality. This is equal to

�
b.U�`/mcC`

`

�
,

and using the inequalities
�
n
k

�
�

nk

kŠ
� . en

k
/k , which hold for 1 � k � n, this number of

solutions is at most�
e.b.U � `/mc C `/

`

�`
�

�
e..U � `/mC `/

`

�`
:

If U � m, then ` � U � m and .U � `/mC ` � .U C 1 � `/m, so the previous upper
bound is at most �

e.. QU � `/m/

`

�`
;

where QU WDU C 1. Let "2 .0;1/ be such that `D .1� "/ QU , so QU�`
`
D

"
1�"

. The derivative

of g.`/ D log . e..
QU�`/m/
`

/` D ` log. e..
QU�`/m/
`

/ is
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log
�
e.. QU � `/m/

`

�
�

QU

QU � `
D log

�
em"

1 � "

�
�
1

"
;

and so g.`/ is maximized for `D .1� "m/ QU . Moreover, since there are U possible values
of `, the number of solutions we are estimating is at most

U � eg..1�"m/
QU/
D Ue.1�"m/.UC1/="m ;

since, by definition, em"m
1�"m

D e1="m .
Notice that since "m is the solution in .0; 1/ of the equation log. em"

1�"
/ D 1

"
, writing

xm D
1�"m
"m

, we have 1
"m
D xm C 1, and thus log. em

xm
/ D xm C 1, and log. m

xm
/ D xm. It

follows that xmexm D m, and thus xm DW.m/, and Ue.1�"m/.UC1/="m D Ue.UC1/xm D
UeW.m/.UC1/.

In the general case, let us estimate

h.`/ D

�
e..U � `/mC `/

`

�`
:

The derivative of log h.`/ D log . e..U�`/mC`/
`

/` D ` log. e..U�`/mC`/
`

/ is

log
�
.U � `/mC `

`

�
�

`.m � 1/

.U � `/mC `
D log z �

m � 1

z
;

where z D .U�`/mC`
`

is a decreasing function of ` and so h.`/ is maximized when logz D
m�1
z

, which is equivalent to z logzDm� 1 and to logzDW.m� 1/. In this case, we have
h.`/D .ez/`D e` log.ez/. Since `D Um

zCm�1
and log.ez/D 1C logzD 1C m�1

z
D

zCm�1
z

,
we have ` log.ez/ D Um

z
D

Um

eW.m�1/
, which gives the upper estimate for h.`/:

eUm=e
W.m�1/

;

and as before, since there are U possible values of `, the number of solutions we are
estimating is at most

UeUm=e
W.m�1/

:

For m > 1, we have eW.m�1/ D m�1
W.m�1/

, so our bound becomes

UeUmW.m�1/=.m�1/ D UeU �
m
m�1W.m�1/:

We have m
m�1

W.m � 1/ D W.m � 1/C W.m�1/
m�1

, so

UeU �
m
m�1W.m�1/ D UeU

W.m�1/
m�1 eUW.m�1/;

and for m � 5, we have W.m�1/
m�1

<
logm
m

(indeed, this is equivalent to

.m � 1/ logm
m

m.m�1/=m D
.m � 1/ logm

m
e
.m�1/ logm

m > m � 1;
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which is equivalent to logm > m1=m, and thus holds for everym � 5). Thus, in this case,
our upper estimate becomes

UeU �
logm
m eU �W.m�1/ < UeU �

logm
m eU �W.m/:

If U D o. m
logm / then U D o.elogm�log logm/, and thus, since m

m�1
W.m � 1/ D

W.m � 1/C o.1/ D W.m/C o.1/ D logm � log logmC o.1/, we have

e.UC1/�
m
m�1W.m�1/ D elogm�log logmCo.1/eU �

m
m�1W.m�1/

D .1C o.1//
m

logm
eU �

m
m�1W.m�1/ > UeU �

m
m�1W.m�1/;

which was our previous upper estimate, and we have

e.UC1/�
m
m�1W.m�1/ D e.logm�log logmCo.1//.UC1/;

which concludes the proof.

Remark 4.6. In the proof of Theorem 1.2 we only use the case U � m of Lemma 4.5.
We use the general case of Lemma 4.5 only in Section 6.

Proof of Theorem 1.2. We start by recalling some notation. Let m.!/D supn2Z�.�
n.!//

be the Markov value of !, and we have

Qr D ¹˛ D c1 : : : cn j r.˛/ � r; r.c1 : : : cn�1/ < rº;

that is, ˛ belongs to Qr if and only if s.˛/ < e�r�1 and s.˛0/ � e�r�1, where ˛0 is the
word obtained by removing the last letter from w.

We now recall how the covering of Kt is constructed. We define the sets of words

C.t; r/ D ¹˛ D c1 : : : cn 2 Qr j Kt \ I.˛/ ¤ ¿º

D ¹˛ 2 Qr j ˛ subword of a word ! 2 .N�/Z with m.!/ � tº:

Here,Kt D ¹Œ0I
� j 
 2 �C.†.t//º where �CW†!†C is the projection associated with
the decomposition † D †� �†C D .N�/Z� � .N�/N , that is,

�C.: : : c�2c�1c0c1c2 : : :/ D c0c1c2 : : : :

Moreover, †.t/ D ¹! 2 .N�/Z j m.!/ � tº. It is clear that

M \ .�1; t / � .N� \ Œ1; btc�/CKt CKt :

Observe that Kt is covered by all I.˛/ where ˛ 2 C.t; r/ for any fixed r .
If r � s, then the set C.t; r/ covers C.t; s/, in the sense that for any interval I.˛/ with

˛ D c1 : : : cn 2 C.t; s/ there ism � n such that Q̨ D c1 : : : cm 2 C.t; r/ and I. Q̨ / � I.˛/.
Given d depending on r , we can prove that the Hausdorff dimension of Kt is at

most d , by replacing an interval I (corresponding to a word in C.t; r/) with several
intervals Ij contained in it, but smaller and of different sizes, each corresponding to a word
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in C.t; T r/, where T 2 ¹10; blog2 rc; br=5cº, whose union still contains the intersection
of Kt with I and that satisfy

P
j jIj j

d < jI jd . Since this process can be iterated, this
shows that the d -dimensional Hausdorff measure of Kt is finite for large enough r .

By Corollary 3.26, if w 2 †.r/.3 C e�r�4/, then there is a sequence of alphabets
. j̨ ; ǰ / such that, for all 0 � j � m, w is . j̨ ; ǰ /-semirenormalizable with

.˛0; ˇ0/ D .a; b/ and . j̨C1; ǰC1/ 2 ¹. j̨ ǰ ; ǰ /; . j̨ ; j̨ ǰ /º

for each 0 � j < m, and j˛mˇmj � r=6.
We consider such a renormalization .˛t ; ˇt / with

r=
p

log r � j˛t j C jˇt j < 2r=
p

log r:

We will consider words Qw 2†.r/.3C e�r�4/ such thatw Qw 2†.3C e�r�4; jw Qwj/. Then,
depending on w Qw, we will consider continuations xw 2 †.T r/.3C e�r�4/ for some T 2
¹10; blog2 rc; br=5cº such that w Qw xw 2 †.3C e�r�4; jw Qw xwj/.

The strategy is the following: If w (or, more generally, w Qw) contains a factor ˛tˇt ,
we may consider the factor Ow 2 QrC2 of w Qw starting at this factor ˛tˇt ; it should be
.˛t ; ˇt /-renormalizable. We will attempt to use this argument several times in order to
cover the whole word w Qw by .˛t ; ˇt /-renormalizable words. To determine Qw, we only
need to estimate the number of words in .˛t ; ˇt / after the last factor equal to ˛tˇt in w.
For this, we consider several cases according to the size of ˛st , ˇ

s
t as a factor of w, for

some integer s.
In Cases 1 and 2 below, we choose T D 10, while in Case 3 we initially choose

T D blog2 rc. Furthermore, in all the following cases except Case 3.2.2, we take d D
log r�log log r

r
. In Case 3.2.2, corresponding to when ˛t D 11 and Qww contains a relatively

long factor ˛st , we initially choose the estimate d D log r�log log rCc0Co.1/
r

, where c0 D

� log log.3C
p
5

2
/ > 0. This is already enough to obtain the upper bound

d.3C e�r / � 2 �
log r � log log r C c0 C o.1/

r
:

The only case that produces a “bad” estimate is then Case 3.2.2. This estimate can actually
be improved by a refined analysis using T D br=5c, giving rise to Case 3.2.3. Our final
upper bound in Theorem 1.2 is derived in this way.

