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Relative Calabi-Yau structures and perverse schobers
on surfaces

Merlin Christ

Abstract. We give a treatment of relative Calabi—Yau structures on functors between R-linear sta-
ble co-categories, with R any [Eo-ring spectrum, generalizing previous treatments in the setting
of dg categories. Using their gluing properties, we further construct relative Calabi—Yau structures
on the global sections of perverse schobers, that is, categorified perverse sheaves, on surfaces with
boundary. We treat examples coming from Fukaya categories and representation theory. In a related
direction, we define the monodromy of a perverse schober parametrized by a ribbon graph on a
framed surface and show that it forms a local system of stable co-categories.
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1. Introduction

Let k be a field. A k-linear triangulated category C with finite-dimensional Homs is called
n-Calabi—Yau if there exists an isomorphism of vector spaces

Ext-(X,Y) ~ Ext& (Y, X)*,

bifunctorial in X,Y € C. To obtain a well-behaved notion of n-Calabi—Yau structure on a
proper k-linear stable co-category €, one can ask for a trivialization S =~ [n] of the Serre
functor S, that is, the functor satisfying the following duality for k-linear derived Homs
in €:

More (X, Y) >~ More(Y, S(X))* € D(k).
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The trivialization S =~ [n] is called a weak right n-Calabi—Yau structure on €. Note
that the natural transformations Mor(ide, S) describe the dual Hochschild homology
HH(€)* of €. The identification S ~ [rn] may thus additionally be required to be S!-
invariant, that is, to lie in the image of a dual cyclic homology class under the morphism
HHg:1(€)* — HH(€)*. This leads to the notion of a right n-Calabi—Yau structure on €.
The importance of this S!-invariance comes from the relation with topological field
theories [12,32].

There is a similar notion of left n-Calabi—Yau structure on a smooth k-linear stable co-
category €, where instead of the Serre functor, one asks for a trivialization of the bimodule
left dual idge of the evaluation bimodule. The endofunctor id% is sometimes called the
inverse dualizing bimodule, as it is the inverse of the Serre functor if € is smooth and
proper.

In this paper, we will be concerned with generalizations of left and right Calabi—
Yau structures to R-linear functors between R-linear stable co-categories, where R is a
base E-ring spectrum. Calabi—Yau structures on functors are also referred to as relative
Calabi—Yau structures. This notion was suggested by Toén [43] and fully worked out in
the setting of dg categories by Brav—Dyckerhoff [2]. The first half of this paper concerns
a careful lift of this theory to the setting of R-linear stable co-categories.

There are many natural examples of relative Calabi—Yau categories, the known
ones usually come from Fukaya categories, representation theory, topology and alge-
braic geometry. Applications of relative Calabi—Yau structures include the construc-
tions of shifted symplectic structures and Lagrangian structures on moduli spaces of
objects [3], the construction of additive categorifications of cluster algebras with coef-
ficients [8, 18, 45], of 2-Calabi—Yau exact oo-categories/extriangulated categories from
right 2-Calabi—Yau functors [8] and of framed E,-algebra structures on Hochschild
cohomology [4], to name a few.

Relative Calabi—Yau structures possess the remarkable feature that they can be glued
together along suitable pushouts or pullbacks of categories to produce new relative or
absolute Calabi-Yau structures. As emphasized by Brav—Dyckerhoff [2], Calabi—Yau
structures should be considered as noncommutative orientations and their gluing property
as a noncommutative version of the gluing property of oriented manifolds with boundary
along boundary components.

The gluing properties of relative Calabi—Yau structures can be used to construct rel-
ative Calabi—Yau structures on functors with target the topological Fukaya categories
associated with framed marked surfaces [2]. These topological Fukaya categories can be
seen as the global sections of perverse schobers on surfaces, that is, categorified perverse
sheaves in the sense of [26]. More generally, perverse schobers allow us to define Fukaya
categories of surfaces ‘with coefficients’. Using the framework of [5], we parametrize
such perverse schobers by a ribbon graph homotopic to the surface. More specifically,
such a parametrized perverse schober then amounts by definition to a certain constructible
sheaf of stable co-categories on the ribbon graph, which is locally described by spherical
adjunctions.
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In the second half of this paper, we discuss ways to construct relative Calabi—Yau
structures on the global sections of more general perverse schobers on surfaces. The main
results of this second half can be summarized as follows:

* We associate a local system of stable co-categories to a parametrized perverse schober
on a framed marked surface encoding its monodromy on the surface away from its
singularities. We also establish the independence of this local system on the chosen
parametrizing ribbon graph. Further, we prove that parametrized perverse schobers
without singularities are determined, up to equivalence, by their monodromy local
systems.

» In the special case of perverse schobers without singularities, we prove the existence
of a relative Calabi—Yau structure on its oo-category of global sections, given the
invariance of a local (negative) cyclic homology class under the monodromy action.
This generalizes Brav—Dyckerhoff’s result [2] on relative Calabi—Yau structures on
topological Fukaya categories of framed surfaces.

* We describe conditions which guarantee the existence of relative Calabi—Yau struc-
tures on the local and on the global sections of singular parametrized perverse
schobers.

*  We apply our results to construct relative Calabi—Yau structures on classes of exam-
ples, including Fukaya—Seidel categories, periodic topological Fukaya categories of
marked surfaces, the derived categories of relative Ginzburg algebras associated with
n-angulated surfaces, as well as variants of the latter which are linear over an arbitrary
E o-ring spectrum.

The remainder of the introduction is structured as follows. We begin in Section 1.1
by reviewing the notion of a relative Calabi—Yau structure over a base [ -ring spectrum.
We proceed in Section 1.2 with describing our results on relative Calabi—Yau structures
on perverse schobers. In Section 1.3, we describe the implications of our results for
Fukaya—Seidel categories and other Fukaya-type categories.

1.1. Relative Calabi-Yau structures

Let R be the base E-ring spectrum. Our setting for the definition of relative Calabi—Yau
structures is that of stable, presentable, dualizable, R-linear co-categories and dualizable
(in particular colimit-preserving), R-linear functors between them. In the following, we
sketch the definition of relative Calabi—Yau structures and describe the gluing properties.
The definition makes use of the functoriality of R-linear Hochschild homology, as well as
its S !-action, which we obtain from the formalism of traces [23,44].

Consider a dualizable R-linear functor F: D — € between dualizable R-linear oo-
categories. To define the notion of a right Calabi—Yau structure on F' (also sometimes
called a relative right Calabi—Yau structure on F'), we assume that €, O are proper as
R-linear oco-categories. The R-linear co-category € being proper means that the evalu-
ation functor eve: €Y ® € — RModg admits an R-linear right adjoint, which can be
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identified with an endofunctor idg of €. If € is compactly generated, the functor idy
is a Serre functor on €. The natural transformations between idg and the identity func-
tor are described by the dual Hochschild homology HH(€)*. In a similar way, a class
0: R[n] - HH(D, €)* := cof(HH(€)* — HH(D)*) in the dual relative Hochschild
homology of F defines a map a:ide — idg[l — n] together with a null-homotopy of
the composite map idgp — id%[1 — ] contained in the following diagram:

idp —— F*(ide) ——— cof

|
; [ ;
fib —— F*(idp)[1 —n] — id}[1 —n]

with horizontal fiber and cofiber sequences. This null-homotopy allows us to fill in the
dashed arrows. We call ¢ a weak right n-Calabi—Yau structure on F' if the vertical maps
in the above diagram are equivalences. A right n-Calabi—Yau structure on F then fur-
ther consists of a lift of o to a relative dual cyclic homology class. If F' admits a right
n-Calabi—Yau structure, we also say that O is relative right n-Calabi—Yau. Non-relative
right Calabi—Yau structures correspond to the case € = 0.

The above definition is thus analogous to the definition of relative Calabi—Yau struc-
tures given in the setting of dg categories by Brav—Dyckerhoff [2]. We will show in
Lemma 3.6 that a dg functor f: A — B admits a weak Calabi—Yau structure if and only
if the k-linear functor D(f): D(A) — D(B) between the compactly generated derived
oo-categories admits a weak Calabi—Yau structure. The possibility to consider relative
Calabi—Yau structures on dualizable k-linear co-categories thus makes the co-categorical
setting slightly more general than the dg categorical setting. The definition of weak relative
left and right Calabi—Yau structures for compactly generated categories linear over a com-
mutative ring spectrum was also previously described in a model categorical framework
in the unpublished Master’s thesis [29].

We again summarize the above definition as follows: if D is right n-Calabi—Yau, we
have a trivialization idg [—n] >~ idg of the shifted Serre functor. If instead D is relative
right Calabi—Yau, we have some natural transformation id% [—n] — id g, together with an
identification of its cofiber with F*(ide) = GF, where G is the right adjoint of F. To
get a well-behaved theory, it is however important that this is not just any identification
of the cofiber of id[—n] — idp with GF, but rather that there is a specific such cofiber
sequence coming from a relative dual Hochschild class.

Left Calabi—Yau structures for functors between smooth R-linear co-categories are
defined similarly by replacing the right adjoint of the evaluation functor by the left
adjoint, corresponding to an endofunctor id%, and dual cyclic homology by negative cyclic
homology.

Gluing Calabi-Yau structures. Relative Calabi—Yau structure can be glued together
along pushouts or pullbacks of co-categories. There are also variants of this for (oo, 2)-
categorical lax pushouts and pullbacks (see [9, Lem. 6.3.3]).
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For the gluing of left Calabi—Yau structures, consider a pushout diagram of smooth,
dualizable R-linear co-categories and dualizable functors.

B3

|

By — €,

L~

B — € — D

Theorem 1 (Theorem 3.15, [2] for R = k a field). If the functors B1 x B, — €1 and
By x B3 — €, carry R-linear left n-Calabi—Yau structures, which are compatible at 8B,,
then the functor B1 x B3 — D inherits an R-linear left n-Calabi—Yau structure.

For the gluing of right Calabi—Yau structures, we consider a pullback diagram of
proper dualizable R-linear co-categories and dualizable functors as follows.

D — G —— By

L]

€ —— B,

|

By

Theorem 2 (Theorem 3.16). If the functors € — B1 X By and €y — Br x B3 carry
R-linear right n-Calabi-Yau structures, which are compatible at 85, then the functor
D — By X Bz inherits an R-linear right n-Calabi—Yau structure.

We note that the analogue of Theorem 2 was not previously known for right
Calabi—Yau structures on dg categories [2].

1.2. Perverse schobers and relative Calabi—Yau structures

Perverse schobers are, in general, a conjectural categorification of perverse sheaves, pro-
posed by Kapranov—Schechtman [26]. In this paper, we use the framework of perverse
schobers parametrized by ribbon graphs of [5]. This describes perverse schobers on
marked surfaces with boundary in terms of constructible sheaves valued in stable co-
categories defined on a spanning ribbon graph embedded in the surfaces. Concretely, a
perverse schober & parametrized by a graph G is encoded as a functor ¥ : Exit(G) — St.
Here St denotes the co-category of stable co-categories, and the domain denotes the exit
path category of G, whose objects are the vertices and edges of G and whose morphisms
describe the incidence between vertices and edges. The limit of this functor, denoted by
(G, ¥), is called the co-category of global sections of % .
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We remark that the usage of enhanced triangulated categories (such as the stable co-
categories we employ in this paper) in our treatment of perverse schobers is essential,
since there is no sensible theory of homotopy (co)limits of non-enhanced triangulated
categories, which is needed for such a sheaf theory.

Monodromy of perverse schobers. A perverse sheaf on a topological surface restricts
to a cochain complex of locally constant sheaves on the top-dimensional stratum, which
is the complement of the discrete set of singularities. The cohomology sheaves of this
cochain complex are trivial except in degree —1 (in the typical convention), thus defining
a local system of vector spaces. We discuss in Section 4.3, and sketch in the following,
how to associate a similar local system of stable co-categories to parametrized perverse
schobers.

If we only consider connected surfaces, then all generic, that is, non-singular, stalks
of a given perverse sheaf are equivalent. The same is true for a G-parametrized perverse
schober F: the value of ¥ at any edge of G is independent of the chosen edge, up to
equivalence, and should be considered as the generic stalk. Denote the generic stalk by N .
Locally at each vertex v of I', a perverse schober is described by a spherical adjunction
V < N, with V called the co-category of vanishing cycles at v. If 'V # 0, we call the
vertex v a singularity of .

Let Gy be the set of vertices of G. Given a perverse schober ¥ with a set of singulari-
ties P C Gy, we wish to associate a local system valued in St on S\ P, which we describe
as a group homomorphism

71 (S\P) —> 7o Aut(N)

to the group of equivalence classes of autoequivalences of the generic stalk N .

There is in general no canonical choice of such a local system. We can however canon-
ically define a local system &£ % on the total space of the frame bundle Fr(S\Go) — S\ Go.
The fiber of the frame bundle has the homotopy type of the circle S!, the monodromy of
the local system along the fiber is given [2]. Suppose now that we choose a framing & of
the surface S\ P, meaning a section of its frame bundle. We can then pull back to a local
system £*£F on S\ Gy, and crucially, this local system extends to S\ P. This defines the
desired monodromy local system of ¥ . We stress that this local system depends on the
choice of framing &.

Note that in the special case that N is 2-periodic, that is, [2] ~ id -, the local system
on the frame bundle has trivial monodromy on the fiber. It thus already reduces to a local
system on S\ P, and no choice of framing is required as input.

Perverse schobers without singularities are fully determined by their monodromy.

Proposition 1 (Proposition 4.34). Let ¢ be a framing of S. Let ¥1, 2 be two G-
parametrized perverse schobers without singularities with identical generic stalk N . Then
there exists an equivalence 1 >~ ¥, if and only if the corresponding local systems

S*éf‘(f’vl,é*cf‘?’z:ﬂl(S\P) —> 19 Aut(N)

are equivalent.
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The notion of a non-singular parametrized perverse schober is thus non-canonically
equivalent to the notion of a local system of stable co-categories on the surface. Note
that what we refer to as the global sections of the non-singular perverse schober is how-
ever very different from the global sections of a local system. The former type of global
sections describes a generalized topological Fukaya category and categorifies the first
cohomology of the surface relative to the complement in the boundary of the marked
points.

Our results on the monodromy of perverse schobers relate to the problem of defining
the topological Fukaya category of a marked surface over an arbitrary base co-category N :
without further assumptions on N, a choice of framing of the surface is required. Then
there exists a perverse schober (unique up to equivalence) with generic stalk N and trivial
monodromy relative to the chosen framing. Its co-category of global sections describes the
desired M -valued topological Fukaya category. In the case N = D (k), this co-categorical
topological Fukaya category recovers the derived co-category of the dg categorical topo-
logical Fukaya category or equivalently of the A,-categorical partially wrapped Fukaya
category. If N is 2-periodic, then no choice of framing is required, and there is already a
perverse schober with a well-defined trivial monodromy, whose global sections give the
M -valued topological Fukaya category. In the setting of dg categories, this problem of
constructing topological Fukaya categories (up to a contractible space of choices) was
fully solved by Dyckerhoff-Kapranov [14, 15] using the formalism of 2-Segal objects.
Their construction in fact additionally supplies a choice of perverse schober with trivial
monodromy for every choice of spanning ribbon graph. Their construction was extended
to the case of N the stable co-category of right modules over the 2-periodic sphere
spectrum by Lurie [33].

Local Calabi-Yau structures. Let ¥ be an R-linear G-parametrized perverse schober.
Locally at any vertex v of the graph G, with incident edges e, ..., e, the perverse
schober ¥ is given by a collection of functors ¥ (v) — F(e;) ~ N, 1 <i < m. One
can show that these functors arise, up to suitable equivalence, from a single spherical
adjunction F:V <> N : G via an explicit construction based on the relative Waldhausen
S.e-construction (see Proposition 4.10). We say that the adjunction F - G underlies
at v.

Proposition 2 (Combine Propositions 4.10 and 5.2). Let ¥ be a G-parametrized perverse
schober, with underlying spherical adjunction F:'V <> N : G near a vertex v of G.

(1) If F admits a right n-Calabi-Yau structure, which restricts to a right (n — 1)-
n

Calabi—Yau structure on N, then the functor ¥ (v) — [ /=, ¥ (e;) also admits a
right n-Calabi—Yau structure.

(2) If G admits a left n-Calabi—Yau structure, which restricts to a left (n — 1)-Calabi—
Yau structure of N, then the right adjoint [[;_, ¥ (e;) — F (v) of the above
functor also admits a left n-Calabi—Yau structure.
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We further prove a novel criterion for a spherical functor F:V — N between com-
pactly generated, proper R-linear co-categories, where N is weakly right (n — 1)-Calabi—
Yau, to admit a weak right n-Calabi—Yau structure: this is the case if and only if its twist
functor Ty is equivalent to the shifted Serre functor id%,[1 — 1] (see Proposition 5.9).

Global Calabi-Yau structures. Given a G-parametrized perverse schober ¥, we can
evaluate global sections at the external (i.e., boundary) edges of G, whose set is denoted
by G?. This yields a functor

1_[ eve: I'(G, F) — 1—[ F (e).

eEG? eEG?

The right adjoint of this functor is denoted by 9% .

Typically, a relative Calabi—Yau structure on the oco-category of global sections
I'(G, ¥) arises in the smooth setting as a left Calabi—Yau structure on the functor 05
and in the proper setting as right Calabi—Yau structure on the functor [ [, cG? Ve

Note that finite limits of proper dualizable R-linear co-categories in St (or equivalently
in the co-category LinCatg of R-linear co-categories) are not necessarily again dualizable
and proper. We can fix this issue by forming the limits in the co-category LinCat‘quLlal of
dualizable R-linear oo-categories (see Corollary 3.14). The arising notion of co-category
of global sections is denoted by I'"4(G, F); we call these the dualizable global sections.
In the proper setting, we should thus ask for the restriction of [], cGl €Ve 10 raa(G, )
to be relative right Calabi—Yau.

When the global sections describe the partially wrapped Fukaya category of a sur-
face, the difference between I'(G, ) and '™ (G, ) can be explained as follows: the
category I'(G, F) describes the usual smooth partially wrapped Fukaya category of the
marked surface. The proper full subcategory I'%(G, ¥) C T'(G, ¥) consists of those
Lagrangians which do not end at the boundary components containing no marked points.

For perverse schobers without singularities, we prove the following.

Theorem 3 (Theorem 5.8). Let ¥ be a G-parametrized perverse schober without singu-
larities valued in dualizable R-linear oo-categories. Suppose that the generic stalk N is
smooth and admits a left (n — 1)-Calabi—Yau structure

n: Rln — 1] — HH(M)S".
Suppose that the monodromy local system HH(£F)S "onS preserves 1. Then the functor

0F: [| F(e) — I'(G. F)
eeG?
admits a left n-Calabi—Yau structure.

A similar statement holds for relative right Calabi-Yau structures on the dualizable
global sections T%(G, F).
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Theorem 3 generalizes Brav—Dyckerhoff’s result [2] on relative Calabi—Yau structures
on topological Fukaya categories of framed marked surfaces (corresponding to the case
N = D (k) and a perverse schober with trivial monodromy relative to the chosen framing).

There is no direct analogue of Theorem 3 for general perverse schobers with singular-
ities. Essentially, this is because a perverse schober is not determined up to equivalence
by the separate records of monodromy data and local singularity data (see Example 4.35).
There is however an almost immediate consequence of the gluing property of relative
Calabi—Yau structures for global sections of perverse schobers (see Theorem 5.7), which
can be applied in practice by using the local Calabi—Yau structures from Proposition 2.

1.3. Examples: Fukaya categories and Fukaya-type categories

Fukaya—Seidel categories. Let X be an exact symplectic manifold of dimension 2n and
m: X — D a Lefschetz fibration with base the disc. Let F be the regular fiber of 7 and
Fuk(F) the proper Fukaya As-category of compact Lagrangians in F. The Fukaya—
Seidel Aoo-category FS(mr) is equivalent to the directed Aoo-subcategory of Fuk(F') on
the vanishing cycles of the Lefschetz fibrations [37]. The corresponding derived Fukaya—
Seidel category is a triangulated category and admits a canonical enhancement to a
k-linear stable co-category D (FS()).

The formalism of parametrized perverse schobers on the disc D, considered as a
marked surface with a single marked point, realizes the derived Fukaya—Seidel cate-
gory D(FS(w)) as the global sections of a perverse schober. The generic stalk of the
schober is the derived Fukaya category of the fiber O (Fuk(F)). The singularities of
the perverse schober lie at the singular values of the Lefschetz fibration; the corre-
sponding spherical adjunctions arise from the spherical objects in Fuk(F) given by the
vanishing cycles. The ribbon graph parametrizing ¥ is chosen so that the singular val-
ues all lie at 1-valent vertices. There is a further non-singular (m + 1)-valent vertex v,
with m the number of vanishing cycles. The value of F at v is the directed co-category
F (v) ~ Fun(A™"!, D (Fuk(F))).

Any spherical object in a weak (n — 1)-Calabi—Yau category gives rise to a weak
n-Calabi—Yau spherical functor (see Lemma 6.4). The gluing properties of right Calabi—
Yau structures thus yield a weak relative right n-Calabi—Yau structure on D (FS(x)).
This induces the known natural transformation [38] from the Serre functor id:"@(FS )
idpEsyln + 1]

In Section 6.1, we will give a more detailed account of the above construction in
the alternative framework of [20] for the definition of Fukaya—Seidel categories. In this
framework, we furthermore prove that the smooth and proper Fukaya—Seidel category
admits not only a weak relative right n-Calabi—Yau structure but also a weak relative left
n-Calabi—Yau structure.

Theorem 4 (Theorem 6.1). Let w: X — Cx¢ be a Lefschetz fibration as in Section 6.1.
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(1) The derived oo-category of the Fukaya—Seidel category D(FS(m)) arises as
the oco-category of global sections of the perverse schober ¥ on the disc from
Construction 6.3.

