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Weighted Poisson polynomial rings in dimension three
Hongdi Huang, Xin Tang, Xingting Wang, and James J. Zhang

Abstract. We discuss Poisson structures on a weighted polynomial algebra A := k[x, y, z] defined
by a homogeneous element 2 € A, called a potential. We start with classifying potentials 2 of
degree deg(x) + deg(y) + deg(z) with any positive weight (deg(x), deg(y), deg(z)) and list all
with isolated singularity. Based on the classification, we study the rigidity of 4 in terms of graded
twistings and classify Poisson fraction fields of A/(2) for irreducible potentials. Using Poisson val-
uations, we characterize the Poisson automorphism group of A when 2 has an isolated singularity
extending a nice result of Makar-Limanov—Turusbekova—Umirbaev. Finally, Poisson cohomology
groups are computed for new classes of Poisson polynomial algebras.
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1. Introduction

Poisson algebras are used in classical mechanics to describe observable evolution in
Hamiltonian systems. They have been widely studied concerning topics such as (twisted)
Poincaré duality and modular derivations [32, 34, 53], Poisson Dixmier—Moeglin equiv-
alence [4, 19, 21, 26, 35], Poisson enveloping algebras [1-3, 30, 31], noncommutative
discriminant [7, 8, 28, 38] and so on. They have also been utilized to study the repre-
sentation theory of PI Sklyanin algebras [51, 52]. Additionally, Poisson algebras have
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been investigated in the context of the isomorphism problem, invariant theory and the
cancellation problem [16-18,36].

Let k be an algebraically closed base field of characteristic zero throughout. Quadratic
Poisson structures with deg(x;) = 1 for all i on Kk[xq, ..., x,] have been applied in
various fields, as discussed in papers [5, 20, 22,29, 43] and their references. Note that
the deformation quantization of such a Poisson structure is the homogeneous coordinate
ring of quantum P”~1. It is Calabi—Yau if the corresponding formal Poisson bracket on
k[x1,...,xs] is unimodular [10]. The modular derivations can be considered a Poisson
analog of the Nakayama automorphisms of skew Calabi—Yau algebras. For more informa-
tion on skew Calabi—Yau algebras, see [44,45] and related references. A notable family
of quadratic Poisson structures is the elliptic Poisson algebras. These were independently
introduced by Feigin and Odesskii [14] and Polishchuk [41]. Elliptic Poisson algebras can
be viewed as semi-classical limits of the elliptic Sklyanin algebras studied by Feigin and
Odesskii [13].

A unimodular Poisson structure on k[x, y, z] is determined by a potential Q €
k[x, y, z]. Elliptic Poisson algebras in 3 variables are defined as a particular case by a
homogeneous potential 2 of degree 3 with an isolated singularity at the origin. Van den
Bergh earlier considered these elliptic Poisson algebras in his work on Hochschild homol-
ogy of 3-dimensional Sklyanin algebras [50]. Makar-Limanov—Turusbekova—Umirbaev
computed Poisson automorphism groups of these algebras [37] when all the genera-
tors have degree 1. Recently, it has been proved that every connected graded Poisson
polynomial algebra is a twist of a unimodular Poisson polynomial algebra [49].

In associative algebra, Stephenson [46,47] has classified and studied the weighted ver-
sion of connected graded Artin—Schelter regular (or skew Calabi—Yau) algebras of global
dimension three. However, there is little knowledge about the Poisson analog of these
algebras.

1.1. General setup

In this paper, the graded Poisson polynomial algebras A in dimension three are given by a
weighted homogeneous potential 2. We relax two assumptions made in the elliptic ones
above: (a) generators being in degree 1 and (b) isolated singularities of potential 2. We
study those A that exhibit similar Poisson cohomological behaviors to elliptic Poisson
algebras. Additionally, we are interested in the Poisson automorphism groups of A and
some of its quotients A/(2 — §), where £ € k.

Set N ={0,1,2,...} and Ny = {1,2,3,...}. An algebra A4 is said to be connected
graded if A = @;. (A is N-graded and Ay = k. If so, we use | f| to denote the degree
of a homogeneous ‘element f € A. We say A is a connected w-graded Poisson algebra
(for w € Z) if A = €P,.Ai is a connected graded algebra, where the Poisson bracket
of A satisfies {A;, A;} §Ai+j_w forall i, j > 0. If w = 0, we simply say A is a con-
nected graded Poisson algebra. Below is a general setup for some of the main objects in
this paper. We shall make it clear in the context when such a setup or part of it is in place.
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Hypothesis 1.1. (1) Suppose that A: = k[x, v, z] is a weighted polynomial algebra
with deg(x) = a,deg(y) = b,deg(z) = c fora,b,c € N,.

(2) Let Q2 € A be a nonzero homogeneous element of degree n > 0. We call Q a
potential of A andsetw :=n—a—b —c.

(3) Let Ag denote k[x, y, z] with a Poisson structure determined by 2 € k[x, y, z] as
follows (Definition 4.1):

S Sy Sz
{f.gy=det|l gx & &: forall f, g € k[x, y, z].
Q Q) Qg

(4) w =0, equivalentlyn =a + b +c.

Remark 1.2. To save space, the following will be implemented:
(1) Concerning the classification of €2, it is always assumed that 1 <a <b <c.

(2) We will use tables, such as Table 1, at the end of the introduction and in
Appendix A to present results concisely.

(3) Some computations will not be shown for Theorems 4.6 and 5.2 and Proposi-
tion 7.3 but are available from the authors.

(4) When analyzing arguments divided into cases, authors typically provide a detailed

analysis for one case and skip details for others if the proofs are similar. All
necessary details can be provided upon request.

1.2. Classification

We classify all potentials 2 in k[x, y, z] of degree a + b + ¢ (refer to Theorem 3.5 for
details). The classification for (a, b, c) = (1,1, 1) is well known [6, 11, 12,25,29]. We
characterize all possible weights (a, b, ¢) € N_3,_ on k[x, y, z] that guarantee the existence
of potentials © of degree a + b + ¢ with isolated singularities (Lemma 4.10). Together
with Theorem 3.5, we identify all three possible parametric families of such potentials.

Theorem 1.3 (Lemma 4.10). Assume (1), (2) and (4) of Hypothesis 1.1 witha < b < ¢
and gcd(a, b, ¢) = 1. Below is a complete list of potentials with isolated singularities of
degree a + b + ¢ (up to graded automorphisms):

1) Q1 =x3+y3+ 234+ Axyzfor (1) #£3-3-3and (a,b,c) = (1,1,1).

(2) Qo =x*+y*+ 22+ Axyz for (=M)* #4-4-2%2 and (a,b,c) = (1,1,2).

(3) Q3 =x%+ y3+ 224+ Axyz for (=1)® # 6-3%2-23 and (a,b,c) = (1,2,3).

Note that these potentials correspond to the homogeneous coordinate rings of Veronese
embeddings of elliptic curves in a weighted projective plane. The embeddings are defined
by adivisor D = kP with a marked point P € E and k = 3,2, 1. Our result will hopefully
have independent interests in weighted projective spaces.
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1.3. Rigidities

In [49], the Poisson version of graded twists of graded associative algebras introduced by
Zhang [55] was used to define a numerical invariant rgt(A4) (Definition 2.2) for any Z-
graded Poisson algebra A. This invariant measures the size of the vector space of graded
twists of A. If rgt(A4) = 0, then all graded twists of A are isomorphic to 4, and we call A
rigid. When A = k|[x, y, z] is a polynomial Poisson algebra generated in degree 1, it
was shown in [49, Corollary 6.7] that any connected graded unimodular Poisson structure
on A is rigid if and only if the associated potential €2 is irreducible. We generalize this
equivalence to the weighted case.

Theorem 1.4 (Theorem 5.2). Assume Hypothesis 1.1. Then rgt(Agq) = 0 if and only if Q
is irreducible.

In Subsections 5.2 and 5.3, we will briefly discuss two other types of rigidities.

1.4. Automorphism problem

One of the aims of this paper is to present universal methods for studying Poisson algebra
on essential subjects such as Poisson automorphism groups (Theorem 1.5) and Poisson
cohomologies (Theorem 1.6).

In [24], Poisson valuations were introduced and used to solve rigidity, automorphism,
isomorphism and embedding problems for various Poisson algebras/fields. We use them to
determine Poisson automorphism groups for Ag and its quotient Aq /(2 — &) when € is
a potential of degree a + b + ¢ with isolated singularity. Our approach provides an alter-
native method for determining the automorphism groups of 3-dimensional elliptic Poisson
algebras when the Poisson algebra A is generated in degree 1, differing from [37].

Theorem 1.5 (Theorem 4.9). Assume Hypothesis 1.1. Suppose 2 has an isolated
singularity. Denote by Po_¢ = Aq/(Q2 —§) for & € k and write Pq_q simply as Pq.

(1) Every Poisson automorphism of Pgq is graded, and every Poisson automorphism
of Pq_g is linear when § # 0.

(2) Every Poisson automorphism of Aq is graded.

Moreover, the explicit forms of the automorphism groups of Pq_¢ and Ag are provided
in Lemmas 4.11-4.14.

If @2 has no isolated singularity, finding the Poisson automorphism group of Ag
becomes challenging. According to Theorem 4.6, the Poisson fraction fields Q = Q(Pgq)
can be divided into three families. For convenience, we call 2 Weyl type if Q is isomor-
phic to the Poisson Weyl field Kwey := k(x, y) with {x, y} = 1, and we call Q quantum
type it Q is isomorphic to the Poisson quantum field K, := k(x, y) with {x, y} = gxy
for some g € k™. When  is of Weyl type, we can construct many ungraded Poisson
automorphisms of A (see Example 4.15). However, we cannot construct any ungraded
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Poisson automorphisms of A if 2 is of quantum type. We are curious if the Poisson auto-
morphisms of their Poisson algebras are similar to those of elliptic Poisson algebras, which
are all graded (see Question 4.16).

1.5. Poisson cohomologies

Poisson cohomologies can be notoriously difficult to calculate. We characterize Poisson
cohomological groups for various Poisson algebras in dimension three. Inspired by the
PH!-minimality from [49], we introduce the concept of uPH?-vacancy in Definition 6.8 to
control the second Poisson cohomology. The property of being uPH2-vacant was implic-
itly used by Pichereau in [40, Remark 3.9] for 2 having an isolated singularity. In the
theorem below, we generalize [49, Theorem 0.6] to the weighted case. We call an irre-
ducible potential 2 in k[x, y, z] balanced if Q2,S2,Q; # 0 for any choice of graded
generators (x, y, z); otherwise, we call it non-balanced.

Theorem 1.6. Let A := Kk[x, y, z] be a connected graded Poisson polynomial algebra
assuming (1) of Hypothesis 1.1. Denote by Z the Poisson center of A. Then the following
statements are equivalent:

(1) rgt(A) = 0 and any homogeneous Poisson derivation of A with negative degree
is zero.

(2) Any graded twist of A is isomorphic to A, and any homogeneous Poisson
derivation of A with a negative degree is zero.

(3) The Hilbert series of the graded vector space of Poisson derivations of A is

1
(1 —t9)(1 —1tb)(1 —1¢)°

@) hpwt (ay(0) is T2

(5)  hppiay(?) is equal to hz(1).

(6) Every Poisson derivation ¢ of A has a decompositionp =zE + Hy, wherez € Z
and [ € A. Here, z is unique, and f is unique up to a Poisson central element.

(7)  Every Poisson derivation of A that vanishes on Z is Hamiltonian.

(8) A is an unimodular Poisson algebra determined by an irreducible potential 2
that is balanced.

) hpr(ay (1) = hpy(ay (1) = 1470F<.

(10) A is unimodular and hypps (4)(t) = e (GlebdU= U0 )

(l_ta+b)(1_ta+c)(1_tb+c)
ta+b+c(1_ta+b+c)(1_ta)(l_tb)(l_tc) .

(11) A is unimodular and hpys (4)(t) =

(12) A is uPH?-vacant.

It is important to note that van den Bergh [50] already computed the Poisson
(co)homology of A for the case where A is generated in degree 1 and 2 is a cubic poly-
nomial with isolated singularity. Moreover, it was later computed by Pichereau [40] for
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an arbitrary weighted homogeneous €2 with isolated singularity. Additional computations
can be found in [39,48]. As stated in Theorem 1.6, the calculation of Poisson cohomology
for Ag is possible for both quantum and balanced Weyl types of €2, regardless of whether
or not isolated singularity exists.

In the graph below, all potentials of degree a 4+ b + ¢ listed in Theorem 3.5 are divided
into irreducible potentials in the black circle and reducible ones in the complement, where
irreducible potentials are subdivided into three types: isolated singularity, quantum and
(balanced and non-balanced) Weyl.

Isolated singularity

(i):
@ : Quantum type

: Non-balanced Weyl type

@ : Balanced Weyl type

@:Weyltype:@—!—
@ : Reducible

We conclude the introduction with a table summarizing the main results for each
type of 2. Indeed, the table provides information concerning the smoothness of the
projective curve 2 = 0 (see Remark 4.7), the Gelfand—Kirillov dimension (GKdim) of
Asing: = A/(Rx, Qy, Q;), the rigidity of A (see Table A.7), the Poisson automorphism
group of A (see Theorem 1.5 and Example 4.15), the Poisson fraction field of A/
(see Theorem 4.6), the uPH?-vacancy (see Theorem 1.6) and the K;-sealedness (see
Definition 6.2).

This paper is divided into six sections. Section 2 provides basic notations and results
for Poisson algebras and briefly describes Poisson valuations. In Section 3, we classify all
homogeneous polynomials 2 in k[x, y, z] such that |2| = |x| + |y| + |z| and prove Theo-
rem 1.3. In Section 4, we prove Theorem 1.5; in Section 5, we prove results about several
different rigidities, including Theorem 1.4. We study Ki-sealedness and uPH?-vacancy
in Section 6, which will be useful for the following section. In Section 7, we estab-
lish the results on Poisson cohomology for Poisson algebras k[x, y, z] with irreducible
potentials Q of degree |x| + |y| + |z| as summarized in Theorem 1.6.
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2. Preliminaries

2.1. Terminology

Let A = k[xy, ..., x,] be a polynomial algebra. We denote by X°(4) = @7, X! (A)
the set of skew-symmetric multi-derivations of A. For P € XP(A) and Q € X9(A),
their wedge product P A Q € XP149(A) is the skew-symmetric (p + ¢)-derivation of A4,
defined by

(PAO)ai,....apsq) = Z sgn(0) P(ag(y, - ao(p)) Qo (p+1)s - - » Ao (p+q))

0€Spq

forall ay,...,apqq € A, where S, 4 C Sp44 is the set of all (p, g)-shuffles. Note that
(X°(A), A) is a graded commutative algebra [27, Proposition 3.1]. Recall that the Schouten
bracket on X*(A) is given by

[-,-]s : XP(A) x :{q(A) N :{p+q—1(A)
such that

[P» Q]S(al, . ,ap_;,_q_l)

= Z sgn(o) P(Q(ac(1)s - - -+ do(g)) do(g+1)s - - - » Ao (g+p—1))

€Sy, p—-1

— (=)~ bl-b

Z sgn(o) Q(P(ag(1ys - - Ao (p))s Aa(p+1)s - - - » do(p+q—1))

0ES) 4-1
for any P € XP(A), Q € X9(A) and p,q € N. Note that (X°(A4), A, [—, —]s) is a
Gerstenhaber algebra [27, Proposition 3.7].

Let ©2!(A4) be the module of Kihler differentials over A and Q7(A) = A§Q'(A)
for p > 2. The differential d : A — Q'(A) extends to a well-defined differential of the
complex 2°(A), and the complex (2°, d) is called the algebraic de Rham complex of A.

For every P € X?(A), the internal product with respect to P, denoted by tp, is

an A-module map
tp 1 Q°(A) - Q*7P(A)

which is determined by
tp(dFy NdFy A+ NdFy)
0, k < p,
— Z Sgn(U)P(Fo(l)a--wFo(p))

UGSp,k—p

dFypiy A AdFyqy € Q7P (A), k>p
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for all dFy A dFs A--- A dFy € Q¥(A). Then the Lie derivative with respect to P is
defined to be
Ep =[ip,d]: Q°(4) — Q*PTI(A)

(see [27, equation (3.49)]). Let § € ¥'(A) be a derivation of A. The divergence of §,
denoted by div(§), is an element in A defined by the equation

£s5(v) = div(d)v,

where v € Q"(A) is a fixed volume form for A. In particular, if we choose v = dx; A
-+« Adxy, from [49, Lemma 1.2 (1)], we get

: 98(x;)
div($) = —_—.
()lénm

Let (A, ) be a Poisson algebra with = € ¥2(A) satisfying [, r]s = 0. We usu-
ally write the corresponding Poisson bracket on 4 as {—, —} = 7w (—, —). A derivation §
on A is called a Poisson derivation if [§, t]s = 0or §({f, g}) = {6(f), g} + {f.8(g)}
for all f, g € A. There is a special class of Poisson derivations on A called Hamiltonian
derivations, which is given by Hy := { f, —} forany f € A. The modular derivation of A
is defined by

w(f) = —div(Hy)

for all f € A. We call A unimodular if m = 0.

