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Limits over orbit categories of locally finite groups

Bob Oliver

Abstract. We correct an error in the paper [Geom. Topol. 11 (2007), 315–427], and take the oppor-
tunity to examine in more detail the derived functors of inverse limits over orbit categories of
(infinite) locally finite groups. The main results show how to reduce this in many cases to limits over
orbit categories of finite groups, but we also look at generalizations of the Lyndon–Hochschild–Serre
spectral sequence for higher limits over orbit categories for an extension of locally finite groups.

Introduction

The orbit category of a group G is the category O.G/ whose objects are the subgroups
of G, and where a morphism from U to V is a G-map G=U ! G=V between the cor-
responding orbits. (A different, but equivalent definition of the morphism sets is given in
Definition 2.1) When p is a prime, O

f
p .G/ � Op.G/ � O.G/ denote the full subcate-

gories whose objects are the finite p-subgroups, and all p-subgroups, respectively, of G.
Here, by a p-group, we mean a group each of whose elements has (finite) order a power
of p.

When G is a group and M is a ZG-module, let FM WOp.G/op ! Ab be the func-
tor defined by setting FM .P / D 0 if P ¤ 1, and FM .1/ D M with the given action of
AutOp.G/.1/ Š G. Graded groups ƒ�.GIM/

def
D lim�Op.G/.FM / were defined by Jack-

owski, McClure, and Oliver in [8] (at least for finite G), and they play an important role
(as described in Proposition 3.2) when describing right derived functors of inverse lim-
its of arbitrary functors on Op.G/. We refer to these higher derived functors as “higher
limits” for short.

These functors appeared again in work by Broto, Levi, and Oliver, mostly for finite
groups, but also in [3] when G is a (possibly infinite) locally finite group. Unfortunately,
there was an error in the proof of [3, Lemma 5.12] (see the discussion before Theorem 3.7
below), and the original purpose of this paper was to correct that proof. Lemma 5.12 in
[3] was needed to prove Theorems 8.7 and 8.10 in the same paper, which say among other
things that jLc

S .G/j
^
p ' BG^p for every torsion group G that is linear in characteristic

different from p. We correct the proof of that lemma in Theorem 3.7 in this paper (see also
Theorem D). The result in [3] for which this is needed is also restated here as Theorem 3.8.
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While fixing the error in [3], we also take the opportunity to develop more of the theory
of higher limits over orbit categories, and in particular the graded groups ƒ�.GIM/,
for infinite groups G, especially when G is locally finite (i.e., every finitely generated
subgroup of G is finite). For example, one of our main results is the following, where
Fin.G/ is the poset of finite subgroups of a group G.

Theorem A. Fix a prime p, and letG be a locally finite group. Then for each ZG-module
M , there is a first quarter spectral sequence

E
ij
2 Š limi

Fin.G/

�
ƒj .�IM/

�
H) ƒiCj .GIM/:

Theorem A follows from the spectral sequence of Theorem 3.3, together with Theo-
rem B. Theorem 3.3 is a special case of Proposition 2.4, which involves higher limits of
functors on orbit categories with more general sets of objects. Proposition 2.4 is in turn a
special case of the still more general Proposition 1.7.

The next theorem is more technical, but is a key tool for many of the results in the
paper. It is proven as Theorem 3.6. Roughly, it says that ƒ� is the same, whether we take
limits with respect to all p-subgroups of G or only the finite p-subgroups.

Theorem B. Fix a prime p, and let G be a group all of whose p-subgroups are locally
finite. Then for each ZG-module M ,

ƒ�.GIM/ Š ƒ�f .GIM/
def
D lim�

O
f
p .G/

.FM /:

We also construct a spectral sequence that describes how the functorsƒ�.�I�/ behave
under an extension of locally finite groups.

Theorem C. Fix a prime p, a locally finite group G, a normal subgroup H E G, and a
ZG-moduleM . Let �WG!G=H be the natural map. Then there is a first quarter spectral
sequence

E
ij
2 D limi

Op.G=H/

�
ƒj
�
��1.�/IM

��
H) ƒiCj .GIM/:

Theorem C is proven below as Theorem 3.5. It is a special case of Theorem 2.5: a more
general spectral sequence involving higher limits over orbit spaces that also includes the
Lyndon–Hochschild–Serre spectral sequence (see [11, Theorem XI.10.1] or [15, Theo-
rem 6.8.2]) and Theorem B as other special cases.

Finally, we fill in the gap in [3] by proving the following result, shown below as The-
orem 3.7.

Theorem D. Fix a prime p. Let G be a locally finite group, and let M be an Z.p/G-
module such that CG.M/ contains an element of order p. Then ƒ�.GIM/ D 0.

Section 1 contains some general results on categories and limits. In Section 2, we
specialize to the case of orbit categories of groups, and construct among other things
spectral sequences of which those in Theorems A and C are special cases. The functors
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ƒ�.�I�/ are then defined in Section 3, where we study their basic properties and prove
most of our main results, including Theorems A, B, C, and D. Then, in Section 4, we
give some examples to show how the functors ƒ�.GIM/ for locally finite groups G can
behave quite differently whenG is infinite than in the finite case. We end with an appendix,
where conditions are given on a pair of p-groupsQ<P that imply thatQ<NP .Q/, and
where we also construct an example to show that this is not always true, not even when
the p-groups are locally finite.

Notation. Composition is always from right to left. By a p-group (for a prime p), we
always mean a group each of whose elements has p-power order. When G is a group, we
write

• Fin.G/ for the poset of finite subgroups of G; and

• gH D gHg�1 and Hg D g�1Hg for g 2 G and H � G.

Also, when M is a ZG-module and H � G, we let Fix.H;M/ denote the fixed set of the
action of H on M .

We will frequently regard a poset .X;�/ as a category, where X is the set of objects,
and where there is a unique morphism x ! y whenever x � y.

1. Background on categories and limits
We begin by fixing some terminology. When C is a small category, a C -module is a functor
Cop ! Ab. We always work with contravariant functors, since those are the ones that
appear most naturally in our work, but replacing them by covariant functors would mean
only minor rephrasing of the definitions and results.

More generally, when R is a commutative ring, an RC -module is a functor Cop !

R-mod. Let C -mod and RC -mod denote the categories of C -modules and RC -modules,
respectively, where morphisms are the natural transformations of functors. (In earlier
papers such as [12], these categories are often denoted AbCop

and R-modCop
, respectively,

but we find the “-mod” notation natural and typographically simpler.)
If C is a small category and R is a commutative ring, then the category RC -mod has

enough injectives by Proposition 1.2 (d) below. So the right derived functors of inverse
limits of an RC -module ˆ are defined, and we denote them lim�C .ˆ/. Thus if .0! ˆ!

I0 ! I1 ! � � � / is a resolution of ˆ by injective RC -modules, then

lim�
C

.ˆ/ D H�
�
0 �! lim

C
.I0/ �! lim

C
.I1/ �! lim

C
.I2/ �! � � �

�
:

We usually refer to these derived functors of limits as the “higher limits” of ˆ.
The following notation for certain injective or acyclic C -modules will often be useful.

Definition 1.1. Let C be a small category, and let R be a commutative ring. For each c in
C and each R-module M , let IM

C ;c
D IMc be the RC -module that sends an object d to

IMc .d/ D map
�

MorC .c; d/;M
�
Š

Y
MorC .c;d/

M:
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A morphism ' 2 MorC .d; d
0/ induces a map of sets MorC .c; d/ ! MorC .c; d

0/ via
composition, and through that induces a homomorphism IMc .'/WI

M
c .d

0/! IMc .d/.

The following result is well known and elementary, but we include a proof here since
we have been unable to find a precise reference. The key ideas all go back at least to
Mitchell [12, p. 27], but he states his result under somewhat different assumptions.

Proposition 1.2. Let C be a small category, and let R be a commutative ring.

(a) For each c in C , eachR-moduleM , and eachRC -moduleˆ, MorRC -mod.ˆ;I
M
c /

Š HomR.ˆ.c/;M/. Hence IMc is an injective RC -module if M is an injective
R-module.

(b) Every injective RC -module is a direct factor in a product of RC -modules IMc ,
for objects c in C and injective R-modules M .