(ii) The smooth and proper derived Fukaya—Seidel category D (FS (7)) admits both a
weak relative left n-Calabi—Yau structure and a weak relative right n-Calabi—Yau
structure.

The Fukaya—Seidel category is defined in [20] as a partially wrapped Fukaya cate-
gory with a stop in the fiber over co. Part (i) of Theorem 6.1 should readily generalize
to the partially wrapped Fukaya categories arising from Lefschetz fibrations over an arbi-
trary marked surface. Up to technicalities, this follows from the cosheaf properties of
such a partially wrapped Fukaya category shown in [20]. The statement about the relative
left Calabi—Yau property of part (ii) of Theorem 6.1 may be generalized to this setting,
given an understanding of the action of the monodromy of the Lefschetz fibration on the
non-degenerate Hochschild class of the wrapped Fukaya category of the fiber.

Periodic topological Fukaya categories. The author’s initial motivating example for
treating relative Calabi—Yau structures over an arbitrary base was the construction of rela-
tive right 2-Calabi—Yau structures on 1-periodic topological Fukaya categories of marked
surfaces. These can be considered as Z/1Z-graded versions of the partially wrapped
Fukaya categories. Their construction is the topic of Section 6.2. Relative right 2-Calabi—
Yau structure induces 2-Calabi—Yau Frobenius exact co-structures (see [8]), which in turn
induce 2-Calabi—Yau Frobenius extriangulated structures on the homotopy 1-categories.
In the case of 1-periodic topological Fukaya categories, this exact/extriangulated structure
allows for the additive categorification of cluster algebras with coefficients associated with
surfaces (see [8]).

As k-linear oo-categories, with k a field, these periodic categories are smooth but not
proper, since the Ext-groups are non-zero in infinitely many degrees. This changes when
we work with respect to a different base. For n an integer, the derived category of n-
periodic chain complexes is equivalent to the derived co-category of the dg algebra k [tjE ]
of graded Laurent polynomials, with generator ¢, in degree n. If n is even, then k[trf]
is graded commutative and thus gives rise to an E-ring spectrum. If # is odd, we can
consider k[tF] as a k[tzin]-linear algebra object. Over the base k[t;F], or k[tzin] if n is odd,
the derived co-category D (k[tF]) is both smooth and proper and admits left and right
n-Calabi—Yau structures.

Considering the n-periodic topological Fukaya category over the base k[¢:], or k [tzj;
if n is odd, Theorem 3 yields the desired relative (n 4+ 1)-Calabi—Yau structure on it.

Relative Ginzburg algebras over any base ring spectrum. The derived co-categories
of relative Ginzburg algebras of n-angulated surfaces arise as the global sections of
parametrized perverse schobers (see [5, 6]). In Section 6.3, we construct relative left n-
Calabi—Yau structures on these derived oo-categories. In the case n = 3, this result is a
special case of results [45,46] on relative left 3-Calabi—Yau structures on relative Ginzburg
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algebras of ice quivers with potentials or equivalently relative Calabi—Yau completions.
In the case n = 3, these oco-categories can further be expected to describe the derived
oo-categories of the partially wrapped Fukaya categories of the 3-folds studied in [41].

The relevant perverse schobers are locally near each vertex described by the spher-
ical adjunction f*: D(k) <> Fun(S""!, D(k)) : fx, where f:S""1 — x is the map
from the singular simplicial set of the (n — 1)-sphere to the point. The functor f is
left n-Calabi—Yau. Furthermore, the functor f *, obtained by restricting f™* to a functor
D(k) — Ind Fun(S"~1, DP(k)), is right n-Calabi—Yau.

We can replace D (k) by RModg, with R an [E-ring spectrum, to obtain an R-linear
version of this adjunction. We expect that both the Calabi—Yau structures of f, and f * can
be lifted to the R-linear setting, but we only prove that we have a weak right Calabi—Yau
structure on f*. Its existence is proven using the criterion for the existence of weak right
Calabi—Yau structures on spherical functors of Proposition 5.9. Via gluing, the Calabi—
Yau structure on f* yields weak relative right n-Calabi—Yau structures on the locally
compact global sections of R-linear perverse schobers that generalize (Ind-finite) derived
categories of relative Ginzburg algebras.

Besides the Calabi—Yau structures for this class of examples, many other classes of
examples of R-linear relative Calabi—Yau structures also remain to be worked out.

1.4. Notation

We generally follow the notation and conventions of [31, 34]. In particular, we use the
homological grading convention. Given an oco-category € and two objects X,Y € €,
we denote by Mape (X, Y') the mapping space. We denote the Ind-completion of € by
Ind(€) = Ind,, (€) and the subcategory of (w-)compact objects of € by €°. Given a func-
tor F: € — D, we denote its left and right adjoints, if existent, by ladj(F’) and radj(F),
respectively.

2. Linear oo-categories and Hochschild homology

In this section, we review background material on R-linear co-categories, with R an E -
ring spectrum, different notions of duals of bimodules, smooth and proper R-linear co-
categories and R-linear traces and Hochschild homology. Much of this material appears
in a similar form in [2, 3, 23, 34, 35], though partly with less general proofs. The reader
will find that most things work in the R-linear setting very similarly to those in the setting
of dg categories.

2.1. Linear oo-categories

Let Catyo be the co-category of co-categories and § the co-category of spaces. We denote
by PrL C Caty, the subcategory of presentable oo-categories and left adjoint functors and
by £rR C Caty, the subcategory of presentable co-categories and right adjoint functors.
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The oo-category #rL admits a symmetric monoidal structure such that a commutative
algebra object in £ amounts to a symmetric monoidal presentable co-category €, sat-
isfying that its tensor product - ® -: € x € — € preserves colimits in both entries (see [34,
§ 4.8]). An example of a commutative algebra object in P77 is the co-category RModg
of right module spectra over an [ -ring spectrum R. Note that if R = k is a commutative
ring, then RMody, is equivalent as a symmetric monoidal co-category to the (unbounded)
derived oco-category D (k) (see [34, Thm. 7.1.2.13]).

Definition 2.1. Let R be an E-ring spectrum. The co-category

LinCatg := MOdRModR (JPrL)

L

of modules in #r* over RModp, is called the co-category of R-linear co-categories.

As noted in [35, § D.1.5], R-linear co-categories in the above sense are automatically
stable. Given € € LinCatg, we denote the result of the action of an element C € RModg
onX e€byC®X et

Definition 2.2 ([34, Def. 4.2.1.28]). Let R be an Ey-ring spectrum. Let € be an R-
linear oo-category, and let X, Y € €. A morphism object is an R-module More (X, Y) €
RModg equipped with a map a: More(X,Y) ® X — Y in € such that for every object
C € RModg, the following composite morphism is an equivalence of spaces:

Mapgytoa, (C, More (X, Y)) — Mape (C ® X, More(X,Y) ® X) > Mape(C ® X, Y).
We thus have 7; More (X, Y) >~ w9 Mape (X[i], Y) foralli € Z.

Remark 2.3. Morphism objects always exist, and the formation of morphism objects
forms a functor
More(-,-): €® x € — RModg

which preserves limits in both entries (see [34, Rem. 4.2.1.31]).

The oo-category LinCatg inherits a symmetric monoidal structure, as the module
category over a commutative algebra object. We will often make use of this monoidal
product and denote it by ®. The tensor product of €, D € LinCatg arises as the geo-
metric realization of the two-sided bar construction Bar(€, D)4: AP — PrL which is
given informally by the formula Bar(€, D), = € Q4L RMod?’? ) #rL D, where
® p,L denotes the symmetric monoidal product of £r%. The symmetric monoidal co-
category LinCatpg is closed. As observed in [23, § 4.1], using that PrL is closed, the
internal Hom in LinCatg, denoted Ling (€, ), can be obtained as the limit of a cosim-
plicial object obtained from replacing the tensor products in the two-sided bar resolution
by the right adjoint internal Homs in #rL. We record the following functoriality of the
internal Hom of LinCatg.
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Lemma 2.4. There is a functor
Ling(-,-): LinCaty x LinCatg —> LinCatg
satisfying
Ling(B,Ling (€, D)) >~ Ling(B ® €, D), 2.1

functorial in B,€ € LinCat(I)%) and D € LinCatg. We call Ling(€, D) the R-linear
oo-category of R-linear functors from € to D.

Proof. To construct the functor Ling (-, -), we follow [34, Rem. 4.2.1.31]. Consider the
functor
Mapy i, (- ® -, -): LinCaty x LinCaty x LinCatg — §.

Moving the second copy of LinCat%J to the other side, we obtain a functor
LinCat} x LinCatg — Fun(LinCaty, §),

whose image lies in the full subcategory of representable presheaves, since LinCatg is
a closed monoidal co-category. Composing with the inverse of the Yoneda embedding
LinCatg — Fun(LinCat(I)f, §) yields the functor Ling (-, -). By construction, we have

Mapy ycap (B ® €, D) = Mapyj,cy, (B, Ling (€, D)),
functorial in B, €, . It follows that

Mapy ;g (b, Ling (B, Ling (€, D))) = Map ey, (A @ B ® €, D)
> Mapy jca, (A, LinCatr (8 ® €, D)),

functorial in /4, 8, € € LinCaty and O € LinCatg. Composing again with the inverse of
the Yoneda embedding shows (2.1), concluding the proof. ]

Lemma 2.5. Let €, D € LinCatg.

(1) The forgetful functor Ling (€, D) — Fun(€, D) is exact and reflects finite limits
and colimits.

(2) The subcategory of Ling (€, D) of functors admitting an R-linear right adjoint
(i.e., of dualizable functors) is closed under finite limits and colimits.

Proof. The forgetful functor Ling (€, D) — Fun(€, D) factors through the internal Hom
Fun’ (€, D) in £rL, and the functor Ling (€, D) — Funl (€, D) is exact and reflects
finite limits and colimits. Since Fun® (€, D) and Fun(€, D) are stable co-categories, it
thus suffices for part (1) to show that the full inclusion Fun’ (€, D) C Fun(€, D) pre-
serves finite colimits and loops. Colimits of colimit-preserving functors again preserve
colimits since colimits commute with colimits.

For part (2), it suffices to note that finite limit or colimit diagrams in Ling (€, D)
turn into finite limit or colimit diagrams upon passing to right adjoints. By part (1), the
property of the right adjoints to preserve colimits is preserved under such finite limits and
colimits. ]
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2.2. Dualizable co-categories

We fix an E-ring spectrum R. Recall that an R-linear oo-category € € LinCatg is called
dualizable if it admits a duality datum consisting of evaluation and coevaluation functors

eve: €Y ® € — RModg

and
coeve:RModg — € ® €V,

satisfying the triangle identities.
Recall further that an co-category € is called compactly generated if € ~ Ind(€°) is
equivalent to the Ind-completion of its subcategory of compact objects.

Definition 2.6. We denote by LinCat‘jii1al C LinCatp the subcategory consisting of dual-
izable R-linear oco-categories and dualizable functors, meaning R-linear functors whose
right adjoint preserves colimits and is thus again R-linear.

We denote by LinCaty *" C LinCatg the subcategory consisting of compactly

generated oo-categories and compact object-preserving functors.

An R-linear oo-category € € LinCatg is dualizable if and only if it is compactly
assembled (see [35, Thm. D.7.0.7]), which is equivalent to € being a retract of a com-
pactly generated, presentable and stable co-category in the co-category ?%SLt c Prlof
stable, presentable co-categories (see [35, Prop. D.7.3.1]).

In particular, any compactly generated R-linear co-category € is dualizable. In this
case, the dual is given by the Ind-completion €Y := Ind(€°P), where €° denotes the sub-
category of compact object and € its opposite category. If € is compactly generated,
the evaluation functor eve restricts along

COPXxECEYXxE —>C'RTC

to the restriction of the morphism object functor More(-, -) (see [35, Prop. D.7.2.3,
Rem. D.7.7.6]). Under the assumption that € is compactly generated, an R-linear functor
is dualizable if and only if it preserves compact objects (see [31, Prop. 5.5.7.2]). We thus
have a fully faithful inclusion LinCat =" C LinCat%®'. We remark that this inclusion

preserves both limits and colimits, as follows from the results of [17].

Remark 2.7. The oco-category LinCat%‘all admits (small) colimits, and these are pre-
served by the forgetful functor LinCat%* — LinCatg. This follows from combining [17,
Prop. 1.65] and [34, Cor. 3.4.4.6].

The oco-category LinCat%'al also admits (small) limits, described in [17]. In the setting
of compactly generated co-categories, limits can be very concretely described: on the level
of the underlying co-categories, the limit of a diagram D: Z — LinCat®P*%*" is computed

by first restricting the values D(z) to compact objects, for all z € Z, computing the limit
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of the resulting diagram in Caty,, and then passing to the Ind-completion. This essen-
tially follows from the fact that limits in the subcategory & rsﬁ’cm_gen C Prk of compactly
generated, stable oo-categories and compact object-preserving functors are computed this
way, since J)rSLt’CPt'gen ~ Stidem j5 equivalent to the co-category of idempotent complete

stable co-categories.

Definition 2.8. Given a dualizable R-linear functor F:€ — D between dualizable R-
linear oo-categories with right adjoint G, we define the functor FY: €Y — DV as the
composite

idev ®coev
_

idev ®GQidpv evev ®idpv
—_ _—

€Y VRDRDY VYRR DY DV.

Note that if €, D are compactly generated, then
FY ~ Ind(f°P)
is obtained by taking the opposite functor of the restriction f:€¢ — D€ of F to compact
objects and then applying Ind-completion.
Definition 2.9. Given a dualizable R-linear co-category €, we denote by

eveo(idev ®(-))
Y:€ ~ Ling(RModg, €) —— " Ling(€¢", RModg)

the R-linear Yoneda embedding. Its inverse is given by

-)®ide)o
Ling(€Y, RModg) ~224E0NE 4 4 e (RModg, €) ~ €.

Lemma 2.10. Let F: € — D be a dualizable R-linear functor between dualizable
R-linear oo-categories with right adjoint G. Then the following diagram commutes.

eV Lt s DV

:l (-)oG l:

Ling (€, RModg) ~= Ling(D,RModg)

The functor (-) o G is left adjoint to (-) o F, and the functor F" is hence dualizable.

Proof. This readily follows from inspecting the definitions and using the triangle identities
for the evaluation and coevaluation functors. ]

Lemma 2.11. Let € be a dualizable R-linear co-category. There exists an equivalence of
R-linear functors RMod} ® €Y ® € — RModg:

eve(C ® Y, Z) =~ evrmodg (C,eve (Y, Z)). 2.2)

Proof. We note that RMod} ~ RModg and thus €Y ® € ~ RMod} ® €Y ® €.
Composing with this equivalence, both functors in (2.2) yield eve(-, -), showing their
equivalence. ]
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2.3. Duals of bimodules

We again fix a base E-ring spectrum R. Suppose we are given two R-linear ring spec-
tra A, A’. The oo-category of A-A’-bimodules 4BMod4 (RModpg) is equivalent to the
oo-category Ling(RMody, RModys) of R-linear functors between the respective right
module oco-categories (see [34, Thms. 4.3.2.7 and 4.8.4.1]). In terms of functors, left
and right duals of bimodules, if they exist, correspond to left and right adjoints of the
corresponding functors. In the following, we will work with functors instead of bimodules.

Let € be a dualizable R-linear co-category. We are especially interested in the adjoints
of functors € ® €Y — RModg or RModg — € ® €Y. This corresponds as a special case
to studying modules over the enveloping algebra A° = A ® g A™" of some R-linear ring
spectrum A. We have the following equivalences.

Lemma 2.12. The following statements hold:
(1) The R-linear functor O, defined as the composite

ide @ (- -)o ve ®id
Ling(€¥ ® €, RModg) 2%, Ling(e @ €Y @ €, ) 22Ce®le) 1 e (e, e),

is an equivalence with inverse @gl given by

idev ®(- eveo(-
Ling(€,€) ~29, Ling(e” @ €,¢¥ @) 2% Ling(€¥ @ €, RModg).

(2) The R-linear functor Ee, defined as the composite

Ling (RModg, € ® €¥) 22, Ling(e.€ @ € @) 2270, 1ine(e. e),

. . . . ~—1 .
is an equivalence with inverse E.5° given by

(-)®idev (-)ocoeve
—_

Ling(€,€) ——— Ling(€ ® €YV, e ® ‘€V) Ling(RModg, € ® f)v).

Proof. We begin by proving part (1). The equivalence of co-categories

. Ling(€,Y) _ . . .

Ling (€, €) ———— Ling (€, Ling(€¥,RModg)) ~ Ling(€¥ ® €, RModg),
with ¥ the R-linear Yoneda embedding, maps an endofunctor X: € — € to the functor
eve o (idev ® X). This shows that @gl is essentially surjective. The triangle identity for
eve and coeve implies that O o @gl 2 idping (e e)- It follows that @gl is faithful, and in
fact a split inclusion on Hom spaces. Using that all objects ¥ € Ling (€Y ® €, RModg)
are of the form ¥ ~ eve o (idev ® X), we find @gl 0 ®¢(Y) >~ Y. Using that ®¢ and
@gl are exact, it follows that @gl is also full, showing that @gl is an equivalence. Since
Q¢ 0 ®.El >~ idping(e,€) the inverse of @gl is given by Q.

For part (2), a similar argument as above applies, using that the equivalence of
oo-categories

Ling (€, €) ~ Ling(RModg, Ling (€, €)) ~ Ling (RModg, € ® €")

maps a functor X: € — € to (X ® idev) o coeve. |
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Notation 2.13. We denote by t the R-linear equivalence € ® €Y ~ €V ® € which
permutes the factors.

‘We can use the equivalences ®¢ and E¢ to define the dual of an R-linear endofunctor
€ — €, considered as a functor €Y ® € — RModg or RModg — € ® €V.

Definition 2.14. Let X € Ling (€, €) be an R-linear endofunctor.

(1) We call X left dualizable if @gl (X) admits an R-linear left adjoint. In this case,

we call
|

X .
the left dual of X.

(2) We call X right dualizable if @g,l(X ) admits an R-linear right adjoint. In this
case, we call

X* = Be(r oradj(®g' (X))) € Ling(€,€)

= Be(r 0ladj(®g'(X))) € Ling(€,€)

the right dual of X.
Proposition 2.15. Let X € Ling(€,€).
(1) X is left dualizable if and only if Egl (X) admits a right adjoint, and in this case,
X' ~ Oe(r oradj(Eg! (X))).
(2) X is right dualizable if and only if Egl (X) admits a left adjoint, and in this case,
X* >~ O¢(r o ladj(EE' (X))).
Proof. The lemma follows from Lemma 2.16 and the observation that for any dualizable
R-linear functor F: A — B, we have
Ling(radj(F),RModg) - Ling (F, RModg). |
Lemma 2.16. Let X € Ling(€, €). There are commutative diagrams

ESN(X)
RModg € y EEY

d /|

LiIlR(RMOdR, RMOdR) IW LinR(‘CV ® \6, RMOdR)

and
oLl (X)
eVR®e < > RModg

)| s

Li vV, RM — > Li RM ,RM
ing(€®¢€ odr) o (@2 (0 Rvoa) ing (RModg odRr)

with Y the R-linear Yoneda embedding (see Definition 2.9).
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Proof. The evaluation functor
evegev:CV QERCREY ~ (ERTEY) ® € ®EY — RModg

is, after reordering the factors of the tensor product, given by the tensor product of the
evaluation functors of € and €V. Note that these two evaluation functors are themselves
equivalent up to composition with t: € ® €Y ~ €V ® €. The Yoneda embedding

Y
Ling(RModg, € ® €Y) ~ € ® €Y — Ling(€" ® €,RModg)
is thus given by the functor
(eve ® eve) o (idev ® (-) ® ide). 2.3)

Using this, the commutativity directly follows from the triangle identities for the evalu-
ation and coevaluation functors when inserting the descriptions of @gl (X), Egl (X) in
Lemma 2.12. ]

Remark 2.17. We denote by Lin'l‘g (€,©) C Ling (€, €) the stable subcategories of left
dualizable functors. We similarly denote by Linrlg(‘(?, €) C Ling(€, €) the stable sub-
category of right dualizable functors. Since passing to adjoints is functorial (see [31,
Prop. 5.2.6.2]), there are exact functors

(-)':Lini$(€,€) — Ling(€,€)
and
(-)*:Lin3(€,€) — Ling (€, €)*.

More concretely, we find that Linlfgl (€,€) = Ling (€, €)° is given by the subcategory of
compact objects. This follows from the observation that a compact object in

Y
€ ® €Y = Ling(€¥ ® €, RModg) ~ Ling(€, €)

gives via the Yoneda embedding rise to an exact functor €¥ ® € — RModg which also
preserves filtered limits, and hence all limits, and thus admits a left adjoint by the adjoint
functor theorem. If € is compactly generated, then an endofunctor is right dualizable if
and only if its image under ®gl in Ling (€Y ® €,RModpg) preserves compact objects,
since in this case the right adjoint preserves colimits and is thus R-linear.

Lemma 2.18. Let F: € — D be a morphism in LinCat‘;zual with R-linear right adjoint G.

(1) There exists a commutative diagram.

[

Ling(RModg, € ® €Y) —<— Ling(€,€)
(F®FV)o<-)l lFo(-)oG
Ling(RModg, D ® DY) —23 Ling(D. D)
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In particular, it follows that the R-linear functor
Fy:= Fo(-) o G:Ling(€,€) — Ling (D, D)

preserves compact objects, meaning left dualizable functors.

(2) There exists a commutative diagram.

