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Abstract. We give a complete analysis of mode solutions for the linearized Einstein equations and
the 1-form wave operator on the Kerr metric in the large a case. By mode solutions we mean solu-
tions of the form e} (r, 0, ¢) where t4 is a suitable time variable. The corresponding Fourier-
transformed 1-form wave operator and linearized Einstein operator are shown to be Fredholm
between suitable function spaces and £ has to lie in the domain of these operators. These spaces
are constructed following the general framework of Vasy (2013, 2021) along the lines of Héfner et
al. (2021). No mode solutions exist for Jo > 0, 0 # 0. For ¢ = 0 mode solutions are Coulomb
solutions for the 1-form wave operator and linearized Kerr solutions plus pure gauge terms in the
case of the linearized Einstein equations. If we fix a De Turck/wave map gauge, then the zero mode
solutions for the linearized Einstein equations lie in a fixed seven-dimensional space. The proof
relies on the absence of modes for the Teukolsky equation shown by Whiting (1989) and Anderson
et al. (2019) and a complete classification of the gauge invariants of linearized gravity on the Kerr
spacetime by Aksteiner and Biackdahl (2018) and Aksteiner et al. (2021).
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1. Introduction

There has been important progress in our understanding of stability properties of black
hole solutions of the Einstein equations in recent years. Non-linear stability is known
for very slowly rotating Kerr—de Sitter (see Hintz—Vasy [31]). Recently, non-linear sta-
bility has been proved for very slowly rotating Kerr solutions in a series of papers by
Giorgi, Klainerman, and Szeftel [23, 37, 38]. See also Dafermos, Holzegel, Rodnianski
and Taylor [15] for related work.

All these non-linear stability results are based on an a priori understanding of linear
stability. Linear stability of the Schwarzschild metric was shown by Dafermos, Holzegel
and Rodnianski [ 14]. We also refer to work of Hung, Keller and Wang [33] and Giorgi [22]
in this context. Linear stability for the Kerr metric was shown by Andersson, Biackdahl,
Blue and Ma [6], and by Héfner, Hintz and Vasy [25] for small angular momentum of
the black hole. The linear stability of the Kerr metric is closely linked to decay properties
of solutions of the Teukolsky equation. Such results have been obtained by Finster and
Smoller [19], Ma [40], Dafermos, Holzegel and Rodnianski [13], Ma and Zhang [41] and
Shlapentokh-Rothman and Teixeira da Costa [54]. Optimal decay in the large a case with
computation of the leading order term has been obtained by Millet [44]. See also [34] for
related work.

Almost all of the above mentioned results are restricted to small angular momentum.
It is expected that most black holes are rapidly rotating [5, 56]. It is thus worth having
a closer look at where the restriction to small angular momentum comes from. We will
use in this paper the setting of the linear stability paper by Hifner, Hintz and Vasy [25].
The result in [25] is a result for small angular momentum but, as we will argue in the
following, the main missing points to get the result for the full subextreme range of the
angular momentum of the black hole are on the level of the analysis of mode solutions.
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To understand this in a bit more detail let us first fix a wave map/de Turck gauge'
and let L, be the gauge fixed linearized Einstein operator with this gauge. We consider a
suitable time variable z,. which is constant along ingoing respectively outgoing principal
null geodesics close to the horizon respectively close to null infinity. To explain how the
method works we consider the forcing problem

Loh = f, t« > 0on supph, supp f.

where f has compact support in ¢, and suitable decay (roughly, r=27¢) as r — oco. The
approach is then to take the Fourier transform in 7., giving the representation

h(te) = %/@ . e Lo (o)™ f(0) do. (1.1)

initially for C large enough (which gives exponential bounds for /). We refer to [57] for
an introduction to this approach and to [10] for an application of it in a simpler situation.
The advantage of taking the time variable 7, rather than the Boyer Lindquist time 7 is that
precise mapping properties of L ¢(0) are easier to read off, and, more importantly, the
analysis near o = 0 is simplified.

The strategy is then to shift the contour of integration in (1.1) to C = 0, which requires
a detailed analysis of L g(0). If L ¢(0)7! has some suitable regularity properties up to the
real axis, then (1.1) gives decay properties of (z.). The better the regularity is, the better
is the decay. In our concrete situation however L ¢(0) has a non-trivial kernel and the
resolvent L g (0)~! has to be decomposed into a singular and a regular part. Elements of
the kernel of L ¢(0) are called mode solutions” and understanding them is crucial for a
precise description of the singular part of L ¢(0)7L. Concretely, the ingredients one needs
are the following:

(1) A robust® Fredholm framework for the operators L ¢(0). In particular, the authors
of [25] construct suitable function spaces such that the operator ig(o) acts as a
Fredholm operator of index 0 between them. We will show in this paper that this
construction can be carried out for all subextreme values of the angular momentum
of the black hole.

(2) High energy estimates, i.e. estimates for the resolvent L ¢(0)7! for large |Ro| and
bounded Jo. These estimates only use the structure of the trapping which is r-
normally hyperbolic. Dyatlov [16] has shown that the trapping in the Kerr metric
has the same structure for all subextreme values of the angular momentum per unit
mass a of the black hole.

(3) Uniform Fredholm estimates down to o = 0. These estimates only use the asymptotic
structure of the metric at infinity and we show in this paper that they hold for all
subextreme values of a. We refer to [59, 61] for the method used.

I'See Section 6.2 for a precise definition.

2Note that the notion of mode solution depends on the exact domain of the operator.

3This means that the framework remains unchanged under sufficiently small perturbations of
the metric.
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(4) The regularity of the resolvent at 0 = 0. Similarly to the previous point the important
ingredient here is the asymptotic structure of the metric and we expect that the estim-
ates hold for all subextreme values of a. However, the study of the precise regularity
of the resolvent is postponed to future work.

(5) Mode stability for L, i.e. invertibility of Eg(o) for ¢ # 0, J0 > 0 and precise
understanding of the zero modes (elements of the kernel of Lg(0)), which, only for
small a, has been obtained in [25].

Of the steps listed above, it is only mode stability in the sense of (5) that does not follow
for all subextreme values of a from the general robust Fredholm framework.* The main
result of the present paper fills this gap.

We now give an informal statement of our main theorem. Recall that the Kerr black
hole is a 2-parameter family of metrics g5, with parameter » = (w1, a) corresponding to
mass and angular momentum per unit mass, respectively. The linearized Einstein oper-
ator L, in harmonic gauge with respect to the Kerr background is just the Lichnerow-
icz d’Alembertian acting on symmetric 2-tensors, which upon taking a Fourier trans-
form induces an operator L ¢(0). A mode solution g,;, with frequency o is a solution to
L ¢(0)g4p = 0 with boundary conditions corresponding to the absence of radiation enter-
ing the black hole exterior. We can now give an informal version of our main theorem.

Theorem 1.1 (Mode stability for linearized gravity). Consider the gauge fixed linearized
Einstein equation on a subextreme Kerr spacetime. Let o > 0, and let g,p be a mode
solution of the gauge fixed linearized Einstein equation with frequency o. Then g, is,
modulo gauge, a perturbation of the Kerr metric with respect to the Kerr parameters.

See Theorem 6.1 below for the precise statement. The result mentioned in point (5)
above is a consequence of Theorem 1.1 together with ideas developed in application of
the robust Fredholm setup for slowly rotating Kerr spacetimes, which are easily adapted
to the present case. See Section 7 below.

In contrast to the Fredholm analysis, the proof of mode stability requires the precise
form of the equations and in most cases uses separation of variables and a delicate analysis
of the separated equations. Mode stability can fail in prominent examples such as the
Klein—Gordon equation on the Kerr spacetime [53] or the charged Klein—Gordon field on
the de Sitter—Reissner—Nordstrom metric [9].

The general strategy for the mode analysis is to first analyse the modes for the linear-
ized Einstein equations without gauge fixing. However, to establish linear stability, it will
be important to understand the mode solutions for the gauge fixed Einstein equations.
In the wave map/de Turck gauge, the 1-form wave operator plays the role of a gauge
propagation operator; this explains why the mode analysis for this operator is important
in this context. It should however be pointed out that already in the small a case, quad-
ratically growing generalized zero modes appear in the usual wave map/de Turck gauge.

#Note also that a Fredholm setting for the wave equation on the de Sitter—Kerr metric was
recently established by O. Lindblad Petersen and A. Vasy [51] in the full range of a.
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At least in the small a case, these modes can be eliminated by constraint damping via a
perturbation argument [25].

Summarizing, the complete analysis of mode solutions divides into the following
points:

(1) An analysis of mode solutions of the linearized Einstein operator.
(2) An analysis of mode solutions of the 1-form wave operator.

(3) Implementation of constraint damping.

(4) Non-degenerate control of generalized zero energy states.

We address points (1) and (2) in this paper; (3), (4) are postponed to future work.

Mode analysis for perturbations of the Kerr metric has a long history and as already
mentioned can be linked to the mode analysis of the Teukolsky equation. The central
breakthrough in this context was the paper by Whiting [64] in 1989 showing absence
of modes with positive imaginary part for the Teukolsky equation for all a subextreme.
We also refer to [11] for a new proof of this result. Later, Andersson, Ma, Paganini and
Whiting [7] showed the absence of modes also on the real axis for non-zero spectral
parameter. In the present paper we establish the absence of suitably defined zero frequency
modes. We also refer to [11,28] for partial mode stability results in the de Sitter—Kerr case.

The 1-form wave equation in Kerr is not separable, but divergence free solutions of
this equation give rise to solutions of the Maxwell equations. When considering solutions
of the Maxwell equations or the linearized Einstein equations, one can compute the so
called Teukolsky scalars which are solutions of the Teukolsky equation. Whereas this
equation does not have any mode solutions, this is true neither for the linearized Einstein
equation nor for the 1-form wave equation. Indeed, the linearized Einstein equation will
have zero modes consisting of a linearized Kerr metric plus a pure gauge solution, and
the 1-form wave equation will have solutions which correspond to Coulomb solutions for
the Maxwell field. However, the vanishing of the Teukolsky scalars will be the central
information to show that the only mode solutions encountered are the expected ones.
Whereas one obtains the mode solutions for the 1-form wave equation more or less by
direct integration, the situation is more complicated for the Einstein case.

In the Einstein case, the gauge invariants of linearized gravity on the Kerr spacetime
will play a crucial role in our proof. They have been completely classified in [2,3]. It is a
remarkable fact that these gauge invariants have, for vanishing extreme Teukolsky scalars,
exactly the form that they have for the Plebanski—-Demiafiski family of line elements,
parametrized by m, a, ¢ and un (S. Aksteiner, private communication, 2020). The set of
gauge invariants is complete (see [2]). It follows that locally the perturbation to consider
is up to gauge a linearized Plebaniski—-Demiariski line element. We make this argument
global by using the setting of [2] and the Poincaré lemma. We then have to show that
the NUT parameter perturbation 11 and the acceleration parameter perturbation ¢ are zero
to argue that the solution is a linearized Kerr solution plus a pure gauge term. For a
solution that decays like @ (r~!) at infinity, it follows directly from decay considerations
for the gauge invariants that 11 and ¢ are zero. However, this fall-off is more than what
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we want to impose, a priori, in our functional setting. The remedy is a normal operator
argument that gives a certain polyhomogeneous expansion of our mode solution. This
argument, however, cannot be applied directly to the linearized Einstein equation but only
to the gauged fixed one. We therefore first correct the solution of the linearized Einstein
equation without gauge fixing to a solution of the gauge fixed linearized Einstein equation
by adding a linearized Kerr metric plus gauge term.

The paper is organized as follows:

(1) In Section 2 we introduce b- and scattering structures as well as the corresponding
Sobolev spaces.

(2) Section 3 is devoted to the description of the Kerr metric.

(3) In Section 4 we summarize the existing results on the Teukolsky equation and show
the absence of zero modes. We also describe polyhomogeneous expansions of the
mode solutions and give some geometric background on the Teukolsky equation.

(4) Section 5 gives the results for the 1-form wave operator. We explain the link to the
Maxwell equation and show that the only possible modes are Coulomb type solutions.

(5) Section 6 is devoted to the analysis of the linearized Einstein equations. For spectral
parameter different from zero, no mode solutions exist. Zero modes are found to be
linearized Kerr solutions plus pure gauge terms.

(6) Eventually, Section 7 is devoted to the analysis of the gauge fixed linearized Einstein
operator using the usual wave map/De Turck gauge. Again for spectral parameter
different from zero, no mode solutions exist. Zero modes are linearized Kerr plus
gauge term. The gauge term lies in a fixed seven-dimensional space characterized by
a three-dimensional space of asymptotic translations, a Coulomb type solution and
asymptotic rotations. Our results are analogous to those obtained in [25] in the case
of small angular momentum of the black hole.

2. b- and scattering structures

We first discuss geometric structures on manifolds with boundaries or corners, and corres-
ponding function spaces. Thus, let X be a compact n-dimensional manifold with bound-
ary 0X # @, and let p € € (X) denote a boundary defining function: X = p~1(0),
dp # 0 on 0X. We then define the Lie algebras of b-vector fields and scattering vector
fields by

Vo(X) ={V € V(X): Vistangentto 0X}, Vi (X) = pVp(X). (2.1)

In local adapted coordinates x > 0, y € R* ! on X, withx =0 locally defining the
boundary of X (thus p = a(x, y)x for some smooth a > 0), elements of V,(X) are of the
form a(x, y)xdy + Y71 b (x,y)d,i witha,b’ € €®(X), while elements of V. (X) are
of the form a(x, y)x20, + Z:‘;ll b (x, ¥)xd,i. Thus, there are natural vector bundles

TXY > X, *TX — X,
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with local frames given by {xdy, d,: } and {x20,, X0, } respectively, such that we have
Vo (X) =C€®(X;°TX) and V. (X) = €% (X;*°TX); thus, for example, xd is a smooth,
non-vanishing section of °TX down to 0X . Over the interior X °, these bundles are natur-
ally isomorphic to TX°, but the maps °7X — TX and **TX — TX fail to be injective
over 0X. We denote by Diff" (X), respectively Diffy (X) the space of m-th order b-,
respectively scattering differential operators, consisting of linear combinations of up to
m-fold products of elements of Vy,(X), respectively V. (X).
The dual bundles °T*X — X (b-cotangent bundle), respectively **T*X — X (scat-
tering cotangent bundle) have local frames
1
d_x’ dyi, respectively d)zc, dl
X X X
which are smooth down to 0X as sections of these bundles (despite their being singular
as standard covectors, i.e. elements of T*X). A scattering metric is then a section g €
€%°(X;S2%¢T*X) which is a non-degenerate quadratic form on each scattering tangent
space *T, X, p € X; b-metrics are defined analogously.
These structures arise naturally on compactifications of non-compact manifolds, the
simplest example being the radial compactification of R", defined by

R7 := (R" U ([0,1), x S"" 1)) /~, (2.2)

where the relation ~ identifies a point in R” \ {0}, expressed in polar coordinates as rw,
r >0, € S"!, with the point (p, @) where we can choose

p=r""

this has a natural smooth structure, with smoothness near 9R” = p~!(0) meaning smooth-
ness in (p, w). In polar coordinates in r > 1, the space of b-vector fields is then locally
spanned over €%°(R") by pd, = —rd, and V(S"™!); scattering vector fields are spanned
by p?d, = —9, and pV(S""1). Using standard coordinates x!, ..., x" on R”", scattering
vector fields on R” are precisely those of the form

n

Zaiaxi, a' € € [R");

i=1
this entails the statement that {01, ..., dx»}, which is a frame of T*R", extends by
continuity to a smooth frame of **T*R” down to dR”. Thus, the space of scattering vector
fields on R” is generated over €°°(R”) by constant coefficient (translation-invariant)
vector fields on R”. On the other hand, 'V, (R”) is spanned over €>(X) by vector fields
on R" with coefficients which are /inear functions, i.e. by d,1,...,dxn, and xiaxj, 1<
i,j <n.

