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Crystalline representations and p-adic Hodge theory
for non-commutative algebraic varieties

Keiho Matsumoto

Abstract. In this paper, we study p-adic Hodge theory for non-commutative algebraic varieties.
Firstly, we propose a conjecture that for K a complete discretely valued nonarchimedean exten-
sion K of Qp with perfect residue field k and 7 an O g -linear idempotent-complete, small smooth
proper stable co-category, there exists a Berys-coefficient isomorphism preserving additional struc-
tures between the K(1)-local K-theory on the generic fiber of 7 and the topological periodic cyclic
homology on the special fiber. This conjecture can be regarded as a non-commutative analog of
the crystalline comparison theorem. We then proceed to prove the following results: the topolog-
ical negative cyclic homology 7; TC™ (7 /S|z]; Zp) admits a Breuil-Kisin module structure, and
the non-commutative analog of Bhatt—-Morrow—Scholze’s comparison theorems holds. Additionally,
we demonstrate that the Z,[Gg]-module obtained from the topological negative cyclic homology
is a Zp-lattice of a crystalline representation. Finally, we show that when the generic fiber of 7~
admits a geometric realization in the sense of Orlov, the non-commutative analog of the crystalline
comparison theorem proposed by the author holds.

1. Introduction

The aim of this paper is to study p-adic Hodge theory for non-commutative algebraic
varieties. Specifically, we propose a conjecture and prove several results related to the
relationship between K(1)-local K-theory and topological periodic homology in this
non-commutative setting.

Notation 1.1. Fix a prime p. Let K be a complete discretely valued nonarchimedean
extension K of Q, with perfect residue field k. Here, Ok is the ring of integers of K and
7 € Ok is a uniformizer. We write € to denote the completion K of K endowed with its
unique absolute value extending the given absolute value on K, let W be the Witt ring
of k, and let Ky be the fraction field of W. Let m be the maximal ideal of Q. For a
spectrum S, let Lg(1)S be the Bousfield localization of complex K-theory at prime p.

Cohomology theories such as de Rham cohomology RT'4r(—/K), Hodge coho-
mology Rz, (—, Q* / x)» [-adic cohomology RI'¢(—, Z;) and crystalline cohomology
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RTy(—/W(k)) are important tools in the study of algebraic geometry and arithmetic
geometry. On the other hand, homological invariants such as (topological) periodic homol-
ogy, (topological) cyclic homology and K-theory play an important role in the study
of C*-algebra, Lie algebra and non-commutative geometry. There are deep and subtle
links between cohomology invariants and homological invariants. One of the most well-
known examples is the Atiyah—Hirzebruch spectral sequence. For a finite-dimensional
CW-complex M, Atiyah—Hirzebruch [4] prove that there is a spectral sequence

£,j {Hé'mg(M,Z), j even
EY =

= K'® (M). (1.1
0, j odd I

The Thomason spectral sequence is an arithmetic-geometrical analog of the Atiyah—
Hirzebruch spectral sequence. For a smooth variety X over a field of characteristic O,
Thomason [36] shows that there exists a spectral sequence

B _ {Hg;(x, Zp()), j =2
.

—= 7wi_;L K(X), 1.2
0. i odd j—i Lr1) K(X) (1.2)

and this spectral sequence degenerates after tensoring Q,. Besides, Hesselholt [21] shows
a close relation between p-adic cohomology theory and topological cyclic homology.

Bondal-Kapranov [10], Orlov [34] and Kontsevich [27] introduce non-commutative
algebraic geometry in which a dg-category (or a stable co-category) is studied as a non-
commutative space. Nowadays, non-commutative algebraic geometry plays an important
role in research on mirror symmetry, mathematical physics and algebraic geometry.
Besides, homological invariants are, in general, well defined for dg-categories and stable
oo-categories. It has been known that some comparison theorems between cohomology
groups can be formulated naturally for dg-categories and stable oco-categories: instead
of cohomology theories, one can consider homological invariants. For a smooth proper
dg-category T over C, Kaledin [25] proves that there is an isomorphism HP, (7 /C) ~
@D;cz HH,42: (T /C), which has been conjectured by Kontsevich-Soibelman [28] and
can be regarded as a non-commutative Hodge decomposition via Connes [12], Feigin—
Tsygan [18] and Hochschild—Kostant—-Rosenberg [24]. Besides, Blanc [9] conjectured
that there is an equivalence Ch'® A HC : Kiop(T) As HC — HP(7/C), which can
be regarded as the non-commutative de Rham comparison theorem, and in some cases,
the equivalence is proved by A. A. Khan [26]. For a smooth proper stable co-category 7
over W, Scholze proves that there is an isomorphism of W-modules 7, TP(T%; Zp) =~
sr; HP(/ W) (it has been unpublished yet), and Petrov—Vologodsky obtain the same
result for any stable co-category [35].

In the study of p-adic cohomology theories, crystalline comparison theory [16]
states that for a smooth proper variety X over Ok, the p-adic étale cohomology
H!(Xe.Qp) ®q, Beys is isomorphic to Hciry(X &/ W) ®w Bays, and the isomorphism
is compatible with Gg-action, Frobenius endomorphism and filtration. We study a
non-commutative version of the crystalline comparison theorem. For a commutative
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ring R, we will refer to R-linear idempotent-complete, small stable co-categories sim-
ply as R-linear categories. For an O-linear category 7, Gk acts continuously on
Zp-module 7; L g1y K(Te), and there is a Frobenius operator Fr : w; TP(7g; Zp)[%] <
7 TC™ (Tx; Zp)[%] & 7 TP(T3: Zp)[%] (see [2]). Inspired by Petrov and Vologodsky’s
work on non-commutative crystalline cohomology theory [35], and the study of motivic
filtration of the K(1)-local K-theory [36] and the topological periodic homology [8], we

predict the following conjecture.

Conjecture 1.2 (Non-commutative version of crystalline comparison theorem [16, 37]).
Let T be a smooth proper Og-linear category. Then there is an isomorphism of
Berys-module

T TP(?;C’ Zp) Qw Bcrys x~ ]T,'LK(DK(T‘C) ®Zp Bcrys

which is compatible with Gg-action and Frobenius endomorphism. In particular, the
p-adic representation 7t; L (1) K(Te) ®z, Qp is crystalline.

Remark 1.3. Assume Og = W. Then the isomorphism of W -modules
70 TP(T3; Zp) = 70y HP(T /W)

has been proved independently by Scholze (unpublished) and by Petrov—Vologodsky [35]
for p > 2. For all primes p and for smooth proper dg-categories, this result has since
been established by Devalapurkar—Raksit [13] and Mao [32]. Consequently, the non-
commutative Hodge—de Rham filtration on 7, HP(7 /W) induces a natural filtration
on TP(Jk; Zp). It is further expected that for a general complete DVR Qg of mixed
characteristic, the base change

710 TP(Ti: Zp) @w K

inherits a filtration arising from the non-commutative Hodge—de Rham filtration on
7, HP(T / Ok ). Moreover, we expect the isomorphism in Conjecture 1.2 to be compatible
with these filtrations.

For a smooth proper variety X over Ok, by [36] one has a Gg-equivariant iso-
morphism 7; Lx (1) K(Te) ®z, Qp =~ @,z Hé’t+2"(X€, Zp(n))' ®z, Qp, and similarly
by [7] one has an isomorphism 7; TP(J%; ZI,)[%] ~ @,z HF™" (Xk/W[%])(n) of
isocrystals, thus the conjecture holds for 7 = perf(X) via crystalline comparison the-
orem [37]. In this paper, we approach this conjecture via K-theoretical version of
Bhatt—-Morrow—Scholze’s comparison theorem [8]. We will use the language of stable
oo-categories, following Lurie [31].

Definition 1.4. For an E ,-ring R, we let Catgzrf(R) denote the co-category of R-linear
categories, where the morphisms are exact functors.



K. Matsumoto 956
Definition 1.5. For an Eqo-ring R, we let Cat’r (R) denote the oo-category of smooth
proper R-linear categories, where the morphisms are exact functors.

Definition 1.6 (See also [34, Section 4.1]). For an Ey-ring R, an R-linear category 7
admits a geometric realization if there is a derived scheme X over R such that the trun-
cation (X)) is separated scheme of finite type over 7o(R) and there is a fully faithful
admissible inclusion 7~ C perf(X) of R-linear categories (see [1, Definition 3.1]).

In many cases, a stable co-category is known to admit a geometric realization. For
example, the derived Fukaya category of a symplectic manifold is known or expected to
admit a geometric realization from the study of mirror symmetry. Besides, Lunts—Bergh—
Schniirer [5] proved that the stable infinity category of perfect complexes on a smooth
proper Deligne-Mumford admits a geometric realization.

Remark 1.7. Assume R is an algebraically closed field of characteristic 0. In [34, Ques-
tion 4.4], Orlov asked if there exist R-linear idempotent-complete, small smooth proper
stable oo-categories which do not admit a geometric realization. This is still an important
open problem.

Remark 1.8. If a smooth proper R-linear category 7 admits a geometric realization
T <> perf(X), the dual T € Cat’e", also admits a geometric realization 7 <>
perf(X)°P = perf(X).

First, we fix a sequence of elements ¢, € K inductively such that ¢y = 1 and
(Cn+1)? = . Given this sequence, let ¢ = ({o, {1,2,...) € lir_nFrob Oc/ p be the corre-
sponding element in the tilt, and let [¢] € A be its Teichmiiller lift. Let @ = W [z], and let
6 : ® — O be the usual map whose kernel is generated by Eisenstein polynomial E of 7.
Let ¢ : @ — Ajyr be the W -linear map that sends z to [7°]. We write § = ¢(E). We write
n=1[e] —1. Let ¢ : @ - S be a Frobenius endomorphism which is Frobenius on W
and sends z to z”. We prove a non-commutative version of Bhatt—-Morrow—Scholze’s
Breuil-Kisin cohomology theory RT'g(—) [8].

Theorem 1.9 (Theorem 2.17, non-commutative version of [8]). Let T be an Og-linear
smooth proper category. Then there is a natural number n such that the following holds:

(1) Foranyi >n, m; TC™ (T /S[z]; Zp) has a natural structure of a Breuil-Kisin
module.

(1) Foranyi > n, m; TC™ (T /S[z]; Zp)" has a natural structure of a Breuil-Kisin
module of finite E-height.

(2) (K(1)-local K-theory comparison) Assume Te admits a geometric realization.
For any i > n, after scalar extension along ¢ : ® — Aing which sends z to [z°]?
and is the Frobenius on W, one recovers K(1)-local K-theory of the generic fiber

A A

1
~ ;i Lx1)K(Te) ®z, Ainf[;} .