For each g > 0, the gth Poisson cohomology of A is defined to be the gth-cohomology
of the cochain complex (X°*(A4), dy) with differential d, = —[—, ]s. In particular, for
any f € ¥9(A), di(f) € £9T1(A) is determined by

q
dd(f)ao,....a) = Y _(—=D)'{ai, f(ao. ... G, ... aq)}
i=0
+ Z (—l)i“"jf({ai,aj},ao,...,é},...,é;‘,...,aq)
0<i<j=q
2.1)
for any ag,ai,...,ay € A. We denote by

PHY(A) := ker(d?)/im(dZ™").

Let Pd(A) be the Lie algebra of all Poisson derivations of A, and let Hd(A) be the Lie
ideal of Pd(A) consisting of all Hamiltonian derivations. We also denote by Zp(A) the
Poisson center of A. In particular,

PH(4) = Zp(A), PH!(A) = Pd(A4)/Hd(A).
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For each ¢ > 0, the gth Poisson homology of A is defined to be the gth-homology of the
chain complex (£2°(A4), ™), where the differentials are given by 07 = £r = [ir, d]:
Q9(A) — Q971 (A). We denote by

PH,(A) := ker(d7)/im(d74,)-

When A has a unimodular Poisson structure w, a duality exists between its Poisson
homology and Poisson cohomology [34].

Let us review the concepts of H-ozoneness and PH'-minimality about a connected
graded Poisson algebra.

Definition 2.1 ([49, Definition 7.1]). Let A = k[x;, ..., x,] be a connected graded
Poisson algebra with its Poisson center denoted by Z.
(1) § € Pd(A) is called ozone if §(Z) = 0.
(2) Let Od(A) denote the Lie algebra of all ozone Poisson derivations of A.
(3) We say A is H-ozone if Od(A) = Hd(A), namely, any ozone derivation is
Hamiltonian.

(4) We say A is PH!-minimal if PH! (A4) 2 ZE as graded Z-modules, where E is the
Euler derivation (2.2) below.

2.2. Twists of graded Poisson algebras

Let A = k[xy, ..., x,] be a graded Poisson polynomial algebra with Poisson bracket
7w = {—, —} of degree 0. In [49, Section 2], the notion of graded twists of A was intro-
duced. For any homogeneous element f € A, we use | f| to denote its degree in A. Define
the Euler derivation E of A by

ECf)=I1fIf 22

for all homogeneous elements f € A. We point out that E is a Poisson derivation and
div(E) = Y /_; deg(x;). Recall that a derivation § on 4 is said to be a semi-Poisson
derivation if

[ENnS,m]s = EAN[S,7]s =0.

The set of all graded semi-Poisson derivations (resp. graded Poisson derivations) of A4 is
denoted by Gspd(A4) (resp. Gpd(A4)). When A is a Z-graded Poisson algebra, Gspd(A4)
is a k-vector space. For any § € Gspd(A), we can define a new Poisson algebra A% :=
(A, Tnew), called a graded twist of A, with

Tpew .= +EAS 2.3)

or namely, { f, gthew = {f. g} + E(f)3(g) — 8(f)E(g) for all homogeneous elements
frge A
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Definition 2.2 ([49, Definition 4.3]). Let A = k[xy, ..., x,] be a Z-graded Poisson
algebra. The rigidity of A is defined to be

rgt(A) := 1 — dimk Gspd(A4).
In particular, we say A is rigid if rgt(4) = 0.

Let (A, ) be a Poisson algebra with Poisson bracket 7. Let £ be any nonzero scalar.
We define a new Poisson bracket 7z := &m or {—, —}¢ := &{—, —} on A. Then it is easy
to see that A’ := (A, m¢) is a Poisson algebra. The following lemma shows how Poisson
structures and their Poisson cohomologies behave when we replace A (resp. w) by A’
(resp. ' 1= mg).

Lemma 2.3 ([49, Lemma 1.5]). Retain the notations as above with £ € k*. Let d}
(resp. dz,) be the differential of X°(A) (resp. X*(A’)) as defined in (2.1). The following is
true:

1) dg, = &d for all q.

(2) ker(dd)) = ker(d7) for all q.

3) im(dz,) = im(d}) for all q.

(4) PHY(A) = PHY(A) for all q.

(5) rgi(Aq) = rgti(4s).

(6) Aq is H-ozone if and only if Agq is H-ozone.

(7) Agq is PH'-minimal if and only if Agq is PH!-minimal.

2.3. Notations for Poisson (co)homology in dimension three

We consider the polynomial algebra A = k|[x, y, z] is a polynomial algebra with grading
(deg(x).deg(y).deg(z)) = (a.b,c) € (N;)3. Note that a connected w-graded unimodular
Poisson structure 7 on A is determined by a homogeneous polynomial €2 of degree n (not
necessarily equal to @ + b + ¢). We write (A4, mg) for the corresponding Poisson alge-
bra, where the Poisson bracket on A is homogeneous of degree w :=n —a —b —c. So
the cochain complex (X°(A4), d) consisting of graded vector spaces of skew-symmetric
multi-derivations is given by

0 — X%(A) A5, X1 (A)[w] ﬁ> X2(A)[2w] d—’%> X3(4)[3w] — 0. (2.4)

Here, we choose the natural isomorphisms of graded vector spaces as follows:

X1(A) = Ala] @ A[b] @ Alc], Ve (V(x), V() V(2)),
X¥2(A) S Ab+c]l® Ala+c]® Ala+b], V= (V(y,2).V(z,x), V(x,y)),
¥3(A) S Ala+ b + ). Vi (V(x,y,2)).

2.5)
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Using these isomorphisms, it becomes convenient to compute the associated Hilbert series.
The elementi) of A®3 are viewed as vector-valued functions on A, and we denote such an
element by f € A®3. Let -, x denote the usual inner and cross products, respectively,
while V, Vx and Div denote, respectively, the gradient, the curl, and the divergence
operators. Therefore, the cochain complex (2.4) can be identified as

50 Alw + 4] 5 AR2w 4+ b + ¢] 52
0> A GAlw+b] —> @ARw+a+c] —> APBw+a+b+c]—0, (2.6)
@ A[w + c] ® AQRw + a + b]

where the differential §g can be written in a compact form

80(f)=VfxVe, for f € A5 %0(4), (27)
— - = - e 2t - ~

$6(f)==V(f -VQ) +Div(f)Ve, for f € A®3 5 x1(4), (2.8)
— e - = - = — ~

$5(f)==-VQ-(Vx f)=-Div(f x VQ), for f € A% = ¥2(4). (2.9)

For any graded vector space M = P, M; that is locally finite, we use

hy () = dimy (M;)1!
i€Z
to denote the Hilbert series of M . Note that the Hilbert series of A is given by
1

) = T aa—mya =)

As a consequence of (2.6), the Poisson cohomology PH®*(A) (resp. Poisson homol-
ogy PH,(A)) are graded vector spaces, and we denote their Hilbert series as Apye(4)(?)
(resp. hpy, (4)(¢)). By additivity of the Hilbert series of (2.4)—(2.6), we have

3 1 1 _[w+a)(1 —lw+b)(1 _tw-‘rC)

g(_t_w)thHi(A)(t) = T p3wtathtc (1 —19)(1 —tb)(1 —1°)

(2.10)

2.4. Poisson valuations and filtrations

In [24], the notion of Poisson valuations was introduced to solve rigidity, automorphism,
isomorphism and embedding problems for various classes of Poisson algebras/fields. In
this subsection, we recall some basics of Poisson valuations. Let w be any integer.

Definition 2.4 ([24, Definition 1.1]). Let K be a Poisson algebra (or a Poisson field)
over k. A w-valuation on K is a map

v: K — ZU{oo}

which satisfies the following properties: for all f, g € K,
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(a) v(f) = ocoifand onlyif f =0,

(b) v(f) =0forall f € k*:=k\ {0},

(©) v(fg) =v(f) + v(g) (assuming n + co = oo when n € Z U {o0}),
(d) v(f +¢) = min{v(f), v(g)}, with equality if v(f) # v(g),

© v({/fgh =v(f)+v(g)—w.

Note that conditions (a)—(d) mean v is an ordinary valuation on K. Next, we state the
definition of w-filtration closely related to the Poisson w-valuation on K.

Definition 2.5 ([24, Definition 2.2]). Let A be a Poisson algebra. Let F = {F; | i € Z}
be a chain of k-subspaces of A. We say F is a w-filtration of A if it satisfies

(@) F; 2 Fiy foralli e Zand 1 € Fy \ Fy,
(b) FiF; C Fiqjforalli,j € Z,

© NiezFi = {0},

D) Uiez Fi = 4.

(e) {F;,Fj} C Fipj_y foralli,j € Z.

LetF = {F; | i € Z} be a w-filtration of the Poisson algebra A. The associated graded
algebra of the w-filtration F of A is defined to be

grp A = @Fi/Fi+1~
i€Z
For any nonzero element f € F;, we denote f the element f + F;,; in the ith degree
component (gry A); := F;/Fi4+1. It is clear that grp A is a graded algebra. Moreover,

by [24, Lemma 2.3], grp A4 is a w-graded Poisson algebra with the induced homogeneous
Poisson bracket of degree —w such that

{Fi/Fis1,.Fi/Fit1} C Fiyj—w/Fitjt1-w.

namely, {(gry A);, (grp A);} C (gt A)i4j—w foralli, j € Z. We call F a good filtration
if grp A is a domain.

Give a good w-filtration I on A, we define the notion of a degree function, denoted
by deg: A — Z U {oo} via

deg(f):=1i if f € F; \ Fi4+1 and deg(0) = +o0.

One can see that deg is a valuation on A. Conversely, given a valuation v on A, we can
define a filtration F} := {F}” | i € Z} of A (associated to v) by

Fr={fedlv(f) =i}

The corresponding associated graded algebra of A is denoted by gr, A.
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Proposition 2.6 ([24, Lemma 2.6]). Let A be a Poisson algebra. There is a one-to-one
correspondence between the set of good w-filtrations of A and the set of w-valuations
on A via the above constructions.

In this paper, we will mainly focus on the following special class of Poisson valuations.

Definition 2.7 ([24, Definition 3.1]). Let K be a Poisson field over k. A w-valuation v
on K is called a faithful w-valuation if the following hold:

(a) The image of v is Z U {oo}.
(b) GKdim(gr, K) = GKdim(K).
(c) The w-graded Poisson bracket on gr, K is nonzero.

A Poisson w-valuation on a Poisson domain A is faithful if its natural extension to the
Poisson fractional field Q(A) is faithful.

Note that the above conditions (b) and (c) are different from the original ones [24,
Definition 3.1 (1)]. But it is easy to see they are equivalent (see [23, Definitions 0.2
and 2.18])).

3. Classification of potentials € in k|[x, y, z]

In this section, we classify all possible homogeneous polynomials €2 satisfying (1), (2)
and (4) of Hypothesis 1.1, up to some graded automorphism of A. We will use the
following definition.

Definition 3.1. We define the Jacobian quotient algebra of A with respect to €2 to be
Aging := Kk[x, ¥, 2]/ (Qx, 2y, 2;).
It is clear that A, is independent of the choices of graded generators (x, y, z).

Lemma 3.2. Assume (1), (2) and (4) of Hypothesis 1.1.
(1) The following are equivalent:
(1a) There is an irreducible homogeneous potential 2 in k[x, y].
(1b) 2<a<b<c=gc+2,b)—a—b.

In this case, kK[x, y]. = 0, and, up to a graded automorphism of A, Q = x e +
y gcd(aa,b) .

(2) Let Q denote a nonzero homogeneous polynomial in k[x, y]. The following are
equivalent:

(2a) A has a nonzero graded derivation § of degree 0 satisfying

div(§) = §(Q) = 0.
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(2b) 2 is reducible.

Proof. (1) (1b) = (la): This is clear by taking Q2 = X =D + ym.

(la) = (1b): Let Q = h(x, y) € k[x, y] be an irreducible polynomial of degree
a + b + c. We have deg(h(x,y)) =a+ b+ c =ka + b for some k,/ € N. As a
result, c = (k — 1)a + (I — 1)b. If needed, we can divide the degrees of x and y by
gcd(a, b) and thus assume that ged(a, b) = 1. If no more than one of the x e and
y% terms appears in /1(x, y), then h(x,y) = xf(x,y) or h(x,y) = yf(x,y) for some

nonconstant polynomial f(x, y) € k[x, y]. In this case, Q2 = h(x, y) is reducible. Next we
atb+ b+tc

consider the case where A(x, y) contains both x “"a - and y “*5™ terms. We have a |b+c¢
and b | a + ¢, which implies that a | / and b | k. Say | = mja and k = mb for some
my,my € Ny. Thus,a + b + ¢ = (m; + my)ab. So we have

h(x,y) = )Lm1+m2x(m1+m2)b + Aml+m2_1x(m1+mz—l)bya NI Alxby(mﬁmfz—l)a

+ koy(mlerZ)“
for some Ao, ..., Am,+m, € k. We rewrite p = x? and ¢ = y®. Then we can get
h(x,y) — h(p,q) — km1+m2pm1+m2 + Aml+m2_1pm1+mz—lq 4ot Aoqm1+m2

with deg(p) = deg(q) = ab. If my + my > 1, then h(p, q) is always reducible. Since we
assume £2 is irreducible, we obtain that m; + m, = 1. Then, after a linear transformation,
we can assume that h(x, y) = x? + y¢ (which is irreducible for gcd(a, b) = 1). Since
1 <a<b<candged(a,b) =1,wehave l <a < b.Since 2b <a + b + ¢ = ab, we
have a > 2. Note that c = ab —a — b = (a — 1)b — a. Thus, we have ¢ > b. Thus, we
obtain (1b) when ged(a, b) = 1. Therefore, (1b) holds by lifting to the general case when
ged(a,b) > 1.

One can easily show that the conditions in (1b) imply that k[x, y]. = 0.

(2) (2b) = (2a): By assumption, 2 is reducible. By the proof of part (1), deg(2) =
ka + b for some k,/ € N.Ifk,/ > 1, we can let § = xk_lyl_l%. Otherwise, we may
assume k = 0 and = y! (as Q is reducible). Then we let § = z% — x%. Then (2a)
holds.

(2a) = (2b): Assume to the contrary that €2 is irreducible. Without loss of general-
ity, let Q@ = x? + y? with ged(a, b) = 1 as in part (1). By (1b), we have m; + m, = 1
and a < b < ¢ = ab —a — b. This (together with k[x, y]. = 0) implies that any graded
derivation § of A of degree 0 must have the form §(x) = ax, §(y) = By and §(z) = yz
for some &, 8, y € k. So div(§) = 6(2) = 0 yields that § = 0. This finishes the proof. m

Proposition 3.3. Let A = Kk[x, y, z] be a weighted polynomial algebra with deg x = 1,
degy = 1, degz = 2. Then the nonzero homogeneous degree 4 polynomials Q2 € A can
be classified in Table A.2. In particular, 2 has an isolated singularity if and only if
Q =22 4+ xy3 + Ax2y? + x3y with A # £2 up to graded isomorphisms of A.
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Proof. Since deg(Q) = 4, Q = [1z% + Lzg(x,y) + h(x, y), with deg g(x,y) = 2,
degh(x,y) =4 and [y, € k. If [; # 0, then after a linear transformation of z, we can
assume that Q = z2 + h(x, y). If [; = 0 and [, # 0, we can assume that g(x, y) = x?
or xy after a further linear transformation of x and y. So, we only need to consider the
following cases.

Case 1. Q =z + h(x,y).

If h(x,y) = 0, then Q = z2. If 0 # h(x, y) has a root of multiplicity 4 in P!, then
without loss of generality, we can assume that i(x, y) = x*. If h(x, y) has a root of mul-
tiplicity 3, then we can assume that i (x, y) = x3y due to the symmetry between x and y.
If h(x, y) has a root of multiplicity 2, then we can assume that z(x, y) = x2y(y + Ax)
for some A = 0 or 1. If i(x, y) has no repeated root, then we can assume that z(x, y) =
xy(y +x)(y + kx) forsome k € k \ {0, 1}. Then 2(x, y) = xy> + (k + 1)x2y? + kx3y.
By a suitable re-scaling of x and y, we obtain A(x, y) = xy> + Ax2y? + x3y for
some A € k.