On the dual side, **T*R?” is spanned by dx’, 1 <i < n, down to OR". Therefore,

a scattering metric g € €*°(R”; S2*T*R") is a non-degenerate linear combination of
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dx' @y dx’ = %(dxi ® dx’ + dx’/ ® dx') with € (R") coefficients. In particular, the
Euclidean metric

(dx)? + -+ (dx")? € € (R"; §2 “T*Rn)

is a Riemannian scattering metric.

By extension from 7*X°, one can define Hamilton vector fields H, of smooth
functions p € €X(*T*X). In fact, H, € V(*T*X) is a scattering vector field on
T* X, which is a manifold with boundary *7,% X . (Likewise, if p € € (T*X), then
H, € Vy(°T*X).) For us, the main example w1ll be the Hamilton vector field Hg where
G(z,0):= |§|§,1 is the dual metric function of a scattering metric g € € (X; S2*T*X).

We next introduce Sobolev spaces corresponding to b- and scattering structures. As
an integration measure on X, let us use a scattering density, i.e. a positive section of
Q1 X = |A"5T*X|, which in local adapted coordinates takes the form a (x, y)| 4% = x” Tl
with 0 < a € €®(X). (On R”, one can take |dx! - --dx"|.) This provides us with a space
L?(X); the norm depends on the choice of density, but all choices lead to equivalent
norms. Working with a b-density on the other hand would give a different space, namely
a weighted version of L2 (X); we therefore stress that even for b-Sobolev spaces, we work
with a scattering density. Thus, for m € Ny, we define, for ¢ = b, sc,

HMX):={uel*X):Vi---Viue LAX)VYVi,....V; € Vo(X), 0 < j <m},

called a b- or scattering Sobolev space. Using a finite spanning set in Vo (X)), one can give
this the structure of a Hilbert space; HI" (X) for general m € R is then defined by duality
and interpolation. If ¢ € R, we denote weighted Sobolev spaces by

HM(X) = p?H'(X) = {pTu:u € H(X)}.

For example, He'? (R7) = (x)~9 H™(R") is the standard weighted Sobolev space on R”.
The space of weighted (L2-)conormal functions, ng’ 4 on X is defined as

H(X) = () H"(X).
meR

Dually, we define
l(x) = | H(X).

meR
Note that Hbm’q (X)) ce™™(X) = ‘€°°(X)* (where ‘(2,’°°(X) C €%°(X) is the subspace
of functions vanishing to infinite order at X ) consists of tempered distributions. (In par-
ticular, they are extendible distributions at 0X in the sense of [32, Appendix B].) We
furthermore introduce the notation

m q+ U Hm q+e m q— m Hm q—e (2'3)

>0 >0

form € R U {£00}. A space closely related to H,”? (X) is
AL(X) = {u € p? L*°(X): Diffy,(X)u C p?L*°(X)},
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consisting of weighted L°°-conormal functions. For X = R3, we have the inclusions
H(R3) € ATH2(R3),  AIR3) C HIP7(R?),

by Sobolev embedding. (The shift 3/2 in the weight is due to our defining b-Sobolev
spaces with respect to scattering densities; indeed, for m > 3/2,

HY(R3: [dx! dx? dx®|) = HVTPP (R (r) 3 dx! dx® di))
= (r)IT2LPR3), (24)

with the second density here being a b-density on R3.) We define 49" and 49~ analog-
ously to (2.3). These notions extend readily to sections of rank k vector bundles £ — X:
for instance, in a local trivialization of E, an element of H,"? (X, E) is simply a k-tuple
of elements of HJ"?(X).

Suppose now X’ is a compact manifold with boundary, and let X C X’ be a subman-
ifold with boundary. Suppose that the boundary of X decomposes into two non-empty
sets

0X =0_XUd+X, 0-X=0X\0X', 04X =0X'; (2.5)

we consider d4 X to be a boundary ‘at infinity’, while d_X is an interior, ‘artificial’
boundary. Concretely, this means that we define (by a slight abuse of notation)

Vo(X) :={V|x:V € V(X)) Vae(X) :={V|x:V € Vee(X)}:

these vector fields are b- or scattering at infinity, but are unrestricted at d_X. A typical
exampleis X’ =R” and X = {r > ro > 0} C X', in which case d_X = {r = ro}, while
9+ X = 30X’ is the boundary (at infinity) of R”. See Figure 2.1.

6+X = (9X’

Fig. 2.1. A typical example of the setting (2.5): X (dark gray) is a submanifold of X’ (the union of
the dark and light gray regions) with two boundary components d+X = 90X’ and 9—X C (X’)°. We
then consider function spaces such as Hg" *4(X), which measure b-regularity of degree m at 31 X
(with decay rate ¢), and standard regularity (regularity with respect to incomplete vector fields)
at0—X.

There are now two natural classes of Sobolev spaces: those consisting of extendible

distributions,
A(X) 1= {ulyeru € HIM(X')), o =b.sc. 2.6)
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(X° is the interior of X)) and those consisting of supported distributions,
H™4(X) == {u:u € H™4(X'), suppu C X}. (2.7)

Away from 0_ X, these are the same as the standard spaces H,"*? (X); thus, the subspaces
of H"¥(X) or HJ"?(X) consisting of those elements which are polyhomogeneous (in
particular automatically conormal) at 0+ X are well-defined.

3. Geometric background

In this section we introduce the Kerr family of metrics and some of the geometrical struc-
tures we will use in later sections.

3.1. The Kerr family

We shall consider the Kerr family of solutions to the vacuum Einstein equation, paramet-
rized by b = (m, a) € Rt x R, denoting mass and angular momentum per unit mass,
respectively. We restrict to the subextreme case |a| < mt. Let

ry i=m=+ vm?—a2.

For given b = (m, a), we put by = (1, 0). Let (0, ¢) € [0, ) x [0, 27) be coordinates
on S2. The Kerr metric in Boyer—Lindquist coordinates (¢, 7,0, ¢) € R x (r4,00) x S? is

A dr? in” 0
B = 22 (ar — asin® 0 dg)? - QZZ,(L + dez) — 2 (adt — (% + a¥)dg)?,
oy Ap Qp
(3.1a)
with inverse
1 Ap 1 1
GBl = r? +a%)0; + ad,)? — =0 — 035 — ———— (0, + asin® 0 3,)?,
b Alez, (¢ )0 0) lez r 12) 6 Q% sin2 9( 4 )
(3.1b)
Ap =r*—2mr +a?, o} =r*+ a®cos> 6. (3.1¢)
Note that our signature convention is (+ — ——). Now, g?L is the metric of an isolated,

rotating, stationary black hole with event horizon {r = r4}, and the domain of outer
communications is {r > r }. Further, {r = r_} is the inner horizon. We have /|det g;| =
QZ sin 0. The Kerr metric is a solution of the Einstein vacuum equation:

Ric(gp") = 0. (3.2)

The form (3.1) of the metric breaks down at r = r+ which are the roots of Ap. Let

2 2
re = / rmta dr with r,(3m) =0.
Ap
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Consider coordinates (Z«, r, ¢«, 0), where t,(¢,r) =t + F(r) and ¢« (¢, r) = ¢ + T(r)
are smooth functions such that

forr < 3m,
F(r) _ Fx r =
—ry forr > 4m,

() = f Aib forr <3m, T(3m) =0,
0 forr > 4m.

For r < 3m the metric then takes the form

A
8bx = —f(dt* —asin? 0 dgy)? — 2(dtyx — asin? 0 doy)dr — Qidéz
@
sin? 6 s o 5
— ——(adts — (r* + a”)d )
Q
Ap —a%sin® § 4sin® 0
= Sb T ez 2 O Gy dg — 2dtudr + 2asin? 0 do.dr
Q @
")
sin” 6
— Qidez — P (r* + a®)?dy?2,
b

which is clearly smooth up to ry. For r > 4m we find

Ap —aZsin®6 N 2(Ab —aZsin? 0)(r? + a?)

= dt dtydr

a2sin? 6 4wrasin? 0 r? + a?

W(Abgi —2mr(r? + a?)dr? + —2(dt* + dr)dgo*
5% 9y b

sin” 2.2 2 212\ 7.2 2 192

2 (Apa“sin” 0 — (r* 4+ a”)")d e, — 0;d0~.
b
Given

r— <rg<ry, 3.3)

let
Xg = [ro, 00) x S?,

and consider
My =R x X}, (3.4)

with coordinates 4, r, 8, p.. We compactify X l? as follows: recalling the definition of R3
from (2.2), we set .
X = XI? CR3, p:=1/r.

Thus, X = {r > ro},and we let 0_X = r~'(r¢) and 0, X = dR3 C X. Within X, the
topological boundary of X = (r4,c0) x S has two components:

IN =0_X UL X, 0-X:=r"'(rp), 9:%:=p10) = d;X. (3.5)
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Note that d_ X is distinct from d_ X, and is indeed a hypersurface lying beyond the event
horizon. Note that R x dX has two components:

Yan = Rx0_X (3.6)

(which is a spacelike hypersurface inside of the black hole) and R;, x d4+ X =R;, x 04X
(which is future null infinity, typically denoted .& *); moreover, the future event horizon,
HT,isR,, x 0_X.

Fig. 3.1. Illustration of time functions on M l;) in the Penrose diagram of the Kerr metric (including
future/past null infinity .# * the future/past event horizon + spacelike infinity i ©, and future/past
timelike infinity ii). Shown are level sets of the functions ¢ and ¢x. We also indicate the boundaries
Ry, x 0+ X (future null infinity again) and R, x d—X (a spacelike hypersurface beyond the future
event horizon).

Concerning the inverse metric we obtain, for r < 3m,

a2 sin? 0 a r? 4+ a? 58 1
Gb =——28f*—2—28¢*8,*— 8 8t* 8(0*8,—2.—2 é*
Qb oy Qb Qb Qp S 0
1
82 —92.
T
For r > 4m we obtain
a?sin? 6 amr Ap —a?sin? 6 r2 + a?
Gy = _‘_32 0, 01, — b—ag* Y b 001,
Qb QbAb QbAb sin” 6 Qb
1
= p—Abaz 2.
Qb Qp

Remark 3.1. (1) At #7 (respectively .# 1), the coordinates (z«, 7, ¢x, 0) are related to
the usual ingoing (respectively outgoing) Eddington—Finkelstein coordinates.
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(2) Note that the hypersurface {t, = const} has non-timelike normal in r < 3m, r >
4m. As we never consider the Cauchy problem, this is not a problem. In particular, the
functional setting can be completely worked out with the function z,; see [44] for details.

We will also have to consider linearized Kerr metrics which are given by

o d .
gp(b) = RS b e R2. (3.7)
S1s=0
They fulfill the linearized Einstein equations
Dyg, Ric(gp(h)) = 0.

Remark 3.2. The explicit forms of the Kerr metric introduced above represent a rotating,
isolated black hole at rest at the center of coordinates, with axis of rotation aligned with the
axial Killing field d,. Acting on the Kerr black hole with global Poincaré transformations,
corresponding to a change of reference frame, leads to a family of translated, boosted and
rotated black holes. By analogy with a relativistic, massive, spinning particle, the linear
and angular momenta of the Kerr black hole take values in a coadjoint orbit of the Poincaré
group, determined by the parameters m, a. Linearized perturbations of the Kerr metric are
solutions of the linearized vacuum Einstein equation on the Kerr background,

Dy, Ric(g) = 0. (3.8)

In view of the above remarks, we see that ker D, Ric contains a subspace corresponding
to the infinitesmal action of the Poincaré group on the Kerr black hole, i.e. to the tangent
space of the coadjoint orbit. In particular, ker D, Ric contains perturbations that change
the axis of rotation of the black hole. However, as we shall see in Sections 6, 7 below,
these are pure gauge, except for perturbations 1it, a of the two Kerr parameters.

Remark 3.3. All pairings will be defined with respect to the natural inner product on
L*(X l? ), i.e.

(f.g):= /Ofggi sinf dr df do,
Xb

for functions and

(w,v) = /Oa)“vagi sinf dr d6 dox
X

b

for 1-forms.

3.2. Stationarity, vector bundles, and geometric operators

In the notation (3.4), denote the projection to the spatial manifold by

wx My — X,.
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Suppose E; — X, is a vector bundle; then differentiation along d;, is a well-defined
operation on sections of the pullback bundle 7y E1. The tangent bundle of M, is an
important example of such a pullback bundle, as

My = 73 (T, -1y My).

likewise for the cotangent bundle and other tensor bundles.

Let E; — X be another vector bundle, and suppose E(O) e Diff(X;; E1, Ez) is a
differential operator; fixing t = 7« + F, F € €°°(X})), we can then define its stationary
extension by assigning to u € €*°(M°; g E;) the section (Lu)(t, —) := E(O)(u (t,-))
of g E>; this extension does depend on the choice of t. The action of L on stationary
functions on the other hand is independent of the choice of t since

Lry = n3L(0). (3.9)

Via stationary extension, one can consider Diff,(X; E) (for E — X a smooth vector
bundle down to 94 X) to be a subalgebra of Diff(M,; my E); likewise Diff.(X; E) —
Diff(Mp: g E).

Conversely, if L € Diff(M;; gy E1, 7wy E>) is stationary, i.e. commutes with d;, , there
exists a unique (independent of the choice of t) operator Z(O) € Diff(X;; E1, E») such
that the relation (3.9) holds. More generally, we can consider the formal conjugation of L
by the Fourier transform in t,

L(0) 1= €'t Le™°t € Diff(X}; Ey, E»),

where we identify the stationary operator ¢?°fLe~*°t with an operator on X 5 Switching
from t to another time function, t + F’, F' € €°°(X°), amounts to conjugating Z(O’)
by e ioF’

In order to describe the uniform behavior of geometric operators at d+ X concisely,
we need to define a suitable extension of 7*M, to ‘infinity’. To accomplish this, note
that the product decomposition (3.4) induces a splitting

T*M, = n7(T*Ry,) @ nx (T*Xy),

where 77 @ M, — R,, is the projection. We therefore define the extended scattering
cotangent bundle of X by
CT*X := Rdt, & *T*X. (3.10)

At this point, d1, is merely a name for the basis of a trivial real rank 1 line bundle over X;

—_—

considering the pullback bundle x> T*X — M, we identify it with the differential of
tx € €°(My), giving an isomorphism

(T3 “T*X) |y = T* M. 3.11)

Smooth sections of *T* X — X are linear combinations, with €*°(X) coefficients, of dt.
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and the 1-forms dx!, where (xl, x2, x3) are standard coordinates on X ; C R3. For
a stationary metric ¢ on M, there exists a unique g’ € €°(X;: S 2 W) such that
nyg = g,namely g’ is the restriction (as a section of S 2 S/C—T\*_)f) of g to any transversal
of my, such as level sets of 7. Identifying g with g’ and applying this to the Kerr family,

we then have .
gp € EX(X:S2%T*X); (3.12)

it is non-degenerate down to d+ X . Let ¢ be the standard metric on the sphere. Then we
have

Shy — g € PE®, g :=di* —dr* —r’g,
g(m.a) — &m,0) € P C, (3.13)

i.e. a Kerr metric equals the Minkowski metric g to leading order, and is a O (p?) perturba-
tion of the Schwarzschild metric of the same mass. We proceed to discuss basic geometric
operators on Kerr spacetimes. We write

Gro)w = 3(@pow + 0v). gy = —hu”. Gy =1— 1gtrg, (3.14)

and furthermore denote by
Og,0. Og,1, Og2, (3.15)

the wave operator —trg V2 on scalars, 1-forms, and symmetric 2-tensors, respectively.
These are sections of bundles with fiber dimension 1, 4 and 10 respectively. When the
bundle is clear from the context, we shall simply write Og.

When g is the Kerr metric, glserxxserxy = —h + pE€> is to leading order equal to
the Euclidean metric h = (dx")? + (dx?)? + (dx?)? on R3 (equipped with standard
coordinates (x!, x2, x3) on R®\ B(0,3m) = X° \ {r < 3m}). Thus, the leading order
terms at p = O are simply those of the corresponding operators on Minkowski space
R* = R, x R3 with metric

g =dr* —dx>. (3.16)

But the latter take a very simple form in the standard coordinate trivialization of eTFX
by dt, dxt, i =1,2,3. We have the following result (see [25, Lemma 3.4]).