1
w; TC™ (T /S][z]; Zp) ®@,$ Ainf|:;:|
p

p
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(3) (Topological periodic homology theory comparison) For any i > n, after scalar
extension along the map ¢ : © — W which is the Frobenius on W and sends z
to 0, one recovers topological periodic homology theory of the special fiber

e 1 — 1
TT§ TC (J /S[Z], Zp)l:;] ®6[%],$ K() >~ T TP(Jk; Zp) I:;] .
Bhatt—-Morrow—Scholze’s Breuil-Kisin cohomology theory [8, Theorem 1.2] implies
the crystalline comparison theorem. On the other hand, Theorem 1.9 does not imply Con-
jecture 1.2. This difference arises as follows. On Breuil-Kisin cohomology theory, there
is a Gg-equivariant isomorphism (see [7, Theorem 1.8 (iii)])

RFAinf(XOz?) ® Ajn Any = RFCYY(XOE/P/ACW)' (1.3)

By combining (1.3) with [7, Theorem 1.8 (iv)], we obtain a canonical (G, ¢)-equivariant
isomorphism

1 1
Rrét(X‘C’s Zp) ®Zp Acry[ﬁ:| X~ chry(XOg/p/Acry)I:ﬁ]- (14)
The isomorphism induces the crystalline comparison theorem (see [7, Theorem 14.4]).
On the other hand, the non-commutative analog of (1.3) becomes the following Gg-
equivariant isomorphism:

7 TP(Toe: Zp) ® iy Acry = 7 TP(Tog /1 Lp). (1.5)
where Z;y is the completion of Ay with respect to the Nygaard filtration (see [8, Defini-
tion 8.9]). The problem is that u is a 0-divisor in Z;y (see [0, Corollaries 2.11 and 2.12]).
Thus the non-commutative analog of (1.4) becomes the trivial equation. Therefore, we
will study 5; TC™ (7 /S[z]; Zp) in more detail. In Section 3, we will show that the dual
Breuil-Kisin module 7; TC™ (7 /S|[z]; Z,)" admits a Breuil-Kisin G g-module structure
in the sense of Gao [19]. In Section 4, using Du-Liu’s work on (¢, G)—module [14], we
will prove the following.

Remark 1.10. As pointed out by the referee, the issue that only the Nygaard-completed
Acrys arises naturally from THH has recently been resolved by Mao [32, Proposition 1.8],
who constructs a decompleted version of TP(7g,./: Zp). Although we have not reworked
the present arguments in that formalism, we expect that Mao’s approach could simplify
some of the proofs.

Theorem 1.11. Let T be a smooth and proper Ok-linear category. Then there exists an
integer n > 0 such that, for alli > n, the following statements hold:

(1) The Zp|Gk]-module T4, (7; TC™ (T /S|z]; Zp)Y) is a Zp-lattice of a crystalline
representation, and there is an isomorphism of Berys-module

T TP(?}(’ Zp)v w Bcrys x~ TAinf(jTi TC_(T/S[Z]’ Zp)v) ®Zp Bcrys

which is compatible with Gg-action and Frobenius endomorphism.



K. Matsumoto 958

(2) If Te admits a geometric realization, then there is a G -equivariant isomorphism
Tty (0 TC™(T/S[2); Zp)”) =~ i Ly K (Te)”
of Zp-modules.
We prove the following as a corollary.

Theorem 1.12 (Main Theorem, Theorem 4.19). Let T be a smooth proper Ok-linear
category. If Te admits a geometric realization, then Conjecture 1.2 holds for T .

Remark 1.13. In the case 7 embeds fully faithfully into perf(X) with X smooth proper
over Ok, Theorem 1.11 can be deduced from the crystalline comparison for smooth proper
schemes via a Fourier—-Mukai kernel argument.

2. Non-commutative version of Breuil-Kisin cohomology

2.1. Breuil-Kisin modules and Breuil-Kisin cohomology theory RT g

Let us start by recalling the theory of Breuil-Kisin modules.

Definition 2.1. A Breuil-Kisin module is a finitely generated ©-module M equipped
with an &-linear isomorphism

M ®s,y© ! M !
M - G,p El~ £l

For a Breuil-Kisin module 9N, let us denote MY = Homg (N, ). We note INY =
Homeg (M, @) is a Breuil-Kisin module whose Frobenius map ¢gpv is given by

1 1 1

wé” Hom@[é](ﬂﬁ[%], @[%}) ~ mY [%} 2.1

where we use facts that ¢ : @ — & and @ — &[4 | are flat. We note that I is finite
free ©-module; this follows from the facts that gl.dim & = 2.

Lemma 2.2 ([17, Corollaire 11.1.14] and [7, Lemma 4.27]). Let 5 1 & — A be the
map that sends z to [n°]? and is Frobenius on W. Let M be a Breuil-Kisin module,
and let M 4, = M ®g g Aint. Then M’[%] = MAM[%] ® Al 1] Ko is a finite free Ko-
module equipped with a Frobenius automorphism. Fix a section k — O¢ [ p, then there is
a (noncanonical) g-equivariant isomorphism

1
MAM & Ais Bcrys ~ M/[;] XK, Bcrys-
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In [8], Bhatt—-Morrow—Scholze constructed a cohomology theory valued in Breuil—-
Kisin modules for smooth proper formal schemes over Ok. Let ¢4, ; : Aint = Ainr be the
Frobenius endomorphism of Aj,s. Let ¢ : © — Ajpr be the W-linear map that sends z
to [7"]. Note that the following diagram commutes:

e
0 X p 2.2)

Theorem 2.3 ([8]). Let X/Ok be a smooth proper formal scheme. Then there exists an ©-
linear cohomology theory RT'g(X) equipped with a ¢-semi-linear map, with the following
properties:

(1) All H{(X) := H'(RT&(X)) are Breuil-Kisin modules.
(2) (étale comparison) After scalar extension along ¢ : @ — Ains, one recovers étale
cohomology of the generic fiber

A 1 A
~ RI'y(Xe, Zp) ®z, Ainf[;] .

1
RTg(X) ®s Ainf|:_:|
H P

p

(3) (Crystalline comparison) After scalar extension along the map © — W, which is
the Frobenius on W and sends z to 0, one recovers crystalline cohomology of the
special fiber

RTg(X) ®5 W =~ RTey(Xi/W).

(4) (de Rham comparison) After scalar extension along the map 6o ¢ : & — Ok, one
recovers de Rham cohomology

RIg(X) ®g Ok =~ RTa(X/0Ok).

2.2. Perfect modules and Kiinneth formula

Let (4, ®, 1,4) be a symmetric monoidal, stable co-category with biexact tensor product.
Firstly, we recall from [2, Section 1].

Definition 2.4 ([2, Definition 1.2]). An object X € A is perfect if it belongs to the thick
subcategory generated by the unit.

For a lax symmetric monoidal, exact co-functor F : A — Sp, F(1,4) is naturally an
Eoo-ring. For any X, Y € 4, we have a natural map

F(X)®Fa,) F(Y) > F(X®Y). 2.3)

Since F is exact, if X is perfect, then the map (2.3) is an equivalence, and F(X) is a
perfect F(14)-module.
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We regard Ok as an S[z]-algebra via z — m. There is a symmetric monoidal
oo-functor

THH(—/S[z]; Z,) : Cat?(Ok) — Mod —rumo/st:1:z,) (SP™ ).

Let us study this functor from [8, Section 11]. By the base change along S[z] — S[z'/7™]|
z > z, there is a natural equivalence

THH(Ok /S|z]) ®s[z) S[zV/7”] ~ THH(Ok [/ ?7]/S[z1/77)). (2.4)

Since the natural map THH(S[z!/?%]; Z,) — S[ZI/POO]I? is an equivalence (see [8,
Proposition 11.7]), we obtain equivalences

THH(Ok [ "/77); Z,) ~ THH(Ok [ /77 /S[z/77]; Z,)
2.4) 0o
~ THH(Ok /S[z]: Z,) ®syzpy SI2/77]).

Since a morphism of homotopy groups 7 (S[z]}) — 7« (S|z /%] >) is faithfully flat and
there is an isomorphism 7. THH(Og[7'/?%); Z,) ~ Ok[x'/?*][u], where degu = 2
(see [8, Section 6]), we obtain an isomorphism

w« THH(Ok /S|z]; Zp) ~ Ok [u], (2.5)
where u has degree 2 (see [8, Proposition 11.10]).
Proposition 2.5. Any dualizable object in Mod —rpn(o, /S[z];zp)(Sszl) is perfect.

Proof. By the isomorphism (2.5), m« THH(Ok /S[z]; Zp) is a regular noetherian ring
of finite Krull dimension concentrated in even degrees. We obtain the claim by [2,
Theorem 2.15]. [

Proposition 2.6. Suppose 71, T2 are Og-linear categories, and suppose T7 is smooth
and proper. Then THH(T1/S(z]; Z,) is perfect in Mod —'THH(@K/S[Z];ZP)(SPBSI), and
TC™(T1/S[z); Zp) (resp. TP(Ok /S|z]; Zp)) is a perfect TC™ (T1/S|z]; Zp)-module (resp.
TP(Ok /S[z]; Zp)-module) and the natural map

TC™ (T1/S[z]; Zp) ®rc-(0k/slz1:z,) TC (T2/S[z]; Zp) — TC™(T1 ®ok T2/S[z); Zp)
(resp. TP(T1/S[z]; Zp) ®1e(0k/SIz):2,) TP(T2/S2]; Zp) — TP(T1 ®0x T2/Slz]: Zp))

is an equivalence.
Proof. Note that co-functors
1 1
()" - Mod~rum(ox/s121:2,) (SP™ ) = Mod ~rc- (04 /s(21:2,) (SP)

and
1 1
(—)'S" : Mod —ano, /siz1:2,) (SP™ ) = Mod —rc-(04/s[21:2,) (SP)
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are lax symmetric monoidal and exact (see [33, Corollary 1.4.3]). It is enough to show that
THH(71/S[z]; Zp) is perfect in Mod —THH(@K/S[Z];ZP)(SpBSI ). Since the oo-functor

THH(—/S|z]; Z,) : Catts"(Og) — Mod _THH((DK/S[Z];ZP)(SPBSI)

is symmetric monoidal, and 77 is dualizable in Catgirf(OK) (cf. [31, Chapter 11]),
1

it follows that THH(71/S[z]; Zp) is dualizable in Mod —tun(og/siz1;z,) (SP™ ). By

Proposition 2.5, we obtain the claim. ]

2.3. Breuil-Kisin module of stable co-categories

Let us recall Antieau—Mathew—Nikolaus’s comparison theorem of symmetric monoidal
oo-functors from [2].

Proposition 2.7 ([2, Proposition 4.6]). Let T, T be symmetric monoidal co-categories.
Let F1,F, : T — T be symmetric monoidal functors, and let t . Iy = F, be a symmetric
monoidal natural transformation. Suppose every object of T is dualizable. Then t is an
equivalence.

In [8, Proposition 11.10], Bhatt—-Morrow—Scholze showed the following: on homotopy
groups, there exist isomorphisms

7w« TC™ (Ok /S[z): Zp) ~ Glu,v]/(uv — E),
where u is of degree 2 and v is of degree —2, and
7. TP(Ok /S[z); Zp) ~ G[o¥],

where o is of degree 2. Let ¢ be the endomorphism of @ determined by the Frobenius
on W and z — z?. Nikolaus—Scholze [33] construct two maps

can, 25" . TC™(7/S[2]: Z,p) = TP(T/Sz): Zp).
In [8, Proposition 11.10], Bhatt—-Morrow—Scholze also showed the morphism
cang, : 7« TC™(Ok/S|z); Zp) — 7« TP(Ok /S|z); Z)p)
is G-linear and sends u to Eo and v to 01, and the morphism
Vs ' TC (O /S[z): Z,) — 74 TP(Ok /S[z): Z,)

is p-linear and sends u to o and v to ¢(E)o~!. Since o is an invertible element in
TP(Ok/S|z]; Zp), (pg‘;l induces a map

A Te @ sz 3 | > TP /st ) 26
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for an Ok -linear stable co-category 7. We note that on homotopy groups, the morphism
~ _ 1
gogf{l 17y TC (OK/S[Z];ZI,)[;} — 7w TP(Ok /S|z]; Z))

is given by &[u*] — &[o*] which is ¢-semi-linear and sends u to o.