Case 2. Q = x%z 4+ h(x,y).
After a linear transformation of z and re-scaling of x, y and z if necessary, we can
assume that Q = x2z + A;xy3 + A, y* for some A1, A, € {0, 1.

Case 3. Q =xyz + h(x,y).
After a linear transformation of z and re-scaling of x, y and z if necessary, we can
have Q@ = xyz 4+ A1x* 4+ A, y* for some A1, A, € {0, 1}.

Case4. Q = h(x,y).
If @ = h(x, y), then by the same argument of Case 1, we can show that 2 is one of
the following forms:

x4 3y, x2y2 x2y? + X3y, xyd + Ax2y? + %3y forsome A € k.

By direct computation, we can verify that z2 + xy3 4+ Ax2y? 4+ x3y with A # 42 has an
isolated singularity. ]

Proposition 3.4. Let A = Kk[x, y, z] be a weighted polynomial algebra with degx = 1,
degy = 2, degz = 3. Then the nonzero homogeneous degree 6 polynomials Q2 € A can
be classified in Table A.5. In particular, 2 has an isolated singularity if and only if
Q =22 4 y3 + Ax2y% 4+ x*y with A # £2 up to graded isomorphisms of A.

Proof. Since deg(Q) = 6, we have Q = [1z2 + l,zg(x, y) + h(x, y), where g(x, y) €
k[x, y] and h(x, y) € k[x, y] have degrees 3 and 6, respectively, and /1, [, € k. If [; # 0,
then by a linear transformation of z, we can assume that Q = z2 4+ h(x,y). If [; =0
and [, # 0, by a possible linear transformation of x and y, we can have g(x, y) = x3 or

g(x,y) = xy. We write, in general,
h(x,y) = wly3 + w2X2y2 + w3x4y + w4x6,

where w; € k for 1 <i < 4. So, we only need to consider the following cases.
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Case 1. Q =z + h(x, y).

Subcase 1. If wy # 0, then we can write h(x, y) = (y + ax?)(y + bx?)(y + cx?) for
a, b, c € k. After a linear transformation of y, we can assume that h(x, y) = y(y +
ax?)(y + bx?). By a possible re-scaling of x, y and z, we can assume that  is one of
the following forms:

2249322493 4+ x2y%, 22 + 33 + Ax?y? + x*y  forsome A € k.

Subcase 2. If wy = 0 and w, # 0, then, similarly, we can assume that A(x, y) =
x2(y + ax?)(y + bx?) for some a, b € k. A further linear transformation of x, y and z
yields Q = z2 + x2y2 or Q = z2 + x2y? + x*y.

Subcase 3. 1If w; = wy = 0 and w3 # 0, then we can assume that 2(x, y) = x*(y + ax?)
for some a € k. A linear transformation of y yields Q = z2 + x*y.

Subcase 4. If w; = wy = w3 = 0 and wg # 0, then by a re-scaling of x, we get
Q =22+ x5

Subcase 5. Finally, if w; = wy = w3z = wgq = 0, then we have Q = z2,

Case2. Q = x3z + h(x, y).
After a linear transformation of z, we can assume that Q = x3z + A;x%2y2 + 1,3

for some A1, A, € k. Itis easy to check that €2 is one of the following forms:
x3z,x3z + y3,x32 + x2y2,x3z + xzy2 + y3.

Case 3. Q =xyz + h(x,y).
Again, via a linear transformation of z, one can assume that

Q=xyz+Ax®+ 1,3

for some A1, A, € k. After re-scaling x and y as needed, we can assume that 2 is of one
of the following forms:

Xyz,Xyz + x6,xyz + y3,xyz + x84+ y3.

Case 4. 1f Q = h(x, y), then by the same argument as in Case 1, 2 can be assumed to be
one of the following forms:

3,93 222,03 4 A%y xty, xty, 222 22?4 xty, X6,

where A € k.
By a direct computation, we can further verify that @ = z2 4+ y3 4+ Ax2y? 4+ x*y has
an isolated singularity if and only if A # £2. L]

Theorem 3.5. Let A = Kk[x, y, z] be a weighted polynomial algebra with deg(x) = a,
deg(y) = b, deg(z) = c for 1 <a <b < c. Let Q be a nonzero homogeneous polynomial
of degree a + b + c. Then, up to a graded automorphism of A, we have the following:
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(1) Ifa = b = c, then Q is one of the forms listed in Table A.1[6,11,12,25,29].

(2) Ifa = b < c, then Q is one of the forms listed in Tables A.2 and A.3.

(3) Ifa < b = c, then every Q is reducible and is one of the forms listed in Table A 4.
@) Ifa < b < c, then Q2 is one of the forms listed in Tables A.5 and A.6.

Proof. (1) Since a = b = ¢, we can reduce the classification of €2 to the case where the
degrees of x, y and z are all equal to 1. In this case, the classification of €2 is well known.
Also, see [49, Corollary 6.7].

(2) Since a = b < c, then deg(R2) = 2a + ¢ < 3c. So we can write Q = z2 f(x,y) +
zg(x,y) + h(x, y), where deg(f(x,y)) =a + b —c < a, deg(g(x, y)) = 2a and
deg(h(x,y)) =2a +c.

If a } ¢, then in particular, ¢ # a + b, whence f(x,y) = 0. If h(x, y) # 0, then
a | deg(h(x, y)) = 2a + ¢, we get a | ¢, yielding a contradiction. So Q = zg(x, y) is
reducible. By a linear transformation of x, y, we can assume that Q = xyz or x2z.

If ¢ = ka for some integer k > 2, then (a,b,c) = (a,a,ka).If k = 2, then the result is
given by Proposition 3.3. Now, assume k > 2. Then we have Q = zg(x, y) + h(x, y). We
can assume g(x, y) = x? or xy after a linear transformation of x, y. If @ = x%z + h(x, y),
after a necessary linear transformation of z, we can write = x2z + A xyk+1 4 A, yk+2
for A1, A, € {0, 1}. If Q = xyz + h(x, y), then similarly, we can write Q = xyz +
A1xk+2 4 1, y*+2 for some A1, A5 € {0, 1).

(3) Since a < b = ¢, we have that deg(2) = a + 2b < 3b. If a | b, then we
have Q@ = Ax'*24 + x1*eg(y, 2) + xf(, z), where A € k, deg(f(y, z)) = 2b and
deg(g(y,z)) =b. Thus, Q is reducible. If @ + b, then Q@ = xf(y,z) or Q = Ax'*t 4+
xf(y,z) when a = 2, which is again reducible.

Ifa { b and a # 2, after a linear transformation of y, z, we can assume that Q2 = xyz
or xy2. If a } b and a = 2, we can have Q = x'*t? 4+ xyz or Q@ = x'*? + xz2 after
a linear transformation for x, y and z. If a | b, we can assume that Q = xQ, where
Q= Au? +ug(y.z) + f(y,z) withu = x4 for some A € k. We can rewrite Q as
follows:

Q1 = k122 4+ kazhi (v, u) + ha(y, u)

for some k1,ky € k and hy(y,u), ha(y,u) € k[y,u]. If k1 # 0, then we can assume that
is one of the following forms:

xz2, xz%2 + xy? xz2 + x”erb,xz2 + xy? + xHZrTb,ngy + xz2.
Ifk; =k, =0,then Q = xyz,x1+27b,x1+%y,xy2 4yt If k; = 0 and ky # 0, then
Q=x!tez x1tez 4 xy2, xyz, xyz + X1+
4) If Q € k[x, y], by Lemma 3.2, the irreducible ones are given by Q2 = xb/d 4 y“/d,
where d = ged(a,b)and2 <a <b <c = % —a — b. Moreover, such irreducible 2 will
not occur unless ¢ = ma + nb,c # a + b,a + b for some m,n € Z. Let us assume

Q & k[x, y] in the remaining argument. Since a < b < ¢, we have that deg(2) =
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a + b + ¢ < 3c. Thus, we can assume that Q = z2 f(x,y) + zg(x,y) + h(x, y), where
deg(f(x,y))=a+b—c<a,deg(g(x,y)) =a+ b and deg(h(x,y)) =a+b + c. We
divide the argument into two cases.

Case 1. ¢ = ma + nb for some integers m and n.

Subcase 1. 1f ¢ = a + b, then we have deg(2) = 2¢ and f(x, y) € k. As aresult, we can
assume that Q = z2 + h(x, y) or zg(x,y) + h(x, y). Since deg(h(x, y)) = 2a + 2b < 4b,
we can write A(x, y) = h3(x)y> + ha(x)y? + hy1(x)y + ho(x), where h; (x) is a mono-
mial in x of degree 2a + (2 — i)b for 0 < i < 3. Let us further assume that a } b. After
a linear transformation of x, y, we can have g(x, y) = xy if g(x,y) # 0. If a 4 2b, then
h(x,y) = Ax2y? for some A € k. Hence, by a linear transformation of z, Q can be one
of the following possible forms:

22,22 + x2y? xyz.
If a | 2b, then h(x, y) can be one of the following forms:

+2b

2b 2
2 x2y2 4 2t

x2y2 x2
By a linear transformation of z, 2 can be one of the following possible forms:
2b 2b 2b

22,22 4 x2y2 22 4 X2 22 4 X%y 4 X% xyz,xyz + x2T

Now we assume that a | b. If b = 24, then ¢ = 3a and so see Proposition 3.4. We next
consider the case b # 2a. Since a + b + ¢ = 2a 4+ 2b < 4b and b # 2a, we can write
h(x,y) =A1x%2y? + A2x2+§y 4 A3x228 forsome Ay, Ag, Ay €k IFQ = 22 + h(x,y),
then after a linear transformation of x, y, 2 is one of the following forms:

b 2b b
22,22 £ x2y2 22 4 a2y 22 xR 22 4 x2y? 4 a2ty

If Q@ =zg(x,y) + h(x,y), then after a linear transformation of x, y, we can have
g(x,y) = xy or x!*a. By a linear transformation of z,  is one of the following:

2b b b
xyz,xyz + x>t a xtaz xaz 4 x2y2,

Subcase 2. If ¢ # a + b, then we can assume that Q = g(x, y)z + h(x, y), where
deg(g(x,y)) = a + b and deg(h(x, y)) = (m + 1)a + (n + 1)b. Let k, [ be the pos-
sible integers such that k = w and [/ = W. Note that kI = (m + 1)(n + 1).
If a } b, then we can assume that g(x, y) = xy if g(x,y) # 0. If a | b, then we have
g(x,y) =xyor x1+4 if g(x,y) # 0. By a linear transformation of z, Q can be reduced
to one of the following forms:

m+1+k n+1+1 m+1+k n+1+1 _1+2
+ y )

Xyz,xyz + x ,Xyz +y ,Xyz + X x Taz

and
b b b b b
x1taz 4 xayntl xWWaz 4 xayntl o ylndl I4a, 4 ylintl

where k and [ are assumed to be integers in the first place.
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Case 2. If ¢ # ma + nb forany m,n € Z, then f(x,y) = 0. Suppose A(x,y) # 0. Then
a+b+c=deg(h(x,y)) =sa+1bforsomes,/ € N.Thenc = (s — )a + (/ — 1)b,
which is a contradiction. So k(x, y) = 0. Then Q = zg(x, y) is reducible. After a linear
transformation of x, y, we can assume that 2 = xyz fora t b and Q = xyz or x1*ez
fora | b.

This completes the proof. |

4. Poisson fraction fields and automorphism groups

In this section, we discuss Poisson fraction fields and Poisson automorphism groups
related to unimodular Poisson algebras in dimension three. Throughout this section, we
will assume Hypothesis 1.1 unless mentioned otherwise.

Definition 4.1. We define a map 7 : A — ¥2(A) such that, for each & € A4, m;,: = n(h)
is defined by

o b Sz
mp(f, g) = det| gx 8y 8z
hx hy hy
af.g.h
. <: det(ag){,—‘;zi) ={/, g}h) forall f,g € A:=Kk[x,y,z]. &.1)

Note that the definition of 7;, depends on the generating set {x, y, z}. It is clear that if a
new set of generators {x, y, z} is used, then the corresponding 75, will be a scalar multiple
of the original 7y,.

One can check that [y, 3]s = 0. In particular, g is a connected graded Poisson
bracket on A if 2 satisfies Hypothesis 1.1. To keep things simple, we will introduce the
following.

Notation 4.2. Here, w = n — (a + b + ¢) may not necessarily be zero.
* Ag := (A, mg): the unimodular Poisson algebra with potential €2.
* Aut,(A): the group of all graded algebra automorphisms of A.

* Autp(A) (resp. Auty, p(A)): the group of all (resp. graded) Poisson automorphisms of
A= Agq.

* Po_g:=A/(Q —§) (£ € k): the quotient Poisson algebra.

* Autp(Pgq) (resp. Aut,, p (Pg)): the group of all (resp. graded) Poisson automorphisms
of Pgq.

*  O(Pgq-¢): the Poisson fraction field of Pg_¢ whenever it is an integral domain.
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Note that any graded unimodular Poisson structure on A is determined by such a poten-
tial Q. If 2 is homogeneous of degree |x| + |y| + |z|, then Pq_g = Po_ whenever & # 0.
In this case, we can always assume £ to be either 0 or 1.

Lemma 4.3. Let Q and Q' be two homogeneous potentials for A = K[x, y, z] of degrees
>max{|x|, |y|, |z|}. Then the two Poisson algebras Aq and Ags are isomorphic if and
only if there is an algebra automorphism ¢ of A such that Q' = ¢CY -y here det(¢p) =

det(¢)’
det (W) As a consequence,

Autp(Ag) = {¢ € Aut(A4) | ¢(R2) = det(¢)L2},
and Autp (Ag) = Autp(A,q) for any A € k*.
Proof. Suppose there is a Poisson algebra isomorphism ¢ : Aq — Ag. For any polyno-

mials f, g € A, ¢(f) and ¢(g) can be regarded as polynomials of variables ¢ (x), ¢ (y)
and ¢(z) in ¢ (A) = A. Therefore, according to (4.1), we have

(/8. 06 (/). $(2).$(2)
@ 9@l = 9(tf o) = ¢(aet( 52 )) = det( G0 0 )

- 3(x. y.2) (/). d(2). ()
= (5o s S i )
— det() M (). (@boe) = (). (&) }aaipr 1.

This implies that

==t =1 —la@)1¢@)
which yields the same Poisson bracket on A. Thus, ¢(R2) = det(¢)2" + A for some
scalar A € k. Since © and Q' are homogeneous of degrees > max{|x|, |y|, |z|}, their
partial derivatives are all homogeneous of positive degree. Therefore, one can check that
A/(det(¢)2" + A) is regular for A # 0 while A/(2) is not regular by the Jacobian cri-
terion. As a consequence, the induced algebra isomorphism ¢ : A/(Q) — A/($p(RQ)) =

A/(det(¢)" + 1) implies that A = 0. So Q' = fef(%)
— 9@

Conversely, suppose there is an algebra isomorphism ¢ of A such that Q' = EOR
Then we have

oS gle)=¢

g Dy ). (&) )

(@ (G5e55) = *(F6m 601600 )
.00 )

1D 60)-$C)

B 3(x.v.2) 1B, B(2). Q)

= deu) det( g ) e )

— det(®) det(@)" o (/). p(@)}a = (B (&)}

= det(¢) det(

So, ¢ is indeed a Poisson isomorphism. Finally, the consequences follow immediately. m
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Now, we can classify all connected graded unimodular Poisson algebras in dimension

three.

Theorem 4.4. Any connected graded unimodular Poisson algebra A is isomorphic to
some Ajq, where Q is listed in Theorem 3.5 and A € k*.

Proof. By [42, Theorem 5], any unimodular Poisson structure on A = k[x, y, z] is given
by g for some potential 2. Moreover, g being graded implies |2| = |x| + |y| + |z].
Hence, our classification follows from Definition 4.1, Theorem 3.5 and Lemma 4.3. n

Example 4.5. We introduce some examples of Poisson fields of transcendental degree 2
over the field k.

ey

@

3

We define Kwey := k(x, y) to be the Poisson field k(x, y) with the Poisson
bracket {x, y} = 1.

We define K, := k(x, y) to be the Poisson field k(x, y) with the Poisson bracket
{x,y} = gxy for some ¢ € k. Itis shown in [21, Corollary 5.4] that K; = K, as
Poisson fields if and only if p = £¢. Note that Ky is not isomorphic to any K
as Poisson fields by [21, Corollary 5.3].