Lemma 3.4. Let No = 1, Ny = 4, N, = 10. For g = g(m.q), We have
Og.;(0) — O (0) € p> Diff2,

where (g is the scalar wave operator on Minkowski space, given by (g ; = g ®
IN; xn; in the standard coordinate basis. Likewise,

* * 2 Myierl * * 3y:erl
8g — 55 € p”Diffy, 8, o ~ Oz € P Diffy.

In the language of [42], the normal operators of 0 ¢,;(0) and 0 ¢,j(0) at 04 X are the
same.
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4. The Teukolsky master equation

Perturbations of Kerr are significantly more complicated to analyze than perturbations
of Schwarzschild. Real progress became possible when Teukolsky [55] wrote down his
master equation describing gauge-invariant perturbations of various spin. We begin by
setting up the framework required for this formulation and proceed to discuss the absence
of mode solutions.

4.1. The Teukolsky operator

We briefly review the construction of the Teukolsky operator, we refer e.g. to [12,21,55]
for details of the construction and to [45] for a summary of the geometric background of
the Teukolsky equation. Since M is a non-compact, oriented and time oriented Lorent-
zian 4-manifold,’ it admits a spin structure, i.e. an SL(2, C) principal bundle double
covering the orthonormal frame bundle SO(M). Let S, § be the spinor bundle and its
conjugate with fibers C2 and C?2, respectively. The isomorphism § ® § — Tc M yields
a correspondence between tensors and spinors. Sections of § are denoted with capital
latin indices, e.g. k4, while sections of § are denoted with primed indices, e.g. w4’ The
action of SL(2, C) on C? leaves a symplectic structure on § invariant. The spin metric
£4B = €[4B] 1s given by normalizing this symplectic form so that g, = ¢4p&a’B’. The
spin metric e4p and its inverse 4B where e45e¢8 = §4€, are used to raise and lower
spinor indices, e.g. klesp = kp. A spin-frame is a dyad 04,14 normalized so that

ot = 1. (4.1)
This corresponds to a complex null tetrad
09 — pAp4 a _ A A a AA sa _ A A 4.2)
with
8ab = 2(Lanp) — m(amp)). (4.3)

The Newman—Penrose (NP) and Geroch—Held—Penrose (GHP) formalisms represent
spinor and tensor fields in terms of scalar dyad and tetrad components. Note that (4.1)
is left invariant under rescalings

o1 = Lot A= a4, 4.4)

for a non-vanishing, complex scalar field A on M. A scalar ¢ constructed by projecting
on a dyad or tetrad then transforms as

¢ — AP (A/N)' . (4.5)

5This means that we consider a fixed time orientation.
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where w, s are the boost- and spin-weights of ¢, respectively. Scalars transforming as
in (4.5) are termed properly weighted. Properly weighted scalars can be viewed as sec-
tions of complex line bundles B (s, w) with structure group C, = C \ {0}. A spin dyad
(or a complex null tetrad) provides a trivialization of B (s, w), and in this trivialization,
sections of B (s, w) correspond to complex functions on M. It is an important fact that the
irreducible representations of SL(2, C) are given by symmetric spinors. Using the spinor-
tensor correspondence already mentioned above, one may expand each tensor field in
terms of symmetric spinors and ¢ factors. For example, the electromagnetic field strength
tensor is a real 2-form F,;, = Fg5) and we have (see [49, (3.4.20)] for details)

Fup = ¢papean + capdarp (4.6)

for a symmetric spinor field ¢4 5, the electromagnetic spinor. Given a dyad o4, (4 with
corresponding tetrad £4, n?, m%, m?, the Newman-Penrose scalars corresponding to ¢4 p
and F,p are

¢1 := papotoB = Fl%m?, (4.72)
¢o 1= pago B = L(Fpln® + Fypm®mb), (4.7b)
¢_1 = papttB = Fymn®. (4.7¢)

The notation used here does not conform to the convention used by Newman and Penrose
and GHP, in that indices denote the spin- (and boost-) weights of the Maxwell scalars ¢;.
This notational difference also applies to the W; below.

Similarly, we have the following decomposition for the Weyl tensor W54 (see [49,
(4.6.41)]):

Wabca = YaBcpeaB'éc'p’ + €aBecpVYapc'pr, 4.8)

where the Weyl spinor, W4 pcp, is a section of (§')©*. We can compute the spin-weighted
Weyl scalar components of ¥ from components of W (cf. [49, (4.11.6), (4.11.9)]):

v, = \I/ABCDOAOBOCOD = Wabcde"mbe"md, (4.92)
U, = WypcpotoBoCiP = Wopeal®n®t¢m?, (4.9b)
Wy = Wypcpo®oBiCP = W at®mbmcn?, (4.9¢)
U_; = WupcpotiBCPL = Wpqlinbmn?, (4.9d)
U_, = UugeptdBiCP = Wopean®mPnm?. (4.9¢)

We remark that the scalars ¢; and \W; are all properly weighted, and each has boost-weight
equal to its spin-weight. Since Kerr is Petrov type D, there are dyads or, equivalently, null
tetrads, such that all Newman—Penrose Weyl scalars are zero, except Wy. Any such dyad
or tetrad is called principal. From now on, unless otherwise stated, we shall be working
in a principal dyad 04, (4 on the Kerr background, and the corresponding principal null
tetrad €4, n?, m®, m?. The condition that the dyad is principal fixes the dyad up to a
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rescaling of the form (4.4). If ¢4p is the Maxwell field on the charged Kerr—Newman
spacetime, which is also Petrov type D, then in a principal tetrad, ¢ is the only non-
vanishing Maxwell scalar.

The Levi-Civita connection V, defined with respect to g, lifts to a connection ®,
on B(s, w), the GHP connection. See [21, (2.14a)], [26]. We define the GHP operators
b,p’, 8,8 (cf. [21, (2.14)]) by

U £40,u, U n%0,u,
5 { I'B(s,w)) - L'(B(s + 1, w)), o {F(j)’(s, w)) = ['(B(s —1,w)),

U~ mOuu,

) {F(ﬁ(s, w)) = ['(B(s,w + 1)), b {F(ﬂ(s, w)) = I'(B(s,w—1)),

U~ m*Ouu,
and, in the notation of [45, Remark 4.7], we put
Gs=(p—-2s0-0)(p' —0)—0—-7 —2s7)(0' = 7"),

where g, ¢, 7, v’ are among the properly (spin- and boost-)weighted GHP spin coeffi-
cients, and are given by

0 =m*m’Vply, o =m*mPVpng, v =m*n’Vpl,, ' =m%’Vn, (4.10)
(cf. [21, (2.3)]). The Teukolsky operator is then given by

Ty :=2Gs — 4(s — 1)(s — 1/2)W,.

4.2. Spherical symmetry

4.2.1. Spherical harmonic decompositions. In this section we collect some facts about
some geometric operators acting on functions and sections of certain bundles on the stand-
ard sphere.

Let ¢ be the standard metric on S2, and denote geometric operators on S? using a
slash, thus th = trg , § = Sg, etc. We denote by Yy,,, [ € No, m € Z, |m| < [, the usual
spherical harmonics on S? satisfying AY;,,, = [(I + 1)Y},,. Define the space

S; :=span{Y},,:|m| <[} (4.11)

of degree [ spherical harmonics. Thus, L2(S?) = @jeNo
ition.

Consider next 1-forms on S2. Denote the Hodge Laplacian by Ay = (d + §)?;
the tensor Laplacian Ay ; = —t ¥ (also denoted A for brevity) satisfies A = Ay —
Ric(¢) = Ag — 1. Therefore, a spectral decomposition of A on L?(S?; T*S?) is provided
by the scalar/vector decomposition

S; is an orthogonal decompos-

dSi, Vii=#dS; Cker(A—-((+1)—1) (=1) (4.12)

note that §V; = 0, and that the two spaces in (4.12) are trivial for / = 0.
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For symmetric 2-tensors finally, we have an analogous orthogonal decomposition into
scalar and vector type symmetric 2-tensors: the scalar part consists of a pure trace and a
trace-free part, the latter defined using the trace-free symmetric gradient 3 := §* + % gS :

Sig (1>0), $5dS;(1>2). (4.13a)

(Note here that for S € So & Sy, we have 35d'S = 0, hence the restriction to / > 2.) The

vector part consists only of trace-free tensors with / > 2 (since the 1-forms in V; are
Killing),

$*V, (1 >2). (4.13b)

The geometric operators on S? which we will encounter here preserve scalar and

vector type spherical harmonics; indeed, this holds in the strong sense that a scalar type

function/1-form/symmetric 2-tensor built out of a particular S € S; is mapped into another

scalar type tensor with the same S, likewise for vector type tensors; this is clear for ¢ on
functions, and § on 1-forms (§(4S) = /(I + 1)S). Furthermore, for S € §; and V € V;,

g (ds) = —UDsy + fds,  J(s¢) = —ds, BFsds) = LEP24s,
ggrv = ED2y  K(gads) = (I(+1) — E5dS,  AEV) = ((1+1) — DIV,

4.2.2. A spin-weighted spherical Laplacian. Let H : S> — S? be the Hopf bundle. This
is a U(1) principal bundle. We consider the following representation of U(1)

ps = GI(C), z+> (a+ z Fa).

Let B(s) be the complex line bundle associated to H and this representation. We have an
identification between sections of 8B (s) and complex functions on S3 such that f(a -z) =

225 f(a), where - is the right action of U(1) on S3. The Levi-Civita connection on S? lifts
to a connection ® on B(s). Let 17‘1 lh be a complex dyad on S?. 1%, = 1. This then

defines spherical edth operators 6 (’5
3:T(B(s) = DB+ 1), ur> h*@au, (4.14)
§ :T(B(s)) = DB — 1), ur> A Pau. (4.15)
Putting
a1 (s Ly 7= (s Ly
= 0+ q) = G- q)

8 and & can be computed in a standard trivialization (see [24]):°

o 1 ]
d= E(89 + Silma,,, —scot@),
° 1 ]
§ = E(39 - Silﬁaw —i—scot@).

The factor —— comes from a useful normalization.

V2
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Note: these are identical to the operators introduced in [6, (1.16¢c-d)] for the conformally
rescaled metric on the asymptotic sphere at null infinity. The operator

A= 2§ : T(B(s)) — T'(B(s)) (4.16)

is a second order, spin-weighted, linear, spherical operator. In the local trivialization above
it takes the form

1 1 cos 0
Al = _p2 4~ DysinfDy + 25 Dy + s cot? 6 —s. 4.17
sin2f ¢ sin6 o o sin? 6 ¢ ( )
Here we have used Dy = %8..

—ABI has to be considered as an operator acting on L2(S2; 8(s)). The operator
(—AB1 H2(S2?; B(s))) is selfadjoint. It has a discrete spectrum with eigenvalues

MW =10+ ) =ss+1) = 1s)). (4.18)
The eigenfunctions are of the form Yl[fn] = Sl[s] (cos 0)e!™®« (Im|, |s| < [). We then put
SES] = span{Yl[rsn]: |m|, <1}.
This gives an orthogonal decomposition

L2(S%: B(s) = P s (4.19)

I>]s]

Remark 4.1. As an alternative, one could consider —28(95' (see [6, (1.13)]), or one might
instead consider the symmetric —(88’ + 3 8), as the two-dimensional operator associated
with the restriction to the sphere of the connection (. However, —A ST is the operator
which we identify in the Teukolsky equcggion. Aglothese operators are only shifts with
respect to one another; more precisely, —3d = —d'd + s.

4.3. The Teukolsky equation associated to the Maxwell field and linearized gravity

Let @, be a solution of the scalar wave equation: g o®¢ := —V#V, ®¢ = 0. Let F be
an antisymmetric 2-tensor fulfilling the Maxwell equations on the Kerr metric

dF =0, 84F =0, (4.20)

and let ® 11 = ¢+, where ¢+ were introduced in (4.7). Finally, let & be a symmetric
2-tensor (such as the ¢ of (3.7)) fulfilling the linearized Einstein equations around a Kerr
solution:

D4 Ric(h) = 0. 4.21)

Let hgb, }i denote the tracefree and trace parts of h,. Let hypar B be the spinor corres-
ponding to /.. We have hf{BA,B, = h(4B)4 B’y and B = ha48 . We shall make use of
the spinor variational operator ¥ introduced in [8]. The linearized Weyl spinor is [4, (45)]

WWapcp = %V(A/VB,hth'D)A’B/ + %%WABCD- (4.22)
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The operator ¥ eliminates the dependence on the variation of the tetrad which otherwise
is present when one varies the Newman—Penrose scalars. Let Wabcd = (Dg Weyl(h))abca
be the linearized Weyl tensor. The Teukolsky equation involves only the linearization of
the Weyl scalars with extreme spin-weights W5, as given in (4.9). We define

@, =9V, = ¥WupcpotoB0oCoP = Wopeat®mPtem?, (4.23a)
DUy = 9WypcpotoBoCiP = Wopealin®tm?, (4.23b)

Do = 3W4pcpotoB €L = WopeallmPmn, (4.23¢)

DW_; = 9VpcpotiBCL = Wopeal®nPmn, (4.23d)

®_, = 9V_, = 9V et BCPL = Wopean®mPnm?, (4.23¢)

for the linearized gravitational field. Let
p=r—iacosf (4.24)

be a 0-(spin and boost)weighted scalar. We now put

o _|® ifs >0,
17 )@, ifs <0
P s ifs <O.

Then W) fulfills the Teukolsky equation’
T,¥ = 0.
We now choose a concrete tetrad, the Kinnersley tetrad [36], given by

r2+a2

a
(= 9 +0, +—p 425
Ab t + r + Ab (o) ( )
2 2 A
n= #a, b o+ 0, (4.26)
2Qb 2Qb 2Qb
fasinf, Lo 1 4 4.27)
m = . .
V25 T2 T apsing ?

As explained above, the choice of tetrad provides a local trivialization of B(s, w), and
Ts = Qi T takes the form

(r? + a?)? > .2 2y 4wmar a? 1 5
Ty=——F"*- 0)o d:0 —— )0
s ( A, a” sin ; s + A, snzg )%

) ) 1 . a(r —m) icosf
_Absar(Ab—Flar)_mag(Slne 89)_25( Ab + Sin29)8¢

2_ 2
—2s(¥ —-r —iacos@)at + (s?cot? 6 — 5).
b

7With suitable definitions, the Teukolsky equation is also satisfied by fields of half-integer spin.
These will not be needed here.
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We can now write the Teukolsky equation as

T, Wi = 0. (4.28)

4.4. The Teukolsky equation in a normalized tetrad
We now normalize the tetrad by performing a boost rotation

. 1
0= aptt, 7%= ons i =m.
b

Note that in the coordinates (¢4, 7, «, 8) we have
—0,, L =202+ a*d,, + Apdy + 2ad,,.

In contrast to the tetrad n, £, m, m the normalized tetrad is therefore smooth up to the
horizon. Recall that, for the Maxwell and Weyl scalars under consideration, the spin- and
boost—welght coincide. A component of spin-weight s in this new tetrad then satisfies

= A WY[s- We will also use the (f, 7, @x, 0) coordinate system. Let us put T =
Ai TS A;S . Usmg also p = 1/r (not to be confused with an NP spin coefficient) we find
that for r > 4m we have

~ 4dmar

Ty = —a’sin® 097, + 82

by O

a? 1
+ [A_b e 9i|82,* — PO, A5 P20, A7

r? +a?

+2rd;, —2(r% + aZ)pZapa,* —2s(r —m)

a(r—m) icosf m(r? —a?) .
_2s[ A + Sin29]3,,,*—2s[A—b—r—zacos9 0,

+ (s%cot?> § — ),

e — ﬂae sin 6 dg

while for r < 3m,

- 1 2

1
Ty = —a®sin® 0 07, — ——dgsindg — 0, AJT' 0, AL

sin2@ *  sinf

—2ad7,,, — 208,03y, — (1> + a®)3;, 9, — 9, (r> 4 a®)d,,
e

_pteos — g, + 25l + iacos 0]d, + (o —s).

