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Equivalences of the form XV X ~ ¥ X
in equivariant stable homotopy theory

William Balderrama

Abstract. We study equivalences of the form VX ~ sW X, where G is a compact Lie group,
X is a G-spectrum, and V' and W are G-representations. These equivalences encode a periodicity
phenomenon in G-equivariant homotopy theory which generalizes the classical James periodicity
for G = C,.

In the case where X = C(a}) is the cofiber of an Euler class, we construct an RO(G )-graded
J-homomorphism J: 7y KOg — 719 C(ay)™ which gives control over these periodicities. It also
produces infinite periodic families in the G-equivariant stable stems. We illustrate this with several
explicit examples.

More generally, our work gives information about RO(G)-graded units in equivariant stable
cohomotopy rings. We apply this to construct universal periodicities and differentials in the G-homo-
topy fixed point spectral sequence, and other equivariant Atiyah—Hirzebruch spectral sequences.

1. Introduction

1.1. Background

In [7,8], Bredon introduced the C,-equivariant stable stems. In modern notation, these are
the groups 7, Sc, comprising the RO(C,)-graded coefficient ring of the C,-equivariant
sphere spectrum. At the same time, he introduced groups that, in modern notation, may be
identified as the RO(C>)-graded homotopy groups & c (a) of the cofiber of the Euler
class ag': So"7 — Sg2.

In addition to fitting these homotopy groups into the evident long exact sequences,
Bredon observed that they satisfy a certain periodicity:

C m+1y ~ _C2 m+1
T2 Clag ) =2 o, Clag ™), (1.1

where y(m) =#{0 <k <m:k =0,1,2,4 (mod 8)}.

This periodicity was further studied by Araki [2]. The C-spectrum C(a™*!) is dual
to the m-sphere S with its free antipodal action. The theory of Clifford algebras provides
a trivialization of the C,-equivariant vector bundle 2¥" ¢ x §™ — S™, and Araki used
this to produce and study invertible elements

C
Om € Tym 1oy Clag ™. (1.2)
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Additional properties of these were established by Araki and Iriye in [3], where they were
applied to the computation of C»-equivariant stable stems.

As already observed by Bredon, the groups ]T*CZC (a™*1) can be identified as nonequiv-
ariant stable homotopy groups of real stunted projective spaces. From this perspective,
(1.1) is a consequence of James periodicity [16], as also noted by Landweber [19]. In [6],
Behrens and Shah used the Adams isomorphism and James periodicity directly to pro-
duce invertible elements of the form (1.2). Their work emphasizes the interaction with the
C,-equivariant Adams spectral sequence, constructing these elements to lift powers of the
orientation class Uy € w1_¢ H IFZC 2,

Our goal in this paper is to put these results in the context of a more general periodicity
phenomenon in equivariant stable homotopy theory, and give applications.

1.2. Summary

The starting point of our investigation is a reinterpretation and generalization of these clas-
sical results in terms of the J-homomorphism. Classically, the stable J-homomorphism
for a space Z is a homomorphism

KO™Y(Z) - myD(2FZ)" (1.3)

from the K-theory of real vector bundles over the suspension of Z to the group of units
in the stable cohomotopy ring of Z. The J-homomorphism was originally introduced by
G. W. Whitehead [38], and the construction works just as well equivariantly, as has been
studied by several people going back to Segal [31].

We introduce the following refinement of the equivariant J-homomorphism. Fix a
compact Lie group G and compact G-space Z, with unreduced suspension SZ.

Theorem A (2.2.1). The equivariant J-homomorphism refines to a homomorphism
J:K0%(SZ) - 78 D(E2Z)*,

defined up to signs, interacting with degrees as follows: if € € I?é% (SZ) restricts along

the inclusion S° — SZ to o € KO%(S®) = RO(G), then J(§) € nZ D(E°Z).

This refines the classical equivariant J-homomorphism as in (1.3) in the sense that the
latter is obtained by restricting along the canonical map SZ — ¥(Z). By “defined up to
signs” we mean that J takes values in orbits for the action by the subgroup of orthogonal
units in (9SG ), i.e., those units which are obtained by compactifying an automorphism
of a G-representation. See Remark 2.1.1 for further discussion.

Example 1.2.1. Let Z = S(A) be the unit sphere in a G-representation A. In this case the
cofiber sequence S(1) 1 — S — S* yields equivalences

SZ ~S*, D(ETZ)~C(ay),
where a); € m_) S¢ is the Euler class of A, so our J-homomorphism takes the form

J: 1 KOG — n9C(ay)™,
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where if £ € 7, KOg then
|J(§)| =a whenay¢é =o€ 10KOg = RO(G).

Example 1.2.2. It follows from the structure of 7oKO¢c, ® C(a™*!) ~ KO°(RP™),
computed by Adams [1], that

Im (ag”rl { Tm+1)0KOc, — RO(CZ)) = Z{2y(m)(l — 0)},
so Theorem A encodes the classical James periodicity of Section 1.1.

Remark 1.2.3. In general, an invertible element u € ng C(a,) gives rise to a secondary
periodicity operator
Py: ”f(_) - Tlfira(—),

defined on the kernel of a; and defined modulo the projection d(u) € my41—1Sg of u
onto the top cell of C(a,). These operators are periodic in the sense that if ayx = 0 then
x € Py-1(Py(x)). Thus Example 1.2.1 implies that the equivariant K-theory of repre-
sentation spheres parametrizes certain nontrivial periodicities defined on Euler-torsion in
G-equivariant stable homotopy theory.

As Remark 1.2.3 suggests, Theorem A can be used to produce infinite periodic families
in the RO(G)-graded equivariant stable stems.

Example 1.2.4 (§6.6). Let H denote the tautological representation of the quaternion
group Qg C Sp(1) of order 8. If we define

2n, n even,
pn) =
2n + 1, n odd,

then 27" (4 — H) = a?H‘H - by 41 for some b, 41 € 7(n41)mKO g Which lifts a generator
of m4(,+1)KO when n is even and 4 times a generator when 7 is odd. From this one obtains
invertible elements

Urpmyg = J(bn+1) € NZ%%n)@_H)C(a%[-H)'

By taking powers and projecting onto the top cell of C (a'ﬁ‘“), this gives for each n the

infinite periodic family

k
AUy pe ) € T2 k(4—H)+(n+1)H—-15 s>

all nonzero for k # 0, satisfying

k-j , neven,
res2® (0(u%,.))) = {k i;n+3 "o
: 4n+3, s

where j, € 7, S is a generator of the image of J in this degree.
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In Section 3, we apply Theorem A to construct universal periodicities and differentials
in equivariant Atiyah—Hirzebruch spectral sequences. We refer the reader there for the
general situation and just state here a special case.

Given a finite group G and G-ring spectrum R, there is a homotopy fixed point spectral
sequence

Ex(R) = H*(Gim{R) = nJ R}

computing the RO(G)-graded homotopy of the Borel completion R} = F(EG4, R). This

spectral sequence exhibits periodic behavior: there are invertible elements u, € ”ﬁxl— R=

R for each @ € RO(G), canonical up to a sign, allowing one to identify
E,(R)=H *(G; nj;’R[uAil : A irreducible G-representation]).

Here, g € G acts on uy by +1 according to whether the action of g on A is oriented.
Theorem A allows us to construct universal differentials on these classes. If Z < Z[G] <
Z|G{11} < Z|G){Ip} < - - is the free Z[G]-module resolution associated to a cell struc-
ture on EG, then an E;-page for the homotopy fixed point spectral sequence is given by

EPT(R) = nty, ;R = nCR).

In the case R = KO and in integer degrees, this is the classical Atiyah—Hirzebruch spec-
tral sequence for KO* BG, and the classical J-homomorphism defines a map

T E* (kOg) = ny KO — mp_§*Ur = E7M (S6).
Given a 0-dimensional virtual G-representation o, sett, = U_y € E 'II’O(R).

Theorem B (3.2.1). Suppose that @ € RO(G) is detected in the Atiyah—Hirzebruch spec-
tral sequence for KO°(BG) in positive filtration f by b € E?’f(KO). Thent, € E‘lx’O (R)
survives to the Ey-page, whereupon

dy(to) = £T (b)ta
in E{™"(R).

The sign in Theorem B is present due to choices involved in constructing VE 7y KO —
mr—1S; we make no attempt to pin this down further.

Example 1.2.5. When G = C», the universal space EC, = S(ocoo) admits a cell structure
with one free cell in each degree, giving

ES (KOc,) = n151. KO => KO~ (BCy).
E;"(Sc,) = maS[uy' as] = m.(Sc,);-

Here, a, is the generator of H'(Cp;7¢__Sc,) = Z/(2). Let p(n) denote the nth Hurwitz—
Radon number, i.e., if v2(n) = 4a + b with 0 < b < 3 then p(n) = 8a + 2. Then k(1 — o)
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is detected in the Atiyah-Hirzebruch spectral sequence for KO°(BC5) by a generator of
7o(k)KO, and it follows that

dpey (ug) = Jotor-1 - a6©uz?® - ug
where j, € 7, S is a generator of the image of J in degree, with the understanding that
Jjo = £2. These can also be interpreted as primary differentials in the Atiyah—Hirzebruch
spectral sequence for real projective space. This essentially goes back to Adams [1], com-
pare also [3, Theorem 3.5] and [9, Proposition 2.17].

Example 1.2.6. Theorem B only produces universal differentials, which can vanish in a
given G-ring spectrum. For example, the homotopy fixed point spectral sequence for Real
bordism MR takes the form

EP*(MR) = mMUuE" a;] = 7&2MR.

Theorem B implies d1 (us) = £2a, and d2(u2) = naZ. As n vanishes in MU, this implies
that u2 must survive to (at least) the E3-page for M R. In fact, one has

d3(u(2,) = 0(3,171,

where U] € w14+ MR is detected by u;lvl [15]. Given this, one can instead interpret
Theorem B as saying that a; v, € w1 MR is the Hurewicz image of a class in 71 S¢, which
is killed by a2 and lifts 7. The only such class is 7¢ + a2vc,, where ng € 7S¢, and
Ve, € m1+205¢, are the nonequivariant and equivariant complex and quaternionic Hopf
maps respectively. As vc, has trivial Hurewicz image in MR, this encodes the identity
asV1 = nq. Similar considerations apply to higher differentials and other G-spectra.

Example 1.2.7. When G = Qs, as H is oriented the homotopy fixed point spectral
sequence restricted to degrees x + *H takes the form

E, =H*(Q8;71:R)[u N = n*+*HRh,

where |up| = 4 — H. Using the fact that the unit sphere S(nH) is a (4n — 1)-skeleton of
EQyg, it follows from Theorem B and Example 1.2.4 that there are differentials

n+1,,—(n+1)  2p0)

d (uzp(n) ]4n+3 aH M uH s n even,
4m+1)Uyg = . 1 ()
4janis- a7H+1uH(n+ ) cud, nodd

for n > 0, where ay is detected by the generator of H*(Qs; 7y _wSos) = Z/(8).

In Section 4 we investigate an additional property of the invertible elements produced
by Theorem A that makes precise a certain analogy between these equivariant “James-
type periodicities” and v,-periodicity in classical stable homotopy theory. This analogy
was first highlighted by Behrens and Shah [6] in their construction of C,-equivariant uq-
self maps. Given a 0-dimensional virtual complex G-representation «, there is a canonical
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invertible Thom class
ty € ngeMUg,

where MU is tom Dieck’s homotopical G-equivariant complex cobordism spectrum.

Definition 1.2.8 (4.1.2). A ty-element of order n > 0 in a G-ring spectrum R is an invert-
ible element ¢ € 75, R lifting ¢ under the Hurewicz map R — R ® MUg.

When o = |V| — V one might call these uy -elements. Note that multiplication by a
t,-element induces a #,-self map: a self-map inducing multiplication by a power of 7y in
MU g-theory. The observation here is now the following.

Proposition C (4.2.3). The complex J -homomorphism
J:KU%(SZ) — n8 D(2%°Z)*
takes values in ty-elements for various a: if | J(§)| = « then J(§) is a ty-element.

The analogous proposition holds with KU and MU replaced by KO and MO, or by
KSp and MSp.

