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Abstract. Suppose SL>(IFp) x SL»(IFp) is generated by a symmetric set S of cardinality n where
p is a prime number. Suppose the Cheeger constants of the Cayley graphs of SL(IF,) with respect
to 77, (S) and wR(S) are at least cg, where 77, and wg are the projections to the left and the right
components of SL; (Fp) x SL»(Fp), respectively. Then the Cheeger constant of the Cayley graph of
SL>(IFp) x SL5 (Fp) with respect to S is at least ¢ where c is a positive number which only depends
on n and cg. This gives an affirmative answer to a question of Lindenstrauss and Varju.
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1. Introduction and statement of main results

1.1. Background and main results

Let X® i e N, be independent identically distributed (i.i.d.) random variables into a
finite group G, with distribution p. An [-step random walk on G with distribution [ is
the random variable Xy = X OxE-D...xD Given independent random variables X, Y
into G with distribution u and v, respectively, the distribution of XY is the convolution

Wk v(y) = Z v (xy)

xeG

of 4 and v. Similarly f * g can be defined for any f, g € L?(G). Now the distribution
of Xy is ‘
w® = pkx
———
¢

We say that a measure i on G is symmetric if p(x) = u(x~!) for every x € G. In this
work, we assume that p is symmetric. We note that x induces an operator T}, : L?(G) —
L?*(G) given by

T;L (fH)=px*f
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Moreover, G acts on L?(G) in the following manner:

(- ) = fx X0,

and so L2(G) is a C[G]-module. We can identify L?(G) with C[G] by sending f to
Y reg f(x)x, and via this identification f * g is sent to fg, the product of f and g in
C[G]. Let L?(G)° be the space orthogonal to the constants in L?(G). Since L?(G)° is a
C[G]-submodule of L*(G), T, sends L?(G)° to itself. We note that for every f € L2(G)
we have

1Tl = | 3w 7|, = 3wl fllz = 1/
xeG

xeG

We define the spectral gap of u to be

Alp) = ||TM|L2(G)°||ops

and inspired by the definition of Lyapunov exponent, we let

L(n) = —logA(p),

where log denotes the base 2 logarithm.

Notice that the chosen name, spectral gap, might be a bit misleading. Since w is a
symmetric measure, T, is a self-adjoint averaging operator, so the spectrum of 7}, consists
of real numbers in [—1, 1]. The absolute values of the eigenvalues of T, give us |G|
numbers (with multiplicity) in the interval [0, 1]. The second largest number in this list is
A(w), and the gap between A(u) and 1 is what we would like to control; clearly, &£(u)
gives us a way to measure this gap. In the literature, a family {u; }; of probability measures
is said to have the spectral gap property if sup; A(u;) < 1, and so despite this caveat, we
still use A(p) to denote the spectral gap of .

Note that £(u) > 0 implies that the support of u generates G. If X is a random
variable with values in G and distribution p, we let A(X) := A(u) and £(X) := L£L(w).

The spectral gap A(u) gives us a measurement of how fast the random walk is getting
equidistributed in G (at least in L2-norm). To formulate this, for every finite set A, we
let ;14 be the probability counting measure on A. Since for every probability measure v
on G, the orthogonal projection of v onto the constants C g C L?(G) is g, we have

*(£) *(£)

11*® = p 3 = 1*® * ey — o) 13 = 1Ty — 1)l

< 2w gy — a3 = 27229 gy — pell3-

Because of this type of control on convergence to equidistribution, we are interested
in finding a lower bound for £(u) independent of |G|.

In this work, we investigate random walks in G x G. In a forthcoming joint work of
the first author with Mallahi-Karai and Mohammadi [8], a result in the following frame-
work is proved: if two compact groups G; and G, are drastically different, then for a
probability measure ( on G; x G, we have £(u) > 0if L(7r[u]) > 0and L(wg[u]) >0,
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where 7 : G X G, — G and g : G| X G, — G are the projection maps. One cannot
expect a similar result when G; and G, have a non-trivial common (topological) quotient.
For instance, consider the case G; = G, = G and let  be the probability Haar measure
of the diagonal embedding A(G) of G in G x G. Then clearly £ (7z[u]) and £(wr[u])
are positive, but £(i) = 0. In this example, however, the support of © does not generate
(a dense subgroup) of G x G. What if we add this extra algebraic condition? This sub-
tlety is highlighted by Lindenstrauss and Varju [14, Open problem 1.4] in the form of the
following question:

Question 1 (Lindenstrauss—Varji). Suppose S is a symmetric generating set of
SL,(F,) x SLy(FFp). Is it possible to estimate the spectral gap of ps in terms of the
spectral gaps of the projections to the direct factors and |S|?

In this article we give an affirmative answer to this question.

Theorem 1. Let ju be a symmetric measure on SL,(Fp) x SL(Fp) such that

L(rul), L£(mrp]) = co > 0

and the minimum of | on its support is ag. If the support of u generates the group
SLy(Fp) x SLa(Fp) and p > cya0 1, then £(1) >>cp.a0 1, Where the implied positive
constant only depends on co and .

In our forthcoming article, we use the results of this work together with modular rep-
resentation theory of SL;(F,), Bourgain—Katz—Tao’s sum-product result on finite fields,
an investigation of certain unipotent group schemes, Gowers’s theory of quasi-random
groups, and Bourgain—~Gamburd’s method of gaining entropy to study random walks on
group extensions. In particular, we extend Theorem 1, and show that if G is a connected
simply-connected perfect Q-algebraic group and F is a finite field with large enough
characteristic, then the spectral gap of a random walk on G(F) can be bounded by the
spectral gap of the projection of the random walk on simple quotients of G (F'). For the
sake of clarity, highlighting our entropy inequality, and separating more algebraic tools,
we have decided to consider this special case in a separate article.

1.2. Applications

Studying spectral gaps of random walks on compact groups is an extremely interesting
subject with many applications. For instance, it has been used to give an explicit con-
struction of expander graphs, or recently in affine sieve and sieve in groups. We refer the
reader to the beautiful surveys by Lubotzky [17] and Kowalski [12] for details and many
more applications. Here first we present a combinatorial interpretation of Theorem 1 as it
is formulated in the abstract, and then give one application which is new in nature and it
is a consequence of our main result.

1.2.1. Cheeger constant and expander graphs. One of the interesting applications of the
study of spectral gaps of random walks on a family of finite groups is its connection
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with the explicit construction of expander graphs. For a graph with finitely many vertices
9 = (V, E), the Cheeger constant of g is defined to be
)=, it 10A/IAl

where d(A) is the set of vertices that are not in A but connected to a vertex in A via an
edge. This constant measures how connected the graph § is. A family (;);eq of finite
graphs is called an expander family if there exist k, ¢ > 0 such that for all i € d, the
maximum degree of a vertex in §; is at most k and e(%;) > c. Expander families have
an interesting history and have found applications in various areas of computer science
and mathematics (see [10,13]). An expander family gives us a family of sparse (not many
edges attached to a vertex) yet highly connected (expansion constant bounded below)
graphs.