Lemma 2.8. Let T be a smooth proper Ok -linear category. Then the following statements
hold:

(1) e TC™ (T /S[z]; Zp) is a finitely generated w« TC™ (O /S|z]; Zp)-module, thus
m; TC™ (T /S|z); Zp) is a finitely generated G-module for all i.

(2) There is a natural number n satisfying that for any j > n, w; TC (T /S[z]; Zp) X
i 42 TC (T /S|z]; Zp) is an isomorphism.

Proof. Claim (1) directly follows from Proposition 2.6. Moreover, for any j > 0, by
the calculation of « TC™ (O /S|z];: Zp) (see [8, Proposition 11.10]), we know that the
map 7; TC™ (Ok /S[z]; Zp) Rl 7j+2 TC™ (Ok /S[z]; Zp) is an isomorphism. This yields
claim (2) by claim (1). ]

Theorem 2.9. Let T be a smooth proper Ok-linear category. Then there is a natural
number n such that the homotopy group w; TC™ (T /S|z]; Zp) has a natural structure of a
Breuil-Kisin module for any i > n, and the dual 7r; TC™ (T /S[z]; Z,)" also has a natural
structure of a Breuil-Kisin module of finite E-height for anyi > n.

Proof. The morphism (Zéis " induces a morphism of TP(Og /S|z]; Z,)-modules

e 1
TC (J /S[Z]v Zp)[;:| ®TC_((9K/S[Z];ZI;)[%] ~h5;(1 TP((QK/S[Z]’ ZP)

H20)

— TP(T/S[z): Z,). 2.7)

By Proposition 2.6, both sides of the map (2.7) yield symmetric monoidal functors from
Catgzrfsm(@ k) to Mod —rp(04 /s[z1:z,) (Sp), and the map (2.7) yields a symmetric monoidal
natural transformation between them. By Proposition 2.7, the morphism (2.7) is an equiv-
alence. On 0-th homotopy group, (2%‘19( "is given by ¢ : @ — @. Since ¢ is flat, one has an
isomorphism

7 TC™(T /S[z]; Zp)[ﬂ ®6.p © ~ 1 TP(T /S[z]: Zp) 2.8)

for any i. By Lemma 2.8 (2), one obtains an isomorphism

7w TC(T/S[z); Zp) ~ 7 TC™ (T /S[z]; Zp) [i}
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for any i > n, thus we have an &-linear isomorphism on homotopy groups
w; TCT(T/S|z]; Zp) ®e,p © = m; TP(T/S|z]; Zp) (2.9)

foranyi > n.
After inverting E € @ ~ my TC™ (Ok/S[z]; Zp), the morphism cang induces a
morphism of TP(Ok /S[z]; Zp)[%]—module

1 1
TC™ (7 /S]z]; Zp)[f} ®1c- (O /S[21:Z) [ cano, TE(OK/SIZ; Z,,)[E:|
— TP(T/S[z]; Zp)[H. (2.10)

Both sides of the map (2.10) yield symmetric monoidal functors from Catﬂiﬂim(@,{) to
Mod —p(g, ISIZLZ) Lk 1(Sp), and the map (2.10) yields a symmetric monoidal natural
transformation between them. Thus the morphism (2.10) is an equivalence. Note that the
morphism

cangy [%] 1wy TCT(Ok /S|z]; Zp) [%:| — 1 TP(Ok /S[z]; Zp) [%:|

is an isomorphism (see [8, Proposition 11.10]). This yields an isomorphism

cang [%} c 7w« TC (T /S]z]; Zp)[%] ~ 7 TP(T/S[z): Zp) [%] 2.1D)
Combining (2.11) with (2.9), we obtain an isomorphism

7 TC (T /S[z): Zp) @ @3[%} X i TP(T /S[2); zp)[%}

CL i TC (T /S[2: Z,,)[H 2.12)
for any i > n. Let us study the dual of (2.12). We have a morphism
7 TC(T/S[z); Zp)" ®e,p © = Home(n; TC™ (T /S[z]; Zp) ®e.e ©, ©)

“2" Home (i TP(T /S[z]: Zp). ©)

canY-

— Homg(; TC(T/S[z]: Z,), ©). (2.13)

After localization by E, the morphism (2.13) coincides with the dual of (2.12). [

2.4. The comparison between TC™ (7 /S|z]; Zp) and TP(Fo,.; Zp)

In this section, for a smooth proper Og-linear category 7, we will carefully compare
TC™ (T /S[z]; Zp) with TP(To,; Zp). Denote Koo = K(71/7%), and let Ok, be the ring
of integers of K.
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Lemma 2.10 ([8, Corollary 11.8]). For any Ok-linear stable co-category T, the natural
map
THH(To..: Z,) — THH(To,. /S[z'/7"1: Z,)
is an equivalence which is compatible with S'-action and Gk, -action. In particular, the
natural map
TP(To.: Zp) — TP(To. /S[2V/?71: Z,)

is an equivalence which is compatible with G, -action.

Proof. The morphism S[z'/?*] — Ok, | ZV/P" s 717" fits into the following commu-
tative diagram:

Ok Ok Oe

T T (2.14)

S —— S[z] —— S[z/77]
The diagram yields a map
THH(To.; Z,) — THH(To. /S[z'/P7); Z,)
~ THH(Yo.: Zp) QTHH(S[z!/7™]:Z,) S[Zl/poo];;\
which is compatible with S!-action. According to [8, Proposition 11.7], the natural map

THH(S[z/?%); Z,) — S[zl/l’w];} is an equivalence. Since 7'/7" is in K for any n,
thus the equivalence is Gk -equivariant. ]

Proposition 2.11. For a smooth proper O-linear category T, THH(To,. /S[z/?*); Z;)
is perfect in Mod _THH(Of/S[zl/POO];Zp)(SpBSI). In particular, TP(To,. /S[zV/?P7); Z,) is
perfect in Mod “TP(Q¢ /S[z1/ 7™ 1:Z,) (Sp)

Proof. We already know THH(T /S|[z]; Z,) is perfect in Mod —tao, /S[z];Zp)(SpBSl)
(see Proposition 2.6). Besides, the functor

1
- X  THH(O¢/S[z]: Zp) : Mod —tm(o /s(z1:z,) (SP™)
THH(Ok /S[z);Z,)
1
— Mod —up(0¢ /siz1:2,) (SP™ )
is exact and sends THH(T /S|z]; Zp) to THH (T, /S|z]: Zp); THH(To. /S|z]; Zp) is a
perfect object in Mod —rup(0 /S[2];Z p)(SpBSI ). Since the functor
[eS) 1
- (09 S[z"/771, : Mod —tumoe siz):z,) (SP™ )
THH(S[z1/7*°1/S[z);Zp)
1
- MOd_THH(Og/S[zl/I’OO];Zp)(SpBS )
is exact and sends THH(7o,. /S[z]; Z,) to THH(T@e/S[zl/l’w]; Zp), it follows that
BS!
).

THH(T@E/S[ZI/POO]; Zp) is a perfect object in Mod —THH((QE,/S[ZI/pOO];ZP)(Sp [
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Lemma 2.10 and Proposition 2.11 imply the following.

Proposition 2.12. For a smooth proper Ok-linear category T, THH(Jo.; Zp) is a
perfect object in Mod —tun(0¢;z,) (Sp?s 1 ).

The following is a non-commutative version of the comparison theorem between RI'g
and RT' 4, ; in [8, Theorem 1.2 (1)].

Theorem 2.13. Let T be a smooth proper Ok-linear category. Then there is a natural
number n satisfying that there is a Gk -equivariant isomorphism

7 TC™(T /S[z]: Zp) ®g 5 At = 7 TP(To. /S[VP71: Z) = 71 TP(Top: Zp)

forany i > n, where 5 is the map which sends z to [nb]p and is the Frobenius on W, and
g € Gk, acts on 1 ® g on left-hand side.

Proof. For a smooth proper Ok -linear category 7, consider the following morphism:

hs!

TC(T/S[): Zp) o TP(T /S[): Z,) — TP(To /S 771 Z,),

where the second map is given by diagram (2.14). The map sends u to o and u is an
invertible element in TP(Tg,. / S[zY/P*]; 7 p), wWe have a morphism

f’;sl : Tc—(T/S[z];Z,,)[ﬂ — TP(To. /S[zY/77): Z,). (2.15)

Let us prove that the map gf’rsl yields an equivalence of TP(To,. /S[z'/?*]; Z,)-module

Ok

. 1 o
e /S[Z];Zp)[;} ®TC‘((91</S[z];Zp)[%],(p”s1 TP(O /S[z"/""1: Z,)
~ TP(To./S[z"/ 77, Z,) (2.16)

which is compatible with Gk -action. By Proposition 2.6, the left side of the map (2.16)
yields a symmetric monoidal functor from Cat%, (O ) to Mod ~1p(@¢ /S[z'/7*1:2,) (SP)-
By Proposition 2.11, the right side of the map (2.16) also yields a symmetric monoidal
functor from Cathiat(OK) to Mod —Tp((ge/s[zl/poo];zp)(Sp). By [8, Section 11], on

homotopy groups, the morphism
hS! . - . l 1/p>7.
Yo, 7« TCT(Ok /S[z]; Zp) ” — 7+ TP(O¢/S|z 1:Zp)

is given by G[u*] — Aj¢[o*] which is ¢-linear and sends u to o, thus it is flat by [7,
Lemma 4.30]. We now have a Gk, -equivariant isomorphism

- 1 _ o
7; TC™ (7 /S[Z];Zp)[;] Qg.g Aint > 7 TP(JOg/S[ZI/P 1 Zp)

for any i. By Lemma 2.8 (2), we obtain the claim. ]
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2.5. The comparison between TC™ (7 /S|z]; Z) and TP(5%; Zp)

In this section, for a smooth and proper @O k-linear category 7, we will carefully compare
TC™ (T /S[z]; Zp) with TP(Jx; Z,). There exists a Cartesian diagram of E-ring below.

k(—@K

| ]

S +——S[z]
For an Ok -linear stable co-category 7, the diagram yields morphisms

TC™ (T /SIz); Zp) — TC™ (T3 Z,)

and X
hS
TC™(T/SIz): Zp) — TC™(T: Zp) ——s TP(Ti: Z,). 2.17)

Theorem 2.14. Let T be a smooth proper Ok-linear category. Then there is a natural

number n such that the morphism (2.17) is an isomorphism
e 1 - 1

7 TCT(T/S|z]; Zp) ; ®6[%],$ Ko — m; TP(Tk; Zp) ;

foranyi > n, where 5 is the map which sends z to 0 and Frobenius on W.

Proof. The morphism (2.17) induces a commutative diagram

TC™(T/S[2): Z,) —— TC™(Th: Zy)

1 1
ohS l lw,’c’s

TP(T /S[z): Z) — TP(Ti: Z,).