(c) For each c in C and each R-module M (injective or not), IMc is acyclic as an
RC -module, in the sense that limi

C .I
M
c / D 0 for all i > 0.

(d) The category RC -mod has enough injectives.

Proof. (a) Define homomorphisms

MorRC -mod.ˆ;I
M
c /

‰ // HomR

�
ˆ.c/;M

�
�
oo

as follows. Each ˛ in MorRC -mod.ˆ;I
M
c / induces an R-linear homomorphism ˛.c/ from

ˆ.c/ to IMc .c/ by evaluation at c, and we let ‰.˛/ D evIdc ı˛.c/ where evIdc from
IMc .c/ toM is evaluation at Idc . Conversely, given ˇ 2 HomR.ˆ.c/;M/, define�.ˇ/ 2
HomRC -mod.ˆ;I

M
c / by setting

�.ˇ/.d/.c
�
�! d/ D ˇ ıˆ.�/Wˆ.d/ �!M:

That‰�.ˇ/Dˇ is immediate from these definitions, and the relation�‰.˛/D ˛ follows
from the naturality properties of ˛.

If M is injective, and ˆ1 ! ˆ2 is an injective morphism of RC -modules, then each
morphism ˆ1 ! IMc extends to ˆ2 since each homomorphism ˆ1.c/! M extends to
ˆ2.c/. So IMc is injective as an RC -module.

(b) Fix ˆWCop ! R-mod. For each c 2 Ob.C/, choose an injective R-module I.c/
and an injective homomorphism �.c/Wˆ.c/! I.c/. By (a), there is an injective homomor-
phism of RC -modules from ˆ into

Q
c2Ob.C/ I

I.c/
c . If ˆ is injective, then this injection

splits, and ˆ is a direct factor in this product.
(c) Let 0!M ! I0! I1! � � � be a resolution ofM by injective R-modules. Then

by (a), 0! IMc ! I I0c ! I I1c ! � � � is a resolution of IMc by injective RC -modules.
For each n � 0,

lim
C
.I Inc / Š HomRC -mod.R;I

In
c / Š HomR.R; In/ Š In;
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where R is the constant functor that sends all objects in C to R, and where the second
isomorphism holds by (a). So

limi

C
.IMc / Š H

i .0! I0 ! I1 ! � � � / D

´
M if i D 0;

0 if i � 1:

(d) Let ˆ be an RC -module. For each c in C , choose an injective R-linear homo-
morphism  c Wˆ.c/! Mc where Mc is injective in R-mod. (The category R-mod has
enough injectives by [11, Theorem III.7.4].) Set I D

Q
c2Ob.C/ IMc

c : this is a product of
injectiveRC -modules by (a) and hence is itself injective. By (a) again, there is an injective
homomorphism ˆ! I , and thus RC -mod has enough injectives.

The “bar resolution” for higher limits over small categories will often be useful.

Proposition 1.3. Let C be a small category, and letˆ be a C -module. For each n � 0, set

C n.C Iˆ/ D
Y

c0!���!cn

ˆ.c0/;

where the product is taken over all composable sequences of n morphisms in C (over all
objects in C if nD 0). Define dnWC n.C Iˆ/! C nC1.C Iˆ/ by setting, for � 2 C n.C Iˆ/,

.dn�/.c0
�
�! c1 ! � � � ! cnC1/

D ��
�
�.c1 ! � � � ! cnC1/

�
C

nC1X
iD1

.�1/i�.c0 ! � � �bci � � � ! cnC1/:

Here, “bci” means that the term ci is removed from the sequence. Then there is a natural
isomorphism

lim�
C

.ˆ/ Š H�
�
0 �! C 0.C Iˆ/

d0

��! C 1.C Iˆ/
d1

��! C 2.C Iˆ/
d2

��! � � �
�
:

Proof. This is shown in [5, Appendix II, Proposition 3.3]. A different proof, based on
taking a projective resolution of the constant functor Z, is given in [13, Lemma 2] and
[1, Proposition III.5.3]. It can also be shown by constructing a resolution of ˆ

0 �! ˆ �!
Y
c0

Iˆ.c0/c0
�!

Y
c0!c1

Iˆ.c0/c1
�!

Y
c0!c1!c2

Iˆ.c0/c2
�! � � �

by acyclic C -modules (Proposition 1.2 (c)), and then applying Lemma 1.4 below to show
that its homology after taking limits is isomorphic to lim�

C
.ˆ/.

The next lemma gives us a tool in many cases for computing the homology of the
limit of a chain complex of C -modules. It is particularly useful when C is the category of
a directed poset.
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Lemma 1.4. Let C be a small category, let R be a commutative ring, and let

0 �! ˆ0
d0

��! ˆ1
d1

��! ˆ2
d2

��! ˆ3
d3

��! � � �

be a chain complex ofRC -modules. Assume that eachˆj is acyclic; i.e., that limi
C .ˆ

j /D

0 for all i � 1 and all j � 0. Set Hj D H j .ˆ�; d�/ D Ker.d j /= Im.d j�1/ as an RC -
module. Then there is a spectral sequence

E
ij
2 D limi

C

�
Hj
�
H) H iCj

�
lim
C
.ˆ�/; lim

C
.d�/

�
:

Proof. Set Zj D Ker.d j / and BjC1 D Im.d j / for each j � 0 (and set B0 D 0), all
regarded as RC -modules. Thus there are short exact sequences of RC -modules

0 �! Bj �! Zj �! Hj
�! 0;

0 �! Zj �! ˆj �! BjC1 �! 0
(1.1)

for all j � 0. For each j � 0, choose injective resolutions

0 �! Bj �! I
0j

.B/
�! I

1j

.B/
�! I

2j

.B/
�! � � � ;

0 �! Hj
�! I

0j

.H/
�! I

1j

.H/
�! I

2j

.H/
�! � � � :

By the horseshoe lemma (see [14, Proposition 6.5], or [4, Proposition I.3.5] for the dual
version), there are injective resolutions

0 �! Zj �! I
0j

.Z/
�! I

1j

.Z/
�! I

2j

.Z/
�! � � � ;

0 �! ˆj �! I
0j

.ˆ/
�! I

1j

.ˆ/
�! I

2j

.ˆ/
�! � � �

which fit into short exact sequences of resolutions

0 �! I
�j

.B/

˛�j

��! I
�j

.Z/

ˇ�j

��! I
�j

.H/
�! 0;

0 �! I
�j

.Z/


�j

��! I
�j

.ˆ/

ı�j

��! I
�;jC1

.B/
�! 0

(1.2)

of the sequences in (1.1).
Now consider the sequence of injective resolutions

0 �! I �0.ˆ/ �! I �1.ˆ/ �! I �2.ˆ/ �! � � �

where each morphism of resolutions is the composite

I
�j

.ˆ/

ı�j

���! I
�;jC1

.B/

˛�;jC1

�����! I
�;jC1

.Z/


�;jC1

�����! I
�;jC1

.ˆ/
:

We regard this as a double complex ¹I ij
.ˆ/
ºi;j�0 of injective objects in C -mod, where the

j -th row is the injective resolution I �j
.ˆ/

of ˆj . Set X ij D limC .I
ij

.ˆ/
/.
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Consider the two spectral sequences induced by the double complex X ij : let yE be
that obtained by taking homology first of the rows and then of the columns, and let E be
the other one. Since the j -th row I

�j

.ˆ/
is an injective resolution of ˆj , we have yEij1 Š

limi
C .ˆ

j /. Thus for all j � 0, we have yE0j1 Š limC .ˆ
j /, while yEij1 D 0 for i > 0 by

assumption. So yE collapses, and E and yE both converge to H�.limC .ˆ
�/; limC .d

�//.
The short exact sequences of injectives (1.2) are still exact after taking limits over C .

So the homology of the i -th column X i� is Ei�1 Š limC .I
i�
.H/
/. Thus the j -th row in

the E1-term is E�j1 Š limC .I
�j

.H/
/, where ¹I �j

.H/
ºj�0 is an injective resolution of Hj . It

follows that Eij2 Š limi
C .H

j /.

The following definition of a directed category is that used by Bass [2, p. 44].

Definition 1.5. A category C is directed if it satisfies the following conditions:

(a) For each pair of objects c1; c2 2 Ob.C/, there is a third object d in C , together
with morphisms c1 ! d  c2.

