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Isocrystals and de Rham–Witt connections

Rubén Muñoz--Bertrand

Abstract. We introduce the notion of integrable connections for a sheaf of differential graded algeb-
ras on a topological space. We then describe them in the finite locally projective setting, when the
sheaf is either the de Rham complex of a formal or a weakly formal scheme, or for the convergent or
the overconvergent de Rham–Witt complex on a smooth scheme over a perfect field of positive char-
acteristic. This enables us to give a new description of convergent and overconvergent isocrystals
with a Frobenius structure.

Introduction

The search for a p-adic Weil cohomology theory for schemes over a field of positive char-
acteristic has a long and rich history. The construction of Monsky–Washnitzer cohomo-
logy [24], which was the earliest attempt to find such a theory, was inspired from the fact
that on a smooth manifold, de Rham cohomology computes singular cohomology. This
allowed them to find a formula à la Lefschetz computing the zeta function of an affine
scheme, under some assumptions.

In positive characteristic, the de Rham complex can have infinite-dimensional cohomo-
logy groups. In order to get a computable trace formula, one wants to work with finite-
dimensional vector spaces. The idea of Monsky and Washnitzer was to lift the de Rham
complex to another deRham complex in characteristic0having finite dimensional cohomo-
logy. Moreover, to get an action on these cohomology groups they also lift the Frobenius
endomorphism.

This action is paramount to the theory. However, it is not possible in general to lift the
absolute Frobenius of a scheme in positive characteristic to characteristic 0; one can only
do this locally.

In order to somehow glue these Frobenius lift globally, the first approach was crystal-
line cohomology [3]. The idea here is to consider a Grothendieck topology on the scheme,
giving rise to the crystalline site. The category of crystals are the coefficients for this
cohomology, whose good properties hold for proper schemes.

A more general theory is rigid cohomology [4]. It retrieves both Monsky–Washnitzer
and crystalline cohomology. Berthelot’s original construction did not use a site, but rather
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relied on constructions using rigid geometry. It is now known that there actually is an
overconvergent site computing rigid cohomology [21].

There have been other strategies to understand the global Frobenius action. One can
cite, for instance, the motivic approach which enables one to remove all the choices
involved [31].

In this article, we are interested in another viewpoint. Crystalline and rigid cohomo-
logy can be computed without introducing any Grothendieck topology. By using p-adic
analytic methods, one can instead consider sheaves of differential graded algebras on the
underlying topological space of the scheme.

This approach has been started with the introduction of the de Rham–Witt complex
[16]. This complex yields a quasi-isomorphism with crystalline cohomology. Moreover,
there exists a canonical and global lift of the Frobenius on the de Rham–Witt complex.
Also, by restricting to locally finite free crystals, one can see that they are also coefficients
for this cohomology theory [6, 14].

There have been two different proposals for the computation of rigid cohomology. The
first one, the celebrated theory of arithmetic D-modules, yields a category stable under
the 6-functor formalism. Nevertheless, there are no global Frobenius lifts in that setting, so
one has to resort to glueing to get the action. Another viewpoint is the overconvergent de
Rham–Witt complex [11], which is known to compute rigid cohomology, but which had
no theory of coefficients yet. Still, as in the crystalline setting, this complex is endowed
with a global Frobenius lift.

In rigid cohomology, two categories play an important role: convergent and overcon-
vergent F -isocrystals. Despite not having a 6-functor formalism, they are a powerful tool;
for instance, they are used to describe arithmetic D-modules [10].

Inspired by the crystalline setting, a preprint of Ertl suggests that locally free over-
convergent F -isocrystals can also be interpreted as coefficients for overconvergent de
Rham–Witt cohomology [13].

In this paper, the third and last of a series, we back up her claim: there is an equi-
valence of categories between overconvergent F -isocrystals, and a category of locally
projective overconvergent de Rham–Witt connections. Our methods also give an equival-
ence of categories between convergent F -isocrystals and a category of locally projective
de Rham–Witt connections. This allows one to consider both these categories using only
Zariski topology, and a global Frobenius lift.

1. Connections

Throughout this article, we let p be a prime number, and k be a perfect field of character-
istic p.

In this section, X shall denote a topological space, R shall denote a commutative ring,
and F D .

L
n2N Fn; d / a sheaf of strictly commutative R-dgas on X . We first extend

[1, Définition 2.2.1] to the context of sheaves.
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Definition 1.1. An F -connection is an F0-module M endowed with a morphism of
sheaves of groupsrWM !M ˝F0 F1 overX . We furthermore require that there exists an
open cover C ofX such that for every open subset U of an open in C , the morphismr.U /
factors through a group morphism zrWM.U /!M.U /˝F0.U / F1.U / satisfying the Leib-
niz rule:

8s 2 F0.U /; 8m 2M.U /; zr.sm/ D s zr.m/Cm˝ d.s/.

The morphisms are defined as usual.

Definition 1.2. Let .M;rM / and .N;rN / two F -connections. A horizontal morphism is
a morphism 'WM ! N of F0-modules such that the following diagram commutes:

M N

M ˝F0 F1 N ˝F0 F1.

'

rM rN

'˝F0
IdF1

We shall denote by F -MC the category of F -connections and horizontal morphisms.

We endow the category of graded abelian groups with the usual translation functorL
i2N Gi 7!

L
i2N GiC1. We will denote by dGAb the category of differential objects in

graded abelian groups.
We will construct a functor F -MC! Sh.X;dGAb/ from the category of F -connections

to the category of sheaves on X of differential objects in graded abelian groups. To define
it, on any cover C satisfying the assumptions of the definition of an F -connection, and on
any open U contained in an open of C , for each k 2 N put:

zrk W
M.U /˝F0.U / Fk.U /!M.U /˝F0.U / FkC1.U /

m˝ s 7! zr.m/ ^ s Cm˝ d.s/:

These maps are well defined, by applying the same computations as in [29, 07I0].
Therefore, for every open V 2 C they yield glueable morphisms of sheaves of groups
rkjV W .M ˝F0 Fk/jV ! .M ˝F0 FkC1/jV , which give rise to the sheaf .M ˝F0 F ;r�/

of Sh.X; dGAb/. Of course, r0 D r.

Definition 1.3. An F -connection r is said to be integrable if r1 ı r0 D 0. We shall
denote by F -MIC the full subcategory of F -MC whose objects are integrable connections.

The computations in the proofs of [3, Propositions II 3.2.3 and II 3.2.5] still hold in
this new context. In particular, this means that an F -connection r is integrable if and only
if .M ˝F0 F ;r�/ is a sheaf of complexes in graded abelian groups, thus if and only if it
is a right differential graded F -module.

Proposition 1.4. The categories F -MC and F -MIC are additive.

Proof. It is straightforward to check that the addition of two horizontal morphisms is still
horizontal, so the categories are preadditive. Moreover, the product of a finite family of



R. Muñoz--Bertrand 4

F0-modules endowed with (integrable) F -connections is also endowed with a canonical
(integrable) F -connection since the tensor products and direct sums commute. It is eas-
ily checked that the projections are horizontal, and that this new connection is the finite
product in these categories.

Definition 1.5. Let r be an F -connection on a free F0-module M . Let ¹miºi2I be an
F0.X/-basis of M.X/, where I is a set.

The unique matrix .ni;j /i;j2I 2 Mat#I .F1.X// such that r.mi / D
P
j2I mj ˝ nj;i

for every i 2 I is called the representative matrix of r for the basis ¹miºi2I .
Similarly, the unique matrix .ni;j /i;j2I 2Mat#I .F2.X// such that for every i 2 I we

have r1 ı r0.mi / D
P
j2I mj ˝ nj;i is called the curvature matrix of r for the basis

¹miºi2I .

A representative matrix uniquely determines an F -connection on a free F0-module
for a given basis, and conversely using the following result.

Proposition 1.6. Let rWM !M ˝F0 F1 be an F -connection on a free F0-module. Let
¹miºi2I be an F0.X/-basis of M.X/, where I is a set. Let U D ¹uiºi2I 2 F0.X/

I be a
vertical vector, and let N D .ni;j /i;j2I 2 Mat#I .F1.X// be the representative matrix of
r for ¹miºi2I .

Then r.
P
i2I uimi / D

P
i2I mi ˝ vi , where:

¹viºi2I D NU C d.U /.

Proof. Clear from the Leibniz rule.

Proposition 1.7. Let rWM ! M ˝F0 F1 be an F -connection on a free F0-module.
Let ¹miºi2I be an F0.X/-basis of M.X/, where I denotes a set. Consider an invertible
matrix U D ¹ui;j ºi;j2I 2 GL#I .F0.X//, and letN D .ni;j /i;j2I 2Mat#I .F1.X// be the
representative matrix of r for ¹miºi2I .

The representative matrix of r for the basis ¹
P
j2I uj;imj ºi2I is then:

U�1NU C U�1d.U /.

Proof. This is a simple consequence of Proposition 1.6.

Proposition 1.8. Let r be an F -connection. Then, for each k 2 N the morphism rkC1 ı
rk is F0-linear.

Proof. Just follow the end of the proof of [3, Proposition II 3.2.3], and acknowledge that
it still holds in our slightly different setting.

Proposition 1.9. Let rWM !M ˝F0 F1 be an F -connection on a free F0-module. Let
¹miºi2I be an F0.X/-basis of M.X/, where I is a set, and let N be a representative
matrix of r for this basis. Then, the curvature matrix of r for ¹miºi2I is:

N 2
C d.N /.

In particular, r is integrable if and only if d.N / D �N 2.
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Proof. Write ¹ni;j ºi;j2I WD N . By definition, r.mi / D
P
j2I mj ˝ nj;i for every i 2 I .

Hence, we find:

r1 ı r0.mi / D r1

�X
j2I

mj ˝ nj;i

�
D

X
j2I

�
r.mj /nj;i Cmj ˝ d.nj;i /

�
D

X
j2I

�X
k2I

mk ˝ nk;jnj;i Cmj ˝ d.nj;i /
�
;

r1 ı r0.mi / D
X
j2I

mj ˝
�X
k2I

nj;knk;i C d.nj;i /
�

.

