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Abstract. We give a complete analysis of mode solutions for the linearized Einstein equations and
the 1-form wave operator on the Kerr metric in the large a case. By mode solutions we mean solu-
tions of the form e�it�� Qh.r; �; '/ where t� is a suitable time variable. The corresponding Fourier-
transformed 1-form wave operator and linearized Einstein operator are shown to be Fredholm
between suitable function spaces and Qh has to lie in the domain of these operators. These spaces
are constructed following the general framework of Vasy (2013, 2021) along the lines of Häfner et
al. (2021). No mode solutions exist for =� � 0; � ¤ 0. For � D 0 mode solutions are Coulomb
solutions for the 1-form wave operator and linearized Kerr solutions plus pure gauge terms in the
case of the linearized Einstein equations. If we fix a De Turck/wave map gauge, then the zero mode
solutions for the linearized Einstein equations lie in a fixed seven-dimensional space. The proof
relies on the absence of modes for the Teukolsky equation shown by Whiting (1989) and Anderson
et al. (2019) and a complete classification of the gauge invariants of linearized gravity on the Kerr
spacetime by Aksteiner and Bäckdahl (2018) and Aksteiner et al. (2021).
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1. Introduction

There has been important progress in our understanding of stability properties of black
hole solutions of the Einstein equations in recent years. Non-linear stability is known
for very slowly rotating Kerr–de Sitter (see Hintz–Vasy [31]). Recently, non-linear sta-
bility has been proved for very slowly rotating Kerr solutions in a series of papers by
Giorgi, Klainerman, and Szeftel [23, 37, 38]. See also Dafermos, Holzegel, Rodnianski
and Taylor [15] for related work.

All these non-linear stability results are based on an a priori understanding of linear
stability. Linear stability of the Schwarzschild metric was shown by Dafermos, Holzegel
and Rodnianski [14]. We also refer to work of Hung, Keller and Wang [33] and Giorgi [22]
in this context. Linear stability for the Kerr metric was shown by Andersson, Bäckdahl,
Blue and Ma [6], and by Häfner, Hintz and Vasy [25] for small angular momentum of
the black hole. The linear stability of the Kerr metric is closely linked to decay properties
of solutions of the Teukolsky equation. Such results have been obtained by Finster and
Smoller [19], Ma [40], Dafermos, Holzegel and Rodnianski [13], Ma and Zhang [41] and
Shlapentokh-Rothman and Teixeira da Costa [54]. Optimal decay in the large a case with
computation of the leading order term has been obtained by Millet [44]. See also [34] for
related work.

Almost all of the above mentioned results are restricted to small angular momentum.
It is expected that most black holes are rapidly rotating [5, 56]. It is thus worth having
a closer look at where the restriction to small angular momentum comes from. We will
use in this paper the setting of the linear stability paper by Häfner, Hintz and Vasy [25].
The result in [25] is a result for small angular momentum but, as we will argue in the
following, the main missing points to get the result for the full subextreme range of the
angular momentum of the black hole are on the level of the analysis of mode solutions.
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To understand this in a bit more detail let us first fix a wave map/de Turck gauge1

and let Lg be the gauge fixed linearized Einstein operator with this gauge. We consider a
suitable time variable t� which is constant along ingoing respectively outgoing principal
null geodesics close to the horizon respectively close to null infinity. To explain how the
method works we consider the forcing problem

Lgh D f; t� � 0 on supph; suppf;

where f has compact support in t� and suitable decay (roughly, r�2�") as r !1. The
approach is then to take the Fourier transform in t�, giving the representation

h.t�/ D
1

2�

Z
=�DC

e�i�t� yLg.�/
�1 Of .�/ d�; (1.1)

initially for C large enough (which gives exponential bounds for h). We refer to [57] for
an introduction to this approach and to [10] for an application of it in a simpler situation.
The advantage of taking the time variable t� rather than the Boyer Lindquist time t is that
precise mapping properties of yLg.�/ are easier to read off, and, more importantly, the
analysis near � D 0 is simplified.

The strategy is then to shift the contour of integration in (1.1) toC D 0, which requires
a detailed analysis of yLg.�/. If yLg.�/�1 has some suitable regularity properties up to the
real axis, then (1.1) gives decay properties of h.t�/. The better the regularity is, the better
is the decay. In our concrete situation however yLg.0/ has a non-trivial kernel and the
resolvent yLg.�/�1 has to be decomposed into a singular and a regular part. Elements of
the kernel of yLg.�/ are called mode solutions2 and understanding them is crucial for a
precise description of the singular part of yLg.�/�1. Concretely, the ingredients one needs
are the following:

(1) A robust3 Fredholm framework for the operators yLg.�/. In particular, the authors
of [25] construct suitable function spaces such that the operator yLg.�/ acts as a
Fredholm operator of index 0 between them. We will show in this paper that this
construction can be carried out for all subextreme values of the angular momentum
of the black hole.

(2) High energy estimates, i.e. estimates for the resolvent yLg.�/�1 for large j<� j and
bounded =� . These estimates only use the structure of the trapping which is r-
normally hyperbolic. Dyatlov [16] has shown that the trapping in the Kerr metric
has the same structure for all subextreme values of the angular momentum per unit
mass a of the black hole.

(3) Uniform Fredholm estimates down to � D 0. These estimates only use the asymptotic
structure of the metric at infinity and we show in this paper that they hold for all
subextreme values of a. We refer to [59, 61] for the method used.

1See Section 6.2 for a precise definition.
2Note that the notion of mode solution depends on the exact domain of the operator.
3This means that the framework remains unchanged under sufficiently small perturbations of

the metric.
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(4) The regularity of the resolvent at � D 0. Similarly to the previous point the important
ingredient here is the asymptotic structure of the metric and we expect that the estim-
ates hold for all subextreme values of a. However, the study of the precise regularity
of the resolvent is postponed to future work.

(5) Mode stability for Lg , i.e. invertibility of yLg.�/ for � ¤ 0; =� � 0 and precise
understanding of the zero modes (elements of the kernel of yLg.0/), which, only for
small a, has been obtained in [25].

Of the steps listed above, it is only mode stability in the sense of .5/ that does not follow
for all subextreme values of a from the general robust Fredholm framework.4 The main
result of the present paper fills this gap.

We now give an informal statement of our main theorem. Recall that the Kerr black
hole is a 2-parameter family of metrics gb , with parameter b D .m; a/ corresponding to
mass and angular momentum per unit mass, respectively. The linearized Einstein oper-
ator Lg in harmonic gauge with respect to the Kerr background is just the Lichnerow-
icz d’Alembertian acting on symmetric 2-tensors, which upon taking a Fourier trans-
form induces an operator yLg.�/. A mode solution Pgab with frequency � is a solution to
yLg.�/ Pgab D 0 with boundary conditions corresponding to the absence of radiation enter-
ing the black hole exterior. We can now give an informal version of our main theorem.

Theorem 1.1 (Mode stability for linearized gravity). Consider the gauge fixed linearized
Einstein equation on a subextreme Kerr spacetime. Let =� � 0, and let Pgab be a mode
solution of the gauge fixed linearized Einstein equation with frequency � . Then Pgab is,
modulo gauge, a perturbation of the Kerr metric with respect to the Kerr parameters.

See Theorem 6.1 below for the precise statement. The result mentioned in point .5/
above is a consequence of Theorem 1.1 together with ideas developed in application of
the robust Fredholm setup for slowly rotating Kerr spacetimes, which are easily adapted
to the present case. See Section 7 below.

In contrast to the Fredholm analysis, the proof of mode stability requires the precise
form of the equations and in most cases uses separation of variables and a delicate analysis
of the separated equations. Mode stability can fail in prominent examples such as the
Klein–Gordon equation on the Kerr spacetime [53] or the charged Klein–Gordon field on
the de Sitter–Reissner–Nordström metric [9].

The general strategy for the mode analysis is to first analyse the modes for the linear-
ized Einstein equations without gauge fixing. However, to establish linear stability, it will
be important to understand the mode solutions for the gauge fixed Einstein equations.
In the wave map/de Turck gauge, the 1-form wave operator plays the role of a gauge
propagation operator; this explains why the mode analysis for this operator is important
in this context. It should however be pointed out that already in the small a case, quad-
ratically growing generalized zero modes appear in the usual wave map/de Turck gauge.

4Note also that a Fredholm setting for the wave equation on the de Sitter–Kerr metric was
recently established by O. Lindblad Petersen and A. Vasy [51] in the full range of a.
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At least in the small a case, these modes can be eliminated by constraint damping via a
perturbation argument [25].

Summarizing, the complete analysis of mode solutions divides into the following
points:

(1) An analysis of mode solutions of the linearized Einstein operator.

(2) An analysis of mode solutions of the 1-form wave operator.

(3) Implementation of constraint damping.

(4) Non-degenerate control of generalized zero energy states.

We address points .1/ and .2/ in this paper; .3/; .4/ are postponed to future work.
Mode analysis for perturbations of the Kerr metric has a long history and as already

mentioned can be linked to the mode analysis of the Teukolsky equation. The central
breakthrough in this context was the paper by Whiting [64] in 1989 showing absence
of modes with positive imaginary part for the Teukolsky equation for all a subextreme.
We also refer to [11] for a new proof of this result. Later, Andersson, Ma, Paganini and
Whiting [7] showed the absence of modes also on the real axis for non-zero spectral
parameter. In the present paper we establish the absence of suitably defined zero frequency
modes. We also refer to [11,28] for partial mode stability results in the de Sitter–Kerr case.

The 1-form wave equation in Kerr is not separable, but divergence free solutions of
this equation give rise to solutions of the Maxwell equations. When considering solutions
of the Maxwell equations or the linearized Einstein equations, one can compute the so
called Teukolsky scalars which are solutions of the Teukolsky equation. Whereas this
equation does not have any mode solutions, this is true neither for the linearized Einstein
equation nor for the 1-form wave equation. Indeed, the linearized Einstein equation will
have zero modes consisting of a linearized Kerr metric plus a pure gauge solution, and
the 1-form wave equation will have solutions which correspond to Coulomb solutions for
the Maxwell field. However, the vanishing of the Teukolsky scalars will be the central
information to show that the only mode solutions encountered are the expected ones.
Whereas one obtains the mode solutions for the 1-form wave equation more or less by
direct integration, the situation is more complicated for the Einstein case.

In the Einstein case, the gauge invariants of linearized gravity on the Kerr spacetime
will play a crucial role in our proof. They have been completely classified in [2, 3]. It is a
remarkable fact that these gauge invariants have, for vanishing extreme Teukolsky scalars,
exactly the form that they have for the Plebański–Demiański family of line elements,
parametrized by m; a; c and n (S. Aksteiner, private communication, 2020). The set of
gauge invariants is complete (see [2]). It follows that locally the perturbation to consider
is up to gauge a linearized Plebański–Demiański line element. We make this argument
global by using the setting of [2] and the Poincaré lemma. We then have to show that
the NUT parameter perturbation Pn and the acceleration parameter perturbation Pc are zero
to argue that the solution is a linearized Kerr solution plus a pure gauge term. For a
solution that decays like O.r�1/ at infinity, it follows directly from decay considerations
for the gauge invariants that Pn and Pc are zero. However, this fall-off is more than what
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we want to impose, a priori, in our functional setting. The remedy is a normal operator
argument that gives a certain polyhomogeneous expansion of our mode solution. This
argument, however, cannot be applied directly to the linearized Einstein equation but only
to the gauged fixed one. We therefore first correct the solution of the linearized Einstein
equation without gauge fixing to a solution of the gauge fixed linearized Einstein equation
by adding a linearized Kerr metric plus gauge term.

The paper is organized as follows:

(1) In Section 2 we introduce b- and scattering structures as well as the corresponding
Sobolev spaces.

(2) Section 3 is devoted to the description of the Kerr metric.

(3) In Section 4 we summarize the existing results on the Teukolsky equation and show
the absence of zero modes. We also describe polyhomogeneous expansions of the
mode solutions and give some geometric background on the Teukolsky equation.

(4) Section 5 gives the results for the 1-form wave operator. We explain the link to the
Maxwell equation and show that the only possible modes are Coulomb type solutions.

(5) Section 6 is devoted to the analysis of the linearized Einstein equations. For spectral
parameter different from zero, no mode solutions exist. Zero modes are found to be
linearized Kerr solutions plus pure gauge terms.

(6) Eventually, Section 7 is devoted to the analysis of the gauge fixed linearized Einstein
operator using the usual wave map/De Turck gauge. Again for spectral parameter
different from zero, no mode solutions exist. Zero modes are linearized Kerr plus
gauge term. The gauge term lies in a fixed seven-dimensional space characterized by
a three-dimensional space of asymptotic translations, a Coulomb type solution and
asymptotic rotations. Our results are analogous to those obtained in [25] in the case
of small angular momentum of the black hole.

2. b- and scattering structures

We first discuss geometric structures on manifolds with boundaries or corners, and corres-
ponding function spaces. Thus, let X be a compact n-dimensional manifold with bound-
ary @X ¤ ;, and let � 2 C1.X/ denote a boundary defining function: @X D ��1.0/,
d� ¤ 0 on @X . We then define the Lie algebras of b-vector fields and scattering vector
fields by

Vb.X/ D ¹V 2 V.X/WV is tangent to @Xº; Vsc.X/ D �Vb.X/: (2.1)

In local adapted coordinates x � 0, y 2 Rn�1 on X , with x D 0 locally defining the
boundary of X (thus � D a.x; y/x for some smooth a > 0), elements of Vb.X/ are of the
form a.x;y/x@x C

Pn�1
iD1 b

i .x;y/@yi with a;bi 2 C1.X/, while elements of Vsc.X/ are
of the form a.x; y/x2@x C

Pn�1
iD1 b

i .x; y/x@yi . Thus, there are natural vector bundles

bTX ! X; scTX ! X;
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with local frames given by ¹x@x ; @yi º and ¹x2@x ; x@yi º respectively, such that we have
Vb.X/D C1.X I bTX/ and Vsc.X/D C1.X I scTX/; thus, for example, x@x is a smooth,
non-vanishing section of bTX down to @X . Over the interior Xı, these bundles are natur-
ally isomorphic to TXı, but the maps bTX ! TX and scTX ! TX fail to be injective
over @X . We denote by Diffmb .X/, respectively Diffmsc .X/ the space of m-th order b-,
respectively scattering differential operators, consisting of linear combinations of up to
m-fold products of elements of Vb.X/, respectively Vsc.X/.

The dual bundles bT �X ! X (b-cotangent bundle), respectively scT �X ! X (scat-
tering cotangent bundle) have local frames

dx

x
; dyi ; respectively

dx

x2
;
dyi

x
;

which are smooth down to @X as sections of these bundles (despite their being singular
as standard covectors, i.e. elements of T �X ). A scattering metric is then a section g 2
C1.X IS2 scT �X/ which is a non-degenerate quadratic form on each scattering tangent
space scTpX , p 2 X ; b-metrics are defined analogously.

These structures arise naturally on compactifications of non-compact manifolds, the
simplest example being the radial compactification of Rn, defined by

Rn WD .Rn t .Œ0; 1/� � Sn�1//=�; (2.2)

where the relation � identifies a point in Rn n ¹0º, expressed in polar coordinates as r!,
r > 0, ! 2 Sn�1, with the point .�; !/ where we can choose

� D r�1I

this has a natural smooth structure, with smoothness near @RnD ��1.0/meaning smooth-
ness in .�; !/. In polar coordinates in r > 1, the space of b-vector fields is then locally
spanned over C1.Rn/ by �@� D �r@r and V.Sn�1/; scattering vector fields are spanned
by �2@� D �@r and �V.Sn�1/. Using standard coordinates x1; : : : ; xn on Rn, scattering
vector fields on Rn are precisely those of the form

nX
iD1

ai@xi ; ai 2 C1.Rn/I

this entails the statement that ¹@x1 ; : : : ; @xnº, which is a frame of T �Rn, extends by
continuity to a smooth frame of scT �Rn down to @Rn. Thus, the space of scattering vector
fields on Rn is generated over C1.Rn/ by constant coefficient (translation-invariant)
vector fields on Rn. On the other hand, Vb.Rn/ is spanned over C1.X/ by vector fields
on Rn with coefficients which are linear functions, i.e. by @x1 ; : : : ; @xn , and xi@xj , 1 �
i; j � n.

On the dual side, scT �Rn is spanned by dxi , 1 � i � n, down to @Rn. Therefore,
a scattering metric g 2 C1.RnI S2 scT �Rn/ is a non-degenerate linear combination of
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dxi ˝s dx
j D

1
2
.dxi ˝ dxj C dxj ˝ dxi / with C1.Rn/ coefficients. In particular, the

Euclidean metric

.dx1/2 C � � � C .dxn/2 2 C1.RnIS2 scT �Rn/

is a Riemannian scattering metric.
By extension from T �Xı, one can define Hamilton vector fields Hp of smooth

functions p 2 C1.scT �X/. In fact, Hp 2 Vsc.
scT �X/ is a scattering vector field on

scT �X , which is a manifold with boundary scT �
@X
X . (Likewise, if p 2 C1.bT �X/, then

Hp 2 Vb.
bT �X/.) For us, the main example will be the Hamilton vector field HG where

G.z;�/ WD j�j2
g�1z

is the dual metric function of a scattering metric g 2C1.X IS2 scT �X/.
We next introduce Sobolev spaces corresponding to b- and scattering structures. As

an integration measure on X , let us use a scattering density, i.e. a positive section of
sc�1X D jƒn scT �X j, which in local adapted coordinates takes the form a.x;y/jdx

x2
dy

xn�1
j

with 0 < a 2 C1.X/. (On Rn, one can take jdx1 � � �dxnj.) This provides us with a space
L2.X/; the norm depends on the choice of density, but all choices lead to equivalent
norms. Working with a b-density on the other hand would give a different space, namely
a weighted version ofL2.X/; we therefore stress that even for b-Sobolev spaces, we work
with a scattering density. Thus, for m 2 N0, we define, for � D b; sc,

Hm
� .X/ WD ¹u 2 L

2.X/WV1 � � �Vju 2 L
2.X/ 8V1; : : : ; Vj 2 V�.X/; 0 � j � mº;

called a b- or scattering Sobolev space. Using a finite spanning set in V�.X/, one can give
this the structure of a Hilbert space; Hm

� .X/ for general m 2 R is then defined by duality
and interpolation. If q 2 R, we denote weighted Sobolev spaces by

Hm;q
� .X/ D �qHm

� .X/ D ¹�
quWu 2 Hm

� .X/º:

For example,Hm;q
sc .Rn/Š hxi�qHm.Rn/ is the standard weighted Sobolev space on Rn.

