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On the self-similar stability
of the parabolic-parabolic Keller-Segel equation

Frank Alvarez Borges, Kleber Carrapatoso and Stéphane Mischler

Abstract. We consider the parabolic-parabolic Keller—Segel equation in the plane
and prove the nonlinear exponential stability of the self-similar profile in a quasi-
parabolic-elliptic regime. We first perform a perturbation argument in order to obtain
exponential stability for the semigroup associated to part of the first component of the
linearized operator, by exploiting the exponential stability of the linearized operator
for the parabolic-elliptic Keller—Segel equation. We finally employ a purely semig-
roup analysis to prove linear, and then nonlinear, exponential stability of the system
in appropriated functional spaces.

1. Introduction

In this paper we are concerned with the parabolic-parabolic Keller—Segel system in self-
similar variables in the plane:

(D) o f = Af +div(uxf — fVu)
’ du = L(Au+ f) + px - Vu,

with fixed drift parameter ;& > 0 and with small time scale parameter ¢ > 0, which aims
to give the time evolution of the collective motion of cells (described by the cells density
f = f(t, x)) that are attracted by a chemical substance (described by the chemo-attractant
concentration u = u(t, x)) they are able to emit (see [18,26]). Here ¢ > 0 is the time
variable and x € R? stands for the space variable. We refer to the work [7] as well as
to the reviews [16, 28] and the references cited therein for the biological motivation and
mathematical background.

In this work, we establish in a convenient weighted Sobolev space the exponential sta-
bility of the normalized self-similar profile in the quasi-parabolic-elliptic regime, that is,
for small values of the time scale ¢ > 0, without assuming any radial symmetry property
on the initial datum. This extends similar results obtained in [9] in a radially symmetric
framework. As in that last reference, the proof of the stability is based on a perturbation
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argument which takes advantage of the exponential stability of the self-similar profile for
the parabolic-elliptic Keller—Segel equation established in [8, 12]. The proof, however,
differs from [9] because it uses, among other things, (1) a different, and somehow more
standard, perturbation argument performed at the level of the main part of the first com-
ponent of the linearized operator instead of at the level of the whole linearized system,
and (2) a purely semigroup analysis of the linear and nonlinear stability of the system.

Our result implies that in a quasi-parabolic-elliptic regime and for some class of ini-
tial data, without assuming any radial symmetry property, the associated solution to the
parabolic-parabolic KS system in standard variables (corresponding to u = 0) has a self-
similar long-time behavior, which, in particular, means that no concentration occurs in
large time and thus the diffusion mechanism is really the dominant phenomenon all along
the time evolution.

It is worth mentioning that as far as the existence problem is concerned, an alternative
possible approach has been developed in [7], where weak solutions have been proved to
exist for a very general class of initial data, see also [21,22]. The associated uniqueness
result has been solved in [9], see also [3, 10], but the accurate analysis of the long-time
behavior of these solutions is still lacking. On the other hand, mild solutions have been
proved to exist under a smallness condition in the initial datum, for instance, in [4,11, 13],
with associated self-similar behavior result in the longtime asymptotic in [11,23,24] or
under a large time scale parameter, for instance, in [6, 11].

The two, and only two, general properties satisfied (at least formally) by the solutions
of the parabolic-parabolic Keller—Segel equation are the positivity preservation of the cells
density, i.e.,

f(t.) =0 if £(0,-) =0,
and a similar positivity property for the chemo-attractant concentration u, as well as the
mass conservation of the cells density, namely,

(1.2) {f@ ) =(f,)) forallt >0, where (h):= hdx.
R2
That mass conservation (1.2) is known to be violated in some supercritical mass situation.
However, we will only be concerned in this paper with a subcritical mass framework that
we describe now.
We denote by Q = Q4 and P = P} the normalized stationary solutions to the Keller—
Segel system (1.1), that is,

{o = AQ +div(ux0 — QVP), 0Q(0) =8,

1.3
(13) 0=AP+ Q +eux-VP, P(0) =0,

whose existence, uniqueness, radially symmetric property and smoothness have all been
established in [5, 11, 24]. It is worth emphasizing that we adopt here the normalizing
convention of [15] motivated by the fact that in the vanishing drift limit

oF - 0° VP VPY asu—0,
where (Q°, P?) is defined by
8

0°%(x) := AT P2 —AP? = Q°,
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and thus Q° is the well-known 87 critical mass solution to the parabolic-elliptic Keller—
Segel equation in standard variables (corresponding thus to u = & = 0). Because for
any € > 0, there exists a one-to-one mapping

M :[0,00) — (0,87],  p > Mc(p) := (QF).

another possible (and more standard) normalization convention should be to fix the drift
term p := 1 and to normalize the stationary solution by its subcritical mass in the interval
(0, 87).

We next introduce the perturbation (g, v) of the stationary state (Q, P), defined by

f=0+¢g (g)=0 u=P~P+v,

in such a way that the mass compatibility condition {{ /)) = ((Q)) is satisfied. If (f, u) is
a solution to (1.1), then (g, v) satisfies the system

v = L(Av+ g) + pux - Vo,

e

(1.4) { d;g = Ag +div(uxg — gVP — QVv) —div(gVv),

and reciprocally. Instead of working with solutions (g, v) to (1.4), we shall rather work
with the unknown (g, w) defined by

Wi=UV—Kx*xg,

where « is the Laplace kernel in the plane:

1 1 z
= __1 ’ V = ——— —F=>
K(z) 7 og|z| K(z) o P

so that k * € is a solution to the Laplace equation —A(x * Q) = Q in R%. We will there-
fore consider the modified system

d;g = Ag +div(uxg —gVP — QVk xg— QVw)
—div(gVk * g) — div(gVw),
dw = %Aw—i—,ux-Vw—i—g
+ Vi x [gVP + QVk x g+ OVw] + Vi * [gVw + gV * g],

(1.5)

satisfied by (g, w), that we complement with an initial condition (gg, wg). It is worth
mentioning that working with the unknown w is convenient in order to get some nice
information (improving estimates) in the limit ¢ — 0, which is not the case when consid-
ering the unknown v because of the singular term g /¢ on the right-hand side of the second
equation of (1.4) in the limit ¢ — 0.

We introduce the Banach spaces X := L2 x (H* N H') and ¥ = H}! x (HS N H?),
with s € (0, 1), endowed with the norms

(g w)lloe := llgllzz + lwllgs + llwll g1,
(1.6)

I wlly == llglay + lwllgs + wll g2,



F. Alvarez Borges, K. Carrapatoso and S. Mischler 1334

where the weighted Lebesgue space L,IZ (R?), for 1 < p < oo and k € R, is defined by
LYR?) = {f € Li®®) : [ fllp = 1) flle <00} (x):= (14 x[)V2,

the norm of the Sobolev space H Ig (R2) is defined by

1F 15y = D 1) 0 £z

le]<1

and, for any o € R 1, the homogeneous seminorm || - || z, and the associated homogeneous
Sobolev space H? are defined by

H ={feS'R>: feLL R, || fllgo := €l L2 < oo}

We recall that, on the plane, H is a Hilbert space for o < 1 (see Proposition 1.34 in [2]).
We also denote by H,! the duality space of H,! for the scalar product (-, -) 12 namely,

(L7 Allg = suwp (b )z = sup ((0)fh.g)re = () Bllg-1,

”f””lifl lglg1=<1

so that we may identify Hk_1 ={Fy+divF;:F; e Li}. For k > 1, so that Li Cc L', we
finally denote
Lig:={feLi: (/) =0}

We may now state our main result.