Example 1.2.9. As HFS2 @ C(a™!) ~ F(ECyy, HF,) ® C(a™*1) is MOc,-oriented,
it follows from the real analogue of Proposition C that the invertible elements #5yom, €

C: C(a™*1) guaranteed by Example 1.2.2 have Hurewicz image

Tavm (1-0)

2v(m)
o

c
€ (HF, z)zv(m>(1—o)c(a;n+l),

where u, € o H IFZC 2 is the orientation class. In other words, we recover the ug-
elements produced by Behrens—Shah in [6, Theorem 7.7].

Using equivariant nilpotence techniques we are able to bootstrap Proposition C into a
general existence criterion for #,-elements.

Theorem D (4.5.4). Let G be a finite group and R be a G-ring spectrum, and suppose
PR#A0 — resga =0

for all cyclic subgroups C C G. Then R admits a ty-element of order dividing a power
of |G|.

Example 1.2.10. Let A — R be a faithful G-Galois extension of E,-rings. Then R
together with its G-action defines a G-ring spectrum satisfying ® R ~ 0 for all non-
trivial subgroups H C G [22, Example 4.10], and which therefore admits a #,-element of
order dividing a power of |G| for any zero-dimensional virtual representation o.

There are more RO(G)-graded periodicities than are accounted for by f4-self maps.
For example, there are stable equivalences SV ~ S" that do not come from an isomor-
phism V = W of G-representations. Section 5 contains some observations about this
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situation, mostly adapting work of tom Dieck, Hauschild, Petrie, and Tornehave [35-37]
on homotopy equivalent representation spheres and the equivariant Adams conjecture. For
example, we prove the following.

Theorem E (5.2.3). Let G be a finite group and X be a compact G-spectrum. Given
o € RO(G), there exists an equivalence X"* X ~ X for some n > 1 if and only if

X #£0 = || =0
for all cyclic subgroups C C G.

Here, the assumption that X is compact (i.e., finite) guarantees that ®¢ X = 0 if and
only if ®€ End(X) = 0; we deduce Theorem E as a special case of a more general state-
ment about the existence of units in G-ring spectra, see Theorem 5.2.2.

Example 1.2.11. Given a finite group G, G-representation A, and & € RO(G), there exists
an equivalence X"*C(ay) >~ C(a,) for some n > 1 if and only if

A1 #£0 = [a€| =0

for all cyclic subgroups C C G. Thus it is a purely representation-theoretic condition that
determines when a -torsion is ¢-periodic (of some possibly large period).

As a general statement this is quite satisfactory, but as a practical matter it gives no
control over the equivalences "% X ~ X. More can be said after inverting some primes
not dividing the order of G, and we make some comments about this situation in Sec-
tion 5.1. A clean general statement is available when G is a p-group, where we prove the
following.

Fix a prime p and finite p-group G. In this case, Bousfield localization Lgy,/p
behaves similarly in G-equivariant homotopy theory to how K(1)-localization behaves
in nonequivariant homotopy theory. In particular, if £ generates a dense subgroup of
Z,/{+£1} and we set

Jg =Fib (y* —y': (KOg)) — (KOg)}).
then J¢ >~ Lgy;/pSc. and more generally
Lxys/pD(E2FZ) ~ F(XTZ, Jg)
for any compact G-space Z [5, Corollary A.4.13]. Write
Jk) RO(G) — KOG(Z) —~ J5(Z)

for the resulting boundary map.

Theorem F (5.3.5). Let G be a finite p-group and Z be a compact G-space. Given o €
RO(G), there exists an invertible element in 7o D(X%° Z) () if and only ifjlg(l)(oe) =0.
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Thus the location of units in JT*GD(EZ_OZ )(p) is completely determined by K(1)-local
information.

In Section 6 we work out several explicit examples. In particular, we compute ) KOG
for a variety of finite groups G and G-representations A, producing explicit periodicities
on C(a%) and infinite periodic families in 7, Sg.

2. An RO(G)-graded J-homomorphism

In this section we construct the equivariant J-homomorphism promised in the introduc-
tion. Throughout this section G is a compact Lie group, and for simplicity we shall restrict
our attention to compact G-spaces.

2.1. Preliminaries

We begin by fixing a bit of notation. Fix F to be one of the real division algebras R, C, or
H. All vector spaces, vector bundles, and so forth are understood to be with respect to F.
Write

KOg, F =R,
KFg = { KUg, F =C,
KSPG’ F =H

for the G-spectrum representing the K-theory of G-equivariant vector bundles, and
RF(G) = noKFg

for the corresponding Grothendieck group of G-representations.
If Z is a compact G-space, then KF' % (Z) can be identified explicitly as

KF % (Z) = {G-equivariant vector bundles over Z}/(~),

where
§~C¢ whené @V =~ ¢ @ V for some representation V.

The reduced K-group KF OG (Z), generally only defined when Z is pointed, may be simi-
larly identified as

KF % (Z) = {G-equivariant vector bundles over Z}/(~),
where
E~{¢ whené @V = @ W for some representations V' and W.

Write SZ = S° % Z for the unreduced suspension of Z,and az: S 0 _, §Z for the inclu-
sion of cone points. Then the restriction

az:KF%(SZ) — noKFg = RF(G)

sends a vector bundle & over SZ to the difference V' — W, where V and W are the restric-
tions of £ to the cone points —1 and 1 respectively.
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We separate out the following remark for easy reference.

Remark 2.1.1. If V is a G-representation, then the representation sphere SV is the pointed
G-space defined as the one-point compactification of V. The suspension spectrum of SV
is invertible as a G-spectrum, allowing one to construct virtual representation spheres
S% € §pY for any virtual representation @ € RO(G). However, whereas the assignment
V + SV is natural in V', the G-spectrum S is generally defined only up to noncanonical
isomorphism.

This issue arises from the fact that if V' is a G-representation, then Aut(}’) may act
nontrivially on SV in the homotopy category of G-spectra. If V is defined over F = C
or H and we consider only F-linear automorphisms, then in fact Aut(V") acts trivially on
SV up to homotopy and no such issues arise. If F = R then we will sidestep this issue
by taking the convention that, for our purposes, S¢ and 7, (—) will only be defined up to
signs, where “signs” refers to the orthogonal units in A(G), i.e., the image of tom Dieck’s
homomorphism

J:RO(G) — (m0Sg)™

sending a G-representation V' to the class obtained by compactifying —1: V' — V. Un-
fortunately we see no way to avoid this while maintaining that the source of the J-homo-
morphism of Theorem 2.2.1 is I?éOG (SZ), and not some more rigid but less uniformly
computable object (such as Map® (Z, L(V, W)) for fixed V and W).

We warn the reader that, having taken this convention, we will generally not take the
care needed to pin down precise orientations and signs in intermediate arguments as they
will not affect the final results.

2.2. Constructing the J-homomorphism

We now proceed to the construction. Fix a G-space Z and vector bundle & over SZ, and
write V and W for the restrictions of £ to the cone points —1 and 1. Let L(V, W) denote
the G-space of linear isometries V' — W, and write

j:L(V,W) — Map,(SV,S")

for the one-point compactification map. As SZ is obtained by gluing two contractible
spaces along a copy of Z, the vector bundle £ is classified by a clutching function

g1 Z — L(V.W),
and the composite j o g¢: Z — Map, (SY, $%) is adjoint to a map
J€):3"(Z24) > s7.
After stabilization, this defines a class
J(§) € ny_w D(EXZ)

that we will denote by the same name.
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Theorem 2.2.1. The above construction extends to a natural homomorphism
J:KF%(SZ) — 28 D(222)*,
defined up to signs when F = R, with the property that
|J(§)} =oa whenazé = o € RF(G).

Proof. If Zy is the trivial bundle V x Z — Z, then by construction J(Zy): 2V (Z4) —
SV is the collapse map, adjoint to the unit 1 € 7TOG D(X%°Z). Recall that if £ is any vector
bundle over SZ, then there exists another vector bundle £’ for which £ & £’ =~ Zy for some
G-representation V' [30, Proposition 2.4]. Therefore we may reduce to just verifying that
JE®E)=J(E)- J(&) for any two vector bundles £ and &’ over SZ. Write

92 Z - L(V,W), ¢g:Z — LV W)
for clutching functions for & and &’. Then a clutching function for £ @ &’ is given by

geoe:Z > LV @V . WeW), ¢ree(2)(v.v) = (¢:(2)(v). g (2)(v)).

It follows that J(§ @ £’) is the composite

/ A ! = !
2VOV(Z) — 2V ((Z x 2)1) = SV (Z)AZV(Zy)

J J(& ;= ’
ENJIE) SW/\SW _)SW@W

’

which exactly corresponds to J(§) - J(&§'). |
Example 2.2.2. There is a cofiber sequence Z, — S° — SZ, and precomposing J with
restriction along the boundary map SZ — ¥ (Z ) gives an equivariant J-homomorphism

KFGH(Z) — moD(STZ)™,

as considered, for example, in [31].

Example 2.2.3. Write
J =030 J:KF%(SZ) — % D(Z®°5Z).

If A is a G-representation and Z = S A“, then az = 0 and J recovers the equivariant
J-homomorphism
mr42KFG — w1156,

as considered, for example, in [10,20,26].

Remark 2.2.4. If Z is G-pointed, then SZ ~ ¥ Z and az = 0, so the J-homomorphism
is of the form
KFG (Z) — n$ D(£32Z).
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The basepoint of Z induces a splitting D(X2FZ) >~ Sg & D(X*°Z), and so we may
project onto the latter summand to obtain

J =80 J:KF5'(Z) —» 28 D(Z*Z).

Note that this need not be a group homomorphism, though it is if Z is G-connected. On
the other hand, one can also consider the (perhaps more familiar) J-homomorphism

J:KFG (Z) = 28 D(£%°Z)

sending a pointed map ¢: Z — L(V, V) to the adjoint =¥ Z — SV of the composite
jog¢:Z — Map,(SY,SY). If Z is G-connected then J’ = J, but they can differ in
general, as the next example demonstrates.

Example 2.2.5. Take Z = S°. The homomorphism j: RO(G) — A(G)* indicated in
Remark 2.1.1 factors through the surjection n: RO(G) = m9KOg — 71 KOg, and we have

J' (o) =j@), Jn-o)==x(1-j@).

For example J (n) = £2, and if 0 is a 1-dimensional representation with index 2 kernel
KCGthenJ(n-0) = :i:trg(l).

3. The equivariant Atiyah—-Hirzebruch spectral sequence

If Z is a G-complex and R is a G-spectrum, then there is an Atiyah—Hirzebruch spectral
sequence
ES7(Z;R) = HL(Z:mgy yR) = RGH(2),

with E,-page the Bredon cohomology of Z with coefficients in the Mackey functor z, R.

Example 3.0.1. For Z = E G one obtains the homotopy fixed point spectral sequence
EYT = HY(G: no, Ry = 7l F(EGy. R) = mo(F(S% R)'°).

with E»-page the group cohomology of G with coefficients in the underlying homotopy
groups ¢ R.

In this section we apply the J-homomorphism constructed in Section 2 to obtain uni-
versal periodicities and differentials in these spectral sequences.
3.1. A technical lemma

We will need a technical lemma. Let p: Z — T be a map of G-spaces with a homotopy
retraction i: T — Z, so that p oi ~ idr. In particular, there is an equivalence

T/Z ~ S(Z/T).
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Write
q¢:Z—-Z|T, 0:SZ/T)~T/Z — SZ
for the canonical maps, and note that

Sqo0d:S(Z/T)—> SZ — S(Z/T)

is an equivalence. The following diagram of coCartesian squares may help illustrate the
situation:

T > Z > T > *

| | |

* > Z)T > > ST > %
| | | |
*

— SZ/TY=T]Z — SZ —— SZ/ST ~S(Z/T).
The retraction p oi =~ idr induces a stable splitting
D(XYZ) ~ D(XYT) ® D(2*Z/T).

Here, D(X*°Z/T) is a module over D(X%°Z), and thus over D(X°T) by restriction
along p. We now have the following.

Lemma 3.1.1. If¢ € I?é% (SZ), then under the above splitting we have

J(§) = (J(Si*E), T (3%(§)) - J(Si*)),
where J is as in Remark 2.2.4.

