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Categorifying reduced rings

Ishan Levy

Abstract. Given a domain of characteristic zero R, we functorially construct a rigid symmetric
monoidal dg-category whose K0 is R, solving a problem of Khovanov. We also functorially
construct, for any reduced commutative ring R, a rigid braided monoidal dg-category whose
K0 is R.

One prevalent insight in mathematics is that many classical invariants admit categor-
ifications. Namely, instead of assigning a number or polynomial to an object X , one
assigns an object of some stable category C (throughout this paper, we use category
to mean 1-category in the sense of Joyal and Lurie (see [15], [16], or [17]). If the
reader prefers, they may read the phrase ‘stable category’ as ‘dg-category’. In our lan-
guage, a dg-category over k is a k-linear stable category [7]. All stable categories of
interest in this paper are k-linear for some commutative ring k), which encodes richer
information about X . The original invariant can then be recovered via applying an
Euler characteristic, i.e., a homomorphism out of K0.C / (K0.C /, i.e., the Grothen-
dieck group ofC , is the abelian group generated by Œc� for each c 2C with the relation
Œc� D Œc0�C Œc00� whenever there is a cofibre sequence c0 ! c ! c00), to the K0 class
of the categorified invariant.

A prototypical example of this is in algebraic topology, where the Euler character-
istic of a space is categorified by its homology. Another example is in algebraic geo-
metry, where the Hilbert polynomial is categorified by coherent cohomology. Finally,
in low-dimensional topology, classical knot invariants, such as the Jones polynomial
and Alexander polynomial, are categorified by Khovanov homology [11] and Knot
Floer homology [19], respectively.

A natural question to ask is whether the type of invariant can obstruct categori-
fications from existing. For example, the Witten–Reshetikhin–Turaev invariants, con-
structed in [20, 22], are invariants taking values in the complex numbers, and it is not
known whether these always admit a categorification.

Mathematics Subject Classification 2020: 18N25 (primary); 19A99, 20G42 (secondary).
Keywords: categorification, K-theory, reduced rings, dg-category, Grothendieck ring, infinity
category.

https://creativecommons.org/licenses/by/4.0/


I. Levy 666

One can build stable categories whose K0 is an arbitrary rational vector space, as
is done in [3]. The reason is that the multiplication by n map on K0 can be imple-
mented by a functor: for example, the functor sending c 7! ˚n1c. By taking a filtered
colimit along such a functor, since K0 preserves filtered colimits, one obtains a cat-
egory whose K0 is that of C , but with n inverted.

The method above does not naturally produce monoidal categories, which is some-
thing usually desired for the target categories of categorifications of invariants, to
allow for Künneth-type formulas for the invariants one is categorifying. This is also
a fundamental feature of categorifications of manifold invariants that come from field
theories. Along these lines, Khovanov posed the following problems.

Problem 1 ([12, Problem 2.3]). Construct a stable1 monoidal category C with

K0 Š Q:

Problem 2 ([12, Problem 2.4]). Construct a stable monoidal category C with

K0 Š Z

�
1

n

�
:

Khovanov and Tian [13] solved Problem 2 in the case n D 2, but the general case
was previously open.

We solve both problems below in Theorem 9, even producing categories that are
rigid2 symmetric monoidal. The fundamental input is the ability to produce a category
whose K0 is a characteristic zero field, which we construct as an ultraproduct of the
stable module categories of FpŒCp�. We further refine this in Theorem A below.

Let Ring0red be the category of commutative rings which are reduced such that
every minimal prime ideal is characteristic zero3. Let ZCat1rig denote the category of
rigid symmetric monoidal Z-linear stable categories.

Theorem A. There is a filtered colimit preserving functor C1
.�/
W Ring0red ! ZCat1rig

and a natural isomorphism of rings K0.C1R / Š R.

To illustrate the purpose of Theorem A, C1
xQ

is a rigid symmetric monoidal Z-
linear category with a continuous action of the absolute Galois group of Q such that
K0.C

1
xQ
/ Š xQ with its standard action.

We next remove the characteristic zero assumption of Theorem A in the setting of
braided monoidal categories. The key input here is the category of tilting modules in

1By a monoidal stable category we mean an algebra object in the category of categories that
is stable such that the tensor product preserves finite colimits in both variables.

