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On the self-similar stability
of the parabolic-parabolic Keller–Segel equation

Frank Alvarez Borges, Kleber Carrapatoso and Stéphane Mischler

Abstract. We consider the parabolic-parabolic Keller–Segel equation in the plane
and prove the nonlinear exponential stability of the self-similar profile in a quasi-
parabolic-elliptic regime. We first perform a perturbation argument in order to obtain
exponential stability for the semigroup associated to part of the first component of the
linearized operator, by exploiting the exponential stability of the linearized operator
for the parabolic-elliptic Keller–Segel equation. We finally employ a purely semig-
roup analysis to prove linear, and then nonlinear, exponential stability of the system
in appropriated functional spaces.

1. Introduction

In this paper we are concerned with the parabolic-parabolic Keller–Segel system in self-
similar variables in the plane:

(1.1)

´
@tf D �f C div.�xf � f ru/
@tu D

1
"
.�uC f /C �x � ru;

with fixed drift parameter � > 0 and with small time scale parameter " > 0, which aims
to give the time evolution of the collective motion of cells (described by the cells density
f D f .t;x/) that are attracted by a chemical substance (described by the chemo-attractant
concentration u D u.t; x/) they are able to emit (see [18, 26]). Here t � 0 is the time
variable and x 2 R2 stands for the space variable. We refer to the work [7] as well as
to the reviews [16, 28] and the references cited therein for the biological motivation and
mathematical background.

In this work, we establish in a convenient weighted Sobolev space the exponential sta-
bility of the normalized self-similar profile in the quasi-parabolic-elliptic regime, that is,
for small values of the time scale " > 0, without assuming any radial symmetry property
on the initial datum. This extends similar results obtained in [9] in a radially symmetric
framework. As in that last reference, the proof of the stability is based on a perturbation
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argument which takes advantage of the exponential stability of the self-similar profile for
the parabolic-elliptic Keller–Segel equation established in [8, 12]. The proof, however,
differs from [9] because it uses, among other things, (1) a different, and somehow more
standard, perturbation argument performed at the level of the main part of the first com-
ponent of the linearized operator instead of at the level of the whole linearized system,
and (2) a purely semigroup analysis of the linear and nonlinear stability of the system.

Our result implies that in a quasi-parabolic-elliptic regime and for some class of ini-
tial data, without assuming any radial symmetry property, the associated solution to the
parabolic-parabolic KS system in standard variables (corresponding to � D 0) has a self-
similar long-time behavior, which, in particular, means that no concentration occurs in
large time and thus the diffusion mechanism is really the dominant phenomenon all along
the time evolution.

It is worth mentioning that as far as the existence problem is concerned, an alternative
possible approach has been developed in [7], where weak solutions have been proved to
exist for a very general class of initial data, see also [21, 22]. The associated uniqueness
result has been solved in [9], see also [3, 10], but the accurate analysis of the long-time
behavior of these solutions is still lacking. On the other hand, mild solutions have been
proved to exist under a smallness condition in the initial datum, for instance, in [4,11,13],
with associated self-similar behavior result in the longtime asymptotic in [11, 23, 24] or
under a large time scale parameter, for instance, in [6, 11].

The two, and only two, general properties satisfied (at least formally) by the solutions
of the parabolic-parabolic Keller–Segel equation are the positivity preservation of the cells
density, i.e.,

f .t; �/ � 0 if f .0; �/ � 0;

and a similar positivity property for the chemo-attractant concentration u, as well as the
mass conservation of the cells density, namely,

(1.2) hhf .t; �/ii D hhf .0; �/ii for all t � 0; where hhhii WD

Z
R2

h dx:

That mass conservation (1.2) is known to be violated in some supercritical mass situation.
However, we will only be concerned in this paper with a subcritical mass framework that
we describe now.

We denote byQDQ�
" and P DP�" the normalized stationary solutions to the Keller–

Segel system (1.1), that is,

(1.3)

´
0 D �QC div.�xQ �QrP /; Q.0/ D 8;

0 D �P CQC "�x � rP; P.0/ D 0;

whose existence, uniqueness, radially symmetric property and smoothness have all been
established in [5, 11, 24]. It is worth emphasizing that we adopt here the normalizing
convention of [15] motivated by the fact that in the vanishing drift limit

Q�
" ! Q0; rP�" ! rP

0 as �! 0;

where .Q0; P 0/ is defined by

Q0.x/ WD
8

.1C jxj2/2
; ��P 0 D Q0;
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and thus Q0 is the well-known 8� critical mass solution to the parabolic-elliptic Keller–
Segel equation in standard variables (corresponding thus to � D " D 0). Because for
any " � 0, there exists a one-to-one mapping

M" W Œ0;1/! .0; 8��; � 7!M".�/ WD hhQ
�
" ii;

another possible (and more standard) normalization convention should be to fix the drift
term � WD 1 and to normalize the stationary solution by its subcritical mass in the interval
.0; 8�/.

We next introduce the perturbation .g; v/ of the stationary state .Q;P /, defined by

f D QC g; hhgii D 0; u D P C v;

in such a way that the mass compatibility condition hhf ii D hhQii is satisfied. If .f; u/ is
a solution to (1.1), then .g; v/ satisfies the system

(1.4)

´
@tg D �g C div.�xg � grP �Qrv/ � div.grv/;
@tv D

1
"
.�v C g/C �x � rv;

and reciprocally. Instead of working with solutions .g; v/ to (1.4), we shall rather work
with the unknown .g; w/ defined by

w WD v � � � g;

where � is the Laplace kernel in the plane:

�.z/ WD �
1

2�
logjzj; r�.z/ D �

1

2�

z

jzj2
,

so that � �� is a solution to the Laplace equation ��.� ��/ D � in R2. We will there-
fore consider the modified system

(1.5)

8̂̂̂<̂
ˆ̂:
@tg D �g C div.�xg � grP �Qr� � g �Qrw/

� div.gr� � g/ � div.grw/;

@tw D
1
"
�w C �x � rw C g

Cr� � ŒgrP CQr� � g CQrw�Cr� � Œgrw C gr� � g�;

satisfied by .g; w/, that we complement with an initial condition .g0; w0/. It is worth
mentioning that working with the unknown w is convenient in order to get some nice
information (improving estimates) in the limit "! 0, which is not the case when consid-
ering the unknown v because of the singular term g=" on the right-hand side of the second
equation of (1.4) in the limit "! 0.

We introduce the Banach spaces X WD L2
k
� . PH s \ PH 1/ and Y DH 1

k
� . PH s \ PH 2/,

with s 2 .0; 1/, endowed with the norms

(1.6)

´
k.g; w/kX WD kgkL2

k
C kwk PH s C kwk PH1 ;

k.g; w/kY WD kgkH1
k
C kwk PH s C kwk PH2 ;
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where the weighted Lebesgue space Lp
k
.R2/, for 1 � p � 1 and k 2R, is defined by

L
p

k
.R2/ WD ¹f 2 L1loc.R

2/ W kf kLp
k
WD khxikf kLp <1º; hxi WD .1C jxj

2/1=2;

the norm of the Sobolev space H 1
k
.R2/ is defined by

kf k2
H1
k

WD

X
j˛j�1

khxik @˛f k2
L2
:

and, for any � 2RC, the homogeneous seminorm k � k PH� and the associated homogeneous
Sobolev space PH � are defined by

PH �
D ¹f 2 � 0.R2/ W yf 2 L1loc.R

2/; kf k PH� WD kj�j
� yf kL2 <1º:

We recall that, on the plane, PH � is a Hilbert space for � < 1 (see Proposition 1.34 in [2]).
We also denote by H�1

k
the duality space of H 1

k
for the scalar product h � ; � iL2

k
, namely,

(1.7) k�kH�1
k
D sup
kf k

H1
k
�1

h�; f iL2
k
D sup
kgkH1�1

hhxik�; giL2 D khxi
k�kH�1 ;

so that we may identifyH�1
k
D ¹F0 C divF1 W Fi 2 L2kº: For k > 1, so that L2

k
� L1, we

finally denote
L2k;0 WD ¹f 2 L

2
k W hhf ii D 0º:

We may now state our main result.