Case 1: Suppose first that, for every factor of the form ˛st or ˇst of w, we have j˛st j <
jwj=3 and jˇst j < jwj=3. In this case we take T D 10.

Then there is a factor ˛tˇt in the first half of w, and until the next appearance of ˛tˇt
(which happens before the end of w), we have a factor with total size smaller than jwj=2
of the type ˛tˇt˛

j
t ˇt or ˛tˇ

j
t ˛tˇt for some positive integer j . Suppose we are in the

first case, without loss of generality.
Then, given a continuation Qw xw of w with Qw 2 †.r/.3 C e�r�4/ and xw 2

†.10r/.3 C e�r�4/, Lemma 4.4 shows that w Qw xw D �
� 0 with 
 2 h˛t ; ˇt i, � a suf-
fix of ˛tˇt and � 0 a prefix of some word in h˛t ; ˇt i with j� 0j < j˛tˇt j. Thus, the
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continuation of the first factor of the form ˛tˇt of w in w Qw xw is a concatenation of fac-
tors of the form ˛

Q|
t ˇt or ˛tˇ

Q|
t . The number of such factors is at most jw Qw xwj=j˛tˇt j �

.13r C 10/=j˛tˇt j � 25
p

log r . Moreover, if we have two consecutive such factors ˛ Q|1t ˇt
and ˛ Q|2t ˇt (or ˛tˇ

Q|1
t and ˛tˇ

Q|2
t ), then j Q|1 � Q|2j � 1, and if we have two consecutive fac-

tors ˇt˛
Q|1
t ˇt and ˛tˇ

Q|2
t ˛t then 2� jj1j C jj2j � 3. This implies that each of these factors

of the form ˛
Q|
t ˇt or ˛tˇ

Q|
t has at most three continuations of this form, and so the number

of such continuations Qw xw of w is at most 325
p

log r < r . Since the number of possible
w 2 †.r/.3C e�r�4/ is O.r3/, the number of possible continuations w Qw xw in this case
is O.r4/.

Case 2: Suppose now that w has a factor ˛st with j˛st j � jwj=3 (the case of w having a
factor ˇst with jˇst j � jwj=3 will be analogous).

Let us check that we can apply Lemmas 4.2 and 4.3 to this factor. Observe that
r=6 � 1=3 � jwj=3 � sj˛t j, whence s >

p
log r=12, so the condition .T C 2/r �

s2j˛t j=8 holds for T D 10 and r large. In particular, ` � 2:1 T r=j˛st j C 1 < 150. Hence
.s � `=2/j˛t j > r=7 for sufficiently large r . Going back to the inequality 1:1 T r C 4 �
.`� 1/.s � `=2/j˛t jwe get a stronger bound ` < .1:1T r C 4/=..s � `=2/j˛t j/C 1� 80.
We consider two subcases depending on the length of ˛t .

Case 2.1: Suppose that j˛t j > r15=16 and ˛t D uv with .u; v/ 2 xP .
For r large we can assume further that r.˛st / � r � 4j˛t j, since 9

10
jwj � r C 3. Then

we claim that after ˛st D .uv/
s the continuation is renormalizable with alphabet ¹u; vº,

and the first appearance of uu or vv determines the new alphabet (¹u; uvº or ¹uv; vº). To
prove that, let Ow 2 †..TC2/r/.3C e�r�4/ be the factor of w Qw xw starting at that factor ˛st .
Then Lemma 4.2 gives Ow D O
 Ow2, where

O
 D .uv/s1�1.uv/
s2�2 : : : .uv/

s` ;

and each �j belongs to ¹uuv; uvvº and moreover ` � 80.
In particular, given a continuation Qw xw of w with Qw 2 †.r/.3 C e�r�4/ and xw 2

†.10r/.3C e�r�4/, from the first such factor .uv/s1 , the sequence should be

.uv/s1�1.uv/
s2�2 : : : .uv/

s`

with �j 2 ¹uuv;uvvº, `� 80 and s1C � � � C s` � 20r1=16, so we have in total at most 280

choices for the �j , and, given ` � 80, the number of choices for the sj is at most the
number of natural solutions of x1 C � � � C x`C1 D b20r1=16c DW M , which is

�
MC`
`

�
<

.21r1=16/80 D 2180r5, and so the total number of such words w Qw xw is O.r3 � 280 � 80 �
2180r5/ D O.r8/.

Case 2.2: Suppose j˛t j � r15=16 and that the largest factor ˛st of w Qw satisfies r.˛st / �
r � 170j˛t j.

We claim there is ˇ such that .˛t ; ˇ/ 2 xP , ˇ.˛s1t /ˇ is a subword of w Qw, and the
continuation w Qw xw has the form ˇ.˛t /

s1ˇ.˛t /
s2 : : : .˛t /

s` with jsj � sjC1j � 1 for all
1 � j � ` � 80. By hypothesis there is ˇt .˛t /sˇt inside w Qw. If .˛t ; ˇt / D .uv; v/
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for some .u; v/ 2 xP or .˛t ; ˇ/ D .a; b/ then we set ˇ D ˇt , while if ˇt D ˛kt
Q̌ with

.˛t ; Q̌/ 2 xP and j Q̌j � j˛t j, then we set ˇ D Q̌.
If .˛t ;ˇ/D .uv;v/with .u;v/ 2 xP then we use Lemma 4.2 to obtain a continuation Ow

with O
 D .uv/s1�1.uv/s2�2 : : : with �i 2 ¹uuv; uvvº and Ow D O
w2. Moreover, ` � 80.
Since r.˛s1t / � r � 170j˛t j, by induction r.˛

sj
t / � r � .172 � 2j /j˛t j, and since ` � 80,

by the proof of Lemma 4.2 we conclude that all �j are equal to �j D ˛tˇ D uvv (since
˛stˇt D .uv/

f v for some f � 1, and uuv and uv start with va) and that jsj � sjC1j � 1
for all j � 1.

When ˛t D a, we use Lemma 4.3 to find a continuation Ow such that OwD 2e1b2e2b : : : :
But observe that 2e1 D ˛e1=2t is inside w, so by hypothesis r.2e1/ < r � 170j˛t j and there
is b before 2e1 , so e2 is even and je1 � e2j 2 ¹0; 2º. By induction we obtain r.2ej / �
r � .172 � 2j /j˛t j, which forces all ej to be even and jejC1 � ej j 2 ¹0; 2º. In this case
ˇ D b, so we get Ow D 2e1b2e2b : : : D ˛s1t ˇ˛

s2
t ˇ : : : with jsjC1 � sj j � 1 for all j � 1.

Therefore, given a continuation Qw xw of w with Qw 2 †.r/.3 C e�r�4/ and xw 2
†.10r/.3C e�r�4/, there is ˇ with .˛t ; ˇ/ 2 xP such that w Qw has a factor ˇ.˛t /s1ˇ, after
which the continuation of w Qw xw is a concatenation of at most 79 sequences of the type
.˛t /

sj ˇ, 2 � j � 80, with jsjC1 � sj j � 1 for every j � 1. This gives at most 380 con-
tinuations of ˇ.˛t /s1ˇ, and so, since we have at most O..r3/2/ D O.r6/ choices for w Qw,
we have in total O.280 � r6/ D O.r6/ such words w Qw xw.