2We recall that a monoidal category is rigid if every object is strongly left and right dualiz-
able.

3For example, this includes all domains of characteristic zero.
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the mixed case for Lusztig’s quantum group sl2, which we semisimplify and tensor
with the stable module category of FpŒCp� in order to categorify finite fields. Let
Ringred be the category of reduced commutative rings and ZCat2rig the category of
rigid braided monoidal Z-linear stable categories.

Theorem B. There is a filtered colimit preserving functor C 2
.�/
W Ringred ! ZCat2rig

and a natural isomorphism of rings K0.C 2R/ Š R.

There is a natural condition on a category for which our constructions are essen-
tially sharp.

Definition 3. A braided monoidal category C is trace-zero if, for every nilpotent
endomorphism f W c ! c, the trace of f is zero.

Our constructions of braided monoidal categories as described above give the fol-
lowing result4.

Theorem C. For every reduced commutative ring R, there is a Z-linear ribbon
braided monoidal trace-zero stable category CR with an isomorphism of rings

K0.CR/ Š R:

The following result is an obstruction to producing trace-zero categorifications of
rings that are more symmetric than those in Theorem C.

Theorem 4 ([8, Theorem 5.15]). Let C be a ribbon braided monoidal trace-zero
stable5 category with Œ1C ; 1C � a characteristic p ring. If v 2 Aut.1C / is the twist
automorphism, suppose that v` is unipotent for some ` coprime to p. Let n be the
smallest integer such that pn � 1 is divisible by `2. Then, for any object V 2 C , we
have dimV 2 Fpn . In particular, K0.C / cannot contain any field extension of Fpn .

In particular, for trace-zero symmetric monoidal categories, the dimension homo-
morphismK0.C /! End.1C / must land inside Fp (see [8, Lemma 3.13]), soK0.C /
cannot contain any field extension of Fp .

Despite the above obstruction, there are a number of possible directions for im-
provement to our theorems. Notably, the categories of Theorem A are not idempotent-
complete, so one could ask whether it is possible to build idempotent-complete cat-
egories. Another possible improvement to Theorem A would be an extension to all

4Note that the dimension gives a ring homomorphism K0.CR/ ! End.1CR
/ to endo-

morphism ring of the unit. In particular, End.1CR
/ is characteristic p when p D 0 in R.

5The cited result is for additive 1-categories rather than stable categories, but the relevant
part of the assumptions only depends the homotopy 1-category of C which is additive, so this
is okay.
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commutative rings, or at least the removal of the assumption about the minimal primes
being characteristic zero. The method of proof of Theorem A works without the char-
acteristic zero assumption, given a positive solution to the following conjecture.

Conjecture 5. For each prime p, there exists a rigid symmetric monoidal Z-linear
category C with K0.C / Š xFp .

By Theorem 4, any positive solution to Conjecture 5 must not be trace-zero.

1. Examples

In this section, we exhibit symmetric monoidal categories whose K0 is an arbitrary
domain of characteristic zero. Combining this with categories built from sl2-tilting
modules in the mixed case, we produce ribbon categories whose K0 is an arbitrary
reduced ring.

We first introduce some categories and operations that we use. Consider the cate-
gory StMod!Cp

,6 the compact objects of the stable module category of the group ring
FpŒCp� (see, for example, [18, Section 2] for an overview of this category). This is an
idempotent-complete rigid symmetric monoidal Z-linear category, and

K0.StMod!Cp
/ Š Fp:

The construction in Lemma 6 below uses an ultraproduct of the categories
StMod!Cp

over the set P of primes. We briefly recall how ultraproducts work, refer-
ring the reader to [2, Section 3] or [8, Section 3.6] for more details. Given a family
C˛; ˛ 2 A of objects in a category D (D could be the category of categories), we
can choose a non-principal ultrafilter U on the set A, which is the data of a max-
imal proper filter in the poset of subsets of A containing all cofinite subsets. Then, an
ultraproduct7, which we denote by …0˛2AC˛ , is the object of D defined as the filtered
colimit along the subsets of S in U of the product …s2SCs . An ultrapower of an
object C is an ultraproduct where all of the C˛ , are the same object, C .