The second part of the statement is an application of Proposition 1.8.

Proposition 1.10. Let 'WF ! G be a morphism of sheaves of strictly commutative R-
dgas on X . Let rWM !M ˝F0 F1 be an F -connection. For every open U of X , let:

'M W
M.U /˝F0.U / F1.U /!

�
M.U /˝F0.U / G0.U /

�
˝G0.U / G1.U /

m˝ f 7! .m˝ 1/˝ '.f /:

Then, assuming that r factors through zrWM.U /!M.U /˝F0.U / F1.U / satisfying
the Leibniz rule on U , then the data of the following maps for varying U covering X
yields a G -connection '�.r/ on M ˝F0 G0:

A'�.r/.U /W M.U /˝F0.U / G0.U /!
�
M.U /˝F0.U / G0.U /

�
˝G0.U / G1.U /

m˝ g 7! g'M
�
zr.m/

�
C .m˝ 1/˝ d.g/:

More precisely, it defines a functor:

'�WF -MC! G -MC.

Proof. The map is well defined. Indeed, it is biadditive and for every open U of X , every
f 2 F0.U /, every m 2M.U / and every g 2 G0.U / one has:

A'�.r/.U /.f m˝ g/ D g'M
�
zr.f m/

�
C .f m˝ 1/˝ d.g/

D g'M
�
f zr.m/Cm˝ d.f /

�
C .f m˝ 1/˝ d.g/

D '.f /g'M
�
zr.m/

�
C .m˝ 1/˝

�
g'
�
d.f /

�
C '.f /d.g/

�
;

A'�.r/.U /.f m˝ g/ D A'�.r/.U /.m˝ '.f /g/.
Moreover, we get a G -connection because for all m 2 M and all g; g0 2 G0.U / one

finds:

A'�.r/.U /�g0.m˝ g/� D A'�.r/.U /.m˝ g0g/
D g0g'M

�
zr.m/

�
C .m˝ 1/˝ d.g0g/

D g0g'M
�
zr.m/

�
C .m˝ 1/˝ g0d.g/C .m˝ 1/˝ gd.g0/;
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A'�.r/.U /�g0.m˝ g/� D g0A'�.r/.U /.m˝ g/C .m˝ g/˝ d.g0/.
The functoriality is clear.

Proposition 1.11. Let us keep the notations of Proposition 1.10. Then, the functor '�

preserves integrability; that is, by restriction we have a functor:

'�WF -MIC! G -MIC.

Proof. By construction, the functor F -MC ! Sh.X; dGAb/ has the following property:
when the F -connection rWM !M ˝F0 F1 is integrable, its image is the unique couple
.M ˝F0 F ;r�/ turning M ˝F0 F into a right differential graded F -module satisfying
r0 D r. Moreover, recall that .M ˝F0 F ;r�/ is a right differential graded F -module if
and only if r is integrable.

Also, we have a tensor product on the category RDiffGr-F -Mod of right differential
graded F -modules [29, 09LL and 0FR2] yielding a base change functor. As can be seen
from its definition, it coincides up to an isomorphism of graded F -modules (truncated in
degree greater than 1) to the base change '� we have defined. Thus, the following diagram
is essentially commutative (that is, commutative up to isomorphism of functors):

F -MIC G -MC

RDiffGr-F -Mod RDiffGr-G -Mod Sh.X; dGAb/.

'�

r7!r� r7!r�

�˝F G Forgetful

2. Weak formal schemes

We assume the reader is familiar with Meredith’s theory of weak formal schemes, which
he called weak formal preschemes in [23, 4. Definition 1]. In what follows, the weak
completion, in the sense of Monsky–Washnitzer [24, Definition 1.1], of a commutative
W.k/-algebra R shall be denoted by R�, and its ring of Witt vectors by W.R/. Its associ-
ated affine weak formal scheme shall be denoted by Spff.R�/.

In all the article, for every morphism of commutative rings R! S we shall denote:

�S=R WD �S=R=
\
i2N

pi�S=R.

It is the universal p-adically separated de Rham complex associated to R! S . These
similar notations shall lead to no confusion, as we shall always work with the p-adically
separated complex, and never with the usual one.

Proposition 2.1. Let R be a commutative W.k/-algebra such that �1
R=W.k/

is a finite
R-module. Then, we have a canonical isomorphism of R�-modules:

�1
R=W.k/ ˝R R

�
Š �1

R�=W.k/
.
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Proof. Let n 2N and .Pj /j2N 2 .W.k/ŒX1; : : : ;Xn�/
N such that there exists c 2N satis-

fying deg.Pj / 6 c.j C 1/ for every j 2 N. If r 2 Rn, then by definition
P
j2N p

jPj .r/

is in R�, and every element of this ring can be written as such. If d WR! �1
R=W.k/

is the
canonical derivation, then for every j 2 N we have:

d
�
Pj .r/

�
D

nX
iD1

Pj;i .r/d.ri /

where Pj;i 2 W.k/ŒX1; : : : ; Xn� satisfies deg.Pj;i / 6 c.j C 1/ � 1 for every i 2 J1; nK.
We let:

d 0W
R� ! �1

R=W.k/ ˝R R
�P

j2N p
jPj .r/ 7!

Pn
iD1 d.ri /˝

P
j2N p

jPj;i .r/:

This map does not depend on neither n, nor .Pj /j2N nor r .
Indeed, �1

R=W.k/
˝R R

� is a finite R�-module. So by [24, Theorem 1.6] and [7,
Chapitre III, §3, Proposition 6], it is also p-adically separated. Hence, if we were to choose
other n0 2 N, .P 0j /j2N 2 .W.k/ŒX1; : : : ; Xn�/

N and r 0 2 Rn satisfying the same condi-
tions, and such that

P
j2N p

jPj .r/ D
P
j2N p

jP 0j .r
0/, then for every k 2 N we get:

nX
iD1

d.ri /˝
X
j2N

pjPj;i .r/ �

n0X
iD1

d.r 0i /˝
X
j2N

pjP 0j;i .r
0/

D

k�1X
jD0

� nX
iD1

pjPj;i .r/d.ri / �

n0X
iD1

pjP 0j;i .r
0/d.r 0i /

�
˝ 1

C pk
C1X
jDk

� nX
iD1

d.ri /˝ p
j�kPj;i .r/ �

n0X
iD1

d.r 0i /˝ p
j�kP 0j;i .r

0/

�
.

Hence, the difference is divisible by pk for every k 2 N, so the map is well defined.
We see that d 0 is a W.k/-derivation because for every j; j 0 2 N we have:

d
�
Pj .r/P

0
j 0.r
0/
�
D Pj .r/d

�
P 0j 0.r

0/
�
C P 0j 0.r

0/d
�
Pj .r/

�
D

n0X
iD1

Pj .r/P
0
j 0;i .r

0/d.r 0i /C

nX
iD1

P 0j 0.r
0/Pj;i .r/d.ri /.

If we let d�WR� ! �1
R�=W.k/

be the universal derivation, we then know there exists a
unique morphism ofR�-modules 'W�1

R�=W.k/
! �1

R=W.k/
˝R R

� such that ' ı d�D d 0.
Let �W�1

R=W.k/
! �1

R�=W.k/
be the canonical morphism of R-modules. We let:

'�1W
�1
R=W.k/ ˝R R

�
! �1

R�=W.k/

! ˝ r 7! �.!/r .

For every r 2 R we have d 0.r/ D d.r/ ˝ 1, which yields ' ı '�1 ı d 0.r/ D d 0.r/

and '�1 ı ' ı d�.r/ D d�.r/. By using p-adically overconvergent series, one gets similar
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equalities when r 2 R�. Since d 0.R�/ is an R�-generating set of �1
R=W.k/

˝R R
� and

d�.R
�/ is an R�-generating set of �1

R�=W.k/
, one can conclude.

Proposition 2.2. Let k be a perfect field of characteristic p. Assume that R is a commut-
ative W.k/-algebra such that �1

R=W.k/
is a finite R-module. Then, there is a canonical

isomorphism of W.k/-dgas:

�R=W.k/ ˝R R
�
Š �R�=W.k/.

Proof. This is Proposition 2.1 combined with [9, III.83, Proposition 8].

The convergent version of this statement, that is �R=W.k/ ˝R
yR Š � yR=W.k/ with

the above assumptions, is well known by [29, 00RV and 0315] and [7, Chapitre III, §3,
Proposition 6].

We recall the following definition of Caro [10, Définition 1.2.1].

Definition 2.3. A weak formal scheme X� over W.k/ is said to be smooth if for every
i 2 N, the scheme .X�;OX�=p

iOX�/ is smooth over W.k/=piW.k/.

If .X;OX / is a ringed space, for every OX .X/-module M we denote by zM the sheaf
of OX -modules associated to M . We refer to [29, 01BH] for its properties. This sheaf
depends on the choice of the ringed space, but the notation should lead to no confusion in
context.

If .X�;OX�/ is an affine weak formal scheme, then by [23, 3. Theorem 3] we know
that the functor z� induces an equivalence of categories between OX�.X

�/-modules of finite
type and coherent OX� -modules.

The following proposition explains us that, in the context of weak affine schemes, one
can extend this equivalence of categories to see that our notion of connection coincides
with the usual algebraic one; so we will identify both points of view in the paper.

Proposition 2.4. Let k be a perfect field of characteristic p. Let .X�;OX�/ be a smooth
affine weak formal scheme over W.k/. Then, there exists a unique quasi-coherent sheaf
of strictly commutative W.k/-dgas �X�=W.k/ on X� such that for every OX�.X

�/-module
M and every affine open set U � X� we have:

zM ˝O
X�

�X�=W.k/.U / ŠM ˝O
X�
.X�/ �O

X�
.U /=W.k/.

Proof. Let U be an affine open set of X�. Let M be an OX�.X
�/-module. Let �X�=W.k/

be the sheafification of �O
X�
.�/=W.k/.

