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Weighted Poisson polynomial rings in dimension three

Hongdi Huang, Xin Tang, Xingting Wang, and James J. Zhang

Abstract. We discuss Poisson structures on a weighted polynomial algebra A WD kŒx; y; z� defined
by a homogeneous element � 2 A, called a potential. We start with classifying potentials � of
degree deg.x/ C deg.y/ C deg.z/ with any positive weight .deg.x/; deg.y/; deg.z// and list all
with isolated singularity. Based on the classification, we study the rigidity of A in terms of graded
twistings and classify Poisson fraction fields of A=.�/ for irreducible potentials. Using Poisson val-
uations, we characterize the Poisson automorphism group of A when � has an isolated singularity
extending a nice result of Makar-Limanov–Turusbekova–Umirbaev. Finally, Poisson cohomology
groups are computed for new classes of Poisson polynomial algebras.
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1. Introduction

Poisson algebras are used in classical mechanics to describe observable evolution in
Hamiltonian systems. They have been widely studied concerning topics such as (twisted)
Poincaré duality and modular derivations [32, 34, 53], Poisson Dixmier–Moeglin equiv-
alence [4, 19, 21, 26, 35], Poisson enveloping algebras [1–3, 30, 31], noncommutative
discriminant [7, 8, 28, 38] and so on. They have also been utilized to study the repre-
sentation theory of PI Sklyanin algebras [51, 52]. Additionally, Poisson algebras have
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been investigated in the context of the isomorphism problem, invariant theory and the
cancellation problem [16–18, 36].

Let k be an algebraically closed base field of characteristic zero throughout. Quadratic
Poisson structures with deg.xi / D 1 for all i on kŒx1; : : : ; xn� have been applied in
various fields, as discussed in papers [5, 20, 22, 29, 43] and their references. Note that
the deformation quantization of such a Poisson structure is the homogeneous coordinate
ring of quantum Pn�1. It is Calabi–Yau if the corresponding formal Poisson bracket on
kŒx1; : : : ; xn� is unimodular [10]. The modular derivations can be considered a Poisson
analog of the Nakayama automorphisms of skew Calabi–Yau algebras. For more informa-
tion on skew Calabi–Yau algebras, see [44, 45] and related references. A notable family
of quadratic Poisson structures is the elliptic Poisson algebras. These were independently
introduced by Feı̆gin and Odesskiı̆ [14] and Polishchuk [41]. Elliptic Poisson algebras can
be viewed as semi-classical limits of the elliptic Sklyanin algebras studied by Feigin and
Odesskii [13].

A unimodular Poisson structure on kŒx; y; z� is determined by a potential � 2
kŒx; y; z�. Elliptic Poisson algebras in 3 variables are defined as a particular case by a
homogeneous potential � of degree 3 with an isolated singularity at the origin. Van den
Bergh earlier considered these elliptic Poisson algebras in his work on Hochschild homol-
ogy of 3-dimensional Sklyanin algebras [50]. Makar-Limanov–Turusbekova–Umirbaev
computed Poisson automorphism groups of these algebras [37] when all the genera-
tors have degree 1. Recently, it has been proved that every connected graded Poisson
polynomial algebra is a twist of a unimodular Poisson polynomial algebra [49].

In associative algebra, Stephenson [46,47] has classified and studied the weighted ver-
sion of connected graded Artin–Schelter regular (or skew Calabi–Yau) algebras of global
dimension three. However, there is little knowledge about the Poisson analog of these
algebras.

1.1. General setup

In this paper, the graded Poisson polynomial algebras A in dimension three are given by a
weighted homogeneous potential �. We relax two assumptions made in the elliptic ones
above: (a) generators being in degree 1 and (b) isolated singularities of potential �. We
study those A that exhibit similar Poisson cohomological behaviors to elliptic Poisson
algebras. Additionally, we are interested in the Poisson automorphism groups of A and
some of its quotients A=.� � �/, where � 2 k.

Set N D ¹0; 1; 2; : : :º and NC D ¹1; 2; 3; : : :º. An algebra A is said to be connected
graded if A D

L
i�0Ai is N-graded and A0 D k. If so, we use jf j to denote the degree

of a homogeneous element f 2 A. We say A is a connected w-graded Poisson algebra
(for w 2 Z) if A D

L
i�0Ai is a connected graded algebra, where the Poisson bracket

of A satisfies ¹Ai ; Aj º � AiCj�w for all i; j � 0. If w D 0, we simply say A is a con-
nected graded Poisson algebra. Below is a general setup for some of the main objects in
this paper. We shall make it clear in the context when such a setup or part of it is in place.
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Hypothesis 1.1. (1) Suppose that AW D kŒx; y; z� is a weighted polynomial algebra
with deg.x/ D a; deg.y/ D b; deg.z/ D c for a; b; c 2 NC.

(2) Let � 2 A be a nonzero homogeneous element of degree n > 0. We call � a
potential of A and set w WD n � a � b � c.

(3) Let A� denote kŒx; y; z� with a Poisson structure determined by� 2 kŒx; y; z� as
follows (Definition 4.1):

¹f; gº D det

0@fx fy fz
gx gy gz
�x �y �z

1A for all f; g 2 kŒx; y; z�:

(4) w D 0, equivalently n D aC b C c.

Remark 1.2. To save space, the following will be implemented:

(1) Concerning the classification of �, it is always assumed that 1 � a � b � c.

(2) We will use tables, such as Table 1, at the end of the introduction and in
Appendix A to present results concisely.

(3) Some computations will not be shown for Theorems 4.6 and 5.2 and Proposi-
tion 7.3 but are available from the authors.

(4) When analyzing arguments divided into cases, authors typically provide a detailed
analysis for one case and skip details for others if the proofs are similar. All
necessary details can be provided upon request.

1.2. Classification

We classify all potentials � in kŒx; y; z� of degree a C b C c (refer to Theorem 3.5 for
details). The classification for .a; b; c/ D .1; 1; 1/ is well known [6, 11, 12, 25, 29]. We
characterize all possible weights .a; b; c/ 2 N3

C on kŒx; y; z� that guarantee the existence
of potentials � of degree a C b C c with isolated singularities (Lemma 4.10). Together
with Theorem 3.5, we identify all three possible parametric families of such potentials.

Theorem 1.3 (Lemma 4.10). Assume (1), (2) and (4) of Hypothesis 1.1 with a � b � c
and gcd.a; b; c/ D 1. Below is a complete list of potentials with isolated singularities of
degree aC b C c (up to graded automorphisms):

(1) �1 D x3 C y3 C z3 C �xyz for .��/3 ¤ 3 � 3 � 3 and .a; b; c/ D .1; 1; 1/.

(2) �2 D x4 C y4 C z2 C �xyz for .��/4 ¤ 4 � 4 � 22 and .a; b; c/ D .1; 1; 2/.

(3) �3 D x6 C y3 C z2 C �xyz for .��/6 ¤ 6 � 32 � 23 and .a; b; c/ D .1; 2; 3/.

Note that these potentials correspond to the homogeneous coordinate rings of Veronese
embeddings of elliptic curves in a weighted projective plane. The embeddings are defined
by a divisorD D kP with a marked point P 2E and k D 3;2; 1. Our result will hopefully
have independent interests in weighted projective spaces.
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1.3. Rigidities

In [49], the Poisson version of graded twists of graded associative algebras introduced by
Zhang [55] was used to define a numerical invariant rgt.A/ (Definition 2.2) for any Z-
graded Poisson algebra A. This invariant measures the size of the vector space of graded
twists of A. If rgt.A/ D 0, then all graded twists of A are isomorphic to A, and we call A
rigid. When A D kŒx; y; z� is a polynomial Poisson algebra generated in degree 1, it
was shown in [49, Corollary 6.7] that any connected graded unimodular Poisson structure
on A is rigid if and only if the associated potential � is irreducible. We generalize this
equivalence to the weighted case.

Theorem 1.4 (Theorem 5.2). Assume Hypothesis 1.1. Then rgt.A�/ D 0 if and only if �
is irreducible.

In Subsections 5.2 and 5.3, we will briefly discuss two other types of rigidities.

1.4. Automorphism problem

One of the aims of this paper is to present universal methods for studying Poisson algebra
on essential subjects such as Poisson automorphism groups (Theorem 1.5) and Poisson
cohomologies (Theorem 1.6).

In [24], Poisson valuations were introduced and used to solve rigidity, automorphism,
isomorphism and embedding problems for various Poisson algebras/fields. We use them to
determine Poisson automorphism groups for A� and its quotient A�=.� � �/ when � is
a potential of degree aC b C c with isolated singularity. Our approach provides an alter-
native method for determining the automorphism groups of 3-dimensional elliptic Poisson
algebras when the Poisson algebra A� is generated in degree 1, differing from [37].

Theorem 1.5 (Theorem 4.9). Assume Hypothesis 1.1. Suppose � has an isolated
singularity. Denote by P��� D A�=.� � �/ for � 2 k and write P��0 simply as P�.

(1) Every Poisson automorphism of P� is graded, and every Poisson automorphism
of P��� is linear when � ¤ 0.

(2) Every Poisson automorphism of A� is graded.

Moreover, the explicit forms of the automorphism groups of P��� and A� are provided
in Lemmas 4.11–4.14.

If � has no isolated singularity, finding the Poisson automorphism group of A�
becomes challenging. According to Theorem 4.6, the Poisson fraction fieldsQ DQ.P�/
can be divided into three families. For convenience, we call � Weyl type if Q is isomor-
phic to the Poisson Weyl field KWeyl WD k.x; y/ with ¹x; yº D 1, and we call � quantum
type if Q is isomorphic to the Poisson quantum field Kq WD k.x; y/ with ¹x; yº D qxy
for some q 2 k�. When � is of Weyl type, we can construct many ungraded Poisson
automorphisms of A (see Example 4.15). However, we cannot construct any ungraded
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Poisson automorphisms of A if � is of quantum type. We are curious if the Poisson auto-
morphisms of their Poisson algebras are similar to those of elliptic Poisson algebras, which
are all graded (see Question 4.16).

1.5. Poisson cohomologies

Poisson cohomologies can be notoriously difficult to calculate. We characterize Poisson
cohomological groups for various Poisson algebras in dimension three. Inspired by the
PH1-minimality from [49], we introduce the concept of uPH2-vacancy in Definition 6.8 to
control the second Poisson cohomology. The property of being uPH2-vacant was implic-
itly used by Pichereau in [40, Remark 3.9] for � having an isolated singularity. In the
theorem below, we generalize [49, Theorem 0.6] to the weighted case. We call an irre-
ducible potential � in kŒx; y; z� balanced if �x�y�z ¤ 0 for any choice of graded
generators .x; y; z/; otherwise, we call it non-balanced.

Theorem 1.6. Let A WD kŒx; y; z� be a connected graded Poisson polynomial algebra
assuming (1) of Hypothesis 1.1. Denote by Z the Poisson center of A. Then the following
statements are equivalent:

(1) rgt.A/ D 0 and any homogeneous Poisson derivation of A with negative degree
is zero.

(2) Any graded twist of A is isomorphic to A, and any homogeneous Poisson
derivation of A with a negative degree is zero.

(3) The Hilbert series of the graded vector space of Poisson derivations of A is
1

.1 � ta/.1 � tb/.1 � tc/
:

(4) hPH1.A/.t/ is 1

1�taCbCc
.

(5) hPH1.A/.t/ is equal to hZ.t/.

(6) Every Poisson derivation � ofA has a decomposition �D zECHf , where z2Z
and f 2 A. Here, z is unique, and f is unique up to a Poisson central element.

(7) Every Poisson derivation of A that vanishes on Z is Hamiltonian.

(8) A is an unimodular Poisson algebra determined by an irreducible potential �
that is balanced.

(9) hPH3.A/.t/ � hPH2.A/.t/ D t
aCbCc .

(10) A is unimodular and hPH2.A/.t/ D
1

taCbCc

�
.1�taCb/.1�taCc/.1�tbCc/

.1�taCbCc/.1�ta/.1�tb/.1�tc/
� 1

�
.

(11) A is unimodular and hPH3.A/.t/ D
.1�taCb/.1�taCc/.1�tbCc/

taCbCc.1�taCbCc/.1�ta/.1�tb/.1�tc/
.

(12) A is uPH2-vacant.

It is important to note that van den Bergh [50] already computed the Poisson
(co)homology of A for the case where A is generated in degree 1 and � is a cubic poly-
nomial with isolated singularity. Moreover, it was later computed by Pichereau [40] for
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an arbitrary weighted homogeneous � with isolated singularity. Additional computations
can be found in [39,48]. As stated in Theorem 1.6, the calculation of Poisson cohomology
for A� is possible for both quantum and balanced Weyl types of�, regardless of whether
or not isolated singularity exists.

In the graph below, all potentials of degree aC bC c listed in Theorem 3.5 are divided
into irreducible potentials in the black circle and reducible ones in the complement, where
irreducible potentials are subdivided into three types: isolated singularity, quantum and
(balanced and non-balanced) Weyl.

nw

i

q

bw
r

i : Isolated singularity

q : Quantum type

nw : Non-balanced Weyl type

bw : Balanced Weyl type

w : Weyl typeD nw C bw

r : Reducible

We conclude the introduction with a table summarizing the main results for each
type of �. Indeed, the table provides information concerning the smoothness of the
projective curve � D 0 (see Remark 4.7), the Gelfand–Kirillov dimension (GKdim) of
AsingW D A=.�x ; �y ; �z/, the rigidity of A (see Table A.7), the Poisson automorphism
group of A (see Theorem 1.5 and Example 4.15), the Poisson fraction field of A=�
(see Theorem 4.6), the uPH2-vacancy (see Theorem 1.6) and the K1-sealedness (see
Definition 6.2).

This paper is divided into six sections. Section 2 provides basic notations and results
for Poisson algebras and briefly describes Poisson valuations. In Section 3, we classify all
homogeneous polynomials� in kŒx;y; z� such that j�j D jxj C jyj C jzj and prove Theo-
rem 1.3. In Section 4, we prove Theorem 1.5; in Section 5, we prove results about several
different rigidities, including Theorem 1.4. We study K1-sealedness and uPH2-vacancy
in Section 6, which will be useful for the following section. In Section 7, we estab-
lish the results on Poisson cohomology for Poisson algebras kŒx; y; z� with irreducible
potentials � of degree jxj C jyj C jzj as summarized in Theorem 1.6.
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2. Preliminaries

2.1. Terminology

Let A D kŒx1; : : : ; xn� be a polynomial algebra. We denote by X�.A/ D
L1
iD0X

i .A/

the set of skew-symmetric multi-derivations of A. For P 2 Xp.A/ and Q 2 Xq.A/,
their wedge product P ^Q 2 XpCq.A/ is the skew-symmetric .p C q/-derivation of A,
defined by

.P ^Q/.a1; : : : ; apCq/ WD
X
�2Sp;q

sgn.�/P.a�.1/; : : : ; a�.p//Q.a�.pC1/; : : : ; a�.pCq//

for all a1; : : : ; apCq 2 A, where Sp;q � SpCq is the set of all .p; q/-shuffles. Note that
.X�.A/;^/ is a graded commutative algebra [27, Proposition 3.1]. Recall that the Schouten
bracket on X�.A/ is given by

Œ�; ��S W X
p.A/ � Xq.A/! XpCq�1.A/

such that

ŒP;Q�S .a1; : : : ; apCq�1/

D

X
�2Sq;p�1

sgn.�/P.Q.a�.1/; : : : ; a�.q//; a�.qC1/; : : : ; a�.qCp�1//

� .�1/.p�1/.q�1/

�

X
�2Sp;q�1

sgn.�/Q.P.a�.1/; : : : ; a�.p//; a�.pC1/; : : : ; a�.pCq�1//

for any P 2 Xp.A/; Q 2 Xq.A/ and p; q 2 N. Note that .X�.A/; ^; Œ�; ��S / is a
Gerstenhaber algebra [27, Proposition 3.7].

Let �1.A/ be the module of Kähler differentials over A and �p.A/ D ^pA�
1.A/

for p � 2. The differential d W A! �1.A/ extends to a well-defined differential of the
complex ��.A/, and the complex .��; d / is called the algebraic de Rham complex of A.

For every P 2 Xp.A/, the internal product with respect to P , denoted by �P , is
an A-module map

�P W �
�.A/! ���p.A/

which is determined by

�P .dF1 ^ dF2 ^ � � � ^ dFk/

D

8̂̂̂̂
<̂
ˆ̂̂:
0; k < p;X
�2Sp;k�p

sgn.�/P.F�.1/; : : : ; F�.p//

� dF�.pC1/ ^ � � � ^ dF�.k/ 2 �
k�p.A/; k � p
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for all dF1 ^ dF2 ^ � � � ^ dFk 2 �k.A/. Then the Lie derivative with respect to P is
defined to be

LP D Œ�P ; d � W �
�.A/! ���pC1.A/

(see [27, equation (3.49)]). Let ı 2 X1.A/ be a derivation of A. The divergence of ı,
denoted by div.ı/, is an element in A defined by the equation

Lı.�/ D div.ı/�;

where � 2 �n.A/ is a fixed volume form for A. In particular, if we choose � D dx1 ^

� � � ^ dxn, from [49, Lemma 1.2 (1)], we get

div.ı/ D
X
1�i�n

@ı.xi /

@xi
:

Let .A; �/ be a Poisson algebra with � 2 X2.A/ satisfying Œ�; ��S D 0. We usu-
ally write the corresponding Poisson bracket on A as ¹�;�º D �.�;�/. A derivation ı
on A is called a Poisson derivation if Œı; ��S D 0 or ı.¹f; gº/ D ¹ı.f /; gº C ¹f; ı.g/º
for all f; g 2 A. There is a special class of Poisson derivations on A called Hamiltonian
derivations, which is given byHf WD ¹f;�º for any f 2 A. The modular derivation of A
is defined by

m.f / WD �div.Hf /

for all f 2 A. We call A unimodular if m D 0.
For each q � 0, the qth Poisson cohomology of A is defined to be the qth-cohomology

of the cochain complex .X�.A/; d ��/ with differential d� D �Œ�; ��S . In particular, for
any f 2 Xq.A/, dq� .f / 2 XqC1.A/ is determined by

dq� .f /.a0; : : : ; aq/ D

qX
iD0

.�1/i¹ai ; f .a0; : : : ; bai ; : : : ; aq/º
C

X
0�i<j�q

.�1/iCjf .¹ai ; aj º; a0; : : : ; bai ; : : : ; baj ; : : : ; aq/
(2.1)

for any a0; a1; : : : ; aq 2 A. We denote by

PHq.A/ WD ker.dq� /=im.dq�1� /:

Let Pd.A/ be the Lie algebra of all Poisson derivations of A, and let Hd.A/ be the Lie
ideal of Pd.A/ consisting of all Hamiltonian derivations. We also denote by ZP .A/ the
Poisson center of A. In particular,

PH0.A/ D ZP .A/; PH1.A/ D Pd.A/=Hd.A/:
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For each q � 0, the qth Poisson homology of A is defined to be the qth-homology of the
chain complex .��.A/; @�/, where the differentials are given by @�q D L� D Œi� ; d � W

�q.A/! �q�1.A/. We denote by

PHq.A/ WD ker.@�q /=im.@�qC1/:

When A has a unimodular Poisson structure � , a duality exists between its Poisson
homology and Poisson cohomology [34].

Let us review the concepts of H -ozoneness and PH1-minimality about a connected
graded Poisson algebra.

Definition 2.1 ([49, Definition 7.1]). Let A D kŒx1; : : : ; xn� be a connected graded
Poisson algebra with its Poisson center denoted by Z.

(1) ı 2 Pd.A/ is called ozone if ı.Z/ D 0.

(2) Let Od.A/ denote the Lie algebra of all ozone Poisson derivations of A.

(3) We say A is H -ozone if Od.A/ D Hd.A/, namely, any ozone derivation is
Hamiltonian.

(4) We say A is PH1-minimal if PH1.A/Š ZE as gradedZ-modules, where E is the
Euler derivation (2.2) below.

2.2. Twists of graded Poisson algebras

Let A D kŒx1; : : : ; xn� be a graded Poisson polynomial algebra with Poisson bracket
� D ¹�;�º of degree 0. In [49, Section 2], the notion of graded twists of A was intro-
duced. For any homogeneous element f 2 A, we use jf j to denote its degree in A. Define
the Euler derivation E of A by

E.f / WD jf jf (2.2)

for all homogeneous elements f 2 A. We point out that E is a Poisson derivation and
div.E/ D

Pn
iD1 deg.xi /. Recall that a derivation ı on A is said to be a semi-Poisson

derivation if
ŒE ^ ı; ��S D E ^ Œı; ��S D 0:

The set of all graded semi-Poisson derivations (resp. graded Poisson derivations) of A is
denoted by Gspd.A/ (resp. Gpd.A/). When A is a Z-graded Poisson algebra, Gspd.A/
is a k-vector space. For any ı 2 Gspd.A/, we can define a new Poisson algebra Aı WD
.A; �new/, called a graded twist of A, with

�new WD � CE ^ ı (2.3)

or namely, ¹f; gºnew D ¹f; gº C E.f /ı.g/ � ı.f /E.g/ for all homogeneous elements
f; g 2 A.
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Definition 2.2 ([49, Definition 4.3]). Let A D kŒx1; : : : ; xn� be a Z-graded Poisson
algebra. The rigidity of A is defined to be

rgt.A/ WD 1 � dimk Gspd.A/:

In particular, we say A is rigid if rgt.A/ D 0.

