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An improved bound on the Hausdorff dimension
of sticky Kakeya sets in R*

Mukul Rai Choudhuri

Abstract. Kakeya sets are compact subsets of R” that contain a unit line segment
pointing in every direction. The Kakeya conjecture states that such sets must have
Hausdorff dimension n. The property of stickiness was first discovered by Katz—
Laba—Tao in their 1999 breakthrough paper on the Kakeya problem. Then Wang—
Zahl formalized the definition of a sticky Kakeya set, and proposed a special case
of the Kakeya conjecture for such sets. Specifically, this conjecture states that sticky
Kakeya sets in R” have Hausdorff dimension n, and Wang—Zahl went on to prove
the conjecture for n = 3.

A planebrush is a geometric object which is a higher dimensional analogue of
Wolff’s hairbrush. Using the planebrush argument, Katz—Zahl showed that Kakeya
sets in R* have Hausdorff dimension at least 3.059. If we restrict our attention to
sticky Kakeya sets, we can improve upon this bound by combining the planebrush
result with additional stickiness property. To be precise, we will show in this paper
that sticky Kakeya sets in R* have dimension at least 3.25.

1. Introduction

A Kakeya set (sometimes called Besicovitch set) in R” is a compact set £ C R” contain-
ing a unit line segment in every direction. In 1919, Besicovitch gave a construction of a
Kakeya set of Lebesgue measure zero [1]. Interest in Kakeya sets grew even further after
Fefferman gave a counter-example to the Fourier ball multiplier conjecture using Kakeya
sets [8]. Followed by this, more surprising connections of Kakeya sets to problems in
oscillatory integrals (harmonic analysis), the analysis of dispersive and wave equations
(PDE), combinatorics and number theory were discovered [3,15,18], enhancing the impor-
tance of these sets.

Even though Kakeya sets with Lebesgue measure zero exist, a natural question then
was: could these sets be big in some other sense. The Kakeya conjecture states that every
Kakeya set in R” must have Hausdorff and Minkowski dimension n. For n = 2, the
Kakeya conjecture was proved by Davies in 1971, see [5]. However, in higher dimen-
sions only partial results exist. Drury in 1983 (see [6]) and Christ, Duoandikoetxea and
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Rubio de Francia in 1986 (see [4]) were able to prove that Kakeya sets for n > 3 had
dimension at least (n + 1)/2. In 1995, Wolff [17] improved this bound using the geomet-
ric “hairbrush” argument to (n + 2)/2, a higher dimensional analogue of the geometric
“bush” argument due to Bourgain which gave a pre-existing bound of (n + 1)/2 for the
dimension.

The next important juncture was when Bourgain [3] used additive combinatorics to
make progress on the conjecture which also spurred many further developments. For
n = 3, Katz, Laba and Tao in 2000 (see [10]) proved that the upper Minkowski dimension
of Kakeya sets is at least 5/2 + ¢, where ¢ is a small absolute constant. Later, in 2017,
Katz and Zahl [13] proved the same for the Hausdorff dimension. A key ingredient in the
argument by Katz, Laba and Tao was the usage of a property called stickiness. Roughly
speaking, a collection of §-tubes in R” whose coaxial lines point in §-separated directions
is said to be sticky at the scale p if the §-tubes arrange themselves into roughly p!'™"
p-tubes, each of which contain roughly p"~!/8"~! §-tubes. Note that stickiness was ini-
tially defined as a property satisfied by certain collections of tubes, and not subsets of
Euclidean space.

Motivated by the original definition of the property by Katz—taba-Tao [10], Wang
and Zahl created a definition of sticky Kakeya sets as a special subclass of Kakeya sets
in [16]. We would now like to present their definition. However, before we can define
sticky Kakeya sets, we need some preliminary definitions and notation. Therefore, let £
denote the set of (affine) lines in R”. Given a line /, we denote the direction of [ as u €
RP”~! and the unique point on / such that the line joining it to the origin is perpendicular
to [ as p € R™. We then equip &£ with the metric d(I,!") = |p — p'| + Z(u,u’).

