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A note on traces for the Heisenberg calculus

Alexander Gorokhovsky and Erik van Erp

Abstract. We gave a local formula for the index of Heisenberg elliptic operators on contact
manifolds in our earlier work (Gorokhovsky and van Erp, 2022). We constructed a cocycle in
periodic cyclic cohomology which, when paired with the Connes–Chern character of the princi-
pal Heisenberg symbol, calculates the index. A crucial ingredient of our index formula was a new
trace on the algebra of Heisenberg pseudodifferential operators. The construction of this trace was
rather involved. In the present paper, we clarify the nature of this trace and thus simplify the index
formula from our previous paper (Gorokhovsky and van Erp, 2022).

1. Introduction

Let g D R3 be the Lie algebra of the Heisenberg group with basis X; Y;Z and

ŒX;Z� D ŒY;Z� D 0 ŒX; Y � D Z:

Elements of g can be identified with right-invariant vector fields on the Heisenberg group
G D R3:
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Here .x; y; z/ are the standard coordinates on R3. The Heisenberg calculus is a pseudo-
differential calculus that is built on the idea that, for certain purposes, it is natural to treatZ
as a differential operator of degree 2. For example, in the classical calculus, the leading
term of the second order differential operator

P D X2 C Y 2 C i
Z 
 2 C

is the sublaplacian X2 C Y 2. The principal symbol of P is not invertible, and P is not
elliptic. But in the Heisenberg calculus, the term i
Z has order 2 and is part of the leading
term. It turns out that the principal symbol of P is invertible in the Heisenberg calculus
iff 
 is not an odd integer. In that case, P has a parametrix (an inverse modulo smoothing
operators), and, while P is not elliptic, it is still hypoelliptic.

The construction of the Heisenberg pseudodifferential calculus generalizes naturally
to contact manifolds (see [1]), which can be locally identified with the Heisenberg group.
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On a compact contact manifold, an operator with invertible principal symbol in the
Heisenberg calculus is a Fredholm operator. In [5], we gave a local formula for the index
of Heisenberg elliptic operators on contact manifolds in terms of the principal symbol.
Principal symbols of pseudodifferential operators in the Heisenberg calculus form a non-
commutative algebra SH . An invertible symbol determines an element in the K-theory
group K1.SH /. The Connes–Chern character maps K1.SH / to periodic cyclic homology
HP1.SH /. In [5], we constructed a cocycle in periodic cyclic cohomology HP 1.SH /
which, when paired with the Connes–Chern character of the symbol, calculates the index.

A crucial ingredient of our index formula was a trace � on the symbol algebra SH .
The purpose of the present paper is to clarify the nature of this trace and thus to simplify
the index formula of [5]. The construction of � in [5] was rather involved. We show here
how � can be understood with reference to a natural class of traces that can be defined for
a general homogeneous group.

A homogeneous group G is a nilpotent Lie group with underlying manifold Rm that
has a graded Lie algebra. Let ‰0H .G/ be the algebra of translation invariant order zero
operators in the Heisenberg calculus associated to G (as, e.g., in [2]). An operator in
‰0H .G/ is given by convolution (on the left) with a compactly supported distribution
k 2 E 0.G/ that is regular (i.e., k restricts to a smooth function on G � ¹0º) and that has
an asymptotic expansion

k � k0 C k1 C k2 C � � � :

The principal term k0 is homogeneous of degree �Q, where Q is the homogeneous
dimension ofG. In Section 2, we show that evaluation of the principal term k0 at a central
element z 2 G, z ¤ 0 defines a trace:

�z W ‰
0
H .G/! C �z.k/ WD k0.z/:

In Section 3, we briefly review our construction of the trace � from [5], which is defined
if G is the 2n C 1-dimensional Heisenberg group. The main result of this paper is
Theorem 3.3, which expresses � as a linear combination of traces defined in Section 2:

� D
.2�/nC1

2.nŠ/inC1
.�.0;C1/ � .�1/

n�.0;�1//: (1.1)

Section 4 introduces a technical lemma about the Fourier transform of a homogeneous
distribution. We use this lemma in Section 5 to prove Theorem 3.3.

