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Convergence of Schrodinger operators on domains
with scaled resonant potentials

Vladimir Lotoreichik and Olaf Post

Abstract. We consider Schrodinger operators on a bounded, smooth domain of di-
mension d > 2 with Dirichlet boundary conditions and a properly scaled potential,
which depends only on the distance to the boundary of the domain. Our aim is to ana-
lyse the convergence of these operators as the scaling parameter tends to zero. If the
scaled potential is resonant, the limit in strong resolvent sense is a Robin Laplacian
with boundary coefficient expressed in terms of the mean curvature of the boundary.
A counterexample shows that norm resolvent convergence cannot hold in general in
this setting. If the scaled potential is non-resonant and satisfies an explicit assump-
tion on the smallness of the negative part, the limit in strong resolvent sense is the
Dirichlet Laplacian. We conjecture that we can drop this additional assumption in the
non-resonant case.

1. Introduction

1.1. Background and motivation

Convergence of Schrodinger operators with scaled potentials is a classical topic in math-
ematical physics. A collection of results in this area can be found in the monograph [4]. In
many cases, it is observed that one obtains in the strong or norm resolvent limit an oper-
ator with an interaction supported on a set of measure zero, being defined via a boundary
condition. The structure of the limiting operator often drastically depends on whether the
scaled potential is resonant or not.

A typical example, where the limit depends on whether the scaled potential is reson-
ant, is the approximation of a Schrédinger operator with a point §-interaction in three
dimensions by a family of Schrodinger operators with scaled regular potentials. First
partial results on this approximation are obtained in [2, 15,27]. To the best of our know-
ledge, approximations of §-interactions were first addressed in full detail by Albeverio
and Hgegh-Krohn in [5], who proved the convergence in strong resolvent sense. The
limit has a non-trivial point interaction if the scaled potential is resonant, otherwise the
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limit is the free Laplacian. Shortly thereafter, it was shown in [3] that under rather non-
restrictive additional assumptions, norm instead of strong resolvent convergence holds in
this approximation. By restricting to the class of radially symmetric potentials, one obtains
upon separation of variables a model problem on the half-line, which was considered sep-
arately by Seba in [33]. He proved that a family of half-line Schrodinger operators with
Dirichlet boundary conditions and locally scaled potentials converges in norm resolvent
sense to the Neumann (or Robin) Laplacian on the half-line if the scaled potential is reson-
ant, and to the Dirichlet Laplacian otherwise. Further refinements and extensions of these
results can be found in [12,32].

Typically, in the analysis of such a convergence, the integral kernel of the resolvent of
the unperturbed operator is used and the resolvent identity plays a significant role, even
though, in certain approximation problems with a non-explicit integral kernel it suffices to
know only its singular part; cf. the recent analysis [28] of approximation of point interac-
tions on bounded domains. Our main motivation is to develop an approach to this class of
problems, which does not use the integral kernels of the resolvent, and where the analysis
is merely performed on the level of quadratic forms. The advantage of our method here is
that it can be efficiently applied to settings in which the integral kernel of the resolvent of
the unperturbed operator is not given in an explicit form. Our final goal and main motiva-
tion is to analyse the convergence of Schrodinger operators on bounded smooth domains
with Dirichlet boundary conditions and scaled potentials which depend only on the dis-
tance to the boundary.

We remark that a similar phenomenon, in which the limit qualitatively depends on
whether the scaled potential is resonant or not, was also observed in full line Schrédinger
operators with scaled potentials [1, 10], motivated by the applications to curved quantum
waveguides. An extension of these results to scaled potentials with zero mean was later
performed in a series of papers [16—18], where the first two papers treat the one-dimen-
sional case, while the last one deals with the two-dimensional case. In the latter papers, the
scaled potentials converge to §’ in the sense of distributions. Thus, the resulting limit may
then be interpreted as a rigorous definition of a Schrédinger operator with a §’-potential.

Potentials dependent only on the distance to a hypersurface are also used in the approx-
imation of Schrédinger operators with surface §-interactions [7,8,13], and Dirac operators
with §-shell interactions [9, 11,24]. In these settings, the effect of resonant potentials does
not occur, and the choice of the potential merely manifests in the values of the parameters
characterising the limiting operator. In a certain sense, the limit “continuously” depends
on the approximating potential. Another important difference is that in those settings, the
convergence typically holds in norm resolvent sense, while in the setting considered in the
present paper, in general, only strong resolvent convergence can be proved, as a counter-
example shows.

The proof of our main result for resonant potentials relies on the construction of a
suitable identification operator between the form domains of the limiting operator and of
the operators with scaled resonant potentials. The key idea is to employ multiplication with
the scaled resonant solution as cut-off function in such identification operators. We analyse
the non-resonant case only partially, and use a similar method in which we employ instead
the derivative of the non-resonant solution in the construction of identification operators.
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1.2. Resonant potentials in one dimension

We use the definition of resonant potentials borrowed from [33]. This class will be used
throughout the whole paper.

Definition 1.1. A real-valued potential V € C>® (R ) is called resonant if the initial-value
problem

-y 4+ V¢ =0, onRy,
¥ (0) =0,
has a bounded non-trivial solution o € C (R ) (called resonant solution). For the sake

of convenience, we assume that supp V' C [0, a] with some ¢ > 0, and normalise the
solution g so that Yo (¢) = 1 forall ¢ > a.

(1.1 {

Remark 1.2. Several observations on resonant potentials are in order.

(a) It is not hard to see that IV € C>® (R) is resonant if and only if the Schrédinger
operator with potential V' on the interval (0, a) with Dirichlet boundary condition at t = 0
and Neumann boundary condition at # = a has eigenvalue zero. Indeed, the continuous
extension of the corresponding eigenfunction by a constant for t > a gives a bounded
solution of (1.1). Conversely, the restriction of a bounded solution ¥y to (0, @) is in the
kernel of the aforementioned Schrodinger operator.

(b) A potential Ve CX° (R4 ) not satisfying Definition 1.1 will be called non-resonant.
By the observation in (a) of this remark, we immediately see that any non-negative poten-
tial Ve CX® (R 4) is non-resonant. For non-resonant potentials, we normalise the solu-
tion Yo of the initial value problem (1.1) so that §(¢) = 1 for all # > a. We call such a
solution ¢ non-resonant.