There is a canonical morphismM˝O
X�
.X�/�O

X�
.U /=W.k/!

zM ˝O
X�

�X�=W.k/.U /

of OX�.U /-modules which yields by adjunction [29, 01BH] a morphism of sheaves of
OX� jU -modules EM ˝O

X�
.X�/ �O

X�
.U /=W.k/!

zM ˝O
X�

�X�=W.k/jU . For every x 2 U ,
this morphism induces a morphism of OX�;x-modules:

M ˝O
X�
.X�/ �O

X�
.U /=W.k/ ˝O

X�
.U / colimx2V�U OX�.V /

!M ˝O
X�
.X�/ colimx2V�U �O

X�
.V /=W.k/. (2.1)
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One can restrict the above open sets V to standard opens V D D. Nf /, where f 2
OX�.U / satisfies x 2 D. Nf /. By [29, 00RT] and [9, III.83, Proposition 8], there is an iso-
morphism�O

X�
.U /=W.k/˝O

X�
.U / OX�.U /f Š�O

X�
.U /f =W.k/ ofW.k/-dgas. By apply-

ing Proposition 2.2, one finds an isomorphism of W.k/-dgas:

�O
X�
.U /=W.k/ ˝O

X�
.U / OX�.V / Š �O

X�
.U /=W.k/ ˝O

X�
.U / OX�.U /f

�

Š �O
X�
.V /=W.k/.

Moreover, as tensor products commute with direct limits we see that for every x 2 U ,
the morphism (2.1) is an isomorphism. In particular, we have an isomorphism of sheaves
of OX� jU -modules

EM ˝O
X�
.X�/ �O

X�
.U /=W.k/ !

zM ˝O
X�

�X�=W.k/jU

and we conclude.

Of course, there is a similar statement for formal schemes with the usual p-adic
completion. We only stated this proposition for affine weak formal schemes since quasi-
coherent sheaves on weak formal schemes are in general not as well behaved as in the
case of schemes.

3. The overconvergent de Rham–Witt complex

We let xR be a commutative k-algebra of finite type. In this paper, we shall denote by
W� xR=k the de Rham–Witt complex of xR. We refer to [16,20] for the definition and basic
properties.

Let n 2 N. In this article, we shall denote kŒX� WD kŒX1; : : : ; Xn�, and similarly for
W.k/ŒX�. The truncated de Rham–Witt complex of xR will be denoted by Wn� xR=k .

Recall that when xR is smooth, a theorem of Elkik tells us that we can find a smooth
commutative W.k/-algebra R lifting xR [29, 07M8]. Moreover, its weak completion R�

does not depend, up to an isomorphism ofW.k/-algebras, on the choice of R, and there is
a morphism of rings F WR� ! R� lifting the Frobenius and compatible with F WW.k/!
W.k/ [30, Theorem 2.4.4]. This yields in turn a morphism of ı-rings tF WR� ! W. xR/ by
[17, Théorème 4], which extends by the universal property of the p-adically separated de
Rham complex [24, Theorem 4.2] to a morphism of W.k/-dgas:

tF W�R�=W.k/ ! W� xR=k .

Let us now recall some definitions needed for the description of the de Rham–Witt
complex.

Definition 3.1. A weight function is a map aW J1;nK!NŒ 1
p
�; for any i 2 J1;nK, its values

will be written ai . We define:

jaj WD

nX
iD1

ai .
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Let a be a weight function. Let J � J1; nK. We will denote by ajJ the weight function
which for any i 2 J1; nK satisfies:

ajJ .i/ D

´
ai if i 2 J ,

0 otherwise:

Definition 3.2. The support of a weight function a is the set:

Supp.a/ WD
®
i 2 J1; nK j ai ¤ 0

¯
.

Definition 3.3. A partition of a weight function a is a subset of Supp.a/. We denote by P

the set of all .a; I /, where a is a weight function and I is a partition of a. Throughout this
paper, the p-adic valuation will be denoted by vp . We fix the total order � on Supp.a/:

8i; i 0 2 Supp.a/; i � i 0

”
��

vp.ai / 6 vp.ai 0/
�
^
��

vp.ai / D vp.ai 0/
�
H) .i 6 i 0/

��
.

This order depends on the weight function a, but in practice no confusion will arise.
We denote by � the associated strict total order, and we will denote by min.a/ 2 Supp.a/
the only element such that min.a/ � i for any i 2 Supp.a/.

Let I WD ¹ij ºj2J1;mK be a partition of a. By convention, we will always assume that
ij � ij 0 for all j; j 0 2 J1;mK such that j < j 0. We will also say that i0 � i and i � imC1
for any i 2 Supp.a/. For any l 2 J0;mK, we define the following subsets of Supp.a/:

Il WD
®
i 2 Supp.a/ j il � i � ilC1

¯
.

We set:

vp.a/ WD min
®

vp.ai / j i 2 J1; nK
¯
,

u.a/ WD max
®
0;� vp.a/

¯
.

And if F denotes de Frobenius endomorphism, V the Verschiebung, and Œ�� the mul-
tiplicative representative, we put:

g.a/ WD F u.a/Cvp.a/
�
d
�
V u.a/

�
ŒXp

� vp.a/a�
���

.

Furthermore, if I is a partition of a, and for any � 2 W.k/, we set:

e.�; a; I / WD

8<:V u.a/
�
�ŒXp

u.a/ajI0 �
�
�
Q#I
lD1 g.ajIl / if I0 ¤ ; or u.a/ D 0,

d
�
V u.a/

�
�ŒXp

u.a/ajI1 �
��
�
Q#I
lD2 g.ajIl / otherwise.

Any elementw 2W�kŒX�=k in the de Rham–Witt complex has a unique description as
a convergent series

P
.a;I /2P e.�a;I ; a; I / by [20, Theorem 2.8], where all �a;I 2 W.k/.
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We use this description to define for every " > 0 a map:

�"W

W�kŒX�=k ! R [ ¹C1;�1º

w 7!

´
inf.a;I /2P

®
2n vV .�a;I /C #Iu.a/ � "jaj

¯
if I0 D ;,

inf.a;I /2P

®
2n vV .�a;I /C .#I C 1/u.a/ � "jaj

¯
if I0 ¤ ;.

Let 'WkŒX�! xR be a surjective map of k-algebras from a polynomial ring. This yields
a morphism of W.k/-dgas

'�WW�kŒX�=k ! W� xR=k :

We put:

�";' W
W� xR=k ! R [ ¹C1;�1º;

w 7! sup
®
�".x/ j '

�.x/ D w
¯
:

First of all, by [26, Proposition 5.15] and the subsequent discussion, we can make the
following definition which coincides with [11, Definition 1.1] in the case where k is a
perfect field, and which does not depend on the choice of '.

Definition 3.4. The overconvergent de Rham–Witt complex of xR is:

W �� xR=k WD
®
w 2 W� xR=k j 9" > 0; �";'.w/ ¤ �1

¯
.

Recall that when xRD kŒX�we have a decomposition of the overconvergent de Rham–
Witt complex as three graded sub-W.k/-modules [25, (8)]:

W ��kŒX�=k D W
��int

kŒX�=k ˚W
��

frp
kŒX�=k

˚ d
�
W ��

frp
kŒX�=k

�
: (3.1)

By [2, 3.3.2 Théorème], there exists a lift of the Frobenius on W.k/ŒX��, which we
shall also denote by F , such that we can find a ı-ring morphism W.k/ŒX�� ! R� lift-
ing '. More details can be found in [26, Lemma 7.1]. Moreover, there is a canonical
isomorphism of W.k/-dgas �

W.k/ŒX��=W.k/
Š W ��int

kŒX�=k
[11, pp. 231–233] (see also

[26, Proposition 7.11] for a self-contained statement), so that we shall identify them in
what follows.

We introduce the following sets for t 2 N:

G.t/ D

8̂̂̂<̂
ˆ̂:e
�
1;
aC pu�J

pu
; I [ J

� ˇ̌̌̌ˇ
u 2 N; .a; I / 2 P ;

J � J1; nK X Supp.a/;
vp.a/ D 0; 8i 2 J1; nK; ai < pu;
I0 ¤ ;; #I C #J D t

9>>>=>>>; ;
H.t/ D

²
e.1; �I ; I /

ˇ̌̌ .�I ; I / 2 P ;

#I D t

³
:

We also have the convention:
G.�1/ WD ;.
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Finally, we introduce the following W.k/ŒX��-modules:

W ��
X�int;t
kŒX�=k

WD

² X
e2H.t/

tF .see/
ˇ̌̌ 9C 2 R; 9" > 0; 8e 2 H.t/;�
se 2 W

��
int;0
kŒX�=k

�
^ .�".se/C �".e/ > C/

³
,

W ��
X�frp;t
kŒX�=k

WD

² X
e2G.t/

tF .se/e
ˇ̌̌ 9C 2 R; 9" > 0; 8e 2 G.t/;�
se 2 W

��
int;0
kŒX�=k

�
^ .�".se/C �".e/ > C/

³
.

And we put:

W ��
X

kŒX�=k
WD W ��

X�int
kŒX�=k

CW ��
X�frp
kŒX�=k

C d
�
W ��

X�frp
kŒX�=k

�
.

For details on these constructions, see [26, 9]. Note that in that paper, there are hypo-
thesis on the morphism ', but we can safely assume here that they are satisfied.

By [26, Theorem 9.8], the previous decomposition as graded sub-W.k/-modules actu-
ally extends for any xR finite étale over An

k
:

W �� xR=k D W
��int
xR=k
˚W ��

frp
xR=k
˚ d

�
W ��

frp
xR=k

�
.

More precisely, this decomposition depends on ' as

W ��int
xR=k
D '�

�
W ��int

kŒX�=k

�
and W ��

frp
xR=k
D '�

�
W ��

frp
kŒX�=k

�
:

In practice, there shall be no confusion so we omit it in our notations. This enables us to
define the following map:

L�";' W
W� xR=k ! R [ ¹C1;�1º

w 7! sup
®
�".x/ j x 2 '

��1.w/ \W ��
X

kŒX�=k

¯
:

For x 2W �� xR=k , we will denote by xjint its projection toW ��int
xR=k

, by xjfrp its projec-

tion to W ��
frp
xR=k

, by xjd.frp/ its projection to d.W ��
frp
xR=k
/, and by xjfrac its projection to:

W ��frac
xR=k
WD W ��

frp
xR=k
C d

�
W ��

frp
xR=k

�
.

