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The second integral homology of SL2.ZŒ1=n�/

Behrooz Mirzaii, Bruno R. Ramos and Thiago Verissimo

Abstract. In this article, we explore the second integral homology, or Schur multi-
plier, of the special linear group SL2.ZŒ1=n�/ for a positive integer n. We definitively
calculate the group structure of H2.SL2.ZŒ1=n�/;Z/ when n is divisible by one of
the primes 2, 3, 5, 7 or 13. For a general n > 1, we offer a partial description by
placing the homology group within an exact sequence, and we investigate its rank.
Finally, we propose a conjectural structure for H2.SL2.ZŒ1=n�/;Z/ when n is not
divisible by any of those specific primes.

Introduction

The (co)homology groups of SL2.ZŒ1=n�/ are of considerable interest and importance,
finding applications in diverse fields of mathematics such as number theory, algebraic
K-theory, hyperbolic geometry and the theory of modular and automorphic forms. These
groups offer valuable insights into the arithmetic properties of the ring ZŒ1=n� and related
rings.

Since SL2.ZŒ1=n�/ is an arithmetic group, its (co)homology groups are known to be
finitely generated. However, the exact determination of their group structure remains a
challenging and important problem, which has been the subject of many research articles
(see, for example, [1, 6, 11–13, 17, 22]).

The study of (co)homology groups of SL2.ZŒ1=n�/ has seen considerable progress.
Adem and Naffah [1] fully computed these groups for SL2.ZŒ1=p�/, where p is a prime
number. Bui and Ellis [17] used computational methods to calculate homology groups
for n � 50 (with few exceptions). Hutchinson [6] later determined the second homology
when 6 divides n. More recently, [11] and [13], independently and with different methods,
have achieved complete calculations of the first homology groups for arbitrary n (see
Theorem 2.1 in Section 2).

The primary focus of this article is the investigation of the second integral homology
of the group SL2.ZŒ1=n�/. We may always assume that n is a square-free integer. Building
on Hutchinson’s insights, incorporating new ideas and drawing upon the results outlined
in the preceding paragraph, we present a structural theorem for H2.SL2.ZŒ1=n�/; Z/
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provided n is divided by one of the primes 2, 3, 5, 7 or 13. We state this as the next
theorem (see Theorem 6.8).

Theorem A. Let n be a square-free positive integer and let scpd.n; 2730/ be the smallest
common prime divisor of n and 2730 D 2 � 3 � 5 � 7 � 13.

(i) If scpd.n; 2730/ D 2, i.e., if n is even, then

H2.SL2.ZŒ1=n�/;Z/ ' Z˚
M

p j.n=2/

Z=.p � 1/:

(ii) If scpd.n; 2730/ D 3, then

H2.SL2.ZŒ1=n�/;Z/ ' Z˚
M

p j.n=3/

Z=.p � 1/:

(iii) If scpd.n; 2730/ D 5, then

H2.SL2.ZŒ1=n�/;Z/

' Z˚

8̂̂<̂
:̂

Z=2˚
M
pj.n=5/

Z=.p � 1/ if p�1 .mod 4/ for all p j.n=5/;

Z=4˚ Z=..q�1/=2/˚
M

pj.n=5q/

Z=.p�1/ if q�3 .mod 4/ for some q j.n=5/.

(iv) If scpd.n; 2730/ D 7, then

H2.SL2.ZŒ1=n�/;Z/ ' Z˚ Z=3˚
M

p j.n=7/

Z=.p � 1/:

(v) If scpd.n; 2730/ D 13, then

H2.SL2.ZŒ1=n�/;Z/

' Z˚

8̂̂<̂
:̂

Z=6˚
M

p j.n=13/

Z=.p � 1/ if p�1 .mod 4/ for all p j.n=13/;

Z=12˚ Z=..q�1/=2/˚
M

pj.n=13q/

Z=.p�1/ if q�3 .mod 4/ for some q j.n=13/.

It is a known fact, proved by Adem and Naffah in [1], that the second homology group
H2.SL2.ZŒ1=p�/;Z/, where p is a prime, is of rank one precisely when p is one of the
primes 2, 3, 5, 7 or 13. More precisely, if

rp WD rank H2.SL2.ZŒ1=p�/;Z/;

then rp D 1 if and only if p D 2, 3, 5, 7 or 13 (see Theorem 2.3 below).
For any square-free integer n, we establish the following theorem (see Theorem 6.6)

that provides insights into the structure of H2.SL2.ZŒ1=n�/;Z/. Notably, certain parts of
Theorem A are derived directly from this broader theorem.
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Theorem B. Let n be a square-free positive integer with prime decomposition nDp1 � � �pl
and let rp1 � � � � � rpl . If rpi D rpiC1 , we assume that pi < piC1. Then we have the exact
sequence

H2.SL2.ZŒ1=p1�/;Z/! H2.SL2.ZŒ1=n�/;Z/!
lM
iD2

Z=.pi � 1/! 0:

Theorem B follows from a careful analysis of the Mayer–Vietoris exact sequence
applied to the amalgamated product

SL2.ZŒ1=pn�/ ' SL2.ZŒ1=n�/ ��0.n;p/ SL2.ZŒ1=n�/;

where p is a prime not dividing n and �0.n;p/ is the following subgroup of SL2.ZŒ1=n�/:

�0.n; p/ WD
°�
a b

c d

�
2 SL2.ZŒ1=n�/ W p j c

±
:

For more on this isomorphism, we refer the reader to p. 80 of [15] (see also Theorem 1.5
in the next section).

Understanding the first and the second homology of �0.n; p/ is essential for proving
Theorem B. Specifically, the structure of the first homology, H1.�0.n; p/;Z/, is determ-
ined and detailed as follows (see Theorem 4.2).

Theorem C. Let n be a natural number greater than one, p a prime not dividing n and
d WD gcd¹m2 � 1 W m jnº.

(i) If p > 3 and p − d , then

H1.�0.n; p/;Z/ ' H1.SL2.ZŒ1=n�/;Z/˚ Z=.p � 1/:

(ii) If p D 3 and d D 3t , where 3 − t (e.g., when 2 jn or 5 jn/, then

H1.�0.n; 3/;Z/ ' H1.SL2.ZŒ1=n�/;Z/˚ Z=2˚ Z=3:

(iii) If p D 2 and d D 8t , where 2 − t (e.g., when 3 jn or 5 jn/, then

H1.�0.n; 2/;Z/ ' H1.SL2.ZŒ1=n�/;Z/˚ Z=2˚ Z=4:

We conclude the introduction by outlining the structure of the present article. In Sec-
tion 1, we review established results concerning the group SL2.ZŒ1=n�/, specifically its
congruence subgroup property and its description as an amalgamated product. Section 2
reviews necessary results on the first and second homology of SL2.ZŒ1=n�/. Section 3
provides a brief overview of the Mayer–Vietoris exact sequence associated with the amal-
gamated product decomposition of SL2.ZŒ1=pn�/, where p is a prime not dividing n.
Section 4 examines the first homology of �0.n; p/ and presents the proof of Theorem C.
In Section 5, we demonstrate that the inclusion �0.n; p/ ,! SL2.ZŒ1=n�/ induces a sur-
jective map on second homology. Section 6 then provides the proofs of Theorems B
and A. Finally, Section 7 investigates the rank of the second homology of SL2.ZŒ1=n�/
and concludes the article by proposing a conjectural structure for the second homology of
SL2.ZŒ1=n�/ when n is not divisible by any of the primes 2, 3, 5, 7 or 13.
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1. The special linear group of degree two over ZŒ1=n�

For any nonzero integer n, ZŒ1=n� is the following subring of Q:

ZŒ1=n� WD ¹a=nr W a2Z; r 2Z�0º:

This is a Euclidean domain. If m j n, then ZŒ1=m� � ZŒ1=n�. Moreover, for any k ¤ 0

and r � 1, ZŒ˙1=krm�D ZŒ1=km�. Thus, if nD˙pm11 � � �p
ms
s is the prime factorization

of n, then
ZŒ1=n� D ZŒ1=p1 � � �ps�:

Therefore, to study ZŒ1=n�, we are allowed to always assume that n is a square-free pos-
itive integer.

For a commutative ring A, let E2.A/ be the subgroup of GL2.A/ generated by the
elementary matrices

E12.a/ WD
�
1 a

0 1

�
; E21.a/ WD

�
1 0

a 1

�
; a2A:

Clearly, E2.A/ � SL2.A/. For examples of rings for which this is a proper subgroup, see
Theorem 6.1 in [5].

We say that A is a GE2-ring if E2.A/ D SL2.A/. It is known that semilocal rings and
Euclidean domains are GE2-rings (see p. 245 of [16] and Section 2 of [5]). Hence, ZŒ1=n�
is a GE2-ring. Indeed, it can be shown that for any n > 1, SL2.ZŒ1=n�/ is generated by
the matrices E21.1/ and E12.�1=n/ (see p. 204 of [8] and Lemma 1.1 in [13]).

The next theorem is a special case of a general result due to Vaserstein and Liehl
(see [18] and [7]).

Theorem 1.1 (Vaserstein, Liehl). Let n > 1 be an integer and let I1 and I2 be nonzero
ideals of ZŒ1=n�. Let

z�.I1; I2/ WD
°�
a b

c d

�
2 SL2.ZŒ1=n�/ W b 2 I1; c 2 I2; a � 1; d � 12 I1I2

±
:

Then z�.I1; I2/ is generated by elementary matrices E12.x/, x 2 I1, and E21.y/, y 2 I2,
and it is of finite index in SL2.ZŒ1=n�/.