(c) If the potential V' is non-positive, then there exists a sequence 0 < o1 < oty < -+ <
oy < ..., with o, — 00, such that the potential aV with o > 0 is resonant if and only
if « € {ot1, 2, ... }. The assumption on the smoothness of the potential V' is imposed for
technical reasons only (e.g., when using V’ in Lemma 4.4). In particular, for the charac-
teristic function y(o,1) of the interval (0, 1), the potential V' = —ax(o,1) is resonant if and
only if @ = (n 4+ 1/2)?n2 for some n € Ny (cf. [33]).

Figure 1.1. The solutions ¥ of (1.1) for resonant and non-resonant potentials on the left and on the
right, respectively.

It was established in [33] that the family of self-adjoint Schrodinger operators in
L, (R4 ) with Dirichlet boundary conditions

Hoy := —y" + lz V(L)w, domH, := H'(Ry) N H2(R4)
& &€
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converges in norm resolvent sense (as ¢ — 0) to the self-adjoint one-dimensional Laplace
operator in L, (R4 ) with Neumann boundary conditions

Hy := —¢”, domH:={y € Hz(R+) 1 ¥/(0) = 0},

provided the potential V' is resonant. However, if the potential V' is non-resonant, the
family of the operators H, converges in norm resolvent sense (as ¢ — 0) to the Dirichlet
Laplacian on the half-line

Hoy = —y”, domHo:= H'(Ry)N HA(Ry).

There are two main features in this approximation problem. Using appropriate test func-
tions of the form ¥, (r) = ¢~1/24 (¢ /), it can be checked that the operators in the approx-
imating family are in general not uniformly bounded from below. Second, in the case of
resonant potentials, the form domain H ' (R ) of the approximating operators is a proper
subspace of the form domain H ! (R ) of the limit. These two features make the approxim-
ation problem difficult to treat with standard techniques based on comparison of quadratic
forms; cf. Theorem VI1.3.6 in [19].

Our aim in the present paper is to address a multi-dimensional counterpart of these
convergence results, which we will describe below in detail. We remark that the result of
Seba in [33] is more general than we stated here. He has also shown how to approximate
the one-dimensional Laplacian on the half-line with Robin boundary conditions by means
of replacing 1/&? by (1 + Be)/&? in the operator family' H,. We will not address this
more general case in our analysis of the multi-dimensional problem, as we already obtain
a Robin-type boundary conditions by geometry.

1.3. Main results

Let Q C R?, d > 2, be a bounded domain with C ®-smooth connected boundary ¥ := 9.
The C *°-smoothness of the boundary and the boundedness of the domain are assumed for
convenience, and most of our analysis extends to C2-smooth domains with not necessarily
compact boundaries under additional uniformity assumptions on the boundary (e.g., we
have to require p > 0 in (2.4)). We denote by v the outer unit normal vector to €2. The
differential of the Gauss map X 3 s > v(s),

Ly := dv(s) : T, X — Ty X,

is called the shape operator; here Ts X is the tangent space for X at s € . The eigenvalues
k1(s),k2(8),...,kg—1(s): 902 — R of Ly are called the principal curvatures of 0S2. In our
sign convention for the shape operator, all the principal curvatures are non-negative if and
only if €2 is convex. The mean curvature of ¥ at s € X is defined as usual by

1 d—1
H(s) := 1 ij(s).
ji=1

'We remark that in the final formula in [33] for the boundary parameter in the limiting operator, the para-
meter § appears in the denominator, and formally the case B = 0 is excluded; but careful inspection of the proof
shows that it applies also to the case B = 0, leading to Neumann boundary conditions in the limit.
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Under our regularity assumptions on €2, the mean curvature H is a C °°-smooth function
on X. Note that the mean curvature is non-negative for 2 being convex, while the converse
is only true in two dimensions.

We adopt the notation H¥ () for the L,-based Sobolev space on Q of order k € N,
and H*(02) for the L,-based Sobolev space on the boundary 92 of order s € R;. We
denote by H* (2) the closure of C>°(£2) in the Sobolev space H k(€2) with respect to its
norm. For a function u € H?(£2), we use the notation u 'y, € H3/?(X) for its trace on the
boundary, and d,u 'y, € H 1/2(%) for the normal derivative corresponding to the normal
pointing outwards of €2. The role of the one-dimensional Neumann Laplacian H from the
previous subsection is played now by the self-adjoint Robin Laplacian in L, (€2)

d—1
(1.2) Au := —Au, domA := {u € H*(Q) : dyuly + 5 Huls = 0},

where the Robin coefficient is expressed in terms of the mean curvature. At the points
where the mean curvature vanishes, we recover locally Neumann boundary conditions.
The role of the family of one-dimensional Schrodinger operators H, is played by the self-
adjoint Schrodinger operator in L, (€2) defined for € > 0 by

Actt = —Au + Vou, domA, := H'(Q) N H3(Q),
(1.3) 1 V(dist(-, E))

where V, := -
e g

and where Ve C° (R ). Our first main result concerns the class of resonant potential.

Theorem A (The resonant case). Assume that V € C> R ) is resonant in the sense of
Definition 1.1. Then the family of scaled Schridinger operators A, converges to the Robin
Laplacian A in strong resolvent sense as ¢ — 0.

In the proof of this result, we rely on a convenient representation of the sesquilinear
form for the resolvent difference of the operators A and A; in terms of the resonant solu-
tion ¥¢. The technique shares common ideas with the abstract approach for proving norm
resolvent convergence developed by the second-named author; see the monograph [31]
and the references therein. Since the form domains of A and A, are different but the Hil-
bert spaces are the same, one only needs identification operators mapping from one form
domain into the other. Thus, the analysis boils down to find a suitable identification oper-
ator which maps a function H'(Q2) into a function H!(2). In the construction of this
operator, we use the resonant solution ¥y of (1.1). In Section 5, we construct a counter-
example, which shows that the operators A; do not converge to A in norm resolvent sense.
This counterexample relies on the analysis of the disk, where separation of variables is
available. In particular, we cannot expect in general that norm resolvent convergence holds
in Theorem A.

Remark 1.3 (Appearance of mean curvature terms in related problems).