Remark 1.1. In [5], we worked with traces on the Weyl algebra, rather than on the con-
volution algebra of the Heisenberg group. The connection between the two involves a
Fourier transform. The constant in equation (1.1) depends on a choice of isomorphism
between the convolution algebra and the algebra used in [5]. The relevant conventions are
spelled out in Section 3.1.
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2. Traces for homogeneous groups

2.1. Homogeneous groups

Let G be a nilpotent Lie group with underlying manifold Rn, with graded Lie algebra g.
This means that g decomposes as a direct sum:

g D g1 ˚ � � � ˚ gr ;

where Œgj ;gk � � gjCk if j C k � r , and Œgj ;gk � = 0 if j C k > r . Dilations ıt W g! g

are defined by
ıt .X/ D t

jX if X 2 gj ; t > 0:

The dilation ıt is a Lie algebra automorphism. We identify G D g via the exponential
map. Then ıt is a group automorphism.

If � is a Haar measure on G, then � ı ıt D tQ�, where Q is the homogeneous
dimension of G:

Q D

rX
jD1

j � dim gj :

We shall use the term “homogeneous” always in relation to the dilations ıt . A function f
on G is homogeneous of degree k if f .ıtx/ D tkf .x/. A distribution u 2 D 0.G/ is
homogeneous of degree k if hu; ' ı ıt i D t�Q�khu; 'i.

Example 2.1. The Lie algebra of the Heisenberg group G D R2nC1 is graded:

g D g1 ˚ g2 g1 D R2n; g2 D R:

The Lie bracket is

Œ.x; t/; .y; s/� D .0; !.x; y// x; y 2 R2n; t; s 2 R;

where !.x; y/ D
Pn
iD1 xiynCi � xnCiyi is the standard symplectic form on R2n. The

group operation is

.x; t/.y; s/ D
�
x C y; t C s C

1

2
!.x; y/

�
x; y 2 R2n; t; s 2 R:

The dilations are ı�.x; t/ D .�x; �2t /. The homogeneous dimension is Q D 2nC 2.

2.2. The algebra

For a homogeneous group G as above, let ‰0H .G/ denote the algebra of right-invariant
pseudodifferential operators of order zero in the generalized Heisenberg calculus onG (as
defined, e.g., in [2, 6]). An operator in ‰0H .G/ is given by convolution (on the left) with a
compactly supported distribution k 2 E 0.G/ that is regular (i.e., smooth on G � ¹0º) and
that has an asymptotic expansion

k � k0 C k1 C k2 C � � � ;
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where the principal term k0 is homogeneous of degree �Q.
The algebra SH of principal symbols is the quotient in the short exact sequence

0! ‰�1H .G/! ‰0H .G/! SH .G/! 0:

Elements of SH .G/ can be represented by regular distributions on G that are homoge-
neous of degree �Q. Note that the Dirac delta distribution on G is homogeneous of
degree �Q. The Dirac delta is the unit of the algebra SH .G/.

Convolution of two homogeneous distributions f; g 2 SH .G/ is defined as follows.
Let � 2 C1c .G/ be such that � D 1 in a neighborhood of 0. Then f � g is, by definition,
the principal part (of homogeneous degree �Q) in the asymptotic expansion of �f � �g.
The result does not depend on the choice of �.

2.3. Traces

For a central element z 2 G, evaluation at z defines a trace on the convolution algebra
C1c .G/:

.f � g/.z/ D

Z
G

f .zx�1/g.x/dx D

Z
G

g.x/f .x�1z/dx D .g � f /.z/:

This generalizes in various ways.