In all the previous cases (Case 1, Case 2.1 and Case 2.2), if d D log r�log log r
r

, then

.e�10r /d D e�10.log r�log log r/
D

�
r

log r

��10
:

Moreover, in these cases we have O.r8/ possible such words w Qw xw. Notice that

r8.e�10r /d D r8 �

�
r

log r

��10
D

log10 r
r2

<
1

r
� 1:

Our third case is derived from Case 2.2, but it is more delicate.

Case 3: Under the conditions of Case 2, suppose that j˛t j � r15=16 and that w Qw has a
factor ˛s1t satisfying r.˛s1t / � r � 170j˛t j.

In this case we will consider continuations xw 2 †.T r/.3C e�r�4/ for T D blog2 rc
such that w Qw xw 2†.3C e�r�4; jw Qw xwj/. Again, consider two subcases depending on the
length of ˛t .

Case 3.1: Suppose that j˛t j > 2.
So, ˛t D uv with .u; v/ 2 xP . Now let T D b.log r/2c. The condition on ˛s1t implies

that s1 � .r � 170j˛t j/=.2j˛t j/� .1=2/r1=16 � 85, so s21 j˛t j=2� s1.r � 170r
15=16/=4�

.log r/2r � T r . Let Ow 2 †..TC2/r/.3 C e�r�4/ be the factor of w Qw xw starting at the
factor ˛s1t . Lemma 4.2 guarantees that

Ow D .uv/s1�1.uv/
s2 : : : .uv/s` Ow2

where each �i is in ¹uuv; uvvº and ` � 2:1 T r=j˛s1t j C 1 � 5T C 2 for r large enough.
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Therefore, from this factor ˛s1t , the continuation of w Qw xw is an initial factor of a word
of the form .uv/s1�1.uv/

s2�2 : : : �`�1.uv/
s` , and

T r � r..uv/s1�1.uv/
s2�2 : : : .uv/

s`/ < .T C 3/r

with �j 2 ¹uuv; uvvº, ` � 5T C 2 (and such that .uv/s1�1.uv/s2�2 : : : �`�1 is an initial
factor of this word beginning in this factor ˛s1t and going till the end of w Qw xw) with
r.˛

sj
t / � r � .173 C T /j˛t j > r � b6 log2 r � r15=16c DW M (notice that if r..uv/sj / <

r � 10j˛t j then jsjC1 � sj j � 1). Let s0 be the smallest integer satisfying r.˛s0t / � M .
Then sj D s0 C Qsj with Qsj � 0 for each 1 � j � `.

Since q2sj˛t j.˛
s
t / � q2j˛t j.˛t /

s and q2j˛t j.˛t / � q4.1122/ D 12, we have r.˛st / �
blog.q2s:j˛t j.˛

s
t /
2/c � blog..12s/2/c D bs log.144/c > 4s. Hence

.T C 3/r > r..uv/s1�1.uv/
s2�2 : : : .uv/

s`/ � ` r.˛s0t /C .Qs1 C � � � C Qs`/ r.˛t /

� `M C 4.Qs1 C � � � C Qs`/:

In particular, `� T C 3 for r large. Since .T C 4/M D .T C 4/.r � b6 log2 r � r15=16c/ >
.T C 3/r , it follows that, given 1 � ` � T C 3, the number of choices of the sj ; j � `, is
at most the number of natural solutions of

Qs1 C � � � C Qs` � .T C 4 � `/M=4;

which is�
b.T C 4 � `/M=4c C `

`

�
�

�
e..T C 4 � `/M=4C `/

`

�`
<

�
e.. QT � `/M=4/

`

�`
;

where QT WD T C 5 (here we have used the inequalities
�
n
k

�
� nk=kŠ � .en=k/k , which

hold for 1 � k � n). We have at most 2` choices for the �j ; j � `; let us estimate the
maximum of

f .`/ D 2`
�
e.. QT � `/M=4/

`

�`
D

�
e.. QT � `/M=2/

`

�`
for 1 � ` � QT � 1.

The derivative of logf .`/ is log. e..
QT�`/M=2/
`

/ �
QT
QT�`

. Since, in this range of `,

log
�
e.. QT � `/M=2/

`

�
D .1C o.1// logM D .1C o.1// log r

and QT D T C 5 D log2 r C O.1/, we have the maximum attained for

` D QT

�
1 �

1C o.1/
log r

�
D log2 r � .1C o.1// log r < T;

and, for this value of `,

f .`/ D

�
e.. QT � `/M=2/

`

�`
D

�
e..1C o.1//M=2/

log r

�`
<

�
3M

2 log r

�T�.1Co.1// log r

:
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We have at most QT D log2 r C O.1/ choices for `, and at most O.r6/ choices for w Qw, so
we have at most

O
�
r6 log2 r

�
3M

2 log r

�T�.1Co.1// log r�
<

�
2r

log r

�T�.1Co.1// log r

such words w Qw xw.
Notice that, for d D log r�log log r

r
, we have .e�T r /d D e�T.log r�log log r/, so�

2r

log r

�T
.e�T r /d D

�
2r

log r
e� log rClog log r

�T
D 2T ;

and �
2r

log r

�T�.1Co.1// log r

.e�T r /d �

�
2r

log r

��.1Co.1// log r

� 2log2 r

D e�.1Co.1// log2 r
� elog2 log2 r

D e�.1�log2Co.1// log2 r

< e�
1
4 log2 r

� 1:

Case 3.2: Suppose that j˛t j D 2. Then, for some c 2 ¹1;2º,w Qw has a factor cs1 satisfying
r.cs1/ � r � 340. Let c0 D 3 � c 2 ¹1; 2º and � D c0c0. Observe that .s C 1/ log x �
r.cs/ � r � 340, so .T C 2/r � s2.log x/=4. Using Lemma 4.3, from this factor cs1

the continuation of w Qw xw has the form cs1�cs2� : : : �cs` with ` < 2T r=..s � 4/ logx/ <
2T r=.r � 340/< 3T for large r . Using this information in the inequality `.s� `� 3/ logx
< T r gives ` � T C 1 for large r . Therefore, from this factor cs1 , the continuation of
w Qw xw is an initial factor of a word of the form cs1�cs2� : : : �cs` , T r � r.cs1�cs2� : : : cs`/
� .T C 1/r , ` � T C 1 (and such that cs1�cs2� : : : cs`�1� is an initial factor of this word
beginning with this factor cs1 and going till the end ofw Qw xw) with r.csj /� r� .342C2T /
> r�b3 log2 rcDWN (notice that if r.csj / < r � 7 then sj is even and jsjC1 � sj j 2 ¹0;2º).
Let s0 be minimal such that r.cs0/�N . Then sj D s0C Qsj with Qsj � 0 for each 1� j � `.
Notice that, given c, xw is determined by the choice of .`; s1; : : : ; s`/.

To estimate the number of the corresponding possibilities, we will make use of
Lemma 4.5. We will consider last two subcases depending on the value of c.