(b) For each pair of morphisms ';  2 MorC .c1; c2/ between the same two objects
c1 and c2 in C , there is an object d in C and � 2MorC .c2; d / such that �' D � .

Note that a poset is directed if and only if its category is directed. (Condition (b) always
holds for the category of a poset, since there is at most one morphism between any pair of
objects.)

We recall here the definition of over- and undercategories, as well as Kan extensions.
Let F WC ! D be a functor between small categories. For each object d in D , let d#F
(the undercategory) and F#d (the overcategory) be the categories with objects

Ob.d#F / D
®
.c; '/ j c 2 Ob.C/; ' 2 MorD

�
d; F.c/

�¯
Ob.F#d/ D

®
.c; '/ j c 2 Ob.C/; ' 2 MorD

�
F.c/; d

�¯
:

A morphism in d#F from .c1; '1/ to .c2; '2/ is a morphism � 2 MorC .c1; c2/ such that
'2 D F.�/ ı '1, and similarly for F#d .

If F WC ! D is a functor between small categories and ˆWCop ! R-mod is an RC -
module, then the left and right Kan extensions along F are functors FL� ; F

R
� WRC -mod!

RD-mod that are left and right adjoint, respectively, to the functor sending ‰ to ‰ ı F .
They are described explicitly by the formulas

.FL� ‰/.d/ D colim
d#F

�
.d#F /op �op

���! Cop ‰
��! R-mod

�
; (1.3)

.FR� ‰/.d/ D lim
F #d

�
.F#d/op �op

���! Cop ‰
��! R-mod

�
; (1.4)

where in both cases, � is the forgetful functor sending an object .c; '/ to c. We refer to
[10, §X.3] for the description of FR� ˆ (but note that we assume that ˆ is contravariant).
The formula for FL� ˆ can then be obtained by replacing each category by its opposite.



B. Oliver 8

We next note some conditions under which the restriction of a functor to a subcategory
has the same higher limits.

Lemma 1.6. Let F W C ! D be a functor between small categories. Assume, for each
d 2 Ob.D/, that .d#F /op is nonempty and directed. Then for each commutative ring R
and each functor ˆWDop ! R-mod, we have limq

D
.ˆ/ Š limq

C
.ˆ ı F / for all q � 0.

Proof. For each d 2 Ob.D/, the undercategory d#F is nonempty by assumption, and is
connected since it is directed (Definition 1.5 (a)). So by [10, §IX.3, Theorem 1], limD.̂ /Š

limC .ˆ ı F / for each RD-module ˆ.
Fix an RD-module ˆ, and let 0 ! ˆ ! I0 ! I1 ! � � � be a resolution of ˆ by

injective RD-modules. The sequence

0 �! ˆ ı F �! I0 ı F �! I1 ı F �! I2 ı F �! � � �

is an exact sequence of RC -modules, and we just saw that limC .In ı F / Š limD.In/ for
each n. So if In ı F is injective for each n, then lim�C .ˆ ı F / Š lim�D.ˆ/, which is what
we want to show.

It thus remains to prove that composition with F sends injectiveRD-modules to injec-
tive RC -modules. To see this, it suffices to show that left Kan extension along F sends
injective maps of RC -modules to injective maps of RD-modules (since it is left adjoint
to composition with F ). By (1.3), it suffices to show that colimits of functors on .d#F /op

are left exact, and this follows from [15, Theorem 2.6.15], applied with .d#F /op in the
role of I . (What Weibel calls a filtering category is what we call here a nonempty directed
category.)

The next proposition is an application of Lemma 1.4, and is useful in certain cases
when comparing higher limits over a category to those over a family of subcategories.

Proposition 1.7. Fix a commutative ring R. Let C be a nonempty small category, and let
D be a set of subcategories of C , regarded as a poset via inclusion. Assume that

(i) C is the union of the subcategories in D; and

(ii) D is a directed poset.

Then for each RC -module ˆ, there is a first quarter spectral sequence of R-modules

E
ij
2 Š limi

D

�
D 7! limj

D
.ˆjD/

�
H) limiCj

C
.ˆ/:

Proof. For each n � 0 and each D � C , let chn.D/ be the set of all sequences c0 !
� � � ! cn of objects and morphisms in D . For each � D .c0 ! � � � ! cn/ 2 chn.C/, set
init.�/ D c0. By (i) and (ii), chn.C/ is the union of the chn.D/ for all D 2 D. So in the
notation of Proposition 1.3, for each n � 0,

C n.C Iˆ/ D
Y

�2chn.C/

ˆ
�

init.�/
�
Š lim

D2D

� Y
�2chn.D/

ˆ
�

init.�/
��
Š lim

D2D

�
C n.D IˆjD/

�
:
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Hence the proposition follows from Lemma 1.4 once we show that each of the functors
.D 7! C n.D IˆjD// is acyclic as an RD-module.

For each � 2 chn.C/, let X.�/ be the set of all members of D that contain � (which
we just saw is nonempty). For each � 2 chn.C/ and each abelian group A, let �A

X.�/
be

the D-module that sends each member of X.�/ to A and each inclusion between them to
IdA, and sends all members of D XX.�/ to 0. Then as D-modules,�

D 7! C n.D IˆjD/
�
Š

Y
�2chn.C/

�
ˆ.init.�//
X.�/

: (1.5)

Also, for each � andA, we have lim�D.�
A
X.�/

/Š lim�X.�/.A/, whereA denotes the constant
functor, by Proposition 1.3 and since C �.DI�A

X.�/
/ Š C �.X.�/IA/. So it remains to

show, for each � 2 chn.C/, that every constant functor X.�/op ! R-mod is acyclic. The
bar resolution for a constant functor is the same up to isomorphism whether we regard it
as a functor on X.�/op or on X.�/, so we will be done upon showing that every constant
functor X.�/! R-mod is acyclic.

Let � be the category with one object o and the identity morphism, and let F WX.�/!
� be the (unique) functor. Fix an R-module M , and let ˆM W � ! R-mod be the functor
that sends o to M . Then o#F Š X.�/, we already showed that it is nonempty, and it is
directed by (ii). So by Lemma 1.6, applied with F opWX.�/op!� in the role of F WC!D ,
the constant functor M D ˆM ı F is acyclic.

2. Limits over orbit categories

In this section, we first give the definition and some of the basic properties of orbit cate-
gories of groups, and then construct two spectral sequences that involve higher limits over
orbit categories. We are mostly interested in orbit categories of locally finite groups, but
many of these results hold just as easily for arbitrary groups.

Definition 2.1. Let G be a group.

(a) Let O.G/ be the orbit category of G: the category whose objects are the sub-
groups of G, and where for each H;K � G,

MorO.G/.H;K/ D KnTG.H;K/ D ¹Kg j g 2 G;
gH � Kº:

We identify MorO.G/.H;K/ŠmapG.G=H;G=K/, where a morphismKg sends
xH 2 G=H to xg�1K 2 G=K.

(b) When X is a nonempty set of subgroups of G invariant under conjugation, we
let OX .G/ � O.G/ denote the full subcategory whose objects are the members
of X .

(c) As a special case of (b), when p is a prime, O
f
p .G/ � Op.G/ � O.G/ denote

the full subcategories whose objects are the finite p-subgroups and arbitrary p-
subgroups of G, respectively.
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When it does not cause confusion, we write Œg� D Kg to denote a morphism in O.G/

induced by g 2 G.
A morphism f W a! b in a category C is an epimorphism (in the categorical sense) if

gf D hf implies g D h for each pair of morphisms g; hWb! c. It will be useful to know
that morphisms in an orbit category are epimorphisms.

Lemma 2.2. For every group G, all morphisms in O.G/, and hence all morphisms in
every subcategory of O.G/, are epimorphisms in the categorical sense.

Proof. Let Kg 2 MorOX .G/.H; K/ and Lx; Ly 2 MorOX .G/.K; L/ be such that Lx ı
Kg D Ly ıKg (for some H;K;L � G). Then Lxg D Lyg, so Lx D Ly as cosets and
hence as morphisms in OX .G/. Thus Kg is an epimorphism.

We next show a version of Lemma 1.6 specialized to orbit categories.