(a) Note that the mean curvature term arises also in the large coupling asymptotics of
the Robin Laplacian with a negative boundary parameter [14,20,29,30] and for the Robin
Laplacian on a shell in the small thickness limit [21].
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(b) The appearance of the curvature term in the boundary conditions of the limiting
operator for scaled resonant potentials was also observed in [16] in two dimensions for
a different approximation problem, in which the limit has transmission §’-type boundary
conditions. The result there is proved by a different technique, and is stated in terms of
convergence of eigenvalues and weak convergence of eigenfunctions.

The role of the one-dimensional Dirichlet Laplacian Hy from the previous subsection
is played now by the self-adjoint Dirichlet Laplacian in L, (£2)

Aou := —Au, domAy = I-OII(Q) N H*(Q).

Our second main result concerns the case of non-resonant potentials. Let us introduce the

parameter
/|Vu|2dx
(1.4) Cqo:= inf 2

wef 1 (@)\(0) / () (dist(x, )2 dox
Q

By Theorem 3.2.1, and the discussion below equation (3.2.4) in [6], we have Cq = 1/4
for bounded smooth convex domains, while for general bounded C *°-smooth domains,
we have Cg € (0, 1/4].

Theorem B (The non-resonant case). Assume thatV € C>° R ) is such that the condition
max;er, (—12V (1)) < Cq holds. Then the family of operators A, converges to Aq in strong
resolvent sense as & — 0.

It follows from the Hardy inequality on an interval (see equation 3.3.4 in [6]) that any
potential satisfying the assumption in Theorem B is non-resonant, since the Schrodinger
operator in Remark 1.2 (a) is strictly positive and thus cannot have eigenvalue zero. Any
non-negative potential satisfies the assumption in the above theorem. Moreover, a small
negative part is allowed. The assumption imposes no restriction on the positive part of the
potential. The proof of this theorem relies on the same circle of ideas as those of the proof
of Theorem A. In the construction of the identification operators, we use the derivative of
the non-resonant solution instead of the non-resonant solution itself, as we do in the proof
of Theorem A with the resonant solution. By analogy with the one-dimensional case, we
expect that A; converge as ¢ — 0 to Ag in strong resolvent sense for general non-resonant
potential V. However, we have not been able to find a proof for this claim.

In the proofs of both Theorems A and B, the use of identification operators with cut-off
functions based on the solution ¢ leads to cancellation of ‘bad’ terms; see Lemmata 3.3
and 4.4. Identification operators with the same mapping properties, but with other cut-off
functions, would not lead to such a cancellation.

Remark 1.4 (No uniform ellipticity). The condition on V' in the non-resonant case implies
that there is a constant ¢ > 0 such that || (As + i)~} vl g1 < cllvliz, (@) forallve Ly(R2)
and all & small enough (see Lemma 4.6). If the latter estimate does not hold, then we
can show that the family of sesquilinear forms associated with the operators A; is not
uniformly elliptic (see Lemma 4.7), a concept called “equi-elliptic” in [26].
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2. Preliminaries

All operators and forms act in the Hilbert space L,(£2); we denote its norm simply by
Jull := (fqlu(x)|? dx)'/2. The L,-norms of subsets Q' C  and similar norms are typ-
ically indicated by a corresponding subscript such as ||u|| 1, ()

2.1. Tubular coordinates

In this subsection, we briefly recall main properties of tubular coordinates. For any ¢ > 0,
we will use the notation 2, = {x € Q : dist(x, X) < ¢} C Q, where dist(+, X) is the
Euclidean distance to X. By Theorem 5.25 in [22], there exists a sufficiently small § > 0
such that the mapping

(2.1) D2 x(0,8) > RY,  B(s,1):= 5 —1v(s),

is a diffeomorphism onto 5. This mapping defines coordinates (s, ¢) in 2 on the tubular
neighbourhood 4 of X. The metric G induced on X x (0, §) by this embedding is

(2.2) G =gol(ly—tLy)?* + dr?,

where Is: Ts 3 — T X is the identity map, and g is the metric on ¥ induced by the embed-
ding into R?. The volume form associated with the metric G on  x (0, §) is given by

|detG|1/2 dsdt = ¢(s,1) |detg|1/2 dsdt = ¢(s,t)do(s)dt,
where
(23) ¢:Ex(0,8) >R, ¢@(s,t) = |det(ly —tLg)| =1 —(d — )H(s)t + p(s,1)t?

and where p is a polynomial in ¢ with C°°-smooth coefficients depending on s. We will
also make use of the following constant:

2.4 = min s,t) > 0.
( ) p (s,t)eEx(O,b’)gD( )

Note that p > 0 is automatically fulfilled as X is compact, ¢ is continuous, and @ is a dif-
feomorphism. Let us choose an orthonormal local coordinate system (eq(s), .. .,eqz—1(s))
on X at s € X. By (2.2), the matrix (ij);{kzl of the metric G in the local coordinate sys-
tem (e1(s),...,eq—1(s),v(s)) on Qg at x = P(s, ¢) has block structure and, in particular,
Gja = Ggj = §jq forall j €{1,2,...,d}; cf. Lemma 2.3 in [23].

Let us define the following unitary map:

U:Ly(R2s) = Lo(Zx(0,8); 0(s,t)da(s)dt), (Uu)(s,t) = u(d(s,1)).

For any u,v € H'(Qs), and with the notation % := Uu and 9 := Uv, we obtain
§ d
/ Vu Vv dx :/ / >GRO, 0B g(s.1) do(s) de
Qs 0 Ej,k=l

§ d—1
(2.5) =/ / ( Y GIR0;i 0D + g 8dﬁ> @(s.1)do(s) dz,
0 b)) k=1
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where the derivatives d; for j = 1,...,d — 1 on X correspond to the choice of local
coordinate system and where (G’ k)]“.' k= Stands for the inverse to the matrix (G )]d k=1
We also write d; for d if we need to stress that the derivative is with respect to the d-th
variable 7.