Case 3.2.1: Assume that c D 2.
Since qs.2s/ � 2s , we have

r.2s/ � blog.qs.2s/2/c � blog..2s/2/c D bs log.4/c � 4s=3 � 1:

We have

.T C 1/r > r.2s1112s211 : : : 2s`/ � ` r.2s0/C 4.Qs1 C � � � C Qs`/=3 � `

� `N C 4.Qs1 C � � � C Qs`/=3 � `:
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Since

.T C 2/N D .T C 2/.r � b3 log2 rc/ > .T C 1/r C .T C 1/ � .T C 1/r C `;

it follows that, given 1 � ` � T C 1, the number of choices of the sj ; j � `, is at most
the number of natural solutions of Qs1 C � � � C Qs` � 3.T C 2 � `/N=4. By Lemma 4.5, it
is at most

e.log.3N=4�log log.3N=4/Co.1//.TC3/
D e.logN�log logN�log.4=3/Co.1//T ;

since logN D o.T /. We have at most O.r6/ choices for w Qw, so we have at most

O.r6e.logN�log logN�log.4=3/Co.1//T
D O.e.logN�log logN�log.4=3/Co.1//T /

such words w Qw xw.
Notice that, for d D log r�log log r

r
we have .e�T r /d D e�T.log r�log log r/, and so, since

logN D log r C o.1/,

e.logN�log logN�log.4=3/Co.1//T .e�T r /d D eT.log r�log log r�log.4=3/Co.1//.e�T r /d

D eT.o.1/�log.4=3// < e�
log2 r
4 � 1:

Case 3.2.2: Assume that c D 1. Observe that

.T C 1/r > r.1s1221s222 : : : 221s`/ � `N C .Qs1 C � � � C Qs`/ log
�
3C
p
5

2

�
by (A.3) and (A.8). Since

.T C 2/N D .T C 2/.r � b3 log2 rc/ > .T C 1/r;

it follows that, given 1 � ` � T C 1, the number of choices of the sj ; j � `, is at most
the number of natural solutions of

Qs1 C � � � C Qs` � .T C 2 � `/N=log
�
3C
p
5

2

�
:

By Lemma 4.5, it is at most

e.log.N=log. 3C
p
5

2 //�log log.N=log. 3C
p
5

2 //Co.1//.TC3/

D e.log.N=log. 3C
p
5

2 //�log log.N=log. 3C
p
5

2 //Co.1//T ;

since logN D o.T /. We have at most O.r6/ choices for w Qw, so we have at most

O
�
r6e.log.N=log. 3C

p
5

2 //�log log.N=log. 3C
p
5

2 //Co.1//T �
D O

�
e.log.N=log. 3C

p
5

2 //�log log.N=log. 3C
p
5

2 //Co.1//T �
such words w Qw xw.
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Notice that if ı > 0, for d D log r�log log r�log log. 3C
p
5

2 /Cı

r
we have

.e�T r /d D e�dT r D e�T.log r�log log r�log log. 3C
p
5

2 /Cı/;

and so, since logN D log r C o.1/,

e.log.N=log. 3C
p
5

2 //�log log.N=log. 3C
p
5

2 //Co.1//T .e�T r /d

D eT.log r�log log r�log log. 3C
p
5

2 /Co.1/�log rClog log rClog log. 3C
p
5

2 /�ı/

D eT.o.1/�ı/ < e�
ı log2 r
2 � 1:

Since c0 WD � log log.3C
p
5

2
/ D 0:03830054 : : : > 0, it follows that

d.3C e�r / � 2 �
log r � log log r C c0 C o.1/

r
:

Up to this point of the proof, we have shown the upper bound

d.3C t / � 2 �
log jlog t j � log log jlog t j C c0 C o.1/

jlog t j
;

which gives us a different proof of the upper bound on the easier bounds stated in the
introduction. In fact, the only case that gives the worst bound is the last one with c D 1
(that is, Case 3.2.2).

We can actually obtain a more precise upper estimate by choosing T Dbr=5c, which is
what we will do now. For the sake of exposition, we will consider this improved estimate
to be a separate case.

Case 3.2.3: We will derive a more precise estimate for c D 1. Observe that it is possible
to choose T D br=5c in Lemma 4.3, because r.1s/ � r � 340 gives s logx � r � 340, so
one has

s2.log x/=4 � .r � 340/2=.4 log x/ � r2=5

for large r . Moreover,

` < 2T r=.s log x/ � 2:1 T r=.r � 340/ � .5=2/T � r=2

for large r . Putting this again in the inequality ` < T r=..s � `C 1/ log x/ gives further
` < 2T C 1, so ` � 2T for large r .

Let T D br=5c. We would have a worst lower estimate for r.˛sit /: for i � 1, we have
r.˛sit / � r � 2.173C i/ � r=3. Indeed,

r2=5C r � r.1s1221s222 : : : 221s`/

�

min ¹`;r=2ºX
iD1

.r � 2.173C i//

D min ¹`; r=2º .r � 347 �min ¹`; r=2º/;
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which implies ` < 3r=10, and thus r.˛sit / � r � 2.173 C i/ > r=3. We will intro-
duce a parameter j equal to the number of values of i for which r.˛sit / < r � 3 in
1s1221s222 : : : 221s` , for which we should have siC1 2 ¹si ; si � 2; si C 2º (for the
other ` � j values of 1 � i � ` we have r.˛sit / � r � 3); if we consider these j val-
ues i1 < � � � < ij of i , we have si1 � s0 � 100, so sit > s0 � 100 � 2t; 1 � t � j , andP
1�i�j sit > j � .s0 � 100 � j /.

Let Ò D `� j and ¹si j i 2 I D ¹1; : : : ; `º n ¹it j 1 � t � j ºº D ¹Os1; : : : ; Os Òº. We have
` < 3r=10 < 2T . Given Ò and j there are at most�

`

j

�
D

�
Ò C j

j

�
<

�
e`

j

�j
<

�
2eT

j

�j
choices for the set ¹sit j 1 � t � j º. Since for i 2 ¹it j 1 � t � j º we have at most
three choices for siC1, the total number of these choices is at most 3j . Together with the
number of choices for the set ¹sit j 1 � t � j º, this gives an estimate of .6eT=j /j for
these choices.

Let Os0 be the smallest integer with r.1Os0/ � r � 3. Then Os0 > .r � 5/=log.3C
p
5

2
/. The

number of solutions of the above inequality is at most the number of natural solutions of

Os1 C � � � C Os Ò � .T C 2 � Ò/.r � 5/=log
�
3C
p
5

2

�
� j � .s0 � 100 � j /

< .T C 2 � Ò � j � .r � 104 � j /=r/.r � 5/=log
�
3C
p
5

2

�
< .T C 2 � Ò � j=2/.r � 5/=log

�
3C
p
5

2

�
:

By Lemma 4.5, the number of solutions of

Os1 C � � � C Os Ò � .T C 2 � Ò � j � .r � 104 � j /=r/.r � 5/=log
�
3C
p
5

2

�
is at most

.T C 2/e.1�"m/.TC3�j �.r�104�j /=r/="m ;

where "m is the solution in .0; 1/ of the equation

log
�
em"

1 � "

�
D
1

"
with m D .r � 5/=log

�
3C
p
5

2

�
:

Since em"m
1�"m

> r
2 log r , the factor . em"m

1�"m
/�j �.r�104�j /=r is such that�

6eT

j

�j�
em"m

1 � "m

��j �.r�104�j /=r
<

�
6eT

j

�
r

2 log r

��.r�104�j /=r�j
:

This is smaller than .6eT
j
. r
2 log r /

�1=2/j , and for j � r3=4 this is o.1/ (using T � r=4).
For 10 log r � j < r3=4, the estimate
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�
6eT

j

�
r

2 log r

��.r�104�j /=r�j
will be o.1/ since �.r � 104 � j /=r < �1 C r�1=5 and . r

2 log r /
r�1=5 D 1 C o.1/, so

the estimate becomes ..3 C o.1//e=10/10 log r D o.1/. On the other hand, for 0 � j <
10 log r , the estimate .6eT

j
. r
2 log r /

�.r�104�j /=r /j becomes . .3Co.1//e log r
j

/j < .
9 log r
j
/j .

The maximum of the function v.j /D .9 log r
j
/j is attained at j D 9.log r/=e, and is equal

to e9.log r/=e < r4. So, using again the fact that we have O.r6/ choices for w Qw, in any case
we get an upper estimate for the total number of words w Qw xw, which is

O.r6/ � r4 � .T C 2/ �
�
em"m

1 � "m

�.1�"m/.TC3/
D O.r14/ �

�
em"m

1 � "m

�.1�"m/T
:

As before, this gives an upper estimate for the dimension which is

.1 � "m/ log
�
em"m
1�"m

�
C O..log r/=T /

r
D
.1 � "m/ log

�
em"m
1�"m

�
C O..log r/=r/

r

Since "m is the solution in .0; 1/ of the equation log. em"m
1�"m

/ D 1
"m

with m D

.r � 5/=log.3C
p
5

2
/, we have .1� "m/ log. em"m

1�"m
/D 1�"m

"m
. Writing z D 1�"m

"m
, the equal-

ity log. em"m
1�"m

/ D 1
"m

can be written as log. em
z
/ D z C 1, so z C log z D logm and

zez Dm, so z DW.m/DW..r � 5/=log.3C
p
5

2
//, whereW is Lambert’s function. Since

W 0.x/ < 1=x, we get

W

�
.r � 5/=log

�
3C
p
5

2

��
D W

�
r=log

�
3C
p
5

2

��
C O.1=r/;

and our upper estimate for the dimension is

z=r C O
�

log r
r2

�
D W

�
r=log

�
3C
p
5

2

��
=r C O

�
log r
r2

�
:

5. The lower bound

The statements and definitions below are taken from the third author’s work [10].