We will also need the notion of packing dimension, so we define it here. Let E be any
subset of a metric space. We first define the packing pre-measure P as

oo
PUE) =1i ( 2r)?).
(E) = lim Sup,;( )

where the supremum is over all collections of disjoint open balls {B(x;, rj)}]?’il with
centers in £ and radii r; < e. Then we define the packing measure P9 as

PY(E) = inf{Zf’g(E,-) L Ec | E,-}.
j=1

j=1
Finally, we define the packing dimension of E as
dimp (E) = inf{0 : PY(E) = 0.

An introduction to packing dimension may be found in [2]. Since the direction map
from £ to RP"~ ! is Lipschitz, if L C £ contains a line in every direction, then dimp (L) >
n — 1. Now we are ready to define sticky Kakeya sets. As mentioned earlier, this definition
is due to Wang—Zahl [16].

Definition 1.1. A compact set K C R” is called a sticky Kakeya set if there is a set of
lines L with packing dimension n — 1 that contains at least one line in each direction, so
that / N K contains a unit interval for each [ € L.
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Observe that in the above definition, there is no explicit appearance of the multi-scale
self-similar property that was present in the original definition of stickiness by Katz—
Laba—Tao [10]. However, Wang—Zahl proceed to set up a discretization of sticky Kakeya
sets which leads to multi-scale self-similar properties. We shall use the same setup and fol-
low their discretization procedure in Section 3 of this paper. We shall only state the results
of this discretization, and then use the multi-scale self-similar properties in later sections
of the paper. Proofs and full detail of the procedure can be found in Wang—Zahl [16].
Although, to provide some intuition, we shall briefly sketch how the discretization pro-
cess works in Section 3.

The sticky Kakeya conjecture is the statement that every sticky Kakeya set in R” has
Hausdorff and Minkowski dimension 7. Since every sticky Kakeya set is in particular a
Kakeya set, the sticky Kakeya conjecture is weaker than the Kakeya conjecture. More
discussion on the connection between the Kakeya conjecture and the sticky Kakeya con-
jecture can be found in [16]. The sticky Kakeya conjecture obviously holds for n = 2, as
the Kakeya conjecture itself is proven in this case [5]. Furthermore, in 2022, Wang and
Zahl [16] proved that sticky Kakeya sets in R3 have Hausdorff dimension 3, so the sticky
Kakeya conjecture is true for n = 3 as well. In higher dimensions, the sticky Kakeya con-
jecture remains open, and in this paper we will be improving the bound for n = 4. In
particular, we prove the following.

Theorem 1.2. Sticky Kakeya sets in R* have Hausdorff dimension at least 3.25.

To further contextualize the above result, we now describe the pre-existing bounds
for the Kakeya problem in R*. Note that if we plug in n = 4 for the bound given by the
hairbrush argument of Wolff in [17], then we get that Kakeya sets in R* have Hausdorff
dimension at least 3. Later on, the results of Guth—Zahl, Zahl and Katz—Rogers [9, 11, 19]
established that Kakeya sets in R* have Hausdorff dimension at least 3 + 1/40 = 3.025.
These three papers used algebraic/polynomial arguments that were inspired by Dvir’s
proof of the finite field analogue of the Kakeya conjecture [7].

The next milestone occurred in 2021, when Katz and Zahl improved the bound further
to 3.059 using a new geometric argument called the planebrush method [14]. A planebrush
is a geometrical object which is a higher dimensional analogue of Wolff’s hairbrush [17].
The planebrush argument gives a bound of 10/3 for Kakeya sets in R* whose lines through
a typical point concentrate into a 2-plane. This result of Katz—Zahl [14] will be precisely
stated as Theorem 5.5 in this paper. Guth and Zahl [9] had previously established an esti-
mate which gave a dimension bound of 3.25 for trilinear collections of tubes in R* (stated
as Theorem 5.4 in this paper). To prove that Kakeya sets in R* have Hausdorff dimension
at least 3.059, Katz—Zahl [14] combined both of the above results. The dimension bound
of 3.059 that they obtained improves upon pre-existing bounds, but working with general
Kakeya sets presents a lot of challenging technical issues. This is why the bound obtained
is weaker than the bounds for plany and trilinear cases, namely 10/3 and 3.25, respectively.

