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A note on traces for the Heisenberg calculus
Alexander Gorokhovsky and Erik van Erp

Abstract. We gave a local formula for the index of Heisenberg elliptic operators on contact
manifolds in our earlier work (Gorokhovsky and van Erp, 2022). We constructed a cocycle in
periodic cyclic cohomology which, when paired with the Connes—Chern character of the princi-
pal Heisenberg symbol, calculates the index. A crucial ingredient of our index formula was a new
trace on the algebra of Heisenberg pseudodifferential operators. The construction of this trace was
rather involved. In the present paper, we clarify the nature of this trace and thus simplify the index
formula from our previous paper (Gorokhovsky and van Erp, 2022).

1. Introduction

Let g = R3 be the Lie algebra of the Heisenberg group with basis X, Y, Z and
X.Z]=[Y.Z]=0 [X.Y]=Z.

Elements of g can be identified with right-invariant vector fields on the Heisenberg group
G =R b1 9 5 1 a 9
=——=y— Y=—+_-x— Z=—.
ax 27 0z dy + 2 0z 0z
Here (x, y, z) are the standard coordinates on R3. The Heisenberg calculus is a pseudo-
differential calculus that is built on the idea that, for certain purposes, it is natural to treat Z
as a differential operator of degree 2. For example, in the classical calculus, the leading

term of the second order differential operator
P=X24+Y*+iyZ yeC

is the sublaplacian X2 + Y 2. The principal symbol of P is not invertible, and P is not
elliptic. But in the Heisenberg calculus, the term i yZ has order 2 and is part of the leading
term. It turns out that the principal symbol of P is invertible in the Heisenberg calculus
iff y is not an odd integer. In that case, P has a parametrix (an inverse modulo smoothing
operators), and, while P is not elliptic, it is still hypoelliptic.

The construction of the Heisenberg pseudodifferential calculus generalizes naturally
to contact manifolds (see [1]), which can be locally identified with the Heisenberg group.
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On a compact contact manifold, an operator with invertible principal symbol in the
Heisenberg calculus is a Fredholm operator. In [5], we gave a local formula for the index
of Heisenberg elliptic operators on contact manifolds in terms of the principal symbol.
Principal symbols of pseudodifferential operators in the Heisenberg calculus form a non-
commutative algebra Sz . An invertible symbol determines an element in the K-theory
group K1 (8g). The Connes—Chern character maps K1 (Sg) to periodic cyclic homology
HP{(8y). In [5], we constructed a cocycle in periodic cyclic cohomology HP!(Sg)
which, when paired with the Connes—Chern character of the symbol, calculates the index.

A crucial ingredient of our index formula was a trace v on the symbol algebra Sg.
The purpose of the present paper is to clarify the nature of this trace and thus to simplify
the index formula of [5]. The construction of 7 in [5] was rather involved. We show here
how t can be understood with reference to a natural class of traces that can be defined for
a general homogeneous group.

A homogeneous group G is a nilpotent Lie group with underlying manifold R that
has a graded Lie algebra. Let ‘-IJ?I (G) be the algebra of translation invariant order zero
operators in the Heisenberg calculus associated to G (as, e.g., in [2]). An operator in
\Il?{ (G) is given by convolution (on the left) with a compactly supported distribution
k € &'(G) that is regular (i.e., k restricts to a smooth function on G — {0}) and that has
an asymptotic expansion

k~ko+ki+ky+---.

The principal term ko is homogeneous of degree —(Q, where Q is the homogeneous
dimension of G. In Section 2, we show that evaluation of the principal term kg at a central
element z € G, z # 0 defines a trace:

T, W%(G) - C  1,(k) :=ko(2).

In Section 3, we briefly review our construction of the trace t from [5], which is defined
if G is the 2n + 1-dimensional Heisenberg group. The main result of this paper is
Theorem 3.3, which expresses T as a linear combination of traces defined in Section 2:

B (2n)n+l

n
T= W(T(o,ﬂ) — (=D"70,-1))- (1.1)

Section 4 introduces a technical lemma about the Fourier transform of a homogeneous
distribution. We use this lemma in Section 5 to prove Theorem 3.3.