Proof. The relevant diagram is

KO (S(2/T)) —'—= moD(EFZ/T) —=— mo(Se & D(E®Z/T))

A
9* 1 | Sq* lq* lt@id
I

K0%(SZ) —L— 7. D(EXZ) —=— 7, (D(SPT) & D(S®Z/T)).

|

KO%(ST) —L— 7, D(Z°T)
First suppose £ = Sp*¢ for some ¢ € I?é% (ST). In this case we have
J(E) = J(Sp™0) = p*J(©) = (J(D).0) = (J(Si*§).0)
as claimed. Next suppose Si*§ = 0. In this case § = S¢*0*§ and thus

J(§) = J(Sq™9%§) = q" J(37§).
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Under the splitting
D(XEFZ/T)~Sc ® D(X*Z/T)

we have by definition B
J(@*8) = (1,J(3°9)),
and thus
¢* I3 = ¢* (1. T @) = (1.7 (0*)).
Finally, for general £ we combine the preceding cases to compute
J(§) = J(E —Sp*Si*E) - J(Sp*Si*§)
= (1, J (9% (& — Sp*Si*§))) - (J(Si*Sp*Si*£),0)
= (1, J(@*8)) - (J(Si*£),0) = (J(Si*E), J(3*E) - J(Si*§))

as claimed. [

3.2. Periodicities and differentials in the equivariant AHSS

A G-complex is a filtered G-space

Z = colim Z=",
n—oo

where Z=" is obtained from Z<" by attaching n-cells. For our purposes, this will mean
that we have specified G-sets I, for each n > 0, together with pushout squares

St 1xl, — Z<"

! |

D" x I, —— Z="
for n > 0. Note in particular
ZS" )7 ~ (D" x 1)/ (S" ' x I,) ~ " (I 1).
For a G-set I and G-spectrum R, write
(,R)(I) =7l F(ETI, R)

for the evaluation of the Mackey functor r, R on /. Then the Atiyah—Hirzebruch spectral
sequence

EP(Z;R) = (44 ;R)If) = RG*(Z)

is the spectral sequence associated to the filtration

F(E¥Z,R) ~ fan;O F(=XZ~/,E).
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The E,-page is given by the Bredon cohomology groups
E»(Z;R) = H3(Z; 7, R).
If £ > 1 then the J-homomorphism defines a map
T EY(Z:K0g) = (z,;K06)(If) = (z;_156)(Iy) = Ey "/ (Z: 56).
In general E,(Z; R) is a module over E,(Z; Sg), and we have the following.

Theorem 3.2.1. Fix « € RO(G), and suppose that the image of @ in KO% (Z2) is detected
byb e Elo’f(Z;K0g) with f > 1. Then there exists an invertible element ty € E‘lx’O(Z; R)
which survives to the Ey-page, whereupon

dr(to) = £T (b)ta

in E}x_l’f(Z; R). Here, the % refers to signs in the sense of Remark 2.1.1, and is present
Jjust as J (b) has only been defined up to signs.

Proof. We may as well suppose R = Sg. The relevant diagram is the following:

KOG(S(S/~' A1z +) = (zrKOG)(Iy) % (xs_1S6)(Iy)
i — “
2| 7 D((STV A Try)y) 3 7. D(E U ypy)
I I
I v I A
— _ , Se* —~ I
KOY%(S(S/=1x1Iy)) « - < KO%(SZ=7) , 0!
— N2 . T \ |
Si* T D((ST7V x Ir)4) +— | Dz
KO (S1Iy) « - KO%(SZ=') , T
<+ —~
T D(Ir1) < m.D(Z5).

Here we have abbreviated D(X) = D(X*°X) for a pointed G-space X .

As « is detected by b € E?’f(Z; KOg), there exists be I?é%(SZ<f) satisfying
8(15) = b and restricting to « along S® — SZ</. Applying the J-homomorphism we
obtain an invertible element

J(b) € i8S D(=XZ~T).

We take 7, to be the image of J (l;) under restriction along Iy = Z=° — Z</; we will

also abuse notation by writing the same for the image of J (l;) under restriction along the

mapir:lr — Z</ . Then to say that dr(ty) = f(b) - 14 s to say that B(J(l;)) = f(b) ty.
Under the splitting

D((S7™ ' x Iry)4) = D(Iry) ® D(Z/ 7y
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we may identify
e*(x) = (i;(x), 3(x))

for any x € JT*D(Z:f). Using Lemma 3.1.1, we compute

e*J(b) = J(Se*b) = (J(Si*(Se)*b), J(3*Se*b)- J(Si*Se*b)).
Here, by construction we have 3*(Se)*b = b and J(Si*(Se)*b) = t,, implying that

e*J(b) = (to, T(b) - 1),

and so B(J(l;)) = J(b)ty as claimed. [

Remark 3.2.2. In Theorem 32/ 1, the choice of ¢, € E ‘1’"0(2 ; R) depends on the choice
of aliftof @ € RO(G)to@ € KO% (S1p), and this choice puts constraints on the detecting
class b. However, once & is chosen, the proof shows that J (b) € E fl’f (Z; Sg) descends
to aclassin E, Ls (Z; Sg) which is independent of the choice of detecting class chosen
from

b € Im({@ x50, (s10) K0Y%(SZ<') — n /KOG (Iy))
C Im({a} xgo(G) KOG(SZ=') — 7 ;KOG (Iy)).

It would be desirable to have more control over all these choices, perhaps via a suitable
“synthetic J-homomorphism”; we shall refrain from any precise speculation.

4. Equivariant 7,-self maps and ¢,-elements

This section contains our study of #,-elements and #,-self maps, connecting the peri-
odicities produced by the J-homomorphism of Section 2 to periodicities in equivariant
cobordism.

4.1. Equivariant cobordism and ¢, -elements

We begin by recalling the definitions needed to make sense of 7y-elements. Let F' denote
one of the real division algebras R, C, or H, and write

MOg, F =R,
MFg = { MUg, F =C,
MSpg, F=H
for the corresponding G-equivariant homotopical cobordism spectrum. This was origi-

nally constructed by tom Dieck [34] when F = C, and the construction works just as
well for FF = R and F = H. To be precise tom Dieck constructs MFg as a G-equivariant
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cohomology theory; a good construction of MF as a G-spectrum suitable for our pur-
poses may be found in [32]. The G-spectra MF g are compatible as G varies, and assemble
together to form a highly structured globally equivariant ring spectrum. We refer the reader
to [29, Chapter 6] for a careful construction of MF g which incorporates this additional
structure.

A vector bundle y over a compact G-space Z has associated sphere bundle S(y) and
disk bundle D(y), and the Thom space of y is given by

Th(y) = D(y)/S(y).

This is a pointed G-space, and we will generally not distinguish between it and its sus-
pension spectrum. Associated to y is a Thom class

t, € MEG"” Th(y),
cupping with which induces the Thom isomorphism
MF Th(y) = MF7(2).

Moreover, MF g is the universal G-spectrum with such Thom isomorphisms [28].
We only need the simplest example of a Thom class. Given a G-representation V', we
write
ty € my_jy\MFg

for the Thom class of V' considered as a vector bundle over a point, noting that Th(V') =
SV This satisfies
tvew =tytw, trpn =1,

and has inverse the orientation class uy € mjy|—yMF¢. Moreover, ty depends only on
the isomorphism class of V, allowing for the following definition.
Definition 4.1.1. The Thom class ty € my_jqMFg of a virtual G-representation o =
V — W is defined as 1, = ty 1y

From now on, we shall assume that « has virtual dimension zero. This loses no real

generality for our purposes, and is convenient as it ensures |f,| = «.

Definition 4.1.2. A ¢,-element of order n > 0 in a G-ring spectrum R is an invertible
element ¢ € nng lifting ¢7} under the Hurewicz map R — R ® MUg.

The condition that a 7,-element is invertible is automatic if, for example, R is MFg-
local. We include it as our examples satisfy it.

Definition 4.1.3. A t,-self map of order n > 1 on a G-spectrum X is an equivalence
X S X

which induces multiplication by ¢7 after smashing with MFg, that is for which MFg ®
f =1t ® X as self maps of MFg ® X.
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We record the following for easy reference.

Lemma4.14. Ift € myo R is a ty-element and M is an R-module, then multiplication by
t defines a ty-self map X"* M — M. Conversely, every R-linear ty-self map ¥"*R — R
is given by multiplication with a ty-element.

Proof. Immediate from the definitions. ]

4.2. Vector bundles and K -theory

Let Z be a compact G-space. We now relate the study of 7,-elements in D(XF Z) to the
study of vector bundles on Z.

Given a G-representation V', write Zy for the vector bundle V x Z — Z. This has

Thom spectrum

Th(Zy) ~ 2V'5Z.
In particular, a stable equivalence Zy =~ Zy of vector bundles over Z induces an equiva-
lence =V Z‘_’SZ ~ W EfZ . The basic observation is that this is determined by a ty_yp -
element in D(X%° Z), and that such elements are parametrized by the J-homomorphism
of Section 2, as we now explain.

If £ is a vector bundle over Z, then the Thom diagonal Th(¢§) — Th(§) ® X°Z trans-
poses to make Th(§) into a module over the Spanier—-Whitehead dual D(X5°Z). When
£ = Zy, one obtains the usual module structure on Th(Zy) = XV XZ. In particular, a
map Zy — Zyw of vector bundles induces a D(£%° Z)-linearmap £V £¥Z — =V Z.
By duality, such a map is given by capping with an element of ng_WD(Z“f Z).

Remark 4.2.1. Explicitly, given amap f: SV E£%Z — WX Z, one defines the class
te JTg_W D(X3°Z) to be represented by the composite

sVsez L sWsez — sWEee) —= sV,

and when f is D(XS°Z)-linear it may be recovered from ¢ as the composite

I®EPZ
Wrez A, sVsez e Pz —— 0 sWEPZ.
We can now give the following.

Lemma 4.2.2. Fix an equivalence Zy — Zw of vector bundles over Z with associated
equivalence f: ZVE:’_OZ = EWEfZ of Thom spectra. Then f is a ty_w-self map and
the associated class t € Jrg_WD(E‘f Z) is a ty_y -element.

Proof. By the above discussion and Lemma 4.1.4, it suffices to show that ¢ is a ty_y-
element. By definition t = f*(1), where f*:MFE(ZWE‘fZ) — MFE(EVZ‘:SZ). By
MF-linearity of f™* and naturality of Thom classes, we can identify

t= ) = frupttw) =) fH0w) =ty teew = 3t ty = tv_w

in MFVGV_V(Z), and so ¢ is a ty_w-element as claimed. |
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Proposition 4.2.3. Consider the J-homomorphism
J:KF&(SZ) — xS D(EXZ)".
If¢ e I?F%(SZ) satisfies az& = a € RF(G), then J(§) € ngD(E‘fZ) is a ty-element.

Proof. Write « = V — W for two G-representations V' and W. By construction, J(§) is
obtained from a stable equivalence Zy =~ Zy after passing to Thom spectra, i.e., from an
equivalence of vector bundles Zy gy >~ Zwgu for some G-representation U. It follows
from Lemma 4.2.2 that J(§) is a {(y gu)-(WweU) = to-clement as claimed. [ ]

Corollary 4.2.4. There exists a ty-element in 7wy D(X3° Z) provided a is in the kernel of
RF(G) — KF&(2Z).

Proof. By the cofiber sequence Z — S° — SZ, if « € Ker(RF(G) — KF% (Z)) then
o = azb for some b € KFJ,(SZ), and by Proposition 4.2.3,

J(b) € S D(2TZ)

is our desired #,-element. [

4.3. Character theory

Suppose that G is finite. In this case, we can use Corollary 4.2.4 to give criteria for
D(XFZ) to admit a z,-element of some order based only on the isotropy groups of Z.
We will extend this to arbitrary G-ring spectra in Section 4.5 below.

We require some general equivariant localization theory.

Lemma 4.3.1. Write Mackg for the category of G-Mackey functors, and for H C G
write Wg H = Ng H/H for the Weyl group. Then there are functors
1 Mackg — Modzgw. ). M = Coker (tr: D M(G/K) - M(G/H))

KCH

for which the following hold:
(1) For any G-Mackey functor M, there is a natural splitting

Z[ 5] ® M(G) = Z[ ] ® @ (euM)"e
(H)

this sum being over the conjugacy classes of subgroups of G.

(2) If E is a G-spectrum, then the geometric fixed point maps ¢y : nOG E — mo®HE
factor through ty (1 E), and induce isomorphisms

Z[ ] ® th (o E) = Z[ ] @ mo @7 E.