Lemma 2.3. LetG be a group, and letX0 � X be nonempty sets of subgroups ofG, both
invariant under conjugation. Assume that

(i) each member of X is contained in a member of X0, and

(ii) X0 is closed under finite intersections.

Then for each OX .G/-module ˆ,

lim�
OX .G/

.ˆ/ Š lim�
OX0 .G/

.ˆjOX0 .G//: (2.1)

Proof. We apply Lemma 1.6, with the inclusion functor 	WOX0.G/ ! OX .G/ in the
role of F . For each H 2 X , the undercategory H#	 is nonempty by (i), and it satisfies
condition (a) in the definition of a directed category by (ii). Since all morphisms in OX .G/

are epimorphisms by Lemma 2.2, there is at most one morphism between any given pair of
objects in H#	, and so condition (b) in Definition 1.5 also holds. Thus H#	 is directed,
and (2.1) follows from Lemma 1.6.

We now turn to some spectral sequences involving orbit categories.
As usual, we say that a group G is locally finite if every finitely generated subgroup

of G is finite. In general, orbit spaces of locally finite groups are easier to work with
than those of arbitrary infinite groups. For example, in a locally finite group G, the poset
Fin.G/ of its finite subgroups is a directed poset, and this is important when we want to
describe limits over Op.G/ in terms of finite subgroups of G.

Proposition 2.4. Let G be a locally finite group, and let X be a nonempty set of finite
subgroups of G invariant under conjugation. For each K � G, let X \ K be the set of
members of X that are contained in K. Then for each commutative ring R and each
ROX .G/-module ˆ, there is a first quarter spectral sequence

E
ij
2 Š limi

K2Fin.G/

�
limj

OX\K .K/
.ˆjOX\K .K//

�
H) limiCj

OX .G/
.ˆ/ (2.2)
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of R-modules. In particular,

lim
OX .G/

.ˆ/ Š lim
K2Fin.G/

�
lim

OX\K .K/
.ˆjOX\K .K//

�
;

and if G is countable, then for each n � 1 there is a short exact sequence

0 �! lim1

K2Fin.G/

�
limn�1

OX\K .K/
.ˆjOX\K .K//

�
�! limn

OX .G/
.ˆ/

�! lim
K2Fin.G/

�
limn

OX\K .K/
.ˆjOX\K .K//

�
�! 0:

Proof. Let D be the poset of all subcategories OX\K.K/� OX .G/ forK 2 Fin.G/, and
let F WFin.G/! D be the surjective functor that sends K to OX\K.K/. Then OX .G/ is
the union of the members of D since all members of X are finite and G is locally finite,
and Fin.G/ and D are directed posets since G is locally finite. So by Proposition 1.7, for
each ROX .G/-module ˆ, there is a first quarter spectral sequence

E
ij
2 Š limi

D

�
D 7! limj

D
.ˆjD/

�
H) limiCj

OX .G/
.ˆ/: (2.3)

For each D2D, the undercategory D#F is isomorphic to the poset of allH 2Fin.G/

such that OX\H .H/�D , and hence is nonempty and directed. So by Lemma 1.6, for each
RD-module ‰,

lim�
Fin.G/

.‰ ı F / Š lim�
D

.‰/:

In particular, (2.2) follows from (2.3).
If G is countable, then Fin.G/ is a countable directed poset, so higher limits over

Fin.G/ vanish in degrees greater than 1, and the E2-term of the spectral sequence van-
ishes except for the first two columns.

More generally, if G has cardinality @m for some finite m � 0, then Fin.G/ also has
cardinality @m. So by a theorem of Goblot [6, Proposition 2] (see also [9, Théorème 3.1]),
in the spectral sequence of Proposition 2.4, the terms Eij2 are always zero for i � mC 2.

We next construct a spectral sequence that describes higher limits of functors on orbit
categories for a group extension. We refer to (1.4) and the discussion before that for the
definition and description of right Kan extensions.

Theorem 2.5. Let R be a commutative ring, let G be a (discrete) group, let H E G be a
normal subgroup, and let �WG ! G=H be the natural homomorphism. Let X and Y be
nonempty sets of subgroups of G and G=H , respectively, both invariant under conjuga-
tion, and such that K 2 X implies �.K/ 2 Y . Let y�WOX .G/! OY .G=H/ be the functor
that sends K 2 X to �.K/ and sends a morphism Œg� to Œ�.g/�, and let

y��WROY .G=H/-mod �! ROX .G/-mod

be the functor that sends ˆ to ˆ ı y�. Let y�R� WROX .G/-mod! ROY .G=H/-mod be the
right Kan extension along y�.
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(a) For each ROX .G/-module ˆ, there is a first quarter spectral sequence

E
ij
2 D limi

OY .G=H/

�
.Rj y�R� /.ˆ/

�
H) limiCj

OX .G/
.ˆ/;

where Rj y�R� WROX .G/-mod! ROY .G=H/-mod is the j -th right derived func-
tor of y�R� .

(b) For each ROX .G/-module ˆ, each subgroup K=H 2 Y , and each j � 0,

.Rj y�R� /.ˆ/.K=H/ Š limj

OX\K .K/
.ˆjOX\K .K//;

whereX \K is the set of members ofX contained inK. Under this identification,
a morphism Œg�WK1=H ! K2=H in OY .G=H/ (where g 2 G and gK1 � K2) is
sent to the homomorphism

limj

OX\K2 .K2/
.ˆjOX\K2 .K2// �! limj

OX\K1 .K1/
.ˆjOX\K1 .K1//

induced by the functor cK1g WOX\K1.K1/! OX\K2.K2/ that sends L 2 X \K1
to gL 2 X \ K2 and sends a morphism Œx� to Œgx�, together with the natural
transformation of functors

ˆjOX\K2 .K2/ ı c
K1
g �! ˆjOX\K1 .K1/

that sends an object L in OX\K2.K2/ to ˆ.Œg�/ 2 HomR.ˆ.
gL/;ˆ.L//.

Proof. Set xG D G=H for short. For each K � G, set xK D �.K/ D KH=H .
By (1.4), for each ROX .G/-module ˆ and each xK 2 Y ,

y�R� .ˆ/.
xK/ D lim

y�# xK

�
.y�# xK/op �op

���! OX .G/
op ˆ
�! R-mod

�
;

where � is the forgetful functor sending .L; xL! xK/ to L. Since inverse limits are left
exact, so is y�R� .

(a) This is a special case of the Grothendieck spectral sequence, in the form described
in [15, Theorem 5.8.3], applied to the triangle

OX .G/-mod
y�R� //

lim
''

OY . xG/-mod

lim
ww

R-mod

of categories and functors. We already saw that y�R� is left exact, and limits are always
left exact. So to be able to apply the spectral sequence (with y�R� and lim in the roles of
G and F ), it remains to check that the triangle commutes up to natural isomorphism, and
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that y�R� sends injectives to injectives. This last condition (sending injectives to injectives)
holds by [15, Proposition 2.3.10] and since y�R� is right adjoint to the exact functor y��.

Let R denote the constant functor on OY . xG/ that sends all objects to R and all mor-
phisms to IdR. For each ROX .G/-module ˆ, there are natural isomorphisms

lim
OY . xG/

�
y�R� .ˆ/

�
ŠMorROY . xG/-mod

�
R; y�R� .ˆ/

�
ŠMorROX .G/-mod

�
y��.R/;ˆ

�
Š lim

OX .G/
.ˆ/;

where the second holds since y�R� is right adjoint to y��. So the triangle commutes up to
natural isomorphism.