Consider the irreducible cubic polynomial
Qea =00+ > +2°) + Axyz

with two parameters ¢, A € k such that ¢ # 0, A3 # —33¢3. We denote the
corresponding graded unimodular Poisson algebra by Agq, ,, where the Poisson
structure on k[x, y, z] is defined by

{x,y} = 3{22 + Axy,{y,z} = 3§x2 + Ayz, {z,x} = 3§y2 + Axz

with deg(x) = deg(y) = deg(z) = 1. Let S¢ 5 := Q(Pg,,) be the Poisson frac-
tion field. By [24, Corollary 6.4], S¢ 5 is not isomorphic t0 Kwey or K. How-
ever, S¢ ) = F¢a(f) as fields, where F; , is the function field of the elliptic
curve Q¢ 3 = 0. Suppose S¢ 3 = S¢ 1+ as Poisson fields, whence they are isomor-
phic as function fields. By [9, Theorem 2], we have F¢ ; = F¢/ 3/ as function fields.
As aresult, Q¢ 3 = 0and Q¢ 3, = 0 are two birationally equivalent elliptic curves
or have the same j-invariant 27% =27%/ C(’()j/(/(?//)/3{)13)+8)3 (for the
Jj-invariant of a Hesse form of a smooth elliptic curve, see [15, Theorem 2.11]).
It is unclear if two elliptic curves with equations Q¢ = 0 and Q¢ 3 = 0
being birationally equivalent necessarily implies an isomorphism between their
corresponding Poisson fields S¢ 3 and S¢/ 5.

Theorem 4.6. Let Aq be a connected graded unimodular Poisson algebra defined by
some homogeneous irreducible potential Q2. Let Q = Q(Pg) be the Poisson fraction field
of Pg. Then the following hold:
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(1) If Q does not have an isolated singularity, then Q is isomorphic to either Kyey
or K, for some q € k*.

(2) If @ has an isolated singularity, then Q is isomorphic to S¢ ) for some {, A € k
with & # 0and A3 # =333,
Moreover, we label those Q with the corresponding Q that are isomorphic to S¢ ) by @©

and those that are isomorphic to K4 by @ and those that are isomorphic to Kwey by @)
in Tables A.1-A.6.

Proof. We conduct a case-by-case verification for those irreducible potentials €2 listed in
Tables A.1-A.6. Then the result follows from Theorem 4.4.

(1) Suppose €2 does not have an isolated singularity. As an illustration, we provide
some details when Q = z2 + y3 +2x2y2 + x*y (degx = 1,deg y = 2 and degz = 3)
in Table A.5 and Q = z2 + x2y2 + x2T% witha } b (degx = a > 2,deg y = b and
deg z = ¢) in Table A.6. We also check for @ = z2 + x2*% whenc =a + b anda } b
in Table A.6. Let Q = Q(P,gq) for some A € k*.

If Q@ =z2+ y3 4 2x2y2 + x*y, then we have z2 + y(y + x?)?2 = 0 in Pq.
Let w = 575. Then y = —w? and Q = k(x, w). Consider {x, w} = {x, #7}
—A(y + x?) = A(w? — x?). After a linear transformation of x and w, we have {x, w} =
pxw for some p € k. In this case, Q(Pyq) = Kp.

If Q =22+ x2y% + x2+27b, then Za—b is odd since a } b, say 2t + 1. In Q, we have
X = —(ﬁ)2 - (%)2 Setu = 7 and v = 2. Then Q = k(u, v). One can check that
{u,v} = A(u? + v?). After a linear transformation of u and v, we can obtain {u, v} = puv
for some p € k*.

IfQ =22+ X2+ % witha tband (a <b <c) # (1,2,3), then % is odd. Assume
that2 + 22 =2/ + 1. Thus, 22 + x2!*! = 0 and x = —(;—,)2 inQ.Sets=yandt = 3.
We have QO = k(s, ) and

Q1+ DHx? 2122
xl xl+1

Iz
)=

ot ={n 5} = 0.7 - <

20 + a2+ 42122 2
— ( ) ; — — xl — (_t2)l — (—1)lt21.
xi+1 xl+1

Setu = ﬁ and v = ¢. Then we have Q = k(u, v) with {u, v} = 1. Thus, Q is of
Weyl type.
(2) Suppose €2 has an isolated singularity. By Theorem 3.5, we need to consider the

following three cases. Up to a scalar multiple, we can assume that
(@) Qp = z%2x + yx? + Axy? + y3 with (a,b,c) = (1,1,1) and X # +2,
(b) Q5 =224+ x3y + Ax2y? 4+ xy3 with (a,b,¢) = (1,1,2) and A # £2,
(¢) Q3 =224 y> + Ax2y% + x*y with (a,b,c) = (1,2,3) and A # +2.

We use an alternative form in (a) following [11, p. 255] instead of the Hessian normal
form. We consider Q; = Q(P,q,) for some p € k™ fori = 1,2,3.
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Case (a). In Q1, we have
{x,y}=2uzx, {y,z}= M(Zz +2xy + )Lyz) and {z,x} = u(x2 +2Axy + 3y2).

Denote u =

, U=

Q 2 2 3

0=—3‘=(5> +X+A(Z) +<Z) =u2 + v+ A%+ 03
X X X X X

2 and w = x. We have

A direct computation yields that
(u, w} = p(w + 22wv + 3wv?), {v,w) = —2pwu, {u,v}=0.
Case (b). In Q,, we have
oyy=2uz, (.2} = pGx?y +24xy* + 3%

and
{z.x} = n(x® +22x%y + 3xy?).
Denote u = xz—z, v = % and w = x. We have
Q 2 2 3
0=-—2= (iz) +Z+A(Z) +(Z) =u? 4 v+ A? 403
X X X X X

We can easily verify that
(u, w} = p(w + 22wv + 3wv?), {v,w) = 2pwu, {u,v}=0.
Case (c). In Q3, we have
oyt =2uz. (3.2} = pQ@Axy® +4x%y),  {z.x} = pGy® +22x%y +x%).

Denote u = 5, v = xy_z and w = x. Then
Q3 zZ\2 yi3 Y2 y 2 3 2
OZF:<F) +(;> +A(F) —i—(;):u + v’ + Av” + .

It is routine to check that
(u,w} = p(w + 22wv + 3wv?), {v,w) = —2pwu, {u,v}=0.

Therefore, 01 = O, = Q3 as Poisson fraction fields. Finally, we reuse the Hesse form
for (1) and note that any re-scaling of € can be written as Q = {(x3 + y3 +z3) +
Axyz for some ¢, A € k such that { # 0, A3 # —33¢3. The result follows from Exam-
ple 4.5 (3). ]

Remark 4.7. Let 2 be irreducible and denote the Poisson fraction field by O = Q(Pg).
Let X be the projective curve in the weighted projective space P (a, b, ¢) determined
by such 2. Then the statement of Theorem 4.6 can be refined as: if X is smooth, then
0O = S, ; if X has nodal singularity, then Q =~ K, for some ¢ € k*; and if X has cusp
singularity, then Q = Ky
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Remark 4.8. We note that the isomorphisms between Q(Pg) depend not on grading
but on projective curves 2 = 0 when 2 is homogeneous of degree |x| + |y| + |z|. The
geometry of elliptic curves appears to reflect properties of these Poisson algebras.

We aim to investigate the relationship between the Poisson automorphism group of Ag
and the type of 2. We determine the automorphism group of every connected graded
unimodular Poisson algebra Ag, where the potential €2 has an isolated singularity.

Theorem 4.9. Let Aq be a connected graded unimodular Poisson algebra. If Q has an
isolated singularity, then every Poisson automorphism of A is graded. As a consequence,

Autp (AQ) o~ AutgrP(AQ) o~ AutgrP(PQ) ~ Autp (PQ)

We will establish a few lemmas before proving Theorem 4.9. We will use the Hessian
normal forms of these elliptic curves in the weighted projective space P(a, b, ¢) to
prove the lemmas ahead. These forms can be obtained from the €2 listed in part (2) of
Theorem 4.6 by a linear transformation, as stated in the following lemma.

Lemma 4.10. Let A = k[x, y, z] be a weighted polynomial algebra with deg(x) = a,
deg(y) = b, deg(z) = ¢ for some 1 <a <b < c¢ and gcd(a,b,c) = 1. If Q is a homo-
geneous polynomial of degree a + b + ¢ that has an isolated singularity, then Q2 is one of
the forms

(1) Q1 =x3+y3+ 23 4+ Axyz for (=1)> # 27 and (a,b,c) = (1,1, 1).

() Qo =x*+ y* + 22+ Axyz for (M)* # 64 and (a.b,c) = (1,1,2).

(3) Q3 =x%+ y3 + 22 4+ Axyz for (=1)® # 432 and (a,b,c) = (1,2,3).

Proof. Case (1) follows from a classical result that a smooth cubic projective curve is
projectively equivalent to x3 + y3 + z3 = 3kxyz with k3 # —1, whose proof can be
found in [6, Theorem 2.12]; see also [11,12,25,29]. We will show Case (2) in detail and
obtain the third case in a similar fashion. Replacing z + %/\x y by z, one can rewrite 2,
as z2 + x4 4 y* — %)sz2y2, whence it becomes

22+ (22 —up?)(x? —vy?) = 22 + (x + Vuy)(x — Juy)(x + Joy)(x — Jvy)

with uv = 1 and u + v = A2, Since (—A)* # 64, it implies /v # /u. Lastly, after a
linear transformation of x and y, we can obtain that Q, = z2 + xy3 + x3y + kx?y? for
some k € k. Since €2, has isolated singularity, it forces that k # %2 as desired. |

Recall that Po_¢ = A/(2 — &) for any £ € k. Let P = Pq. Since P = P, (P is
graded, P has two natural O-filtrations denoted by F'¢ = {F]¢ | i € Z} and F 1 = {F, 19|
i € 7}, respectively, such that

F'=@r, and F"=P P 4.2)

n>i n<—i
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Since grp:u P = P (with grading flipped i <> —i for F~'4), P has two canonical
faithful 0-valuations. We denote them by v'¢ and v™19, respectively. In particular, we have

Va(fy=n and v7Y(f)=-m 4.3)

forany f =Y /L, fi withn <m, f; € P; and fy, fin # 0.

Now consider Po_¢ = A/(Q —£) forany £ € k™. We define a filtration F 14 = { F,1|
i € Z}of Pg_¢ by
FMPq ¢ = {Z aj fj | aj € k, f; are monomials of degree < i}.

—i

One can check that grp-u Po_g = P, and the corresponding faithful 0-valuation is given
by v via v4(x) = —a, v(y) = —b and v'4(z) = —c. We say a Poisson algebra
automorphism o of Pq_¢ is linear if it preserves the specific O-filtration F14 on Pg_¢,
or namely J(Fi_ld) - Fi_IGI fori.

The Poisson valuations directly apply to Poisson automorphism groups of Pg_¢ when
the homogeneous potential €2 has an isolated singularity.

Lemma 4.11. Let Aq be a connected graded Poisson algebra. We have the following if
the potential Q2 has an isolated singularity:

(1) Every Poisson automorphism of Pg is graded.
(2) If & # 0O, then every Poisson automorphism of Pq_g is linear.

Proof. We only check for €2, (with (deg(x), deg(y), deg(z)) = (1, 1, 2)) and the proofs
for other cases are similar. For simplicity, we write Q = Qj, P = Pgq, and Pz = Pgq, ¢.

(1) By Theorem 4.6 (2), the fraction ring Q = Q(P) is isomorphic to Q(Pg,)
as Poisson fields. By [24, Theorem 3.8], O has exactly two faithful O-valuations,
namely {v*19} as discussed above. Let ¢ be any Poisson automorphism of P. We extend ¢
to a Poisson field automorphism of @, which we still denote by ¢. It is clear that
vE1 o ¢ are two distinct faithful 0-valuations of Q. So {vT!4} = {p*1d o ¢} By (4.3),
an element f € P is homogeneous if and only if v'( f) + v™14(f) = 0. Let f be any
homogeneous element of P. So we have

0=v14() + v = o) () + (o) (f) = vip() +vT@ ()

This implies that ¢ ( f') is again homogeneous. In particular, ¢ (x), (), ¢(z) are homoge-
neous and nonzero. By recycling letters a, b, ¢, respectively, we assume they have degrees
a,b,c.Hence, () = ¢p(x)* + ¢(1)* + ¢%(2) + Ap(x)p(y)d(2) is homogeneous. So
we have 4a = 4b = 2¢ = a + b + c. Since P is generated by ¢(x), ¢ (y), ¢ (z), we must
have a = b = 1 and ¢ = 2. Hence, ¢ is graded.

(2) Let Q = Q(Pg) for & € k*. We can use the similar argument of [24, Theorem 3.11]
to show that Q has only one faithful 0-valuation, namely v
any Poisson automorphism ¢ of Pg, we have v¢ = v o ¢. Let f € P;. By defini-
tion, we have f € F; ' if and only if v™(f) < —i if and only if (v 0 ¢)(f) =
v (f)) < —i. Hence, ¢ preserves the O-filtration IF ~!¢ of P¢ and so is linear. n

as discussed above. So for
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Next, we explicitly compute the Poisson automorphism groups of Pg_¢.

Lemmad4.12. Let Q =x3 4 y3 + 23 4+ Axyz for (—1)3 #27 with deg(x) =1, deg(y) =1,
deg(z) = 1.

(1) There is a short exact sequence of groups:

1 > G — Autp(Pg) > C3 — 1,

where G = {(a1, 02, a3) | &} = a3 = o3 = a0z} C k™ x k™ x k™ and

Autp (PQ) ~ (C3x G.

(2) There is a short exact sequence of groups:
1 - G — Autp(Pg_1) - C3 — 1,

where G’ = {(a1, 02, 03) | 03 = a3 = a3 = ajopaz = 1} Ck* x k* x k* and
AUtP(PQ_l) ~ (3 X G’

Proof. (1) Note that the argument of [37, Theorem 1] works for Aut,, p(Pgq) as well.
So Auty p(Pg) is generated by all possible diagonal actions G = {(a1, o2, @3) | ol =
o3 = a3 = o103} and the permutation t(x, y,z) = (¥, z, x). So our result follows
Lemma 4.11.

(2) By Lemma 4.11, every automorphism ¢ of Pg_; is linear. Note that for 0 <i <2,

we will identify A; with (Pg_1); as vector spaces. So we can write

d(x) = f1+ fo. () =g1+go, ¢(z)=hy+ ho,

where f;, g;, h; are homogeneous polynomials of degree i in A; = (Pgq—1); for all possi-
ble 0 <i < 1. For simplicity, we will denote the images of x, y,z in Pg_; by x, y,z. We
have

{x,y} = 322 + Axy, {y,z} = 3x2 + Ayz, {z,x}= 3y2 + Axz

in Po_1. We apply ¢ to each of the above three equations. After comparing the constant
terms on both sides of the resulting equations, we obtain

313 + Agoho = 3g5 + Afoho = 3h} + Afogo = 0.

Note that we have (a + b + ¢)Q = axQx + byQ, + czQ, in A = k[x, y, z]. Since
(a,b,c) = (1,1, 1), it follows that

Q(fo, 80, ho) = [afoS2x(fo. &0 ho) + bgo2y (fo. go. ho)
+ choS22(fo, g0, ho)l

1
§[f0(3g(2) + Afoho) + go(3hg + Afogo) + ho(3fy + Agoho)] = 0.

a+b+c
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So (fo. go, o) is a singular point on the surface Q2 = 0. Hence, ( fo, g0, 10) = (0, 0, 0)
since €2 only has an isolated singularity at the origin. So ¢ maps kx + ky + kz to
itself. This implies that gr(¢) : gr(Pq—1) — gr(Pq—1) is a graded automorphism of
Pq (= gr(Pg—1)) which has been described in part (1). The rest of the proof follows
from a direct computation. |

Lemma4.13. Let Q = x* + y* 4+ 22 + Axyz for (=1)* # 64 with deg(x) = deg(y) = 1
and deg(z) = 2.

(1) There is a short exact sequence of groups:
1 > G — Autp(Pg) > C, — 1,

where G = {(a1,a2) | @? = a3} C k* x k* and Autp(Pg) =~ C, x G.

(2) There is a short exact sequence of groups:
1 - G — Autp(Pg_1) — C, — 1,

where G' = {(a1, a2) | oz‘l‘ = 01‘2t = l,af = 05%} C k* x k* and Autp (Pg—1) =
C2 X Gl.