Let .A; �/ be a Poisson algebra with Poisson bracket � . Let � be any nonzero scalar.
We define a new Poisson bracket �� WD �� or ¹�;�º� WD �¹�;�º on A. Then it is easy
to see that A0 WD .A; ��/ is a Poisson algebra. The following lemma shows how Poisson
structures and their Poisson cohomologies behave when we replace A (resp. �) by A0

(resp. � 0 WD �� ).

Lemma 2.3 ([49, Lemma 1.5]). Retain the notations as above with � 2 k�. Let dq�
(resp. dq� 0 ) be the differential of X�.A/ (resp. X�.A0/) as defined in (2.1). The following is
true:

(1) dq� 0 D �d
q
� for all q.

(2) ker.dq� 0/ D ker.dq� / for all q.

(3) im.dq� 0/ D im.dq� / for all q.

(4) PHq.A/ D PHq.A0/ for all q.

(5) rgt.A�/ D rgt.A��/.

(6) A� is H -ozone if and only if A�� is H -ozone.

(7) A� is PH1-minimal if and only if A�� is PH1-minimal.

2.3. Notations for Poisson (co)homology in dimension three

We consider the polynomial algebra A D kŒx; y; z� is a polynomial algebra with grading
.deg.x/;deg.y/;deg.z//D .a;b; c/ 2 .NC/3. Note that a connectedw-graded unimodular
Poisson structure � on A is determined by a homogeneous polynomial� of degree n (not
necessarily equal to a C b C c). We write .A; ��/ for the corresponding Poisson alge-
bra, where the Poisson bracket on A is homogeneous of degree w WD n � a � b � c. So
the cochain complex .X�.A/; d ��/ consisting of graded vector spaces of skew-symmetric
multi-derivations is given by

0! X0.A/
d0�
��! X1.A/Œw�

d1�
��! X2.A/Œ2w�

d2�
��! X3.A/Œ3w�! 0: (2.4)

Here, we choose the natural isomorphisms of graded vector spaces as follows:8̂̂<̂
:̂

X1.A/ ��! AŒa�˚ AŒb�˚ AŒc�; V 7! .V .x/; V .y/; V .z//;

X2.A/ ��! AŒb C c�˚ AŒaC c�˚ AŒaC b�; V 7! .V .y; z/; V .z; x/; V .x; y//;

X3.A/ ��! AŒaC b C c�; V 7! .V .x; y; z//:

(2.5)
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Using these isomorphisms, it becomes convenient to compute the associated Hilbert series.
The elements of A˚3 are viewed as vector-valued functions on A, and we denote such an
element by

�!
f 2 A˚3. Let �;� denote the usual inner and cross products, respectively,

while
�!
r ;
�!
r� and Div denote, respectively, the gradient, the curl, and the divergence

operators. Therefore, the cochain complex (2.4) can be identified as

0!A
ı0�
��!

AŒw C a�

˚AŒw C b�

˚AŒw C c�

ı1�
��!

AŒ2w C b C c�

˚AŒ2w C aC c�

˚AŒ2w C aC b�

ı2�
��!AŒ3wC aC bC c�! 0; (2.6)

where the differential ı� can be written in a compact form

ı0�.f / D
�!
r f �

�!
r�; for f 2 A ��! X0.A/; (2.7)

ı1�.
�!
f / D �

�!
r .
�!
f �
�!
r�/C Div.

�!
f /
�!
r�; for

�!
f 2 A˚3

�
�! X1.A/; (2.8)

ı2�.
�!
f / D �

�!
r� � .

�!
r �
�!
f / D �Div.

�!
f �
�!
r�/; for

�!
f 2 A˚3

�
�! X2.A/: (2.9)

For any graded vector space M D
L
i2ZMi that is locally finite, we use

hM .t/ D
X
i2Z

dimk.Mi /t
i

to denote the Hilbert series of M . Note that the Hilbert series of A is given by

hA.t/ D
1

.1 � ta/.1 � tb/.1 � tc/
:

As a consequence of (2.6), the Poisson cohomology PH�.A/ (resp. Poisson homol-
ogy PH�.A/) are graded vector spaces, and we denote their Hilbert series as hPH�.A/.t/

(resp. hPH�.A/.t/). By additivity of the Hilbert series of (2.4)–(2.6), we have

3X
iD0

.�t�w/ihPHi .A/.t/ D �
1

t3wCaCbCc
.1 � twCa/.1 � twCb/.1 � twCc/

.1 � ta/.1 � tb/.1 � tc/
: (2.10)

2.4. Poisson valuations and filtrations

In [24], the notion of Poisson valuations was introduced to solve rigidity, automorphism,
isomorphism and embedding problems for various classes of Poisson algebras/fields. In
this subsection, we recall some basics of Poisson valuations. Let w be any integer.

Definition 2.4 ([24, Definition 1.1]). Let K be a Poisson algebra (or a Poisson field)
over k. A w-valuation on K is a map

� W K ! Z [ ¹1º

which satisfies the following properties: for all f; g 2 K,
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(a) �.f / D1 if and only if f D 0,

(b) �.f / D 0 for all f 2 k� WD k n ¹0º,

(c) �.fg/ D �.f /C �.g/ (assuming nC1 D1 when n 2 Z [ ¹1º),

(d) �.f C g/ � min¹�.f /; �.g/º, with equality if �.f / ¤ �.g/,

(e) �.¹f; gº/ � �.f /C �.g/ � w.

Note that conditions (a)–(d) mean � is an ordinary valuation on K. Next, we state the
definition of w-filtration closely related to the Poisson w-valuation on K.

Definition 2.5 ([24, Definition 2.2]). Let A be a Poisson algebra. Let F D ¹Fi j i 2 Zº
be a chain of k-subspaces of A. We say F is a w-filtration of A if it satisfies

(a) Fi � FiC1 for all i 2 Z and 1 2 F0 n F1,

(b) FiFj � FiCj for all i; j 2 Z,

(c)
T
i2ZFi D ¹0º,

(d)
S
i2ZFi D A,

(e) ¹Fi ; Fj º � FiCj�w for all i; j 2 Z.

Let F D ¹Fi j i 2Zº be aw-filtration of the Poisson algebraA. The associated graded
algebra of the w-filtration F of A is defined to be

grF A WD
M
i2Z

Fi=FiC1:

For any nonzero element f 2 Fi , we denote f the element f C FiC1 in the i th degree
component .grF A/i WD Fi=FiC1. It is clear that grF A is a graded algebra. Moreover,
by [24, Lemma 2.3], grF A is a w-graded Poisson algebra with the induced homogeneous
Poisson bracket of degree �w such that

¹Fi=FiC1; Fj =FjC1º � FiCj�w=FiCjC1�w ;

namely, ¹.grF A/i ; .grF A/j º � .grF A/iCj�w for all i; j 2 Z. We call F a good filtration
if grF A is a domain.

Give a good w-filtration F on A, we define the notion of a degree function, denoted
by deg W A! Z [ ¹1º via

deg.f / WD i if f 2 Fi n FiC1 and deg.0/ D C1:

One can see that deg is a valuation on A. Conversely, given a valuation � on A, we can
define a filtration F�i WD ¹F

�
i j i 2 Zº of A (associated to �) by

F �i WD ¹f 2 A j �.f / � iº:

The corresponding associated graded algebra of A is denoted by gr� A.
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Proposition 2.6 ([24, Lemma 2.6]). Let A be a Poisson algebra. There is a one-to-one
correspondence between the set of good w-filtrations of A and the set of w-valuations
on A via the above constructions.

In this paper, we will mainly focus on the following special class of Poisson valuations.

Definition 2.7 ([24, Definition 3.1]). Let K be a Poisson field over k. A w-valuation �
on K is called a faithful w-valuation if the following hold:

(a) The image of � is Z [ ¹1º.

(b) GKdim.gr� K/ D GKdim.K/.

(c) The w-graded Poisson bracket on gr� K is nonzero.

A Poisson w-valuation on a Poisson domain A is faithful if its natural extension to the
Poisson fractional field Q.A/ is faithful.

Note that the above conditions (b) and (c) are different from the original ones [24,
Definition 3.1 (1)]. But it is easy to see they are equivalent (see [23, Definitions 0.2
and 2.18]).

3. Classification of potentials � in kŒx; y; z�

In this section, we classify all possible homogeneous polynomials � satisfying (1), (2)
and (4) of Hypothesis 1.1, up to some graded automorphism of A. We will use the
following definition.

Definition 3.1. We define the Jacobian quotient algebra of A with respect to � to be

Asing WD kŒx; y; z�=.�x ; �y ; �z/:

It is clear that Asing is independent of the choices of graded generators .x; y; z/.

Lemma 3.2. Assume (1), (2) and (4) of Hypothesis 1.1.

(1) The following are equivalent:

(1a) There is an irreducible homogeneous potential � in kŒx; y�.

(1b) 2 < a < b < c D ab
gcd.a;b/ � a � b.

In this case, kŒx;y�c D 0, and, up to a graded automorphism ofA,�D x
b

gcd.a;b/ C

y
a

gcd.a;b/ .

(2) Let � denote a nonzero homogeneous polynomial in kŒx; y�. The following are
equivalent:

(2a) A has a nonzero graded derivation ı of degree 0 satisfying

div.ı/ D ı.�/ D 0:
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(2b) � is reducible.

Proof. (1) (1b)) (1a): This is clear by taking � D x
b

gcd.a;b/ C y
a

gcd.a;b/ .
(1a) ) (1b): Let � D h.x; y/ 2 kŒx; y� be an irreducible polynomial of degree

a C b C c. We have deg.h.x; y// D a C b C c D ka C lb for some k; l 2 N. As a
result, c D .k � 1/a C .l � 1/b. If needed, we can divide the degrees of x and y by
gcd.a; b/ and thus assume that gcd.a; b/ D 1. If no more than one of the x

aCbCc
a and

y
aCbCc
b terms appears in h.x;y/, then h.x;y/D xf .x;y/ or h.x;y/D yf .x;y/ for some

nonconstant polynomial f .x;y/ 2 kŒx;y�. In this case,�D h.x;y/ is reducible. Next we
consider the case where h.x;y/ contains both x

aCbCc
a and y

aCbCc
b terms. We have a j bC c

and b j a C c, which implies that a j l and b j k. Say l D m1a and k D m2b for some
m1; m2 2 NC. Thus, aC b C c D .m1 Cm2/ab. So we have

h.x; y/ D �m1Cm2x
.m1Cm2/b C �m1Cm2�1x

.m1Cm2�1/bya C � � � C �1x
by.m1Cm2�1/a

C �0y
.m1Cm2/a

for some �0; : : : ; �m1Cm2 2 k. We rewrite p D xb and q D ya. Then we can get

h.x; y/ D h.p; q/ D �m1Cm2p
m1Cm2 C �m1Cm2�1p

m1Cm2�1q C � � � C �0q
m1Cm2

with deg.p/ D deg.q/ D ab. If m1 Cm2 > 1, then h.p; q/ is always reducible. Since we
assume� is irreducible, we obtain thatm1Cm2 D 1. Then, after a linear transformation,
we can assume that h.x; y/ D xb C ya (which is irreducible for gcd.a; b/ D 1). Since
1 � a � b � c and gcd.a; b/ D 1, we have 1 � a < b. Since 2b < aC b C c D ab, we
have a > 2. Note that c D ab � a � b D .a � 1/b � a. Thus, we have c > b. Thus, we
obtain (1b) when gcd.a; b/ D 1. Therefore, (1b) holds by lifting to the general case when
gcd.a; b/ > 1.

One can easily show that the conditions in (1b) imply that kŒx; y�c D 0.
(2) (2b)) (2a): By assumption, � is reducible. By the proof of part (1), deg.�/ D

kaC lb for some k; l 2 N. If k; l � 1, we can let ı D xk�1yl�1 @
@z

. Otherwise, we may
assume k D 0 and � D yl (as � is reducible). Then we let ı D z @

@z
� x @

@x
. Then (2a)

holds.
(2a)) (2b): Assume to the contrary that � is irreducible. Without loss of general-

ity, let � D xb C ya with gcd.a; b/ D 1 as in part (1). By (1b), we have m1 Cm2 D 1
and a < b < c D ab � a � b. This (together with kŒx; y�c D 0) implies that any graded
derivation ı of A of degree 0 must have the form ı.x/ D ˛x, ı.y/ D ˇy and ı.z/ D 
z
for some ˛; ˇ; 
 2 k. So div.ı/ D ı.�/ D 0 yields that ı D 0. This finishes the proof.

Proposition 3.3. Let A D kŒx; y; z� be a weighted polynomial algebra with deg x D 1,
deg y D 1, deg z D 2. Then the nonzero homogeneous degree 4 polynomials � 2 A can
be classified in Table A.2. In particular, � has an isolated singularity if and only if
� D z2 C xy3 C �x2y2 C x3y with � ¤ ˙2 up to graded isomorphisms of A.
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Proof. Since deg.�/ D 4, � D l1z
2 C l2zg.x; y/ C h.x; y/, with deg g.x; y/ D 2,

deg h.x; y/ D 4 and l1; l2 2 k. If l1 ¤ 0, then after a linear transformation of z, we can
assume that � D z2 C h.x; y/. If l1 D 0 and l2 ¤ 0, we can assume that g.x; y/ D x2

or xy after a further linear transformation of x and y. So, we only need to consider the
following cases.

Case 1. � D z2 C h.x; y/.
If h.x; y/ D 0, then � D z2. If 0 ¤ h.x; y/ has a root of multiplicity 4 in P1, then

without loss of generality, we can assume that h.x; y/ D x4. If h.x; y/ has a root of mul-
tiplicity 3, then we can assume that h.x; y/D x3y due to the symmetry between x and y.
If h.x; y/ has a root of multiplicity 2, then we can assume that h.x; y/ D x2y.y C �x/
for some � D 0 or 1. If h.x; y/ has no repeated root, then we can assume that h.x; y/ D
xy.yC x/.yC kx/ for some k 2k n ¹0;1º. Then h.x;y/D xy3C .kC 1/x2y2C kx3y.
By a suitable re-scaling of x and y, we obtain h.x; y/ D xy3 C �x2y2 C x3y for
some � 2 k.

Case 2. � D x2z C h.x; y/.
After a linear transformation of z and re-scaling of x; y and z if necessary, we can

assume that � D x2z C �1xy3 C �2y4 for some �1; �2 2 ¹0; 1º.

Case 3. � D xyz C h.x; y/.
After a linear transformation of z and re-scaling of x; y and z if necessary, we can

have � D xyz C �1x4 C �2y4 for some �1; �2 2 ¹0; 1º.

Case 4. � D h.x; y/.
If � D h.x; y/, then by the same argument of Case 1, we can show that � is one of

the following forms:

x4; x3y; x2y2; x2y2 C x3y; xy3 C �x2y2 C x3y for some � 2 k:

By direct computation, we can verify that z2 C xy3 C �x2y2 C x3y with �¤˙2 has an
isolated singularity.

Proposition 3.4. Let A D kŒx; y; z� be a weighted polynomial algebra with deg x D 1,
deg y D 2, deg z D 3. Then the nonzero homogeneous degree 6 polynomials � 2 A can
be classified in Table A.5. In particular, � has an isolated singularity if and only if
� D z2 C y3 C �x2y2 C x4y with � ¤ ˙2 up to graded isomorphisms of A.

Proof. Since deg.�/ D 6, we have � D l1z2 C l2zg.x; y/C h.x; y/, where g.x; y/ 2
kŒx; y� and h.x; y/ 2 kŒx; y� have degrees 3 and 6, respectively, and l1; l2 2 k. If l1 ¤ 0,
then by a linear transformation of z, we can assume that � D z2 C h.x; y/. If l1 D 0

and l2 ¤ 0, by a possible linear transformation of x and y, we can have g.x; y/ D x3 or
g.x; y/ D xy. We write, in general,

h.x; y/ D w1y
3
C w2x

2y2 C w3x
4y C w4x

6;

where wi 2 k for 1 � i � 4. So, we only need to consider the following cases.
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Case 1. � D z2 C h.x; y/.

Subcase 1. If w1 ¤ 0, then we can write h.x; y/ D .y C ax2/.y C bx2/.y C cx2/ for
a; b; c 2 k. After a linear transformation of y, we can assume that h.x; y/ D y.y C

ax2/.y C bx2/. By a possible re-scaling of x; y and z, we can assume that � is one of
the following forms:

z2 C y3; z2 C y3 C x2y2; z2 C y3 C �x2y2 C x4y for some � 2 k:

Subcase 2. If w1 D 0 and w2 ¤ 0, then, similarly, we can assume that h.x; y/ D
x2.y C ax2/.y C bx2/ for some a; b 2 k. A further linear transformation of x; y and z
yields � D z2 C x2y2 or � D z2 C x2y2 C x4y.

Subcase 3. Ifw1 D w2 D 0 andw3 ¤ 0, then we can assume that h.x;y/D x4.y C ax2/
for some a 2 k. A linear transformation of y yields � D z2 C x4y.

Subcase 4. If w1 D w2 D w3 D 0 and w4 ¤ 0, then by a re-scaling of x, we get
� D z2 C x6.

Subcase 5. Finally, if w1 D w2 D w3 D w4 D 0, then we have � D z2.

Case 2. � D x3z C h.x; y/.
After a linear transformation of z, we can assume that � D x3z C �1x2y2 C �2y3

for some �1; �2 2 k. It is easy to check that � is one of the following forms:

x3z; x3z C y3; x3z C x2y2; x3z C x2y2 C y3:

Case 3. � D xyz C h.x; y/.
Again, via a linear transformation of z, one can assume that

� D xyz C �1x
6
C �2y

3

for some �1; �2 2 k. After re-scaling x and y as needed, we can assume that � is of one
of the following forms:

xyz; xyz C x6; xyz C y3; xyz C x6 C y3:

Case 4. If� D h.x; y/, then by the same argument as in Case 1,� can be assumed to be
one of the following forms:

y3; y3 C x2y2; y3 C �x2y2 C x4y; x4y; x2y2; x2y2 C x4y; x6;

where � 2 k.
By a direct computation, we can further verify that�D z2 C y3 C �x2y2 C x4y has

an isolated singularity if and only if � ¤ ˙2.

Theorem 3.5. Let A D kŒx; y; z� be a weighted polynomial algebra with deg.x/ D a,
deg.y/D b, deg.z/D c for 1 � a � b � c. Let� be a nonzero homogeneous polynomial
of degree aC b C c. Then, up to a graded automorphism of A, we have the following:
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(1) If a D b D c, then � is one of the forms listed in Table A.1 [6, 11, 12, 25, 29].

(2) If a D b < c, then � is one of the forms listed in Tables A.2 and A.3.

(3) If a < b D c, then every� is reducible and is one of the forms listed in Table A.4.

(4) If a < b < c, then � is one of the forms listed in Tables A.5 and A.6.

Proof. (1) Since a D b D c, we can reduce the classification of � to the case where the
degrees of x; y and z are all equal to 1. In this case, the classification of � is well known.
Also, see [49, Corollary 6.7].

(2) Since a D b < c, then deg.�/D 2aC c < 3c. So we can write�D z2f .x; y/C
zg.x; y/ C h.x; y/, where deg.f .x; y// D a C b � c < a, deg.g.x; y// D 2a and
deg.h.x; y// D 2aC c.

If a − c, then in particular, c ¤ a C b, whence f .x; y/ D 0. If h.x; y/ ¤ 0, then
a j deg.h.x; y// D 2a C c, we get a j c, yielding a contradiction. So � D zg.x; y/ is
reducible. By a linear transformation of x; y, we can assume that � D xyz or x2z.

If c D ka for some integer k � 2, then .a; b; c/D .a;a;ka/. If k D 2, then the result is
given by Proposition 3.3. Now, assume k > 2. Then we have�D zg.x;y/C h.x;y/. We
can assume g.x;y/D x2 or xy after a linear transformation of x;y. If�D x2zC h.x;y/,
after a necessary linear transformation of z, we can write�D x2zC �1xykC1C �2ykC2

for �1; �2 2 ¹0; 1º. If � D xyz C h.x; y/, then similarly, we can write � D xyz C

�1x
kC2 C �2y

kC2 for some �1; �2 2 ¹0; 1º.
(3) Since a < b D c, we have that deg.�/ D a C 2b < 3b. If a j b, then we

have � D �x1C2
b
a C x1C

b
a g.y; z/ C xf .y; z/, where � 2 k; deg.f .y; z// D 2b and

deg.g.y; z//D b. Thus, � is reducible. If a − b, then � D xf .y; z/ or � D �x1Cb C

xf .y; z/ when a D 2, which is again reducible.
If a − b and a ¤ 2, after a linear transformation of y; z, we can assume that � D xyz

or xy2. If a − b and a D 2, we can have � D x1Cb C xyz or � D x1Cb C xz2 after
a linear transformation for x; y and z. If a j b, we can assume that � D x�1, where
�1 D �u2 C ug.y; z/ C f .y; z/ with u D x

b
a for some � 2 k. We can rewrite �1 as

follows:
�1 D k1z

2
C k2zh1.y; u/C h2.y; u/

for some k1; k2 2 k and h1.y;u/;h2.y;u/ 2 kŒy;u�. If k1 ¤ 0, then we can assume that�
is one of the following forms:

xz2; xz2 C xy2; xz2 C x1C
2b
a ; xz2 C xy2 C x1C

2b
a ; x1C

b
a y C xz2:

If k1 D k2 D 0, then�D xy2; x1C
2b
a ; x1C

b
a y; xy2 C x1C

2b
a . If k1 D 0 and k2 ¤ 0, then

� D x1C
b
a z; x1C

b
a z C xy2, xyz; xyz C x1C

2b
a .