A similar decomposition exists for the usual de Rham–Witt complex [26,Theorem 4.5].
The construction work the same way as here, except that we use the p-adic completion
instead of the weak completion. We omit the details. We shall keep the same notations in
that context.

Applying [26, Proposition 7.14 and Theorem 9.8], we get ı > 0 such that for every
" 2 �0; ı� we have:

8x 2 W ��
int;0
kŒX�=k

; �"
�
tF .x/ � x

�
> �"

�
tF .x/

�
C
3

4
, (3.2)

8x 2 W �� xR=k ;
L�";'.xjint/ > �";'.x/ �

1

2
, (3.3)

8x 2 W �� xR=k ;
L�";'.xjfrp/ > �";'.x/ �

1

2
, (3.4)
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8x 2 W �� xR=k ;
L�";'.xjd.frp// > �";'.x/ �

1

2
, (3.5)

8x 2 W ��
frp
xR=k
; L�";'.x/ D L�";'

�
d.x/

�
, (3.6)

8x 2 W �� xR=k ; �";'.x/ > L�";'.x/. (3.7)

Also, by [25, (9)], we have:

8" > 0; 8x 2 W ��kŒX�=k ; �"
�
d.x/

�
> �".x/. (3.8)

Proposition 3.5. Let t 2 N. For every " 2 �0; ı� and every x 2 W ��
X�frp;t
kŒX�=k

we have for
the decomposition (3.1):

�".xjint/ > �".x/C
3

4
,

�".xjfrp/ > �".x/,

�".xjd.frp// > �".x/C
3

4
.

Proof. For every e 2 G.t/, we let se 2 W ��
int;0
kŒX�=k

such that:X
e2G.t/

tF .se/e D x,

�".se/C �".e/ > �".x/.

Now, write x D
P
e2G.t/.tF .se/ � se/e C

P
e2G.t/ see. Following [26, Remark 9.2],

the second series is inW ��
frp;t
kŒX�=k

. So now we can conclude thanks to (3.2) and to the fact
that �" is a pseudovaluation [25, Theorem 3.17].

Given t; s 2 N, we write Jt; sK WD Œt; s�\N. We recall that a rng is defined like a ring,
without the need of an identity for the multiplication.

Lemma 3.6. Let R be a rng. Let t 2 N. Let .xi /i2J0;tK; .yi /i2J0;tK 2 RtC1. Let us denote
by F..xi ;yi //i2J0;tK the set of functions J0; tK! R such that for every i 2 J0; tK we have
fi 2 ¹xi C yi ;�yiº, and fi D �yi for at least one such i . Then:

tY
iD0

.xi C yi / D

tY
iD0

xi �
X

f 2F..xi ;yi //i2J0;tK

tY
iD0

fi .

Proof. This is done by induction on t 2N, the case t D 0 being easy. Assuming the result
for some t 2 N, we get:

tY
iD0

xi .xtC1 C ytC1/ D

tC1Y
iD0

xi �

� tY
iD0

.xi C yi /C
X

f 2F..xi ;yi //i2J0;tK

tY
iD0

fi

�
.�ytC1/.
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Proposition 3.7. Let t 2 N. Let x 2 W ��
int;t
kŒX�=k

. For the decomposition (3.1), for every
" 2 �0; ı� we have:

�"
�
tF .x/jint

�
> �"

�
tF .x/

�
,

�"
�
tF .x/jfrp

�
> �"

�
tF .x/

�
C
3

4
,

�"
�
tF .x/jd.frp/

�
> �"

�
tF .x/

�
C
3

4
.

Proof. We derive from [26, Proposition 9.1] that for every e 2 H.t/ there exists a unique
se 2 W

��
int;0
kŒX�=k

such that:

�".se/C �".e/ > �"
�
tF .x/

�
,X

e2H.t/

tF .see/ D tF .x/.

By definition, each e 2 H.t/ has the form
Qt
iD1 d.ye;i / where ye;i 2 W ��

int;0
kŒX�=k

for
each i 2 J1; nK, and H.t/ is a finite set.

Now, fix e 2 H.t/. Let x0 WD se , xi WD d.ye;i / for i 2 J1; tK, y0 WD tF .se/ � se and
yi WD d.tF .ye;i / � ye;i / for i 2 J1; tK. Using Lemma 3.6 and its notations we get:

tF .see/ D see �
X

f 2F..xi ;yi //i2J0;tK

tY
iD0

fi .

For each f in the above sum, we have �".
Qt
iD0 fi / > �".se/C �".e/C

3
4

by formulas
(3.2) and (3.8), and since �" is a pseudovaluation [25, Theorem 3.17]. This enables us
to conclude with the same argument because see is in the W.k/-dga W ��

int;t
kŒX�=k

, and
because �" is compatible with this decomposition.

Proposition 3.8. Let t 2 N� and s 2 N. Let x 2 W ��
int;t
xR=k

and y 2 W ��
frp;s
xR=k

. For every
" 2 �0; ı� we have:

L�";'.xy/ > L�";'.x/C L�";'.y/C
1

4
.

Proof. Let � > 0. Let Qx 2 W ��
X�int;t
kŒX�=k

and Qy 2 W ��
X�frp;s
kŒX�=k

be respective preimages of
x and y by '� such that

�". Qx/ > L�";'.x/ � � and �". Qy/ > L�";'.y/ � �:

If we prove the inequality �". Qx Qy/ > L�";'.x/ C L�";'.y/ C 3
4
� 2�, we can conclude by

applying (3.3), (3.4) and (3.5).
Decompose Qx and Qy in (3.1). Applying Propositions 3.5 and 3.7, we are almost done

using the pseudovaluation properties of �" [25,Theorem 3.17], except for the term Qxjint Qyjfrp.
For that last one, we need [25, Proposition 3.8] to conclude.
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Lemma 3.9. Let x 2W �� xR=k . After shrinking ı if needed, one can assume that for every
" 2 �0; ı�:

L�";'.xjint/ > �
1

4
,

L�";'.xjfrp/ >
1

2
,

L�";'.xjd.frp// >
3

4
.

Proof. Let � > 0. Let us choose Qx 2 W ��
X

kŒX�=k
a preimage of x by '� which satisfies

�". Qx/ > L�";'.x/ � �.
Recall that n 2 N is the number of indeterminates in kŒX�. When n D 0, we are

working in the ring of Witt vectors W.k/ so that we only have an integral part, and in that
case �" D 0.

When n> 0, then by [26, Proposition 5.9] we get by induction onm2N the inequality
� "
.2n/m

. Qx/ > �". Qx/
.2n/m

, from which we get L�";'.x/ > �".x/ > �1
4

when " is small enough. So
we only have to focus on the fractional part.

As �" is a pseudovaluation [25, Theorem 3.17], and applying (3.6), we can assume
without loss of generality that Qx 2 W ��

X�frp;t
kŒX�=k

, and prove that L�";'. Qx/ > 3
4

.

By definition, for every e 2 G.t/ there is se 2 W ��
int;0
kŒX�=k

such that:X
e2G.t/

tF .se/e D Qx,

�".se/C �".e/ > �
1

4
.

The definition of the elements of G.t/ and of �" immediately yield �".e/ > 1 � " for
every e 2 G.t/. So for every such e, we have �".se/ > "� 5

4
. We can use the same trick as

above to see that, by dividing " as much as needed, we have �".se/ > "� 1
4

independently
on e, and we are done.

4. Finite projective modules

In all this section, .X;OX / denotes a ringed space. We will study finite projective modules,
their relationship with F -isocrystals, and how one can roll back to the locally free setting.

Definition 4.1. An OX -module M is globally finite projective if there exists finite sets J
and L and an exact sequence of OX -modules:L

j2J OX
L
l2L OX M 0

 

such that  has a section.



R. Muñoz--Bertrand 16

An OX -module M is locally finite projective if there exists a cover ¹Uiºi2I of X by
opens, where I is any set, such that for each i 2 I the OX jUi -module M jUi is globally
finite projective.

In other terms, M is an OX -module of finite presentation, for which we can globally
(resp. locally) choose a finite presentation which splits.

In many settings, the category of OX -modules has no projective objects except for the
zero module. What justifies the terminology chosen here is rather the following fact.

Proposition 4.2. Let M be a globally finite projective module. Then, the OX .X/-module
M.X/ is finite and projective. Moreover, we have M Š AM.X/ as OX -modules.

Proof. This is really just an immediate consequence of the definition. Since the map r has
a section for all I , we get thatM.X/ is a direct summand of

L
l2LOX .X/ in the category

of OX .X/-modules.
The last part of the statement is given by the description of AM.X/ in [29, 01BH].

Take care, however, not to confuse these sheaves with finite locally free ones. On
general ringed spaces, these notions are not equivalent. For instance, ifX only has a single
point and OX .X/DZ=6Z, then AZ=2Z yields a counter-example. Even in more geometric
contexts, it is unclear whether these notions are equivalent; see for instance Question 5.7
below.

For a commutative ring R, and a topological space X endowed with a sheaf F of
strictly commutative R-dgas, we shall denote by F -LocFProjMIC the full subcategory of
F -MIC whose objects are integrable F -connections on a locally finite projective F0-
module. Similarly, F -GlobFProjMIC shall denote the full subcategory of F -MIC whose
objects are integrable F -connections on a globally finite projective F0-module.

Notice that the functors defined in Proposition 1.11 restrict in the above categories.
A globally finite projective OX -module is a direct summand of a finite free OX -

module. As we are about to see, this is also the case for F -connections on a globally
finite projective OX -module, but not necessarily in the category F -GlobFProjMIC.

In the remainder of this paper, except where otherwise stated for any function f WE!
F we shall denote also by f WMat.E/! Mat.F / the function it induces on matrices, by
applying f to each coefficients. We shall also do so for functions using unusual notations,
such as �jint.