We will often consider the rescaled and Fourier-transformed operator
fs (O,) — pZeit*O' rfvse—it*(r )

Remark 4.2. Note that in the exterior region, T5(c) = e!7F ) (F,(p2Ty))(0)e "0F ™),
where ¥7; is the Fourier-transformed operator with respect to the time variable ¢. In par-
ticular, both operators coincide for ¢ = 0.
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The Sobolev spaces we will work with are the b-Sobolev spaces for sections
of B(s, s), I:I;"’q(X; B(s, s)). We will often write I-—I;"’q(X), AZ(X) instead of
H™(X; B(s,s5)), AL (X; B(s,5)).

The bundle B(s,s) is the Cartesian product of the trivial bundle Idg,, x[ry,o0)
and B(s). Recall that — AL acts on sections of B(s),

—AF: H?(S% B(5)) — L*(S% B(s)).
it has a discrete spectrum with eigenvalues
MW =10+ 1) —ss+1) (= 1s),
and we have the natural decomposition

L2(S% B(s) = P s (4.29)

I=|s|
where SES] is the eigenspace corresponding to the eigenvalue AES]. This entails
A1) = P H’”’q([o l) @) sl
b - b ’ 4 1 -
125 oS p

We put
) _ 1\ d
A (X) = Hg"’q([o, —), p) 2 Sk,

o F
We will consider the Teukolsky operator Ty (o) as an operator
Ty(0) (¥ € A" Ty(0) ¥ € AP M9y o gro1a9+2,
T5(0) : (¥ € B T0)W e A0y o grha©,

The explicit form of the Teukolsky operator shows that Ty (0) preserves the spaces SES].
We can therefore consider the Teukolsky operator also as an operator

T50) : (W € B Ty0)w e A0y o gt

Note also that U = Y, ‘ist], lilfs] e H™" is a solution of T, (0) ¥y, = 0 if and only
if 75(0) Wl = 0 forall 1.

4.5. Asymptotic behavior

To analyze the asymptotic behavior of the solutions of the Teukolsky equation, we will
use normal operator arguments. An important role will be played by the Mellin transform
and its inverse (see e.g. [58, Section 3.1]). Let M; = [0, o0) x S2. The Mellin transform
is defined by

o d
(M)A, w) = /0 o o.0) L
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and it gives an isometric isomorphism of L2(Mj:; d—;’dw) and L2(Ry; L%(S?; dw)).
Since we have L?(M;; @da)) = p 3212 (My; @da)) we obtain an isomorphism of
p_3/2L2(M1, L dw) and L?(R;; L*(S?; dw)). The inverse Mellin transform is given by

(M‘lw)(p,w)=/p"*w(x,w)dx.
R

More generally, for ¢ € p L2 (M %dw) = p? 3212 (My; d?pda)), Mp(e—i(q+3/2))
is well-defined as an element of L2(Rj; L?(S?dw)) and its inverse Mellin transform

becomes
co—i(q+3/2)

(M) (p.w) = / o) di.

—oo—i(g+3/2)
If ¢ € p? LIZJ (My; %dw) has compact support in p, the Mellin transform M¢ extends to
a holomorphic function in SA > —(g + 3/2) with values in L?(S?; dw), satisfying

sup [Mp(o+ic)|2mr,:r2(s2)) < 00
—(g+3/2)<a<C

forall C < oo, and M¢ (e + i) extends continuously to @« = —(g + 3/2) in the topology
of L*(R;; L?(S?). Since M intertwines differentiation pD, and multiplication by A, we
obtain similar statements for weighted b-Sobolev spaces, namely

k

a1 (M,; %dw) > ¢ > Mp(e—ilg +3/2) € [\(W)/ L2 R H(8%)).
j=0

4.5.1. Polyhomogeneous expansion.

Proposition 4.3. Let g(s) =g —2sifs > 0and q(s) = q if s <O0.
(1) Letm > 1/2+ s, q € (—3/2,—1/2), and m + q(s) > —1/2 — 2s. Suppose \il[s] €
A 1O(X), By = 3, WL, with Wy e BT (0.0
15 (0¥, = 0,
then there exist \iJFS’]l € SES] such that

T I+1-5,0./ (I+2— s)—
Vg —p \IJ[ e A

In particular,
1 w(s),3,0 w(s)+1)—
‘I’[ | ( )q'[s] e 4( (9)+1) ,

w(s) = 1ifs > 0, w(s) = 1 —2s if s < 0and U2, €SB,
(2) LetJ0 20,0 #0,q(s) <=1/2,m>1/2+s, andm + q(s) > —1/2 = 2s. Suppose

that \I/[s] € ker T ()N H m.q(s) (X). Then there exists lIJO C>®(S2%; B(s)) such that

W — [S] e A,
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Proof. (1) As noted at the end of Section 4.4, each \i’f 5] is a solution of f[s] (0)@{ 5] = 0.

Now note that lilfs] € HY 4L (x). This follows by elliptic regularity, propagation of

regularity at the radial sets at the horizons and real principal type propagation. We refer
to [25,44] for details. The normal operator at p = 0 is given by

N = p2(—(pdp)* + (1 — 25)pd, — ABI 1 25).

Restricted to SES], —AB] acts by multiplication with Afs]. To compute the boundary spec-
trum we Mellin-transform the equation. We find the indicial equation

PA)=A*+i(1=29)A+I1(l+1)—s(s—1) =0, (4.30)
which has the roots i (s 4+ /) and —i (/ + 1 —s). Here [ > |s|. To understand the asymptotic
behavior of ‘-I-'f 5] We compute

- s - P . o 2 700, |
PN (¥l = p72N = To() (¥l + p72(T5(0), 71y € B+ @31

where y is a cutoff, identically 1 near d+ X. We Mellin-transform this equation, divide by
A—i(s+1)A+i(l+1—s))andintegrate along IA = —(g(s) + 5/2), for the inverse
Mellin transform.® Shifting the contour and using Cauchy’s formula gives

Uy = chp 6D 4 el pu, el e ve AP @32
As q(s) +3/2 > —(l + s), we have c(l,p_(SH) ¢ I-_It?o’q(s)’l for c(l, # 0 and thus c(l) =0.

This gives
Wl — el pl 175 e goa®tl, (4.33)

Now either g(s) + 1 > [ 4 1/2 — 5 and we are done because H>>' T1/275 ¢ AU+2-9—
or we have to repeat the argument. Therefore suppose that

Wl —clp!ti=s e gt (4.34)
after n steps. We now apply the same procedure to \ijfs] — c,li o' 175 We have
PN (g — ™17 = p 2N = T ) (g — 1 70))
+ p 2 (T5(0) — M) gk p! 1
—chp 2N A1+ 2T (0). 1)
We have
p—Z(J\/ _ TS(O))(X(@’%S] _ c’lﬂol-}—l—S)) c H;o,min{l+1/2—s,q(s)+n+1}—,l’
PN = Tig () xenp ™17 € AUTSF2),
_ _ I, JES 2 7 00,00,1
i p 2N e TS p T [T(0), X1 € HEOo

8If g(s) +5/2 =1 + 1 — s we replace ¢(s) + 5/2 by q(s) + 5/2 — & with & > 0 small.
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Now either ¢(s) +n + 1 > [ 4+ 1/2 — s and we are done, or we obtain (4.34) with n
replaced by n + 1. By induction we obtain the result after a finite number of steps.

Let us now prove the second claim in (1). By the same argument as before we find
that \il[s] € 1’-_Iboo “4©) and we have the estimate

Wi ”FI;”‘”“ <Cp II‘If[s]||ggn,q(s>, Vi > m.

By restriction we obtain the same estimate for \ilfs]. Now we first repeat the same proced-

ure as before for lilfs], |s| <1 <|s| + 1. Let then [ > |s| + 2. For those [ we repeat the
argument n times. As long as

qs)+3/24+n<Il+1-s5,
c(l) and c{ in (4.32) are both zero. We obtain sufficient decay by this if
q(s) +3/24+n>w(s)+ 1.
Both are fulfilled if
1/24+2|s|—g<n<I+|s|-1/2—q,

which can be arranged because [ > |s| 4+ 2. We will check that we obtain estimates which
are uniform in /. Let

FH ) = M(p72 (N = T5(0) (1) + p2[T:(0). x1¥(;) ().
We then have .
Uiy = MHPTI Q) ).
We now use Parseval’s identity, the fact that P! (1) is uniformly bounded on the contour
as well as

”M_l(fl (A))“I_-Ibﬁl.q(s)-l—l.l < C ”‘i’fsl ”I‘_I,:h'q(s)'l
with C independent of /. This gives

- .
||‘If[s]||gbﬂ:.q(s)+u <C ||\I’[S] Hﬁufh'qm'l

with C independent of /. We obtain equivalent estimates in each step. Summarizing, we

find that for all [ > |s| + 1, ‘ilfs] € th’w(s)_l/z’l for all 77 > m and we have an estimate

5 -
||‘I/[s] ”I_'I}:h.w(s)—l/Z.l < C”\IJ[s]”glfw(SH

with C independent of /. Using the continuous embedding H>*? C A973/2 and the
convergence of the series ), lilf s in I-_I;" 40) this gives the claim.

(2) Smoothness away from dX follows as in part (1), while the radial point estimates
in [59] show that \il[s] is conormal at 0X . We refer to [25,44] for details. We see that the
normal operator at p = 0 is

N = 20p(pD, +i).

The boundary spectrum of the normal operator consists of the single point {(—i, 0)}. The
asymptotics is then established in the same way as in (1). ]
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4.5.2. Asymptotic behavior in the (t,r, w) coordinate system. Suppose that ‘il[s] €
I:I;" 4(s) (X), with m and ¢(s) fulfilling the conditions of Proposition 4.3,

T5(0) Vg (p, ws) = 0 (4.35)

and
i1 (o, 1) = %% Figy(p. 0)

for some k € Z. Note that \if[s], ﬁ[s] also depend on o, k. Then the function
Yt r,0) = e_im*(t’r)eik“’*(‘”’r)A;Sﬁ[s](a, k,p,w)=: e_imeik“’F[s](r, 0)
is a solution of (4.28). Note that for » < 3m,
F[S](r, 9) = eik/ Aibdreiwr* A;Sﬁ[s](a, k, p(r), 9),

while for r > 4m,

Fis)(r,0) = '™ A} Figy(0.k, p(r), 9).
Let & := t(a(l<;—+2+_|)m In the 0 = 0 case we require that ﬁ[s](p(r), 0) = R(r)S;(0) for
some fixed [, where ¢'¥¢5;(6) is an eigenfunction of —AlI (acting on H2(B(s)) with
eigenvalue )Lf 5"

Proposition 4.4. We have

Fis(r,0) ~ (r —ry)5, r—ry,
. . 1
Fisy(r,0) ~ e’“rrzm"—rl_ﬂs, r— 00,0 #0,
1
Fgy(r,0) ~ r— 00,0 =0.

pltl+s’

Proof. For o = 0 the asymptotic behavior at r = oo immediately follows from Propos-
ition 4.3. Using the fact that r, ~ r 4+ 2m In(r) close to co we obtain the asymptotic
behavior at 0o also in the o # 0 case. Concerning the behavior at r = r4. we observe that

A

Fi,) has to be continuous at r = r4.. We then use

ro2 2
T =/ ﬁdr'
3m Ab(r)

2 2
r++a

r4 —r—

~

In(r —ry), r—rg,

r a a
—dr' ~ In(r —ry), r—rg,
Ly @~ = +

and obtain _ .
e_igr*elmf der ~ (r - r+)§»

which gives the asymptotic behavior at r = r . ]
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4.6. Absence of modes

The following theorem follows from a theorem by Whiting [64] in the Jo > O case, and
for Jo = 0, 0 # 0 from a theorem of Andersson, Ma, Paganini and Whiting [7].
Theorem 4.5. Let q(s) = q —2sif s > 0and q(s) = q if s <O.
(1) LetI0 > 0,0 0, m > 1/2+s, q(s) < —1/2, m + q(s) > —1/2 — 2s. Suppose
that
Ts(0) Wy (0, i) = 0 with ¥y € H™ S (X).
Then ‘-AIJ[S] =0.
(2) Letm > 1/2+s,q € (—=3/2,—1/2) and m + q(s) > —1/2 — 2s. Suppose that
T (0) W (p. w4) = 0 with Wy € H™S (X).
Then \i/[s] = 0.

Proof. We can suppose that \i![s] has a single mode in @.:

Bis1 (0, 6, 9x) = €% Fiy(p, 6).

We then build up Fi(r, #) as in the previous subsection. To treat the case o # 0 we use
the results of [7,64]. Note that those results concern the separated equation. To argue that
this gives the absence of modes for general functions in our Sobolev space, we can apply
[18, Theorem 1.1]. To see this in a bit more detail, we first come back to the (z, r, ®)
coordinate system. Let

Fig)(r,0) = 'K @=0loU—tINZS B0 (p(r), ), H = e'*PL2((0, 1), 5in 6 d6),

2 0
A = 02a’sin? 0 + + 2sk cos
k sin? 6 sin® 6
1
+s2cot? 0 + 2s0acos @ — ——dg sin 6 .
sin 6
‘We have
L*(R x $* dredow) = @) L*(R.dr.) ® Hy.
k
Note that

Tslp2myes, = Rk + Ak,
where Ry is an operator only in the r, variable. Let us now fix ¢ > 0, s and k and let
U C C be the strip |[Jo| < c¢. Then by [18, Theorem 1.1] there exists a family of bounded
operators Q,(c) on JH defined for alln € N and o € U such that

(1) the image of each Q, (o) is a finite-dimensional invariant subspace of .,

(2) the Q, (o) are complete in the sense that for every o € U,

Z On=1
n=0

9The dimension of the image is at most 2 for n > 1, but this is not important for our purposes.
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Let ! = QnJi. By general linear algebra, #4y acting on J;' can be decomposed
into Jordan blocks. We can suppose that Ay | e is described by a single Jordan block and
that Fi(r, ) can be written as

p
Fig)(r.0) = > f;(r)g;(6)
j=1
with
Arg1 = Ag1 + g2,
Arga = Ag2 + g3,

Argp = Agp.

Here {g;}7_, is a basis of #}'. Now,

P p—1
0=TsFg(r,0) = Y (Rf)g + ) fi(Ag; + &i+1) + foAgp:

Jj=1 Jj=1

As {g; }f’zl is a basis of J} we first obtain

RA+A1=0,

and thus f; = 0 by the results of [7, 64]. Proceeding with j = 2 we find
Rfz+Arf2=0,

and thus f, = 0. We eventually find f; = --- = f, = 0 and thus Fjg) = 0. This gives

\i/[s] (r,wx) = 0 for r > ry. To show that \i![s](r, wx) = 0 for r < ry we apply the
same argument as in the proof of [66, Lemma 1]. We can suppose that Wi (r, 0, ¢) =
e ke y(r,0) =: . Let

€(r)
1
= / (—r=r)™ (Ab sin@ 0,9 |* + —— 9, ¥ |* + sin 0 |99y | + |1/f|2)d9d<p*.
s2 sin 0
We have

L 6r) = N = r) 60
)

1
+/ —(r—r —NR(o, ,———0p, ¥, 3V, V/sin 6 9y )
SZ( ( +)) W m ® 1/f W W
where R is quadratic in (Y, ﬁa(p* ¥, 0, v, +/sin Bdgyr) and independent of N.'” Thus

for N sufficiently large we have j—rS (r) = 0 for r < r4. Integrating between r4. — § and

10This would not be true without fixing the angular momentum.
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ry —e (8 > ¢) gives

1
L5 (sin610,v P + i 0+ sing P+ 1912 db
s2 sin 6

1
Se_N/ (Sin9|3r1//|2+—. |3¢*1/f|2+|Sin91/f|2+|1/f|2)d9d¢*
s2 sin 6

< 8_N+K

for all K > 0. Indeed, by the argument in the proof of Proposition 4.3 we know that
Ve H,fo () 1t therefore vanishes to all orders at r = r+. Choosing K large enough and
letting ¢ — 0 gives ¥ ((r = r4 — §), 0) = 0. With the operator Ty(0) being hyperbolic
and r = ry — § being spacelike, this gives ¥ = 0 by classical energy estimates.