Proof. See for example [29, Section 3.4]. [
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Lemma 4.3.2. Let E be a G-spectrum. Fixu € E2 ¢(Z2), and for H C G abbreviate uy =
res? 7 U. Suppose that
ZH 49 — ug =0

forall H C G. Then u has finite order dividing a power of |G |.
Proof. As Z is compact we have

oA $pC(2FZ,E) = $p¢ (22 (2H), o7 E),
and therefore Lemma 4.3.1 implies

E&D)| ] € TT @B’ @™ & ].
HCG
It thus suffices to show that ug = 0in (®H E)°(ZH) forall H C G.1f ZH = @ then this
group vanishes. Otherwise uy = 0 by assumption. In either case this shows that u = 0 in
EQ (Z)[ﬁ], and so u has finite order dividing a power of |G|. |

Combining these two lemmas leads to the following.

Proposition 4.3.3. A class o € KF? G (Z) has finite order if and only fZ¢ 40 =ac=0
for all cyclic C C G, in which case its order divides a power of |G |.

Proof. First suppose that Z€ # @ = ac = 0 for all cyclic C C G. If ZH# # @, then
Z€ # ¢ for all cyclic C C H. It follows that ac = 0 for all cyclic C C H, and as a
representation is determined by its restriction to cyclic subgroups we deduce oy = O.
Thus Z satisfies Z# # @ = ay = 0 forall H C G. By Lemma 4.3.2, this implies that
o € KF % (Z) has finite order dividing a power of |G|.

Conversely, if Z€ # @, then there is some equivariant map p: G/C — Z. This must
satisfy p*(a) = ac € KF (G/C) = RF(C). It follows that if & has finite order, then so
does «c € RF(C), 1mply1ng that «c = 0 as RF(C) is torsion-free. |

Corollary 4.3.4. If Z€ # 0 = ac = 0 for all cyclic subgroups C C G, then D(EYZ)
admits a ty-element of order dividing a power of |G|.

Proof. Combine Proposition 4.3.3 and Corollary 4.2.4. |

4.4. ¥ -nilpotence

Our next goal is to upgrade Corollary 4.3.4 to arbitrary G-ring spectra. To do this we will
make use of the nilpotence machinery developed by Mathew—Nauman—Noel in [23, 24].
In this subsection we extract the parts of this theory that we will need.

Given a subgroup H C G, abbreviate

G/H: = SPG/H.

Let ¥ be a family of subgroups of G, i.e., a collection of subgroups closed under subcon-
jugacy.
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Definition 4.4.1 ([23, Definition 6.36]). A G -spectrum X is ¥ -nilpotent if it lies in the
thick ®-ideal generated by G/Hy for H € ¥

Up to G-homotopy equivalence, there is a unique G-space E ¥ characterized by

ErH ~ g, H¢F
T %, HefF.

A convenient model for this space is given as follows. Write
G/¥ =]] 6/H.
He¥F

Then E¥ is equivalent to an infinite join of copies of G/ ¥ :
EF =colim(G/¥ - G/F xG/¥F - G/F xG/F «xG/F — ---).
Write EF <™ = (G/%)*™1 for the resulting (m — 1)-skeleton of E ¥ . This satisfies

a, H¢F.

a<m\H H\*m—1 ~
(EF=T = (G/F)7) B {\/S’”_l, He¥.

We also abbreviate EF =™ = X°EF =",

Lemma 4.4.2. Let X be a G-spectrum, and consider the following statements.
(1) X is F -nilpotent.
(2) EFS™ ® X — X admits a section for some m.
(3) X — §p° (EFS™, X) ~ D(EF ™) ® X admits a retraction for some m.
4 X £0=> He¥.
Always (1) (2)<(3)=(4). If X is finite or a G-ring spectrum, then (4)=(2).

Proof. (1)&(2)<(3): See [24, Theorem 2.25, Remark 2.27].
2)=@):If H ¢ ¥ then

PHEF"@X)~ I (EFS™ @0 X ~00 0" X ~0.

Thus if X is a retract of EF ™™ ® X then PHX ~ 0 for H ¢ ¥
(4)=(2) when X is finite: If D7 X #£ 0 = H € ¥, then the map EF;L ® X — X is
an equivalence. As X is finite, the inverse

X—>EF, X ~coimEF " QX

n—>oo
factors through some EF ™" ® X.
(4)=(2) when X is aring: See [23, Theorem 6.41]. ]

This allows for the following explicit quantification of ¥ -nilpotence, see [23, Defini-
tion 6.36] and [24, Proposition 2.26].
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Definition 4.4.3. The 5 -exponent exp (X) of an ¥ -nilpotent G-spectrum X is the min-
imal m for which X — D(E ¥ ™) ® X admits a retraction.

If R is a # -nilpotent G-ring spectrum with expg (R) < m, then precomposing the
guaranteed retraction D(E#,-™) ® R — R with the unit D(EF ™) — D(EF ™) ® R
provides a map

r:D(E¥F:™)— R

satisfying (1) = 1. This map is not guaranteed to be multiplicative. It is possible to show
by a formal argument that the composite D(E ¥ +<2’") — D(EF ™) — R is multiplica-
tive, and that although the composite D(E fF_me) — D(EF™) — R may fail to be
multiplicative the induced map on homotopy groups preserves invertible elements. How-
ever, in our particular context it turns out we can do just a little better.

Lemma 4.4.4. Let R be a G-ring spectrum. Fix a map r: D(EF ™) — R satisfying
r(l)y =1, andfixt € nfD(EfFf”’).

(1) Ift lifts ty € 78 (MFg ® D(EFS™)), then r(t) lifts to € 18 (MFg ® R).

(2) Ift is invertible and m > 2, then r(t) € naG R is invertible.

In particular, if m > 2 then r preserves ty-elements.

Proof. (1) This holds as the maps D(EF ") — MFg ® D(EF¥ ™) and R — MFg ® R
are defined using only the unit maps of D(E¥,=™) and R, and r is compatible with these.

(2) It suffices to show that & r(¢) is invertible for all H C G.Set W = (EF ~™)H
Ast € 18 D(EFS™) is invertible, necessarily @1 € r,n D(S W) is invertible, imply-
ing also || = 0. It now suffices to prove the nonequivariant assertion that if 7 = ®H R
is a ring spectrum,

f =0 DEPW)>T

satisfies f(1)=1,and s=®H ¢t o D(ZP W) is invertible, then f(s) €moT is invertible.

If H¢ %,then W = @ and there is nothing to check. If H € %, then there is an
equivalence W ~ \/ S™~!. Choosing such an equivalence, the unit S — D(ZP W) splits
off, giving

DETXW)~S®\/ s,

The unit s appears in this splitting as s = (1, &) forsome e € 79 \/ S ™"V = P71 S.
As f(1) = 1, it follows that f(s) = &1 + g(e) for some g:\/ S~V — T.Asm > 2,
Nishida nilpotence [27] implies that ¢ is ®-nilpotent, and thus g(e) is nilpotent. This
implies that f'(s) is invertible as claimed. L]

Remark 4.4.5. The condition m > 2 in Lemma 4.4.4 is necessary. For example, let
G = C, and write S' = §(20) for the 1-sphere with its free antipodal action. Then R =
D(E‘fﬁl)[%] satisfies expy,, (R) = 1, but ITIC_ZOR = 0 and so every map s: D(Ca4) — R
sends the invertible element u, € nIC_ZgD(CH) =~ 79SS = Z to zero. On the other hand,
if m = 1 then the ¢ appearing in the proof of Lemma 4.4.4 must be divisible by 2, and so
the proof goes through provided each ®# R is 2-complete.
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4.5. Existence of 7, -elements

Fix & € RF(G) of virtual dimension zero. We can now formulate and prove our general
existence theorems on #,-elements and 74 -self maps. We first introduce a convenient defi-
nition.

Definition 4.5.1. The ¥ -order ordg (o) of « is the minimal integer m for which o # 0
in KFOG (EF =<m*1) with ord () = oo if no such m exists.

In other words,
m <ordg(0) <= o =0inKFL(EF ™),

and ordg (o) = m precisely when « is detected on the m-line of the equivariant Atiyah—
Hirzebruch spectral sequence

HY(EF;n,KFg) = KFL(EF).

The most familiar case is when ¥ ={e}, where E¥ = E G and this is equivalent to the non-
equivariant Atiyah—Hirzebruch spectral sequence for KF* BG. Observe that ord# () > 0,
with equality if and only if @ 7# 0 for some H € ¥ . Thus if we define the family

Fa)={H CG:ayg =0},
then ord# () > 0 if and only if ¥ C ¥ («). This refines to the following.
Lemma 4.5.2. If ¥ C ¥ (), then the sequence {ordz (|G |*a) : k > 0} is unbounded.

Proof. The claim is that for all m > 0 there exists some k > 0 for which m < ordg (|G|¥a),
that is for which |G|¥a = 0 in KF(C’;(E?“’”). As F C F(x) wehave (EF <™)H £ g =
oy = 0, and so this follows from Proposition 4.3.3. ]

Lemma 4.5.3. Suppose that X is finite or a G-ring spectrum. Then X is ¥ («)-nilpotent
if and only if ®¢ X # 0 = ac = 0 for all cyclic subgroups C C G.

Proof. Suppose that ®€ X # 0 = ac = 0 for all cyclic subgroups C C G. As X is finite
or a G-ring spectrum, the collection { H C G : ®# X # 0} forms a family of subgroups of
G closed under subconjugacy. It follows that 7 X # 0 = (C C H cyclic = ac = 0).
As a representation is determined by its restriction to cyclic subgroups we deduce ®# X #
0= ayg =0forall H C G. Thus X is ¥ («)-nilpotent by Lemma 4.4.2, which also gives
the converse. ]

We now give the main theorem of this section. Fix a family ¥ C ¥ ().

Theorem 4.5.4. Let R be a ¥ -nilpotent G -ring spectrum, and suppose that ordg (na) >
max(2,expy (R)). Then R admits a ty-element of order n. In particular, if ®¢ R # 0 =
ac = 0 for all cyclic subgroups C C G, then R admits a ty-element of order dividing a
power of |G|.
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Proof. Setm = max(2,exp#(R)). Asm < ords (na), we have na = 0 in KF% (EF=™).
By Corollary 4.2.4, there is a f,-element ¢ € n,gx D(EF™). Asm > expg (R), there is
amap r: D(EF ™) — R satisfying r(1) = 1. As m > 2, this preserves #,-elements by
Lemma 4.4.4. Thus r(t) € nng is a t,-element of order n. The final statement follows
from Lemma 4.5.3, which ensures that R is ¥ («)-nilpotent, and Lemma 4.5.2, which
ensures that ordg () (na) > max(2, expg (4 (R)) for some n dividing a power of |G|. =

Corollary 4.5.5. Let X be an ¥ -nilpotent G-spectrum, and suppose that
ordg (na) > max (2,expg (R)).

Then X admits a ty-self map of order n. In particular, if X is ¥ (a)-nilpotent then X
admits a ty-self map of order dividing a power of |G |; and if X is compact, then it suffices
to verify just that ®¢ X # 0 = ac = 0 for all cyclic subgroups C C G.

Proof. By [23, Corollary 4.15], we have expg (X) = expg (End(X)). As X is an End(X)-
module, a #,-element in End(X) induces a #,-self map on X, so apply Theorem 4.5.4 to
End(X). ]

5. General and local equivalences VX ~ X" X

In this section we make some observations about equivalences V' X ~ =% X possibly
after localization, which need not be #y_y-self maps.

Given a virtual G-representation & and subgroup H C G, we will write |a? | for the
virtual dimension of the H -fixed points of «, i.e., if & = V — W for two G-representations
V and W then |af | = dim(VH) — dim(W H).

5.1. Stable equivalences of representation spheres

We begin by summarizing work of tom Dieck, Petrie, and Tornehave on stable equiva-
lences between representation spheres. Given a compact Lie group G, the representation
rings RU(G) and RO(G) come equipped with Adams operations ¥k These can be com-
puted by their action on characters, given by

Xy (9) = xv(g5).
If G is finite then these operations satisfy Y% = ! when k = [ (mod |G|), and thus the
operations ¥¥ for k coprime to G induce an action of

I =(z/1G|)"

on RU(G) and RO(G). See [4, II §3] for a good discussion of this action (as well as for
earlier work on stably equivalent representations). Write /(I") for the augmentation ideal
of Z[T'], so that if M is a I'-module then M/I(I") M is identified with the orbits M.
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Theorem 5.1.1. If G is finite and k is coprime to |G|, then there exists a stable map
f:8V - sV

which is an equivalence after inverting k. Moreover, if V is complex then one can choose

f to satisfy
o £ = k72l

forall H C G.