However, if we restrict our attention to sticky Kakeya sets, the extra multi-scale struc-
ture we get eases the technical difficulties in running the argument, which allows us to
obtain a better dimension bound of 3.25, as stated in Theorem 1.2. Note that this is the
minimum of the bounds we get from the trilinear and plany cases separately. Now that we
have contextualized our main result, we shall next briefly outline a sketch of its proof. As
a final remark, we mention that some developments regarding the Kakeya conjecture have
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been skipped in the discussion here for the sake of brevity, and one can find more details
in the survey articles by Wolff [18] and Katz—Tao [12].

1.1. A sketch of the proof

As we sketch the proof of Theorem 1.2, we shall simultaneously provide a brief overview
of how this paper is organized. Firstly, in Section 3, we shall discuss the discretization of
sticky Kakeya sets. The main results in this section are Propositions 3.2 and 3.12. Both
of these propositions are due to Wang and Zahl [16]. The latter gives the multi-scale self-
similarity property which will be used many times in future sections.

In Section 4, we shall see that sticky Kakeya sets in R* split into broadly two cases.
The first case is the trilinear case, as shown in Figure 1. In this case, most triples of tubes
passing through a common point have direction vectors pointing in (quantitatively) lin-
early independent directions. This case is relatively more tractable. Applying the trilinear
Kakeya bound due to Guth and Zahl [9], which will be stated as Theorem 5.4 in this paper,
we obtain the required dimension bound of 3.25 in this case.

Figure 1. Trilinear case

The second case is the negation of the first case, that is, the situation when the tubes
are not trilinear. This case is more challenging to deal with because we cannot in general
conclude that the §-tubes passing through any point lie in a §-neighborhood of a plane
(this would have given us planyness in terms of Definition 4.2, further allowing us to
directly establish a dimension bound of 10/3 using the planebrush bound due to Katz and
Zahl [14]). However, we can make the following weaker conclusion in this case: choosing
p = 8YN for some appropriately chosen large integer N, we get that the §-tubes through
any point lie in a p-neighborhood of a plane. We call this case the “weakly” plany case,
because although p is much smaller than 1, it is much greater than § (see Figure 2). Using
stickiness, we can show that the following holds at the scale p: the p-tubes through any
point lie in a p-neighborhood of a plane (see Figure 3). Therefore, by Definition 4.2, we
get that the collection at scale p is plany. Thus, we can apply the planebrush bound, due
to Katz and Zahl [14], at the coarser scale p. The planebrush bound will be stated in this
paper as Theorem 5.5.
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Aside from the above considerations, we will also need to use induction on scales to
get the required bound at the finer scale §. Suppose, for simplicity, that the multiplicity at
scale 8, p and within every p-tube is constant and let these be equal to s, [coarse aNd [fine-
Then using stickiness, we can get the heuristic relation

(1.1) M§ = Mfine Mcoarse-

Again, this should not be taken literally. It is true only in a rough sense, rigorous expres-
sions of this will occur in Proposition 3.12 as upper bounds (see Remark 3.13). This
relationship will be used multiple times in later sections of this paper: to establish regu-
larity, and to connect across scales when we do induction. The induction on scales will
be done rigorously in Section 6, where we will complete the proof of Theorem 1.2 and
conclude the paper.

.

Figure 2. “Weakly” plany case. Only two §-
tubes shown for clarity.

Figure 3. Tubes at scale p are plany in this case.

As a final note, we discuss the most technically difficult juncture of this paper. Namely,
the splitting of the sticky Kakeya set into the trilinear and plany cases, which is done in
Lemma 4.3. Multi-scale self-similarity coming from stickiness (Proposition 3.12) plays a
key role in proving the lemma. By combining multi-scale structure with the trilinear-plany
dichotomy, Lemma 4.3 plays a crucial role when we finally do induction on scales in Sec-
tion 6. Katz and Zahl [14] also had a lemma which split between trilinear and plany cases,
but for general Kakeya sets. While there are some similarities between the two lemmas,
there are also important differences. The lemma in Katz—Zahl had weaker conclusions
than Lemma 4.3, because they did not have the additional hypothesis of stickiness. This
in turn led to their weaker general bound of 3.059.