Lemma 2.2. If z is a central element of G, and u 2 E 0.G/, f 2 C1.G/, then

.u � f /.z/ D .f � u/.z/:

Proof. This is immediate from the definitions:

.u � f /.z/ WD hu; zf zi zf z.y/ D f .y�1z/

and
.f � u/.z/ WD hu; zfzi zfz.y/ D f .zy

�1/:

For a regular distribution f , we can evaluate f .z/ as long as z ¤ 0.

Lemma 2.3. If z ¤ 0 is a central element in G, and f; g are regular distributions with
compact support on G, then

.f � g/.z/ D .g � f /.z/:

Proof. Let U be a neighborhood of 0 2 G such that z … U 2. Let � 2 C1c .G/ be such that
� D 1 in a neighborhood of 0, and supp� � U . Then

f � g D �f � �g C .1 � �/f � �g C �f � .1 � �/g C .1 � �/f � .1 � �/g:



A note on traces for the Heisenberg calculus 1159

Since .1 � �/f; .1 � �/g 2 C1c .G/, we have

.1 � �/f � .1 � �/g.z/ D .1 � �/g � .1 � �/f .z/:

By Lemma 2.2,

.1 � �/f � �g.z/ D �g � .1 � �/f .z/; �f � .1 � �/g.z/ D .1 � �/g � �f .z/:

Finally, since supp �f � �g and supp �g � �f are contained in U 2, both of them vanish
at z.

Proposition 2.4. If z ¤ 0 is a central element in G, then

�z W SH .G/! R �z.f / WD f .z/

is a trace on SH .G/.

Proof. By definition of the product in SH .G/,

.f � g/.z/ D lim
t#0
tQ.�f � �g/.ıtz/

which, by Lemma 2.3, is equal to

.g � f /.z/ D lim
t#0
tQ.�g � �f /.ıtz/:

3. The main result

In this section, we specialize to the Heisenberg group. Throughout this section, G D
R2nC1 will denote the Heisenberg group, with notations as in Example 2.1.

3.1. Fourier transform

The Fourier transform is defined for Schwartz class functions f 2 �.R2nC1/ by

yf .y; s/ WD

Z
f .x; t/e�i.xyCts/dxdt

and is then extended to tempered distributions � 0.R2nC1/.
Given a compactly supported distribution k 2 ‰0H .G/, let yk 2 C1.R2nC1/ be its

Fourier transform. Define two functions �˙ 2 C1.R2n/:

�C.x/ WD lim
�!C1

yk.�x; �2/ ��.x/ WD lim
�!�1

yk.�x;��2/ x 2 R2n:

Alternatively, in the asymptotic expansion

k � k0 C k1 C k2 C � � � ;
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the principal term k0 is homogeneous of degree �Q and represents an element in SH .G/.
The Fourier transform yk0 is a smooth function on R2nC1 � ¹0º that is homogeneous of
degree 0 for the dilations, that is,

yk0.�x; �
2t / D yk0.x; t/ x 2 R2n; t 2 R; � > 0:

Then
�C.x/ WD yk0.x;C1/ ��.x/ WD yk0.x;�1/:

In particular, if k 2 ‰�1H .G/, then k0 D 0 and �˙ D 0.
If we wish to emphasize the dependence of �˙ on k, we denote it as �k

˙
. The map

k 7! �kC is an algebra homomorphism from the convolution algebra ‰0.G/ to the Weyl
algebra of R2n:

�k�hC .v/ D .�kC#�hC/.v/ D
1

.2�/2n

“
e2i !.x;y/�kC.v C x/�

h
C.v C y/dx dy: (3.1)

The map k ! �k� is an anti-homomorphism, with �k�h� D �h�#�k�.

3.2. The old trace

Our construction of the trace in [5] was strongly influenced by the work of Epstein and
Melrose in [3,4]. We summarize our construction here. For an in-depth treatment, see [5].

The smooth functions �˙, defined above, have asymptotic expansions for large
kxk!1 of the form

�C.x/ �

1X
lD0

w2l .x/ ��.x/ �

1X
lD0

.�1/lw2l .x/; (3.2)

where w2l is smooth on R2n � 0, and homogeneous of degree �2l .