(4) If� 2 kŒx;y�, by Lemma 3.2, the irreducible ones are given by�D xb=d C ya=d ,
where d D gcd.a; b/ and 2 < a < b < c D ab

d
� a� b. Moreover, such irreducible� will

not occur unless c D ma C nb; c ¤ a C b; a − b for some m; n 2 Z. Let us assume
� 62 kŒx; y� in the remaining argument. Since a < b < c, we have that deg.�/ D



Weighted Poisson polynomial rings in dimension three 805

aC b C c < 3c. Thus, we can assume that � D z2f .x; y/C zg.x; y/C h.x; y/, where
deg.f .x; y//D aC b � c < a, deg.g.x; y//D aC b and deg.h.x; y//D aC bC c. We
divide the argument into two cases.

Case 1. c D maC nb for some integers m and n.

Subcase 1. If c D aC b, then we have deg.�/D 2c and f .x; y/ 2 k. As a result, we can
assume that�D z2C h.x;y/ or zg.x;y/C h.x;y/. Since deg.h.x;y//D 2aC 2b < 4b,
we can write h.x; y/ D h3.x/y3 C h2.x/y2 C h1.x/y C h0.x/, where hi .x/ is a mono-
mial in x of degree 2a C .2 � i/b for 0 � i � 3. Let us further assume that a − b. After
a linear transformation of x; y, we can have g.x; y/ D xy if g.x; y/ ¤ 0. If a − 2b, then
h.x; y/ D �x2y2 for some � 2 k. Hence, by a linear transformation of z, � can be one
of the following possible forms:

z2; z2 C x2y2; xyz:

If a j 2b, then h.x; y/ can be one of the following forms:

x2y2; x2C
2b
a ; x2y2 C x2C

2b
a :

By a linear transformation of z, � can be one of the following possible forms:

z2; z2 C x2y2; z2 C x2C
2b
a ; z2 C x2y2 C x2C

2b
a ; xyz; xyz C x2C

2b
a :

Now we assume that a j b. If b D 2a, then c D 3a and so see Proposition 3.4. We next
consider the case b ¤ 2a. Since a C b C c D 2a C 2b < 4b and b ¤ 2a, we can write
h.x;y/D �1x

2y2C �2x
2C b

a yC �3x
2C2 ba for some �1;�2;�3 2 k. If�D z2C h.x;y/,

then after a linear transformation of x; y, � is one of the following forms:

z2; z2 C x2y2; z2 C x2C
b
a y; z2 C x2C

2b
a ; z2 C x2y2 C x2C

b
a y:

If � D zg.x; y/ C h.x; y/, then after a linear transformation of x; y, we can have
g.x; y/ D xy or x1C

b
a . By a linear transformation of z, � is one of the following:

xyz; xyz C x2C
2b
a ; x1C

b
a z; x1C

b
a z C x2y2:

Subcase 2. If c ¤ a C b, then we can assume that � D g.x; y/z C h.x; y/, where
deg.g.x; y// D a C b and deg.h.x; y// D .m C 1/a C .n C 1/b. Let k; l be the pos-
sible integers such that k D .nC1/b

a
and l D .mC1/a

b
. Note that kl D .m C 1/.n C 1/.

If a − b, then we can assume that g.x; y/ D xy if g.x; y/ ¤ 0. If a j b, then we have
g.x; y/ D xy or x1C

b
a if g.x; y/ ¤ 0. By a linear transformation of z, � can be reduced

to one of the following forms:

xyz; xyz C xmC1Ck ; xyz C ynC1Cl ; xyz C xmC1Ck C ynC1Cl ; x1C
b
a z

and
x1C

b
a z C x

b
a ynCl ; x1C

b
a z C x

b
a ynCl C y1CnCl ; x1C

b
a z C y1CnCl ;

where k and l are assumed to be integers in the first place.
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Case 2. If c ¤ maC nb for anym;n 2 Z, then f .x; y/D 0. Suppose h.x; y/¤ 0. Then
aC b C c D deg.h.x; y// D saC lb for some s; l 2 N. Then c D .s � 1/aC .l � 1/b,
which is a contradiction. So h.x; y/ D 0. Then � D zg.x; y/ is reducible. After a linear
transformation of x; y, we can assume that � D xyz for a − b and � D xyz or x1C

b
a z

for a j b.
This completes the proof.

4. Poisson fraction fields and automorphism groups

In this section, we discuss Poisson fraction fields and Poisson automorphism groups
related to unimodular Poisson algebras in dimension three. Throughout this section, we
will assume Hypothesis 1.1 unless mentioned otherwise.

Definition 4.1. We define a map � W A! X2.A/ such that, for each h 2 A, �hW D �.h/
is defined by

�h.f; g/ D det

0@fx fy fz
gx gy gz
hx hy hz

1A
�

�
D det

�@.f; g; h/
@.x; y; z/

�
D ¹f; gºh

�
for all f; g 2 A WD kŒx; y; z�: (4.1)

Note that the definition of �h depends on the generating set ¹x; y; zº. It is clear that if a
new set of generators ¹x; y; zº is used, then the corresponding �h will be a scalar multiple
of the original �h.

One can check that Œ�h; �h�S D 0. In particular, �� is a connected graded Poisson
bracket on A if � satisfies Hypothesis 1.1. To keep things simple, we will introduce the
following.

Notation 4.2. Here, w D n � .aC b C c/ may not necessarily be zero.

• A� WD .A; ��/: the unimodular Poisson algebra with potential �.

• Autgr.A/: the group of all graded algebra automorphisms of A.

• AutP .A/ (resp. AutgrP .A/): the group of all (resp. graded) Poisson automorphisms of
A D A�.

• P��� WD A=.� � �/ (� 2 k): the quotient Poisson algebra.

• AutP .P�/ (resp. AutgrP .P�/): the group of all (resp. graded) Poisson automorphisms
of P�.

• Q.P���/: the Poisson fraction field of P��� whenever it is an integral domain.
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Note that any graded unimodular Poisson structure onA is determined by such a poten-
tial�. If� is homogeneous of degree jxj C jyj C jzj, thenP��� ŠP��1 whenever �¤ 0.
In this case, we can always assume � to be either 0 or 1.

Lemma 4.3. Let � and �0 be two homogeneous potentials for A D kŒx; y; z� of degrees
>max¹jxj; jyj; jzjº. Then the two Poisson algebras A� and A�0 are isomorphic if and
only if there is an algebra automorphism � of A such that �0 D �.�/

det.�/ , where det.�/ D
det

�
@.�.x/;�.y/;�.z//

@.x;y;z/

�
. As a consequence,

AutP .A�/ D ¹� 2 Aut.A/ j �.�/ D det.�/�º;

and AutP .A�/ D AutP .A��/ for any � 2 k�.

Proof. Suppose there is a Poisson algebra isomorphism � W A� ! A�0 . For any polyno-
mials f; g 2 A, �.f / and �.g/ can be regarded as polynomials of variables �.x/; �.y/
and �.z/ in �.A/ D A. Therefore, according to (4.1), we have

¹�.f /; �.g/º�0 D �.¹f; gº�/ D �
�

det
�@.f; g;�/
@.x; y; z/

��
D det

�@.�.f /; �.g/; �.�//
@.�.x/; �.y/; �.z//

�
D det

� @.x; y; z/

@.�.x/; �.y/; �.z//

�
det
�@.�.f /; �.g/; �.�//

@.x; y; z/

�
D det.�/�1¹�.f /; �.g/º�.�/ D ¹�.f /; �.g/ºdet.�/�1�.�/:

This implies that
¹�;�º�0 D ¹�;�ºdet.�/�1�.�/

which yields the same Poisson bracket on A. Thus, �.�/ D det.�/�0 C � for some
scalar � 2 k. Since � and �0 are homogeneous of degrees > max¹jxj; jyj; jzjº, their
partial derivatives are all homogeneous of positive degree. Therefore, one can check that
A=.det.�/�0 C �/ is regular for � ¤ 0 while A=.�/ is not regular by the Jacobian cri-
terion. As a consequence, the induced algebra isomorphism � W A=.�/! A=.�.�// D

A=.det.�/�0 C �/ implies that � D 0. So �0 D �.�/
det.�/ .

Conversely, suppose there is an algebra isomorphism � of A such that �0 D �.�/
det.�/ .

Then we have

�.¹f; gº�/ D �
�

det
�@.f; g;�/
@.x; y; z/

��
D det

�@.�.f /; �.g/; �.�//
@.�.x/; �.y/; �.z//

�
D det.�/ det

� @.�.f /; �.g/;�0/
@.�.x/; �.y/; �.z//

�
D det.�/ det

� @.x; y; z/

@.�.x/; �.y/; �.z//

�
det
�@.�.f /; �.g/;�0/

@.x; y; z/

�
D det.�/ det.�/�1¹�.f /; �.g/º�0 D ¹�.f /; �.g/º�0 :

So, � is indeed a Poisson isomorphism. Finally, the consequences follow immediately.
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Now, we can classify all connected graded unimodular Poisson algebras in dimension
three.

Theorem 4.4. Any connected graded unimodular Poisson algebra A is isomorphic to
some A��, where � is listed in Theorem 3.5 and � 2 k�.

Proof. By [42, Theorem 5], any unimodular Poisson structure on A D kŒx; y; z� is given
by �� for some potential �. Moreover, �� being graded implies j�j D jxj C jyj C jzj.
Hence, our classification follows from Definition 4.1, Theorem 3.5 and Lemma 4.3.

Example 4.5. We introduce some examples of Poisson fields of transcendental degree 2
over the field k.

(1) We define KWeyl WD k.x; y/ to be the Poisson field k.x; y/ with the Poisson
bracket ¹x; yº D 1.

(2) We define Kq WD k.x; y/ to be the Poisson field k.x; y/ with the Poisson bracket
¹x;yº D qxy for some q 2 k�. It is shown in [21, Corollary 5.4] thatKq ŠKp as
Poisson fields if and only if p D˙q. Note thatKWeyl is not isomorphic to anyKq
as Poisson fields by [21, Corollary 5.3].

(3) Consider the irreducible cubic polynomial

��;� WD �.x
3
C y3 C z3/C �xyz

with two parameters �; � 2 k such that � ¤ 0; �3 ¤ �33�3. We denote the
corresponding graded unimodular Poisson algebra by A��;� , where the Poisson
structure on kŒx; y; z� is defined by

¹x; yº D 3�z2 C �xy; ¹y; zº D 3�x2 C �yz; ¹z; xº D 3�y2 C �xz

with deg.x/ D deg.y/ D deg.z/ D 1. Let S�;� WD Q.P��;�/ be the Poisson frac-
tion field. By [24, Corollary 6.4], S�;� is not isomorphic to KWeyl or Kq . How-
ever, S�;� D F�;�.t/ as fields, where F�;� is the function field of the elliptic
curve��;� D 0. Suppose S�;� Š S� 0;�0 as Poisson fields, whence they are isomor-
phic as function fields. By [9, Theorem 2], we haveF�;�ŠF� 0;�0 as function fields.
As a result,��;� D 0 and�� 0;�0 D 0 are two birationally equivalent elliptic curves
or have the same j -invariant 27 .�=�/

3..�=�/3C8/3

..�=�/3�1/
D 27 .�

0=� 0/3..�0=� 0/3C8/3

..�0=� 0/3�1/
(for the

j -invariant of a Hesse form of a smooth elliptic curve, see [15, Theorem 2.11]).
It is unclear if two elliptic curves with equations ��;� D 0 and �� 0;�0 D 0

being birationally equivalent necessarily implies an isomorphism between their
corresponding Poisson fields S�;� and S� 0;�0 .

Theorem 4.6. Let A� be a connected graded unimodular Poisson algebra defined by
some homogeneous irreducible potential�. LetQ DQ.P�/ be the Poisson fraction field
of P�. Then the following hold:
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(1) If � does not have an isolated singularity, then Q is isomorphic to either KWeyl

or Kq for some q 2 k�.

(2) If � has an isolated singularity, then Q is isomorphic to S�;� for some �; � 2 k
with � ¤ 0 and �3 ¤ �33�3.

Moreover, we label those � with the corresponding Q that are isomorphic to S�;� by i

and those that are isomorphic to Kq by q
 and those that are isomorphic to KWeyl by w

in Tables A.1–A.6.

Proof. We conduct a case-by-case verification for those irreducible potentials � listed in
Tables A.1–A.6. Then the result follows from Theorem 4.4.

(1) Suppose � does not have an isolated singularity. As an illustration, we provide
some details when � D z2 C y3 C 2x2y2 C x4y (deg x D 1; deg y D 2 and deg z D 3)
in Table A.5 and � D z2 C x2y2 C x2C

2b
a with a − b (deg x D a > 2; deg y D b and

deg z D c) in Table A.6. We also check for � D z2 C x2C
2b
a when c D aC b and a − b

in Table A.6. Let Q D Q.P��/ for some � 2 k�.
If � D z2 C y3 C 2x2y2 C x4y, then we have z2 C y.y C x2/2 D 0 in P�.

Let w D z
yCx2

. Then y D �w2 and Q D k.x; w/. Consider ¹x; wº D
®
x; z

yCx2

¯
D

��.yC x2/ D �.w2 � x2/. After a linear transformation of x and w, we have ¹x; wº D
pxw for some p 2 k�. In this case, Q.P��/ Š Kp .

If � D z2 C x2y2 C x2C
2b
a , then 2b

a
is odd since a − b, say 2t C 1. In Q, we have

x D �
�
z

x1Ct

�2
�
�
y
xt

�2. Set uD z
x1Ct

and v D y
xt

. ThenQ D k.u; v/. One can check that
¹u;vº D �.u2C v2/. After a linear transformation of u and v, we can obtain ¹u;vº D puv
for some p 2 k�.

If � D z2 C x2C
2b
a with a − b and .a < b < c/ ¤ .1; 2; 3/, then 2b

a
is odd. Assume

that 2C 2b
a
D 2l C 1. Thus, z2C x2lC1 D 0 and x D�

�
z

xl

�2 inQ. Set s D y and t D z

xl
.

We have Q D k.s; t/ and

¹s; tº D
°
y;
z

xl

±
D

1

xl
¹y; zº �

lz

xlC1
¹y; xº D

.2l C 1/x2l

xl
C
2lz2

xlC1

D
.2l C 1/x2lC1 C 2lz2

xlC1
D
x2lC1

xlC1
D xl D .�t2/l D .�1/l t2l :

Set u D s

.�1/l t2l
and v D t . Then we have Q D k.u; v/ with ¹u; vº D 1. Thus, Q is of

Weyl type.
(2) Suppose � has an isolated singularity. By Theorem 3.5, we need to consider the

following three cases. Up to a scalar multiple, we can assume that

(a) �1 D z2x C yx2 C �xy2 C y3 with .a; b; c/ D .1; 1; 1/ and � ¤ ˙2,

(b) �2 D z2 C x3y C �x2y2 C xy3 with .a; b; c/ D .1; 1; 2/ and � ¤ ˙2,

(c) �3 D z2 C y3 C �x2y2 C x4y with .a; b; c/ D .1; 2; 3/ and � ¤ ˙2.

We use an alternative form in (a) following [11, p. 255] instead of the Hessian normal
form. We consider Qi D Q.P��i / for some � 2 k� for i D 1; 2; 3.
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Case (a). In Q1, we have

¹x; yº D 2�zx; ¹y; zº D �.z2 C 2xy C �y2/ and ¹z; xº D �.x2 C 2�xy C 3y2/:

Denote u D z
x

, v D y
x

and w D x. We have

0 D
�1

x3
D

� z
x

�2
C
y

x
C �

�y
x

�2
C

�y
x

�3
D u2 C v C �v2 C v3:

A direct computation yields that

¹u;wº D �.w C 2�wv C 3wv2/; ¹v;wº D �2�wu; ¹u; vº D 0:

Case (b). In Q2, we have

¹x; yº D 2�z; ¹y; zº D �.3x2y C 2�xy2 C y3/

and
¹z; xº D �.x3 C 2�x2y C 3xy2/:

Denote u D z
x2

, v D y
x

and w D x. We have

0 D
�2

x4
D

� z
x2

�2
C
y

x
C �

�y
x

�2
C

�y
x

�3
D u2 C v C �v2 C v3:

We can easily verify that

¹u;wº D �.w C 2�wv C 3wv2/; ¹v;wº D �2�wu; ¹u; vº D 0:

Case (c). In Q3, we have

¹x; yº D 2�z; ¹y; zº D �.2�xy2 C 4x3y/; ¹z; xº D �.3y2 C 2�x2y C x4/:

Denote u D z
x3

, v D y

x2
and w D x. Then

0 D
�3

x6
D

� z
x3

�2
C

� y
x2

�3
C �

� y
x2

�2
C

� y
x2

�
D u2 C v3 C �v2 C v:

It is routine to check that

¹u;wº D �.w C 2�wv C 3wv2/; ¹v;wº D �2�wu; ¹u; vº D 0:

Therefore, Q1 Š Q2 Š Q3 as Poisson fraction fields. Finally, we reuse the Hesse form
for (1) and note that any re-scaling of � can be written as � D �.x3 C y3 C z3/ C

�xyz for some �; � 2 k such that � ¤ 0; �3 ¤ �33�3. The result follows from Exam-
ple 4.5 (3).

Remark 4.7. Let � be irreducible and denote the Poisson fraction field by Q D Q.P�/.
Let X be the projective curve in the weighted projective space P .a; b; c/ determined
by such �. Then the statement of Theorem 4.6 can be refined as: if X is smooth, then
Q Š S�;�; if X has nodal singularity, then Q Š Kq for some q 2 k�; and if X has cusp
singularity, then Q Š KWeyl.
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Remark 4.8. We note that the isomorphisms between Q.P�/ depend not on grading
but on projective curves � D 0 when � is homogeneous of degree jxj C jyj C jzj. The
geometry of elliptic curves appears to reflect properties of these Poisson algebras.

We aim to investigate the relationship between the Poisson automorphism group ofA�
and the type of �. We determine the automorphism group of every connected graded
unimodular Poisson algebra A�, where the potential � has an isolated singularity.

Theorem 4.9. Let A� be a connected graded unimodular Poisson algebra. If � has an
isolated singularity, then every Poisson automorphism of A is graded. As a consequence,

AutP .A�/ Š AutgrP .A�/ Š AutgrP .P�/ Š AutP .P�/:

We will establish a few lemmas before proving Theorem 4.9. We will use the Hessian
normal forms of these elliptic curves in the weighted projective space P .a; b; c/ to
prove the lemmas ahead. These forms can be obtained from the � listed in part (2) of
Theorem 4.6 by a linear transformation, as stated in the following lemma.

Lemma 4.10. Let A D kŒx; y; z� be a weighted polynomial algebra with deg.x/ D a,
deg.y/ D b, deg.z/ D c for some 1 � a � b � c and gcd.a; b; c/ D 1. If � is a homo-
geneous polynomial of degree aC b C c that has an isolated singularity, then� is one of
the forms

(1) �1 D x3 C y3 C z3 C �xyz for .��/3 ¤ 27 and .a; b; c/ D .1; 1; 1/.

(2) �2 D x4 C y4 C z2 C �xyz for .��/4 ¤ 64 and .a; b; c/ D .1; 1; 2/.

(3) �3 D x6 C y3 C z2 C �xyz for .��/6 ¤ 432 and .a; b; c/ D .1; 2; 3/.

Proof. Case (1) follows from a classical result that a smooth cubic projective curve is
projectively equivalent to x3 C y3 C z3 D 3kxyz with k3 ¤ �1, whose proof can be
found in [6, Theorem 2.12]; see also [11, 12, 25, 29]. We will show Case (2) in detail and
obtain the third case in a similar fashion. Replacing z C 1

2
�xy by z, one can rewrite �2

as z2 C x4 C y4 � 1
4
�2x2y2, whence it becomes

z2 C .x2 � uy2/.x2 � vy2/ D z2 C .x C
p
uy/.x �

p
uy/.x C

p
vy/.x �

p
vy/

with uv D 1 and uC v D 1
4
�2. Since .��/4 ¤ 64, it implies

p
v ¤
p
u. Lastly, after a

linear transformation of x and y, we can obtain that �2 D z2 C xy3 C x3y C kx2y2 for
some k 2 k. Since �2 has isolated singularity, it forces that k ¤ ˙2 as desired.

Recall that P��� D A=.� � �/ for any � 2 k. Let P D P�. Since P D
L
i�0Pi is

graded, P has two natural 0-filtrations denoted by F Id D ¹F Id
i j i 2Zº and F�Id D ¹F �Id

i j

i 2 Zº, respectively, such that

F Id
i D

M
n�i

Pn and F �Id
i D

M
n��i

Pn: (4.2)
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Since grF˙ Id P Š P (with grading flipped i $ �i for F�Id), P has two canonical
faithful 0-valuations. We denote them by �Id and ��Id, respectively. In particular, we have

�Id.f / D n and ��Id.f / D �m (4.3)

for any f D
Pm
iDnfi with n � m, fi 2 Pi and fn; fm ¤ 0.