(b) Let 0! ˆ! I0 ! I1 ! I2 ! � � � be a resolution of ˆ by injective OX .G/-
modules. Thus .R� y�R� /.ˆ/ is the homology of the complex of ROY . xG/-modules

0 �! y�R� .I0/ �! y�
R
� .I1/ �! y�

R
� .I2/ �! � � � : (2.4)

We first claim that for each subgroup K � G,

ˆ injective in OX .G/-mod H) ˆjOX\K .K/ injective in OX\K.K/-mod; (2.5)

where X \ K is the set of members of X contained in K. Recall (Proposition 1.2) that
each injective object in OX .G/-mod is a direct factor in a product of injectives of the form
IAL for L 2 X and A an injective abelian group. So it suffices to prove that the restriction
of each such IAL is injective. Fix a set W � G of right coset representatives for K in G
(thus G D KW ). For given L and A, we have

IAOX .G/;LjOX\K .K/ Š
Y
w2W
wL�K

IAOX\K .K/;wL

(and vanishes if no conjugate of L is contained in K), since for each U � K and L � G,
there is a bijection

MorO.G/.L; U / D ¹Ug j g 2 G;
gL � U º

D

a
w2W

¹Uhw j h 2 K; hwL � U º Š
a
w2W

MorO.K/.
wL;U /

that sends Œg� 2MorO.G/.L;U /, for g 2 Kw, to Œgw�1� 2MorO.G/.
wL;U /. This proves

(2.5).
Fix some xK D K=H in Y . Consider the functor

�WOX\K.K/ �! y�# xK

that sends an object L in OX\K.K/ to the object .L; xL
Œ1�
�! xK/ and similarly for mor-

phisms. Then � is injective (split by the forgetful functor). Its image is a full subcategory,
since for each morphism�

L1; xL1
Œ1�
��! xK

� Œg�
���!

�
L2; xL2

Œ1�
��! xK

�
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in y�# xK between objects of Im.�/, we have Œ1�ıŒ�.g/�DŒ1� in MorO. xG/.
xL1; xK/, and hence

g 2 K and Œg� 2 MorO.K/.L1; L2/. Each object in y�# xK has the form .L; xL
Œ�.g/�
����! xK/

for some L 2 X and g 2 G such that gL � K, and this pair is isomorphic to the object
.gL; gL

Œ1�
�! xK/ D �.gL/. So � is an equivalence of categories.

Thus for each n � 0,

y�R� .In/.
xK/ D lim

y�# xK

�
.y�# xK/op �op

���! OX .G/
op In
��! R-mod

�
Š lim

OX\K .K/

�
OX\K.K/

op �op

���! .y�# xK/op �op

���! OX .G/
op In
��! R-mod

�
D lim

OX\K .K/
.InjOX\K .K//;

where the isomorphism holds by Lemma 1.6 and since each undercategory x#� has an
initial object (hence .x#�/op is directed). So

.R� y�R� /.ˆ/.
xK/ Š H�

�
0 �! y�R� .I0/.

xK/ �! y�R� .I1/.
xK/ �! � � �

�
Š H�

�
0 �! lim.I0jOX\K .K// �! lim.I1jOX\K .K// �! � � �

�
Š lim�

OX\K .K/
.ˆjOX\K .K//;

where the last isomorphism holds since each InjOX\K .K/ is injective.
Now assume that K1=H; K2=H 2 Y , and g 2 G is such that gK1 � K2. We must

identify, for each n � 0, the homomorphism

Œg��W lim
OX\K2 .K2/

.InjOX\K2 .K2// �! lim
OX\K1 .K1/

.InjOX\K1 .K1//

induced by Œg� 2 MorOY .G=H/.K1=H; K2=H/. Fix an element y D .yL/L2X\K2 in the
first inverse limit; thus yL 2 In.L/ for each L. This extends to an element

Oy D . Oy
.L;xL

Œh�

�! xK2/
/ 2 lim

y�# xK2

.In ı �
op/ where Oy

.L;xL
Œh�

�! xK2/
D In

�
Œh�
�
.yxL/;

and Œg� sends Oy to

Oz D . Oz
.L;xL

Œh�

�! xK1/
/ where Oz

.L;xL
Œh�

�! xK1/
D Oy

.L;xL
Œgh�

��! xK2/
:

Then Œg��.yL/L2X\K2 D .zL/L2X\K1 , where for each L 2 X \K1,

zL D Oz
.L;xL

Œ1�

�! xK1/
D Oy

.L;xL
Œg�

��! xK2/
D In

�
Œg�
�
.y.gL//:

Thus Œg�� is induced by cK1g WOX\K1.K1/! OX\K2.K2/, together with the natural trans-
formation of functors induced by Œg� 2 MorOX .G/.L;

gL/ for L 2 X \K1.

Note that the Lyndon–Hochschild–Serre spectral sequence in cohomology (see, e.g.,
[15, Theorem 6.8.2]) for the group extension 1! H ! G ! G=H ! 1 is the special
case of the spectral sequence of Theorem 2.5 when X and Y both contain only the triv-
ial subgroup. Other special cases of this spectral sequence will be looked at in the next
section.
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3. ƒ-functors

We now restrict attention to certain functors ƒ�.GIM/, defined originally in [8, Defini-
tion 5.3] when G is a finite group. Most of our main results, including Theorems A–D in
the introduction, are proven in this section.

Definition 3.1. Fix a prime p. Let G be a group, and let M be a ZG-module. Define a
functor FM WOp.G/op ! Ab by setting

FM .P / D

´
M if P D 1;

0 if P ¤ 1

for P a p-subgroup of G, where AutOp.G/.1/ Š G has the given action on M . Set

ƒ�.GIM/ D lim�
Op.G/

.FM / and ƒ�f .GIM/ D lim�
O
f
p .G/

.FM jOf
p .G/

/:

More generally, if X is a set of p-subgroups of G invariant under conjugation, set

ƒ�X .GIM/ D lim�
OX .G/

.FM jOX .G//:

Note that the functorsƒ�.�I�/ depend on the prime p, even though that has been left
out of the notation to keep it simple.

The importance of these graded groups comes from the following proposition, which
was shown in the finite case in [8, Lemma 5.4], and in a more general situation in [3,
Lemma 5.10]. (In fact, it was formulated in [8, Lemma 5.4] in a way that held more
generally for compact Lie groups.)

Proposition 3.2. Let p be a prime, and let G be a group. Let X be a set of p-subgroups
of G invariant under conjugation, fix Q 2 X , and assume that either

(i) each member of X contains an abelian subgroup of finite index; or

(ii) each member of X that contains Q contains it with finite index; or

(iii) for each Q < P 2 X , we have Q < NP .Q/.

Assume also thatQ � P 2X impliesNP .Q/ 2X . Let Y be the set of all subgroups P=Q
forQ E P 2 X . Then for each ˆWOX .G/op! Ab such that ˆ.P /D 0 for all P 2 X not
G-conjugate to Q,

lim�
OX .G/

.ˆ/ Š ƒ�Y
�
NG.Q/=QIˆ.Q/

�
: (3.1)

Proof. Since (i) and (ii) imply (iii) by Lemma A.1, we assume from now on that (iii)
holds. Set � D NG.Q/=Q. We want to apply [3, Proposition 5.3] with C D OX .G/. Let
˛WOY .�/! OX .G/ be the functor that sends an object P=Q 2 Y to P 2 X , and sends a
morphism P=Q

ŒgQ�
���! R=Q to P

Œg�
��! R for g 2 NG.Q/ such that gP � R. To prove the

lemma, we must show that conditions (a)–(d) in [3, Proposition 5.3] all hold.
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(a) By definition, ˛ sends AutOY .�/.1/ Š � isomorphically to AutOX .G/.Q/.
(b) We must show, for all P 2 X not isomorphic toQ in OX .G/, that all isotropy sub-

groups of the action of �DNG.Q/=Q on MorOX .G/.Q; P / are nontrivial and in Y . To
see this, fix Œx� 2 MorOX .G/.Q; P /. For g 2 NG.Q/, the class Œg� 2 � is in the isotropy
subgroup if and only if Pxg D Px, equivalently, xgx�1 2 P . Thus the isotropy sub-
group is .P x \NG.Q//=Q D NP x .Q/=Q, and this is nontrivial by (iii) (and is in Y by
definition of Y ).

(c) Since all morphisms in OX .G/ are epimorphisms by Lemma 2.2, this holds auto-
matically.

(d) We must show, for all P=Q 2 Y , all R 2 X , and all Œx� 2 MorOX .G/.Q;R/ fixed
by the action of P=Q on this morphism set, that Œx� extends to a morphism defined on P .
We just saw in the proof of (b) that P � Rx since P=Q fixes Œx�, so xP � R, and Œx� also
defines a morphism from P to R.

For example, the conclusion of Proposition 3.2 holds if X and Y are the sets of all
finite p-subgroups, or if X is the set of all p-subgroups of G that contain an abelian
subgroup of finite index and Y is the set of all P=Q for Q E P 2 X .