Lemma 4.3. Let r be an F -connection on a globally finite projective OX -module M .
Let  W

Lr
iD1 F0 ! M be a surjective morphism of F0-modules with a section s, where

r 2 N�. Fix an F0.X/-basis B of
Lr
iD1 F0.X/, and let P be the representative matrix

of s ı  for B.
Then, there exists an F -connection zr on

Lr
iD1 F0 such that  and s promote to

horizontal morphisms between r and zr. Moreover, if r is integrable and N denotes the
representative matrix of zr for B, then one can choose zr so that its curvature matrix for
B is:

d.P /Pd.P /.
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Proof. Put .bj /j2J1;rK WD B. Let A D .ai;j /i;j2J1;rK 2 Matr .F1/ be the unique matrix
such that for every i 2 J1; rK we have:

.s ˝ IdF1/ ı r
�
 .bi /

�
D

rX
jD1

bj ˝ aj;i .

Notice that P 2 D P and AD PA. Moreover, AP C Pd.P /D A by the Leibniz rule.
Now, put N WD A � d.P /P . Thus:

PN D PA � Pd.P /P D A � Pd.P /C PPd.P / D A.

Also:

NP C d.P / D AP � d.P /P C d.P / D AP C Pd.P / D A.

If we denote by zr the F -connection on
Lr
iD1 F0 whose representative matrix is

N for B, these two equalities imply that  promotes to a morphism of F -connections
zr ! r, and so do its section s by Proposition 1.6.

For now on, we assume that r is integrable. If we denote by C the curvature matrix
of zr for B, this implies that PC D CP D 0. Also, C D N 2 C d.N / by Proposition 1.9.
Therefore:

C D .1 � P /
�
N 2
C d.N /

�
.1 � P /.

Now, the above relations give us .1�P /N D N �AD �d.P /P , and we also derive
N.1 � P / D N � AC d.P / D Pd.P /. In particular, .1 � P /N.1 � P / D 0.

Thus:

.1 � P /d.N /.1 � P /

D d
�
.1 � P /N.1 � P /

�
� d.1 � P /N.1 � P /C .1 � P /Nd.1 � P /

D 0C d.P /Pd.P /C d.P /Pd.P /.

Hence, C D 2d.P /Pd.P /C .1 � P /N 2.1 � P / D d.P /Pd.P /.

Fix a smooth commutative k-algebra xR and a smooth commutative W.k/-algebra R
lifting xR. On its weak completion R�, fix a morphism of rings F WR� ! R� lifting the
Frobenius and compatible with F WW.k/ ! W.k/ as we did previously. This yields a
morphism of weak formal schemes F W Spff.R�/! Spff.R�/ by [10, 1.1.2]. It extends,
by the universal property of the p-adically complete de Rham complex, to a morphism
of sheaves of W.k/-dgas F W�Spff.R�/=W.k/Œ

1
p
�! �Spff.R�/=W.k/Œ

1
p
� on Spec. xR/. It also

yields a morphism of sheaves of W.k/-dgas on Spec. xR/:

tF W�Spff.R�/=W.k/

�
1

p

�
! W ��Spec. xR/=k

�
1

p

�
.
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Let �WW ��Spec. xR/=k Œ
1
p
�!W ��Spec. xR/=k Œ

1
p
� defined on the gradation by the relation

�jW ��i
Spec. xR/=k

Œ 1p �
WD piF jW ��i

Spec. xR/=k
Œ 1p �

for all i 2 N:

Notice that we have tF ı F D � ı tF . This is a morphism of sheaves of W.k/-dgas by
[20, (1.19)].

Of course, all these constructions have a convergent analogue for which we shall use
the same notations. We state the following proposition only for overconvergent de Rham–
Witt connections, the case in the classical convergent case being totally similar.

Proposition 4.4. Let r be an integrableW ��Spec. xR/=k Œ
1
p
�-connection on a globally finite

projectiveW �.OSpec. xR//Œ
1
p
�-moduleM . Assume that there is an isomorphism r Š ��.r/

of W ��Spec. xR/=k Œ
1
p
�-connections, and that W �� xR=k has no p-torsion.

Then, there exists an integrable W ��Spec. xR/=k Œ
1
p
�-connection on a globally finite pro-

jective W �.OSpec. xR//Œ
1
p
�-module K such that M ˚ K is a finite free W �.OSpec. xR//Œ

1
p
�-

module.

Proof. Let r 2 N�, and let  W
Lr
iD1W

�. xR/Œ 1
p
�! M.Spec. xR// be a surjective morph-

ism of W �. xR/Œ 1
p
�-modules. By Proposition 4.2, M.Spec. xR// is projective, so  has a

section s.
Since we assumed that r Š ��.r/ asW ��Spec. xR/=k Œ

1
p
�-connections, we also have an

isomorphism 'WM.Spec. xR//! M.Spec. xR//F of W �. xR/Œ 1
p
�-modules, where we have

denoted by M.Spec. xR//F the extension of scalars of M.Spec. xR// by the Frobenius
morphism F WW �. xR/Œ 1

p
�! W �. xR/Œ 1

p
�. Similarly, in what follows we shall also denote

by  F W
Lr
iD1W

�. xR/Œ 1
p
�!M.Spec. xR//F the extension of scalars of  by F .

Next, we derive from  another surjective morphism of W �. xR/Œ 1
p
�-modules

z W

2rM
iD1

W �. xR/

�
1

p

�
!M

�
Spec. xR/

�
by sending every new direct summand to zero. It has a section Qs. By Schanuel’s lemma,
we have the following isomorphisms of W �. xR/Œ 1

p
�-modules:

ker. z / Š
rM
iD1

W �. xR/

�
1

p

�
˚ ker. / Š

rM
iD1

W �. xR/

�
1

p

�
˚ ker. F / Š ker. z /F .

Let K WD ker. z /. Denote by �WK ! KF the isomorphism we get by composing the
three above ones. We thus have an isomorphism ' ˚ � of finite free W �. xR/Œ 1

p
�-modules.

Let us consider a W �. xR/Œ 1
p
�-basis B D .bi /i2J1;2rK of M.Spec. xR//˚K. Denote by

P D .pi;j /i;j2J1;2rK the representative matrix of Qs ı z for B. By [22, Proposition V 5.1],
the representative matrix of QsF ı z F for .bi ˝ 1/i2J1;2rK is F.P /, that is, the matrix whose
coefficients are the images through F of the ones of P .
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Notice that we have the following commutative diagram, in which every horizontal
line is an isomorphism:

M
�

Spec. xR/
�
˚K M

�
Spec. xR/

�
F
˚KF

M
�

Spec. xR/
�

M
�

Spec. xR/
�
F

M
�

Spec. xR/
�
˚K M

�
Spec. xR/

�
F
˚KF .

'˚�

z z F

'

Qs QsF

'˚�

For every i 2 J1; 2rK we have:

2rX
jD1

pj;i .bj ˝ 1/ D .' ˚ �/
�1

� 2rX
jD1

pj;i .' ˚ �/.bj ˝ 1/

�
D
�
.' ˚ �/�1 ı Qs ı z ı .' ˚ �/

�
.bj ˝ 1/;

2rX
jD1

pj;i .bj ˝ 1/ D .QsF ı z F /.bj ˝ 1/.

This means that P D F.P /. In particular, for every integer n 2 N, we have d.P / D
pnF n.d.P // by [20, (1.19)]. This implies that the coefficients of the matrix d.P / are inT
m2Np

mW �� xR=k because we assumed thatW �� xR=k had no p-torsion. Thus, d.P /D0.
Therefore, by Lemma 4.3, there exists an integrable W ��Spec. xR/=k Œ

1
p
�-connection zr

on
L2r
iD1W

�.OSpec. xR//Œ
1
p
� such that z and Qs, seen here as morphisms ofW �.OSpec. xR//Œ

1
p
�-

modules, promote to horizontal morphisms between zr and r. To conclude, notice that zr
restricts to an integrable W ��Spec. xR/=k Œ

1
p
�-connection on zK.

5. The functor
We shall denote here by X a scheme smooth over k, and by OX=W.k/ the structure sheaf
of the crystalline site Cris.X=W.k//. The goal of this section is to study Etesse’s functor
KEW Cris.X=W.k// ! W�X=k-MIC from crystals over X=W.k/ to integrable W�X=k-

connections [14, Définition 1.2.5]. We shall see here how it yields a functor on convergent
isocrystals on X .

First, we describe it locally.

Proposition 5.1. Assume thatX D Spec. xR/ is finite étale over An
k

for some n 2N. LetR
be a smooth commutativeW.k/-algebra lifting xR. Then, the restriction of KE to crystals in
finite OX;W.k/-modules factors in the following essentially commutative diagram, in which
� is fully faithful:

Crisf in
�
X=W.k/

�
W�X=k -MIC

�Spf. yR/=W.k/-MIC

�

KE

tF
�
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Proof. The functor � is given by [5, Proposition 1.3.3]. For each n 2N� both R=pnR and
Wn. xR/ yield divided power thickenings of xR. Hence, given a crystal A over X=W.k/,
the morphism tF induces an isomorphism A.R=pnR/˝R=pnR Wn. xR/ Š A.Wn. xR// of
W. xR/-modules.

In fact, [5, Corollaire 1.3.2] and [14, Proposition 1.1.6] explain how we get an integ-
rable �Spec.R=pnR/=W.k/-connection rR;n on the OSpec.R=pnR/-module DA.R=pnR/, and

an integrableWn�X=k-connectionrW;n on the OSpec.Wn. xR//-module DA.Wn. xR//. From the
construction of the above connections, the aforementioned isomorphism actually yields
an isomorphism tF

�.rR;n/Š rW;n ofWn�X=k-connections. Moreover, by definition we
have �.A/ D limn rR;n and KE.A/ D limn rW;n.

Let Kn fit in the following exact sequence of W. xR/-modules:

Kn ! A.R=pnR/˝R W� xR=k=p
nW� xR=k ! A.R=pnR/˝R Wn� xR=k ! 0.