The space of weighted (L2-)conormal functions, H1;qb , on X is defined as

H
1;q
b .X/ D

\
m2R

H
m;q
b .X/:

Dually, we define
H
�1;q
b .X/ D

[
m2R

H
m;q
b .X/:

Note that Hm;q
b .X/ � C�1.X/ WD PC1.X/� (where PC1.X/ � C1.X/ is the subspace

of functions vanishing to infinite order at @X ) consists of tempered distributions. (In par-
ticular, they are extendible distributions at @X in the sense of [32, Appendix B].) We
furthermore introduce the notation

H
m;qC
b WD

[
">0

H
m;qC"
b ; H

m;q�
b WD

\
">0

H
m;q�"
b (2.3)

for m 2 R [ ¹˙1º. A space closely related to H1;qb .X/ is

Aq.X/ WD ¹u 2 �qL1.X/WDiffb.X/u � �
qL1.X/º;
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consisting of weighted L1-conormal functions. For X D R3, we have the inclusions

H
1;q
b .R3/ � AqC3=2.R3/; Aq.R3/ � H1;q�3=2�b .R3/;

by Sobolev embedding. (The shift 3=2 in the weight is due to our defining b-Sobolev
spaces with respect to scattering densities; indeed, for m > 3=2,

H
m;q
b .R3I jdx1 dx2 dx3j/ D Hm;qC3=2

b .R3I hri�3jdx1 dx2 dx3j/

,! hri�q�3=2L1.R3/; (2.4)

with the second density here being a b-density on R3.) We define AqC and Aq� analog-
ously to (2.3). These notions extend readily to sections of rank k vector bundles E ! X :
for instance, in a local trivialization of E, an element of Hm;q

� .X;E/ is simply a k-tuple
of elements of Hm;q

� .X/.
Suppose now X 0 is a compact manifold with boundary, and let X � X 0 be a subman-

ifold with boundary. Suppose that the boundary of X decomposes into two non-empty
sets

@X D @�X t @CX; @�X D @X n @X
0; @CX D @X

0
I (2.5)

we consider @CX to be a boundary ‘at infinity’, while @�X is an interior, ‘artificial’
boundary. Concretely, this means that we define (by a slight abuse of notation)

Vb.X/ WD ¹V jX WV 2 Vb.X
0/º; Vsc.X/ WD ¹V jX WV 2 Vsc.X

0/ºI

these vector fields are b- or scattering at infinity, but are unrestricted at @�X . A typical
example is X 0 D Rn and X D ¹r � r0 > 0º � X 0, in which case @�X D ¹r D r0º, while
@CX D @X

0 is the boundary (at infinity) of Rn. See Figure 2.1.

∂+X = ∂X ′

∂−X

Fig. 2.1. A typical example of the setting (2.5): X (dark gray) is a submanifold of X 0 (the union of
the dark and light gray regions) with two boundary components @CX D @X 0 and @�X � .X 0/ı. We
then consider function spaces such as NHm;q

b .X/, which measure b-regularity of degree m at @CX
(with decay rate q), and standard regularity (regularity with respect to incomplete vector fields)
at @�X .

There are now two natural classes of Sobolev spaces: those consisting of extendible
distributions,

NHm;q
� .X/ WD ¹ujXı Wu 2 H

m;q
� .X 0/º; � D b; sc; (2.6)
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(Xı is the interior of X ) and those consisting of supported distributions,

PHm;q
� .X/ WD ¹uWu 2 Hm;q

� .X 0/; suppu � Xº: (2.7)

Away from @�X , these are the same as the standard spacesHm;q
� .X/; thus, the subspaces

of NHm;q
� .X/ or PHm;q

� .X/ consisting of those elements which are polyhomogeneous (in
particular automatically conormal) at @CX are well-defined.

3. Geometric background

In this section we introduce the Kerr family of metrics and some of the geometrical struc-
tures we will use in later sections.

3.1. The Kerr family

We shall consider the Kerr family of solutions to the vacuum Einstein equation, paramet-
rized by b D .m; a/ 2 RC � R, denoting mass and angular momentum per unit mass,
respectively. We restrict to the subextreme case jaj < m. Let

r˙ WD m˙
p

m2 � a2:

For given b D .m; a/, we put b0 D .m; 0/. Let .�; �/ 2 Œ0; �/ � Œ0; 2�/ be coordinates
on S2. The Kerr metric in Boyer–Lindquist coordinates .t; r; �; '/ 2 R� .rC;1/� S2 is

gBL
b D

�b

%2
b

.dt � a sin2 � d'/2 � %2b

�
dr2

�b
C d�2

�
�

sin2 �
%2
b

.adt � .r2 C a2/d'/2;

(3.1a)

with inverse

GBL
b D

1

�b%
2
b

..r2 C a2/@t C a@'/
2
�
�b

%2
b

@2r �
1

%2
b

@2� �
1

%2
b

sin2 �
.@' C a sin2 � @t /2;

(3.1b)

�b D r
2
� 2mr C a2; %2b D r

2
C a2 cos2 �: (3.1c)

Note that our signature convention is .C � ��/. Now, gBL
b

is the metric of an isolated,
rotating, stationary black hole with event horizon ¹r D rCº, and the domain of outer
communications is ¹r > rCº. Further, ¹r D r�º is the inner horizon. We have

p
jdetgbj D

%2
b

sin � . The Kerr metric is a solution of the Einstein vacuum equation:

Ric.gBL
b / D 0: (3.2)

The form (3.1) of the metric breaks down at r D r˙ which are the roots of �b . Let

r� D

Z
r2 C a2

�b
dr with r�.3m/ D 0:
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Consider coordinates .t�; r; '�; �/, where t�.t; r/ D t C F.r/ and '�.'; r/ D ' C T .r/
are smooth functions such that

F.r/ D

´
r� for r � 3m;

�r� for r � 4m;

T .r/ D

´R
a
�b

for r � 3m; T .3m/ D 0;

0 for r � 4m:

For r � 3m the metric then takes the form

gb;� D
�b

%2
b

.dt� � a sin2 � d'�/2 � 2.dt� � a sin2 � d'�/dr � %2bd�
2

�
sin2 �
%2
b

.adt� � .r
2
C a2/d'�/

2

D
�b � a2 sin2 �

%2
b

dt2� C
4 sin2 � amr

%2
b

dt�d'� � 2dt�dr C 2a sin2 � d'�dr

� %2bd�
2
�

sin2 �
%2
b

.r2 C a2/2d'2�;

which is clearly smooth up to rC. For r � 4m we find

gb;� D
�b � a2 sin2 �

%2
b

dt2� C 2
.�b � a2 sin2 �/.r2 C a2/

%2
b
�b

dt�dr

C
a2 sin2 �
�2
b
%2
b

.�b%
2
b � 2mr.r

2
C a2//dr2 C

4mra sin2 �
%2
b

�
dt� C

r2 C a2

�b
dr

�
d'�

C
sin2 �
%2
b

.�ba
2 sin2 � � .r2 C a2/2/d'2� � %

2
bd�

2:

Given
r� < r0 < rC; (3.3)

let
X0b D Œr0;1/ � S2;

and consider

M ıb D R �X0b ; (3.4)

with coordinates t�; r; �; '�. We compactify X0
b

as follows: recalling the definition of R3

from (2.2), we set
X WD X0

b
� R3; � WD 1=r:

Thus, X D ¹r � r0º, and we let @�X D r�1.r0/ and @CX D @R3 � X . Within X , the
topological boundary of X D .rC;1/ � S has two components:

@X D @�X t @CX; @�X WD r�1.rC/; @CX WD ��1.0/ D @CX: (3.5)



L. Andersson, D. Häfner, B. F. Whiting 3930

Note that @�X is distinct from @�X, and is indeed a hypersurface lying beyond the event
horizon. Note that R � @X has two components:

†fin WD R � @�X (3.6)

(which is a spacelike hypersurface inside of the black hole) and Rt� � @CX DRt� � @CX

(which is future null infinity, typically denoted I C); moreover, the future event horizon,
HC, is Rt� � @�X.

i0

i+

i−

t

t∗Σfin
=
Rt∗
× ∂−

X

H+

H−

I
+
=
R
t∗ ×

∂
+X

I −

Fig. 3.1. Illustration of time functions on M ı
b

in the Penrose diagram of the Kerr metric (including
future/past null infinity I˙, the future/past event horizon H˙, spacelike infinity i0, and future/past
timelike infinity i˙). Shown are level sets of the functions t and t�. We also indicate the boundaries
Rt� � @CX (future null infinity again) and Rt� � @�X (a spacelike hypersurface beyond the future
event horizon).

Concerning the inverse metric we obtain, for r � 3m,

Gb D �
a2 sin2 �
%2
b

@2t� � 2
a

%2
b

@'�@t� � 2
r2 C a2

%2
b

@r@t� � 2
a

%2
b

@'�@r �
1

%2
b

sin2 �
@2'�

�
�b

%2
b

@2r �
1

%2
b

@2� :

For r � 4m we obtain

Gb D �
a2 sin2 �
%2
b

@2t� C 4
amr

%2
b
�b
@'�@t� �

�b � a2 sin2 �
%2
b
�b sin2 �

@2'� � 2�
2 r
2 C a2

%2
b

@�@t�

�
�4

%2
b

�b@
2
� �

1

%2
b

@2� :

Remark 3.1. (1) At HC (respectively I C), the coordinates .t�; r; '�; �/ are related to
the usual ingoing (respectively outgoing) Eddington–Finkelstein coordinates.
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(2) Note that the hypersurface ¹t� D constº has non-timelike normal in r � 3m; r �
4m. As we never consider the Cauchy problem, this is not a problem. In particular, the
functional setting can be completely worked out with the function t�; see [44] for details.

We will also have to consider linearized Kerr metrics which are given by

Pgb. Pb/ D
d

ds

ˇ̌̌̌
sD0

g
bCs Pb

; Pb 2 R2: (3.7)

They fulfill the linearized Einstein equations

Dgb Ric. Pgb. Pb// D 0:

Remark 3.2. The explicit forms of the Kerr metric introduced above represent a rotating,
isolated black hole at rest at the center of coordinates, with axis of rotation aligned with the
axial Killing field @' . Acting on the Kerr black hole with global Poincaré transformations,
corresponding to a change of reference frame, leads to a family of translated, boosted and
rotated black holes. By analogy with a relativistic, massive, spinning particle, the linear
and angular momenta of the Kerr black hole take values in a coadjoint orbit of the Poincaré
group, determined by the parameters m;a. Linearized perturbations of the Kerr metric are
solutions of the linearized vacuum Einstein equation on the Kerr background,

Dgb Ric. Pg/ D 0: (3.8)

In view of the above remarks, we see that kerDgb Ric contains a subspace corresponding
to the infinitesmal action of the Poincaré group on the Kerr black hole, i.e. to the tangent
space of the coadjoint orbit. In particular, kerDgb Ric contains perturbations that change
the axis of rotation of the black hole. However, as we shall see in Sections 6, 7 below,
these are pure gauge, except for perturbations Pm; Pa of the two Kerr parameters.

Remark 3.3. All pairings will be defined with respect to the natural inner product on
L2.X0

b
/, i.e.

hf; gi WD

Z
X0
b

fg%2b sin � dr d� d'�

for functions and
h!; �i WD

Z
X0
b

!a�a%
2
b sin � dr d� d'�

for 1-forms.

3.2. Stationarity, vector bundles, and geometric operators

In the notation (3.4), denote the projection to the spatial manifold by

�X WM
ı
b ! Xıb :
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Suppose E1 ! Xı
b

is a vector bundle; then differentiation along @t� is a well-defined
operation on sections of the pullback bundle ��XE1. The tangent bundle of M ı

b
is an

important example of such a pullback bundle, as

TM ıb Š �
�
X .Tt�1� .0/M

ı
b /;

likewise for the cotangent bundle and other tensor bundles.
Let E2 ! Xı

b
be another vector bundle, and suppose yL.0/ 2 Diff.Xı

b
IE1; E2/ is a

differential operator; fixing t D t� C F , F 2 C1.Xı
b
/, we can then define its stationary

extension by assigning to u 2 C1.M ıI��XE1/ the section .Lu/.t;�/ WD yL.0/.u.t;�//
of ��XE2; this extension does depend on the choice of t. The action of L on stationary
functions on the other hand is independent of the choice of t since

L��X D �
�
X
yL.0/: (3.9)

Via stationary extension, one can consider Diffb.X IE/ (for E ! X a smooth vector
bundle down to @CX ) to be a subalgebra of Diff.M ı

b
I ��XE/; likewise Diffsc.X IE/ ,!

Diff.M ı
b
I��XE/.

Conversely, ifL2Diff.M ı
b
I��XE1;�

�
XE2/ is stationary, i.e. commutes with @t� , there

exists a unique (independent of the choice of t) operator yL.0/ 2 Diff.Xı
b
IE1; E2/ such

that the relation (3.9) holds. More generally, we can consider the formal conjugation of L
by the Fourier transform in t,

yL.�/ WD ei�tLe�i�t
2 Diff.Xıb IE1; E2/;

where we identify the stationary operator ei�tLe�i�t with an operator on Xı
b

. Switching
from t to another time function, t C F 0, F 0 2 C1.Xı/, amounts to conjugating yL.�/
by e�i�F

0

.
In order to describe the uniform behavior of geometric operators at @CX concisely,

we need to define a suitable extension of T �M ı
b

to ‘infinity’. To accomplish this, note
that the product decomposition (3.4) induces a splitting

T �M ıb Š �
�
T .T

�Rt�/˚ �
�
X .T

�Xıb /;

where �T W M ıb ! Rt� is the projection. We therefore define the extended scattering
cotangent bundle of X by

BscT �X WD Rdt� ˚
scT �X: (3.10)

At this point, dt� is merely a name for the basis of a trivial real rank 1 line bundle overX ;
considering the pullback bundle ��XBscT �X ! M ı

b
, we identify it with the differential of

t� 2 C1.M ı
b
/, giving an isomorphism

.��X
BscT �X/jMı

b
Š T �M ıb : (3.11)

Smooth sections of BscT �X!X are linear combinations, with C1.X/ coefficients, of dt�
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and the 1-forms dxi , where .x1; x2; x3/ are standard coordinates on Xı
b
� R3. For

a stationary metric g on M ı
b

, there exists a unique g0 2 C1.Xı
b
I S2BscT �X/ such that

��Xg
0 D g, namely g0 is the restriction (as a section of S2BscT �X ) of g to any transversal

of �X , such as level sets of t�. Identifying g with g0 and applying this to the Kerr family,
we then have

gb 2 C1.X IS2BscT �X/I (3.12)

it is non-degenerate down to @CX . Let =g be the standard metric on the sphere. Then we
have

gb0 �
N

g 2 �C1;
N

g WD dt2 � dr2 � r2=g;

g.m;a/ � g.m;0/ 2 �
2C1; (3.13)

i.e. a Kerr metric equals the Minkowski metric
N

g to leading order, and is a O.�2/ perturba-
tion of the Schwarzschild metric of the same mass. We proceed to discuss basic geometric
operators on Kerr spacetimes. We write

.ı�g!/�� D
1
2
.!�I� C !�I�/; .ıgh/� D �h��I

� ; Gg D 1 �
1
2
g trg ; (3.14)

and furthermore denote by
�g;0; �g;1; �g;2; (3.15)

the wave operator �trgr2 on scalars, 1-forms, and symmetric 2-tensors, respectively.
These are sections of bundles with fiber dimension 1; 4 and 10 respectively. When the
bundle is clear from the context, we shall simply write�g .

When g is the Kerr metric, gjscTX�scTX D �
Oh C �C1 is to leading order equal to

the Euclidean metric Oh D .dx1/2 C .dx2/2 C .dx3/2 on R3 (equipped with standard
coordinates .x1; x2; x3/ on R3 n B.0; 3m/ Š Xı n ¹r < 3mº). Thus, the leading order
terms at � D 0 are simply those of the corresponding operators on Minkowski space
R4 D Rt �R3x with metric

N

g D dt2 � dx2: (3.16)

But the latter take a very simple form in the standard coordinate trivialization of BscT �X

by dt , dxi , i D 1; 2; 3. We have the following result (see [25, Lemma 3.4]).

Lemma 3.4. Let N0 D 1, N1 D 4, N2 D 10. For g D g.m;a/, we have

y�g;j .0/ � y�
N

g;j .0/ 2 �
3 Diff2b ;

where �
N

g is the scalar wave operator on Minkowski space, given by �
N

g;j D �
N

g ˝

1Nj�Nj in the standard coordinate basis. Likewise,

ı�g � ı
�

N

g 2 �
2 Diff1b ; ı�g.m;a/ � ı

�
g.m;0/

2 �3 Diff1b :

In the language of [42], the normal operators of y�g;j .0/ and y�
N

g;j .0/ at @CX are the
same.
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4. The Teukolsky master equation

Perturbations of Kerr are significantly more complicated to analyze than perturbations
of Schwarzschild. Real progress became possible when Teukolsky [55] wrote down his
master equation describing gauge-invariant perturbations of various spin. We begin by
setting up the framework required for this formulation and proceed to discuss the absence
of mode solutions.