Lemma 6. …0p2P StMod!Cp
is an idempotent-complete rigid symmetric monoidal Z-

linear category with K0 a field of characteristic zero. It is possible to choose an
ultrafilter so that K0 contains xQ.

6The category StMod!
Cp

can also be described as the category of perfect modules over the

E1-ring F
tCp

p , the ring whose homotopy ring is the Tate cohomology of Fp with a trivial
Cp-action.

7The ultraproduct depends on the choice of ultrafilter, but we disregard this in our notation.
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Proof. The functor K0 preserves arbitrary products and filtered colimits, so it pre-
serves ultraproducts. Since K0.StMod!Cp

/ is Fp , the result follows, as an ultraproduct
of fields of characteristic p for different p is one of characteristic 0. It follows from
[1, Theorem 5] that one can choose an ultrafilter so that K0 contains xQ.

Remark 7. We chose a non-principal ultrafilter on an infinite set in the proof of
Lemma 6 which is a non-constructive operation, but it is possible to do the proof
in a constructive way, with the cost of the category not being idempotent-complete.
Namely, one can simply choose a filter on the set of primes such that the correspond-
ing colimit of products of prime fields still contains xQ as in the proof of [1, Theorem
5]. By then considering the subcategory of objects whose K0 class lives in xQ, we
obtain an explicit construction of a category with K0 isomorphic to xQ.

Definition 8. Given a rigid braided monoidal category C , and an object x 2 C , we
can form the dual x�, giving an equivalence .�/� W C Š C op. We refer to this as the
dual functor.

Theorem 9. For any reduced commutative ring R such that every minimal prime
ideal of R is characteristic 0, there is a rigid symmetric monoidal Z-linear category
C such that K0.C / Š R, and the dual functor is the identity on K0.

Proof. We claim that the set of commutative rings R satisfying the theorem is closed
under products, ultraproducts, and subrings. The claim for products and ultraproducts
follows since K0 commutes with products and ultraproducts. For subrings, if

K0.C / Š R; R0 � R

is a subring and the dual is the identity on K0.C /, then the full subcategory of C
consisting of objects whose K0 class is in R0 is a category showing that the result is
true for R0.

Any reduced ring embeds into the product of its localizations at all of its minimal
primes. Indeed, this is because the kernel of a ring mapping into all of its residue fields
is exactly its nilradical, and the kernel of any residue field contains the kernel of some
minimal prime ideal. In the case of a minimal prime, the localization at the prime is
exactly the residue field associated to that prime.

By assumption, each of these localizations is a field of characteristic zero, so we
have thus reduced the theorem to the case R is a characteristic zero field. An arbitrary
field of characteristic zero embeds into an algebraically closed field, and ultrapowers
of xQ give examples of algebraically closed fields of arbitrarily large transcendence
degree, so it suffices to produce a rigid symmetric monoidal Z-linear category with
the dual acting by the identity such that K0 contains xQ. Now, we apply Lemma 6 and
conclude by observing that the dual functor induces the identity onK0.StMod!Cp

/.
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We next explain an improvement of Theorem 9 in the setting of ribbon braided
monoidal categories. The key example of a ribbon braided monoidal category that we
use is constructed in the following proposition.

Proposition 10. For every pair of distinct primes p; ` > 2, there is an idempotent-
complete semisimple xFp-linear ribbon category C with K0.C / Š ZŒ�` C �

�1
`
�.

Proof. Let q be a primitive `-th root of unity in xFp . We consider the category TiltxFp ;q

of tilting modules of Lusztig’s divided power quantum group associated to sl2 over
the field xFp . We refer the reader to [21] for a good reference for this category: it is
an idempotent-complete xFp-linear ribbon category with indecomposable objects T .v/
for v � 0, where T .0/ is the unit.