A result of Dodziuk [5] and Alon [1] (see [16, Proposition 4.2.4]) gives an isoperimet-
ric inequality for regular graphs. In particular, this result implies that if § is the Cayley
graph of a finite group with respect to a symmetric generating set S, then £(ug) has a
positive lower bound in terms of |S| and the Cheeger constant of &, and conversely the
Cheeger constant of § has a positive lower bound in terms of £(us) and |S|. Hence
Theorem 1 implies the following.

Theorem 2. Suppose S is a symmetric generating set of SLy(IF,) x SLo(IF,) where p is
a prime number. Let wty, and mg be the projections to the left and right components of
SL,(Fp) x SLo(Fp), respectively. Suppose |rp(S)| = [wr(S)| = |S|. Let 1 and &g be
the Cayley graphs of SLo(IF,) with respect to wp (S) and wr(S), respectively. Suppose
the Cheeger constants e(§1) and e(§R) are at least cy. Then the Cheeger constant of the
Cayley graph of SL,(Fp) x SLy (I, ) with respect to S is at least a positive number which
depends only on |S| and cy.

Let us remark that the technical condition on the cardinality of 7z (S) and wg(S) is
not needed. In a forthcoming article on random walks on perfect groups we will show
that if « and p’ are two probability measures on a finite group that have the same support
and the minimum of x and @’ on their support is at least o, then £(1) Ko, L(1') Ko,
£ () (this is probably well-known to experts). This result allows us to remove the above-
mentioned technical condition.

1.2.2. Representation and character varieties. Let F, = (a, b) be the free group freely
generated by a and b. The SL,-representation variety of F5 is given by the functor

Rep,(A4) := Hom(F>, SL,(A4))

from the category of unital commutative rings to the category of sets. It is clear that
Rep,(A4) can be identified with two copies of SL,(A4). The group SL, acts on Rep, by
conjugation. The geometric quotient of Rep, by SL, is a variety and by works of Fricke
it has an integral model which is denoted by Ch,. In particular, for every p € Rep,(A),
we get a point [p] € Chy(A4), and we have [p1] = [p2] for p1, p» € Rep,(A) if there is
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x € SLy(A) such that po(y) = xp1(y)x~! forall y € F, (notice that the converse of this
statement is not correct, but that is not related to our application). For all w € F, and
[p] € Chy(A), we let

tw([p]) := Tr(p(w)).

By works of Fricke, we can view f,, as a regular function on Ch,. For every positive &,
we let

Rep, (IFp)s := {p € Rep,(Fp) | L(1pq)x1 o)1) = 8-

Note that | Jg. o Rep, (Fp)s = {p € Rep,(Fp) | p(F2) = SL»(FFp)}. We can show that many
ty’s can distinguish two distinct points [p;] and [p;] of Chy(F,) if p1, p2 € Rep,(Fp)s.

Corollary 3. Suppose § is a positive number and py, p2 € Rep,(Fp,)s. Suppose a, b freely
generate a free group F,. Then there is 0 < 8 := B(8) < 1 such that for every positive
integer £ the following statements hold:

@) prl 75 02, then
1O, G e Fy | pu(w) = pa(w)}) < p~' + BISLa(F ).
(ii) If [p1] # [p2], then either

e 21 e, (w € B | tu(o1]) = tu([02D}) < 5p7" + BYISL2(F)],

or there is an automorphism $ of SLo(Fp) such that for every w € F», pa(w) =
+¢(p1(w)). In the latter case, ty, ([p1]) = Lty ([p2]) for every w € F.

It is not known whether there is a positive number 8 such that
Rep, (Fp)s, = {p € Repy(Fp) | p(F2) = SLa(Fp)}.

So we do not know if Corollary 3 holds for a fixed universal constant 8 and any surjective
p1. p2 € Rep, (Fp).

1.3. Proof strategy
Note that since the natural quotient map
T:SLy(Fp) x SLy(Fp) — PSLy(Fp) x PSLy(Fp)

has a kernel of cardinality at most 4, it is enough to prove a similar result to Theorem 1 for
PSL,(Fp). Let us recall that for a random variable X with finite support and probability
law w, the Rényi entropy of X is

H>(X) := —log || ull3.

Let X = (X1, Xgr) be arandom variable into PSL, (IF,) x PSL,(IF,) with distribution 1.
We assume that p is symmetric. Suppose that

L(r[pu]). L(Llu]) > co > 0,
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w4 has minimum o on its support, and the support of 1 generates PSL (F,) xPSL, (Fp).
Let L, be a large natural number. Using the Bourgain—-Gamburd method (see [3]), we
deduce that the only obstacle to p having a spectral gap depending on ¢ and L is if there
exist an automorphism ¢ of PSL>(F,) and an integer £ > L log |PSL,(IF,) x PSL,(IF,,)|
such that

P(X; € Ty) > |PSLy(F,) x PSLy(IF,)|~1/2°, (1)

where I'y = {(x, ¢(x)) | x € PSL,(F,)} is the graph of ¢. Since the group of outer
automorphisms of PSL, (F,) has only two elements, we reduce the general case to the case
where ¢ is inner, say that ¢ (x) = zxz~!. Notice PSL,(F,) x PSL,(F,) acts on PSL,(F,)
by the left and right multiplications; that means (u, v) - x = uxv~!. The graph Ty is the
stabilizer subgroup of PSLy(FF,) x PSL,(F,) with respect to z~!; that means

Ty = {(u,v) € PSLy(F,) x PSLy(F,) | (u,v) -z~ =271},
Thus inequality (1) turns into
P(X¢-z7' = z7Y) > [PSLy(F,) x PSL,(F,)|~1/%6. 2)

We would like to show that (2) is impossible. Inequality (2) suggests that the Rényi
entropy of X, - z~! should be small. This brings us to studying H,(X, - Y) where Y
is a random variable on PSL,(IF,) that has small Rényi entropy. We note that X, - ¥ =
(X1p)e Y(XR)ZI, and we know that (X,); and (X g), are almost equidistributed for £ >,
log |PSL,(F,)|. But we do not know how (Xz), and (Xg), are correlated. All we know
is that the range of X generates PSL,(IF,) x PSL,(IF,). The following lemma is instru-
mental in resolving this issue.