Proof. (1) By Lemma 4.11, every Poisson automorphism ¢ of Pgq is graded. For the con-
venience of this proof, we write (x, y,z) = (x1, X2, X3). In general, we can assume that ¢
is given by

d(x1) = o1x1 + azx2,

$(x2) = p1x1 + Paxa,

¢(x3) = yx3 + h(x1, x2),
where y and a8, — a1 are not zero in k and h(xy, x3) is a quadratic polynomial in
k[x1,x2], as det(¢p) = y(a1 B2 — @2 B1) # 0. After a proper re-scaling of variables, we first
assume that o 82 — a2 81 = 1. Applying ¢ to the equation {x1, xo} = 2x3 + Ax1x;3, we
gety = land h(xq,xp) = %(xlxz — ¢ (x1)9(x2)). Applying ¢ to the other two equations
{x2,x3} = 4xf’ + Axzx3 and {x3,x1} = 4x§' + Ax1x3, we further obtain the following
relations:

2407y = A2 (B + a2f] +2B1201) = 3471 B1Ba,
24a105 = A3 (—B2 + a1 B3 + 261 6202) = 32221 Ba.
24B2B, = A2 (—ay + a?Bs + 2010261) = 3A2a 0281,
24B1 B3 = A (a2 + 03 f1 + 20102B2) = 3A 2102 5.

Since o182, — @281 = 1, a1 and @ cannot be simultaneously equal to zero, and sim-
ilar situation happens to B; and B,. After simplifying the above equations, we have
80(10[2 = /\2,31/32 and 8[31/32 = )Lzalaz and so (64 — /\4)(3[1()[2 = (64 — )L4)/31,32 =0.
Since A% # 64, we get ajar, = B1B2 = 0. Thus, we have either oy = B; = 0 or
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a1 = B2 = 0. Now, by taking care of the re-scaling of variables, we can find a permutation
o € S5 and write ¢ as

d(x1) = a1X51), P(x2) = A2X5(2), P(x3) = a3x3+h 4.4

for some nonzero scalars a1, a2, @3 and some quadratic polynomial &(xy, x2). Then it is
routine to check that ¢ is a Poisson automorphism of Pg, if and only if

A
a3 = sgn(o)o1as, af = a%, h = E(sgn(o) — Dojoarxixs.

Consider the normal subgroup G of Auty p (Pg), which is given by ¢ (x) = a1x,¢(y) =
w2y, ¢(z) = a2 satisfying o? = o3. Finally, it is clear that Auty, p(Pg)/G = S,.
(2) By Lemma 4.11, every automorphism ¢ of Pg_; is linear. So we can write

o(x) = fi+ fo. ¢(y)=g1+8go, ¢(z) =ha+hy+ho,

where f;, g;, h; are homogeneous polynomials of degree i in A; = (Pg—1); for all
possible 0 < i < 2. We apply ¢ to the following Poisson brackets:

(x.yy =2z +Axy, {y.z} =4x>+Ayz, {z.x}=4y>+ Axz.
By examining these equations at the degree 0 part, we get
2ho + Afogo = 4f5 + Agoho = 4gg + Afoho = 0.

This implies that ( fo, go, /1) is a singular point for 2 = 0. So fy = go = ho = 0 since Q2
only has an isolated singularity at the origin. Now since ¢(2) = 1 in Pq_1, we get

i+ et + (ha+h)* +2figi(hy +hy) = 1.

The degree 2 part of the above equation yields that 72 = 0 and thus /; = 0. Hence, ¢
maps kx + ky (resp. kz) to itself, and we can write ¢ as in (4.4). Similar to (1), indeed,
we have

A
d(x1) = a1xX531), P(x2) = A2X5(2), P(X3) = @3X3 + E(sgn(a) — Dojonxyx;
for some o € S, and af = a5 = 1 and o? = &2 since ¢(2) = 1. So the result follows. m

Lemma 4.14. Let Q = x® + y3 4+ 22 + Axyz for (—L1)® # 432 with deg(x) = 1,
deg(y) = 2, deg(z) = 3.

(1) Every Poisson automorphism of Pg is of the form
xix, ye= %y, ze 032

for some ¢ € k*.
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(2) Every Poisson automorphism of Pq_ is of the form
x> ix, yey, oz 3z,
where {6 = 1.
Proof. (1) By Lemma 4.11, every automorphism ¢ of Pg is graded. So we can write

p(x) =arx, ¢(y) =1y + Box>,  ¢(z) = y2z + y1xy + yox> 4.5)

for some a1, B1, 2 € k* and Bo. y1. Yo € k. Applying ¢ to {z, x} = 3y% + Axz, we
obtain that 8o = y9 = y1 = 0. So ¢ equals a scalar multiple when it is applied to the
generators. Finally, from {¢(y), ¢(2)} = ¢(6x> + Ayz), {¢(x).¢(»)} = ¢(2z + Axy)
and {¢(2), ¢ (x)} = ¢p(3y% + Axz), we obtain B1y2 = @f, @1f1 = y2 and yra; = B2
Let¢ = % We have a; = ¢, B1 = ¢2, yo = £3. So the result follows.

(2) By Lemma 4.11, every automorphism ¢ of Pg_ is linear. Note that A; = (Pg—1);
for 0 <i < 5. So we can write

¢p(x) = fi+ fo. ¢(y)=g2+g1+ g &) =h3+hy+hi+ho,

where f;, g;, h; are homogeneous polynomials of degree i in A; = (Pg—1); for all
possible 0 < i < 3. We apply ¢ to the following Poisson brackets:

{x,y} =224+ Axy, {y,z}= 6x°> + Ayz, {z,x}= 3y2 + Axz

and examine the resulting equations at different degrees. First of all, the degree 0 part
yields that
2ho + A fogo = 6f05 + Agoho = 3g§ + Afoho = 0.

This is equivalent to the claim that (fo, go, /ig) is a singular point for Q = 0. So
Jfo = go = ho = 0 since 2 only has an isolated singularity at the origin. Then the degree 1
part further implies that 2; = 0. Now since ¢(2) = 1 in Pg_1, we get

FE+ (g2 +81)° + (hs + h2)* + Afi(g2 + g1)(h3 + hp) = 1.

The degree 3 part of the above equation yields that gf = 0 and thus g; = 0. Furthermore,
the degree 4 part implies that 42 = 0 and h, = 0. Hence, we have ¢ as in (4.5). Similar
to the proof of part (1), indeed, we have ¢(x) = ¢x, ¢(y) = £2y, ¢(z) = &3z for some
¢ € k*. Finally, ¢(Q2) = 1 implies that £¢ = 1. |

Proof of Theorem 4.9. We will show it case by case which are listed in Lemma 4.10. It
suffices to prove the result when €2 is case (2) and case (3), since case (1) was shown
in [37]. Though our argument works for all cases, here we only provide the details for
Case 2 as an illustration.

Let ¢ be a Poisson algebra automorphism of Ag. By the same argument as in
Lemma 4.3, the restriction of ¢ on the Poisson center k[€2] is given by ¢(2) = a2 with
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a € k*. So ¢ preserves the principal ideal generated by €2. Let ¢’ denote the induced
Poisson algebra automorphism for Po. By Lemma 4.11, ¢’ is graded. Moreover, since the
equations {x, y} = Q,,{y,z} = Qx,{z,x} = Q, are homogeneous of degree <deg(£2),
we can lift ¢’ to a unique graded Poisson automorphism of Ag, denoted by o. It is clear
thato’ = ¢’. Let ¢ = ¢ o 0. Then it satisfies the equation ¢’ = idp,, . It remains to show
that ¢ = id4,. Note that we can write

p(x) =x+Qf. o(y)=y+ Qg () =z+Qh

for some polynomials f, g, h € Ag. An easy computation yields that ¢(2) = Q +
Qo(f, g. h), where a(f, g, h) € (Ag)>1. Since ¢ induces an algebra automorphism of
the Poisson center k[2] of Ag, we must have @ = 0 and ¢(Q2) = Q.

Now we consider a k-linear basis B := {1, x, y, z} U {bs} of the algebra Pg consisting
of all possible monomials {x*! y%2z53 | 51,5, > 0,0 < 53 < 1}. We also treat B as a fixed
subset of monomials in Ag by lifting. We claim that every polynomial f in Ag can be
written in the form

f =111 Q)+ xfX Q) + yf 7 (@) + 2/ Q) + Db f*(Q),  (46)

b

where each f*(Q2) € k[Q2]. We prove this claim by induction on deg(f). It is trivial
for deg(f) = 0. Suppose our claim holds for deg(f) < m. For any polynomial f of
degree m + 1, we can write

F=1f xS+ yf Y+ zfT 4 b fP 4 gQ
bs
for some scalars f* € k and deg(g) = m — 3 by looking at the image of f in Pg. So,

by the induction hypothesis, we can write g in the required form. We get our claim by
replacing g above. Therefore, we can write

0(x) = 1/ (Q) + XX Q) + yf () + 25 () + Y b [ (@) @47
bs
for some f*(Q2) € k[Q].
Now for each scalar £ # 0, let ¢ : Aq — Pq—¢ be the quotient map and write (pé
as the induced automorphism of ¢ since ¢(£2) = 2. Note that the image of B via ¢ is a
k-basis of Pg_g, which we continue to denote by by, etc. So we have

G (x) = 1f1E) + X/ ) + 27 &) +2f7(E) + ) _bs 7 (©). (4.8)

bs

By Lemma4.11, (pé is linear. Thus, f?s (&) = 0 for all £ # 0 and b. Hence, f%5(Q) =0,
and (4.7) reduces to

p(x) = 1f1(Q) + xf¥(Q) + »f7(Q) + 2 ().
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Moreover, since ¢’(x) = x in Pg, we have f*(Q2) = 1+ pQ # 0 for some p € k[Q].
If f7(2) # 0, we can choose some nonzero &, such that f* (&), f7 (&) # 0. But in this
case, <pé0 (x) in (4.8) contains both terms of x and y. This contradicts to the description
of Auty p(Pq—g,) by Lemma 4.13. So f?(Q) = 0, and we get f1(Q) = f7(Q) =0
in the same fashion. This implies that ¢(x) = x(1 4+ pQ). Similarly, we get ¢! (x) =
x(1 + Qh) for some h € k[2]. By using ¢(2) = €2, we obtain that

x =97 (%) = p(x(1 4+ Qh)) = x(1+ Qp)(1 + Qh) = x,

which implies that p = h = 0. Therefore, ¢(x) = x. We further get ¢(y) =y and ¢(z) =z
by the same argument. Hence, ¢ is the identity as required. ]

Example 4.15. Let Q = z2 4+ x3y in Table A.2 with degx = degy = 1 and degz = 2.
Then the Poisson structure of Ag is determined by

{x,y} =2z, {y,z}:3x2y, {Z,x}:x3.

Consider the algebra automorphism of the polynomial ring k[x, y, z] defined by
p(x)=x, ¢(y)=y—x>—2z and ¢(z) =z + x°.
It is straightforward to check that ¢ is an ungraded Poisson automorphism of Ag.

We can prove that if £ belongs to the Weyl type, meaning Q(Pg) = Kwey, then Ag
possesses ungraded Poisson automorphisms. However, we have not discovered any
ungraded automorphisms for other irreducible €2, that is, those satisfying O (Pq) = K.
Therefore, we pose the following question.

Question 4.16. Let 2 be a homogeneous polynomial of degree |x| + |y| + |z]|. If
0(Pgq) = K, as Poisson fields, is every Poisson automorphism of A and Pgq graded?

5. Rigidities

In this section, we discuss several different rigidities of the Poisson algebras related to €2.
We intend to provide general methods for these rigidities and omit some details. Unless
mentioned otherwise, we will retain Hypothesis 1.1 for this whole section.

5.1. Rigidity of graded twistings

Note that the rigidity of graded twistings, denoted by rgt, was defined in Definition 2.2.
The following lemma provides an easy way to compute Poisson derivations and rgt of Ag.

Lemma 5.1. Let A be a connected graded unimodular Poisson algebra Aq as given in
Hypothesis 1.1. For any derivation § of A, we have the following:
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(1) § is a Poisson derivation if and only if div(8)tq = 7s(q) in X2(A).
(2) Suppose div(§) = 0. Then § is a Poisson derivation if and only if §(2) = 0.
(3) We have

rgt(A) = 1 — dimg Gspd(A4)
= 1 — dimg Gpd(A)
= 1 — dimg (PH'(4))o
= —dimg {8 € Gspd(A4) | div(s) = 0}
—dimg {§ € Gpd(A) | div(§) = 0}
= —dimg{$ € (Der(A4))o | div(s) = §(Q) = 0}.

Proof. Note that § is a Poisson derivation if and only if d!(§) = 0. Recall that the cochain
complexes (2.4) and (2.6) are isomorphic to each other. So

(da(8)(y,2),dy(8)(z, %), dy (§)(x, y)) = 85 (8(x), (1), 8(2))
as vectors. By (2.8) and (4.1), we conclude that
d; (8) = diV(S)er — T§(Q) (5.1)

in ¥2(A). Thus, (1) follows immediately.

For (2), suppose 6(£2) = 0. Then by (5.1), § is a Poisson derivation. Conversely, sup-
pose § is a Poisson derivation. By (5.1), §(2) € k = Ag. We write § = Y _§;, where each §;
is a homogeneous derivation of degree i. Since deg(2) = n, we get 6; (2) = 0 fori # —n.
Moreover, §_,(x), if not zero, has degree a —n < 0. So §_,(x) = 0 as A is N-graded.
Similarly, we get §_,(y) = §—,(z) = 0. Therefore, §_,(2) = 0 and so (2) = 0, as
desired.

For (3), consider the subspace Gpdy(A) = {§ € Gpd(A4) | div(§) = 0} of Gpd(A4). Let
8 € Gpd(A). By [49, Lemma 1.2 (2)], div(§) € k. In particular, div(E) =a + b + ¢ € k*
for the Euler derivation E of A. Hence,

div($)
 div(E)

§ = E € Gpdy(A). (5.2)
So Gpd(A4) = Gpdy(A4) @ kE. Thus, the formulas of rgt(A4) can be derived from [49,
Lemma 4.1], where the last equality follows from (2). ]

When A is generated in degree 1, rgt(Ag) is computed for each © from Table A.1
in [49, Corollary 6.7], and it follows that any graded unimodular structure 7 on A is
rigid (namely, rgt(Ag) = 0) if and only if @ is irreducible. Moreover, one can easily
obtain that GK(Agne) = O for irreducible €2 with isolated singularity, GK(A4sing) = 1 for
irreducible 2 without isolated singularity and GK(Aing) is 1 or 2 for reducible 2. Now,
we can generalize it to any weighted case.
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Theorem 5.2. Let Ag be a connected graded unimodular Poisson algebra given in
Hypothesis 1.1. Then Agq is rigid if and only if the potential Q2 is irreducible. In Table A.7,
we will list all rgt(A) and GKdim(Aing) of these Q from Tables A.2 to A.6.

Proof. We apply Theorem 4.4 (also see Lemma 2.3) and Lemma 3.2. Indeed, our
method is a case-by-case verification. First of all, when a = b < ¢ and Q = h(x, y)
is reducible, we have rgt(A) # 0 according to Lemma 3.2. For the rest of the proof,
we only provide the details for the following two cases for illustration: irreducible
Qp = z2 4+ xy3 + Ax2y? + x3y and reducible Q5 = x2z + xy> in Table A.2 (with
deg(x) =deg(y) =1 and deg(z) = 2). Let ¢ be any graded Poisson derivation of degree 0.
Replacing ¢ by ¢ + cE for some suitable scalar ¢ € k if needed, we can always assume
div(¢) = 0 by (5.2). Thus, we can write ¢(x) = a1x + a2y, ¢(¥) = azx + a4y and
d(2) = (—a1 — ag)z + asx? + agxy + a7y? for some o; € k. By Lemma 5.1 (2), we
have ¢(2) = 0 for Q = Q; or Q5. From ¢(21) = 0, one can show that o; = 0 for
i =1,...,7, which implies ¢ = 0. As aresult, rgt(Aq,) = 0. From ¢ (£2,) = 0, we obtain
a7 + 33 = 0 and «; = O for any i # 3, 7. This implies that Gpd(Ag,) = span{E, ¢},
where ¢ (x) =0, ¢(y) = x, ¢(z) = —3y2. Hence, we get rgt(Ag,) = —1. Finally, a stan-
dard Grobner basis computation yields all possible GKdim(As;,,). We skip the details
here. ]

5.2. Rigidity of gradings

In this and the following subsections, we use Poisson valuations to establish results about
the rigidity of gradings and filtrations. We believe that these kinds of rigidities deserve
more attention.

Theorem 5.3. Let Aq be a connected graded Poisson algebra with Q2 having an isolated
singularity. Then Pg has a unique connected grading such that it is Poisson graded with
nonzero degree 1 part.