Firstly, we prove that the morphism TP(7 /S[z]; Z,) — TP(J%; Z,) induces an isomor-
phism
1 1
w T /5(e12p) |+ | @ty Ko — 1 TROLZ,) ]

for any i, where y is a W-linear and sends z to 0. By Theorem 2.9 and [7, Proposi-
tion 4.3], there is n such that for any i > n, the homotopy group w; TC™ (T /S|z]; Zp)
is a Breuil-Kisin module, and w; TC™ (7 /S|z]; Zp)[%] is a finite free 6[%]-module.
By the isomorphism (2.9) and the fact that TP(7 /S[z]; Z,) is 2-periodic, we obtain that
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m; TP(T /S[z); Zp) [%] is a finite free 6[%]-module for any i. Thus, on homotopy groups,
one obtains an isomorphism

s« TP(T/S[z); Zp) [%:|
~ 70 TP(T/S[2]: z,,)[ﬂ Seps) 7 TP(OK /S[2); Zp)[ﬂ
@ 7y TP(T/S[z]; Zp)[%] ®@[%] 7« TP(Og /S[z]; Zp)[%}, (2.18)

and we see that 7, TP(7 /S[z]; Zp)[%] is a flat graded 7, TP(Og /S|z]; Zp)[%]-module.
Let us prove the morphism

1 1 1

is an equivalence Both sides of the map (2.19) yield symmetric monoidal functors from
Catﬁ’,‘;rb a(OKk) to Mod —p.7 D 1(Sp), thus by Proposition 2.7, we know the map (2.19)
is an equivalence. By the 1som0rph1sm (2.18) and the fact that TP(Jo,. ; Z)) is 2-periodic,
on homotopy groups, we have an isomorphism

1 1
7; TP(T/S[z]; Zp)[—i| ®gi1y Ko — i TP(Tg; Zp)|:—i| (2.20)
p P p

for any i. Combining the isomorphism (2.9) with an equality y o ¢ = (}5 we obtain an
isomorphism

. 1
7 TCT(T /S[z];Z,,)[;} Be(11.4 Ko
. 1 1
~ | 7 TC (T /S[z); Zp) » Qgiyg © » ®cri],c Ko
29 . 1
(2.20)
~ 7; TP(T%; p)
V4
for any i > n. [

2.6. The comparison theorem between TC™ (7 /S[z]; Zp) and L k1) K(Te)

Firstly, we prove Kiinneth formula of K(1)-local K-theory for €-linear categories that
admit a geometric realization.

Proposition 2.15. For €-linear categories Ty, T3 which admit geometric realization, the
natural map

Lga)K(T1) ®Lgyykce) L) K(T2) = Li)(Th Qe T2) (2.21)

is an equivalence.
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Proof. At first, we prove the claim in the case that there exist smooth proper varieties X
and X, so that 77 = perf(X;) and 7, = perf(X;). As a preliminary reduction, we first
establish the claim over € = C,, the completion of @p with respect to |-|,. We fix
an isomorphism of fields o : € >~ C. We denote X; Xgpece Spec C by X; c. Due to
Thomason [36], we have an equivalence L) K(X;) =~ Ktop(Xia,?c);;~ Due to Atiyah [3],
since a CW complex which comes from a compact complex manifold is finite, we know a
natural map

Kiop (X717 ¢) @Ky (o) Kiop(X3'c) = Kiop(X7'c X X5'¢)

is an equivalence. The isomorphism of fields o : € ~ C induces an equivalence of ring
spectra Kiop(pt); >~ Lg1)K(C). We see that there exists a commutative diagram

L) K(X1) Qrgy kce) L) K(X2) —— Lga) K(X1 Xspece X2)

zl k

Klop(Xiii(c) ®Kwp(pt) Ktop(X;?(c) T> Ktop(X??(c X X;?(C)

and we obtain the claim. We now treat the general case. We fix an embedding of fields
Cp — €. There exists a subfield C, C L C € such that L is finitely generated over C,
and X and Y are defined over L. Take a variety T over C, such that the function field
K(T) is isomorphic to L. Then we can take varieties X', Y’ over C, and morphisms
X' — T,Y" — T over C, such that the generic fibers of X', Y’ tensored with € are X, Y,
respectively. Then, by shrinking 7', we may assume X', Y’ are proper and smooth over 7.
Choose a Cp-value point ¢ on 7. In that case, by using proper smooth base change the-
orems in étale cohomology and Thomason’s spectral sequence [36], we have canonical
equivalences

Lga)K(X;) ~ Lgay(X),
LgnyK(Y/) >~ Lga)(Y),
LrxayK(X{ xc, Y/) ~ Lg@)(X xe Y).

The claim follows from the € = C,-case.

Secondly, we prove the claim in the case when 77 = perf(X) and 75 = perf(Y)
for a smooth variety X and a smooth proper variety Y. Choose a good compactifica-
tion (Y, ¥7_,D;) of X where each D; is irreducible. For n < i, we write X; = X —
Uj‘=1 D;. The Verdier quotient perfp ~y,  (Xi—1) C perf(X;—1) — perf(X;) induces a
fiber sequence

LK(l)K(Y) - LK(l)K(Y) g LK(l)K(Y), (2.22)

and the Verdier quotient perf(p, x, ,)xy (Xi—1 X Y) = perfp, nx, ,(Xi—1) ® perf(Y) C
perf(X;_1) ® perf(Y) — perf(X;) ® perf(Y') induces a fiber sequence

LK(I)K((D,' N Xi—l) X Y) d LK(I)K(Xi—l X Y) — LK(I)K(Xi X Y). (2.23)
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There is a morphism of fiber sequence Lg1)K(D; N X;—1) QLgayk(e) (2.22) — (2.23).
Note that D; N X;_; have a good compactification (D;, E;;ll D; N Dy). By the induction
on i, we obtain the claim. The same argument as above proves in the case that X and Y
are smooth varieties.

Thirdly, we prove the claim in the case that 77 = perf(X) and 75 = perf(Y) for a
separated and finite type scheme X over € and a smooth variety Y. Choose a sequence of

closed subschemes of X
V=ZyCZ1CZyC---CZp,=X

such that Z;\|Z;_1| is smooth over € for any i. For any variety Z over €, since € is
characteristic 0, we have an equivalence Lx(1)K(Z) >~ Lgu)HK(Z) (see [38]), where
HK(Z) is the homotopy K-theory of Z. Using Quillen’s localization theorem, we have
fiber sequences

Lxk)K(Zi—1) = LxkyK(Zi) — LgyK(Zi\|Zi-1]) (2.24)
and
Lx)yK(Zi-1 xY) = LxkyK(Z; xY) — Lg)K(Zi\|Zi-1]) x Y),  (2.25)

and there is a morphism of fiber sequences Lg1)K(Y) ®Lk K(€) (2.24) — (2.25). By
the induction on i, we obtain the claim. The same argument as above shows the claim in
the case that X and Y are smooth varieties.

For a €-dg-algebra B concentrated in non-positive degrees, using the Dundas—
Goodwillie-McCarthy theorem [15], we have a homotopy pullback square

K(B) —— K(H"(B))

L]

TC(B) — TC(H(B))

Since € has characteristic 0, we have Lg) TC(B) = Lga) TC(H°(B)) = 0. Thus
the natural map Lg(1)K(B) — Lga)K(H°(B)) is an equivalence. For affine derived
schemes X and Y whose truncations are separated and of finite type over €, the claim
holds for 77 = perf(X) and 7, = perf(Y). For derived schemes X and Y whose trun-
cations are smooth over €, the claim follows from the case that X and Y are affine
derived schemes by [11, Theorem A.4]. For €-linear categories 77, 73 which admit geo-
metric realization 77 < perf(X) and 93 < perf(Y'), the claim follows from the fact that
Lga)K(T1) (resp. Lg1)K(72)) is a retract of Lg1)K(X) (resp. Lx)K(Y)) (see [1,
Proposition 3.4]). ]

We let Catgzrim(@ K)gcom denote the oo-category of smooth proper Ok-linear cate-
gories T such that Te admits a geometric realization.
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Let T be a smooth proper Ok -linear category. Using [6, Theorem 2.16], one obtains
an equivalence Lk 1)K (To.) = Lg1)K(Te) of ring spectra. We recall some results about
topological Hochschild homology theory from [6,8,22]. On homotopy groups, there is an
isomorphism

7 TP(O¢; Zp) == Ainglo, 07", (2.26)

where o is a generator o € TP,(O¢;Zp). Let B € K»(€) be the Bott element. For any
Oe-linear stable oo-category £, we have an identification Lg1)K(D) =~ Lg)K(De)
(see [6, Theorem 2.16]). The cyclotomic trace map tr : K(Q¢) — TP(O¢;Zp) sends f to
a Z,-multiple of ([e] — 1)o (see [22] and [23, Theorem 1.3.6]); the cyclotomic trace map
induces a morphism

1 A
Lgytr: LK(l)K(fo) ~ LK(I)K(@) — Lk TP(D) ~ TP(D; Zp)|:[8] — 1:|
D

for any Q¢-linear category D.

Theorem 2.16. Let T be a smooth proper Ok -linear category. Assume that Te admits a
geometric realization; then the trace map induces an equivalence

L) K(Te) ®Lgq kce) Lka) TP(Oe; Zp) — Li1) TP(Toe: Zp). (2.27)

In particular, there is a G -equivariant isomorphism

A

11 1
7i Lg1) K(Te) ®z, Ainfl:—:| >~ 7 TP(T%;Z;})[M—_J

[8]_117 D

foranyi.

Proof. By applying Propositions 2.12 and 2.15, we see that both sides of the map (2.27)
. . . erf
naturally yield symmetric monoidal functors from Catz’Sat to Mody, k) TP(C/Zp)(Sp)> and
thus the map (2.27) indeed induces an equivalence. On homotopy groups, the morphism
. . A
Liqytr: e Lg)K(€) = e Lgy TP(Oe: Z)) is given by Z,[BE] — Ainf[_[g]l_l ]p [0%]

which sends B to ([¢] — 1)o, and is flat. Thus we obtain the claim. |

2.7. Non-commutative version of Bhatt—-Morrow—Scholze’s comparison theorem

In this section, as a summary of the previous several sections, we prove a non-commutative
version of Theorem 2.3.

Theorem 2.17. Let T be a smooth proper Ok-linear category. Then there is n satisfying
the following statements:

(1) Foranyi > n, m; TC™ (T /S[z]; Zp) is a Breuil-Kisin module.
(') Foranyi >n, w; TC™ (T /S[z); Zp)" is a Breuil-Kisin module of finite E-height.
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(2) (K(1)-local K-theory comparison) Assume Te admits a geometric realization.
For any i > n, after scalar extension along ¢ : @ — Ajy, one recovers K(1)-local
K-theory of generic fiber

A N

1
~ i L1y K(Te) ®z, Ainf|:;:| .