Theorem 1.1. Let us fix�2 .0;1/, k > 3 and s 2 .0;1/. There are "0; �0 >0 such that for
any " 2 .0; "0/ and any initial data .g0; w0/ 2 X with hhg0ii D 0 and k.g0; w0/kX � �0,
there exists a unique global solution .g; w/ 2 L1t .X/ \ L

2
t .Y/ to (1.5) which satisfies

(1.8) k.g;w/kL1t .X/ C k.g; w/kL2t .Y/
. k.g0; w0/kX :

Moreover, for any �2 .0; �.1 � s//, we have the exponential decay estimate

(1.9) k.g.t/; w.t//kX . e��tk.g0; w0/kX for all t � 0:

This result improves Theorem 1.4 in [9] where similar estimates are established with
the restriction that the initial datum is radially symmetric (and satisfies additional regular-
ity and confinement conditions) and also improves [11, 23, 24], which deal with small
initial data and an arbitrary time scale parameter " > 0. It is worth emphasizing that
because of the one-to-one mapping � 7! M".�/, the choice of a given drift parameter
�2 .0;1/ and its associated steady state Q�

" here is equivalent to the choice of a given
subcritical mass in .0;8�/ for the initial datum in [9,11,23,24]. It is also worth underlining
that Theorem 1.1 implies that the corresponding solution .F;U / to the parabolic-parabolic
Keller–Segel equation in standard variables (i.e., � D 0) satisfies

F.t; x/ �
1

R.t/2
Q
� x

R.t/

�
; U.t; x/ � P

� x

R.t/

�
as t !1;

with R.t/ WD .1C �t/1=2, and we refer to Section 1 of [9] for further discussions.
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As said above, we shall always work with the unknown .g;w/ and it is worth stressing
why the corresponding evolution system is given by (1.5). We may indeed observe that if
.g; v/ satisfies (1.4), then the function

w WD v � � � g

straightforwardly satisfies

@tw D
1

"
�w C �x � rw C �x � r� � g

� r� � Œrg C �xg � grP �Qr� � g �Qrw�Cr� � Œgrw C gr� � g�:

Using that

x � r� � g � r� � .xg/ D �
1

2�

Z
.x � y/

jx � yj2
¹x g.y/ � y g.y/º dy

D �
1

2�

Z
R2

g.y/ dy D 0;

because of the mass vanishing condition on g, the equation onw simplifies and thus .g;w/
satisfies (1.5). Equivalently, defining the operator

L.g; w/ D .L1.g; w/;L2.g; w//

by
Li .g; w/ D Li;1g CLi;2w; i D 1; 2;

with

(1.10)

8̂̂̂<̂
ˆ̂:

L1;1g D �g C div.�xg � grP �Qr� � g/;
L1;2w D � div.Qrw/;
L2;1g D g Cr� � ŒgrP CQr� � g�;

L2;2w D
1
"
�w C �x � rw Cr� � ŒQrw�;

the system (1.5) on .g; w/ rewrites as

(1.11)

8̂<̂
:
@t .g; w/ D L.g; w/

C.� div.gr� � g/ � div.grw/;r� � Œgrw C gr� � g�/;
.g; w/jtD0 D .g0; w0/:

In Sections 2 and 3, we present some estimates on the family of steady states .Q; P /
and some functional inequalities that will be useful throughout the paper. In Section 4,
we establish the dissipativity of the operator L1;1 and next the exponential decay of the
associated semigroup for small enough values of " > 0, thanks to a perturbation argument
and by taking advantage of the dissipativity of the limit operator for " D 0 corresponding
to the usual linearized parabolic-elliptic Keller–Segel operator. In Section 5, we prove in
a more direct way the dissipativity of the operator L2;2. In Section 6, we deduce then the
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decay of the semigroup SL associated to L by writing in a proper accurate enough semig-
roup way the two decay estimates of SLi;i

and by showing that both out of the diagonal
contributions Li;j , i 6D j , are small enough. The above two arguments significantly differ
from those used in the proof of Theorem 1.4 in [9]. In Section 7, we finally present the
proof of Theorem 1.1, which is based on a classical nonlinear stability trick.

In the sequel, for two functions S and T defined on RC, we define the convolution
S � T by

.S � T /.t/ D

Z t

0

S.t � s/T .s/ ds for all t � 0;

so that in particular the Duhamel formula associated to an evolution equation

@tg D ƒg CG; g.0/ D g0;

writes
g D Sƒg0 C Sƒ �G:

Moreover, for �2R, we denote e�W t 7! e�t . We also write A' B if AD cB for a numer-
ical constant c and A . B when A � cB for a numerical constant c > 0 and A;B � 0.

2. Estimates over Q and P

We present some estimates on the steady states Q D Q
�
" and P D P

�
" , that we recall

satisfy (1.3), which will be useful in the next sections.

Proposition 2.1. There exist "0 > 0 and ˛0 2 .0; 1/ such that for all " 2 .0; "0/ and
˛ 2 .˛0; 1/, the following hold:

(1) (Bounds over P / For all x 2R2,

(2.1) P 0.x/ �
�˛jxj2

2
< P.x/ �

�˛jxj2

2
< P 0.x/ < P.x/ < 0

and

(2.2) x � rP.x/ � �˛jxj2 < x � rP 0.x/ < x � rP.x/ < 0:

(2) (Bounds over Q/ For all x 2R2,

(2.3) Q0.x/ e��jxj
2=2 < Q.x/ < Q0.x/ e��.1�˛/jxj

2=2:

Proof of Proposition 2.1. In order to prove (2.1) and (2.2), we follow the same ideas as in
the proof of Proposition 4.1 in [15], but including the necessary modifications to handle
the terms depending on " that appear for this new problem.

First notice that P 0 and P are radial functions solving the equations

�P 0.x/ D �Q0.x/ D �8eP
0.x/; P 0.0/ D 0;

�P.x/C �"x � rP.x/ D �Q.x/ D �8eP.x/��jxj
2=2; P.0/ D 0:
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In polar variables, these equations read as

.P 0/00.r/C
1

r
.P 0/0.r/ D �8eP

0.r/; P 0.0/ D .P 0/0.0/ D 0;

.P /00.r/C
�1
r
C �"r

�
.P /0.r/ D �8eP.r/��jrj

2=2; P.0/ D P 0.0/ D 0:(2.4)

Solving these two equations, we get

P 0.r/ D �8

Z r

0

1

�

Z �

0

�eP
0.�/ d� d�;(2.5)

P.r/ D �8

Z r

0

e��"�
2=2

�

Z �

0

�eP.�/��.1�"/�
2=2 d� d�:(2.6)

Plugging an expansion in powers of r up to order 4 for P.r/ in (2.4), the coefficients of
such expansion can be computed, which gives

P.r/ � �˛
r2

2
D �

�
2C

�˛

2

�
r2 C

�
1C

�

4
.1C "/

�
r4 C o.r4/;

P 0.r/ D �2r2 C r4 C o.r4/;

P.r/ D �2r2 C
�
1C

�

4
.1C "/

�
r4 C o.r4/;

for any given ˛ 2 .0; 1/. This implies that there exists r0 D r0.˛/ > 0 such that the fol-
lowing relation holds true:

(2.7) P 0.r/ �
�˛jr j2

2
< P.r/ �

�˛jr j2

2
< P 0.r/ < P.r/ < 0 for all r 2 .0; r0/:

Set ˛ D 1 � " and assume now, by contradiction, that there exists r1 > 0 such that

P 0.r1/ D P.r1/ and P.r/ �
�.1 � "/jr j2

2
< P 0.r/ < P.r/ for all r 2 .0; r1/:

Using (2.5) and (2.6), we get

0 D P 0.r1/ � P.r1/ D �8

Z r1

0

1

�

Z �

0

�.eP
0.�/
� eP.�/��.1�"/�

2=2��"�2=2/ d� d�

� �8

Z r1

0

1

�

Z �

0

�.eP
0.�/
� eP.�/��.1�"/�

2=2/ d� d� < 0;

the last strict inequality being due to the second inequality in (2.7). This is a contradiction
and therefore P0.r/ < P.r/ for all r > 0.

On the other hand, suppose by contradiction again that there exist ˛ 2 .0;1/ and r˛ > 0
such that

‰�" .˛; r˛/ WD P.r˛/ �
�˛jr˛j

2

2
D P 0.r˛/

and

P.r/ �
�˛jr j2

2
< P 0.r/ < P.r/ for all r 2 .0; r˛/:
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Using (2.6), we have

‰�" .˛; r˛/ D �8

Z r˛

0

1

�

Z �

0

�eP.�/��.1�"/�
2=2��"�2=2 d� d� �

�˛jr˛j
2

2

< �8

Z r˛

0

1

�

Z �

0

�eP
0.�/��.1�"/�2=2��"�2=2 d� d� �

�˛jr˛j
2

2
DW Q‰.˛; r˛; �/:

Notice that Q‰.˛; r˛; 0/ D P 0.r˛/. If we prove that there exist values of ˛ such that
@� Q‰.˛; r˛; 0/ < 0, then, in a neighbourhood of � D 0, we would have

‰�" .˛; r˛/ <
Q‰.˛; r˛; �/ < Q‰.˛; r˛; 0/ D P

0.r˛/;

which would be a contradiction. Since there exist "0 > 0 and ˛0 > 0 such that for all
."; ˛/ 2 Œ0; "0� � Œ˛0; 1�, the function

@r@� Q‰.˛; r; 0/ D
4.1 � "/

r

Z r

0

�3eP
0.�/ d� C 4"r

Z r

0

�eP
0.�/ d� � ˛r

D
2.1 � "/

r

�
ln.1C r2/C

1

1C r2
� 1

�
C 4"r

�
1 �

1

1C r2

�
� ˛r

is less than 0 for all r > 0, we deduce that

@� Q‰.˛; r˛; 0/ D

Z r˛

0

@r@� Q‰.˛; r; 0/ dr < 0;

which leads to the desired contradiction and finishes the proof of (2.1). We may estab-
lish (2.2) in a very similar way, but using the expressions for x � rP 0 and x � rP . We
finally prove (2.3) by taking the exponential of the estimate (2.1).