4.1. The Teukolsky operator

We briefly review the construction of the Teukolsky operator, we refer e.g. to [12, 21, 55]
for details of the construction and to [45] for a summary of the geometric background of
the Teukolsky equation. Since M is a non-compact, oriented and time oriented Lorent-
zian 4-manifold,5 it admits a spin structure, i.e. an SL.2;C/ principal bundle double
covering the orthonormal frame bundle SO.M/. Let � ; N� be the spinor bundle and its
conjugate with fibers C2 and NC2, respectively. The isomorphism � ˝ N� ! TCM yields
a correspondence between tensors and spinors. Sections of � are denoted with capital
latin indices, e.g. �A, while sections of N� are denoted with primed indices, e.g. $A0 . The
action of SL.2;C/ on C2 leaves a symplectic structure on � invariant. The spin metric
"AB D "ŒAB� is given by normalizing this symplectic form so that gab D "AB"A0B0 . The
spin metric "AB and its inverse "AB , where "AB"CB D ıAC , are used to raise and lower
spinor indices, e.g. �A"AB D �B . A spin-frame is a dyad oA; �A normalized so that

oA�
A
D 1: (4.1)

This corresponds to a complex null tetrad

`a D oAoA
0

; na D �A�A
0

; ma D oA�A
0

; Nma D �AoA
0

; (4.2)

with

gab D 2.`.anb/ �m.a Nmb//: (4.3)

The Newman–Penrose (NP) and Geroch–Held–Penrose (GHP) formalisms represent
spinor and tensor fields in terms of scalar dyad and tetrad components. Note that (4.1)
is left invariant under rescalings

oA ! �oA; �A ! ��1�A; (4.4)

for a non-vanishing, complex scalar field � on M. A scalar � constructed by projecting
on a dyad or tetrad then transforms as

� ! j�j2w.�= N�/s�; (4.5)

5This means that we consider a fixed time orientation.
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where w; s are the boost- and spin-weights of �, respectively. Scalars transforming as
in (4.5) are termed properly weighted. Properly weighted scalars can be viewed as sec-
tions of complex line bundles B.s; w/ with structure group C� D C n ¹0º. A spin dyad
(or a complex null tetrad) provides a trivialization of B.s; w/, and in this trivialization,
sections of B.s;w/ correspond to complex functions on M. It is an important fact that the
irreducible representations of SL.2;C/ are given by symmetric spinors. Using the spinor-
tensor correspondence already mentioned above, one may expand each tensor field in
terms of symmetric spinors and " factors. For example, the electromagnetic field strength
tensor is a real 2-form Fab D FŒab� and we have (see [49, (3.4.20)] for details)

Fab D �AB"A0B0 C "AB N�A0B0 (4.6)

for a symmetric spinor field �AB , the electromagnetic spinor. Given a dyad oA; �A with
corresponding tetrad `a; na; ma; Nma, the Newman–Penrose scalars corresponding to �AB
and Fab are

�1 WD �ABo
AoB D Fablamb; (4.7a)

�0 WD �ABo
A�B D 1

2
.Fab`anb C Fab Nmamb/; (4.7b)

��1 WD �AB �
A�B D Fab Nmanb : (4.7c)

The notation used here does not conform to the convention used by Newman and Penrose
and GHP, in that indices denote the spin- (and boost-) weights of the Maxwell scalars �i .
This notational difference also applies to the ‰i below.

Similarly, we have the following decomposition for the Weyl tensor Wabcd (see [49,
(4.6.41)]):

Wabcd D ‰ABCD"A0B0"C 0D0 C "AB"CD N‰A0B0C 0D0 ; (4.8)

where the Weyl spinor,‰ABCD , is a section of .� 0/ˇ4. We can compute the spin-weighted
Weyl scalar components of ‰ from components of W (cf. [49, (4.11.6), (4.11.9)]):

‰2 D ‰ABCDo
AoBoCoD D Wabcd`

amb`cmd ; (4.9a)

‰1 D ‰ABCDo
AoBoC �D D Wabcd`

anb`cmd ; (4.9b)

‰0 D ‰ABCDo
aoB �C �D D Wabcd`

amb Nmcnd ; (4.9c)

‰�1 D ‰ABCDo
A�B �C �D D Wabcd`

anb Nmcnd ; (4.9d)

‰�2 D ‰ABCD�
A�B �C �D D Wabcdn

a
Nmbnc Nmd : (4.9e)

We remark that the scalars �i and‰i are all properly weighted, and each has boost-weight
equal to its spin-weight. Since Kerr is Petrov type D, there are dyads or, equivalently, null
tetrads, such that all Newman–Penrose Weyl scalars are zero, except ‰0. Any such dyad
or tetrad is called principal. From now on, unless otherwise stated, we shall be working
in a principal dyad oA; �A on the Kerr background, and the corresponding principal null
tetrad `a; na; ma; Nma. The condition that the dyad is principal fixes the dyad up to a
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rescaling of the form (4.4). If �AB is the Maxwell field on the charged Kerr–Newman
spacetime, which is also Petrov type D, then in a principal tetrad, �0 is the only non-
vanishing Maxwell scalar.

The Levi-Civita connection ra defined with respect to gab lifts to a connection ‚a
on B.s; w/, the GHP connection. See [21, (2.14a)], [26]. We define the GHP operators
þ; þ0; ð; ð0 (cf. [21, (2.14)]) by

þ W

´
�.B.s; w//! �.B.s; w C 1//;

u 7! `a‚au;
þ0 W

´
�.B.s; w//! �.B.s; w � 1//;

u 7! na‚au;

ð W

´
�.B.s; w//! �.B.s C 1;w//;

u 7! ma‚au;
ð0 W

´
�.B.s; w//! �.B.s � 1;w//;

u 7! Nma‚au;

and, in the notation of [45, Remark 4.7], we put

Gs D .þ � 2s% � N%/.þ0 � %0/ � .ð � N� 0 � 2s�/.ð0 � � 0/;

where %; %0; �; � 0 are among the properly (spin- and boost-)weighted GHP spin coeffi-
cients, and are given by

% D ma Nmbrbla; %0 D Nmambrbna; � D manbrbla; � 0 D Nmalbrbna (4.10)

(cf. [21, (2.3)]). The Teukolsky operator is then given by

LTs WD 2Gs � 4.s � 1/.s � 1=2/‰0:

4.2. Spherical symmetry

4.2.1. Spherical harmonic decompositions. In this section we collect some facts about
some geometric operators acting on functions and sections of certain bundles on the stand-
ard sphere.

Let =g be the standard metric on S2, and denote geometric operators on S2 using a
slash, thus /tr D tr=g , =ı D ı=g , etc. We denote by Ylm, l 2 N0, m 2 Z, jmj � l , the usual
spherical harmonics on S2 satisfying =�Ylm D l.l C 1/Ylm. Define the space

Sl WD span ¹YlmW jmj � lº (4.11)

of degree l spherical harmonics. Thus, L2.S2/ D
L
j2N0

Sj is an orthogonal decompos-
ition.

Consider next 1-forms on S2. Denote the Hodge Laplacian by =�H D .=d C =ı/2;
the tensor Laplacian =�=g;1 D � /tr =r2 (also denoted =� for brevity) satisfies =� D =�H �

Ric.=g/D =�H � 1. Therefore, a spectral decomposition of =� onL2.S2IT �S2/ is provided
by the scalar/vector decomposition

=dSl ; Vl WD =?=dSl � ker
�
=� � .l.l C 1/ � 1/

�
.l � 1/I (4.12)

note that =ıVl D 0, and that the two spaces in (4.12) are trivial for l D 0.
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For symmetric 2-tensors finally, we have an analogous orthogonal decomposition into
scalar and vector type symmetric 2-tensors: the scalar part consists of a pure trace and a
trace-free part, the latter defined using the trace-free symmetric gradient =ı�0 WD =ı

�C
1
2 =g=ı:

Sl =g .l � 0/; =ı�0 =dSl .l � 2/: (4.13a)

(Note here that for S 2 S0 ˚ S1, we have =ı�0 =dS D 0, hence the restriction to l � 2.) The
vector part consists only of trace-free tensors with l � 2 (since the 1-forms in V1 are
Killing),

=ı�Vl .l � 2/: (4.13b)

The geometric operators on S2 which we will encounter here preserve scalar and
vector type spherical harmonics; indeed, this holds in the strong sense that a scalar type
function/1-form/symmetric 2-tensor built out of a particular S 2 Sl is mapped into another
scalar type tensor with the same S, likewise for vector type tensors; this is clear for =d on
functions, and =ı on 1-forms (=ı.=dS/ D l.l C 1/S). Furthermore, for S 2 Sl and V 2 Vl ,

=ı�.=dS/ D � l.lC1/
2

S=g C =ı�0 =dS; =ı.S=g/ D �=dS; =ı.=ı�0 =dS/ D l.lC1/�2
2

=dS;

=ı=ı�V D l.lC1/�2
2

V; =�.=ı�0 =dS/ D .l.lC1/ � 4/=ı�0 =dS; =�.=ı�V/ D .l.lC1/ � 4/=ı�V:

4.2.2. A spin-weighted spherical Laplacian. Let H W S3 ! S2 be the Hopf bundle. This
is a U.1/ principal bundle. We consider the following representation of U.1/

�s W! Gl.C/; z 7! .a 7! z�2sa/:

Let =B.s/ be the complex line bundle associated toH and this representation. We have an
identification between sections of =B.s/ and complex functions on S3 such that f .a � z/D
z2sf .a/, where � is the right action of U.1/ on S3. The Levi-Civita connection on S2 lifts
to a connection =‚ on =B.s/. Let =ma; =Nma be a complex dyad on S2 W =ma =Nma D 1. This then
defines spherical edth operators Vð; Vð0,

Vð W �. =B.s//! �. =B.s C 1//; u 7! =ma =‚au; (4.14)

Vð0 W �. =B.s//! �. =B.s � 1//; u 7! =Nm
a =‚au: (4.15)

Putting

=ma D
1
p
2

�
@� C

i

sin �
@'

�
; =Nm

a
D

1
p
2

�
@� �

i

sin �
@'

�
;

Vð and Vð0 can be computed in a standard trivialization (see [24]):6

Vð D
1
p
2

�
@� C

i

sin �
@' � s cot �

�
;

Vð0 D
1
p
2

�
@� �

i

sin �
@' C s cot �

�
:

6The factor 1p
2

comes from a useful normalization.
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Note: these are identical to the operators introduced in [6, (1.16c-d)] for the conformally
rescaled metric on the asymptotic sphere at null infinity. The operator

� =�Œs� WD �2Vð0 Vð W �. =B.s//! �. =B.s// (4.16)

is a second order, spin-weighted, linear, spherical operator. In the local trivialization above
it takes the form

� =�Œs� D
1

sin2 �
D2
� C

1

sin �
D� sin �D� C 2s

cos �
sin2 �

D� C s
2 cot2 � � s: (4.17)

Here we have used D� D 1
i
@�.

� =�Œs� has to be considered as an operator acting on L2.S2I =B.s//. The operator
.� =�Œs�;H 2.S2I =B.s/// is selfadjoint. It has a discrete spectrum with eigenvalues

�
Œs�

l
D l.l C 1/ � s.s C 1/ .l � jsj/: (4.18)

The eigenfunctions are of the form Y
Œs�

lm
D S

Œs�

l
.cos �/eim�� .jmj; jsj � l/. We then put

SŒs�
l
WD span ¹Y Œs�

lm
W jmj; � lº:

This gives an orthogonal decomposition

L2.S2I VB.s// D
M
l�jsj

SŒs�
l
: (4.19)

Remark 4.1. As an alternative, one could consider �2VðVð0 (see [6, (1.13)]), or one might
instead consider the symmetric �.VðVð0 C Vð0 Vð/, as the two-dimensional operator associated
with the restriction to the sphere of the connection =‚. However, � =�Œs� is the operator
which we identify in the Teukolsky equation. All these operators are only shifts with
respect to one another; more precisely, �VðVð0 D �Vð0 VðC s.

4.3. The Teukolsky equation associated to the Maxwell field and linearized gravity

Let ˆ0 be a solution of the scalar wave equation: �g;0ˆ0 WD �r
�r�ˆ0 D 0. Let F be

an antisymmetric 2-tensor fulfilling the Maxwell equations on the Kerr metric

dF D 0; ıgF D 0; (4.20)

and let ˆ˙1 � �˙1, where �˙1 were introduced in (4.7). Finally, let h be a symmetric
2-tensor (such as the Pg of (3.7)) fulfilling the linearized Einstein equations around a Kerr
solution:

Dg Ric.h/ D 0: (4.21)

Let htf
ab
; =h denote the tracefree and trace parts of hab . Let hABA0B0 be the spinor corres-

ponding to hab . We have htf
ABA0B0 D h.AB/.A0B0/ and =hD hAAB0B

0

. We shall make use of
the spinor variational operator # introduced in [8]. The linearized Weyl spinor is [4, (45)]

#‰ABCD D
1
2
r
A0

.Ar
B0

B h
tf
CD/A0B0 C

1
4
=h‰ABCD : (4.22)
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The operator # eliminates the dependence on the variation of the tetrad which otherwise
is present when one varies the Newman–Penrose scalars. Let PWabcd D .Dg Weyl.h//abcd
be the linearized Weyl tensor. The Teukolsky equation involves only the linearization of
the Weyl scalars with extreme spin-weights ‰˙2, as given in (4.9). We define

ˆ2 WD #‰2 D #‰ABCDo
AoBoCoD D PWabcd`

amb`cmd ; (4.23a)

#‰1 D #‰ABCDo
AoBoC �D D PWabcd`

anb`cmd ; (4.23b)

#‰0 D #‰ABCDo
AoB �C �D D PWabcd`

amb Nmcnd ; (4.23c)

#‰�1 D #‰ABCDo
A�B �C �D D PWabcd`

anb Nmcnd ; (4.23d)

ˆ�2 WD #‰�2 D #‰ABCD�
A�B �C �D D PWabcdn

a
Nmbnc Nmd ; (4.23e)

for the linearized gravitational field. Let

p D r � ia cos � (4.24)

be a 0-(spin and boost)weighted scalar. We now put

‰ Œs� D

´
ˆs if s � 0;

p�2sˆs if s < 0:

Then ‰ Œs� fulfills the Teukolsky equation7

LTs‰ Œs� D 0:

We now choose a concrete tetrad, the Kinnersley tetrad [36], given by

` D
r2 C a2

�b
@t C @r C

a

�b
@� ; (4.25)

n D
r2 C a2

2%2
b

@t �
�b

2%2
b

@r C
a

2%2
b

@� ; (4.26)

m D
ia sin �
p
2 Np

@t C
1
p
2 Np
@� C

i
p
2 Np sin �

@� : (4.27)

As explained above, the choice of tetrad provides a local trivialization of B.s; w/, and
Ts D %

2
b
LTs takes the form

Ts D

�
.r2 C a2/2

�b
� a2 sin2 �

�
@2t C

4mar

�b
@t@� C

�
a2

�b
�

1

sin2 �

�
@2�

���sb @r .�
sC1
b

@r / �
1

sin �
@� .sin � @� / � 2s

�
a.r �m/

�b
C
i cos �
sin2 �

�
@�

� 2s

�
m.r2 � a2/

�b
� r � ia cos �

�
@t C .s

2 cot2 � � s/:

7With suitable definitions, the Teukolsky equation is also satisfied by fields of half-integer spin.
These will not be needed here.
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We can now write the Teukolsky equation as

Ts‰ Œs� D 0: (4.28)

4.4. The Teukolsky equation in a normalized tetrad

We now normalize the tetrad by performing a boost rotation

Q̀a D �b`
a; Qna D

1

�b
na; Qma D ma:

Note that in the coordinates .t�; r; '�; �/ we have

Qn D �
1

2%2
b

@r ; Q̀ D 2.r2 C a2/@t� C�b@r C 2a@'� :

In contrast to the tetrad n; `; m; Nm the normalized tetrad is therefore smooth up to the
horizon. Recall that, for the Maxwell and Weyl scalars under consideration, the spin- and
boost-weight coincide. A component of spin-weight s in this new tetrad then satisfies
Q‰Œs� D �s

b
‰Œs�. We will also use the .t�; r; '�; �/ coordinate system. Let us put QTs D

�s
b
Ts�

�s
b

. Using also � D 1=r (not to be confused with an NP spin coefficient) we find
that for r � 4m we have

QTs D �a2 sin2 � @2t� C
4mar

�b
@2t�'� C

�
a2

�b
�

1

sin2 �

�
@2'� � �

2@��
sC1
b

�2@��
�s
b

C 2r@t� � 2.r
2
C a2/�2@�@t� � 2s.r �m/

r2 C a2

�b
@t� �

1

sin �
@� sin � @�

� 2s

�
a.r �m/

�b
C
i cos �
sin2 �

�
@'� � 2s

�
m.r2 � a2/

�b
� r � ia cos �

�
@t�

C .s2 cot2 � � s/;

while for r � 3m,

QTs D �a2 sin2 � @2t� �
1

sin2 �
@2'� �

1

sin �
@� sin � @� � @r�sC1b

@r�
�s
b

� 2a@2t�'� � 2a@r@'� � .r
2
C a2/@t�@r � @r .r

2
C a2/@t�

� 2s
i cos �
sin2 �

@'� C 2sŒr C ia cos ��@t� C .s
2 cot2 � � s/:

We will often consider the rescaled and Fourier-transformed operator

OTs.�/ D �
2eit�� QTse

�it�� :

Remark 4.2. Note that in the exterior region, OTs.�/ D ei�F .r/.Ft .�
2 QTs//.�/e

�i�F .r/,
where Ft is the Fourier-transformed operator with respect to the time variable t . In par-
ticular, both operators coincide for � D 0.
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The Sobolev spaces we will work with are the b-Sobolev spaces for sections
of B.s; s/, NHm;q

b .X I B.s; s//. We will often write NH
m;q
b .X/; Aq.X/ instead of

NH
m;q
b .X IB.s; s//, Aq.X IB.s; s//.

The bundle B.s; s/ is the Cartesian product of the trivial bundle IdRt��Œr0;1/

and =B.s/. Recall that � =�Œs� acts on sections of =B.s/,

� =�Œs� W H 2.S2I =B.s//! L2.S2I =B.s//;

it has a discrete spectrum with eigenvalues

�
Œs�

l
D l.l C 1/ � s.s C 1/ .l � jsj/;

and we have the natural decomposition

L2.S2I =B.s// D
M
l�jsj

SŒs�
l
; (4.29)

where SŒs�
l

is the eigenspace corresponding to the eigenvalue �Œs�
l

. This entails

NH
m;q
b .X/ D

M
l�jsj

NH
m;q
b

��
0;
1

r0

�
;
d�

�4

�
˝ SŒs�

l
:

We put

NH
m;q;l
b .X/ D NH

m;q
b

��
0;
1

r0

�
;
d�

�4

�
˝ SŒs�

l
:

We will consider the Teukolsky operator OTs.�/ as an operator

OTs.�/ W ¹‰ 2 NH
m;q.s/
b W OTs.�/‰ 2 NH

m�1;q.s/C2
b º ! NH

m�1;q.s/C2
b ;

OTs.0/ W ¹‰ 2 NH
m;q.s/
b W OTs.0/‰ 2 NH

m�1;q.s/C2
b º ! NH

m�1;q.s/C2
b :

The explicit form of the Teukolsky operator shows that OTs.0/ preserves the spaces SŒs�
l

.
We can therefore consider the Teukolsky operator also as an operator

OTs.0/ W ¹‰ 2 NH
m;q.s/;l
b W OTs.0/‰ 2 NH

m�1;q.s/C2;l
b º ! NH

m�1;q.s/C2;l
b :

Note also that O‰Œs� D
P
l
O‰l
Œs�
; O‰l

Œs�
2 NH

m;q.s/;l
b is a solution of OTs.0/ O‰Œs� D 0 if and only

if OTs.0/ O‰lŒs� D 0 for all l .