2.2. Quadratic forms and operators

The self-adjoint Robin Laplacian A defined in (1.2) with mean curvature entering the
boundary condition is associated with the following closed, densely defined, symmetric,
and lower-semibounded quadratic form:

d—1
alil = [Vl g + 5 [ HOWPdo6), doma = (@),

in the Hilbert space L,(2). Assume that & > 0 is so small such that supp VV C [0, §e1)
holds. Then the Schrodinger operator A, defined in (1.3) is associated with the closed,
densely defined, symmetric, and lower-semibounded quadratic form

1 [ t
_— 2 Z E
ol = 1V gy + 55 [ [ V(E) (@G0 gt dao)a,
doma, := I-OII(Q)

in the Hilbert space L,(2). Finally, the Dirichlet Laplacian Aq is associated with the
closed, non-negative, densely defined quadratic form in L, (€2) defined by

aolu] := ||Vu||2Lz(Q;(Cﬂ,), domag := HY(Q).
Let us denote the resolvents of A, A, and Ay (at the point A = i) by
Re:= (A, —)7Y, R:=(A—i)"!, and Rg:= (Ag—i)"l.

Note also that by elliptic regularity (Theorem 4.18 in [25]), for any function u € C°(£2),
we have R}u, Ru, Rou € C°°(£2). This observation will be used in the proofs of Theor-
ems A and B.

3. Convergence for resonant potentials

We split the proof of Theorem A into several steps. We first define some auxiliary bound-
ary mappings which will be used in a convenient representation for the difference of the
sesquilinear forms of A and A;. In this representation, we also use an identification oper-
ator defined in a second step and mapping functions from the form domain of A into the
form domain of A, (the latter requires a Dirichlet boundary condition on d€2). The iden-
tification operator is basically multiplication with the scaled resonant solution ¢ of the
initial-value problem (1.1).
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3.1. Auxiliary boundary mappings
In this subsection we prove an auxiliary estimate in the neighbourhood of the boundary.
Let us define for ¢ € [0, §) the mappings
(3.1a) [; :domA, NC®(Q) = Lo(X), (Lrv)(s) := (s, 1),
(3.1b) Y; : domA N C®(Q) — Ly(%),
(Yeu)(s) := 2¢(s,1)(0: 1) (s, 1) + dr(s, 1) u(s, ),

where the function ¢ is as in (2.3) and where we employ the notation
(3.2) u=UQulg,)=uod® and v=U(lg)=vo®

for u € domA N C*°(Q) and v € dom A, N C*®(Q). Note that the functions i and ¥ are
smooth (&1, v € C*°(X x [0, 8))). Moreover, we have v(s,0) = 0 forall s € X.

The auxiliary mappings I'; and Y, will appear in an expression for the difference of
the limit and approximating sesquilinear forms, cf. Lemma 3.3 below.

For an open set Q' C R?, we define the following norms in the Sobolev spaces H ! ()
and H%(Q'):

Il @y = /Q (VP + Py dx, [l = /Q (D2l + [Vul? + Jul?) dx,

where | D?u| stands for the Hilbert-Schmidt norm of the Hessian of u.
We now estimate one of the auxiliary mappings

Lemma 3.1. Let the mapping Y; be defined as in (3.1b) and let the operator A be as
in (1.2). Then, there exists a constant ¢ > 0 such that for any t € [0, §),

ITeull Ly < eNillull pze,)
holds for all u € dom A N C*°(Q).

Proof. Foru € domA N C*(Q), we use again the notation (3.2). Combining the boundary
condition (1.2) together with the identities ¢(s,0) = 1 and d,¢(s,0) = —(d — 1)H (s) for
s € X, we see that

(You)(s) = 2(9,u)(s,0) — (d — D) H(s)u(s,0)

d —
) @G.0p =0

- —2(8,,1{ s+

By the fundamental theorem of calculus and (3.1b), we obtain

t 9 p
ctae) - [ (@)

t
= / (2¢(s. 1) O2i(s,t') + 30:¢(s, ") di(s, t') + 97 (s, l/)ﬁ(s,t/)) dr’
0

dt’

t=t’
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for any ¢ € [0, §) and any s € X. In view of (2.3) there exists a constant C > 0 such that
lp(s, 1), 10:0(s,1)|, |0%p(s, )| < C for all s € T and 7 € [0, §). Applying the Cauchy—
Schwarz inequality, we obtain

(3.3) |(Yru)(s)| < 3J§c\/2(/0t (107 (s, t"))* + |9 (s. t)|* + ii(s,2")|?) dt’)l/z
We have

0s1i(s,t) = —(Vu(P(s, 1)), v(s))ga and afﬁ(s,t) = (Dzu(CD(s,t))v(s),v(s))Rd,
where (-, -)ga stands for the standard inner product in R¢. Hence, we obtain
ICeulZ, 5

< 27C2r[z fot (ID>u(@(s. 1) > + [Vu(D(s. 1) [* + [u(@(s,1")|*) d’ do(s)

27C?%¢

0
27C?t
< ; IIMllﬁzmt),

/ / (ID2u(@(s. NP+ [Vu(@(s. )2+ u(@(s. ) P) os. ') dr’ do(s)
¥ Jo

where the constant p is as in (2.4). Hence, the inequality in the formulation of the lemma
holds with ¢ = (3 ﬁC)/ﬁ |

3.2. The identification operator and an expression for the form difference
For ¢ > 0, we define the self-adjoint bounded multiplication operator

dist(x, X)
)

Jet La() > La(), (Uan)() = vo( u(x),

where o € C*®(R ) is the bounded solution of the initial-value problem (1.1) satisfying
Yo(t) = 1forallt > a.

It follows from C *°-smoothness of the mapping dist(-, X): 25 — R and of the func-
tion Yo that, for all sufficiently small & > 0, it holds that ran(J¢ | 1)) € H 1(Q) and

ran(J, rcw(s_z)) C C*°(Q), where for the first-mentioned property we took into account
Yo(0) = 0.
We first compare the identification operator J, with the identity .

Lemma 3.2. For any u € L,(R2), we have
e = Dull < 1Vo — oo llullr(@u) = 0, ase —0.
In other words, J¢ converges to the identity operator in strong operator sense as € — Q.

Proof. We actually have
dist(x, T)\ 2
1=l = [ Jwo( ) <1 o P,
Q &

from which the desired inequality follows. ]
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We now see the reason for defining the auxiliary boundary mappings and the choice
of identification operator.

Lemma 3.3. Assume that ¢ < a~'8. Then we have
1 [ t
alu.deo] = o] = [ (%) (o Tro) sy
0

foru e domAN C®(Q) and v e domA, N C®(Q).