Lemma 4. Suppose G and H are two finite groups, and G acts on H. Let XV, X@ pe
i.i.d. random variables into a finite group G and Y (VY @ be i.i.d. random variables into
a finite group H. Then

H2((X(l) . y(l))—l(X(2) . y(l))) > Hz((X(l) . y(l))—l(X(l) . y(2))).

Lemma 4 is consistent with the general principle that reducing the degree of freedom
should decrease the Rényi entropy. Applying Lemma 4 to our random variable X, we get

Hz((X(l) . Y(l))—l(X(2) . Y(Z)))

v

Hz((X(l) . Y(l))—l(X(l) . Y(Z)))
= H((XPryOxH) H T xPy@x
= Hy(XQ (v O)~ 1y @ (x ()1, 3)

Based on (3), we get a lower bound for H, (X . Y 0)=1(x @ . y ®)) ysing conjuga-
tion by Xg. Since we have control on the spectral gap of Xg, after £y := O, (1) steps
the random walk (Xg)g, gets close to equidistribution. This implies that conjugation by
(X R)¢, spreads the weight almost equally in the conjugacy classes that intersect the range
of (Y M)~y @ Since every conjugacy class of PSL,(IF,) except {1} has at least p ele-
ments and Y has small Rényi entropy, we obtain the following dichotomy:
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e Either Y is almost concentrated at one point or we gain Rényi entropy after conjugation
by XR.-

By gaining Rényi entropy, we mean that for some ¢ := g(cg) > 0 and £y := O¢a,(1),

Hy(XR)ee ¥ )Y P (XR), 1) = Ha(Y D) 7'YP) 4 &

If Y is almost concentrated at one point, we use the assumption that the range of X
generates PSL, (IF,) x PSL,(IF,) to show the existence of &1 := €1(xp) > 0 such that

Hy(X -Y) > Hy(Y) + e1.
Altogether we obtain the following lemma.

Lemma 5. Let G := PSL,(FF,) x PSL,(F,). Suppose X := (XL, Xr) is a random vari-
able with values in G and probability law . Set ag := min{P(X = x) | x € supp(u)}
and suppose L£(XR) > co > 0. Suppose that the range of X generates G. Then there exist

constants L, C >, o, 1 such that for every random variable Y on PSL,(Fp) and every
> Llog|G]|,

Hy(X¢-Y) > % log |PSL,(F,) x PSL, (Fp)| — C, 4)
where X - Y = X, YXIE1 and Xy is the £-step random walk with respect to L.
For large enough p, (4) implies
Hy(X,-Y) > % log |PSL,(IF,) x PSL,(Fp)|.
Therefore for every £ > Llog |PSL,(IF,) x PSL,(FF,)|, we have
P(Xe 270 = 271) < e 22077 < PSLy(F,) x PSLo(F,)| /2.

Thus Lemma 5 shows that (2) cannot hold, and this completes the proof.

2. Notation and preliminary results

2.1. Conventions

If f:G — V is a function from a finite group to a C-vector space and u is a measure
on G, we define

/G Fdp() = Y p() f(x)

xeG

We endow L2(G) with the inner product

(frg) =) flx)g(x)

xeG
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where f. g € L?(G).For f € L?(G), fv € L2(G) is given by
) =G,

Note that if X is a random variable with values in G and distribution u, then the proba-
bility law of X ! is /1.
For a subset A of a finite group G and a positive integer k, we let

[[xA:={a1---ax | ai,...,ar € A}.

2.2. Basics of Fourier analysis for finite groups and quasi-random groups

Suppose G is a finite group. Then G denotes the set of irreducible unitary subrepresen-
tations of the regular representation L2(G). For f € L?(G), the Fourier inverse of f is
defined as

F) = |?1| S f@)n(e)",

geG

where 7(g)* is the adjoint of (g). For fi, f» € L?(G), the convolution of f; and f5 is
defined with respect to the counting measure (and not the probability counting measure)

fix )= Y filn) falx),

X1 X=X
and we have -
Sr* fa(m) = |G| f2() fi () S
for every m € G. The Parseval theorem states that
1715 =) dimx ] £ (). (©)
neG

where ||f||% = ﬁ > ¢eG | f(g)|* and the Hilbert-Schmidt norm || T'||Zg is Tr(T T*).
Let us recall Gowers’s notion of quasi-randomness and its consequences for the study
of random walks (see [9]).!

Definition. For ¢ > 0, we say a finite group G is c-quasi-random if dim & > |G|¢ for
every non-trivial 7 € G.

The following mixing inequality is one of the main properties of a quasi-random group
(see [2, Theorem 2.1], [9], and [18, Lemma 6.1]).

Lemma 6. Suppose c is a positive number and G is a c-quasi-random group. Then for
all f € L*(G) and f, € L*(G)°,

LA * fall2 < 1GIYO21 fill2 ] 212

1Tt should be pointed out that in [19], Sarnak and Xue had implicitly used the concept of quasi-
randomness in order to prove a spectral gap property.
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Proof. By the Parseval theorem (see (6)) and (5), we obtain

Lfi % £l2 = > dimz || fi % o@)liEs = 1G> Y. dimx || () fi ()l

el nel, £l

|G|2—C(Z dim 7 IIfz(ﬂ)llﬁs)(Z dim 7 “ﬁ(”)”IZ*S)

reG neG

2— 2 2
=Gl Al 215

Hence || /i * f2]12 < |G|*~¢| f1]|2]| f2]|2, and the claim follows. n

IA

As pointed out in the introduction, if X is a symmetric random variable with law pu,
then T, : L*(G) — L*(G), T, (f) := f * p, is a self-adjoint operator, and A(u) is the
maximum of the absolute values of the eigenvalues of Ty |72(gy : L*(G)° — L*(G)°.

Hence one can see that
L) =1L

for every positive integer £.

Lemma 7. Suppose c is a positive number and G is a c-quasi-random group. Suppose X

is a symmetric random variable with values in G. Then

(1) Ha2(X) = (1 —c/2)log|G| implies £(X) > (c/4)log|G]|.

(i1) Suppose Xy is the random variable after L-step random walk with respect to X . Sup-
pose C > 0, and Hy(X¢) > (1 — c¢/2)log |G| for a positive integer £ < C log |G|.
Then £(X) > ¢/(4C).

Proof. Suppose u is the probability law of X ; that means u(x) := P(X = x) for every
x € G. By Lemma 6, for every f € L%(G)°,

lw* fll2 < 1G22l £ 12

Hence +
— c
L(p) =

This implies (i). Next applying (i) for the random variable X,, we deduce

1 c
log |G| + EHZ(X) > 1 log |G].