Remark 1.1. In [5], we worked with traces on the Weyl algebra, rather than on the con-
volution algebra of the Heisenberg group. The connection between the two involves a
Fourier transform. The constant in equation (1.1) depends on a choice of isomorphism
between the convolution algebra and the algebra used in [5]. The relevant conventions are
spelled out in Section 3.1.
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2. Traces for homogeneous groups

2.1. Homogeneous groups

Let G be a nilpotent Lie group with underlying manifold R”, with graded Lie algebra g.
This means that g decomposes as a direct sum:

g=g'® - dg".

where [q/, g¥] € g/ 1k if j + k <r,and [g/, g¥] =0if j + k > r. Dilations §; : ¢ — g
are defined by
s(X)=t'X ifXeg/,t>0.

The dilation &, is a Lie algebra automorphism. We identify G = g via the exponential
map. Then §; is a group automorphism.

If u is a Haar measure on G, then p o §; = t2u, where Q is the homogeneous
dimension of G:

,
Q=) j-dimg’.
Jj=1
We shall use the term “homogeneous” always in relation to the dilations §;. A function f
on G is homogeneous of degree k if f(8;x) = t* f(x). A distribution u € D'(G) is
homogeneous of degree k if (1, 0 8;) = =27 (u, ¢).

Example 2.1. The Lie algebra of the Heisenberg group G = R?**! is graded:
g:gl@gz glszn, g2:R
The Lie bracket is
[(x.1),(y,9)] = (0,w(x,y)) x,y eR* t,5seR,
where (X, y) = Y /| XiYn+i — Xn+iyi is the standard symplectic form on R?”. The
group operation is
1
(x,0)(y,s) = (x +y,t+s5+ Ea)(x,y)) x,y e R t.5s eR.

The dilations are 8, (x,?) = (Ax, A%t). The homogeneous dimension is O = 2n + 2.

2.2. The algebra

For a homogeneous group G as above, let \I/?{ (G) denote the algebra of right-invariant
pseudodifferential operators of order zero in the generalized Heisenberg calculus on G (as
defined, e.g., in [2,6]). An operator in \IJ% (G) is given by convolution (on the left) with a
compactly supported distribution k € &’(G) that is regular (i.e., smooth on G — {0}) and
that has an asymptotic expansion

k~ko+ki+ks+---,
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where the principal term k¢ is homogeneous of degree — Q.
The algebra Sy of principal symbols is the quotient in the short exact sequence

0— V5'(G) - ¥%(G) — 8u(G) — 0.

Elements of 85 (G) can be represented by regular distributions on G that are homoge-
neous of degree —(Q. Note that the Dirac delta distribution on G is homogeneous of
degree — Q. The Dirac delta is the unit of the algebra Sg (G).

Convolution of two homogeneous distributions f, g € Sg(G) is defined as follows.
Let ¢ € C2°(G) be such that ¢ = 1 in a neighborhood of 0. Then f * g is, by definition,
the principal part (of homogeneous degree — Q) in the asymptotic expansion of ¢f * ¢ g.
The result does not depend on the choice of ¢.

2.3. Traces

For a central element z € G, evaluation at z defines a trace on the convolution algebra
CX(G):

(10 = [ 7Gx Dewx = [ 06t dx = 5 )62,
This generalizes in various ways.
Lemma 2.2. If z is a central element of G, and u € &'(G), f € C*(G), then
(ux* f)(2) = (f *u)(2).
Proof. This is immediate from the definitions:

wx f)(z) = (u, f7) ()= fr7'2)

and

(f *w)() = (u, f2) f(0) = fzy™). =

For a regular distribution f, we can evaluate f(z) as long as z # 0.

Lemma 2.3. If z # 0 is a central element in G, and f, g are regular distributions with
compact support on G, then

(f *&)(z) = (g * )2).