Proof. Recall that § > 0 is chosen, as in Subsection 2.1, so that the mapping ® in (2.1) is
a diffeomorphism from X x (0, §) onto §-neighbourhood €25 of the boundary 2. Under
the assumption & < a~!§, the tubular coordinates (2.1) can be used. In particular, using
the notation (3.2), we have i1, v € L, (2 x (0,68); ¢(s,t) do(s)dt), and these functions are
C*°-smooth.

Clearly, the contributions of a[u, J;v] and a¢[J.u, v] outside the tubular neighbour-
hood 2,4, cancel. Using equation (2.5), we also observe that the contribution of the gradi-
ent terms corresponding to derivatives in the direction tangential to X cancel too. We end
up with the following formula:

alu,Jev] — ag[Jsu,v] = / - d,u(s, )0, (1//0(2) v (s, t)) o(s,t)dtda(s)

/ / “(S Z)) (s, 1) (s, 1) dr do(s)
/ / )”(S 1) (s, 1) @(s, 1) dt do(s)

_/ / 3,1 (s, 1) wg(—)mso(s,t)dtda(ﬂ

e Js Jo €

_l/ /as% S) (s 1) 356, 0) pls. 1) di do(s)
/ / )u(s 1) (s, 1) (s, 1) dt do(s),

where in the second step two terms cancelled upon using the product rule for differenti-
ation. After integration by parts in the second term on the right-hand side of the above
formula, we arrive at

ofunder] —aan = 5 [ “uy(L) a0 76D pts. 0 do )

+ 2/2/0 A <:>u(s 1) o(s, t) d:0(s,t)dt da(s)
+ %/E/O /A (i) 3,1i(s, 1) U(s, 1) o(s, 1) dr do(s)
(3.4) —812/2/0 V(S) ( )a(s,t)m¢(s,t)dtdo(s),
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where the boundary term at + = 0 vanishes due to v(s,0) = 0 while the boundary term
at t = ae vanishes due to ¥{(a) = 0. Using that v satisfies the differential equation
—¥g + Vo = 0 we note that the first and the last terms on the right hand side in the above
formula cancel each other. The remaining two integrals just give the desired expression
involving I'; and Y. u

We now estimate the expression of Lemma 3.3.
Lemma 3.4. Assume that ¢ < a~'8. Then we have
|afu. Jev] — ag[Jeu. v]| < Ellull g2 0] Lo
foru e domAN C®(Q) and v e domA, N C®(Q), where ¢ is given in (3.5) below.

Proof. Using the Cauchy—Schwarz inequality (twice), Lemma 3.1 and Lemma 3.3, we
obtain

lafu, Jev] — ag[Jeu, v]|

IA

[Villoo [4° ” r d
), [TeullL,m) ITevl Ly () df

AN
Je
ag 1/2
< callyllos lullma,o( [ [ J56.0P dats)ar)
0 z

A L. calygl
3.5 < Clullgz@ue) IVl (Ras),  Where € := 170%™,

JP

using also (2.4) for the last estimate. ]

IA

ag
lull 2o /0 1Tl L d

3.3. Proof of Theorem A
Proof of Theorem A. For any u, v € C2°(£2), we obtain

((Re = R)u, v) = (u,JeR7v) — (JeRu, v) + (u, (I = Je) Rev) — ((I — Je) Ru, v)
= ((A —i)Ru,J;R}v) — (J.Ru, (A, +i)R}v)
+ (u, (1 = Je) Ryv) — (1 — Js) Ru, v)
= a[Ru, JeRv] — ag[J:Ru, Riv] + ((1 — Jo)u, Riv) — ((1 — J¢) Ru, v),

using first representation theorem for the sesquilinear forms a and a, associated with A
and A,, respectively, and using also the self-adjointness of | — J. for the last equality.
Moreover, we have ||Ru|| < ||| and ||R¥v|| < ||v||, as R and R} are the resolvents at the
points £i and A and A; are self-adjoint, respectively. Hence we conclude (using Cauchy—
Schwarz)

[{(Re — R)u, v)|
< |a[Ru, JeR;v] — ag[JeRu, R ]|+ [|(Je — Dul R ]|+ [|(Je — D Rul[[v]|
< (CIRull g2y + W0 — Hloo (1l Lo (20 + I1RUI Ly (0200)) 1Vl
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using also Lemmas 3.2 and 3.4 for the second estimate (note that Ru, R}v € C>®(Q)).
From the characterisation of the dual of a Hilbert space on the dense subset C>°(£2) of
L,(R2), we obtain

[Reu —Rul| = sup [((Re = R)u, v)|

< ¢|IRull g2, + Y0 — oo (]l La(@ue) + IRUII Ly (200))-

Now all norms on 2,4, converge to 0 by Lebesgue’s convergence theorem for u € C>°(£2).
By density of C°(€2) in L,(2), we conclude that A, converges to A in strong resolvent
sense. (]

4. Convergence for non-resonant potentials

4.1. Auxiliary boundary mappings, the identification operator and some related
estimates

In this subsection, we provide another lemma needed in the proof of Theorem B. Recall
that the mapping I'; is defined in (3.1).

t
ITsullzyz) < \/;”VUHLZ(Q,;(C"I)

forall u € domA, N C®(Q) and t € (0, §).

Lemma 4.1. We have

Proof. Lett € (0,8) and u € dom A, N C*®(R). By the fundamental theorem of calculus,
we obtain, in view of I'ou = 0, that

(Tru)(s) = /Ot 0,1(s,t")dt’

for any ¢ €0, §) and s € X (recall that # = u o ® as in (3.2)). Using the Cauchy—Schwarz
inequality, we obtain

[(Tru)(s)| < x/z(/:|3tﬁ(s,t’)|2 dt’)l/z.