It remains to treat the case o = 0. In this case, the operator 4y is diagonalizable and
it suffices to consider Fi) of the form Fi(r, 8) = S;(6)R(r). The equation then further
decouples. The function R(r) fulfills

d

d
Afs_AS-Fl_R
bar™b dr () +

a?k? 4 2ia(r — m)ks
Ap

R—- AR =0, (4.36)

where A = (I —s)(I +s + 1). Let first k = 0. If s < 0, we multiply (4.36) by AZSR and
integrate. This gives

oo d d _ oo
—[ (—AZH—R)A;,Rerr/ A|ASR[*dr = 0.

L \dr dr "
We compute
I := —/r+ (%AZH%R)AZRW
= —/w(iAbiAiR)AZRdr + 25 /oo(i(r —m)A;R)A;Rdr
ry \dr “dr ry \dr
=11+ I,

Let us first compute /;. We have

2

oo o0 d
+/ Ap|—ALR dr,
r+

—AIR
e dr b

2 oo
d
dr :/ Ap
r+ dr

d _
I = —Ab(EAiR)AZR

where we have used Proposition 4.4 to see that the boundary term is zero. Let us now
consider I,. We have

o0 o0 d _
I, = ZS/ |AS R dr + 2s/ (r —m)(EAiR)AZRdr
r4 r4

o
_ S p|2 _ S pl2joo _ 7.
_2s/r+ Ay R|"dr 4+ 2s(r — )| AL R| |’+ 1.
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It follows that
o0
NI = s/ |AS R[> dr — s(r+ — m) (A R)(r4) %
r+
Putting everything together and taking the real part we find

2
—AR
r b

> d
Ap
[ (o

where A= A+s=124+1—52>0.If A > 0, then (4.37) gives R = 0. In the case s < 0,
A is always strictly positive. If s = 0, then A can be zero. But in this case R = const, which

+ /IA;,|R|2) dr —s(r4+ —m)[(ASR)(r4)]* =0, (4.37)

by Proposition 4.4 is only possible if the constant is zero. Let now s > 0. To make the
dependence on s clear, we will denote R by s R. By the Teukolsky—Starobinsky identities
(see e.g. [12, pp. 386, 436]) we have

A9 (A3, R(r)) = «D(_sR(r)),

where D is a constant and _s R(r) is the corresponding radial function for —s. By what
we have already shown, _g R = 0. Thus

A72R(r) = C3r® + Cor* + Crir + Co, (4.38)
Ap1R(r) = Cyr + Co. (4.39)
By Proposition 4.4, , R decays likes > and | R decays like r 3, therefore all constants
in (4.38), (4.39) have to be zero. We can therefore suppose k # 0 in the following. The

Teukolsky equation (4.36) has three regular singular points which are r = r4 and r = oo.
For the general theory of this type of equations see [39].

(1) Study of the singular points r = r4.. We rewrite the Teukolsky equation as

d? r—m dR a%k? +2ia(r — m)ks A
—R 2 1 — R——R=0.
dr? (r)+ (S+ ) Ab dr AZZ, Ab
Noting that
r4+ —m
2— =1
r+ —rs

we find the indicial equation at r = ry:

a’k? +ia(re —re)ks

2
ai + so+ + =0
* (ry —r-)?
with roots ) )
iak iak
oy = — or oy =—s+
r4 —r— ry —r—
respectively
iak iak
o = or o_ =—5—
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(2) Study of the singular point at r = co. We put z = 1/r. We then have
d 5 d

E——Z E

The Teukolsky equation (4.36) can be written as

2.2 Lo
A;Szzi(Af,“zzd—R) + (a K Zialr —mks _ A)R =0

dz dz Ap
d’R 2(s+1)(1 dR 2 dR a’k? +2ia(1/z — m)ks A R
bt ALY (OO Ik W el _
dz? z2Ap \z dz  z dz Aiz“ z4 Ay
=0.

Taking into account that z2A; — 1 when z — 0 we find the indicial equation at z = 0:
a?—@2s+Da—A=0.

We therefore find the roots ¢ = s —l ando =5 + 1 + 1.
We now follow [39] to bring this equation into its canonical form. Let

ak

T(r) = ROV =) 5= (r =) T
u(p) =T =p(ry —r-) +r-).
Then u(p) fulfills
p(p— Du"(p) + (@ + B+ Dp — y)u'(p) + aPfu(p) =0 (4.40)

with

a=s—1I, B=s+I1+1, y=s+1+2i .
ry —r—

Let R(r) be an outgoing solution of the Teukolsky equation (4.36) with ¢ = 0. From the

asymptotic behavior of R at r, oo (see Proposition 4.4), we can read off the asymptotic
behavior of u:

_ ; ak
N R e e N I )

Equation (4.40) has two independent smooth solutions. Let F(c, B, y; p) be the solution
which is analytic in a neighborhood of 0. Starting with this solution we build up the
functions

up=p *Fle,1+a—y,1+a+p—y;1-1/p),
up =pP V(1 —p)*PF(y —B1-B.1+y—a—B:i1—1/p),

which are also solutions to (4.40) and they are analytic in Re p > 1/2; see [39, p. 74]
for details. By [39, Theorem 5.1] the series F(o,1 +a —y,1 +a + f — y;z) and
F(y—B,1-8,1+y—a—B;z)converge at |z| = 1. Analyzing the asymptotic behavior
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at p = 1 one easily sees that both are linearly independent (recall that we suppose k # 0).
Therefore, on fp > 1/2, u can be written as

U =cuy + dus.

The asymptotic behavior of u at p = 1 gives ¢ = 0. Using the convergence of the series
F(y—B.1—B,1+y—a—pB:z)at|z] =1 we see that up ~ p~ ¢~ at oo, which
gives d = 0 and thus F[;; = 0. By the same argument as in the o # 0 case we obtain
P14 (0) = 0. .

Remark 4.6. The use of the sophisticated analysis in [18] can be replaced by a continuity
argument in the proof; we refer to [28, proof of Theorem 1.7] for details.

4.7. The scalar wave operator

For the scalar wave operator which can be considered as a special case of the Teukol-
sky operator, we will need a mode analysis also in spaces with weaker decay. This is
completely analogous to the analysis in [25]; we summarize the results.

Theorem 4.7. (1) For Jo > 0, 0 # 0, the operator
Ogy0(0) : {u € B(X):Ogy 0(0)u € B HT2(X)) — BH2(X) (441

is invertible whenm > 1/2, ¢ < —1/2, and m + q > —1/2.
(2) The stationary operator

Og,.000) : {u € H™(X):Og, 0O € H" 2(X)} — H' 2 (X)

is invertible for allm > 1/2 and q € (—=3/2,—1/2).

(3) We have
ker g, 0(0) N HE ™2 = (up 40). (4.42a)
ker Og, 0(0)* N Hy 77 = (u} ). (4.42b)
where

upso =1, up o= H(r—ry). (4.43)

(4) Furthermore, the spaces
ker g, 0(0) N HE /27 = (up40) @ {up.1(S): S € Sy} (4.44a)
ker g, 0(0)* N Hy 727 = (u} o) @ {u},,(9):S € S1}, (4.44b)

are four-dimensional. Let b = (1, a) and by = (11, 0). Then
Upys1(S) = (r —m)S, up (S) = (r —m)H(r —2m)S
and

700,—1/2— ©—00,—1/2—
Up,st —Upo,s1 € Hy s Ups1 ~Upy 1 € Hy : (4.45)



L. Andersson, D. Hifner, B. F. Whiting 3952

Before proving the theorem we make the following observation on Fredholm operat-
ors.

Lemma 4.8. Let X, Y, Z be Banach spaces and suppose Z is continuously embed-
ded in Y. Suppose furthermore that P : X — Y is a Fredholm operator. Then Pz :
P~Y(Z) — Z is a Fredholm operator:

Proof. This follows from the fact that ker Pz C ker P, Z/(Z N P(X)) C Y/P(X) and
the fact that Z N P(X) is closed in Z because P(X) is closed in Y. L]

Proof of Theorem 4.7. We first show that the operators in (1), (2) are Fredholm operators.
For (2) this follows directly from the results of [44] which uses [59,61]. The proof follows
the general scheme in [25, proof of Theorem 4.3] and uses the fact that the general setting
of [61] applies to the wave equation on the Kerr metric for all subextreme values of a as
well as the fact that the principal features of the Hamiltonian flow of the classical symbol
are the same for all subextreme values of a (see also the proof of our Theorem 7.1).

Concerning (1), the spaces used in [25, 44] are slightly different, and therefore we
have to argue that we can also use the spaces in the above theorem. By the results of
[59,61] we know that

Ogy0(0) : {u € HIEP9(X): Oy, o(0)u € HLp 2 (X))

N Hm —2,m+q+1, q+1(X)

sc,b,res

are Fredholm operators. Here H., . b res
[61, Section 3]. We have in particular

(X ) are scattering-b Sobolev spaces as defined in

A (X) = H(X),

scbres
We have
o —m—l,q+2 Fm—1,m+q+1,q+2 m—2,m+q+1,q+1 __,
Z = Hb sc,b,res - Hscbres =Y

with continuous embedding. We can then apply Lemma 4.8 with
7 m.m+q, LA Fm—2,m+q+1,q+1
={ue H::’b"';esqq()(). Og,0(0)u € H:Zb,re:" ITHAT(X)).
We now argue that the operators have index zero. We first define the spaces
A = (u e B u = ™ (r,0)).

We start with o = 0. The restriction of (g, o(0) to H™*,

(Og,y,0)¥ (0) : {u € A (X): By, 0(0u € A" M5 (x)) — A5 (x),

is also Fredholm. We have

= _ = k
8bh> bs
ker £ 0(0)_< | ker(@g,.0) (0))
k=—N
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as well as an equivalent equality for the adjoint. Note that the union is finite here because
the kernel is finite-dimensional. It is therefore sufficient to show the index zero property
for (Dgh,o)k(O) forallk € {—N,..., N}. Now

(@g,.0)*(0) = (O, 0)*(0) + Pr. Py € p?Diff}.

As adding an element of pzDiff}, does not change the domain, we can continuously
deform the operator (Ifl g,,,o)k (0) on Kerr to the corresponding operator on Schwarzschild
for which we know from [25, Theorem 6.1] that it is invertible. Note in this context that we
can work on the same manifold for all angular momenta per unit mass 0 < a’ < a because
the condition (3.3) entails that the same condition holds with a replaced by a’. A similar
argument shows that 0 g5 (0) has Fredholm index zero for o # 0. Now by Theorem 4.5
we know that the kernels of both operators are equal to {0}.

The proof of (3)—(4) is strictly analogous to the proof of [25, Proposition 6.2]. Nev-
ertheless, to show in addition (4.45) we construct the solution up, ¢ (S) starting with the
corresponding solutions u, 1 (S) for Schwarzschild rather than the one for Minkowski
like in [25]. We construct the solutions up, s (S); the argument for ”Z, 51(S) is analogous.
Letv:=(r—m)Se I:Itfo’_s/z_ and fix a cutoff y € C*°(R) with y =0forr <3m, y =1
for r > 4m. Then

e := Oy, (0)(xv) = xOg, () + [Tg,, (0), xJv + (T, (0) — g, ) (xv)
€0+ HX® + AX? = A

In the last step we have used the fact that Elgh (0) — ﬁgbo (0) € p4Diffi (see [25, (3.44)]).

Now ﬁgb (0)w = —e can be solved by w € I-_I;o’_l/z_; indeed, e is orthogonal to the
kernel of g, (0)* in H~°73/2% which is trivial by (2). We then have up ;1 = yv + w
and it fulfills (4.45). [

5. The 1-form wave operator

We now analyze mode solutions of the 1-form wave operator.

5.1. Mode solutions

Theorem 5.1. Consider g, | acting on 1-forms. There exists my > 0 with the following
properties:

(1) For Io0 > 0, 0 # 0, the operator

Qg1 (0) : {o € A (X *T*X): Og, 1(0)w € HI V(X *T*X))
— HMT (X ETEY)

is invertible whenm > my, ¢ < —1/2, and m + q > —1/2.
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(2) Form > my and q € (—3/2,—1/2), the stationary operator
Blgy1(0) : {w € A™(X;¥T7X): O, 1 (0w € A" 2 (X;%T7X))
- B (XGRTRY) (5
has one-dimensional kernel and cokernel. We have

ker Iﬁgb,l(O) n 1:150’71/27 = (Wp,sp)»
ker Iflgb,l(o)* N I_'I—oo,—l/Z— = (a);’SO),

with

=Ldr for r < 3m,
b

Wp,s9 = (r2+a)r+a2r
L (dty —asin?0d 4 (T ey
le,( * ¢s) + ( 02 A

le(dt* —asin® 0 des) + =%
b

)dr for r > 4m,
Wp sy = 8(r —r4)dr.

Proof. As in the small a case, the operators 0 g5,1(0) are Fredholm operators of index 0.
We revisit the argument given in [25] for the more complicated case of the gauge fixed
Einstein equation in the proof of Theorem 7.1. We now want to compute the different
kernels. As g is Ricci flat we have

Og,1 =(d + 5gb)2 =dbg, +8g,d. (5.2)
Let w = e~ J; be a mode solution:
Dgh,lw =0.

Then
0 =68g,0g,,10 = 8g,d8g, 0 = Og, 08¢, = 0.

Here we have used 8§b = 0. Now note that
g, = e f f e HI'M(X).
We can therefore apply Theorem 4.5 for s = 0 to obtain
8g,0 =0. (5.3)
Putting this into the wave equation we find
§gpdew = 0. (5.4)
Let F = dw. Then F is a Maxwell field

dF =0, 68, F =0. (5.5)
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We now proceed as in Section 4.3 and build up the scalars \il[s] e H ~Las) By The-
orem 4.5 we find that W[4} and thus @ are zero. We now go back to Boyer-Lindquist
coordinates (¢, r, 8, ¢). We consider two cases:

First case: o0 # 0. Using the first and the third equation in [12, Chapter 8 (11)] we obtain

iK B = 0

AT
with K = (r? + a?)o + am and m is the ¢ mode in the separation of variables.'' Thus
®o = 0. This means that the whole Maxwell field F is zero:

do = 0. (5.6)
Recall that X = (r, 00) x S%. We write

w = e 'Y (hr + hydr),

where 7 is a I-form on X. Then dw = 0 is equivalent to

dxhr =0, 5.7)
—ioht —dxhy = 0. '

By Poincaré’s lemma we have h7 = dx A. Now observe that
dx(o ‘hy —A) =hr —hp =0

and thus hy = —io (A + ¢) for some constant c. It follows that @ = d(e %' (4 + ¢)).
We now put A = e~'*(A4 + ¢). Note that we could also apply Poincaré’s lemma directly
on spacetime, but we have to make sure that the potential A is a mode solution. Putting
this now into (5.3) we find that

Ogp04 =0. (5.8)

Now A+c=io"'hy € I-_I,:" ~14 We can therefore apply Theorem 4.7 to conclude that
A = 0 and thus
o = 0. (5.9)
Second case: 0 = 0. If m # 0 we obtain by the same argument ®¢ = 0. If m = 0, the
equations in [12, Chapter 8 (11)] give
2

0, g = —————— Dy, (5.10)
r—iacosf
2iasin @
JgPo = ————" Py, (5.11)
r—iacosf
C(6)

Integrating (5.10) we find &g = T—iacos0)2"
It follows that F};, is a Coulomb solution:

Putting this into (5.11) we find C(8) = const.

Fup = 4R Do npyly) + iSPo my,m,y).

HNote that ®¢ = ¢ in the notations of Chandrasekhar.
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Now, w is a potential for the Coulomb solution and it fulfills the Lorenz gauge (5.3).
Therefore w = C(wo + d f) with
r
wo = —&
%

(dt —asin®> 0 dy).