Proof. The first statement follows from the proof of [35, Theorem 10.12]. The refinement
is due to Tornehave and appears in [36, Theorem 4]. See also [37, Theorem 4.1] for the
more delicate case where V' is not assumed to be complex. ]

Example 5.1.2. Let T C C* denote the circle group and L = S(C) be the tautological
complex character of 7. Then the kth power map

Y S(L™) — S(L™)
on unit spheres is 7 -equivariant. Passing to unreduced suspensions this yields a map

Vs S — L™

with the property that
k, d|n,
CDdek= 0, d|nkbutd ¢ n,
1, d¢{n.

In particular, if m is coprime to k then v is an equivalence after restricting to C,, C T
and inverting k.

The following theorem now summarizes information about stably equivalent repre-
sentation spheres.

Write Pic(A(G)) for the Picard group of A(G) = mS¢g. For a spectrum or abelian
group M and integer n, write M,y = M[p~! : ged(p,n) = 1].

Theorem 5.1.3. Let G be a compact Lie group and o« € RO(G). The following are equiv-
alent:

(1) e =0forall H C G.

(2) 7y Sg € Pic(A(G)), with

Tat++X = 710 SG ®AG) . X

for any G-spectrum X .

(3) There exists an equivalence S™® ~ S° for some n > 1.
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If G is finite, then these are moreover equivalent to the following:
@) |a€| = 0 for all cyclic C C G.
(5) a € I(T') - RO(G).
(6) There exists an equivalence SETGI) >~ SyGD-
In addition,
(7) Ifa € I(T)? - RO(G) then S* ~ S°, and
(8) The converse holds if G is a p-group.

Proof. (1)=-(2): This is [36, Theorem 1].
(2)=(3): The picard group Pic(A(G)) has finite exponent [36, Equation 32], and thus

A(G) = moSg = (naSG)&M > e Se

for some n > 1. The image of 1 under such an isomorphism is an invertible element in
TnaSG, giving an equivalence S™* ~ S°.

(3)=(1): If $™* ~ S§° for some n > 1, then applying ®# implies snle®l ~ §0 and
thus |a¥| = 0forall H C G.

(1)&(4)<(5): This is [35, Proposition 9.2.6].

(5)=(6): This follows from Theorem 5.1.1.

(6)=(1): Same proof as (3)=(1).

(7,8): These are [35, Theorems 9.1.4, 9.1.5]. [

We end this subsection with some comments on how these results can be applied in
practice. Say that two virtual representations « and o’ are locally J -equivalent if @« — o’ €
I(T") - RO(G). Theorem 5.1.3 says that this is equivalent to the existence of a unit py/_q €
To'—a(SG) (G- If one finds an algebraic witness to o’ —a € I(T") - RO(G), for example
ifa/ = wk o, then Theorem 5.1.1 gives some control over the behavior of (a choice for)
Po'—a- Moreover, in many basic cases Example 5.1.2 and variations are already sufficient
and give completely explicit choices of pg/—q.

Example 5.1.4. If Z is a compact G-space and o vanishes in KO% (Z), then « lifts to
be I?é%(SZ) and Theorem 2.2.1 produces a unit zy, = J(b) € 7y D(X Z) with good
properties: for example, resf (ty) =J (reseG (b)) € mgD(XZ) is in the image of the
classical J-homomorphism. Thus if &’ is locally J-equivalent to « then one obtains a unit

Pa—a - la € TG D(EF Z)(6))

with similarly good properties: for example, reseG (poy—a-J(b)=k-J (reseG (b)) for some
integer k coprime to |G]|.

Example 5.1.5. In the situation of Theorem B, if ¢’ is locally J-equivalent to « then one
also has
df (tor) = £T (b)ta
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in the homotopy fixed point spectral sequence. Indeed, py/—q € JTa/_ «(856)(c)) is detected
by k -ty ! for some integer k coprime to |G|, which must then be a permanent cycle.
As the spectral sequence is |G|-torsion in positive filtration, it follows that ,/7; ! is a
permanent cycle. Thus

dp (to) = dy(tgrty 'te) = tarty ' - dyp(ta) =ty - T (D)o = £J (b)te

as claimed. Similarly considerations hold for the general equivariant Atiyah—Hirzebruch
spectral sequences handled in Section 3.

One might ask to what extent these techniques account for everything, and to that end
we leave the following question.

Question 5.1.6. Let G be a finite group and Z be a compact G-space. Is every unit in
78 D(2XZ)(g)) of the form ¢ - J(b), where b € KO%(SZ) and c lifts to 74 (S6){igp?

5.2. General periodicities

Throughout this subsection G is a finite group. We now explain how Theorem 5.1.3
implies a general theorem about the eventual existence of equivalences X"* X ~ X.

Lemma 5.2.1. Let Z be a 1-dimensional G-complex. IfZH £ 0 = |oaf| =0 for all
subgroups H C G, then there is an invertible element t € m,, D(EOOZ)for somen > 1.

Proof. As Z is 1-dimensional, it can be built as a homotopy coequalizer of the form

f
[ie; G/Hi ? Ujes G/Hi — Z.

It follows that D(X°Z) is an equalizer of the form

f*
D(EPZ) — Tljes DG/Hj) =3 Tlies DG/ Hi).

Note that in general naGD(G/HJr) = gy SH. Applying Theorem 5.1.3 ((1)=(3)) to the
restrictions aH;, as G is finite we can find some n > 1 for which there exist equiva-
lences u;: Sp* =~ § 01 These determine an invertible element uenS [l ies D(G/Hj4).
Our conventlons from Remark 2.1.1 are such that n is only defined up to a sign,
but this issue goes away after passing to u? € ngma ]_[_]E ;7 D(G/Hj4). Moreover, this
square is guaranteed to satisfy f*(u?) = g*(u?), so u? lifts to an invertible element

ten$ ,D(EXZ). u

Theorem 5.2.2. Let G be a finite group and R be a G-ring spectrum, and suppose that
PCR £0= |otc| = 0 for all cyclic subgroups C C G. Then there exists an invertible
elementt € 7T " R for some n > 1. The converse holds if each ®C R is bounded below.

Proof. Define the family
ﬁ[“]Z{HCG:CCHcyclic = |aC|:0},
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and consider the Atiyah—Hirzebruch spectral sequence
E, = HY(EF[a);n,R) = RE*(EF[a]).

The argument in Lemma 4.5.3 adapts, in conjunction with Theorem 5.1.3 ((1)<>(4)),
to show that R is F [a]-nilpotent, so this converges to 7 R with a horizontal vanish-
ing line at a finite page. Lemma 5.2.1 ensures that there exists an invertible class u €
HQ(F ;14 R) for some k > 1. A theorem of Dress shows that HZ®(E ¥ ; zr, R) is killed
by |G| [14, Proposition 21.3]. Thus the Leibniz rule implies that if u* survives to the E,-
page then u/G! survives to the E,,1-page. By the horizontal vanishing line it follows that
some power u/C!" is a permanent cycle, and we can take 7 to be any class detected by this
power.

Conversely, if t € w5, R is invertible, then @€ € ,,,cPC R is invertible. As € R
is bounded below, this is only possible if either ®¢ R = 0 or |a€ | = 0 as claimed. ]

We deduce Theorem E as a corollary.

Theorem 5.2.3. Let G be a finite group and X be a compact G-spectrum. Then there is
an equivalence ¥"*X ~ X for some n > 1 if and only if € X # 0 = |«€| = 0 for all
cyclic subgroups C C G.

Proof. Apply Theorem 5.2.2 to the G-ring spectrum End(X). |

5.3. The equivariant Adams conjecture

Throughout this subsection G is a finite group and Z is a compact G-space. We now use
work of tom Dieck and Hauschild [35, Chapter 11] on the equivariant Adams conjecture
to obtain more information about units in n*GD(E‘j_O Z)(cy- See also work of McClure
[25]. The starting point is the following. Say that a stable map f: S(§) — S(¢) of sphere
bundles over Z has fiberwise degree dividing a power of k if forall H C G andz € ZH |
the induced map £,7: S(€H), — S(¢), on fibers has degree dividing a power of k.

Theorem 5.3.1 ([35, Theorem 11.3.8, Proposition 11.4.4]). Let & be a vector bundle over
Z and k be an odd positive integer coprime to |G |. Then there exist stable maps f:S(§) —
S(WKE) and g: S(Y*E) — S(€) of fiberwise degree dividing a power of k. |

The Thom spectrum Th(€) of a vector bundle ¢ depends only on its associated sphere
bundle S(§), and is functorial in stable maps. The condition that a map f: S(§) — S(¢) has
fiberwise degree dividing a power of k ensures that it induces an equivalence Th(§) [%] —
Th(¢)[]- Hence if we define

JEE(Z) = KO%(Z)/(x — y*x 1 x € KO%(Z), 2 } k, ged (k,|G]) = 1),

and write j: KO% (Z2)—J, gg(Z ) for the quotient map, then we have the following.

Proposition 5.3.2. If j(a) =0in Jélg(Z), then there is a unit in yraGD(E‘fZ)(\GD.
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Proof. This follows from Theorem 5.3.1, using the same considerations as in Section 4.2
to translate between stable maps S(Zy) — S(Zw) and elements in ng_WD(EfZ ). =

Our main goal in the rest of this section is to prove a converse to Proposition 5.3.2
when G is a p-group.

Lemma 5.3.3. Write« = V — W as a difference of representations. If there is an invert-
ible class in ng D(EY Z)[%], then there is a stable map f:S(Zy) — S(Zw) of fiberwise
degree dividing a power of k.

Proof. We may suppose ourselves given a map ¢: XV X¥Z - S W associated to an ele-
ment u € naG D(XS° Z) which becomes invertible after inverting k. As Z is compact, after
possibly enlarging V' and W we may write ¢ as the stabilization of a map

f:2V(zy) — s".

The assumption that u is invertible after inverting k ensures that for all H C G and z €
ZH | the induced map

fsT - sME W) = fonz)
has degree dividing a power of k. As SV = S(V + 1), it follows that
F:SVxZ—-S"%xZ, f(z)=(fvAaz),2)

defines amap S(Zy+1) = S(Zw+1), hence a stable map S(Zy) — S(Zw), of fiberwise
degree dividing a power of k. ]

Lemma 5.3.4. If j(«) = 0in J&5(Z) (G, then j(a) = 0in JE(Z).
Proof. Deferred to the next subsection, where it appears as Corollary 5.4.3. ]

Now fix a prime p, and suppose that G is a p-group. As discussed in the introduction,
the G-spectrum KUg / p plays a similar role in G-equivariant homotopy theory as KU/ p
does in nonequivariant homotopy theory. For example, if £ generates a dense subgroup of
Z, /{£1}—and we may as well assume ¢ is odd here—and we define

Jo = Fib (y* — y': (KOg)y — (KOg)}).
then for any compact G-space Z there is an equivalence
Lxug/pD(2FZ) ~ F(XTZ, Jg).
where Lk, /p denotes Bousfield localization with respect to KUg / p. Write
J#1):RO(G) — KO (Z) — J4(2)

for the resulting boundary map. We can now give the following.
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Theorem 5.3.5. Let Z be a compact G-space and a € RO(G). Then there exists an invert-
ible element in w8 D(ZL Z)(p) if and only ifjlg(l)(oz) =0.

Proof. If there exists an invertible element in ng D(ZFZ)(p), then after writing a =
V — W as a difference of representations, Lemma 5.3.3 provides a stable map S(Zy) —
S(Zw) of fiberwise degree coprime to p. Now [35, Theorem 11.4.1, Proposition 11.4.2]
implies that jlg(l)(a) =0in Jé (2).

Conversely, if j I?(l)(oz) = 0, then as p-completion is faithful for finitely generated
Zpy-modules we can decomplete to say that « is sent to zero in

Coker (We — ¥ KOG(Z)(p) = KOG(Z)(p))-

and thus also in Jélg(Z)(p). By Lemma 5.3.4 we deduce j(x) = 0 in J(a;lg(Z) and thus
there is an invertible element in JraG D(X°Z)(p) by Proposition 5.3.2. ]

5.4. Localization arguments

We now make good on Lemma 5.3.4. Given odd positive integers 7 = (ry,. .., 7;) coprime
to |G|, setr = ry---r; and define

JEE(Z) = KOG(Z)[ 2]/ (x — ¥"x 1 x € KOZ(Z), 1 <i <7).