Proof. See Theorem on p. 321 of [18] and Section 4 of [7].

Lemma 1.2. Let I be an ideal of a Euclidean domain A and let � WA ! A=I be the
quotient map of rings. Then the natural map ��W SL2.A/! SL2.A=I / is surjective.

Proof. If I D .0/, there is nothing to prove. Thus, let I be a nontrivial ideal of A.
Then A=I is semi-local and thus it is a GE2-ring. It follows from this that SL2.A=I /
is generated by elementary matrices E12.a/ and E21.a/, a2A. Since

��.Eij .a// D Eij .a/;

the map �� is surjective.



The second integral homology of SL2.ZŒ1=n�/ 1559

Let I be an ideal of a Euclidean domain A. Let �.A; I / be the kernel of the surjective
map ��W SL2.A/! SL2.A=I /. Hence,

�.A; I / WD
°�
a b

c d

�
2 SL2.A/ W b; c; a � 1; d � 12 I

±
:

Subgroups of the form �.A; I /, for some nontrivial ideal I , are called principal congru-
ence subgroups of SL2.A/. A subgroup of SL2.A/ is called a congruence subgroup if it
contains a principal congruence subgroup.

Lemma 1.3. Let I and J be two coprime ideals of a Euclidean domain A. Then the com-
posite �.A; I /! SL2.A/! SL2.A=J / is surjective.

Proof. See Lemma 5.12 in [6].

Let A be a Euclidean domain such that for any nontrivial ideal I , A=I is a finite ring.
Then any principal congruence subgroup of SL2.A/ is of finite index. We say that SL2.A/
has the congruence subgroup property if any finite-index subgroup of SL2.A/ is a con-
gruence subgroup.

The next theorem is a special case of a general result due to Serre (see [14] and [8])
and shows that, for any n > 1, SL2.ZŒ1=n�/ has the congruence subgroup property.

Theorem 1.4 (Congruence subgroup property). Let � be a noncentral normal subgroup
of SL2.ZŒ1=n�/, where n > 1. Then � contains a subgroup of the form �.ZŒ1=n�; I /, for
some nontrivial ideal I of ZŒ1=n�. In particular, � is of finite index in SL2.ZŒ1=n�/.

Proof. This is a special case of Proposition 2 in [14].

Let n be a natural number and p a prime such that p −n. Let

SL2.ZŒ1=n�/�p WD ��1p SL2.ZŒ1=n�/�p

D

°�
a p�1b

pc d

�
2 SL2.Q/ W

�
a b

c d

�
2 SL2.ZŒ1=n�/

±
;

where �p WD
�
p 0
0 1

�
2GL2.Q/. It is easy to see that

SL2.ZŒ1=n�/ \ SL2.ZŒ1=n�/�p D
°�
a b

c d

�
2 SL2.ZŒ1=n�/ W p j c

±
:

In the introduction we denoted this group by �0.n;p/. Now, consider the following inclu-
sions:

i1 W �0.n; p/ ,! SL2.ZŒ1=n�/; i2 W �0.n; p/ ,! SL2.ZŒ1=n�/�p ;
j1 W SL2.ZŒ1=n�/ ,! SL2.ZŒ1=pn�/; j2 W SL2.ZŒ1=n�/�p ,! SL2.ZŒ1=pn�/:

As established in [15], the theory of trees provides a proof for the following well-
known result.

Theorem 1.5. Let n be a natural number and p a prime such that p −n. Then

SL2.ZŒ1=pn�/ ' SL2.ZŒ1=n�/ ��0.n;p/ SL2.ZŒ1=n�/�p :

Proof. See p. 80 of [15].
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If we replace i2 and j2 by the injective maps

i 02 W �0.n; p/! SL2.ZŒ1=n�/ and j 02 W SL2.ZŒ1=n�/! SL2.ZŒ1=pn�/;

which are given by�
a b

c d

�
7!

�
a pb

p�1c d

�
and

�
a b

c d

�
7!

�
a p�1b

pc d

�
;

respectively, then the above isomorphism finds the following form:

SL2.ZŒ1=pn�/ ' SL2.ZŒ1=n�/ ��0.n;p/ SL2.ZŒ1=n�/:

For a prime p, let Fp WD Z=p be the prime field with p elements. If p − n, then the
natural map ZŒ1=n�! Fp , a=nr 7! a=nr , induces the natural surjective homomorphisms

SL2.ZŒ1=n�/� SL2.Fp/; �0.n; p/� B.Fp/;

where

B.Fp/ WD
°�
a b

0 a�1

�
W a2F�p ; b 2Fp

±
� SL2.Fp/:

Thus, we have the morphism of extensions

(1.1)

1 �.n; p/ �0.n; p/ B.Fp/ 1

1 �.n; p/ SL2.ZŒ1=n�/ SL2.Fp/ 1;

i1

where

�.n; p/ WD
°�
a b

c d

�
2 SL2.ZŒ1=n�/ W p j b; c; a � 1; d � 1

±
D �.ZŒ1=n�; hpi/:

Observe that

ŒSL2.ZŒ1=n�/ W �0.n; p/� D p C 1 and Œ�0.n; p/ W �.n; p/� D p.p � 1/;

and thus

(1.2) ŒSL2.ZŒ1=n�/ W �.n; p/� D p.p2 � 1/:

Let
�.n; pk/ WD �.ZŒ1=n�; hpki/:

Lemma 1.6. If p is a prime and n is not divisible by p, then

Œ�.n; p/ W �.n; pk/� D p3.k�1/:

Proof. See Corollary 5.11 in [6].
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2. The first and second homology groups of SL2.ZŒ1=n�/

Understanding the exact structure of the finitely generated groups Hk.SL2.ZŒ1=n�/;Z/
is essential for various applications. While H0.SL2.ZŒ1=n�/;Z/ is simply Z, the higher
homology groups are more complex. The structural theorem for H1.SL2.ZŒ1=n�/;Z/,
proved independently and with different methods in [11] and [13], will be a fundamental
tool in this work.

Theorem 2.1. If n > 1 is an integer, then

H1.SL2.ZŒ1=n�/;Z/ '

8̂̂̂<̂
ˆ̂:
0 if 2 j n, 3 j n,
Z=3 if 2 j n, 3 −n,
Z=4 if 2 −n, 3 j n,
Z=12 if 2 −n, 3 −n;

which is induced by the map ZŒ1=n�! SL2.ZŒ1=n�/ab, a 7! E12.a/.

Proof. See Proposition 4.4 in [11] or Theorem 1.2 in [13].

The proof of the above theorem in [11] relies partly on the following result, which will
also be essential in some of the proofs presented in this article.

Proposition 2.2. Let A be a commutative local ring with maximal ideal mA. Then

H1.SL2.A/;Z/ '

8̂<̂
:
A=m2

A if jA=mAj D 2,
A=mA if jA=mAj D 3,
0 if jA=mAj � 4.

Proof. See Proposition 4.1 in [11].

This paper focuses on determining the group structure of H2.SL2.ZŒ1=n�/;Z/. Our
proofs rely on two key results concerning this group, which are already established in the
literature.

Theorem 2.3 (Adem–Naffah, [1]). If p is a prime number, then

H2.SL2.ZŒ1=p�/;Z/ '

8̂̂̂̂
ˆ̂<̂
ˆ̂̂̂̂:

Z if p D 2; 3,
Z.p�7/=6 ˚ Z=6 if p � 1 .mod 12/,
Z.pC1/=6 ˚ Z=2 if p � 5 .mod 12/,
Z.p�1/=6 ˚ Z=3 if p � 7 .mod 12/;
Z.pC7/=6 if p � 11 .mod 12/.

Proof. Adem and Naffah gave a complete description of the structure of the cohomology
groupsH k.SL2.ZŒ1=p�/;Z/, for any k � 0 (see pp. 7-9 of [1]). Using this and Lemma 4.3
in [10], one can calculate the homology groups Hk.SL2.ZŒ1=p�/;Z/. In particular, we
obtain the group structure of H2.SL2.ZŒ1=p�/;Z/, as claimed in this theorem.
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Theorem 2.4 (Hutchinson). Let n be a square-free integer such that 6 jn. Then

H2.SL2.ZŒ1=n�/;Z/ ' Z˚
M
p jn

Z=.p � 1/:

More generally, if m j n and 6 j m, then we have the split exact sequence

0! H2.SL2.ZŒ1=m�/;Z/! H2.SL2.ZŒ1=n�/;Z/!
M

p j.n=m/

F�p ! 1:

Proof. See Theorems 6.10 and 6.12 in [6].

For the map H2.SL2.ZŒ1=n�/;Z/ !
L
pj.n=m/ F�p , appearing in Theorem 2.4, we

refer the reader to Section 6.
This article presents a generalization of the results of Hutchinson, Adem–Naffah, and

Bui–Ellis, determining the group structure of H2.SL2.ZŒ1=n�/;Z/ for any n2N that has
a prime factor within the set ¹2; 3; 5; 7; 13º.