Theorem 1.1. Let us fix L € (0,00), k > 3 and s € (0, 1). There are g9, ng > 0 such that for
any ¢ € (0, g9) and any initial data (go, wo) € X with {{go)) = 0 and ||(go, wo)llx < No,
there exists a unique global solution (g, w) € L°(X) N L?(Y) to (1.5) which satisfies

(1.8) (g, w)llzgo ey + 1(g. w)ll L2y < 11(g0. wo)llx-

Moreover, for any A € (0, (1 — s)), we have the exponential decay estimate

(1.9) I(g@), w@)llx S e *[l(g0, wo)llx  forallt = 0.

This result improves Theorem 1.4 in [9] where similar estimates are established with
the restriction that the initial datum is radially symmetric (and satisfies additional regular-
ity and confinement conditions) and also improves [11, 23, 24], which deal with small
initial data and an arbitrary time scale parameter ¢ > 0. It is worth emphasizing that
because of the one-to-one mapping p — M, (u), the choice of a given drift parameter
€ (0, 00) and its associated steady state Q% here is equivalent to the choice of a given
subcritical mass in (0, 877) for the initial datum in [9,11,23,24]. It is also worth underlining
that Theorem 1.1 implies that the corresponding solution (F, U) to the parabolic-parabolic
Keller—Segel equation in standard variables (i.e., © = 0) satisfies

F(t,x) ~ ﬁ Q(%), Ut, x) ~ P(%) as 1 — o0,

with R(t) := (1 + ut)'/?, and we refer to Section 1 of [9] for further discussions.
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As said above, we shall always work with the unknown (g, w) and it is worth stressing
why the corresponding evolution system is given by (1.5). We may indeed observe that if
(g, v) satisfies (1.4), then the function

W:=V—K*g
straightforwardly satisfies
dw = éAw+,ux-Vw+,ux-VK*g
—Vikx[Vg+ uxg—gVP — QOVk xg— QVw] + Vk x [gVw + gVk * g].

Using that
x-Vk*xg—Vix*x(xg)=— [| |2{xg(y)—yg(y)}dy

= —2— L8 dy =0,
T

because of the mass vanishing condition on g, the equation on w simplifies and thus (g, w)
satisfies (1.5). Equivalently, defining the operator

‘f(gv U)) = (:El(g’ U)), CfZ(gv U)))

by
Li(gw)=Li1g+ Lipw, =12,
with
£118 = Ag +div(uxg — gV P — QVik x g),
= —di \vJ
(1.10) L1w iv(QVw),

£218 =g+ Ve x[gVP + OVk x g],
Larpow = %Aw + ux - Vw + Vi x [QVw],

the system (1.5) on (g, w) rewrites as

al(g» U}) = °<ti(g’ U))
(1.11) +(—div(gVk * g) — div(gVw), Vk * [gVw + gV *x g]),

(g w)ir=0 = (g0, wo).

In Sections 2 and 3, we present some estimates on the family of steady states (Q, P)
and some functional inequalities that will be useful throughout the paper. In Section 4,
we establish the dissipativity of the operator £1,; and next the exponential decay of the
associated semigroup for small enough values of ¢ > 0, thanks to a perturbation argument
and by taking advantage of the dissipativity of the limit operator for ¢ = 0 corresponding
to the usual linearized parabolic-elliptic Keller—Segel operator. In Section 5, we prove in
a more direct way the dissipativity of the operator £, ». In Section 6, we deduce then the
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decay of the semigroup Sg associated to £ by writing in a proper accurate enough semig-
roup way the two decay estimates of Sg,, and by showing that both out of the diagonal
contributions &; j, i # j, are small enough. The above two arguments significantly differ
from those used in the proof of Theorem 1.4 in [9]. In Section 7, we finally present the
proof of Theorem 1.1, which is based on a classical nonlinear stability trick.

In the sequel, for two functions S and 7 defined on R, we define the convolution
S * T by

t

S*T)t) = /0 S(t —s)T(s)ds forallt >0,
so that in particular the Duhamel formula associated to an evolution equation
dhg=Ag+G, g(0)= g,
writes

g = SAago+ SA*G.

Moreover, for A € R, we denote e : f — e*M . We also write A ~ B if A = ¢B for a numer-
ical constant ¢ and A < B when A < ¢B for a numerical constant ¢ > 0 and A, B > 0.

2. Estimates over Q and P

We present some estimates on the steady states Q = QF and P = P}, that we recall
satisfy (1.3), which will be useful in the next sections.

Proposition 2.1. There exist g > 0 and oy € (0, 1) such that for all ¢ € (0, &9) and
o € (ag, 1), the following hold:

(1) (Bounds over P) For all x € R?,

2 2
.1) PO(x) — % < P(x)— % < P°(x) < P(x) <0
and
(2.2) x-VP(x)—pa|x|*> <x-VP%x) <x-VP(x) <0.

(2) (Bounds over Q) For all x € R?,
2.3) 0°(x) e P12 < 0 (x) < Q(x) eI/,

Proof of Proposition 2.1. In order to prove (2.1) and (2.2), we follow the same ideas as in
the proof of Proposition 4.1 in [15], but including the necessary modifications to handle
the terms depending on ¢ that appear for this new problem.

First notice that P° and P are radial functions solving the equations

AP%(x) = —0°(x) = —8eF'™), P0) =0,
AP(x) + pex - VP(x) = —Q(x) = —8eFP@-1lx?/2  p() = 0.
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In polar variables, these equations read as
1
(PO)"(r) + —(POY (r) = —8¢™), PO(0) = (P*)'(0) = 0.
1
Q4 (PY'() + (- +per)(P) () = =8O po) = P'(0) = 0.
r

Solving these two equations, we get

r 1 14
(2.5) P°(r) = —8/ _/ 2e?°® 4z dp,
o PJo
ro,—uep?/2 o
(2.6) P(r) = -8 / eT / 1eP@O-11=7/2 4o g5
0 0

Plugging an expansion in powers of r up to order 4 for P(r) in (2.4), the coefficients of
such expansion can be computed, which gives

r2
P(r) — —
() — ot

—(2 + %)rz + (1 + %(1 + 8))}"4 +o0(r*),
PO(r) =-2r2+r* + o(r4),
Py =-2%+ (1 + %(1 +e))rt +o(r),

for any given o € (0, 1). This implies that there exists ro = ro(«) > 0 such that the fol-
lowing relation holds true:

M|| M||

Q27 P°»r)-— < P(r)— < P°(r) < P(r) <0 forallre(0,rg).

Set « = 1 — ¢ and assume now, by contradiction, that there exists 7; > 0 such that

p(d—e)|r?

Po(rl) = P(r;) and P(r)— 7

< P°%r) < P(r) forallre(0,r).
Using (2.5) and (2.6), we get
n1ore 0 2 2
0=P%%r))—P(r) = —8/ —/ (P — PO—n(=e)T/2=1e0%/2) gr g p
o PJo

g /rl ! /p P(eP"® — (PO-RA=/2) 41 4 < .
o PJo

the last strict inequality being due to the second inequality in (2.7). This is a contradiction
and therefore Py(r) < P(r) forall r > 0.