As 0s1(s, 1) = —(Vu(®(s, 1)), v(s))ga, we deduce (using Cauchy—Schwarz again)
t
Tl =t [ [ 1Vu(@.pPardot)
= Jo
< 5/ /t|Vu(<I>(s ) Po(s. ') dt’ do(s) = 5/ VulPdx = S |Vul2 . m
N PJz Jo ' ’ pJe, p Ly (2;C4)

We also need the following modified boundary mapping [,:domA, N C ®(Q) —
L, (%) defined, for all ¢ € (0, §), by

“4.1) (f‘,v)(s) = (s, 1) 0(s,t) = @(s, 1) v(D(s,1)).
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Corollary 4.2. We have

- t
Tz, < ”90”00\/;”VU”L2(Q,;C‘1)

forall ve domA, N C®(Q) and t € (0, 5).
Proof. We just estimate 0 < ¢(s,1) < ||¢|loo in the first step and then use Lemma 4.1. =

Recall that we fix a > 0 such that supp V' C [0, a]. Let ¢ be a non-resonant solution
of (1.1) normalised so that ¥ (t) = 1 for all f > a; see Remark 1.2(b).
For ¢ > 0, we define the self-adjoint bounded multiplication operator

e La(@) > La(@), (K = (52 ),

The only difference with J is that we use ¥, (with ) = 1 outside (0, a)) instead of V.
We obtain, as in the proof of Lemma 3.2, the following.

Lemma 4.3. For any u € L,(R2), we have

I(Ke = Dull < 1¥g — oo lull o0 — 0. ase— 0.

In other words, K converges to the identity operator in strong operator sense as € — Q.
For the form difference, we have an expression similar to that in Lemma 3.3.

Lemma 4.4. Assume that ¢ < a~'8. Then we have
1 [9¢ t
aolu, Kev] — ag[Keu, v] = g/ w(’;(g) (Yiu,Tyv) 1, (x) dt
0

l ae [ -
+ _zf (V'w0)<—) (T, Trv) 1,z dt
& 0 &

foru € domAg N C®(Q) and v e domA, N C®(Q).
Proof. The proof is exactly the same as the proof of Lemma 3.3, except that by differen-
tiating the identity —y§ + V/o = 0, we obtain —y)" + V"o + Vg = 0. In particular,

the first and fourth terms in (3.4) do not cancel, as now " — Vg = V't remains. In
particular, we have

aolu, Kev] — ag[Keu, v] = é[z /0 1//{)/(2) (s, 1) (s, 1) d,9(s,1)dt do(s)
2 ag Lt ) -
+ z /2 /0 Yo (g) asu(s,t)v(s,t) (s, t)dtdo(s)

1 ag
+8—2[2/0 Wy =V (2) s, 0) 56, 1) 9o ) de do s),

from which the desired formula follows. Here the boundary term at # = 0 vanishes due to
(s, 0) = 0, while the boundary term at # = ae vanishes due to ¥ (a) = 0. [
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As before, we now estimate the expression of Lemma 4.4.

Lemma 4.5. Assume that ¢ < a~'8. Then we have

a0, Kev] — ag[Keu, v]| < G0 llull 1 (@ue) 101 1 (R00)

foru € domAg N C®(Q) and v e dom A, N C®(Q), where ¢y is given in (4.2) below.

Proof. We estimate the first term in Lemma 4.4 as: follows

1 ae
‘5/0 §(2) (T Tovy g dr|

 wgl a V2 oree 12
oo</0 ||T,u||iz(z)dt) (/O ”FtU”iz(E)dl)

all¥g los Il 1(9,0)
v2p

/ / (8¢ (s, ) 19t (s, )* + 2(3s(s.1))° |ﬁ(s,t)|2)do(S)d1)1/2
_ 24195 lloo 0]l @00)
B p
ae s
x </0 /E“atﬁ(&fﬂz + [ii(s, )P (s, 1) do(s)dz)

< ull g1 (e 101 1 (2400)-

max{[|¢loo. 9:¢ oo}

where

. 2¢1||W |
&= e ax{||g0||oo, ||3t90||0°}’

and where we used the Cauchy—Schwarz inequality in the first estimate, and Lemma 4.1
in the second. Employing the above estimate, we get

lap[u, Kev] — ag[Keu, v]|

R 1V lloo 10l Loo(0.a)) [ =
< & Mull (@) 101 51 Q00 + 2 < A ITeull Loz ITe vl Ly di
< Mull g1 e 1V H (@0

||V'|| 1Voll Lo (0,00 |9l
~ pe2 ! = A td[”V””Lz(Qag;Cd)”VUHLZ(QM;(C")

= ¢ Null g1 (@u0) 101 1 (240)

@IV loo W0l Loo (0,03 1€ 1loo
2p ||Vu||L2(Qa€;<cd) ”VUHLZ(Qae;Cd)

> Vel 120 101111 20

_"_

2 ’

< (c L CIV eollYoll Lo @.a) 19lloo
=< Collull a1 () 1V H1(Q40)+
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where
2 1
a“|\|Vv
42) dyi= & 4 IV lloolI¥0ll 2o 0,00 ¢ lo0
2p
using Lemma 4.1 and Corollary 4.2 in the second estimate. ]

4.2. Proof of Theorem B

Before providing the proof of Theorem B, we need one more estimate: here, it is essential
that the potential satisfies an assumption on the negative part.

Lemma 4.6. Let the constant Cq > 0 be defined as in (1.4). Under the assumption

Cy := max (-=V(1)t?) < Cq,
teRy

we have
IR vlgi(@) < Veay + 1]
forall v e Ly(2) and the constant cqy := %(1 —Cy/Co) ! >1/2.

Proof. The estimate ||R}v| 1) < ||v|| is clear by spectral calculus. Under the assump-
tion we stated on the potential V', we have the inequality

Cy
(dist(x, £))2

for all € > 0 and all x € Q. Now we have, by the definition of the constant Cg, that for
all b € dom A,

Ve(x) >

“Vﬁ”iz(g;cd) = ZCQ,V(||Vﬁ||iZ(Q;Cd) + (Ved, 0)) = 2cqv ag[0]
= 2cq v (A:D, D) < cqv (IAD] + [9]1%) = cavlI(A + D]

and using the Cauchy—Schwarz inequality combined with the standard inequality 2ab <
a? + b? for a, b > 0 in the penultimate step. The desired estimate follows by setting
b = R}v. L]

Proof of Theorem B. For any u, v € C£°(£2), we obtain, as in the proof of Theorem A, the
decomposition