Lemma 2.2. There exist some constants Ci > 0, i D 0; : : : ; 3, "0 > 0 and # 2 .0; 1/, such
that for any �2 .0;1/ and any " 2 .0; "0�,

0 � Q.x/ � C0 e
��#jxj2=2

hxi�4;(2.8)

sup
x2R2

� 1
jxj
C hxi

�
jrP.x/j � C1(2.9)

and

(2.10) j�P j � C2�"C C3hxi
�1:

Proof of Lemma 2.2. Consider the values of "0 > 0 and ˛0 > 0 given in Proposition 2.1,
so that from its proof, # WD 1� ˛0 2 .0; 1/ is independent from � and ". Estimate (2.8) is
then nothing but (2.3). Computing the explicit expression for rP gives

rP D �e��"jxj
2=2 x

jxj2

Z jxj
0

Q.r/ e�"r
2=2 r dr;

and hence

jrP j �
1

jxj

Z jxj
0

Q.r/e�"r
2=2 dr �

1

jxj

Z jxj
0

hri�4 e��.#�"/r
2=2 r dr:
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Taking " small enough, we deduce

jrP j �
1

jxj

Z jxj
0

hri�4 r dr � jxj hxi�2;

which directly implies (2.9). Finally, writing

�P D ��"x � rP �Q;

we conclude to (2.10) thanks to (2.2) and (2.8).

Lemma 2.3. There exist some constants # 2 .0; 1/, Ci > 0, i D 1; : : : ; 4, such that for
any �2 .0;1/, any " 2 .0; "0� and any x 2R2,

jrP�" � rP
�
0 j �

p
�"C1;(2.11)

j�P�" ��P
�
0 j � �"C2;(2.12)

jQ�
" �Q

�
0 j � �"C3 e

�#�jxj2=2;(2.13)

jrQ�
" � rQ

�
0 j � �"C4 e

�#�jxj2=2:(2.14)

Proof of Lemma 2.3. We recall that in radial variables, we have the expressions

P
�
0 .r/ D �8

Z r

0

1

�

Z �

0

eP
�
0 ���

2=2 � d� d�;

P�" .r/ D �8

Z r

0

e��"�
2=2

�

Z �

0

eP
�
" ��.1�"/�

2=2 � d� d�;

which imply

P�" � P
�
0 D

�
P�" �

Z r

0

.P�" /
0e�"�

2=2 d�
�
C

� Z r

0

.P�" /
0e�"�

2=2 d� � P
�
0

�
D �

Z r

0

e��"�
2=2 � 1

�

Z �

0

Q�
" .�/ e

�"�2=2 � d� d�

� 8

Z r

0

1

�

Z �

0

.eP
�
" ��.1�"/�

2=2
� eP

�
0 ���

2=2/� d�:

Directly from Proposition 2.1, we know thatZ �

0

Q�
" .�/ e

�"�2=2 � d� �

Z �

0

Q0.�/� d� � 8�;

and the mean value theorem gives us that

eP
�
" ��.1�"/�

2=2
� eP

�
0 ���

2=2
D

�
P�" � P

�
0 C �"

�2

2

�
eh.�/;

with h.�/ satisfying

h.�/ � max
°
P�" � �.1 � "/

�2

2
; P

�
0 � �

�2

2

±
� P 0 �

#��2

2
�
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Thanks to Proposition 2.1, we deduce

8eh.�/ � Q0.�/ e�#��
2=2:

Putting everything together, we get

jP�" � P
�
0 j � 8�

Z r

0

1 � e��"�
2=2

�
d�C

Z r

0

1

�

Z �

0

ˇ̌̌
P�" � P

�
0 C �"

�2

2

ˇ̌̌
Q0.�/� d� d�

� �"Kr2 C

Z r

0

Z �

0

jP�" � P
�
0 jQ

0.�/ d� d�;

where K is a constant independent of � and ". Integrating by parts the integral term, we
get

jP�" � P
�
0 j � �"Kr

2
C r

Z r

0

jP�" � P
�
0 jQ

0.�/ d�;

which thanks to Grönwall’s Lemma gives

jP�" � P
�
0 j � �"C0 jxj

2:

This estimate together with a similar manipulation on the gradients of P�" and P�0 gives

jrP�" � rP
�
0 j � �"C0 jxj;

which interpolated with (2.9) gives (2.11).
On the other hand, we have

jQ�
" �Q

�
0 j D 8 je

P
�
" ��.1�"/r

2=2
� eP

�
0 ��r

2=2
j D

ˇ̌̌
P�" � P

�
0 C �"

r2

2

ˇ̌̌
8eh.r/

� �"C2 jr j
2Q0.r/ e�#�r

2=2;

which is nothing but (2.13). Repeating the same process for r.Q �Q�/ gives (2.14).
Finally, using the equations for P�" and P�0 , we have

�.P�" � P
�
0 / D �.Q

�
" �Q

�
0 / � �"x � rP

�
" :

We conclude (2.12) from (2.13) for the first term and from (2.2) for the second.

3. Functional inequalities

We gather in this section some functional inequalities that we shall use through the paper.
First, we provide some estimates over the solution for the Poisson problem in the spirit of
Lemma B.2 in [9].

Lemma 3.1. For any � 2 .0; 1/,

(3.1) kr� � gk PH� . kgkL1\L2 for all g 2L1 \ L2:

Moreover, for any k > 2,

(3.2) kr� � gkL2 . kgkL2
k

for all g 2L2k;0:
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Proof of Lemma 3.1. From the definition ��� � g D g; we have

j�j2F .� � g/.�/ D Og;

or, equivalently,

j�j� j3.r� � g/.�/j D j�j��1 jyg.�/j for any � 2 Œ0; 1�.

For � 2 .0; 1/, we have

kr� � gk2
PH�
D

Z
j�j�1

j�j2��2jygj2 C

Z
j�j�1

j�j2��2jygj2

� kygk2L1

Z
j�j�1

j�j2��2 C

Z
jygj2 . kgk2

L1
C kgk2

L2
;

where we have used the definition of the norm k � k PH� in the first line and some elementary
Fourier estimates (including the Plancherel identity) in the last inequality. This completes
the proof of (3.1).

Similarly, we have

kr� � gk2
L2
D

Z
1j�j�1

jyg.�/j2

j�j2
d� C

Z
1j�j>1

jyg.�/j2

j�j2
d� DW I1 C I2:

For the second term, we write

I2 �
Z
jyg.�/j2 d� D kgk2

L2
:

For the first term, using that yg.0/ D 0 because hhgii D 0, we write

yg.�/ D � �

Z 1

0

D� yg.��/ d�;

and we thus obtain

I1 �
�

sup
j�j�1

jD� yg.�/j
2
� Z

1j�j�1 d� . kcxgk2L1 . kxgk2
L1

. kgk2
L2
k

;

by using some classical and elementary Fourier identity and estimate as well as the con-
tinuous embedding L2

k
.R2/ � L11.R

2/. Altogether, we have established (3.2).

We give now a possible variant of (3.2).

Lemma 3.2. For p > 2, 2 � q � p and k > 2 � 2=q, we have

kr� � gkLp . kgkLq
k

for all g 2Lq
k
:

We emphasize that the same estimate is not true for p D 2. From the proof of (3.2),
we indeed have

kr� � gkL2 D kj�j
�1
ygkL2 ;

and the right-hand side term is infinite if yg.0/ 6D 0 or, equivalently, if the mass of g does
not vanish, regardless of its Lq

k
norm.
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Proof of Lemma 3.2. We split jr�j WD K1 CK2, with

K1 WD
1

jxj
1jxj�1 2 Lr1 for all r1 < 2; K2 WD

1

jxj
1jxj�1 2 Lr2 for all r2 > 2;

that we use with r1 WD .1C 1=p � 1=q/�1 2 .1; 2/ and r2 WD p > 2. We then have

kr� � f kLp � kK1 � f kLp C kK2 � f kLp

� kK1kLr1 kf kLq C kK2kLpkf kL1

. kf kLq
k
;

where we have used the convolution embeddingsLr1 �Lq �Lp andL1 �Lp �Lp in the
second line as well as the Hölder inequality in the last line in order to prove Lq

k
� L1.