On the other hand, suppose by contradiction again that there exist« € (0,1) and r >0
such that
par|re?

Uh(a,rg) := P(ry) — = P%(ra)

and

erl

P(r)— < P%r) < P(r) forallre(0,ry).
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Using (2.6), we have

T 1 (P alryl?
0 0

a 2
< -8 /r l/p reP @-n=e)r?/2-pep?/2 4o dp — pelral =:U(a, 1y, jt).
o PJo 2
Notice that U(, rg, 0) = PO(ry). If we prove that there exist values of o such that
0, ¥(a, 74, 0) < 0, then, in a neighbourhood of © = 0, we would have
W (o, rg) < U, rq, ) < U(a, rq, 0) = PO(rq),

which would be a contradiction. Since there exist &g > 0 and g > 0 such that for all
(e,) € [0, g9] X g, 1], the function

~ 4(1 — 8) r 3 PO( ) r PO( )
G,BM\IJ(oe,r,O)z—/ T°e rdr+4sr/ et ‘Wdt —ar
r 0 0
2(1—e¢)

1 1
2
(ln(l—i-r )+m_1>+48r<1—1_|_—"2)—067
is less than O for all r > 0, we deduce that
Ta -
0, ¥(a, rg,0) = / 0,0, ¥(a,r,0)dr <0,
0

which leads to the desired contradiction and finishes the proof of (2.1). We may estab-
lish (2.2) in a very similar way, but using the expressions for x - VP? and x - VP. We
finally prove (2.3) by taking the exponential of the estimate (2.1). ]

Lemma 2.2. There exist some constants C; > 0,i =0,...,3, g9 > 0and ¥ € (0, 1), such
that for any p € (0, 00) and any ¢ € (0, &g,

(2.8) 0< O(x) < Coe MIKF/2(x) =4
29) sup (154 (0) VPG = €4
and

(2.10) |AP| < Cope + Cs{x)™".

Proof of Lemma 2.2. Consider the values of &g > 0 and ¢y > 0 given in Proposition 2.1,
so that from its proof, ¥ := 1 — g € (0, 1) is independent from p and . Estimate (2.8) is
then nothing but (2.3). Computing the explicit expression for V P gives

|x|
VP = _e—uslx\z/z ﬁ /‘ x o e""arz/zrdr,
X 0
and hence
|x 1

| | x|
[VP| < |—1| Q(r)e“”z/2 dr < ﬂ/ (ry™* e hO=Or?/2 1 gy
X 0 X 0
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Taking ¢ small enough, we deduce

1 x|
VPl [ trar <l
x| Jo
which directly implies (2.9). Finally, writing
AP = —pex-VP —Q,

we conclude to (2.10) thanks to (2.2) and (2.8). [
Lemma 2.3. There exist some constants ¥ € (0,1), C; > 0,i = 1,...,4, such that for
any p € (0,00), any € € (0, gg] and any x € R?,

@.11) VP — VP < JpEeCy.

2.12) |APF — APY| < peC,.

(2.13) QL — 04| < pe Cy e/,

(2.14) V! — VOU| < peCye P12,

Proof of Lemma 2.3. We recall that in radial variables, we have the expressions

r 1 14
P#(V)Z—Sf 5/ ePo 17121 gt dp,
0 0

_ 2/2
PH(r) = -8 i P —n-e)e?/2 . 4o dp,
¢ 0 p 0

which imply

r r
Pl — Py = (Pt / (PLYe /2 dz) + ( / (PLY €™/ 4 — Py )

e Hep 2/2
= —/ —/ 0k (1) "™ 2t dr dp

—8/ / (ePe —u(1=e)t*/2 _ ,Pg=nt /z)tdr.

Directly from Proposition 2.1, we know that

/Op Ok () R 2 gr < /Op 0°(1)tdr < 8n,
and the mean value theorem gives us that
o Pt—n(=e)t2/2 _ P{'—pt?/2 _ (P Pl et : ) ho)
with & (7) satisfying

2 72
h(r)<max{ —,u(l—e)— Py — /L?}fPO——
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Thanks to Proposition 2.1, we deduce
g™ < QO(‘L') 8_0/“2/2.

Putting everything together, we get

T — e—Hhen?/2 ry e
prorfizsn [ g [
0 p o PJo

rope
< uekr? +[ / |P} — PY Q°(r) dT dp,
o Jo

2
PE— Pl e % 0°()rdrdp

where K is a constant independent of p and e. Integrating by parts the integral term, we
get

P2 =g = pekr® o [ P2 - P10
which thanks to Gronwall’s Lemma gives '
|P/ — PJ'| < peColx|?.
This estimate together with a similar manipulation on the gradients of P¢* and P}’ gives
VP! — VP < peColx|,

which interpolated with (2.9) gives (2.11).
On the other hand, we have

2

m_ )2 W02 r
|Q,ff— le — 8|€P‘9 n(1—e)r /2—€P0 nr /2| — Psu,_ P(;L +/‘L8? Seh(r)
< ueCalr? Q°(ry e/,

which is nothing but (2.13). Repeating the same process for V(Q — Q) gives (2.14).
Finally, using the equations for P£* and P, we have

A(PF — Py = —(QF — QF) — pex - VPI

We conclude (2.12) from (2.13) for the first term and from (2.2) for the second. [

3. Functional inequalities

We gather in this section some functional inequalities that we shall use through the paper.
First, we provide some estimates over the solution for the Poisson problem in the spirit of
Lemma B.2 in [9].

Lemma 3.1. Forany o €(0,1),
3.1 IVic % gl go S lIgllLrnze forallge L' N L2
Moreover, for any k > 2,

(3.2) IV % gllzz < llgllz forallgeLy,.
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Proof of Lemma 3.1. From the definition —Ax % g = g, we have
€27 (k% g)(§) = &,
or, equivalently,
E171(Vie x g)(§) = [§1°7" |g(§)]  for any o € [0, 1].

For o € (0, 1), we have

Vi % g|2,, = / E27 18P + f E[22 132
lEl<1 |&]=1

<1812 /|s| T+ / 8P < gl + lgl.
<

where we have used the definition of the norm || - || ;7 in the first line and some elementary
Fourier estimates (including the Plancherel identity) in the last inequality. This completes
the proof of (3.1).

Similarly, we have

P~ 2 P~ 2
Vi % gll7. = /1|5|51 %dé+/l|g|>1 %dé =1 +1,.

For the second term, we write

L < / 2(6)12dt = g

For the first term, using that g(0) = 0 because {(g)) = 0, we write

1
2@ =¢- [ Diaen) 0.
and we thus obtain

1< (s0p IDOP) [ Loz a6 5 19212 < Dxell < Ml

[E]=<1

by using some classical and elementary Fourier identity and estimate as well as the con-
tinuous embedding L,zc (R?) C L1(R?). Altogether, we have established (3.2). [

We give now a possible variant of (3.2).

Lemma 3.2. Forp >2,2<qg < pandk >2—2/q, we have
IVk * gller < gl forallge L.