As YT KO? (Z)[ ] — KO (Z)[ ] is a stable operation, it commutes with restrictions
and transfers, and so J Gg; (Z) is a quotient Mackey functor of KO((’; (Z2)[ r]. It relates to

J (a;lg (Z) via a commutative diagram

KO%(Z) —— J¥(Z)

I |
JEE(Z) — JGE2)[E.

If k = [ (mod |G|) then ¥* = ! on RO(G), and it follows that the bottom surjection is
an isomorphism for Z = x provided that 7 generates (Z/|G|)*.

Lemma 5.4.1. Suppose that 7 generates (Z/|G|)* and Z€ # @ = || = 0 for all cyclic
C C G.Then j(a) € Jélg;(Z) is |G |-power torsion.

Proof. The claim is that j(a) = 0 in Jg,gF (Z)[ﬁ] As le’g; (Z) is a Mackey functor, we
may use Lemma 4.3.1 to reduce to showing that if Z# # ¢ then Ju i) =0.

So suppose ZH £ @. It follows that Z€ # @ for all cyclic subgroups C C H. Thus
|«€| = 0 for all cyclic subgroups C C H by assumption, and so jz (a) = 0 in J;}g(*)
by Theorem 5.1.3 ((1)<(4)). As 7 generates (Z/|G|)* we have Jalg(*)[ ] = Jalga(*)
implying jp (o) = 0 in Jalg (). Pulling back along Z — x it follows that jy ,(ot) =0
inJ dlgq(Z ). ]
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Proposition 5.4.2. The class j(a) € Jélg(Z ) has finite order if and only if Z€ # @ =
|a€| = 0 for all cyclic subgroups C C G. In this case, its order divides a power of |G|.

Proof. First suppose Z€ #@ = |a€| =0 for all cyclic subgroups C C G. By Lemma 5.4.1
and the comparison map Jél’g;(Z) — Jélg(Z)[%], we find that if 7 generates (Z/|G|)*
then j(a) =0in ngg(Z)[rllGl]. So fix 7 generating (Z/|G|)* and 5 generating (Z/r|G|)*.
Then ¥ also generates (Z/|G|)*, so j(a) = 0 in ngg(Z)[ﬁ] and Jélg(Z)[ﬁ], and
ged(r, s) = 1 then implies j(¢) = 0 in Jélg(Z)[ﬁ]. Thus j(«) has finite order dividing
a power of |G|.

Conversely, if Z¢ # @, then there is some equivariant map p: G/C — Z. This must
satisfy p*(j(a)) = jc(a) € Jélg(G/C) i~ Jélg(*). It follows that if j(c) is torsion, then
sois jc («), implying that jc (@) = 0 as Jélg(*) is torsion-free. Thus |«€ | = 0 by Theo-
rem 5.1.3. ]

Corollary 5.4.3. If j(@) = 0 in J3(Z)(G|) then j(@) = 0 in J&4(Z).

Proof. If j(a) = 0in ngg(Z)qGD, then
j@) € Jg}Z)

has finite order coprime to |G|. Proposition 5.4.2 then implies that j(«) also has order
dividing a power of |G|, so j(a) = 0. |

At this point, one could also carry out a J-theoretic analogue of Section 4.5, giving
information about invertible elements in |G |-local G-ring spectra. We leave the details to
the interested reader.

6. Examples

In this section we give examples of the material of the previous sections, focusing espe-
cially on the J-homomorphism

13 KOG — m.C(ay)*

derived from Theorem 2.2.1 and the equivalence D(X5°S(A)) > C(ay) guaranteed by the
cofiber sequence S(1) 1 — S — S*. Our goal is to demonstrate that this is in fact quite
computable, and that it produces explicit computational information about G -equivariant
homotopy theory and G-equivariant stable stems.

The bulk of our work in this section lies in computing the groups 7, KOg, particularly
information about a): w3 KOg — RO(G). We discuss this in general Section 6.1, and the
examples we give have been chosen to illustrate such computations. We focus on the case
where G is finite.

In our examples we write

Jn € TS
for the J-image of a generator of KO, defined up to a sign, with the understanding
that jo = £2.
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6.1. Computing with equivariant K -theory

Let G be a compact Lie group and A be a G-representation. To apply our machinery
to produce periodicities on ay-torsion, one needs to be able to understand the groups
) KFg:

RF(G) = n0KFG +—2— m,KFGg +2— 73, KFg +—2— ... .
When F = C and A is a complex representation, equivariant Bott periodicity implies
m KU = RU(G){Br}.  arPr = ex,
where if V' is a complex G-representation then we write

ev =Y (=1)'A'V € RU(G)

12

for the K-theory Euler class of V, see for example [4, Section IV.1]. This Euler class
can be computed using character information, for example combining the character iden-
tity xyky (g) = xv(g¥) with Newton’s identity kAKV = YF_ (1)~ 1yiV - AFTY It
can also be computed using representation information: if py (g, t) is the characteristic
polynomial of g: V' — V, then y.,(g) = pv(g, 1).

In general we do not have a complete recipe for 7,3 KUg when A does not admit
a complex structure. As one always has Bott periodicity isomorphisms 7 (x42)2 KUg =
7 KUG{Bcwa}, we are left with the following problem.

Problem 6.1.1. For a real G-representation A, describe the sequence
RU(G) = 1oKUg +2— mKUg +2— 72 KUg = RU(G){Bcar ),
the composite of which is multiplication by ec g3 -

Remark 6.1.2. If G is finite, then for any « € RO(G), there is a natural character isomor-
phism
C® 1,kUg = [ [ H*(S**/C(g).C[B*")).
(g)
Here, the product is over the conjugacy classes of elements g € G, and C(g) is the cen-
tralizer of g acting on the fixed points S*°. In particular, the sequence of Problem 6.1.1 is
easily understood after complexification.

Remark 6.1.3. Karoubi [17] has shown that 7,KUg is a free abelian group for any
o € RO(G). The ranks of these free abelian groups are determined by Remark 6.1.2, as
described in [17, Theorem 1.8], so this completely describes 7, KUg additively.

Once enough is known about 7, KU g, one can descend to 77, KOg using the homotopy
fixed point spectral sequence (HFPSS)

E2 = H*(CZ;TL'*KUG) — ﬂ*_*KOG,

where C, = {¢*!} acts on KUg by complex conjugation. This also describes 7, KSpg
as KSpg ~ X*KO¢. We make some observations about this spectral sequence.
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Remark 6.1.4. The structure of KO® was determined by Segal [30], and this in turn
determines the HFPSS for 7,.KOg in integer degrees. See [23, Section 9] for a detailed
discussion. In particular, KUY is a free KU-module with basis indexed by the irreducible
complex G-representations, and likewise KOS splits into a sum of KO-modules indexed
by the irreducible real G-representations, where these summands are of the form KO, KU,
or KSp, corresponding to the orthogonal, complex, and symplectic irreducibles.

Remark 6.1.5. The symplectic orientation of KO implies that if V' is a quaternionic G-
representation, then the associated KU-Thom class in 7y || K Ug descends to KOg. See
[12, Section 5] for further discussion. In this case, F(S", KOg) ~ 2IVIKOg has fixed
points determined by the representation theory of G as in Remark 6.1.4. If for example
V is a complex G-representation (such as C @gr U for a real representation U), then
V + ¢~V = H ®c V is a quaternionic representation, so this reduces the computation
of 7, KOg to essentially finitely many degrees.

Now suppose that G is finite. We can further cut down the amount of work needed to
understand 7, KF g as follows. For F = R or C, write

e:KF® — KF, &RF(G)— Z, ¢&(V)=dimp(V/G)
for the projection onto the summand corresponding to the trivial representation.

Lemma 6.1.6. For F = R or C, the composite

(—,—): KFS @r KF¢ — KFC¢ —£ KF

is adjoint to an equivalence KF® ~ Modgr(KFC, KF).

Proof. As base change Modgp — Modgy is conservative, satisfies KU Qo (KOG) ~
KUG, and is compatible with ¢, it suffices to consider the case F = C. As K UGS is free
over KU, it suffices to show that (—, —) induces a perfect pairing RU(G) ®z RU(G) — Z
on 7rg. This pairing acts on irreducible G-representations V' and W by
~ =1
(V. W) = dimc ((V ® W)/G) = dimc (Hom(VY, W)%) = { L W= w v
0, otherwise.

This is evidently a perfect pairing, though note that it is not quite the usual inner product
on RU(G). |

This is an integral version of the height 1 case of the K(n)-local duality considered by
Strickland in [33]. It has the following consequence.

Proposition 6.1.7. Let F = R or C and let M be a KF g-module. Then there is an equiv-
alence

MOd[(FG (M, KFG) = eMOdKF(MG,KF),
(f:M — KFg) — (g0 f¢:M% — KF® — KF)
of KF-modules.
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Proof. This is a natural transformation
MOdKFG (—, KFG) e eMOdKF((—)G, KF)

between limit-preserving functors Mod gy . —> Modgr. It therefore suffices to check that
it is an equivalence when evaluated on G/H; ® KF¢g for H C G. But in this case the
map is exactly the equivalence

KFH ~ Modgr(KFH  KF)
guaranteed by Lemma 6.1.6. [ ]
Corollary 6.1.8. For any o € RO(G), the map
(=, =) meKUG ®z 7—aKUg — Z, (x,y) = e(xy)

is adjoint to an isomorphism w,KUg = Homg(7n_4KUg, Z). Moreover, if o = A is a
G -representation then a): t1gKUg — n_)KUg is dual to a): 1, KUg — moKUg.

Proof. The adjoint 7, KU — Homgz (7_oqKUg, Z) may be written as
o KUg = nO(MOdKUG (KUg ® Sa,KUg))
= moModgy (KU ® S*)¢,KU) = Homg (7_oKUg, 7).

Here, the second equivalence is obtained from Proposition 6.1.7, and the third holds as
(KU ® S%)C is a free KU-module by Karoubi [17]. The final statement holds just as
a,: 8% — S*isdualtoa,: S~* — S°. n

Remark 6.1.9. By the Leibniz rule we have

0 = dr(<x7 y)) = <dr(X), y) + (X, dr(y)>
In particular, the HFPSS for 7444 KOg is determined by the HFPSS for 7., KOg, cutting
the work needed to compute 7, KOg in half.
6.2. Example: Cyclic groups

Character theory ensures that much of the structure of G-equivariant K-theory is con-
trolled by the case where G is a cyclic group. So before giving more exotic examples, we
begin by summarizing the structure of cyclic-equivariant K-theory.

6.2.1. Complex circle-equivariant K -theory. Let 7 C C* be the circle group. We begin
by describing KU . Let L be the tautological complex character of 7', so that

noKUr = RU(T) = Z[L*"].

If @ € RO(T), then either o or v + 1 lifts to RU(T), but this lift is not canonical. There
are several constructions that depend on the choice of a complex structure, and for this
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reason it can be convenient to think of 7" -equivariant homotopy groups as graded not over
RO(T), but over “RU(T) adjoined R = %C”, i.e., the group

(Z{L" :n e Z} ® Z{1}) /(L® - 2).

Associated to every virtual complex representation o« = ) ; n; L' is the invertible Bott
class

Ba = nﬂzlx € noKU7 = RU(T){Ba}

Together with 71 KU = 0, this completely determines 7, KU7.
The Adams operation ¥~ ! acts on 7, KU7 by multiplicative automorphisms, satisfy-
ing
v =L v ) = L7 B
The Adams operation ¥¥ for k > 0 acts on 7y KU7 = ﬁg (SY) for V an actual repre-
sentation by ring endomorphisms, where it is determined by

vk =Lk, y*Br)=QQ+L + L% +...4 L&Dy g,

See for example [4]. Finally, if V =", n; L? with n; > 0, then the Euler class ey € RU(T)
is given by

ev = [Ja—L)".

6.2.2. Real circle-equivariant K -theory. A virtual 7-representationox=) ; n; L' admits
a Spin structure if and only if its second Stiefel-Whitney class

wa(a) = Zni -i (mod 2)

vanishes. In this case « is KO-orientable, in the sense that there is an equivalence
F(S%,KOr) ~ F(S'* KO7).
If || is a multiple of 8, then this is realized by an invertible Bott class

Soi
,Bapm € 1, KOT.