Let C 0 be the semisimplification of this category: see [9] for an overview of this
construction. C 0 is then an idempotent-complete xFp-linear semisimple ribbon cat-
egory. We will show that an appropriate subcategory C � C 0 has K0 isomorphic to
ZŒ�` C �

�1
`
�. The simple objects in the semisimplification C 0 correspond to indecom-

posable objects in TiltxFp ;q with nonzero categorical dimension, which is exactly T .i/
for 0 � i � ` � 2 by [21, Proposition 3.23]. The tensor product by [21, Lemma 4.1]
agrees with the truncated Clebsch–Gordon rule for the tensor product in the Verlinde
category Verp [8, Section 4.2].

We let C be the full subcategory of C 0 generated by T .i/ for i even: this is also
an idempotent-complete k-linear semisimple ribbon category since the even objects
are closed under tensor product, duals and contain the unit. Then, K0.C / agrees with
K0.VerCp /, which is indeed ZŒ�` C �

�1
`
� by [4, Theorem 4.5].

Remark 1.1. The key properties of the categories of Proposition 10 that we use are
that their mod p reductions can contain arbitrarily large field extensions of Fp . If we
were interested in constructing categories that are just monoidal as opposed to braided
monoidal, there are other candidates, such as the categories constructed in [14], whose
K0 is an arbitrary cyclotomic extension of the integers.

The next goal is to realize the operation K0 7! K0=.p/ at the level of categor-
ies. To do this, we use the tensor product of Fp-linear stable categories. If C;D are
Fp-linear stable categories, then C ˝Fp

D is also such a category that is generated
as a stable category by objects c ˝ d , c 2 C , d 2 D, and map.c ˝ d; c0 ˝ d 0/ Š
map.c; c0/˝Fp

map.d; d 0/. In particular, K0.C ˝Fp
D/ has a surjective map from

K0.C /˝K0.D/.

Proposition 11. Let C be an Fp-linear abelian category. Then, if Db.C / is the
bounded derived category of C , then

K0.D
b.C /˝Fp

StMod!Cp
/ Š K0.C /=.p/:
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Proof. Let C 0 D Db.C /˝Fp
StMod!Cp

. There is a surjective map from

K0.D
b.C //˝K0.StMod!Cp

/! K0.C
0/:

By the Gillet–Waldhausen theorem, K0.Db.C // Š K0.C /, and since

K0.StMod!Cp
/ Š Fp;

the above map is really a surjective map K0.C /=.p/! K0.C
0/. It suffices to show

that this map is injective.
Let Rep!Fp

.Cp/ denote the bounded derived category of finite-dimensional repres-
entations of the cyclic group Cp over the field Fp so that StMod!Cp

is the quotient of
Rep!Fp

.Cp/ by the full stable subcategory generated by the projective representation,
which is equivalent to Mod!.FpŒCp�/.

Tensoring with Db.C /, and applying the connective K-theory functor (see [5]),
we get a sequence

K.Db.C /˝Fp
Mod!.FpŒCp�//! K.Db.C /˝Fp

Rep!Fp
.Cp//! K.C 0/:

This is a cofibre sequence since connectiveK-theory sends localization sequences
of categories to cofibre sequences if the quotient is surjective on K0.

Let f W Mod.Fp/! ! Rep!Fp
.Cp/ denote the functor giving an Fp-module the

trivial Cp-action. It suffices to show that the natural map

K0.D
b.C //

K0.D
b.C/˝f /

����������! K0.D
b.C /˝Fp

Rep!Fp
.Cp//

is an equivalence, and that the image of K0.Db.C /˝Fp
Mod!.FpŒCp�// under the

second map is divisible by p so that the kernel of the map K0.C /=.p/! K0.C
0/ is

contained in the ideal .p/ and hence is zero.
The first claim follows from Lemma 12 below. For the second, we note that the

functor f has a retraction

g W Rep!Fp
.Cp/! Mod!.Fp/

given by taking the underlying Fp-module. K0.Db.C /˝ g/ is an equivalence since
it is an inverse of K0.Db.C /˝ f /, which we have already seen is an isomorphism.
Thus, it suffices to show that the composite

K0.D
b.C /˝Fp

Mod!.FpŒCp�//! K0.D
b.C /˝Fp

Rep!Fp
.Cp//

g
�! K0.D

b.C /˝Fp
Mod!.Fp//

has image in the ideal .p/. This is because this functor has a filtration given by the
filtration of FpŒCp� by the powers of the maximal ideal, whose associated graded is



I. Levy 672

a direct sum of p copies of the functor given by base change along the map of rings
FpŒCp�! Fp .