We emphasize that the same estimate is not true for p = 2. From the proof of (3.2),
we indeed have
Vi * glliL> = €I &2,
and the right-hand side term is infinite if g(0) # O or, equivalently, if the mass of g does
not vanish, regardless of its LZ norm.
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Proof of Lemma 3.2. We split |Vk| := K; + K,, with

1 1
K = ﬁ ljxj<1 € L™ forallr <2, K, = ﬂ lix>1 € L™ forallr, > 2,
X = x =

that we use with r; :== (1 +1/p —1/¢q)™! € (1,2) and r, := p > 2. We then have

IVic s fllr < 1K1 * fller + 1Kz % fllo
< K lln 1/ 2o + IKallze £ e
<0/l

where we have used the convolution embeddings L™ * LY C L? and L' x L? C L? in the
second line as well as the Holder inequality in the last line in order to prove LZ CL'. =

We finally recall two standard interpolation inequalities, namely, a particular case of
the Gagliardo—Nirenberg interpolation theorem in dimension 2 (see, for instance, p. 125
of [25]) and an interpolation between homogeneous Sobolev spaces (see Proposition 1.32
in [2]).

Lemma 3.81) The following Ladyzhenskaya’s inequality holds:
(3.3) 1fllze S NI NV AN, forall fe HY.
(2) Consider real numbers sg < s < S1; then
(3.4) 1 s S U1, forall fe H® N H,

where 0 = (s — s0)/(s1 — S0)-

4. Estimates for &£

In this section, we establish some dissipativity estimates and related semigroup decay
estimates successively on the operators £1,; and related operators.

4.1. Dissipativity estimates related to £ 1

We recall that this one is defined by
£1,18 := Ag +div(uxg —gVP — QVk x g).
We start with a first fundamental dissipativity estimate.

Lemma 4.1. For any k > 3, there exist constants gy > 0 (small enough) and Cy, 09 > 0
(large enough) such that

1
(£118.8)12 = —nlk =2)lIglz, =5 1Velz: + Collgliaca,,),

forany ¢ € (0,&0) and g € H}!.
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Proof of Lemma 4.1. We briefly repeat the proof of Lemma 4.4 in [9]. We compute
(£1ag.8)1z = [ Agglo)™ + [ diviuxg)g(x)®

- / div(gV P) g (x)* — / dV(OVk % ) gr)* =T, + T + I + I,

and estimate each term separately. For the first two terms, we have

T A / Vel (x)* + / Yrg?(x)*,

where

V2 At Vi)
T oE e T

= k(2k + ) (x)7% — u(k — 1) — 2k (x)~*.

121

Moreover, for the third term, we compute

V(x)k
{x)k

1 V(x)k

= —— AszZk—i-/VP- 2(x)2k,

5 [ apei Aty

Thanks to the uniform estimates (2.9) and (2.10) on P, we observe that

V(x)k
‘VP- Ty

I; = /gVP - Vg(x) +2/g2(x)2kVP-

| =% VP = ()™ < Cr )™
and

|AP| < Cyue + Cs{x)™!
for some constants C; > 0, which imply

enCs 2 G —1/2 2
= B2 g2, + (o 32 ) )™ e,

For the last term, we write

V(x)k

F g{x)?.

Iy = / O(Vic * g)Vg(x)? +2 f O(Vic % g)

Since
10 (x) | < Cs and  [|Q(x)*V(x)¥| 1o < C4,

thanks to estimate (2.8), we obtain

Iy < Ca||Vi * gll2 [VEllL2 +2Ca[IVi * gllL2 gl 2

1
< C4|IVie % gll7> + 3 IVgllZ. + Ciliglz-

_ 1
= G4 li(x) 1gllii t5 IVgllZa.
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where we have used Lemma 3.1 and Young’s inequality. Gathering the previous estimates,
we get

1 ]
(£118.8)12 < —§[|Vg|2<X)2k +/1ﬁ1g2(x)2k,

with

Vi = —p (k —1- %) + (c: +C + 9)()0‘1 + k(2k + ) (x) 72 = k*(x)*

2
< —u(k— - %) + Cs(x)7"

We remark that, for any g¢ > 1, we have
_ _ 1
()71 < 05 Lo + o ()%,

thus we obtain
1 2 8C2 C5 2 2
(£118.8)1z = =5 IV8ll72 - u(k —l-—=- _MQ0>||g||Li + Collglza(a,y):

where Cy = Cs Q%k_l. We therefore choose gy > 0 small enough such that 69 C; < 1 and
0o > 1 large enough such that % < 1/2, which concludes the proof. ]

4.2. Splitting of the operator £1,1

We introduce the splitting
il,l =A+ B, A= M)(Q,

with yo(x) := y(x/0), x € D(R?), 1g(0.1) < x < 1B(0.2), and constants M, o > 0. We
immediately deduce from Lemma 4.1 that B; is dissipative, more precisely, the following
holds.

Corollary 4.2. Forany k > 3, any ¢ € (0, &9) and any constants M > Cy and o > 0y,

1
2 2 2 2
@D (Begg)y <tk =D gl; — 3 IVelZ, = -Algl; — o gl
forany 0 < A < u(k —2), witho = min(1/2, u — L), and where &y, Cy, 00 > 0 are taken
from Lemma 4.1.

Remark 4.3. We shall fix hereafter the parameters M > Cy and ¢ > g in the definition
of B, such that Corollary 4.2 holds.

In order to work at the level of the semigroup, we reformulate (4.1) in the following
way, recalling that we define H;~ ! through the dual norm (1.7).

Lemma 4.4. Foranyk > 3, ¢ € (0,&9), M > Co and o > 0y, the following hold:
(1) Forall0 < A < u(k —2) and all g € L2, we have

lexSg.()glrserz + leaSs. (Dglrzmy < lgllL2-
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(2) Forall0 <A < u(k —2)and all ey R € L%Hk_l, we have
lea(Ss, * Rz + lex(Ss, * Rz < leaRll 2.
Proof of Lemma 4.4. Let 0 < A < u(k —2). For g € L2, we first consider

fi=e8g,(-)g.

the solution to the evolution equation

0 f =B +Af f(0)=g.
Because of (4.1), we have
1d 2 _ (@ 2 2 2
ST IFI2: = (Bef Nz + 21 F 12, = =0l £ 1.

from which we deduce (1) thanks to Gronwall’s lemma.
For R such that ey R € L? H; !, we next consider

f:i=e(Ss, *R),
the solution to the evolution equation
0 f=8:f+Af +e R, [f(0)=0.
Because of (4.1) and Young’s inequality, we have
1 d 5 5
5 G112 = (Bef )iz + NSy + (eaR. Sz
< —oll 13 + lex Rl 1f iy = =21 f 12 + CllexRI, .

for some constant C = C(u, A) > 0. We deduce (2) thanks to Gronwall’s lemma again. m

4.3. Spectral analysis of £1,1

We deduce a nice localization of the spectrum of £;,; from the previous estimates and a
perturbation argument. In order to keep track of the ¢ > 0 dependence, let us denote

A :=&£q1,

so that A is the linearized operator of the parabolic-elliptic Keller—Segel equation, which
is given by

Aog = Ag + div(uxg — gV Py — QoVk * g),
where (Qg, Po) is a solution to (1.3) with ¢ = 0. From [8, 12], we know that for k > 3
and 0 < A < u, there exists a constant C = C(A, u, k) > 1 such that

1Sa0 () f Iz < Ce M| fll2 forall fe L2 .
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and the spectrum satisfies
(4.2) E(Ao) N Ay = {0},

where A_,, :={z € C:Rez > —pu}.
By a perturbation argument similar to the one used in [19] (see also [17,29]), we are
able to obtain a similar picture for the operator £1,; = A,.