3. Mayer–Vietoris exact sequence

Let n be an integer and let p be a prime such that p − n. By the Mayer–Vietoris exact
sequence (Corollary 7.7 in Section 7, Chapter II, of [3]) applied to the amalgamated iso-
morphism of Theorem 1.5, we have the exact sequence

H2.�0.n; p/;Z/
˛2
�! H2.SL2.ZŒ1=n�/;Z/˚H2.SL2.ZŒ1=n�/;Z/
ˇ2
�! H2.SL2.ZŒ1=pn�/;Z/ �! H1.�0.n; p/;Z/
˛1
�! H1.SL2.ZŒ1=n�/;Z/˚H1.SL2.ZŒ1=n�/;Z/
ˇ1
�! H1.SL2.ZŒ1=pn�/;Z/! 0:

Here,
˛k.x/ D .i1�.x/; i

0
2�.x// and ˇk.y; z/ D j

0
2�.z/ � j1�.y/:

Based on this and Theorem 2.1, ˇ1 is given by

.a; b/ 7! pb � a:

Moreover, the Lyndon/Hochschild–Serre spectral sequence of the morphism of exten-
sions (1.1) gives us the commutative diagram with exact rows

H2.B.Fp/;Z/ H1.�.n; p/;Z/B.Fp/ H1.�0.n; p/;Z/ H1.B.Fp/;Z/

H2.SL2.Fp/;Z/ H1.�.n; p/;Z/SL2.Fp/ H1.SL2.ZŒ1=n�/;Z/ H1.SL2.Fp/;Z/
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(see Corollary 6.4 in Chapter VII of [3]). It is known that H2.SL2.Fp/;Z/ D 0 (see The-
orem 3.9 in [2]). Moreover, by Proposition 2.2, we have

H1.SL2.Fp/;Z/ ' .Fp/F�p D

8̂<̂
:

F2 if p D 2,
F3 if p D 3,
0 if p > 3;

where F�p acts on Fp by the formula a:x WD a2x. The homology groups of B.Fp/ can be
obtained by studying the Lyndon/Hochschild-Serre spectral sequence of the split exten-
sion

0! Fp
i
! B.Fp/

pr
! F�p ! 1;

where i.x/ D
�
1 x
0 1

�
, pr

��
a b
0 a�1

��
D a and a section sW F�p ! B.Fp/ can be given by

a 7!
�
a 0
0 a�1

�
. From this, we obtain the isomorphisms

H1.B.Fp/;Z/ ' F�p ˚ .Fp/F�p and H2.B.Fp/;Z/ ' H1.F�p ;Fp/:

Hence,

H1.B.Fp/;Z/ '

8̂<̂
:

F2 if p D 2,
F�3 ˚ F3 if p D 3,
F�p if p > 3,

and H2.B.Fp/;Z/ D 0

(for the calculation of the second homology we used the calculation of the homology of
finite cyclic groups given in pp. 58–59 of [3]). Thus, we have the commutative diagram
with exact rows

(3.1)

0 H1.�.n; p/;Z/B.Fp/ H1.�0.n; p/;Z/ H1.B.Fp/;Z/ 0

0 H1.�.n; p/;Z/SL2.Fp/ H1.SL2.ZŒ1=n�/;Z/ H1.SL2.Fp/;Z/ 0:

We break the study of the Mayer–Vietoris exact sequence and the above diagram into
three cases.

Case (i) p > 3. Since p −n, by Theorem 2.1,

H1.SL2.ZŒ1=n�/;Z/'H1.SL2.ZŒ1=pn�/;Z/:

Thus, we have the Mayer–Vietoris exact sequence

H2.�0.n; p/;Z/! H2.SL2.ZŒ1=n�/;Z/˚H2.SL2.ZŒ1=n�/;Z/
! H2.SL2.ZŒ1=pn�/;Z/! H1.�0.n; p/;Z/! H1.SL2.ZŒ1=n�/;Z/! 0:

Since p > 3,
H1.B.Fp/;Z/ ' F�p and H1.SL2.Fp/;Z/ D 0:
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Hence, the diagram (3.1) finds the following form:

(3.2)

0 H1.�.n; p/;Z/B.Fp/ H1.�0.n; p/;Z/ F�p 1

H1.�.n; p/;Z/SL2.Fp/ H1.SL2.ZŒ1=n�/;Z/:

i1�

'

Case (ii) p D 3. This case has two parts.
Case (ii-a) 2 jn.
In this case, by Theorem 2.1, we have

H1.SL2.ZŒ1=n�/;Z/ ' Z=3 and H1.SL2.ZŒ1=3n�/;Z/ D 0:

Thus, we have the Mayer–Vietoris exact sequence

H2.�0.n; 3/;Z/! H2.SL2.ZŒ1=n�/;Z/˚H2.SL2.ZŒ1=n�/;Z/
! H2.SL2.ZŒ1=3n�/;Z/! H1.�0.n; 3/;Z/! Z=3˚ Z=3! 0:

Since
H1.B.F3/;Z/ ' F�3 ˚ F3 and H1.SL2.F3/;Z/ ' F3;

and the map
H1.SL2.ZŒ1=n�/;Z/! H1.SL2.F3/;Z/

is an isomorphism, we have

H1.�.n; 3/;Z/SL2.F3/ D 0:

Hence, the diagram (3.1) becomes

(3.3)

0 H1.�.n; 3/;Z/B.F3/ H1.�0.n; 3/;Z/ F�3 ˚ F3 0

H1.SL2.ZŒ1=n�/;Z/ F3:

i1�

'

Case (ii-b) 2 −n.
In this case,

H1.SL2.ZŒ1=n�/;Z/ ' Z=12 and H1.SL2.ZŒ1=3n�/;Z/ ' Z=4

and, thus, we have the Mayer–Vietoris exact sequence

H2.�0.n; 3/;Z/!H2.SL2.ZŒ1=n�/;Z/˚H2.SL2.ZŒ1=n�/;Z/
! H2.SL2.ZŒ1=3n�/;Z/! H1.�0.n; 3/;Z/! Z=12˚ Z=12! Z=4! 0:

Since
H1.SL2.ZŒ1=n�/;Z/! H1.SL2.F3/;Z/ ' Z=3
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is surjective, we have the isomorphism

H1.�.n; 3/;Z/SL2.F3/ ' Z=4:

Hence, the diagram (3.1) finds the following form:

(3.4)

0 H1.�.n; 3/;Z/B.F3/ H1.�0.n; 3/;Z/ F�3 ˚ F3 0

0 Z=4 H1.SL2.ZŒ1=n�/;Z/ F3 0:

Case (iii) p D 2. This case has two parts.
Case (iii-a) 3 jn.
In this case,

H1.SL2.ZŒ1=n�/;Z/ ' Z=4 and H1.SL2.ZŒ1=2n�/;Z/ D 0;

and, thus, we have the Mayer–Vietoris exact sequence

H2.�0.n; 2/;Z/! H2.SL2.ZŒ1=n�/;Z/˚H2.SL2.ZŒ1=n�/;Z/
! H2.SL2.ZŒ1=2n�/;Z/! H1.�0.n; 2/;Z/! Z=4˚ Z=4! 0:

Since
H1.B.F2/;Z/ ' F2 and H1.SL2.F2/;Z/ ' F2;

and the map H1.SL2.ZŒ1=n�/;Z/! H1.SL2.F2/;Z/ is surjective, we have

H1.�.n; 2/;Z/SL2.F2/ ' Z=2:

Hence, the diagram (3.1) finds the following form:

(3.5)

0 H1.�.n; 2/;Z/B.F2/ H1.�0.n; 2/;Z/ F2 0

0 Z=2 Z=4 F2 0:

Case (iii-b) 3 −n.
In this case,

H1.SL2.ZŒ1=n�/;Z/ ' Z=12 and H1.SL2.ZŒ1=2n�/;Z/ ' Z=3;

and, thus, we have the Mayer–Vietoris exact sequence

H2.�0.n; 2/;Z/! H2.SL2.ZŒ1=n�/;Z/˚H2.SL2.ZŒ1=n�/;Z/
! H2.SL2.ZŒ1=2n�/;Z/! H1.�0.n; 2/;Z/! Z=12˚ Z=12! Z=3! 0:

Since H1.SL2.ZŒ1=n�/;Z/! H1.SL2.F2/;Z/ is surjective, we have

H1.�.n; 2/;Z/SL2.F2/ ' Z=6:

Hence, the diagram (3.1) is of the following form:

(3.6)

0 H1.�.n; 2/;Z/B.F2/ H1.�0.n; 2/;Z/ F2 0

0 Z=6 Z=12 F2 0:
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4. The first homology of �0.n; p/

We denote the natural inclusion �.n; p/! SL2.ZŒ1=n�/ by i .

Theorem 4.1. Let n > 1 be a square-free integer and p a prime such that p −n. Then the
kernel of the natural map

i� W H1.�.n; p/;Z/! H1.SL2.ZŒ1=n�/;Z/

is a p-group.

Proof. LetA WDZŒ1=n�, p WD hpi, K WD ker.i�/ and G WD im.i�/. Observe that �.A;p/D
�.n; p/. By these notations, we have

jKj D jH1.�.A; p/;Z/j=jG j:

Since Œ�.A;p/; �.A;p/� is a noncentral normal subgroup of SL2.A/, by Theorem 1.4,
the group Œ�.A;p/; �.A;p/� contains a subgroup of the form �.A; I /, for some nontrivial
ideal I of A. Note that I � p. In fact, if a 2 I , then

�
1 a
0 1

�
2�.A; I / � �.A;p/. It follows

from this that a2p. Since �.A; 2232I / � �.A; I /, we may assume that I D h2232yi, for
some y 2A.