1
7 TC(T/S[z]: Zp) ®e Ainf[ﬁ]
P

p

(3) (Topological periodic homology theory comparison) For any i > n, after scalar
extension along the map ¢ : © — W which is the Frobenius on W and sends z
to 0, one recovers topological periodic homology theory of the special fiber

e 1 — 1
Proof. Claims (1) and (1”) follow from Theorem 2.9. Claim (2) follows from Theo-
rems 2.13 and 2.16. Claim (3) follows from Theorem 2.14. [ ]

Corollary 2.18. For a smooth proper Ok -linear category T which admits a geometric
realization and an integer i, there is an isomorphism of Beys-modules

T TP(?;WZ]J) Rw Bcrys x~ ”iLK(l)K(T'C’) ®Zp Bcrys-

Proof. The claim follows from Theorem 2.17 and Lemma 2.2. ]

3. Breuil-Kisin module and semi-stable representation

3.1. Breuil-Kisin Gg-module

Let us recall the work of H. Gao on Breuil-Kisin Gx-module [19]. Look at the following
diagram:
‘pAinl‘

Aint — Aint
J]

We note that ¢ sends E to &. Let (N, pgp) be a Breuil-Kisin module. We write
IR to denote M ®@ ¢ Ainr. Upon taking the tensor product — ®g 4 Ainr, the induced

S [%]-linear isomorphism I ®g , S [%] ML Em[%] then gives rise to the isomorphism
~ -~ 1 ~[1
Om - M ®Ai"f’¢Ainf Ainf|:§i| ~ w[g} (31)

Definition 3.1 ([19, Definition 7.1.1]). Let (3N, ¢gn) be a finite free Breuil-Kisin mod-
ule of finite E-height, equipped with a continuous Aj,;-semi-linear Gg-action on Mm =
I R, Aint. We call (M, pgr) a Breuil-Kisin Gx-module if this Gg-action satisfies the
following conditions:
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(1) Gg commutes with @gy.
2)Mmc MGk via the embedding It C qn.

(3) M/zM C (Eﬁt ®4 W(E))GK via the embedding 9t /zIMN C M ®4 W (k).

inf inf

The Gg-equivariant surjective map of rings Q¢ — k induces a morphism of ring
spectra
TP(Toe: Zp) — TP(T7: Zp). (3.2)

Combining an equivalence THH(Tz; Zp) ~ THH(E; Zp) ®@taH(O¢;2Z,) THH(T0; Zp)
with Proposition 2.12, we obtain the following proposition.

Proposition 3.2. For a smooth proper Ok -linear category T, THH(Tg; Zp) is perfect in
BS!
Mod _THH(E;ZP)(SP ).

Let us recall the calculation of TP(Q¢; Zp) [8]. On homotopy groups,

oS’ . TC™ (Oe: L) — 704 TP(O¢: Zy) (3.3)
is given by
Aintlt. 0]/ (v = §) — Aintlo™]
which is ¢ 4, -linear and sends u to o and v to @4, .(£)0 ™!, where u and o have degree 2

and v has degree —2. Similarly, on homotopy groups,
ohS"  TC™ (ki Zp) — 1 TP(K: Z) (3.4)

is given by

W(K)u. v]/ (v = p) — W(k)[o*]
which is <pW(E)-linear and sends u to o and v to po 1.
Theorem 3.3. Let T be a smooth proper O -linear category. The morphism (3.2) induces
an isomorphism

— 1 —[1 - 1
T TP(J@E, Zp)[;:| ®Amf[%] W(k) |:;j| >~ 7T TP(JE, Zp)[;:|
forany i. In particular, w; TP(To,.; Zp)[%] ® 411 W(E)[%] is fixed by Ggur.
m p

Proof. The morphism (3.2) yields a morphism

1 — 1 1
TP(T(%;ZI,)[;] ®TP((9€;Z,))[;] TP(k; Zp)[;:| — TP(T%: Zp)[;]. (3.5)
By Propositions 2.12 and 3.2, both sides of the map (3.2) yield symmetric monoidal
functors from Catgi,ifw(@,() to Mod _TP(E;Z,,)(SP)’ and the map (3.5) yields a sym-

metric monoidal natural transformation between them. Thus the morphism (3.5) is
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an equivalence. By Theorem 2.9 and [7, Proposition 4.3], there is n such that for
any i > n, the homotopy group m; TC™ (7 /S[z]; Zp) is a Breuil-Kisin module, and
7w TC™ (T /S|z]; Zp)[%] is a finite free @[%]-module. By Theorem 2.13 and the fact that
TP(Toe: Zp) is 2-periodic, 7 TP(To.: Zp)[ 5] is a finite free Ain[ - ]-module for any i.
Thus 774« TP(To,.: Zp)[%] is a flat graded 7, TP(O¢; Zp)[%]—module, and we obtain the
claim. |

Lemma 3.4. Let T be a smooth proper Ok -linear category. Then the following statements
hold:

(1) me TC™ (Jo; Zp) is a finitely generated my TC™ (O¢/S|z]; Zp)-module, thus
7; TC™ (Toe; Zp) is a finitely generated Aine-module for any i.

(2) There is a natural number n such that for any j > n, nj TC (Top; Zp) =
7j12 TC™ (Top; Zp) is an isomorphism.

Proof. Claim (1) directly follows from Proposition 2.12. For any j > 0, by the calcula-
u-
tion of , TC™ (O¢; Zp) (see [8, Proposition 11.10]), we know that 7; TC™ (O¢; Zp) —
7j+2 TC™ (Oe¢; Zp) is an isomorphism. By claim (1), we see claim (2). |
Theorem 3.5. Let T be a smooth proper Ok -linear category. There is a natural number n
such that the cyclotomic Frobenius morphism gojﬁ(‘gl : TC™ (Top: Zp) — TP(To,: Zp)

. L . e
induces a G g-equivariant isomorphism

T TC™ (TOEa Zp) ®Ai“f’¢Ainf Ainf gy 5 TP(TO*C ) ZP) (36)
foranyi > n.

Proof. Cyclotomic Frobenius map (pggl : TC™ (Top; Zp) — TP(Jop; Zp) yields a
morphism ‘

1 s 1 _
gg.z\e : TC (Jﬂf; Zp)[;i| — TP(JOE’ Zp)
The morphism (plfg " induces a morphism of TP(Q¢; Z p»)-module
—%e
e 1 ‘ o
TC (J(9~g ; Zp)[;:| ®TC7(0€§ZP)[%]’Q}(‘9SC} TP(O¢; Zp) — TP(J@‘G : Zp)_ (3.7)

By Proposition 2.12, both sides of the map (3.7) yield symmetric monoidal functors from
Catgzr’fsat(@ k) t0 Mod ~1p(@;z,) (Sp), thus the map (3.7) is an equivalence. On homotopy
groups, g}(’gil : 1w TC™ (O Zp)[ ] — 7+ TP(Op; Zyp) is given by @ 4,-linear map

Aint[uE] = Ainglo®],

thus this is an isomorphism. Thus we obtain the isomorphism

— 1 s
7 TC™ (Toe: Zp) |:;:| ® Aing, 0.3 i TP(Toe:Zp)
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for any i. By Lemma 3.4, there is a natural number n such that 7; TC™ (To,; Zp) =~
b7 TC‘(T@E;ZP)[%] for any i > n. [ ]

For a smooth proper Og-linear category 7, we will prove that the free Breuil-Kisin
module 7r; TC™ (7 /S[z]; Z)" is a Breuil-Kisin Gg-module.

Theorem 3.6. Let T be a smooth proper O -linear category. There is an n such that for
any i > n, the following statements hold:

(1) There is a continuous Aiye-semi-linear Gk -action on
- —
7 TC™(T /S[z2); Zp)Y = i TC™ (T /S[z]: Zp)” ®,p Aint-
(2) Gk commutes with @y, TC~(T /Sl Zp)V -
- ——
(3) One has the inclusion 7; TC™ (T /S[z]; Zp)Y C (m TC (T /S]z]; ZP)V)GK“’
- —
induced via the embedding 7; TC™ (T /S[z]; Zp)Y C 7; TC™ (T /S[z]; Zp)".
@) 7 TC™ (Toe: Zp)¥[5] ® gl 1] W(k)[+] is fixed by G,
In particular, 7; TC™ (T /S|z]; Zp)Y is a Breuil-Kisin G g-module.
Proof. After localization by £ € Ajnr =~ 79 TC™ (Q¢; Zp), the morphism cang induces a
morphism of TP(Oe¢; Zp)[%]-module
1

TC (Tog: Z,) [ :

1 - 1
} B1c-(0esZp)[} lcano, TP((%;ZI,)[E] — TP(J%;Z,,)[E] (3.8)

Both sides of the map (3.8) yield symmetric monoidal functors from Cath‘me(@K) to
Mod —TP(OOE;Z,,)[@(SP)’ and the map (3.8) yields a symmetric monoidal natural trans-
formation between them. Thus the morphism (3.8) is an equivalence. Note that the
morphism

1 1
cang,. : 7w« TC™ (O¢; Zp)[g] — 71 TP(O%; Zp)[g]
is an isomorphism (see [8, Proposition 11.10]). This yields a Gx-equivariant isomorphism
1 o 1 —
cangy, . |:é| 17 TC (J@f;Zp)[g} ~ 7 TP(To.: Zp)| = |- 3.9

Combined with (3.6), this yields a Gg-equivariant isomorphism

T TC_(Tag ; Zp) ® Aint, 04,

i

11 Gce ~
o Ainf £ ~ 7; TP(Toe: Zp)

1
3
(3.9) _ 1
~ 7; TC (T@f;Zl,)[ :| (3.10)
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for any i > n. Since @4, is an isomorphism, by Theorems 2.13 and 3.5, we have a
Gk,,-equivariant isomorphism

7 TCT (T /S|z]; Zp) ®e.¢ Ainf = 7 TC (To.: Zp), (3.11)

and we see the isomorphism (3.10) is the same as @y, TC(T/S[ziZ,)- The group Gk nat-
urally acts on 7; TC™ (To,.; Zp), which is o TC™ (O¢; Zp) = Ajps-semi-linear. Since ¢ :
© — Ajyris flat, the dual of (3.11) becomes the following Gk, -equivariant isomorphism:

; TCT (T /S|z]; Zp)v ®e,¢ Ainf = 7 TC_(TQE;ZP)V. (3.12)

Via this isomorphism, 7; TC™ (7 /S[z]; Zp)Y ®e,¢ Ains admits a continuous Ajn¢-semi-
linear G -action.

Since (3.10) is Gg-equivariant, Gxg commutes with @, TC~(T/S[z):Z,)V» Yielding
claims (1) and (2).

Consider the Gk, -equivariant isomorphism (3.12). Since g € Gk, actson 1 ® g on
i TC(T/S[z): Zp)Y ®e,¢ Ains, We obtain claim (3).

Since @4, . : Ainf — Aing 1s flat, we have Gg-equivariant isomorphism

inf
7 TC™ (Toe: Zp)¥ ® durpa, Aint = 71 TP(Top: Zp)" (3.13)

by Theorem 3.5. Combined with Theorem 3.3, we see that 77; TC™ (To,.; Zp)" [%] ®Amf[§]
W(E)[%] is fixed by Ggur.

Since m; TC™ (T Z p)Y is finite free G-module, there is a natural inclusion
7 TC™ (Top: Zp)Y — 71 TC (Toe: Zp)Y [%], and it induces a natural inclusion

e — o 1 —I1
7 TC (Toes Zp)" Q4 W(k) < 7; TC (JOE;ZP)V[;} ®Amf[%] W(k)[;}.
Thus 7; TC™ (Tor: Zp)” @ 4 W(k) is fixed by Gguw. The last claim follows from
claims (1)—(4) and [19, Lemma 7.1.2]. [

For a Breuil-Kisin module (M, ¢9n), let pgp denote the composite

. b ‘péjg®‘p‘€ 1 b b
gm 1 M @6 W(C') —— M| = | @y W(E) = M e W(C),

where gy, is the composite I %m ®e,0 @[%] RALN sm[%] and @ is the Frobenius

of W(€). Let us define a Z p-module

Tt () = (T @4, W(E")™ .

inf

If (M, pgn) is equipped with a Breuil-Kisin Gx-module structure, then 74, . (9%) inherits
a natural structure of a Z,[Gg]-module.