However, if Y1 («t) # «, then the image of B5"™ under the complexification ¢: KO —

KUr _is not guaranteed to be the complex Bott class B4 € my KU . Instead, the value of
¢(BS"™) can be determined as follows. Abbreviate n = Y, n; - i. Under the assumption
that || is a multiple of 8, we then have

Y (Ba) = L7 B

It follows that =L ~"/2 B, are the only units in 7 KU fixed by 1. As the Bott class is
compatible with restriction, we must have res? (¢ (857")) = 1%/, and the only possibility

is that
c(BaP™) = L7 B



Equivalences of the form VX ~sWxin equivariant stable homotopy theory 35

We can now describe 7, KO in general. For any o = ) ; n; L', either o or o + L is
Spin, so the above discussion provides a KOr-linear equivalence between X~%KOr and
an integer suspension of one of KO7 or ¥~LKO7. Hence it suffices to describe the fixed
points of these.

In the former case we have mgKOr = RO(T) and in general

Ko™ = Ko{1} & (P KU.
i>0
where
(Z{®Z{L"+ L7 :i > 1})B", n =0 (mod 4),
Im(712,KOT — 12, KUT) = { (Z{2} @ Z{L' + L™ :i > 1})B", n =2 (mod 4),
ZAL' — L7 i > 1}B", n=1,3 (mod 4).

In the latter case, H”%(Cs; m«y . KU7) = 0, and it follows

(= Fkor)" ~ P ku.
i>0
where
ZAL' — L7=1\B"B; . n =0 (mod 2),

Im(72,4+. KO — 7020y KUT) = . :
2t et ZAL + L= 1"B.. n =1 (mod 2).
This completely determines 7, KOt .

6.2.3. Finite cyclic groups. Let C,, C T denote the finite subgroup of order 7, so
7oKUc, =~ RU(C,) = Z[L]/(L" —1).

Ifa=);n ; L', then by restricting the above KO7-linear equivalences we obtain KOc,-
linear equivalences between £*KOc, and an integer suspension of KOc, or ~LKOc, .
For n even, write o for the real sign representation of C,,, satisfying C ® o = L™/2. Then
we can identify

KOO ~ KO{1,0} ® KU"?>™', n =0 (mod 2),
| ko{1y e KUV p =1 (mod 2),
and

KU"?, n =0 (mod 2),

22 LKkOoc ) ~
( 2 KO{L@®=V/28, =1y @ KU®=D/2 jy =1 (mod 2),

with the images of 7+KOc, and 74«41 KOc, in m,.KUc, easily determined as in the 7-
equivariant case. This completely describes 7. KOc, if n is odd, but if n is even then one
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must also account for degrees involving o. For this reason it can be convenient to grade
C,-equivariant computations over “RU(C,) adjoined R = %(C and o = %L"/z”, ie.,

ZAL®,....L" Y& Z{1,0})/(L° =2, L"? — ),
(

in order to incorporate a choice of complex structure into the grading. If « is an element
therein, then the above discussion gives a KO¢, -linear equivalence between X*KOc, and
an integer suspension of one of

KOc,, X7EKOc,, X7°KOc,, X L7Koc,.

The first two cases were described above, and the latter two can be computed using the
cofiber sequence
S — 8% = D(Cu/Cuj2+),

ultimately allowing one to identify

KO & X7'KO @ KU"*, n =0 (mod 4),

Y °KOc¢,)C" ~
( c) {KO{I} ® KUMD/4 5 =2 (mod 4),

as an augmentation ideal of KO®" and similarly

KU"*, n =0 (mod 4),

EZ—L—O’KO C, ~
( c) KU®=D/* @ $2K0, n =2 (mod 4).

Example 6.2.3.1. Let us give details for the identification of (X2~£~°KOc¢, )" for n =
2 (mod 4), as the rest are similar or easier. The fiber sequence

res

(2> F7KOc,) " — (Z*FKOC,) " — (2* KO, )2,
may be identified as

(227 LKk0c,) " — KU{(L' = L7 Hp B :0<i < 2}
res

— KO{L"= 24~ y@ KU{(L' — L™ BL ™" 1 0<i <32},

where we name summands for how generators in 7y are named after base change to KU.
We always have

reSgZ/z ((Li + L_i_l),BL,B_l) — resgz/z ((Li+n/2 + L_i_n/z_l),BL,B_l).

If 0 <i < (n—2)/4 then these terms are distinct before restriction, allowing us to split
off a copy of

KU (Ll +L—i—l)_(Li+l’l/2 +L—i—n/2—l) ﬁLﬂ_l -0 El < n—=2
%
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in the fiber. Thus (szLf"KOCn)C” ~ KU"=2/* @ F where
F = Fib (r: KU{(L®2/4 1 LCn=2/4g=1g,\  KO{L®=D/4p=16, 1),

which we are claiming is equivalent to X~2KO. Observe that r sends the generator of
7m4KU to that of m4KO. The Wood cofiber sequence X KO L ko — KU yields

Modgo(KU, KO) ~ KU,

so this in fact characterizes r. Thus r is equivalent to the twofold desuspension of the
boundary map in the Wood cofiber sequence, implying F ~ X 2KO as claimed.

6.2.4. Examples. There is already an extensive literature on the K-theory and J-theory
of the lens spaces S(kL)/C,, more than we can hope to summarize here. We just give
some small examples illustrating general phenomena relevant to our study of periodicities.

Example 6.2.4.1. Take n = 2. The behavior of the units in 775y(m 1) C (a™*1) discussed
in the introduction was analyzed in detail by Araki and Iriye in [3, Section 3]. We give an
example to highlight the nature of compatibility between these elements as m varies.

As 40 = H ®pr o is 4-dimensional quaternionic, we have

m46KOc, = RO(C3) - 2B4o, msaKOc, = RO(C3) - Bso,
where
ag-Bso = (1—0)-2B4s. ay-2Psoc =4(1—0). af-Pss =16(1—0).
Hence there exist u,-elements
Use = J(2Bao) € Ta-)Clay). uss = J(Bso) € T51-0)C(a}).
and up to choices of orientations these satisfy
resec2 (8(u40)) =v € m3S, resec2 (a(ugg)) =0 € my8S.

As tess? (d(u2,)) = 2v # 0, it follows u2_ cannot lift to C(a3), so the map ¢: C(a8) —
C(a}) must satisfy q(uss) # u3,. The difference ¢ = u3 - q(uss)~! is measured by

&= uia : q(“SU)_l = J(2/34a)2 : J(af,ﬂsa)_l
= J(22Bas —a* ) = (1 +0) - 2Bag).

Thus ¢ € moC(a})* is a class satisfying res$? (d(e)) = 2v. In fact,
J((1+0)-2B4s) = J (t$2(28%)) = N>(J(28%)),

where NE2: m¢C(at) — n§>C(a?) is the norm, and where if we write 7¢C(al) =
moD(S3) = Z[v]/(v?,24V) then J(28%) = 1 + V.
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Example 6.2.4.2. We give an example of the remarks at the end of Section 5.1. We were
guided to existence of an example like this by [18]. Take G = Cs and let

p=L+L>+L5+1L7.
This representation is quaternionic of real dimension 8, and thus the Bott class 8, €
m,KUcy descends to KOc,, yielding
7oKOcy = ROc{B,)-
Set ROc, = Z{1,0, A, u, '} where
Co=L* C®A=L>+1% Cou=L+L", Cou =L>+1L°.

Then ¥ (i) = p implies S#[1] ~ S#'[1], and (¥ — ¥'")?(n) = 2( — p') implies
S21 ~ §21' If we identify 1 and ' as the underlying real representations of L7 and
L? respectively, then a particular choice of invertible element V3 € 7,/—,,Scq [%] is con-
structed in Example 5.1.2.

The Euler class of p is given by

ep=(1—-L)YA-LH»A =LA -L") =4+420 +21 —2u—2u.
A calculation reveals that 2 — p has order 16 in RO(Cs)/(ep), with
162—p) =ep- (11 =50 — A —4pu +4u');
so the best that the J-homomorphism gives is an invertible element

Uiey = J((ll —50—A—4u+ 4/1/),3,,) € nlcé‘(z_M)C(ap).

As resS® (11 =50 — A —4p + 4p)B,) = 4B* € ngKO, this invertible element satisfies
1resec8 (0(u16p)) = %40, and in the context of Theorem B this yields a differential

16y _ =116
dg(u,’) = 40 -apu, -u,

in the Cg-homotopy fixed point spectral sequence. Here, a pu;1 generates H8(Cg: moS).
On the other hand, 8u is locally J-equivalent to 3 + 5u’, and another calculation
shows
16— (B +5u)=e€,-(5—30 —1— '),

.. Cs . . .
thus giving U345, € ¢ 3, 5,,C(a,). Hence we obtain an invertible element

C;
l/f35 “U3u+sp € ng(’;_M)C(aP)[%]

playing the role of “ug,”. In the context of Theorem B, by Example 5.1.5 this yields a
differential

8y _ -1_,8
dg(uy) = £20 -apu, -uy,
16

in the Cg-homotopy fixed point spectral sequence, refining the above differential on u,’.
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Example 6.2.4.3. Let G = Cgand p = L + L°. Thena = (1 — L? — L3 + L) satisfies
ep-a=a,

so there exist compatible #,-elements in nac °C(ap) foralln > 1. As S(cop) is a model
for E Cg, by taking n — oo this produces a f,-element in the completion F(ECey, Scy).
This phenomenon is generic for composite order groups, corresponding to the kernel of
the completion map RU(G) — KU°BG.

6.3. Example: The symmetric group on 3 letters

We give an example with an orthogonal irreducible. Let G = X3 be the symmetric group
on 3 letters. Write o for its real sign representation and A for its reduced real canonical
permutation representation, so that

RO(Z3) = Z{1,0,1}, o%>=1, orA=A, A*=1+4+0+A.

Complexification RO(X3) — RU(X3) is an isomorphism; write RU(X3) = Z{1,0¢c,Ac}
Consider the sequence

RU(Z3) = 70KUs, +2— mKUs, 2~ 15,KUs, = RU(Z3){Bic ).
The composite is determined by

2
a/\ﬁlc = ak(cﬂ)»(c =€lc = I_A(C + oc,

and has image the rank 1 subspace Z{1 — Ac + oc} C RU(X3). As m) KUy, is a free
abelian group of rank 1 [17], the only possibility is that m3 KUy, = Z{aB,.} with

ocay = ay and Aca, = —a,. Thus m,) KUy, has the 2-periodic pattern
Z{l,0¢, ¢} 22— Zlayfic) +—2—— Z{l,0c, Ac}fig 2 .

Complex conjugation acts trivially on RU(X3), and using res?j (A)=1+4o0 and resé‘ (Ac)
~ L + L~ ! we find

1//71 (:8/1((:) = G(Cﬂkc .
Thus H(C,; 743 KUsx,) is 4-periodic with

Z{1,0¢c, Ac}, m =0,

Z{ay B} m=1,
HO(Cy: tmsKUs;,) = ©

Z{1 + oc, Ac}Bac, m =2,

Z{a,\ﬁic}, m=3

We claim that H%(Cy; 743 KUsx,) consists of permanent cycles. As 44 = A @g H
is 8-dimensional quaternionic, we reduce to considering H °(C2; TmaKUs,) for m €
{0,1,2,3}. As n- (1 + oc)Brc = 0, necessarily (1 + oc)Ba. is a permanent cycle.
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As a, is a permanent cycle and

(ar,aifac) =1, (a3 Achac) =—1, (a3, aiBi.) =3,

we deduce following Remark 6.1.9 that the remaining classes are permanent cycles. Thus
74, KOs, has the 4-periodic pattern

ZA, 00} <2 TlazPac) 22— Z{(1 + 0), A} Bac

a

a a
= LaaBi ) ——— Z{L o, MMBF . ——
where we now write o and A for classes that complexify to oc and Ac. In particular, the
identities

P10 —2) = a2 2 31— A) = ad" - B

imply that C(af{‘“) admits a real #y4,—j-element of order 3Um/2] The real Hepo—i-
elements

J(B3 ) k even, o

2
JABL ). kodd, Tyt (1o C@3")
C b £

I3n-1(1+0-1) = {

give rise to infinite periodic families

k
a(t3n71(1+0_k)) € T3n=1k(14+0—A)+2nA—1 SEB

with the property that
reSeE3 (a([:{,cn—l(1+07}h))) =k- j4n—1 € 7T4n—1S~

6.4. The dihedral group of order 8

We give a more delicate example with an orthogonal irreducible. Let Dg be the dihedral
group of order 8, generated by a rotation r and reflection f. We then have

RO(Dg) = Z{1,0.,0¢,0,7, p},

where oy is the character with kernel (r2, g) and p is the tautological 2-dimensional rep-
resentation. These satisfy the usual identity between characters together with

og-p=p. P =140 +05+0,.