Let I D hpr11 � � � p
rm
m i, where p1 D p and p2 < p3 < � � � < pm are primes, and so

irreducible, elements of A. Let k WD r1 and J WD hpr22 � � � p
rm
m i. Then I D pkJ , where

k � 1. Note that pk and J are coprime. Since �.A; pkC1/ � �.A; pk/, we may assume
without loss that k � 2. Now, by Lemma 1.3, the map

�.A; p/! SL2.A=J /

is surjective. From this, we obtain the surjective map

Œ�.A; p/; �.A; p/�! ŒSL2.A=J /; SL2.A=J /�:

Moreover, the inclusion I � J gives us the inclusion �.A; I / � �.A; J /. From this, we
obtain the surjective map

Œ�.A; p/; �.A; p/�=�.A; I /! ŒSL2.A=J /; SL2.A=J /�

and thus

(4.1) jŒSL2.A=J /; SL2.A=J /�j
ˇ̌
ŒŒ�.A; p/; �.A; p/� W �.A; I /�:

From the isomorphism

H1.SL2.A=J /;Z/ '
SL2.A=J /

ŒSL2.A=J /; SL2.A=J /�
,

we have

jŒSL2.A=J /; SL2.A=J /�j D jSL2.A=J /j=jH1.SL2.A=J /;Z/j:
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It follows from this and (4.1) that

jSL2.A=J /j=jH1.SL2.A=J /;Z/j
ˇ̌
ŒŒ�.A; p/; �.A; p/� W �.A; I /�:

Let m2N be such that

ŒŒ�.A; p/; �.A; p/� W �.A; I /� D
mjSL2.A=J /j

jH1.SL2.A=J /;Z/j
�

Since pk and J are coprime ideals of A and I D pkJ , we have A=I ' A=pk �A=J and,
thus,

(4.2) SL2.A=I / ' SL2.A=pk/ � SL2.A=J /:

By Theorem 1.4, the index ŒSL2.A/ W Œ�.A;p/; �.A; p/�� is finite and so we have

ŒSL2.A/ WŒ�.A;p/; �.A; p/�� D
ŒSL2.A/ W �.A; I /�

ŒŒ�.A; p/; �.A; p/� W �.A; I /�

D
jSL2.A=I /j

ŒŒ�.A; p/; �.A; p/� W �.A; I /�
D

jSL2.A=pk/j jSL2.A=J /j
ŒŒ�.A; p/; �.A; p/� W �.A; I /�

D
jH1.SL2.A=J /;Z/j jSL2.A=pk/j

m
�

By (4.2),

H1.SL2.A=I /;Z/ ' H1.SL2.A=J /;Z/˚H1.SL2.A=pk/;Z/:

Hence,

jH1.SL2.A=I /;Z/j jSL2.A=pk/j
jH1.SL2.A=pk/;Z/j

D mŒSL2.A/ W Œ�.A;p/; �.A; p/��

D mŒSL2.A/ W �.A;p/� Œ�.A; p/ W Œ�.A; p/; �.A;p/��
(1.2)
D mp.p2 � 1/jH1.�.A; p/;Z/j D mp.p

2
� 1/jKj jG j:

Now we prove that

(4.3) H1.SL2.A=I /;Z/ ' H1.SL2.A/;Z/:

Since
�.A; I / � Œ�.A; p/; �.A;p/� � ŒSL2.A/; SL2.A/�;

we have the surjective map

� W SL2.A=I / ' SL2.A/=�.A; I /� SL2.A/=ŒSL2.A/; SL2.A/� D H1.SL2.A/;Z/:

This gives us the surjective map

�� W H1.SL2.A=I /;Z/! H1.SL2.A/;Z/:
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On the other hand, we have the natural surjective map

�� W H1.SL2.A/;Z/� H1.SL2.A=I /;Z/:

It is straightforward to check that the maps �� and �� are inverse of each other. This
proves (4.3).

Let l D jH1.SL2.A/;Z/j. By Theorem 2.1 we have

H1.SL2.A=pk/;Z/ '

8̂<̂
:
0 if p > 3,
Z=3 if p D 3,
Z=4 if p D 2.

Hence,
jH1.SL2.A=pk/;Z/j D p˛; for some ˛ 2 ¹0; 1; 2º.

Now, from the above, we have

l jSL2.A=pk/j D mp.p2 � 1/ jKj jG j jH1.SL2.A=pk/;Z/j D mp.p2 � 1/ jKj jG jp˛:

Using diagrams (3.2), (3.3), (3.4), (3.5), (3.6) and Theorem 2.1 and Proposition 2.2, we
easily get

jG j D

8̂<̂
:
l if p > 3,
l=3 if p D 3,
l=2 if p D 2.

Thus, l D pr jG j, where r 2 ¹0; 1º. Now, since

jSL2.A=pk/j D .p2 � 1/p3k�2

(see p. 248 of [6]), we have

l.p2 � 1/p3k�2 D mp.p2 � 1/ jKj jG jp˛

and hence
p3k�3Cr D mjKjp˛:

It follows from this that jKj is a power of p. This completes the proof of the theorem.

The next theorem is Theorem C of the introduction.

Theorem 4.2. Let n > 1 be a square-free natural number, p a prime such that p − n and
d WD gcd¹m2 � 1 W m jnº.

(i) If p > 3 and p − d , then

H1.�0.n; p/;Z/ ' H1.SL2.ZŒ1=n�/;Z/˚ F�p :

(ii) If p D 3 and d D 3t , where 3 − t (e.g., when 2 jn or 5 jn/, then

H1.�0.n; 3/;Z/ ' H1.SL2.ZŒ1=n�/;Z/˚ F�3 ˚ Z=3:

(iii) If p D 2 and d D 8t , where 2 − t (e.g., when 3 jn or 5 jn/, then

H1.�0.n; 2/;Z/ ' H1.SL2.ZŒ1=n�/;Z/˚ F2 ˚ Z=4:
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Proof. Let A WD ZŒ1=n�. The map �0.n; p/! F�p , given by
�
a b
c d

�
7! a, is a surjective

homomorphism of groups. We denote its kernel by �1.n; p/. Thus, we have the group
extension

1! �1.n; p/! �0.n; p/! F�p ! 1;

where

�1.n; p/ WD
°�
a b

c d

�
2 SL2.A/ W p j a � 1; d � 1; c

±
:

Note that �1.n; p/ D z�.A; p/, where p D hpi, and

�.n; p/ � �1.n; p/ � �0.n; p/ � SL2.A/:

By Theorem 1.1 (for I1 D A and I2 D p/, �1.n; p/ is generated by the matrices E12.x/
and E21.py/, with x; y 2A. From the morphism of extensions

1 �.n; p/ �0.n; p/ B.Fp/ 1

1 �1.n; p/ �0.n; p/ F�p 1;

p

we obtain the commutative diagram with exact rows

0 H1.�.n; p/;Z/B.Fp/ H1.�0.n; p/;Z/ F�p ˚ .Fp/F�p 1

0 H1.�1.n; p/;Z/F�p H1.�0.n; p/;Z/ F�p 1:

p�

Since
H1.�.n; p/;Z/B.Fp/ ' �.n; p/=Œ�.n; p/; �0.n; p/�

and
H1.�1.n; p/;Z/F�p ' �1.n; p/=Œ�1.n; p/; �0.n; p/�;

from the snake lemma applied to the above diagram, we obtain the exact sequence

1!
�.n; p/

Œ�.n; p/; �0.n; p/�
!

�1.n; p/

Œ�1.n; p/; �0.n; p/�
! .Fp/F�p ! 0:

Again, applying the snake lemma to the following commutative diagram:

1
�.n; p/

Œ�.n; p/; �0.n; p/�

�1.n; p/

Œ�1.n; p/; �0.n; p/�
.Fp/F�p 0

H1.SL2.A/;Z/ H1.SL2.A/;Z/;

we obtain the exact sequence

0!K ! L! .Fp/F�p ;
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where K and L are the kernels of the left and right vertical maps, respectively. By The-
orem 4.1, K is a p-group. Thus, by the above exact sequence, L is also a p-group. The
natural map

� W A � A!
�1.n; p/

Œ�1.n; p/; �0.n; p/�
,

defined by
.a; 0/ 7! E12.a/ and .0; a/ 7! E21.pa/;

is a surjective map. Since d D gcd¹m2 � 1 W m jnº, there are rm 2A such that

d D
X
mjn

rm.m
2
� 1/:

Thus

�.�d; 0/ D E12.�d/ D E12

�X
mjn

rm.1 �m2/

�
D

Y
mjn

E12.rm.1 �m2//

D

Y
mjn

ŒE12.rm/;D.m/� D 1;

where

D.m/ WD
�
m 0

1 1=m

�
2 �0.n; p/:

Similarly,
�.0;�d/ D

Y
mjn

ŒD.m/;E21.prm/� D 1:

Thus, we have the surjective map

� W A=hd i � A=hd i !
�1.n; p/

Œ�1.n; p/; �0.n; p/�
�

Since A=hd i ' Z=d , we have that j�1.n; p/=Œ�1.n; p/; �0.n; p/�j divides d2. Hence

l � jLj
ˇ̌
d2;(4.4)

where l D jH1.SL2.A/;Z/j.
(i) Let p > 3. Then, on the one hand, L is a p-group and, on the other hand, jLj

divides d2. Since p − d , L must be trivial. It follows from this that

�1.n; p/

Œ�1.n; p/; �0.n; p/�
' H1.SL2.A/;Z/:

Now, from the commutative diagram with exact rows

1
�1.n; p/

Œ�1.n; p/; �0.n; p/�
H1.�0.n; p/;Z/ F�p 1

H1.SL2.A/;Z/ H1.SL2.A/;Z/;

'

we see that the first row splits. This completes the proof of the first item.
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(ii) Let p D 3. Since 3 −n,

l D jH1.SL2.A/;Z/j D

´
3 if 2 j n
12 if 2 −n

D 2r3; r D 0; 2

(see Theorem 2.1). Thus, by (4.4), we get

2r3jLj
ˇ̌
d2 D 32 t2:

Since L is a 3-group (Theorem 4.1) and 3− t , we have that jLj divides 3. Under the natural
map

�1.n; 3/

Œ�1.n; 3/; �0.n; 3/�

i1�
���!H1.SL2.A/;Z/;

E21.l/ maps to zero. In fact, in H1.SL2.A/;Z/, we have

E21.l/ D wE21.l/w�1 D E12.�l/ D 1;

where w D
�
0 1
�1 0

�
(see Theorem 2.1). But, under the map

�1.n; 3/

Œ�1.n; 3/; �0.n; 3/�

.i1�;i
0
2�/

�����! H1.SL2.A/;Z/˚H1.SL2.A/;Z/;

we have

.i1�; i
0
2�/.E21.l/// D .E21.l/; E21.l=3// D .1; E21.l=3// D .1; E12.l=3// ¤ 1:

Thus E21.l// is a nonzero element of �1.n; 3/=Œ�1.n; 3/; �0.n; 3/� that belongs to L.
Thus, L is nontrivial and hence L ' Z=3. Therefore, we have the exact sequence

0! Z=3!
�1.n; 3/

Œ�1.n; 3/; �0.n; 3/�
! H1.SL2.A/;Z/! 0:

Using Theorem 2.1, it is straightforward to check that the sequence

�1.n; 3/

Œ�1.n; 3/; �0.n; 3/�

.i1�;i
0
2�/

�����! H1.SL2.A/;Z/˚H1.SL2.A/;Z/

�! H1.SL2.ZŒ1=3n�/;Z/! 0

is exact. Thus, the above exact sequence splits and hence

�1.n; 3/

Œ�1.n; 3/; �0.n; 3/�
' H1.SL2.A/;Z/˚ Z=3:

Therefore,
H1.�0.n; 3/;Z/ ' F�3 ˚H1.SL2.A/;Z/˚ Z=3:

This completes the proof of (ii).
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(iii) Let p D 2. Note that, in this case, �1.n; 2/ D �0.n; 2/. Then

H1.�0.n; 2/;Z/ '
�1.n; 2/

Œ�1.n; 2/; �0.n; 2/�
�

Since 2 −n,

l D jH1.SL2.A/;Z/j D

´
4 if 3 j n
12 if 3 −n

D 223r ; r D 0; 1

(see Theorem 2.1). Thus, by (4.4), we get

223r jLj
ˇ̌
d2 D .8t/2:

Since L is a 2-group and 2 − t , jLj
ˇ̌
16. In �0.n; 2/ we have

�I2 D E21.�2/E12.1/E21.�2/E12.1/:

Hence, in H1.�0.n; 2/;Z/ D �0.n; 2/=Œ�0.n; 2/; �0.n; 2/�, we have

1 D I2 D .�I2/
2
D E21.�8/ E12.4/:

This implies that, under the map

Z=8 � Z=8!
�0.n; 2/

Œ�0.n; 2/; �0.n; 2/�
,

the element .4;�4/maps to zero. It follows from this that jLj
ˇ̌
8. Since we have the exact

sequence

�0.n; 2/

Œ�0.n; 2/; �0.n; 2/�
!H1.SL2.A/;Z/˚H1.SL2.A/;Z/!H1.SL2.ZŒ1=2n�/;Z/! 0;

using Theorem 2.1, we get the following estimate on the order of H1.�0.n; 2/;Z/:

16 � jH1.�0.n; 2/;Z/j � 32:

But the elementE21.8/DE12.4/ of �0.n; 2/=Œ�0.n; 2/; �0.n; 2/� is of order 2 and, under
the above map, goes to zero. This is a nontrivial element of H1.�0.n; 2/;Z/ and thus

jH1.�0.n; 2/;Z/j D 32:

Now, as in case of (ii), we can show that

H1.�0.n; 2/;Z/ ' H1.SL2.A/;Z/˚ F2 ˚ Z=4:

This completes the proof of (iii) and the proof of the theorem.

Remark 4.3. We believe that the theorem holds even after removing the conditions placed
on d (the divisibility restrictions in each case). However, the current theorem, with those
conditions, is sufficient to prove Theorem 6.6, which relates to the group structure of
H2.SL2.ZŒ1=n�/;Z/.



The second integral homology of SL2.ZŒ1=n�/ 1573

5. The second homology of �0.n; p/

We will need the following lemma. Here, for a finite abelian group N , N.p/ denotes the
p-Sylow subgroup of N .

Lemma 5.1. For any SL2.Fp/-module M and any integer m � 1, we have the isomorph-
ism

Hm.B.Fp/;M/.p/ ' Hm.SL2.Fp/;M/.p/:

Proof. See Lemma 5.15 in [6].

Theorem 5.2. Let n > 1 be a square-free integer and p a prime such that p −n. Then the
natural maps

i1� W H2.�0.n; p/;Z/! H2.SL2.ZŒ1=n�/;Z/;
i 02� W H2.�0.n; p/;Z/! H2.SL2.ZŒ1=n�/;Z/;

are surjective.

Proof. We first prove the claim for i1�. The morphism of extensions (1.1) gives us the
morphism of spectral sequences

E 0
2
r;s D Hr .B.Fp/;Hs.�.n; p/;Z// HrCs.�0.n; p/;Z/

E2r;s D Hr .SL2.Fp/;Hs.�.n; p/;Z// HrCs.SL2.ZŒ1=n�/;Z/:

Since
H2.SL2.Fp/;Z/ D 0 and H2.B.Fp/;Z/ D 0

(see Section 3), we have
E22;0 D 0 and E 0

2
2;0 D 0:

By an easy analysis of these spectral sequences, we obtain the commutative diagram with
exact rows

H2.�.n; p/;Z/ H2.�0.n; p/;Z/ E 0
1

1;1 0

H2.�.n; p/;Z/ H2.SL2.ZŒ1=n�/;Z/ E11;1 0:

So, to prove the claim, we may show that the map E 011;1! E11;1 is surjective. Again, from
the above morphism of spectral sequences, we obtain the commutative diagram with exact
rows

H1.B.Fp/;H1.�.n; p/;Z// D E 0
2
1;1 E 0

1

1;1

H1.SL2.Fp/;H1.�.n; p/;Z// D E21;1 E11;1:
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So, to prove the surjectivity of the right vertical map, it is sufficient to prove the surjectivity
of the left vertical map. Let Kp and Gp be the kernel and the image of the natural map

i� W H1.�.n; p/;Z/! H1.SL2.ZŒ1=n�/;Z/;

respectively. So, we have the exact sequence

0!Kp ! H1.�.n; p/;Z/! Gp ! 0:

By Theorem 4.1, Kp is a p-group. By studying the diagrams (3.2), (3.3), (3.4), (3.5)
and (3.6), we see that

Gp ' H1.SL2.ZŒ1=n�/;Z/; for p > 3;

and

G3 '

´
0 if 2 j n,
Z=4 if 2 −n;

; G2 '

´
Z=2 if 3 j n,
Z=6 if 3 −n.

It follows from these that

H1.�.n; p/;Z/ '

8̂̂̂̂
ˆ̂<̂
ˆ̂̂̂̂:

Kp ˚ Gp if p > 3,
K3 if p D 3, 2 j n,
K3 ˚ Z=4 if p D 3, 2 −n,
K 02 ˚ Z=3 if p D 2; 3 −n,
K 02 if p D 2; 3 j n,

where K 02 is a 2-group. All these show that, for any prime p,

H1.�.n; p/;Z/ 'K 00p ˚ G 00p ;

where K 00p is a p-group and G 00p is a subgroup of H1.SL2.ZŒ1=n�/;Z/ such that p − jG 00p j.
Now we are ready to study the map

(5.1) H1.B.Fp/;H1.�.n; p/;Z//! H1.SL2.Fp/;H1.�.n; p/;Z//:

From this and the above isomorphism, we obtain the map

H1.B.Fp/;K 00p /˚H1.B.Fp/;G
00
p /! H1.SL2.Fp/;K 00p /˚H1.SL2.Fp/;G 00p /:

The induced map
H1.B.Fp/;K 00p /! H1.SL2.Fp/;K 00p /

is a map of p-groups (see Corollary 11.8.12 in [19]), so by Lemma 5.1 it is an isomorph-
ism. Since SL2.Fp/ acts trivially on the groupH1.SL2.ZŒ1=n�/;Z/, it acts trivially on G 00p .
Now, by the universal coefficient theorem, we have

H1.SL2.Fp/;G 00p / ' H1.SL2.Fp/;Z/˝Z G 00p :

By Proposition 2.2,

H1.SL2.Fp/;Z/ '

8̂<̂
:
0 if p > 3,
Z=3 if p D 3,
Z=2 if p D 2.
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This shows that the order ofH1.SL2.Fp/;Z/ and the order of G 00p are coprime. Hence,

H1.SL2.Fp/;G 00p / D 0:

All these imply that the map (5.1) is surjective. This completes the proof of the surjectivity
of the map i1�.

Now consider the map i 02�. We recall that i 02W�0.n; p/ ,! SL2.ZŒ1=n�/ is given by�
a b

c d

�
7!

�
a pb

p�1c d

�
:

Let � 00.n; p/ be the image of i 02. Thus

� 00.n; p/ WD im.i 02/ D
°�
a b

c d

�
2 SL2.ZŒ1=n�/ W p j b

±
:

Let i 002 denotes the inclusion � 00.n;p/ ,! SL2.ZŒ1=n�/. So, to prove the surjectivity of i 02�,
it is sufficient to prove the surjectivity of i 002 �.