We finally recall two standard interpolation inequalities, namely, a particular case of
the Gagliardo–Nirenberg interpolation theorem in dimension 2 (see, for instance, p. 125
of [25]) and an interpolation between homogeneous Sobolev spaces (see Proposition 1.32
in [2]).

Lemma 3.3.(1) The following Ladyzhenskaya’s inequality holds:

(3.3) kf kL4 . kf k1=2
L2
krf k

1=2

L2
for all f 2 H 1:

(2) Consider real numbers s0 < s < s1 ; then

(3.4) kf k PH s . kf k1��
PH s0
kf k�

PH s1
for all f 2 PH s0 \ PH s1 ;

where � D .s � s0/=.s1 � s0/.

4. Estimates for L1;1

In this section, we establish some dissipativity estimates and related semigroup decay
estimates successively on the operators L1;1 and related operators.

4.1. Dissipativity estimates related to L1;1

We recall that this one is defined by

L1;1g WD �g C div.�xg � grP �Qr� � g/:

We start with a first fundamental dissipativity estimate.

Lemma 4.1. For any k > 3, there exist constants "0 > 0 (small enough) and C0; %0 > 0
(large enough) such that

hL1;1g; giL2
k
� ��.k � 2/kgk2

L2
k

�
1

2
krgk2

L2
k

C C0 kgk
2
L2.B%0 /

;

for any " 2 .0; "0/ and g 2H 1
k

.
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Proof of Lemma 4.1. We briefly repeat the proof of Lemma 4.4 in [9]. We compute

hL1;1g; giL2
k
D

Z
�gghxi2k C

Z
div.�xg/ghxi2k

�

Z
div.grP /ghxi2k �

Z
div.Qr� � g/ghxi2k D I1 C I2 C I3 C I4;

and estimate each term separately. For the first two terms, we have

I1 C I2 D �
Z
jrgj2hxi2k C

Z
 1g

2
hxi2k ;

where

 1 D
jrhxikj2

hxi2k
C
�hxik

hxik
C � � �x �

rhxik

hxik

D k.2k C �/hxi�2 � �.k � 1/ � 2khxi�4:

Moreover, for the third term, we compute

I3 D
Z
grP � rghxi2k C 2

Z
g2hxi2krP �

rhxik

hxik

D �
1

2

Z
�Pg2hxi2k C

Z
rP �

rhxik

hxik
g2hxi2k :

Thanks to the uniform estimates (2.9) and (2.10) on P , we observe thatˇ̌̌
rP �

rhxik

hxik

ˇ̌̌
� kx � rP kL1hxi

�1
� C1hxi

�1

and
j�P j � C2�"C C3hxi

�1

for some constants Ci > 0, which imply

I3 �
"�C2

2
kgk2

L2
k

C

�
C1 C

C3

2

�
khxi�1=2gk2

L2
k

:

For the last term, we write

I4 D
Z
Q.r� � g/rghxi2k C 2

Z
Q.r� � g/

rhxik

hxik
ghxi2k :

Since
kQhxi2kkL1 � C4 and kQhxikrhxikkL1 � C4;

thanks to estimate (2.8), we obtain

I4 � C4 kr� � gkL2 krgkL2 C 2C4 kr� � gkL2 kgkL2

� C 04 kr� � gk
2
L2
C
1

2
krgk2

L2
C C 04kgk

2
L2

� C 004 khxi
�1gk2

L2
k

C
1

2
krgk2

L2
;
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where we have used Lemma 3.1 and Young’s inequality. Gathering the previous estimates,
we get

hL1;1g; giL2
k
� �

1

2

Z
jrgj2hxi2k C

Z
N 1g

2
hxi2k ;

with

N 1 D ��
�
k � 1 �

"C2

2

�
C

�
C 004 C C1 C

C3

2

�
hxi�1 C k.2k C �/hxi�2 � k2hxi�4

� ��
�
k � 1 �

"C2

2

�
C C5hxi

�1:

We remark that, for any %0 � 1, we have

hxi�1hxi2k � %2k�10 1hxi�%0 C
1

%0
hxi2k ;

thus we obtain

hL1;1g; giL2
k
� �

1

2
krgk2

L2
k

� �
�
k � 1 �

"C2

2
�
C5

�%0

�
kgk2

L2
k

C C0 kgk
2
L2.B%0 /

;

where C0 D C5%2k�10 . We therefore choose "0 > 0 small enough such that "0C2 � 1 and
%0 � 1 large enough such that C5

�%0
� 1=2, which concludes the proof.

4.2. Splitting of the operator L1;1

We introduce the splitting

L1;1 D ACB"; A WDM�%;

with �%.x/ WD �.x=%/, � 2 D.R2/, 1B.0;1/ � � � 1B.0;2/, and constants M; % > 0. We
immediately deduce from Lemma 4.1 that B" is dissipative, more precisely, the following
holds.

Corollary 4.2. For any k > 3, any " 2 .0; "0/ and any constants M � C0 and % � %0,

(4.1) hB"g; giL2
k
� ��.k � 2/kgk2

L2
k

�
1

2
krgk2

L2
k

� ��kgk2
L2
k

� � kgk2
H1
k

for any 0 � � < �.k � 2/, with � D min.1=2;�� �/, and where "0; C0; %0 > 0 are taken
from Lemma 4.1.

Remark 4.3. We shall fix hereafter the parameters M � C0 and % � %0 in the definition
of B" such that Corollary 4.2 holds.

In order to work at the level of the semigroup, we reformulate (4.1) in the following
way, recalling that we define H�1

k
through the dual norm (1.7).

Lemma 4.4. For any k > 3, " 2 .0; "0/, M � C0 and % � %0, the following hold:
(1) For all 0 � � < �.k � 2/ and all g 2L2

k
, we have

ke�SB"
. �/gkL1t L2k

C ke�SB"
. �/gkL2tH1

k
. kgkL2

k
:
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(2) For all 0 � � < �.k � 2/ and all e�R 2 L2tH�1k , we have

ke�.SB"
�R/kL1t L2k

C ke�.SB"
�R/kL2tH1

k
. ke�RkL2tH�1k :

Proof of Lemma 4.4. Let 0 � � < �.k�2/. For g 2L2
k

, we first consider

f WD e�SB"
. �/g;

the solution to the evolution equation

@tf D B"f C �f; f .0/ D g:

Because of (4.1), we have

1

2

d

dt
kf k2

L2
k

D hB"f; f iL2
k
C �kf k2

L2
k

� ��kf k2
H1
k

;

from which we deduce (1) thanks to Grönwall’s lemma.
For R such that e�R 2 L2tH�1k , we next consider

f WD e�.SB"
�R/;

the solution to the evolution equation

@tf D B"f C �f C e�R; f .0/ D 0:

Because of (4.1) and Young’s inequality, we have

1

2

d

dt
kf k2

L2
k

D hB"f; f iL2
k
C �kf k2

L2
k

C he�R; f iL2
k

� ��kf k2
H1
k

C ke�RkH�1
k
kf kH1

k
� �

�

2
kf k2

H1
k

C Cke�Rk2H�1
k

;

for some constantC DC.�;�/ > 0. We deduce (2) thanks to Grönwall’s lemma again.

4.3. Spectral analysis of L1;1

We deduce a nice localization of the spectrum of L1;1 from the previous estimates and a
perturbation argument. In order to keep track of the " � 0 dependence, let us denote

ƒ" WD L1;1;

so thatƒ0 is the linearized operator of the parabolic-elliptic Keller–Segel equation, which
is given by

ƒ0g D �g C div.�xg � grP0 �Q0r� � g/;

where .Q0; P0/ is a solution to (1.3) with " D 0. From [8, 12], we know that for k > 3
and 0 < � < �, there exists a constant C D C.�;�; k/ � 1 such that

kSƒ0.t/f kL2
k
� Ce��tkf kL2

k
for all f 2 L2k;0;
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and the spectrum satisfies

(4.2) †.ƒ0/ \��� D ¹0º;

where ��� WD ¹z 2 C W Re z > ��º.
By a perturbation argument similar to the one used in [19] (see also [17, 29]), we are

able to obtain a similar picture for the operator L1;1 D ƒ".

Proposition 4.5. Let k > 3. For any 0 < � < �, there exists "� > 0 small enough such
that the operator L1;1 on L2

k
satisfies

†.L1;1/ \��� D ¹0º for all " 2 .0; "�/:

Furthermore, 0 belongs to the discrete spectrum of L1;1, and denoting by… the projector
on the associated eigenspace, we have …f D 0 if and only if hhf ii D 0.