Lemma 12. Let C be an Fp-linear category with bounded t -structure. Then, the nat-

ural map K.C/
K.C˝f /
������! K.C ˝Fp

Rep!Fp
.Cp// is an equivalence, and K�1 of both

categories vanish.

Proof. To prove the lemma, we will show that C ˝ f satisfies the conditions of
[6, Theorem 1.3]. The image of f generates the target since each finite-dimensional
representation of Cp over Fp always has a nonzero fixed vector. It thus suffices to
show that the functor is fully faithful on the heart. If a; b 2 C~, then �� map.C ˝
f .a/; C ˝ f .b// Š ��map.a; b/˝Fp

H��.CpIFp/. Since map.a; b/ is coconnect-
ive andH��.CpIFp/ is concentrated in nonpositive degrees withH 0 Š Fp , it follows
that

�0 map.a; b/ Š �0 map.C ˝ f .a/; C ˝ f .b//;

i.e., that the functor is fully faithful.

Trace-zero categories are closed under the operations we use.

Lemma 13. If C is a rigid braided monoidal abelian category, then C is trace-
zero. Any rigid braided monoidal stable category with bounded t -structure is also
trace-zero. Trace-zero stable categories are also closed under idempotent completion,
products, and filtered colimits.

Proof. The fact that C is trace-zero is well known: given a nilpotent endomorphism
f W c ! c, one can filter c by the kernel of the powers of f to find that the map f is
zero on the associated graded. Thus, the trace of f is zero since it is on the associated
graded.

To see that a rigid braided monoidal category with bounded t -structure is trace-
zero, we use the fact that every map is canonically filtered by the Postnikov tower,
with associated graded maps in shifts of the heart. In particular, using additivity of
traces, if f is a nilpotent endomorphism of X , it suffices to check for each i that the
map

�~i f W �
~

i X ! �~i X

has trace zero. Each �~i f is nilpotent since f is.
The heart of the t -structure is an abelian category, and so, the proof of the previous

case applies to �~i f .8

8Note that this does not directly reduce to the previous case, since the dual of an object in
the heart may not be in the heart.
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We omit the proof that trace-zero categories are closed under idempotent comple-
tion, products, and filtered colimits, as it is straightforward.

We are now ready to produce ribbon categorifications of all reduced rings.

Theorem 14. Given any reduced ring R, there exists a trace-zero ribbon braided
monoidal Z-linear stable category C with K0.C / Š R such that the dual is the iden-
tity on K0.

Proof. As in Theorem 9, the set ofR satisfying the theorem are closed under subrings
and ultraproducts. The collection of reduced rings is generated under subrings and
ultraproducts by the collection of finite fields Fpn .

Let C be a tensor product (relative to xFp) of categories coming from Proposi-
tion 10. Since these categories are semisimple over an algebraically closed field, C
is also semisimple, and the K0 of this tensor product is the tensor product of the
K0 of each factor. By Proposition 11, Db.C /˝ StMod!Cp

is a ribbon braided mon-
oidal Z-linear stable category with K0 a tensor product of the mod p reductions of
ZŒ�` C �

�1
`
� for various ` > 2. To see it is trace-zero, we first observe that since C is

semisimple, the underlying stable category ofDb.C /˝ StMod!Cp
is a product of cop-

ies of xFp ˝Fp
StMod!Cp

corresponding to the simple objects of C . Now, the category
is trace-zero for the same reason that StMod!Cp

is, which we now explain.
Given a nilpotent endomorphism f of an object x 2 Db.C /˝ StMod!Cp

, we can

choose a lift Qf of f to an endomorphism of an object Qx in the heart of Db.C / ˝

RepFp
.Cp/ containing no projective summand. Traces of endomorphisms factor

through the semisimplification, which kills the projective representation. By assump-
tion Qf n, factors through some projective representation for sufficiently large n, so Qf
is nilpotent in the semisimplification, and thus has zero trace.