Clog |G| £(p) > LE(1) > glog G,

and (ii) follows. ]

2.3. Group action and convolution

When a finite group G acts on a finite set H, we write G ~, H. An action of G on H
induces an action of G on L?(H) by

(- ) = f&x7-p)
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for x € G, y € H and f € L?(H). This is a unitary action and this way we can view
L?(H) as a C[G]-module. Given y € L?(G) and f € L?(H), we define

paf =Y uwe )= [ o du.
xeG G
Note that if X is a random variable with values in G and distribution p, Y is a random
variable with values in H and distribution 7, and X and Y are independent, then the
distribution of X - Y is u ® n. Notice that the group action properties give us the following
relations. If i, v € L?(G) and f € L?(H) then

pEORf)=(pr*xv)= f

Moreover, ® : L2(G) x L>(H) — L?*(H), (i, f) — u® f, is a bilinear map. We call
® the convolution associated to G ~, H . Notice that for the counting probability measure
Mg on G,
pe®-: L*(H) - L*(H), [+ pe® /.

is the orthogonal projection of L?(H) onto the space L2(H )¢ of G-invariant functions
in L2(H). Thus f — f — jug ® f is the orthogonal projection from L?(H) to the space
(L?(H)%)* orthogonal to the space of G-invariant functions. We also observe that if JIIEY!
is the point mass at the identity, then f = uy ® f forevery f € L*(H). Therefore the
orthogonal projection from L2(H) to (L*(H)®)> is given by

f = (gy — ) B 1. (7
Notice that every irreducible subrepresentation V of (L2(H)%)* is non-trivial, and so
by Maschke’s theorem [6, Theorem 4.1.1], there is a G-module isometric embedding
i : V — L?(G)°. Hence for every probability measure it on G and f € V, we have

e fllz=llivies fllz = llu*iv(ll2
= AWlliv(Hllz = 2@ f 2. ®)

Since (L?(H)%)* is a direct sum of pairwise orthogonal irreducible subrepresentations,
from (8) we infer that | ® f|l2 < A(w)|| f |2 for every f € (L2(H)®)*. Combining
this result with (7), we deduce that
(e —pe)® fll2 = [ * (ugy — ne)) ® fll2 = ln & ((ugy — 1) 8 2
= Al — ne) & fll2 = AN 2 )

for every f € L?(H).

3. An inequality for the Rényi entropy of random variables

The aim of this section is to prove Lemma 4. Let us recall that in the setting of Lemma 4,
we have two finite groups G and H, and G acts on H. There are i.i.d. random variables
XD X with values in G and distribution g, and i.i.d. random variables ¥ (), Yy @
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with values in H and distribution 7. In this section, we work with the (non-normalized)
counting measure mg on H.

We start with two sets of convolution identities. The first one is well-known and the
second one is based on the fact that * is bilinear.

Lemma 8. In the above setting, for f.g,h € L>(H), the following identities hold:
Q) fx(gxh)y=(f*g) xh (f*gh)=(fhx§) and (f *g.h)=(g.f xh),
(i) (pw ) *(umg) = [ga(u- f)* (v-g)d(n®)(u,v).

Proof. Both parts easily follow from switching the order of summations. Here we only
discuss (ii), which follows from the fact that 4 ® f = [ (x - f)d(x) and  is bilinear:

(wf)*(wg)=(/G(u-f)du<u))*(/G(v-gwu(v))
=/Gz(u-f) * (v-g) du®*(u,v).

This completes the proof. ]

We will be working with a new norm on L2(H ), which we denote by || - || and which
can be viewed as a non-commutative version of Gowers’s U?2-norm. We will show that
this norm is preserved by shifted-automorphism group actions G ~, H.

Definition. Suppose G and H are two groups. An action G ~, H is called a shifted-
automorphism group action if there are a group homomorphism ¢ : G — Aut(H) and a
functionc : G — H suchthat x - y = c(x)(¢(x))(y) forallx e Gandy € H.

Notice that for every group H, the group action H x H ~, H givenby (xr,Xxg) -y :=
XL yxl_e1 is a shifted-automorphism group action, because

xpyxg! = c(xL, xR)(xL, xR)(¥),
where c(xp, xR) = xLxl_el and ¢ : H x H — Aut(H) is a group homomorphism given
by
¢(xL, xR)(Y) 1= XRYXR".
Lemma 9. Suppose H is a finite group. Let || f|| := ||fv * f||§/2 for f € L2(H). Then
the following statements hold:
Q) || -l is @ norm and || f |2 < || f || for every non-negative f € L*(H).

(i) Suppose G ~ H is a shifted-automorphism group action. Then for all x € G and
f € L?*(H), we have [lx - f]| = || 1.

(iii) Suppose G ~, H is a shifted-automorphism group action and w is a probability
measure on G. Then ||u® f|| < || f |l for every f € L*(H).

Proof. (i) For every g € L?(H), the convolution operator

Ty : L*(H) — L*(H), Tg(h):=g*h,
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is an integral operator with kernel Kg : H x H — C, Kg(x,y) := g(xy~!). Therefore the
Hilbert—Schmidt norm || Tg ||us is equal to || Kg |2 (see [4, Chapter II, Proposition 4.7]).
Notice that

IKe D3 =Y Igx™'»)I* = 1H]|lIgll3.
x,yeH

and 5o || Tg |lus = [H|"/?||g|l>. Hence

A0 =07 £157 = 1HTYAT g, 6 (10)

By Lemma 8, we have Tf* = va. Hence by (10), we obtain

A0 = 1HITVANTE o Ty s (1
For an operator T : L2(H) — L?(H),let||T|| := ||T* o T||11_I/52. Notice thatif o1, ...,0,
are the singular values of 7', then
ITIl = (of +--- + '™, (12)
By (12) and [11, Theorem 7.4.24], || - || is a unitarily invariant norm on Endc (L% (H)).
Therefore by (10) for all f, g € L?(H), we have
I/ +gll = |H[TV* Ty + Tell < [HIZY4 T L+ [HITV4 1T = 1A+ gl

Forall c € C and f € L2(H), we clearly have |lcf|| = |c| | f]I. and || || = O implies
f = 0. Hence | - || is a norm on L2?(H). For two non-negative functions f and g, we
have

g3 =Y x00? =Y( X fnge)

X X|Xp=X

>3 3 fae)? = 1/ Blgl3.

X X|Xp=X

and so || f * gll2 > || fll2llgll2- Therefore for a non-negative function f', we have

W0 =11 * £152 = Af 071272 = 1/ 2.