Definition 5.1. Given B D ¹ˇ1; : : : ; ˇ`º, ` � 2, a finite alphabet of finite words
ǰ 2 .N�/rj , which is primitive (in the sense that ˇi does not begin with ǰ for all i ¤ j )

then the Gauss–Cantor set K.B/ � Œ0; 1� associated with B is defined as

K.B/ WD ¹Œ0I 
1; 
2; : : : � j 
i 2 Bº:

The set K.B/ is a dynamically defined Cantor set. We will now exhibit its Markov
partition and the expanding map which defines it.
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For each word ǰ 2 .N�/rj , let Ij D I. ǰ / be the convex hull of ¹Œ0I ǰ ; 
1; 
2; : : : � j

i 2 Bº and let  jIj WD G

rj jIj where

G.x/ D ¹1=xº D 1=x � b1=xc

is the Gauss map. This defines an expanding map  W I.ˇ1/ [ � � � [ I.ˇ`/! I . Let I D
ŒminK.B/;maxK.B/�. Then I is the convex hull of I1 [ � � � [ I` and  .Ij / D I for
every j � `.

Let us describe how to estimate dimH.K.B//.
According to Palis–Takens [11, Chapter 4], let

�j D inf
ˇ̌
 0jIj

ˇ̌
; ƒj D sup

ˇ̌
 0jIj

ˇ̌
and ˛; ˇ � 0 be such that

X̀
jD1

��˛j D 1;
X̀
jD1

ƒ
�ˇ
j D 1:

Then
ˇ � dimH.K.B// � ˛: (5.1)

Let us discuss how to find estimates for ˛ and ˇ.
The iterates of the Gauss map are given explicitly by

 jIj .x/ D
q
.j /
rj x � p

.j /
rj

p
.j /
rj�1
� q

.j /
rj�1

x

where p.j /
k
=q
.j /

k
D Œ0I b

.j /
1 ; : : : ; b

.j /

k
� and ǰ D .b

.j /
1 ; : : : ; b

.j /
rj /. Hence

. jIj /
0.x/ D

.�1/rj�1

.p
.j /
rj�1
� q

.j /
rj�1

x/2
:

Lemma 5.2. Let x D Œc0; c1; c2; : : : � and pn=qn D Œc0; c1; : : : ; cn�. Then

1

2qnqnC1
<

1

qn.qn C qnC1/
<

ˇ̌̌̌
x �

pn

qn

ˇ̌̌̌
<

1

qnqnC1
;

and therefore
1

2qnC1
< jqnx � pnj <

1

qnC1
:

Lemma 5.2 implies that

.q.j /rj /
2 < j. jIj /

0.x/j D
1

.p
.j /
rj�1
� q

.j /
rj�1

x/2
< .2q.j /rj /

2:

Thus
.q.j /rj /

2
� �j D inf

ˇ̌
 0jIj

ˇ̌
� ƒj D sup

ˇ̌
 0jIj

ˇ̌
� .2q.j /rj /

2:
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Let a D 22, s the smallest natural number such that r.1s/ � r , k D 2r , ˇ1 D 1k and, for
2� j � kC 1, ǰ D 1

kC1�ja1s D 1kC1�j 22 1s . Then B D ¹ˇ1; : : : ; ˇkC1º is primitive.
The alphabet B D ¹ˇ1; : : : ; ˇkC1º as above induces a subshift

†.B/ D ¹.
i /i2Z j 
i 2 Bº:

Lemma 3.2 implies that, for any � 2 †.B/ and every n 2 Z,

�.�n.�// < 3C e�r :

Recall that if ˛ D c1 : : : cm and ˇ D ˇ1 : : : ˇn are finite words, then

qm.˛/qn.ˇ/ < qmCn.˛ˇ/ < 2qm.˛/qn.ˇ/:

The above estimates give ƒ1 D sup
ˇ̌
 0jI.ˇ1/

ˇ̌
� 4.1C

p
5

2
/2k and, for 2 � j � k C 1,

ƒj D sup
ˇ̌
 0jI. ǰ /

ˇ̌
� 8 �

�
1C
p
5

2

�2k�2.j�2/
� .102 � erC1/

�

�
1C
p
5

2

�2k�2.j�2/
� erC8:

Thus, from the above lemma and [10], we conclude that

d.3C e�r / � dimH.m.†.B/// D min ¹1; 2 � dimH.K.B//º � 2 Qd;

where m.!/ D supn2Z �.�
n.!// denotes the Markov value of ! 2 †.B/, and Qd is the

solution of �
4

�
1C
p
5

2

�4r�� Qd
C

k�1X
tD0

��
1C
p
5

2

�2t�� Qd
� e�.rC8/

Qd
D 1:

Since d.3C e�r / D O. log r
r
/, we also have Qd D O. log r

r
/ D o.1/. The rest of this section

is devoted to finding a lower bound for Qd .
Since .1C

p
5

2
/4 > e3=2, we have�
4

�
1C
p
5

2

�2k�� Qd
�

�
1C
p
5

2

��4r Qd
� e�

3
2 r
Qd ;

and we get

e�.rC8/
Qd
�
1 �

�
1C
p
5

2

��2k Qd
1 �

�
1C
p
5

2

��2 Qd D 1 � O.e�
3
2 r
Qd /: (5.2)

In particular,

1 � e�.rC8/
Qd
�
1 �

�
1C
p
5

2

��4 Qd
1 �

�
1C
p
5

2

��2 Qd D e�.rC8/ Qd �
�
1C

�
1C
p
5

2

��2 Qd�

� 2e�.rC8/
Qd
�

�
1C
p
5

2

��2 Qd
� 2e�.rC9/

Qd ;
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and so Qd � log2
rC9
�

1
2r

. So we have�
1C
p
5

2

��2k Qd
D

�
1C
p
5

2

��4r Qd
� e�

3
2 r
Qd
� e�3=4 < 1=2

and thus

1 � e�.rC8/
Qd
�
1 �

�
1C
p
5

2

��2k Qd
1 �

�
1C
p
5

2

��2 Qd � e�.rC8/
Qd

2
�
1 �

�
1C
p
5

2

��2 Qd � :
Since Qd D o.1/, writing c1 D log 3C

p
5

2
D 0:9624 : : : we have�

1C
p
5

2

��2 Qd
D e�c1

Qd
D 1 � c1 Qd C O. Qd2/;

and therefore 1 � .1C
p
5

2
/�2
Qd D c1 Qd C O. Qd2/ D .1C O. Qd//c1 Qd . It follows that

1 �
e�.rC8/

Qd

2
�
1 �

�
1C
p
5

2

��2 Qd � D e�.rC8/
Qd

.2C O. Qd//c1 Qd
�
e�.rC8/

Qd

2 Qd

and thus 0 � �.r C 8/ Qd � log 2 � log Qd . It follows that �r Qd � log Qd C O.1/, and thus
.1C
p
5