4.5. Asymptotic behavior

To analyze the asymptotic behavior of the solutions of the Teukolsky equation, we will
use normal operator arguments. An important role will be played by the Mellin transform
and its inverse (see e.g. [58, Section 3.1]). Let MI D Œ0;1/ � S2. The Mellin transform
is defined by

.M�/.�; !/ D

Z 1
0

��i��.�; !/
d�

�
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and it gives an isometric isomorphism of L2.MI I
d�
�
d!/ and L2.R�I L

2.S2I d!//.

Since we have L2.MI I
d�
�
d!/ D ��3=2L2.MI I

d�

�4
d!/, we obtain an isomorphism of

��3=2L2.MI I
d�

�4
d!/ and L2.R�IL2.S2Id!//. The inverse Mellin transform is given by

.M�1 /.�; !/ D

Z
R
�i� .�; !/ d�:

More generally, for � 2 �qL2
b
.MI I

d�

�4
d!/D �qC3=2L2

b
.MI I

d�
�
d!/, M�.�� i.qC3=2//

is well-defined as an element of L2.R�IL2.S2d!// and its inverse Mellin transform
becomes

.M�1 /.�; !/ D

Z 1�i.qC3=2/
�1�i.qC3=2/

�i� .�; !/ d�:

If � 2 �qL2
b
.MI I

d�

�4
d!/ has compact support in �, the Mellin transform M� extends to

a holomorphic function in =� > �.q C 3=2/ with values in L2.S2I d!/, satisfying

sup
�.qC3=2/<˛<C

kM�.� C i˛/kL2.R�IL2.S2// <1

for all C <1, and M�.�C i˛/ extends continuously to ˛D�.qC 3=2/ in the topology
of L2.R�IL2.S2/. Since M intertwines differentiation �D� and multiplication by �, we
obtain similar statements for weighted b-Sobolev spaces, namely

NH
b;q
b

�
MI I

d�

�4
d!

�
3 � 7!M�.� � i.q C 3=2// 2

k\
jD0

h�i�jL2.R�IH
k�j .S2//:

4.5.1. Polyhomogeneous expansion.

Proposition 4.3. Let q.s/ D q � 2s if s � 0 and q.s/ D q if s < 0.

(1) Let m > 1=2C s; q 2 .�3=2;�1=2/, and mC q.s/ > �1=2 � 2s. Suppose O‰Œs� 2
NH
m;q.s/
b .X/, O‰Œs� D

P
l
O‰l
Œs�

, with O‰l
Œs�
2 NH

m;q.s/;l
b .X/. If

OTs.0/ O‰Œs� D 0;

then there exist O‰0;l
Œs�
2 SŒs�

l
such that

O‰lŒs� � �
lC1�s O‰

0;l
Œs�
2 A.lC2�s/�:

In particular,
O‰Œs� � �

w.s/ O‰0Œs� 2 A.w.s/C1/�;

w.s/ D 1 if s � 0; w.s/ D 1 � 2s if s < 0 and O‰0
Œs�
2 SŒs�
jsj

.

(2) Let =� � 0, � ¤ 0, q.s/ <�1=2,m> 1=2C s, andmC q.s/ >�1=2� 2s. Suppose
that O‰Œs� 2 ker OTs.�/\ NH

m;q.s/
b .X/. Then there exists O‰0

Œs�
2C1.S2I =B.s// such that

O‰Œs� � � O‰
0
Œs� 2 A2�:
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Proof. (1) As noted at the end of Section 4.4, each O‰l
Œs�

is a solution of OTŒs�.0/ O‰lŒs� D 0.

Now note that O‰l
Œs�
2 NH

1;q.s/;l
b .X/. This follows by elliptic regularity, propagation of

regularity at the radial sets at the horizons and real principal type propagation. We refer
to [25, 44] for details. The normal operator at � D 0 is given by

N D �2
�
�.�@�/

2
C .1 � 2s/�@� ��

Œs�
C 2s

�
:

Restricted to SŒs�
l

, ��Œs� acts by multiplication with �l
Œs�

. To compute the boundary spec-
trum we Mellin-transform the equation. We find the indicial equation

P.�/ D �2 C i.1 � 2s/�C l.l C 1/ � s.s � 1/ D 0; (4.30)

which has the roots i.sC l/ and�i.l C 1� s/. Here l � jsj. To understand the asymptotic
behavior of O‰l

Œs�
we compute

��2N .� O‰lŒs�/ D �
�2.N � OTs.0//.� O‰

l
Œs�/C �

�2Œ OTs.0/; �� O‰
l
Œs� 2

NH
1;q.s/C1;l
b ; (4.31)

where � is a cutoff, identically 1 near @CX . We Mellin-transform this equation, divide by
.�� i.sC l//.�C i.l C 1� s// and integrate along =�D�.q.s/C 5=2/, for the inverse
Mellin transform.8 Shifting the contour and using Cauchy’s formula gives

O‰lŒs� D c
l
0�
�.sCl/

C cl1�
lC1�s

C v; cl0; c
l
1 2 SŒs�

l
; v 2 NH

1;q.s/C1;l
b : (4.32)

As q.s/C 3=2 > �.l C s/, we have cl0�
�.sCl/ … NH

1;q.s/;l
b for cl0 ¤ 0 and thus cl0 D 0.

This gives
O‰lŒs� � c

l
1�
lC1�s

2 NH
1;q.s/C1;l
b : (4.33)

Now either q.s/C 1 > l C 1=2� s and we are done because NH1;lC1=2�sb � A.lC2�s/�,
or we have to repeat the argument. Therefore suppose that

O‰lŒs� � c
l
n�
lC1�s

2 NH
1;q.s/Cn;l
b (4.34)

after n steps. We now apply the same procedure to O‰l
Œs�
� cln�

lC1�s . We have

��2N .�. O‰lŒs� � c
l
n�
lC1�s// D ��2.N � OTs.0//.�. O‰

l
Œs� � c

l
n�
lC1�s//

C ��2. OTs.0/ �N /�cln�
lC1�s

� cln�
�2ŒN ; ���lC1�s C ��2Œ OTs.0/; �� O‰

l
Œs�:

We have

��2.N � OTs.0//.�. O‰
l
Œs� � c

l
n�
lC1�s// 2 NH

1;min ¹lC1=2�s;q.s/CnC1º�;l
b ;

��2.N � OTŒs�.0//�c
l
n�
lC1�s

2 A.l�sC2/;

cl1�
�2ŒN ; ���lC1�s; ��2Œ OTs.0/; �� O‰

l
Œs� 2

NH
1;1;l
b :

8If q.s/C 5=2 D l C 1 � s we replace q.s/C 5=2 by q.s/C 5=2 � " with " > 0 small.
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Now either q.s/ C n C 1 > l C 1=2 � s and we are done, or we obtain (4.34) with n
replaced by nC 1. By induction we obtain the result after a finite number of steps.

Let us now prove the second claim in (1). By the same argument as before we find
that O‰Œs� 2 NH

1;q.s/
b and we have the estimate

k O‰Œs�k NH Qm;q.s/b
� C Qmk O‰Œs�k NHm;q.s/b

; 8 Qm � m:

By restriction we obtain the same estimate for O‰l
Œs�

. Now we first repeat the same proced-

ure as before for O‰l
Œs�
; jsj � l � jsj C 1. Let then l � jsj C 2. For those l we repeat the

argument n times. As long as

q.s/C 3=2C n < l C 1 � s;

cl0 and cl1 in (4.32) are both zero. We obtain sufficient decay by this if

q.s/C 3=2C n � w.s/C 1:

Both are fulfilled if

1=2C 2jsj � q � n < l C jsj � 1=2 � q;

which can be arranged because l � jsj C 2. We will check that we obtain estimates which
are uniform in l . Let

Qf l .�/ DM
�
��2.N � OTs.0//.� O‰

l
Œs�/C �

�2Œ OTs.0/; �� O‰
l
Œs�

�
.�/:

We then have
O‰lŒs� DM�1.P�1.�/ Qf l .�//:

We now use Parseval’s identity, the fact that P�1.�/ is uniformly bounded on the contour
as well as

kM�1. Qf l .�//k NH Qm;q.s/C1;lb
� Ck O‰lŒs�k NH Qm;q.s/;lb

with C independent of l . This gives

k O‰lŒs�k NH Qm;q.s/C1;lb
� Ck O‰lŒs�k NH Qm;q.s/;lb

with C independent of l . We obtain equivalent estimates in each step. Summarizing, we
find that for all l > jsj C 1, O‰l

Œs�
2 NH

Qm;w.s/�1=2;l
b for all Qm � m and we have an estimate

k O‰lŒs�k NH Qm;w.s/�1=2;lb
� Ck O‰lŒs�k NH Qm;q.s/;lb

with C independent of l . Using the continuous embedding NH1;qb � AqC3=2 and the
convergence of the series

P
l
O‰l
Œs�

in NHm;q.s/
b this gives the claim.

(2) Smoothness away from @X follows as in part (1), while the radial point estimates
in [59] show that O‰Œs� is conormal at @X . We refer to [25, 44] for details. We see that the
normal operator at � D 0 is

N D �2��.�D� C i/:

The boundary spectrum of the normal operator consists of the single point ¹.�i; 0/º. The
asymptotics is then established in the same way as in (1).
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4.5.2. Asymptotic behavior in the .t; r; !/ coordinate system. Suppose that O‰Œs� 2
NH
m;q.s/
b .X/, with m and q.s/ fulfilling the conditions of Proposition 4.3,

OTs.�/ O‰Œs�.�; !�/ D 0 (4.35)

and
O‰Œs�.�; !�/ D e

ik'� OFŒs�.�; �/

for some k 2 Z. Note that O‰Œs�; OFŒs� also depend on �; k. Then the function

‰Œs�.t; r; !/ D e
�i�t�.t;r/eik'�.';r/��sb

OFŒs�.�; k; �; !/ DW e
�i�teik'FŒs�.r; �/

is a solution of (4.28). Note that for r � 3m,

FŒs�.r; �/ D e
ik
R
a
�b

dr
e�i�r���sb

OFŒs�.�; k; �.r/; �/;

while for r � 4m,
FŒs�.r; �/ D e

i�r���sb
OFŒs�.�; k; �.r/; �/:

Let � WD i.ak�2mrC�/

.rC�r�/
. In the � D 0 case we require that OFŒs�.�.r/; �/ D R.r/Sl .�/ for

some fixed l , where eik'Sl .�/ is an eigenfunction of ��Œs� (acting on H 2. =B.s// with
eigenvalue �l

Œs�
).

Proposition 4.4. We have

FŒs�.r; �/ � .r � rC/
��s; r ! rC;

FŒs�.r; �/ � e
i�rr2im�

1

r1C2s
; r !1; � ¤ 0;

FŒs�.r; �/ �
1

r1ClCs
; r !1; � D 0:

Proof. For � D 0 the asymptotic behavior at r D 1 immediately follows from Propos-
ition 4.3. Using the fact that r� � r C 2m ln.r/ close to 1 we obtain the asymptotic
behavior at1 also in the � ¤ 0 case. Concerning the behavior at r D rC we observe that
OFŒs� has to be continuous at r D rC. We then use

r� D

Z r

3m

r 02 C a2

�b.r 0/
dr 0

�
r2C C a2

rC � r�
ln.r � rC/; r ! rC;Z r

3m

a

�b.r 0/
dr 0 �

a

rC � r�
ln.r � rC/; r ! rC;

and obtain
e�i�r�e

im
R

a
�b

dr
� .r � rC/

� ;

which gives the asymptotic behavior at r D rC.
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4.6. Absence of modes

The following theorem follows from a theorem by Whiting [64] in the =� > 0 case, and
for =� D 0; � ¤ 0 from a theorem of Andersson, Ma, Paganini and Whiting [7].

Theorem 4.5. Let q.s/ D q � 2s if s � 0 and q.s/ D q if s < 0.

(1) Let =� � 0; � ¤ 0; m > 1=2C s; q.s/ < �1=2; mC q.s/ > �1=2 � 2s. Suppose
that

OTs.�/ O‰Œs�.�; !�/ D 0 with O‰Œs� 2 NH
m;q.s/
b .X/.

Then O‰Œs� D 0.

(2) Let m > 1=2C s, q 2 .�3=2;�1=2/ and mC q.s/ > �1=2 � 2s. Suppose that

OTs.0/ O‰Œs�.�; !�/ D 0 with O‰Œs� 2 NH
m;q.s/
b .X/.

Then O‰Œs� D 0.

Proof. We can suppose that O‰Œs� has a single mode in '�:

O‰Œs�.�; �; '�/ D e
ik'� OFŒs�.�; �/:

We then build up FŒs�.r; �/ as in the previous subsection. To treat the case � ¤ 0 we use
the results of [7,64]. Note that those results concern the separated equation. To argue that
this gives the absence of modes for general functions in our Sobolev space, we can apply
[18, Theorem 1.1]. To see this in a bit more detail, we first come back to the .t; r; !/
coordinate system. Let

FŒs�.r; �/ D e
ik.'��'/ei�.t�t�/��sb

OFŒs�.�.r/; �/; Hk D e
ik'L2..0; �/; sin � d�/;

Ak D �
2a2 sin2 � C

k2

sin2 �
C 2sk

cos �
sin2 �

C s2 cot2 � C 2s�a cos � �
1

sin �
@� sin � @� :

We have
L2.R � S2I dr�d!/ D

M
k

L2.R; dr�/˝Hk :

Note that
TsjL2.R/˝Hk

D Rk CAk ;

where Rk is an operator only in the r� variable. Let us now fix c > 0; s and k and let
U � C be the strip j=� j < c. Then by [18, Theorem 1.1] there exists a family of bounded
operators Qn.�/ on Hk defined for all n 2 N and � 2 U such that

(1) the image of each Qn.�/ is a finite-dimensional invariant subspace of Ak ,9

(2) the Qn.�/ are complete in the sense that for every � 2 U ,
1X
nD0

Qn D 1:

9The dimension of the image is at most 2 for n � 1, but this is not important for our purposes.
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Let Hn
k
D QnHk . By general linear algebra, Ak acting on Hn

k
can be decomposed

into Jordan blocks. We can suppose that AkjHn
k

is described by a single Jordan block and
that FŒs�.r; �/ can be written as

FŒs�.r; �/ D

pX
jD1

fj .r/gj .�/

with

Akg1 D �g1 C g2;

Akg2 D �g2 C g3;

:::

Akgp D �gp:

Here ¹gj º
p
jD1 is a basis of Hn

k
. Now,

0 D TsFŒs�.r; �/ D

pX
jD1

.Rfj /gj C

p�1X
jD1

fj .�gj C gjC1/C fp�gp:

As ¹gj º
p
jD1 is a basis of Hn

k
we first obtain

Rf1 C �f1 D 0;

and thus f1 D 0 by the results of [7, 64]. Proceeding with j D 2 we find

Rf2 C �f2 D 0;

and thus f2 D 0. We eventually find f1 D � � � D fp D 0 and thus FŒs� D 0. This gives
O‰Œs�.r; !�/ D 0 for r > rC. To show that O‰Œs�.r; !�/ D 0 for r � rC we apply the
same argument as in the proof of [66, Lemma 1]. We can suppose that O‰Œs�.r; �; '/ D
e�ik'�u.r; �/ DW  . Let

E.r/

D

Z
S2
.�.r � rC//

�N

�
�b sin � j@r j2 C

1

sin �
j@'� j

2
C sin � j@� j2 C j j2

�
d�d'�:

We have
d

dr
E.r/ D N.�.r � rC//

�1E.r/

C

Z
S2
.�.r � rC//

�NR

�
�;  ;

1
p

sin �
@'� ; @r ;

p
sin � @� 

�
;

where R is quadratic in . ; 1p
sin �

@'� ; @r ;
p

sin �@� / and independent of N .10 Thus

for N sufficiently large we have d
dr

E.r/ � 0 for r � rC. Integrating between rC � ı and

10This would not be true without fixing the angular momentum.
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rC � " .ı > "/ givesZ
S2
ı�N

�
ı2 sin � j@r j2 C

1

sin �
j@'� j

2
C jsin �  j2 C j j2

�
d� d'�

. "�N
Z

S2

�
sin � j@r j2 C

1

sin �
j@'� j

2
C jsin �  j2 C j j2

�
d� d'�

. "�NCK

for all K > 0. Indeed, by the argument in the proof of Proposition 4.3 we know that
 2 NH

1;q.s/
b . It therefore vanishes to all orders at r D rC. ChoosingK large enough and

letting "! 0 gives  ..r D rC � ı/; �/ D 0. With the operator OTs.�/ being hyperbolic
and r D rC � ı being spacelike, this gives  D 0 by classical energy estimates.