(ii) Notice that {/{y}}yen is an orthonormal basis of L?(H), and for y, y” in H and
f € L?(H), the (y, y')-matrix entry of Ty is f(yy'~!). Hence the (y, y’)-matrix entry
of Tx.r is

SET YY) = fe6TH@OTNOM@TNON T, (13)

where ¢ : G — Aut(H) and ¢ : G — H give us the shifted-automorphism group action

G ~ H.By (13), the (y, y')-entry of Ty.s is equal to the (p(x~"))(»), (#(x~"))(»")-
matrix entry of T, . where ¢y := c(x™H)™l e H and (cx - f)(y) = f(c;ty) for every
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y € H.Forevery x € G,leto(x) : L?>(H) — L?(H) be the unitary operation given by
(@ (xX)(f)() := f(¢(x)"1(y)). Then by the above discussion, we deduce that

Tef=0(x)0T. . .soo(x)"". (14)

Forevery y € H,letl(y): L2(H) — L*(H),(I(y))(f) := y - f. Then [(y) is a unitary
map and Ty.r = [(y) o Ty. Hence by (14), we obtain

Tys=a(x)ol(cy)oTyoa(x) " (15)
Therefore by [11, Theorem 7.4.24] and (15), we conclude that || Tx. ¢ || = |||, and so
- fI = 1HITY 0Tl = [HITY4IT = 1A
(iii) For every probability measure  on G, by the first two parts we have

e £ < |32 veox- ] = 30wl 71 =171
x€G x€G

This completes the proof. ]

The following inequality plays an important role in proving Lemma 4.

Lemma 10. We have ||u g f |2 < || [ (¢ f) * (- ) dp()]a.

Proof. Observe that u® f = [;(x - f)du(x) and LR f = I x - f du(x). Therefore
similar to Lemma 8 (ii), we have

(s s GE ) = [ ) 67 dn ). 16)
By (16) and the semilinearity of the dot product, we obtain

lGem f)* (I
= [ 0 £ G, ) 077 1) A v, ). 17

Letc: G* — C,c(uy, vy, uz,v2) := ((uy - f)* (1 - f), (uz- f) * (v2- f)). Then
by the Cauchy—Schwarz inequality, we have ||c||; < ||c||> with respect to the probability
measure 1®*, and so by (17), we deduce that

1/2
6w /) s ENB = ([ 1epan®t) (18)
Another application of the Cauchy—Schwarz inequality implies that

leQuy, vi,uz, v2)[> < [y - £) % 1 - HIENGea- f) % (vz- )3

=c(u1,v1,u1,v1)c(Uz, V2, Uz, V2). (19)
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By (18) and (19), we obtain
— 1/2
[(nmf)*(um f)||§ =< (L4 c(uy,vi,ur, vi)c(uz, v2, Uz, v2) dﬂ®4)

= /G2 c(u,v,u,v) d,u®2. (20)
Notice that by Lemma 8 (i), for all u, v € G we have
c(u.vuv) = (- f) % 0= f). - ) @ 1)
= (@) *@-f). @) * @ ). 21
By (20), (21), and the semilinearity of the dot product, we deduce that

lGuw £) % (w15 < /Gz((u-vf) * - ). ) % - f)) dp® e, v)

_ < [ WP * G- f) dpua), [ @ f) % - f) du(v)>.
G G
)

By (22), we conclude that || (£ ® ) % (W& f)l|l2 < || [ (- f) % (u- £) dp(u)]|, which
completes the proof. ]

We finish this section by proving Lemma 4.
Proof of Lemma 4. Note that the law of (X1 . Yy 1)~1(x M . y @) is given by
[ @ e i
and the law of (X . Y M)(Xx @ .y @)~1 j5 given by
(nwn) * (L& n).
Therefore by Lemma 10 we conclude that
Hz((X(l) X Y(l))—l(X(Z) X Y(Z))) — Hz((X(l) . Y(l))(X(Z) . Y(Z))—l)
> Hy(X Wy D)y (x @y @)),
which finishes the proof. ]

Corollary 11. Suppose H is a finite group, [ is a probability measure on H x H, and
n is a probability measure on H. Consider the action

HxH~ H givenby (xp,xg)-y:= XLYXEI

and the conjugation action H ~, H. Accordingly define ® from L>(H x H) x L?>(H) to
L?(H) and ® from L?>(H) x L>(H) to L?>(H). Then

Il = nll® < llwr (k] & (G * n)ll2,

where ng : H x H — H is the projection to the right component.
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Proof. Suppose XM := (X ]El), XI(;)) and X@ = (X f), Xl(ez) ) are two independent
random variables with probability law s, and ¥ and Y@ are two independent ran-
dom variables with probability law 7. Applying Lemma 4 for the given group action
H x H ~ H, we obtain

Hz((X(l) . Y(l))(X(2) . Y(Z))—l) > Hz((X(l) . Y(l))—l(X(l) . Y(Z)))_ (23)

_ —1
Notice that (X . Yy M)=1(x M.y @) = x Dy O~y @ x D™ and so the distribution
of this random variable is given by

R[] & () * 7). (24)

We also notice that the distribution of (X . Y (D)(X@ .y @)~1 i5 gjven by (1 ® 1) *
(1 ® 7). Hence by (23), we conclude that

[(wmn)x (w2 < l7r[pn]® 1 *n)|-,

which completes the proof. ]

4. An escaping lemma

The main goal of this section is to prove Lemma 5. Our approach is inspired by a method
of Lindenstrauss and Varju developed in [14]. In this section, we will be working with the
action PSLy(FFp) x PSLy(FFp) ~ PSLy(F,) given by (u,v) - x = uxv™!, and the conjuga-
tion action PSL,(F,) ~, PSL,(F,) given by x - y = xyx~!. We reformulate the statement
of Lemma 5 in terms of distributions.

Lemma 12. Let p be a measure on PSL;(F,) x PSL,(Fy). Suppose that the minimum
of w on its support is at least oy > 0 and £(wr[p]) = co > 0, where g : PSLy(Fp) x
PSL,(IF,) — PSL>(IF,) is the projection to the right component. Suppose that the support
of i generates PSL; (IF,) x PSL, (IFp). Then there exist constants L, C >>¢, o, 1 such that
for every probability measure n on PSL,(Fp) and every integer £ > Llog p,

Iw*®@ ®nlla < C|PSLy(F,) x PSLy (F,)|~1/24.

We start by proving that if 7 * 1 is almost a point mass at the identity, then 7 is almost
a point mass. Here, a measure is viewed as almost a point mass if a single point is respon-
sible for a k portion of its L2-norm. This lemma is essentially proved in [14, Lemma 5].

Lemma 13. Suppose 1 is a probability measure on a finite group H and |n]lco < k7|2

for some k > 0. Then
Inll? = V2 — w27 % n(1).