2. Framework

Since the procedure of discretizing sticky Kakeya sets was already introduced and fleshed
out in Wang—Zahl [16], we shall follow their work. Specifically, we shall define lines,
cubes, shadings, refinements the way they did. This will then allow us to import their
discretization results (Propositions 3.2 and 3.12) directly. The setup in Katz—Zahl [14]
only has some minor differences with the way things are defined in Wang—Zahl [16].
Therefore, by following the definitions of Wang—Zahl [16], we can import results from
Katz—Zahl [14] as well without trouble. Specifically, Theorem 5.5, which is the planebrush
bound, will be quoted from Katz—Zahl [14].
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Now let us get started with the required definitions. We define &£, to be the set of lines
in R” of the form (p, 0) + Ruv, where p € [-1/n,1/n]*! and v € $*! has final coor-
dinate v, > 1/2. We define d(I,1’) = |p — p'| + Z(v, v’). We define the measure A, to
be the product of (n — 1) dimensional Lebesgue measure and normalized surface measure
on S”~! (we denote the latter by v,_;). With these definitions of distance and measure,
the packing dimension of a set L C &£, agrees with its upper modified box dimension.

Definition 2.1 (Tubes). We define the §-fube T with coaxial line / to be Nous(l) N
[—1, 1]", where N,,s5(l) represents the 2né-neighborhood of the line /. We say that the
S-tubes T and T' are essentially identical if d(I,1’) < §, where [ and I’ are the coaxial
lines for T and T”, respectively; otherwise, T and T’ are essentially distinct. We say that T
and T are essentially parallel if Z(v,v") < §, where v,v” € S"~! represent the directions
of the coaxial lines of the tubes T and T’, respectively.

This definition is a bit nonstandard, since we are using the 2né-neighborhood instead
of the §-neighborhood of /. This is done so that a cube of side-length § intersecting / will
be contained in the associated tube T .

Definition 2.2. (Cubes and shadings). A §-cube is a set of the form Q = [0, §)" + p,
where p € (§Z)". A shading of a §-tube T is a set Y(T) C T that is a union of §-cubes.
If T is a collection of §-tubes and for each 7' € T, we have the associated shading Y (7T');
then we refer to the pair (T, Y')s as a set of tubes and their associated shading.

Note that sometimes shadings are defined as arbitrary subsets of tubes. However, both
the papers of Wang—Zahl [16] and Katz—Zahl [14] use discrete shadings consisting of
cubes. This offers advantages in certain situations and since we are using many results
from these two papers, we also use discrete version of shadings with cubes as in the
definition above.

If (T, Y)s is a set of tubes and their associated shading, we write ET to denote the set
Urer Y(T). We write @(Y) to denote the set of §-cubes that are in at least one shading
Y(T) for some T € T. For each §-cube Q, we define Ty (Q) ={T €T : Q C Y(T)}. The
average density and multiplicity of a shaded collection of tubes (T, Y') are denoted as

1 1Y (1) > oecaw) #Tr(Q) :
Ay = d = s tively.
Y = 4T 7; IT] and  uy 2a () respectively

Next, we would like to define refinements. However, before we do that, we require
a little bit of notation. For two quantities A and B, we will denote by A < B the fact
that the inequality A < CB holds with an implicit constant C, typically depending on
the dimension n of the Euclidean space we are working in. It could also depend on other
parameters which will be clear from context or stated explicitly. We will write A ~ B if
A< Band B < A.

Definition 2.3 (Refinements). We say that (T', Y”)s is a t-refinement of (T,Y)s if T'CT
and Y'(T) C Y(T) forall T € T’, and if we have

ST =) YD)

TeT’ TeT
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Furthermore, if we have

@.1) DY) 2 | logs|7¢ Y |Y(T).