Proof of Proposition 4.5. We split the proof into several steps.
Step 1. We claim that

U".z/ WD RB"
.z/ �Rƒ0.z/ARB"

.z/

is uniformly bounded in B.L2
k
/ and B.H�1

k
; H 1

k
/ for any z 2 � WD ��� n B.0; r=2/,

any " � 0 and 0 < r < � < �. On the one hand, RB"
.z/ 2 B.L2

k
/ is just an immediate

consequence of the growth estimate on SB"
established in Lemma 4.4 (1). For proving

RB"
.z/ 2 B.H�1

k
;H 1

k
/, we consider first g 2L2

k
, z 2 ��� and we define

f WD RB"
.z/g;

so that .z �B"/f D g. Using (4.1) and the fact that �.k � 2/ � �, we deduce

1

2
krf k2

L2
k

C .Re z C �/kf k2
L2
k

� h.z �B"/f; f iL2
k
D hf; giL2

k
� kf kH1

k
kgkH�1

k
;

and thus
krf kL2

k
� max.2; ��1/kgkH�1

k
:

By a density argument, the same holds for any g 2H�1
k

. From (4.2), we also have that
Rƒ0.z/ 2 B.L2

k
/ is uniformly bounded in B.L2

k
/ for any z 2 � WD ��� n B.0; r=2/.

Moreover, the proof of the bound in B.L2
k
;H 1

k
/ is exactly the same as for RB"

.z/. Indeed,
arguing as in Lemma 4.1, we first obtain

hƒ0f; f iL2
k
� ��kf k2

L2
k

�
1

2
krf k2

L2
k

C C0 kf k
2
L2.B%0 /

:

Defining f WD Rƒ0.z/g, we deduce

.Re z C �/kf k2
L2
k

C
1

2
krf k2

L2
k

� C0 kf k
2
L2.B%0 /

� h.z �ƒ0/f; f iL2
k

D hg; f iL2
k
� Ckgk2

L2
k

:
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Step 2. We claim that the family of operators .ƒ"/ converges in the sense

kƒ" �ƒ0kB.H1
k
;L2
k
/ � �1."/! 0:

We may indeed write

.ƒ" �ƒ0/g D .B" �B0/g D � div.gr.P" � P0// � div..Q" �Q0/r� � g/

D �rg � r.P" � P0/C g�.P" � P0/

Cr.Q" �Q0/ � r� � g � .Q" �Q0/g;

so that

k.ƒ" �ƒ0/gkL2
k
� kr.P" � P0/kL1 krgkL2

k
C k�.P" � P0/kL1 kgkL2

k

C khxikr.Q" �Q0/kL1 kgkL21C0
C kQ" �Q0kL1 kgkL2

k
:

We immediately conclude since we are able to prove (see Lemma 2.3)

r.P" � P0/! 0; �.P" � P0/! 0; hxikr.Q" �Q0/! 0; Q" �Q0 ! 0

uniformly in L1.R2/.
Step 3. We claim that †.ƒ"/ \�a � B.0; r=2/ for any " 2 .0; "0/, choosing "0 > 0

small enough. On the one hand, we write the two resolvent equations

Rƒ" D RB"
�Rƒ"ARB"

; Rƒ" D Rƒ0 �Rƒ".ƒ" �ƒ0/Rƒ0 ;

from which we deduce

Rƒ" D RB"
�Rƒ0ARB"

CRƒ".ƒ" �ƒ0/Rƒ0ARB"

or, equivalently,
Rƒ".I CK"/ D U";

with
K" WD .ƒ0 �ƒ"/Rƒ0ARB"

:

On the other hand, from step 1, we have Rƒ0.z/ARB"
.z/ is bounded in B.L2

k
; H 1

k
/

uniformly in z 2 � WD ��� n B.0; r=2/ and ƒ0 � ƒ" is small in B.H 1
k
; L2

k
/ for " > 0

small, so that both estimates together imply

sup
z2���nB.0;r=2/

kK".z/kB.L2
k
/ < 1;

for any 0 < r < � < � and " 2 .0; "0/, with "0 D "0.r; �/ > 0 small enough. This implies
that I CK" is invertible on � WD ��� n B.0; r=2/, so that

Rƒ" D U".I CK"/
�1

is bounded on �, which proves our claim.
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Step 4. We now define

…" WD
i

2�

Z
�

Rƒ".z/ dz; � WD ¹z 2 C W jzj D rº;

the Dunford projector on the eigenspace associated to eigenvalues of ƒ" which belong to
the ball B.0; r/. We write

…" D
i

2�

Z
�

U" .I CK"/
�1 dz

D
i

2�

Z
�

RB"
¹I �K" .I CK"/

�1
º dz �

i

2�

Z
�

Rƒ0 A RB"
.I CK"/

�1 dz

D �
i

2�

Z
�

RB"
K" .I CK"/

�1 dz �
i

2�

Z
�

Rƒ0 A RB"
.I CK"/

�1 dz

and

…0 D
i

2�

Z
�

¹RB0
�Rƒ0ARB0

º dz

D �
i

2�

Z
�

Rƒ0ARB0
¹.I CK"/

�1
CK".I CK"/

�1
º dz:

We deduce

…" �…0 D
i

2�

Z
�

.Rƒ0ARB0
�RB"

/K" .I CK"/
�1 dz

C
i

2�

Z
�

Rƒ0A¹RB0
�RB"

º.I CK"/
�1 dz

D �
i

2�

Z
�

U"K" .I CK"/
�1 dz

C
i

2�

Z
�

Rƒ0ARB0
¹B0 �B"ºRB"

.I CK"/
�1 dz:

We conclude that
k…" �…0kB.L2

k
/ D O."/ < 1

for " > 0 small enough, by taking advantage of the estimates established in Steps 1 and 2.
By classical operator theory (see, for instance, the arguments presented in [17] in order to
prove (4.43) in Chapter 1 of [17]), one deduces that dim…" D dim…0 D 1.

Step 5. In the Banach space .L2
k
/0 D L2

�k
, the dual operator ƒ�" is defined by

ƒ�" WD � C .rP � �x/ � r C � � .div.Qr //:

At first glance, we have 1 2 L2
�k

and ƒ�"1 D 0, so that 0 2 †.ƒ�" / D †.ƒ"/, and 0 is the
only spectral value of ƒ" in the ball B.0; r/. Denoting by G0 2 L2k the first eigenvector
of ƒ0 such that hhG0ii D 1, we have

jhh…"G0ii � 1j D jh.…" �…0/G0; 1ij � k.…" �…0/G0kL2
k
k1kL2

�k
. k…" �…0k < 1:
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We may thus define G" WD …"G0=hh…"G0ii, which satisfies G" 2 L2k , ƒ"G" D 0 and
hhG"ii D 1. We finally observe that we may also define the first eigenprojector by the
more explicit formula

…"f D G"hhf ii;

so that, in particular, …"f D 0 if and only if hhf ii D 0.

4.4. Semigroup decay estimates for L1;1

We are now able to deduce a nice semigroup decay estimate on SL1;1
from the previous

estimates on the resolvent.

Proposition 4.6. With the notation of Proposition 4.5, for k > 3, all 0 < � < � and all
" 2 .0; "�/, we have, for any g 2L2

k;0
,

kSL1;1
.t/gkL2

k
. e��tkgkL2

k
:

Proof of Proposition 4.6. It is a consequence of Proposition 4.5 and of the splitting struc-
ture of the operator ƒ". More precisely, we may, for instance, apply the quantitative
mapping theorem, Theorem 2.1 in [20], where it is worth emphasizing that RB"

.z/ WL2
k
!

H 1
k
� D.ƒ

1=2
" / with uniform bound in z 2���, which is a strong enough information in

order to establish (2.23) of [20] without checking (H2) of [20], and to obtain

k.I �…/SL1;1
.t/gkL2

k
. e��tkgkL2

k
for all g 2L2k :

Alternatively, one can use the Gearhart–Prüss–Greiner theorem [1, 14, 27] in order to get
the same conclusion.