((Re —Ro)u, v)
= ag[Rou, KeRIv] — ag[KeRou, REv] + (u, (1 — Ko) R v) — ((I — Kg) Rou, v)
= ao[Rou, KeRyv] — az[KeRou, Ry v] + ((I = Ke)u, Riv) — (I — Ke) Rou, v),
where we used again that | — K, is self-adjoint. We now have (using Cauchy—Schwarz)
[{(Re — Ro)u, v)|
< [aolRott, KeREv] — ae[KeRot, REv]| + [[(1 = Keul[IREv] + 10 = Ke) Rl o]
< CollRoul 11 (240) IR V| 1 (240
+ 1Y — Uloo (11l Ly @00 IREV + IRoul| Ly (200) V1)
< (Veav + 16 [Roull @ + 1¥0 = Uleo (1]l Ly (240 + IR0l 22(2.0)) V]l
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using Lemmas 4.3 and 4.5 in the second estimate, and ||R}v||g1(Q)<+/ca,v +1[v],
respectively, Lemma 4.6, in the last one. We conclude that

[Reu —Roull = sup |((Re — Ro)u,v)|
veCS(Q)
[lvll=1
<Veav +1élRoul g1u) + 11¥0— oo (111l Lo (200 + IRoUI Ly (200))-

As before, all norms on €2,, converge to 0 by Lebesgue’s convergence theorem for
u e CX(2). as ¢ — 0. By density of C>°(2) in the respective spaces, we conclude that A,
converges to Ag in the strong resolvent sense. ]

4.3. No uniform ellipticity

We finally show that if the estimate in Lemma 4.6 with any constant is not true, then (a;).
is not uniformly elliptic:

Lemma 4.7. If the estimate in Lemma 4.6 does not hold for any constant, then (a;)e is
not uniformly elliptic, i.e.,

3o > 0,3w R, 3ep > 0, Ve € (0.80). Vi€ HU(Q) 1 ][] q) < ae[d] + o] ]2
does not hold.

Proof. Without loss of generality, we can assume that @ > 0 in the definition of uniform
ellipticity. If (a,), was uniformly elliptic, then for any © € dom A,,

IA

1
N3 A N
IVOIIZ ey g(aﬂ[v] + oll0]%)
14+ ow

o

A

1 A A A
(1A + D01 + w]8]%) < I(Ae + o]

o

as in the proof of Lemma 4.6. In particular, we would have

I+ w
o

1912719 = (= + 1) 1A + 91

and the claim of Lemma 4.6 would follow (with another constant). ]

5. Absence of norm resolvent convergence

The aim of this section is to construct a counterexample to norm resolvent convergence of
the operators A, to the operator A in the case of resonant potentials, and thus to justify that
we can only prove strong resolvent convergence in this setting. This counterexample relies
on the analysis of convergence on the unit disk 8 C R2. The model on the disk admits
separation of variables in polar coordinates, and the analysis significantly simplifies. We
expect that also for more general domains one cannot hope for norm resolvent convergence
of A to A.

In order to construct the counterexample, we need to restrict further the class of res-
onant potentials. This restriction is clarified in the following hypothesis.
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Hypothesis 5.1. Assume that the resonant potential V' € C oo(ITR ) (in the sense of Defin-
ition 1.1) is such that the self-adjoint one-dimensional Schrodinger operator with domain
H! (Ry) N H2(R4) acting as ¥ +—> —” + Vi in the Hilbert space L, (R ) has at least
one negative eigenvalue. We denote by 1 < 0 the lowest eigenvalue of this Schrodinger
operator, and by f}, € ! (Ry) N H?(R), the corresponding real-valued eigenfunction.

Example 5.2. Let Ve C®(R 4 ), such that supp V' C [0, a], with @ > 0, be a non-positive
resonant potential in the sense of Definition 1.1; i.e., the self-adjoint Schrodinger oper-
ator in L»((0, a)) corresponding to the quadratic form f — [¢'(|f/|*> + V| f|*) dx with
domain {f€ H'((0,a)): £(0) = 0} has eigenvalue zero. Recall that there exists a se-
quence of real numbers {o, }yen, | = 0] < <3 <--- <oy <...suchthat o, — oo,
for which the multiple «, V' of the potential V' is resonant for all n € N. It remains to
note that for all n € N sufficiently large the resonant potential o, V necessarily satisfies
Hypothesis 5.1. Thus, the family of resonant potentials satisfying the above hypothesis is
non-void.

The quadratic form of the operator A, in the case of the unit disk, can be written in
polar coordinates:

ac[u] = //27r |a, 2+ '8"“|2+—V( )|u|)rd9dr,

where the form domain remains the Sobolev space H! (B). For m € Z, consider the quad-
ratic form of the fibre operator:

1 2 1 1
U= [ (17O + 2 1or + 5 v (
domagm) ={feL,(0,1);rdr): agm)[f] < oo}

)£ ()R) rdr,

(m) .

The symmetric quadratic form a;  is closed, densely defined, and lower-semibounded in

L2((0,1);rdr) for any m € Z. The mentioned properties of a(m) follow immediately from
the perturbation result (Theorem 1.33 in Chapter VI of [19]) and the fact that this form
can be represented as a sum of a bounded quadratic form

e g [V e

on L5((0,1); rdr) and the quadratic for the fibre operator of the Dirichlet Laplacian on
the disk, for which these properties are well known. Let us denote by A( ™ the self-adjoint

fibre operator in L, ((0, 1); rdr) associated with the quadratic form aa m) . Using standard
procedure based on separation of variables, we infer the following unitary equivalence:

(5.1) A = P A,
meZ
In particular, we get, as a direct consequence,

(5.2) a(Ae) = | o(ad™).

meZ
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The spectrum of the fibre operator Agm) is clearly purely discrete; let us denote by )&gm) (¢)
the lowest eigenvalue of Agm).
The following lemma is essential in the construction of the counterexample. Its proof

is outsourced to Appendix A.

Lemma 5.3. For any m € Z, the following properties hold.
(a) )Lgm)(~) is a continuous function.
(b) lim,—o k(lm) (8) = —oo for any V satisfying Hypothesis 5.1.
© A" =00 &> V[V

The next proposition provides a counterexample based on the disk. The proposed tech-
nique can be also used to construct counterexamples for domains other than the disk.

Proposition 5.4. For the unit disk and a resonant potential V satisfying Hypothesis 5.1,
the family of operators A, does not converge in norm resolvent sense to the operator A.