Using [26, Theorem 4.5], we see that the limit of theKn must be naught, so taking the
limit of these sequences tells us that KE.A/ is p-adically complete.

Assume now that A is a crystal in finite OX;W.k/-modules. As yR is a coherent ring,
we find that tF is a flat morphism because W. xR/ is a product of copies of yR by [26,
Theorem 4.5]. By base change, so are all its reductions modulo pn. Thus, by [29, 0912]
we find that tF �.�.A// Š KE.A/ as W�X=k-connections.

Recall that given a lax monoidal functor F W C ! D, we have a change of enriching
category functor F�W C-Cat! D-Cat from the big category of categories enriched over C
to the big category of categories enriched over D. Given a category K enriched over C, this
functor is given by defining a category enriched over D with the same objects as K, and
defining HomF�.K/.A;B/ WD F.HomK.A;B// for each objects A and B of K.

The extension of scalars � ˝Z QWZ-Mod! Q-Mod is a lax monoidal functor which
we shall denote by i. We use this functor and the above formalism to rephrase the notion
of an isogeny category, using the fact that preadditive categories can be seen as categories
enriched over Z-Mod.

Definition 5.2. Let C be a preadditive category. The isogeny category of C is the category
i�.C/ enriched over Q-Mod.

Functorially on C, we have a functor C! i�.C/ given by the tensorisation of Z! Q.
This functor is an isomorphism of categories when all the hom-objects of C are Q-vector
spaces.

Definition 5.3. Let C be a category. Let F W C! C be an endofunctor. A Frobenius struc-
ture on an object A is an isomorphism A Š F.A/ in C.

A morphism between Frobenius structures iA and iB respectively on objects A and B
of C is a morphism � 2 HomC.A;B/ such that F.�/ ı iA D iB ı �.

We will denote by F -C the category of Frobenius structures on objects of C with these
morphisms.
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In this article, we shall prove various equivalences of categories between such categor-
ies. Let us give a first one to begin with.

Example 5.4. The absolute Frobenius endomorphism induces an endomorphism of topoi
F WCrisfin.X=W.k//! Crisfin.X=W.k//, whose pullback yields an endofunctor F � on the
category of crystals in finite OX=W.k/-modules.

By applying [28, Theorem 0.7.2] and [4, Théorème 2.4.2], we know that the category
F -Isoc.X=W.k// of F -isocrystals on X is equivalent to i�.F

�/-i�.Crisfin.X=W.k///, the
category of Frobenius structures on objects of the isogeny category of crystals in finite
OX;W.k/-modules. Indeed, by virtue of [4, (2.3.4)], Berthelot’s definition coincides with
the one made by Ogus in [27, Definition 2.7]. See [19, Theorem 2.2] for this modern
formulation of the equivalence of categories.

Proposition 5.5. Let us fix a smooth commutative k-algebra xR, and a smooth commutat-
ive W.k/-algebra R lifting xR. Recall that we have previously constructed a morphism of
sheaves of W.k/-dgas F W�Spff.R�/=W.k/ ! �Spff.R�/=W.k/ which is compatible with the
Frobenius endomorphisms.

Then, the category F -Isoc�.Spec. xR/=W.k// of overconvergent F -isocrystals on the
affine scheme Spec. xR/ is equivalent to the category F �-�Spff.R�/=W.k/Œ

1
p
�-LocFProjMIC

of Frobenius structures on integrable �Spff.R�/=W.k/Œ
1
p
�-connections on a locally finite

projective OSpff.R�/Œ
1
p
�-module, and such a module is actually globally finite projective.

In other words, the category F �-�Spff.R�/=W.k/Œ
1
p
�-LocFProjMIC is actually equal to

F �-�Spff.R�/=W.k/Œ
1
p
�-GlobFProjMIC, the category of Frobenius structures on integrable

�Spff.R�/=W.k/Œ
1
p
�-connections on a globally finite projective OSpff.R�/Œ

1
p
�-module.

Proof. By [4, Corollaire 2.5.8], the category F -Isoc�.Spec. xR/=W.k/Œ 1
p
�/ is equivalent to

the category of finite projectiveR�Œ 1
p
�-modules with an integrable connection, in the usual

algebraic meaning, and a Frobenius structure.
The functor z� allows one to define an integrable �Spff.R�/=W.k/Œ

1
p
�-connection with

a Frobenius structure from this data. Indeed, it commutes with direct sums, so that the
module of global sections is the finite projectiveR�Œ 1

p
�-module one started with, and same

with the tensor product. So we only need to show that this functor is essentially surjective
and fully faithful.

Given a Frobenius structure on an integrable �Spff.R�/=W.k/Œ
1
p
�-connection on a locally

finite projective OSpff.R�/Œ
1
p
�-module, one can cover Spff.R�/ with affine opens Spff.Ri /

for a finite set i 2 I , on which the associated module has a finite presentation which
splits. Using Proposition 4.2, we find using [4, Corollaire 2.5.6] that we actually have
a compatible family of overconvergent F -isocrystals on Spec.Ri /, which we can glue
by [4, Remarques 2.3.3] to an essential preimage of our Frobenius structure. The full
faithfulness works similarly.

As in the overconvergent case, one has a endomorphism of sheaves of W.k/-dgas
F W�Spf. yR/=W.k/Œ

1
p
�! �Spf. yR/=W.k/Œ

1
p
� on Spec. xR/.
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Proposition 5.6. With the above notations, the category F -Isoc.Spec. xR/=W.k// of con-
vergent F -isocrystals on Spec. xR/ is equivalent to the category of Frobenius structures on
integrable �Spf. yR/=W.k/Œ

1
p
�-connections on a locally finite projective OSpf. yR/Œ

1
p
�-module

F �-�Spf. yR/=W.k/Œ
1
p
�-LocFProjMIC.

Moreover, the category F �-�Spf. yR/=W.k/Œ
1
p
�-LocFProjMIC is actually equal to the cat-

egory F �-�Spf. yR/=W.k/Œ
1
p
�-GlobFProjMIC.

Proof. This is the same proof as before, only using a result of Etesse [15, Corollaire 1.2.3]
instead of the one by Berthelot, which he closely follows.

Take care that, in the previous propositions, it is not clear that locally finite projective is
equivalent to finite locally free, as it would be for instance in the classical case of a sheaf of
quasi-coherent modules on a scheme. Actually, after discussing with many experts, which
the author thanks here, it seems that the following question is still open.

Question 5.7. With the above notations, is the category of convergent (resp. overcon-
vergent) F -isocrystals on Spec. xR/ equivalent to the category of Frobenius structures on
integrable �Spf. yR/=W.k/Œ

1
p
�-connections (resp. integrable �Spff.R�/=W.k/Œ

1
p
�-connections)

on a locally free OSpf. yR/Œ
1
p
�-module (resp. locally free OSpff.R�/Œ

1
p
�-module)?

Would the answer to this question be positive, the proofs in the next sections could be
simplified. Without knowing it, we will therefore need to work with projective modules,
and not just free ones. But as we have seen, Proposition 4.4 allows us to reduce to the case
of free modules.

LetE be anF-isocrystal on a schemeXsmooth overk.The previous discussion explains
how applying KE yields a Frobenius structure on an integrableW�X=k Œ 1p �-connection on a
locally finite projective W.OX /Œ 1p �-module, for �WW�X=k Œ 1p �! W�X=k Œ

1
p
� the morph-

ism of W.k/-dgas that we introduced previously. Let us describe this locally to explain
what we mean.

Proposition 5.8. Assume that X D Spec. xR/ is finite étale over An
k

for some n 2 N. Let
R be a smooth commutativeW.k/-algebra lifting xR. Then, the isogeny functor KE from the
category of isocrystals on X factors in the following essentially commutative diagram, in
which � is an equivalence of categories:

F -Isoc.X=W.k// ��-W�X=k Œ 1p �-GlobFProjMIC

F �-�Spf. yR/=W.k/Œ
1
p
�-GlobFProjMIC

�

KE

tF
�

Proof. To construct this diagram, we shall first consider the composition of the two func-
tors Crisfin.X=W.k//! W�X=k-MIC! W�X=k Œ

1
p
�-MIC, where the first arrow is given

by Proposition 5.1, and the second arrow is given by the localisation. The target cat-
egory is actually enriched over Q-Mod, so this yields a functor i�.Crisfin.X=W.k/// !

W�X=k Œ
1
p
�-MIC whose source is the isogeny category of Crisfin.X=W.k//.



Isocrystals and de Rham–Witt connections 23

Now, the same can be done with �, but by Example 5.4, we see that this coincides with
the functor described in [15, Corollaire 1.2.3]. Conclude with Proposition 5.6.

Our next goal is to show that KE is actually an equivalence of categories, and to describe
the essential image of overconvergent F -isocrystals on X .

6. Working with de Rham–Witt matrices

In this section, xR denotes a commutative k-algebra such that Spec. xR/ is finite étale over
An
k

for some n 2 N.
Let r 2 N�. We extend the definition of the p-adic pseudovaluation vp to matrices in

the following manner:

vpW
Matr .W �� xR=k/! R [ ¹C1;�1º

.xi;j /i;j2J1;rK 7! min
®

vp.xi;j / j i; j 2 J1; rK
¯
.

For simplicity, we only state the overconvergent version of the results here. However,
all results stated here hold for the usual de Rham–Witt complex. The difficulty of the
proofs are in the control of the overconvergence, and depend on the results of deep theor-
ems given in the author’s previous articles. Needless to say, the reader can easily translate
all these results to the convergent case, by removing the daggers and replacing weak com-
pletion by p-adic completion. In the proofs, the translating reader only needs to ignore all
arguments about overconvergence, and see that all structure theorems here used also have
a classical de Rham–Witt flavour.

Proposition 6.1. Let x 2 W ��
frp
xR=k

and y 2 W �� xR=k . Then, there exists z 2 W ��
frp
xR=k

such that xy � z .mod p/.
Put differently, vp..xy/jint/ > 0 and vp..xy/jd.frp// > 0.