Now the proof of the surjectivity of i 002 � follows a similar pass as the proof of the
surjectivity of i1�. Here, we have to study the Lyndon/Hochschild–Serre spectral sequence
associated to the morphism of extensions

1 �.n; p/ � 00.n; p/ B0.Fp/ 1

1 �.n; p/ SL2.ZŒ1=n�/ SL2.Fp/ 1;

� 0

i 002

where

B0.Fp/ WD
°�
x 0

y x�1

�
2 SL2.Fp/ W x 2 F�p ; y 2 Fp

±
and

� 0
��

a b

c d

��
D

�
a 0

c a�1

�
:

6. The second homology of SL2.ZŒ1=n�/

Proposition 6.1. Let n > 1 be a square-free integer, p a prime such that p −n, and d WD
gcd¹m2 � 1 W m jnº.

(i) If p > 3 and p − d , then we have the exact sequence

H2.SL2.ZŒ1=n�/;Z/! H2.SL2.ZŒ1=pn�/;Z/! F�p ! 1:

(ii) If p D 3 and d D 3t , where 3 − t (e.g., when 2 jn or 5 jn/, then we have the exact
sequence

H2.SL2.ZŒ1=n�/;Z/! H2.SL2.ZŒ1=3n�/;Z/! F�3 ! 1:

(iii) If p D 2 and d D 8t , where 2− t (e.g., when 3 jn or 5 jn/, then we have the exact
sequence

H2.SL2.ZŒ1=n�/;Z/! H2.SL2.ZŒ1=2n�/;Z/! F2 ! 0:
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Proof. These statements follow from the Mayer–Vietoris exact sequence (see Section 3),
Theorem 4.2 and Theorem 5.2.

Let n > 1 be an integer and let p be a prime such that p −n. Let ıp be the composition

H2.SL2.ZŒ1=pn�/;Z/! H1.�0.n; p/;Z/� H1.B.Fp/;Z/� F�p :

Lemma 6.2. If n > 1 is a square-free integer and p > 3 is a prime such that p − n, then
the map

ıp W H2.SL2.ZŒ1=pn�/;Z/! F�p

is surjective.

Proof. By Theorem 2.1,

H1.SL2.ZŒ1=n�/;Z/ ' H1.SL2.ZŒ1=pn�/;Z/:

Thus, from the Mayer–Vietoris exact sequence, we get the exact sequence

H2.SL2.ZŒ1=pn�/;Z/! H1.�0.n; p/;Z/
i1�
�! H1.SL2.ZŒ1=n�/;Z/! 0:

By applying the snake lemma to the diagram (3.2), we obtain the exact sequence

1!
Œ�.n; p/;SL2.ZŒ1=n�/�
Œ�.n; p/; �0.n; p/�

! ker.i1�/! F�p ! 1:

Now, the composition

H2.SL2.ZŒ1=pn�/;Z/� ker.i1�/� F�p

is surjective and coincides with the above composition.

Remark 6.3. We believe that the above lemma is correct for p D 3 and p D 2 (with F�2
replaced by F2 in the case p D 2). Since this result was not required, we did not attempt
a proof.

If p1; : : : ; pk , pi > 2, are distinct primes such that pi − n, then the maps ıpi induce
the natural map

ıp1;:::;pk WD .ıpi /
k
iD1 W H2.SL2.ZŒ1=.p1 � � �pkn/�/;Z/!

kM
iD1

F�pi :

Let F be a field and let K2.F / be the second K-group of F . It is known that

K2.F / ' H2.SL.F /;Z/:

By a theorem of Matsumoto (see Theorem 11.1 in [9]), we have an isomorphism

K2.F / ' .F
�
˝Z F

�/=ha˝ .1 � a/ W a2F n¹0; 1ºi:

We denote the image of a˝ b, in K2.F /, by ¹a; bº.



The second integral homology of SL2.ZŒ1=n�/ 1577

Let A be a Euclidean domain with quotient field F . If p D h�i 2 A is a nonzero
prime ideal of A, then Ap is a discrete valuation ring. Let k.p/ WD Ap=pAp be the residue
field of Ap. Since A is a Euclidean domain, k.p/ ' A=p. The ring Ap induces a discrete
valuation

vp W F
�
! Z

on F . This valuation defines the following tame symbol on K2.F /:

�p W K2.F /! k.p/�; ¹a; bº 7! .�1/vp.a/vp.b/
�bvp.a/
avp.b/

�
(see p. 98 of [9] or Lemma 6.3 in [21]). The next result is proved by Hutchinson.

Proposition 6.4 (Hutchinson). Let n > 1 be an integer and p > 2 a prime such that p −n.
Then the map ıp coincides with the composition

H2.SL2.ZŒ1=pn�/;Z/! H2.SL.ZŒ1=pn�/;Z/! H2.SL.Q/;Z/ ' K2.Q/
�p
�! F�p ;

where �p is the tame symbol on K2.Q/ induced by the prime ideal hpi of Z.

Proof. See Proposition 5.6 in [6].

For a prime p, let
rp WD rank H2.SL2.ZŒ1=p�/;Z/:

By Theorem 2.3 (of Adem–Naffah), we have

rp WD

8̂̂̂̂
ˆ̂<̂
ˆ̂̂̂̂:

1 if p D 2; 3,
.p � 7/=6 if p � 1 .mod 12/,
.p C 1/=6 if p � 5 .mod 12/,
.p � 1/=6 if p � 7 .mod 12/,
.p C 7/=6 if p � 11 .mod 12/.

Observe that rp is always odd. Clearly, this is true for p D 2; 3. If p � 1 .mod 12/, then
p � 7 � �6 .mod 12/. From this, we have p � 7 D 12k � 6 and thus

rp D .p � 7/=6 D 2k � 1

is odd. A parallel argument proves the results for the remaining cases.

Example 6.5. The primes 2, 3, 5, 7 and 13 are the only primes for which the value of rp is
1. Beyond these, for any odd integer l > 1, there can be no more than four primes with rp
equal to l .

The following theorem (Theorem B from the introduction) will now be demonstrated.

Theorem 6.6. Let nD p1 � � �pl , l > 1, where the pi ’s are distinct primes such that rp1 �
� � � � rpl . When rpi D rpiC1 , for some i , we assume that pi < piC1. Then we have the
exact sequence

H2.SL2.ZŒ1=p1�/;Z/! H2.SL2.ZŒ1=n�/;Z/!
lM
iD2

F�pi ! 1:



B. Mirzaii, B. R. Ramos and T. Verissimo 1578

Proof. The proof is by induction on l . If l D 2, then the claim follows from Proposi-
tion 6.1. So, let l � 3. Thus, clearly

pl − gcd¹m2 � 1 W m jp1p2 � � �pl�1º

and so, by Proposition 6.1, we have the exact sequence

H2.SL2.ZŒ1=.p1 � � �pl�1/�/;Z/! H2.SL2.ZŒ1=n�/;Z/! F�pl ! 1:

Now, the claim follows by induction and applying the snake lemma to the commutative
diagram with exact rows

H2.SL2.ZŒ1=.p1 � � �pl�1/�/;Z/ H2.SL2.ZŒ1=n�/;Z/ F�pl 1

1

l�1M
iD2

F�pi

lM
iD2

F�pi F�pl 1:

ıp2;:::;pl�1 ıp2;:::;pl

Proposition 6.7. Let m be a square-free integer that is divisible by at least one of the
primes 2, 3, 5, 7 or 13. If m divides a square-free integer n, then the natural map

H2.SL2.ZŒ1=m�/;Z/! H2.SL2.ZŒ1=n�/;Z/

is injective. Moreover, the left homology group is a direct summand of the right homology
group if m is equal to one of the primes 2, 3 or 7.

Proof. Firstly, we assume that m is a prime. Thus, m must be one of the primes 2, 3, 5, 7
or 13. Let us denotem by q. In this case, we start our argument by showing that the natural
map

H2.SL2.ZŒ1=q�/;Z/! H2.SL2.ZŒ1=6q�/;Z/

is injective. If q D 2; 3, then ZŒ1=6q� D ZŒ1=6�. By Proposition 6.1, we have the exact
sequences

H2.SL2.ZŒ1=2�/;Z/! H2.SL2.ZŒ1=6�/;Z/! F�3 ! 1;

H2.SL2.ZŒ1=3�/;Z/! H2.SL2.ZŒ1=6�/;Z/! F2 ! 0:

By the calculation of Bui–Ellis in Table 1 of [17], we know that

H2.SL2.ZŒ1=6�/;Z/ ' Z˚ Z=2:

Since
H2.SL2.ZŒ1=2�/;Z/ ' Z and H2.SL2.ZŒ1=3�/;Z/ ' Z

(see Theorem 2.3), the left maps in the above exact sequences are injective. In fact, we
have

H2.SL2.ZŒ1=6�/;Z/ ' H2.SL2.ZŒ1=2�/;Z/˚ F�3 ;

H2.SL2.ZŒ1=6�/;Z/ ' H2.SL2.ZŒ1=3�/;Z/˚ F2:
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This proves the claim for q D 2; 3. So let q 2 ¹5; 7; 13º. Observe that for these primes, by
Theorem 2.3, we have

H2.SL2.ZŒ1=q�/;Z/ ' Z˚ Z=..q � 1/=2/:

Moreover, by Theorem 2.4 (of Hutchinson),

H2.SL2.ZŒ1=6q�/;Z/ ' Z˚ F�3 ˚ F�q ' Z˚ Z=2˚ Z=.q � 1/:

More precisely, we have the split exact sequence

0! H2.SL2.ZŒ1=2�/;Z/! H2.SL2.ZŒ1=6q�/;Z/! F�3 ˚ F�q ! 1:

On the other hand, by Proposition 6.1, we have the exact sequences

H2.SL2.ZŒ1=3q�/;Z/! H2.SL2.ZŒ1=6q�/;Z/! F2 ! 0;

H2.SL2.ZŒ1=q�/;Z/! H2.SL2.ZŒ1=3q�/;Z/! F�3 ! 0:

Combining these two (as in Theorem 6.6), we obtain the exact sequence

H2.SL2.ZŒ1=q�/;Z/! H2.SL2.ZŒ1=6q�/;Z/! F2 ˚ F�3 ! 0:

Now, using the above exact sequence of Hutchinson, the sequence

0! H2.SL2.ZŒ1=q�/;Z/! H2.SL2.ZŒ1=6q�/;Z/! F2 ˚ F�3 ! 0

is exact and it splits only if q D 7. Finally, the general claim (for the case m D q a prime)
follows from the commutative diagram

H2.SL2.ZŒ1=q�/;Z/ H2.SL2.ZŒ1=n�/;Z/

H2.SL2.ZŒ1=6q�/;Z/ H2.SL2.ZŒ1=6n�/;Z/

and the fact thatH2.SL2.ZŒ1=6q�/;Z/ is a direct summand ofH2.SL2.ZŒ1=6n�/;Z/ (this
follows from Theorem 2.4).

Now, let q be the smallest prime among 2;3;5;7;13 that dividesm. LetmD qp1 � � �ph
and n D mphC1 � � �pl D qp1 � � �pl . By Theorem 6.6 and what we have just proved, we
get the commutative diagram with exact rows

0 H2.SL2.ZŒ1=q�/;Z/ H2.SL2.ZŒ1=m�/;Z/
hM
iD1

F�pi 1

0 H2.SL2.ZŒ1=q�/;Z/ H2.SL2.ZŒ1=n�/;Z/
lM
iD1

F�pi 1:

The general injectivity claim of the theorem follows from the snake lemma applied to the
above diagram.
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The next theorem, Theorem A from the introduction, represents a significant general-
ization of Hutchinson’s Theorem 2.4.

Theorem 6.8. Let n be a square-free positive integer and let scpd.n;2730/ be the smallest
common prime divisor of n and 2730 D 2 � 3 � 5 � 7 � 13.

(i) If scpd.n; 2730/ D 2, i.e., if n is even, then

H2.SL2.ZŒ1=n�/;Z/ ' Z˚
M

p j.n=2/

F�p :

(ii) If scpd.n; 2730/ D 3, then

H2.SL2.ZŒ1=n�/;Z/ ' Z˚
M

p j.n=3/

F�p :

(iii) If scpd.n; 2730/ D 5, then

H2.SL2.ZŒ1=n�/;Z/

' Z˚

8̂̂<̂
:̂

Z=2˚
M
pj.n=5/

F�p if p � 1 .mod 4/ for all p j .n=5/;

Z=4˚ Z=..q � 1/=2/˚
M

pj.n=5q/

F�p if q � 3 .mod 4/ for some q j .n=5/.

(iv) If scpd.n; 2730/ D 7, then

H2.SL2.ZŒ1=n�/;Z/ ' Z˚ Z=3˚
M

p j.n=7/

F�p :

(v) If scpd.n; 2730/ D 13, then

H2.SL2.ZŒ1=n�/;Z/

' Z˚

8̂̂<̂
:̂

Z=6˚
M

pj.n=13/

F�p if p � 1 .mod 4/ for all p j .n=13/,

Z=12˚ Z=..q � 1/=2/˚
M

pj.n=13q/

F�p if q � 3 .mod 4/ for some q j .n=13/.

Proof. Let n D p1 � � � pl be the prime decomposition of n such that rp1 � � � � � rpl .
Moreover, if rpi D rpiC1 , for some i , we assume that pi < piC1.

(i) Since n is even, we put p1 D 2. By Theorem 6.6 and Proposition 6.7, we get the
exact sequence

0! H2.SL2.ZŒ1=2�/;Z/! H2.SL2.ZŒ1=n�/;Z/!
lM
iD2

F�pi ! 1:(6.1)

Again, by Proposition 6.7, the exact sequence (6.1) splits. This, together with the iso-
morphism H2.SL2.ZŒ1=2�/;Z/ ' Z (Theorem 2.3), imply the first item.
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(ii) Since scpd.n; 2730/D 3, we have p1 D 3. Now, a similar argument as in (i) proves
the second item.

(iv) If scpd.n; 2730/D 7, then we have p1 D 7. Again, by a similar argument as in (i),
we can prove the fourth item.

(iii) Now, let scpd.n; 2730/ D 5. Then p1 D 5. If p is an odd prime which divides n,
let

p � 1 D 2spmp;

where sp � 1 and mp is odd. Note that p � 1.mod 4/ if and only if sp > 1 and p � 3
.mod 4/ if and only if sp D 1.

First, let us assume that l D 2, i.e., n D 5p2. By Theorem 6.6 and Proposition 6.7, we
have the commutative diagram with exact rows

(6.2)

0 H2.SL2.ZŒ1=5�/;Z/ H2.SL2.ZŒ1=5p2�/;Z/ F�p2 1

0 H2.SL2.ZŒ1=30�/;Z/ H2.SL2.ZŒ1=30p2;Z/ F�p2 1:

i�

By Theorem 2.4, the lower exact sequence splits. Note that, by Theorem 2.3,

H2.SL2.ZŒ1=5�/;Z/ ' Z˚ Z=2:

It follows from this that the free part of H2.SL2.ZŒ1=5p2�/;Z/ splits naturally. Observe
that in the commutative diagram

Z˚ Z=2 Z˚ Z=2˚ Z=4

H2.SL2.ZŒ1=5�/;Z/ H2.SL2.ZŒ1=30�/;Z/

' '

the upper map is given by .a; b/ 7! .a; 0; 2b/.
Let sp2 > 1. Note that

F�p2 ' Z=.p2 � 1/ ' Z=2sp2 ˚ Z=mp2 :

If the upper exact sequence of the diagram (6.2) does not split, then

H2.SL2.ZŒ1=5p2�/;Z/ ' Z˚ Z=2sp2C1 ˚ Z=mp2

(see Calculation 3.3.2 and Theorem 3.4.3 in [20]). This means thatH2.SL2.ZŒ1=5p2�/;Z/
has a copy of Z=2sp2C1 as direct summand. Moreover,H2.SL2.ZŒ1=5p2�/;Z/ injects into
H2.SL2.ZŒ1=30p2�/;Z/. But this later group does not has any element of order sp2 C 1.
This is a contradiction and therefore the upper row of (6.2) must split. Therefore,

H2.SL2.ZŒ1=5p2�/;Z/ ' Z˚ Z=2˚ F�p2 :

Now, let sp2 D 1. If the upper exact sequence of the diagram (6.2) splits, then

H2.SL2.ZŒ1=5p2�/;Z/ ' Z˚ Z=2˚ F�p2 ' Z˚ Z=2˚ Z=2˚ Z=mp2 :
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But this contradicts the surjectivity of the map

ı5 W H2.SL2.ZŒ1=5p2�/;Z/� F�5 ' Z=4

of Lemma 6.2. Observe that ı5 maps the free part of H2.SL2.ZŒ1=5p2�/; Z/ to zero.
Therefore the first row of the diagram (6.2) does not split and hence,

H2.SL2.ZŒ1=5p2�/;Z/ ' Z˚ Z=4˚ Z=mp2 ' Z˚ Z=4˚ Z=..p2 � 1/=2/:

This proves the claim of item (iii) for l D 2.
Now, let l > 2 and consider the commutative diagram with exact rows

0 H2.SL2.ZŒ1=5�/;Z/ H2.SL2.ZŒ1=.5p2 � � �pl�1/�/;Z/
l�1M
iD2

F�pi 1

0 H2.SL2.ZŒ1=5�/;Z/ H2.SL2.ZŒ1=n�/;Z/
lM
iD2

F�pi 1:

If spj >1, for all 2� j � l , then, by induction, the first row splits. Let � be the composition

l�1M
iD2

F�pi ! H2.SL2.ZŒ1=.5p2 � � �pl�1/�/;Z/! H2.SL2.ZŒ1=n�/;Z/

and consider the exact sequence

0! H2.SL2.ZŒ1=5�/;Z/! H2.SL2.ZŒ1=.5p2 � � �pl /�/;Z/=im.�/! F�pl ! 1:

Then, as in case l D 2, one can show that the above exact sequence splits. Therefore

H2.SL2.ZŒ1=n�/;Z/ ' Z˚ Z=2˚
l�1M
iD2

F�pi :

Now, let spj D 1, for some j . We may assume that sp2 D 1. Again, by induction on the
first row of the above diagram, we have the decomposition

H2.SL2.ZŒ1=.5p2 � � �pl�1/�/;Z/ ' Z˚ Z=4˚ Z=..p2 � 1/=2/˚
l�1M
iD3

F�pi :

By Theorem 6.6 and Proposition 6.7, we have the exact sequence

0! H2.SL2.ZŒ1=.5p2 � � �pl�1/�/;Z/! H2.SL2.ZŒ1=n�/;Z/! F�pl ! 1:

Let � be the composition

l�1M
iD3

F�pi ! H2.SL2.ZŒ1=.5p2 � � �pl�1/�/;Z/! H2.SL2.ZŒ1=n�/;Z/:
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From this and the above exact sequence, we obtain the exact sequence