TeT’ TeT
where C > 0 is a constant that depends only on 7, then we just call it as a refinement.

Remark 2.4. We shall sometimes refer to the quantity ) o |Y(7')] as the “mass” of the
shading. Observe that if (T, Y’)s is a t-refinement of (T, Y)s, then Ay’ >t Ay . Therefore,
refinements lower both mass and density by a factor of at most 7. Note that it is possible
that the new density Ay could be much larger than the original density Ay. On the other
hand, the mass of the new shading can never exceed the mass of the original shading.

Lemma 2.5. Let (T,Y)g be a collection of §-tubes and their associated shading. Further
assume that #T < §7190% (this will be satisfied by any collection one meets in practice).
Then
(a) There exists a refinement (T',Y")s of (T,Y)s such that |Y'(T)|/|T| ~ Ay’ for all
T €T', i.e., the density is constant across all tubes.
(b) There exists a refinement (T"”,Y")s of (T,Y)s (in general, different from the previ-
ous one) such that #T"y»(Q) ~ puyr forall Q € Q(Y").

Proof. For (a), we dyadically partition T into sub-collections {T;}, where T; is defined
for each i as the set of tubes T € T such that we have |Y(T)|/|T| € (27,27 "1]. Since
the volume of a §-cube is §”, for any tube which has a nonempty shading, we have

Yl o
7]

Hence the index i runs from 1 until C, log §~!. By pigeonholing, there exists an i such

that

DY) 2 |logs| ™t Y Y(T)].

TeT; TeT
Therefore, if we let T’ = T; and Y’ = Y for these tubes, then by (2.1), we see that
(T’,Y")s is a refinement with the desired constant density property.

For part (b), we first dyadically partition the cubes @(Y') into sub-collections {@;},
where @; is defined as the set of cubes Q € @(Y) such that #Ty (Q) € [2/~!, 2%). Since
#T < 871907 the index i runs from 1 until C, log §~!. By pigeonholing, there exists i
such that

2.2) D #Ty(Q) 2 [logd|™" Y~ #Ty(Q).

QEQ,‘ QGQ(Y)

We would like to convert the above inequality into one of the form (2.1). For this we need
to convert a sum involving multiplicities into one that involves volumes of shadings. This
can be done as follows. First define the incidence function f: @(Y) x T — R as

1 if Q CcY(T),
0 otherwise.

f(Q,T):{
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Now, by interchanging the following finite double-sum, we get that

> o#Ty@) =6 Y Y fen=) (8 Y fo.1)

0ea(Y) 0e@(Y) TeT TeT 0ea(y)

=) YD)l

TeT

(2.3)

The above equality connecting multiplicities and volumes is worth noting as it will show
up multiple times in various junctures of this paper. Observe that it also shows that a
shading is essentially a collection of cube-tube incidence pairs. Now we define (T”,Y")s
to be shaded the collection of tubes one gets by throwing away all the cubes outside
of @; from Q(Y'). Moreover, for every Q € @;, we keep every tube from Ty (Q) in the
new collection. Now combining (2.2) and (2.3), we get that (T”, Y")s is a refinement of
(T, Y)s, completing the proof. |

Definition 2.6 (Covers). Let 7 be a §-tube and let 7 be a | p-tube, with § < p. We say
that 7' covers T if their respective coaxial lines satisfy d (, I < p/2.If T is a collection
of §-tubes and T is a collection of p-tubes, we say that T covers T if every tube in T is
covered by some tube in T. If this is the case, ‘we write [T] to denote the set of tubes
in T that are covered by T. Similarly we say (T, Y) o covers (T,Y)s if T covers T and
for each T € T and each T € T[T], we have Y(T) C Y (T).

Sometimes we will encounter a situation where (ﬂ" Y) o covers (T, Y)s and we do a
refinement on (T, Y'),. However, this may damage the covering property. To rectify this
situation, we make the following definition.