Now considerP��� DA=.�� �/ for any � 2k�. We define a filtration F�IdD¹F �Id
i j

i 2 Zº of P��� by

F �Id
�i P��� D

°X
ajfj j aj 2 k; fj are monomials of degree � i

±
:

One can check that grF�Id P��� Š P , and the corresponding faithful 0-valuation is given
by ��Id via ��Id.x/ D �a, ��Id.y/ D �b and ��Id.z/ D �c. We say a Poisson algebra
automorphism � of P��� is linear if it preserves the specific 0-filtration F�Id on P��� ,
or namely �.F �Id

i / � F �Id
i for i .

The Poisson valuations directly apply to Poisson automorphism groups of P��� when
the homogeneous potential � has an isolated singularity.

Lemma 4.11. Let A� be a connected graded Poisson algebra. We have the following if
the potential � has an isolated singularity:

(1) Every Poisson automorphism of P� is graded.

(2) If � ¤ 0, then every Poisson automorphism of P��� is linear.

Proof. We only check for �2 (with .deg.x/; deg.y/; deg.z// D .1; 1; 2/) and the proofs
for other cases are similar. For simplicity, we write � D �2, P D P�2 and P� D P�2�� .

(1) By Theorem 4.6 (2), the fraction ring Q D Q.P / is isomorphic to Q.P�1/

as Poisson fields. By [24, Theorem 3.8], Q has exactly two faithful 0-valuations,
namely ¹�˙ Idº as discussed above. Let � be any Poisson automorphism ofP . We extend �
to a Poisson field automorphism of Q, which we still denote by �. It is clear that
�˙ Id ı � are two distinct faithful 0-valuations of Q. So ¹�˙ Idº D ¹�˙ Id ı �º. By (4.3),
an element f 2 P is homogeneous if and only if �Id.f /C ��Id.f / D 0. Let f be any
homogeneous element of P . So we have

0 D �Id.f /C ��Id.f / D .�Id
ı �/.f /C .��Id

ı �/.f / D �Id.�.f //C ��Id.�.f //:

This implies that �.f / is again homogeneous. In particular, �.x/;�.y/;�.z/ are homoge-
neous and nonzero. By recycling letters a; b; c, respectively, we assume they have degrees
a; b; c. Hence, �.�/ D �.x/4 C �.y/4 C �2.z/C ��.x/�.y/�.z/ is homogeneous. So
we have 4a D 4b D 2c D aC b C c. Since P is generated by �.x/; �.y/; �.z/, we must
have a D b D 1 and c D 2. Hence, � is graded.

(2) LetQDQ.P�/ for � 2 k�. We can use the similar argument of [24, Theorem 3.11]
to show that Q has only one faithful 0-valuation, namely ��Id as discussed above. So for
any Poisson automorphism � of P� , we have ��Id D ��Id ı �. Let f 2 P� . By defini-
tion, we have f 2 F �Id

i if and only if ��Id.f / � �i if and only if .��Id ı �/.f / D

��Id.�.f // � �i . Hence, � preserves the 0-filtration F�Id of P� and so is linear.
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Next, we explicitly compute the Poisson automorphism groups of P��� .

Lemma 4.12. Let�Dx3Cy3Cz3C�xyz for .��/3¤27 with deg.x/D1, deg.y/D1,
deg.z/ D 1.

(1) There is a short exact sequence of groups:

1! G ! AutP .P�/! C3 ! 1;

where G D ¹.˛1; ˛2; ˛3/ j ˛31 D ˛32 D ˛33 D ˛1˛2˛3º � k� � k� � k� and
AutP .P�/ Š C3 ËG.

(2) There is a short exact sequence of groups:

1! G0 ! AutP .P��1/! C3 ! 1;

where G0 D ¹.˛1; ˛2; ˛3/ j ˛31 D ˛
3
2 D ˛

3
3 D ˛1˛2˛3 D 1º � k� � k� � k� and

AutP .P��1/ Š C3 ËG0.

Proof. (1) Note that the argument of [37, Theorem 1] works for AutgrP .P�/ as well.
So AutgrP .P�/ is generated by all possible diagonal actions G D ¹.˛1; ˛2; ˛3/ j ˛31 D
˛32 D ˛33 D ˛1˛2˛3º and the permutation �.x; y; z/ D .y; z; x/. So our result follows
Lemma 4.11.

(2) By Lemma 4.11, every automorphism � of P��1 is linear. Note that for 0 � i � 2,
we will identify Ai with .P��1/i as vector spaces. So we can write

�.x/ D f1 C f0; �.y/ D g1 C g0; �.z/ D h1 C h0;

where fi ; gi ; hi are homogeneous polynomials of degree i in Ai D .P��1/i for all possi-
ble 0 � i � 1. For simplicity, we will denote the images of x; y; z in P��1 by x; y; z. We
have

¹x; yº D 3z2 C �xy; ¹y; zº D 3x2 C �yz; ¹z; xº D 3y2 C �xz

in P��1. We apply � to each of the above three equations. After comparing the constant
terms on both sides of the resulting equations, we obtain

3f 20 C �g0h0 D 3g
2
0 C �f0h0 D 3h

2
0 C �f0g0 D 0:

Note that we have .a C b C c/� D ax�x C by�y C cz�z in A D kŒx; y; z�. Since
.a; b; c/ D .1; 1; 1/, it follows that

�.f0; g0; h0/ D
1

aC b C c
Œaf0�x.f0; g0; h0/C bg0�y.f0; g0; h0/

C ch0�z.f0; g0; h0/�

D
1

3
Œf0.3g

2
0 C �f0h0/C g0.3h

2
0 C �f0g0/C h0.3f

2
0 C �g0h0/� D 0:
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So .f0; g0; h0/ is a singular point on the surface � D 0. Hence, .f0; g0; h0/ D .0; 0; 0/
since � only has an isolated singularity at the origin. So � maps kx C ky C kz to
itself. This implies that gr.�/ W gr.P��1/ ! gr.P��1/ is a graded automorphism of
P�.Š gr.P��1// which has been described in part (1). The rest of the proof follows
from a direct computation.

Lemma 4.13. Let�D x4C y4C z2C �xyz for .��/4 ¤ 64 with deg.x/D deg.y/D 1
and deg.z/ D 2.

(1) There is a short exact sequence of groups:

1! G ! AutP .P�/! C2 ! 1;

where G D ¹.˛1; ˛2/ j ˛21 D ˛
2
2º � k� � k� and AutP .P�/ Š C2 ËG.

(2) There is a short exact sequence of groups:

1! G0 ! AutP .P��1/! C2 ! 1;

where G0 D ¹.˛1; ˛2/ j ˛41 D ˛
4
2 D 1; ˛

2
1 D ˛

2
2º � k� � k� and AutP .P��1/ Š

C2 ËG0.

Proof. (1) By Lemma 4.11, every Poisson automorphism � of P� is graded. For the con-
venience of this proof, we write .x; y; z/D .x1; x2; x3/. In general, we can assume that �
is given by 8̂̂<̂

:̂
�.x1/ D ˛1x1 C ˛2x2;

�.x2/ D ˇ1x1 C ˇ2x2;

�.x3/ D 
x3 C h.x1; x2/;

where 
 and ˛1ˇ2 � ˛2ˇ1 are not zero in k and h.x1; x2/ is a quadratic polynomial in
kŒx1; x2�, as det.�/D 
.˛1ˇ2 � ˛2ˇ1/¤ 0. After a proper re-scaling of variables, we first
assume that ˛1ˇ2 � ˛2ˇ1 D 1. Applying � to the equation ¹x1; x2º D 2x3 C �x1x2, we
get 
 D 1 and h.x1; x2/D �

2
.x1x2 � �.x1/�.x2//. Applying � to the other two equations

¹x2; x3º D 4x
3
1 C �x2x3 and ¹x3; x1º D 4x32 C �x1x3, we further obtain the following

relations: 8̂̂̂̂
<̂
ˆ̂̂:
24˛21˛2 D �

2.ˇ1 C ˛2ˇ
2
1 C 2ˇ1ˇ2˛1/ D 3�

2˛1ˇ1ˇ2;

24˛1˛
2
2 D �

2.�ˇ2 C ˛1ˇ
2
2 C 2ˇ1ˇ2˛2/ D 3�

2˛2ˇ1ˇ2;

24ˇ21ˇ2 D �
2.�˛1 C ˛

2
1ˇ2 C 2˛1˛2ˇ1/ D 3�

2˛1˛2ˇ1;

24ˇ1ˇ
2
2 D �

2.˛2 C ˛
2
2ˇ1 C 2˛1˛2ˇ2/ D 3�

2˛1˛2ˇ2:

Since ˛1ˇ2 � ˛2ˇ1 D 1, ˛1 and ˛2 cannot be simultaneously equal to zero, and sim-
ilar situation happens to ˇ1 and ˇ2. After simplifying the above equations, we have
8˛1˛2 D �2ˇ1ˇ2 and 8ˇ1ˇ2 D �2˛1˛2 and so .64 � �4/˛1˛2 D .64 � �4/ˇ1ˇ2 D 0.
Since �4 ¤ 64, we get ˛1˛2 D ˇ1ˇ2 D 0. Thus, we have either ˛2 D ˇ1 D 0 or
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˛1 D ˇ2 D 0. Now, by taking care of the re-scaling of variables, we can find a permutation
� 2 S2 and write � as

�.x1/ D ˛1x�.1/; �.x2/ D ˛2x�.2/; �.x3/ D ˛3x3 C h (4.4)

for some nonzero scalars ˛1; ˛2; ˛3 and some quadratic polynomial h.x1; x2/. Then it is
routine to check that � is a Poisson automorphism of P� if and only if

˛3 D sgn.�/˛1˛2; ˛21 D ˛
2
2 ; h D

�

2
.sgn.�/ � 1/˛1˛2x1x2:

Consider the normal subgroup G of AutgrP .P�/, which is given by �.x/ D ˛1x; �.y/ D
˛2y; �.z/ D ˛1˛2z satisfying ˛21 D ˛

2
2 . Finally, it is clear that AutgrP .P�/=G Š S2.

(2) By Lemma 4.11, every automorphism � of P��1 is linear. So we can write

�.x/ D f1 C f0; �.y/ D g1 C g0; �.z/ D h2 C h1 C h0;

where fi ; gi ; hi are homogeneous polynomials of degree i in Ai D .P��1/i for all
possible 0 � i � 2. We apply � to the following Poisson brackets:

¹x; yº D 2z C �xy; ¹y; zº D 4x3 C �yz; ¹z; xº D 4y3 C �xz:

By examining these equations at the degree 0 part, we get

2h0 C �f0g0 D 4f
3
0 C �g0h0 D 4g

2
0 C �f0h0 D 0:

This implies that .f0; g0; h0/ is a singular point for�D 0. So f0 D g0 D h0 D 0 since�
only has an isolated singularity at the origin. Now since �.�/ D 1 in P��1, we get

f 41 C g
4
1 C .h2 C h1/

2
C �f1g1.h2 C h1/ D 1:

The degree 2 part of the above equation yields that h21 D 0 and thus h1 D 0. Hence, �
maps kx C ky (resp. kz) to itself, and we can write � as in (4.4). Similar to (1), indeed,
we have

�.x1/ D ˛1x�.1/; �.x2/ D ˛2x�.2/; �.x3/ D ˛3x3 C
�

2
.sgn.�/ � 1/˛1˛2x1x2

for some � 2 S2 and ˛41 D ˛
4
2 D 1 and ˛21 D ˛

2
2 since �.�/D 1. So the result follows.

Lemma 4.14. Let � D x6 C y3 C z2 C �xyz for .��/6 ¤ 432 with deg.x/ D 1,
deg.y/ D 2, deg.z/ D 3.

(1) Every Poisson automorphism of P� is of the form

x 7! �x; y 7! �2y; z 7! �3z

for some � 2 k�.



H. Huang, X. Tang, X. Wang, and J. J. Zhang 816

(2) Every Poisson automorphism of P��1 is of the form

x 7! �x; y 7! �2y; z 7! �3z;

where �6 D 1.

Proof. (1) By Lemma 4.11, every automorphism � of P� is graded. So we can write

�.x/ D ˛1x; �.y/ D ˇ1y C ˇ0x
2; �.z/ D 
2z C 
1xy C 
0x

3 (4.5)

for some ˛1; ˇ1; 
2 2 k� and ˇ0; 
1; 
0 2 k. Applying � to ¹z; xº D 3y2 C �xz, we
obtain that ˇ0 D 
0 D 
1 D 0. So � equals a scalar multiple when it is applied to the
generators. Finally, from ¹�.y/; �.z/º D �.6x5 C �yz/, ¹�.x/; �.y/º D �.2z C �xy/
and ¹�.z/; �.x/º D �.3y2 C �xz/, we obtain ˇ1
2 D ˛51 , ˛1ˇ1 D 
2 and 
2˛1 D ˇ21 .
Let � D 
2

ˇ1
. We have ˛1 D �; ˇ1 D �2; 
2 D �3. So the result follows.

(2) By Lemma 4.11, every automorphism � of P��1 is linear. Note thatAi D .P��1/i
for 0 � i � 5. So we can write

�.x/ D f1 C f0; �.y/ D g2 C g1 C g0; �.z/ D h3 C h2 C h1 C h0;

where fi ; gi ; hi are homogeneous polynomials of degree i in Ai D .P��1/i for all
possible 0 � i � 3. We apply � to the following Poisson brackets:

¹x; yº D 2z C �xy; ¹y; zº D 6x5 C �yz; ¹z; xº D 3y2 C �xz

and examine the resulting equations at different degrees. First of all, the degree 0 part
yields that

2h0 C �f0g0 D 6f
5
0 C �g0h0 D 3g

2
0 C �f0h0 D 0:

This is equivalent to the claim that .f0; g0; h0/ is a singular point for � D 0. So
f0 D g0 D h0 D 0 since� only has an isolated singularity at the origin. Then the degree 1
part further implies that h1 D 0. Now since �.�/ D 1 in P��1, we get

f 61 C .g2 C g1/
3
C .h3 C h2/

2
C �f1.g2 C g1/.h3 C h2/ D 1:

The degree 3 part of the above equation yields that g31 D 0 and thus g1 D 0. Furthermore,
the degree 4 part implies that h22 D 0 and h2 D 0. Hence, we have � as in (4.5). Similar
to the proof of part (1), indeed, we have �.x/ D �x; �.y/ D �2y; �.z/ D �3z for some
� 2 k�. Finally, �.�/ D 1 implies that �6 D 1.

Proof of Theorem 4.9. We will show it case by case which are listed in Lemma 4.10. It
suffices to prove the result when � is case (2) and case (3), since case (1) was shown
in [37]. Though our argument works for all cases, here we only provide the details for
Case 2 as an illustration.

Let � be a Poisson algebra automorphism of A�. By the same argument as in
Lemma 4.3, the restriction of � on the Poisson center kŒ�� is given by �.�/ D ˛� with
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˛ 2 k�. So � preserves the principal ideal generated by �. Let �0 denote the induced
Poisson algebra automorphism for P�. By Lemma 4.11, �0 is graded. Moreover, since the
equations ¹x; yº D �z ; ¹y; zº D �x ; ¹z; xº D �y are homogeneous of degree <deg.�/,
we can lift �0 to a unique graded Poisson automorphism of A�, denoted by � . It is clear
that � 0 D �0. Let ' D � ı ��1. Then it satisfies the equation '0 D idP� . It remains to show
that ' D idA� . Note that we can write

'.x/ D x C�f; '.y/ D y C�g; '.z/ D z C�h

for some polynomials f; g; h 2 A�. An easy computation yields that '.�/ D � C

�˛.f; g; h/, where ˛.f; g; h/ 2 .A�/�1. Since ' induces an algebra automorphism of
the Poisson center kŒ�� of A�, we must have ˛ D 0 and '.�/ D �.

Now we consider a k-linear basis B WD ¹1;x;y; zº [ ¹bsº of the algebra P� consisting
of all possible monomials ¹xs1ys2zs3 j s1; s2 � 0; 0 � s3 � 1º. We also treat B as a fixed
subset of monomials in A� by lifting. We claim that every polynomial f in A� can be
written in the form

f D 1f 1.�/C xf x.�/C yf y.�/C zf z.�/C
X
bs

bsf
bs .�/; (4.6)

where each f �.�/ 2 kŒ��. We prove this claim by induction on deg.f /. It is trivial
for deg.f / D 0. Suppose our claim holds for deg.f / � m. For any polynomial f of
degree mC 1, we can write

f D 1f 1 C xf x C yf y C zf z C
X
bs

bsf
bs C g�

for some scalars f � 2 k and deg.g/ D m � 3 by looking at the image of f in P�. So,
by the induction hypothesis, we can write g in the required form. We get our claim by
replacing g above. Therefore, we can write

'.x/ D 1f 1.�/C xf x.�/C yf y.�/C zf z.�/C
X
bs

bsf
bs .�/ (4.7)

for some f �.�/ 2 kŒ��.
Now for each scalar � ¤ 0, let �� W A� ! P��� be the quotient map and write '0

�

as the induced automorphism of ' since '.�/ D �. Note that the image of B via �� is a
k-basis of P��� , which we continue to denote by bs , etc. So we have

'0�.x/ D 1f
1.�/C xf x.�/C yf y.�/C zf z.�/C

X
bs

bsf
bs .�/: (4.8)

By Lemma 4.11, '0
�

is linear. Thus, f bs .�/D 0 for all � ¤ 0 and bs . Hence, f bs .�/D 0,
and (4.7) reduces to

'.x/ D 1f 1.�/C xf x.�/C yf y.�/C zf z.�/:
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Moreover, since '0.x/ D x in P�, we have f x.�/ D 1C p� ¤ 0 for some p 2 kŒ��.
If f y.�/ ¤ 0, we can choose some nonzero �0 such that f x.�0/; f y.�0/ ¤ 0. But in this
case, '0�0.x/ in (4.8) contains both terms of x and y. This contradicts to the description
of AutgrP .P���0/ by Lemma 4.13. So f y.�/ D 0, and we get f 1.�/ D f z.�/ D 0

in the same fashion. This implies that '.x/ D x.1C p�/. Similarly, we get '�1.x/ D
x.1C�h/ for some h 2 kŒ��. By using '.�/ D �, we obtain that

x D '.'�1.x// D '.x.1C�h// D x.1C�p/.1C�h/ D x;

which implies that pD hD 0. Therefore, '.x/D x. We further get '.y/D y and '.z/D z
by the same argument. Hence, ' is the identity as required.

Example 4.15. Let � D z2 C x3y in Table A.2 with deg x D deg y D 1 and deg z D 2.
Then the Poisson structure of A� is determined by

¹x; yº D 2z; ¹y; zº D 3x2y; ¹z; xº D x3:

Consider the algebra automorphism of the polynomial ring kŒx; y; z� defined by

�.x/ D x; �.y/ D y � x3 � 2z and �.z/ D z C x3:

It is straightforward to check that � is an ungraded Poisson automorphism of A�.

We can prove that if � belongs to the Weyl type, meaning Q.P�/ Š KWeyl, then A�
possesses ungraded Poisson automorphisms. However, we have not discovered any
ungraded automorphisms for other irreducible �, that is, those satisfying Q.P�/ Š Kq .
Therefore, we pose the following question.

Question 4.16. Let � be a homogeneous polynomial of degree jxj C jyj C jzj. If
Q.P�/ Š Kq as Poisson fields, is every Poisson automorphism of A� and P� graded?

5. Rigidities

In this section, we discuss several different rigidities of the Poisson algebras related to �.
We intend to provide general methods for these rigidities and omit some details. Unless
mentioned otherwise, we will retain Hypothesis 1.1 for this whole section.

5.1. Rigidity of graded twistings

Note that the rigidity of graded twistings, denoted by rgt, was defined in Definition 2.2.
The following lemma provides an easy way to compute Poisson derivations and rgt ofA�.

Lemma 5.1. Let A be a connected graded unimodular Poisson algebra A� as given in
Hypothesis 1.1. For any derivation ı of A, we have the following:
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(1) ı is a Poisson derivation if and only if div.ı/�� D �ı.�/ in X2.A/.

(2) Suppose div.ı/ D 0. Then ı is a Poisson derivation if and only if ı.�/ D 0.

(3) We have

rgt.A/ D 1 � dimk Gspd.A/

D 1 � dimk Gpd.A/

D 1 � dimk.PH1.A//0
D � dimk¹ı 2 Gspd.A/ j div.ı/ D 0º

D � dimk¹ı 2 Gpd.A/ j div.ı/ D 0º

D � dimk¹ı 2 .Der.A//0 j div.ı/ D ı.�/ D 0º:

Proof. Note that ı is a Poisson derivation if and only if d1�.ı/D 0. Recall that the cochain
complexes (2.4) and (2.6) are isomorphic to each other. So

.d1�.ı/.y; z/; d
1
�.ı/.z; x/; d

1
�.ı/.x; y// D ı

1
�.ı.x/; ı.y/; ı.z//

as vectors. By (2.8) and (4.1), we conclude that

d1�.ı/ D div.ı/�� � �ı.�/ (5.1)

in X2.A/. Thus, (1) follows immediately.
For (2), suppose ı.�/ D 0. Then by (5.1), ı is a Poisson derivation. Conversely, sup-

pose ı is a Poisson derivation. By (5.1), ı.�/ 2 kDA0. We write ıD
P
ıi , where each ıi

is a homogeneous derivation of degree i . Since deg.�/D n, we get ıi .�/D 0 for i ¤�n.
Moreover, ı�n.x/, if not zero, has degree a � n < 0. So ı�n.x/ D 0 as A is N-graded.
Similarly, we get ı�n.y/ D ı�n.z/ D 0. Therefore, ı�n.�/ D 0 and so ı.�/ D 0, as
desired.