Definition 3.1. The trace � W SH .G/! C is

�.k/ WD
1

.2�/n

Z
R2n

R.x/ dx k 2 SH .G/;

where R is the function

R WD �C � .�1/
n�� �

n�1X
lD0

"lw2l "l D 1 � .�1/
nCl
D

´
0 l C n even

2 l C n odd
:

Note that R is an integrable smooth function defined on R2n � ¹0º.

For a proof that � is a trace, see [5, Theorem 5.8 and Proposition 5.10].
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Remark 3.2. If �˙ are Schwartz class functions, then w2l D 0 for all l D 0; 1; 2; : : : , and
simply

�.k/ D
1

.2�/n

Z
R2n

�C.x/ dx � .�1/
n 1

.2�/n

Z
R2n

��.x/ dx:

In this case, the integral
1

.2�/n

Z
R2n

�C.x/ dx

is the usual trace of the trace class operator on L2.Rn/ determined by the distribution k0
in the Schrödinger representation of the Heisenberg group.

Likewise,

.�1/n
1

.2�/n

Z
R2n

��.x/ dx

is the trace of the trace class operator on L2.Rn/ determined by k in the dual of the
Schrödinger representation. (For details, see [5, Section 5.3].)

The main result of this paper is that the trace � can be expressed as a linear combination
of traces defined in Section 2.3.

Theorem 3.3. Let G D R2nC1 be the Heisenberg group. Let

�C WD �.0;C1/ �� WD �.0;�1/

be the traces defined in Section 2.3, for the central elements .0;˙1/ 2 G. Then

� D
.2�/nC1

2.nŠ/inC1
.�C � .�1/

n��/:

4. A lemma about Fourier transforms

For an integrable function g 2 L1.R2nC1/, denote the Fourier transform by

F .g/.y; s/ WD

Z
g.x; t/e�i.xyCts/dxdt

with inverse Fourier transform

F �.g/.y; s/ WD
1

.2�/2nC1

Z
g.x; t/ei.xyCts/dxdt:

As usual, the Fourier transform F .T / of a tempered distribution T is defined by
hF .T /; 'i D hT;F .'/i, ' 2 �.R2nC1/, and similarly for F �.T /.

In this section, we prove the following lemma, which expresses the Fourier transform
of a homogeneous distribution as a limit of the Fourier transforms of integrable functions.
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Lemma 4.1. Let f be a smooth function on R2nC1 � ¹0º, homogeneous of degree 0 with
respect to the dilations, that is,

f .�x; �2t / D f .x; t/ x 2 R2n; t 2 R; � > 0:

Then
F �.f /.0; s/ D lim

ˇ#0
lim
ı#0

F �.f .x; t/e�ˇkxk
2�ıjt j/.0; s/:

Note that the function F �.f / is smooth away from 0, and so are F �.fe�ˇkxk
2
/ and

F �.fe�ˇkxk
2�ıjt j/ for ı; ˇ > 0. The proof proceeds in two steps.

Lemma 4.2. Let f be a smooth function on R2nC1 � ¹0º, homogeneous of order 0 with
respect to the dilations. Let ˇ > 0. For s ¤ 0,

lim
ı#0

F �.fe�ˇkxk
2�ıjt j/.0; s/ D F �.fe�ˇkxk

2

/.0; s/:

Proof. Choose a smooth function � 2 C1.R/ with

�.t/ D

´
0 if jt j � 1;

1 if jt j � 2:

Then .1� �.t//f .x; t/e�ˇkxk
2

is in L1.R2nC1/. By the dominated convergence theorem,

lim
ı#0

F �..1 � �/fe�ˇkxk
2�ıjt j/.0; s/ D F �..1 � �/fe�ˇkxk

2

/.0; s/: (4.1)

Assume ˇ > 0, ı > 0. Then �.t/f .x; t/e�ˇkxk
2�ıjt j is a Schwartz class function.