We begin by describing m4,KUp,. Complexification RO(Dg) — RU(Dy) is an iso-
morphism. We will use this to write RU(Dg) = Z{1, 0r,07,0,5, p}, only with the under-
standing that in the context of representation-grading these symbols refer only to their
real counterparts. Write 85, € m,,KUp, = mce,KUp, for the Bott class of the complex
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representation C ® p of real dimension 4, and let e, = a% B2o € RU(Ds). As r acts by
orientation-preserving automorphisms of p but f and rf do not, we find A%p = o, so
that

o =1+ 0, —p.

This determines 7724,KU pg. We next compute 7,KUp,. A computation shows

Ker(eyo) = Z{1 — 0,07 —0rp, 1 + 07 + p},
(epc) = Z{1 + 0, — p,0f + 0,5 — p}.
In the terminology of [17], only the conjugacy classes of e, r, and r? are oriented and
even with respect to p, and thus 7,KUp, = 73. As Ker(ap: m2,KUpy — 7,KUpg) has

rank 3 and Im(af,: m2pKUpy — moKUpg) = (ep) C RU(Dg) is a split summand, the
only possibility is that

7pKUpg = Z{apP2p, ap0s P2p, b}

for some b generating the kernel of a,. This determines 7 ,KU py.
We next descend to m«,KOpg. As 4p = H ®g p is 8-dimensional quaternionic, we
reduce to considering 0 < x < 3. As

resgi‘(,o) =L+ L1 resﬁ,")(p) =140= resgj,)(p),

we must have
1uﬁ_l(ﬂZ;o) = Ur:BZp-

As b must lift a multiple of 8 and generates the kernel of a, we also have ¥ ~1(b) = —b.
Thus

Z{lvo-rvo-fso-rfsp}, m:()v

Zia,,a,0 , m=1,
HO(CZ;T[mpKUDg) _ {ap.ap f}ﬂzp

Z{(l +Or)’(0f +Urf)’p}ﬂ20’ m :27

Z{ap»apgf}ﬂ%p» m = 3.

We claim that all of these are permanent cycles. For m = 0 this holds as RO(Dg) =~
RU(Ds3), and using a,, this implies it for m =1. Necessarily (1+0;) B2, and (o7 +0,7) B2,
are permanent cycles as they annihilate 1, and a, ,3% , and a,oy ,8% ,» are permanent cycles
because the same is true of each of a,, ,ng, and oy. Finally, as a, - pB2p = a,(1 + 07) B2y,
we find that a,: H3(Cy; m2p4+2KUpg) — H3(Cy; mo+2KUpy) is an injection, forcing
PB2, to be a permanent cycle. In the end we find that 77,,KOp, (modulo possible torsion
classes) has the 4-periodic pattern

a a
Z{1.0r.05.0rf.p} —— L{ap.ap07}P2p <—— L{(1 +07). (07 + 0rf). p} B2

a a
" Zlap.apop}p3, < L{1.0r.07,0,7. p}B3,.
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Let o = 1 4+ o, — p. Then the identities

24m71a — agm((l + 22m71) + (1 _22m71)0,f) %;n,

p4m+1, a2m+2(22m—1(1 +0y) _22m—1(0f + o) — /0),33:;"“

for m > 0 produce ?,-elements

Dg 2n
Iyn—-14 € nzzn,laC(ap )

satisfying
2j4n—1, =0 d 2),
reSeDS (a(t22n71a)) = {j]4n ! Z — 1 Ezzd 2;
4n—1, = .

Likewise, because
res 5, (@pBap) = (aoPa0)” = ng,,
the element
ta = J(apB2p) € 1" Clay)
satisfies
resei)(to,) = Uy, € Jrzc(zlfo)C(af,).

6.5. Example: The nonabelian group of order 21

We give an example with a complex irreducible. Let G =C7xC3=(x, y : x'=e=y3,
xy = yx2) be the nonabelian group of order 21. Consulting [11] we see that this group
has the five conjugacy classes

Cle) ={e}, C(x)={x,x2x%, Cx3 ={x3x°x%,
C(y) ={y.yx.....yx%  COH*) ={2y>x,....y*x°,

and character table

C(e) C(x) C(x*  C(y) CO?)
1 1 1 1 1 1
wl| 1 1 1 2 {3
ol 1 1 1 {3 2
Pl 3 BHE+E H+B+E 0 0
Pl 3 GHE+G G+E+E 0 0

Write wg and po for the underlying real representations of the complex representations @
and p. We describe 4, KOc,xc;. Observe

wp=p=ap, pPP=p+2p pp=l+o+d+p+p
Using the general character identity

xu(g)* — xu(g?
2

Ia2u(g) =

)
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we compute A%2p = p and thus e, = p — p This determines m4,KUc,xc;. Restriction
gives an injection 7, KUc,xc; —> 3415+ 16KUc, X mpoyp1412KUc,. Using this we
compute ¥~ (B p) = —Bp. The same calculations works swapping p and p, and so we find

Z{,0 +&,p+ pyBp ' B2, mi + maeven,

Ziw —@,p—pyBp ' B57,  mi+myodd

HO(CZ; 7Tm1p+m21_)KUC7>aC3) = {
As H ®c p = p + pis 12-dimensional quaternionic, ,3/%;3% is a permanent cycle but 8,85
is not. Thus we can compute 74 ,,KOc,xc;, With a convenient choice of complex structure

on multiples of pg, as having the form

L0 +.p+ ) <= Liw —&.p— 0By < L{2.0 + &.p + D}BoP5

a _ _ ap — . a

& Lo —o,p—pYB3Bs < Z{l,0 + @, p + pYBIAZ < .
In writing RO(C7 x C3) = Z{1,w + w, p + p} C RU(C7 x C3), the symbols w + @ and
p + p represent the real representations wg and po underlying w and p. For example, the
identity (0 —p) - p = p — (1 + w + @) in RU(C7 x C3) gives a complex f,_(C+w+a)-
eleCrI;eélt J(pBo) € nsz‘:cciwﬂ_{)C(ap), with underlying real 1, _(2424,)-€lement living in
npo7_(212w0)C(ap0). The identity a,az(p + p)BsB5 = (p + p) — (2 + 2(w + ®)) then

implies that this in lifts to # € J'rpc(:_n(gj_zwo)C (a},) satisfying resS7*C3 (3(1)) = 3j11.

6.6. Example: The quaternion group of order 8

We give an example with a symplectic irreducible. See also [13,21]. Let G = Qg be the
quaternion group of order 8. This sits in a short exact sequence

1—>C2—>Q8—>C2XC2—>1,

and we have
RU(Qg) = Z{l,01,0'2,03, H},

with Z{1, 01, 02,03} = RO(C, x C,) consisting of those representations lifted from C, x
C> and H the tautological representation of Qg C Sp(1) = SU(2). Write H for the under-
lying 4-dimensional real representation of H. As Qg acts freely on S(H), the Qg-spectra
C(afy) admit all possible periodicities. Observe

ooH=H, H?>=1+4+0,+0,+03, eyg=2—H.

This determines . KU g,. Complex conjugation acts trivially on w«g KU g4, so the E,-
page of the HFPSS for 744 «mKO g, is given by

H*(Co; my4xuKU gg) = mxn KUy ® Z[:Biz’ nl/(2n).
As H is symplectic and the o; are orthogonal we have

RO(Q3g) = Z{1,01,02,03,2H} C RU(Q5s),
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where “2 H” represents the real representation H. This manifests in the HFPSS as a non-
trivial differential d3(H) = HB~2n>. As H is quaternionic of real dimension 4, the class
,3%1 € mouKU gy is a permanent cycle but By € mpKU g, is not, and so w4« KO g, has
the 2-periodic pattern

a

Z{l o1, 02,0'3,2['[} Z{Z 201 20’2,20’3,[‘1}/3[1 Z{l 01,02,03, 2H},3
A calculation reveals that

24m=1(4 — H) = a" (22" = 22"V (1 + 0y + 02 + 03) — 2H) "
2@ —H) = ag" ' (22" 22"V (1 + 01 + 02 + 03) — H) B!

for m > 0: for example, the identities

2—-H)-(1-0;)=2(1~-0;),
2-H)-1+o014+02+03—2H)=8(1+01+02+03—2H),
2-H)- (—H)=1401+02+03—-2H

together imply

ag* - (22"t =221 (1 + 01 + 02 + 03)) BE" = 2" (4 — (1 + 01 + 02 + 03)),
(2H)BH" =2*""'(1 + 01 + 02 + 03 — H),

and adding these yields the first; the second is similar. Hence if we define

2n, n even,
pn) =
2n +1, nodd,

then there are 74_pg-elements

O3 n+1
UspH € nzp(n)(4 H)C(a )

for n > 0, satisfying

k- janys, neven,

res (8(u2p(,,))) {k-4j4 s nodd
n )

for k € Z. By identifying S(nH) as a (4n — 1)-skeleton of EQg, this implies that if R is
a Qg-ring spectrum then in the homotopy fixed point spectral sequence

E, = (QS» eR[uH M:tl,uil u:l:l) — 7T*R}/,\

o1 o2 * 703

there are differentials

. +1. —(n+1) 2p(n)
y ( 21’(”)) Jan+3-ay upg ‘up . neven,
4(n+1)WU =
. 1 (n)
4janis - a7H+1uH(n+ ) 3™, nodd
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for n > 0, where ay is detected by the generator of H*(Qs; 7y mSos) = 7Z/(8). In other
words,
ds(ug) = vam, d;;(uﬁ) = 2vagumg, d;;(u%l) = 4vaHu%I,
dg(u]%l) = 40a%1u%1,
di2(uid) = jnagpuip,  dizif) = 2juaguiy,  dial) = 4jniagufyl,
dis(ugg®) = 4j1sagug”,

and so forth, up to orientation of v.

6.7. Example: The binary octahedral group

We give a larger symplectic example. Let 20 C Sp(1) denote the binary octahedral group,
of order 48. This group is of interest to chromatic homotopy theorists as the maximal sub-
group G4 C G of the extended Morava stabilizer group associated to the Honda formal
group law at the prime 2 and height 2. Consulting [11] we find that 20 has character table

1 44 3 4B 2 84 6 8B
11 1 1 1 1 1 1 1
2|1 -1 1 1 1 -1 1 -1
p3 (2 0 -1 2 2 0 -1
pal2 0 —1 0 —2 —V2 1 V2,
ps |2 0 —1 0 =2 V2 1 =2
6|3 1 0 -1 3 -1 0 -—
p7 3 -1 0 -1 3 1 0 1
ps|4 0 1 0 —4 0 -1 0

where p4, p5, pg are symplectic and the rest are orthogonal.

The tautological representation H of 20 C Sp(1) = SU(2) can be identified with p4,
with Euler class e,, = 2 — p4. The element o = 1 + p, — p3 + p4 + ps — pg € RU(20)
satisfies e,,, - @ = o, and as E20 = colim,_, S(nH) this produces a complex f,-element
inm, F(E204, S>0)-

Because H is real 4-dimensional quaternionic, as with G = Qg we can compute

TomuKO20 = Z{1, p2, p3, 2pa. 205, pe, p7. 208} B

T em+1)uKO20 = Z{2,202,2p3, pa. ps5, 2ps, 207, ps}BE"

with the action of ap determined by apfm = e,, = 2 — p4. Hence for example
48(4 —H) = aZ - (64— 8ps — 8ps + 17-2p4 — 7 - 2ps — 16p6 + 8p7 — 6 - 2p8) .

yielding an invertible class ¢ € nf§4_H)C(aﬁ) satisfying res2? (3(¢)) = +80 € 77S. If
for example ugy € ngg(i_H)C (a3y) is as in Section 6.6, then resgz (1) # uly; instead

&= resi)(:(t) Ugy € 7rOQSC(a]%I)X

is a unit satisfying resZ® (9(e)) = £240.
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