We will suppose C = 1 in the following. The 1-form wy is singular at the horizon, we
therefore have to correct this behavior by a gauge term. Concretely, for r < 3wt we have

wy = Lz(dl* —asin®6dyy) — ALbdr,

9
while for r > 4m,
2 2
wy = Lz(dl* —asin?0de,) + (rj—a)rdr. (5.12)
0}, 05 Ap

Therefore we put
'+
wp s, = W + —dr.
0 Ab
Note that wp g, € ﬁ,fo 1 An explicit calculation gives
gy, 10p,59 = 0.
By the same argument as before we find

8g,Wp,59 = 0.

Letnow f = f—frA—:.Weﬁnd
Ogp0f =38g,d f —Sg,,A—bdr = 8g,0 — 8g,p = 0.

By Theorem 4.7, f* = const. It remains to show that w;, is in the cokernel. We first observe
that w, .= d(H(r —r4)) and then compute
50

Og, 1 (0)*d(H(r —ry)) = d0g, o(0)*H(r —ry) = 0. "

5.2. Growing modes
Proposition 5.2. We have
ker Cg, 1(0) N A2 = (wp,40) @ (0)0) @ {wp,51(S):S €1}, (5.130)
ker g, 1(0)* N Hy 77 = (] ) ® {0} ,,(9):S € Sy}, (5.13b)

where, with b denoting the musical isomorphism V° := g, (V, =), and using (4.44a)—
(4.44b),

oy = ), (5.14)
Wh,s1 (S) = dub,sl (S). a);;,sl(S) = duz,sl (S). (5.15)
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Proof. We closely follow [25, proof of Proposition 7.8]. Using
d Oy, 0(0) = O, 1(0)d

we see that the RHS of (5.13a) lies in the LHS of the same equation, and the same argu-
ment shows the inclusion of the RHS of (5.13b) in the LHS.
For the inclusions C the 1-forms

dt, dx', dx?, dx> (5.16)

play a central role as they are annihilated by the normal operator 0 2,1(0).

In order to prove ‘C’ in (5.13a), note that any w € ker ﬁgb )N I-_Iboo’_3/2_ is of the
form w = yv + @ where v is a linear combination (with constant coefficients) of the
1-forms (5.16), and & € I:Il;>o =127 Here x is a radial cutoff which equals 1 at infinity
and O for r < 3wm. This follows from a normal operator argument. Upon subtracting a
linear combination of wl(7(,)5)‘0 and wp 41 (S) from w, we can thus assume w = @, which by
Theorem 5.1 is a scalar multiple of wp 4.

The argument for ‘C’ in (5.13b) is slightly more subtle. There is an obstruction to the
existence of a mode with 8'; asymptotics given by the non-vanishing pairing

(Dg, , (0 (xd1), wp 50) = 41 # 0. (5.17)

To show (5.17), first note that (5.17) does not depend on the choice of the cutoff. Indeed
if y, y are two such cutoffs, then

(x = pdr € H>™.

Now fix such a cutoff y and consider y.(p) = x(p/¢e). The result will then be independent
of . To compute the exact value, first note that for Q € ,03Diff12,, we have

(Q(xed1), wp,s0) = O(17).

: : 3 4 1 5 1
To show this we have to consider terms of the form p°n, p X’(g);’l and p X”(f)s—zn,
where 7 is one of the forms dt, dx', dx?, dx3. The statement then follows from (for
5> 0)

! 1/2-8 .3 dp Ry 2(1-8
/Olp_/_pxa(p)lﬁs/op_ dp < 2079,

P\ 1 dp  [! P\’
,0_1/2_8,04)(/(E) 5 p4 :/ p3—28 X/(;)
0
2(1-6 e 3-268 2
=8(_)[o P> 211 () dp.
12 P
o 1/2 SpSX//(E)

2 1/e

1 dp _ -

T — 82(1 8)/ 105 28|X//(p)|dp
e p 0

1
2 9P

r
r
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We therefore only have to compute the pairing for

~ p 1
& = (P> Dp)* + 200, xs)d1t = —p“X”(E)g—zdz_
Using
2
W50 = det . a sin rd n —dr
9y Qb Ap
we find \

- ot (P
6G.onm) =51 (£) 0 )

We then compute

(@&, p.50) = — [/f ( )r(r +“Azzsm9dpd9d¢

4 [ px"(p)dp + O('7) = 4 + O('7).

As the result has to be independent of &, this gives (5.17). Let us also note that

,  Ap—aZsin®0 2amr sin” @

and thus
o —dr e BTV, O, (003 —dr) e B

Therefore replacing ydt by )(3'; in (5.17) gives the same result. Now, w™* € ker 0 o, 0*N
I-'Ibfoo’%/z* can be written as * = yv + @*, @* € Htjoo’fl/z*, where v = vy dt + v’
with vo € C and v’ a linear combination of dx', dx?, dx>. Upon subtracting w;’ _, (S) for

a suitable S € S;, we can assume v’ = 0. Therefore

vollg,.1(0)* (x dt) = —Og,,1(0)* @
is necessarily orthogonal to ker ﬁgb,l )N ng’ —l2- {(wp,s0), which in view of (5.17)

implies vy = 0, thus w* = @®* is a scalar multiple of w;,so by Theorem 5.1. L]
Proposition 5.3. There exist families
wp,n (V) € ker O, 1(0) N A7, wf (V) € kerOg, 1(0)* N H, ™77,
linear in V € V1, which satisfy
wpy1 (V) =72V, wp (V) = rPVH(r —2w), (5.18)
@p,01 (V) = Wpo1 (V) € B2 wp (V) — o (V) € HT0327 0 (5.19)
and which are such that 8, p,1(V) € Hoo A2 and S;ba)l’;,vl V) e I-'I;oo’fl/zf.

The proof is strictly analogous to the proof of [25, Proposition 7.10]; we omit the
details. In particular, the decay properties are already obtained in that proof. Note however
that we give up one decay order for w, (V) with respect to wp y1 (V).
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6. The linearized Einstein equation

In this section we prove the main theorem of this paper. The result was already stated
informally in the introduction (cf. Theorem 1.1).

6.1. Main theorem

Theorem 6.1. Let 0 < a < m. Let 0 € C, J0 > 0, and suppose g is an outgoing mode
solution of the linearized Einstein equation

Dg, Ricg = 0. (6.1)
Then there exist parameters 1t € R, & € R3, and an outgoing 1-form w on M?, such that
g— g(m,a)(m» a) = 8;[70), (6.2)
where g, q) (11, @) is defined in (3.7). More precisely:
(1) Ifo # 0, suppose that § = e~'9" g with go € Fllfo’q(X; S25°T*X) for some g € R.
Then (6.2) holds with (11, @) = (0,0) and © = e 7" wy, wy € I:Ifo’q/(X; CT*X)
for some ¢’ € R.

2) Ifo=0and g € P_I,fo’q (X:;82 W)forq € (—3/2,—1/2) is a stationary solution,
then (6.2) holds with @ € HX"™' (X ;T *X).

6.2. Link to the gauge fixed linearized Einstein operator

Let
Lg, := 2(Dg,Ric + &g, 8, Gg,)

be the linearized Einstein operator around the Kerr metric in the wave map/De Turck
gauge. Here Gg, =1 — % gplirg, denotes the trace reversal operator in four spacetime
dimensions. We start with the following

Proposition 6.2. Suppose ¢ € H®(X) with q € (=3/2;—1/2). If L, (0)g = 0, then
there exists gg € C®(0X; S? Ty X) such that § — pgo € A2

Proof. The proof is in principle the same as the proof of [25, Proposition 4.4], and we
refer to that proof for details. We note that in the full subextreme range of a the normal
operator of L g5 (0) is the negative Euclidean Laplacian tensored with the 10 x 10 identity
matrix when working in the standard coordinate trivialization. T}wundary spectrum
of the scalar Euclidean Laplacian is, by definition, the divisor of p~2A(A)~!, where the
hat stands for Mellin transform in p and —A = p?pD,pD, + ip>D, — p* A is the pos-
itive Euclidean Laplacian. Decomposing functions on dX into spherical harmonics, and
denoting by S; a degree [ € Ny spherical harmonic, we have

P =2 A) (S = (A + i) + 1T+ D)Sy,
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which vanishes for A = i/ and for A = —i(/ + 1). With respect to the choice of our
Sobolev spaces only the A = —i(/ + 1) are relevant for the expansion, the / = 0 spherical
harmonics gives the p term in the expansion. ]

Lemma 6.3. Suppose that ¢ € H>7(X; S? ST*X) withq € (=3/2,—1/2) is a station-
ary solution of the linearized Einstein equation

Dy, Ric(g) = 0.

(1) For all @ € R3, there exists A(a) € R, a 1-form v € I:Ifo’q_l(X;S/C—T\*_)?) and gg €
C>®(0X;S? Ty X) such that

g — 85 0 — gp(A(@), @) — pgo € A
(2) The Teukolsky scalars \il[iz] are zero.

Proof. (1) By adding a linearized Kerr metric and a pure gauge solution we want to correct
g to a solution of the gauge fixed operator. More precisely, we are looking for a 1-form w
and parameters @ € R3 and A(a) € R such that

Lg,(¢— 8g,0 — &p(A(a), @)) = 0.
This equation is satisfied provided
Oy 1(0)0 = 285, Gg, & + 285, Gg, £5(A(0). &). (6.3)
To arrange that the RHS lies in the image of 0 5, (0) we need
(—0g,Gg, & + 8g,Gg, 8p(A(a), d),w;’so) =0.
If (84, Gg, &5(1,0), “’Z,so) # 0 we can arrange this by choosing

<5gb ngg - 5817 Gg, 8p(0,a), wZ,s0>
(8¢, g, &p(1.0). 007 )

We now compute (8¢, G¢, 85(1,0), a)g SO). For r < 3m we have

A@) =

2
&p(1,0) = =2 (dt, — asin® 0 dg.)>.

o)
First note that trg, (g5(1,0)) = 0 so that G, g5(1,0) = g5(1,0). Let
1
= ——9,,
V2
1
Ay, = —(dty —asin® 0 dgoy).
122 ﬁ 2

‘We then have
4r

(gb(l» 0))1,Lv = __zﬁuﬁw
9%
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Now,
. ro. . n ro\ . r R
v'u(gb(lvo))uv = _4VM (_nunv) = —4(HMVM(—)HU + _Zvu'n'unv).
Q

Note that

Recall that the volume element of the Kerr metric is /|det g| = QZ sin 6. This gives

1 r
Vi, = ——3,(0%sinf i*) = — V2—.
H 07 sinf acr ) o5
This gives
. 2
VH(&p(1,0) v = _z(ar)v
9
and thus

(8¢, Gepn(1,0), p)

o0
=/ [ g’”’V“((g}b(l,O)),w(a),j‘s())y(rfr +a?cos? A)sinf dr db dos
ro JS2 ’

4 2m
= / / 2sin6 df dop, = 8w # 0. (6.4)
o Jo

We can therefore choose A(@) as above and obtain a solution w € I-_Itf’O ’qfl(X ) of (6.3).
We now apply Proposition 6.2 to see that

g— 85,0 — g (M), &) — pgo € A*~

for some suitable gg € C*®(3X; S? SE—YE;)/().
(2) The Teukolsky scalars ‘i’[iz] have the required regularity to apply Theorem 4.5. m

Remark 6.4 (Boyer—Lindquist coordinates). If h e A (X:82 S/C—T\*E(/), then the coeffi-
cients of /& in the Boyer-Lindquist representation fulfill

~ 1
haﬂ = 0(,-2_8)’ Ve > 0.

Indeed, near infinity we have dt, = dt — %d;’ =dt—dr+01/r).

6.3. Gauge invariants

The gauge invariants of linearized gravity on the Kerr spacetime have been completely
classified in [2, 3] (see Appendix A for further details). We will be mainly interested in
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linearized vacuum perturbations with &, = ®_, = 0. By [3, Corollary 3] the only non-
vanishing gauge invariants for such perturbations are those given by I, I¢, which in our
notation take the form

Ie = —p(@'b+ob —7'8—-18)(p*P W) — 3 ¥op° I Wo
- %\I}Oﬁsﬁ_\po + %\Ijops(hanz + 2hgn00" + hMQ/Z
— 2hpm0T — 2hen0'T + Mt — 2hpmot’
—2hgm0' T+ 2T+ B t'?), (6.5)
and, with py = p+7p,p-=p—D,
I = ;p(P2(@ P+ob) — p1 (' B+10))(p*PWo)
+ %Sﬁ(ps W (Wo(p? +7°) —2Wop> — 4p(p-00’ - p+fr’)))
+2i3(p*P(IV_10T + 9¥10'T"))
- %‘Ijops(pz(hnné?z + 2hip00” + hllle)
—2(p” + ) (hui0T + h1a0'T + hamot' + him't’)
+ P (ham©® 4 2hmm T + hpmt')). (6.6)
Recall that the Plebariski—-Demianski family of line elements [52] are vacuum metrics
of Petrov type D, parametrized by w1, a, u, ¢, which reduce to the Kerr family of line
elements in case 1 = ¢ = 0. The I¢, I for explicit /2 defined by perturbations with

respect to 1, @, 11, ¢ in the Plebanski—-Demiariski family of line elements are as follows
(see [3, 2D))):

(1) For pure mass 1t and angular momentum & perturbations, the invariants take the form
I =1, I = 2a’tt — 3maa. (6.7)
(2) For perturbations in the direction of the NUT parameter 11 we obtain

9
Ie = —in+ ﬁﬁ, I, = —ia®ft + acosf (r —2m — m—_p)n (6.8)
p p

(3) For perturbations in the ¢ metric direction the invariants take the form
6m?r cos 0
I = r—_é + 3m(ia + (m —r)cos B)¢,
P 6.9)

6m2a’r cos3 0
If = ————0¢— 3ima(p? — r?cos? H)é.

It is a remarkable fact that for linearized vacuum perturbations with &, = ®_, = 0, the
general form of I¢, I is, in fact, the one given by (6.7)—(6.9). We have the following
result.
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Proposition 6.5. Let g, be a vacuum type D perturbation on the Kerr background. Then
there exist parameters wm, a, ¢, 1 such that
2imi . 6m%rcosf .

Ie =m—in4+ —nu+ — ¢+ 3m@ia+ (mu—r)cosB)e,
p p

m
I = 2a’1 — 3mad —ia’t 4 acos 6 (r—2m— —_p)n
p

6m2a2r cos3 0

¢ —3ima(p? — r? cos? 6)¢.

4
We sketch the proof of Proposition 6.5 in Appendix A.

Lemma 6.6. Let vy be a linearized vacuum metric perturbation on the Kerr exterior M
with vanishing gauge invariants and n = a = 1 = ¢ = 0. Then there is a gauge vector
field vo on M such that

8;}] Vg = Vg. (610)

Remark 6.7. By the results of [2], the two extreme Teukolsky scalars, linearized Ricci
curvature and I¢ and I; constitute a complete set of gauge invariants. It follows from
Proposition 6.5 that a linearized vacuum perturbation with ®, = ®_, = 0 is locally a
Plebanski—Demianski line element plus a pure gauge term. An application of Lemma 6.6
makes this result global. We therefore obtain a new proof of the result of Wald that linear-
ized vacuum perturbations of the Kerr metric with vanishing extreme Teukolsky scalars
are Plebanski—Demianski line elements modulo gauge [63].