Proof. We only prove the result for €2 := Q; in Lemma 4.10. The argument for €2,
and Q3 is analogous. By [24, Theorem 3.8], Q(Pg) only has two faithful O-valuations,
which are denoted by {v*19} as before. They correspond to connected gradings on Pg
with x, y, z in degree 1 according to (4.2). We assume G*!M o be the O-filtrations
on Q(Pgq) associated with any new grading and denote by ;1 *9 the corresponding faith-
ful 0-valuations. It is clear that ©~'4( ) < 0 for some f € Pg. So we have =14 = p=14
and u(x) = —1,u(y) = —1,u(z) = —1. So we can write x = xo + f, y = yo + g and
z = zo + h, where xg, Yo, zo are homogeneous of new degree 1 and f, g,/ € k. Since every
non-trivial linear combination of x, y, z has pu"“-value —1 (as ™4 = v™19), xq, yo. 2o
are linearly independent. Since Q = x3 + y® + z3 + Axyz = 0 is a sum of homogeneous
relations, we get

(Bf% 4+ Agh)xo + (3g% + Afh)yo + (3h% + Afg)zo = 0.
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This implies that 32 + Agh = 3g? + Afh = 3h? + Afg = 0, or equivalently ( f, g, h)
is a singular point of 2 = 0. Since €2 has an isolated singularity at the origin, we get
f=g=h=0and x = x9, y = Y9, z = zo are homogeneous of degree 1 in this
new grading. Since Pq is generated by X, y, z, the new grading agrees with the given
grading. ]

5.3. Rigidity of filtrations

Theorem 5.4. Assume that Q has an isolated singularity. Then Pq_g, with § # 0, has a
unique filtration F such that the associated graded ring gry (Pq_¢) is a connected graded
Poisson domain with nonzero degree 1 part.

Proof. Again, we only prove the result for 2 := €1 in Lemma 4.10. The argument for 2,
and €23 is analogous. The result follows from [24, Theorem 3.11] that O (Pgq_¢) has only
one faithful O-valuation v~ and Proposition 2.6. n

By Theorem 5.2, we have the following:
Q2 being irreducible < rgt(Ag) = 0. (5.3)
Now Theorems 5.3 and 5.4 can be summarized as

Pgq having a unique grading <= €2 having isolated singularity
= Pq_; having a unique filtration. 5.4

There is another diagram for balanced irreducible potentials €2; see (6.11).

6. K,-sealedness and uPH>-vacancy

In this section, we introduce two technical concepts — K -sealedness (Definition 6.2 (2))
and uPH?-vacancy (Definition 6.8 (3)). Together with H -ozoneness (Definition 2.1 (3)),
they will play an important role in computing Poisson cohomology in the next section.
Note that the uPH2-vacancy of Agq is independent of the choices of the graded generators
(x, y,z); however, the K;-sealedness of 2 may be dependent on the choices of the graded
generators (x, ¥, z). In this section, we assume that 7 is not necessarily equal toa + b + c.

6.1. K-sealedness

Let Q2 be a homogeneous element of degree n > 0 in the weighted polynomial ring
A = Kk[x, y, z] with (deg(x), deg(y), deg(z)) = (a,b,c) € Ni. Let us first recall that
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the Koszul complex K, (?Q) given by the sequence ?Q = (Rx,2y,,2;)in A is

Yo A[-2n+b + ] Tox Ala — n]
0— A[— 3n+(a+b+c)]—> D A[-2n+a+c] —> @ A[b—n]
@ A[-2n + a + b] @ Alc —n]
va
2 A A/ (D, Ry, Q) — 0. (6.1)

Note that (6.1) is a complex of ggtded vector spaces, where the differentials are graded
maps of degree 0. A 1-cycle in ker(V Q) is called sealed if V f = 0 when further con-
sidered as an element in Agj,e. Let 51(£2) be the subspace of ker(V 2-) consisting of all
sealed 1-cycles in the above complex. The following follows from commutative algebra.

Lemma 6.1. Retain the above notation.

(1) Ifged(Ry, R2y,2;) =1, then thﬁ) Koszul complex (6.1) is exact everywhere except
possibly for the position at K1 (V 2).

(2) If GKdim Aging < 1, then gcd(Q2x, Qy, Q7)) = L.
(3) If Q is irreducible (and weighted homogeneous), then gcd(Q2x, 2,,Q;) = 1.
@) im(V2x) € 51(Q) < ker(V Q).

Proof. (1) It follows from [40, Remarks 3.6 and 3.7].

(2) and (3) These are clear.

(4) For any g € A®3, by a computation, V (VQ xg)=0in Ajing. The second
inclusion follows from the definition. [

Definition 6.2. Let Q2 € A be a potential, and we consider the Koszul complex (6.1).
(1) The sealed first Koszul homology of (A, ) is defined to be

sK1(A, Q) i= 51(Q)/im(V 2x).

(2) Qis said Ky-sealed if sK1(A, Q) = 0. Thatis, forany f € A@3’l£ f-VQ=0
inAand V - f = 0 when considered as an element in Agjng, then f* =
for some g € A93.

The property of being K-sealed was implicitly used by Luo in her thesis [33]. It
involves computing the Poisson homology using the first homology of the correspond-
ing Koszul complex in certain exceptional cases. It is unclear if the K;-sealedness of 2
depends on the choice of graded generators (x, y, z). We assume a fixed set of (x, y, z)
when discussing K -sealedness.

By deﬁmtl_)on the K -sealedness for 2 can be reﬂected via the homology of the Ig)szul
complex K.(V ) in the following way: for any 1- Cycle f € ZI(K.(V Q_)Q itV f=0
in Agng, then f belongs to the 1-boundary, namely f = 0in H1(K.(VQ)). If Q has



Weighted Poisson polynomial rings in dimension three 823

an isolated singularity at the origin, then H; (K. (?Q)) = 0 [40, Proposition 3.5]. Hence,
such an 2 is always K;-sealed.

In the rest of this subsection, we will show that K;-sealedness holds for some other
families of €2 that do not have isolated singularity.

Lemma 6.3. Let Q = xyz + g(x, y) for some g(x, y) € k[x, y] satisfying the following
conditions:

(1) g(x,y) is homogeneous with respect to some new grading deg,.,, (x) = a’ and
deg,o(¥) = b fora', b’ = 3.

(2) g(x,y) contains both terms x*" and y* .

(3) xy | gx&y-
Then Q is K; sealed In this case, by choosing such a new grading together with
deg,..,(z) =a'b' —a' = b =: ¢/, we have hp, (k) (t) = %

For example, 2 = xyz + x4 ya/ with @/, b’ > 3 is Kj-sealed. In applica-

tions/examples in the next section, we have (a, b, c) = (E ?, E) for g = ged(a’,b’, ).

Proof of Lemma 6.3. We assign a new grading, denoted by deg, .., on A by choosing
deg, ., (x) 1= d’, deg,.,(y) := b’ and deg,.,,(z) := a’b’ —a’ — b’. It is obvious that Q
becomes a homogeneous potential of degree n’ := a’b’ under this new grading. It is easy
to check that GKdim Ag;ne = 1 and a k-basis of Agne Will be explicitly constructed later on.
By Lemma 6.1, the Koszul complex Ko(Q2, 2y, 27) given in (6.1) is exact everywhere
except at K;. We claim that H;(K,) is spanned by the images of the elements

o =1 (xz,—gx, Ex8y _ 22)

Xy

: ’ ’ ’ ’ / ’ - T
in(Ala" —n'] @ A" —n'] ® Alc" —n'])e/g4+1)4n foralll > 0.So ¢ - VQ = 0.
—
Suppose we have g = f x Ve for some

—
f =1 fo. o) € (Al=d' = '] ® A[-b" —n'] & A[—" = n'Derg41) 4w
Then the third component ofﬁ = f X VQ is equal to

fl(xz + gy) — fz(yz + gx) = %21 —Zl+2.

However, this is impossible since the monomial z/*2 cannot appear on the left side.
Since each homogeneous element @ has a different degree for distinct /, their images in
H,(K.) must be hnearly 1n/dependent To prove our claim, it suffices to match the Hilbert
series of Hy(Ka,) w1th et which is the one associated with the k-subspace spanned by
{97 |1 = 0}. By our assumptlon (2), we can apply the diamond lemma to obtain a k-basis
of Asing = A/(Qx. Qy. Q) = k[x. . 2]/(xy. X2 + gy. Yz + ) given by

i =0 U{x,... XUy, T 6.2)
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Thus, Aging has a Hilbert series given below

ta/ _ ta’b’ lb’ _ tb’a’

hAsing (t) = +

1—1t¢ 1 —t@ + -

A calculation for the Hilbert series of the terms in (6.1) yields the following:

c'+n’'

hiy ko (@) = ha(@) @@ = DT = D) = 1) + hag, (1) =

7.

1 —z¢¢

Therefore, we have proved the claim.

Next we show that Q is Kj-sealed. Taking an arbitrary homogeneous element f €
Zl(K.(V )) satisfying V. J = 0in Agpg, up to a boundary, we can take f = Ag; for
some A € k. One can check that

—

V. 7=aV-g) = x(z—gify 2 g =+ D) =0 in Ay,

By our assumption (2), one can check directly y 4 gx and x } g,. So our assumption (3)
implies x | gx and y | gy. Thus, there is a surjection

T A= Agng = A/ (R, 2y, Q2;) = A/(x,y) = k[t]

via w(x) = w(y) = 0 and w(z) = . So we have
w¥ Ty =412 ( 2w = (g @) - @ 4 D)

zun(g") (gy) — An(gay)t! — A + et
X Yy

—
which cannot be zero in k[¢] unless A = 0. Hence, f € B;(K, (?Q)) and consequently,
sK1(A, Q) = 0. Therefore, 2 is K;-sealed. |

Another type of Kj-sealed Q2 is given by Q = z" + g(x, y) for some g(x, y) is
in k[x, y]. We need the following definition.

Definition 6.4. A polynomial g € k[x, y] is called special if for any polynomial f €
k[x.yl.d | (5 1), — (%f)y implies that d | f, where d = ged(gx, gy)-

Lemma 6.5. The following g € k[x, y] are special:
(1) g = xkyt withk,1 > 1 and ged(k,1) = 1.
() g =xky! +x" withl > 1andm > k > 1.
(3) g =xky! + y™ withk > 1andm > 1 > 1.

Proof. (1) We have d = gcd(gy, gy) = x¥~1y!~1. Suppose there is some f € k[x, y]
such that x¥=1y!=1 | (£ 1) — (%xf)y =Uxf)x—(kyf)y=U=k)f +Ixfx—kyfy.
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Without loss of generality, we can take f = x” " to be a monomial. Thus, x¥~1y/~1 |
(I(m + 1) —k(n + 1)) f. If to the contrary, x*~1y!~1 } £ then we must have m < k — 1
orn <l —1andl(m+ 1) = k(n + 1). The latter implies that / | n + 1 and k | m + 1
since ged(k, ) = 1. This yields a contradiction.

(2) Since gy = x* 1 (ky! + mx™ %) and gy = Ix*y!=1. Sod = gcd(gx. 8y) = xk-1
Suppose there is some f € k[x, y] such that

k=1 (& _ (8= _ -1 _ I m—k
F(F), (), = G T D= @ mam T ),
= (=R f + 1y fe = Ry + mx™ ) £,
We consider f a polynomial in x with coefficients in k[y] and denote its lowest term

as hx" for some 0 # & € k[y]. Then the possible lowest term in (iy f)x — (%‘f)y is x"
with its coefficient given by

Ik =1 =)y h — k(" + 8mi)hy.

Ifn>k—1,thend | f. Suppose n < k — 1. Then it implies that the above coefficient
is zero, and so we get hTy = —k_Tl_”lyl_l/(yl + 8m k). Thus, h = A+ S,
for some nonzero scalar A, which is not a polynomial. This gives a contradiction.

(3) The proof is similar to (2). [ ]

Lemma 6.6. Let Q@ = z" + g(x,y) where n > 2 and g(x,y) € k[x, y]. Then Q is
Ki-sealed if g is special.

Proof. Let f = (f1, f. f3) € A®3 satisfying VQ - f =0indand V- f =0in Aging.
Write f; = Z;’;(l)hijzj, where h;; € k[x, y]for0 < j <n —2and h;j,—1) € k[x, y, z]
fori = 1,2. Thus,

n—2

- = 4 _

VQ. f = E (higx + h2igy)z" + (him-1)8x + ham-1)gy + nf3)z" ' = 0.
i=0

By a direct computation, we get hiigx + haigy =0ink[x, y] for 0 <i <n —2 and
f3 = —h- ‘)gxn+h2(” &) et g = ged(gx. gy), we can further write hy; = (£)/; and
hoyy = —(%x)l,- with [; € k[x, y] forall 0 <i < n — 2. Therefore,

(Zz (8. -Ex.0)ar + Tax (B2, e o))
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S8 g P e (2 (Te-)  hie-
(0, (50, ) T (7 (2 i)

(5, - (o)) e

=0 in Asing-

N ©

Note that Ayng = K[x. 7. 21/(gx. 8. 2" 1) = @2 (k[x. y1/(gx. 8))z'. This implies
that (£41;) = (%Xl,-)y in k[x, y]/(gx. g). and hence d | (41;) — (%li)y for all
0 <i <n —2. Since g is special, by definition, we can write [; = dm; for m; € k[x, y]
forall 0 <i <n — 2, and hence

- &= 8y 8x i ha—1y  hig-1)
7 =;l,~(7,—7,0>z +Vex( - 0)

n n
n—2
Lo ha—1y  hign—
= Z(gy,—gx,O)miz’ +VQ x( 2(n 1)’_ 1(n 1)’0)
i=0 n n
- ha—ty  Pig—1) n—2
2(n—1 1(n—1 .
=VQx _ i)
=0
This proves our result. i

6.2. uPHz-Vacancy

In this subsection, we introduce another new concept: uPH?-vacancy for Ag and we shall
show that if Q is K-sealed, then its corresponding Poisson algebra Agq is uPH?-vacant.
By definition,

ker(dz) = {8 € 2*(A) | [8, mals = O},

where d, is the differential in the cochain complex (X°(Ag), d,

zg) (2.4). Before stating
the definitions, we need a lemma.

Definition-Lemma 6.7. Retain the above notation. Let
M?*(A) :={frq+mg | f.g € A}
which is a subspace of X%(A). Then im(d;sz) C M?*(A) C ker(diﬂ ).

Proof. The first inclusion follows from (5.1). That is, d1(§) = div(§)wq — ms(q) for
any § € X!(A). For the second one, it suffices to show that u := [ frq, mq]s = 0 and
v := [7g, ma]s = O for all f, g € Agq. Note that both u and v are in X3(A). Hence, it
remains to show that u(x, y,z) = 0 and v(x, y, z) = 0. They follow from the definition of
the Schouten bracket and (4.1) via a straightforward computation. We omit the details. m
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Definition 6.8. Let A be the unimodular Poisson algebra defined in Notation 4.2.
(1) The upper division of the second Poisson cohomology of Ag is defined to be

uPH?(Aq) = ker(d,%ﬂ)/Mz(A).
(2) The lower division of the second Poisson cohomology of Ag is defined to be
IPH?(Ag) := M*(A)/im(d,).
(3) We say Ag is uPH?-vacant if uPH?(Aq) = 0, or equivalently IPH?(4q) =
PH?(Ag).

According to Definition 4.1, the definition of uPH?(Ag) (and IPH2(Ag) as well as
uPH?Z-vacancy) is invariant under the choice of graded generators (x, y, z). Consequently,
uPH2-vacancy is independent of the choice of graded generators (x, y, z). According to
the following lemma, IPH?(Agq) is typically nonzero.

Lemma 6.9. Retain the above notation and assume (1), (2) and (3) of Hypothesis 1.1. If

hppoa) (1) = hppi 4y (@) = ﬁ then the Hilbert series of IPH?(Agq) is given by

_ L (A= —mha—m)
hlPHZ(A)(t) = t“+b+c ((1 _ t")(l _ t”)(l — tb)(l — [c) - 1),

Proof. We claim that the following sequence of graded vector spaces

0> K[Qla+b+c]S Al-n+a+b+cl®Ala+b+cM>a)y—0 63)

is exact, where a(g) = (;—“g, g)and B(f,g) = frq + mg. Itis clear that o, B are graded
maps, « is injective and § is surjective, and B = 0. Hence, it remains to show that
ker(8) = im(c). Suppose B(f. g) = frq + mz = 0. One can check that

dl(g) = [ gls = —[mg. Qs = [f7e. Qs = 0.