K. Matsumoto 976

Theorem 3.7. The following statements hold:

(1) For a smooth proper Og-linear category T and a sufficiently large i, the
Z,|Gg)-module Ty, (i TCT(T/S[z]; Zp)Y) is a Zp-lattice of a semi-stable
representation.

(2) We assume Te admits a geometric realization. Then there is a Gg-equivariant
isomorphism

i LgyK(Te)” 2 T (i TC(T/S[z): Zp) ™).
In particular; 7t; L (1) K(Te) ®z, Qp is a semi-stable representation.

Proof. (1) By Theorem [19, Theorem 7.1.7], we obtain the claim.

(2) Let 7 be a smooth proper Ok -linear category. We assume J¢ admits a geomet-
ric realization. By the same discussion as in the proof of Theorem 2.16, we have an
equivalence

1
LgayK(Te) ®Lgq kce) Lk (TC_((9€2 Zp)[g])
1
— Lk (TC_(TG‘C’;ZP)[E})' (3.14)

By the functionality of cyclotomic Frobenius ¢S '.TC (=:Zp) — TP(—;Z,), we have
the following commutative diagram:

—~ _ 1 (3.14) 1
Lga)K(Te) ®Lgq k(e) LK(I)(TC ((98;Zp)[§D — LK(I)(TC (To: p)l:g:|)

1 1
40l l lwé’-f%

1 1
Lr)K(Te) ®Lgq kce) Lxq) (TP((%; Zp)l:g:|) W Lk (TP(T%: Zp)[§:|)

We note &|u in Ajps. Since (p(}; 1oLk TC (O¢; Zp)[ ] — moLk) TP(O¢; p)[ ]
is given by the Frobenius ¢4, ; : Amf[;] » —> Amf[(pw) ] »» on homotopy groups, we have
Gk -equivariant diagram

AN A

1
7i Lk K(Te) ®z, Ainf|:_i|
K dp

ns!
1d®rﬂAmfl lq% oe

1 ° I
ﬂiLK(l)K(T‘g)(@Zp Ainf[m} —>JT,TP(J(9€, p)|: (M)i|

~ 1
= TC_(TQE;ZP)[—]
Hlp
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After the base change along Ainf[i]; — W(‘é’"), the above diagram becomes the
following G g-equivariant diagram:

i LxyK(Te) ®z, W(E®) —— 1 TC™ (Tog: Lp) @, W(E)

1 PR
id@ng/ lw"ﬁ %W
cang,

7 Ly K(Te) ®z, W(E") ——— m TP(To: Zp) @y W(E") e 7 TC (To: Zp) @ty W(E)
(3.15)
Thus the isomorphism 7; Lg1)K(Te) ®z, W(e) ~ m; TC™ (Toe; Zp) @ A W(eP)
is Frobenius equivariant. Since Z, — Ainr and Ajpr — W(‘lf’b) are flat and compatible
with Frobenius automorphisms, the dual of the isomorphism becomes the Frobenius-
equivariant isomorphism

i Ly K(Te)¥ ®z, W(E) = 1 TC™ (Toe: Zp) @, W(E).
and we obtain the claim. [

Remark 3.8. Similarly, we can obtain that there is an isomorphism of Z,[G]-modules

7 Lx)K(Te)"Y = T g, (0 TC™ (T /S[z]: Zp)"Y).

4. (o, 6)-m0dules and crystalline representations

In this section, we will prove Theorem 1.12. We would like to thank H. Gao [20] for
sharing the strategy and key constructions to prove Theorem 1.12.

4.1. Breuil-Kisin Gg-modules and (¢, 6)-modules

Let us recall (g, @) module from [14]. Let L := {Jr2; Koo(¢n), G = Gal(L/K) and
Hg := Gal(L/Ks). Du-Liu construct G-algebras &? and & as the following [14,
Sections 2.1 and 2.3]. We set ©82 := G[[y — z] = W[z, y — z]. Then &®2 is & ®z, G-
algebraviaz ® 1 =z, 1 ® z = y = (y — z) + z; in this way, one can extend Frobenius
action on G to G®? Which is Frobenius on W and sends z to z? and y — z to y? — z”. Let
G®@ be Gy — z]]{ E 5 , where {—}2 5 means freely adjoining elements in the category
of (p, E)-completed §-G-algebras [14, Sections 2.1 and 4.1]. Then &® is an G-algebra
via 4 > u. The structure map is flat (see [14, Proposition 2.2.7]), and ©®@ is a sub-G-
algebra of Aj,s, where we regard Aj,r as an &-algebra via ¢ (see [14, Section 2.4]). Let us
recall the definition of & from [14, Section 2.3]. Define a Frobenius action on W [z, y]
which sends x to x? and y to (1 + y)? — 1 and set w = £. Let 6® = @[z, y{w}y,
and it is a sub-&-algebra of Aj,r, where we regard Ajyr as an G-algebra via ¢ (see [14,
Section 2.4]). There is a natural inclusion of &-algebra W[z, y — z] C W]z, y] which
sends y to z(y + 1); it is a §-ring map. By construction, we thus obtain an inclusion
of sub-G-algebras @® < & of Ay Let us denote 6 : & — &@ | z > z, and
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denote A : @ — & | z > y. We note that there is a commutative diagram (see [14,
Corollary 2.4.5])
G

Bo ¢

4.1

c@c @5{2)( A
L

where ¢ sends z to [°] and y to [¢] - ["]. We regard G® and @53) as ©-algebras via the
diagram unless otherwise stated.

Definition 4.1 ([14, Definition 3.3.2]). Let (M, pgn) be a finite free Breuil-Kisin module
of finite £-height. We call (I, pgn) (¢, G)-module if it satisfies the following conditions:

(1) There is a continuous &2 -semi-linear G-action on M ®g G2.
2) G commutes with pon M Qg 653)

(3) M C (M ®c ©P)Hk,

() G acts on M Rc 653)) ®e@ W(k) trivially.

Remark 4.2. For a Breuil-Kisin Gx-module (M, pan, Gk ~ M ®e,¢ Ainr), the p-
adic representation T4, (M) is a Z-lattice of semi-stable representation of non-negative
Hodge-Tate weight [19, Theorem 7.1.7]. Du-Liu proved that the sub-modules I ®g
6512) C M ®e,p Aint C Ta,;(M) Rz, Ains are Gg-stable [14, Theorem 3.3.3] (see
also [30, Proposition 3.1.3]). By Definition 3.1 (3), G, = Gal(K/L)(C Gg,,) acts
on M C M ®e4 A trivially, thus Gg-action on M ®g P factors through G.
The G-action on M R 6&2) induces the (¢, @)—module structure on (N, pgp) [14,
Theorem 3.3.3].

4.2. The comparison theorem between TP(7 /S|z]; Z,) and TP(T /S|z¢, z1]; Zp)

We regard Ok as an S[zg, z1]-algebra via the map zg, z; — 7. In [29], Liu—Wang revealed
the structure of TP(Ok /S[zo, z1]; Zp): there is an isomorphism

7o TP(Ok /S[z0. 21): Z) ~ &P,

where we identify zo = z and z; = y (see [29, Theorem 1.3]). In this section, we will
compare TP(7 /S[z]; Z,) with TP(T /S|zo, z1]; Zp) for an Ok-linear category 7. We
note that the functor

)tSl

THH(—/Sl[z0,211;Zp)
Sp

TP(—/Slz0. 21]: Zp) : Catts (O ) sp?s' -

is a lax symmetric monoidal; THH(Ok /S[zo, z1]; Z,) admits an E-ring structure, and
TP(Ok /S[zo. z1]; Zp) also admits an [E-ring structure. For each i = 0, 1, we consider
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the map of ring spectra S|z] S [0, z1], which in turn induces a morphism of E o,-ring
spectra
Z—>Z;
e; : TP(Ok/S|z]; Zp) —— TP(Ok/S|z0, z1); Zp). 4.2)

For O € {THH, TP, TC™ } and an Ok-linear category 7, the left unit eg 5 and right unit
ey, are the maps

QT /Slz]s Zp) — O(T /Slz0. 21]: Zp)
induced by z + z¢ and z > zy, respectively. Let us denote by THH(S|zg, z1]/0S[z])
(resp. THH(S|[zo, z1]/1S[z])) the relative topological Hochschild homology of S[z] —
Slzo,z1] | z = zo (resp. S[z] = S|zo,z1] | z = z1). There is a commutative diagram in
Mod —rpcs(z)) (Sp™)

Slzo, z1]; —————— THH(T /S|z0, 21]; Zp)

| 3

S[zly — =5 THH(S[z0. 211/iS 2): Z) —— THH(T /S[z]: Z,)

| T |

THH(S[z): Z) —— THH(S[zo. 21]: Zp) ———— THH(T: Z,)

Since the bottom-left square and the bottom square are pushout squares (see [29,
Lemma 2.3]), and similarly, since the right square is a pushout square, the top-right square
is also a pushout square. Thus, by the transitivity property of relative THH, we obtain the
following equivalence:

THH(T /S|z0, 21]; Zp) ~ THH(T /S[z]; Zp) @1HH(S[z0,211/iSI2):Z,) Slz0- 211, . (4.3)

We also have the following commutative diagram:

THH(T /S[z]; Zp) ——2— THH(T /S[z0. 21: Z,)

T T

THH(Ok /S|z]: Zp) ——— THH(Ok /S[z0. 21]: Z;)

T T

THH(S[zo, z1]/iS[z); Zp) ————— Slz0, z1]}
Applying T = perf(Og) to the equivalence (4.3), we see that the bottom and total squares
are pushout squares. We know that the top square is a pushout square. Thus we have the
following S !-equivariant equivalence:

THH(T /S|z0, z1]; Zp) ~ THH(T /S|z]; Zp) ®tun(ok/S[21;2,) THH(OKk /S[z0,21]; Z)p).
“4.4)
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Notice an exact symmetric monoidal co-functor

_ ® THH(Ok /S[z0. z1]; Zp)
THH(Ok /S[z];Zp).ei

1 1
from ModTHH((pK/S[Z];Zp)(SpBS ) to ModTHH(@K/S[ZO’ZI];Zp)(SpBS ). In the case where
the Ok-linear category 7 is smooth and proper, it follows that THH(T /S[z]; Z,) is
dualizable and perfect in Modrpn(o /S[Z];Z[))(SpBS1 ). Since the base change functor

_ ® THH(Ok /S[z0, 21]; Zp)
THH(Ok /S[z1;Z)

is an exact symmetric monoidal functor, we consequently obtain the following lemma:

Lemma 4.3. For a smooth proper Ok-linear category T, THH(T /S[zo, z1]; Zp) is
1
dualizable and perfect in Mod _THH(QK/S[ZO,Zl];Zp)(SpBS ).

Proposition 4.4. Let 71, 75 be smooth proper Ok -linear categories. There are equiva-
lences

TC™(71/Slz0, 21]; Zp) ®@1c—(0k/Slz0,211:2,) TC™ (T2/S[20, 21]; Zp)
~ TC™ (N1 oy T2/S[z0,21]; Zp),

TP(T1/S[z0, 21]; Zp) ®1p(0k /S[20.211:2,) TP(T2/S[20, 21]; Z)p)
~ TP(T1 ®ox T2/S|z0. 21]: Zp).