Ling(DY ® D, RModg) —2+ Ling(D, D)
(-)o(FV@F)l lao(,)oF
Ling(€Y ® €,RModg) —5— Ling(€,€)

In particular, it follows that the R-linear functor
F*:=Go(-)o F:Ling(D, D) — Ling (€, €)
preserves right dualizable functors.
Proof. We only prove part (1); part (2) is analogous. It follows from

evp © (FV ®idp) >~ eve o (idev ® G)

that
Eo(F® FV)oa) ~ (idp ®evp) o (F ® FY ®idyp) o (¢ ® idp)
~ (idp ®eve) o (F ®idpv ® G)o (¢ ®idyp)
~ FoEe(n)oG,
functorial in «: RModg — € ® €V. n

2.4. Smooth and proper linear co-categories

We fix an E-ring spectrum R and a dualizable R-linear oco-category €.

Definition 2.19. Let € be as above.

(1) The oco-category € is called smooth if ide € Ling (€, €) is left dualizable. In this
case, the left dual id{s is also called the inverse dualizing bimodule.

(2) The oo-category € is called proper if the functor ide is right dualizable.

Note that we do not require smooth or proper oco-categories to be compactly gener-
ated. However, if € is compactly generated, then € being proper is equivalent to the
assertion that for any two compact objects X, Y € €€, the R-linear morphism object
More (X, Y) € RModg is compact.

We denote (-)* = Morrmodg (-, R): (RMod% )P — RMod§.
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Definition 2.20. Suppose that € is compactly generated and proper. We call an R-linear
endofunctor U € Ling (€, €) a Serre functor of € if there exists a natural equivalence

More (-1, -2) = More (-2, U(-1))*: €% x €° — RMod} .

Lemma 2.21. Suppose that € is compactly generated and proper, and let U, U’ be two
Serre functors of €. Then U ~ U’ € Ling (€, €).

Proof. Since U and U’ are both Serre functors, there exist natural equivalences
More (-1, U(-2)) = More(-2,-1)* =~ More (-1, U'(-2)).
Applying Mapgyoq, (R, -) to this equivalence yields
Mape: (-1, U(-2)) =~ Mapec (-1, U'(-2)).

It follows that U ~ U’ on €° by (a corollary of) the Yoneda lemma (see, for instance, [11,
Cor. 5.8.14]). Passing to Ind-completions shows U ~ U’. ]

Lemma 2.22. The following statements hold:
(1) If€ is proper and compactly generated, the right dual idg is a Serre functor of €.

(2) If€ is smooth and proper, the functors idg and id!e are inverse equivalences.
Remark 2.23. Part (1) of Lemma 2.22 is stated without proof in [35, Rem. 11.1.5.2].

Proof of Lemma 2.22. We begin by proving part (1). We denote by
More(-,-): €Y x € — RModg

the functor obtained by passing to Ind-completions from the restriction of More (-, -) to
€SP x €°. Let X € €€ and consider the adjunction

() ® More (X, -): RModg <—> Ling(€, RModg) : MOILinj e RModz) (More (X, )., -).

Using that More (X,-) ~ Morev (-, X) and the fully faithfulness of the R-linear Yoneda
embedding of €V, we find that the right adjoint is given by evaluation at X, that is,

MOfLinR(f,RModR)(m‘e (X,-),-) = evy.
Using the identification
Ling (€,RModg) ® Ling (fv, RModg) >~ Ling (€ ® €Y, RModpg),

we define the functor

evx ®id iy p eV RModg)

evy:Ling (€ ® €V, RModg) Ling(€Y,RModg)
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with left adjoint

)®More (X,)®id _ .
ladj(evy): Ling (€",RModRg) {OeNore XN®id Ling (€ ® €Y, RModg).

Informally, the left adjoint ladj(evy ) is given by
(¢' > F(c¢") = ((¢c ® ¢') > More(X,¢) ® F(c)).

The right adjoint of the evaluation functor eve: €Y ® € — RModg is equivalent to
(idev ® idfé) o coevev. Using the description of the Yoneda embedding in (2.3), it follows
that the right adjoint of the functor

&: Ling (€ ® €Y, RModg) ~ €Y ® € —5 RModg

is equivalent to (-) ® evev o (idg ® idev).
In total, we obtain that the right adjoint of

ladi(evl) 5
Ling (€Y, RModg) —— Ling(€ ® €V, RModg) ~> RModg

is given by (-) ® More (-, id¢ (X)). Using the above adjunctions, the fully faithfulness of
the R-linear Yoneda embedding and Lemma 2.11, we find the following equivalences in
RModg, functorial in (X, Y) € €° x €%°P:

More (X, Y)" =Morrmodr More (X, Y), R)
~ MorRyodg (6V © ladj(evy) (More (-, Y)), R)
2 MOTLin(eV,RModg) (More(-, Y), More (-, idg(X)))
~ More (Y, idg (X)).

This shows that idg is indeed a Serre functor.
We proceed with proving part (2). We have

ide >~ (ide ® eve) o (coeve Q ide) 2.4)
and passing to the right adjoint yields
ide ~ (radj(coeve) ® ide) o (ide ® radj(eve)).

We have
radj(eve) =~ (idev ® idg) o coevev,

and by Proposition 2.15, we further obtain
radj(coeve) >~ evev o (id% ® idev).

Combining the above equivalences yields idg o id% =~ ide. The identity idfe oide =~ ide
arises from a similar argument by passing to the left adjoint of (2.4). ]
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Definition 2.24. Given a compactly generated R-linear oo-category €, we denote by
€fin C € the full subcategory of objects Y, satisfying that More (X, Y) € RModg is
compact for all X € €. We also refer to the objects of €" as finite.

The following lemma provides the analogue of part (1) of Lemma 2.22 for smooth,
but not necessarily proper, R-linear co-categories.

Lemma 2.25. Let € be a compactly generated and smooth R-linear co-category. Then
More (X, Y)* =~ More (id (Y), X),

functorial in X € € and Y e (€in)op,
In particular, this shows that if idif is an equivalence, then €™ C €°.

Proof. The exact inclusion € C € gives rise to an R-linear functor Ind €" — €. The
R-linear functor

evin €Y @ Ind €™ — €Y ® € =5 RModg

preserves compact objects by the definition of € and thus admits an R-linear right
adjoint radj (ev%“). We define the R-linear functor U: € — Ind €1 as the composite

ide ®radj (evﬁé‘) eve ®idy 4 efin
_—

€ Q€Y ®Inden Ind €fin,

The functor U admits a left adjoint, given by the composite

fin

ide Qeve

eeYehder — = ¢,

ladj(eve) ®id; g et
%

Ind €

which describes the composite of id, with the R-linear functor Ind € — €.
The proof of part (1) of Lemma 2.22 adapts with minimal changes to this setting and
shows that
More (X, Y)* ~ More(Y, U(X)), (2.5)

functorial in Y € €™ and X € €°. By the above adjunction, we have
More (Y, U(X)) ~ More (idi (Y), X),

which combined with (2.5) yields the desired equivalence. ]

2.5. Traces

We fix an E-ring spectrum R.

Definition 2.26. Let € be a dualizable R-linear co-category. Let E£: € — € be an R-linear
endomorphism. The trace Tr(E) of E is defined as the R-linear endomorphism

coev EQ®idev v
RModg =S egeY —LegeY S e ot 25 RModg.
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In the following, we recall the construction of Hoyois—Scherotzke—Sibilla [23] of the
S1-equivariant (0o, 1)-categorical trace functor. This functor will also give rise to the
Hochschild homology functor.

As a model for (0o, 2)-categories, we use Barwick’s complete 2-fold Segal spaces.
We let C be a symmetric monoidal (oo, 2)-category. We will primarily be interested in
the case where C = LinCatp is the (oo, 2)-category of R-linear stable and presentable
oo-categories (see [23, § 4.4]), where the notation Prt (RModp) is used. We have an asso-
ciated complete (1-fold) Segal space (which models an (oo, 1)-category) of symmetric
monoidal oplax transfors [25]

End(C) = Fun®“*(Fr'¢(BN), C),
where Fr'¢(BN) denotes the free rigid' (oo, 2)-category generated by BN (see also [23,
Def. 2.2]). The objects and morphisms in End(C) can be concretely described as follows:
e Objects are given by pairs (€, E) with € € C dualizable and E: € — € an
endomorphism in C.
* A morphism (F,®): (€, E) — (D, E’) corresponds to a right dualizable morphism
F:€ — D in C together with an oplax-commutative square

e—f.e

|

D —> D
E/

meaning a 2-morphism «: FE = E'F in C.
We also consider the complete Segal space 2C of endomorphisms of the monoidal unit

of C. The trace is defined by [23, Defs. 2.9 and 2.11] as a symmetric monoidal functor
between complete Segal spaces

Tr: End(C) — QC,

which is natural in C. Given a morphism (F, «): (€, E) — (D, E’) in End(LinCatg),
the morphism
Tr(F,): Tr(E) — Tr(E")

in Mapy ¢y, (RModg, RModg) can be identified with the composition of the following
natural transformations.

E ®idwev
RModz <6 e @Y 22 egey — T 4 ev gt —C5 RModg

/F@FV @ ®id F®FV/FV®F/ l

RModR s :D®:DVE®—d> DDV —— DY ®D —» RModg

!By rigid, we mean that all objects are dualizable.
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Using the triangle identities, the natural transformation v above is defined as the composite
of

(F ® FY) ocoeve
~ (F ®idgv) o (ide ® evev ® idpv) o (ide ® idev ® G Q@ idgpv)
o (ide ® idev ® coevyp) o coeve
~ (FG ®idgv) o coevyp

and
. (cu ®id gV )ocoev
(FG ® idgv) o coevyg —————— coevy,
where G denotes the right adjoint of F and cu the counit. The natural transformation ¢ is
defined similarly. Further, Tr(F, ) is also equivalent to the composite

Tr(E u)

Tr(idp,0 G
T(E) 2E 1v(EGF) & Tre(FEG) 10249,

Tr(E’ cu)
— 5

Tr(E'FG) Tr(E'), (2.6)

where u denotes the unit and S is the apparent morphism (see [3, Lem. 4.1]).

Finally, we turn to the S 1-functoriality of the trace functor. For this, consider the
complete Segal space Aut(C) = Funglax (Fr¢(BZ), C), which comes with a symmetric
monoidal inclusion Aut(C) C End(C). The objects of Aut(C) are given as pairs (€, E)
with € € C dualizable and E: '€ — € an equivalence. The self-action of the circle group
S! = BZ induces an action on Aut(C), which in turn induces an action on the space
Map(Aut(C), 2(C)) of functors, natural in C. The trace can be exhibited as a homotopy
fixed point of the S'-action on Map(Aut(C), Q(C)) (see [23, Thm. 2.14]). This S'-
invariance datum results in an S !-action on the trace of any pair (€,ide) € End(C) as well
as an S !-equivariant map Tr(F,idf) for any morphism (F,idr): (€,ide) — (D.idp) in
End(C).

Remark 2.27. The datum of the S!-invariance of the trace functor is natural in the
symmetric monoidal (oo, 2)-category C. Thus, given a symmetric monoidal functor
F:C — D and a dualizable object € € C, we have an S!-equivariant equivalence
F(Tr(€,ide)) = Tr(F(€),idFce)).

We can specialize this to the symmetric monoidal functor * — C from the terminal
symmetric monoidal (oo, 2)-category, mapping the unique object of * to the unit object 1¢
of C. Since the S!-action on the trace Tr(*, id4) is necessarily trivial, this shows that the
S-action on Tr(1¢,id; ¢) is also trivial. In particular, this holds for C = LinCatr with
1c = RModpg and Tr(RModRg, idrmodg) =~ R.

2.6. Hochschild homology

We fix an E-ring spectrum R. Given a dualizable R-linear co-category €, its R-linear
Hochschild homology is defined as the value of the trace at R:

HH(€) := eve o 7 o coeve(R) = Tr(ide)(R) € RModg.
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Note that Tr(ide) is an R-linear functor and thus fully determined by its value HH(C).
When R is the sphere spectrum, HH(€) is also called topological Hochschild homol-
ogy. When R = k is a commutative ring, HH(€) describes the usual k-linear Hochschild
homology.

The dual Hochschild homology is defined as

HH(€)* := Morgyoedg (HH(E), R).

The fixed points (limit over BS') of the S!-action on HH(€) are denoted by
HH(€)S ' We will refer to HH(€)S " as the negative cyclic homology of €, as HH(€)® '
recovers the usual negative cyclic homology when R = k is a commutative ring. The
orbits (colimit over BS!) of the S!-action on HH(€) are denoted HH(€)g1, and we
similarly call HH(€)g:1 the cyclic homology. The dual cyclic homology is given by
HH(€), = Morrmodg (HH(€) g1, R). There are natural maps HH(€)S R HH(€) and
HH(€)G, — HH(®)™.

Notation 2.28. Let F': € — D be a morphism in LinCat%ml. We denote by

(1) HH(F): HH(€) — HH(D) the evaluation at R of Tr(F,idf). We further define
HH(D, €) = cof HH(F).

(2) HH(F)S':HH(€)S' — HH(D)S' the induced map. In the same way, we define
HH(D,©)S" = cof(HH(F)S").
Let F: D — € be a morphism in LinCat‘};al. We denote by

(3) HH(F)*: HH(€)* — HH(D)* the dual map obtained by precomposition with
HH(F). We further define HH(D, €)* = cof HH(F)*.

(4) HH(F)§,: HH(C), — HH(D)%, the induced map. In the same way, we define
HH(J),‘€)§1 = cof(HH(F)’gl).
The notation in (1) and (2) will usually be used when discussing left Calabi—Yau struc-
tures on F, whereas the notation in (3) and (4) will usually be used when discussing
right Calabi—Yau structures on F. This is why we swap the roles of € (the ‘Calabi—Yau
boundary’) and D (the relative Calabi—Yau category) as domain and target.

Lemma 2.29. Let € be a dualizable R-linear oo-category, and let E: € — € be R-linear.
(1) If € is smooth, then Tr(E)(R) is canonically equivalent to

MOI‘LmR(g’f) (id% ,E).
In particular, we have HH(€) ~ Mory, R(‘C"@)(id}e, ide).
(2) If € is proper, then

Tr(E)(R)™ := Morrmodg (Tr(E)(R), R)
is canonically equivalent to

Morpingce,e) (E, idg).
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In particular, we have HH(€)* >~ Mory i, e e) (ide. idg).

Proof. Suppose that € is smooth. Then we have an adjunction

ladj(eve) o (-): Ling(RModg, €¥ ® €) <— Ling(RModg, RModg) : eve o (-),
whose unit is given by precomposition with the unit of ladj(eve) — eve. It follows that
Morging e e) (id%, E) >~ Moryin, (RModg,e0ev) (T 0 ladj(eve), (E ® idev) o coeve)

2 MOTYLin g (RModg,RModg) (idRModg » €Vie © T 0 (E ® idev) o coeve)
~ Tr(E)(R).

If € is proper, a similar argument applies. |

Remark 2.30. Suppose the dualizable R-linear co-category € is smooth. If we make two
different choices of left duals/adjoints

ide = Ee(ladj(eve)), (idp) = Ee(ladj(eve))

and two choices of units, there is a contractible space of equivalences «: (id{f)/ ~ id!t,
compatible with the unit (see [11, Prop. 6.1.9]). Any such equivalence o assembles with
the equivalences from Lemma 2.29 into a commutative diagram as follows.

Moryin e, €) (@, E) .
X > Morpingce.e)((idp)’, E)

Moty ing (e e) (ide, E)

Tr(E)(R)

Stated differently, this means that the equivalence in part (1) of Lemma 2.29 is independent
of the choice of left dual. A similar statement holds for the equivalence in part (2).

Construction 2.31. Let €, D be dualizable R-linear co-categories.

Case 1. Suppose that €, O are smooth.
Let F: € — D be a morphism in LinCat‘}é"Jll and G the R-linear right adjoint of F. We
denote by
Fi(-) = F o(-) o G:Ling(€,€) — Ling(D, D)

the functor from Lemma 2.18 and by cu: Fi(ide) — idp the counit transformation of
F 4 G. We define the unit u: idio — F (id%) as the image under E o of the natural
transformation

ladj(evp) — ladj(evyp) o eve o ladj(eve)
— ladj(evp) ocevp o (FY ® F) oladj(eve)
— (FY ® F) o ladj(eve)
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composed with the equivalence
Ep((FY ® F)oladj(eve)) ~ Fi(idp)

from Lemma 2.18. The transformation U is indeed a unit if F admits a left adjoint (see
Lemma 2.34).

Case 2. Suppose that €, D are proper.
Let F: D — € be a morphism in LinCaty* and G the R-linear right adjoint of F.
Consider the functor

F*(-) = G o (-) o F:Ling(€,€) — Ling(D, D)

from Lemma 2.18 and denote by u:idgp — F*(ide) the unit of F 4 G. Let EV denote
the right adjoint of FV. Applying Egi to the counit F¥EY — ide defines a natural
transformation

(FY ® F) ocoevgv —> coevev .

We use this to define the counit cu: F*(idg) — id%, as the image under © o of the natural
transformation
ladj(coevev) o (FY ® F) — ladj(coevev) o (FY ® F) o coevgv oladj(coevpv)
— ladj(coevev) o coevev o ladj(coevpv)
— ladj(coevypv)

composed with the identification ® g (ladj(coevev) o (FY ® F)) >~ F*(idg) as stated in
Lemma 2.18.

The following proposition describes the Hochschild homology functor in terms of the
corresponding morphisms between bimodules.

Proposition 2.32 ([3, Prop. 4.4]). Let F:'€ — D be a map in LinCaty® with € smooth.
Consider a morphism &: R[i] — Tr(ide), corresponding via Lemma 2.29 to a natural
transformation o: id% [[] — ide.

(1) The morphism

R[i] = Tr(ide) 2%, Tridg) 2.7)

is equivalent to the composite
R[i] —> Tr(idy)[i] e e UL Tr(idy GF)[i] — Tr(FidyG)[i]
Tr(idgp,FaG) T'(FG) Tr(id o ,cu) Tr(idp).
(2) Suppose that D is smooth. Then the morphism (2.7) can be identified with

cuoFi(@) o T € ExXt} . (p.p)(idp.idp).
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Proof. The proof of part (1) can be found in [3, Prop. 4.4]; we also spell out its dual ver-
sion in the proof of Proposition 2.33. Part (2) is stated in loc. cit.; we spell out the proof
for the convenience of the reader. Using part (1), it suffices to show that the composite

Tr(ide ,idl u)[i]
_

R[i] —> Tr(idy)[i] Tr(idy GF)[i] — Tr(FidyG)[i]

maps 1 € R[i] to U after evaluating the trace at R and using the identification of
Lemma 2.29.
The image under Egl of the unit u: idiD — F (id!@) corresponds via the adjunction

ladj(evp) o (-): Ling(RModg, RModg) <— Ling (RModg, DY ® D) : evyp o (-)
to the morphism

idrmodr — eV o ladj(evp) o eve o ladj(eve)
— evgp oladj(evp) oevp o (FY ® F) oladj(eve)
—evp o (FY ® F)oladj(eve),

which is by the triangle identity the same as
idrModg —> €ve o ladj(eve) — evgp o (FY ® F) o ladj(eve).
The map coming from the trace is given by

idrmodr — Ve © ladj(eve)
— eve o (idev ® GF) o ladj(eve)
—evp o (FY ® FGF) o ladj(eve)
—evp o (FY ® F)oladj(eve).

Applying the triangle identity of the adjunction F' - G, we find that this agrees with the
above. ]

Given (€, E) € End(LinCatg), we denote by Tr(€, E)* the composite of Tr(€, E)
and Morrmodg (-, R): RModg — RModg. The analogue of Proposition 2.32 for the dual
Hochschild homology is as follows.

Proposition 2.33. Let F: D — € be a map in LinCat“}é’al with D proper. Consider a mor-

phism &: R[i] — Tr(ide)*, corresponding via Lemma 2.29 to a natural transformation
a:ide — idg[—i].
(1) The morphism

Tr(F,idp)*
—

R[i] = Tr(ide)* Tr(idgp)* 2.8)
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is equivalent to the composite

Rli] —> Tr(idl)*[i] e e W o ia F G [i] — Tr(G ids F)*[i]

0. 0eF), mr(ory T2 pyiag) .
(2) Suppose that € is proper. Then the morphism (2.8) can be identified with
o F*(a) ou € Bt} (p o) (ido. id}).
Proof. The proof of part (1) is dual to the proof of part (1) of Proposition 2.32. Using

Lemma 2.29, the identity on idg gives rise to a morphism pu: R[i] — Tr(idg)[i]. The
statement now follows from the following commutative diagram.

£
. “ s L
R[i] = Tr(ide)"[i] ey Tr(ide)
Tr(ide ide Cu)*[i]l Tr(ide ,cu) l
Tr(ids FG)*[i] —e9 1v(FG)* Te(FidF)

| |

Te(G id} F)*[i] 2425400 gy U297 1y )+

Note that the commutativity of the rightmost triangle follows from dualizing equa-
tion (2.6).
Part (2) can be shown as in the proof of Proposition 2.32. ]

Lemma 2.34. Let €, D € LinCat%?.

(1) Suppose that €, D are smooth. Let F: € — D be a map in LinCaty
a left adjoint E. Then there exists a natural equivalence F) (1d€) ~ FE idi@ such
that the composite of

dual o hich admits

:idYy — Fi(id)

with this equivalence describes a unit of E 4 F composed with idi@

dual

(2) Suppose that €, D are proper. Let F': D — € be a map in LinCatRy™ which admits

a left adjoint E. Then there exists a natural equivalence F*(idg) ~ idg EF such
that the composite of

cu: F*(idg) — idg
with this equivalence describes a counit of E | F composed with idy,.