0! Z˚ Z=4˚ Z=..p2 � 1/=2/! H2.SL2.ZŒ1=n�/;Z/=im.�/! F�pl ! 1:

Note that H2.SL2.ZŒ1=n�/;Z/=im.�/ injects into

H2.SL2.ZŒ1=.30p2 � � �pl /�/;Z/=im.�/ ' Z˚ Z=2˚ Z=4˚ F�p2 ˚ F�pl :

But this is only possible if the above exact sequence splits, i.e.,

H2.SL2.ZŒ1=n�/;Z/ ' Z˚ Z=4˚ Z=..p2 � 1/=2/˚
lM
iD3

F�pi :

This completes the proof of the item (iii) of the theorem.
(v) Let scpd.n; 2730/ D 13. The proof of this part is similar to the proof of item (iii),

but is more involved. Take p1 D 13. First, let us assume that l D 2, i.e., n D 13p2. By
Theorem 6.6 and Proposition 6.7, we get the commutative diagram with exact rows

(6.3)

0 H2.SL2.ZŒ1=13�/;Z/ H2.SL2.ZŒ1=13p2�/;Z/ F�p2 1

0 H2.SL2.ZŒ1=78�/;Z/ H2.SL2.ZŒ1=78p2;Z/ F�p2 1:

i�

Note that 78 D 6 � 13. By Theorem 2.4, the lower exact sequence splits and by The-
orem 2.3, we have

H2.SL2.ZŒ1=13�/;Z/ ' Z˚ Z=6 ' Z˚ Z=2˚ Z=3:

Similar to the case p1 D 5, the free part ofH2.SL2.ZŒ1=13p2�/;Z/ splits naturally and in
the commutative diagram

Z˚ Z=6 Z˚ Z=2˚ Z=12

H2.SL2.ZŒ1=13�/;Z/ H2.SL2.ZŒ1=78�/;Z/

' '

the upper map is given by .a; b/ 7! .a; 0; 2b/. Let

p2 � 1 D 2
sp2mp2 D 2

sp23tm0p2 ;

where mp2 D 3
tm0p2 , t � 0 and 3 −m0p2 . Then

F�p2 ' Z=.p2 � 1/ ' Z=2sp2 ˚ Z=3t ˚ Z=m0p2 :

Let sp2 > 1. If the upper exact sequence of the diagram (6.3) does not split, then
H2.SL2.ZŒ1=13p2�/;Z/ has either a copy of Z=2sp2C1 or a copy of Z=3tC1, in case t � 1,
as direct summand (see Theorem 3.4.3, Calculation 3.3.2, and Exercise 3.4.1 in [20]). But
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H2.SL2.ZŒ1=13p2�/;Z/ injects into H2.SL2.ZŒ1=78p2�/;Z/ and this latter group does
not have any element of order sp2 C 1 or t C 1, in case t � 1, since

H2.SL2.ZŒ1=78p2�/;Z/ ' Z˚ F�3 ˚ F�13 ˚ F�p2
' Z˚ Z=2˚ Z=12˚ Z=2sp2 ˚ Z=3t ˚ Z=m0p2 :

This is a contradiction and therefore the upper row of (6.3) must split. Therefore,

H2.SL2.ZŒ1=13p2�/;Z/ ' Z˚ Z=6˚ F�p2 :

Now, let sp2 D 1. If the upper exact sequence of the diagram (6.3) splits, then

H2.SL2.ZŒ1=13p2�/;Z/ ' Z˚ Z=6˚ F�p2 ' Z˚ Z=2˚ Z=2˚ Z=3˚ Z=mp2 :

But this contradicts the surjectivity of the map

ı13 W H2.SL2.ZŒ1=13p2�/;Z/� F�13 ' Z=4˚ Z=3

of Lemma 6.2. Therefore the first row of the diagram (6.3) does not split. If t � 1, then, as
above, we can show that H2.SL2.ZŒ1=13p2�/;Z/ cannot have a copy of Z=3tC1. Thus,
the only remaining case is the isomorphism

H2.SL2.ZŒ1=13p2�/;Z/ ' Z˚ Z=12˚ Z=mp2 ' Z˚ Z=12˚ Z=..p2 � 1/=2/:

This proves the claim of item (v) for l D 2. The case l > 2 can be done as in the proof
of (iii). This completes the proof of the theorem.

Remark 6.9. By Theorem 6.8, we have

H2.SL2.ZŒ1=46�/;Z/ ' Z˚ Z=22:

However, Table 1 in [17] states the isomorphismH2.SL2.ZŒ1=46�/;Z/' Z=22. This is a
notational error in [17]; the correct isomorphism is confirmed in Table 3.1 on p. 27 of [4].

7. On the rank of the second homology of SL2.ZŒ1=n�/

For any n > 1, let
rn WD rank H2.SL2.ZŒ1=n�/;Z/:

We have already seen the value of rp for any prime p.

Proposition 7.1. Let n > 1 be a square-free integer. If one of the primes 2, 3, 5, 7 or 13
divides n, then rn D 1.

Proof. This follows from Theorem 6.6, Proposition 6.7 and the fact that, for a prime p,
rp D 1 if and only if p D 2; 3; 5; 7 or 13. But this also follows from the next proposition,
which can be proved much easier.
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Proposition 7.2. For any square-free integer n > 1,

1 � rn � min¹rp W p prime; p jnº:

Proof. It follows from Theorem 6.6 that

rn � min¹rp W p prime; p jnº:

But here we give a much easier proof of this fact. We may assume that nDp1 � � �pl , where
the pi ’s are distinct primes with rp1 � rp2 � � � � � rpl . Let m D p1 � � � pl�1. From the
diagram (1.1), we obtain the morphism of Lyndon/Hochschild–Serre spectral sequences

E2r;s D Hr .B.Fp/;Hs.�.m; pl /;Q// HrCs.�0.m; pl /;Q/

E2r;s D Hr .SL2.Fp/;Hs.�.m; pl /;Q// HrCs.SL2.ZŒ1=m�/;Q/:

Since E2r;s D 0 and E2r;s D 0, for r > 0 (see Corollary 10.2 in Section 10, Chapter III,
of [3]), and

E20;s ! E20;s

is surjective, we see that, for any k � 0, the map

(7.1) Hk.�0.m; pl /;Q/! Hk.SL2.ZŒ1=m�/;Q/

is surjective. Since H1.�0.m; pl /;Z/ is a finite group,

H1.�0.m; pl /;Q/ D 0:

Now, by the Mayer–Vietoris exact sequence

H2.�0.m; pl /;Q/! H2.SL2.ZŒ1=m�/;Q/˚H2.SL2.ZŒ1=m�/;Q/
! H2.SL2.ZŒ1=n�/;Q/!0

(see Section 3) and the surjective map (7.1), we see that

(7.2) H2.SL2.ZŒ1=m�/;Q/! H2.SL2.ZŒ1=n�/;Q/

is surjective. Thus, by induction on l , we have

rn � rp1 D min¹rp W p prime; p jnº:

Now, let p jn and consider the commutative diagram

H2.SL2.ZŒ1=p�/;Q/ H2.SL2.ZŒ1=n�/;Q/

H2.SL2.ZŒ1=6p�/;Q/ H2.SL2.ZŒ1=6n�/;Q/:

By Theorem 2.4, r6nD 1. Thus, the lower horizontal map in the above diagram is bijective,
i.e.,

H2.SL2.ZŒ1=6p�/;Q/ ' Q ' H2.SL2.ZŒ1=6n�/;Q/:

Moreover, by (7.2), the vertical maps in the above diagram are surjective. It follows from
these that the upper horizontal map is not trivial. Therefore, rn � 1.
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We strongly suspect that the value of rn in the above theorem is equal to its upper
bound. At this time, we lack a definitive proof (or disproof) of this claim. However, build-
ing upon the results of this paper, we propose the following conjecture over the group
structure ofH2.SL2.ZŒ1=n�/;Z/when n is an integer not divisible by any of the primes 2,
3, 5, 7 or 13.

Conjecture 7.3. Let n D p1 � � � pl , l > 1, be the prime decomposition of n such that
1 < rp1 � � � � � rpl . If rpj D rpjC1 , for some j , we assume that pj < pjC1.

(i) If p1 � 11 .mod 12/, then

H2.SL2.ZŒ1=n�/;Z/ ' Zrp1 ˚
lM

jD2

F�pj :

(ii) If p1 � 5 .mod 12/, then

H2.SL2.ZŒ1=n�/;Z/

' Zrp1 ˚

8̂̂̂̂
ˆ̂<̂
ˆ̂̂̂̂:

Z=2˚
lM

jD2

F�pj if pj �1 .mod 4/ for all 2� j � l ;

Z=4˚Z=..qi �1/=2/˚
lM

jD2
j¤i

F�pj if pi�3 .mod 4/ for some 2� i � l .

(iii) If p1 � 7 .mod 12/, then

H2.SL2.ZŒ1=n�/;Z/ ' Zrp1 ˚ Z=3˚
lM

jD2

F�pj :

(iv) If p1 � 1 .mod 12/, then

H2.SL2.ZŒ1=n�/;Z/‘

' Zrp1˚

8̂̂̂̂
ˆ̂<̂
ˆ̂̂̂̂:

Z=6˚
lM

jD2

F�pj if pj �1 .mod 4/ for all 2� j � l ;

Z=12˚Z=..qi �1/=2/˚
lM

jD2
j¤i

F�pj if pi�3 .mod 4/ for some 2� i � l .
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