Proof. By Lemma 4.3, one can prove using the same argument as in the proof of
Proposition 2.6. |

Proposition 4.5. Let 71, 75 be smooth proper Ok-linear categories. There are equiva-
lences

TP(T /S[z]; Zp) ®1p(0k/S[z1:2,).e; TP(OK /S[z0,21]; Zp)
>~ TP(T/Sl[zo, 21]; Zp)

TC™(T/S[z]; Zp) ®rc—(0k/Slz1:zp).e; TC™ (Ok /S|z0,21]; Zp)
>~ TC™ (T /Slz0, z1]: Zp)

fori =0,1.

Proof. Fori =0,1and Q € {TC™, TP}, there is a commutative diagram

T /SIz); Zp) —Z— (T /Slz0. 21); Zp)

| l

OOk /Sz): Zp) —— OOk /Slz0. 21]: Z))
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This diagram induces a morphism of Q(Ok /S|z¢, z1])-module spectra

QT /S[z]; Zp) @00k s21izy).e: YOk /S20,21); Zp) — O(T /S|z0, 21]: Zp). (4.5)
By Propositions 2.6 and 4.4, both sides of the map (4.5) yield symmetric monoidal

functors from Catggﬂfm(@,() to Mod —o(0 /S[z0.21]:Z,) (SP)- Since every smooth proper

Ok-linear category is dualizable in Catgzrfsm, by [2, Proposition 4.6] we obtain the

claim. [

There is an equivalence of [E o -ring spectra ex : S{z¢, z1] — S|zo,21] | zo - 21,21 +>
Z¢, and it induces a commutative diagram

TP(Ok /Slz]: Zp)

TP(Ok /Slzo, z1]; Zp) —— TP(Ok /Slz0, z1]; Zp)
and an isomorphism of ©-algebra (see also [14, Section 4])
e? ®4,.6 G ~ &% @y, ¢ C. (4.6)

By [29, Corollary 3.7], we see that TP(Ok/S|zo, z1]; Zp) is 2-periodic and there
is an isomorphism wx TP(Ok/S[z¢, z1]; Zp) = &@Jo, 0~!] by choosing a generator
o € my TP(Ok /Slzo.21]; Zp). For i = 0, 1, on homotopy groups, the morphism

e TP(Ok /S[z]: Zp) 2> 7. TP(Ok /Sz0. 21]: Z,)

is given by
Glu, u_l] - c® [o, 0_1] 4.7

which is a 6;-linear map sending u to @; - ¢ for some units a; € (&@)*,
Proposition 4.6. There is an isomorphism

7 TP(T /S[z]: Zp) ®e.9, 8P ~ 7; TP(T /S[z0, 21); Z,) 4.8)
forany j andi =0, 1.

Proof. 1If i = 0, by [14, Proposition 2.2.7] the graded-ring morphism (4.7) is flat. We
obtain the claim by Proposition 4.5. By the isomorphism (4.6), 6 is also flat. Thus the
morphism (4.7) is also flat fori = 1. [
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4.3. The comparison theorem between TP(7 /S|[z0,z1]; Zp) and
1/p>® _1/p®
TP(To. /S[z3/"" 27" |: Zp)

1/p"

n n
P, g/ ,Z,

1/p>* _1/p*®
, 24 ] —

We regard O¢ as an S[zo -algebra via the map zé
Cum'/P". We will prove the comparison theorem between TP(T/S|zo, z1]; Z,) and
TP(To. /S[z8/7” . 21/P7]; Z,) for a smooth proper Ok -linear category 7. The following

lemma is inspired by H. Gao in [20].

Lemma 4.7. The natural map THH(To..; Zp) — THH(T@B/S[Z(%/POO , le/l’w]; Zp) isan
equivalence which is compatible with S'-action. In particular, the natural map

TP(To.:Zy) — TP(T@E/S[Zé/p ’le/p ];Zp)
is an equivalence.

Proof. There is a diagram

THH(Toy.; Zp) — THH(To, /S[z8/"" . 217" ]: Z,)

~ THH(To,: Zp) ® S[ze/”", 2771

THH(S[z/ 77,217 1;2,) p

which is compatible with S L_action. Fori = 0, 1, we have an S 1—equivariant equivalence
THH(S[zil/p 1:2,) ~ S[zl/p ]1’,‘ [8, Proposition 11.7], and we obtain the claim. n

i

Lemma 4.8. The natural map S|zg, z1] — S[zé/poo, le/poo] induces an isomorphism

7 TP(Toe /S[zy 7 2177 |1 2,p) =~ 7 TP(T /S[z0. 211: Zp) ® ), Aint
foranyi.

Proof. The morphism of E.-ring spectra eg : S[z] — S[zg, z1] naturally induces an
isomorphism ; TP(T/S[z]; Zp) ®s.,0, Sz0,21 = 7 TP(T /S[z0, z1); Zp). Similarly, the
composite map S[z] = S[zo, 1] — S[zé/l’m, le/poo] also induces an isomorphism

7 TP(T /S[2): Zp) ®c.¢ At ~ 71 TP(Toe /S[zy/7™ . 2177 ]: ).
Since there is an equation of morphisms ¢ = ¢ o 6y, we obtain the claim. [ ]

4.4. t-action on TP(5o.;Zp)

The construction in this section is inspired by H. Gao [20]. Let t € Gal(L/ y—; K (é’n))
be a topological generator and T € Gk be the lift of 7 satisfying T(7'/?") = &, 7'/?".
Consider a map 7 : S[zol/poo, le/poo] — ¢ which sends zé/pn to £1/7" and le/p” to
gnnl/p",

We will use the following notations associated with a smooth proper Qg -linear
category 7 :
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s e°:TP(To, /S[zV/P%); Zp) = TP(J(ge/S[ 1/p> , l/p ] Z ) the morphism given
by ZVP% s 23/1’
« a:TP(T/S[z); Zp) — TP(To,. /S[z'/?*]; Z,) the morphism given by the commuta-
tive diagram
O ——— O¢

L]

S[z] —— S[z'/7™]

e b:TP(T/S[z); Zp) — TP(T@tf/S[z(])/p /P ]:Z) the morphism given by com-
mutative diagram
O ——— O¢

.

S[z] 557y Sz 21" ]

Z=>Zo

* ¢ :TP(T/Slz0,z1): Zp) — TP(J@e/S[ 1/p le/p ],Zp) the morphism given by
commutative diagram

Ok ———  O¢

T |

S[Zo,zl]—>S[ 1/p 11/1,00]

Zi>zi

. TP(J(%/S[ZI/P 1:Zp) —>TP(J(9€/S[ 1/p> ,zl/p ] Z )the morphism given
by the commutative diagram

(95 u (98

T | @

S[z1/P* ]—>S[ 1/p* 11/p°°]
ZUp" sy l/p

Lemma 4.9. The following diagram commutes:

MG

TP(To.: Zp) TP(T0.:Zp)

; 1

TP(To, /S[z'/7™): Zy) —— TP(To /S[z5/ " 21" |: 2,)

Proof. Since diagram (4.9) is compatible with S-ring spectrum structure, we obtain the
claim. ]
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The following theorem, inspired by H. Gao [20], plays the most important role in the
proof of Theorem 1.12.

Proposition 4.10. The following diagram commutes:

TP(To, /S[2"/7™); Zp) —— TP(To /Slza/ ™ . 211771 2,) o TP(To /S22 ): Z,)

TR(T /S[z): Zy) ——5—— TP(T/Slz0. 21): Z,) g TR(T /S Z,)
(4.10)

Proof. Diagram (4.9) fits into the following commutative diagram:

Oe¢ : Oe¢
1/p>® 1/p>® o -
S[Zl/p“’] z “1 S[z(l,/p ’Z:/p ]
id
o h o \
Sz] — Stzo. z1]

Thus we see that the left square of (4.10) commutes. Look at the following diagram:

id(9f

(9‘5 (98

’\ \
1/p>® 1/p>®

[P T [1/P7 1]

id
o b o \
Sz] — Slzo. z1]
then we see that the right square of (4.10) commutes. ]

Fix an integer i >> 0. By Proposition 2.6, =; TP(7/S|[z]; Z,) is a finitely generated
©-module. Choose an &-generator m, my, ..., m, of m; TP(7/S[z]; Z,). We have
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an equation ¢ = ¢ o ¢ : & — Ay (see diagram (2.2)); combining isomorphism (2.9)
with Theorem 2.13, we see that a induces an isomorphism 7; TP(7 /S[z]; Z)) ®e,4
A > T TP(T(%/S[ZI/I’OO]; Zp). For any element x € m; TP(T/S[z]; Zj), let us
write X for the image of x under the sequence of maps n; TP(7/S[z]; Zp) —
i TP(T@C/S[ZI/I’OO]; Zp) < 7 TP(Jo.: Zp). Then it follows that the elements
my, My, ..., m, form a set of Aj,-generators for ; TP(Tg.; Z,). Choose elements
Ax1,0x2, - - .,0xn Of Ajns so that

T(X) = aximiy + axoMiy + -+ + Axpy,.

Proposition 4.11. For any x, any choice of §-generators {my,. .., m,}, and any choice of
elements ay; € Aiyy, it follows that ay is contained in S5, ;, via the inclusion 1 : S5, ;, —

Ajpr.

Proof. Combining Proposition 4.10 with Lemma 4.9, we see that the following diagram
commutes:

TP(TC‘)\@ ) Zp) TP(TOg 5 Zp)

- T

TP(To. /S[z"/7*]: Z,) % TP(To, /S[z8/?™ 21771 Z,) o TP(To, /S[2V/P™): Z,)
TP(T /S[z): Z) ——5 > TR(T /Slz0, 21): Zp) ¢ TP(T /S[21; Z,)
4.11)
We note that the map n; TP(To,.; Zp) — T TP(‘T@f/S[Zé/" ,le/p ;i Zp) is Aig-

linear. According to the results in Proposition 4.6 and Lemma 4.8, the morphism c :
7; TP(T /S|z0,21): Zp) — m; TP(T/S[zé/p ,le/p |:Z,) is explicitly given by the map

R| =

. id® ~
7 TP(T /SIz2): Zp) ®s.0y Szo.21 — i TP(T/S[2]: Zp) ®5.6 A

By Proposition 4.6, the morphism eq 5 : 7; TP(7/S[z]; Z,) — TP(T /S[z0, z1]; Zp) is
given by the natural map 5r; TP(7/S[z]; Z,) — 7; TP(T /S|z]; Zp) ®s.,6, Sz0,z,» and con-
sequently, the set {eg 7 (m11), 9,7 (M2), ..., ep,5(m,)} forms an S, ;,-generator set of
TP(T /S|z0.21): Zp). Therefore, for x € ; TP(T/S[z]; Z)), there are d’yy . d’,,. . ... d', €
&@<s A, - such that
er7(x) = E_ @ e0,7 ().