2
/�4r

Qd � e�
3
2 r
Qd D O. Qd3=2/. From (5.2), we get

1 � O. Qd3=2/ D e�.rC8/
Qd
�
1 �

�
1C
p
5

2

��2k Qd
1 �

�
1C
p
5

2

��2 Qd
D e�.rC8/

Qd
�
1 � O. Qd3=2/

.1C O. Qd//c1 Qd
D .1C O. Qd//

e�r
Qd

c1 Qd
;

and thus O. Qd3=2/ D �r Qd C O. Qd/C c0 � log Qd and therefore

r Qd D � log Qd C c0 C O. Qd/ D jlog Qd j C c0 C O. Qd/; (5.3)

where c0 D � log c1 D 0:03830054 : : : :
In particular, r Qd D .1C O.1=jlog Qd j//jlog Qd j D .1C o.1//jlog Qd j, and thus log Qd C

log r D log jlog Qd j C o.1/ and

log r D � log Qd C log jlog Qd j C o.1/ D .1 � o.1//jlog Qd j:

It follows that jlog Qd j D .1C o.1// log r and log jlog Qd j D log log r C o.1/, and so

log Qd C log r D log jlog Qd j C o.1/ D log log r C o.1/

and jlog Qd j D � log Qd D log r � log log r C o.1/D log r .1� .1C o.1// log log r=log r/,
which implies log jlog Qd j D log log r � .1C o.1// log log r=log r .
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From r Qd D .1C O.1=jlog Qd j//jlog Qd j it follows that

log Qd C log r D log jlog Qd j C O
�

1

jlog Qd j

�
D log jlog Qd j C O

�
1

jlog r j

�
D log log r �

.1C o.1// log log r
log r

;

so jlog Qd j D � log Qd D log r � log log r C .1 C o.1// log log r=log r , and from r Qd D

jlog Qd j C c0 C O. Qd/ D jlog Qd j C c0 C O..log r/=r/ we get

Qd D
jlog Qd j C c0 C O..log r/=r/

r

D
log r � log log r C c0 C .1C o.1// log log r=log r

r

>
log r � log log r C c0

r
;

and thus
d.3C e�r / > 2 �

log r � log log r C c0
r

:

We can give a more precise asymptotic expression for Qd (and thus for d.3C e�r /),
using the Lambert function W W Œe�1;C1/ ! Œ�1;C1/, which is the inverse func-
tion of f W Œ�1;C1/ ! Œe�1;C1/; f .x/ D xex (which is increasing in Œ�1;C1/).
Let gW .0;C1/! R be given by g.x/ D rx C log x. We have g. Qd/ D r Qd C log Qd D
c0 CO. Qd/. Let d0 2 .0;C1/ be the solution of g.d0/D c0. Since g0.x/D r C 1=x > r
for every x 2 .0;C1/, and there exists t between d0 and Qd such that jg. Qd/ � c0j D
jg. Qd/ � g.d0/j D jg

0.t/. Qd � d0/j � r j Qd � d0j, it follows that

j Qd � d0j �
1

r
jg. Qd/ � c0j D O. Qd=r/ D O..log r/=r2/

and Qd D d0CO..log r/=r2/D .1CO.1=r//d0. On the other hand, since rd0C logd0 D
g.d0/ D c0, we have d0erd0 D ec0 , and so f .rd0/ D rd0e

rd0 D rec0 and thus rd0 D
W.rec0/, which gives a closed expression for d0: d0 D 1

r
W.rec0/, from which we get

Qd D
W.rec0/

r
C O

�
log r
r2

�
D
1C O.1=r/

r
�W.rec0/:

(for a detailed discussion of the function W , including its asymptotic expansion, we refer
the reader to the work of Corless et al. [2]).

The improved estimates of the previous section (using T D br=5c in the case of
1s1221s2 : : :) give the same asymptotic expression for 1

2
d.3C e�r /, so the proof of The-

orem 1.2 is complete.

6. The error term is optimal

In the case c D 1, the Markov values larger than 3 are due to two types of “contradictions”
that we analyze as two separate subcases:
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Case 1: Words of the form 1s12212kC12212kCj 221s2 , where 2k C 1 is of the order
of Os0, and s1; s2 are at least Os0 � 4. In this case the Markov value associated with the
cut 1s12212kC1j2212kCj 221s2 is 3C x, where

x D Œ0I 12kC1221s1 : : : � � Œ0I 12kC2Cj 221s2 : : : �

D .1C o.1//
2.3' � 4/

3'4

�
1

'4k
C

.�1/j

'4kC2C2j

�
;

where ' D 1C
p
5

2
, and so x belongs to an interval of the type

2.3' � 4/

3'4kC4

�
.1C o.1//

�
1 �

1

'4

�
; .1C o.1//

�
1C

1

'2

��
:

Indeed, we have

Œ0I 12kC1221s1 : : : � D Œ0I 12kC1221�C O.'�8k/;

Œ0I 12kC2Cj 221s2 : : : � D Œ0I 12kC2Cj 221�C O.'�8k/:

Moreover, denoting the n-th Fibonacci number by Fn,

Œ0I 1n221� D

�
0I 1n; 2C

1

2C '�1

�
D Œ0I 1n; 4 � '� D

.4 � '/Fn C Fn�1

.4 � '/FnC1 C Fn

D
Fn�1=Fn C .4 � '/

.4 � '/Fn�1=Fn C 5 � '
:

On the other hand, the identity auCb
cuCd

�
avCb
cvCd

D
.ad�bc/.u�v/
.cuCd/.cvCd/

applied for a D 1, b D
4� ', c D 4� ', d D 5� ', uD F2k=F2kC1 and v D F2kC1Cj =F2kC2Cj together with
.cuC d/.cv C d/ D .1C o.1//.c'�1 C d/2 D .1C o.1//.3'/2 gives

x D .1C o.1//
12 � 6'

.3'/2
.v � u/ D .1C o.1//

2

3'4
.v � u/:

In order to estimate v � u, let us estimate Fn=FnC1 � '�1: we have

Fn
FnC1

�
1

'
D

'n � .�'�1/n

'nC1 � .�'�1/nC1
�
1

'
D .1C o.1//

.�1/nC1.' C '�1/'�n

'nC2

D
.�1/nC1.3' � 4C o.1//

'2n
:

Using this for n D 2k C 1C j; n D 2k and subtracting, we get the above estimate for x.

Case 2: Words of the form 1s12212k2212kC3Cj 221s2 , where 2k is of the order of Os0,
and s1; s2 are at least Os0 � 4. In this case the Markov value associated with the cut
1s12212k22j12kC3Cj 221s2 is 3C y, where

y D Œ0I 12kC3Cj 221s2 : : : � � Œ0I 12kC2221s1 : : : �

D .1C o.1//
2.3' � 4/

3'4

�
1

'4kC2
C

.�1/j

'4kC4C2j

�
:
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The proof of this estimate is analogous to the previous one, applying the above estimate
of Fn=FnC1 � '�1 for n D 2k C 1; n D 2k C 2C j and subtracting.

Hence, y belongs to an interval of the type

2.3' � 4/

3'4kC6

�
.1C o.1//

�
1 �

1

'4

�
; .1C o.1//

�
1C

1

'2

��
:

Since

1 �
1

'4
> 0:854 > 0:528 >

�
1C

1

'2

�
�
1

'2

and

1C
1

'2
< 1:382 < 2:236 <

�
1 �

1

'4

�
'2;

it follows that, for large k, none of these Markov values belongs to the interval

Œ3C xk ; 3C yk � D 3C
2.3' � 4/

3'4kC4
Œ1:382; 2:236�;

whose size is comparable to the value of its endpoints, and so there are no sequences of
the type : : : 1s1221s2221s322 : : : with sj > 3k=2 for all j whose Markov values belong
to Œ3C xk ; 3C yk �. Indeed, we have the same characterization of sequences of this type
whose Markov values are smaller than yk and whose values are smaller than xk : for
s D 2k, if sj < s then sj is even and sj�1 � sj ; sjC1 � sj 2 ¹�2; 0; 2º (and there are no
other restrictions).