It remains to treat the case � D 0. In this case, the operator Ak is diagonalizable and
it suffices to consider FŒs� of the form FŒs�.r; �/ D Sl .�/R.r/. The equation then further
decouples. The function R.r/ fulfills

��sb
d

dr
�sC1
b

d

dr
R.r/C

a2k2 C 2ia.r �m/ks

�b
R � AR D 0; (4.36)

where A D .l � s/.l C s C 1/. Let first k D 0. If s � 0, we multiply (4.36) by �2s
b
NR and

integrate. This gives

�

Z 1
rC

�
d

dr
�sC1
b

d

dr
R

�
�sb
NRdr C

Z 1
rC

Aj�sbRj
2 dr D 0:

We compute

I WD �

Z 1
rC

�
d

dr
�sC1
b

d

dr
R

�
�sb
NRdr

D �

Z 1
rC

�
d

dr
�b

d

dr
�sbR

�
�sb
NRdr C 2s

Z 1
rC

�
d

dr
.r �m/�sbR

�
�sb
NRdr

DW I1 C I2:

Let us first compute I1. We have

I1 D ��b

�
d

dr
�sbR

�
�sb
NR

ˇ̌̌̌1
rC

C

Z 1
rC

�b

ˇ̌̌̌
d

dr
�sbR

ˇ̌̌̌2
dr D

Z 1
rC

�b

ˇ̌̌̌
d

dr
�sbR

ˇ̌̌̌2
dr;

where we have used Proposition 4.4 to see that the boundary term is zero. Let us now
consider I2. We have

I2 D 2s

Z 1
rC

j�sbRj
2 dr C 2s

Z 1
rC

.r �m/

�
d

dr
�sbR

�
�sb
NRdr

D 2s

Z 1
rC

j�sbRj
2 dr C 2s.r �m/j�sbRj

2
j
1
rC
� NI2:
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It follows that

<I2 D s

Z 1
rC

j�sbRj
2 dr � s.rC �m/j.�sbR/.rC/j

2:

Putting everything together and taking the real part we findZ 1
rC

�
�b

ˇ̌̌̌
d

dr
�sbR

ˇ̌̌̌2
C QA�sbjRj

2

�
dr � s.rC �m/j.�sbR/.rC/j

2
D 0; (4.37)

where QAD AC s D l2C l � s2 � 0. If QA > 0, then (4.37) givesRD 0. In the case s < 0,
QA is always strictly positive. If sD 0, then QA can be zero. But in this caseRD const, which

by Proposition 4.4 is only possible if the constant is zero. Let now s > 0. To make the
dependence on s clear, we will denote R by sR. By the Teukolsky–Starobinsky identities
(see e.g. [12, pp. 386, 436]) we have

�sb@
2s
r .�

s
bsR.r// D sD.�sR.r//;

where sD is a constant and �sR.r/ is the corresponding radial function for �s. By what
we have already shown, �sR D 0. Thus

�2b2R.r/ D C3r
3
C C2r

2
C C1r C C0; (4.38)

�b1R.r/ D QC1r C QC0: (4.39)

By Proposition 4.4, 2R decays likes r�5 and 1R decays like r�3, therefore all constants
in (4.38), (4.39) have to be zero. We can therefore suppose k ¤ 0 in the following. The
Teukolsky equation (4.36) has three regular singular points which are r D r˙ and r D1.
For the general theory of this type of equations see [39].

(1) Study of the singular points r D r˙. We rewrite the Teukolsky equation as

d2

dr2
R.r/C 2.s C 1/

r �m

�b

dR

dr
C

a2k2 C 2ia.r �m/ks

�2
b

R �
A

�b
R D 0:

Noting that
2
r˙ �m

r˙ � r�
D 1

we find the indicial equation at r D r˙:

˛2˙ C s˛˙ C
a2k2 C ia.r˙ � r�/ks

.rC � r�/2
D 0

with roots

˛C D �
iak

rC � r�
or ˛C D �s C

iak

rC � r�

respectively

˛� D
iak

rC � r�
or ˛� D �s �

iak

rC � r�
:
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(2) Study of the singular point at r D1. We put z D 1=r . We then have

d

dr
D �z2

d

dz
:

The Teukolsky equation (4.36) can be written as

��sb z
2 d

dz

�
�sC1
b

z2
dR

dz

�
C

�
a2k2 C 2ia.r �m/ks

�b
� A

�
R D 0

,
d2R

dz2
�
2.s C 1/

z2�b

�
1

z
�m

�
dR

dz
C
2

z

dR

dz
C

�
a2k2 C 2ia.1=z �m/ks

�2
b
z4

�
A

z4�b

�
R

D 0:

Taking into account that z2�b ! 1 when z ! 0 we find the indicial equation at z D 0:

˛2 � .2s C 1/˛ � A D 0:

We therefore find the roots ˛ D s � l and ˛ D s C l C 1.
We now follow [39] to bring this equation into its canonical form. Let

T .r/ D R.r/.r � rC/
i ak
rC�r� .r � r�/

�i ak
rC�r� ;

u.ρ/ D T .r D ρ.rC � r�/C r�/:

Then u.ρ/ fulfills

ρ.ρ � 1/u00.ρ/C ..˛ C ˇ C 1/ρ � 
/u0.ρ/C ˛ˇu.ρ/ D 0 (4.40)

with

˛ D s � l; ˇ D s C l C 1; 
 D s C 1C 2i
ak

rC � r�
:

Let R.r/ be an outgoing solution of the Teukolsky equation (4.36) with � D 0. From the
asymptotic behavior of R at rC;1 (see Proposition 4.4), we can read off the asymptotic
behavior of u:

u � .ρ � 1/
�sC2i ak

rC�r� ; ρ! 1I u � ρ�s�l�1; ρ!1:

Equation (4.40) has two independent smooth solutions. Let F.˛; ˇ; 
 I ρ/ be the solution
which is analytic in a neighborhood of 0. Starting with this solution we build up the
functions

u1 D ρ�˛F.˛; 1C ˛ � 
; 1C ˛ C ˇ � 
 I 1 � 1=ρ/;

u2 D ρˇ�
 .1 � ρ/
�˛�ˇF.
 � ˇ; 1 � ˇ; 1C 
 � ˛ � ˇI 1 � 1=ρ/;

which are also solutions to (4.40) and they are analytic in Re ρ > 1=2; see [39, p. 74]
for details. By [39, Theorem 5.1] the series F.˛; 1 C ˛ � 
; 1 C ˛ C ˇ � 
 I z/ and
F.
 �ˇ;1�ˇ;1C 
 � ˛ �ˇIz/ converge at jzj D 1. Analyzing the asymptotic behavior
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at ρD 1 one easily sees that both are linearly independent (recall that we suppose k ¤ 0).
Therefore, on <ρ > 1=2, u can be written as

u D cu1 C du2:

The asymptotic behavior of u at ρ D 1 gives c D 0. Using the convergence of the series
F.
 � ˇ; 1 � ˇ; 1 C 
 � ˛ � ˇI z/ at jzj D 1 we see that u2 � ρ�.s�l/ at 1, which
gives d D 0 and thus FŒs� D 0. By the same argument as in the � ¤ 0 case we obtain
O‰Œs�.0/ D 0.

Remark 4.6. The use of the sophisticated analysis in [18] can be replaced by a continuity
argument in the proof; we refer to [28, proof of Theorem 1.7] for details.

4.7. The scalar wave operator

For the scalar wave operator which can be considered as a special case of the Teukol-
sky operator, we will need a mode analysis also in spaces with weaker decay. This is
completely analogous to the analysis in [25]; we summarize the results.

Theorem 4.7. (1) For =� � 0, � ¤ 0, the operator

y�gb ;0.�/ W ¹u 2 NH
m;q
b .X/W y�gb ;0.�/u 2 NH

m�1;qC2
b .X/º ! NH

m�1;qC2
b .X/ (4.41)

is invertible when m > 1=2, q < �1=2, and mC q > �1=2.

(2) The stationary operator

y�gb ;0.0/ W ¹u 2 NH
m;q
b .X/W y�gb ;0.0/u 2 NH

m�1;qC2
b .X/º ! NH

m�1;qC2
b .X/

is invertible for all m > 1=2 and q 2 .�3=2;�1=2/.

(3) We have

ker y�gb ;0.0/ \ NH
1;�3=2�
b D hub;s0i; (4.42a)

ker y�gb ;0.0/
�
\ PH

�1;�3=2�
b D hu�b;s0i; (4.42b)

where
ub;s0 D 1; u�b;s0 D H.r � rC/: (4.43)

(4) Furthermore, the spaces

ker y�gb ;0.0/ \ NH
1;�5=2�
b D hub;s0i ˚ ¹ub;s1.S/WS 2 S1º; (4.44a)

ker y�gb ;0.0/
�
\ PH

�1;�5=2�
b D hu�b;s0i ˚ ¹u

�
b;s1.S/WS 2 S1º; (4.44b)

are four-dimensional. Let b D .m; a/ and b0 D .m; 0/. Then

ub0;s1.S/ D .r �m/S; u�b0;s1.S/ D .r �m/H.r � 2m/S

and

ub;s1 � ub0;s1 2
NH
1;�1=2�
b ; u�b;s1 � u

�
b0;s1

2 PH
�1;�1=2�
b : (4.45)
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Before proving the theorem we make the following observation on Fredholm operat-
ors.

Lemma 4.8. Let X; Y; Z be Banach spaces and suppose Z is continuously embed-
ded in Y . Suppose furthermore that P W X ! Y is a Fredholm operator. Then PZ W
P�1.Z/! Z is a Fredholm operator.

Proof. This follows from the fact that kerPZ � kerP; Z=.Z \ P.X// � Y=P.X/ and
the fact that Z \ P.X/ is closed in Z because P.X/ is closed in Y .

Proof of Theorem 4.7. We first show that the operators in .1/; .2/ are Fredholm operators.
For .2/ this follows directly from the results of [44] which uses [59,61]. The proof follows
the general scheme in [25, proof of Theorem 4.3] and uses the fact that the general setting
of [61] applies to the wave equation on the Kerr metric for all subextreme values of a as
well as the fact that the principal features of the Hamiltonian flow of the classical symbol
are the same for all subextreme values of a (see also the proof of our Theorem 7.1).

Concerning .1/, the spaces used in [25, 44] are slightly different, and therefore we
have to argue that we can also use the spaces in the above theorem. By the results of
[59, 61] we know that

y�gb ;0.�/ W ¹u 2 NH
m;mCq;q
sc;b;res .X/W y�gb ;0.�/u 2 NH

m�2;mCqC1;qC1
sc;b;res .X/º

! NH
m�2;mCqC1;qC1
sc;b;res .X/

are Fredholm operators. Here NH
m;r;q

sc;b;res.X/ are scattering-b Sobolev spaces as defined in
[61, Section 3]. We have in particular

NH
m;mCq;q
sc;b;res .X/ D NH

m;q
b .X/:

We have

Z WD NH
m�1;qC2
b D NH

m�1;mCqC1;qC2
sc;b;res � NH

m�2;mCqC1;qC1
sc;b;res DW Y

with continuous embedding. We can then apply Lemma 4.8 with

X WD ¹u 2 NH
m;mCq;q
sc;b;res .X/W y�gb ;0.�/u 2 NH

m�2;mCqC1;qC1
sc;b;res .X/º:

We now argue that the operators have index zero. We first define the spaces

NH
m;qIk
b D ¹u 2 NH

m;q
b Wu D eik'� Qu.r; �/º:

We start with � D 0. The restriction of y�gb ;0.0/ to NHm;qIk
b ,

. y�gb ;0/
k.0/ W ¹u 2 NH

m;qIk
b .X/W y�gb ;0.0/u 2 NH

m�1;qC2Ik
b .X/º ! NH

m�1;qC2Ik
b .X/;

is also Fredholm. We have

ker y�gb ;0.0/ D
D N[
kD�N

ker . y�gb ;0/
k.0/

E
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as well as an equivalent equality for the adjoint. Note that the union is finite here because
the kernel is finite-dimensional. It is therefore sufficient to show the index zero property
for . y�gb ;0/k.0/ for all k 2 ¹�N; : : : ; N º. Now

. y�gb ;0/
k.0/ D . y�gb0 ;0/

k.0/C Pk ; Pk 2 �
2Diff1b :

As adding an element of �2Diff1b does not change the domain, we can continuously
deform the operator . y�gb ;0/k.0/ on Kerr to the corresponding operator on Schwarzschild
for which we know from [25, Theorem 6.1] that it is invertible. Note in this context that we
can work on the same manifold for all angular momenta per unit mass 0� a0 � a because
the condition (3.3) entails that the same condition holds with a replaced by a0. A similar
argument shows that y�gb .�/ has Fredholm index zero for � ¤ 0. Now by Theorem 4.5
we know that the kernels of both operators are equal to ¹0º.

The proof of (3)–(4) is strictly analogous to the proof of [25, Proposition 6.2]. Nev-
ertheless, to show in addition (4.45) we construct the solution ub;s1.S/ starting with the
corresponding solutions ub0;s1.S/ for Schwarzschild rather than the one for Minkowski
like in [25]. We construct the solutions ub;s1.S/; the argument for u�

b;s1
.S/ is analogous.

Let v WD .r �m/S2 NH1;�5=2�b and fix a cutoff �2C1.R/with �D 0 for r � 3m; �D 1
for r � 4m. Then

e WD y�gb .0/.�v/ D � y�gb0 .0/.v/C Œ
y�gb0 .0/; ��v C .

y�gb .0/ � y�gb0 .0//.�v/

2 0C NH
1;1
b C NH

1;3=2�
b D NH

1;3=2�
b :

In the last step we have used the fact that y�gb .0/� y�gb0 .0/ 2 �
4Diff2b (see [25, (3.44)]).

Now y�gb .0/w D �e can be solved by w 2 NH1;�1=2�b ; indeed, e is orthogonal to the
kernel of y�gb .0/� in PH�1;�3=2C, which is trivial by (2). We then have ub;s1 D �v C w
and it fulfills (4.45).

5. The 1-form wave operator

We now analyze mode solutions of the 1-form wave operator.

5.1. Mode solutions

Theorem 5.1. Consider�gb ;1 acting on 1-forms. There existsm1 > 0 with the following
properties:

(1) For =� � 0, � ¤ 0, the operator

y�gb ;1.�/ W ¹! 2 NH
m;q
b .X IBscT �X/W y�gb ;1.�/! 2 NH

m�1;qC2
b .X IBscT �X/º

! NH
m�1;qC2
b .X IBscT �X/

is invertible when m > m1, q < �1=2, and mC q > �1=2.
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(2) For m > m1 and q 2 .�3=2;�1=2/, the stationary operator

y�gb ;1.0/ W ¹! 2 NH
m;q
b .X IBscT �X/W y�gb ;1.0/! 2 NH

m�1;qC2
b .X IBscT �X/º

! NH
m�1;qC2
b .X IBscT �X/ (5.1)

has one-dimensional kernel and cokernel. We have

ker y�gb ;1.0/ \ NH
1;�1=2�
b D h!b;s0i;

ker y�gb ;1.0/
�
\ PH�1;�1=2� D h!�b;s0i;

with

!b;s0 D

8<:
r

%2
b

.dt� � a sin2 � d'�/C
rC�r

�b
dr for r � 3m;

r

%2
b

.dt� � a sin2 � d'�/C
� .r2Ca2/rC%2

b
rC

%2
b
�b

�
dr for r � 4m;

!�b;s0 D ı.r � rC/dr:

Proof. As in the small a case, the operators y�gb ;1.�/ are Fredholm operators of index 0.
We revisit the argument given in [25] for the more complicated case of the gauge fixed
Einstein equation in the proof of Theorem 7.1. We now want to compute the different
kernels. As g is Ricci flat we have

�gb ;1 D .d C ıgb /
2
D dıgb C ıgbd: (5.2)

Let ! D e�i�t�h be a mode solution:

�gb ;1! D 0:

Then
0 D ıgb�gb ;1! D ıgbdıgb! D �gb ;0ıgb! D 0:

Here we have used ı2gb D 0. Now note that

ıgb! D e
�i�t�f; f 2 NH

m�1;q
b .X/:

We can therefore apply Theorem 4.5 for s D 0 to obtain

ıgb! D 0: (5.3)

Putting this into the wave equation we find

ıgbd! D 0: (5.4)

Let F D d!. Then F is a Maxwell field

dF D 0; ıgbF D 0: (5.5)
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We now proceed as in Section 4.3 and build up the scalars O‰Œs� 2 NH
m�1;q.s/
b . By The-

orem 4.5 we find that O‰Œ˙1� and thus ˆ˙1 are zero. We now go back to Boyer–Lindquist
coordinates .t; r; �; '/. We consider two cases:

First case: � ¤ 0. Using the first and the third equation in [12, Chapter 8 (11)] we obtain

iK

�
ˆ0 D 0

with K D .r2 C a2/� C am and m is the ' mode in the separation of variables.11 Thus
ˆ0 D 0. This means that the whole Maxwell field F is zero:

d! D 0: (5.6)

Recall that X D .rC;1/ � S2. We write

! D e�i�t .hT C hNdt/;

where hT is a 1-form on X. Then d! D 0 is equivalent to´
dXhT D 0;

�i�hT � dXhN D 0:
(5.7)

By Poincaré’s lemma we have hT D dX
QA. Now observe that

dX.i�
�1hN � QA/ D hT � hT D 0

and thus hN D �i�. QAC c/ for some constant c. It follows that ! D d.e�i�t . QAC c//.
We now put A D e�i�t . QAC c/. Note that we could also apply Poincaré’s lemma directly
on spacetime, but we have to make sure that the potential A is a mode solution. Putting
this now into (5.3) we find that

�gb ;0A D 0: (5.8)

Now QAC c D i��1hN 2 NH
m�1;q
b . We can therefore apply Theorem 4.7 to conclude that

A D 0 and thus
! D 0: (5.9)

Second case: � D 0. If m ¤ 0 we obtain by the same argument ˆ0 D 0. If m D 0, the
equations in [12, Chapter 8 (11)] give

@rˆ0 D �
2

r � ia cos �
ˆ0; (5.10)

@�ˆ0 D �
2ia sin �
r � ia cos �

ˆ0: (5.11)

Integrating (5.10) we findˆ0D
C.�/

.r�ia cos �/2
. Putting this into (5.11) we findC.�/D const.