Look at the diagram, then we see an equation T (a(x)) = Za’ ;¢ (eo,7 (n17)), and we obtain
the claim. u

Remark 4.12. We can apply the same procedure to 7~ !, and we obtain that there are ele-
ments by of G®@ so that T-1(X) = by Ty + bypTi; + -+« + by, Tit,, where instead of 7,
we use a morphism S[z/?",2}/?"] = @¢ which sends zo"/?" to x'/?" and z}/”" to
o /"
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Let T* denote the dual action of 7 on the dual module 7; TP(To; Zl,)v, which
is defined as Hompy,,(m; TP(To.; Zp), Ainr). Choose an G-basis my, np, ..., 1y
of m; TP(T/S|z]; Zp)Y. Combining (2.9) with Theorem 2.13, we obtain an iso-
morphism 7; TP(T/S[z]: Zp)Y ®e,¢ Aint =~ 7i TP(To: Zp)Y. For any element y €
7ti TP(Toe: Zp)Y, let us denote by y the image of y under the natural inclusion
7 TP(T/S[z); Zp)Y — 7 TP(T/S[z]; Zp)Y ®5,¢ Aing =~ 7i TP(To; Zp)Y. Choose
elements by1, by, ..., byq of Aiy so that

TF) = by1 T + byoTi + -+ + byaTia.
Remark 4.12 directly induces the following.

Corollary 4.13. For any y, by1,bys, ..., by are contained in &@ under the inclusion
6@ & A

4.5. T-action and crystalline representations

Let ¢; : @ — Ajyr be a W-linear map which sends z to [¢][z°]. The following diagram
commutes:

T
A — Ajns

120
LI E)

Let £, denote 6, (E), Eo denote 8y (E) and £; denote T(£). We note that & is an integral
domain (see [14, Proof of Lemma 2.3.2]), and ¢ (E1) = &;. Firstly, we prove the following
lemma.

Lemma 4.14. As sub-rings ofAmf[Eil], there is an equation

1
c® =@ —_|n At
E '

of sub-algebra Ainf[é], where we regard 6(2)[%1] as a sub-ring of Ainf[éil] via L[E%] :
GO L] = Aw[2]
Proof. 1t suffices to show that @ contains 6(2)[%] N Ajns. The map ¢ induces a mor-
phism of W-algebra7: @@ /(E;) — Aiy/(&1) and 8} induces a morphism of W -algebra
6, : ®/(E) - @ /(E). The isomorphism (4.6) induces an isomorphism of G-algebra
G ®s.9, ©? ~ G ®c,p, ©? which sends Eq to E;. By [14, Lemma 2.2.8 (2)], 6o
induces an isomorphism O ~ G/(E) ~ 8® /(Ey) ~ @@ /(E;) of W -algebras. Thus
we obtain that 7 is given by natural W -algebra O — OQ¢. We assume that there exists an
element x of @[ 2] N Ajnr C Ain[ & ] such that x is not contained in @ . From the fact

1 &1
that x € 85,7, [Ei]], it follows that, there exists a natural number n > 1 such that E7 - x is
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in @® and E?~1. xisnotin &®@ . Since ©? is an integral domain, ET -x€(E1)C IO
Thus the class E7 -x is not zero in c®@ /(E1). On the other hand, since x € Ajys,
E7? - x € (§1) C Ainr. Thus the class E7 - x is zero in Ainr/(£1). This is contradictory
to the fact that 7: @@ /(E|) — Aine/(£1) is injective. [ ]

Fix a smooth proper Og-linear category 7 and an integer i > 0. The finite free ©-
module 7; TC™ (T /S|z]; Zp)" carries a natural (¢, G)-module structure by Theorem 3.6
and Remark 4.2. By functoriality of can(_), we obtain the following commutative diagram:

7 TC™(T/SIE1: Z)Y ®6 At ~—s 73 TC™ (oo /S[2V/27: Zp)Y = 7, TC™ (Tor s Zp)”

v Vv
RV cans- can.
Tdny ®idy, T To /5121/5%] T Troe

7 TP(T/S[z); Zp)Y ®6 At —— 7 TP(To, /S[2/77]: )Y +—— m; TP(To 3 Z,)"
Hence,

cang ® idg,,: 7 TP(T/S[z]: Zp)" ®&.,p Ain
— 1 TC(T/S[z]: Z,)" ®&,¢ Aint (4.12)

is a Gg-equivariant morphism.
We obtain the following commutative diagram:

cany-

7 TP(T /S[z]: Z,)" m; TC (T /S[z): Zp)¥

J/ can% ®id 4 J/

7 TP(T /S[2): Zp)Y ®e.p At ————— 1 TC (T /S[2): Zp)" ®6.4 Ain

r*J/ r*l
cang- ®idy

inf

7 TP(T/Sz): Zp)Y ®e,p Aint ———— 1 TC” (T /S[z]; Zp)" ®e,¢ Aint
4.13)

Note that cany is ©-linear, and cany ® id 4, is Ains-linear.
We choose an §-basis {u,...,ng} for the module 7; TC, (7 /S[z]; Zp)". For any
element x in this module, we let X denote its image under the natural inclusion

7; TC (T /S[2): Zp)" < 7 TC (T /S[2): Zp)” Q. Aint-

Since {Tty, ..., Mg} is an Ajpe-basis of 7; TC™(T/S|z]; Zp)Y ®e,¢ Aint. for each x €
7; TCT(T/S[z]; Zp)" there exist elements dx1, . ..,dxq € Ajns such that

TH(X) = AT + ax2T + ++ + dxalig.

Proposition 4.15. For any x, the elements ayi, xz, ..., dxq lie in G® under the

inclusion @@ <> A,
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Proof. After inverting E, both can\JL and the inclusion
7 TC™(T/S[z); Zp)Y < 7 TC (T /S[z]; Zp)"

become isomorphisms (see (2.11)). Hence, for any x € 7r; TC™ (7 /S[z]; Z,) Y, there exists
y € 7 TP(T /S[z]; Zp)Y such that

f()=E"-x inm TC (T/S[z];Z,)". 4.14)

Choose an &-basis 1y, ..., ng4 of 7; TP(T/S[z]; Zp)v. There exist elements ¢;; € &
(for1 < j <d,1 <1 < n)such that

cany- () = ¢jymy + ¢joMy + ++- + ¢jpmy (4.15)
in 7r; TC™ (7 /S|z]; Zp)Y . Since the upper square of (4.13) is G-linear, we have
(cang ® id4,,)(T)) = ¢(c;) Wy + ¢(cj2)T; + - + P (cjn) T, (4.16)
in 7; TC™ (T /S[z): Zp)"Y ®e,4 Aint. Choose elements by, . .., byg € Ay such that
() = by + byoTiy + -+ + byaTg (4.17)
in 7r; TP(7/S|z]; Zp)" . By the commutativity of (4.13), we obtain
T(E™ - Xx)
= (cany ® ida,)(T* (7))

CZ (canY ® id ) (b1 T + byaTis + -+ + bygTiy)

d d d
410 (Zbym(cn))m—l + (wa‘d’(cjz))m_z - (meb(cjn))m—n.
j=1 j=1 j=1
Since T¥(E™ - x) = EJ" - T*(X), we have
d
EV -ax =) byd(cji)

j=1

in Ajyr. By diagram (4.1) and Corollary 4.13, the right-hand side lies in @®. Hence
ay; € GD[1/E(] N Apys = GP, "

Corollary 4.16. The p-adic representation T4, (7wt; TC™ (T /S[z]; Zp)Y) is a Zp-lattice
of a crystalline representation.

Proof. By [14, Corollary 3.3.4], it suffices to show that T*(z; TC™ (7 /S[z]; Zp)Y)
is contained in m; TC™(T/S[z]; Zp)" ®e.6, &®@. By Proposition 4.5, we obtain the
claim. ]
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Remark 4.17. We expect a more geometric proof of the corollary by showing that, for
each i, the group w; TC™ (7 /S[z]; Zp) underlies a prismatic F-crystal. In particular,
the associated descent datum 7; TC™ (7 /S[z); Zp) = m TC (T /S[z]; Zp) ®c &P §
m; TC(T/S[z]: Zp) ®s &® should be induced by the canonical maps

7 TC(T/S[z): Zp) = m TC™(T/Slz0, 21 Zp) 3 w1 TC™(T/S[z0, 21, 22): ).
However, we do not currently know whether the natural base change map
mi TC™(T/Slz): Zp) ®e 83 = 7 TC(T/Slz0. 21, 22]: Z)p)

is an isomorphism. This result depends on the structure of 7« TC™ (Ok /S|zo. 21, 22]; Zp),
which is currently not fully understood.

4.6. The proof of Main Theorems

The following theorem is the summary of Sections 3 and 4.

Theorem 4.18. Let T be a smooth proper Ok-linear category. Then there exists an
integer n > 0 such that, for alli > n, the following statements hold:

(1) Breuil-Kisin module w; TC™ (T /S|z]; Zp)Y has a Breuil-Kisin G g-module struc-
ture in the sense of [19].

(2) Breuil-Kisin module 7t; TC™ (T /S[z]; Zp)" has a (e, G)—module structure in the
sense of [14].

(3) The Zy|Gk|-module T4, (7; TC (T /S[z]; Zp)Y) is a Zp-lattice of a crystalline
representation.

4) If Te admits a geometric realization, then there is a G -equivariant isomorphism
T (i TC™(T/S[2]: Zp)”) = mi L1y K(Te)”
of Zp-modules.

Proof. (1) follows from Theorem 3.6. (2) follows from Remark 4.2. (3) follows from
Corollary 4.16. (4) follows from Theorem 3.7. ]

Theorem 4.19 (Main Theorem). Let T be a smooth proper Ok-linear category. If Te
admits a geometric realization, then Conjecture 1.2 holds for T, that is, there is an
isomorphism of Beys-module

T TP(?;c’ Zp) Qw Bcrys x~ niLK(l)K(T‘C) ®Zp Bcrys

which is compatible with Gk -action and Frobenius endomorphism.



K. Matsumoto 990

Proof. Firstly, we will prove the claim when i is large enough. By Remark 3.8, we have a
Gk -equivariant isomorphism

i Lky K (Te)™ 2 Tpye(ri TC(T /S[z]: Zp) ).
thus we have an isomorphism
7 \VV — (T . Vv
jTiLK(l)K(JE’) Rz, Bcrys ~ 7; TC (T /S[Z],Zp) (2 Bcrys

which is Gg-equivariant and compatible with Frobenius endomorphism, and there is an
identification of rational Dieudonné modules (see [7, Remark 4.5])

o 1
Derys(ti Ly K(Te)Y ®2, Qp) = 7 TC™(T/S[1: 2,)" g 3 W[;].

By Theorem 2.14, we have an isomorphism 7; TC(7/S[z]; Z,)"Y ®e. W[%] ~
7; TP(Tk; Zp)[%]. Thus we obtain the claim.

Now we prove the general case. For any i € Z, since Lk ;) K(T) is 2-periodic, there
is an isomorphism

7 Lky K(T) ®@norLgykce) T2Lx)K(C) = mit2 Lr)K(T).
Moreover, we have an isomorphism 75 L g (1) K(€) >~ Z,(1) (see [36]), hence we obtain
i LgyK(T)(1) = mip2 Ly K(T).

Similarly, there is an isomorphism
- I 1 _ 1
7 TP(Tg; Zp) ; ®ﬂ0 TP(k;ZP)[%] o TP(k; Zp) ; ~ 142 TP(Tg; Zp) ; s

and we have an isomorphism 7, TP(k; Zp)[%] ~ W[%](l) (see [8]), where the twist
refers to twisting the Frobenius. Thus we obtain

1 1
n TR 2| 5 () = ma TP 2 ]
p p
Since we already proved the claim when i is large enough, we obtain the claim. ]
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