Let again s D 2k and T D br log rc, where r D bjlog ykjc. For each QT with
T=2 < QT � T , let M. QT / be the number of elements of the set B. QT / of sequences
1s1221s222 : : : 221st 22 with

r � . QT � 1/ < r.1s1221s222 : : : 221st 22/ � r � QT ;

sj > 3s=4 for every j � t , s1; st � s and such that, for each j � t with sj < s, sj is even

and sj�1 � sj ; sjC1 � sj 2 ¹�2; 0; 2º. Let Qd D max ¹ logM. QT /
r QT

º. Then d.3C xk/ � 2 Qd .

Indeed, m.†.B. QT /// � M \ .�1; 3 C xk/, where m.!/ D supn2Z �.�
n.!// denotes

the Markov value of ! 2 †.B. QT //.
Let us now give upper estimates. Suppose that w Qw does not have a factor 1s1 satisfy-

ing r.1s1/ � r � 340 where r D bjlog ykjc, and consider an infinite continuation ! of it
contained in †.3C e�r / � †.3C yk/. Then the previous discussion provides a contin-
uation xw 2 †.T r/.3C e�r / for some T 2 ¹10; blog2 rcº depending on Qw such that w Qw xw
is the continuation of w Qw in !, w Qw xw 2 †.3C e�r ; jw Qw xwj/, and the number K of these
words w Qw xw satisfies K � e�T rd < 1=r for d D log r�log log r

r
.

Suppose now that w Qw has a factor 1s1 satisfying r.1s1/ � r � 340 where

r D bjlogykjc 2
�
s log

�
3C
p
5

2

�
; .s C 2/ log

�
3C
p
5

2

��
:

Let us consider continuations xw 2 †.m/.3 C e�r / for some r3=2 < m � rbr log rc
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such that w Qw xw 2 †.3 C e�r ; jw Qw xwj/ and the continuation of 1s1 in w Qw xw is
1s1221s222 : : : 1st 22 such that there are at least r15=16 values of i � t with si < s, and t
is minimum with this property. Then st > r � 3r15=16. We will introduce a parameter j
equal to the number of values of i � t with si < s; let i1 < � � � < ij be those values. We
have j � r15=16. There are at most

�
t
j

�
< .et=j /j choices for the set ¹it j 1� t � j º. Since

for i 2 ¹iv j 1 � v � j º we have at most three choices for siC1, the total number of these
choices is at most 3j . Together with the number of choices for the set ¹it j 1 � t � j º,
this gives an estimate of .3et=j /j for these choices of the set ¹.it ; sit / j 1 � t � j º.
Let t D t � j . The number of choices of the remaining values of the si is at most the
number of solutions of Os1 C � � � C Ost � m=log.3C

p
5

2
/� st � j.r � 3r15=16/ � .U � t /s,

where U D m=.r � 2/ � j=2 < r log r , which is at most UeU �
log s
s eU �W.s/. As before,

eW.s/ D .1C o.1//s=log s, and (since eU �
log s
s � e

r log r log s
s D eO.log2 s/ D eo.j /), the total

number QK of these sequences is

O
�
r4
�
6em

jr

�j
.m=r/..1Co.1//s=logs/�j=2eU �

log s
s eW.s/m=.r�2/

�
D O.s�j=4eW.s/m=r /;

and since j � r15=16, for d D W.r=log. 3C
p
5

2 //

r
�

1

r3=2
we have QK � e�md < e�

p
r .

Consider now the remaining case where there are less than r15=16 values of i � t
with si < s and consider the largest continuation of 1s1 in w Qw xw 2 †.T r/.3C e�r /, T D
br log rc of the form 1s1221s222 : : : 1st with sj > s � 3r15=16 for each j . Taking j1 mini-
mum and j2 maximum with sj1 ; sj2 � s (notice that j1 C t � j2 � r15=16), the number ON
of such words is at most 3j1Ct�j2M < 3r

15=16
M , where M is the number of elements

of B. QT /, where r � . QT � 1/ < r.1sj1C1221s222 : : : 1sj2�1/ � r � QT . We have QT < T �

.j1C t � j2/=2 andM. QT /� er Qd QT < er Qd.T�.j1Ct�j2/=2/, so ON � er QdT .3e�r Qd=2/j1Ct�j2 .
Since, by our lower estimates on d.3 C "/, log ON

T r
>

log r�log log rC0:03
r

, it follows that
Qd �

logM
r QT

>
log r�log log r

r
, and thus

.3e�r
Qd=2/j1Ct�j2 < .3.log r=r/1=2/j1Ct�j2 � 1I

adding these estimates for all possible choices of .j1; t � j2/, we get ON � 2er QdT .
This, together with the previous estimates, implies that d.3 C yk/ � 2 Qd C O.1=r2/.
Indeed, .e�T r / QdC1=r

2
D e�T=re�r

QdT < e1�log re�r
QdT , and thus 2er QdT .e�T r / QdC1=r

2
�

2e1�log r D 2e=r D o.1/.
Finally, suppose that F is a twice continuously differentiable function such that

d.3C "/ D F."/C o
�

log jlog "j
jlog "j2

�
:

By the mean value theorem there is �k 2 .xk ; yk/ such that

F 0.�k/ D
F.yk/ � F.xk/

yk � xk
D o

�
log jlogykj
ykjlogykj2

�
:

Let c1 > 1 be a constant we will choose later. By Theorem 1.2 we have
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F.c1yk/ � F.yk/ D g1.c1yk/ � g1.yk/C O
�

log jlogykj
jlogykj2

�
D .2 log.c1/C o.1//

log jlogykj
jlogykj2

C O
�

log jlogykj
jlogykj2

�
:

By choosing c1 > 1 large enough and using the mean value theorem, we obtain Q�k 2
.yk ; c1yk/ such that

F 0. Q�k/ > C �
log jlogykj
ykjlogykj2

:

Hence for each k, we can find a point in .�k ; Q�k/ where the second derivative of F is
positive and also a point in . Q�`; �k/ (for ` large enough) where the second derivative of F
is negative.

Appendix A. Basic facts and estimates on continued fractions

Let ˛ D c1 : : : cn 2 .N�/n be a finite word of length n > 0. We define K.c1 : : : cn/ to be
the continuant of ˛, that is, the denominator of the fraction Œ0I c1; : : : ; cn�. The following
lemma can be found in the book by Cusick–Flahive [3, Appendix 2].

Lemma A.1 (Euler’s property of continuants). The continuant K.c1 : : : cn/ is equal to a
sum of certain products of the integers c1; : : : ; cn. Moreover, the products that appear in
this sum can be determined in the following way. Start with the product c1 : : : cn. Now,
include all products obtained by removing pairs of adjacent integers. Continue by includ-
ing all products obtained by removing two separate pairs of adjacent integers, and follow
this procedure until no pair remains. Observe that if n is even, then the empty product,
equal to 1, must also be included.

As a corollary,

K.c1 : : : cn/ D K.c1 : : : cm/K.cmC1 : : : cn/CK.c1 : : : cm�1/K.cmC2 : : : cn/

for any 1 � m < n.

In particular, the lemma implies that

K.c1/ D c1;

K.c1c2/ D c1 � c2 C 1;

K.c1c2c3/ D c1 � c2 � c3 C c1 C c3;

K.c1c2c3c4/ D c1 � c2 � c3 � c4 C c1 � c2 C c1 � c4 C c3 � c4 C 1:

Let � D �1 : : : �n 2 .N�/n, a D .2; 2/ and b D .1; 1/. Using Euler’s property of con-
tinuants we can find a gap between the size of the intervals of the following words:

s.b�b/�1 �

�
5C

2

�1
C

2

�n

�2
qn.�/

2;

s.a�a/�1 �

�
25C

10

�1 C 1
C

10

�n C 1

�2
qn.�/

2:

(A.1)
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Indeed, using the convention q0 D 1 and q�1 D 0 we have

qnC4.b�b/ D 4qn.�/C 2qn�1.�1 : : : �n�1/C 2qn�1.�2 : : : �n/C qn�2.�2 : : : �n�1/

�

�
5C

2

�1
C

2

�n

�
qn.�/;

qnC4.a�a/ D 25qn.�/C10qn�1.�1 : : : �n�1/C10qn�1.�2 : : : �n/C4qn�2.�2 : : : �n�1/

�

�
25C

10

�1 C 1
C

10

�n C 1

�
qn.�/;

and finally we use qm.a1 : : : am/2 � s.a1 : : : am/ � 2qm.a1 : : : am/2.