Proof. We only prove part (1); part (2) is similar. We have

eve o (EY ®ide) ~ evgp o (idpv ® F).
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The units of the adjunctions
(FY ®ide) o ladj(eve) 1 eve o (EY ® ide)

and
(idpv ® E) oladj(evp) devp o (idpv ® F)

are therefore equivalent. This gives rise to the following commutative diagram.

idRModg — > eve o ladj(eve) ——— eve o (EY FY ® ide) o ladj(eve)

l [

evp oladj(evp) — evgp o (idgpv ® FE) oladj(evyp) = evp o (FY ® F)oladj(eve)

Consequently, the naturality of the unit idgv ® idp — idpv ® FE and the counit
idpv ® ladj(evp)evp — idgv ® idg gives rise to the following commutative diagram.

ladj(evp)evp ladj(evp) —— ladj(evp)evp (idpv ® FE)ladj(evyp)

| |

ladj(evyp) > (idpv ® FE)ladj(evyp)
g j

Postcomposing the upper diagram with ladj(evyp) and combining it with the lower dia-
gram, we see that the definition of the natural transformation U: idi(D — F (id’e) in
Construction 2.31 is equivalent to the image under Z o of the natural transformation

ladj(evp) — ladj(evyp)evp ladj(evyp)
— ladj(evyp)
— (idov ® FE)ladj(evyp)
~ (FY ® F)ladj(eve).

The desired description of U now follows via the triangle identity for the adjunction
ladj(evp) devyp. L]

The following lemma shows that the natural transformations T and ¢u can also be seen
as the adjoints of the counit and unit of ¥ 4 G.

Lemma 2.35. The following statements hold:

(1) Let F:€ — D be a morphism in LinCat‘Iieual with €, D smooth. Denote the right
adjoint of F by G. The image under Egl of the unit : idi(D — Fid!t,G is left
adjoint to the counitevyg o (idpv ® FG) — evyp.

(2) Let F: D — € be a morphism in LinCat‘}lg‘all with €, D proper. Denote the right
adjoint of F by G. The image under ©g' of the counit ¢u: G idg F — idg is left
adjoint to the unitevgy — evg o (idpv ® GF).
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Proof. We only prove part (1); part (2) can be proven similarly. Denote the right
adjoint of FY by EVY. Upon passing to right adjoints, the natural transformation
Egl (U):ladj(evp) — (FY ® F) oladj(eve) induces the following natural transformation:

eve o (EY ® G) — eve o (EY ® G) oradj(evp) ocevyp
— eve oradj(eve) o evyp

— evyp.

Unraveling the definition of the above natural transformation, one sees that it is equivalent
to the composite”

eve o (EY ® G) — eve o (EY ® G) oradj(evp) oevp
—evp o (FYEY ® FG)oradj(evyp) o evgp
— evp oradj(evp) oevyp

— €V,

where the third natural transformation uses the counits of ¥ < G and FY - EV. This
natural transformation fits into the following commutative diagram:

evp o (idpv ® FG) ——=— eve o (EY ® G) ——— eve o (EY ® G) oradj(evp) oevp

l l |

evp o (idpv ® FGFG) — evp o (FVEY ® FG) — evp o (FVEY ® FG) oradj(evp) o evep

| !

i \

evp < > evp oradj(evp) oevyp

exhibiting it as the counitevg o (idpv ® FG) — evgp by further triangle identities. m

3. Relative Calabi-Yau structures

The goal of this section is to introduce R-linear relative Calabi—Yau structures and
describe essential features of their theory. We begin in Sections 3.1 and 3.2 with their def-
initions. After the short Section 3.3 on the behavior of Calabi—Yau structures under tensor
products, we generalize the gluing properties of relative Calabi—Yau structures of [2] to
the R-linear setting in Section 3.4. For the entire section, we fix an E-ring spectrum R.

Hint: Given a natural transformation F — F’, the induced natural transformation on the right adjoints
G’ — G is obtained as the composite G’ - GFG’' — GF'G' — G.
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3.1. Left Calabi—Yau structures

Let F: '€ — D be a dualizable R-linear functor between dualizable and smooth R-linear
oo-categories. Part (2) of Proposition 2.32 shows that an R-linear relative Hochschild
homology class o: R[n] — HH(D, €) amounts to a diagram in Ling (D, D)

idy —— Fi(idy)

l cu[1—n]

Fi(ide)[1 —n] — idp[l —n]

together with a choice of null-homotopy of the composite idi@ — idgp[1 — n]. The null-
homotopy allows us to extend the diagram to a diagram with horizontal fiber and cofiber
sequences as follows.

idy —— F(idp) —— cof

o

cu[1—n]

fib —— Fi(ide)[l —n] —— idop[l —n]

We call the Hochschild homology class o non-degenerate if all the vertical maps in
diagram (3.1) are equivalences.

Definition 3.1. Let F be as above.

(1) A weak left n-Calabi—Yau structure on the functor F consists of a non-degenerate
Hochschild homology class o: R[n] — HH(D, €). If F = 0, we also say that D
carries a weak left n-Calabi—Yau structure.

(2) A left n-Calabi-Yau structure on the functor F is composed of a negative
cyclic homology class 7: R[n] — HHS l (D, €), the composition of which with
HHS' (D,€) - HH(D, €) defines a non-degenerate Hochschild homology class.
If F = 0, we also say that D carries a left n-Calabi—Yau structure.

Weak left n-Calabi—Yau structures are also sometimes called bimodule n-Calabi—Yau
structures.

Remark 3.2. The notion of weak left Calabi—Yau structure on a functor F' only depends
on the functor and the relative Hochschild class and not on any further choices made in
its definition. This includes choices of adjoints and (co)units. For example, we make a
choice of right adjoint of F together with the counit; the space of such choices is however
contractible. Inspecting the definition, one finds that making a different choice yields an
equivalent diagram in (3.1) and thus the same condition of the Hochschild class being
non-degenerate.
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3.2. Right Calabi-Yau structures

Let F: £ — € be a dualizable R-linear functor between dualizable and proper R-linear
oo-categories. Part (2) of Proposition 2.33 shows that an R-linear dual relative Hochschild
homology class o: R[n] — HH(D, €)* amounts to a diagram in Ling (D, D)

idp —2— F*(ide)

l cu[l—n] .

F*(idg)[l —n] — idg[1 —n]

together with a choice of null-homotopy of the composite idp — idg[1 — n]. We extend
the diagram to a diagram with horizontal fiber and cofiber sequences as follows.

idp —%— F*(idg) —— cof

[ l

fib —— F*(id5)[1 —n] 208 id% [1 — n]
As in the smooth case, we call the dual Hochschild homology class o non-degenerate if
all the vertical maps in the above diagram are equivalences.

Definition 3.3. Let F be as above.

(1) A weak right n-Calabi—Yau structure on the functor F consists of a non-
degenerate dual Hochschild homology class o: R[n] — HH(D, €)*. If € = 0,
we also say that D carries a weak right n-Calabi—Yau structure.

(2) A right n-Calabi—Yau structure on the functor F consists of a dual cyclic homol-
ogy class n: R[n] — HH(D, €)%, whose composition with HH(D, €)§, —
HH(D, €)* defines a non-degenerate dual Hochschild homology class. If € = 0,
we also say that O carries a right n-Calabi—Yau structure.

Remark 3.4. Assume that D is compactly generated. A weak right n-Calabi—Yau
structure on & equivalently consists of an equivalence in RModg

Morgp(X,Y) =~ Morg (Y, X[n])*, (3.3)

bifunctorial in X, Y € D°.
In good situations, a relative right n-Calabi—Yau structure on £ gives rise to a duality
of a subfunctor of Morg (-, -), generalizing the equivalence (3.3) (see [8]).

Remark 3.5. It is also possible to make sense of relative right Calabi—Yau structures on
some non-proper k-linear co-categories, namely those arising as the derived co-category
of a dg algebra whose homology is finite dimensional in each degree. We refer to the
recent work [28] for this notion and the construction of many examples related to cluster
categories.
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Finally, we comment on the relation with dg categorical left and right Calabi—Yau
structures.

Recall that the passage to derived oo-categories defines a functor £ (-): N(dgCat;) —
LinCaty, with dgCat,, the 1-category of k-linear dg categories.

Lemma 3.6. Let f: A — B be a dg functor. Then F .= D(f): D(A) - D(B) is a
colimit-preserving functor between compactly generated k-linear oo-categories.

(1) Suppose that A and B are smooth. Then D(A), D(B) are smooth as well. Fur-
ther, any weak left n-Calabi—Yau structure of f induces a weak left n-Calabi—Yau
structure of F and vice versa.

(2) Suppose that A and B are proper. Then D(A), D(B) are proper as well. Further,
any weak right n-Calabi-Yau structure of f induces a weak right n-Calabi—Yau
structure of F and vice versa.

Proof. We may assume that A and B are cofibrant dg categories (with respect to the
quasi-equivalence model structure). We first show that D(4 ® AP) ~ D(A) @ D(AP),
where the former tensor product is of dg categories and the latter in LinCat;. A simi-
lar argument shows that D(B ® B?) ~ D(B) ® D(B). We can compute 4 ® AP
as the colimit of the 2-sided bar construction, which is a diagram A°® — dgCat;, map-
ping [n] to A x dgMod,; " x B. This diagram is cofibrant with respect to the Reedy model
structure on Fun(A°P, dgCat; ), meaning that all latching morphisms are cofibrations [22,
Def. 15.3.3]. Thus, the colimit of the 2-sided bar construction computes its homotopy col-
imit (see also [22, Thm. 15.10.8]). The image under D (-) of the homotopy colimit can
further be identified with the colimit of the co-categorical 2-sided bar construction [34,
Constr. 4.4.2.7], computing D(A) ® D(AP) € LinCaty.

To the author’s knowledge, it has not been shown that there is a symmetric monoidal
functor of (oo, 2)-categories lifting O (-). However, the above shows that the co-functor
D(-): N(dgCat;) — LinCat;, preserves the tensor product of two cofibrant dg categories
and thus maps the evaluation and coevaluation bimodules to the evaluation and coeval-
uation functors. The functor thus (non-coherently) identifies the two traces, and hence
(non-coherently) the functoriality of Hochschild homology. To identify the S!-actions on
the traces, a coherent identification of the traces would be necessary.

To obtain the statement from the lemma, all that remains to note is that the non-
degeneracy conditions on relative (possibly dual) Hochschild classes of f and F coincide,
which follows from Proposition 2.32 and [3, Prop. 4.4] in the smooth case and a similar
argument in the proper case. ]

3.3. Behavior under tensor products

Lemma 3.7. Let €, D be dualizable R-linear oo-categories. There is a canonical
equivalence
HH(€) ® HH(D) ~ HH(€ ® D).
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Proof. Using that evegp =~ eve ® evyp and coevegp = coeve & coevp, we find

HH(€ ® D) = evegp © T o coevego (R)

(eve ® evyp) o T o (coeve ® coevp)(R)

1

=~ (eve o T o coeve)(R) ® (evp o T o coevy)(R)
= HH(€) ® HH(D). [

We note that the equivalence in Lemma 3.7 is S!-equivariant.

Remark 3.8. If €, O are smooth, then € ® D is also smooth, and we have id%® o
idfe ® idlp. Similarly, if €, D are proper, then € ® D is proper and id} op =~ ide ®idp.
In the smooth case, a pair of morphisms «: idfe — ide[—n], B: idéo — idgp[—m] gives,
under the identifications from Lemmas 2.29 and 3.7, rise to the morphism
! ! . a®B . .
ideg o ~ ide ®idgy — ide[—n] ® idp[—m] >~ idegp[—n — m].

A similar assertion holds in the proper case.

The following proposition shows that the tensor product of a Calabi—Yau functor with
a Calabi—Yau category is again Calabi—Yau. A similar statement is proven in [3, Prop. 6.4].

Proposition 3.9. Let €, D, & be dualizable R-linear co-categories.

(1) Assume that €, D, & are smooth. Let F: € — D be a dualizable R-linear
functor, and let n: R[n] — HH(D, E’)Sl and n': R[m] — HH(S)S1 be left
Calabi—Yau-structures on F and &, respectively. The class

R[n +m] ~ R[n] @ Rm] 2% HH(D,€)S" @ HH(E)S' ~ HH(D ® €,€ ® &) "

defines a left (n + m)-Calabi-Yau structure on
FREERE—>DRE.

(2) Assume that €, D, & are proper. Let F: D — € be a dualizable R-linear functor,
and let n: R[n] — HH(D, €), and n': Rlm] — HH(E)Y, be right Calabi-Yau
structures on F and &, respectively. The class

® ’
R[n +m] ~ R[n] ® R[m] =5 HH(D, €)%, ® HH(E)%, ~ HH(D ® €,€ ® &),

defines a right (n + m)-Calabi-Yau structure on

FREDRE—-ERE.
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Proof. We only prove part (1); part (2) is analogous. The Hochschild homology class
Rn+ml - HHO ® §,€® S)Sl — HH(D ® &,€ ® &) gives rise to the following
diagram in Ling (D ® &, € ® &), up to equivalence.

idp ® idy ————— Fi(ide) ®idg s cof ® id

| ! |

fib ® idg[-m] —— Fi(ide)[1 —n] ® idg[-m] —— idp[l —n] @ idg[—m]

The horizontal sequences in the above diagram are fiber and cofiber sequences as tensor
products of such with idig or idg [m]. The vertical maps are equivalences as tensor products
of equivalences, showing the non-degeneracy of the Hochschild homology class. ]

3.4. Gluing Calabi-Yau structures

In this section, we discuss a generalization of the gluing theorem for left Calabi—Yau struc-
tures on k-linear dg categories (see [2, Thm. 6.1]) to left and right Calabi—Yau structures
on dualizable R-linear co-categories (see Theorems 3.15 and 3.16). The gluing theorems
boil down to a simple description of objects in pullbacks/pushouts of stable, presentable
oo-categories in terms of their restrictions given in Lemma 3.11.

Consider the simplicial set Z = A% 11,y A{%1"} describing a span with objects
0,1, 1’ and two non-degenerate 1-simplices 0 — 1, 1’. We fix a diagram D: Z — LinCatg
with colimit €, satisfying that D maps each morphism to a functor admitting an R-linear
right adjoint. For z € Z, we denote €, = D(z) and can depict the colimit diagram of D
as follows.

€ —— €

LN s

130G
81/—1>€

Above i,: €, — € denotes the functor from the colimit cone. We further denote by
Jjz = radj(i;) the right adjoint, and cu, the counit of i, - j,, forz € Z.
The fact that counits compose to counits provides us with a commutative square

¢p:Z% — Ling(€,€)
which can be depicted as follows.

iojo — i1j1

[ o

. . ’ .
i1 j1 —L ide

Proposition 3.10. The square ¢pp: Z> — Ling (€, €) is biCartesian.
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Proof. Using that the forgetful functor Ling (€, €) — Fun(€, €) reflects finite colimits
(see Lemma 2.5) and that colimits in functor categories are computed pointwise (see [31,
Cor. 5.1.2.3]), the statement reduces to Lemma 3.11. n

Lemma 3.11. Let ¢ € € and consider the diagram
¢e:Z% — €,
given by evaluating ¢p at c. Then ¢, describes a biCartesian square in €.

Proof. We can identify the colimit € of D with the co-category of coCartesian sections
of the Grothendieck construction 7: I'(radj(D)) — Z°P of the diagram obtained from D
by passing to right adjoint functors, that is, the coCartesian fibration classified by radj(D)
(see [36, Prop. 05SRX]). Denote by £ the co-category of all sections of 7w and by x: € < £
the fully faithful inclusion with left adjoint ¢. For z € Z, we denote by j,: £ — €, the
evaluation functor at z, satisfying that Jz ok =~ j,. The left adjoint of J is denoted 7,
which satisfies £ 07, ~ i,. An object ¢ € € corresponding to a coCartesian section of 7

is of the form
C1 cr/
co

with ¢; € €;. By [31, Prop. 4.3.2.17], TZ is given by the m-relative left Kan extension
functor, and the objects i, j;(c), z € Z are hence given as follows.

?()j()(c) ~ " \ / "
Co
_ C1 0 _ 0 cyr
ij(C)Z i/j/(C)Z
11 \ . / 17J1 \ . /

These assemble into a square ch in &£ of the form

iojo(c) — i1 j1(c)

|

?yjy(C) — C

which restricts at 0 € Z to the constant diagram with value cg, up to equivalence, and
ati = 1,1’ € Z to the fiber sequence of the map ¢; — 0 in €;. Using that limits in the
oo-category £ of sections of the Grothendieck construction are computed componentwise
in Z, it follows that (Zc is a limit diagram in £. Using that {: £ — € is exact, we conclude
that ¢, >~ ¢ o 550 is a limit diagram as well. ]
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Proposition 3.10 implies that R-linear smoothness is preserved under finite colimits
along dualizable functors. A variant of this observation for k-linear co-categories appears
in [40, Lem. 8.21].

Corollary 3.12. Let W be a finite simplicial set and D: W — LinCat‘}élal a functor taking
values in smooth R-linear oo-categories. Then the colimit € of D in LinCat‘}élal is also

smooth.

Proof. Any finite colimit can be computed in terms of pushouts and finite coproducts.
Smoothness is clearly preserved under finite coproducts. It thus suffices to check that the
pushout of a span of compactly generated, smooth R-linear oo-categories along compact
object-preserving functors is again smooth. This follows from combining the fact that the
forgetful functor LinCat‘}é‘al — LinCatg preserves colimits (see [17, Prop. 1.65]), with
Lemma 3.11, part (1) of Lemma 2.18 and the fact that pushouts of compact objects are

again compact. ]

We next discuss a dual version of Proposition 3.10 for limit diagrams of dualizable
oo-categories. Fix a cospan D: ZP — LinCat‘}?al. For z € Z°?, we denote €, = D(z).
Let D: (Z°P) — LinCat‘}élall be a cone over D, with tip denoted €. We depict this cone as
follows.

e e

ljl\j(: l (3.4)

81/ —_— '6()

We denote by k, the right adjoint of j, for z € Z°. The units of these adjunctions
assemble into the diagram ¢?: (Z°)? — Ling (€, €), depicted as follows.

id‘e L} kljl
[
uy/
kv jir —— kojo

Proposition 3.13. If D is a limit cone in LinCat%‘a', then ¢P is a biCartesian square.

Proof. We show in the following that if the composition of D with the forgetful functor
LinCat%‘al — LinCatg defines a limit cone, then ¢ is a biCartesian square. Note that
the pullback €; of D in LinCat‘}e””11 embeds fully faithfully into the pullback €, of D in
LinCatpg via an R-linear functor ¢: €; < €, admitting an R-linear right adjoint (see [17,
Prop. 1.87]). Hence the square ¢ in Ling (€;, €;) arises from applying to the biCartesian
square Ling (€, €,) the exact functor radj(¢) o (-) o ¢, which shows that ¢ is biCartesian.

We thus suppose that D expresses € as the pullback of D in LinCatg. Using
Lemma 2.5 and that colimits in functor categories are computed pointwise (see [31,
Cor. 5.1.2.3]), it suffices to show that for any ¢ € €, the diagram ¢¢ := ¢P(c) is
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biCartesian in . By passing to opposite co-categories (which exchanges left and right
adjoints, as well as unit and counit maps), the argument from the proof of Lemma 3.11
directly applies to show that ¢ is biCartesian. ]

Corollary 3.14. Let W be a finite simplicial set and D: W — LinCatj,‘é‘al a functor tak-
ing values in proper R-linear oo-categories. Then the limit € of D in LinCatc}eLlal is also

proper.

Proof. Since finite limits are generated by products (for which the statement is clear)
and pullbacks, the statement follows from combining Proposition 3.13 and part (2) of
Lemma 2.18. ]

The above discussion provides us with the tools needed for proving the gluing results
for Calabi—Yau structures. We begin with the gluing of left Calabi—Yau structures. For

this, fix a colimit diagram in LinCat‘j—é1al valued in smooth co-categories of the following
form.
B3
F3,
Fa (3.5)
By —— ©, :
FZ,ll r le

Fi, F
31;}\61—1>o@

We form the following diagram in RModg.

X S HH(B,)S' 50
l O l(id,—id) O l
Bi_1» HH(E, B; x B;41)5' [~1] > (HH(B,)S")®? i > HH(8,)5!

lHH(Fz,nsl OHH(F, )5 l

> HH(E,)S' @ HH(E,)S' ——————> HH(D)S'
(DS HH(F2)S )

1

1 1
HH(Fy,1)S ®HH(F3 )
HH(8,)S' @ HH(85)S'

The outer square of the above diagram, though not necessarily biCartesian, induces a mor-
phism X — HH(D, 8; & Bg,)sl [—1]. A class R[n] — X[1] corresponds to two classes
R[n] — HH(€1, 81 x B,)5', HH(E,, B> x B3)S', whose restrictions to HH(B,)S'[1]
are not identical but differ exactly by a reversal of the sign, that is, composition with
—HH(idg,)® " In this case, we say that the restrictions of the classes to HH(B,)® ' [1] are
compatible.

Theorem 3.15. Consider two classes n;: R[n] — HH(E;, B; x £i+1)sl, withi = 1,2,
whose restrictions to HH(J)’Z)S1 [1] are compatible, and let n: R[n] - HH(D, 81 X 13’3)*91
be the arising class. If n1 and 1, define left n-Calabi-Yau structures on the functors

Bi x Biy1 — €, =12,
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then n defines a left n-Calabi—Yau structure on the functor
331 X :B?, — D.

Proof. For X = By, 85, B3, €1, €, denote by ix: X — D the functor from (3.5).
Let jx be the right adjoint of ix. Since the restriction of (3.5) to 85, €1, €, and D
is a pushout diagram, we find by Proposition 3.10 a biCartesian square in Ling (D, D),
which is depicted as follows.

.. o .
18,]8, r e Je

azl = lﬂl

.. B2 .
le, je, Em— ldi)

The sequence
(or1,—02) (B1.82)

i8,]8, — e, Je, ®ie,je, — idop
is hence a fiber and cofiber sequence.
Using the pasting law for biCartesian squares, this gives rise to the following com-
mutative diagram in Ling (D, £), where all squares are biCartesian and all objects are
compact.

|4 >ig,jg, — 0
l O l(id,—id) O
. . . . (ldﬂld) . . (3 6)
U ——FF— 18, )8, 69132.132 — 18, )8, :
R
B1®B2

i8,)8 Pis,js;, — le Je Die,je, — ido

The image under (-)' of the counit cuy is given by the unit T idiO — i xid!x Jx (see
Lemma 2.35). Applying the exact contravariant functor (-)' to (3.6) yields the following
diagram, up to equivalence.