By the assumption, we have Zp (A) = k[S2]. Therefore, we have g € Zp(A) = k[2] and
f= ;,%. Note that we have the following exact sequences of graded vector spaces:

0 — PH’(4) — X¥°(4) — im(d?) — 0, (6.4)
0 — im(d?) — Pd(A)[w] — PH! (4)[w] — 0, (6.5)
0 — Pd(A)[w] — X1(A)[w] — M?2(4)[2w] — IPHZ(4)[2w] — 0. (6.6)

One can deduce that

Pipnz () (8) = hag2(ay (1) — har (ay (D1 + hgoay (D1 + hpggi 4y (1"
— hpyo( ) (1. (6.7)

The assertion follows from (6.3) via a direct computation. ]
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We also need the de Rham complex for A:
09 514 529 3
0>k —>Qy—Qy— Q4 —Qy—0. (6.8)

We will utilize the following natural isomorphisms of graded vector spaces

Q0 5 4,

Q} = A[-a] & A[-b] & A[—c] fdg— fVg,

Q2 5 A[-b—c]® Al—a —c]® A[—a—b] fdgAndhv> fVgx Vh, ©9
Q3 > Al-a—b—c] fdx ndy Ndz i+ f

to (6.8) for f, g,h € A. As a result, we have the following complex of graded vector
spaces:

0>k—>A4A— @A-b] — DA[-a—c] — A[-a—b—c]—0. (6.10)
® A[—c] @ Al—a — b]

In the sequel, we will use the well-known fact that the de Rham complex (6.10) for 4 is
always exact.

The following lemma shows that Aq is uPH?-vacant if and only if it is H-ozone. It
is important to note that the uPH2-vacancy of Agq plays a significant role in computing
the Hilbert series of Poisson cohomology groups. In this lemma, we will give two more
ﬂuivalent descriptions in terms of a combination of the Koszul complex for the sequence
VQ = (Qy, 2y, 2;) and the de Rham complex for A.

Lemma 6.10. Let A be Ag satisfying (1), (2) and (3) of Hypothesis 1.1, where Q2 is a
nonconstant homogeneous potential. Then the following are equivalent:

(1) Ais H-ozone.

(2) For any7€A®3,?-7:7-$Q=Oimplies that?:?gx?Qfor
some g € A.
— - = = - = -
(3) Forany f € A®3, if (V x f)-VQ =0, then f = Vm + gV Q for some
m,ge€A.

(4) A is uPH?-vacant.

Proof. (1) & (2) _I)Assume (2) holds and suppose § is an ozone dg)iva_ti)on of A, that is,
8(9)_=) O_.)Write § = (8(x),8(y),8(z)) € A®3.S00 :_8)(9)_): 8_-)V Q. By (5.1), we
have V - 6 =div(d) =0as§(2) =0.So (2) implies that § = V g x VQ for some g € A4,
which is equivalent to § = {—, g}. So ( 1_2 holds.
- = = =
Conversely, suppose there is some f € A®3 such that V_-) f=f-VQ=0. COE;
sider the derivation § of A defined by (§(x), 8(y), 8(z)) = f. The assumptions on f
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yield that §(€2) = div(§) = 0. So Lemma 5.1 (2) implies that § is a Poisson derivation.
Note that in the proof of Lemma 1 of [37], it is shown that the Poisson center Zp(A) is
algebraic over k[2]. Hegge, S_V)anishgs on Zp(A), so it is ozone. So by (1), § = {—, g}
for some g € A, thatis, f = Vg x VQ.
- = = —
(2) < (3) Assume (2) holds and suppose that (V x f)- VQ =0 for f € 493,
R S SR . - = - =
Write h := V x f € A®3. Itis easy to see that V- h =0and h - VQ = 0. So
- = = = — . - = =
h=VgxVQ=V x(gVQ)forsome g € A. This implies that V x ( f —gV Q) =0.
—
By the exactness of (6.10), we can write [ — g?Q = vm for some m € A. So (3) holds.
> — - = —
Conversely, suppose V - f =0and f - VQ = 0 forsome f/ € A®3. By the exact-
— — —
ness of the de Rham complex for A4 (6.10), we can write f = V x I forsome h € A®3.
- - = S —
Hence, (V x h)- VQ = 0. So, by (3), we can write h = Vm + gV Q for some
e - - =
gmeA. Thus, f =V Xx(Vm+gVQ)= Vgx VQ and (2) follows.
(3) & (4) We use the identification ¥2(A4) => A®3 described in (2.5) via

58 = (8(y.2),8(z.x).8(x. 7)),

which is different from the notati_o)n —8) used_)in the proof of part (1). One can check
that 7z and frg correspo_)nd to Vg and fVQ, respectively. Moreover, by (2.9), we
have —[8, 7g]s = —(V x § ) - VQ. Then (3) and (4) are equivalent by reinterpreting the
conditions through the above identification. ]

The result below links the K;-sealness of a potential 2 to the H-ozoneness of its
associated Poisson algebra, Ag.

Lemma 6.11. Let Q2 be a homogeneous polynomial of positive degree n. If Q2 is K-
sealed, then Ag is H-ozone.

Proof. 1t suffices to show that A satisfies condition (3) in Lemma 6.10. Suppose that
deg(x) = a,deg(y) = b and deg(z) = ¢ for some positive integers a, b, c. Note that
is homogeneous with a positive degree n, which is not necessarily equal to a + b + c.
As a result, the Poisson bracket 7o on A is homogeneous of degree n —a — b — c¢. The
following diagram combines the Koszul complex (6.1) and the de Rham complex (6.10).

(A[-a] ® A[-b] ® A[—c])[-n]

—
lVQx
—

V x

Al—a) ® A[-b) ® A[—c] — A[-b —c] ® A]—a — c] ® A|—a — b] z) Al—a — b —c]

—
\{VQ-

Aln—a—b—c].
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Without loss of generality, assume that 7) € (AL—a] @ A[-b] & A[—c]), for some £ € Z

s N . —~ = - = =
such that_)(V x f)- VQ = 0. The condition (V x f)- VQ = 0implies that V x f €
Z1(Ke(V)). So we can write

?x?:ﬁx?ﬁ—i—ﬁ

— — — —
for somgfl € (A[—a] ® A[-b] ® A[—c])¢—pn and h € Z1(Ko(V RQ)) \ B1(Ke(VRQ))
or 0.If & # 0, then

—
The last equahty follows from a direct computatlon Since 2 is K- sealed h €

E}(K (V Q)), yielding a contradiction. Thus, 7 = 0 and consequently, (V X fl)
V Q = 0 by the above calculation. Repeating this procedure with initial setting fo = f,
we get

- - = = - - =

VX fu1=fmuxVQ and (VX f,)-VQ =0
f_o)r some zn) € (A[—a] ® A[-b] ® A[—C])e_% fori; 1. Since A is connected graded,
Jp = 0 for some p > 0, which_ir)nplie_s) that V x f,_1 = 0. By the exactness of the de
Rham complex for A, we have f,_; = V_)Gp_ 1_>for some Glyl € A. To complete the proof,
it suffices to prove that, if we can write Je = VGy+ HyVQ forsome Gy, Hy € A, then
so can we do the same for f;_;. An easy calculation yields that

- — = =

V X fau1= fg x VQ
— g —
= (VG + H;VQ)x VQ
= =
=VG;xVQ
= -
=V x(G4,VQ).

— — —
So V x (fg—1 — G4 V) = 0. Due to the exactness of the de Rham complex for 4, we

L= = - .
can write f;_1 — G4 VQ = VG, for some G,—1 € A. Now, our result is deduced by
a downward induction. m

By the above two lemmas (and Theorem 1.6), we shall have

Q is Kq-sealed = Ag is uPH?-vacant < Agq is H-ozone
& Q is irreducible and balanced. (6.11)

However, it is not clear if “Q is K;-sealed < Ag is uPH?-vacant”. So, we ask the
following question.
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Question 6.12. Is K;-sealing condition equivalent to H -ozone for Q with |Q| = |x| +
Iyl +12]?

7. Poisson cohomology of weighted Poisson algebras

In this last section, we investigate Poisson cohomology for a graded unimodular Poisson
algebra A in dimension three assuming Hypothesis 1.1 unless mentioned otherwise. We
aim to expand upon the results of van den Bergh [50] and Pichereau [40] to encompass a
wider range of Poisson algebras. First, we show that Aq is H -ozone for all balanced irre-
ducible 2. When 2 has an isolated singularity, 2 is K{-sealed and Agq is thus H-ozone.
By Theorem 4.4 and Lemma 2.3, we can use the classification of €2 in Theorem 3.5 to fur-
ther divide the rest of the irreducible ones (without isolated singularity) into the following
four cases:

(1) Under a new grading, the associated graded Poisson algebra of A is Ag for some
Q = z" + x¥y! withn > 2 and ged(k, /) = 1 up to a permutation of x, y, z; that
is, €2 is one of these irreducible potentials not included in Cases (2)—(4) below.

2) Q=xyz+ xb + y“/, where a’, b’ > 3.

(3) Q is non-balanced and irreducible; that is, Q = 72 4 y3, or z2 4+ x2t% , or
b a
X ged(@,p) + Y ged(ab) .

@ Q=z2+y3 +x2y%orz2 +x%y% + y2+%
7.1. Case (1)

We first verify that the algebra Ag is H-ozone in the case, where = z” + x*y/
with n > 2 and ged(k, 1) = 1. For any general Q containing z"* 4+ x¥y!, we construct a
w-filtration on Ag and consider the associated w-graded Poisson algebra instead. Apply-
ing a spectral sequence argument, we can establish that Aq is still H-ozone for any such
general €.

Lemma 7.1. Let Q@ = z" + xkyl for some positive integers n, k,l such that n > 2 and
ged(k,l) = 1. Then Ag is H-ozone.

Proof. Tt follows from Lemmas 6.5 (1) and 6.6 that 2 is K;-sealed. Then the assertion
follows from Lemma 6.11. ]

Now suppose €2 is as in Case (1). We will consider some Poisson w-filtration
on Ag, whose associated w-graded Poisson algebra is defined by a potential of the form
2" + xkyl,

For the rest of this subsection, it is more convenient to use the filtration F = {F; |
i € Z} on A consisting of an increasing chain of k-subspaces F; € Fj4; (which is differ-
ent from the one given in Definition 2.5). Accordingly, we have to modify other parts of
Definition 2.5. In particular, we will change w to —w when we use a Poisson w-filtration.
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Lemma 7.2. Let A be a connected graded polynomial Poisson algebra and F be
a w-filtration of A with w being not necessarily zero. Suppose the following hold:

(1) The Poisson center Zp(A) = k[y] with deg(y) > 0.
(2) The Euler derivation E of A preserves the w-filtration IF.

(3) The associated graded algebra gry A is a connected w-graded polynomial Poisson
algebra.

(4) The Poisson center Zp (gry A) is k[x] with s := deg,.,,(¥) > 0 here deg,.,, is the
new grading associated to the filtration F.

(5) gry A has no nonzero Poisson derivation of degree —s.
(6) gry A is H-ozone.
Then A is both H -ozone and PH'-minimal.

Proof. Let E be the Euler derivation of A. By (2), we have the induced graded Poisson
derivation, denoted by E™™, on grp A. So we can write E™(¥) = m}, where m =
deg(y) is under the original grading of A. Denote Z = Zp(grp A). We claim that
PH!(gry A) = ZE™ by following the argument in [49, Lemma 7.7]. Note that the
induced Poisson bracket on grp A is homogeneous of degree w. So, it suffices to con-
sider all homogeneous Poisson derivations. Say ¢ is one of degree i. One can check that
¢ () € Z.By (5), we get ¢(¥) = ay" for some a € k and n > 0 (and further ¢(}) = 0
if 5 4i). Write ¢’ = ¢ — £%""'E™. Then ¢'(y) = 0, whence ¢’ is ozone. Now (6)
implies that ¢ = %7"_1 E™ + ¢’ for some Hamiltonian derivation ¢’. This means that
Pd(gryp A) = ZE™ + Hd(gry A). It remains to show that ZE™ N Hd(grp 4) = 0.
Let ¢ = fE™ be Hamiltonian for some f € Z. So ¢(¥) = fE™(x) = mfx = 0.
Hence, f = 0 and ¢ = 0 since Z is an integral domain. This proves our claim.

Next, we use the w-filtration F = {F; A | i € Z} of A to filter the cochain complex
(%°(A),d2) and compute PH! (4) by spectral sequence. For each p,i € Z withi > 0, we
define a k-subspace F,X'(A) of X' (A)

Fp¥'(A) ={f € X' (A) | flar,....a;) € Fly4il—priwA
forany a; € Fle, 1<j<i}.
Applying the differential formula (2.1), for any f € F,X'(A) we have
i

di(f)ao.....a;) =Y _(~1){a;. flao.....dj.....a;)}

j=0
+ > )/ f(aj.a)a0. .. GGk ar)
0<j<k<i
€ Fig4tli—p+i+Dw A,

wherea; € Fj,Afor0< j <i.Sod. : Fy¥' (A)— F,X'T'(A). Then { F,X°(A) | p € Z}
is a (decreasing) filtration on the cochain complex (X°(A), d), which is exhaustive and
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bounded below since grp A is connected graded. Thus, according to [54, Section 5.4], we
have a cohomology spectral sequence with

EP? = FpXP19(A) ) Fp1 01 2= 221 (grp A)— pi (prq)w

and
EPY = PHP M (grg A)_pi(prqyw = PHPTI(A).

By (4), we know PH®(gry A) = k[¥]. Since every cocycle ()" in E;-page can be lifted
to a Poisson central element y” in PH?(A), the elements in Z = k[}] are all permanent
cocycles and survive to Eo-page. As a consequence, the differentials d”? : EF'? —
EFT™47"*1 gre all zero whenever p+q=0.%5 E" = E&? when p + ¢ = 0. By
our previous claim, we know PH! (grp 4) = ZE™. Similarly, every cocycle " E™ can
be lifted to a Poisson derivation x" E in PH'(A). Hence, EY = E&? when p + ¢ = 1.
This implies that PH!(4) = k[x]E and hence A is PH'-minimal. Finally, 4 is H-ozone
by [49, Lemma 7.5]. [

By combining Lemmas 7.1 and 7.2, we obtain the following consequence.
Proposition 7.3. If Q2 is of the form in Case (1), then Aq is H-ozone.

Proof. We first show that any such Agq satisfies the assumptions in Lemma 7.2, and
then the result follows. We use = z2 + x2y2 + x*y as an illustration. Note that the
original grading on A is given by deg(x) = 1, deg(y) = 2, deg(z) = 3. Now we set
deg,..,(x) = 3, deg,.,(y) = 2, deg,.,(z) = 7 and consider the following algebra fil-
tration F = {F; | i € N}, where F; are spanned by all monomials x/ y¥z! satisfying
3j +2k + 71 <i.By[24, Lemma 2.9], it is easy to check that {F;, Fj} € F;4 j» forall
possible i, j € N. So F is a w-filtration for the Poisson algebra Ap with w = 2. It is clear
that grp A = k[X,y,z] with the new grading deg,.,,(x) = 3,deg,.,, () = 2.deg, ., () = 7.
One can further verify that grp A is still unimodular with a homogeneous potential
Q =724+ x*y. By Lemma 7.1, (grp A)g is H-ozone. Moreover, it is routine to check
that (gry A)g satisfies all the requirements in Lemma 7.2. So Ag is H -ozone. ]

7.2. Case (2)

Proposition 7.4. If Q2 is of the form in Case (2), then Ag is H-ozone.

Proof. 1f Q is of the form xyz + x4 y“/, by Lemma 6.3, 2 is K{-sealed. The assertion
follows from Lemma 6.11. |

7.3. Case (3)

In this subsection, we show that Aq is not H-ozone for each non-balanced irreducible Q2.

Lemma 7.5. Let Q be non-balanced and irreducible. Then A is not H -ozone.
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Proof. By a choice of (x, y, z), we may assume that Q = h(x,y) = Zai—i—bj:n (xijxiy-i,
where n = a + b + c. Since 2 is irreducible, oo and o are nonzero, where kb =
n=ual. Since c =n—a—b = kb —a— b, the assumption ged(a, b, c) = 1 implies
that gcd(a, b) = 1. Then the equation kb = al implies that k = ag and [ = bg, where
g = ged(k, ). If aj; # O for some (i, j), thenai + bj =n =abg.Hence,a | j and b |i.
This means that (x, y) = f(x?, y¢) for some homogeneous polynomial f(s,?). Since Q
is irreducible, so is f(s, ). The only possibility is when f(s, t) is linear, or equivalently,
h(x,y) = xb+ y% Sinceab=n=a+b+c,a,b>2.