Since Fpn is the tensor product of finite fields of the form Fpqn , it suffices to show
that, for each p, q, n with p, q prime, there is an ` > 2 such that Fpqn is contained in
the mod p reduction of ZŒ�`�. Indeed, to see that the claim for ZŒ�`� implies the one
for ZŒ�` C �

�1
`
�, the claim for ZŒ�`� is equivalent to the claim that Fpqn is contained

in all the characteristic p residue fields of ZŒ�`�. Since

ZŒ�` C �
�1
` �! ZŒ�`�

is a degree 2 extension, it follows that, in ZŒ�`C �
�1
`
�, the residue fields mod p contain

a subextension of index at most 2, and so in particular contain F
pqn�1 .

To see the claim for ZŒ�`�, we first observe that whenever there is a prime ` divid-
ing jFpqn j� that does not divide jF

pqn�1 j
�, then ZŒ�`�=p contains Fpqn .

We thus need to show that, for infinitely many values of n,

jFpqn j
�
D pq

n

� 1
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contains primes not dividing pq
n�1
� 1. This will be true if

gcd
�
pq

n
� 1

pq
n�1
� 1

; pq
n�1

� 1

�
D gcd.q; pq

n�1

� 1/ 9

is 1, i.e., if p is not congruent to 1 mod q.
If qjp � 1, then, for large n, the q-adic valuation of pq

n�1
� 1 is larger than 1.

Thus, since gcd. pqn
�1

pqn�1
�1
; pq

n�1
� 1/ D q by the above equality, it follows that for

large n, the q-adic valuation of pqn
�1

pqn�1
�1

is 1. Thus, pqn
�1

pqn�1
�1

must have a prime factor

that is not a prime factor of pq
n�1
� 1, allowing us to conclude.

The categories constructed in Theorem 14 and Theorem 9 are stable categories
that do not arise from additive categories. Moreover, they are not idempotent-complete,
and the dual functor is the identity. Therefore, we ask the following questions.

Question 15. Given R a commutative ring, when does there exist an additive rigid
symmetric monoidal category C with K0.C / Š R?

Question 16. Given R a commutative ring, when does there exist an idempotent-
complete rigid symmetric monoidal stable category C with K0.C / Š R?

Question 17. Given R a commutative ring with an involution, when does there exist
a rigid symmetric monoidal stable category C such that K0.C / acted on by the dual
functor is equivalent to R?

2. Universal and functorial examples

Next, we show it is possible to produce categories whose K0 admit maps from a
ring R equipped with universal witnesses of relations in K0. We then combine this
with the results of the previous theorem to prove Theorem A and Theorem B. Given
a symmetric monoidal stable category C , let AlgEn

.Mod.C // denote the category
of En-monoidal C -linear categories10. For a discrete commutative ring R, we use
AlgEn

.Mod.R/~/ to denote the category of (discrete) associative R-algebras for n D
1 and commutative R-algebras for n > 1. For a category E and object e 2 E, we use
Ee= to denote the slice category of objects in E equipped with a map from e.

9This equality follows by writing pqn
�1

pqn�1
�1
D 1 C � � � C pqn�1

C � � � C p.q�1/qn�1
and

using that pqn�1
� 1 mod .pqn�1

� 1/.
10By an En-monoidal C -linear category we mean an En-algebra object (see [16, Definition

5.1.0.4] and [16, Definition 2.1.3.1]) in the symmetric monoidal category of modules over C in
the category of categories such that the action map preserves finite colimits in both variables.
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Proposition 18. Let 1 � n �1, and let C be a symmetric monoidal stable category
and C 0 a En-monoidal C -linear category. There is a functor

D.�/ W AlgEn
.Mod.K0.C //~/K0.C 0/= ! AlgEn

.Mod.C //C 0=

and a natural transformation

�.R/ W R! K0.DR/

such that �R makes DR a versal11 object in AlgEn
.Mod.C //C 0= equipped with a

map R! K0.DR/ in AlgEn
.Mod.K0.C //~/K0.C 0/=. The functor D.�/ functorially

depends on C; C 0, and a choice of representative of each K0-class of K0.C 0/, and
preserves filtered colimits with respect to all parameters. We can moreover require
that D.�/ take values and have a versal property instead in the subcategory of rigid
categories.