Proof. Let U be a neighborhood of 0 € G such that z ¢ U2. Let ¢ € C2°(G) be such that
¢ = 11in a neighborhood of 0, and supp¢ C U. Then

fxg=¢fxdg+(1—-¢)f xpg+of x(1-P)g+(1—-9)f x(1—-¢)g.
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Since (1 —¢) f. (1 —¢)g € CX(G), we have

(I1=¢)f+(1=-9)g(z) =1 =d)g*(1-9)f(2).

By Lemma 2.2,

(1=@)f x9g(2) =dg x (1 =¢) f(2). ¢f x(1-P)g(z) = (1 —¢)g *¢f(2).

Finally, since supp ¢f * ¢g and supp ¢g * ¢f are contained in U2, both of them vanish
at z. |

Proposition 2.4. If z # 0 is a central element in G, then
z:8(G) > R w(f):= f(2)

is a trace on Sy (G).
Proof. By definition of the product in 85 (G),

(f *8)() = imi® @/ * $)(5:2)
which, by Lemma 2.3, is equal to

(g% /)() = limi® (gg * ¢f)(6:2). .

3. The main result

In this section, we specialize to the Heisenberg group. Throughout this section, G =
R2"*1 will denote the Heisenberg group, with notations as in Example 2.1.

3.1. Fourier transform

The Fourier transform is defined for Schwartz class functions f € §(R?"*1) by
f(y, s) = / f(x, t)e_i(xy+”)dxdl

and is then extended to tempered distributions §’(R2"*1).
Given a compactly supported distribution k € W% (G), let k € C®°(R?"*!) be its
Fourier transform. Define two functions o+ € C*®(R?"):

o4(x):= lim k(Ax,A%) o_(x):= lim k(Ax,—A%) xeR>".
A—>+o00 A—>—00
Alternatively, in the asymptotic expansion

k~ko+ki+ks+---,
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the principal term k¢ is homogeneous of degree —Q and represents an element in Sg (G).
The Fourier transform kg is a smooth function on R?”*! — {0} that is homogeneous of
degree O for the dilations, that is,

ko(Ax,22t) = ko(x,t) x eR* teR, A >0.

Then R R
0+ (x) :=ko(x,4+1) o_(x):= ko(x,—1).

In particular, if k € \IJ;II (G), then kg = 0 and o+ = 0.
If we wish to emphasize the dependence of o+ on k, we denote it as oi. The map
k — oiﬁ is an algebra homomorphism from the convolution algebra W°(G) to the Weyl

algebra of R2":

o_’f_*h(v) = (o_’ﬁ#o_’ﬁ)(v) = # // ezm(x’y)o_lﬁ(v + x)aﬁ(v + y)dxdy. (3.1)

k

kxh hask

The map k — oX is an anti-homomorphism, with o =g

3.2. The old trace

Our construction of the trace in [5] was strongly influenced by the work of Epstein and
Melrose in [3,4]. We summarize our construction here. For an in-depth treatment, see [5].

The smooth functions oy, defined above, have asymptotic expansions for large
|x]| = oo of the form

o4 (X) ~ Y wyr(x) o (x) ~ > (=D wy(x), (32)
=0 =0

where w,; is smooth on R?” — 0, and homogeneous of degree —21.

Definition 3.1. The trace 7 : Sy (G) — C is

1
(k) = m/; R(x)dx k€ 8u(G),

where R is the function

! 0 [+ neven
Ri=0yp—(=D'o— =) guwy &=1—(=1)""= .
£ ; ’ = 2 1 +nodd

Note that R is an integrable smooth function defined on R?” — {0}.

For a proof that 7 is a trace, see [5, Theorem 5.8 and Proposition 5.10].
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Remark 3.2. If o are Schwartz class functions, then wy; = Oforalll =0,1,2,..., and

simply
1 |
(k) = @) /I;zn or(x)dx —(—1) @) /Rzn o_(x)dx.