Thanks to the previous estimate for SL1;1
and the estimates for SB"

in Lemma 4.4, we
are able to deduce semigroup estimates for SL1;1

(in Propositions 4.7 below) similar to
those satisfied by SB"

.
We start by observing that, thanks to Duhamel’s formula, we have

(4.3) SL1;1
D SB"

C SB"
A � SL1;1

and SL1;1
D SB"

C SL1;1
�ASB"

:

Recalling the definition of the projector … introduced in Proposition 4.5 and denoting
…? WD I �…, we have

(4.4)

´
SL1;1

…? D SB"
…? C .SB"

A � SL1;1
…?/;

SL1;1
…? D …?SB"

C .SL1;1
…? �ASB"

/:

Using that SL1;1
…? D …?SL1;1

and iterating the formulas yields

SL1;1
…? D SB"

…? C SB"
A �…?SB"

C SB"
A � SL1;1

…? �ASB"

and

(4.5) SL1;1
…? D …?SB"

C SB"
…? �ASB"

C SB"
A � SL1;1

…? �ASB"
:

We deduce, by combining some results of Section 4.2 and the above Proposition 4.6,
some additional estimates on the semigroup SL1;1

.
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Proposition 4.7. Let 0 � � < � and k > 3. There exists "� > 0 small enough such that
for any " 2 .0; "�/, the following hold:

(1) For all g 2L2
k;0

, we have

ke�SL1;1
. �/gkL1t L2k

C ke�SL1;1
. �/gkL2tH1

k
. kgkL2

k
:

(2) For all e�R 2 L2tH�1k with hhRii D 0, we have

ke�.SL1;1
�R/kL1t L2k

C ke�.SL1;1
�R/kL2tH1

k
. ke�RkL2tH�1k :

Proof of Proposition 4.7. (1) Remark that g D …?g, since g 2L2
k;0

. The first estimate is
nothing but Proposition 4.6. In particular, we deduce from this one that

(4.6) ke�SL1;1
…?kL1tB.L2k/

. ke�0SL1;1
…?kL1t B.L2

k
/ . 1;

by choosing � < �0 < 1. On the other hand, thanks to Lemma 4.4 (1) and the first estimate,
we have

ke�SB"
. �/gkL2tH1

k
. kgkL2

k

and

ke�.SB"
�ASL1;1

/. �/gkL2tH1
k

. ke�ASL1;1
. �/gkL2tH�1k

. ke�SL1;1
. �/gkL2tL2k

. kgkL2
k
;

where we have used that A 2 B.L2
k
/, from which together with the first identity in (4.3),

we immediately obtain the second estimate.
(2) Remarking that R.t/ D …?R.t/, for all t � 0, and using the second identity

in (4.4), we may write

SL1;1
�R D SL1;1

…? �R D …?.SB"
�R/C SL1;1

…? �ASB"
�R;

and thus

e�.SL1;1
�R/ D e�…?.SB"

�R/C .e�SL1;1
…?/ �AŒe�.SB"

�R/�:

We deduce

ke�.SL1;1
�R/kL1t L2k

� ke�.SB"
�R/kL1t L2k

C k.e�SL1;1
…?/ �AŒe�.SB"

�R/�kL1t L2k

� ke�.SB"
�R/kL1t L2k

C ke�SL1;1
…?kL1t .B.L2k//

kAkB.L2
k
/ ke�.SB"

�R/kL1t L2k

. ke�RkL2tH�1k ;

where we have used Lemma 4.4 (2) and (4.6) in the last line. We have established the first
estimate in (2).

For the second term, using (4.5), we may write

SL1;1
�R D …?.SB"

�R/C SB"
…? �ASB"

�RC SB"
A � SL1;1

…? �ASB"
�R;
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and thus

e�.SL1;1
�R/ D …?e�.SB"

�R/C e�ŒSB"
� .…?ASB"

�R/�

C e�Œ.SB"
A/ � .SL1;1

…? �ASB"
�R/�:

We now estimate each term separately. From Lemma 4.4 (2), we have

ke�.SB"
�R/kL2tH1

k
. ke�RkL2tH�1k :

From Lemma 4.4 (2) again, we also have

ke�ŒSB"
� .…?ASB"

�R/�kL2tH1
k

. ke�.…?ASB"
�R/kL2tH�1k

. ke�.…?ASB"
�R/kL2tL2k

. ke�.SB"
�R/kL2tL2k

. ke�RkL2tH�1k :

We finally have

ke�Œ.SB"
A/ � .SL1;1

…? �ASB"
�R/�kL2tH1

k

. k.e�SL1;1
…?/ � ŒAe�.SB"

�R/�kL2tH�1k

. k.e�SL1;1
…?/ � ŒAe�.SB"

�R/�kL2tL2k

. ke�SL1;1
…?kL1t .B.L2k//

kAkB.L2
k
/ kŒe�.SB"

�R/�kL2tL2k

. ke�RkL2tH�1k ;

where we have used Lemma 4.4 (2) in the second line as well as Proposition 4.6 and
Lemma 4.4 (2) in the last line. Putting the three last estimates together, we conclude the
second estimate in (2).

5. Estimates for L2;2

In this section, we are concerned with establishing estimates on SL2;2
, where we recall

that L2;2 is defined by

L2;2w D
1

"
�w C �x � rw Cr� � ŒQrw�:

Before presenting our key estimate, we make several observations.
On the one hand, we have

rL2;2w D
1

"
�.rw/C �x � r.rw/C �rw Cr2� � ŒQrw�;

where we denote

.x � rˆ/i D x`@`ˆi ; .r2� �ˆ/i D @i`� �ˆ`;
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for any vector ˆ. A straightforward computation then gives

hrL2;2w;rwiL2 D

Z �1
"
�rw C �rw C �x � r2w Cr2� � ŒQrw�

�
rw

D �
1

"

Z
jr
2wj2 �

Z
Qjrwj2;

where we have performed two integrations by parts for the last term and we have used the
identity �� D �ı. That nice estimate tells us that L2;2 is dissipative in PH 1, but it does
not provide a spectral gap. Namely, recalling that

hrw;rziL2 D
1

.2�/2
hw; zi PH1 and kr

2wk2
L2
D

1

.2�/2
kwk2

PH2
;

we have established the following.

Lemma 5.1. For any w 2 PH 1 \ PH 2,

hL2;2w;wi PH1 D �
1

"
kwk2

PH2
� .2�/2kQ1=2

rwk2
L2
:

We now establish that L2;2 has a stronger dissipativity property in PH s for s 2 .0; 1/.

Lemma 5.2. For any s 2 .0; 1/ and # < �.1 � s/, there exists " > 0 small enough such
that

hL2;2w;wi PH s � �
1

2"
kwk2

PH sC1
� #kwk2

PH s
;

for any w 2H sC1.

Proof of Lemma 5.2. We split the operator L2;2 D L2;2;1 CL2;2;2 with

L2;2;1w WD
1

"
�w C �x � rw and L2;2;2w WD r� � ŒQrw�:

For the first term, we write

hL2;2;1w;wi PH s WD

D1
"
�w C �x � rw;w

E
PH s

D

Z
j�j2s

°
�
1

"
j�j2 yw � � div.� yw/

±
yw

D �
1

"

Z
j�j2C2sj ywj2 � �

Z h
2j�j2s �

1

2
div.�j�j2s/

i
j ywj2;

D �
1

"
kwk2

PH1Cs
� �.1 � s/kwk2

PH s
;

which gives the contribution of the first part of the operator L2;2 in PH s .
For the second part of the operator L2;2 in PH s , we shall take advantage of the fact

that, roughly speaking, the operator r�� behaves as taking a primitive. More precisely,
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we have

hL2;2;2w;wi PH s WD hr� � ŒQrw�;wi PH s

� kr� � ŒQrw�k PH s kwk PH s

. kQrwkL1\L2 kwk PH s

. krwkL2 kwk PH s

. kwk1Cs
PH s
kwk1�s

PH sC1
;

where we have used the Cauchy–Schwarz inequality in the second line, estimate (3.1) of
Lemma 3.1 in the third one, the exponential decay of Q in Lemma 2.2 in the fourth one,
and finally the interpolation inequality (3.4) in the last one.

We can conclude that L2;2 is dissipative in PH s . Fix 0 � # < �.1 � s/. Then, by
gathering previous estimates, it follows that

hL2;2w;wi PH s � �
1

"
kwk2

PH sC1
� �.1 � s/kwk2

PH s
C C kwk1Cs

PH s
kwk1�s

PH sC1
;

and we conclude by applying Young’s inequality to the last term and choosing " > 0 small
enough.

As a consequence of previous estimates, we obtain the following decay and regular-
ization estimates for the semigroup SL2;2 in PH s \ PH 1. Roughly speaking, in that space
the semigroup SL2;2 inherits both the good dissipativity property of SL2;2 in PH s and the
good regularity property of SL2;2

in PH 1; that last point being crucial for dealing with the
nonlinear term coming from the first equation.