Therefore,

F �.�fe�ˇkxk
2�ıjt j/ D

1

.�is/k
F �.@kt .�fe

�ˇkxk2�ıjt j//

D
1

.�is/k

kX
pD0

�
k

p

�
F �.@

p
t .�f /@

k�p
t e�ˇkxk

2�ıjt j/: (4.2)

Note that, while e�ˇkxk
2�ıjt j is not smooth at t ¤ 0, the above formula makes sense

because @pt .�f / is zero for t 2 Œ�1; 1�.
Since differentiating in t reduces the degree of homogeneity of f , for each p D

0; 1; 2; : : : , there exists C such that for all .x; t/ 2 R2nC1,

j@
p
t .�.x; t/f .x; t//j � C jt j

�p:

Also,
j@
k�p
t e�ˇkxk

2�ıjt j
j � ık�pe�ˇkxk

2�ıjt j;



A note on traces for the Heisenberg calculus 1163

and so
j@
p
t .�f /@

k�p
t e�ˇkxk

2�ıjt j
j � Cık�pjt j�pe�ˇkxk

2�ıjt j:

With ˇ > 0 fixed, we obtain (with different constant C )

k@
p
t .�f /@

k�p
t e�ˇkxk

2�ıjt j
kL1 � Cı

k�p

Z
ktk>1

jt j�pe�ıjt jdt:

For small ı > 0, Z
jt j�1

jt j�pe�ıjt jdt D

8̂̂<̂
:̂

O.ı�1/ if p D 0;

O.log ı/ if p D 1;

O.1/ if p � 2;

and so

k@
p
t .�f /@

k�p
t e�ˇkxk

2�ıjt j
kL1 D

8̂̂<̂
:̂

O.ık�1/ if p D 0;

O.ık�1 log ı/ if p D 1;

O.ık�p/ if p � 2:

We now assume that k � 2. Then all these L1-norms converge to 0 if ı # 0, except when
p D k. Since kF �.g/k1 � kgkL1 , equation (4.2) implies

lim
ı#0

F �.�fe�ˇkxk
2�ıjt j/.0; s/ D lim

ı#0

1

.�is/k
F �.@kt .�f / e

�ˇkxk2�ıjt j/.0; s/:

Since @kt .�f /e
�ˇkxk2 is in L1, dominated convergence gives

lim
ı#0

F �.@kt .�f /e
�ˇkxk2�ıjt j/.0; s/ D F �.@kt .�f /e

�ˇkxk2/.0; s/

D F �.@kt .�fe
�ˇkxk2//.0; s/

D .�is/kF �.�fe�ˇkxk
2

/.0; s/:

In other words,

lim
ı#0

F �.�fe�ˇkxk
2�ıjt j/.0; s/ D F �.�fe�ˇkxk

2

/.0; s/:

Combined with (4.1), this completes the proof.

Lemma 4.3. Let f be a smooth function on R2nC1 � ¹0º, homogeneous of degree 0 with
respect to the dilations. For s ¤ 0,

lim
ˇ#0

F �.fe�ˇkxk
2

/.0; s/ D F �.f /.0; s/:

Proof. Let ' 2 C1c .R
2nC1/ be a compactly supported smooth function such that

'.x; t/ D 1 in a neighborhood of 0. Then 'f is integrable, and so

lim
ˇ#0

F .'fe�ˇkxk
2

/.0; s/ D F .'f /.0; s/:
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We also have

F �..1 � '/fe�ˇkxk
2

/ D
1

.�is/k
F �.@kt ..1 � '/f /e

�ˇkxk2/;

where @kt ..1 � '/f / is integrable if k is sufficiently large, and hence

lim
ˇ#0

F �.@kt ..1 � '/f /e
�ˇkxk2/.0; s/ D F �.@kt ..1 � '/f //.0; s/

D .�is/kF �..1 � '/f /.0; s/

The statement follows.