Proof of Lemma 6.6. As in [2], let K; be the operator that sends a linearized metric on
the Kerr background to the collection of its gauge invariants, as defined in [3]. From the
assumptions,

Kiv; = 0. (6.11)

As shown in [2, Section 5], K; is equivalent to K; as defined in [2, (4.26b)], and hence
Kivy = 0. (6.12)

Let
Ko = S;b (6.13)

denote the Killing operator on the Kerr background.'? Then, in order to prove the lemma,
we must construct a solution to the equation

Kovg = v € kerKj. (614)

Let now C;, Dy, H;, I = 0, 1, be as in [2, Definition 13]. In particular, these are local
differential operators acting on sections of the bundles V}, Vl/ ,1 =0,1,2. We know that

12K, is an operator of finite type [35].
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Vo = T*M, V1 is the space of symmetric 2-tensors, and Vj is the subbundle of T*M
with sections of the form

af + B¢, (6.15)

where &, ¢ are the Killing fields on M, and «, 8 are scalar functions. Then the commuting
diagram [2, (4.1)] is valid. The part of this diagram that is relevant for our purpose is

Ko K1
V() 7 4 Vl > V2
Ho
Co| | Do C1| (D1 2| D2 (6.16)
Ho
/g —— 7 A
Ko K]

Here K} are defined in terms of a flat connection on Vj (see [2, Section 4]). The operators
Cy, C;, Dy, D;, [ =0,1,2, and Ho, Hy, are local differential operators acting on sections of
the bundles V7, Vl/ ,1 =0,1,2, and the operators K} define a twisted de Rham complex,

K =dp, (6.17)

defined in terms of the unique flat connection D on Vj such that the Killing fields are
parallel with respect to D. In particular, K}, is defined by the restriction of Kq to V{j, i.e.

Ko(af + ) = dP(at + Bt) = (da)é + (dB)¢ (6.18)

(see [2, (4.2)]). Thus, Kj acts on Vj as two copies of the exterior derivative on scalars.
From (6.16), we have the identities

KooDO == Dl OKE), (619)
K/l o C] = Cz o Kl. (620)

Further, we have the homotopy identity [2, (2.4a)],

D1001=id—KO0H0—H10K1. (621)
Let
Ull = Clvl. (622)
By (6.12) and (6.20),
K|v| =0, (6.23)

and hence since the twisted de Rham complex with operators K} is exact, the equation
Kovg = v} (6.24)

has local solutions. In view of (6.18), and the fact that the Kerr exterior M is simply con-
nected, we may apply the Poincaré lemma to conclude that (6.24) has a global solution vy,.
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By (6.19), we have

KoDovy = D1Kyvy (6.25)
=D;Civn; (use (6.22) and (6.24)) (6.26)
= v; — KgHov1 (use (6.21) and K;v; = 0). (6.27)

This means that setting
vo = Dovy + Hovy (6.28)

gives a solution to

Kovg = v1 (6.29)
on M. By construction, vy is globally defined. ]

We now want to show that the parameters 1t and ¢ are zero. This will follow from the
Proposition 6.8. (1) Let go € C*(3X; S2<T;, X) and h = go/r. Then
I =0(r), Rl =0(1).
(2) Ifh = OQ1/r'*), then Iz = O(r'~*).

The proof of the above proposition can be found in Appendix B.

6.4. Proof of Theorem 6.1

(1) We start with the o # 0 case. Let £ = d;, be the stationary Killing field in Kerr. If
o # 0, then since ¢ is a mode solution by assumption, we have

L g =—iog. (6.30)
By [1, (1)] we know that there exists a 1-form w and a symmetric 2-tensor k which
vanishes when W[4, vanish such that

k=63 0+ % (6.31)

Applying Theorem 4.5 we see that \i/[,z] = \i![z] = 0 and therefore (6.30) and (6.31) give
.
8= ;‘%‘“»

S0 g is pure gauge in this case. In particular, (6.2) holds with 1t = a = 0.

(2) Let us now consider the case 0 = 0. Again by Theorem 4.5 we know that
\il[iz] = 0, i.e. g is a type D perturbation. By Proposition 6.5, we know that the gauge
invariants I¢, I are those of the Plebariski-Demianiski line element. We now apply
Lemma 6.3 and Proposition 6.8 to see that the parameters 11 and ¢ have to be zero. By

completeness of the gauge invariants (extreme Teukolsky scalars, linearized Ricci, I¢, I¢,
see [2]), we know that the linearized metric can locally be written as

g = gp(iiv, &) + 85, 0 (6.32)

for some suitable w. Applying Lemma 6.6 to & — g (1it, @) gives (6.32) globally on the
manifold. This completes the proof of the theorem. ]
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7. The gauge fixed linearized Einstein operator

In this section we present our results on the mode analysis of the linearized Einstein oper-
ator around the Kerr metric in the wave map/De Turck gauge. The results are analogous
to those obtained in the small a case in [25]. Recall that the linearized Einstein operator
around the Kerr metric in the wave map/De Turck gauge is given by

Lg, = 2(Dg,Ric + 8} 8, Gg,).

Here G, =1— 1gptrg, denotes the trace reversal operator in four spacetime dimensions.
In this gauge fixed setting, a zero mode solution of L ¢»(0)h = 0 can again be written
as h = g(m,a) (111, @) + 83, o, but the pure gauge term now has to lie in a fixed seven-
dimensional space. These gauge solutions correspond to

(1) the Coulomb solutions of the 1-form wave operator, representative of a residual gauge
freedom,

(2) asymptotic translations in space and asymptotic rotations, representatives of symmet-
ries in flat space.

To parametrize the asymptotic rotations correctly, we will allow perturbations in a € R3,
thus including changes in the axis of rotation. Note however that solutions of the form
&p (1, at), where at is orthogonal to the axis of rotation, are pure gauge solutions: they
merely describe the same Kerr black hole with rotation axis rotated infinitesimally. On
the other hand, g, (11, al) where al is parallel to the axis of rotation have to be considered
as gauge independent solutions (a gauge term nevertheless has to be added to make them
solutions of the gauge fixed equation). As we will also see in the following, the mass
perturbation it has in fact to be equal to zero. We start our analysis with the Fredholm
setting.

Theorem 7.1. There exists m, > 0 with the following property. Suppose that m > m,
and g < —1/2withm + q > —1/2. Then for any fixed C > 1, and moy < m, q¢ < ¢, there
exists a constant C' > 0 such that

lull gma < C'(I L gy, (@)ull gm-1r.a+2 + [[ul| grmo-ao) (7.1)

for all o € C, Jo € [0, C), satisfying C™' < |o| < C. If ¢ € (—3/2,—1/2), then this
estimate holds uniformly down to 6 = 0, i.e. for |o| < C. Moreover, the operators

Lg,(0) : {u € H"(X): Ly, (0)u € H' Y12 (X)y — A" 12 (X),
g >0,0 #0, (7.2a)
Lg, (0): {u e H"(X): Lg, O € H' M2 (X)) - A V2 (X),  (7.2b)
are Fredholm operators of index zero.

Remark 7.2. Under the same hypotheses as for (7.1) we also have the estimate

lull g < C" (L g, (@ull gom.asr + ]| grmo-ao). (7.3)
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In fact, both estimates (7.1) and (7.3) follow from a more precise estimate using resolved
scattering-b Sobolev spaces (see [59,61]). A similar remark holds for the Teukolsky oper-
ator and the scalar and 1-form wave operators.

Proof of Theorem 7.1. The proof is analogous to the proof of [25, Theorem 4.3]; we
recall here the principal ingredients. It relies in a crucial manner on the properties of
the Hamiltonian flow. The principal features of this flow remain unchanged also in the
large a case. In particular, the discussion in [25, Section 3.4] on the flow of the classical
symbol remains unchanged in the large a case. We refer to [20, 44, 59] for details of the
calculation of the flow. We use the notations introduced in [25, Section 3.4]. In partic-
ular, the set of radial points which lie in the conormal bundle of the event horizon are
called R* and those at infinity R in/out-

We first have to consider radial point estimates. At the horizon radial point, estimates
require the calculation of threshold regularity. The existence of the threshold regularity at
the horizon follows from the fact that B as defined in [59, p. 404] has a maximum and a
minimum on the compact set L."* This gives the threshold regularity 7, in our theorem.

For 0 # o € R, radial point estimates at infinity for L ¢, (0) similarly require the
computation of a threshold decay rate relative to L2(X). Concretely, the threshold —1/2
from [43, 62, Propositions 9, 10], [59, Theorems 1.1, 1.3] is modified by the subprincipal
symbol o (%p(lﬁ e (0) — L 5 (T) )| Ry 10/0n; WE NOW argue that this symbol vanishes.
Indeed, formally taking b = (0, 0), so gp = g is the Minkowski metric, and working

in the trivialization of S2*T*X given in terms of the differentials of standard coordin-
ates 7, x!, x2, x3, the operator Lg, is the wave operator on Minkowski space acting on
symmetric 2-tensors, hence a 10 x 10 diagonal matrix of scalar wave operators, and there-
fore the subprincipal symbol vanishes when using the fiber inner product on S2 *T*X
which makes dt2, 2dtdx’, dx'dx’ orthonormal. Changing from the Minkowski metric
to a Kerr metric does not affect the subprincipal symbol at R in/ou, as already argued
in [25, proof of Theorem 4.3]. Combining the radial point estimates at infinity from [59]
with those at the event horizon from [58] (see also [29, Proposition 2.1]) gives the stated
uniform estimates for Jo € [0, C] with C~! < |o| < C, for any fixed C > 1. The uni-
formity of the stated estimate down to 0 = 0 is proved in [61, Proposition 5.3]; this uses
the invertibility of a model operator (see [61, Section 5]), which in the current setting
and in the standard coordinate trivialization of S?T*X is the 10 x 10 identity matrix
tensored with the scalar model operator discussed in [61, Proposition 5.4].

It remains to prove that igh (0) has index O as stated in (7.2a)—(7.2b). We use a
deformation argument, which reduces the index O property of Egb (o) to that of the
Fourier-transformed scalar wave operator.

We first treat the case 0 = 0. Choose a global trivialization of S? 5/C_T\*_)Z then L 2, (0)
is a 10 x 10 matrix of scalar operators in p? Diffg (X), with the off-diagonal operators
lying in p? Diff! (X). Since adding an element of p? Diff} to Zgb (0) does not change

13Note that the requirementﬁ > 0on L4 in [59] is only formulated for notational convenience.
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the domain in (7.2b), we can continuously deform L 5, (0) within the class of Fredholm
operators on the spaces in (7.2b) to a diagonal 10 x 10 matrix with all diagonal entries

~

equal to the scalar wave operator at zero energy, (g, (0); the latter operator is known to be
invertible by Theorem 4.7; in particular, it has index 0. Thus, L g5, (0) has index 0 as well.
The index zero property for o # 0 follows from the same kind of deformation argument
using the invertibility of 0 2(0). L]

Remark 7.3. (1) As has been proven by Dyatlov [16], the trapping remains r-normally
hyperbolic in the whole subextreme range of a so that [17,65] apply. We therefore expect
that the high energy estimates of [25, Theorem 4.3] also remain valid in the whole range
of a. We however postpone this aspect (which is not needed for the mode analysis) to
future work.

(2) The threshold regularity at R* has been calculated in detail for Schwarzschild—
de Sitter metrics in [31]. As already mentioned in [25], the same calculation can be carried
out for the Kerr spacetime in the whole subextreme range of a and also gives the threshold
regularity 5/2. For the purpose of this paper we do not, however, need the exact value of
the threshold regularity and therefore avoid this rather lengthy calculation.

We will need the following definition:

Definition 7.4. Given two Lorentzian metrics g, g°, we define the gauge 1-form Y by
T(g:8°) = g(g°) "8, Geg’.

Theorem 7.5. Let am # 0 and my be as in Theorem 7.1.

(1) For Io > 0, 0 # 0, the operator

Lg,(0) :{h € H™(X;S2*T*X): Lg, (0)h € H M2 (X; 82%T* X))}
— AT (X S ETRY)
is invertible when m > my, ¢ < —1/2, and m + q > —1/2.

(2) Form > my and q € (=3/2,—1/2), the zero energy operator

Lg, (0): {h € B™(X:S2%T*X): Lo, (Oh € A" 172X S2%T%x)}
— HPMIY(XS2THX) (7.4)

has seven-dimensional kernel and cokernel.

Concretely,
ker Lg, (0) N H* 127 = (hp s0) @ thp1(V):V € Vi} @ {hy 1(8):S € Sy,
(7.52)

ker Lg, (0% N Hy ™7V = (h} ) @ (k] (V):V € Vi} @ {h} ,(S):S € Sy},
(7.5b)
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with
hb,sO = 8;1; Wp,s50> hb s0 T ngggbwb 50° (7.6a)
hb,sl(s) = 8;;, Wph,s1 (S)’ hb s1 (S) ng a)b’sl(S), (7.6b)
hp w1 (V) = §5(0,8) + 85 @, hy (V) = Gg, 8z, @5 1 (V), (7.6¢)
where a, w € I:Ifo’_l/z_ depend on b,\; here S € Sq, V € Vy. We also have
hoso € HEV? | hys1(S) € HV?7 | hy 1 (V) € p€> + HE?™, (1.7)
hy o (S) € H™V27 hy (V) € p€® + H™>127 (18)

Moreover, h;,so has compact support. At b = by, we have hp, ,1(V) = 2wp, 50 @5 V

The dual states are supported in r > ry, € in r > r4, conormal at d+ X with the
stated weight, and lie in H /2~ near the event horizon. Furthermore, all zero modes are
solutions of the linearized Einstein equations and satisfy the linearized gauge condition,
that is, ker ng )N I-_Ilfo’_l/z_ C ker Dg, Ric Nker Dy, Y(—; gp) in the notation of
Definition 7.4.

Remark 7.6. Asymptotic boosts are not captured by this theorem. They are generalized
mode solutions meaning that polynomial growth in 7, has to be permitted, in particular
the boosts having linear growth in #,. In the small a case also quadratically growing
generalized modes exist, which is essentially due to the choice of the gauge. In the small
a case they could be eliminated by constraint dumping; see [25, Sections 9, 10]. We
postpone the analysis of these generalized modes in the large a case to future work.

Remark 7.7. Recall from the beginning of this section that the solution in (7.6¢) can also
be written as /p 4,1 (V) = £5(0, ally + 8, @ for some appropriate gauge term §g,

We also repeat Remark 9.2 of [25]:

Remark 7.8. The ‘asymptotic rotations’ wp ,1 (V) of Proposition 5.3 were not used here,
even though they give rise to zero energy states i (V) := 8;}’ wp,p1(V) € ker Lg, (0) N

P_Ifo 2= 1 explain why they are, in fact, already captured by Theorem 7.5, note first
that when b = (m,0) describes a Schwarzschild black hole, then wp 1 (V) = r2V is dual to
arotation, thus Killing, vector field, hence /5 (V) = 0. On the other hand, when b = (1, a)
with a # 0, consider the orthogonal splitting V; = (82)) @® V+, where 9, is unit speed
rotation around the axis of rotation; the latter is a Killing vector field for the metric gy,
and thus 7y, (8';,) = 0. On the other hand, V* 5 V > h; (V) is now injective; that this does
not give rise to new (i.e. not captured by Theorem 7.5) zero energy states is due to the fact
that for such b, the parametrization of the linearized Kerr family R* 3 (i1, a) > g5 (i1, a)
is no longer injective when quotienting out by pure gauge solutions, but rather has a
two-dimensional kernel. As already explained at the beginning of this section, if a is
orthogonal to the axis of rotation, then g(m,q)(0, a) is pure gauge: it merely describes
the same Kerr black hole with rotation axis rotated infinitesimally, i.e. is precisely of the
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form (V) for V € V1 (plus an extra pure gauge term depending on the presentation of
the Kerr family). In summary then,

hp1 (V1) + hp (Vi) = hp1(V1), b= (m,a),
is three-dimensional for a = 0 as well as for a # 0.

Proof of Theorem 7.5. Consider a non-zero frequency mode solution Zgb (o)h =0,
S0 >0.Weputg = e 90 h.
The linearized second Bianchi identity implies

Sgb Ggh 5;;, (8813 Gg;, g) = 0.

If o # 0, then §g,Gg, ¢ is an outgoing mode; if o = 0, then ggb (0)Gg, h € I-_Ifo’l/z_.
Indeed, we have

8g, (0) € pDiffl (X: S2*T*X,“T*X),
8% (0) € pDIffl (X:*T*X, S>*T*X).