Definition 2.7 (Canonical refinements). Let (T,Y)s and (T,Y) o be collections of §-tubes
and p-tubes, respectively, with their associated shading. Further suppose that (T, )7) o COV-
ers (T, Y)s and that (T’, f’/)p is a r-refinement of (T, 17),). Then we define the canonical
refinement (T', Y")s to be the largest possible refinement of (T, Y)s such that (T’, ¥"),
covers (T, Y)s.

Remark 2.8. If (T, Y'), is a t-refinement of (T, Y), and (T’, Y’)s is the canonical
refinement of (T, Y')s, then in general we cannot say that (T, Y')s is also a ¢-refinement
of (T, Y')s. However, if we have some regularity property of how the §-cubes are arranged
inside the larger p-cubes, then we can say something. Specifically, suppose that each tube
T e T’ is covered by a single tube from T, and further suppose that there exists a constant
w > 0 such that

(2.4) Y mnol~w

TeT[T]

for each 7€ T and Q € f’(f"). Note that w here does not depend on choice of T and Q,
and we do not impose any condition on its size. Then we get that (T', Y’)s is a t'-re-
finement of (T, Y)s with ¢’ > ¢. This can be seen as follows. The fact that (T’, Y’)p is a
t-refinement of (T, Y) » means that we are keeping a ¢-fraction of incidence pairs (0.7)
(see (2.3)) at the larger scale. Moreover, because of (2.4), every incidence pair (Q, f) at
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the larger scale has the same amount of “4-mass” ~ w inside of it. The reason we mention
this here is that these conditions appear as properties (i) and (vi) in Proposition 3.12.
Therefore, in that situation there, canonical refinements are well behaved by this remark.
This will come in handy in the proof of Lemma 4.3.

3. Discretization and multi-scale structure

In this section, we will be discretizing sticky Kakeya sets and realizing their multi-scale
self-similarity properties. The framework and results are due to Wang and Zahl [16]. We
shall borrow definitions and propositions from them directly. First, we define a quantity
called o, that will allow us to formulate a discretized version of Theorem 1.2.

Definition 3.1. Fors,t,8 € (0, 1), define

3.1) M(s,1,8) = %n;‘ U Y(T)‘.
 TeT

Here the infimum is taken over all pairs (T, Y)s with the following properties:
(a) the tubesin T are essentially distinct;

(b) foreach § < p <1, T can be covered by a set of p-tubes, with the property that at
most §~ p-tubes are essentially parallel to any given p-tube;

© Xrer Y] = 6.

Note that part (b) roughly says that T is a collection of §-tubes pointing in § separated
directions and that further it is covered by a collection of p-tubes pointing in p-separated
directions. This is similar to the way stickiness was originally defined for collections of
tubes in Katz, F.aba, Tao [10]. Next, let

log M(s,t,6
(3.2) N(s. 1) = lim sup 22 M6 1:8),
§—o0t log $
Then we define o, as
(3.3) o, = lim N(s,t) = inf  N(s,1).
(5,1)—(0,0) (5,1)€(0,1)2

Having defined the quantity o,, we would now like to connect it with Theorem 1.2. This
will give us a discretized formulation of the theorem. Before we get to that, recall that
sticky Kakeya sets are those Kakeya sets whose lines have packing dimension n — 1 (Defi-
nition 1.1). We now relate the Hausdorff dimension of sticky Kakeya sets with the quantity
oy, in the following proposition. This is Proposition 2.1 from Wang—Zahl [16].

Proposition 3.2. Let K be a sticky Kakeya set. Then dimg K > n — oy,.

The full proof of the above proposition can be found in Wang—Zahl [16], and we shall
not reproduce it here. However, we shall give an informal idea of how discretizing sticky
Kakeya sets gives us collections of tubes that satisfy properties (a), (b), and (c) from
Definition 3.1.
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For the sake of convenience, we will be working in R2, but the sketch presented can be
generalized to any dimension. Again for convenience, let us characterize/make an alterna-
tive definition of a Kakeya set in R2. First we define a function ¢: [0, 1] — [0, 1] which is
to assign a basepoint to every direction and hence called a Kakeya map. Associated to this
Kakeya map ¢, we define the Kakeya set K¢ = {(¢(v),0) + ¢(v, 1) : £, v €0, 1]}. In this
setup, stickiness in terms of Definition 1.1 means that the graph of the function ¢ (which
is a subset of [0, 1]?) has Assouad dimension 1. Therefore, at the scale &, the graph can be
covered by 1/§ many § squares and the same thing holds for p. Let us represent these two
scales pictorially.