L0 T .
id > ig,idg, j8, > 0

l u l(id,—id) O l

Lo Lo P A T G(did) . .. .
ie,ide, je, ® ie,ide, je, — is,idg, j8, ®ig,idg, /8, — is,idg, /3,

! = l o |

Lo Lo 7! 1!
lQlldﬁljﬂl €Bl331d£3j33 > U > V

The classes o7, 0> define an equivalence between the lower left squares and upper right
squares of the lower diagram and the (1 — n)-th suspension of the upper diagram. These
equivalences extend to an equivalence of the entire diagrams by using that the lower right
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and upper left squares are biCartesian. Restricting the equivalence to the outer biCartesian
squares provides us with a diagram in Ling (D, D)

idp ———— (is,J8)' ® (ig1j8) ——— V'
Vin—=1] —— ig, jg,[1 —n] ®ig,js,[1 —n] —2 s idp[l —n]
with horizontal fiber and cofiber sequences. This diagram arises from the class
R[n] 2 HH(D, B, x 83)5' — HH(D, B; x B3),
thus showing that 1 defines a left n-Calabi—Yau structure. ]

‘We next describe the gluing properties of right Calabi—Yau structures along pullbacks.
For this, we consider a limit diagram in LinCat'}%‘all valued in proper R-linear co-categories

of the following form.

F. F,
D‘D—z>'€2i>£3

J/F] - le,z

€ 2 8,
[
By
We form the following diagram in RModg.
X > HH(B,) 50
e e

(id,id)

Bic1 2 HHE:, Bi X Bi41)5 [-1] — > (HH(B2)%,)®2 ———— 5 HH(B»)},

l O J/HH(FZJ)EI @HH(Fz,z)z,] l
HH(FY, )¢ ) ®HH(F32)%
HH(B1)* © HH(B3), » HH(C1)* @ HH(C,)™ W HH(D),
3.7
Similar to the smooth case, a class in X consists of classes in HH(E;, 8B; x
Bi+1)gi[—1], withi = 1,2, whose restrictions to HH($82)7, differ by sign, and we again
call such classes compatible.

Theorem 3.16. Consider two classes 1;: R[n] — HH(E;, B; X Bi1)g, withi = 1,2,
whose restrictions to HH(B2)’, [1] are compatible, and let n: R[n] —HH(D, 81 x B3),
be the arising class. If n1 and n, define right n-Calabi—Yau structures on the functors

f,-—)B,-xi)’,-H, i=1,2,
then n also defines a right n-Calabi-Yau structure on the functor

D — B; x Bs.
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Proof. Using Proposition 3.13, this can be proven in the same way as Theorem 3.15. m

Remark 3.17. The analogues of Theorems 3.15 and 3.16 for weak relative Calabi—Yau
structures clearly hold as well.

4. Perverse schobers on surfaces with boundary

4.1. Surfaces, ribbon graphs and line fields

Definition 4.1. By a surface, we will mean a smooth, connected, oriented surface S with
non-empty boundary dS and interior S°. We will also assume that S is compact, unless
stated otherwise. Note that if S is compact, the boundary dS consists of a disjoint union of
circles.

A marked surface (S, M) consists of a surface and a non-empty finite set M C dS
of marked points, lying on the boundary of S. We do not require that each connected
component of dS contains at least one marked point.

Definition 4.2. We define as follows:

* A graph G consists of two finite sets Go of vertices and Hg of halfedges (mostly
simply denoted by H) together with an involution : H — H and a map o: H — Gy.

* Let G be a graph. An edge of G is defined to be an orbit of z. The set of edges is
denoted by G;. An edge is called internal if the orbit contains two elements and called
external if the orbit contains a single element. An internal edge is called a loop at a
vertex v € Gy if it consists of two halfedges, both being mapped under o to v. We
denote the set of external edges of G by G?.

* A ribbon graph consists of a graph G together with a choice of a cyclic order on the
set H(v) of halfedges incident to each vertex v.

We will always assume graphs to be connected.

Definition 4.3. Let G be a graph. We define the exit path category Exit(G) of G to be the
nerve of the 1-category with

» objects the vertices and edges of G and

* a non-identity morphism of the form v — e for every vertex v and incident edge e.
If e is a loop at v, then there are two morphisms v — e.

The geometric realization |G| of G is defined as the geometric realization | Exit(G)| of
Exit(G).

Remark 4.4. A graph G whose geometric realization |G| is embedded into an oriented
surface S inherits a canonical ribbon graph structure by requiring the halfedges at any
vertex to be ordered in the counterclockwise direction.
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Definition 4.5. Let S be a marked surface. A spanning graph for S consists of a graph G
together with an embedding i : |G| C S\ M satistying that

* i is a homotopy equivalence,
* i maps d|G| to dS, and

e the restriction 9|G| — dS\M gives a homotopy equivalence with the boundary
components which do not contain marked points.

We consider a spanning graph of S as endowed with the canonical ribbon graph structure
arising from the embedding into S.

We now turn to line fields and framings on surfaces.

Definition 4.6. Let X be a possibly non-compact surface.
(1) A line field v on X is a section of the projectivized tangent bundle P7 3.

(2) Assume that 3 is equipped with a line field v, and let y: S ~[0,1]/(0 ~ 1) - X
be a smooth, immersed loop. We denote by W(y) € Z =~ m1PT,, (9% the winding
number of y with respect to v.

For the equivalence Z >~ m;1PT, )%, we use the convention that 1 corresponds to
a counterclockwise half-turn.

We let Fr(¥) — X denote the principal GI(2, R)-bundle of frames (i.e., ordered bases) of
the tangent bundle T'X.

(3) A framing £ on X is a section of (7T X\{0})/R.

The winding number W(y) of an immersed loop y can be obtained as follows: one
chooses any homotopy in P 7)) X from the tangent vector y(0) to v(y(0)), extends this
homotopy to a homotopy of sections I' ([0, 1]; y*PT X) from y to y*v and then composes
the two homotopies between y (1) = y(0) and v(y(0)) = v(y(1)) to obtain a loop in
PT) (o) X. Informally, this counts the number of half-rotations of the tangent field along y
with respect to the line field.

Remark 4.7. By projecting onto the first element of the ordered basis, we obtain a map
of fiber bundles Fr(X) — TX — PT X. By composing with this map, any framing gives
rise to a line field, all of whose winding numbers are even. Conversely, any line field with
even winding numbers arises from a framing (see, for instance, [30, Lem. 1.1.4]).

The set of homotopy classes of line fields is an H (X, Z)-torsor (see [30]).

Finally, we describe how a choice of spanning ribbon graph induces a line field on the
complement of its vertices.

Example 4.8. Let S be a marked surface with a spanning graph G. Then S\ Gy inherits a
canonical (homotopy class of a) line field vg, which we can depict locally near a vertex
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(of valency 5 for concreteness) of G as follows.

The winding number with respect to vg of an embedded loop wrapping clockwise around
a vertex of valency m is thus given by —m.

Suppose that G — G’ is a contraction between spanning graphs of S, contracting a
set E of edges of G. Then the corresponding line fields are closely related: the wind-
ing numbers of immersed loops not intersecting the edges in E are not affected by the
contraction.

4.2. Perverse schobers

In this section, we recall the definition of perverse schober parametrized by a ribbon graph.
For more background on perverse schobers on surfaces, see [10, § 3], which refines the
treatment in [5, §§ 3 and 4].

Given n € N1, we denote by G, the ribbon graph with a single vertex v and » incident
external edges. We call G, the n-spider.

Definition 4.9. Letn > 1. An R-linear perverse schober parametrized by the n-spider, or
on the n-spider for short, consists of the following data:
(1) If n = 1, an R-linear spherical adjunction
F:V<«—N:G,

. o . . it
that is, an adjunction whose twist functof Ty = cof(idy 2 GF ) € Fun(V, V)
count

and cotwist functor Ty = fib(FG — idy) € Fun(N, N) are equivalences.

3There is a different much-used convention for the definition of the twist and cotwist functors in the
literature (see, for instance, [1,39]). This convention differs from the one considered in this paper in two
ways: firstly, instead of forming the cone of the unit, the other convention considers the cocone of the unit
and similarly the cone of the counit. Furthermore, the labels of the twist and cotwist are swapped.
Let us illustrate our convention in the case of a spherical object: thinking of 'V as the categorified van-
ishing cycles, this category is then given by V = D (k). The twist functor acts on & (k) as a shift functor.
The cotwist is the arising autoequivalence T .o of the category N containing the spherical object.



Relative Calabi—Yau structures and perverse schobers on surfaces 915

Such functors F and G are also called spherical functors (see [1]). We also point
out that such spherical functors F, G automatically admit all left and right adjoints,
given by compositions of F and G with powers of the (co)twist functors (see [16]).

(2) If n > 2, a collection of R-linear adjunctions
(Fi:V" <= N : Gi)iez/nz

satisfying that

(a) G; is fully faithful, that is, F; G; ~ id; via the counit,

(b) F; o Gj4+1 is an equivalence of co-categories,

(c) FioG; ~0if j #1i,i +1,

(d) G; admits a right adjoint radj(G;), and

(e) fib(radj(G;+1)) = fib(F;) as full subcategories of V.
We will also consider a collection of functors (F;: V" — N;)icz/nz as determining a
perverse schober on the n-spider, or as a perverse schober on the n-spider for short, if
there exist adjunctions (F; - radj(F;));ez/»z Which define a perverse schober on the n-

spider. Such a collection of functors (F;);ez/nz can be equivalently encoded as a functor
Fun(Exit(G,), LinCatg).

One can show that the datum of a perverse schober on the n-spider is for any n > 1
equivalent to the datum of a perverse schober on the 1-spider. This gives rise to an explicit
model of perverse schobers on the n-spider, which we describe in the following. This
construction is related to Dyckerhoff’s categorified Dold—Kan correspondence [13] and
the Waldhausen S,.-construction (see also the discussion in [5]). Let F: 'V — N be an
R-linear spherical functor. We denote by V. the pullback in LinCatg of the following
diagram.

Fun(A"~1, V)

leVO
v —FL W
Explicitly, the co-category V}. consists of diagram

a—>by—> - —> by, 4.1

where a € V, b; € N and the morphism a — by lies in the Grothendieck construction
of F. We define
01: Vg > N

as the projection functor to b,—;. For 1 < i < n, we define recursively g; as the doubly
left adjoint of p; 1, which is the functor

0i = cofy_iy1n—it2li =2]: Vg = N
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given by a suspension of the composite of the projection functor to b,—; — b,—;+; with
the cofiber functor. We define g, as the doubly left adjoint of g,—;, which maps an
object (4.1) to the cofiber cof(F(a) 5 by)[m — 2]. We further define for 1 <i < n the
functor ¢; as the right adjoint of g;. We thus have a sequence of adjunctions

Qn_|§n_|Qn—1_|"'_|§2_|Ql_|§l- 4.2)

There is a further adjunction
1Ty [l —n] - on. (4.3)

where Ty denotes the cotwist functor of the adjunction F - G (see [5, Lem. 3.8]).

Proposition 4.10 ([5, 10]). Let F:V — N be a spherical functor. The collection of
adjunctions

(0i: Vg «<— N i Gi)iez/nz
define an R-linear perverse schober on the n-spider, denoted ¥,(F). Furthermore, for

every R-linear perverse schober on the n-spider ¥, there exist such a spherical functor F
and an equivalence

F ~ ¥,(F) € Fun(Exit(G,), LinCatg).
We call any choice of such F the spherical functor underlying ¥ .

Let v be a vertex of valency n of a ribbon graph G. Let Exit(G),,; be the under-
category, which has n + 1 objects, which can be identified with v and its n incident
halfedges and non-identity morphisms going from v to these halfedges. There is a functor
Exit(G),; — Exit(G), which is fully faithful if G has no loops incident to v.

Definition 4.11. Let G be a ribbon graph. A functor ¥ : Exit(G) — LinCatg is called an
R-linear G-parametrized perverse schober if for each vertex v of G, the restriction of ¥
to Exit(G),, determines a perverse schober parametrized by the n-spider in the sense of
Definition 4.9.

We also call a functor Exit(G) — LinCaty® or Exit(G) — LinCaty *" a G-
parametrized perverse schober if its composite with LinCatjy*, LinCaty =" — LinCatg
is a G-parametrized perverse schober.

Remark 4.12. A G-parametrized perverse schober ¥ assigns to each edge of G an
equivalent stable oco-category, referred to as the generic stalk of ¥, and usually denoted
by V.

Definition 4.13. Let ¥ be an R-linear G-parametrized perverse schober. For a vertex v
of G, consider a choice of spherical functor F,: "V, — N underlying the restriction of ¥
to Exit(G),, in the sense of Proposition 4.10. We call v a singularity of ¥ if V,, % 0.
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Definition 4.14. Let ¥ be an R-linear G-parametrized perverse schober.

(1) Wedenote by I'(G, ) = limpincat, (¥) the limit of # in the co-category LinCatg
of R-linear co-categories. We call I'(G, ) the co-category of global sections
of .

(2) Suppose that F takes values in compactly generated R-linear co-categories. We
denote by IM'(G, ) = limpincagreen (#) the limit of ¥ in the oo-category
LinCat%’[-ge". We call T'%(G, F) the oco-category of locally compact global
sections.

Remark 4.15. Recall that I'(G, ) agrees with the limit of ¥ in Cats, and can thus be
identified with the oco-category of coCartesian sections of the Grothendieck construction
of ¥, that is, the coCartesian fibration classified by ¥ (see [36, Prop. 05SRX]).

Similarly, the co-category of locally compact global sections I'% (G, ) can be iden-
tified with the Ind-completion of the limit in Cat., of the pointwise restriction of ¥ to the
subcategories of compact objects. Hence a compact object Y € ' (G, )¢ consists of a
pointwise compact coCartesian section of the Grothendieck construction.

Definition 4.16. Given an R-linear G-parametrized perverse schober ¥ and an edge e
of G, we denote by ev.: ['(G, ¥) — F (e) the evaluation functor, which maps a
coCartesian section of the Grothendieck construction to its value at e.

The functor ev, is R-linear and preserves limits and colimits, which can be proven
using the fact that limits and colimits in the functor co-category of sections of the
Grothendieck construction are computed pointwise.

We will often consider the product of the evaluation functors at the external edges

l_[ eve: I'(G, F) — l_[ F(e).

eEG? eEG?

By the oco-categorical adjoint functor theorem, [, Gt eV admits a right adjoint, which we
denote by
0F: [[ F(e) > T'(G. 7). (4.4)

eeG?

The adjunction [] ecGl Ve = 0F is spherical (see [9, Thm. 5.2.5] for a (sketch of)
proof).

Next, we briefly discuss how to relate perverse schober parametrized by different rib-
bon graphs. Given a ribbon graph G and an edge e of G which is not a loop, we can
contract e to create a new ribbon graph G’. The two vertices incident to e are identified
in G/, the edge e removed, but otherwise G’ is the same as G. More generally, we say that
aribbon graph G’ is a contraction of G if G’ can be obtained by contracting (automatically
finitely many) edges of G. In this case, we write c: G — G'.
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Proposition 4.17 ([6, Prop. 4.28]). Let ¥ be an R-linear G-parametrized perverse
schober and ¢: G — G’ a contraction which collapses no edge of G which is incident to
two singularities of ¥ . Then there exists a canonical G’-parametrized perverse schober
¢« (F) together with an R-linear equivalence of co-categories

['(G,F) ~T(G,c(F)).

We note that if F above takes values in LinCatj ", then

l—vdual(G’ 37) ~ qual(G/,C* (37))

holds as well.
We end this section by describing the relationship between global sections and locally
compact global sections of perverse schobers in typical situations.

Lemma 4.18. Let G be a ribbon graph and ¥ : Exit(G) — LinCat;ft'gen be an R-linear G-
parametrized perverse schober. Suppose that for every vertex v of G, the spherical functor
Fy:Vy — N underlying ¥ near v is conservative.

(1) A global section Y € T'(G, ¥) is finite in the sense of Definition 2.24 if and only
ifeve(Y) € F (e) is finite for all edges e € G.

(2) Suppose the generic stalk N is proper and that F, reflects compact objects for all
vertices v of G. Then the locally compact global sections of ¥ coincide with the
Ind-completion of the finite global sections, that is,

ra(G, ) ~ Ind (G, ).

Proof. We begin by proving part (1). For an edge ¢ € G, denote the left adjoint of the
evaluation functor eve: I'(G, ¥) — F(e) >~ N by ev}. A straightforward computation
shows that the assumption that F,: 'V, — N is conservative for all vertices v with incident
edges ey, ..., ey is equivalent to the assertion that

m m

[[F@w—e):F@) — []F )

i=1 i=1
is conservative. Thus, a global section Y of ¥ vanishes if and only if ev,(Y) =~ 0 for all
e € Gq.

Let {X;}ies be a collection of compact generators of the generic stalk N of ¥, mean-
ing that an object N € N vanishes if and only if Mor (X;, N) >~ 0 for all i € I. The
collection of objects {ev} (X;)}ier,eec, compactly generates I'(G, ¥), as follows from
the equivalence

Morpg,7)(ev, (Xi). Y) =~ Mory (X;, eve(Y)).

Hence, the objects ev; (X;) suffice to test the finiteness of global sections. A global section
Y € T'(G, ¥) is thus finite if and only if ev.(Y) € ¥ (e) >~ N is finite for all e € G;.
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We proceed with proving part (2). Let Y € I'(G, ¥) with ev.(Y) € F (e) for all
e € Gy. The assertion that F;, reflects compact objects for a vertex v, with incident edges
e1,...,em,1s equivalent to the assertion that the functor ]_[:":1 F (v — ¢;) reflects compact
objects. It follows that Y is a pointwise compact coCartesian section of the Grothendieck
construction, that is, it lies in Fd”al(G, FHe.

Since N is proper, we have N ~ A Combining part (1) with the above thus
shows that the finite global sections are the locally compact global sections, that is,
['(G, F)fin ~ Tdal(G, F)°. Passing to Ind-completions shows part (2). |

Remark 4.19. Let G be a spanning graph of a marked surface S, and let ¥ : Exit(G) —
LinCat}"*"" be a G-parametrized perverse schober with non-vanishing generic stalk. One
can show that T'"(G, ¥) ~ I'(G, ¥) if and only if each boundary component of the
marked surface contains at least one marked point.

4.3. Monodromy of perverse schobers

Let G be a spanning graph of a marked surface S and ¥ an R-linear G-parametrized
perverse schober. We denote by P the set of vertices of G which are singularities of ¥
(see Definition 4.13). In analogy with perverse sheaves on S, which restrict to a local sys-
tem of abelian groups or vector spaces on S\ P, one may wish to associate a monodromy
local system of R-linear co-categories to F . It turns out that there is indeed a reasonable
notion of monodromy of a perverse schober, but it does not canonically assemble into a
local system on S\ P. Instead, to define the local system S\ P, one needs to input a choice
of framing of S\ P. Applying Ky, we obtain the usual local system of abelian groups of
the underlying perverse sheaf; the choice of framing does not affect this local system of
abelian groups.

To define the monodromy local system, we will in the first step define an auxiliary
local system of transports on S\Gy. From this, we will obtain a local system on the pro-
jectivized tangent bundle P 7' (S\Go) with monodromy [1] on the circle fiber. We then pull
back the local system to the frame bundle Frg\¢g,. Any choice of framing then allows us
to further pull back this local system to a local system on S\Gyg, and this local system
extends to S\ P, as desired.

To obtain the transport along a loop, we compose local transports. We define these in
Construction 4.21. For technical convenience, we will replace in the following the sur-
face S with spanning graph G by the homotopic non-compact surface X described in
Remark 4.20.

Remark 4.20. Let G be a ribbon graph. To each vertex v of G of valency n, we associate
a (non-compact) surface, denoted X, or also X, with an embedding of v and its » inci-
dent halfedges. We depict X, as follows (in green). The dotted lines correspond to open
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ends, whereas the solid lines indicate the boundary.

We define the thickening of G to be the surface X, obtained by gluing the surfaces %,,
whenever two vertices are incident to the same edge at their boundary components cor-
responding to the edge. The surface X comes with an embedding of |G|, which is also
a homotopy equivalence. We define the subset B C X as the union of the images of the
boundaries 9%, for all vertices v. Note that each edge e € G; of G intersects exactly one
connected component of B exactly once; we denote this component by B, C B.

Construction 4.21. Let n > 2; the case n = 1 is addressed at the end. The n-spider G,
is embedded in X, = X,; we denote its central vertex by v. Consider an embedded curve
8:10, 1] — X2, \{v} satisfying that §(0), (1) € 9%, and that the boundary component B,,
of G, containing §(1) lies one step in the counterclockwise direction of the boundary
component B, containing §(0). We can depict this setup as follows.

_Be

iep

Given an R-linear G,-parametrized perverse schober ¥, we define the transport ¥~ (8)
of ¥ along § as the R-linear equivalence

o Wd(Foe) o F o
F (60) F (U)

€1

L F(ey).

Reversing the orientation of § yields a path 6™V going one step in the clockwise
direction around v, and the transport of ¥ along §™ is defined as

F7(@6) = F (v — ep) oradj(F (v — e1)): F(e1) — F (eo).
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We thus have &~ (™) ~ (¥~ (§))"L.