Proof. This result holds when xRD kŒX� and one takes the canonical Frobenius lift by [25,
Lemma 2.7 and Proposition 2.8]. Because for each t 2 N, we have G.t/ � W ��

frp
kŒX�=k

from the definition, the result holds for any Frobenius lift by [26, (7.8)] and [8, IX. §1
Proposition 3]. Using [26, Lemma 9.6], one can conclude for a general xR.

The next lemma is a constructive version of [6, Lemma 5.2].

Lemma 6.2. Let r; s 2 N� and let N 2 Matr .W ��1
xR=k
/ be a matrix such that N 2 C

d.N / D 0 and that vp.N jfrac/ > s. Let

U 2 Matr
�
W ��

frp;0
xR=k

�
be the unique matrix which satisfies d.psU/ D �N jd.frp/. Then:

vp
��
.1C psU/�1N.1C psU/C .1C psU/�1d.1C psU/

�
jfrac

�
> s C 1.
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Proof. Let us first write N D E C psH , where the matrices E 2 Matr .tF .�1
R�=W.k/

//

and H 2 Matr .W ��
frac;1
xR=k

/. We get:

E2 C d.E/ D E2 C d.N / � psd.H/

D E2 � .E C psH/2 � psd.H/;

E2 C d.E/ D �ps.EH CHE C d.H// � p2sH 2.

We thus get that d.H/��.EH CHE/jd.frp/ .mod p/. Using Proposition 6.1, we find
that EH jfrp CH jfrpE is congruent to a matrix with coefficients in W ��

frp;2
xR=k

modulo p,
hence:

d.H/ � �.EH jd.frp/ CH jd.frp/E/jd.frp/ .mod p/. (6.1)

Moreover, V WD
P
i2N� p

�s.�psU/i satisfies .1CpsU/�1 D 1CpsV , and its coef-
ficients are in W �. xR/ according to [26, Lemma 6.4] and [25, Theorem 3.17]. Also:

.1C psV /.E C psH/.1C psU/C .1C psV /d.1C psU/

D E C ps
�
VE CH CEU C d.U /

�
C p2s

�
VH C V U CHU C Vd.U /

�
C p3sVHU . (6.2)

By Proposition 6.1, VE CEU is congruent to a matrix with coefficients in W ��
frp;1
xR=k

modulo p. We also have:

d.VE CEU/ D d.V /E C Vd.E/C d.E/U �Ed.U /.

By construction, U � �V .mod p/ and d.U / D �H jd.frp/, thus:

d.V /E �Ed.U / � H jd.frp/E CEH jd.frp/ .mod p/.

The same argument as above tells us that Vd.E/C d.E/U is congruent to a matrix
with coefficients in W ��

frp;2
xR=k

modulo p, so:

d.VE CEU/ � .H jd.frp/E CEH jd.frp//jd.frp/ .mod p/.

Hence, we derive from (6.1) that d.VE CH C EU/ � 0 .mod p/. Using Proposi-
tion 6.1 again, we get VE CH jfrp CEU � 0 .mod p/. So in the end VE CH CEU C
d.U / � 0 .mod p/, and we conclude with (6.2).

Our assumption on xR implies that W ��Spec. xR/=k is p-torsion free. It thus injects into
W ��Spec. xR/=k Œ

1
p
�, and the p-adic pseudovaluation vp extends naturally in the localisation.

Proposition 6.3. Let .M;rM / and .N;rN / be twoW ��Spec. xR/=k Œ
1
p
�-connections on free

W �.OSpec. xR//Œ
1
p
�-modules, and let 'W .M;rM / ! .N;rN / be a horizontal morphism.

Let I and J denote sets, and let ¹miºi2I and ¹nj ºj2J be respective W �. xR/Œ 1
p
�-bases of

M.Spec. xR// and N.Spec. xR//. Let E, F and G be the respective representative matrices
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of rM , rN and ' in these bases. Let t 2 N be such that vp.E/ > t , vp.F / > t and
vp.G/ > �t .

Then, if for s 2 N we have vp.Ejfrac/ > s C t and vp.F jfrac/ > s C t , we also have
vp.Gjfrac/ > s.

Proof. Write .el;i /l;i2I WD E, .fl;j /l;j2J WD F and .gj;i /
j2J
i2I
WD G for the coefficients of

the representative matrices. That is, we have:

8i 2 I; rM .mi / D
X
l2I

ml ˝ el;i ,

8i 2 J; rN .ni / D
X
j2J

nj ˝ fj;i ,

8i 2 I; '.mi / D
X
j2J

gj;inj .

By definition of a horizontal morphism, for each i 2 I , we find:X
l2I

'.ml /˝ el;i D
X
j2J

�
gj;irN .nj /C nj ˝ d.gj;i /

�
.

In other words:

8i 2 I;
X
j2J

nj ˝
�X
l2I

gj;lel;i

�
D

X
j2J

nj ˝
�
d.gj;i /C

X
l2J

gl;ifj;l

�
.

Therefore:

8i 2 I; 8j 2 J; d.gj;i / D
X
l2I

gj;lel;i �
X
l2J

gl;ifj;l .

Let u WD min¹vp..gj;i /jfrac/ j i 2 I; j 2 J º. We want to prove that u > s.
If u D C1, there is nothing to prove. Otherwise, let i 2 I and j 2 J be such that

vp..gj;i /jfrac/ D u. We have:

d.gj;i / D
X
l2I

.gj;i jintel;i jint C gj;i jfrpel;i jint C gj;iel;i jfrac/

�

X
l2J

.gl;i jintfj;l jint C gl;i jfrpfj;l jint C gl;ifj;l jfrac/.

By Proposition 6.1, for every l 2 I we have

vp
�
.gj;i jfrpel;i jint/jd.frp/

�
> uC t C 1 and vp

�
.gj;iel;i jfrac/jd.frp/

�
> s;

and similarly for every l 2 J we derive the two inequalities

vp
�
.gl;i jfrpfj;l jint/jd.frp/

�
> uC t C 1 and vp

�
.gl;ifj;l jfrac/jd.frp/

�
> s;

so we conclude.
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7. The equivalences of categories

As in the previous section, xR denotes a commutative k-algebra such that Spec. xR/ is finite
étale over An

k
for some n 2 N. We let 'WkŒX; Y �! xR be a surjective morphism of kŒX�-

algebras.
For every " > 0, we extend the definition of L�";' to matrices:

L�";' W
Matr .W �� xR=k/! R [ ¹C1;�1º

.xi;j /i;j2J1;rK 7! min
®
L�";'.xi;j / j i; j 2 J1; rK

¯
.

Let r 2 N� and N 2Matr .W �� xR=k/. By Lemma 3.9, it makes sense to consider this
condition for some fixed " > 0: 8̂̂̂̂

<̂̂
ˆ̂̂̂:
L�";'.N jint/ > �

1

4
,

L�";'.N jfrp/ >
1

2
,

L�";'.N jd.frp// >
3

4
.

(7.1)

Lemma 7.1. Let " > 0. Let r 2 N�. Let

U 2 Matr
�
V
�
W �. xR/

��
and N 2 Matr .W �� xR=k/

be two matrices such that L�";'.U / > 3
4

and that N satisfies condition (7.1).
Then, the matrices .1C U/N and .1C U/�1N.1C U/ also satisfy condition (7.1).

Proof. We haveNU D .N jfrpCN jd.frp//.U jintCU jfrp/CN jint.U jintCU jfrp/. Once the
first product is expended, all the products satisfy condition (7.1) by applying (3.7), (3.3),
(3.4), (3.5) and the pseudovaluation properties of �" [25, Theorem 3.17].

Now,N jintU jint clearly satisfies condition (7.1) by [25, Theorem 3.17]. ForN jintU jfrp,
we need the stronger Proposition 3.8. We have thus shown that NU satisfies (7.1). Per-
muting N and U yields the same result.

Moreover, we have .1C U/�1 D
P
i2N.�U/

i . In particular, we find using the same
arguments as above that:

L�";'
�
.1C U/�1 � 1

�
>
3

4
.

This implies that we can use the same reasoning to conclude.

Lemma 7.2. Let " > 0. Let r 2 N�. Let U 2 Matr .V .W �. xR/// such that L�";'.U / > 3
4

.
Then:

L�";'
�
.1C U/�1d.1C U/

�
>
3

4
.

Proof. Of course, d.1/D 0. Recall that L�";'..1CU/�1 � 1/ > 3
4

. So one concludes with
(3.8) and the above arguments.
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We have seen previously that one can always choose a lift of the Frobenius endo-
morphism F W Spff.R�/ ! Spff.R�/ from which we derive a morphism of sheaves of
W.k/-dgas tF W�Spff.R�/=W.k/Œ

1
p
�! W ��Spec. xR/=k Œ

1
p
� on Spec. xR/. Recall that we also

have a morphism of sheaves of W.k/-dgas

�WW ��Spec. xR/=k

�
1

p

�
! W ��Spec. xR/=k

�
1

p

�
which we use for Frobenius structures on W ��Spec. xR/=k Œ

1
p
�-connections.

Proposition 7.3. The following functor, given by Proposition 1.11, going from the cat-
egory of Frobenius structures on integrable �Spff.R�/=W.k/Œ

1
p
�-connections on a globally

finite projective OSpff.R�/Œ
1
p
�-module to the category of Frobenius structures on integrable

W ��Spec. xR/=k Œ
1
p
�-connections on a globally finite projective W �.OSpec. xR//Œ

1
p
�-module, is

an equivalence of categories:

tF
�
WF �-�Spff.R�/=W.k/

�
1

p

�
-GlobFProjMIC! ��-W ��Spec. xR/=k

�
1

p

�
-GlobFProjMIC.

Proof. Start with a Frobenius structure r on an integrable W ��Spec. xR/=k Œ
1
p
�-connection

on a globally finite projective W �.OSpec. xR//Œ
1
p
�-module M .