In this case, the integral

1
n)" /Rz,, o+(x) dx

is the usual trace of the trace class operator on L?(R") determined by the distribution k¢
in the Schrodinger representation of the Heisenberg group.

Likewise,
1

@) /Rzn o_(x)dx

is the trace of the trace class operator on L2(R") determined by k in the dual of the
Schrodinger representation. (For details, see [5, Section 5.3].)

=D"

The main result of this paper is that the trace t can be expressed as a linear combination
of traces defined in Section 2.3.

Theorem 3.3. Let G = R2"t! pe the Heisenberg group. Let
T+ = T0,41) T- = T(0,~1)
be the traces defined in Section 2.3, for the central elements (0, £1) € G. Then

_ (2ﬂ)n+1

© 2(n!l)int! (r4 — (=D)"z).

4. A lemma about Fourier transforms

For an integrable function g € L' (R?"*1), denote the Fourier transform by

F(e)(y,s):= /g(x,t)e_i(xy"'”)dxdt
with inverse Fourier transform

Fr (@) (y.s) = Gyt / g(x, et YT dxdr.
As usual, the Fourier transform ¥ (T) of a tempered distribution 7T is defined by
(F(T),9) = (T, F(p)), ¢ € S(R?"+1), and similarly for F*(T).

In this section, we prove the following lemma, which expresses the Fourier transform
of a homogeneous distribution as a limit of the Fourier transforms of integrable functions.
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Lemma 4.1. Let f be a smooth function on R>* 1 — {0}, homogeneous of degree 0 with
respect to the dilations, that is,

FOx,22) = f(x,t) xeR¥™ teR, A>0.

Then
F*(£)(0,5) = limlim F*(f(x, t)e P17ty 0 ).
Blo§i0

Note that the function ¥ *( f) is smooth away from 0, and so are ¥ *( fe AlI* ||2) and
F*(fe P ||x||2—8|z|) for 6, B > 0. The proof proceeds in two steps.

Lemma 4.2. Let f be a smooth function on R>*T1 — {0}, homogeneous of order 0 with
respect to the dilations. Let B > 0. For s # 0,

lsiﬁ}y*(fe—ﬂ IIXI|2—3|t|)(O’ 5) = jr*(fe—ﬂIIXIlz)(O, 5).

Proof. Choose a smooth function y € C*°(R) with

P (U
A PRSI

Then (1 — x(1)) f(x,1)e™P I*1 jg in L1 (R2"*1) By the dominated convergence theorem,

lim 77 (1 - 0 fe PPy 0 5) = F5((1 = p) fe PPy 0,5).  @.1)

Assume B > 0, § > 0. Then y(¢)f(x, t)e_ﬂ"xnz_‘sl” is a Schwartz class function.
Therefore,
1

}v*(Xfe—ﬂ||X||2_8|t|) — m?*(%(Xfe_ﬂnxnz_s‘”))

k
(—ils)kz( )” O QNI PR @)
p=0

. k

p

Note that, while e~ BIxI>=8ltl is not smooth at ¢ # 0, the above formula makes sense
because 37 (y f) is zero for t € [—1,1].

Since differentiating in ¢ reduces the degree of homogeneity of f, for each p =
0,1,2,..., there exists C such that for all (x, ) € R?"*+1,

07 (x(x.0) f(x.0)] < Cle|77.

Also,
_, 2_ . 2_
|3’t< P ,~Blxl 8\tl| f(gk po—Blx| 8|t|,
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and so
|3tP(Xf)alt‘—Pe—ﬁIIXIlz—t?Itl| < C(gk—p|[|—pe—ﬁIIXII2—5|t|_

With 8 > 0 fixed, we obtain (with different constant C')
07 AP APy < ek [ e,
[ll>1

For small § > 0,
OB ifp=0o0,
/ t|7Pe781dr = 3 O(logs) if p =1,
=1 o)  ifp>2,

and so
O if p=0,
187 (x f)8E P e~ PIRIP=310) L = 3 95k log8) ifp =1,
O 85r) if p > 2.