Consider now an arbitrary curve §: [0, 1] — X, \{v} satisfying that §(0), 5(1) € 0XZ,.
Then § is homotopic relative to its endpoints either to a curve contained in the boundary
0%, in which case we seti = 0, or there exists i € Z\{0} such that § is homotopic relative
to its endpoints to the composite ;| * - - - * 61 of |i| embedded paths 61, .. ., §);| as above,
each wrapping one step counterclockwise if i > 0 and one step clockwise if i < 0. Thus, §
goes i € 7 steps counterclockwise. We define the transport along § as

F6) = {idﬂe")’ r=0 (4.5)
?Q((SM)OO\(F—)(S]), l 750
If i = n, that is, § is a loop wrapping once counterclockwise around v, it follows from
adjunctions (4.2) and (4.3) that £ (§) ~ T;fl [1 — n], with Tepl the inverse cotwist of the
spherical adjunction underlying ¥ at v.

We conclude with the case n = 1. Consider a perverse schober ¥ parametrized by the
1-spider, with vertex v and edge e, that is, a spherical functor F:V = F (v) > N = F (e).
Let §:[0, 1] = X;\{v} be a curve with §(0), §(1) € dX;. If § wraps i € Z times
counterclockwise around v, we define the transport as

idy, i=0,
F7@) =Ty, <0,
Ty, i>0,

where Ty denotes the cotwist functor of the adjunction F — radj(F).

Example 4.22. Consider an R-linear perverse schober & on the m-spider G,, for some
m > 2, with central vertex v, generic stalk & and no singularity at v. Such a perverse
schober categorifies a perverse sheaf without singularities (i.e., a local system) on the disc
which automatically has trivial monodromy.

The perverse schober F is up to equivalence described by the adjunctions

(0i[—i]: Fun(A™ ', N) «— N : i[i]D)1<i<m-

The transport functors along paths wrapping one step clockwise around v from the
(i + 1)-th edge of G, to the i-th edge are given by

oi[—ilogit1[i + 1] >~ [1],
for 1 <i <m — 1, as follows from adjunction (4.2). For i = m, the transport is given by
om[—m] o ¢i[1] = [-1],

as follows from adjunction (4.3) using that the cotwist functor of the adjunction 0 <> N
is given by Ty ~ [—1]. The transport of an embedded full loop enclosing v going in the
clockwise direction is thus given by [m — 2].
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Construction 4.23. Let G be a ribbon graph and consider a curve 7: [0, 1] - Zc\Go
going from B, to B, for some ep, e; € G;. We can write n uniquely as the composite of
a minimal number of curves 8y, ..., &, with endpoints in B such that each §; is contained
in ¥,, C X for some vertex v; € Gg. Concretely, the paths §; near a given vertex v are
obtained as the components of the intersection of y with ¥, C Xg.

Let ¥ be an R-linear G-parametrized perverse schober. We define the transport
F 7 (n) of ¥ along n as the R-linear equivalence

F7@m)o-0FT(81): F(e0) —> F(er).
The following lemma collects some properties of the transport functors.

Lemma 4.24. Let ¥ be an R-linear G-parametrized perverse schober.

(1) Consider two curves n,n': [0, 1] = X¢\Go with n1(0) = 12(0) € Be,, n1(1) =
N2(1) € Be, foreg,e1 € G1. If n, 17’ are homotopic in Xg\Go with the homotopy
fixing endpoints, then

F7(m) = F 7 (n2).

(2) Let n,1: [0, 1] = ZG\Go be curves with endpoints in B and such that n(1) =
1 (0). Denote their composite by ' * . Then

F70xn)=F 7)o F (). (4.6)

(3) Let ¢: G — G’ be a contraction of ribbon graphs contracting a set E C Gy of
edges, none connecting two singularities of ¥ . Let 1: [0, 1] — £\ Go be a curve
with endpoints in B\ | J,cg Be not intersecting any edges in E. Choose a smooth
map C:Xg — X that realizes the contraction |G| — |G’| by contracting small
neighborhoods of the edges in E and that restricts on the complement of these
neighborhoods to a diffeomorphism. Then C o 1 is a curve in X/ \Gyy and

F7) = ex(F)7(C o).

Proof. Parts (1) and (2) are immediate from the definition of transport. For part (3), it suf-
fices to consider the case that ¢ contracts a single edge e, since any contraction is a finite
composition of such contractions. As ¥ and c¢.(¥) are identical away from a neighbor-
hood of e, it suffices to show that the transports near e of ¥ and ¢ (F) coincide. Using
the local model for ¥ from Proposition 4.10 and the local model for c«(F) described
in [6, Lem. 4.26], this is straightforward to verify. [

For the following, we fix a ribbon graph G, and we choose once and for all an edge
e € G1. Let x € e N B, be the intersection point.
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Lemma 4.25. Let ¥ be an R-linear G-parametrized perverse schober. The assignment
y > F 7 (y) on based loops at x defines a group homomorphism

F7im (Z26\Go, x) —> g Aut(F (e)),
that is, a local system on £g\Go, with values in the group of equivalence classes of

R-linear autoequivalences of ¥ (e).

Proof. This assignment is well defined by part (1) of Lemma 4.24 and a group homomor-
phism by part (2) of Lemma 4.24. |

The main issue with the local system from Lemma 4.25 is that it does not extend
to X\ P, where P denotes the set of singularities of ¥ (see Example 4.22). This is in
general not even true on K.

Suppose x’ € PT(Z¢\Gop) is an inverse image of x under the bundle projection
PT(2\Go) = X \Go. Consider the short exact sequence of groups

1 - 711 (PTx26\Go, x') = 711 (PTE¢\Go, x') = 711(E¢\Go, x) — 1,

where 71 (P75 X6\Go) =~ Z (with 1 corresponding to the counterclockwise half-turn).
The line field vg from Example 4.8 defines a splitting

T (PT(ZG\G())) >~ T (E(;\Go, x) X 1T (PTX(E(;\G())) ~ JTl(ZG\G(), .X) X 7.
Definition 4.26. Let ¥ be an R-linear G-parametrized perverse schober.
(1) We define the local system £p7F on PT(2g\Go) by the assignment
11 (PT(Z6\Go)) = m1(E¢\Go. X) X Z —> mo Aut(F (e)),  (y.1) = F 7 (y)[i].
(2) We define the local system £ on Fr(2Xg\Go) as the pullback of £pr ¥ along
the map Fr(X2¢\Go) — PT(Zc\Go)-

Remark 4.27. Let v be a vertex of G of valency m. Near v, the local system £F can be

described as follows. Since X, is diffeomorphic to a subset of R2, there exist canonical

splittings PT X, ~ %, x S! and Fr(X,) ~ Z, x GL(2,R), which restrict to splittings
PT(Z,\{v}) =~ (Zy\{v}) x §'

and
Fr(Z,\{v}) >~ Z,\{v} x GL(2,R).

Let y: S! — 2,\{v} be an embedded loop mapping the base point to 9%, and wrap-
ping one time clockwise around v. Then y defines loops ¥’ in (X,\{v}) x S' and y” in
¥y \{v} x GL(2, R), each of which is constant in the second component. We have

LFQ") = LerF () = F WMWY = F7(y)[-m].
By Example 4.22, if v is not a singularity of ¥, then
LF (") ~[-2]. 4.7
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Proposition 4.28. Let ¥ be an R-linear G-parametrized perverse schober with singu-
larities at P, and let & be a framing on g\ P. The pullback local system E*£F then
extends to a local system

EXLF w1 (Bg\ P, x) —> 1o Aut(F (e)).
We call this local system the monodromy of ¥ with respect to the framing .

Proof. Consider the restriction £|x\g,. Then the winding number of a clockwise embed-
ded loop wrapping one time around a non-singular vertex v € Go\ P is given by —2.
Comparing with (4.7), we see that the monodromy of £| ;G\GO £ F along this loop is trivial.
It follows that §[5, .\, £ F extends to the desired local system on X\ P. (]

Remark 4.29. The above constructions can be seen as implementing the following obser-
vation: the group H ' (Z¢\ Gy, Z) acts on the oco-category of local systems on Xg\Gy. The
line field vg from Example 4.8 gives a base point of the H!(Zg\Gy, Z)-torsor of homo-
topy classes of line fields. Thus, the line field arising from a framing ¢ acts on the local
system & ~ to produce a new local system, given by £*£% . Contrary to ¥, the local
system £*£F extends to X\ P.

Example 4.30. Consider a perverse schober ¥ on the disc D with one boundary marked
point, parametrized by the 1-spider G; with vertex v. Thus, ¥ consists of a spherical
functor F:'V — M. Let G be the right adjoint of F' and Ty the cotwist functor of F - G.
Choosing any framing on D and restricting it to D\{v}, the corresponding clockwise
monodromy of ¥ around v is given by T [1]. Passing to Grothendieck groups, that is,
applying Ko (-), we obtain a perverse sheaf on D with (at most) one single singularity. We
have
Ko(Ty) = Ko(F)Ko(G) — Ko(id).

The automorphism of K¢(N)
Ko(Tw[1]) = —Ko(Tw) = Ko(idw) — Ko(F)Ko(G)
describes the usual monodromy of this perverse sheaf.

Remark 4.31. Let ¥ be an R-linear G-parametrized perverse schober and suppose that
¥ (e) is 2n-periodic for some n > 1, in the sense that [2n] ~ idg (). Let x” € Fr(Z¢\Go)
be an inverse image of x € X \Gy. The fiberwise monodromy of £ ¥, that is, the action
of 1 € Z >~ 71 (Fry(Z¢\Go), x”') is given by [2].

Suppose first that n = 1, that is, ¥ (e) is 2-periodic. Then the local system

EF 1 (Fr(Zg\Go), x”) —> mo Aut(F (e))
factors through the quotient

711 (Fr(Z6\Go), x") /71 (Frx (26 \Go). x”) >~ 71(Z6\Go. x)
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and thus canonically defines a local system on Xg\Gy (that even extends to X\ P),
without a choice of framing.

Now suppose that n > 1. An n-spin structure on Xg\Go amounts to an n-fold con-
nected covering of Fr(X¢\Gy). Pulling back £ ¥ along this covering yields a local system
with trivial monodromy on the fiber over X\ Gy that hence restricts as in the case n = 1
to a local system on X\ P.

Remark 4.32. Let ¥ be an R-linear G-parametrized perverse schober with singularities
at P C Gy. Applying any additive invariant £, such as Hochschild homology, to the local
system £F on Fr(X¢\Gy) yields a local system with trivial monodromy on the fiber,
since E([2]) ~ id. By the same argument as in Remark 4.31, E(£¥") thus defines a local
system on X\ P.

The monodromy of a perverse schober is independent of the choice of ribbon graph in
the appropriate sense.

Lemma 4.33. Let ¥ be an R-linear G-parametrized perverse schober with singularities
at P. Let ¢c: G — G’ be a contraction of ribbon graphs not contracting the edge e and
no edges connecting any two vertices in P and choose a smooth map C: Xg — X as
in Lemma 4.24. Let £ be a framing on ¢/\ P, and let § = C*(§') be the corresponding
Sframing on X\ P. There exists an equivalence between £*£F and the local system

1(Z6\P.x) 2D 1 (S6\ P, C(x)) EETL 1 Aut((en F) (@) = 7o Aut(F (e)).

Proof. This follows from Lemma 4.24 and the relation between the line fields vg and v
described in Example 4.8. ]

Next, we prove that a perverse schober without singularities is completely determined
by its generic stalk and monodromy.

Proposition 4.34. Let 51, 5 be two R-linear G-parametrized perverse schobers without
singularities. Let & be a framing of . Assume that 1(e) = F,(e). The following two
are equivalent:

(1) There exists an equivalence of G-parametrized perverse schobers ¥1 ~ %,.

(2) The monodromy local systems £* £ F, and £* L F> are equivalent.

Proof. 1t is clear that (1) implies (2). We next show that (2) implies (1). Denote by
N = Fi(e) the generic stalk. Choose a contraction ¢: G — G’ such that e is not con-
tracted and G’ has only a single vertex. Part (3) of Lemma 4.24 implies that the local
systems of transport of ¢« (1) and ¢« (¥>) are equivalent.

We choose a total order of the m halfedges incident to the vertex v of G/, com-
patible with their given (counterclockwise) cyclic order. We denote the i-th halfedge
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by a; and its corresponding edge by e;. We can replace c«(¥1) and c«(F2) by equiva-
lent G’-parametrized perverse schobers, denoted §; and ¥, such that for j = 1,2 and
1<i<m,

G (v) = Vg, = Fun(A" 72, N),
Gi(ej) =N

and _
9> ei) = Sij 0 0il—il,

where §; ; is some autoequivalence of /. The monodromy relative £ along a path y start-
ing at e; and going around a given loop of G’, composed of halfedges a;, a;’ of §;, is given
by S, o Sl.jjl[i —i'+ W(y)]ifi’ >i andby S/ j o Sl.jjl[i —i'—m+2+W(y)]ifi’ <i.
We thus find S,-/,ISEII ~ S,-/,ZS;;. We can additionally assume that S;/ > = S/ 1 = idg(e)
by replacing §;, %, by equivalent perverse schobers once more. We thus conclude S; ; ~
Si .2 as well. Performing this argument for all loops of G’ shows that §; ~ §,, concluding
the proof. ]

The next example illustrates that a perverse schober consists of more data than its
singularity data and monodromy data.

Example 4.35. Consider the following spanning graph G of the 1-gon.

X X

~N 7

o

Consider a G-parametrized perverse schober ¥ with two singularities at the vertices
labeled x and no singularity at the vertices labeled o. Let F1: V; — N and Fo: V, — N
be the underlying spherical adjunctions at the two vertices. These are determined only up
to pre- and postcomposition with equivalences of co-categories. The perverse schober
thus corresponds, up to equivalence, to a diagram

'Vl VZ

SloFll J/SzOFz

N (m Fun(Al,N) Tl> N
Vo

cof

N

with Sy, S, autoequivalences of V. Note that Fun(A!, V) ~ 'VSN, with 04:0 — N the
spherical zero functor. Composing with the autoequivalence Fun(A!, S;°1) of Fun(A!, )
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replaces S7 by S;1S; and S5 by idy. Up to equivalence of perverse schobers, we may
thus assume that S, = id. In total, the equivalence class of the perverse schober ¥ is
determined by the functors S;, F; and F», up to natural equivalence of these functors and
precomposition of Fy, F, with autoequivalences of Vy, V.

We equip the 1-gon with any framing (it is unique up to homotopy) and denote its
restriction to the complement of the two singular vertices by &. The monodromy of ¥
with respect to £ along a clockwise loop wrapping once around the left singularity is
given by S1 T S7[1], with Ty the cotwist of F; —f radj(F}), which is the suspension of
the cotwist functor of the adjunction Sy F; f radj(F;)S;!. The monodromy of the clock-
wise loop wrapping once around the right singularity is similarly given by the cotwist
functor of the adjunction F, — radj(F3).

Since the choice of S; affects the monodromy of ¥ only by conjugation with Sy, we
find that, given the functors Fy, F, and the monodromy local system, one cannot in gen-
eral recover the autoequivalence S;, and thus also cannot recover the equivalence class
of the perverse schober. One can make this failure explicit by choosing, for instance,
F, = F> = ¢* the functor from Section 6.3 for n = 3, where Ty = [3], and S| = ¢* is
the functor from the proof of Theorem 6.9.

5. Calabi-Yau structures and perverse schobers

We begin with the local picture in Section 5.1 by constructing relative Calabi—Yau struc-
tures on the sections of perverse schobers parametrized by the n-spider. In Section 5.2,
we discuss the construction of relative Calabi—Yau structures on the global sections of
perverse schobers. Finally, in Section 5.3, we return to the case of perverse schobers
parametrized by the 1-spider, that is, spherical adjunctions, and give a novel and
easy-to-verify criterion for the existence of a weak right Calabi—Yau structure.

5.1. Calabi-Yau structures locally

Consider a perverse schober on the m-spider ¥ . Proposition 4.10 states that # arises from
a spherical adjunction F: D < € : G, in the sense that ¥ is given, up to equivalence, by
the collection of adjunctions

(0i:VF <— € :Gi)i<i<m-
We can combine these adjunctions into a single adjunction
R=(01,....0m): VF «— €S =(G1.....Sm)-

As it turns out, this adjunction is spherical, and its twist functor describes the change in
the perverse schober on the m-gon when rotating it by an angle of 27 /m (see Propo-
sition 5.1). Note that this is not a genuine symmetry; a full rotation does not return the
perverse schober to itself, but instead changes it by the monodromy around the singularity,
that is, the suspension of the cotwist functor of F 4 G.
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Proposition 5.1 ([5, Props. 3.8 and 3.11]). The adjunction R 1 S is spherical. Let Tv;_n
be its twist functor and Te the cotwist functor of the adjunction F - radj(F). There exist
equivalences of functors

0i+1 forlflfm—l,

'OT m
Qie Vi {Tg[m— 1oy fori =m.

The goal of this section is to prove the following proposition, roughly stating that the
functors R, S can be equipped with Calabi—Yau structures, provided that F', G are already
equipped with relative Calabi—Yau structures. In this case, the Serre or inverse dualizing
functors id?{]}n , id'!v}n thus describe the effect of partial rotation of the m-gon.

To simplify the signs, we change R and S in the following proposition by composition
with componentwise suspension functors.

Proposition 5.2. Let F: D < € : G be a spherical adjunction of dualizable R-linear
oo-categories and m > 1. Consider the spherical adjunction

RE = (01[-1],02[=2], ..., 0m[-m]): VF <— € : SE = (s1[l]. s2[2]. . . ., Sm[m]).
5.1

(1) Suppose that €, D are smooth and that there exists a class ng: R[n] —
HH(D, ‘C’)Sl defining a left n-Calabi-Yau structure on G, which restricts to a

left (n — 1)-Calabi—Yau structure ng: Rfn — 1] — HH(‘C’)S1 on €. Then the func-

tor S'¢ admits a canonical left n-Calabi—Yau structure, which restricts on cxm

to

nE™: Rln — 1] — HH(e*™)S' ~ D HH(E)S".
m

(2) Suppose that €, D are proper and assume that there exists a class ng: R[n] —
HH(D, €)§1 defining a right n-Calabi-Yau structure on F, which restricts to
a right (n — 1)-Calabi-Yau structure ne: Rjn — 1] — HH(I?);1 on €. Then the
Sfunctor Rt admits a canonical right n-Calabi—Yau structure, which restricts on
X" 1o

ne™: R[n — 1] — HH(E™™)§, ~ @HH(‘C);I.

Using the gluing properties of Calabi—Yau structures, we will reduce the proof of
Proposition 5.2 to the case m = 3 and D = 0. This case is then first solved for € =
RModpg, which admits canonical left and right 0-Calabi—Yau structures and then for
arbitrary € by tensoring (see Proposition 3.9).

Construction 5.3. Let € = RModg, considered as an R-linear smooth and proper co-
category. We construct two inverse equivalences U, U ~!: Fun(A'!, €) — Fun(A!, €) via
Kan extension.
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Consider the co-category X of diagrams in € of the following form, where all squares
are biCartesian, that is, both pushout and pullback squares.

f— b —— 0
O O l
> b > 0

0 | o]

a// b//

Q

S —

o+—¢—

One can formally characterize the oo-category X as consisting of diagrams which are
repeated Kan extensions of their restriction to @ — b. The restriction functor to a — b
thus defines by [31, Prop. 4.3.2.15] a trivial fibration ¢: XX — Fun(A!,€). It hence admits
an inverse, unique up to contractible space of choices. We denote by ¥': X — Fun(A',€)
the restriction functor to @’ — b’ and by ¥”: X — Fun(A', €) the restriction functor to
a// N b//.

The functor U is defined as the suspension of the composite functor

-1 ’
Fun(Al,‘C’) ¢—> X L Fun(Al,‘C’),

and the functor U ™! is defined as the looping of the composite functor
1 ¢—1 1//// 1
Fun(A',€) — X — Fun(A", ).

Remark 5.4. An alternative description of the functor U from Construction 5.3 is as
follows. Let again € = RModg. We have functors evy, cof: Fun(Al, €) — €, together
with a natural transformation ev; — cof, as well as the further fully faithful functors
lo,L1: € — Fun(A,€), given informally by to: ¢ > (¢ — 0) and t5: ¢ — (0 — ¢), together
with a natural transformation ¢;[—1] — . Composing these functors, we have an induced
natural transformation t;evy[—1] — ¢, cof, whose cofiber describes an endofunctor of
Fun(A', €), given by the assignment

(a — b) — (b —> cof(a — b)).

This functor is equivalent to the endofunctor U, as follows from the universal property
of the R-linear co-category Fun(Al, €), as the lax limit of the functor ide: € — €,
considered as a A'-indexed diagram in the (co, 2)-category of R-linear co-categories.

Lemma 5.5. Let € = RModg. The R-linear oo-category Fun(Al, €) is smooth and
proper; and the functor U from Construction 5.3 is a Serre functor of Fun(Al, €).

Proof. It is straightforward to check that Fun(A', €) is smooth and proper. Any object
a — b in Fun(A', €) is given as the cofiber of a map (a[—1] = 0) — (0 — b). By the
exactness of Morg,,a1,¢) (- -) in the second entry, it follows that

Morgyyat ey(a — b.a’ — b') >~ fib(More (b, b') — More (a, cof(a’ - b'))).  (5.2)
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Leta — b,a’ — b’ € Fun(A', €) be compact objects. Using that ide is an R-linear Serre
functor, we find equivalences in RMod g

Morgyyat ey(a — b.a’ — b') =~ fib(More (b, b") — More (a, cof(a’ — b')))
~ cof(More(a, cof(a’ — b'))* — More (b, b')*)*
~ cof(More (cof(a’ - b’),a) — More(b', b))*
>~ Morgy,(ate) (b’ — cof(a’ — b'), cof(a — b) — a[1])*
>~ Morgyyat,e)(@ — b, U(a — b))*,

which are functorial in @ — b € Fun(A', €)%, a’ —» b’ € Fun(A!, €)°. The second-to-
last equivalence arises in the same way as equivalence (5.2). The last equivalence uses the
fact that the sequences @’ — b’ — cof(a’ — b’) and b — cof(a — b) — a[l] are fiber
and cofiber sequences, as well as Remark 5.4. This shows that U is a Serre functor, which
concludes the proof. ]

Lemma 5.6. Let € = RModg. We let ne: R — HH(‘G)S1 and ng: R — HH(D)7, denote
the lifts* of the apparent classes in HH(€) ~ R and HH(€)* ~ R. Note that ne and ne
describe left and right 0-Calabi—Yau structures on €, respectively.