Proposition 4.5. Let k > 3. For any 0 < A < u, there exists e > 0 small enough such
that the operator £1,1 on L,zc satisfies

S(£11)NA_, ={0} foralle e (0,¢4).

Furthermore, 0 belongs to the discrete spectrum of £1,1, and denoting by I1 the projector
on the associated eigenspace, we have I1f = 0 if and only if {(f)) = 0.

Proof of Proposition 4.5. We split the proof into several steps.
Step 1. We claim that

Ue(z) = Rg,(2) = Ra,(2) AR g, (2)

is uniformly bounded in B(L,zc) and ’B(Hk_l, Hkl) for any z € Q := A_, \ B(0,r/2),
any ¢ > 0and 0 <7 < A < . On the one hand, R g, (z) € B(L,ZC) is just an immediate
consequence of the growth estimate on Sg, established in Lemma 4.4 (1). For proving
Rg,(z) € B(H ', H!), we consider first g € L?, z € A_,, and we define

[ i=Rs,(2)g.

so that (z — 8,) f = g. Using (4.1) and the fact that u(k —2) > u, we deduce

1
SIVIIZ + Rez+ WIS 12, < (G =B iz = (f&)iz < If g ez

and thus

IVl < max@. 1) gl
By a density argument, the same holds for any g € H;~ !, From (4.2), we also have that
Rao(z) € B(L3) is uniformly bounded in B(L3) for any z € Q := A_, \ B(0,r/2).
Moreover, the proof of the bound in B(L?, H kl) is exactly the same as for R g_(z). Indeed,
arguing as in Lemma 4.1, we first obtain

1
(Aof. )z < =nl 12 =S IVFIZ; + Col fRaca,, )

Defining f := Ra,(z)g, we deduce

1
Rez + @ f 125 + 51971 = Coll fBaqn,y) = (2 = M) f: £z

= (g )1z = ClglZ;.
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Step 2. We claim that the family of operators (A,) converges in the sense
[Ae = Aollg(ar 22y < m(e) = 0.
We may indeed write

(Ae = Ao)g = (Be — Bo)g = —div(gV(Pe — Po)) —div((Qs — Qo) VK * g)
= —Vg V(P — Po) + gA(Pe — Po)

+V(Q: = Qo) - Vi x g = (Qe — Qo).

so that

[(Ae = Ao)gllz < IV(Pe = Po)llz= [VgllL2 + 1A(Pe — Po)llz<llgllL2
+ 1) V(Qe = Qo)lz= gl 2, , + Qe — Qollzes lgllzz-

1+0
We immediately conclude since we are able to prove (see Lemma 2.3)
V(P = Po) = 0. A(Pe=Po) > 0. (x)V(Q:e=Q0) >0, Qc—0Q0—0

uniformly in L>(R?).
Step 3. We claim that X (A;) N A, C B(0,r/2) for any ¢ € (0, &9), choosing g9 > 0
small enough. On the one hand, we write the two resolvent equations

R, = Ra, — Ra, ARg,, Ra, = Ray — Ra,(Ae — Ag)Ra,,
from which we deduce
fRAs = ﬁﬂ@s — ﬁAOJ’onggs 4+ RAE(A;; — Ao)fRAOAﬁggs

or, equivalently,
<(RA€(I + J{e) = u&v

with
Ke 1= (Ao — Ag) Rpy AR 3, .

On the other hand, from step 1, we have Ra,(z)AR g, (z) is bounded in B(L7, H})
uniformly in z € Q := A_; \ B(0,r/2) and Ag — A, is small in B(H}!, L7) for e > 0
small, so that both estimates together imply

sup [Ke (@ 5r2) < 1.
zeA_,\B(0,r/2)

forany 0 <r <A < pand e € (0, &), with g = g¢(r, A) > 0 small enough. This implies
that I + K, is invertible on  := A_, \ B(0,r/2), so that

<(RA5 = us(l + Ks)_l

is bounded on €2, which proves our claim.
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Step 4. We now define
m, = ’—/ R (z)dz, Ti={zeC:l|z|=r},
2 r

the Dunford projector on the eigenspace associated to eigenvalues of A, which belong to
the ball B(0, r). We write

m, = ’—f U (I + Ko)~ ' dz
2 r
= l_/ <R£Bg {I - Jce (I + JCS)_I}dZ - l_/ ﬁAo ‘A’ﬁﬁs (I + ‘KS)_I dz
_ _l_/ R, Ke (I + Ko)"' dz — l_/ R, ARs, (I + Ke)" ' dz
21 r 2w r
and
Mo = l—/{ng‘gO — Rp, AR, ) dz
2 r
— o [ RugARa (1 4 H0) T 4 Kl + K
T Jr
We deduce
M, — Mo = 2’_ / (R, ARg, — R )Ke (I + Ko)~' dz
T Jr
+ ’—/ Rp, MR, — Rg W1 + Ko) L dz
21 T
_ _’_/ UKo (1 + Koo)' dz
21 T
b5 [ RugARa, (8o~ B)Ra, (1 + K d
I

‘We conclude that
[TIe — Holle2) = O(e) < 1

for ¢ > 0 small enough, by taking advantage of the estimates established in Steps 1 and 2.
By classical operator theory (see, for instance, the arguments presented in [17] in order to
prove (4.43) in Chapter 1 of [17]), one deduces that dim [T, = dim [Ty = 1.

Step 5. In the Banach space (L7)' = L2, the dual operator A is defined by
Ay = Ay + (VP — ux) - Vy + k * (div(QVy)).

At first glance, we have 1 € Lik and A}1 =0, sothat0 € Z(A}) = X(A,), and O is the
only spectral value of A, in the ball B(0, r). Denoting by G¢ € Li the first eigenvector
of Ay such that {(Go)) = 1, we have

[(TeGo)) — 1| = [((TTe — o) Go, 1)| < [[(TTe — o) Goll 2 (|11l 2, < [[TTe — TTo]| < 1.
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We may thus define G, := [1,Go/{I1.Go)), which satisfies G, € Li, A:G, = 0 and
{Ge) = 1. We finally observe that we may also define the first eigenprojector by the
more explicit formula

Hef = Ge«f»v
so that, in particular, I1, f = 0 if and only if {{ f)) = 0. ™

4.4. Semigroup decay estimates for £1,1

We are now able to deduce a nice semigroup decay estimate on Sg, ; from the previous
estimates on the resolvent.

Proposition 4.6. With the notation of Proposition 4.5, for k > 3, all 0 < A < p and all
& € (0, &), we have, for any g € Li o
1Sz, (08llz2 < e gl

Proof of Proposition 4.6. It is a consequence of Proposition 4.5 and of the splitting struc-
ture of the operator A,. More precisely, we may, for instance, apply the quantitative
mapping theorem Theorem 2.1 in [20], where it is worth emphasizing that R g, (z) : L2
H, e D(A ) with uniform bound in z € A_,, which is a strong enough 1nf0rmat10n in
order to establish (2.23) of [20] without checking (H2) of [20], and to obtain

I(7 =) Se,, (Dgll2 S e M lgllyz forall g e Lf.