Proof. Notice that

Fxn() =Y a "m0 =Y 1> =Inl3. (25)

yeH yeH
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Next by a simple computation we obtain

Y i =Y (X aoon02) =Y Y i) o)

yeH\{1} y#1 Y1y2=y Y#1Y1Y2=Y
= (X i00?) (Do n020?) = X i03H 0202 = Il = Il @6)
Y1 Y2 y2

On the other hand, because k|12 > ||1]lc0, We deduce that

I3 =" n)* < InlZlnl3 < < lnll3- 27)
y

By (25)—(27), we obtain
17 nll3 = 7% n(D) + (nll3 = Inl3) = lInllz + Ainllz — <> [Inl2)
= (2= )i x (D)% (28)
This completes the proof. ]

Next we show that if Z is a random variable with values in PSL,(F,) and uniform
distribution and Y is an independent random variable with values in PSL,(F,), then

Hy(ZYZ™') > min{—2log(P(Y = 1)),log p} —2log2.
Notice that since P(ZYZ~! = 1) = P(Y = 1), we have
Hy(ZYZ™Y) < —2log(P(Y = 1)).

Similar to the previous lemmas in this section, we formulate the lemma in terms of distri-
butions.

Lemma 14. Let H := PSL,(F,) and g be the probability counting measure on H.
Suppose n is a probability measure on H. Consider the conjugation action H ~ H
givenbyz -y :=zyz~!, and let g ® 1 be the convolution associated to the conjugation
action. Then
Iz @ llz < n(1) + p~'/2,

Proof. For every x € H, let Cl(x) be the conjugacy class of x. Since H is generated by
its elements of order p, for every proper subgroup K € H we have [H : K] > p. Hence
for every x € H, either |Cl(x)| > p or Cl(x) = {x}. The latter holds exactly when x is in
the center Z(H) of H. Notice that Z(H) = {1}, and so for every x € H \ {1},

ICI(x)| = p. (29)

Recall that for every A € H, 4 denotes the probability counting measure on A. Notice
that for every x € H, we have

MH B Uixy = Hci(x)-
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Hence by the bilinearity of ®, we have

pEBN =Y n®paw = Y 0 (30)

xeH c€Conj(H)

where Conj(H ) is the set of all conjugacy classes of H. By (30), the triangle inequality,
and (29), we conclude that

lwasnla< > n@luela= > n@lel™?

ceConj(H) ceConj(H)
<n(D) +n(H \ {1)p~"/2.
This completes the proof. u

Before proving Lemma 5, we show a lemma on symmetric generating sets of a finite
group.

Lemma 15. Suppose S is a symmetric generating set of a group G. Suppose G acts on a
set Q2 and there are distinct points x1, X, € Q such that s - x; = x, foreverys € S. Then
G has a subgroup of index 2.

Proof. By assumption we have s~! - x, = x; for every s € S. Because S is symmet-

ric, we deduce that s - x, = x1 for every s € S. Hence (51 ...sg) - x1 € {x1, x2} for all
S1,...,5 € S.On other hand, because S is a symmetric generating set of G, it follows
that G = {1} U Uz—; [k S; and so the G-orbit of x; has exactly two points. Therefore
the stabilizer subgroup of G with respect to x; is of index 2. This completes the proof. =

Notice that PSL,(F,) is generated by its p-elements, and so if p > 2 then PSL,(FF,)
does not have a subgroup of order 2.
In the rest of this section, we prove Lemma 12, which is a reformulation of Lemma 5.

Proof of Lemma 12. Recall that «g is the minimum of w on its support. Choose 0 < k¢ < 1

such that \/ag + (1 —ag)? + \/1 — kg < 1. Let 7 be the probability law of Y. We are
going to consider two cases mostly depending on whether or not 7 is almost a point mass
or not.

Case 1: ||nlloo/|Inll2 > ko. In this case, there exists xo € PSL,(F,) such that n(xo)? >
K Iml13- Let ny, 1= nlpsL,(F,)\(xo} Where Lpsi, (F,)\(xo} 1S the characteristic function of
PSL,(Fp) \ {x0}. Notice that

N =n(x0)iixo) + May  a0d  igxey L 75, - (31
By (31), we have |13 = 1(x0)* + |75, I3, and so
In, I3 < (1= x3)lnll3. (32)
Moreover, by (31), we obtain u ® 1 = 1(xg) i B f{xy) + 4 B r]j-o. Notice that
B gy = > MDD yxy = Y. w(Gx)iyxy.  (33)

y€PSL (Fp)xPSL (Fp) 7Gxy €G/Gux,
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where G := PSL,(F,) x PSL>(F,) and G, is the stabilizer subgroup of G with respect
to xo. Since the support of  is a symmetric generating set of PSL, (IF,) x PSL,(IF,) and
the minimum of u on its support is &g, by Lemma 15 and (33) we conclude that

Il 8 fgeorlla < (@2 4 (1 —a)?)V/2. an
Therefore by the triangle inequality, (34), and (32), we conclude that

&l < n(xo)llp & pixgyll2 + llie 8 13, 12
< n(xo)(@g + (1 —a))"? + [0 Il2
< (@ + (1= a)»)2 + (1 =) ?) |0l (35)

Case 2: |nlloo/lInll2 < k0. Choose 0 < k1 < 1 such that (2 — k2)~1/2 + 2«1 < 1. Since
E(mRr[p]) > co, there is a positive integer £y which is bounded by a function of ¢ (and k1)
such that A (g []*“0)) < k;. Set H := PSL,(Fp,) and v := w*®) and so A(g[v]) < k1.
Then by Corollary 11,

lvegll® < llzrlv] = @ * )2
< |(r[v] — pm) @ () * n)ll2 + nm ® (] % 02 (36)
By (36), (9), and Lemma 14, we deduce that
v gll® < killnll® + 7 * n(1) + p~*/2. (37
By (37) and Lemma 13, we have
v & gll> < kallnll® + 2 =)™ lnll> + p~/2. (38)

Next we combine the inequalities in (35) and (38). Suppose B is a positive number less
than 1 which is more than

max {(2 — k3) "% + 21, (@ + (1 —a0)®) 2 + (1 = &) /2.
Then by (35) and (38), at least one of the following three inequalities holds:

lenlz < Blinllz. or  Jvmall® < Bllnl>,  or lnl* <«i'p'2 (39

Applying (39) repeatedly, by Lemma 9, we conclude that for every integer £ >
2log p/(—log B) at least one of the following three inequalities holds:

@@y <p2 <1/p. or

@ mnl? <> <1/p. or

I @ wyl? <t p~!2. (40)
By Lemma 9 (i) and (40), for every £ > 21log p/(—log B),

WO =yl < k2 p=V4

IA

A

Since |PSLy(FFp) x PSL,(F,)| < p®, we conclude that
v @ nll3 < &7 PSLa(Fp) x PSLa(F,)| /12,

which completes the proof. ]
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5. Proving the main result

In this section, we will be using the Bourgain—-Gamburd method to prove Theorem 1
based on Lemma 5. Bourgain and Gamburd in their seminal work [3] laid out a blueprint
for finding a bound for the spectral gap of a random walk in a (single scale) finite group.
One of the important results that they proved is the following proposition (see [3], [20],
[15], [18]).