(1) The R-linear functor
S = (s1[1], 2[2], s3[3]): €% — Fun(A',€)

admits a unique left 1-Calabi-Yau structure which restricts to the left 0-Calabi—
Yau structure ng* on €3,

(2) The R-linear functor
(01[-1]. 02[-2]. 03[-3]): Fun(A', €) — €*°

admits a unique right 1-Calabi-Yau structure which restricts to the right O-
Calabi-Yau structure (nfé)x3 on €33,

Proof. We only prove part (1); part (2) can be proven similarly. The split localization

sequence
s2(2] 03[-3]

€t — Fun(Al,f) —_—>
furnishes us with a splitting HH(Fun(A!, €))S' ~ HH(€)S' @ HH(€)S'. Applying
the adjunctions 03[—3] - ¢3[3] and ¢»[2] - 01[—2], we observe that HH(o3[—3])® 1
and HH(Ql[—Z])S1 are the two projection maps (HH(‘(?)Sl)‘B2 — HH(E)S] and that
HH(g3 [3])5l ,HH(s2 [2])S1 are the two inclusion maps HH(‘€)S1 — (HH(‘C’)S1 )®2 of the
direct sum decomposition.

4Canonical lifts exist by Remark 2.27.
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With the above, we have
M
HH(Fun(A',€),€*%)5" ~ cof(HH(€)S")®? =5 (HH(€)S")®2) ~ HH(€)S'[1],

where M = (Z1 § 9). The formula for M follows from

01[=2] o g1[1] = [-1]

and
03[=3] o ci[1] >~ [-1].

We let 1 be the class R[1] e, HH(‘@)S1 [1] ~ HH(Fun(A', ©), €X3)Sl. The obser-
vation that M(1, 1, 1) = 0 implies that 1 indeed restricts to r;{? on €3, Furthermore, 7 is
clearly unique with this property.

Letoe = 1 € R ~ HH(€) be the Hochschild class underlying ne and o = (o€, 0e, 0¢)
the Hochschild class underlying 1. To complete the proof, it remains to show that o is
non-degenerate. The class o determines the diagram

id!Fun(Al,f) —— Si(idgss)

lsl(tféﬁ)

S (id*€><3) — idFun(A1 €)

together with a null-homotopy of the composite functor idi:un( Ate) idpgn(ate)-
Composing the first two morphisms in the above diagram, we obtain the sequence
id

. cu .
i:un(Al,‘C’) — 5 Odf“) — ldFur1(A1,‘€)~ (5.3)

The morphism U is by Lemma 2.34 equivalent to the composite of the unit of the adjunc-
tion S - S with idi;un( Ale)- By Lemmas 2.21, 2.22 and 5.5, there exists an equivalence
between idi;lm( Al ey and the functor U ~1 from Construction 5.3.

One can check that the functor 7 is furthermore equivalent to the cotwist functor of
the adjunction S 4 S&. There thus exists a fiber and cofiber sequence

T = SS* L idpat e (5.4)

where u’ is up to equivalence a unit of the adjunction S& 4 S composed with T (see [16]
or [7, Rem. 2.10]). The respective counit maps in (5.3) and (5.4) describe the same counit
map. The respective unit maps are also equivalent, up to composition with an autoequiva-
lence of SSE. To show that this autoequivalence may be chosen trivially, we inspect the
R-module of all possible autoequivalences of SS® = Sy (idex3). We have

Map(Sy(idexs), Si(idex3)) ~ Map(ladj(Sy)Si1(idpx3), idex3 ),
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where ladj(S;) = SL(-) SRR, with SRR the right adjoint of S&. Since SR ~ SL o T, we
have SRR ~ T~1 o S and thus

ladj($)) Sy (idgxs) ~ SLSSRSRR ~ gLgsly.
The functor S~ S splits as
SLS ~ idexs @ P,

where P is the twist functor of the adjunction S~ — . It acts via rotation, meaning that P
sends the i-th component of the direct sum to the (i — 1)-th component of the direct sum
for all i € Z /37 and then acts with some suspensions on the three components. There
are no non-zero natural transformations between idexs and P or P2. It follows that the
morphism

@3 - - 51 R ¢gR
RMody~ > Mapyj, . cex3,ex3) (idexs, idexs) — Mapy i, run(at,€),Fun(at,e)) (SS7, SST)
is an equivalence. We thus find that every possible autoequivalence of S S& can be accom-
modated by choosing a different Hochschild class of €*3. We may hence conclude from
the existence of cofiber sequence (5.4) that there exists some choice of Hochschild class
o’ € R ~ HH(Fun(A!l, €), ‘€X3)S1[—l] which restricts to the class (07)*3 € R®3 ~
HH(€*3), which turns (5.3) into a cofiber sequence. Since ladj(S))S) contains the iden-
tity as a direct summand, we find that S) is a conservative functor. The fact that o’ induces
an equivalence S\ (idi?“) ~ S (idex3) thus implies that (o”)*3: id.!e“ — idexs is already
an equivalence. It follows that ¢’ € mo(R) must be an invertible element. Upon compos-
ing o/ with its inverse in the ring 7o (R), cofiber sequence (5.3) clearly remains a cofiber
sequence. This shows that 7 already describes a left 1-Calabi—Yau structure, concluding
the proof. ]

Proof of Proposition 5.2. We only prove part (2); the proof of part (1) is analogous.
We suppose that F: D — € is a spherical functor with a right n-Calabi—Yau structure
restricting to a right (n — 1)-Calabi—Yau structure on €.

We first assume that F' = O¢: 0 — €. As shown in [5, Lem. 4.26], there is a pullback
diagram in LinCatg

-1
Voo — Voe

4 lm[—l]

03[-3]

Voo —— €

such that the functor g;[—i]: Vo — € factors fori = 1,2 as

v g 2 e

andfori =3,...,m as
1 Qi—2[2—i]
_—

D.

m m—
vO‘e — v()*g
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To show that R admits the desired right n-Calabi—Yau structure, it thus suffices by The-
orem 3.16 to show this in the case m = 3. This case follows from combining Lemma 5.6
and Proposition 3.9.

Let now the above functor F: ) — € again be arbitrary. Again, by [5, Lem. 4.26],
there exists a pullback diagram in LinCatg.

Vg ———— D
LT
'Vgg“ Om+1[=m—1] e

By Theorem 3.16, the above-constructed right n-Calabi—Yau structure on RB”;;I glues with
the n-Calabi—Yau structure on F' to the desired right n-Calabi—Yau structure on R’z. =

5.2. Calabi-Yau structures on global sections

We begin by recording a direct consequence of the gluing property of Calabi—Yau
structures.

Theorem 5.7. Let ¥: Exit(G) — LinCat%“al be a G-parametrized perverse schober.

(1) Suppose that ¥ takes values in smooth R-linear oco-categories. Suppose further

that
e For each vertex v of G with incident halfedges a;, . . ., am and corresponding
edges ey, ..., em, the functor

[Tiadi(# (v = e)): [] # (e:) — F ()

i=1 i=1

carries a left n-Calabi-Yau structure
m St
nv: Rln] — HH(?(U), I1 ?(ei)) .
i=1
We denote the restriction of 0y along the functor 1adj(F (v N e;)) by
Ne.a,: R[n — 1] — HH(F (¢;))5".

e For each internal edge e of G with incident halfedges a # b, we have
Ne,a = —MNe,b-
Then the R-linear oo-category of global sections T'(G, &) is smooth, and the
functor from equation (4.4)
0F: [] F(e) — I'(G. F)
eeG!

admits a left n-Calabi—Yau structure.
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(1) Suppose that F takes values in proper R-linear oo-categories. Suppose further

that
e For each vertex v of G with incident halfedges a1, . . ., a, and corresponding
edges e, ..., em, the functor

1_[37 v—)e, .‘F(v)—>1—[37(€i)

i=1 i=1

carries a right n-Calabi—Yau structure

Mv: Rln] — HH(fP’(v), I1 ?(e,-))* .
S]

i=1
We denote the restriction of 1, along the functor ¥ (v N e;j) by
Ne,a; R[l’l - 1] - HH(}’V(el));l

e For each internal edge e of G with incident halfedges a # b, we have
Ne,a = —MNe,b-

Then the evaluation functor at the external edges

[]eve:T™G.7)— [] #o)

eEG‘? eEG‘?

admits a right n-Calabi-Yau structure.

Proof. Part (ii) follows from repeated application of Theorem 3.16 by using that we can
compute the limit over Exit(G) via repeated pullbacks. Part (i) follows from a similar argu-
ment from Theorem 3.15 by using that I'(G, ¥') is equivalent to the colimit in LinCatg of
the left adjoint diagram of % . |

Given a parametrized perverse schober without singularities in the sense of Defini-
tion 4.13, also called a locally constant perverse schober, whose generic stalk admits
a Calabi—Yau structure, Theorem 5.8 states that its global sections admit a Calabi—Yau
structure if its monodromy with respect to any framing of the surface (see Section 4.3) acts
trivially on the corresponding negative or dual cyclic homology class. Note that a direct
variation on this result for arbitrary perverse schobers does not hold, as follows from a
variant of Example 4.35. Theorem 5.8 generalizes the construction of relative Calabi—Yau
structures on the topological Fukaya categories of framed surfaces of [2].

Theorem 5.8. Let ¥ : Exit(G) — L1nCatd“a1 be a G-parametrized perverse schober
without singularities. Fix an edge e of G, and let N = ¥ (e) be the generic stalk of ¥ .
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(1) Suppose that N is smooth and admits a left (n — 1)-Calabi—Yau structure
n: Rln — 1] — HH(M)S".
Suppose that the local system (see Remark 4.32)
HH(£F)S": 71 (S6) — 7o Autpytoap (HH(N)S')
preserves 1. Then the functor

0F: [] #(¢) —T(G. %) (5.5)

e’eG?
admits a left n-Calabi—Yau structure.

(i1) Suppose that N is proper and admits a right (n — 1)-Calabi—Yau structure
n: R[n — 1] — HH(N)§1.
Suppose that the local system
HH(L7)§1: 71(Z6) — o Autrmiodr (HH(N)§:1)
preserves 1. Then the functor

[ eve: T 6. %) — [] #()

e'eGy e'eGl

admits a right n-Calabi-Yau structure.

Proof. We only prove part (i); part (ii) is analogous. Using Proposition 4.17 and
Lemma 4.33, we may assume that G has a single vertex v. We choose a framing & on Xg.
Let m be the valency of v. We choose a total order of the halfedges incident to v. Applying
Proposition 5.2 to the spherical adjunction F = 0 :0 <> N : G, with the left n-Calabi—
Yau structure on G arising from 7, yields a left n-Calabi—Yau structure on Rng, which
restricts on N to n*™. The diagram Ry, gives rise to a perverse schober g, on the
m-spider G, assigning to the incidence of the i-th halfedge with v the functor g;[—i].

Consider an internal edge / of G, which is by assumption a loop. The loop consists
of two halfedges which lie in positions 1 <i < j < m, and we orient /& so that it first
traces along the i-th halfedge and then the j-th halfedge. We modify §, by composing
the functor &, (v N h) with the autoequivalence E*£F (h)[j —i — W(h)]: N — N.

We do this for each such internal edge /# and denote the arising perverse schober on
the m-spider by §,. We let § be the G-parametrized perverse schober which restricts
along Exit(G,,) — Exit(G) to §,. We have defined § such that ¥ and § have equivalent
monodromy local systems. It follows from Proposition 4.34 that ¥ ~ §.

Using the above relative Calabi—Yau structure on §,, that the monodromy of ¥ acts
trivially on 7, that the winding numbers of a framing are all even and that HH([1]) =
—idup(w), we find that F satisfies the assumptions of Theorem 5.7. It follows that
functor (5.5) admits the desired left n-Calabi—Yau structure. ]
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5.3. Weak right Calabi-Yau structures on spherical functors

Consider a dualizable R-linear functor F:  — € between proper R-linear co-categories
with right adjoint G. If F admits a weak right Calabi—Yau structure, the arising fiber and
cofiber sequence

idp — GF — id%[1 —n]

exhibits the shifted Serre functor idg,[1 — n] as the twist functor of the adjunction F 4 G.
If O is smooth, then id, is an equivalence. To check that the adjunction F 4 G is spher-
ical, it thus suffices to show that the cotwist functor is also an equivalence or alternatively
that the unit of the adjunction F <4 G commutes with id% and that G admits a right
adjoint H such that Im(F) >~ Im(H) (see [7, Prop. 4.5]).

Conversely, suppose that F - G is a spherical adjunction, satisfying that the twist
functor T is equivalent to idg,[1 — n]. The unit and counit maps of spherical adjunctions
exhibit a rather special behavior: in the fiber and cofiber sequence

idp — GF -5 To,

the map cu’ is a counit map of the adjunction E 4 F composed with Tg, up to compo-
sition with an autoequivalence GF ~ Tp o EF. By Lemma 2.34, this fiber and cofiber
sequence looks very similar to diagram (3.2) appearing in the definition of a weak relative
right Calabi—Yau structure on F. It is thus natural to ask whether F already admits a weak
right n-Calabi—Yau structure. In this section, we prove that F' can indeed be equipped
with a weak right n-Calabi—Yau structure, under the assumption that € is weak right
(n — 1)-Calabi—Yau and €, D are compactly generated (see Proposition 5.9).

The proof is rather indirect and relies on first lifting the spherical adjunction F 4 G
to a perverse schober on the 3-spider, which might be thought of as a kind of resolution,
as it renders trivial certain commutativity problems of diagrams involved in checking the
existence of the relative Calabi—Yau structure. We then use an explicit description of the
Serre functor on the global sections of this perverse schober that is only available in the
proper setting. We get back to the original spherical adjunction by gluing with the Calabi—
Yau structure of the zero functor €% — 0. We leave it as an interesting problem to find
an alternative argument which applies in the smooth setting.

Proposition 5.9. Let F: D < € : G be a spherical adjunction of compactly generated,
proper R-linear oo-categories. Let Tg be the twist functor of F = G. If there exists an
equivalence Tg ~idg[1 — n] and a weak right (n — 1)-Calabi—Yau structure on €, then F
admits a weak right n-Calabi—Yau structure.

We will apply Proposition 5.9 to examples in Section 6.3.

Lemma 5.10. Let F: D < € : G be a spherical adjunction of compactly generated,
proper R-linear co-categories. Let Tg be the twist functor of F 4 G. Suppose that there
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is an equivalence Tg > idg[1 — n] and that '€ admits a weak right (n — 1)-Calabi—Yau
structure. Consider the spherical adjunction (see Proposition 5.1)

= (o1[~11. 02[=2]. 3[-3]): Vi <= €*: S == (q1[ll. 2[2]. s3[3)).  (5.6)

The functor S* admits a weak right n-Calabi—Yau structure.

Proof. We show in Lemma 5.11 that the Serre functor ldv3 is equivalent to a suspension
of the twist functor Tvs of SL - S. The definition of Tvs thus gives us a fiber and cofiber
sequence of endofunctors of 'V3

idys s 55t s idz, [1 - n). (5.7)
F

By assumption, € admits a weak right (n — 1)-Calabi—Yau structure, corresponding to an
equivalence a:ide = idg[l — n]. This gives us an equivalence

Sa3SL: S*(idexs) = SST =~ Sidg[1 —n]S* ~ S*(idf.s)[1 — n).
Fiber and cofiber sequence (5.7) gives rise to a commutative diagram in Ling (V3., V3)

idyy —— $*(idgxs) ———— cof

:l S*(aXS)l '7) l: (5.8)

fib —— S*(idg.)[1 —n] — id%, [1 —n]
F

with horizontal fiber and cofiber sequences and vertical equivalences. The map 7 is up to
composition with an equivalence S*(idex3) ~ 1dv3 SLLSL[1 — n] given by a counit map
of the adjunction SLL 4 §L which can be seen as follows. By [16, Cor. 2.5.16], there
exists an equivalence e: 1dv3 [1—n]SLL ~ Ty3 SLL ~ §. By [7, Lem. 2.10], the com-
posite natural transformatlon n o eST evaluates at each object of "VX3 to a counit map of
SLL 4 SL 50 that ) o eST is adjoint to a pointwise autoequlvalence 1dv% SLL[1 —n] ~
id?{;g_ SLL[1 —n]. This implies that 7 o e S is already a counit composed with id*{;} [1—n].
By Lemma 2.34, this shows that the natural transformation v agrees with the counit cu
from Construction 2.31, up to composition with an autoequivalence 8 of S*(idg.3)[1 — n].
As we show next, the adjunction S~ - S has the special feature that the map

So(-)oSL
Map(idZ.a[1 — 1], idsa[1 — n]) =% Map(S* (idsra)[1 — 1], $* (iders)[1 — n])

is an equivalence. We denote the inverse image of 8 under this map by 8’. We have already
seen this in the special case that § = 0 and € = RModp, in the proof of Lemma 5.6. The
argument here is very analogous: the functor S¥S splits as S©S ~ idexs @ P with P the
cotwist functor of S¥ - §, which permutes the three factors of €*3 cyclically by one step
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and then acts on each component as suspension or the cotwist functor of F - G. We thus
have Mor(P, idex3) ~ 0 and Mor(P2,idex3) ~ 0 and

Map(S™* (idgys), S* (idgxs))
~ Map(S*Sidg . SLS,id%s)
~ Map(idgxs, idgxs) @ Mor((P @ P @ P?) 0idgys. idgys)
~ Map(idgys, idgxs)-

We adapt the choice of Calabi—Yau structure on € by postcomposing o: ide = idg[1 — 1]
with B’. Note that v o S*((8’)*?) is by construction equivalent to cu. The existence of dia-
gram (5.8) thus induces a relative dual Hochschild homology class o € HH(V3., €*3)*
which defines a weak right n-Calabi—Yau structure on ST. We finally remark that o
restricts at €3 to the class corresponding to (B’ o a)*3. |

Lemma 5.11. Under the assumptions of Lemma 5.10, the shifted twist functor Tv} [n—1]
of adjunction (5.6) is equivalent to the Serre functor id;; .

Proof. In this proof, we will use the following simplified and abusive notation for ele-
ments of "V;’,: given an element of V}, that is, a diagram d — ¢; — ¢5, with the morphism
d — ¢ lying in the Grothendieck construction of F', meaning that it encodes a morphism
F(d) — c1, we simply write it as a tuple (d, ¢1, ¢2). We similarly write elements ¢; — ¢;
of Fun(A', €) as pairs (cy, c2) and elements d — ¢ of "V% ~ fib(o;) C V% as pairs
(d, c). Given elements x = (c1,c») € Fun(Al,€) and d € D, we will also write (d, x)
for (d, ¢y, c3).

The Serre functor of € is Ue ~ [n — 1], the Serre functor of D is given by Tp[n — 1]
and the Serre functor of Fun(A', €) is denoted by U,. The functor U, is given by the
tensor product of the Serre functors of Fun(A!, RModg) and €. By Lemma 5.5 and
Remark 5.4, U, is thus given by the assignment

Us: (c1,¢2) + (ca,cof(cy — ¢2))[n —1].

A straightforward computation shows that the twist functor Tv} : V} — V% of ST+ S is
given by the assignment

Tv%: (d,c1,c¢2) > (cof(d — G(ca)),cof(F(d) — c2),cof(c1 — ¢2)).

This assignment is to be understood as in Remark 5.4, meaning the apparent functor corre-
sponding to the above formulas constructed using the universal properties of the involved
lax limits.

Consider the relative suspension functor t: Vz — V& of [16, Def. 2.5.8], which is on
objects given by mapping (d, c¢) to (cof(d — G(c)), cof(F(d) — c)). The functor 7 is an
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equivalence by the sphericalness of F' and [16, Cor. 2.5.10], and this implies that

Moryz ((d',¢). (d. F(d)))
~ Moryz (z((d’, "), t((d, F(d))))
~ Moty ((cof(d’ — G(c)), cof (F(d") — ¢')), (T (d),0))
~ Morg(cof(d’ — G(c)), To(d)),

bifunctorial in (d’,¢’) € (V) and d € D.
We thus have the following equivalences, bifunctorial in (d, c1, ¢2) € ('\713,)C and
(d’,cl.ch) € (V3)eor:
Mor((d, c1,¢2), (d’, ¢}, c5))
~ cof(Mor((d[—1],0,0), (d’, ¢}, c5)) = Mor((0, 1, ¢2), (d’, ¢}, ¢c5)))
~ cof(Morg (d, cof(d’ — G(c}))) = Morgyat e)((c1, ¢2), (c1, €3)))
~ cof(Mor(cof(d" — G(c})), To(d)[n — 1])* — Mor((c], ¢3), U2((c1, ¢2)))™)
~ cof(Mor((d’, ¢}, ¢5),(d, F(d),0)[n —1])*
— Mor((d', ¢}, ¢5), (G(c2), Ua(c1, c2))[n — 1))*)

~ Mor((d’, ¢}, ), Tya(d.c1.c2)[n - 1*.

This shows that TV% [n — 1] is a Serre functor and thus equivalent to id;3 . ]
F

Proof of Proposition 5.9. Consider the functor S*: 'V?, — €3 from Lemma 5.10 which
admits a weak right n-Calabi—Yau structure. Applying Theorem 3.16 to the pullback
diagram in LinCatg

F
o R —

yields the desired weak right n-Calabi—Yau structure on F'. ]

6. Examples

We begin in Section 6.1 by describing Fukaya—Seidel categories as the global sections
of perverse schobers on the disc and using this to construct relative Calabi—Yau struc-
tures on these. In Section 6.2, we describe a special case of Theorem 5.8 concerning
relative Calabi—Yau structures on periodic topological Fukaya categories of marked sur-
faces. Finally, we observe in Section 6.3 that the derived categories of relative Ginzburg
algebras of n-angulated surfaces admit relative left n-Calabi—Yau structures and further
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exhibit in some cases weak right n-Calabi—Yau structures on the R-linear versions of the
finite derived categories of these relative Ginzburg algebras, where R is an arbitrary base
E o-ring spectrum.