To show A being not H-ozone, it suffices to show that does not satisfy condition (2)
in Lemma6 10. Cgr)mlderlng f =1(0,0,1) € A6193 Hence, V. f=1fr- Ve =o. Sup-
pose f = Vg x VQ for some g € A. Write Vg = (g1, g2, 83) € A®3. Then we must
have 1 = ag; %! bgzx 1 which is impossible since a, b > 2. [

7.4. Case (4)

Finally, we deal with the two exceptional potentials: @ = z2 + y3 + x2y2 or z2 +
x2y2 4 2tz

Proposition 7.6. If Q2 is of one of the above forms, then Ag is H-ozone.

Proof. By Lemmas 6.5 (2) and (3) and 6.6, 2 is K;-sealed. The assertion follows from
Lemma 6.11. un

Corollary 7.7. Let 2 be an irreducible potential in the classification that is neither
x* 4+ y! nor x¥ + z! nor y* + z!. Then Q is balanced.

Proof. By Propositions 7.3, 7.4 and 7.6, for such an @, Ag is H-ozone. The assertion
follows from Lemma 7.5. [

7.5. Main results on Poisson cohomology

We compute the Hilbert series of the Poisson cohomology groups of Ag when it
is H-ozone. Our result shows that their Hilbert series only depends on the grading of Agq.

Theorem 7.8. Let A = Kk[x, y, z] be a connected graded algebra such that deg(x) = a,
deg(y) = b, deg(z) = c with unimodular Poisson structure given by some homogeneous
polynomial 2 of degree n > 0. Here, n may not be necessarily equal to a + b + c. Suppose
the following statements hold:

(a) Zp(A) = k[S2].

(b) A is H-ozone.

(c) A has a degree 0 Poisson derivation that is not ozone.
(d) A has no nonzero Poisson derivation of degree —n.

Then the Hilbert series of the Poisson cohomology groups of A is given as follows:
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(1) fpyroay (1) = T2
(3) hPHZ(A)(l) = 1 ((l—f"_“)(l—t”—b)(l_,n—c) B 1).

tat+b+c (1_tn)(1_ta)(1_tb)(1_tc)
_ (l—t”_a)(l—tn_b)(l—t"_c)
(4) th3(A)(t) - l‘a+b+c(l—l‘”)(l—ta)(l—tb)(l—tc)‘

Proof. Consider the cochain complex (X°(A4), d;) in (2.4) for computing PH®(A4).

(1) By (), it is clear that hipyo(4) (1) = hz,4)(t) = ﬁ

(2) By (c), we have a degree 0 Poisson derivation, denoted by &, such that §(£2) # 0.
Without loss of generality, we can assume §(2) = Q as § has degree 0. By (d) and a
similar argument of [49, Lemma 7.7] (also see the proof of Lemma 7.2), one can see that
PH!(A) = Zp(A)S. So hppi () (1) = hzpa)(@) = ﬁ

(3) By (b) and Lemma 6.10, A is uPH?(A)-vacant, namely, IPH?(4) = PH?(A). Then
the result follows from Lemma 6.9 and parts (1) and (2).

(4) Notice ker(d2) = M?(A) since A is uPH?(A)-vacant. Considering (6.4) and (6.5)
and the following exact sequence

0 — Pd(A)[w] — ¥ (A)[w] — ker(d2)[2w] — PH?(A)[2w] — 0, (7.1)

we obtain
g ) (1) = Pyerqazy (1" — hai (ay (D> + ho(ay ()"
1 1—lw+a 1—lw+b 1—lw+c
T ( )( i )( ) 72)
ratb+te (1 —=19)(1 —tb)(1 —¢9)
via (2.10). The rest can be deduced from (6.3) via another direct computation. ]

As a consequence, we obtain the Hilbert series of Poisson cohomology for any con-
nected graded unimodular Poisson algebra Agq for any balanced irreducible 2 (but not
necessarily having isolated singularity).

Corollary 7.9. Assume Hypothesis 1.1. If Q is an irreducible potential in the classifica-
tion that is neither x* + y! nor x* + z! nor y¥ + z!, then the Hilbert series of Poisson
cohomology of A is given as follows:

(D) oy = T2
(2) hpg (1) = 27

1 (l_ta+b)(1_ta+C)(1_tb+C) .
(3 hPHZ(A)([) = t_"( (A—1")(1—1%)(1—1) (1—£°) 1)

_ (l_ta+b)(1_ta+C)(1_tb+C)
“4) hPH3(A)(t) = A=) (1—19)(1—10)(1—1°)"
Proof. 1t suffices to check that Ag satisfies all the requirements in Theorem 7.8 when €2
is an irreducible potential mentioned above — (a), (c) and (d) are obvious. So it remains
to show all such Ag are H-ozone. If Q has isolated singularity, Ag is H-ozone. As
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discussed before Lemma 7.1, the rest of the irreducible 2 classified in Theorem 3.5 are
divided into four classes. Note that Proposition 7.3 covers class (1), Proposition 7.4 covers
class (2), Proposition 7.6 covers class (4) and Lemma 7.5 covers class (3). So our result
follows immediately by lettingn =a + b + c. ]

The Hilbert series of the Poisson cohomology only depends on the weights of x, y, z
when €2 is balanced. Thus, these connected graded unimodular Poisson algebras exhibit
the same homological behavior, making it impossible to distinguish irreducible potentials
solely by using the Hilbert series. It would be interesting to see if additional structures in
Poisson cohomology can distinguish different irreducible potentials. See the next question.

Question 7.10. Can we use k[2]-module structures on PH®*(A) to distinguish between
singular and smooth curves and identify types of singularity for Q2 = 0?

Finally, we generalize [49, Theorem 0.6] by removing the restriction that generators
are in degree 1 and including more equivalent conditions involving the second Poisson
cohomological group. The result is stated as Theorem 1.6.

Proof of Theorem 1.6. (1) = (2): Since rgt(A) = 0, every degree 0 semi-Poisson deriva-
tion § for A is of the form «E for some « € k, where E is the Euler derivation. Thus,
EAS=0.By (2.3), mpew = 7. So A = A% The assertion follows. In particular, A is
unimodular by [49, Corollary 0.3].

(2) = (1): By [49, Corollary 0.3], there is a Poisson derivation § of degree 0 such
that A% is unimodular. Since A% 2 A for all §, A is unimodular. Suppose, to the contrary
that A is not rigid, that is rgt(4) # 0. Then there is a Poisson derivation § of degree 0 not
in k E. Thus, by [49, Theorem 0.2], the modular derivation of Al is

n=0+n§—div(e)E

which cannot be zero as div(§) € k [49, Lemma 1.2 (3)]. Therefore, A% is not isomorphic
to A, yielding a contradiction.

(1) < (8): In the proof of (1) & (2), (1) implies that A is unimodular with a
potential 2. By Theorem 5.2, 2 is irreducible. According to Theorem 3.5 and Corol-
lary 7.7, the non-balanced potentials are Q = z2 + y3, z2 + 2 or Q= f(x,y) in
Lemma 3.2, up to graded isomorphisms of A. It is easy to check that these correspond-
ing Poisson algebras have Poisson derivations of negative degree. For example, one can
define a Poisson derivation 8 such that §(z) = §(y) = 0,8(x) = 1 when Q = z2 + y3, and
8(z) =8(x) =0,8(y) = 1 when Q = z2 + x2+27b, and §(x) = 8(y) = 0,8(z) = 1 when
Q = f(x,y). So we get (8). The other direction follows from the calculation of PH! (A)
in Corollary 7.9 and [49, Remark 5.2].

(3) & (5): This follows from [49, Proposition 7.4].

(5) & (6): Under the hypothesis (5), A is PH'-minimal. One implication follows
from [49, Lemma 7.5] and the other direction is clear.
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(6) = (7): See the proof of Lemma 7.5 of [49].

(7) = (1): Note that A is unimodular in this case. From the classification of 2 in
Theorem 3.5, it is easy to see that Zp(A) = k[y] with deg(y) > 0. Thus, rgt(4) = 0
from [49, Lemma 7.7 (2)]. In particular, 2 is irreducible and Zp (A4) = k[2]. Moreover,
suppose & € Pd(A4)<o. If 6(2) =0, then § = Hy for some f € A. This is impossible since
deg(f) = deg(8) < 0 and A is connected graded. If §(2) € k*, then deg(§) = —n. Then
deg(8(x)) = —b — c,deg(6(y)) = —a — ¢, deg(§(z)) = —a — b, which are all negative.
Hence, § = 0. So Pd(A)<o = 0.

&) = (@), (5), (10), (11): This assertion follows from Corollary 7.9.

(4) = (1): The assertion rgt(A) = 0 follows from [49, Remark 5.2]. Moreover, since A
is connected graded, each nonzero Hamiltonian derivation is of positive degree. As a
result, we get Pd(A4)~o = PH!(A4)-o = 0.

(5) & (9): It follows from (2.10) that hpys4)(t) — hpp24)(1) = hpyog)(?) —
hpyiay(?) + 17", We know that PH®(A4) = Zp(A). So, the assertion follows from the
fact that hpy1 (4) (1) = hppo(4)(t) = hz () if and only if hpys 4) (1) — hpp24) (1) = 17",

(10) = (7): Note that the subspace M?(A) = {frq + 7y | f.g € A} of X2(A) lies
in ker(d?2) (Definition-Lemma 6.7). For any two locally finite graded vector spaces M
and N, we use the notation Ay (t) > hy(¢) to mean dim M; > dim N; for each i € Z.
By (6.3)—(6.5) and (7.1) with w = 0, we get

hPHz(A)(t) = hker(d,%)(t) — hxl(A)(t) + h%O(A)(t) + (hPHl(A)(t) - hPHO(A)(I))
> harza) () — har () (1) + hxoay (1) + (hzpay)E () — hppo(ay (7))
> hpr2(ay(t) — haxgray () + hyo(a)(2)

1 <(1 _ ta+b)(1 _ ta+0)(1 _ tb+c)
- — -1),
(1 =) (1 —19)(1 —t2)(1 —1¢)

where the last equality follows from the exact sequence (6.3) together with a direct com-
putation. By the assumption, one can obtain M2(A) = ker(d2) and so A is uPH?-vacant.
This is equivalent to A being H -ozone by Lemma 6.10.

(11) = (7): The argument is similar to the proof of (10) = (7) by using (7.2).

(7) & (12): It follows from Lemma 6.10. [

A. Classification of weight polynomials 2 of degree |x| + |y| + |z|
ink[x, y, z]

The classification of 2 when deg(x) = deg(y) = deg(z) = 1 is well known; see [6, 11,
12,25,29] and the first table below.
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Irreducible 2 Reducible 2

x3 + yzz W, x3 4+ x%z + yzz @ x3,x2y,xyz
W3+ 2343z B £ -1,D) xy(x 4 y).xyz +x3, xy2 + x22

Table A.1. (a.b.c) = (1,1, 1).

Irreducible Reducible

243y @,224+x2)2 423y @  xt a3y, x2y2 x2y2 + X3y
22 4+ xy3 + Ax2y2 + X3y 22 4+ x2y2, 22 22 4 x*,

A #££2,@), (A = £2. @) xy3 + AxZy? + x3y
X224+ 9* @, x224+x3 +y* @ x2z,x%z 4+ xy3
xyz+xt+y* @ xyz,xyz + x*

Table A.2. (a,b,c) = (1,1,2).

k € N  Irreducible 2 Reducible 2
¢ # ka xyz,x?%z

X2z +xyk+1 +yk+2 ® x2z,x2%z +xyk+1
c=ka x%z+4+ykt2 @ xyz,xyz + xkt2

k#2 xyz + xkt2 4 yk+2 @ h(x, y) of degree (k + 2)a

Table A3. (a = b < c¢) # (1,1,2).

Reducible 2

2b 2b b 2b b
xyz,xyz,xz2 + xH' a ,xyz+ xH' a ,x1+ay =+ xzz, xH' a ,xH'ay

Table Ad. (a < b =¢).

Irreducible Reducible

243 @ 22,33 %633 4 x2y2
22493 43292 @ x2y2,x2y2 4 x4y
22+y3 +/lx2y2+x4y y3 +Ax2y2+x4y

A #+2,0), A =+£2,@) xty

24xty @ 22 4 6

224322 154y @ 22 4 x2)2

B3 a2 @032 493 @ 13z, 13z 4+ x2)2
xyz+ x84y @ xyz,xyz 4+ x°, xyz + y3

Table A.5. (a,b,c) = (1,2,3).
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m,n e NU{-1}

Irreducible 2

Reducible

¢ #ma+nb
c=a+b
ath

c=a+b
b #2a,a|b

2b
22+x2+7 @
2b
24229212482 @

b
2242292 1328 @
22+x2+§y @

b
xyz,xH'Ez

22,22 4 x2y2

Xyz,Xyz —|—x2+2r7b

h(x,y) of degree (2a + 2b)
22,22 4 2%

22 +x2y2,x1+3z
xH'gz +x2y2,xyz

xXyz +x2+27b

h(x,y) of degree (2a + 2b)

¢ =ma+nb xyz+xm+1+k
cta+bathb xyz +xm+1+k + yn+l+l @ xyz + yn+1+l
b
h(x,y) of degree (m + )a + (n + 1)b
¢ =ma+nb xyz 4 xmHIHk L yntiHl @ x1+§z’xyz 4 ymt1tk
c#a+b,alb x1+%z+yl+"+l @ xyz,xyz 4 yntIH
b b b b
m]jl — ni—',-l x1+52 +x5yn+l +y1+n+l @ X1+EZ +x5yl’l+l
h(x,y) of degree (m + )a + (n + 1)b
Table A.6. (a < b < ) # (1,2,3).
Q@ rgt GK Q@ rgt GK
2b _
o1 et ey o
2
22+ x2y% + x3y 0 1 xyz +x1T T -1 1
b
22 + xy3 + Ax2y2 + x3y 0 ?&iig x1tay 4 xz2 -1 1
% —5(alb
o 1 ET
x2z 4+ xy3 + y* 0 1 x4 y(x) -3 2
xyz +x* 4 y* 0 1 x2z 4 xyktl pykt2 ¢ 1
x4 -5 2 x2z + yk'"2 0 1
X3y -4 2 xXyz +Xk+2 _|_yk+2 0 1
x2y2 —4 2 xXyz -2 1
x2y? + x3y -3 2 x%z -2 2
z2 +x2y2 -1 1 x2z -2 2
72 -3 2 x2z —|—xyk+1 -1 1
22+ x4 -1 1 xXyz -2 1
xy3 +Ax2y? + 3y -3 1 xyz + xkt2 (%) ~1 1
x2z 2 2 224 2t % 0@ th) 1
x2z 4+ xy3 -1 1 2422 4248 o 1

Table A.7. rgt := rgt(A) and GK := GKdim(Agjng) for €2 in Tables A.2-A.6.
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Q@ rgt GK Q@ rgt GK
b
xXyz -2 1 22+x2y2+x2+5y 0 1
b
xyz 4+ x* (%) -1 1 22 4 x2tay 1
22 4 y3 0 1 xyz 4+ xmHitk Lo 1
yn+1+l(a }b)
22 4+ 33 £ x2y? 0 1 xyz 4+ xmtitk 4 g 1
yn+l+l(a | b)
24y eyt aaty 0 JEZEY xltaz g ytiet 1
b
22 4 xty 0 1 xFaz 4 xayrtl 4 0 1
y1+n+l
22 4+ x2y2 4 x*y 0 1 xXyz -2 1
b
x3z 4+ y3 4 x2y? 0 1 xitaz -2 2
x3z 4+ y3 0 1 22 —latb) 2
xyz 4+ x4+ y3 0 1 22 4 x2y2 -1 1
z2 -2 2 xXyz -2 1
b
y3 -3 2 xXyz +x2+27 -1 1
x© —4 2 72 2@ |b) 2
b
3+ x2y2? -2 2 22+x2+27 —1(a|b) 1
x2y? -3 2 22 4+ x2y? -1 1
b
x2y2 4+ xty -2 2 xFaz -2 2
b
y? 4 ax?y? +xty =2 50L5y) xTEzaay? -1 2
x4y -3 2 xXyz -2 1
22 4 x® -1 1 xyz+x2+2t7b —1 1
22 + x2y? -1 1 xyz 4+ xmT1+k -1 1
x3z -2 2 xyz + yn it -1 1
x3z 4 x2y? -1 2 xXyz -2 1
b
xXyz -2 1 xltaz -2 2
xyz + x° -1 1 xyz + xmH1tk —1 1
xyz +y3 (%) -1 1 xXyz -2 1
xXyz -2 1 xyz 4 yntitl -1 1
b b
xy? -2 2 x1taz 4 xayntl —1 2
_b __ _a _
x ged(@.b) Ly ged(a.b) 0 1 Reducible A (x, y) <-1 {1,2}

Table A.7. (Continued)

The ‘%’ indicates the last €2 from Tables A.2—A.6 accordingly.
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