It follows that F�� is a Coulomb solution:

F�� D 4.<ˆ0 nŒ�l�� C i=ˆ0mŒ� Nm��/:

11Note that ˆ0 D �1 in the notations of Chandrasekhar.
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Now, ! is a potential for the Coulomb solution and it fulfills the Lorenz gauge (5.3).
Therefore ! D C.!0 C d Qf / with

!0 D
r

%2
b

.dt � a sin2 � d'/:

We will suppose C D 1 in the following. The 1-form !0 is singular at the horizon, we
therefore have to correct this behavior by a gauge term. Concretely, for r � 3m we have

!0 D
r

%2
b

.dt� � a sin2 � d'�/ �
r

�b
dr;

while for r � 4m,

!0 D
r

%2
b

.dt� � a sin2 � d'�/C
.r2 C a2/r

%2
b
�b

dr: (5.12)

Therefore we put
!b;s0 D !0 C

rC

�b
dr:

Note that !b;s0 2 NH
1;q
b . An explicit calculation gives

�gb ;1!b;s0 D 0:

By the same argument as before we find

ıgb!b;s0 D 0:

Let now f D Qf �
R rC
�b

. We find

�gb ;0f D ıgbd Qf � ıgb
rC

�b
dr D ıgb! � ıgb!b D 0:

By Theorem 4.7, f D const. It remains to show that !�
b

is in the cokernel. We first observe
that !�

b;s0
D d.H.r � rC// and then compute

y�gb ;1.0/
�d.H.r � rC// D d y�gb ;0.0/

�H.r � rC/ D 0:

5.2. Growing modes

Proposition 5.2. We have

ker y�gb ;1.0/ \ NH
1;�3=2�
b D h!b;s0i ˚ h!

.0/

b;s0
i ˚ ¹!b;s1.S/WS 2 S1º; (5.13a)

ker y�gb ;1.0/
�
\ PH

�1;�3=2�
b D h!�b;s0i ˚ ¹!

�
b;s1.S/WS 2 S1º; (5.13b)

where, with [ denoting the musical isomorphism V [ WD gb.V; �/, and using (4.44a)–
(4.44b),

!
.0/

b;s0
D @[t ; (5.14)

!b;s1.S/ D dub;s1.S/; !�b;s1.S/ D du
�
b;s1.S/: (5.15)
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Proof. We closely follow [25, proof of Proposition 7.8]. Using

d y�gb ;0.0/ D y�gb ;1.0/d

we see that the RHS of (5.13a) lies in the LHS of the same equation, and the same argu-
ment shows the inclusion of the RHS of (5.13b) in the LHS.

For the inclusions � the 1-forms

dt; dx1; dx2; dx3 (5.16)

play a central role as they are annihilated by the normal operator y�
N

g;1.0/.

In order to prove ‘�’ in (5.13a), note that any ! 2 ker y�gb .0/ \ NH
1;�3=2�
b is of the

form ! D �v C Q! where v is a linear combination (with constant coefficients) of the
1-forms (5.16), and Q! 2 NH1;�1=2�b . Here � is a radial cutoff which equals 1 at infinity
and 0 for r � 3m. This follows from a normal operator argument. Upon subtracting a
linear combination of !.0/

b;s0
and !b;s1.S/ from !, we can thus assume ! D Q!, which by

Theorem 5.1 is a scalar multiple of !b;s0.
The argument for ‘�’ in (5.13b) is slightly more subtle. There is an obstruction to the

existence of a mode with @[t asymptotics given by the non-vanishing pairing

h y�gb;1.0/
�.�dt/; !b;s0i D 4� ¤ 0: (5.17)

To show (5.17), first note that (5.17) does not depend on the choice of the cutoff. Indeed
if �; Q� are two such cutoffs, then

.� � Q�/dt 2 NH
1;1
b :

Now fix such a cutoff � and consider �".�/D �.�="/. The result will then be independent
of ". To compute the exact value, first note that for Q 2 �3Diff2b , we have

hQ.�"dt/; !b;s0i D O."1�/:

To show this we have to consider terms of the form �3�; �4�0.�
"
/1
"
� and �5�00.�

"
/ 1
"2
�,

where � is one of the forms dt; dx1; dx2; dx3. The statement then follows from (for
ı > 0) Z 1

0

j��1=2�ı�3�".�/j
d�

�4
.
Z "

0

�1�2ı d� . "2.1�ı/;Z 1

0

ˇ̌̌̌
��1=2�ı�4�0

�
�

"

�ˇ̌̌̌2
1

"2
d�

�4
D

Z 1

0

�3�2ı
ˇ̌̌̌
�0
�
�

"

�ˇ̌̌̌2
1

"2
d�

D "2.1�ı/
Z 1="

0

�3�2ı j�0.�/j2 d�;Z 1

0

ˇ̌̌̌
��1=2�ı�5�00

�
�

"

�ˇ̌̌̌2
1

"4
d�

�4
D "2.1�ı/

Z 1="

0

�5�2ı j�00.�/j d�:
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We therefore only have to compute the pairing for

Q! D ..�2D�/
2
C 2�3@�/�"/dt D ��

4�00
�
�

"

�
1

"2
dt:

Using

!b;s0 D
r

%2
b

dt �
a sin2 r
%2
b

d' C
rC

�b
dr;

we find

G. Q!;!b;s0/ D �
�4

"2
�00
�
�

"

�
r

%2
b
�b
.r2 C a2/:

We then compute

h Q!;!b;s0i D
1

"2

Z Z Z
�00
�
�

"

�
r.r2 C a2/ sin �

%2
b
�b

d� d� d'

D 4�

Z
��00.�/ d�CO."1�/ D 4� CO."1�/:

As the result has to be independent of ", this gives (5.17). Let us also note that

@[t D
�b � a2 sin2 �

%2
b

dt C
2amr sin2 �

%2
b

d';

and thus
@[t � dt 2

NH
1;�1=2�
b ; b��gb ;1.0/�.@[t � dt/ 2 NH1;3=2�b :

Therefore replacing �dt by �@[t in (5.17) gives the same result. Now, !� 2 ker y�gb .0/� \
PH
�1;�3=2�
b can be written as !� D �v C Q!�; Q!� 2 PH�1;�1=2�b , where v D v0 dt C v0

with v0 2 C and v0 a linear combination of dx1; dx2; dx3. Upon subtracting !�
b;s1

.S/ for
a suitable S 2 S1, we can assume v0 D 0. Therefore

v0 y�gb ;1.0/
�.� dt/ D �y�gb ;1.0/

�
Q!�

is necessarily orthogonal to ker y�gb ;1.0/\ NH
1;�1=2�
b D h!b;s0i, which in view of (5.17)

implies v0 D 0, thus !� D Q!� is a scalar multiple of !�
b;s0

by Theorem 5.1.

Proposition 5.3. There exist families

!b;v1.V/ 2 ker y�gb ;1.0/ \ NH
1;�5=2�
b ; !�b;v1.V/ 2 ker y�gb ;1.0/

�
\ PH

�1;�5=2�
b ;

linear in V 2 V1, which satisfy

!b0;v1.V/ D r
2V; !�b0;v1.V/ D r

2VH.r � 2m/; (5.18)

!b;v1.V/ � !b0;v1.V/ 2 NH
1;�1=2�
b ; !�b;v1.V/ � !

�
b0;v1

.V/ 2 PH�1;�3=2�; (5.19)

and which are such that ı�gb!b;v1.V/ 2
NH
1;1=2�
b and ı�gb!

�
b;v1

.V/ 2 PH�1;�1=2�b .

The proof is strictly analogous to the proof of [25, Proposition 7.10]; we omit the
details. In particular, the decay properties are already obtained in that proof. Note however
that we give up one decay order for !�

b;v1
.V/ with respect to !b;v1.V/.
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6. The linearized Einstein equation

In this section we prove the main theorem of this paper. The result was already stated
informally in the introduction (cf. Theorem 1.1).

6.1. Main theorem

Theorem 6.1. Let 0 < a < m. Let � 2 C, =� � 0, and suppose Pg is an outgoing mode
solution of the linearized Einstein equation

Dgb Ric Pg D 0: (6.1)

Then there exist parameters Pm 2 R, Pa 2 R3, and an outgoing 1-form ! on M ı
b

, such that

Pg � Pg.m;a/. Pm; Pa/ D ı
�
gb
!; (6.2)

where Pg.m;a/. Pm; Pa/ is defined in (3.7). More precisely:

(1) If � ¤ 0, suppose that Pg D e�i�t� Pg0 with Pg0 2 NH
1;q
b .X IS2BscT �X/ for some q 2 R.

Then (6.2) holds with . Pm; Pa/ D .0; 0/ and ! D e�i�t�!0; !0 2 NH
1;q0

b .X IBscT �X/

for some q0 2 R.

(2) If � D 0 and Pg 2 NH1;qb .X IS2BscT �X/ for q 2 .�3=2;�1=2/ is a stationary solution,
then (6.2) holds with ! 2 NH1;q�1b .X IBscT �X/.

6.2. Link to the gauge fixed linearized Einstein operator

Let
Lgb WD 2.DgbRicC ı�gbıgbGgb /

be the linearized Einstein operator around the Kerr metric in the wave map/De Turck
gauge. Here Ggb D 1 � 1

2
gbtrgb denotes the trace reversal operator in four spacetime

dimensions. We start with the following

Proposition 6.2. Suppose Pg 2 NH1;qb .X/ with q 2 .�3=2I �1=2/. If yLgb .0/ Pg D 0, then
there exists g0 2 C1.@X IS2 BscT �

@X
X/ such that Pg � �g0 2 A2�.

Proof. The proof is in principle the same as the proof of [25, Proposition 4.4], and we
refer to that proof for details. We note that in the full subextreme range of a the normal
operator of yLgb .0/ is the negative Euclidean Laplacian tensored with the 10� 10 identity
matrix when working in the standard coordinate trivialization. The boundary spectrum
of the scalar Euclidean Laplacian is, by definition, the divisor of 1��2�.�/�1, where the
hat stands for Mellin transform in � and �� D �2�D��D� C i�3D� � �2 =� is the pos-
itive Euclidean Laplacian. Decomposing functions on @X into spherical harmonics, and
denoting by Sl a degree l 2 N0 spherical harmonic, we have

��i�.���2�/.�i�Sl / D
�
�.�C i/C l.l C 1/

�
Sl ;
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which vanishes for � D i l and for � D �i.l C 1/. With respect to the choice of our
Sobolev spaces only the �D�i.l C 1/ are relevant for the expansion, the l D 0 spherical
harmonics gives the � term in the expansion.

Lemma 6.3. Suppose that Pg 2 NH1;qb .X IS2BscT �X/ with q 2 .�3=2;�1=2/ is a station-
ary solution of the linearized Einstein equation

Dgb Ric. Pg/ D 0:

(1) For all Pa 2 R3, there exists �. Pa/ 2 R, a 1-form ! 2 NH
1;q�1
b .X IBscT �X/ and g0 2

C1.@X IS2 BscT �
@X
X/ such that

Pg � ı�gb! � Pgb.�. Pa/; Pa/ � �g0 2 A2�:

(2) The Teukolsky scalars O‰Œ˙2� are zero.

Proof. (1) By adding a linearized Kerr metric and a pure gauge solution we want to correct
Pg to a solution of the gauge fixed operator. More precisely, we are looking for a 1-form !

and parameters Pa 2 R3 and �. Pa/ 2 R such that

Lgb
�
Pg � ı�gb! � Pgb.�. Pa/; Pa/

�
D 0:

This equation is satisfied provided

y�gb ;1.0/! D �2ıgbGgb Pg C 2ıgbGgb Pgb.�. Pa/; Pa/: (6.3)

To arrange that the RHS lies in the image of y�gb .0/ we need

h�ıgbGgb Pg C ıgbGgb Pgb.�. Pa/; Pa/; !
�
b;s0
i D 0:

If hıgbGgb Pgb.1; 0/; !
�
b;s0
i ¤ 0 we can arrange this by choosing

�. Pa/ D
hıgbGgb Pg � ıgbGgb Pgb.0; Pa/; !

�
b;s0
i

hıgbGgb Pgb.1; 0/; !
�
b;s0
i

:

We now compute hıgbGgb Pgb.1; 0/; !
�
b;s0
i. For r � 3m we have

Pgb.1; 0/ D �
2r

%2
b

.dt� � a sin2 � d'�/2:

First note that trgb . Pgb.1; 0// D 0 so that Ggb Pgb.1; 0/ D Pgb.1; 0/. Let

On� D �
1
p
2
@r ;

On� D
1
p
2
.dt� � a sin2 � d'�/:

We then have
. Pgb.1; 0//�� D �

4r

%2
b

On� On� :
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Now,

r
�. Pgb.1; 0//�� D �4r

�

�
r

%2
b

On� On�

�
D �4

�
On�r�

�
r

%2
b

�
On� C

r

%2
b

r
�
On� On�

�
:

Note that
On�r�r D �

1
p
2
:

Recall that the volume element of the Kerr metric is
p
jdetgbj D %2b sin � . This gives

r
�
On� D

1

%2
b

sin �
@�.%

2
b sin � On�/ D �

p
2
r

%2
b

:

This gives

r
�. Pgb.1; 0//�� D

2

%2
b

.@r /�

and thus

hıgbGgb Pgb.1; 0/; !
�
b i

D

Z 1
r0

Z
S2
g
�r�. Pgb.1; 0//��.!

�
b;s0

/
 .r
2
C C a

2 cos2 �/ sin � dr d� d'�

D

Z �

0

Z 2�

0

2 sin � d� d'� D 8� ¤ 0: (6.4)

We can therefore choose �. Pa/ as above and obtain a solution ! 2 NH1;q�1b .X/ of (6.3).
We now apply Proposition 6.2 to see that

Pg � ı�gb! � Pgb.�.
Pa/; Pa/ � �g0 2 A2�

for some suitable g0 2 C1.@X IS2 BscT �
@X
X/.

(2) The Teukolsky scalars O‰Œ˙2� have the required regularity to apply Theorem 4.5.

Remark 6.4 (Boyer–Lindquist coordinates). If Qh 2 A2�.X IS2BscT �X/, then the coeffi-
cients of Qh in the Boyer–Lindquist representation fulfill

Qh˛ˇ D O

�
1

r2�"

�
; 8" > 0:

Indeed, near infinity we have dt� D dt � r2Ca2

�b
dr D dt � dr CO.1=r/.

6.3. Gauge invariants

The gauge invariants of linearized gravity on the Kerr spacetime have been completely
classified in [2, 3] (see Appendix A for further details). We will be mainly interested in
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linearized vacuum perturbations with ˆ2 D ˆ�2 D 0. By [3, Corollary 3] the only non-
vanishing gauge invariants for such perturbations are those given by I� , I� , which in our
notation take the form

I� D �p.%
0 þC% þ0�� 0 Ä�� Ä0/.p4#‰0/ � 1

2
‰0p

5#‰0

�
1
2
N‰0p

5#‰0 C
3
2
‰0p

5.hnn%
2
C 2h`n%%

0
C h``%

02

� 2hn Nm%� � 2h` Nm%
0� C h Nm Nm�

2
� 2hnm%�

0

� 2h`m%
0� 0 C 2hm Nm��

0
C hmm�

02/; (6.5)

and, with pC D p C p; p� D p � p,

I� D
1
4
p
�
p2�.%

0 þC% þ0/ � p2C.�
0 ÄC� Ä0/

�
.p4#‰0/

C
1
4
<

�
p5#‰0

�
‰0.p

2
C p2/ � 2 N‰0p

2
� 4p.p�%%

0
� pC��

0/
��

C 2i=
�
p6p.#‰�1%� C #‰1%

0� 0/
�

�
3
8
‰0p

5
�
p2�.hnn%

2
C 2hln%%

0
C hl l%

02/

� 2.p2 C p2/.hn Nm%� C hl Nm%
0� C hnm%�

0
C hlm%

0� 0/

C p2C.h Nm Nm�
2
C 2hm Nm��

0
C hmm�

02/
�
: (6.6)

Recall that the Plebański–Demiański family of line elements [52] are vacuum metrics
of Petrov type D, parametrized by m; a; n; c, which reduce to the Kerr family of line
elements in case n D c D 0. The I� , I� for explicit h defined by perturbations with
respect to Pm; Pa; Pn; Pc in the Plebański–Demiański family of line elements are as follows
(see [3, (24)]):

(1) For pure mass Pm and angular momentum Pa perturbations, the invariants take the form

I� D Pm; I� D 2a
2
Pm � 3ma Pa: (6.7)

(2) For perturbations in the direction of the NUT parameter Pn we obtain

I� D �i PnC
2im

Np
Pn; I� D �ia

2
PnC a cos �

�
r � 2m �

mp

Np

�
Pn: (6.8)

(3) For perturbations in the c metric direction the invariants take the form

I� D
6m2r cos �

Np
PcC 3m.iaC .m � r/ cos �/Pc;

I� D
6m2a2r cos3 �

Np
Pc � 3ima.p2 � r2 cos2 �/Pc:

(6.9)

It is a remarkable fact that for linearized vacuum perturbations with ˆ2 D ˆ�2 D 0, the
general form of I� ; I� is, in fact, the one given by (6.7)–(6.9). We have the following
result.
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Proposition 6.5. Let Pgab be a vacuum type D perturbation on the Kerr background. Then
there exist parameters Pm; Pa; Pc; Pn such that

I� D Pm � i PnC
2im

Np
PnC

6m2r cos �
Np

PcC 3m.iaC .m � r/ cos �/Pc;

I� D 2a
2
Pm � 3ma Pa � ia2 PnC a cos �

�
r � 2m �

mp

Np

�
Pn

C
6m2a2r cos3 �

Np
Pc � 3ima.p2 � r2 cos2 �/Pc:

We sketch the proof of Proposition 6.5 in Appendix A.

Lemma 6.6. Let v1 be a linearized vacuum metric perturbation on the Kerr exterior M

with vanishing gauge invariants and Pm D Pa D Pn D Pc D 0. Then there is a gauge vector
field v0 on M such that

ı�gbv0 D v1: (6.10)

Remark 6.7. By the results of [2], the two extreme Teukolsky scalars, linearized Ricci
curvature and I� and I� constitute a complete set of gauge invariants. It follows from
Proposition 6.5 that a linearized vacuum perturbation with ˆ2 D ˆ�2 D 0 is locally a
Plebański–Demiański line element plus a pure gauge term. An application of Lemma 6.6
makes this result global. We therefore obtain a new proof of the result of Wald that linear-
ized vacuum perturbations of the Kerr metric with vanishing extreme Teukolsky scalars
are Plebański–Demiański line elements modulo gauge [63].