By Proposition 4.4, there exist an integer r 2 N, a morphism of W �.OSpec. xR//Œ
1
p
�-

modules

 W

rM
iD1

W �.OSpec. xR//

�
1

p

�
!M;

which is surjective with a section s, as well as an integrableW ��Spec. xR/=k Œ
1
p
�-connection

zr on
Lr
iD1W

�.OSpec. xR//Œ
1
p
�, which promotes  and s to horizontal morphisms between

zr and r.
Denote by B0D.bi /i2J1;rK the canonicalW �. xR/Œ 1

p
�-basis of

Lr
iD1W

�. xR/Œ 1
p
�. LetN0

be the representative matrix of zr for that basis. Recall that ��.zr/ is a W ��Spec. xR/=k Œ
1
p
�-

connection on
Lr
iD1W

�.OX /Œ
1
p
�, and its representative matrix for B0 is �.N0/DpF.N0/.

In particular, after applying �� enough times, we end up with a representative matrix with
coefficients in pW �� xR=k .

Since we have a Frobenius structure, thenrŠ��.r/ asW ��Spec. xR/=kŒ
1
p
�-connections.

This means that we could have assumed that N0 had coefficients in pW �� xR=k to start
with.

By Lemma 3.9, we can furthermore assume thatN0 satisfies condition (7.1) for a fixed
" > 0. We have the same condition on B0, seen as a matrix.

We shall now build by induction on l 2 N families Bl 2 W
�. xR/Œ 1

p
�
r

as well as
matrices Nl 2 Matr .W ��1

xR=k
Œ 1
p
�/ such that:

Bl is a W �. xR/

�
1

p

�
-basis of

rM
iD1

W �. xR/

�
1

p

�
, (7.2)

Nl is the representative matrix of zr for Bl , (7.3)
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vp.Bl / > 0, (7.4)

vp.Nl / > 0, (7.5)

Bl satisfies (7.1) for ", (7.6)

Nl satisfies (7.1) for ", (7.7)

vp.Nl jfrac/ > l , (7.8)

Bl � BlC1 .mod plC1/, (7.9)

Nl � NlC1 .mod plC1/. (7.10)

We have such data for l D 0.
Assume that we have it for a given l 2 N. Put U WD 1 � d�1.Nl jd.frp//. Let BlC1 WD

UBl . As U is overconvergent and invertible, we get condition (7.2).
Let NlC1 WD U�1NlU C U�1d.U /. By Proposition 1.7, BlC1 and NlC1 also satisfy

condition (7.3).
The induction hypothesis (7.4) and (7.5) imply conditions (7.4) and (7.5).
By (3.6) and Lemma 7.1, we get condition (7.6).
Similarly, and using also Lemma 7.2 we get condition (7.7).
Proposition 1.9 and the induction hypothesis (7.8) allow us to apply Lemma 6.2 and

get condition (7.8).
Induction hypothesis (7.8) implies conditions (7.9) and (7.10).
Now that we have these families, by p-adic overconvergence given by (3.7) we can

consider the limit B of theseW �. xR/-bases, which is also aW �. xR/-basis of
Lr
iD1W

�. xR/.
Then, the limit N of the Nl overconverges to the representative matrix of zr for B.

But most importantly,N has coefficients in tF .�R�=W.k//. We can thus apply Propos-
ition 6.3 to the representative matrix P of s ı  for B and see that it also has coefficients
in tF .�R�=W.k//. This means that zr is in the essential image of an �Spff.R�/=W.k/Œ

1
p
�-

connection through the functor tF �, and so does r.
Moreover, we can use Proposition 6.3 again, to get the full faithfulness. Indeed, if

E and F are two representative matrices as in the statement of that proposition, if their
associated connection is in the essential image of tF �, then we have

vp.Ejfrac/ D vp.F jfrac/ D C1:

Thus, from the proposition we see that we also must have vp.Gjfrac/ D C1, where G is
a representative matrix of a horizontal morphism between these connections.

As usual, the previous proposition has a convergent analogue, with the same proof
except that we do not need to take care of overconvergence. It is thus natural to ask whether
the canonical functor from the category of Frobenius structures on integrable W ��X=k-
connections on a locally projective W �.OX /-module to the category of Frobenius struc-
tures on integrable W�X=k-connections on a locally projective W.OX /-module is fully
faithful, where X is a scheme smooth over k. Indeed, an integral version of this result has
been demonstrated by Ertl in the locally free setting [12].
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Proposition 7.4. Consider the inclusion

�WW ��X=k

�
1

p

�
! W�X=k

�
1

p

�
:

The following functor is fully faithful:

��W��-W ��X=k

�
1

p

�
-LocFProjMIC! ��-W�X=k

�
1

p

�
-LocFProjMIC.

Proof. The question is local on X , so we can assume that X D Spec. xR/ satisfies the
conditions introduced at the beginning of this section. By Propositions 5.5 and 5.6, we
can also consider the categories where the connections are on globally finite projective
modules.

Let

i W�Spff.R�/=W.k/

�
1

p

�
! �Spf. yR/=W.k/

�
1

p

�
be the inclusion. We then have the following essentially commutative diagram:

F �-�Spff.R�/=W.k/
�
1
p

�
-GlobFProjMIC yF �-�Spff. yR/=W.k/

�
1
p

�
-GlobFProjMIC

��-W ��Spec. xR/=k

�
1
p

�
-GlobFProjMIC ��-W�Spec. xR/=k

�
1
p

�
-GlobFProjMIC:

i�

tF
� t yF

�

��

By Proposition 7.3, which as we mentioned also applies in the convergent case, both
vertical arrows are equivalences of categories. But by [15, Corollaire 1.2.3], the functor i�

is fully faithful because it is equivalent to the functor from overconvergent F -isocrystals
to convergent F -isocrystals.

Notice that the proof here relies on the fact that the result is equivalent to the full
faithfulness of the functor from overconvergent F -isocrystals to convergent F -isocrystals.
Should we get a proof of this result using only the theory of de Rham–Witt connections
as in [12], we would deduce a new proof of that theorem.

Theorem 7.5. Let X be a scheme smooth on k. The functor KE yields and equivalence of
categories between the categoryF -Isoc.X=W.k// of convergentF-isocrystals onXand the
category ��-W�X=k Œ 1p �-LocFProjMIC of Frobenius structures on integrable W�X=k Œ 1p �-
connections on a locally finite projective W.OX /Œ 1p �-module.

Proof. The functor KE is of local nature, so we can work locally on X . We can assume
that X is of the form Spec. xR/ needed to apply Proposition 5.8 by [18, Theorem 2]. In that
case, this follows from Proposition 5.6 and the convergent version of Proposition 7.3.

To see that these local constructions glue, fix a cover ofX of affines of the above form.
Let us consider two of them, xR and R0, with respective Frobenius lifts F and F 0 to the
respective p-adically complete lifts yR and bR0 in characteristic zero. Let us denote by Y WD
Spec. xR/ \ Spec.R0/. We get from Proposition 5.8 the following essentially commutative
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diagram:

F �-�Spf. yR/=W.k/Œ
1
p
�-GlobFProjMIC

F -Isoc.Spec. xR/=W.k// ��-W�Spec. xR/=k Œ
1
p
�-GlobFProjMIC

F -Isoc.Y=W.k// ��-W�Y=k Œ 1p �-GlobFProjMIC

F -Isoc.Spec.R0/=W.k// ��-W�Spec.R0/=k Œ
1
p
�-GlobFProjMIC

F �-�
Spf.bR0/=W.k/Œ 1p �-GlobFProjMIC

tF
�

KE

jY jY

KE

KE

jY jY

tF 0
�

Proposition 7.3 tells us that all arrows, except for the restriction ones and the middle
horizontal one, are equivalences of categories. Starting with an object in the category
��-W�X=k Œ 1p �-LocFProjMIC, we can restrict them to both Spec. xR/ and Spec.R0/, which
from the above equivalences yield two F -isocristals 	 and 	0 on Y .

Then, one can cover Y again with affines of the above form. We can endow each affine
with two compatible Frobenius lifts to characteristic zero, which we also respectively
denote by F and F 0 [26, Lemma 7.15]. Applying Proposition 5.8 on these affines, we
see that 	 and 	0 are isomorphic on them. The same kind of reasoning tell us that these
isomorphisms satisfy the cocycle condition, so that 	 and 	0 are actually isomorphic on Y .

Again, this reasoning tells us that such isomorphisms on the chosen cover of X will
satisfy the cocyle condition, so that we can glue the preimages to get the essential sur-
jectivity of KE.

The same thing can be done for essential surjectivity.

Now, if X D Spec. xR/, we can extend the diagram in Proposition 5.8 in the following
way:

F -Isoc.X=W.k// ��-W�X=k Œ 1p �-GlobFProjMIC

yF �-�Spf. yR/=W.k/Œ
1
p
�-GlobFProjMIC

F �-�Spff.R�/=W.k/Œ
1
p
�-GlobFProjMIC

F -Isoc�.X=W.k// ��-W ��X=k Œ
1
p
�-GlobFProjMIC

KE

t yF
�

tF
�

i� ��
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By Proposition 7.4 and its proof, all the vertical arrows are fully faithful functors. The
upper triangle is essentially commutative by Proposition 5.8, and so is the quadrilateral
on the left by [15, Corollaire 1.2.3], and the one on the right. This implies that the whole
diagram is essentially commutative.

In particular, by glueing we can only assume that X is a scheme smooth over k, and
get a functor KE�WF -Isoc�.X=W.k//! ��-W ��X=k Œ

1
p
�-LocFProjMIC from the category

of overconvergent isocrystals on X to the category of Frobenius structures on integrable
W ��X=k Œ

1
p
�-connections on a locally finite projective W �.OX /Œ

1
p
�-module.

Theorem 7.6. The functor KE� is an equivalence of categories.

Proof. Same proof as Theorem 7.5, but with the overconvergent versions of our previous
results.

These theorems enable us to reformulate Question 5.7 in the following way.

Question 7.7. Let r ! ��.r/ be an object in ��-W�X=k Œ 1p �-LocFProjMIC (respectively
��-W ��X=k Œ

1
p
�-LocFProjMIC). Is the W.OX /Œ 1p �-module (resp. the W �.OX /Œ

1
p
�-module)

on which r is defined locally free?
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