The following theorem is a special case of Proposition 2.4, and helps reduce compu-
tations of ƒ�

f
.GI �/ to the finite case.

Theorem 3.3. Fix a prime p. LetG be a locally finite group, and letM be a ZG-module.
Then there is a first quarter spectral sequence

E
ij
2 Š limi

Fin.G/

�
ƒj .�IM/

�
H) ƒ

iCj

f
.GIM/:

If G is countable, then this reduces to short exact sequences

0 �! lim1

Fin.G/

�
ƒi�1.�IM/

�
�! ƒif .GIM/ �! lim

Fin.G/
ƒi .�IM/ �! 0

for each i � 0.

Proof. This follows from Proposition 2.4, applied with X the set of finite p-subgroups of
G and ˆ D FM .

The following result was shown for finite G and Z.p/G-modules in [8, Proposi-
tion 6.1 (ii)].

Proposition 3.4. Fix a prime p, a group G, and a ZG-module M .

(1) If Op.G/ ¤ 1, then ƒ�.GIM/ D 0.

(2) If there is a nontrivial finite normal p-subgroup 1¤QEG, thenƒ�
f
.GIM/D 0.

(3) If G is a nontrivial locally finite p-group, then ƒ�
f
.GIM/ D 0.

Proof. (a) SetQDOp.G/ for short, and let O0
p.G/�Op.G/ be the full subcategory with

objects the p-subgroups of G that contain Q.
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We apply Lemma 2.3 with X the set of all p-subgroups of G and X0 the set of those
that contain Q. Every p-subgroup of G is contained in one that contains Q since Q is
a normal p-subgroup, and intersections of p-subgroups containing Q again contain Q.
Thus conditions (i) and (ii) in Lemma 2.3 hold, and hence

lim�
Op.G/

.ˆ/ Š lim�
O0
p.G/

.ˆjO0
p.G/

/

for each Op.G/-module ˆ by Lemma 2.3. So ƒ�.GIM/ D 0 since FM jO0
p.G/
D 0.

(b) Now apply Lemma 2.3 with X the set of finite p-subgroups of G and X0 the set
of those that contain Q. Since Q is finite, each member of X is contained in a member of
X0. The rest of the proof goes through exactly as in the proof of (a).

(c) Assume G ¤ 1 is a locally finite p-group. For each nontrivial finite subgroup
1 ¤ Q � P , ƒ�.QIM/ D 0 by (a). Also, ƒi .1IM/ D H i .1IM/ D 0 for i > 0, while
ƒ0.1IM/DM . So Eij2 D 0 for all j > 0 in the spectral sequence of Theorem 3.3. Hence
by that spectral sequence,

ƒif .GIM/ Š Ei02 Š limi

Fin.G/
.‰M / for all i � 0;

where ‰M WFin.G/! Ab sends the trivial subgroup to M and all others to 0.
Fix a nontrivial finite subgroup 1 ¤ R � G, and let Fin0.G/ be the set of finite

subgroups ofG that containR. Then eachH 2Fin.G/ is contained in hH;Ri 2Fin0.G/

since G is locally finite. Also, if H 2 Fin.G/ is contained in K1; K2 2 Fin0.G/, then
K1 \K2 2 Fin0.G/ also contains H . So the categories Fin0.G/ � Fin.G/ satisfy the
hypotheses of Lemma 1.6, and hence

lim�
Fin.G/

.‰M / Š lim�
Fin0.G/

.‰M jFin0.G// D 0

since ‰jFin0.G/ D 0.

When G is locally finite, ˆ D FM for some ZG-module M , and X and Y are the
sets of all p-subgroups of G and G=H , the spectral sequence of Theorem 2.5 takes the
following form.

Theorem 3.5. Fix a prime p, a locally finite group G, a normal subgroup H E G, and a
ZG-module M . Then there is a first quarter spectral sequence

E
ij
2 D limi

Op.G=H/

�
P=H 7! ƒj .P IM/

�
H) ƒiCj .GIM/:

Another special case of Theorem 2.5 is the following.

Theorem 3.6. Fix a prime p, and assume G is a group all of whose p-subgroups are
locally finite. Then for each ZG-module M , the natural homomorphism ƒ�.GIM/!

ƒ�
f
.GIM/ is an isomorphism.
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Proof. We again apply Theorem 2.5, this time with H D 1 the trivial subgroup, X the set
of finite p-subgroups of G, and Y the set of all p-subgroups. For each Op.G/-module ˆ,
the spectral sequence takes the form

E
ij
2 D limi

Op.G/

�
K 7! limj

O
f
p .K/

.ˆj
O
f
p .K/

/
�
H) limiCj

O
f
p .G/

.ˆ/:

When ˆ D FM , this yields a spectral sequence

E
ij
2 D limi

Op.G/

�
ƒ
j

f
.�IM/

�
H) ƒ

iCj

f
.GIM/: (3.2)

If K ¤ 1 is a nontrivial p-subgroup of G, then ƒ�
f
.KIM/ D 0 by Proposition 3.4 (c)

and since K is locally finite. If K D 1, then ƒ�
f
.KIM/ Š H�.KIM/ is M in degree

0 and zero in higher degrees. Thus ƒ0
f
.�IM/ Š FM jOf

p .G/
, while ƒj

f
.�IM/ D 0 (as a

O
f
p .G/-module) for j > 0. So by (3.2), for each i � 0,

ƒif .GIM/ Š Ei02 Š limi

Op.G/
.FM / D ƒ

i .GIM/:

We are now ready to prove [3, Lemma 5.12], and through that finish the proof of
[3, Theorem 8.7]. In Step 1 of the argument given in [3], we claimed that certain injective
functors Ik are inverse systems of groups and surjections. Unfortunately, the maps in the
inverse systems need not be surjective, which means that we can get into trouble with
nonvanishing lim1.�/. This is due to the fact that if Q and P0 < P are p-subgroups of a
locally finite group G, then the natural map MorOp.G/.Q; P0/! MorOp.G/.Q; P / need
not be injective.

Instead, we use the following argument, based on Theorems 3.3 and 3.6.

Theorem 3.7. Fix a prime p. LetG be a locally finite group, and letM be a ZG-module.
Assume, for some finite subgroup H0 � G, that ƒ�.H IM/ D 0 for each finite subgroup
H � G that containsH0. Thenƒ�.GIM/D 0. In particular, this holds ifM is a Z.p/G-
module and CG.M/ contains at least one element of order p.

Proof. Let Fin0.G/ be the set of finite subgroups ofG that containH0. Thus by assump-
tion, ƒ�.KIM/ D 0 for all K 2 Fin0.G/. Since G is locally finite, each finite subgroup
K 2 Fin.G/ is contained in hK;H0i 2 Fin0.G/. Also, the intersection of two mem-
bers of Fin0.G/ again lies in the set. Since there is at most one morphism between any
pair of objects in the category Fin.G/, this proves that opposite categories of undercate-
gories for the inclusion 	WFin0.G/! Fin.G/ are nonempty and directed, and hence by
Lemma 1.6 that

lim�
Fin.G/

�
ƒ�.�IM/

�
Š lim�

Fin0.G/

�
ƒ�.�IM/jFin0.G/

�
D 0:

Hence ƒ�
f
.GIM/ D 0 by the spectral sequence of Theorem 3.3, and so ƒ�.GIM/ D 0

by Theorem 3.6.
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IfM is a Z.p/G-module and there is g 2 CG.M/ of order p, thenƒ�.H IM/D 0 for
eachH 2 Fin.G/ containing g by [8, Proposition 6.1 (ii)]. Soƒ�.GIM/D 0 by the first
part of the statement, applied with H0 D hgi.

Lemma 5.12 of [3] was applied only once in that paper: in the proof of Theorem 8.7
when we showed that jLc

S .G/j
^
p ' BG^p for an LFS.p/-group G. We restate the full

theorem here, but it is only the last statement in it (jLc
S .G/j

^
p ' BG

^
p ) that was affected

by the error.

Theorem 3.8 ([3, Theorem 8.7]). Let G be a locally finite group all of whose p-sub-
groups are discrete p-toral. Assume in addition that for each increasing sequence A1 �
A2 � � � � of finite abelian p-subgroups of G, there is k � 1 such that CG.An/ D CG.Ak/
for all n � k. Then G has a unique conjugacy class Sylp.G/ of maximal p-subgroups,
and for each S 2 Sylp.G/, the triple .S;FS .G/;Lc

S .G// is a p-local compact group with
classifying space jLc

S .G/j
^
p ' BG

^
p .