For (3), consider the subspace Gpd0.A/ D ¹ı 2 Gpd.A/ j div.ı/ D 0º of Gpd.A/. Let
ı 2 Gpd.A/. By [49, Lemma 1.2 (2)], div.ı/ 2 k. In particular, div.E/D aC bC c 2 k�

for the Euler derivation E of A. Hence,

ı0 D ı �
div.ı/
div.E/

E 2 Gpd0.A/: (5.2)

So Gpd.A/ D Gpd0.A/ ˚ kE. Thus, the formulas of rgt.A/ can be derived from [49,
Lemma 4.1], where the last equality follows from (2).

When A is generated in degree 1, rgt.A�/ is computed for each � from Table A.1
in [49, Corollary 6.7], and it follows that any graded unimodular structure �� on A is
rigid (namely, rgt.A�/ D 0) if and only if � is irreducible. Moreover, one can easily
obtain that GK.Asing/ D 0 for irreducible � with isolated singularity, GK.Asing/ D 1 for
irreducible � without isolated singularity and GK.Asing/ is 1 or 2 for reducible �. Now,
we can generalize it to any weighted case.
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Theorem 5.2. Let A� be a connected graded unimodular Poisson algebra given in
Hypothesis 1.1. Then A� is rigid if and only if the potential� is irreducible. In Table A.7,
we will list all rgt.A/ and GKdim.Asing/ of these � from Tables A.2 to A.6.

Proof. We apply Theorem 4.4 (also see Lemma 2.3) and Lemma 3.2. Indeed, our
method is a case-by-case verification. First of all, when a D b < c and � D h.x; y/

is reducible, we have rgt.A/ ¤ 0 according to Lemma 3.2. For the rest of the proof,
we only provide the details for the following two cases for illustration: irreducible
�1 D z2 C xy3 C �x2y2 C x3y and reducible �2 D x2z C xy3 in Table A.2 (with
deg.x/D deg.y/D 1 and deg.z/D 2). Let � be any graded Poisson derivation of degree 0.
Replacing � by � C cE for some suitable scalar c 2 k if needed, we can always assume
div.�/ D 0 by (5.2). Thus, we can write �.x/ D ˛1x C ˛2y, �.y/ D ˛3x C ˛4y and
�.z/ D .�˛1 � ˛4/z C ˛5x

2 C ˛6xy C ˛7y
2 for some ˛i 2 k. By Lemma 5.1 (2), we

have �.�/ D 0 for � D �1 or �2. From �.�1/ D 0, one can show that ˛i D 0 for
i D 1; : : : ; 7, which implies � D 0. As a result, rgt.A�1/D 0. From �.�2/D 0, we obtain
˛7 C 3˛3 D 0 and ˛i D 0 for any i ¤ 3; 7. This implies that Gpd.A�2/ D span¹E; �º,
where �.x/D 0, �.y/D x, �.z/D �3y2. Hence, we get rgt.A�2/D �1. Finally, a stan-
dard Gröbner basis computation yields all possible GKdim.Asing/. We skip the details
here.

5.2. Rigidity of gradings

In this and the following subsections, we use Poisson valuations to establish results about
the rigidity of gradings and filtrations. We believe that these kinds of rigidities deserve
more attention.

Theorem 5.3. Let A� be a connected graded Poisson algebra with � having an isolated
singularity. Then P� has a unique connected grading such that it is Poisson graded with
nonzero degree 1 part.

Proof. We only prove the result for � WD �1 in Lemma 4.10. The argument for �2
and �3 is analogous. By [24, Theorem 3.8], Q.P�/ only has two faithful 0-valuations,
which are denoted by ¹�˙ Idº as before. They correspond to connected gradings on P�
with x; y; z in degree 1 according to (4.2). We assume G˙ Id to be the 0-filtrations
on Q.P�/ associated with any new grading and denote by �˙ Id the corresponding faith-
ful 0-valuations. It is clear that ��Id.f / < 0 for some f 2 P�. So we have ��Id D ��Id

and �.x/ D �1; �.y/ D �1; �.z/ D �1. So we can write x D x0 C f , y D y0 C g and
zD z0C h, where x0;y0; z0 are homogeneous of new degree 1 and f;g;h2k. Since every
non-trivial linear combination of x; y; z has ��Id-value �1 (as ��Id D ��Id), x0; y0; z0
are linearly independent. Since�D x3C y3C z3C �xyz D 0 is a sum of homogeneous
relations, we get

.3f 2 C �gh/x0 C .3g
2
C �f h/y0 C .3h

2
C �fg/z0 D 0:



Weighted Poisson polynomial rings in dimension three 821

This implies that 3f 2 C �gh D 3g2 C �f h D 3h2 C �fg D 0, or equivalently .f; g; h/
is a singular point of � D 0. Since � has an isolated singularity at the origin, we get
f D g D h D 0 and x D x0, y D y0, z D z0 are homogeneous of degree 1 in this
new grading. Since P� is generated by x; y; z, the new grading agrees with the given
grading.

5.3. Rigidity of filtrations

Theorem 5.4. Assume that � has an isolated singularity. Then P��� , with � ¤ 0, has a
unique filtration F such that the associated graded ring grF .P���/ is a connected graded
Poisson domain with nonzero degree 1 part.

Proof. Again, we only prove the result for� WD�1 in Lemma 4.10. The argument for�2
and �3 is analogous. The result follows from [24, Theorem 3.11] that Q.P���/ has only
one faithful 0-valuation ��Id and Proposition 2.6.

By Theorem 5.2, we have the following:

� being irreducible, rgt.A�/ D 0: (5.3)

Now Theorems 5.3 and 5.4 can be summarized as

P� having a unique grading( � having isolated singularity

) P��1 having a unique filtration. (5.4)

There is another diagram for balanced irreducible potentials �; see (6.11).

6. K1-sealedness and uPH2-vacancy

In this section, we introduce two technical concepts – K1-sealedness (Definition 6.2 (2))
and uPH2-vacancy (Definition 6.8 (3)). Together with H -ozoneness (Definition 2.1 (3)),
they will play an important role in computing Poisson cohomology in the next section.
Note that the uPH2-vacancy of A� is independent of the choices of the graded generators
.x;y; z/; however, theK1-sealedness of�may be dependent on the choices of the graded
generators .x;y; z/. In this section, we assume that n is not necessarily equal to aC bC c.

6.1. K1-sealedness

Let � be a homogeneous element of degree n > 0 in the weighted polynomial ring
A WD kŒx; y; z� with .deg.x/; deg.y/; deg.z// D .a; b; c/ 2 N3

C. Let us first recall that
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the Koszul complex K�.
�!
r�/ given by the sequence

�!
r� WD .�x ; �y ; �z/ in A is

0! AŒ�3nC .aC b C c/�

�!
r�
��!

AŒ�2nC b C c�

˚AŒ�2nC aC c�

˚AŒ�2nC aC b�

�!
r��
����!

AŒa � n�

˚AŒb � n�

˚AŒc � n�

�!
r��
���! A! A=.�x ; �y ; �z/! 0: (6.1)

Note that (6.1) is a complex of graded vector spaces, where the differentials are graded
maps of degree 0. A 1-cycle in ker.

�!
r��/ is called sealed if

�!
r �
�!
f D 0 when further con-

sidered as an element in Asing. Let s1.�/ be the subspace of ker.
�!
r��/ consisting of all

sealed 1-cycles in the above complex. The following follows from commutative algebra.

Lemma 6.1. Retain the above notation.

(1) If gcd.�x ;�y ;�z/D 1, then the Koszul complex (6.1) is exact everywhere except
possibly for the position at K1.

�!
r�/.

(2) If GKdimAsing � 1, then gcd.�x ; �y ; �z/ D 1.

(3) If � is irreducible (and weighted homogeneous), then gcd.�x ; �y ; �z/ D 1.

(4) im.
�!
r��/ � s1.�/ � ker.

�!
r��/.

Proof. (1) It follows from [40, Remarks 3.6 and 3.7].
(2) and (3) These are clear.
(4) For any �!g 2 A˚3, by a computation,

�!
r � .
�!
r� � �!g / D 0 in Asing. The second

inclusion follows from the definition.

Definition 6.2. Let � 2 A be a potential, and we consider the Koszul complex (6.1).

(1) The sealed first Koszul homology of .A;�/ is defined to be

sK1.A;�/ WD s1.�/=im.
�!
r��/:

(2) � is said K1-sealed if sK1.A;�/ D 0. That is, for any
�!
f 2 A˚3, if

�!
f �
�!
r�D 0

in A and
�!
r �
�!
f D 0 when considered as an element in Asing, then

�!
f D

�!
r���!g

for some �!g 2 A˚3.

The property of being K1-sealed was implicitly used by Luo in her thesis [33]. It
involves computing the Poisson homology using the first homology of the correspond-
ing Koszul complex in certain exceptional cases. It is unclear if the K1-sealedness of �
depends on the choice of graded generators .x; y; z/. We assume a fixed set of .x; y; z/
when discussing K1-sealedness.

By definition, theK1-sealedness for� can be reflected via the homology of the Koszul
complexK�.

�!
r�/ in the following way: for any 1-cycle

�!
f 2Z1.K�.

�!
r�//, if

�!
r �
�!
f D 0

in Asing, then
�!
f belongs to the 1-boundary, namely

�!
f D 0 in H1.K�.

�!
r�//. If � has
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an isolated singularity at the origin, thenH1.K�.
�!
r�//D 0 [40, Proposition 3.5]. Hence,

such an � is always K1-sealed.
In the rest of this subsection, we will show that K1-sealedness holds for some other

families of � that do not have isolated singularity.

Lemma 6.3. Let � D xyz C g.x; y/ for some g.x; y/ 2 kŒx; y� satisfying the following
conditions:

(1) g.x; y/ is homogeneous with respect to some new grading degnew.x/ D a0 and
degnew.y/ D b

0 for a0; b0 � 3.

(2) g.x; y/ contains both terms xb
0

and ya
0

.

(3) xy j gxgy .

Then � is K1-sealed. In this case, by choosing such a new grading together with
degnew.z/ D a

0b0 � a0 � b0 DW c0, we have hH1.K�/.t/ D
tc
0Ca0b0

1�tc
0 .

For example, � D xyz C xb
0

C ya
0

with a0; b0 � 3 is K1-sealed. In applica-
tions/examples in the next section, we have .a; b; c/ D .a

0

g
; b
0

g
; c
0

g
/ for g D gcd.a0; b0; c0/.

Proof of Lemma 6.3. We assign a new grading, denoted by degnew, on A by choosing
degnew.x/ WD a0, degnew.y/ WD b0 and degnew.z/ WD a0b0 � a0 � b0. It is obvious that �
becomes a homogeneous potential of degree n0 WD a0b0 under this new grading. It is easy
to check that GKdimAsingD 1 and a k-basis ofAsing will be explicitly constructed later on.
By Lemma 6.1, the Koszul complex K�.�x ; �y ; �z/ given in (6.1) is exact everywhere
except at K1. We claim that H1.K�/ is spanned by the images of the elements

�!'l WD z
l
�
xz;�gx ;

gxgy

xy
� z2

�
in .AŒa0 � n0�˚ AŒb0 � n0�˚ AŒc0 � n0�/c0.lC1/Cn0 for all l � 0. So �!'l �

�!
r� D 0.

Suppose we have �!'l D
�!
f �
�!
r� for some

�!
f D .f1; f2; f3/ 2 .AŒ�a

0
� n0�˚ AŒ�b0 � n0�˚ AŒ�c0 � n0�/c0.lC1/Cn0 :

Then the third component of �!'l D
�!
f �
�!
r� is equal to

f1.xz C gy/ � f2.yz C gx/ D
gxgy

xy
zl � zlC2:

However, this is impossible since the monomial zlC2 cannot appear on the left side.
Since each homogeneous element �!'l has a different degree for distinct l , their images in
H1.K�/ must be linearly independent. To prove our claim, it suffices to match the Hilbert
series of H1.K�/ with tc

0Cn0

1�tc
0 , which is the one associated with the k-subspace spanned by

¹
�!'l j l � 0º. By our assumption (2), we can apply the diamond lemma to obtain a k-basis

of Asing D A=.�x ; �y ; �y/ D kŒx; y; z�=.xy; xz C gy ; yz C gx/ given by

¹zi j i � 0º [ ¹x; : : : ; xb
0�1
º [ ¹y; : : : ; ya

0�1
º: (6.2)
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Thus, Asing has a Hilbert series given below

hAsing.t/ D
1

1 � tc
0 C

ta
0

� ta
0b0

1 � ta
0 C

tb
0

� tb
0a0

1 � tb
0
:

A calculation for the Hilbert series of the terms in (6.1) yields the following:

hH1.K�/.t/ D hA.t/.t
a0Cb0

� 1/.tb
0Cc0
� 1/.ta

0Cc0
� 1/C hAsing.t/ D

tc
0Cn0

1 � tc
0 :

Therefore, we have proved the claim.
Next, we show that � is K1-sealed. Taking an arbitrary homogeneous element

�!
f 2

Z1.K�.
�!
r�// satisfying

�!
r �
�!
f D 0 in Asing, up to a boundary, we can take

�!
f D ��!'l for

some � 2 k. One can check that

�!
r �
�!
f D �.

�!
r �
�!'l / D �

�
l
gxgy

xy
zl�1 � gxyz

l
� .l C 1/zlC1

�
D 0 in Asing:

By our assumption (2), one can check directly y − gx and x − gy . So our assumption (3)
implies x j gx and y j gy . Thus, there is a surjection

� W A� Asing D A=.�x ; �y ; �z/� A=.x; y/ Š kŒt �

via �.x/ D �.y/ D 0 and �.z/ D t . So we have

�.
�!
r �
�!
f / D �

�
l�

�
gx

x

�
�

�
gy

y

�
�.z/l�1 � �.gxy/�.z/

l
� .l C 1/�.z/lC1

�
D �l�

�
gx

x

�
�

�
gy

y

�
t l�1 � ��.gxy/t

l
� �.l C 1/t lC1

which cannot be zero in kŒt � unless � D 0. Hence,
�!
f 2 B1.K�.

�!
r�//, and consequently,

sK1.A;�/ D 0. Therefore, � is K1-sealed.

Another type of K1-sealed � is given by � D zn C g.x; y/ for some g.x; y/ is
in kŒx; y�. We need the following definition.

Definition 6.4. A polynomial g 2 kŒx; y� is called special if for any polynomial f 2
kŒx; y�, d j

�gy
d
f
�
x
�
�
gx
d
f
�
y

implies that d j f , where d D gcd.gx ; gy/.

Lemma 6.5. The following g 2 kŒx; y� are special:

(1) g D xkyl with k; l � 1 and gcd.k; l/ D 1.

(2) g D xkyl C xm with l � 1 and m � k � 1.

(3) g D xkyl C ym with k � 1 and m � l � 1.

Proof. (1) We have d D gcd.gx ; gy/ D xk�1yl�1. Suppose there is some f 2 kŒx; y�
such that xk�1yl�1 j

�gy
d
f
�
x
�
�
gx
d
f
�
y
D .lxf /x � .kyf /y D .l � k/f C lxfx � kyfy .
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Without loss of generality, we can take f D xmyn to be a monomial. Thus, xk�1yl�1 j
.l.mC 1/� k.nC 1//f . If to the contrary, xk�1yl�1 − f , then we must havem < k � 1
or n < l � 1 and l.mC 1/ D k.nC 1/. The latter implies that l j nC 1 and k j mC 1
since gcd.k; l/ D 1. This yields a contradiction.

(2) Since gx D xk�1.kyl Cmxm�k/ and gy D lxkyl�1. So d D gcd.gx ;gy/D xk�1.
Suppose there is some f 2 kŒx; y� such that

xk�1 j
�gy
d
f
�
x
�

�gx
d
f
�
y
D .lxyl�1f /x � ..ky

l
Cmxm�k/f /y

D .1 � k/lyl�1f C lyl�1xfx � .ky
l
Cmxm�k/fy :

We consider f a polynomial in x with coefficients in kŒy� and denote its lowest term
as hxn for some 0 ¤ h 2 kŒy�. Then the possible lowest term in

�gy
d
f
�
x
�
�
gx
d
f
�
y

is xn

with its coefficient given by

�l.k � 1 � n/yl�1h � k.yl C ım;k/hy :

If n � k � 1, then d j f . Suppose n < k � 1. Then it implies that the above coefficient
is zero, and so we get hy

h
D �

k�1�n
k

lyl�1=.yl C ım;k/. Thus, h D �=.yl C ım;k/
.k�1�n/

k

for some nonzero scalar �, which is not a polynomial. This gives a contradiction.
(3) The proof is similar to (2).

Lemma 6.6. Let � D zn C g.x; y/ where n � 2 and g.x; y/ 2 kŒx; y�. Then � is
K1-sealed if g is special.

Proof. Let
�!
f D .f1; f2; f3/ 2 A

˚3 satisfying
�!
r� �

�!
f D 0 in A and

�!
r �
�!
f D 0 in Asing.

Write fi D
Pn�1
jD0hij z

j , where hij 2 kŒx; y� for 0 � j � n � 2 and hi.n�1/ 2 kŒx; y; z�
for i D 1; 2. Thus,

�!
r� �

�!
f D

n�2X
iD0

.h1igx C h2igy/z
i
C .h1.n�1/gx C h2.n�1/gy C nf3/z

n�1
D 0:

By a direct computation, we get h1igx C h2igy D 0 in kŒx; y� for 0 � i � n � 2 and
f3 D

�.h1.n�1/gxCh2.n�1/gy/

n
. Set d D gcd.gx ; gy/, we can further write h1i D .

gy
d
/li and

h2i D �.
gx
d
/li with li 2 kŒx; y� for all 0 � i � n � 2. Therefore,

�!
r �
�!
f D

�!
r �

� n�2X
iD0

li

�gy
d
;�
gx

d
; 0
�
zi C h1.n�1/

�
zn�1; 0;�

gx

n

�
C h2.n�1/

�
0; zn�1;�

gy

n

��
D
�!
r �

� n�2X
iD0

li

�gy
d
;�
gx

d
; 0
�
zi C

�!
r� �

�h2.n�1/
n

;�
h1.n�1/

n
; 0
��
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D

n�2X
iD0

��gy
d
li

�
x
�

�gx
d
li

�
y

�
zi �
�!
r� �

�
�!
r �

�h2.n�1/
n

;�
h1.n�1/

n
; 0
��

D

n�2X
iD0

��gy
d
li

�
x
�

�gx
d
li

�
y

�
zi in Asing

D 0 in Asing:

Note that Asing D kŒx; y; z�=.gx ; gy ; zn�1/ D
Ln�2
iD0.kŒx; y�=.gx ; gy//z

i . This implies
that

�gy
d
li
�
x
D
�
gx
d
li
�
y

in kŒx; y�=.gx ; gy/, and hence d j
�gy
d
li
�
x
�
�
gx
d
li
�
y

for all
0 � i � n � 2. Since g is special, by definition, we can write li D dmi for mi 2 kŒx; y�
for all 0 � i � n � 2, and hence

�!
f D

n�2X
iD0

li

�gy
d
;�
gx

d
; 0
�
zi C

�!
r� �

�h2.n�1/
n

;�
h1.n�1/

n
; 0
�

D

n�2X
iD0

.gy ;�gx ; 0/miz
i
C
�!
r� �

�h2.n�1/
n

;�
h1.n�1/

n
; 0
�

D
�!
r� �

�
h2.n�1/

n
;�
h1.n�1/

n
;

n�2X
iD0

miz
i

�
:

This proves our result.

6.2. uPH2-vacancy

In this subsection, we introduce another new concept: uPH2-vacancy for A� and we shall
show that if � is K1-sealed, then its corresponding Poisson algebra A� is uPH2-vacant.
By definition,

ker.d2��/ D ¹ı 2 X2.A/ j Œı; ���S D 0º;

where d ��� is the differential in the cochain complex .X�.A�/; d ���/ (2.4). Before stating
the definitions, we need a lemma.

Definition-Lemma 6.7. Retain the above notation. Let

M 2.A/ WD ¹f�� C �g j f; g 2 Aº

which is a subspace of X2.A/. Then im.d1��/ �M
2.A/ � ker.d2��/.

Proof. The first inclusion follows from (5.1). That is, d1�.ı/ D div.ı/�� � �ı.�/ for
any ı 2 X1.A/. For the second one, it suffices to show that u WD Œf ��; ���S D 0 and
v WD Œ�g ; ���S D 0 for all f; g 2 A�. Note that both u and v are in X3.A/. Hence, it
remains to show that u.x;y; z/D 0 and v.x; y; z/D 0. They follow from the definition of
the Schouten bracket and (4.1) via a straightforward computation. We omit the details.
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Definition 6.8. Let A� be the unimodular Poisson algebra defined in Notation 4.2.

(1) The upper division of the second Poisson cohomology of A� is defined to be

uPH2.A�/ WD ker.d2��/=M
2.A/:

(2) The lower division of the second Poisson cohomology of A� is defined to be

lPH2.A�/ WDM 2.A/=im.d1��/:

(3) We say A� is uPH2-vacant if uPH2.A�/ D 0, or equivalently lPH2.A�/ D
PH2.A�/.