Proof. We will prove the proposition simultaneously with and without the rigid as-
sumption, using (rigid) to indicate which operations must be done as rigid categories
with the rigid assumption.

For each class in x 2 K0.C 0/, let us fix a choice of representative of the K0-class
of x, which we call Ox . Let us fix R 2 AlgEn

.Mod.K0.C //~/K0.C 0/=. We choose
a presentation of R as an associative K0.C /-algebra under C 0 as follows: let each
r 2 R itself be the set of generators. To write the set of relations, consider all formal
expression of the form

Pn
iD1

Qmi

jD1 xij , where xij is an element of the disjoint union
RqK0.C

0/. For each such data, we get a relation if the relation
Pn
iD1

Qmi

jD1 xij D

0 2 R holds where, for elements of K0.C 0/, we consider their image in R.
Now, we let D0R be the free (rigid) En-monoidal C -linear category under C 0

equipped with objectsXr for each generator r 2K0.C 0/. These objects give a natural
map �0R W K0.C

0/¹Rº ! K0.D
0
R/ in AlgEn

.Mod.K0.C //~/K0.C 0/=.
Next, for each relation

Pn
iD1

Qmi

jD1 xij , consider the object

O D

nM
iD1

 
miO
jD1

Pij

!
;

where Pij is Oxij
whenever xij 2 K0.C 0/ and is Xxij

whenever xij 2 R. Note that
we consider the operations ˚ and ˝ as only giving monoidal structures (as opposed
to symmetric monoidal and En-monoidal) so that O is an object defined up to a con-
tractible space of choices from the data defining the relation.

11or weakly initial
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For each relation, we freely adjoin to D0R as a (rigid) En-monoidal C -linear cat-
egory objects Y;Z, maps

Y
f
��! O ˚Z; Y

g
�! Z;

and an isomorphism cof.f / Š cof.g/. Let DR be the object in AlgEn
.Mod.C //C 0=

constructed via these operations.
The fact that cof.f / Š cof.g/ implies that ŒO� C ŒZ� � ŒY � D ŒZ� � ŒY �, i.e.,

ŒO� D 0. Thus, the composite K0.C 0/¹Rº
�0

R
��! K0.D

0
R/! K0.DR/ factors through

R, so we obtain the natural transformation �R as this factorization.
It remains to show the versal property of DR. To do this, let E be a (rigid) En-

monoidal C -linear category under C 0 with a factorization K0.C 0/! R ! K0.E/.
We must then produce a map DR ! E in AlgEn

.Mod.C //C 0= compatible with this
factorization.

First, observe that, by choosing representatives of the K0-classes of each element
of R, we obtain a map D0R ! E by sending the object Xr ; r 2 R to this object. It
suffices to show then that this functor F W D0R ! E admits a factorization through
DR. To do this, we use the following lemma.

Lemma 19 (Heller’s criterion [10, Lemma 2.12]). Let C be a stable category. For
any relation ŒA� D ŒB� in K0.C /, there exist cofibre sequences of the form

Y
f
��! A˚Z ! J;

Y
g
�! B ˚Z ! J:

For a given relation
Pn
iD1

Qmi

jD1 xij , by applying Lemma 19 to ŒF .O/� D Œ0� in
E, we obtain the data as in the lemma. For each relation, by sending the Y; Z; f; g
used to formDR to these objects and maps, and by choosing an isomorphism between
the J s appearing in the cofibre sequences, we obtain the desired factorization through
DR.

Remark 20. There is a version of Proposition 18 for additive categories: one needs
merely replace the application of Lemma 19 with the more basic fact that, in an addit-
ive category, the relation ŒA� D ŒB� holds iff there is some Y such that

A˚ Y Š B ˚ Y:

Now, we combine Theorem 9, Theorem 14, and Proposition 18 to prove The-
orem A and Theorem B, whose statements we recall for convenience.

Theorem A. There is a filtered colimit preserving functor C1
.�/
W Ring0red ! ZCat1rig

and a natural isomorphism of rings K0.C1R / Š R.
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Theorem B. There is a filtered colimit preserving functor C 2
.�/
W Ringred ! ZCat2rig

and a natural isomorphism of rings K0.C 2R/ Š R.