Alternatively, one can use the Gearhart—Priiss—Greiner theorem [ 1, 14,27] in order to get
the same conclusion. [

Thanks to the previous estimate for Sg, , and the estimates for Sg, in Lemma 4.4, we
are able to deduce semigroup estimates for Sg, ; (in Propositions 4.7 below) similar to
those satisfied by Sg,.

We start by observing that, thanks to Duhamel’s formula, we have

4.3) S$1,1 =S8, +Sg,A * S:CI,I and S;ﬁl,l =3Sg, + S$1,1 * ASg,.

Recalling the definition of the projector IT introduced in Proposition 4.5 and denoting

[T+ := I — II, we have

(4 4) Sil,l HJ_ = S‘BEHL + (SABS‘A * le,l HJ_)’
' Sg, It = TI*Sg, + (Sg,, [T+ * ASg,).

Using that Sg, , TT+ = I11Sg, | and iterating the formulas yields

Sg, It = Sg T+ + Sg A * [I11Sg, + Sg A * Sg, [T+ * ASg,
and
(4.5) Se, Tt =T'Sg, + Sg, 1" * ASg, + Sg, A * Sg, I * ASg,.

We deduce, by combining some results of Section 4.2 and the above Proposition 4.6,
some additional estimates on the semigroup Sg, ;.
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Proposition 4.7. Let 0 < A < w and k > 3. There exists e > 0 small enough such that
for any ¢ € (0, &), the following hold.:

(1) Forall g € Li o we have
leaSe,, (Vglipors + lexSe,, (Iglizm < gl
(2) ForalleyR € LfHk_1 with {{R)) = 0, we have

ler(Sey, * R)llpeor2 + lea(Seyy * RllL2py < leaRlzp -

Proof of Proposition 4.7. (1) Remark that g = IT+g, since g € Li o- The first estimate is
nothing but Proposition 4.6. In particular, we deduce from this one that

(4.6) lex S, T I 1m 2y < lleaSe, I o z2) < 1

by choosing A < A’ < 1. On the other hand, thanks to Lemma 4.4 (1) and the first estimate,
we have

lexSs. (Dgllizay < llglez

and
lea(Sa, * ASe, )()gllr2my < leaASe,, (gl ar < leaSe,, (Dgllrzrz < llglrz,

where we have used that A € ‘B(Li), from which together with the first identity in (4.3),
we immediately obtain the second estimate.

(2) Remarking that R(t) = IT1 R(¢), for all ¢ > 0, and using the second identity
in (4.4), we may write

Sg,, *x R=Sg, It x R =TI"(Sg, * R) + Sg, ,IT* x ASg, * R,
and thus
e1(Sg,, * R) = ;111 (Sg, * R) + (e, Sg, , [T1) x Ales(Sg, * R).
We deduce
“e/\(Sfﬁl,l * R)”L‘,’QL,Zc
< lea(Ss, * R)l 212 + l(eaSe, , TI) % Alea(Ss, * Rl 22
< llex(Sa, * R)llgzerz + €Sy, T Iy nzzy 1Al lea(Ss, * Rz
S lleaRllpzp s
where we have used Lemma 4.4 (2) and (4.6) in the last line. We have established the first
estimate in (2).
For the second term, using (4.5), we may write

Sg,, * R =TI"(Sg, * R) + Sg 1" * ASg, * R+ Sg A x Sg, , [I- * ASg, * R,
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and thus

ei(Sg,, * R) = [Te (Sg, * R) + €;[Sg, * (M- ASg, * R)]
+ €,[(Sg, A) * (Sg, , [T+ * ASg, * R)].

‘We now estimate each term separately. From Lemma 4.4 (2), we have
lea(Sa. * Rl zpy < leaRlLzp, -
From Lemma 4.4 (2) again, we also have
lex[Sz, * (M ASs, * R 25 < lea(TI-ASg, * R)| 2
< llea(TASg, * R) 12,2
S lea(Ss, x R)lL2p2
S lleaRl Lz pt-
We finally have
leal(Sg, ) * (Sg,, 1T * ASg, * B2 m;
< [l(exSg, , TT1) * [Aes(Sg, * B2
< l(exSe,, T * [Aex (S, * Rll2 2
< leaSe, HJ_"L}(%(L%)) Al p L2y lfea(Ss, * R]l2.2
< lleaRll 2z

where we have used Lemma 4.4 (2) in the second line as well as Proposition 4.6 and
Lemma 4.4 (2) in the last line. Putting the three last estimates together, we conclude the
second estimate in (2). [

S. Estimates for &£ »

In this section, we are concerned with establishing estimates on Sg, ,, where we recall
that &£ » is defined by

1
Loow = —Aw + ux - Vw + Vi x [QVw].
e

Before presenting our key estimate, we make several observations.
On the one hand, we have

1
V&row = — A(Vw) + px - V(Vw) + uVw + VZk x [QVw],
&

where we denote

(x . Vq))i = )Cgagq)i, (V2K * @)l‘ = al‘gK % (I)g,
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for any vector ®. A straightforward computation then gives

1
(VErow, Vo) 2 = /(g AVW + uVw + px - V2w + V2 % [QVw])Vw

1
-2 [Iv2up - [ ovup

where we have performed two integrations by parts for the last term and we have used the
identity Ak = —§. That nice estimate tells us that £, » is dissipative in H L but it does
not provide a spectral gap. Namely, recalling that

1

1
— 2,02 _ 2
(Vw,Vz)p. = W(w»z)gl and |[Viw|z. = W”w”HZ’
we have established the following.
Lemma 5.1. Forany we H' N H?,
1
(L20w,w) g1 = ——[wlf, — @m)*1 Q"2 VWL,

We now establish that £, » has a stronger dissipativity property in H* for s € (0, 1).

Lemma 5.2. Forany s € (0,1) and ¥ < u(1 —s), there exists € > 0 small enough such
that

1 2 2
(£200,0) o =~ 0l = Plwl,,
forany we HST1L,

Proof of Lemma 5.2. We split the operator £,5 = £2.2,1 + £2,2,2 With
1
Eorpaw:=—-Aw+ pux-Vw and £5,w = Vi *x[QVw].
€
For the first term, we write
1
(Lap 1w, w) gy 1= <—Aw + pux - Vw, w> )
€ HS
1o oo RPN
= [l {1 16P D — naiviem)} 3
1 . L. .
— = [lepar - u [ [21er - S divlsP] 0P
1
= Iy, — o1 =) ],

which gives the contribution of the first part of the operator &£, » in HS.
For the second part of the operator £, > in H?*, we shall take advantage of the fact
that, roughly speaking, the operator Vi * behaves as taking a primitive. More precisely,
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we have

(£2,22w, w) gy = (Vi x [OVW], w) g
< Ve x [QVw]|l gs lwl g5
S 1OVwllpiarz [wll gs
S IVwlizz lwll s

1
S llwllgi wlgs

where we have used the Cauchy—Schwarz inequality in the second line, estimate (3.1) of
Lemma 3.1 in the third one, the exponential decay of Q in Lemma 2.2 in the fourth one,
and finally the interpolation inequality (3.4) in the last one.