Graph of ¢

basepoints

directions 1

Figure 4. Discretizing sticky Kakeya sets.

We will have the squares appearing consecutively as shown in the picture, with the §
squares nested inside the p squares. Each p square has p/§ many squares inside of it. The §
and p squares in the above graph represent § and p tubes in R2, respectively. Therefore,
this nesting in the graphical representation means that the collection of §-tubes pointing
in § separated directions are covered by the collection of p-tubes pointing in p-separated
directions. Thus, we have traveled from the dimension of the graph of the Kakeya map
as in Definition 1.1 to a discretized statement about tubes with multi-scale structure as in
Definition 3.1. We have now connected the two notions of stickiness.

Recall that Theorem 1.2, which is our main goal, states that sticky Kakeya sets in R*
have Hausdorff dimension at least 3.25. Therefore, by virtue of Proposition 3.2, to prove
Theorem 1.2, it suffices to show the following.

Theorem 3.3. g4 < 3/4.

Thus, our aim now becomes to prove the above statement. However, recall that the
quantity o, is defined using the volumes of shadings of tubes. Hence, we would like to
make a further reduction to a statement concerning the volumes of shadings of tubes. This
will be easier for us to work with. For this purpose, we need to introduce extremal collec-
tions of tubes which are a special case of the collections of tubes we saw in Definition 3.1.

Definition 3.4. Letn,§ > 0. We say a pair (T, Y)s is n-extremal if it satisfies items (a), (b)
and (c) from Definition 3.1 with s = ¢ = 7, and furthermore,

(3.4) ‘ U Y(T)’ < §onn,

TeT
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Remark 3.5. Suppose that (T, Y)s is n-extremal and that (T’, Y’)s is a refinement of
(T, Y)s. After doing such a refinement, all upper bounds are preserved. Thus, (T’, Y’)s
satisfies items (a) and (b) from Definition 3.1 with # = 7, and also from (3.4), we get that
| Urer Y/(T)| < 897", The only inequality which might fail is (c) of Definition 3.1.
However, since (T’, Y”)s is a refinement of (T, Y)s, we get that

2. YD) = [logs[™C Y Y (T)| = 87",
TeT’ TeT
Therefore, (T’, Y”)s is 2n-extremal. We shall use this little fact often in our arguments.

Remark 3.6. Note that if (T, Y)s is n-extremal, then
(3.5) ST < 4T < §Hm

This follows from properties (b) and (c) of Definition 3.1. Combing the above inequality
again with property (c) of Definition 3.1, we obtain the following useful inequality on the
density of the shading:

BT T~
TeT

(3.6) Ay

Therefore, we see that extremal collections are an almost full maximal collection of
8-tubes pointing in §-separated directions with some subpolynomial losses. As for the
average multiplicity, we have

3.7) _ 2o0ca*TY(Q) _ Yrer V(D) _ Yrer V(D)
' ETTha) T 9 #@0) [Uper YD)

Here we used (2.3). Next combining (3.4) with property (c) of Definition 3.1, we get the
following lower bound on average multiplicity:

DY) (C0 DU L
[Urer V()] ~ 007

We can also achieve an upper bound for the average multiplicity. However, the order of
quantifiers is more subtle for this. Hence, we make a separate lemma for it.

Hy

Lemma 3.7. For every ¢, there exist n > 0 and 8¢ > 0 so that the following holds for all
8 €(0,680). Let (T, Y)s be an n-extremal collection. Then we have

(3.8) ‘ U Y(T)’ > §on+e/2,
TeT

Further, we also have puy < §79n¢.