We now assume that k > 2. Then all these L!-norms converge to 0 if § | 0, except when
p = k. Since | F*(2)|lco < |lgllL1, equation (4.2) implies

1
iy F* —Bllx[2—8]¢] — 1 * ok —BlIxI12=8¢|
181¢m0f (xfe P )(0, s) _lﬁlﬁ}m? @f (xf)e P )(0, 5).

Since 3’,‘ (xf)e Blx I”isin L', dominated convergence gives
lim 70 (1 )e PPN ©0,.9) = 7@ e P 0.)
= 7X@ eI 0.5)
= (i) F* (e PP 0.5).
In other words,
lim 57 (¢ fe PR 0,5) = 7 (1 fe P 0. 9).
Combined with (4.1), this completes the proof. ]

Lemma 4.3. Let f be a smooth function on R>*T1 — {0}, homogeneous of degree 0 with
respect to the dilations. For s # 0,

lim *(fe P1¥17)(0, 5) = F*(£)(0, s).
B0

Proof. Let ¢ € CX(R?*"*1) be a compactly supported smooth function such that
¢(x,1) = 1in a neighborhood of 0. Then ¢ is integrable, and so

lim F (ofe P11 (0,5) = F (0/)(0, 5).
B0
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We also have

2 1 2
FHA =@ f P = g 7@ (1 =) e,

where 85‘ ((1 — @) f) is integrable if k is sufficiently large, and hence
lim 5 @((1 = 0).N)e TN 0.9) = @1 = 0) /) 0.5)

= (=is)*F*((1 — ) £)(0.5)

The statement follows. [

5. Proof of the main result

Throughout this section, G = R?"*1 is the Heisenberg group, with notations as in
Example 2.1.

The trace 7, (k) is, by definition, evaluation of the principal part k¢ of k at a central
element z € G, z # 0. The definition of the trace t(k) is expressed in terms of the prin-
cipal Heisenberg symbol (04, 0—), which involves the Fourier transform of k. In order to
relate T and 7., we use Lemma 4.1 to express t; (k) in terms of (04, 0_).

From there, the proof of Theorem 3.3 consists of a series of calculations. These
calculations result in Proposition 5.5, which expresses 7, as a linear combination of
and a well-known residue trace (see (5.2)). Theorem 3.3 follows immediately from
Proposition 5.5.

For readability, we have formalized steps in these calculations as lemmas.

Lemma 5.1. Let k € \IJ% (G), and let z = (0,5) € G be a central element with s # 0.
Then

_ n! ) o4+(x) o_(x)
=0 = e %‘%/Rzn((ﬁnxnz —isy T IR £ is)n+l)dx'

Proof. Let§ > 0. Denote f = l/c\o. Fort > 0, we have f(x,t) = o4 (x//1); fort <0, we
have f(x,t) = o_(x/~/—t). Change of variables gives

(27_[)2n+1$*(fe—ﬂ||x||2—5|t\)(0, S)
:/fe—ﬂllxllz—éltl-i-istdtdx

o0
:[ / o4 (x NT)e BIXIP=Bt+ist gy g1y
2n 0
0
+ [ / o_(x N —t)e BIxIPHdrist gy gy
R27 J—oc0
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- / o1 (x) / " BP9 gy g
R2n 0
o0
+ / o_(x) / tn e~ BIXIP+6+i gy
R2n 0

Using the Gamma integral

oo oo
et gy S (RS N
0 cntl 0 cntl centl1 ’

we obtain

fr‘*(fe—ﬂIIXIlz—ﬁlt\)((), 5)

n! [ 04+(x) . o—(x) d
= X.
Qm)2ntl Jran \ (Bl x]12 + 8 —is)" Tt~ (Bllx[* + 8 +is)t!
The statement now follows from Lemma 4.1. [

With k € \I!?{ (G) as above, and the asymptotic expansions of o+ as in (3.2), define

n

op — Y wy if x| =1,
~ 1=0
n—1

op — Y wy i x| < 1.
=0

and
n

o_ =Y (=D'wy if x| = 1.