We can conclude that &£, is dissipative in HS. Fix 0 < 9 < u(1 — s). Then, by
gathering previous estimates, it follows that

(L22w, w)gs < —— ||w|| — (=) [wll%, + Cllwl 5wl

Hs+l H.H—l’

and we conclude by applying Young’s inequality to the last term and choosing & > 0 small
enough. [ ]

As a consequence of previous estimates, we obtain the following decay and regular-
ization estimates for the semigroup Sg, , in H*NH!. Roughly speaking, in that space
the semigroup Sg, , inherits both the good dissipativity property of Sg, , in H* and the
good regularity property of Sg, , in H'; that last point being crucial for dealing with the
nonlinear term coming from the first equation.

Lemma 5.3. Lets € (0,1) and 0 <9 < (1 —s). There exists e, > 0 small enough such
that for any ¢ € (0, &3), the following hold.:

(1) Forallwe H N Hl, we have
les S, (Wl oo grsnpny + les Sy (Dwllp2 g
+ % leoSizss (N0l 2z S 10 gensr
(2) ForalleyS € L?(I:IS N H'Y), we have
les (S * ) oo sy + €9 (S * S 2 g
T if leo(Sizas * )l zrssmmzy S leoSlizginmn:

Proof of Lemma 5.3. Let us denote ¢ = eySg, , (-)w, the solution to the evolution equa-
tion

d0p =L22¢ + 09, ¢(0) =w.
Fix < 9 < u(1 —s). Thanks to Lemma 5.1 and Lemma 5.2, we have

2dt{llsﬁllz c gl = ——{||¢||H,+1 + 9l — @ =Dl + el
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Thanks to the interpolation inequality (3.4) together with Young’s inequality, we observe

that & —9)
P13, < o I8l + CllgI.,

for some C > 0. Gathering previous estimates and taking ¢ > 0 small enough yields

D
I + 1913 =~ 0, + 0130~ T g,

from which (1) follows by Gronwall’s lemma.
We now consider ¢ = e3(Sg,, * §), the solution to the evolution equation

0:p = Lo2pp + ¢ +€S, ¢(0)=0.

Arguing as above, we have, with & < ¢/ < u(1 — ),

S, 1612 =~ s + 1130 — 2 g,
+ (¢9e0S)Hs (¢sel9S>H1-
Writing
V-0
9.008) 5. = T g1, + ClleasI,

for some C > 0, and
(@.e9S) 1 < D13, + lles S|,

we then use (3.4) again to get

19 @' -9

1% l¢1%, + C el

for some C’ > 0. Taking ¢ > 0 small enough then yields

@' 19)
EE{IWII + ol < ——{||¢||Hs+1 + 913, = ——— 13,
+Cles 117, + leaSl%),
and we conclude (2) by applying Gronwall’s lemma again. ]

6. Semigroup estimates for the linearized system

We start with some estimates on the out of the diagonal operators &£1,> and &£, ; which
we recall that are defined in (1.10) by

Li1ow =—div(QVw), £218 =g+ Vex[gVP + OVk xg].
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Lemma 6.1. Lets € (0, 1). Fork > 3,
112wl < Il 52wl forallwe B° 0 B2,
with@ = (1 —s)/(2—3s), and
L2181l s + €218 g1 < Igllpgy  forall g € Hy.

Proof of Lemma 6.1. For the first estimate, we write

[aivQVu)l s = sup [ div(@Vu) )

vl <1
Hy

—- / 0 Vu((x)* VY + ¥ Vix)) < Vw2,

vl <1
Hy

where we have used the Cauchy—Schwarz inequality and the uniform bound of Q (see
Lemma 2.2) in the last line. Using the interpolation inequality (3.4), we then obtain

1 1/(2— 1— 2

which is nothing but the first claimed estimate.
For the second estimate, we write

(L2181 gsnm < 18l gsnm + IVE * [gV Pl gsnpr + IVe % [Q Vi * glll gsn g

and we estimate the three terms at the right-hand side separately. On the one hand, we
have

Vi [eV Pl gsnpgr S I8V PIILInL> S llgllL2,
where we have used Lemma 3.1 in the first inequality, and Lemma 2.2 in the second one

together with the embedding Li(]R@) C LY(R?). Similarly, for some p > 2, we have

Vi x [QVic* glll gsppn S NQ Vi * gllLinze S Ve gller < lgllp2

by using successively Lemmas 3.1, 2.2 and 3.2. We conclude by putting together the two
previous estimates and observing that || || gsng1 < ”g”Hzi L]

As a consequence of Proposition 4.7, Lemma 5.3 and Lemma 6.1, recalling the defin-
ition of the spaces X and ¥ in (1.6), we obtain the following semigroup estimates on the
linearized problem.

Proposition 6.2. Lets € (0,1), 0 < A < u(1 —s) and k > 3. There exists e« > 0 small
enough such that for any € € (0, €4), the following hold:

(1) Forany (go.wo) € L2 ; x (H* N H'), we have

lexSe(-)(g0. wo)llLeex) + lleaSe () (g0 wo)llL2(yy < (g0, wo)llx-
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(2) Forany e, R = ex(R1. Rp) € L2(H ' x (H* N H')), with (R1)) = 0, we have
llea(Sie * R)llzeo) + llea(Se * R)llz2y < leaRl 2t xasnin)-
Proof of Proposition 6.2. (1) Let us denote

(g(@®),w(t)) = Sg(t)(go. wo),

so that

g(t) = Sg,,(1)go + (Sg,, * L12w)(t)
and

w(t) = Sg,,()wo + (Sg,, * £2,18)(1).

We observe that ((£1,w)) = 0, so that we can then hereafter apply the results of Propos-
ition 4.7 to Sg, | * &£1,2w. From Proposition 4.7 (1), we have

lexSe,, ()gollLeer2 + leaSe,, ()gollza; < lIgollz2-
On the other hand, from Proposition 4.7 (2) , we have
lea(Seyy * L12w)llper2 + lea(Se,, * Li2w)l2py < lleadrawllpz gt

—6

1 ]
L2HS

< leawl3%, lexwl?, 40

with 6 = (1 —5)/(2 — 5), where we have used the first estimate in Lemma 6.1. We have
thus established
61 lleglzzrz + lerglizm = Cillgollz + Calleawll3G, leaw]f ..

for some constants Cy, C, > 0.
We now come to the estimate of w. We recall that from Lemma 5.3 (1), we have

||eAS$z,z(')wOHL[OO(Hsn[-'Il) + ||eAS$2,2(')w0||L§1-'1s
+ % lexSse,,(Dwoll 2 g2 < lwoll s pr-
Moreover, from Lemma 5.3 (2), we have
lea(Se, * £218) | oo sy €4S, * £218) 112415
+ % lea(Ss,, * £210) 252 S leadaagllzgsnmny < leaglrzm;

where we have used the second estimate in Lemma 6.1 for obtaining the last inequality.
Combining the last two estimates together, we have thus established

1
6.2) ||e)_w”L;>°(HsmH1) + ||eAw||L%HS + % ||eAw||L%I:12
= Gsllwoll gsppn + Calleagllzzmy

for some constants C3, C4 > 0.
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Coming back to (6.1) and using Young’s inequality, we deduce that for any 8 > 0,
there exists Cg > 0 such that

leagllzeer2 + lleaglirzmy = Crligollz + Blleawll 2 s + Cplleawll 2 g2
Combining the last estimate with (6.2) yields
lergllLeerz +lleagllzmy < CillgollLz + BCsllwoll gspgr + BCallergllLzm;
+ Ve CpCallwoll gen g + Ve CpCallerglizp-
Choosing first § > 0 small enough and then & > 0 small enough, we obtain
leaglopors + lerglizr < Csligollz + Collwoll o

for some constants Cs, C¢ > 0. We then conclude part (1) by gathering this last estimate
with (6.2).
(2) Let us denote (G, W)(t) = (S¢ * R)(t), so that