Proposition 16. Let G be a finite group. Suppose X and Y are two independent random
variables with values in G, and K > 2. If

H,(X) +2- Hy(Y) n

Hy(XY) < log K,

then there exist A C G and a universal fixed positive number R with the following prop-
erties:

(i) (Approximate structure) A is a KR-approximate subgroup; by this we mean A is
symmetric, 1 € A, and there is a subset B of A - A such that |B| < KR and A- A C
B-ANnA-B.

(i) (Controlling the size) [log|A| — H>(X)| < Rlog K.
(iii) (Almost equidistribution) For everya € A,

1
P(X'X = > —
X == ]

where X' is an independent random variable that has the same distribution as X 1.
In this section, using Proposition 16, we will first prove the following lemma.
Lemma 17. Let & > 0 and H := SL,(F,). Suppose Y := (Y1, YR) is a random variable

with values in H x H, distribution P, and the following properties:

e (Close to a coupling) For every y € H, P(Yy = y) <2|H|™! and P(Yg = y) <
21H |

e (Room for improvement) H,(Y) < (1 —¢)log|H x H|.

Then there is a positive number Yo depending on € and a universal positive constant R
such that for every positive y < yg at least one of the following statements hold:

(i) (Exceptional cases) |H|R < 2.

(i1) (Gaining entropy) H,(Y2) > H,(Y) + ylog|H x H | where Y, is the 2-step random
walk with respect to P.

(iii) (Graph of an automorphism) P ((Y>) € I'y) > |H x H |=RY for some automorphism
¢ of PSLy(IFp), where

T:H x H — PSLy(Fp) x PSLy(Fp),  T(xr,xr) := ({£xr}, {£xr}).

and T'y = {(x,¢(x)) | x € PSLo(FFp)}.
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Theorem | will be proved using Lemmas 17, 5, and 7.

Proof of Lemma 17. Suppose y < yg, where yy is a sufficiently small positive number to
be specified later. Assume that we are not in the exceptional cases and we do not gain
enough entropy; that means | H |RY > 2 and H,(Y») < Ho(Y) + y log|H x H|. Then by
Proposition 16, there is an | H x H |RY -approximate subgroup A such that

llog|A| — Ha(Y)| < Rylog|H x H| and P(Y> € A)>|H xH|™®. (41
Notice that by the close to a coupling condition, we have
P((YL)2 € n(A)) < 2|mr(A)| [H[ .
Therefore,
[H x H|™® < P(Y2 € 4) < P((Y1)2 € m(A)) = 2| (A)] |H[T".
A similar result holds for the projection to the right copy of H. Hence
L (A) = [H|'7R and - |mg(A)| = [H|'TR. (42)

Notice that by a result of Frobenius [7], the degree of every non-trivial irreducible rep-
resentation of SL,(IF,) is at least (p — 1)/2, and so there exists ¢; > 0 such that for all
primes p > 5, SL,(FF,) is ¢-quasi-random. Therefore by a result of Gowers (see [2,9])
and (42), for y < ¢1/(9R), we have

[I372(A) = SL2(Fp) and  [[37r(A) = SLy(Fp). (43)
Claim 1. In the above setting, for a small enough yo depending only on &, we have
[loAN(H x{£1}) C{(£1,£1)} and [[oAN{x1}x H) C {(£l,£1)}.

Proof of Claim 1. 1t is clear that by symmetry it is enough to prove only one of the
inclusions. Suppose to the contrary that (x, e) € [ [ A for some x € SL,(F,) \ {1} and
e € {£1}. Since 71, ([ [3 A) = SL2(F,), we obtain

Cl(x) x {e} € [];5 4. (44)

By [21, Theorems 2.2, 2.3], we have [ [; Cl(x) = SL,(IF,) for every prime p > 5. There-
fore, by (44), SL»(F,) x {1} € [ ]y, 4. Hence by (43),

[lo3 A = SLa(FFp) x SLy(Fp). (45)
Because A is an |H x H |RY-approximate subgroup,

[ Tlos Al < [H x H[2RY|A]. (46)
Thus by (45) and (46), we conclude that

|A| > |H x H|'722Rv, 47)
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By the condition on the room for improvement and (41), we deduce that
|A| < |H x H|'"tRY, (48)

By (47) and (48), we reach a contradiction if y < &/(93R). This completes the proof of
Claim 1.

Claim 2. Let: : SLy(F,) — PSLy(Fp), t(x) := {£x} and A := 1(A). Then there is an
automorphism ¢ : PSLy(F,) — PSL,(F,) such that [[, A = Ty.

Proof of Claim 2. By (43), for every x € SL,(IF,), there is (E(X) € SL,(F,) such that
(x,¢(x))isin [[5 A. Since A4 is a symmetric set, for all x, y € SL,(FF,) we obtain

(LN = (X, N, SNy, gy €[l 4. (49)

By (49) and Claim 1, we deduce that P(xy) = £¢(x)$(y) forall x, y in SL, (Fp). Notice
that for every x € SLy(Fp), (x,y) € []; A implies that (1, ¢(x)y~") € []y A. Hence by
Claim 1, we have y = +¢(x). Let

¢ : PSLy(F,) — PSLa(F,),  ¢({£x)) := {£(x)}.

Notice that because ¢~>(xy) = i$(x)$ (), ¢ is a well-defined group homomorphism. By
(43), we deduce that ¢ is surjective, and Claim 1 implies that it is injective. Altogether, ¢
is an automorphism of PSL;(F,,) and ¢ ([ [; A) = I'y. This completes the proof of Claim 2.

By Claim 2 and (41), we conclude that P (i(Y>) € Ty) > |H x H|~R?, which com-
pletes the proof. ]

Proof of Theorem 1. Because &L (7t []) and £(wg[u]) are at least ¢g, by the Cauchy—
Schwarz inequality and (9), for £y > (2log |[SL»(F,)|)/co, we have

*(£o) *(Lo)

— 1A loo =I((wL[p] — 1H) * py) * mlleo
<[ Grrp]* @ — pg) * pinylla < [H|72 (50)

I [14]

By (50) and its counterpart for wg[u], for every x € H we obtain

| [ (x) — [H[| < 2|H[,

51
|rRln* ) (x) — |H|Y| < 21H| L oY

Suppose £ is a positive integer which is at least £y and will be specified later. Let Y
be a random variable with values in H x H and distribution p*®.