4. Examples

We finish with a few examples that show how higher limits over orbit categories of locally
finite groups can differ from those over orbit categories of finite groups. The follow-
ing groups will be used whenever we need a more concrete example to see this. When
G1; G2; : : : is a sequence of groups, we write

L1
iD1Gi to mean the group of elements of

finite support in the direct product of the Gi .

Fix a prime p. Let F0 be a finite field of characteristic p and order at least 3,
and let F � F0 be the extension of degree p. Choose 1 ¤ U � F� such that
U \ F�0 D 1. Let S � Aut.F/ be the subgroup of order p (so Fix.S;F/D F0). Set

H D

1M
iD1

F�; H0 D

1M
iD1

U � H; M D

1M
iD1

F ;

� D H Ì S; �0 D H0 Ì S � �; �� D .U �H/ Ì S:

(4.1)

Let U and H act on M by setting u.x1; x2; : : :/ D .ux1; ux2; : : :/ and

.h1; h2; : : :/.x1; x2; : : :/ D .h1x1; h2x2; : : :/;

and let � and �� act on M via those actions and the Galois action of S .

We first note the following very general vanishing result.

Lemma 4.1. Fix a prime p, and let G be a countable locally finite group with finite
Sylow p-subgroup S � G of order pn (some n � 0). Then for each Z.p/G-module M ,
ƒi .GIM/ D 0 for all i � nC 2.

Proof. For each K 2 Fin.G/, and each i � 1 such that ƒi .KIM/ ¤ 0, we have i � n
by [1, Lemma III.5.27]. So for each i � n C 2, ƒi .KIM/ Š ƒi�1.KIM/ D 0 for all
K 2 Fin.G/, and hence ƒi .GIM/ D ƒi

f
.GIM/ D 0 by Theorem 3.3.
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By a result of Jackowski and McClure (see [8, Proposition 5.2]), for any finite groupG
and any Z.p/G-module M , the functor P 7! Fix.P;M/ is acyclic. The following exam-
ple, an application of the spectral sequence of Proposition 2.4, shows that this does not
hold in general for locally finite groups.

Example 4.2. Fix a prime p, let G be a locally finite group, and let M be a (left) Z.p/G-
module. Consider the Z.p/O

f
p .G/-module

ˆGM WO
f
p .G/

op
�! Z.p/-mod

defined by setting ˆGM .P / D Fix.P;M/ (the P -invariant elements of M ) for each finite
p-subgroup P � G, and by sending a morphism P

Œg�
��! Q to the composite

Fix.Q;M/
incl
���! Fix.gP;M/

g�1

���! Fix.P;M/:

Then

limi

O
f
p .G/

.ˆGM / Š limi

Fin.G/

�
K 7! Fix.K;M/

�
(4.2)

Š

8̂̂̂̂
<̂
ˆ̂̂:

Fix.G;M/ if i D 0;

Coker
�
M !

�
limFin.G/

�
M= Fix.�;M/

���
if i D 1;

0 if jGj�@m and i�mC2
.some m � 0/:

(4.3)

Proof. By [8, Proposition 5.2 and Corollary 1.8], for each K 2 Fin.G/, we have that
lim0.ˆGM jOp.K// Š Fix.K;M/, while limi .ˆGM jOp.K// D 0 for all i > 0. So the spectral
sequence of Proposition 2.4 collapses, and (4.2) follows directly from that. If jGj � @m
where 0�m<1, then jFin.G/j � @m, and so limi

Fin.G/.‰/D 0 for each functor‰ and
each i � mC 2 by a theorem of Goblot [6, Proposition 2] (see also [9, Théorème 3.1]).

The constant functor on Fin.G/ with value M is isomorphic to IM1 , and hence is
acyclic by Proposition 1.2 (c). So the short exact sequence

0 �! Fix.�;M/ �!M �!M= Fix.�;M/ �! 0

of Z.p/Fin.G/-modules induces an exact sequence

0 �! lim0

Fin.G/

�
Fix.�;M/

�
�!M �! lim0

Fin.G/

�
M= Fix.�;M/

�
�! lim1

Fin.G/

�
Fix.�;M/

�
�! 0;

and limi
Fin.G/.Fix.�;M// is as described in (4.3) for i D 0; 1.

For example, if we return to the pair .�;M/ defined in (4.1), we get

lim0

Op.�/
.ˆ�M / D 0 and lim1

Op.�/
.ˆ�M / Š

�Y1

iD1
F0
�.�M1

iD1
F0
�
¤ 0;

Hence ˆ�M is not acyclic as an Op.�/-module. (Note that O
f
p .�/ D Op.�/ in this case.)
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In the situation of Example 4.2, ifG has no elements of order p, then Op.G/DO
f
p .G/

has only one object, so an Op.G/-module is the same as a ZG-module, andƒ�.GIM/Š

H�.GIM/ for each such moduleM . This situation has been studied by Holt, who showed
in [7, Theorem 1] that for each locally finite groupG with no p-torsion satisfying a certain
condition (�) (which is always satisfied if G is abelian), if jGj D @n for some n � 0, then
HnC1.GIM/¤ 0 for some FpG-moduleM . In particular, in the situation of Example 4.2,
this shows that limn

O
f
p .G/

.ˆGM / can be nonzero for arbitrarily large n, while in the situation

of Proposition 2.4, the terms Eij2 can be nonzero for arbitrarily large i .
The pair .H;M/ in (4.1) gives an example in the countable case of the type studied

by Holt: Example 4.2 implies that

H 1.H IM/ Š ƒ1.H IM/ Š
�Y1

iD1
F
�.�M1

iD1
F
�
¤ 0: (4.4)

Many of the basic properties of the functors ƒ�.GIM/ for finite G were listed in
[8, Propositions 6.1–6.2]. For example, [8, Proposition 6.2 (i)] states that if G is a finite
group, M is a Z.p/G-module, and S 2 Sylp.G/ has order p, then

ƒ1.GIM/ Š Fix
�
NG.S/;M

�
= Fix.G;M/;

and ƒi .GIM/ D 0 for i ¤ 1. Neither of these holds in general when G is locally finite
and infinite.

Example 4.3. Fix a prime p. Let G be a countable locally finite group that contains a
maximal p-subgroup S � G of order p, and let Fin0.G/ be the poset of finite subgroups
of G that contain S . Then for each Z.p/G-module M , we have

ƒ1.GIM/Š lim
Fin0.G/

�
K 7! Fix.NK .S/;M/

Fix.K;M/

�
; (4.5)

ƒ2.GIM/ŠCoker
h

lim
Fin0.G/

�
K 7! Fix.S;M/

Fix.K;M/

�
�! lim

Fin0.G/

�
K 7! Fix.S;M/

Fix.NK .S/;M/

�i
(4.6)

and ƒi .GIM/ D 0 for all i ¤ 1; 2.

Proof. If P � G is a finite p-subgroup, then hS;P i is finite, and S 2 Sylp.hS;P i/ since
it is a maximal p-subgroup of G. Thus jP j � p. In particular, every p-subgroup of G is
finite, so ƒ�.GIM/ D ƒ�

f
.GIM/.

For each K 2 Fin0.G/, we have S 2 Sylp.K/ since it is a maximal p-subgroup. So
by [8, Proposition 6.2 (i)],ƒ1.KIM/Š Fix.NK.S/;M/=Fix.K;M/, andƒi .KIM/D 0

for all i ¤ 1. Theorem 3.3 now says that

ƒi .GIM/ Š limi�1

K2Fin0.G/

�
Fix

�
NK.S/;M

�
= Fix.K;M/

�
when i D 1; 2, whileƒi .GIM/D 0 for i ¤ 1; 2. This proves (4.5) and the last statement.
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Upon applying limits to the short exact sequence

0 �! Fix.K;M/ �! Fix.NK.S/;M/ �! Fix.NK.S/;M/=Fix.K;M/ �! 0

of Fin0.G/-modules, we get an exact sequence

lim1

K2Fin0.G/
.Fix.K;M// �! lim1

K2Fin0.G/
.Fix.NK.S/;M// �! ƒ2.GIM/ �! 0 (4.7)

(recall that Fin.G/ is a countable directed poset). For T D 1 or T D S , the extension

0 �! Fix
�
NK.T /;M

�
�! Fix.S;M/ �! Fix.S;M/=Fix

�
NK.T /;M

�
�! 0

of Fin0.G/-modules induces an isomorphism

lim1

K2Fin0.G/

�
Fix

�
NK.T /;M

��
ŠCoker

h
Fix.S;M/! lim

K2Fin0.G/

�
Fix.S;M/

Fix.NK .T /;M/

�i
(4.8)

and (4.6) follows from (4.7) and (4.8).