According to Definition 4.1, the definition of uPH2.A�/ (and lPH2.A�/ as well as
uPH2-vacancy) is invariant under the choice of graded generators .x; y; z/. Consequently,
uPH2-vacancy is independent of the choice of graded generators .x; y; z/. According to
the following lemma, lPH2.A�/ is typically nonzero.

Lemma 6.9. Retain the above notation and assume (1), (2) and (3) of Hypothesis 1.1. If
hPH0.A/.t/ D hPH1.A/.t/ D

1
1�tn

, then the Hilbert series of lPH2.A�/ is given by

hlPH2.A/.t/ D
1

taCbCc

�
.1 � tn�a/.1 � tn�b/.1 � tn�c/

.1 � tn/.1 � ta/.1 � tb/.1 � tc/
� 1

�
:

Proof. We claim that the following sequence of graded vector spaces

0! kŒ��ŒaC b C c�
˛
�! AŒ�nC aC b C c�˚ AŒaC b C c�

ˇ
�!M 2.A/ �! 0 (6.3)

is exact, where ˛.g/D .�dg
d�

; g/ and ˇ.f; g/D f�� C �g . It is clear that ˛;ˇ are graded
maps, ˛ is injective and ˇ is surjective, and ˇ˛ D 0. Hence, it remains to show that
ker.ˇ/ D im.˛/. Suppose ˇ.f; g/ D f�� C �g D 0. One can check that

d0�.g/ D Œ��; g�S D �Œ�g ; ��S D Œf ��; ��S D 0:

By the assumption, we have ZP .A/ D kŒ��. Therefore, we have g 2 ZP .A/ D kŒ�� and
f D �dg

d�
. Note that we have the following exact sequences of graded vector spaces:

0! PH0.A/! X0.A/! im.d0�/! 0; (6.4)

0! im.d0�/! Pd.A/Œw�! PH1.A/Œw�! 0; (6.5)

0! Pd.A/Œw�! X1.A/Œw�!M 2.A/Œ2w�! lPH2.A/Œ2w�! 0: (6.6)

One can deduce that

hlPH2.A/.t/ D hM 2.A/.t/ � hX1.A/.t/t
w
C hX0.A/.t/t

2w
C hPH1.A/.t/t

w

� hPH0.A/.t/t
2w : (6.7)

The assertion follows from (6.3) via a direct computation.
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We also need the de Rham complex for A:

0! k! �0A
d
�! �1A

d
�! �2A

d
�! �3A ! 0: (6.8)

We will utilize the following natural isomorphisms of graded vector spaces8̂̂̂̂
ˆ̂<̂
ˆ̂̂̂̂:

�0A
�
�! A;

�1A
�
�! AŒ�a�˚ AŒ�b�˚ AŒ�c� fdg 7! f

�!
r g;

�2A
�
�! AŒ�b � c�˚ AŒ�a � c�˚ AŒ�a � b� fdg ^ dh 7! f

�!
r g �

�!
r h;

�3A
�
�! AŒ�a � b � c� fdx ^ dy ^ dz 7! f

(6.9)

to (6.8) for f; g; h 2 A. As a result, we have the following complex of graded vector
spaces:

0! k! A

�!
r
�!

AŒ�a�

˚AŒ�b�

˚AŒ�c�

�!
r�
��!

AŒ�b � c�

˚AŒ�a � c�

˚AŒ�a � b�

�!
r �
��! AŒ�a � b � c�! 0: (6.10)

In the sequel, we will use the well-known fact that the de Rham complex (6.10) for A is
always exact.

The following lemma shows that A� is uPH2-vacant if and only if it is H -ozone. It
is important to note that the uPH2-vacancy of A� plays a significant role in computing
the Hilbert series of Poisson cohomology groups. In this lemma, we will give two more
equivalent descriptions in terms of a combination of the Koszul complex for the sequence
�!
r� D .�x ; �y ; �z/ and the de Rham complex for A.

Lemma 6.10. Let A be A� satisfying (1), (2) and (3) of Hypothesis 1.1, where � is a
nonconstant homogeneous potential. Then the following are equivalent:

(1) A is H -ozone.

(2) For any
�!
f 2 A˚3,

�!
r �
�!
f D

�!
f �
�!
r� D 0 implies that

�!
f D

�!
r g �

�!
r� for

some g 2 A.

(3) For any
�!
f 2 A˚3, if .

�!
r �

�!
f / �
�!
r� D 0, then

�!
f D

�!
rm C g

�!
r� for some

m; g 2A.

(4) A is uPH2-vacant.

Proof. (1) , (2) Assume (2) holds and suppose ı is an ozone derivation of A, that is,
ı.�/ D 0. Write

�!
ı D .ı.x/; ı.y/; ı.z// 2 A˚3. So 0 D ı.�/ D

�!
ı �
�!
r�. By (5.1), we

have
�!
r �
�!
ı D div.ı/D 0 as ı.�/D 0. So (2) implies that

�!
ı D
�!
r g�

�!
r� for some g 2A,

which is equivalent to ı D ¹�; gº. So (1) holds.
Conversely, suppose there is some

�!
f 2 A˚3 such that

�!
r �
�!
f D

�!
f �
�!
r� D 0. Con-

sider the derivation ı of A defined by .ı.x/; ı.y/; ı.z// D
�!
f . The assumptions on

�!
f
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yield that ı.�/ D div.ı/ D 0. So Lemma 5.1 (2) implies that ı is a Poisson derivation.
Note that in the proof of Lemma 1 of [37], it is shown that the Poisson center ZP .A/ is
algebraic over kŒ��. Hence, ı vanishes on ZP .A/, so it is ozone. So by (1), ı D ¹�; gº
for some g 2 A, that is,

�!
f D

�!
r g �

�!
r�.

(2) , (3) Assume (2) holds and suppose that .
�!
r �

�!
f / �
�!
r� D 0 for

�!
f 2 A˚3.

Write
�!
h WD

�!
r �

�!
f 2 A˚3. It is easy to see that

�!
r �
�!
h D 0 and

�!
h �
�!
r� D 0. So

�!
h D
�!
r g �

�!
r�D

�!
r � .g

�!
r�/ for some g 2A. This implies that

�!
r � .

�!
f �g

�!
r�/D 0.

By the exactness of (6.10), we can write
�!
f � g

�!
r�D

�!
rm for somem 2 A. So (3) holds.

Conversely, suppose
�!
r �
�!
f D 0 and

�!
f �
�!
r� D 0 for some

�!
f 2 A˚3. By the exact-

ness of the de Rham complex for A (6.10), we can write
�!
f D

�!
r �
�!
h for some

�!
h 2 A˚3.

Hence, .
�!
r �

�!
h / �
�!
r� D 0. So, by (3), we can write

�!
h D

�!
rm C g

�!
r� for some

g;m 2 A. Thus,
�!
f D

�!
r � .

�!
rmC g

�!
r�/ D

�!
r g �

�!
r� and (2) follows.

(3), (4) We use the identification X2.A/ ��! A˚3 described in (2.5) via

ı 7!
�!
ı D .ı.y; z/; ı.z; x/; ı.x; y//;

which is different from the notation
�!
ı used in the proof of part (1). One can check

that �g and f�� correspond to
�!
r g and f

�!
r�, respectively. Moreover, by (2.9), we

have �Œı; ���S D �.
�!
r �
�!
ı / �
�!
r�. Then (3) and (4) are equivalent by reinterpreting the

conditions through the above identification.

The result below links the K1-sealness of a potential � to the H -ozoneness of its
associated Poisson algebra, A�.

Lemma 6.11. Let � be a homogeneous polynomial of positive degree n. If � is K1-
sealed, then A� is H-ozone.

Proof. It suffices to show that A satisfies condition (3) in Lemma 6.10. Suppose that
deg.x/ D a; deg.y/ D b and deg.z/ D c for some positive integers a; b; c. Note that �
is homogeneous with a positive degree n, which is not necessarily equal to a C b C c.
As a result, the Poisson bracket �� on A is homogeneous of degree n� a� b � c. The
following diagram combines the Koszul complex (6.1) and the de Rham complex (6.10).

.AŒ�a�˚ AŒ�b�˚ AŒ�c�/Œ�n�

�!
r��
��

AŒ�a�˚ AŒ�b�˚ AŒ�c�
�!
r� // AŒ�b � c�˚ AŒ�a � c�˚ AŒ�a � b�

�!
r��
��

�!
r � // AŒ�a � b � c�

AŒn � a � b � c�:
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Without loss of generality, assume that
�!
f 2 .AŒ�a�˚ AŒ�b�˚ AŒ�c�/` for some ` 2 Z

such that .
�!
r �
�!
f / �
�!
r� D 0. The condition .

�!
r �
�!
f / �
�!
r� D 0 implies that

�!
r �
�!
f 2

Z1.K�.
�!
r�//. So we can write

�!
r �
�!
f D

�!
f1 �

�!
r�C

�!
h

for some
�!
f1 2 .AŒ�a� ˚ AŒ�b� ˚ AŒ�c�/`�n and

�!
h 2 Z1.K�.

�!
r�// n B1.K�.

�!
r�//

or 0. If
�!
h ¤ 0, then

�!
r �
�!
h D

�!
r � .
�!
r �
�!
f �
�!
f1 �

�!
r�/

D �
�!
r � .
�!
f1 �

�!
r�/

D �.
�!
r �
�!
f1/ �
�!
r�

D 0 in Asing:

The last equality follows from a direct computation. Since � is K1-sealed,
�!
h 2

B1.K�.
�!
r�//, yielding a contradiction. Thus,

�!
h D

�!
0 , and consequently, .

�!
r �

�!
f1/ �

�!
r� D 0 by the above calculation. Repeating this procedure with initial setting f0 D f ,
we get

�!
r �
���!
fm�1 D

�!
fm �

�!
r� and .

�!
r �
�!
fm/ �

�!
r� D 0

for some
�!
fm 2 .AŒ�a�˚ AŒ�b�˚ AŒ�c�/`�mn for m � 1. Since A is connected graded,

�!
fp D 0 for some p � 0, which implies that

�!
r �
���!
fp�1 D 0. By the exactness of the de

Rham complex forA, we have
���!
fp�1D

�!
rGp�1 for someGp�1 2A. To complete the proof,

it suffices to prove that, if we can write
�!
fq D

�!
rGq CHq

�!
r� for some Gq;Hq 2 A, then

so can we do the same for
���!
fq�1. An easy calculation yields that

�!
r �
���!
fq�1 D

�!
fq �

�!
r�

D .
�!
rGq CHq

�!
r�/ �

�!
r�

D
�!
rGq �

�!
r�

D
�!
r � .Gq

�!
r�/:

So
�!
r � .

���!
fq�1 � Gq

�!
r�/ D 0. Due to the exactness of the de Rham complex for A, we

can write
���!
fq�1 � Gq

�!
r� D

�!
rGq�1 for some Gq�1 2 A. Now, our result is deduced by

a downward induction.

By the above two lemmas (and Theorem 1.6), we shall have

� is K1-sealed) A� is uPH2-vacant, A� is H -ozone

, � is irreducible and balanced: (6.11)

However, it is not clear if “� is K1-sealed( A� is uPH2-vacant”. So, we ask the
following question.



Weighted Poisson polynomial rings in dimension three 831

Question 6.12. Is K1-sealing condition equivalent to H -ozone for � with j�j D jxj C
jyj C jzj?

7. Poisson cohomology of weighted Poisson algebras

In this last section, we investigate Poisson cohomology for a graded unimodular Poisson
algebra A in dimension three assuming Hypothesis 1.1 unless mentioned otherwise. We
aim to expand upon the results of van den Bergh [50] and Pichereau [40] to encompass a
wider range of Poisson algebras. First, we show that A� is H -ozone for all balanced irre-
ducible �. When � has an isolated singularity, � is K1-sealed and A� is thus H -ozone.
By Theorem 4.4 and Lemma 2.3, we can use the classification of� in Theorem 3.5 to fur-
ther divide the rest of the irreducible ones (without isolated singularity) into the following
four cases:

(1) Under a new grading, the associated graded Poisson algebra ofA� isA� for some
� D zn C xkyl with n � 2 and gcd.k; l/ D 1 up to a permutation of x; y; z; that
is, � is one of these irreducible potentials not included in Cases (2)–(4) below.

(2) � D xyz C xb
0

C ya
0

, where a0; b0 � 3.

(3) � is non-balanced and irreducible; that is, � D z2 C y3, or z2 C x2C
2b
a , or

x
b

gcd.a;b/ C y
a

gcd.a;b/ .

(4) � D z2 C y3 C x2y2 or z2 C x2y2 C x2C
2b
a .

7.1. Case (1)

We first verify that the algebra A� is H -ozone in the case, where � D zn C xkyl

with n � 2 and gcd.k; l/ D 1. For any general � containing zn C xkyl , we construct a
w-filtration on A� and consider the associated w-graded Poisson algebra instead. Apply-
ing a spectral sequence argument, we can establish that A� is still H -ozone for any such
general �.

Lemma 7.1. Let � D zn C xkyl for some positive integers n; k; l such that n � 2 and
gcd.k; l/ D 1. Then A� is H-ozone.

Proof. It follows from Lemmas 6.5 (1) and 6.6 that � is K1-sealed. Then the assertion
follows from Lemma 6.11.

Now suppose � is as in Case (1). We will consider some Poisson w-filtration
on A�, whose associated w-graded Poisson algebra is defined by a potential of the form
zn C xkyl .

For the rest of this subsection, it is more convenient to use the filtration F D ¹Fi j
i 2 Zº on A consisting of an increasing chain of k-subspaces Fi � FiC1 (which is differ-
ent from the one given in Definition 2.5). Accordingly, we have to modify other parts of
Definition 2.5. In particular, we will change w to �w when we use a Poisson w-filtration.
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Lemma 7.2. Let A be a connected graded polynomial Poisson algebra and F be
a w-filtration of A with w being not necessarily zero. Suppose the following hold:

(1) The Poisson center ZP .A/ D kŒ�� with deg.�/ > 0.

(2) The Euler derivation E of A preserves the w-filtration F .

(3) The associated graded algebra grF A is a connectedw-graded polynomial Poisson
algebra.

(4) The Poisson center ZP .grF A/ is kŒ�� with s WD degnew.�/ > 0 here degnew is the
new grading associated to the filtration F .

(5) grF A has no nonzero Poisson derivation of degree �s.

(6) grF A is H -ozone.

Then A is both H -ozone and PH1-minimal.

Proof. Let E be the Euler derivation of A. By (2), we have the induced graded Poisson
derivation, denoted by E ind, on grF A. So we can write E ind.�/ D m�, where m D
deg.�/ is under the original grading of A. Denote Z D ZP .grF A/. We claim that
PH1.grF A/Š ZE

ind by following the argument in [49, Lemma 7.7]. Note that the
induced Poisson bracket on grF A is homogeneous of degree w. So, it suffices to con-
sider all homogeneous Poisson derivations. Say � is one of degree i . One can check that
�.�/ 2 Z. By (5), we get �.�/ D a�n for some a 2 k and n > 0 (and further �.�/ D 0
if s − i ). Write �0 D � � a

m
�n�1E ind. Then �0.�/ D 0, whence �0 is ozone. Now (6)

implies that � D a
m
�n�1E ind C �0 for some Hamiltonian derivation �0. This means that

Pd.grF A/ D ZE ind C Hd.grF A/. It remains to show that ZE ind \ Hd.grF A/ D 0.
Let � D fE ind be Hamiltonian for some f 2 Z. So �.�/ D fE ind.�/ D mf � D 0.
Hence, f D 0 and � D 0 since Z is an integral domain. This proves our claim.

Next, we use the w-filtration F D ¹FiA j i 2 Zº of A to filter the cochain complex
.X�.A/; d ��/ and compute PH1.A/ by spectral sequence. For each p; i 2 Z with i � 0, we
define a k-subspace FpXi .A/ of Xi .A/

FpXi .A/ D ¹f 2 Xi .A/ j f .a1; : : : ; ai / 2 Fl1C���Cli�pCiwA

for any aj 2 FljA; 1 � j � iº:

Applying the differential formula (2.1), for any f 2 FpXi .A/ we have

d i�.f /.a0; : : : ; ai / D

iX
jD0

.�1/j ¹aj ; f .a0; : : : ; baj ; : : : ; ai /º
C

X
0�j<k�i

.�1/jCkf .¹aj ; akº; a0; : : : ; baj ; : : : ; bak ; : : : ; ai /
2 Fl0C���Cli�pC.iC1/wA;

where aj 2FljA for 0� j � i . So d i� WFpXi .A/!FpXiC1.A/. Then ¹FpX�.A/ jp 2Zº
is a (decreasing) filtration on the cochain complex .X�.A/; d ��/, which is exhaustive and



Weighted Poisson polynomial rings in dimension three 833

bounded below since grF A is connected graded. Thus, according to [54, Section 5.4], we
have a cohomology spectral sequence with

E
p;q
0 D FpXpCq.A/=FpC1X

pCq
Š XpCq.grF A/�pC.pCq/w

and
E
p;q
1 D PHpCq.grF A/�pC.pCq/w ) PHpCq.A/:

By (4), we know PH0.grF A/ D kŒ��. Since every cocycle .�/n in E1-page can be lifted
to a Poisson central element �n in PH0.A/, the elements in Z D kŒ�� are all permanent
cocycles and survive to E1-page. As a consequence, the differentials dp;qr W E

p;q
r !

E
pCr;q�rC1
r are all zero whenever p C q D 0. So Ep;q1 D E

p;q
1 when p C q D 0. By

our previous claim, we know PH1.grF A/ D ZE
ind. Similarly, every cocycle �nE ind can

be lifted to a Poisson derivation �nE in PH1.A/. Hence, Ep;q1 D E
p;q
1 when p C q D 1.

This implies that PH1.A/ D kŒ��E and hence A is PH1-minimal. Finally, A is H -ozone
by [49, Lemma 7.5].

By combining Lemmas 7.1 and 7.2, we obtain the following consequence.

Proposition 7.3. If � is of the form in Case (1), then A� is H -ozone.

Proof. We first show that any such A� satisfies the assumptions in Lemma 7.2, and
then the result follows. We use � D z2 C x2y2 C x4y as an illustration. Note that the
original grading on A is given by deg.x/ D 1; deg.y/ D 2; deg.z/ D 3. Now we set
degnew.x/ D 3; degnew.y/ D 2; degnew.z/ D 7 and consider the following algebra fil-
tration F D ¹Fi j i 2 Nº, where Fi are spanned by all monomials xjykzl satisfying
3j C 2k C 7l � i . By [24, Lemma 2.9], it is easy to check that ¹Fi ; Fj º � FiCjC2 for all
possible i; j 2 N. So F is a w-filtration for the Poisson algebra A� with w D 2. It is clear
that grF AD kŒx;y;z�with the new grading degnew.x/D 3;degnew.y/D 2;degnew.z/D 7.
One can further verify that grF A is still unimodular with a homogeneous potential
� D z2 C x4y. By Lemma 7.1, .grF A/� is H -ozone. Moreover, it is routine to check
that .grF A/� satisfies all the requirements in Lemma 7.2. So A� is H -ozone.

7.2. Case (2)

Proposition 7.4. If � is of the form in Case (2), then A� is H -ozone.

Proof. If� is of the form xyzC xb
0

C ya
0

, by Lemma 6.3,� isK1-sealed. The assertion
follows from Lemma 6.11.

7.3. Case (3)

In this subsection, we show that A� is not H -ozone for each non-balanced irreducible �.

Lemma 7.5. Let � be non-balanced and irreducible. Then A is not H -ozone.
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Proof. By a choice of .x; y; z/, we may assume that � D h.x; y/ D
P
aiCbjDn ˛ijx

iyj ,
where n D a C b C c. Since � is irreducible, ˛0k and ˛l0 are nonzero, where kb D
n D al . Since c D n � a � b D kb � a � b, the assumption gcd.a; b; c/ D 1 implies
that gcd.a; b/ D 1. Then the equation kb D al implies that k D ag and l D bg, where
g D gcd.k; l/. If ˛ij ¤ 0 for some .i; j /, then ai C bj D nD abg. Hence, a j j and b j i .
This means that h.x;y/D f .xb; ya/ for some homogeneous polynomial f .s; t/. Since�
is irreducible, so is f .s; t/. The only possibility is when f .s; t/ is linear, or equivalently,
h.x; y/ D xb C ya. Since ab D n D aC b C c, a; b � 2.

To show A being notH -ozone, it suffices to show that� does not satisfy condition (2)
in Lemma 6.10. Considering

�!
f D .0; 0; 1/ 2 A˚3. Hence,

�!
r �
�!
f D

�!
f �
�!
r� D 0. Sup-

pose
�!
f D

�!
r g �

�!
r� for some g 2 A. Write

�!
r g D .g1; g2; g3/ 2 A

˚3. Then we must
have 1 D ag1ya�1 � bg2xb�1, which is impossible since a; b � 2.

7.4. Case (4)

Finally, we deal with the two exceptional potentials: � D z2 C y3 C x2y2 or z2 C
x2y2C x2C

2b
a .

Proposition 7.6. If � is of one of the above forms, then A� is H-ozone.

Proof. By Lemmas 6.5 (2) and (3) and 6.6, � is K1-sealed. The assertion follows from
Lemma 6.11.

Corollary 7.7. Let � be an irreducible potential in the classification that is neither
xk C yl nor xk C zl nor yk C zl . Then � is balanced.

Proof. By Propositions 7.3, 7.4 and 7.6, for such an �, A� is H -ozone. The assertion
follows from Lemma 7.5.