5. Proof of the main result

Throughout this section, G D R2nC1 is the Heisenberg group, with notations as in
Example 2.1.

The trace �z.k/ is, by definition, evaluation of the principal part k0 of k at a central
element z 2 G, z ¤ 0. The definition of the trace �.k/ is expressed in terms of the prin-
cipal Heisenberg symbol .�C; ��/, which involves the Fourier transform of k. In order to
relate � and �z , we use Lemma 4.1 to express �z.k/ in terms of .�C; ��/.

From there, the proof of Theorem 3.3 consists of a series of calculations. These
calculations result in Proposition 5.5, which expresses �z as a linear combination of �
and a well-known residue trace (see (5.2)). Theorem 3.3 follows immediately from
Proposition 5.5.

For readability, we have formalized steps in these calculations as lemmas.

Lemma 5.1. Let k 2 ‰0H .G/, and let z D .0; s/ 2 G be a central element with s ¤ 0.
Then

�z.k/ D
nŠ

.2�/2nC1
lim
ˇ#0

Z
R2n

�
�C.x/

.ˇkxk2 � is/nC1
C

��.x/

.ˇkxk2 C is/nC1

�
dx:

Proof. Let ı > 0. Denote f D yk0. For t > 0, we have f .x; t/D �C.x=
p
t /; for t < 0, we

have f .x; t/ D ��.x=
p
�t /. Change of variables gives

.2�/2nC1F �.fe�ˇkxk
2�ıjt j/.0; s/

D

Z
fe�ˇkxk

2�ıjt jCistdtdx

D

Z
R2n

Z 1
0

�C.x=
p
t /e�ˇkxk

2�ıtCist dtdx

C

Z
R2n

Z 0

�1

��.x=
p
�t /e�ˇkxk

2CıtCist dtdx
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D

Z
R2n

�C.x/

Z 1
0

tne�.ˇkxk
2Cı�is/t dtdx

C

Z
R2n

��.x/

Z 1
0

tne�.ˇkxk
2CıCis/t dtdx:

Using the Gamma integralZ 1
0

tne�ct dt D
1

cnC1

Z 1
0

une�u du D
�.nC 1/

cnC1
D

nŠ

cnC1
;

we obtain

F �.fe�ˇkxk
2�ıjt j/.0; s/

D
nŠ

.2�/2nC1

Z
R2n

�
�C.x/

.ˇkxk2 C ı � is/nC1
C

��.x/

.ˇkxk2 C ı C is/nC1

�
dx:

The statement now follows from Lemma 4.1.

With k 2 ‰0H .G/ as above, and the asymptotic expansions of �˙ as in (3.2), define

z�C WD

8̂̂̂̂
<̂̂
ˆ̂̂̂:
�C �

nX
lD0

w2l if kxk � 1;

�C �

n�1X
lD0

w2l if kxk < 1;

and

z�� WD

8̂̂̂̂
<̂̂
ˆ̂̂̂:
�� �

nX
lD0

.�1/lw2l if kxk � 1;

�� �

n�1X
lD0

.�1/lw2l if kxk < 1:

Note that z�˙ are integrable functions on R2n � ¹0º.

Lemma 5.2. With notation as above,

nŠ

.2�/2nC1
lim
ˇ#0

Z
R2n

�
z�C.x/

.ˇkxk2 � is/nC1
C

z��.x/

.ˇkxk2 C is/nC1

�
dx

D
nŠ

.2�/nC1.�is/nC1
�.k/:

Proof. Since z�˙ are integrable, the left-hand side is simply

nŠ

.�is/nC1.2�/2nC1

Z
R2n

.z�C.x/C .�1/
nC1
z��.x// dx:
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This is equal to the right-hand side, since

R D z�C C .�1/
nC1
z��;

where R is as in Definition 3.1.