Proof. Recall that the Robin Laplacian A is bounded from below. Choose 8 < 0 such that
B < info(A). By Lemma 5.3, we can find m; € N and &1 > 0 such that )Lgml)(el) = B.By
item (c) of the same lemma, we can choose an integer m, > m such that /lng)(sl) > 0.
Hence, by items (a) and (b) of Lemma 5.3, we can find &; € (0, 1) such that )&Y"Z) (e2) = 8.
Analogously, we can find m3 > m5 and &3 € (0, &;) such that A§m3)(83) = . Thus, repeat-
ing the construction, we conclude that there exist a sequence of real numbers &; > &, >
<ee>gp >--->0andintegers my <mp <--- <mp <--+ < 400 suchthatk&mk)(sk) =B
for all k € N. Moreover, it follows from item (c) of Lemma 5.3 that g < mik Voo =0
as k — oo.

Suppose for the moment that A, converges to A in the norm resolvent sense as ¢ — 07
Then also A;, converges to A in norm resolvent sense as k — oco. By Satz 9.24(i) in [34],
we would get that the spectrum of the operator A, must converge to the spectrum of the
operator A as k — oo. This consequence of the norm resolvent convergence, combined
with (5.2), contradicts the choice of the sequence (e )xen, since B < info (A) is in the
spectrum of A, forall k € N. L

A. Proof of Lemma 5.3

Proof of Lemma 5.3. (a) Let gg € (0, 00). It is straightforward to see that

4
A(lm)(g) > - [Vleo forallee(g9/2,280).
0

In other words, the lowest eigenvalue AY") (&) is uniformly bounded from below for ¢ €
(e0/2,2¢¢). Thus, in view of Satz 9.24 in [34], continuity of & Agm) (¢) foranyme Z
would immediately follow if we show that the operators Agm) converge in norm resolvent
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sense to Ag)") as € — &o. To this aim, notice that for any ¢ € (g¢/2, 2&¢),

/ ‘ l_r)—sizv( >‘|f(r)|2rdr

1 1—r
< sup —V( )
re(0,1) 80 &o

=< —4(80||V||oo + 1V lloo) |8—80|/ |f(r) P rdr.
€

rdr
&2

Thus, it follows that

a™Lf] - ('”)[f]|<C|8—8o| [ 1708 rar

(m)

for any ¢ € (g9/2,2¢¢) and all f e doma = domayg,  with constant C = C(V, &9) =
Al o AU
0

(16e5*) (e0 |V lloo + |V'[loo) > 0. Hence, the norm resolvent convergence of A,
as ¢ — go is a consequence of Theorem 3.4 in Chapter VI of [19].

(b) Let the cut-off function y € C2°((0, 1]) be such that 0 < y <1, x(r) = 1 for

re[3/4,1],and y(r) = 0forall r € (0,1/2]. As a trial function for the quadratic form a(m),
we use

1—r
ge(r) = 2(1) fu(—=). re©.1),
where f, € I;TI(R+) N H?(R ) satisfies the differential equation —f +Vin = nfu
and where o < 0 is as in Hypothesis 5.1. Since supp V' C [0, a], we obtain that for ¢ > a,
(A1) Jult) = Cpe™vH

for some C,, € R \ {0}. By a direct computation, we obtain for the square of the weighted
L;-norm of g, the following asymptotic expansion:

1 1/e
/ g (2 rdr = [ 22— e | fu@P (1 - en)dr
0 0
00 00 1/(4¢)
_ 24, 24, 2 2
—8/0 |fu(t)| dr 8/;/s|fu([)| dr — ¢ /0 |fM(t)| rdt
1/e
+e/ (1 e0) 2(1 — 1) — D] fu ()] ds
1/(4¢)
(A.2) =£/ | £ @))*dt +o(s), ase—0,
0

where in the first step we perform the change of variable r = 1 — ¢t, in the second step we
decompose the integral term into the sum of four integral terms via an identical transform
based on the properties of y, and in the last step we used that |(1 — et) y2(1 —et) — 1| < 1
forall t € (1/(4¢), 1/¢) and that

00 1/e o)
lim | |fu()dr = lim/ | ()2 dt =0, / | £ ()2t dt < oo,
=0 J1/(4¢) 0

e—>0 1/e

where the last integral is finite due to (A.1).
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Without loss of generality, we may assume in the rest of the argument that ¢ < 1/16.
For the quadratic form agm) of the fibre operator evaluated on the trial function g., we
obtain using the properties of the cut-off function y and the substitution » = 1 — t¢ that

wisa= [ [0 (50 - Lo () + 2 porz(2)

SV P0 R ()] e

&

<e /0 " (X0 =19 fu0) =~ 21 =0 f10) +4m? 20 = e0)| futo)
A3  + 812 V21 = en| fuF | (1 = en)dr = 1) + I @),
where the terms (¢) and J(¢) are defined by
1= [ [S150F + 4t 0F + L volsoF]a - ea,
] € &
o) i=e /1 /(/f) (X0 =19 fu0) =~ 21 =0 f10) +4m? 20 = e0)| fuo)
F VO =0 fu0P] 0~ endr
Using that, as ¢ — 0,

1/(J5) o0
/0 [1£2OF + V@) | )P dr — /0 [1£20OP + VOl fu 0] di
- u/o a0 dr.

we obtain
1 1/(J¢)
1 = [ IOP + 40262 fuOF + VO fu0F]de
1/(/¢)
[ IO + 4R O VO 0 e
(A4) = %/w|fu(t)|2dt +o(e™), ase—0.
0

Moreover, we conclude, by applying the inequality (a + b)? < 2a? + 2b? (valid for any
a, b > 0) and the properties of y, that

J < e 2 12 2 2 / 2 4 2 2 1 V 2 d
| (8)I_8/1/ 8[ X 56| S ()] +8—2|fu(t)| +4m”[ £, (1) +8—2|| lloo fr (@) ] t
(A5) =o(eh).
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Plugging (A.4) and (A.5) into (A.3), we end up with the asymptotic expansion

oo
(A.6) a™lg,] = ﬁ/ | £ dt + o), ase—0.
€ Jo
Finally, combining (A.2) and (A.6) with the min-max principle we arrive at

(m)
A gy < e 18l [8e]  _ K L2 ase— o,

[ ge(r2rar €

The claim then follows from the fact that © < 0.

(c) The statement is a consequence of the representation of the quadratic form aff”) and
the fact that, under the assumption & > (1/|m|)+/||V ||, the function on (0, 1) given by

2 1 1—
R A
r2 e

is non-negative.
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