~ . 1=0

n—1
o_ =Y (=D'wyy ifflx| < 1.

=0

Note that 5 are integrable functions on R2” — {0}.

Lemma 5.2. With notation as above,

n! ) G+(x) o—(x)
(2m)2n+! g%/uw((ﬁll)fﬂz —isyrt! " Blixl* + iS)”“)dx

n!
T Q)i (i)t (k).

Proof. Since 64 are integrable, the left-hand side is simply

n!
(—is)r+t1(2m)2n+t1

/(am+ew“awwx
]RZn
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This is equal to the right-hand side, since
R=5, +(=)""5_,
where R is as in Definition 3.1. |

We get

n! "
7, (k) = GG t(k) + gll, (5.1)

where, for/ =0,1,...,n —1,

~n! . Wy (X) (=D way (x)
I} = ——— lim - + - dx.
@m)> 1 plo Jran \ (Bllx[> —is)"*1 — (Bllx]|> + is)"+!
The formula for I, is the same (with / = n), except that the domain of integration is
lxll = 1.

Lemma 5.3. For/ =0,1,...,n—1, we have I; = 0.
Proof. Introduce spherical coordinates

X
ri=x| >0 6:==eS*! xeR*™,
r

and let
war(x) = az (x)r~2  ay € C®($*" ).

We have

az (0)r=2 (—)fay (O)r=2 d
/Rzn ((,Br2 —is)rtl + (Br2 +is)ntl ) o

_/ (e)dQ/oo r—zl N (_l)lr—21 2n—1d
S @2l o \(Br2—is)rtl = (Br2 +is)r*1 g g

o0 —21 1,.—21
-1
f - ;D ’ r?dr
o \(Brz—is)ntl = (Br2 +isyn+l
1 00 —l+n—1 -1 I —l+n—1
= —/ e - + D Z, dz
2 Jo \(Bz—is)rtl = (Bz +is)"t]
1 00 —l+n—1
R
2 Jooo (Bz —is)"t!
We used a change of variables z + —z for the second summand.

Contour integration over an interval [— R, R] and a semicircle of radius R in the upper
half-plane if s < 0, or the lower half-plane if s > 0, shows that

0o Z—l+n—1
— _dz=0.
/_oo (Bz—isy 1" .

and
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With ay; € C®(S?"~1) as above, define

1
R = — . 2
es(h) = —55 [ an(@)ds 52)
This is a trace on Sz (G) (see [5]).
Lemma 5.4. The value of I, is
!
I,, = sign(s) e i Res(k).

(27T)”+1 (—is)""'l

Proof. To calculate I, we use spherical coordinates, as above. We have

am (@) (D"am@)r " oy
[ (G i+ S e ) e

_ o0 1 (—1)! 1
_/Szn_l a2n(9)d9/1 ((,BrZ—is)"“ n (ﬂr2+is)"+1)r dr.

Thus
In = (22(),111 Res(k) - hm 1 (('Br2 _lis)nﬂ n (ﬂrz(:_ll.)sl)nﬂ)rldr.
As before,
= _1)!
/1 ((/3V2 —lis)”“ " (ﬂr2(+1i)s)"+1)r_ldr
1 »
= %/zGR,|Z|Zl mdz = %/ZER,lZZﬂ (Z_ledz (53)

A standard application of the residue theorem shows that

i

; Z_l —m if s > 0,
im ———dz = .
B0 Jzem |zizp (2 +is)" ! T s <0
(_l's)n-i-l § :
This proves the lemma. ]

Proposition 5.5. Let z = (0,5) € G be a central element with s # 0. Then

)"t (—is)" T { T+ mwiRes ifs >0,
T =

n! T —miRes ifs <O.

Proof. Combine (5.1) with Lemmas 5.3 and 5.4. ]
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