Proof of Theorem A and Theorem B. We first prove Theorem A, and then indicate the
necessary changes to prove Theorem B. Letting C D C 0 DMod.Z/! , nD1, choos-
ing any representatives of K0.C 0/, and applying Proposition 18, we obtain a functor
D.�/, taking a discrete commutative ring R to DR, a Z-linear rigid symmetric mon-
oidal category with a natural mapR!K0.DR/. The categoryDR comes functorially
equipped with objects Xr ; r 2 R (see the proof of Proposition 18) whose K0-class is
the image of r .

We consider the ideal IR ofK0.DR/ generated by r � r�, where r� is the class of
the dual of r . We apply Proposition 18 again with C DMod.Z/! , C 0 D DR, n D1
and Xr as our choice of representatives to obtain a category D0R versally equipped
with a map K0.DR/=IR ! K0.D

0
R/. Note that the image of the composite

R! K0.DR/=IR ! K0.D
0
R/

by construction has the property that it is fixed by the dual functor, so the subcategory
of D0R consisting of objects whose K0-class is in this image is a rigid symmetric
monoidal subcategory, which we define to be C1R .

It remains to show that the natural surjection R ! K0.C
1
R / is an isomorphism,

which is equivalent to the claim that R! K0.D
0
R/ is injective. We now assume that

each minimal prime of R is characteristic 0. Let C be a Z-linear rigid symmetric
monoidal category as in Theorem 9 with the property that K0.C / Š R and the action
of the dual functor on K0 is trivial. The fact that

K0.C / Š R

by versality gives the existence of a symmetric monoidal Z-linear functor DR ! C .
Because the action of the dual functor on C is trivial, versality of D0R further allows
us to extend this to a symmetric monoidal functor D0R ! C . It then follows that the
composite

R! K0.D
0
R/! K0.C /

is an isomorphism, so R! K0.D
0
R/ is injective, as desired.

To prove Theorem B, we run the same proof, except changing n from1 to 2 and
replacing the use of Theorem 9 with Theorem 14.

Remark 21. One can use Proposition 18 to make an ‘obstruction theory’ for con-
structing idempotent-complete categories with a specifiedK0. We briefly indicate how
this works for a symmetric monoidal category.

GivenC0 an idempotent-complete symmetric monoidal rigid stable category and a
map K0.C0/! R, we can by Proposition 18 construct a versal idempotent-complete
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rigid symmetric monoidal functor C0 ! C1 with a factorization K0.C0/ ! R !

K0.C1/. The first obstruction to constructing an idempotent-complete C0-linear cat-
egory with K0 isomorphic to R is whether the map R! K0.C1/ admits a retraction.

If a retraction exists, we can choose a retraction and form C2 as a versal idempo-
tent-complete C1-linear category with a factorization K0.C1/! R! K0.C2/. The
second obstruction is whether the map R! K0.C2/ admits a retraction.

One can keep going, and if all obstructions vanish, one can produce for each i
a category Ci , and the filtered colimit of Ci is an idempotent-complete C0-linear
category with the desiredK0. On the other hand, versality shows that if an idempotent-
completeC0-linear category exists with the desiredK0, then choices of retractions can
be made so that all obstructions vanish.

Remark 22. Using Proposition 18 as in Theorem A, one can reduce the problem
of categorifying arbitrary commutative rings to the case of finite commutative rings.
This is because the versal category CR with a surjective map R! K0.CR/ preserves
filtered colimits in the variable R, so to show the natural map R! K0.CR/ is an iso-
morphism, one can assume that R is finitely presented. In this case, R is a Noetherian
Jacobson ring, thus embedding into a product of finite rings (namely, the quotients by
powers of all maximal ideals), so it suffices to solve the problem for those. It is not
clear if there is a ‘small’ collection of finite rings that generate the rest under subrings,
products, and ultraproducts, but rings such as Z=pn and FqŒx1; : : : ; xn�=.x

mi

i / can be
categorified via methods similar to those presented in this paper and seem to generate
a lot of finite rings.
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