This can be shown as in the small a case (see [25, (3.42)]). In both cases, Theorem 5.1
and the fact that the generator wj ¢ of the kernel does not lie in I-_Ilfo /2= imply

8g,Cg,& =0, (7.9)

and thus also
Dy, Ric(g) = 0. (7.10)

Next, we apply the mode stability result, Theorem 6.1. Consider first the case o # 0;
then ¢ = 5;ha) with @ an outgoing mode; plugging this into (7.9), we obtain g, 1 =0
and hence @ = 0 by Theorem 5.1, thus 7 = 0. This proves the injectivity of L g5 (0) for
non-zero o with Jo > 0, hence its invertibility by Theorem 7.1.

Suppose now o = 0, that is, we consider

Lg, (0)h = 0. (7.11)
By Theorem 6.1 we know that
h=gp(ina) + 65,0, weH "
Plugging this into (7.9) gives
Og, 1 (0)w = 284, Gy, &5 (i1, 4). (7.12)
Pairing with oy, gives

0= —2(8g,, Gg,,gb(mv a), w;,so)'



Mode analysis for the linearized Einstein equations on the Kerr metric 3971

This entails
(88ngbgb(07é)va)Z,s0> _ _L
<8gngbgb(lvo)va,so> 87

Ih = - (Sgngbgb(()’ é)’a)g’s())a

where we have used (6.4). An explicit calculation shows'*

1 . o
g(ggh nggb(O, a)7wb,s()) =0, (7.13)

and thus 1t = 0. Note that the general solution of (7.12) can be written as an element of
the kernel given by proposition 5.2 plus a ‘special solution’. These special solutions are
parametrized by a € R3. This shows that every solution of L ¢, (0)h = 0 is of the form
(7.6a)—(7.6¢). We now have to show that (7.6a)—(7.6¢) indeed define solutions of (7.11).
hp.s, and hp g, are solutions of both (7.9) (by construction of wp s, and w5, ) and (7.10)
(as pure gauge solutions).

It remains to construct a continuous family (in b) of elements of ker Zgb )N
P_Ifo o~z extending /1, 1 (V). For V € V| which is (dual to) the rotation around the
axis a4 € R3 (with V having angular speed |a|), we make the ansatz

hp,w1 (V) = €5(0,4) + 65, w, (7.14)
with w € I-_Ig>o "=3/2= {6 be found. The equation Zgb (0)hpp1(V) = 0 is then satisfied
provided”

g, (0)w = —284, Gg, 85(0,8) € HZ? (7.15)

In view of Theorem 5.1, the obstruction to solvability of this is the cokernel ker 0 2, (0)* N
Hy o2 = (@} ;o)- In view of (7.13) the RHS is in the image of (I, (0) and the
equation can be solved with some w € I-_Ilfo —1/2= By Theorem 7.1, Zb (0) is Fredholm
of index zero, therefore the cokernel has dimension 7. It can then be checked that the
elements of the RHS of (7.6a)—(7.6c) are elements of the cokernel and have the required
properties: we refer to [25, proof of Proposition 9.1] for details. Eventually, the decay
properties in (7.7), (7.8) follow as in the small a case; see [25, Lemma 9.6] for details.'®

L]

Remark 7.9. Note that when changing coordinates by t = 1. + F with F € €2°(X}),
£¢5(0, a) will be changed by a gauge term §; w. Changing g5(0, a) by a gauge term
8z, € I:Ifo’_l/z_ will not change the pairing in (7.13). Indeed,

—2(8g, G, 8%, 0. Wp.50) = (Lg, (M., 0} 1) = (. 0%, (0w} ) = 0.

This also means that (7.13) only has to be computed for perturbations a, which are
parallel to the axis of rotation (see Remark 7.8).

14Calculation realized with Maple.
15The RHS has been computed explicitly with Maple.
16Note that the term p€°° is missing in the description of hp,p1(V) in [25, Lemma 9.6].
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Appendix A. Proof of Proposition 6.5

In [3], two complex scalar gauge invariants, I¢ and I¢, were presented for perturbations of
the Kerr spacetime. The authors also identified specific curvature invariants that reduce to
these gauge invariants in the linearized theory. As already indicated in Section 6.3, these
invariants are sensitive to variations of the Kerr parameters. Together with the Teukolsky
scalars, ® 1, = ¥ W, (in the notation of (4.23)), and the linearized Ricci tensor, (denoted
by the linearized Ricci spinor ©# ®4p4/p’ in the NP formalism), they form a minimal set
that generates all local gauge invariants. For Proposition 6.5, we are interested in vacuum,
type D, perturbations, for which both ¥ ®4p4/p7 = 0 (vacuum) and 3 W1, = 0 (Type D).
In this Appendix, we discuss vacuum, type D, perturbations of Kerr in Boyer-Lindquist
coordinates (¢, r,x = cos 6, ¢). By comparison with equation (24a-e) of [3], the equations
(A.26) below, for Il¢ and Iz, show that they are then perturbations within the Plebariski—
Demianski family. This confirms the classical result of Wald [63] obtained by using a
different technique. We are grateful to Steffen Aksteiner (private communication, 2020)
for providing this argument.

The extra notation introduced here has been defined in [1]. Denote the linearized met-
ric by h,p and its trace-free and trace parts by hgb, }i, respectively.

Let K* be the projection operators defined in [4, Section I1.D]. Let k4 be the Killing
spinor in the Kerr spacetime, and let ko be the corresponding spin-weight zero scalar so
that k4 p = —2k00(4tp) for a principal dyad o4, (g (see [4, (21)]). The operator X i acting
on a spinor @4.. p4-...p’ is defined, up to a normalization, by tensoring with « lesp and
contracting i indices. For example, for ¢4p4/p’/, we have

(K°0)aBcparn = 2Ky ‘kK(aBPCD)A B’ (A1)
(K'Q)aparn = kg 'k oByrarpr, (A2)
(K20 wp = —2k5 '« Boapap. (A3)

We shall also need the fundamental spinor operators .7, %, Al (see [4, Section II.C]). For
B'C’

example, for a spinor ¢pc we have
(Z@)ac B =V opc)® . (A4)
(69)acC = Viap o), (A5)
()P = VEW gpc B, (A.6)

Finally, the spin projection operator P’ (see [4, Section IL.D]) yields a spinor depending
only on the components of spin-weights +i. Here we shall need only $? which when
acting on ¢4 pcp takes the form

(P*9)acp = (K' X' K'K'0)apep — (KO K K K@) apcp. (A7)

In particular, (P29 W) 4pcp depends only on the scalars 9 W.,.
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Recall the definition of Iy, V' € {&, }, from [2, Section 5] together with the definition
of A% from [1, (57a)], assuming vanishing linearized Ricci spinor, 3 ®4p4/ 5 = 0:

Ag =~ MbE, — L MEBE (KO K21 apar

+ 2168 4 (K K20 W) ap + (KT (k1 9 Wo))aar. (A3)
Iy = —81A9V, — 3why, Vg
+ 540 (k1 VAV EE 4 (K1 K20 W) ap — 21 H(K2EV )9 Wy). (A9)

Proposition A.1. Assume we have perturbations with vanishing linearized Ricci spinor,
Y DPaparp =0, and the linearized Weyl scalars 9 V1, = 0. Then compatibility conditions
between gauge invariants yield the gradient

V,Iy = —81iV4B (€13A) g ar + 81i(ETV)E 4 SAum (A.10)

forV e &, ¢}

Proof. Introduce the notation ="/ for a collection of terms containing up to n derivatives
of the linearized metric h,p. It follows from the classification of gauge invariants [2, 3]
that since we consider only vacuum perturbations with #W4, = 0, all gauge invariants
of at most second differential order in &, are zero by assumption. This implies that we
can prove (A.10) up to d=2h terms which will, by construction and gauge invariance, be
automatically zero in the final step . We do this computation in several steps and the terms
in =" may differ from line to line.
The gradient of (A.9) is of the form

V. ly = —81V.(A9V,)

+ 549 (1 2V AYEE 4V (KTK2OW)ap — 2 (K2EV)Ved W) + 952,
(A.11)

We compute the three non-trivial terms, V.9 Wq, Vo (K1 K20W) 45, V. (A%V,), sep-
arately to finally recombine them in (A.11) to prove the result.
The first term is straightforward, as from (A.8) we have

Vi Wy = (TOWo)aur = k1 (K A) g0 + 0520, (A.12)

For the second term, we have to use linearized Bianchi identities. By [1, Lemma 3.1] and
because we assume ¥ ®4p4/ 5 = 0, the linearized Bianchi identities are of the form

¢Tow = 9='h, (A.13)

and we collect some consequences:
e Applying X! K2 to (A.13) we find

CTKIK2OV = 79Uy + 052h. (A.14)
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e Applying X! X! to (A.13) we find
FTK KWV = 6T KO K20W + 95'h. (A.15)

e Using a spin decomposition of 3V [1, Example I1.8], and some commutators of K
operators, we find

190 = TPV + CTHOKPOU + LKOK T, + 9%%h, (A.16)
which leads to
CTHOK2OW = —LKOK T, + 9=2h, (A.17)
by (A.13) and the assumption W4, = 0, which is equivalent to P23 ¥ = 0.
Using these points, we can compute the second term,
Ve (K ' K29W) a5 = Zecaic|(CTK K29V gycr + (T K ' K20W) apcc
= §€(A|C|(«7l9‘1/o)3)0/ + %(J(O,Klﬂz?\lfo)wcc/ + 0%%h

= 211 *euc)(K'A)pycr + 1 H (KA apcer + 950, (A.18)

where (A.12) was used in the last step.
The third term involves derivatives of A? which can be found in [1], in particular

VaAp) = 0=, (A.19)

with real right hand side, and applying X! to [1, (58¢c)] and commuting'” operators, we
find

2 0,1 1,1 0,1
CA=——K'EOA) -3’ 0 TK IV + 5 O ¢TKIK2OW + 3=2h.
1

(A.20)
Using (A.19) and the fact that V¢ is Killing, the third term becomes
Ve(ViAL) = 2VAc/(CA)ca + LA c (V) ca + Ve (€ A crar
+ A (@ V) orw + 35 (A21)

Inserting (A.12), (A.18), (A.21) and (A.20) in (A.11) leads to
Vely = =8LA4c(€V)ca — SV (€ A crar — B A €TV ) orw + 9520
n 27VAAEB 4 (KOA)capcr n 27V A £ B (K R)cer

4K1 4I21/
/ / ; —1—
n WA EA 4 (K 'A)ac + WAL Ec 4 (K1 A)ac + WACEAY (K A)car
K1 K1 /21/
VAL e (K R)ca —1 —
+ — B (K D) cc(K*EV) =LK A)cc (K €TV).

K1/

(A.22)

17Commutators with K -operators are given in [4, Appendix B].
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The final step consists of splitting A, = RA. + i JA,, eliminating €TRA using the
complex conjugate of (A.20), and computing that all terms involving RA. cancel for
Ve e {2, ¢4}, Similarly, most terms involving JA. cancel so we end up with (A.10). m

In Boyer-Lindquist coordinates, § = 3, and ¢ = a?d, + adg. Moreover, JA, is a
real, gauge invariant vector field. Since a (nice) identity [1] dictates JA, to be a Killing
vector, we can make an ansatz

JA, = A, + B, (A.23)

for real constants A, B.
As ¢, can be written in terms of &, and the Killing spinor,
Can = —2(k1% + kv D)ean + SkapiapEBE, (A.24)
the ansatz (A.23) inserted into (A.10) can be simplified and an expansion in Boyer—
Lindquist coordinates leads to 9,1y = 04l = 0 and (remember that x = cos 6)

81(—2iAM + Bax(r* 4+ 2iarx — ax(2iM + ax)))

0yl = , A.25
it (r +iax)? ( 2)
81a(2AM + B(r(r +iax)? + M(=3r? —2iarx + a’x?
Oxle = ( (r( ) : ( ))), (A.25b)
(r +iax)?
0, — 81Aax(r? 4+ 2iarx —ax(2iM + ax))
rit= (r +iax)?
L62B a?x3(@+iMx)+ir3(=1 + x?) —ia?rx?(1 + x?) + ar?(x — 2x3)
(r +iax)? ’
(A.25¢)
o1 — 814a(r(r +iax)* + M(=3r? = 2iarx + a®x?))
= (r +iax)?
162802 —irtx+adrx?+ia*x3+ia%rx(r —2.Mx2 +rx?)+ar?(r—3Mx?+2rx?) '
(r +iax)?
(A.25d)
With complex constants C, D, the general solution is given by
81i (2AM + Bax(3iMr —ir? — Max + arx
[ =C+ ( ( . )), (A.262)
r+iax
I =D+ 8lAax(3iMr - ir?—Max + arx)
—Ir + ax
N SIBaZ(—ia3x3 +arx?(a +2iMx) —r3(=1 +x?) —iar?x(1 + xz))
—ir + ax ’
(A.26Db)

which, by comparison with [3], can be directly identified with perturbations within the
Plebanski—Demiariski family of solutions.
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Appendix B. Proof of Proposition 6.8

We work on the Kerr background with Boyer-Lindquist coordinates (x¢) = (¢, r, 6, ¢).
Use index symbols A, B, ... for ¢,r; o, B, ... for angular; and a, b, ... for general
coordinates. We start by collecting relevant decay properties of the background quantities.
For the metric components we have

gAB = (9(1)’ 8Aa = (9(’,—1)’ 8ap = (9(}’2), (Bla)
g8 =001), g**=007%, g =00 (B.1b)

For the Christoffel symbols we have (see [46] for their explicit form)

TA =002, Il,=007, (B.2a)
rd =002, T =00, (B.2b)
e, =002, TL,=00". (B.2¢)

The remaining quantities which are needed are

0.0/ =00, (B.3a)
7,7 =002, (B.3b)
Wo =007, (B.3¢)
IV = O™, (B.3d)
p=0(), (B.3e)
Ip=0Q0). (B.3f)

We start by proving (1). The coordinate components of the Riemann tensor are

Rapea = %(gad,bc + 8bc,ad — 8ac,bd — gbd,ac) + gef(rsalrbfc - F;crl{d). (B.4)

Since we are considering the vacuum case, this agrees with the Weyl tensor. We will start
by showing
VW = O@F ™). (B.5)

As
IOWo ~ 12 Rirop (B.6)

where Rgpe4 is the linearized Riemann tensor, this corresponds to
Rirop = O(r™). (B.7)
From (B.4), the R,mﬂ has two terms 7, II. Using the special form of /, we have
I = 2(higiro + hrowe — heoiro — hrowo) = 2(higro — higre) = O(r2).
For the second term, we consider the linearization of

ger (Tis Ty — T6TL). (B.8)
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The linearization has two types of terms, first using (B.2c),
Iy = hep(T5, T — T4 TL) = 0700 = 0(r™).

and
oy = ey U, T)y.  Iap = ges TSI
We have
geff‘j;, = 3 (haep + hvesa — habse)-
A calculation shows
2gefﬁtfo¢ = hieq — Mtae = (9(},—1)’

and hence
4 = O(r ).
Similarly,
2811y = hrea + haer —hrae = O,
and hence

I = O@F3).
This shows that (B.7) holds.
Now,

DFh = 0(~'%), where D =p,p’. 8,9,
YW =003, i=-2,-1,01,2.
Further, by the above,
W = 0O@r™3), 0¥y = 0@F™*). (B.9)
In addition to (B.3), in Kerr we have n = ¢ = 0 and in this case
JWy = O(r™%).

We now consider the expression of Iz in (6.6). The only term which, a priori, may have
too strong growth is

lIJo(p2 + ﬁz) — 2@(,?2 —4p(p_o0 — p4+17) = 4r2i Wy + diacos O r 1 + (9(r_2)
=4iacosOr L + O@F2).

Using (B.9) we find that the second term in Iy is @(1). The first term is O (1), while the
third term is imaginary, and the fourth term is @ (r ). In particular,

Ir =0(r), Rl =0(Q1).
This finishes the proof of (1). Let us now show (2). The difference is now that
D*h = O@(~17%*), where D = p,p’,d,7,
W = 0379, i =-2,-1,01,2.

With this information, a straightforward computation using (6.6) shows that for /.5, =
O(r~17%), we have
]If = (9(7‘1_8).
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