Upon returning to the groups and modules defined in (4.1), formulas (4.5) and (4.6)
imply

ƒ1.�0IM/ Š

1Y
iD1

F0 and ƒ2.��IM/ Š
�Y1

iD1
F0
�.�M1

iD1
F0
�
¤ 0: (4.9)

In contrast, Fix.N�0.S/;M/= Fix.�0; M/ Š
L1
iD1 F0. So when � is locally finite with

Sylow p-subgroups of order p, then ƒ1.�IM/ and ƒ2.�IM/ can both be larger than
would be predicted by the formulas for finite � .

WhenG is a product of two locally finite groups,Theorem 3.5 takes the following form.

Proposition 4.4. LetG1andG2 be locally finite groups, and letM be a ZŒG1�G2�-module.
Then there is a first quarter spectral sequence

E
ij
2 D ƒ

i
�
G1Iƒ

j .G2IM/
�
H) ƒiCj .G1 �G2IM/:

Here, G1 acts on ƒ�.G2IM/ via its action on M .

Proof. By Theorem 3.5, there is a spectral sequence converging toƒ�.G1 �G2IM/ with
E
ij
2 Šlimi

Op.G1/
.‰j /, where for a p-subgroupP�G1, we have‰j .P /Dƒj.P �G2IM/.

When P ¤ 1, we have Op.P � G2/ ¤ 1, and so ƒj .P � G2IM/ D 0 by Proposi-
tion 3.4 (a). So ‰j D Fƒj .G2IM/, and Eij2 is as described above.

By [8, Proposition 6.1 (v)], when H and K are finite groups, M is an FpH -module,
andN is an FpK-module, thenƒ�.H �KIM ˝Fp N/ is isomorphic to the tensor product
of ƒ�.H IM/ with ƒ�.KIN/. (A more general Künneth formula is given there.) This is
not in general the case for products of locally finite groups, since tensor products do not
in general commute with taking limits (and also since higher limits are involved). For
example, if .��;M/ and .H0;M/ are as in (4.1), then by Lemma 4.1, (4.4), and (4.9),

ƒ3.�� �H IM ˝Fp M/ D 0 while ƒ2.��IM/˝Fp ƒ
1.H IM/ ¤ 0;

ƒ4.�� � ��IM ˝Fp M/ D 0 while ƒ2.��IM/˝Fp ƒ
2.��IM/ ¤ 0:
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A. Locally finite p-groups

In the proof of Proposition 3.2, we needed to know, for certain pairs Q < P of p-groups,
thatQ is strictly contained in its normalizerNP .Q/. This motivates the following lemma,
which gives conditions under which this holds, and also motivates Example A.2 where we
show that it is not always the case, not even for locally finite p-groups.

Lemma A.1. Let P be a p-group, and let Q < P be a proper subgroup. Assume either

(i) Q has finite index in P , or

(ii) P contains an abelian subgroup of finite index.

Then Q < NP .Q/.

Proof. We first recall the well known fact that

H �G groups and ŒG W H�<1 H) 9N E G with N �H and ŒG W N�<1: (A.1)

This follows upon setting N D CG.G=H/, where G acts on the finite set G=H via trans-
lation of cosets.

Assume first that (i) holds. By (A.1), there isN EP of finite index and contained inQ.
Then P=N is a finite p-group and Q=N < P=N is a proper subgroup, so Q=N <

NP=N .Q=N/ D NP .Q/=N . Thus Q < NP .Q/.
Now assume (ii) holds, and let A � P be an abelian subgroup of finite index. By (A.1)

again, we can assume that A E P . If Q � A, then ŒP W Q� <1, and so Q < NP .Q/ by
case (i). So assume Q � A, choose a 2 A XQ, and let Oa be its conjugacy class in P : a
finite subset ofA since P=A is finite andA is abelian. Then h Oai is a finite normal subgroup
of P , so Q has finite index in Qh Oai, and hence Q < NQh Oai.Q/ � NP .Q/ by case (i).

The following example shows why some conditions are needed to ensure thatNP.Q/>
Q for a pair of p-groups P > Q.

Example A.2. Define inductively a sequence of p-groups P0; P1; P2; : : : with subgroups
An;Qn � Pn as follows:

P0 D Cp; Q0 D 1 � P0; A0 D P0;

PnC1 D Pn o Cp; QnC1 D Qn o Cp � PnC1; AnC1 D .An/
�p E PnC1:

Here, .�/�p means the p-fold direct product. Thus for each n, An is elementary abelian
of rank pn, Pn is an .nC 1/-times iterated wreath product Cp o � � � o Cp , and AnQn D Pn
and An \Qn D 1.

Define injective homomorphisms 'nWPn ! PnC1 by setting

'n.g/ D

8<: .g; 1; : : : ; 1/ 2 .Pn/�p E PnC1 if n is odd

.g; g; : : : ; g/ 2 .Pn/
�p E PnC1 if n is even:
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Set

P D colim
n
.Pn; 'n/; Q D colim

n
.Qn; 'njQn/; and A D colim

n
.An; 'njAn/:

Then P is a locally finite p-group, and A;Q � P have the following properties:

(a) Z.P / D 1 and P has no finite nontrivial normal subgroups;

(b) ŒP; P � D P and P has no proper subgroups of finite index;

(c) A E P , A \Q D 1, and AQ D P ; and

(d) NP .Q/ D Q.

Proof. Let  nWPn ! P be the natural map: an injective homomorphism since the 'n are
all injective. Set P �n D  n.Pn/ < P for short. Thus P �n Š Pn, and P is the union of the
increasing sequence P �0 < P

�
1 < P

�
2 < � � � of finite p-groups. In particular, P is a locally

finite p-group.
(a) If z 2 Z.P /, then z 2 P �n for some n, and so z 2 Z.P �m/ for all m � n. Since

jZ.Pm/j D p for each m, and Z.PmC1/ \ 'm.Z.Pm// D 1 if m is odd, we get that
Z.P / D 1.

Assume 1¤N E P is a finite nontrivial normal subgroup. Then 1¤Z.N/E P , and
AutP .Z.N // is a finite p-group of automorphisms of Z.N/. So

1 ¤ CZ.N/
�

AutP
�
Z.N/

��
� Z.P /;

which we just saw is impossible.
(b) When n is even, the subgroup 'n.Pn/ < PnC1 is generated by elements of the

form .g; g; : : : ; g/ for g 2 Pn of order p. For such g, .1; g; g2; : : : ; gp�1/ is conjugate
in PnC1 to .g; g2; g3; : : : ; gp/, so .g; g; : : : ; g/ 2 ŒPnC1; PnC1�, and hence P �n � ŒP; P �.
Thus P D ŒP; P �.

IfR < P is a proper subgroup of finite index, then it contains a normal subgroupN E
P of finite index by (A.1), which is impossible since that would imply ŒP=N; P=N � D
ŒP; P �=N D P=N when P=N is a nontrivial finite p-group.

(c) We have A \Q D
S1
nD0  n.An \Qn/ D 1 and AQ �

S1
nD0  n.AnQn/ D P .

For each g 2 P , let n be such that g 2 P �n : then g normalizes  m.Am/ for each m � n
and hence g normalizes A.

(d) SetB DNP .Q/\A. Then ŒQ;B��Q\AD 1, and henceB �CP .AQ/DZ.P /
since P D AQ and A � B is abelian. So B D 1 by (a).

Each g 2 NP .Q/ has the form g D ah for a 2 A and h 2Q by (b), and a 2 NP .Q/\
A D B . So NP .Q/ D QB D Q.
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