As has been mentioned earlier, by a result of Frobenius every non-trivial represen-
tation of SL,(IF,) is of dimension at least (p — 1)/2. Hence there is a ¢c; > 0 such that
SL,(F,) x SLy(FFp) is a c2-quasi-random group.

By Lemma 17, there is a yy > 0 depending on ¢, and a universal positive constant R
such that for every positive number y < yq, one of the following statements holds: either
|H |RV <2,or

Hy(Y)> (1 —c2/2)log|H x H|, (52)
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or there is an automorphism ¢ of PSL,(IF,) such that
P(t(Y2) € Ty) > |H x H| 7, (53)
where T'y is the graph of ¢, or
Hy(Y2) = Ha(Y) + ylog |H x H|. (54)

Claim 1. There are positive numbers po, v1, and L' all depending only on co and ayg
such that (53) does not hold for any automorphism ¢, positive integer £ > L'log |H x H |,
positive number y = y1, and prime p > po.

Proof of Claim 1. Suppose to the contrary that (53) holds for an automorphism ¢ of
PSL,(FFp). Let X := (X1, Xg) be a random variable with values in SL;(IF,) x SL>(IF,,)
and distribution . Let X := (¢«(X1), ¢~ (¢(Xg))). Then by Lemma 5, there exist con-
stants L, C 3>, | such that for every integer £ > Llog|H x H| we have

H>(X; - Z) > {5 10g |[PSLy(F,) x PSL (Fp)| — C (55)
where Z is a random variable with values in PSL, (IF,) and distribution pt(;y. Notice that
P(X¢-Z =1)=P(((Xp)e) = ¢ ((Xr)))) = P@(X() € Ty)

> |H x H| R, (56)
By (56), we conclude that

Hy(X¢-Z) < Ryolog|H x H]|. (57)

By (55) and (57), we reach a contradiction if p 3>, «, 1. This completes proof of Claim 1.
Claim 2. Suppose {1 is an integer in the interval

[L'log|H x H|,2L log |H x H]].
Let X be a random variable with distribution j1. Then

Hy(Xy) > (1 —c2/2)log|H x H|
for every integer { > 271_161.

Proof of Claim 2. Let Y := X,,, and consider the sequence {H»(Y,«)}x of Rényi
entropies. By Claim 1, for every positive integer k, either
Hy(Yyr) > (1 —c2/2)log|H x H|, or
Hy(Yyk+1) = Ha(Ypr) + yi log(|H x H).
Hence Hy(Y,x) > (1 —c2/2) log(|H x H|) if k is an integer greater than y;!. This

completes the proof of Claim 2.
By Claim 2 and Lemma 7, we conclude that either p <., 1 OF

a0 1-

)
L) > m

This completes the proof of the main theorem. ]
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6. Proof of Corollary 3

We can and will assume that p > 5. Suppose p; and p, are two distinct points of
Rep,(Fp)s. Let

Q := {(01(a). p2(@))*". (p1(b). p2(B))*'}.
Let H be the group generated by Q. Notice that w7 (H) = Im(p;) = SL(F,) and

wr(H) = Im(pz) = SL,(F,). Therefore for every x € SL,(IF,,), there is (E(x) e SLy(Fp)
such that (x, ¢(x)) € H. Notice thatif (y, 1) € H, then for every x € SL,(IF,),

(xyx~ 1) = (x, ¢ () (v, D(x, d(x)) ! € H.

Therefore 77, (H N ker wg) is a normal subgroup of SL,(IF,), and so it is either SL,(IF)
or central. Similarly wr(H N ker 7ry) is either SL>(IF,) or central. Altogether, either
H = SL,(F,) x SLy(IF,) or t(H) = I'y where I'y is the graph of an automorphism ¢
of PSL,(IF,). Notice that by [22, Theorem 3.2], there is an automorphism a of SL(FFp)
such that ¢ ({£+x}) = {j:gg(x)} for every x € SL,(IFp).

Let p be the probability counting measure on 2. Since p1, p2 € Rep, (IF)s, £ (7wz[11])
and £(mwg[p]) are at least 8. Hence if H = SL,(F,) x SL>(FF,), then by Theorem 1,
A() < Ao for some positive number A which is less than 1 and only depends on §. Then
for every positive integer £, we have

“gi),bi}({w € F> | p1(w) = p2(w)})

< SLa(Fp) ™" + [(uh® — ) ({(x, x) | x € SLy(F,p)})|
< ISLy(Fp)| ™" + A§ISLa(Fp)|.

If t(H) = T'y, then for every w € F, we have t(p2(w)) = ¢ (t(p1(w))). This means that
for every w € F, we have p2(w) = £¢(p1(w)). Hence

Ml ey (0 € Fa [ p1(w) = pa(w)})
< utOU(x, £6(x) | £h(x) = x))

< 1) (x € SLa(Fp) | ¢ (x) = x})

<|{x € SLa(IFp) | ¢ (x) = £x}
N [SL(Fp)|

+ 275 SLy (F)|.

Notice that since p; # p2, $ is a non-trivial automorphism of SL,(F,). Therefore
{x € SLa(Fp) | ¢(x) = £x}
is a proper subgroup of SL,(IF,). Hence we conclude that

{4 — —
W e (w e B | pr(w) = p2(w)}) < p~" + 27 SLa(F,)|
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Suppose [p1] # [p2]. In the above setting, if H = SL,(IF,) x SL>(F,), then by a similar
argument we have

Heads ey (0 € B | tu([o1]) = tw ([p2)))

< ut® {(x1, x2) | Tr(x1) = Tr(xa)})
- [{(x1,x2) | Tr(x1) = Tr(x2)}|
= |SLy (F,)[2

+ AgISL2(Fp)l.  (58)
Notice that for a given a € I, we have

[{x € SLa(Fp) | Tr(x) = a}|

= [{(x11, X12,@ — X11,X21) € ]F; | x11(a — x11) — X12X21 = 1},
and for given xj,, X2 there are at most two choices for x11. Hence
[{x € SLo(F,) | Tr(x) = a}| <2p? (59)

for every a € IF,,. This implies that

[{(x1,x2) | Tr(x1) = Tr(x2)}| = D) [x € SLa(Fp) | Tr(x) = a}* < 4p>.  (60)

aclF,

By (58) and (60), for p > 5, we obtain
[/ 4 Y
W (w e By | pr(w) = p2(w)}) = A=) ALy
5
< > + A5ISLa ().

In the above setting, if 1(/1) = I'y, then as discussed above, for some automorphism $
of SL,(F,) we have pa(w) = :t$(p1 (w)). Hence by [22, Theorem 3.2], Tr(pz(w)) =
=+ Tr(p1(w)) for every w € F,. This completes the proof.
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