7.5. Main results on Poisson cohomology

We compute the Hilbert series of the Poisson cohomology groups of A� when it
isH -ozone. Our result shows that their Hilbert series only depends on the grading of A�.

Theorem 7.8. Let A D kŒx; y; z� be a connected graded algebra such that deg.x/ D a,
deg.y/ D b, deg.z/ D c with unimodular Poisson structure given by some homogeneous
polynomial� of degree n> 0. Here, nmay not be necessarily equal to aC bC c. Suppose
the following statements hold:

(a) ZP .A/ D kŒ��.

(b) A is H -ozone.

(c) A has a degree 0 Poisson derivation that is not ozone.

(d) A has no nonzero Poisson derivation of degree �n.

Then the Hilbert series of the Poisson cohomology groups of A is given as follows:
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(1) hPH0.A/.t/ D
1

1�tn
.

(2) hPH1.A/.t/ D
1

1�tn
.

(3) hPH2.A/.t/ D
1

taCbCc

�
.1�tn�a/.1�tn�b/.1�tn�c/

.1�tn/.1�ta/.1�tb/.1�tc/
� 1

�
.

(4) hPH3.A/.t/ D
.1�tn�a/.1�tn�b/.1�tn�c/

taCbCc.1�tn/.1�ta/.1�tb/.1�tc/
.

Proof. Consider the cochain complex .X�.A/; d ��/ in (2.4) for computing PH�.A/.
(1) By (a), it is clear that hPH0.A/.t/ D hZP .A/.t/ D

1
1�tn

.
(2) By (c), we have a degree 0 Poisson derivation, denoted by ı, such that ı.�/ ¤ 0.

Without loss of generality, we can assume ı.�/ D � as ı has degree 0. By (d) and a
similar argument of [49, Lemma 7.7] (also see the proof of Lemma 7.2), one can see that
PH1.A/ Š ZP .A/ı. So hPH1.A/.t/ D hZP .A/.t/ D

1
1�tn

.
(3) By (b) and Lemma 6.10, A is uPH2.A/-vacant, namely, lPH2.A/D PH2.A/. Then

the result follows from Lemma 6.9 and parts (1) and (2).
(4) Notice ker.d2�/ DM

2.A/ since A is uPH2.A/-vacant. Considering (6.4) and (6.5)
and the following exact sequence

0! Pd.A/Œw�! X1.A/Œw�! ker.d2�/Œ2w�! PH2.A/Œ2w�! 0; (7.1)

we obtain

hPH3.A/.t/ D hker.d2� /.t/t
w
� hX1.A/.t/t

2w
C hX0.A/.t/t

3w

C
1

taCbCc
.1 � twCa/.1 � twCb/.1 � twCc/

.1 � ta/.1 � tb/.1 � tc/
(7.2)

via (2.10). The rest can be deduced from (6.3) via another direct computation.

As a consequence, we obtain the Hilbert series of Poisson cohomology for any con-
nected graded unimodular Poisson algebra A� for any balanced irreducible � (but not
necessarily having isolated singularity).

Corollary 7.9. Assume Hypothesis 1.1. If � is an irreducible potential in the classifica-
tion that is neither xk C yl nor xk C zl nor yk C zl , then the Hilbert series of Poisson
cohomology of A is given as follows:

(1) hPH0.A/.t/ D
1

1�tn
.

(2) hPH1.A/.t/ D
1

1�tn
.

(3) hPH2.A/.t/ D
1
tn

�
.1�taCb/.1�taCc/.1�tbCc/

.1�tn/.1�ta/.1�tb/.1�tc/
� 1

�
.

(4) hPH3.A/.t/ D
.1�taCb/.1�taCc/.1�tbCc/

tn.1�tn/.1�ta/.1�tb/.1�tc/
.

Proof. It suffices to check that A� satisfies all the requirements in Theorem 7.8 when �
is an irreducible potential mentioned above – (a), (c) and (d) are obvious. So it remains
to show all such A� are H -ozone. If � has isolated singularity, A� is H -ozone. As
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discussed before Lemma 7.1, the rest of the irreducible � classified in Theorem 3.5 are
divided into four classes. Note that Proposition 7.3 covers class (1), Proposition 7.4 covers
class (2), Proposition 7.6 covers class (4) and Lemma 7.5 covers class (3). So our result
follows immediately by letting n D aC b C c.

The Hilbert series of the Poisson cohomology only depends on the weights of x; y; z
when � is balanced. Thus, these connected graded unimodular Poisson algebras exhibit
the same homological behavior, making it impossible to distinguish irreducible potentials
solely by using the Hilbert series. It would be interesting to see if additional structures in
Poisson cohomology can distinguish different irreducible potentials. See the next question.

Question 7.10. Can we use kŒ��-module structures on PH�.A/ to distinguish between
singular and smooth curves and identify types of singularity for � D 0?

Finally, we generalize [49, Theorem 0.6] by removing the restriction that generators
are in degree 1 and including more equivalent conditions involving the second Poisson
cohomological group. The result is stated as Theorem 1.6.

Proof of Theorem 1.6. (1)) (2): Since rgt.A/ D 0, every degree 0 semi-Poisson deriva-
tion ı for A is of the form ˛E for some ˛ 2 k, where E is the Euler derivation. Thus,
E ^ ı D 0. By (2.3), �new D � . So A D Aı . The assertion follows. In particular, A is
unimodular by [49, Corollary 0.3].

(2) ) (1): By [49, Corollary 0.3], there is a Poisson derivation ı of degree 0 such
that Aı is unimodular. Since Aı Š A for all ı, A is unimodular. Suppose, to the contrary
that A is not rigid, that is rgt.A/ ¤ 0. Then there is a Poisson derivation ı of degree 0 not
in kE. Thus, by [49, Theorem 0.2], the modular derivation of Aı is

n D 0C nı � div.ı/E

which cannot be zero as div.ı/ 2 k [49, Lemma 1.2 (3)]. Therefore, Aı is not isomorphic
to A, yielding a contradiction.

(1) , (8): In the proof of (1) , (2), (1) implies that A is unimodular with a
potential �. By Theorem 5.2, � is irreducible. According to Theorem 3.5 and Corol-
lary 7.7, the non-balanced potentials are � D z2 C y3, z2 C x2C

2b
a or � D f .x; y/ in

Lemma 3.2, up to graded isomorphisms of A. It is easy to check that these correspond-
ing Poisson algebras have Poisson derivations of negative degree. For example, one can
define a Poisson derivation ı such that ı.z/D ı.y/D 0; ı.x/D 1when�D z2C y3, and
ı.z/D ı.x/D 0; ı.y/D 1 when�D z2 C x2C

2b
a , and ı.x/D ı.y/D 0; ı.z/D 1 when

� D f .x; y/. So we get (8). The other direction follows from the calculation of PH1.A/
in Corollary 7.9 and [49, Remark 5.2].

(3), (5): This follows from [49, Proposition 7.4].
(5) , (6): Under the hypothesis (5), A is PH1-minimal. One implication follows

from [49, Lemma 7.5] and the other direction is clear.
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(6)) (7): See the proof of Lemma 7.5 of [49].
(7) ) (1): Note that A is unimodular in this case. From the classification of � in

Theorem 3.5, it is easy to see that ZP .A/ D kŒ�� with deg.�/ > 0. Thus, rgt.A/ D 0

from [49, Lemma 7.7 (2)]. In particular, � is irreducible and ZP .A/ D kŒ��. Moreover,
suppose ı 2 Pd.A/<0. If ı.�/D 0, then ı DHf for some f 2 A. This is impossible since
deg.f / D deg.ı/ < 0 and A is connected graded. If ı.�/ 2 k�, then deg.ı/ D �n. Then
deg.ı.x// D �b � c; deg.ı.y// D �a � c; deg.ı.z// D �a � b, which are all negative.
Hence, ı D 0. So Pd.A/<0 D 0.

(8)) (4), (5), (10), (11): This assertion follows from Corollary 7.9.
(4)) (1): The assertion rgt.A/D 0 follows from [49, Remark 5.2]. Moreover, sinceA

is connected graded, each nonzero Hamiltonian derivation is of positive degree. As a
result, we get Pd.A/<0 D PH1.A/<0 D 0.

(5) , (9): It follows from (2.10) that hPH3.A/.t/ � hPH2.A/.t/ D hPH0.A/.t/ �

hPH1.A/.t/ C t
�n. We know that PH0.A/ D ZP .A/. So, the assertion follows from the

fact that hPH1.A/.t/ D hPH0.A/.t/ D hZ.t/ if and only if hPH3.A/.t/ � hPH2.A/.t/ D t
�n.

(10)) (7): Note that the subspace M 2.A/ D ¹f�� C �g j f; g 2 Aº of X2.A/ lies
in ker.d2�/ (Definition-Lemma 6.7). For any two locally finite graded vector spaces M
and N , we use the notation hM .t/ � hN .t/ to mean dimMi � dimNi for each i 2 Z.
By (6.3)–(6.5) and (7.1) with w D 0, we get

hPH2.A/.t/ D hker.d2� /.t/ � hX1.A/.t/C hX0.A/.t/C .hPH1.A/.t/ � hPH0.A/.t//

� hM 2.A/.t/ � hX1.A/.t/C hX0.A/.t/C .hZP .A/E .t/ � hPH0.A/.t//

� hM 2.A/.t/ � hX1.A/.t/C hX0.A/.t/

D
1

tn

� .1 � taCb/.1 � taCc/.1 � tbCc/
.1 � tn/.1 � ta/.1 � tb/.1 � tc/

� 1
�
;

where the last equality follows from the exact sequence (6.3) together with a direct com-
putation. By the assumption, one can obtain M 2.A/ D ker.d2�/ and so A is uPH2-vacant.
This is equivalent to A being H -ozone by Lemma 6.10.

(11)) (7): The argument is similar to the proof of (10)) (7) by using (7.2).
(7), (12): It follows from Lemma 6.10.

A. Classification of weight polynomials � of degree jxj C jyj C jzj
in kŒx; y; z�

The classification of � when deg.x/ D deg.y/ D deg.z/ D 1 is well known; see [6, 11,
12, 25, 29] and the first table below.
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Irreducible � Reducible �

x3 C y2z w
, x3 C x2z C y2z q
 x3; x2y; xyz

x3 C y3 C z3 C 3�xyz .�3 ¤ �1; i
/ xy.x C y/; xyz C x3; xy2 C x2z

Table A.1. .a; b; c/ D .1; 1; 1/.

Irreducible � Reducible �

z2 C x3y w
, z2 C x2y2 C x3y q
 x4; x3y; x2y2; x2y2 C x3y

z2 C xy3 C �x2y2 C x3y z2 C x2y2; z2; z2 C x4,
.� ¤ ˙2; i
/, .� D ˙2; q
/ xy3 C �x2y2 C x3y

x2z C y4 w
, x2z C xy3 C y4 w
 x2z; x2z C xy3

xyz C x4 C y4 q
 xyz; xyz C x4

Table A.2. .a; b; c/ D .1; 1; 2/.

k 2 N Irreducible � Reducible �

c ¤ ka xyz; x2z

x2z C xykC1 C ykC2 w
 x2z; x2z C xykC1

c D ka x2z C ykC2 w
 xyz; xyz C xkC2

k ¤ 2 xyz C xkC2 C ykC2 q
 h.x; y/ of degree .k C 2/a

Table A.3. .a D b < c/ ¤ .1; 1; 2/.

Reducible �

xyz; xy2; xz2 C x1C
2b
a ; xyz C x1C

2b
a , x1C

b
a y C xz2, x1C

2b
a ; x1C

b
a y

Table A.4. .a < b D c/.

Irreducible � Reducible �

z2 C y3 w
 z2, y3; x6, y3 C x2y2

z2 C y3 C x2y2 q
 x2y2, x2y2 C x4y
z2 C y3 C �x2y2 C x4y y3 C �x2y2 C x4y

.� ¤ ˙2; i
/, .� D ˙2; q
/ x4y

z2 C x4y w
 z2 C x6

z2 C x2y2 C x4y q
 z2 C x2y2

x3z C y3 C x2y2 w
, x3z C y3 w
 x3z, x3z C x2y2

xyz C x6 C y3 q
 xyz; xyz C x6, xyz C y3

Table A.5. .a; b; c/ D .1; 2; 3/.
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m; n 2 N [ ¹�1º Irreducible � Reducible �

c ¤ maC nb xyz, x1C
b
a z

c D aC b z2 C x2C
2b
a w
 z2; z2 C x2y2

a − b z2 C x2y2 C x2C
2b
a q
 xyz; xyz C x2C

2b
a

h.x; y/ of degree .2aC 2b/

z2; z2 C x2C
2b
a

c D aC b z2 C x2y2 C x2C
b
a y q
 z2 C x2y2; x1C

b
a z

b ¤ 2a; a j b z2 C x2C
b
a y w
 x1C

b
a z C x2y2; xyz

xyz C x2C
2b
a

h.x; y/ of degree .2aC 2b/
c D maC nb xyz C xmC1Ck

c ¤ aC b, a − b xyz C xmC1Ck C ynC1Cl q
 xyz C ynC1Cl

mC1
k
D

l
nC1 x

b
gcd.a;b/ C y

a
gcd.a;b/ w
 xyz

h.x;y/ of degree .mC 1/aC .nC 1/b

c D maC nb xyz C xmC1Ck C ynC1Cl q
 x1C
b
a z; xyz C xmC1Ck

c ¤ aC b, a j b x1C
b
a z C y1CnCl w
 xyz; xyz C ynC1Cl

mC1
k
D

l
nC1 x1C

b
a z C x

b
a ynCl C y1CnCl w
 x1C

b
a z C x

b
a ynCl

h.x;y/ of degree .mC 1/aC .nC 1/b

Table A.6. .a < b < c/ ¤ .1; 2; 3/.

� rgt GK � rgt GK

z2 C x3y 0 1 xz2 C x1C
2b
a

�2.ajb/
�1.a−b/

2

z2 C x2y2 C x3y 0 1 xyz C x1C
2b
a �1 1

z2 C xy3 C �x2y2 C x3y 0 0.�¤˙2/
1.�D˙2/

x1C
b
a y C xz2 �1 1

x2z C y4 0 1 x1C
2b
a

�5.ajb/
�3.a−b/

2

x2z C xy3 C y4 0 1 x1C
b
a y.�/ �3 2

xyz C x4 C y4 0 1 x2zC xykC1C ykC2 0 1

x4 �5 2 x2z C ykC2 0 1

x3y �4 2 xyz C xkC2 C ykC2 0 1

x2y2 �4 2 xyz �2 1

x2y2 C x3y �3 2 x2z �2 2

z2 C x2y2 �1 1 x2z �2 2

z2 �3 2 x2z C xykC1 �1 1

z2 C x4 �1 1 xyz �2 1

xy3 C �x2y2 C x3y �3 1 xyz C xkC2 .�/ �1 1

x2z �2 2 z2 C x2C
2b
a 0.a − b/ 1

x2z C xy3 �1 1 z2 C x2y2 C x2C
2b
a 0 1

Table A.7. rgt WD rgt.A/ and GK WD GKdim.Asing/ for � in Tables A.2–A.6.
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� rgt GK � rgt GK

xyz �2 1 z2 C x2y2 C x2C
b
a y 0 1

xyz C x4 .�/ �1 1 z2 C x2C
b
a y 0 1

z2 C y3 0 1 xyz C xmC1Ck C

ynC1Cl .a − b/
0 1

z2 C y3 C x2y2 0 1 xyz C xmC1Ck C

ynC1Cl .a j b/

0 1

z2 C y3 C �x2y2 C x4y 0 0.�¤˙2/
1.�D˙2/

x1C
b
a z C y1CnCl 0 1

z2 C x4y 0 1 x1C
b
a z C x

b
a ynCl C

y1CnCl
0 1

z2 C x2y2 C x4y 0 1 xyz �2 1

x3z C y3 C x2y2 0 1 x1C
b
a z �2 2

x3z C y3 0 1 z2 �1.a − b/ 2

xyz C x6 C y3 0 1 z2 C x2y2 �1 1

z2 �2 2 xyz �2 1

y3 �3 2 xyz C x2C
2b
a �1 1

x6 �4 2 z2 �2.a j b/ 2

y3 C x2y2 �2 2 z2 C x2C
2b
a �1.a j b/ 1

x2y2 �3 2 z2 C x2y2 �1 1

x2y2 C x4y �2 2 x1C
b
a z �2 2

y3 C �x2y2 C x4y �2 1.�¤˙2/
2.�D˙2/

x1C
b
a z C x2y2 �1 2

x4y �3 2 xyz �2 1

z2 C x6 �1 1 xyz C x2C
2b
a �1 1

z2 C x2y2 �1 1 xyz C xmC1Ck �1 1

x3z �2 2 xyz C ynC1Cl �1 1

x3z C x2y2 �1 2 xyz �2 1

xyz �2 1 x1C
b
a z �2 2

xyz C x6 �1 1 xyz C xmC1Ck �1 1

xyz C y3 .�/ �1 1 xyz �2 1

xyz �2 1 xyz C ynC1Cl �1 1

xy2 �2 2 x1C
b
a z C x

b
a ynCl �1 2

x
b

gcd.a;b/ C y
a

gcd.a;b/ 0 1 Reducible h.x; y/ � �1 ¹1; 2º

Table A.7. (Continued)
The ‘�’ indicates the last � from Tables A.2–A.6 accordingly.

Acknowledgments. The authors would like to thank the referee for carefully reading
the paper and providing many useful suggestions. Part of this research work was done
during the third author’s visit to the Department of Mathematics at Rice University in
November 2022, and the first and third authors’ visit to the Department of Mathematics
at the University of Washington in January 2023. They wish to thank Rice University and
University of Washington for their hospitality.



Weighted Poisson polynomial rings in dimension three 841

Funding. Wang was partially supported by the Simons Collaboration grant (No. 688403)
and Air Force Office of Scientific Research grant (No. FA9550-22-1-0272). Zhang was
partially supported by the US National Science Foundation (Nos. DMS-2001015 and
DMS-2302087).

References

[1] V. V. Bavula, Generalized Weyl algebras and their representations (in Russian). Algebra i
Analiz 4 (1992), no. 1, 75–97. English translation: St. Petersburg Math. J. 4 (1993), no. 1,
71–92 Zbl 0807.16027 MR 1171955

[2] V. V. Bavula, The generalized Weyl Poisson algebras and their Poisson simplicity criterion.
Lett. Math. Phys. 110 (2020), no. 1, 105–119 Zbl 1472.17078 MR 4047146

[3] V. V. Bavula, The PBW theorem and simplicity criteria for the Poisson enveloping algebra and
the algebra of Poisson differential operators. 2021, arXiv:2107.00321v1

[4] J. Bell, S. Launois, O. L. Sánchez, and R. Moosa, Poisson algebras via model theory and
differential-algebraic geometry. J. Eur. Math. Soc. (JEMS) 19 (2017), no. 7, 2019–2049
Zbl 1416.17010 MR 3656478

[5] A. I. Bondal, Non-commutative deformations and Poisson brackets on projective spaces,
MPI/93-67, Max-Planck-Institute für Mathematik, Germany, 1993

[6] A. Bonifant and J. Milnor, On real and complex cubic curves. Enseign. Math. 63 (2017), no.
1/2, 21–61 Zbl 1390.14088 MR 3777131

[7] K. Brown and M. Yakimov, Poisson trace orders. Int. Math. Res. Not. IMRN 2024 (2024),
no. 4, 2965–2998 Zbl 07930691 MR 4707278

[8] K. A. Brown and M. T. Yakimov, Azumaya loci and discriminant ideals of PI algebras. Adv.
Math. 340 (2018), 1219–1255 Zbl 1433.16016 MR 3886192

[9] J. K. Deveney, Ruled function fields. Proc. Amer. Math. Soc. 86 (1982), no. 2, 213–215
Zbl 0529.12016 MR 0667276

[10] V. Dolgushev, The Van den Bergh duality and the modular symmetry of a Poisson variety.
Selecta Math. (N.S.) 14 (2009), no. 2, 199–228 Zbl 1172.53054 MR 2480714

[11] J. Donin and L. Makar-Limanov, Quantization of quadratic Poisson brackets on a polynomial
algebra of three variables. J. Pure Appl. Algebra 129 (1998), no. 3, 247–261 Zbl 0934.16025
MR 1631249

[12] J.-P. Dufour and A. Haraki, Rotationnels et structures de Poisson quadratiques. C. R. Acad.
Sci. Paris Sér. I Math. 312 (1991), no. 1, 137–140 Zbl 0719.58001 MR 1086519

[13] B. L. Feigin and A. V. Odesskii, Sklyanin algebras associated with an elliptic curve. Preprint
deposited with Institute of Theoretical Physics of the Academy of Sciences of the Ukrainian
SSR, 1989, 33 pp.