Lemma 5.3. Let s 2 .0; 1/ and 0 � # < �.1� s/. There exists "2 > 0 small enough such
that for any " 2 .0; "2/, the following hold:

(1) For all w 2 PH s \ PH 1, we have

ke#SL2;2
. �/wkL1t . PH s\ PH1/ C ke#SL2;2

. �/wkL2t PH s

C
1
p
"
ke#SL2;2

. �/wkL2t . PH sC1\ PH2/ . kwk PH s\ PH1 :

(2) For all e#S 2 L2t . PH s \ PH 1/, we have

ke#.SL2;2
� S/kL1t . PH s\ PH1/ C ke#.SL2;2

� S/kL2t PH s

C
1
p
"
ke#.SL2;2

� S/kL2t . PH sC1\ PH2/ . ke#SkL2t . PH s\ PH1/:

Proof of Lemma 5.3. Let us denote � D e#SL2;2
. �/w, the solution to the evolution equa-

tion
@t� D L2;2� C #�; �.0/ D w:

Fix # < # 0 < �.1 � s/. Thanks to Lemma 5.1 and Lemma 5.2, we have

1

2

d

dt
¹k�k2

PH s
C k�k2

PH1
º � �

1

2"
¹k�k2

PH sC1
C k�k2

PH2
º � .# 0 � #/k�k2

PH s
C #k�k2

PH1
:
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Thanks to the interpolation inequality (3.4) together with Young’s inequality, we observe
that

#k�k2
PH1
�
.# 0 � #/

2
k�k2

PH s
C Ck�k2

PH sC1

for some C > 0. Gathering previous estimates and taking " > 0 small enough yields

1

2

d

dt
¹k�k2

PH s
C k�k2

PH1
º � �

1

4"
¹k�k2

PH sC1
C k�k2

PH2
º �

.# 0 � #/

2
k�k2

PH s
;

from which (1) follows by Grönwall’s lemma.
We now consider � D e#.SL2;2

� S/, the solution to the evolution equation

@t� D L2;2� C #� C e#S; �.0/ D 0:

Arguing as above, we have, with # < # 0 < �.1 � s/,

1

2

d

dt
¹k�k2

PH s
C k�k2

PH1
º � �

1

4"
¹k�k2

PH sC1
C k�k2

PH2
º �

.# 0 � #/

2
k�k2

PH s

C h�; e#Si PH s C h�; e#Si PH1 :

Writing

h�; e#Si PH s �
.# 0 � #/

8
k�k2

PH s
C Cke#Sk2PH s

for some C > 0, and
h�; e#Si PH1 � k�k

2
PH1
C ke#Sk2PH1

;

we then use (3.4) again to get

k�k2
PH1
�
.# 0 � #/

8
k�k2

PH s
C C 0 k�k2

PH sC1

for some C 0 > 0. Taking " > 0 small enough then yields

1

2

d

dt
¹k�k2

PH s
C k�k2

PH1
º � �

1

8"
¹k�k2

PH sC1
C k�k2

PH2
º �

.# 0 � #/

4
k�k2

PH s

C C.ke#Sk2PH s
C ke#Sk2PH1

/;

and we conclude (2) by applying Grönwall’s lemma again.

6. Semigroup estimates for the linearized system

We start with some estimates on the out of the diagonal operators L1;2 and L2;1 which
we recall that are defined in (1.10) by

L1;2w D � div.Qrw/; L2;1g D g Cr� � ŒgrP CQr� � g�:
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Lemma 6.1. Let s 2 .0; 1/. For k > 3,

kL1;2wkH�1
k

. kwk1��
PH s
kwk�

PH2
for all w 2 PH s

\ PH 2;

with � D .1 � s/=.2 � s/, and

kL2;1gk PH s C kL2;1gk PH1 . kgkH1
k

for all g 2H 1
k :

Proof of Lemma 6.1. For the first estimate, we write

k div.Qrw/kH�1
k
D sup
k k

H1
k
�1

Z
div.Qrw/ hxi2k

D sup
k k

H1
k
�1

Z
Qrw.hxi2kr C  rhxi2k/ . krwkL2 ;

where we have used the Cauchy–Schwarz inequality and the uniform bound of Q (see
Lemma 2.2) in the last line. Using the interpolation inequality (3.4), we then obtain

kdiv.Qrw/kH�1
k

. kwk1=.2�s/
PH s

kwk
.1�s/=.2�s/

PH2
;

which is nothing but the first claimed estimate.
For the second estimate, we write

kL2;1gk PH s\ PH1 � kgk PH s\ PH1 C kr� � ŒgrP �k PH s\ PH1 C kr� � ŒQr� � g�k PH s\ PH1 ;

and we estimate the three terms at the right-hand side separately. On the one hand, we
have

kr� � ŒgrP �k PH s\ PH1 . kgrP kL1\L2 . kgkL2
k
;

where we have used Lemma 3.1 in the first inequality, and Lemma 2.2 in the second one
together with the embedding L2

k
.R2/ � L1.R2/. Similarly, for some p > 2, we have

kr� � ŒQr� � g�k PH s\ PH1 . kQr� � gkL1\L2 . kr� � gkLp . kgkL2
k

by using successively Lemmas 3.1, 2.2 and 3.2. We conclude by putting together the two
previous estimates and observing that kgk PH s\ PH1 . kgkH1

k
.

As a consequence of Proposition 4.7, Lemma 5.3 and Lemma 6.1, recalling the defin-
ition of the spaces X and Y in (1.6), we obtain the following semigroup estimates on the
linearized problem.

Proposition 6.2. Let s 2 .0; 1/, 0 � � < �.1 � s/ and k > 3. There exists "� > 0 small
enough such that for any " 2 .0; "�/, the following hold:

(1) For any .g0; w0/ 2 L2k;0 � . PH
s \ PH 1/, we have

ke�SL. �/.g0; w0/kL1t .X/ C ke�SL. �/.g0; w0/kL2t .Y/
. k.g0; w0/kX :
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(2) For any e�R D e�.R1;R2/ 2 L
2
t .H

�1
k
� . PH s \ PH 1//, with hhR1ii D 0, we have

ke�.SL �R/kL1t .X/ C ke�.SL �R/kL2t .Y/ . ke�RkL2t .H�1k �. PH
s\ PH1//:

Proof of Proposition 6.2. (1) Let us denote

.g.t/; w.t// D SL.t/.g0; w0/;

so that
g.t/ D SL1;1

.t/g0 C .SL1;1
�L1;2w/.t/

and
w.t/ D SL2;2

.t/w0 C .SL2;2
�L2;1g/.t/:

We observe that hhL1;2wii D 0, so that we can then hereafter apply the results of Propos-
ition 4.7 to SL1;1

�L1;2w. From Proposition 4.7 (1), we have

ke�SL1;1
. �/g0kL1t L2k

C ke�SL1;1
. �/g0kL2tH1

k
. kg0kL2

k
:

On the other hand, from Proposition 4.7 (2) , we have

ke�.SL1;1
�L1;2w/kL1t L2k

C ke�.SL1;1
�L1;2w/kL2tH1

k
. ke�L1;2wkL2tH�1k

. ke�wk1��L2t
PH s
ke�wk�L2t PH2

;

with � D .1 � s/=.2 � s/, where we have used the first estimate in Lemma 6.1. We have
thus established

(6.1) ke�gkL1t L2k C ke�gkL2tH1
k
� C1kg0kL2

k
C C2ke�wk1��L2t

PH s
ke�wk�L2t PH2

;

for some constants C1; C2 > 0.
We now come to the estimate of w. We recall that from Lemma 5.3 (1), we have

ke�SL2;2
. �/w0kL1t . PH s\ PH1/ C ke�SL2;2

. �/w0kL2t PH s

C
1
p
"
ke�SL2;2

. �/w0kL2t PH2 . kw0k PH s\ PH1 :

Moreover, from Lemma 5.3 (2), we have

ke�.SL2;2
�L2;1g/kL1t . PH s\ PH1/ C ke�.SL2;2

�L2;1g/kL2t PH s

C
1
p
"
ke�.SL2;2

�L2;1g/kL2t PH2 . ke�L2;1gkL2t . PH s\ PH1/ . ke�gkL2tH1
k
;

where we have used the second estimate in Lemma 6.1 for obtaining the last inequality.
Combining the last two estimates together, we have thus established

ke�wkL1t . PH s\ PH1/ C ke�wkL2t PH s C
1
p
"
ke�wkL2t PH2(6.2)

� C3kw0k PH s\ PH1 C C4ke�gkL2tH1
k
;

for some constants C3; C4 > 0.
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Coming back to (6.1) and using Young’s inequality, we deduce that for any ˇ > 0,
there exists Cˇ > 0 such that

ke�gkL1t L2k C ke�gkL2tH1
k
� C1kg0kL2

k
C ˇke�wkL2t PH s C Cˇke�wkL2t PH2 :

Combining the last estimate with (6.2) yields

ke�gkL1t L2k C ke�gkL2tH1
k
� C1kg0kL2

k
C ˇC3kw0k PH s\ PH1 C ˇC4ke�gkL2tH1

k

C
p
"CˇC3kw0k PH s\ PH1 C

p
"CˇC4ke�gkL2tH1

k
:

Choosing first ˇ > 0 small enough and then " > 0 small enough, we obtain

ke�gkL1t L2k C ke�gkL2tH1
k
� C5kg0kL2

k
C C6kw0k PH s\ PH1 ;

for some constants C5; C6 > 0. We then conclude part (1) by gathering this last estimate
with (6.2).