We get

�z.k/ D
nŠ

.2�/nC1.�is/nC1
�.k/C

nX
lD0

Il ; (5.1)

where, for l D 0; 1; : : : ; n � 1,

Il D
nŠ

.2�/2nC1
lim
ˇ#0

Z
R2n

�
w2l .x/

.ˇkxk2 � is/nC1
C

.�1/lw2l .x/

.ˇkxk2 C is/nC1

�
dx:

The formula for In is the same (with l D n), except that the domain of integration is
kxk � 1.

Lemma 5.3. For l D 0; 1; : : : ; n � 1, we have Il D 0.

Proof. Introduce spherical coordinates

r WD kxk � 0 � WD
x

r
2 S2n�1 x 2 R2n;

and let
w2l .x/ D a2l .x/r

�2l a2l 2 C
1.S2n�1/:

We haveZ
R2n

�
a2l .�/r

�2l

.ˇr2 � is/nC1
C
.�1/la2l .�/r

�2l

.ˇr2 C is/nC1

�
dx

D

Z
S2n�1

a2l .�/d�

Z 1
0

�
r�2l

.ˇr2 � is/nC1
C

.�1/lr�2l

.ˇr2 C is/nC1

�
r2n�1dr

and Z 1
0

�
r�2l

.ˇr2 � is/nC1
C

.�1/lr�2l

.ˇr2 C is/nC1

�
r2n�1dr

D
1

2

Z 1
0

�
z�lCn�1

.ˇz � is/nC1
C
.�1/lz�lCn�1

.ˇz C is/nC1

�
dz

D
1

2

Z 1
�1

z�lCn�1

.ˇz � is/nC1
dz:

We used a change of variables z 7! �z for the second summand.
Contour integration over an interval Œ�R;R� and a semicircle of radius R in the upper

half-plane if s < 0, or the lower half-plane if s > 0, shows thatZ 1
�1

z�lCn�1

.ˇz � is/nC1
dz D 0:
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With a2l 2 C1.S2n�1/ as above, define

Res.k/ D �
1

2.2�/n

Z
S2n�1

a2n.�/d�: (5.2)

This is a trace on SH .G/ (see [5]).

Lemma 5.4. The value of In is

In D sign.s/
nŠ

.2�/nC1.�is/nC1
�i Res.k/:

Proof. To calculate In, we use spherical coordinates, as above. We haveZ
r�1

�
a2n.�/r

�2n

.ˇr2 � is/nC1
C
.�1/na2n.�/r

�2n

.ˇr2 C is/nC1

�
r2n�1drd�

D

Z
S2n�1

a2n.�/d�

Z 1
1

�
1

.ˇr2 � is/nC1
C

.�1/l

.ˇr2 C is/nC1

�
r�1dr:

Thus

In D �
2.nŠ/

.2�/nC1
Res.k/ � lim

ˇ#0

Z 1
1

�
1

.ˇr2 � is/nC1
C

.�1/l

.ˇr2 C is/nC1

�
r�1dr:

As before,Z 1
1

�
1

.ˇr2 � is/nC1
C

.�1/l

.ˇr2 C is/nC1

�
r�1dr

D
1

2

Z
z2R;jzj�1

z�1

.ˇz � is/nC1
dz D

1

2

Z
z2R;jzj�ˇ

z�1

.z � is/nC1
dz: (5.3)

A standard application of the residue theorem shows that

lim
ˇ#0

Z
z2R;jzj�ˇ

z�1

.z C is/nC1
dz D

8̂̂<̂
:̂
�

�i

.�is/nC1
if s > 0;

�i

.�is/nC1
if s < 0:

This proves the lemma.

Proposition 5.5. Let z D .0; s/ 2 G be a central element with s ¤ 0. Then

.2�/nC1.�is/nC1

nŠ
�z D

´
� C �i Res if s > 0;

� � �i Res if s < 0:

Proof. Combine (5.1) with Lemmas 5.3 and 5.4.
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