[14] B. L. Feı̆gin and A. V. Odesskiı̆, Vector bundles on an elliptic curve and Sklyanin algebras. In
B. Feigin and V. Vassiliev (eds.), Topics in quantum groups and finite-type invariants: mathe-
matics at the Independent University of Moscow, pp. 65–84, Amer. Math. Soc. Transl. Ser. 2
185, American Mathematical Society, Providence, RI, 1998 Zbl 0916.16014 MR 1736164

https://zbmath.org/?q=an:0807.16027
https://mathscinet.ams.org/mathscinet-getitem?mr=1171955
https://doi.org/10.1007/s11005-019-01214-7
https://zbmath.org/?q=an:1472.17078
https://mathscinet.ams.org/mathscinet-getitem?mr=4047146
https://arxiv.org/abs/2107.00321v1
https://doi.org/10.4171/JEMS/712
https://doi.org/10.4171/JEMS/712
https://zbmath.org/?q=an:1416.17010
https://mathscinet.ams.org/mathscinet-getitem?mr=3656478
https://doi.org/10.4171/LEM/63-1/2-2
https://zbmath.org/?q=an:1390.14088
https://mathscinet.ams.org/mathscinet-getitem?mr=3777131
https://doi.org/10.1093/imrn/rnad086
https://zbmath.org/?q=an:07930691
https://mathscinet.ams.org/mathscinet-getitem?mr=4707278
https://doi.org/10.1016/j.aim.2018.10.024
https://zbmath.org/?q=an:1433.16016
https://mathscinet.ams.org/mathscinet-getitem?mr=3886192
https://doi.org/10.1090/S0002-9939-1982-0667276-6
https://zbmath.org/?q=an:0529.12016
https://mathscinet.ams.org/mathscinet-getitem?mr=0667276
https://doi.org/10.1007/s00029-008-0062-z
https://zbmath.org/?q=an:1172.53054
https://mathscinet.ams.org/mathscinet-getitem?mr=2480714
https://doi.org/10.1016/S0022-4049(97)00079-0
https://doi.org/10.1016/S0022-4049(97)00079-0
https://zbmath.org/?q=an:0934.16025
https://mathscinet.ams.org/mathscinet-getitem?mr=1631249
https://zbmath.org/?q=an:0719.58001
https://mathscinet.ams.org/mathscinet-getitem?mr=1086519
https://doi.org/10.1090/trans2/185/04
https://doi.org/10.1090/trans2/185
https://doi.org/10.1090/trans2/185
https://zbmath.org/?q=an:0916.16014
https://mathscinet.ams.org/mathscinet-getitem?mr=1736164


H. Huang, X. Tang, X. Wang, and J. J. Zhang 842

[15] H. R. Frium, The group law on elliptic curves on Hesse form. In G. L. Mullen, H. Stichtenoth,
and H. Tapia-Recillas (eds.), Finite fields with applications to coding theory, cryptogra-
phy and related areas. Proceedings of the sixth international conference on finite fields and
applications, held at Oaxaca, México, May 21–25, 2001, pp. 123–151, Springer, Berlin, 2002
Zbl 1057.14038 MR 1995332

[16] J. Gaddis, P. Veerapen, and X. Wang, Reflection groups and rigidity of quadratic Poisson
algebras. Algebr. Represent. Theory 26 (2023), no. 2, 329–358 Zbl 1546.16035
MR 4568848

[17] J. Gaddis and X. Wang, The Zariski cancellation problem for Poisson algebras. J. Lond. Math.
Soc. (2) 101 (2020), no. 3, 1250–1279 Zbl 1484.17034 MR 4111940

[18] J. Gaddis, X. Wang, and D. Yee, Cancellation and skew cancellation for Poisson algebras.
Math. Z. 301 (2022), no. 4, 3503–3523 Zbl 1505.17015 MR 4449718

[19] K. R. Goodearl, A Dixmier–Moeglin equivalence for Poisson algebras with torus actions. In
D. V. Huynh and S. K. Jain (eds.), Algebra and its applications, pp. 131–154, Contemp. Math.
419, American Mathematical Society, Providence, RI, 2006 Zbl 1147.17017 MR 2279114

[20] K. R. Goodearl, Semiclassical limits of quantized coordinate rings. In D. Huynh and
S. R. López-Permouth (eds.), Advances in ring theory, pp. 165–204, Trends Math., Birkhäuser,
Basel, 2010 Zbl 1202.16027 MR 2664671

[21] K. R. Goodearl and S. Launois, The Dixmier–Moeglin equivalence and a Gel’fand–Kirillov
problem for Poisson polynomial algebras. Bull. Soc. Math. France 139 (2011), no. 1, 1–39
Zbl 1226.17016 MR 2815026

[22] K. R. Goodearl and E. S. Letzter, Semiclassical limits of quantum affine spaces. Proc. Edinb.
Math. Soc. (2) 52 (2009), no. 2, 387–407 Zbl 1184.16037 MR 2506398

[23] H. Huang, X. Tang, X. Wang, and J. J. Zhang, Valuation method for Nambu–Poisson algebras.
2023, arXiv:2312.00958v1

[24] H. Huang, X. Tang, X. Wang, and J. J. Zhang, Poisson valuations. J. Algebra 683 (2025), 1–59
Zbl 08098381 MR 4929547

[25] I. A. Kogan and M. Moreno Maza, Computation of canonical forms for ternary cubics. In
Proceedings of the 2002 international symposium on symbolic and algebraic computation,
pp. 151–160, ACM, New York, 2002 Zbl 1072.68629 MR 2035244

[26] S. Launois and O. León Sánchez, On the Dixmier–Moeglin equivalence for Poisson–Hopf
algebras. Adv. Math. 346 (2019), 48–69 Zbl 1472.17080 MR 3904282

[27] C. Laurent-Gengoux, A. Pichereau, and P. Vanhaecke, Poisson structures. Grundlehren Math.
Wiss. 347, Springer, Berlin, 2013, 464 pp. Zbl 1284.53001 MR 2906391

[28] J. Levitt and M. Yakimov, Quantized Weyl algebras at roots of unity. Israel J. Math. 225
(2018), no. 2, 681–719 Zbl 1417.17017 MR 3805662

[29] Z.-J. Liu and P. Xu, On quadratic Poisson structures. Lett. Math. Phys. 26 (1992), no. 1, 33–42
Zbl 0773.58007 MR 1193624

[30] J. Lü, X. Wang, and G. Zhuang, Universal enveloping algebras of Poisson Hopf algebras.
J. Algebra 426 (2015), 92–136 Zbl 1393.17039 MR 3301903

[31] J. Lü, X. Wang, and G. Zhuang, Universal enveloping algebras of Poisson Ore extensions.
Proc. Amer. Math. Soc. 143 (2015), no. 11, 4633–4645 Zbl 1378.16034 MR 3391023

[32] J. Lü, X. Wang, and G. Zhuang, Homological unimodularity and Calabi–Yau condition for
Poisson algebras. Lett. Math. Phys. 107 (2017), no. 9, 1715–1740 Zbl 1383.16006
MR 3687261

[33] J. Luo, Duality theory and BV algebra structures over Poisson (co)homology. Ph.D. thesis,
2016

https://doi.org/10.1007/978-3-642-59435-9_10
https://doi.org/10.1007/978-3-642-59435-9
https://doi.org/10.1007/978-3-642-59435-9
https://zbmath.org/?q=an:1057.14038
https://mathscinet.ams.org/mathscinet-getitem?mr=1995332
https://doi.org/10.1007/s10468-021-10096-0
https://doi.org/10.1007/s10468-021-10096-0
https://zbmath.org/?q=an:1546.16035
https://mathscinet.ams.org/mathscinet-getitem?mr=4568848
https://doi.org/10.1112/jlms.12303
https://zbmath.org/?q=an:1484.17034
https://mathscinet.ams.org/mathscinet-getitem?mr=4111940
https://doi.org/10.1007/s00209-022-03026-3
https://zbmath.org/?q=an:1505.17015
https://mathscinet.ams.org/mathscinet-getitem?mr=4449718
https://doi.org/10.1090/conm/419/08001
https://doi.org/10.1090/conm/419
https://zbmath.org/?q=an:1147.17017
https://mathscinet.ams.org/mathscinet-getitem?mr=2279114
https://doi.org/10.1007/978-3-0346-0286-0_12
https://doi.org/10.1007/978-3-0346-0286-0
https://zbmath.org/?q=an:1202.16027
https://mathscinet.ams.org/mathscinet-getitem?mr=2664671
https://doi.org/10.24033/bsmf.2598
https://doi.org/10.24033/bsmf.2598
https://zbmath.org/?q=an:1226.17016
https://mathscinet.ams.org/mathscinet-getitem?mr=2815026
https://doi.org/10.1017/S0013091507000910
https://zbmath.org/?q=an:1184.16037
https://mathscinet.ams.org/mathscinet-getitem?mr=2506398
https://arxiv.org/abs/2312.00958v1
https://doi.org/10.1016/j.jalgebra.2025.06.028
https://zbmath.org/?q=an:08098381
https://mathscinet.ams.org/mathscinet-getitem?mr=4929547
https://doi.org/10.1145/780506.780526
https://zbmath.org/?q=an:1072.68629
https://mathscinet.ams.org/mathscinet-getitem?mr=2035244
https://doi.org/10.1016/j.aim.2019.01.036
https://doi.org/10.1016/j.aim.2019.01.036
https://zbmath.org/?q=an:1472.17080
https://mathscinet.ams.org/mathscinet-getitem?mr=3904282
https://doi.org/10.1007/978-3-642-31090-4
https://zbmath.org/?q=an:1284.53001
https://mathscinet.ams.org/mathscinet-getitem?mr=2906391
https://doi.org/10.1007/s11856-018-1675-3
https://zbmath.org/?q=an:1417.17017
https://mathscinet.ams.org/mathscinet-getitem?mr=3805662
https://doi.org/10.1007/BF00420516
https://zbmath.org/?q=an:0773.58007
https://mathscinet.ams.org/mathscinet-getitem?mr=1193624
https://doi.org/10.1016/j.jalgebra.2014.12.010
https://zbmath.org/?q=an:1393.17039
https://mathscinet.ams.org/mathscinet-getitem?mr=3301903
https://doi.org/10.1090/S0002-9939-2015-12631-7
https://zbmath.org/?q=an:1378.16034
https://mathscinet.ams.org/mathscinet-getitem?mr=3391023
https://doi.org/10.1007/s11005-017-0967-6
https://doi.org/10.1007/s11005-017-0967-6
https://zbmath.org/?q=an:1383.16006
https://mathscinet.ams.org/mathscinet-getitem?mr=3687261


Weighted Poisson polynomial rings in dimension three 843

[34] J. Luo, S.-Q. Wang, and Q.-S. Wu, Twisted Poincaré duality between Poisson homology and
Poisson cohomology. J. Algebra 442 (2015), 484–505 Zbl 1392.17015 MR 3395070

[35] J. Luo, X. Wang, and Q. Wu, Poisson Dixmier–Moeglin equivalence from a topological point
of view. Israel J. Math. 243 (2021), no. 1, 103–139 Zbl 1508.16032 MR 4299143

[36] C. Ma, Invariants of unimodular quadratic polynomial Poisson algebras of dimension 3.
[v1] 2023, [v7] 2024, arXiv:2302.13588v7

[37] L. Makar-Limanov, U. Turusbekova, and U. Umirbaev, Automorphisms of elliptic Poisson
algebras. In V. Futorny, V. Kac, I. Kashuba, and E. Zelmanov (eds.), Algebras, representa-
tions and applications, pp. 169–177, Contemp. Math. 483, American Mathematical Society,
Providence, RI, 2009 Zbl 1244.17012 MR 2497958

[38] B. Nguyen, K. Trampel, and M. Yakimov, Noncommutative discriminants via Poisson primes.
Adv. Math. 322 (2017), 269–307 Zbl 1403.17020 MR 3720799

[39] S. R. T. Pelap, Poisson (co)homology of polynomial Poisson algebras in dimension four:
Sklyanin’s case. J. Algebra 322 (2009), no. 4, 1151–1169 Zbl 1173.53332 MR 2537677

[40] A. Pichereau, Poisson (co)homology and isolated singularities. J. Algebra 299 (2006), no. 2,
747–777 Zbl 1113.17009 MR 2228339

[41] A. Polishchuk, Poisson structures and birational morphisms associated with bundles on elliptic
curves. Int. Math. Res. Not. IMRN 1998 (1998), no. 13, 683–703 Zbl 0933.14016
MR 1636545

[42] R. Przybysz, On one class of exact Poisson structures. J. Math. Phys. 42 (2001), no. 4,
1913–1920 Zbl 1016.53062 MR 1820439

[43] B. Pym, Quantum deformations of projective three-space. Adv. Math. 281 (2015), 1216–1241
Zbl 1338.14007 MR 3366864

[44] M. Reyes, D. Rogalski, and J. J. Zhang, Skew Calabi–Yau algebras and homological identities.
Adv. Math. 264 (2014), 308–354 Zbl 1336.16011 MR 3250287

[45] M. Reyes, D. Rogalski, and J. J. Zhang, Skew Calabi–Yau triangulated categories and
Frobenius Ext-algebras. Trans. Amer. Math. Soc. 369 (2017), no. 1, 309–340
Zbl 1430.18011 MR 3557775

[46] D. R. Stephenson, Artin–Schelter regular algebras of global dimension three. J. Algebra 183
(1996), no. 1, 55–73 Zbl 0868.16027 MR 1397387

[47] D. R. Stephenson, Algebras associated to elliptic curves. Trans. Amer. Math. Soc. 349 (1997),
no. 6, 2317–2340 Zbl 0868.16028 MR 1390046

[48] S. R. Tagne Pelap, Homological properties of certain generalized Jacobian Poisson structures
in dimension 3. J. Geom. Phys. 61 (2011), no. 12, 2352–2368 Zbl 1226.53080 MR 2838512

[49] X. Tang, X. Wang, and J. J. Zhang, Twists of graded Poisson algebras and related properties.
J. Geom. Phys. 207 (2025), article no. 105344, 31 pp. Zbl 1557.17027 MR 4818305

[50] M. van den Bergh, Noncommutative homology of some three-dimensional quantum spaces. In
Proceedings of conference on algebraic geometry and ring theory in honor of Michael Artin,
Part III (Antwerp, 1992). K-Theory 8 (1994), no. 3, 213–230 Zbl 0814.16006 MR 1291019

[51] C. Walton, X. Wang, and M. Yakimov, Poisson geometry of PI three-dimensional Sklyanin
algebras. Proc. Lond. Math. Soc. (3) 118 (2019), no. 6, 1471–1500 Zbl 1418.17049
MR 3957827

[52] C. Walton, X. Wang, and M. Yakimov, Poisson geometry and representations of PI 4-
dimensional Sklyanin algebras. Selecta Math. (N.S.) 27 (2021), no. 5, article no. 99, 60
pp. Zbl 1477.14007 MR 4323328

[53] S. Wang, Modular derivations for extensions of Poisson algebras. Front. Math. China 12
(2017), no. 1, 209–218 Zbl 1431.17015 MR 3569674

https://doi.org/10.1016/j.jalgebra.2014.08.023
https://doi.org/10.1016/j.jalgebra.2014.08.023
https://zbmath.org/?q=an:1392.17015
https://mathscinet.ams.org/mathscinet-getitem?mr=3395070
https://doi.org/10.1007/s11856-021-2154-9
https://doi.org/10.1007/s11856-021-2154-9
https://zbmath.org/?q=an:1508.16032
https://mathscinet.ams.org/mathscinet-getitem?mr=4299143
https://arxiv.org/abs/2302.13588v7
https://doi.org/10.1090/conm/483/09442
https://doi.org/10.1090/conm/483/09442
https://doi.org/10.1090/conm/483
https://doi.org/10.1090/conm/483
https://zbmath.org/?q=an:1244.17012
https://mathscinet.ams.org/mathscinet-getitem?mr=2497958
https://doi.org/10.1016/j.aim.2017.10.018
https://zbmath.org/?q=an:1403.17020
https://mathscinet.ams.org/mathscinet-getitem?mr=3720799
https://doi.org/10.1016/j.jalgebra.2009.05.024
https://doi.org/10.1016/j.jalgebra.2009.05.024
https://zbmath.org/?q=an:1173.53332
https://mathscinet.ams.org/mathscinet-getitem?mr=2537677
https://doi.org/10.1016/j.jalgebra.2005.10.029
https://zbmath.org/?q=an:1113.17009
https://mathscinet.ams.org/mathscinet-getitem?mr=2228339
https://doi.org/10.1155/S1073792898000415
https://doi.org/10.1155/S1073792898000415
https://zbmath.org/?q=an:0933.14016
https://mathscinet.ams.org/mathscinet-getitem?mr=1636545
https://doi.org/10.1063/1.1346588
https://zbmath.org/?q=an:1016.53062
https://mathscinet.ams.org/mathscinet-getitem?mr=1820439
https://doi.org/10.1016/j.aim.2015.06.005
https://zbmath.org/?q=an:1338.14007
https://mathscinet.ams.org/mathscinet-getitem?mr=3366864
https://doi.org/10.1016/j.aim.2014.07.010
https://zbmath.org/?q=an:1336.16011
https://mathscinet.ams.org/mathscinet-getitem?mr=3250287
https://doi.org/10.1090/tran/6640
https://doi.org/10.1090/tran/6640
https://zbmath.org/?q=an:1430.18011
https://mathscinet.ams.org/mathscinet-getitem?mr=3557775
https://doi.org/10.1006/jabr.1996.0207
https://zbmath.org/?q=an:0868.16027
https://mathscinet.ams.org/mathscinet-getitem?mr=1397387
https://doi.org/10.1090/S0002-9947-97-01769-8
https://zbmath.org/?q=an:0868.16028
https://mathscinet.ams.org/mathscinet-getitem?mr=1390046
https://doi.org/10.1016/j.geomphys.2011.04.007
https://doi.org/10.1016/j.geomphys.2011.04.007
https://zbmath.org/?q=an:1226.53080
https://mathscinet.ams.org/mathscinet-getitem?mr=2838512
https://doi.org/10.1016/j.geomphys.2024.105344
https://zbmath.org/?q=an:1557.17027
https://mathscinet.ams.org/mathscinet-getitem?mr=4818305
https://doi.org/10.1007/BF00960862
https://zbmath.org/?q=an:0814.16006
https://mathscinet.ams.org/mathscinet-getitem?mr=1291019
https://doi.org/10.1112/plms.12220
https://doi.org/10.1112/plms.12220
https://zbmath.org/?q=an:1418.17049
https://mathscinet.ams.org/mathscinet-getitem?mr=3957827
https://doi.org/10.1007/s00029-021-00713-7
https://doi.org/10.1007/s00029-021-00713-7
https://zbmath.org/?q=an:1477.14007
https://mathscinet.ams.org/mathscinet-getitem?mr=4323328
https://doi.org/10.1007/s11464-016-0598-8
https://zbmath.org/?q=an:1431.17015
https://mathscinet.ams.org/mathscinet-getitem?mr=3569674


H. Huang, X. Tang, X. Wang, and J. J. Zhang 844

[54] C. A. Weibel, An introduction to homological algebra. Cambridge Stud. Adv. Math. 38,
Cambridge University Press, Cambridge, 1994, 450 pp. Zbl 0797.18001 MR 1269324

[55] J. J. Zhang, Twisted graded algebras and equivalences of graded categories. Proc. Lond. Math.
Soc. (3) 72 (1996), no. 2, 281–311 Zbl 0852.16005 MR 1367080

Received 12 January 2024; revised 29 July 2025.

Hongdi Huang
Department of Mathematics, Shanghai University, 99 Shangda Road, Baoshan District,
200444 Shanghai; Newtouch Center for Mathematics of Shanghai University, 200444 Shanghai,
P. R. China; hdhuang@she.edu.cn

Xin Tang
Department of Mathematics & Computer Science, Fayetteville State University,
1200 Murchison Rd, Fayetteville, NC 28301, USA; xtang@uncfsu.edu

Xingting Wang
Department of Mathematics, Louisiana State University, 3810 W Lakeshore Dr, Baton Rouge,
LA 70803, USA; xingtingwang@math.lsu.edu

James J. Zhang
Department of Mathematics, University of Washington, 1410 NE Campus Pkwy, Seattle,
WA 98195, USA; zhang@math.washington.edu

https://doi.org/10.1017/CBO9781139644136
https://zbmath.org/?q=an:0797.18001
https://mathscinet.ams.org/mathscinet-getitem?mr=1269324
https://doi.org/10.1112/plms/s3-72.2.281
https://zbmath.org/?q=an:0852.16005
https://mathscinet.ams.org/mathscinet-getitem?mr=1367080
mailto:hdhuang@she.edu.cn
mailto:xtang@uncfsu.edu
mailto:xingtingwang@math.lsu.edu
mailto:zhang@math.washington.edu

	Contents
	1. Introduction
	1.1. General setup
	1.2. Classification
	1.3. Rigidities
	1.4. Automorphism problem
	1.5. Poisson cohomologies

	2. Preliminaries
	2.1. Terminology
	2.2. Twists of graded Poisson algebras
	2.3. Notations for Poisson (co)homology in dimension three
	2.4. Poisson valuations and filtrations

	3. Classification of potentials Ω in \mathbb{k}[x,y,z]
	4. Poisson fraction fields and automorphism groups
	5. Rigidities
	5.1. Rigidity of graded twistings
	5.2. Rigidity of gradings
	5.3. Rigidity of filtrations

	6. K_1-sealedness and uPH^2-vacancy
	6.1. K_1-sealedness
	6.2. uPH^2-vacancy

	7. Poisson cohomology of weighted Poisson algebras
	7.1. Case (1)
	7.2. Case (2)
	7.3. Case (3)
	7.4. Case (4)
	7.5. Main results on Poisson cohomology

	A. Classification of weight polynomials Ω of degree \lvert x \rvert+\lvert y \rvert+\lvert z\rvert in \mathbb{k}[x,y,z]
	References