G(t) = (le,l * cf'l,ZVV)(t) + (S£1,1 * e‘YQI)(t)

and

W(t) = (Sx;z * c1}'2,1G)(t) + (S.f,z,z * RZ)(I)
Observing that (R1)) = ((£12W)) = 0, we may use Proposition 4.7 (2) as well as Lem-
ma 6.1 for handling Sg, , * £1,2W, and we obtain

-6 9
lexGlipeerz + eaGllzpy < Callea Wl oy, leaW | + CllleRillzp -

1
L2Hs L2H?
for some constants C{, C, > 0 and with § = (1 —5)/(2 — ).
Similarly, using Lemma 5.3 (2) and additionally Lemma 6.1 for handling the term
S¢,, * £2,1G, we have
1
lexW lrrsoiny + lesW iz + 2 lexW

= C4||eAG||LfHk‘ + C3/||eA<722||L§(HsmH1),

for some constants Cj, C4 > 0. We can then conclude (2) by arguing as in (1). [ ]

7. Proof of the nonlinear stability theorem

This section is devoted to the proof of Theorem 1.1. First we fix s € (0, 1), kK > 3 and

A €0, u(1 —s)). We next choose g9 € (0, &x), where &, > 0 is the small scale time

provided by Proposition 6.2, and recall that the spaces X and ¥ are defined in (1.6).
Consider the space

Z = {(g.w) € LP(Ly o x (H* N HY)) N L}(H} x (H* N H?)) : ||[(g. w)]|z < o0},
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with
(g Wiz = llea(g. w)llzzx) + llea(g. w)ll 2 w)-

For a fixed initial datum (go, wg) € X with {{(go)) = 0, define next the mapping ®: Z — Z,
(g, w) — ®[g, w], given by, for all > 0,

Plg. w](r) = S (1)(go. wo) + (Sg * R[(g. w), (g, w))(),

where

‘R[(g’ UJ), (g’ 'LU)] = (Rl[(g7 U)), (g’ w)] + Sl [(g7 LU), (g’ IU)],
RZ[(g’ U)), (g’ 'LU)] + SZ[(g? LU), (g» w)])a

with
Ri[(g, w), (g, w)] = —div(gVw), Si1[(g, w), (g, w)] = —div(gVk * g),
Rz[(g, w), (8§, w)] = Vk * [gVw], S2[(g,w), (g, w)] = Vk * [gVK * g].

We observe here that the first component of ®[g, w](r) belongs to L7 | since

(Ril(g. w). (g. w)])) = (S1l(g. w). (g. w)]) =0,

thus in the sequel we can apply the results of Proposition 6.2.
Thanks to Proposition 6.2, we have

[[Se(-)(go. wo)llz < I1(g0- wo)llx.

as well as

1Sz * Rz < leaRil(g. w). (. W)l 2z1 + lexSul(g.w). (g )]l 20
+ llex Ral(g. w). (8. W)l gzzsn gy + leaSal(g. ). (g )l 2 g

and we now estimate each term separately.
For the term associated to R;, we first have

| divigVw) o1 S gVl
< lgllg IVwle
1/2 1/2 1/2 1/2
< lgll 2 gl Vw2 V2wl

< g willx (g w)lly,

where we have used Holder’s inequality in the second line, and twice the Ladyzhenskaya’s
inequality (3.3) in the last one. We hence obtain

1/2 1/2 1/2 2..1/2
(1) lexRil(g. w). (. w)lzzmer < leaglyi o 1Vl leaglysy 197wl

< (g w)ll%-
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For the term associated to S, arguing similarly, as above, we get

Idiv(gVic % &)l g1 < llgVie * gllzz
S lglipe Ve * glips

1/2 1/2 1/2 1/2
< N8l gl ? 19k * gl Vi x gl

<
S lgliez lgllay

where we have used Holder’s inequality in the second line, twice the Ladyzhenskaya’s
inequality (3.3) in the third line and finally Lemma 3.1 in the last line.
We hence obtain

(7.2) lexSil(g, w), (g w)ll2m - < lleagllpeer2 lglrzmy < (e, w)| -
For the term associated to R, thanks to Lemma 3.1, we have
Vi (@Vw)ll gengr S lgVwliinee < llgVwl e,

where we have used the embedding L7 (R?) C L' (R?) in the last inequality. We can thus
argue as above for obtaining (7.1), and we deduce

(7.3) llex Ra[(g. w). (&, W)l L2¢gsnpny S N1(8- w)|%.

Finally, for the term associated to S,, thanks to Lemma 3.1, similarly, we have
IVic* gV * )l gsnpn S 18V * gllLinze < lgVie x gl
and therefore arguing as in the derivation of (7.2) yields

(74) lex S2[(g. w), (& Wl 2grsnzmy S 18 w)lI-

Putting together (7.1)—(7.4), we have hence obtained a first estimate:

(7.5) @[z, wlllz < Coll(go, wo)llx + Cill(g, w)llZ,

for some constants Cy, C; > 0.
Now, for (g, w), (g, w) € Z, we remark that
Og, w] — ®[g, w] = S¢ * (R} + Sy, R> + S5),
with

R = Ri[(g. w). (g, w)] — R1[(. W), (§. )]

= Ri[(g. w). (g. w) — (&, W)] + Ri[(g. w) — (§. W), (g, w)].
ST = Sil(g. w). (g. w)] = $1[(. W), (&, w)]

= Si[(g. w). (g, w) — (&, w)] + S1[(g. w) — (g, ). (g. w)].
R3 = Ra[(g. w). (8. w)] — R2[(§. ), (§. )]

= Ro[(g. w). (g. w) — (&, w)] + R2[(g. w) — (g. W), (g, w)].
83 = S2[(g. w). (8. w)] = $2[(. W), (&, w)]

= 52[(g. w). (g, w) — (&, w)] + S2[(g. w) — (g, ). (g. w)].
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Arguing exactly as above, we may establish a second estimate:

(7.6)  [[®(g.w) =P w)lz = Ca(l(g. w)lz + (8. W) (8. w) — (&, w)l|z.

for some constant C, > 0.

As a consequence of the estimates (7.5) and (7.6), we can find 79, n; > 0 small
enough such that Cono + C1n? < 0y and 2Can; < 1, in such a way that @ is a con-
traction on Bz(0, n1) for any (go, wg) € Bx (0, n9). By a standard Banach fixed-point
argument, one can construct a unique global mild solution (g, w) € Z to (1.11) for any
(g0, wop) € X such that ||(gg, wo)||% < no- More specifically, choosing 17 := 2Cy1n¢ and
4Cy max(Cy, C2)no < 1, the above solution, in particular, satisfies the energy estimate

(g, w)llLgex) + (8- w)llL2(y) = 2Co (g0 wo)lx.

which is nothing but (1.8), as well as the decay estimate

llea(g, w)llLex) + llea(g. w2y = 2Co (g0, wo)llx.
which is nothing but (1.9).
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