Proof of Lemma 6.6. As in [2], let QK1 be the operator that sends a linearized metric on
the Kerr background to the collection of its gauge invariants, as defined in [3]. From the
assumptions,

QK1v1 D 0: (6.11)

As shown in [2, Section 5], QK1 is equivalent to K1 as defined in [2, (4.26b)], and hence

K1v1 D 0: (6.12)

Let
K0 D ı

�
gb

(6.13)

denote the Killing operator on the Kerr background.12 Then, in order to prove the lemma,
we must construct a solution to the equation

K0v0 D v1 2 ker K1: (6.14)

Let now Cl ; Dl ; Hl , l D 0; 1, be as in [2, Definition 13]. In particular, these are local
differential operators acting on sections of the bundles Vl , V 0l , l D 0; 1; 2. We know that

12K0 is an operator of finite type [35].
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V0 D T �M, V1 is the space of symmetric 2-tensors, and V 00 is the subbundle of T �M
with sections of the form

˛� C ˇ�; (6.15)

where �; � are the Killing fields on M, and ˛;ˇ are scalar functions. Then the commuting
diagram [2, (4.1)] is valid. The part of this diagram that is relevant for our purpose is

V0 V1 V2

V 00 V 01 V 02

C0

K0

C1

K1

H0

C2D0

K0
0

D1

K0
1

H0
0

D2 (6.16)

Here K0
l

are defined in terms of a flat connection on V 00 (see [2, Section 4]). The operators
Cl ;C0l ;Dl ;D

0
l
, l D 0; 1; 2, and H0;H00 are local differential operators acting on sections of

the bundles Vl ; V 0l , l D 0; 1; 2, and the operators K0
l

define a twisted de Rham complex,

K0l D d
D
l ; (6.17)

defined in terms of the unique flat connection D on V 00 such that the Killing fields are
parallel with respect to D. In particular, K00 is defined by the restriction of K0 to V 00, i.e.

K00.˛� C ˇ�/ D d
D.˛� C ˇ�/ D .d˛/� C .dˇ/� (6.18)

(see [2, (4.2)]). Thus, K00 acts on V 00 as two copies of the exterior derivative on scalars.
From (6.16), we have the identities

K0 ı D0 D D1 ı K00; (6.19)

K01 ı C1 D C2 ı K1: (6.20)

Further, we have the homotopy identity [2, (2.4a)],

D1 ı C1 D id � K0 ı H0 � H1 ı K1: (6.21)

Let
v01 D C1v1: (6.22)

By (6.12) and (6.20),
K01v
0
1 D 0; (6.23)

and hence since the twisted de Rham complex with operators K0j is exact, the equation

K00v
0
0 D v

0
1 (6.24)

has local solutions. In view of (6.18), and the fact that the Kerr exterior M is simply con-
nected, we may apply the Poincaré lemma to conclude that (6.24) has a global solution v00.
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By (6.19), we have

K0D0v
0
0 D D1K00v

0
0 (6.25)

D D1C1v1 (use (6.22) and (6.24)) (6.26)

D v1 � K0H0v1 (use (6.21) and K1v1 D 0): (6.27)

This means that setting
v0 D D0v

0
0 C H0v1 (6.28)

gives a solution to
K0v0 D v1 (6.29)

on M. By construction, v0 is globally defined.

We now want to show that the parameters Pn and Pc are zero. This will follow from the

Proposition 6.8. (1) Let g0 2 C1.@X IS2 BscT �
@X
X/ and h D g0=r . Then

I� D O.r/; <I� D O.1/:

(2) If h D O.1=r1C"/, then I� D O.r1�"/.

The proof of the above proposition can be found in Appendix B.

6.4. Proof of Theorem 6.1

(1) We start with the � ¤ 0 case. Let � D @t� be the stationary Killing field in Kerr. If
� ¤ 0, then since Pg is a mode solution by assumption, we have

L� Pg D �i� Pg: (6.30)

By [1, (1)] we know that there exists a 1-form ! and a symmetric 2-tensor k which
vanishes when O‰Œ˙2� vanish such that

k D ı�gb! CL� Pg: (6.31)

Applying Theorem 4.5 we see that O‰Œ�2� D O‰Œ2� D 0 and therefore (6.30) and (6.31) give

Pg D
i

�
ı�gb!;

so Pg is pure gauge in this case. In particular, (6.2) holds with Pm D Pa D 0.
(2) Let us now consider the case � D 0. Again by Theorem 4.5 we know that

O‰Œ˙2� D 0, i.e. Pg is a type D perturbation. By Proposition 6.5, we know that the gauge
invariants I� ; I� are those of the Plebański–Demiański line element. We now apply
Lemma 6.3 and Proposition 6.8 to see that the parameters Pn and Pc have to be zero. By
completeness of the gauge invariants (extreme Teukolsky scalars, linearized Ricci, I� ; I� ,
see [2]), we know that the linearized metric can locally be written as

Pg D Pgb. Pm; Pa/C ı
�
gb
! (6.32)

for some suitable !. Applying Lemma 6.6 to Pg � Pgb. Pm; Pa/ gives (6.32) globally on the
manifold. This completes the proof of the theorem.
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7. The gauge fixed linearized Einstein operator

In this section we present our results on the mode analysis of the linearized Einstein oper-
ator around the Kerr metric in the wave map/De Turck gauge. The results are analogous
to those obtained in the small a case in [25]. Recall that the linearized Einstein operator
around the Kerr metric in the wave map/De Turck gauge is given by

Lgb WD 2.DgbRicC ı�gbıgbGgb /:

HereGgb D 1� 1
2
gbtrgb denotes the trace reversal operator in four spacetime dimensions.

In this gauge fixed setting, a zero mode solution of yLgb .0/h D 0 can again be written
as h D Pg.m;a/. Pm; Pa/ C ı�gb!, but the pure gauge term now has to lie in a fixed seven-
dimensional space. These gauge solutions correspond to

(1) the Coulomb solutions of the 1-form wave operator, representative of a residual gauge
freedom,

(2) asymptotic translations in space and asymptotic rotations, representatives of symmet-
ries in flat space.

To parametrize the asymptotic rotations correctly, we will allow perturbations in Pa 2 R3,
thus including changes in the axis of rotation. Note however that solutions of the form
Pgb. Pm; Pa?/, where Pa? is orthogonal to the axis of rotation, are pure gauge solutions: they
merely describe the same Kerr black hole with rotation axis rotated infinitesimally. On
the other hand, Pgb. Pm; Pak/ where Pak is parallel to the axis of rotation have to be considered
as gauge independent solutions (a gauge term nevertheless has to be added to make them
solutions of the gauge fixed equation). As we will also see in the following, the mass
perturbation Pm has in fact to be equal to zero. We start our analysis with the Fredholm
setting.

Theorem 7.1. There exists m2 > 0 with the following property. Suppose that m > m2
and q < �1=2 withmC q > �1=2. Then for any fixed C > 1, andm0 <m, q0 < q, there
exists a constant C 0 > 0 such that

kuk NHm;qb
� C 0.kyLgb .�/uk NHm�1;qC2b

C kuk NHm0;q0b
/ (7.1)

for all � 2 C, =� 2 Œ0; C �, satisfying C�1 � j� j � C . If q 2 .�3=2;�1=2/, then this
estimate holds uniformly down to � D 0, i.e. for j� j � C . Moreover, the operators

yLgb .�/ W ¹u 2
NH
m;q
b .X/W yLgb .�/u 2

NH
m�1;qC2
b .X/º ! NH

m�1;qC2
b .X/;

=� � 0; � ¤ 0; (7.2a)

yLgb .0/ W ¹u 2
NH
m;q
b .X/W yLgb .0/u 2

NH
m�1;qC2
b .X/º ! NH

m�1;qC2
b .X/; (7.2b)

are Fredholm operators of index zero.

Remark 7.2. Under the same hypotheses as for (7.1) we also have the estimate

kuk NHm;qb
� C 00.kyLgb .�/uk NHm;qC1b

C kuk NHm0;q0b
/: (7.3)
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In fact, both estimates (7.1) and (7.3) follow from a more precise estimate using resolved
scattering-b Sobolev spaces (see [59,61]). A similar remark holds for the Teukolsky oper-
ator and the scalar and 1-form wave operators.

Proof of Theorem 7.1. The proof is analogous to the proof of [25, Theorem 4.3]; we
recall here the principal ingredients. It relies in a crucial manner on the properties of
the Hamiltonian flow. The principal features of this flow remain unchanged also in the
large a case. In particular, the discussion in [25, Section 3.4] on the flow of the classical
symbol remains unchanged in the large a case. We refer to [20, 44, 59] for details of the
calculation of the flow. We use the notations introduced in [25, Section 3.4]. In partic-
ular, the set of radial points which lie in the conormal bundle of the event horizon are
called R˙ and those at infinity R�;in=out.

We first have to consider radial point estimates. At the horizon radial point, estimates
require the calculation of threshold regularity. The existence of the threshold regularity at
the horizon follows from the fact that Q̌ as defined in [59, p. 404] has a maximum and a
minimum on the compact setL˙.13 This gives the threshold regularitym2 in our theorem.

For 0 ¤ � 2 R, radial point estimates at infinity for yLgb .�/ similarly require the
computation of a threshold decay rate relative to L2.X/. Concretely, the threshold �1=2
from [43, 62, Propositions 9, 10], [59, Theorems 1.1, 1.3] is modified by the subprincipal
symbol sc�1.

1
2i�
.yLgb .�/ �

yLgb .�/
�//jR�;in=out ; we now argue that this symbol vanishes.

Indeed, formally taking b D .0; 0/, so gb D
N

g is the Minkowski metric, and working

in the trivialization of S2BscT �X given in terms of the differentials of standard coordin-
ates t; x1; x2; x3, the operator Lgb is the wave operator on Minkowski space acting on
symmetric 2-tensors, hence a 10� 10 diagonal matrix of scalar wave operators, and there-
fore the subprincipal symbol vanishes when using the fiber inner product on S2BscT �X

which makes dt2, 2dtdxi , dxidxj orthonormal. Changing from the Minkowski metric
to a Kerr metric does not affect the subprincipal symbol at R�;in=out, as already argued
in [25, proof of Theorem 4.3]. Combining the radial point estimates at infinity from [59]
with those at the event horizon from [58] (see also [29, Proposition 2.1]) gives the stated
uniform estimates for =� 2 Œ0; C � with C�1 � j� j � C , for any fixed C > 1. The uni-
formity of the stated estimate down to � D 0 is proved in [61, Proposition 5.3]; this uses
the invertibility of a model operator (see [61, Section 5]), which in the current setting
and in the standard coordinate trivialization of S2BscT �X is the 10 � 10 identity matrix
tensored with the scalar model operator discussed in [61, Proposition 5.4].

It remains to prove that yLgb .�/ has index 0 as stated in (7.2a)–(7.2b). We use a
deformation argument, which reduces the index 0 property of yLgb .�/ to that of the
Fourier-transformed scalar wave operator.

We first treat the case � D 0. Choose a global trivialization of S2BscT �X ; then yLgb .0/
is a 10 � 10 matrix of scalar operators in �2 Diff2b.X/, with the off-diagonal operators
lying in �2 Diff1b.X/. Since adding an element of �2 Diff1b to yLgb .0/ does not change

13Note that the requirement Q̌ > 0 on L˙ in [59] is only formulated for notational convenience.



L. Andersson, D. Häfner, B. F. Whiting 3968

the domain in (7.2b), we can continuously deform yLgb .0/ within the class of Fredholm
operators on the spaces in (7.2b) to a diagonal 10 � 10 matrix with all diagonal entries
equal to the scalar wave operator at zero energy, y�gb .0/; the latter operator is known to be
invertible by Theorem 4.7; in particular, it has index 0. Thus, yLgb .0/ has index 0 as well.
The index zero property for � ¤ 0 follows from the same kind of deformation argument
using the invertibility of y�g.�/.

Remark 7.3. (1) As has been proven by Dyatlov [16], the trapping remains r-normally
hyperbolic in the whole subextreme range of a so that [17,65] apply. We therefore expect
that the high energy estimates of [25, Theorem 4.3] also remain valid in the whole range
of a. We however postpone this aspect (which is not needed for the mode analysis) to
future work.

(2) The threshold regularity at R˙ has been calculated in detail for Schwarzschild–
de Sitter metrics in [31]. As already mentioned in [25], the same calculation can be carried
out for the Kerr spacetime in the whole subextreme range of a and also gives the threshold
regularity 5=2. For the purpose of this paper we do not, however, need the exact value of
the threshold regularity and therefore avoid this rather lengthy calculation.

We will need the following definition:

Definition 7.4. Given two Lorentzian metrics g; g0, we define the gauge 1-form ‡ by

‡.gIg0/ WD g.g0/�1ıgGgg
0:

Theorem 7.5. Let am ¤ 0 and m2 be as in Theorem 7.1.

(1) For =� � 0, � ¤ 0, the operator

yLgb .�/ W ¹h 2
NH
m;q
b .X IS2BscT �X/W yLgb .�/h 2

NH
m�1;qC2
b .X IS2BscT �X/º

! NH
m�1;qC2
b .X IS2BscT �X/

is invertible when m > m2, q < �1=2, and mC q > �1=2.

(2) For m > m2 and q 2 .�3=2;�1=2/, the zero energy operator

yLgb .0/ W ¹h 2
NH
m;q
b .X IS2BscT �X/W yLgb .0/h 2

NH
m�1;qC2
b .X IS2BscT �X/º

! NH
m�1;qC2
b .X IS2BscT �X/ (7.4)

has seven-dimensional kernel and cokernel.

Concretely,

ker yLgb .0/ \ NH
1;�1=2�
b D hhb;s0i ˚ ¹hb;v1.V/WV 2 V1º ˚ ¹hb;s1.S/WS 2 S1º;

(7.5a)

ker yLgb .0/
�
\ PH

�1;�1=2�
b D hh�b;s0i ˚ ¹h

�
b;v1.V/WV 2 V1º ˚ ¹h�b;s1.S/WS 2 S1º;

(7.5b)
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with

hb;s0 D ı
�
gb
!b;s0; h�b;s0 D Ggbı

�
gb
!�b;s0; (7.6a)

hb;s1.S/ D ı
�
gb
!b;s1.S/; h�b;s1.S/ D Ggbı

�
gb
!�b;s1.S/; (7.6b)

hb;v1.V/ D Pgb.0; Pa/C ı�gb!; h�b;v1.V/ D Ggbı
�
gb
!�b;v1.V/; (7.6c)

where Pa, ! 2 NH1;�1=2�b depend on b;V; here S 2 S1, V 2 V1. We also have

hb;s0 2 NH
1;1=2�
b ; hb;s1.S/ 2 NH

1;1=2�
b ; hb;v1.V/ 2 �C1 C NH

1;1=2�
b ; (7.7)

h�b;s1.S/ 2
PH�1;1=2�; h�b;v1.V/ 2 �C1 C PH�1;1=2�: (7.8)

Moreover, h�
b;s0

has compact support. At b D b0, we have hb0;v1.V/ D 2!b0;s0 ˝s V.
The dual states are supported in r � rC, C1 in r > rC, conormal at @CX with the
stated weight, and lie inH�3=2� near the event horizon. Furthermore, all zero modes are
solutions of the linearized Einstein equations and satisfy the linearized gauge condition,
that is, ker yLgb .0/ \ NH

1;�1=2�
b � kerDgb Ric \ kerDgb‡.�I gb/ in the notation of

Definition 7.4.

Remark 7.6. Asymptotic boosts are not captured by this theorem. They are generalized
mode solutions meaning that polynomial growth in t� has to be permitted, in particular
the boosts having linear growth in t�. In the small a case also quadratically growing
generalized modes exist, which is essentially due to the choice of the gauge. In the small
a case they could be eliminated by constraint dumping; see [25, Sections 9, 10]. We
postpone the analysis of these generalized modes in the large a case to future work.

Remark 7.7. Recall from the beginning of this section that the solution in (7.6c) can also
be written as hb;v1.V/ D Pgb.0; Pak/C ı�gb! for some appropriate gauge term ı�gb!.

We also repeat Remark 9.2 of [25]:

Remark 7.8. The ‘asymptotic rotations’ !b;v1.V/ of Proposition 5.3 were not used here,
even though they give rise to zero energy states hb.V/ WD ı�gb!b;v1.V/ 2 ker yLgb .0/ \
NH
1;�1=2�
b . To explain why they are, in fact, already captured by Theorem 7.5, note first

that when bD .m; 0/ describes a Schwarzschild black hole, then !b;v1.V/D r2V is dual to
a rotation, thus Killing, vector field, hence hb.V/� 0. On the other hand, when bD .m;a/
with a ¤ 0, consider the orthogonal splitting V1 D h@['i ˚ V?, where @' is unit speed
rotation around the axis of rotation; the latter is a Killing vector field for the metric gb ,
and thus hb.@['/D 0. On the other hand, V? 3 V 7! hb.V/ is now injective; that this does
not give rise to new (i.e. not captured by Theorem 7.5) zero energy states is due to the fact
that for such b, the parametrization of the linearized Kerr family R4 3 . Pm; Pa/ 7! Pgb. Pm; Pa/
is no longer injective when quotienting out by pure gauge solutions, but rather has a
two-dimensional kernel. As already explained at the beginning of this section, if Pa is
orthogonal to the axis of rotation, then Pg.m;a/.0; Pa/ is pure gauge: it merely describes
the same Kerr black hole with rotation axis rotated infinitesimally, i.e. is precisely of the
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form hb.V/ for V 2 V? (plus an extra pure gauge term depending on the presentation of
the Kerr family). In summary then,

hb;v1.V1/C hb.V1/ D hb;v1.V1/; b D .m; a/;

is three-dimensional for a D 0 as well as for a ¤ 0.

Proof of Theorem 7.5. Consider a non-zero frequency mode solution yLgb .�/h D 0,
=� � 0. We put Pg D e�i�t�h.

The linearized second Bianchi identity implies

ıgbGgbı
�
gb
.ıgbGgb Pg/ D 0:

If � ¤ 0, then ıgbGgb Pg is an outgoing mode; if � D 0, then yıgb .0/Ggbh 2 NH
1;1=2�
b .

Indeed, we have

yıgb .0/ 2 �Diff1b.X IS
2BscT �X;BscT �X/;

yı�gb .0/ 2 �Diff1b.X IBscT �X;S2BscT �X/:

This can be shown as in the small a case (see [25, (3.42)]). In both cases, Theorem 5.1
and the fact that the generator !b;s0 of the kernel does not lie in NH1;1=2�b imply

ıgbGgb Pg D 0; (7.9)

and thus also
Dgb Ric. Pg/ D 0: (7.10)

Next, we apply the mode stability result, Theorem 6.1. Consider first the case � ¤ 0;
then Pg D ı�gb! with ! an outgoing mode; plugging this into (7.9), we obtain�gb ;1! D 0
and hence ! D 0 by Theorem 5.1, thus h D 0. This proves the injectivity of yLgb .�/ for
non-zero � with =� � 0, hence its invertibility by Theorem 7.1.