6.1. Fukaya—Seidel categories

The cosheaves of partially wrapped Fukaya categories of [20] give rise to perverse
schobers. We will explain this in this section in the setting of Lefschetz fibrations over the
disc. We remark that a related construction of Fukaya—Seidel categories using perverse
schobers appears in [27].

We work in the setup of partially wrapped Fukaya categories of [20]. The original
construction of Fukaya—Seidel categories in the different setup of [37], as a directed
Aoo-category, can be treated in a similar way using perverse schobers.

Let C5¢ be the half-plane (considered as a Liouville sector). Let w: X — Cs¢ be a
Lefschetz fibration (in the sense of [20]), with X a Liouville sector, with regular Weinstein
fiber F and core §{ C F. Let 2n be the dimension of M. We assume that 2n > 4.
We further assume that the wrapped Fukaya category W(F') of the fiber is weakly left
(n — 1)-Calabi—Yau, which is shown under minor assumption on F in [19].

The wrapped Fukaya category ‘W(X) is equivalent to the partially wrapped Fukaya
category W(X, f) of the Liouville manifold X arising from X with a stop at f. This Ao-
category is called the Fukaya—Seidel category of the Lefschetz fibration 7. We will denote
it by FS(w) = W(X).

From FS(7), we obtain a k-linear stable oo-category D(FS(rw)) € LinCat; by
first choosing a quasi-equivalent dg category to FS(;r) and then passing to its derived
oo-category.

As described in [20, Exm. 1.31], the Fukaya-Seidel category FS(xr) arises as the
homotopy colimit of a diagram of A,-categories with values given by the Ao,-categories
W(F) ® Ay, W(F) and Perf(k). This diagram describes a perverse schober and is
described in more detail in Construction 6.3. This allows us to obtain a weak relative
left n-Calabi—Yau structure on O (FS(7)).

Theorem 6.1. Let w: X — Csq be a Lefschetz fibration as above.

(i) The derived co-category of the Fukaya—Seidel category D (FS()) arises as the
co-category of global sections of the perverse schober ¥ on Csq from Con-
struction 6.3 with singularities at the singular values of w and generic stalk
D(W(F)).

(ii) Passing to derived co-categories, the canonical functor

W(F) — FS(x)
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known as the cup/Orlov functor’ agrees with the spherical boundary corestriction
Sfunctor 0F (see equation (4.4)). The functor 0F admits a weak left n-Calabi—Yau
structure, exhibiting D(FS()) as weak relative left n-Calabi—Yau.

Remark 6.2. The derived Fukaya—Seidel category FS(rr) € LinCaty is smooth being the
colimit of smooth co-categories and proper as it is generated by the thimbles. There is a
pushout diagram in LinCaty, of the following form (see [20, Thm. 1.20]).

D(W(F) L5 DFS(7))

0 —— D(W(X))

Thus, FS(7r) can be seen as a smooth and proper resolution of the smooth O (W(X)). The
Serre functor on O (FS(7)) is given by part (ii) of Theorem 6.1 by a shift of the cotwist
functor of the spherical adjunction 0¥ <« radj(d0¥ ). Note that spherical functors commute
with their (co)twist functors (see [7, Lem. 2.2]). The Serre functor of FS(ir) thus stabilizes
the stable subcategory generated by the image of 0% .

Furthermore, by gluing with the Calabi—Yau functor O(W(F)) — 0 via Theo-
rem 3.15, we find that D (‘W (X)) inherits a weak left n-Calabi—Yau structure, recovering
the result of [19].

Construction 6.3. Let n be the number of singular values of the Lefschetz fibration 7.
Consider the following ribbon graph G,.

Sn

Un

N
. e
NS

U1

We can embed G, into Csp, making it into a spanning ribbon graph, such that each
vertex s; lies at a singular value of m and the external edge incident to v; ends on the
unique boundary component of Csg. The embedding of G, into Cs¢ decomposes Cxg
into Aj-sectors, lying near the vertices vy, ..., v,, not containing any singular values,

3See [42]. The left adjoint is called the cap functor.
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as well as n half-planes containing the singular values s;. The derived wrapped Fukaya
categories of the inverse images of the half-planes are each equivalent to (k). The
Fukaya—Seidel category arises by [20, Example 1.31] as the homotopy colimit of a dia-
gram of Ao-categories, indexed by the opposite of the exit path category of G,. This
diagram assigns

* toeachedge of G, an Ao,-category Morita equivalent to the wrapped Fukaya category
W(F) of the fiber,

* to each vertex v; an Aoo-category Morita equivalent to W(F) ® A,, and
* toeach vertex s; an Aoo-category Morita equivalent to Perf(k).

Passing to derived co-categories and right adjoint functors yields a diagram ¥ : Exit(G) —
LinCaty, which is readily verified to describe a perverse schober with singularities at
S1,...,8,. The spherical adjunctions at the vertices s; arise from the spherical objects
in ' W(F) given by the vanishing cycles of the Lefschetz fibration.

Note that we can contract the ribbon graph G to the following ribbon graph G/,.

This allows us to understand the co-category of global sections of ¥ as a non-full subcat-
egory of D(W(F) ® A,) ~ Fun(A"™1, D(W(F))), similar to the directed subcategory
construction of [37]. From this perspective, the thimbles of the Lefschetz fibration amount
to coCartesian sections of the G/, -parametrized perverse schober of the following form:
for X; € D(W(F)), the i-th vanishing cycle, the corresponding thimble Y; is given as

follows:
0 k
l L
0 e X

satisfying that the restriction of Y; to the j-th internal edge e; is given by X; if i = j
and 0ifi # j.
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We next briefly discuss spherical objects and then show that these give rise to functors
with Calabi—Yau structures.

We let k be a commutative ring and € a dualizable k-linear co-category. We fix an
object X € €° whose endomorphism object is equivalent to the singular complex of the
(n — 1)-sphere for some n > 2, meaning that

Mape(X, X) ~ k @ k[-n + 1] € D(k).
The object X gives rise to a k-linear adjunction
-®k X: D(k) «— € : Mape (X, -). 6.1

By the assumption on X, the twist functor Tp(k) =~ cof(idp k) — - @k Mape (X, X)) is
equivalent to the (n — 1)-fold loop functor [—n + 1] and thus an equivalence. We call the
object X an (n — 1)-spherical object if the cotwist functor T¢ is also an equivalence and
adjunction (6.1) is thus a spherical adjunction. In this case, the right adjoint of Mape (X, -)
is given by - ® X [n — 1]. If € is proper and compactly generated, with Serre functor U,
the adjunction is spherical if and only if U(X) ~ X[n — 1] so that we specialize to the
usual notion of a spherical object (see, for instance, [24, Def. 8.1]): one implication of
this can be proven using [7, Prop. 4.5] and the fact that iterated adjoints between proper,
compactly generated co-categories are obtained by compositions with powers of the Serre
functors.

Lemma 6.4. Letn # 1 and X € € an (n — 1)-spherical object in a dualizable k-linear
oo-category.

(1) If € is proper and admits a weak right (n — 1)-Calabi—Yau structure, then the
functor
-Qr X:Dk) — €

admits a compatible weak right n-Calabi—Yau structure.

(2) If € is smooth and admits a weak left n-Calabi-Yau structure, then the functor
Mape (X, -): € — D(k)
admits a compatible weak left n-Calabi—Yau structure.

Proof. We only show part (1); part (2) can be shown analogously. Let o: k[n — 1] —
HH(€)* be a weak right (n — 1)-Calabi—Yau structure on €. The class o gives rise to the
following diagram.

idpky ———— - ® More(X, X)

|=

- ®k More (X, UX))[—n + 1] =% i} [-n + 1]
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Note that idz)(k) =~ idgp). Since there are no natural transformations from idgp ) to
ido)[—n + 1], the above diagram is equivalent to the following diagram.

idok) —— idow) ®idow)[—n + 1]

lz

idg)(k) [a5) idg)(k)[—l’l +1] —>» idg)(k)[—l’l + 1]

This diagram clearly admits a null-homotopy which defines a non-degenerate relative dual
Hochschild class k[n] — HH(D (k), €)*, restricting to o on HH(€)*, thus exhibiting the
desired weak right (n + 1)-Calabi—Yau structure on the functor - ® X: D(k) > €. =

Proof of Theorem 6.1. We begin with showing part (i). By the cosheaf properties of par-
tially wrapped Fukaya categories (see [20, Exm. 1.31]), we find that FS(sr) arises as the
homotopy colimit of the diagram of A-categories indexed by Exit(G,)°P described in
Construction 6.3. It remains to show that the passage to the derived co-category turns the
Aoo-categorical homotopy colimit® into an oo-categorical colimit. This follows from two
observations. Firstly, by the universal property of the colimit, there is a comparison func-
tor H (G, F) — D(FS(xr)). Secondly, both stable co-categories are generated by the
thimbles, and on these, the above functor is a quasi-equivalence.

To obtain the weak left Calabi—Yau structure in part (ii), we combine Theorem 3.15,
Lemma 6.4, as well as Proposition 5.2 applied to the spherical adjunction D (W(F)) <> 0.
The existence of the weak right Calabi—Yau structure similarly follows using the observa-
tion that the limit of ¥ is equivalent to the limit of a diagram of proper subcategories in
LinCaty*!. (]

6.2. Periodic topological Fukaya categories

Let k be a field. We fix an integer n > 1 and denote by k|[t;5] the graded ring of Laurent
polynomials in a formal variable t, in degree n. Note that if n is even, then k[tF] is graded
commutative. A k[t,f]—module amounts to an n-periodic k-linear chain complex. If n is
even, we thus refer to k[t,f]—linear oo-categories as n-periodic k-linear co-categories. In
the following, we discuss how Theorem 5.8 specializes to periodic topological Fukaya
categories.

If n is even, we set m = n. Otherwise, we set m = 2n. As explained in [14], given an
oriented marked surface S if m = 2, or more generally a marked m-spin surface, with spin
structure denoted by &, one can associate a topological Fukaya of S with values in the n-
periodic stable co-category D (k [t,;t]). The analogue of its construction in [14] in terms of

6We point out that in contrast to the category of dg categories, the category of Ao-categories does not
admit a suitable model structure so that the notion of ‘homotopy colimit’ employed in [20] is not under-
stood in a model categorical sense. One can nevertheless expect that the passage to the derived oco-categories
always turns such homotopy colimits into co-categorical colimits.
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the global sections of perverse schobers is as follows: there is a unique (up to equivalence)
k[t]-linear locally constant perverse schober ¥ on S with generic stalk D (k[t]) and
whose monodromy local system with respect to £, in the sense of Remark 4.31, is trivial.
We call its global sections the n-periodic topological Fukaya category of S and denote it
by Fuk(S, D (k[t])). The corresponding co-category of locally compact global sections
of ¥ is by Lemma 4.18 equivalent to Ind Fuk(S, D (k[tF]))"™.

Theorem 6.5. Let k be a field with char(k) # 2 and m, n as above.

(1) The k[t;X)-linear topological Fukaya category Fuk(S, D(k[tE])) valued in the
derived oo-category D (k[tF]) of n-periodic chain complexes admits a relative
left (n + 1)-Calabi—Yau structure.

(2) The Ind-finite subcategory Ind Fuk(S, O (k [lf]))ﬁ" is proper and admits a relative
right (n 4+ 1)-Calabi—Yau structure. Further, if each boundary component of S has
at least one marked point, then Fuk(S, D (k[t:F])) ~ Ind Fuk(S, D (k[t:£]))".

Proof. Combine Theorem 5.8, Lemma 6.6 for n odd and Remark 4.19. ]

Lemma 6.6. Let k be a field with char(k) # 2. Let n > 1 be odd. Then D (k [t,jt]) is smooth
and proper as a k[lzfl]-linear oo-category and further admits left and right n-Calabi-Yau
structures.

Proof. Denote A := k[tE]. The k[t ]-linear enveloping algebra A° of A is given by the
graded commutative dg algebra k[t T, s¥]/(s? — t2), with generators ¢, s in degrees n and
satisfying st = (—l)mzts = —ts (graded commutativity), as well as s2 = 2. As aright A°-
module, A is equipped with the action 1.f = ¢ and 1.s = —¢. As a left (4°)°P-module, A
is equipped with the action #.1 = —¢ and 5.1 = ¢. We denote by A the right A°-module A
with the action 1.z = ¢ and 1.s =1.

We consider A€ as a right module over itself. There is a retract of right A°-modules

1—>1—s"1¢ 11

A A¢ A

since the composite is given by multiplication by 1 — 1.s7'# = 1 4+ ¢~ = 2 # 0 and thus
invertible. There is a similar retract

— 114571t 1—1
A

A€ A

and A ~ A @ A.

It follows that A is compact as a right A°-module. The inverse dualizing functor
idf@( ) 1s given by the tensor product with the left A°-module A' = RHomye (4, A°).
One finds RHomye (A, A) ~ RHomye(A, A) ~ 0. We thus have RHomye (A, A¢) ~
RHomgye (A, A) >~ RHomye (A€, A) >~ A on k-linear homology, with 1 € A being the
image of ¢: A — A®, 1+ 1 — s~ !t. The element t € A corresponds to ¢': 1 +> ¢ — s.
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The left action of A¢ on Homge (A, A¢) >~ A is determined by 7.¢p = ¢’ and 5s.¢p = —¢'.
It follows that A' = RHomye (A, A°) ~ A[—n] as left A°~-modules, since the shift by n
preserves the homology of A over k but flips the signs of the actions of ¢ and s (since n
is odd). This shows that id!i)( 4) = 1doa) [—n], as desired. Composing with id:‘@( 4) also
yields idi)(A) ~ id})(A) [—n]

It remains to show that the (dual) Hochschild homology classes of these weak left and
right m-Calabi—Yau structures lift to negative cyclic homology and dual cyclic homology,
respectively. We show this by proving the triviality of the S!-action on HH(D(A)). We
have HH(D(A)) ~ RHomye (A", A) ~ RHomye (4, A)[n] ~ A[n] ~ A. The S'-action on
the k[tzin]-linear Hochschild homology HH(D (k [tzﬂfl])) ~ k[tzﬂil] is trivial by Remark 2.27
and the same thus holds for its image k[lzin] C A under

HH(- ®q;2 A): HH(D (k[t1])) — HH(D(A)).

We are left with determining the S!-action on the summand k[tzin][n] CAx~ k[tzin] <)
k[tzﬂ;][n]. An S!-action on a k[tzﬂ;]—module is the same as a k[tzﬂ;][S 11-module structure,
where k[£55][S1] =~ k[t5E] @k k[S] > k[tE] ®k k[s1]/(s? = 0), with |s1| = 1 (see, for
instance, [21, Prop. 3.3] for the latter equivalence). Since 2n > 2, the action of s1, and
thus of S, on k[tzin] [7] is trivial for degree reasons, concluding the proof. |

Remark 6.7. There is a 2-periodic version of the sphere spectrum, and topological
Fukaya categories with coefficients in the modules over this ring spectrum have been con-
sidered in [33]. Interestingly, the 2-periodic sphere spectrum is not an [E -ring spectrum
but only an [E;-ring spectrum so that Theorem 6.5 cannot be directly lifted to this setting.

6.3. Relative Ginzburg algebras of surfaces

Fix a base E-ring spectrum R, and let n > 3. Let S be a marked surface, equipped with
an n-valent spanning ribbon graph G. It is dual to a so-called ideal n-angulation, roughly
meaning a decomposition of S into n-gons with vertices at the marked points of S. There
is an associated perverse schober ¥ (R) (see [6]). If R is discrete, that is, a commutative
ring, the co-category of global sections I' (G, ¥¢) is equivalent to the derived co-category
D(S¢) of arelative Ginzburg algebra Gg (see [6]). The generic stalk of F¢ is given by the
oo-category Fun(S”~!, RModg) of RModg-valued local systems on the (n — 1)-sphere.
At every vertex of G, the spherical adjunction underlying the perverse schober ¢ (R) is
given by the adjunction

f* :RModg <— Fun(S""!, RModR) : fi

arising from the pullback functor along the inclusion of the boundary f : §”"~1 — D" ~ %
of the n-ball.
As shown in [7], there is an equivalence of R-linear co-categories

RModgy;, ,] ~ Fun(S"~', RModg),
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where R[t,—,] denotes the free R-linear algebra generated by R[n — 2] € RModg. Under
this equivalence, the functor f; is identified with the pullback functor ¢* along the mor-
phism R[t,—»] — R determined by mapping #,, to 0. Note that if R = k is a field, then
k[tn—2] is the graded polynomial algebra with generator in degree |t,,—2| = n — 2.

If R =k is a field, it is shown in [2, Thm. 5.7] that the functor fi admits a rela-
tive left n-CY structure, which further restricts to a left (n — 1)-Calabi—Yau structure on
Fun(S”~!, RMody ). The next theorem states that Theorem 5.7 applies to give a relative
Calabi—Yau structure on the global sections of F¢ (k) if either n is odd or the spanning
graph G is orientable in the following sense.

Definition 6.8. Let n be even. We call the n-valent spanning graph G of S orientable
if there exist choices of orientations of the edges of G such that the directions of the
halfedges at any vertex of G alternate in their cyclic order.

Theorem 6.9. Let G be an n-valent spanning graph of a marked surface S and D(S¢)
the derived oo-category of the corresponding relative Ginzburg algebra S¢. If n is odd
or G orientable, then the functor
. 3Fc k) .
[ Dkl ~ [] Fok)(e) —— T(G. Fs(k)) ~ D(Sc)

eEG‘? eEG‘?
admits a k-linear left n-Calabi—Yau structure.

Proof. For the construction of F¢(k), each vertex v of G is equipped with a choice of
total order of its incident halfedges, whose corresponding edges we denote by ey, ..., e,.
The functor

Fok)(v — ¢;): "V}‘* — Fun(S"~!, RMody)

is either given by g; or ¢* o g;, with ¢* the autoequivalence of Fun(S”~!, RMody) ~
D (k[t,—2]) given by pullback along

tn—ZH(_l)n th—2

@ klth—a] ————— kltn—2].

Inspecting Proposition 5.2, using HH([1])S ' = —id, and ignoring the equivalence ¢* for
the moment, we see that the signs alternate cyclically of the classes describing the left
(n — 1)-Calabi—Yau structures of Fg(k)(e;), arising from restricting the relative left n-
Calabi—Yau structure of Fg(k)(v). If n is odd, the map HH(¢*)" " reverses the sign of the
class, whereas if 7 is even, ¢* = idpk[s,_,]) fixes the class.

We suppose that n is even and choose an orientation of G. Choose further for each
vertex v of G an incident halfedge; if it points outward from v, we equip F¢(k)(v) with
the relative Calabi—Yau structure from Proposition 5.2, and if v points inward, we equip
F (k) (v) with the same relative Calabi—Yau structure, except for reversing the sign of the
relative dual cyclic homology class. With these choices, Theorem 5.7 applies.
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It remains to consider the case that n is odd. For all vertices v, we equip Fg(k)(v)
with the relative Calabi—Yau structure from Proposition 5.2. Consider the two vertices
v, v’ incident to an edge e¢; in position i in the total order of halfedges at v and in the i’-th
position in the total order of halfedges at v’. The equivalence ¢* appears in one of the
functors Fg(k)(v — e;), Fg(k)(v' — ¢;) if and only if the difference i — i’ of the two
positions in the total orders of the two halfedges of e; is even. We thus see that the induced
Calabi—Yau structures on F(k)(e;) are compatible for any edge ¢; so that Theorem 5.7
again applies. ]

We next note a variant of Theorem 6.9 on the existence of a weak right n-Calabi—
Yau structure on the proper R-linear co-category I'™#(G, #G(R)), with n even and R an
arbitrary E o -ring spectrum.

Theorem 6.10. Suppose that n is even and G orientable. Then the functor

[ eve: TG, Fa(R) — [] FaR)(e)

eeGl ee(G)?

admits an R-linear weak right n-Calabi—Yau structure.

Proof. The proof of Theorem 6.9 directly translates by using Lemma 6.11. ]

The adjunction f* - f restricts to the adjunction of proper R-linear co-categories:
f*:RModg <—> Ind Fun(S"~!,RMod%") : fi.

‘We note that
Fun(S"~!, RMod%"™) ~ Fun(S"~!, RModg)™.

Lemma 6.11. For any n > 1, the R-linear oo-category Ind Fun(S" ', RMod'%") admits
a weak right (n — 1)-Calabi—Yau structure and the functor f* admits a compatible weak
right n-Calabi-Yau structure.

Proof. The adjunction f* = f is spherical with twist functor Trymoa, = [1 — 1] (see [7]);
the same thus holds for f * ﬁ By Proposition 5.9, the functor f * thus admits
a weak right n-Calabi-Yau structure if Ind Fun(S"!, RMod}I’eerf) admits a weak right
n-Calabi—Yau structure. ‘

Applying Fun(-, RMod'}frt) to the following pushout diagram of spaces

si L .

oo

* — Si+l
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and Ind-completing, we obtain the pullback diagram of compactly generated R-linear
oo-categories.

Ind Fun($?+!, RMod%s") —————— RModg

l . lf* 6.2)

RModg ——2 5 Ind Fun(S, RMod"s™)
Applying Theorem 3.16 to (6.2), it now follows by induction on i that the R-linear
oo-category Ind Fun(S?, RMod};;rf) admits a weak right i-Calabi—Yau structure and that
/*:RModg — IndFun(S", RMod‘;rf) admits a weak right (i + 1)-Calabi—Yau structure,
concluding the proof. ]
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