(2) Let us denote .G;W /.t/ D .SL �R/.t/; so that

G.t/ D .SL1;1
�L1;2W /.t/C .SL1;1

�R1/.t/

and
W.t/ D .SL2;2

�L2;1G/.t/C .SL2;2
�R2/.t/:

Observing that hhR1ii D hhL1;2W ii D 0, we may use Proposition 4.7 (2) as well as Lem-
ma 6.1 for handling SL1;1

�L1;2W , and we obtain

ke�GkL1t L2k C ke�GkL2tH1
k
� C2ke�W k1��L2t

PH s
ke�W k�L2t PH2

C C 01ke�R1kL2tH
�1
k
;

for some constants C 01; C2 > 0 and with � D .1 � s/=.2 � s/.
Similarly, using Lemma 5.3 (2) and additionally Lemma 6.1 for handling the term

SL2;2
�L2;1G, we have

ke�W kL1t . PH s\ PH1/ C ke�W kL2t PH s C
1
p
"
ke�W kL2t PH2

� C4ke�GkL2tH1
k
C C 03ke�R2kL2t . PH

s\ PH1/;

for some constants C 03; C4 > 0. We can then conclude (2) by arguing as in (1).

7. Proof of the nonlinear stability theorem

This section is devoted to the proof of Theorem 1.1. First we fix s 2 .0; 1/, k > 3 and
� 2 Œ0; �.1 � s//. We next choose "0 2 .0; "�/, where "� > 0 is the small scale time
provided by Proposition 6.2, and recall that the spaces X and Y are defined in (1.6).

Consider the space

Z D
®
.g; w/ 2 L1t .L

2
k;0 � .

PH s
\ PH 1// \ L2t .H

1
k � .

PH s
\ PH 2// W k.g;w/kZ <1

¯
;
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with
k.g; w/kZ WD ke�.g; w/kL1t .X/ C ke�.g; w/kL2t .Y/:

For a fixed initial datum .g0;w0/ 2X with hhg0ii D 0, define next the mappingˆWZ!Z,
.g; w/ 7! ˆŒg;w�, given by, for all t � 0,

ˆŒg;w�.t/ D SL.t/.g0; w0/C .SL �RŒ.g; w/; .g;w/�/.t/;

where

RŒ.g; w/; .g; w/� D
�
R1Œ.g; w/; .g; w/�C S1Œ.g; w/; .g; w/�;

R2Œ.g; w/; .g; w/�C S2Œ.g; w/; .g; w/�
�
;

with

R1Œ.g; w/; . Ng; Nw/� D � div.gr Nw/; S1Œ.g; w/; . Ng; Nw/� D � div.gr� � Ng/;
R2Œ.g; w/; . Ng; Nw/� D r� � Œgr Nw�; S2Œ.g; w/; . Ng; Nw/� D r� � Œgr� � Ng�:

We observe here that the first component of ˆŒg;w�.t/ belongs to L2
k;0

since

hhR1Œ.g; w/; .g; w/�ii D hhS1Œ.g; w/; .g; w/�ii D 0;

thus in the sequel we can apply the results of Proposition 6.2.
Thanks to Proposition 6.2, we have

kSL. �/.g0; w0/kZ . k.g0; w0/kX ;

as well as

kSL �RkZ . ke�R1Œ.g; w/; .g; w/�kL2tH�1k C ke�S1Œ.g; w/; .g; w/�kL2tH�1k
C ke�R2Œ.g; w/; .g; w/�kL2t . PH s\ PH1/ C ke�S2Œ.g; w/; .g; w/�kL2t . PH s\ PH1/;

and we now estimate each term separately.
For the term associated to R1, we first have

k div.grw/kH�1
k

. kgrwkL2
k

. kgkL4
k
krwkL4

. kgk1=2
L2
k

kgk
1=2

H1
k

krwk
1=2

L2
kr

2wk
1=2

L2

. k.g;w/kXk.g; w/kY ;

where we have used Hölder’s inequality in the second line, and twice the Ladyzhenskaya’s
inequality (3.3) in the last one. We hence obtain

ke�R1Œ.g; w/; .g; w/�kL2tH�1k . ke�gk1=2L1t L2k
krwk

1=2

L1t L
2 ke�gk

1=2

L2tH
1
k

kr
2wk

1=2

L2tL
2(7.1)

. k.g;w/k2Z:
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For the term associated to S1, arguing similarly, as above, we get

k div.gr� � g/kH�1
k

. kgr� � gkL2
k

. kgkL4
k
kr� � gkL4

. kgk1=2
L2
k

kgk
1=2

H1
k

kr� � gk
1=2

L2
kr� � gk

1=2

PH1

. kgkL2
k
kgkH1

k
;

where we have used Hölder’s inequality in the second line, twice the Ladyzhenskaya’s
inequality (3.3) in the third line and finally Lemma 3.1 in the last line.

We hence obtain

(7.2) ke�S1Œ.g; w/; .g; w/�kL2tH�1k . ke�gkL1t L2k kgkL2tH1
k

. k.g;w/k2Z:

For the term associated to R2, thanks to Lemma 3.1, we have

kr� � .grw/k PH s\ PH1 . kgrwkL1\L2 . kgrwkL2
k
;

where we have used the embedding L2
k
.R2/ � L1.R2/ in the last inequality. We can thus

argue as above for obtaining (7.1), and we deduce

(7.3) ke�R2Œ.g; w/; .g; w/�kL2t . PH s\ PH1/ . k.g;w/k2Z:

Finally, for the term associated to S2, thanks to Lemma 3.1, similarly, we have

kr� � .gr� � g/k PH s\ PH1 . kgr� � gkL1\L2 . kgr� � gkL2
k
;

and therefore arguing as in the derivation of (7.2) yields

(7.4) ke�S2Œ.g; w/; .g; w/�kL2t . PH s\ PH1/ . k.g;w/k2Z:

Putting together (7.1)–(7.4), we have hence obtained a first estimate:

(7.5) kˆŒg;w�kZ � C0 k.g0; w0/kX C C1k.g; w/k
2
Z;

for some constants C0; C1 > 0.
Now, for .g; w/; . Ng; Nw/ 2 Z, we remark that

ˆŒg;w� �ˆŒ Ng; Nw� D SL � .R
�
1 C S

�
1 ; R

�
2 C S

�
2 /;

with

R�1 D R1Œ.g; w/; .g; w/� �R1Œ. Ng; Nw/; . Ng; Nw/�

D R1Œ.g; w/; .g; w/ � . Ng; Nw/�CR1Œ.g; w/ � . Ng; Nw/; . Ng; Nw/�;

S�1 D S1Œ.g; w/; .g; w/� � S1Œ. Ng; Nw/; . Ng; Nw/�

D S1Œ.g; w/; .g; w/ � . Ng; Nw/�C S1Œ.g; w/ � . Ng; Nw/; . Ng; Nw/�;

R�2 D R2Œ.g; w/; .g; w/� �R2Œ. Ng; Nw/; . Ng; Nw/�

D R2Œ.g; w/; .g; w/ � . Ng; Nw/�CR2Œ.g; w/ � . Ng; Nw/; . Ng; Nw/�;

S�2 D S2Œ.g; w/; .g; w/� � S2Œ. Ng; Nw/; . Ng; Nw/�

D S2Œ.g; w/; .g; w/ � . Ng; Nw/�C S2Œ.g; w/ � . Ng; Nw/; . Ng; Nw/�:
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Arguing exactly as above, we may establish a second estimate:

(7.6) kˆ.g;w/ �ˆ. Ng; Nw/kZ � C2.k.g; w/kZ C k. Ng; Nw/kZ/k.g; w/ � . Ng; Nw/kZ;

for some constant C2 > 0.
As a consequence of the estimates (7.5) and (7.6), we can find �0; �1 > 0 small

enough such that C0�0 C C1�21 � �1 and 2C2�1 < 1, in such a way that ˆ is a con-
traction on BZ.0; �1/ for any .g0; w0/ 2 BX.0; �0/. By a standard Banach fixed-point
argument, one can construct a unique global mild solution .g; w/ 2 Z to (1.11) for any
.g0; w0/ 2 X such that k.g0; w0/kX � �0. More specifically, choosing �1 WD 2C0�0 and
4C0 max.C1; C2/�0 < 1, the above solution, in particular, satisfies the energy estimate

k.g; w/kL1t .X/ C k.g; w/kL2t .Y/
� 2C0 k.g0; w0/kX ;

which is nothing but (1.8), as well as the decay estimate

ke�.g; w/kL1t .X/ C ke�.g; w/kL2t .Y/ � 2C0 k.g0; w0/kX ;

which is nothing but (1.9).
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