Suppose now � D 0, that is, we consider

yLgb .0/h D 0: (7.11)

By Theorem 6.1 we know that

h D Pgb. Pm; Pa/C ı�gb!; ! 2 NH
m;q�1
b :

Plugging this into (7.9) gives

y�gb ;1.0/! D �2ıgbGgb Pgb. Pm; Pa/: (7.12)

Pairing with !�
b;s0

gives

0 D �2hıgbGgb Pgb. Pm; Pa/; !
�
b;s0i:
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This entails

Pm D �
hıgbGgb Pgb.0; Pa/; !

�
b;s0
i

hıgbGgb Pgb.1; 0/; !
�
b;s0
i
D �

1

8�
hıgbGgb Pgb.0; Pa/; !

�
b;s0i;

where we have used (6.4). An explicit calculation shows14

1

8�
hıgbGgb Pgb.0; Pa/; !

�
b;s0i D 0; (7.13)

and thus Pm D 0. Note that the general solution of (7.12) can be written as an element of
the kernel given by proposition 5.2 plus a ‘special solution’. These special solutions are
parametrized by Pa 2 R3. This shows that every solution of yLgb .0/h D 0 is of the form
(7.6a)–(7.6c). We now have to show that (7.6a)–(7.6c) indeed define solutions of (7.11).
hb;s0 and hb;s1 are solutions of both (7.9) (by construction of !b;s0 and !b;s1/ and (7.10)
(as pure gauge solutions).

It remains to construct a continuous family (in b) of elements of ker yLgb .0/ \
NH
1;�1=2�
b extending hb0;v1.V/. For V 2 V1 which is (dual to) the rotation around the

axis Pa 2 R3 (with V having angular speed j Paj), we make the ansatz

hb;v1.V/ D Pgb.0; Pa/C ı�gb!; (7.14)

with ! 2 NH1;�3=2�b to be found. The equation yLgb .0/hb;v1.V/ D 0 is then satisfied
provided15

y�gb .0/! D �2ıgbGgb Pgb.0; Pa/ 2 NH
1;3=2�
b : (7.15)

In view of Theorem 5.1, the obstruction to solvability of this is the cokernel ker y�gb .0/� \
PH
�1;�1=2C
b D h!�

b;s0
i. In view of (7.13) the RHS is in the image of y�gb .0/ and the

equation can be solved with some ! 2 NH1;�1=2�b . By Theorem 7.1, yLb.0/ is Fredholm
of index zero, therefore the cokernel has dimension 7. It can then be checked that the
elements of the RHS of (7.6a)–(7.6c) are elements of the cokernel and have the required
properties: we refer to [25, proof of Proposition 9.1] for details. Eventually, the decay
properties in (7.7), (7.8) follow as in the small a case; see [25, Lemma 9.6] for details.16

Remark 7.9. Note that when changing coordinates by t D t� C F with F 2 C1.Xı
b
/,

Pgb.0; Pa/ will be changed by a gauge term ı�gb!. Changing Pgb.0; Pa/ by a gauge term

ı�gb! 2
NH
1;�1=2�
b will not change the pairing in (7.13). Indeed,

�2hıgbGgbı
�
gb
!;!b;s0i D h y�gb .0/!; !

�
b;s0i D h!;

y��gb .0/!
�
b;s0i D 0:

This also means that (7.13) only has to be computed for perturbations Pa, which are
parallel to the axis of rotation (see Remark 7.8).

14Calculation realized with Maple.
15The RHS has been computed explicitly with Maple.
16Note that the term �C1 is missing in the description of hb;v1.V/ in [25, Lemma 9.6].
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Appendix A. Proof of Proposition 6.5

In [3], two complex scalar gauge invariants, I� and I� , were presented for perturbations of
the Kerr spacetime. The authors also identified specific curvature invariants that reduce to
these gauge invariants in the linearized theory. As already indicated in Section 6.3, these
invariants are sensitive to variations of the Kerr parameters. Together with the Teukolsky
scalars, ˆ˙2 � #‰˙2 (in the notation of (4.23)), and the linearized Ricci tensor, (denoted
by the linearized Ricci spinor #ˆABA0B0 in the NP formalism), they form a minimal set
that generates all local gauge invariants. For Proposition 6.5, we are interested in vacuum,
type D, perturbations, for which both #ˆABA0B0 D 0 (vacuum) and #‰˙2 D 0 (Type D).
In this Appendix, we discuss vacuum, type D, perturbations of Kerr in Boyer–Lindquist
coordinates .t; r; x D cos�;�/. By comparison with equation (24a-e) of [3], the equations
(A.26) below, for I� and I� , show that they are then perturbations within the Plebański–
Demiański family. This confirms the classical result of Wald [63] obtained by using a
different technique. We are grateful to Steffen Aksteiner (private communication, 2020)
for providing this argument.

The extra notation introduced here has been defined in [1]. Denote the linearized met-
ric by hab and its trace-free and trace parts by htf

ab
; =h, respectively.

Let K i be the projection operators defined in [4, Section II.D]. Let �AB be the Killing
spinor in the Kerr spacetime, and let �0 be the corresponding spin-weight zero scalar so
that �AB D�2�0o.A�B/ for a principal dyad oA; �B (see [4, (21)]). The operator K i acting
on a spinor 'A:::DA0:::D0 is defined, up to a normalization, by tensoring with ��10 �AB and
contracting i indices. For example, for 'ABA0B0 , we have

.K0'/ABCDA0B0 D 2�
�1
0 �.AB'CD/A0B0 ; (A.1)

.K1'/ABA0B0 D �
�1
0 �.A

F 'B/FA0B0 ; (A.2)

.K2'/A0B0 D �
1
2
��10 �AB'ABA0B0 : (A.3)

We shall also need the fundamental spinor operators T ;C ;C � (see [4, Section II.C]). For
example, for a spinor 'BCB

0C 0 we have

.T '/ABC
A0B0C 0

D r.A
.A0'BC/

B0C 0/; (A.4)

.C '/ABC
C 0
D r.AB0'BC/

B0C 0 ; (A.5)

.C �'/C
A0B0C 0

D r
B.A0'BC

B0C 0/: (A.6)

Finally, the spin projection operator P i (see [4, Section II.D]) yields a spinor depending
only on the components of spin-weights ˙i . Here we shall need only P 2 which when
acting on 'ABCD takes the form

.P 2'/ABCD D .K
1K1K1K1'/ABCD �

1
16
.K0K1K1K2'/ABCD : (A.7)

In particular, .P 2#‰/ABCD depends only on the scalars #‰˙2.
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Recall the definition of IV ; V 2 ¹�; �º, from [2, Section 5] together with the definition
of Aa from [1, (57a)], assuming vanishing linearized Ricci spinor, #ˆABA0B0 D 0:

Aa D � 1
108
M=h�a �

1
54
M�BB

0

.K0K2htf/ABA0B0

C
2
3
�1
3�BA0.K

1K2#‰/AB C .K
1T .�1

4#‰0//AA0 : (A.8)

IV D �81AaVa � 3
2
mhabV

a�b

C 54<
�
�1
3V AA

0

�BA0.K
1K2#‰/AB �

3
2
�1
4.K2CV /#‰0

�
: (A.9)

Proposition A.1. Assume we have perturbations with vanishing linearized Ricci spinor,
#ˆABA0B0 D 0, and the linearized Weyl scalars #‰˙2 D 0. Then compatibility conditions
between gauge invariants yield the gradient

raIV D �81iVA
B0.C �

=A/B0A0 C 81i.C �V /B
0

A0=AAB0 (A.10)

for V 2 ¹�; �º.

Proof. Introduce the notation @�nh for a collection of terms containing up to n derivatives
of the linearized metric hab . It follows from the classification of gauge invariants [2, 3]
that since we consider only vacuum perturbations with #‰˙2 D 0, all gauge invariants
of at most second differential order in hab are zero by assumption. This implies that we
can prove (A.10) up to @�2h terms which will, by construction and gauge invariance, be
automatically zero in the final step . We do this computation in several steps and the terms
in @�nh may differ from line to line.

The gradient of (A.9) is of the form

rcIV D �81rc.AaVa/

C 54<
�
�1
3V AA

0

�BA0rc.K
1K2#‰/AB �

3
2
�1
4.K2CV /rc#‰0

�
C @�2h:

(A.11)

We compute the three non-trivial terms, rc#‰0;rc.K1K2#‰/AB ;rc.AaVa/, sep-
arately to finally recombine them in (A.11) to prove the result.

The first term is straightforward, as from (A.8) we have

ra#‰0 D .T #‰0/AA0 D �1
�4.K1A/AA0 C @62h: (A.12)

For the second term, we have to use linearized Bianchi identities. By [1, Lemma 3.1] and
because we assume #ˆABA0B0 D 0, the linearized Bianchi identities are of the form

C �#‰ D @�1h; (A.13)

and we collect some consequences:

� Applying K1K2 to (A.13) we find

C �K1K2#‰ D T #‰0 C @
62h: (A.14)
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� Applying K1K1 to (A.13) we find

T K1K2#‰ D �C �K0K2#‰ C @61h: (A.15)

� Using a spin decomposition of #‰ [1, Example II.8], and some commutators of K

operators, we find

C �#‰ D C �P 2#‰ C C �K0K2#‰ C 1
4
K0K1T #‰0 C @

�2h; (A.16)

which leads to
C �K0K2#‰ D �1

4
K0K1T #‰0 C @

�2h; (A.17)

by (A.13) and the assumption #‰˙2 D 0, which is equivalent to P 2#‰ D 0.

Using these points, we can compute the second term,

rc.K
1K2#‰/AB D

2
3
".AjC j.C

�K1K2#‰/B/C 0 C .T K1K2#‰/ABCC 0

D
2
3
".AjC j.T #‰0/B/C 0 C

1
4
.K0K1T #‰0/ABCC 0 C @

62h

D
2
3
�1
�4".AjC j.K

1A/B/C 0 C 1
4
�1
�4.K0A/ABCC 0 C @62h; (A.18)

where (A.12) was used in the last step.
The third term involves derivatives of Aa which can be found in [1], in particular

r.aAb/ D @�1h; (A.19)

with real right hand side, and applying K1 to [1, (58c)] and commuting17 operators, we
find

C A D �
2

3�1
K1.�

0;1
ˇ A/� 2

3
�1
3�

1;1
ˇ T K1K2#‰ C 4

9
�1
3�

0;1
ˇ C �K1K2#‰ C @�2h:

(A.20)
Using (A.19) and the fact that V a is Killing, the third term becomes

rc.V
aAa/ D 1

2
V AC 0.C A/CA C 1

2
AAC 0.CV /CA C 1

2
VC

A0.C �A/C 0A0

C
1
2

ACA
0

.C �V /C 0A0 C @
�1h: (A.21)

Inserting (A.12), (A.18), (A.21) and (A.20) in (A.11) leads to

rcIV D �
81
2

AAC 0.CV /CA � 81
2
VC

A0.C �A/C 0A0 � 81
2

ACA
0

.C �V /C 0A0 C @
�2h

C
27V AA

0

�BA0.K
0A/CABC 0

4�1
C
27V AA

0

�A
B0.K

0
A/CC 0A0B0

4 N�10

C
9VC

A0�AA0.K
1A/AC 0

�1
C
9V AA

0

�CA0.K
1A/AC 0

�1
C
9V AC 0�A

A0.K
1
A/CA0

N�10

C
9V AA

0

�AC 0.K
1
A/CA0

N�10
�
81
2
.K1A/CC 0.K2CV /� 81

2
.K

1
A/CC 0.K

2
C �V /:

(A.22)

17Commutators with K-operators are given in [4, Appendix B].
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The final step consists of splitting Ac D <Ac C i=Ac , eliminating C �<A using the
complex conjugate of (A.20), and computing that all terms involving <Ac cancel for
V a 2 ¹�a; �aº. Similarly, most terms involving =Ac cancel so we end up with (A.10).

In Boyer–Lindquist coordinates, � D @t and � D a2@t C a@� . Moreover, =Aa is a
real, gauge invariant vector field. Since a (nice) identity [1] dictates =Aa to be a Killing
vector, we can make an ansatz

=Aa D A�a C B�a (A.23)

for real constants A;B .
As �a can be written in terms of �a and the Killing spinor,

�AA0 D �
9
4
.�1

2
C N�10

2/�AA0 C
9
2
�AB N�A0B0�

BB0 ; (A.24)

the ansatz (A.23) inserted into (A.10) can be simplified and an expansion in Boyer–
Lindquist coordinates leads to @tIV D @�IV D 0 and (remember that x D cos � )

@rI� D
81
�
�2iAM C Bax.r2 C 2iarx � ax.2iM C ax//

�
.r C iax/2

; (A.25a)

@xI� D
81a

�
2AM C B

�
r.r C iax/2 CM.�3r2 � 2iarx C a2x2/

��
.r C iax/2

; (A.25b)

@rI� D
81Aax.r2 C 2iarx � ax.2iM C ax//

.r C iax/2

�162Ba2
a2x3.aC iMx/C ir3.�1C x2/ � ia2rx2.1C x2/C ar2.x � 2x3/

.r C iax/2
;

(A.25c)

@xI� D
81Aa

�
r.r C iax/2 CM.�3r2 � 2iarx C a2x2/

�
.r C iax/2

C162Ba2
�ir4xCa3rx2Cia4x3Cia2rx.r�2Mx2Crx2/Car2.r�3Mx2C2rx2/

.r C iax/2
:

(A.25d)

With complex constants C;D, the general solution is given by

I� D C C
81i

�
2AM C Bax.3iMr � ir2 �Max C arx/

�
r C iax

; (A.26a)

I� D D C
81Aax.3iMr � ir2 �Max C arx/

�ir C ax

C
81Ba2

�
�ia3x3 C arx2.aC 2iMx/ � r3.�1C x2/ � iar2x.1C x2/

�
�ir C ax

;

(A.26b)

which, by comparison with [3], can be directly identified with perturbations within the
Plebański–Demiański family of solutions.
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Appendix B. Proof of Proposition 6.8

We work on the Kerr background with Boyer–Lindquist coordinates .xa/ D .t; r; �; �/.
Use index symbols A; B; : : : for t; r ; ˛; ˇ; : : : for angular; and a; b; : : : for general
coordinates. We start by collecting relevant decay properties of the background quantities.
For the metric components we have

gAB D O.1/; gA˛ D O.r�1/; g˛ˇ D O.r2/; (B.1a)

gAB D O.1/; gA˛ D O.r�3/; g˛ˇ D O.r�2/: (B.1b)

For the Christoffel symbols we have (see [46] for their explicit form)

�At˛ D O.r�2/; �


t˛ D O.r�3/; (B.2a)

�Ar˛ D O.r�2/; �ˇr˛ D O.r�1/; (B.2b)

�at˛ D O.r�2/; �ar˛ D O.r�1/: (B.2c)

The remaining quantities which are needed are

%; %0 D O.r�1/; (B.3a)

�; � 0 D O.r�2/; (B.3b)

‰0 D O.r�3/; (B.3c)

=‰0 D O.r�4/; (B.3d)

p D O.r/; (B.3e)

=p D O.1/: (B.3f)

We start by proving (1). The coordinate components of the Riemann tensor are

Rabcd D
1
2
.gad;bc C gbc;ad � gac;bd � gbd;ac/C gef .�

e
ad�

f

bc
� �eac�

f

bd
/: (B.4)

Since we are considering the vacuum case, this agrees with the Weyl tensor. We will start
by showing

=#‰0 D O.r�4/: (B.5)

As
=#‰0 � r

�2 PRtr�� ; (B.6)

where PRabcd is the linearized Riemann tensor, this corresponds to

PRtr�� D O.r�2/: (B.7)

From (B.4), the PRtr˛ˇ has two terms I; II. Using the special form of h, we have

I D 1
2
.ht'Ir� C hr� It' � ht� Ir' � hr'It� / D

1
2
.ht'Ir� � ht� Ir'/ D O.r�2/:

For the second term, we consider the linearization of

gef .�
e
t��

f

r�
� �et��

f
r�/: (B.8)
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The linearization has two types of terms, first using (B.2c),

II1 D hef .�et˛�
f

rˇ
� �etˇ�

f
r˛/ D O.r�1/O.r�2/O.r�1/ D O.r�4/;

and
II2A D gef P�et˛�

f

rˇ
; II2B D gef �et˛ P�

f

rˇ
:

We have
gef P�

f

ab
D

1
2
.haeIb C hbeIa � habIe/:

A calculation shows
2gef P�

f
t˛ D hte;˛ � ht˛;e D O.r�1/;

and hence
II2A D O.r�2/:

Similarly,
2gef P�

f
r˛ D hre;˛ C h˛e;r � hr˛;e D O.r�1/;

and hence
II2B D O.r�2/:

This shows that (B.7) holds.
Now,

Dkh D O.r�1�k/; where D D þ; þ0; Ä; Ä0;
#‰i D O.r

�3/; i D �2;�1; 0; 1; 2:

Further, by the above,

#‰0 D O.r�3/; =#‰0 D O.r
�4/: (B.9)

In addition to (B.3), in Kerr we have n D c D 0 and in this case

=‰0 D O.r
�4/:

We now consider the expression of I� in (6.6). The only term which, a priori, may have
too strong growth is

‰0.p
2
C p2/ � 2 N‰0p

2
� 4p.p�%%

0
� pC��

0/ D 4r2i=‰0 C 4ia cos � r�1 CO.r�2/

D 4ia cos � r�1 CO.r�2/:

Using (B.9) we find that the second term in I� is O.1/. The first term is O.1/, while the
third term is imaginary, and the fourth term is O.r�1/. In particular,

I� D O.r/; <I� D O.1/:

This finishes the proof of (1). Let us now show (2). The difference is now that

Dkh D O.r�1�k�"/; where D D þ; þ0; Ä; Ä0;
#‰i D O.r�3�"/; i D �2;�1; 0; 1; 2:

With this information, a straightforward computation using (6.6) shows that for hab D
O.r�1�"/, we have

I� D O.r1�"/:
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