Lemma A.2. Let w be a nonempty finite word in 1 and 2 of length n 2 N�. Then

.n � 3/ log
�
3C
p
5

2

�
� r.w/ � .nC 1/ log.3C 2

p
2/:

Proof. Given ˛ D c1 : : : cn 2 .N�/n, we have

s.˛/ D
1

qn.qn C qn�1/
;

so s.˛/ is minimized when qn and qn�1 are maximized, and maximized when qn and
qn�1 are minimized. This happens, respectively, when qn D Pn (where Pn is the n-th Pell
number) and where qn D Fn (where Fn is the n-th Fibonacci number). Hence,

r.1n/ � r.w/ � r.2n/:

Moreover,

s.1n/�1 D FnC1.FnC1 C Fn/

D �
1

5
.�1/nC1 C

p
5C 1

10

�
3C
p
5

2

�nC1
�

p
5 � 1

10

�
3 �
p
5

2

�nC1
� �

1

5
C

p
5C 1

10

�
3C
p
5

2

�nC1
�

p
5 � 1

2

D

p
5C 1

10

��
3C
p
5

2

�nC1
� 1

�
�

�
3C
p
5

2

�n�1
; (A.2)

and, on the other hand,

s.2n/�1 D Pn.Pn C Pn�1/ D
.3C 2

p
2/n � .3 � 2

p
2/n

4
p
2

�
.3C 2

p
2/nC1

4
p
2

� .3C 2
p
2/nC1:

Thus,

.n � 1/ log
�
3C
p
5

2

�
� log s.w/�1 � .nC 1/ log.3C 2

p
2/:
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Finally, since 2 log.3C
p
5

2
/ > 1, we get

.n � 3/ log
�
3C
p
5

2

�
� r.w/ D blog s.w/�1c � .nC 1/ log.3C 2

p
2/:

Lemma A.3. Let w be a finite word and let v be a factor of w. Then s.w/ � s.v/ and
r.w/ � r.v/.

Proof. Assume first that v is a prefix of w, so w D vˇ for some word ˇ. Then s.w/ D
s.vˇ/ D jI.vˇ/j � jI.v/j D s.v/, since, by definition, I.vˇ/ � I.v/.

Assume now that w D ˛vˇ for some words ˛; ˇ, where ˛ is nonempty. Then s.w/ D
s.˛vˇ/ � s.˛v/ < 2s.˛/s.v/. Moreover, if ˛ starts with the letter c, then s.˛/ � s.c/.
Since s.c/ D 1=.c2 C c/, we have s.c/ � 1=2. We obtain s.w/ < s.v/, as desired.

A property that is useful to simplify some computations is

r.w1k1k2w2/ � r.w1/C r.w2/

for any positive integers such that .k1; k2/ ¤ .1; 1/ and any words w1; w2. Indeed, it
follows from

s.w1k1k2w2/ � 4s.k1k2/s.w1/s.w2/ � s.w1/s.w2/=3:

For .k1; k2/ D .1; 1/ we have r.w1bw2/ � r.w1/C r.w2/ � 1, since r.b/ D 1.
Nevertheless, we will prove some sharper bounds that we use to get cleaner statements

of the lemmas.
Let s1; : : : ; s` be nonnegative integers with ` � 2. We will show that

r.1s1221s222 : : : 221s`/ � .s1 C � � � C s` C 3.` � 2// log
�
3C
p
5

2

�
; (A.3)

r.2s1112s211 : : : 112s`/ � .s1 C � � � C s` C ` � 2/ log.3C 2
p
2/: (A.4)

First, we will show inductively that

q.1s1221s222 : : : 221s`/ � Fs1C���Cs`C3.`�1/C1; (A.5)

q.2s1112s211 : : : 112s`/ � Ps1C���Cs`C`: (A.6)

By Euler’s property of continuants (Lemma A.1),

q.1s1221s2/ D q.1s1/q.221s2/C q.1s1�1/q.21s2/:

Since q.1s/ D FsC1, one has

q.221s/ D 5q.1s/C 2q.1s�1/ D 5FsC1 C 2Fs D 3FsC1 C 2FsC2;

q.21s/ D 2q.1s/C q.1s�1/ D 2FsC1 C Fs :

From the identity
FnFm C Fn�1Fm�1 D FnCm�1;
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we get

FnC1q.221m/C Fnq.21m/ D FnC1.2FmC2 C 3FmC1/C Fn.2FmC1 C Fm/

D 2FnCmC2 C FnCmC1 C 2FnC1FmC1
D FnCmC4 C 2FnC1FmC1: (A.7)

Thus

q.1s1221s2/ D q.1s1/q.221s2/C q.1s1�1/q.21s2/

D Fs1C1q.221
s2/C Fs1q.21

s2/

D Fs1Cs2C4 C 2Fs1C1Fs2C1:

Hence (A.5) is true for ` D 2. Assuming it for `, we use (A.7) with n D s1 C � � � C s` C
3.` � 1/C 1 and m D s`C1 to obtain

q.1s1221s222 : : : 221s`C1/ D q.1s1221s222 : : : 221s`/q.221s`C1/

C q.1s1221s222 : : : 221s`�1/q.21s`C1/

� Fnq.221s`C1/C Fn�1q.21s`C1/

� Fs1C���Cs`C1C3`C1:

Finally, using (A.2) we obtain

s.1s1221s222 : : : 221s`/�1 � Fs1C���Cs`C3.`�1/C1
C .Fs1C���Cs`C3.`�1/C1 C Fs1C���Cs`C3.`�1//

�

�
3C
p
5

2

�s1C���Cs`C3.`�1/�1
:

On the other hand, using FnC2 � 3Fn we get

s.1n/�1 D FnC1FnC2 �
3

4
F2nC2 �

�
3C
p
5

2

�n
;

so
r.1n/ � n log..3C

p
5/=2/: (A.8)

Similarly, one has q.2s/ D PsC1 and q.112s/ D PsC2. The Pell numbers also satisfy
the identity

PnPm C Pn�1Pm�1 D PnCm�1:

Hence

PnC1q.112m/C Pnq.12m/ D PnC1PmC2 C Pn.Pm C PmC1/ D PnCmC2 C PnPm:

Therefore by induction

q.2s1112s211 : : : 112s`C1/ � Ps1C���Cs`C`q.112
s`C1/C Ps1C���Cs`C`�1q.12

s`C1/

� Ps1C���Cs`Cs`C1C.`C1/
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Finally, to show (A.4) we use

s.2s1112s211 : : : 112s`/�1 � P2n � 4.3C 2
p
2/n�2

where n D s1 C � � � C s` C `.

Lemma A.4. If ˛ D c1 : : : cn 2 .N�/n then

Œ1I cn C 1�

Œ1I c1�
�

s.˛�/

s.˛/
�

Œ1I cn�

Œ1I c1 C 1�
;

and hence

� log
�
1C

1

cn C 1

�
� 1 � r.˛/ � r.˛�/ � log

�
1C

1

cn

�
C 1:

Proof. By Euler’s property of continuants (Lemma A.1) we have qn.c1 : : : cn/ D

qn.cn : : : c1/, and thus

s.˛�/�1 D qn.cn : : : c1/.qn.cn : : : c1/C qn�1.cn : : : c2//

�

�
1C

1

c1 C 1

�
qn.cn : : : c1/

2
D

�
1C

1

c1 C 1

�
qn.c1 : : : cn/

2;

while

s.˛/�1 D qn.c1 : : : cn/.qn.c1 : : : cn/C qn�1.c1 : : : cn�1// �

�
1C

1

cn

�
qn.c1 : : : cn/

2:

Hence
s.˛�/

s.˛/
�

Œ1I cn�

Œ1I c1 C 1�
:

By symmetry we obtain the lower bound.
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