Proof. Using the definition of 0, (equation (3.3)), we get that for every & > 0, there exists
n > 0 such that N(n,n) < &/4. We can also assume that < £/2. Then by choosing § small
enough, (3.1) and (3.2) imply that for every n-extremal collection (T, Y)s, we have (3.8).
It remains to show the upper bound on the average multiplicity.
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Note that by (3.5), we have #T < 81"~ which further implies that > 7oy |Y(T)| <
87" < §7¢/2. Combining this, the above inequality and (3.7), we get

= ZTET |Y(T)| < 8_8/2 = 8_0';1_6‘
|Urer Y(T)| ™ 8onte/2 '

ny

Therefore, from the above lemma and remark, we see that n-extremal collections have
a lot of nice properties. Ignoring subpolynomial losses for a moment, we can roughly say
that extremal collections (T, Y)s have §-tubes pointing in §-separated directions and have
size#T = 817", mass Y rcp |Y(T)| = 1, density Ay = 1, volume | Jyc Y(T)| = §°7,
and multiplicity uy = §7%. Again, these are not to be taken literally, as they are only
roughly true, but this intuition is useful to have. We will make frequent use of the inequal-
ities stated above to formalize this intuition when needed.

Using the definition of o, (equation (3.3)), we can always find extremal collections
for small §. More formally, we have the following.

Lemma 3.8. Let 1,80 > 0. Then there exists an n-extremal collection of tubes (T,Y)s
for some § € (0, &].

We also create some notation that is quite handy while working with extremal collec-
tions of tubes. In particular, it will be heavily used in Section 6 when we do induction on
scales.

Definition 3.9. We define
Vv =i
(n.6) = inf | | ¥(T)L.
TeT
where the infimum is taken over all n-extremal collections (T, Y)s.

Having defined extremal collections of tubes and discussed their properties, we are
now ready to reduce Theorem 3.3 to a statement involving unions of tubes.

Theorem 3.10. Let n = 4. Then, for every € > 0, there exist a constant ¢, > 0 and n > 0
such that V(n,8) > ¢ 83/4¢. That is, whenever (T, Y)s is an n-extremal collection of
tubes in R*, we have

(3.9) ‘ U Y(T)’ > ¢, §3/4+e,
TeT

Now let us see how the above result implies that Theorem 3.3 is true, and therefore
Theorem 1.2 as well.

Proof of Theorem 3.3 assuming Theorem 3.10. First, because of our hypothesis (where
we choose 1 < ¢) and due to Lemma 3.8, we get that

0853/4+e < ‘ U Y(T)) < §o4N
TeT

for an infinite sequence of choices of § tending to 0. Therefore, 3/4 4+ ¢ > 04 — 1. This
implies that o4 < 3/4 + &4+ n < 3/4 + 2¢. Letting ¢ — 0, we get o4 < 3/4. |
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Therefore, now our goal becomes to prove Theorem 3.10, and this is what we will be
focusing on proving from here onwards. After doing more build up work in the following
sections, Theorem 3.10 will be finally proved in Section 6, establishing Theorem 1.2 con-
sequently and completing our objective. Lastly, we need a stronger version of multi-scale
self-similarity than property (b) of Definition 3.1 for our purpose. This can be obtained
for extremal collections, as we will now state, after making a necessary definition.

Definition 3.11. Let (T, Y); be a collection of §-tubes and let 7" be a p-tube that covers
each tube in T. The unit rescaling of (T, Y)s relative to T is the pair (T, )7)5/,, defined
as follows. The coaxial lines of the tubes 7" T are the images of the coaxial lines of the
tubes 7' € T under the map ¢: R"” — R”, defined as follows. If / is the coaxial line of T,
then ¢ is the composition of a rigid transformation that sends the point / N {x, = 0} to
the origin and sends the line / to the x,-axis, with the anisotropic dilation

(X1,...,xn) > (cx1/p,cx2/py .., CXp—1/Ps CXn).

Each shading f’(f”) is the union of §/p cubes that intersect ¢ (Y (7). The constant ¢ =
¢(n) is chosen so that the coaxial line of the tubes in T are in £, and Y (T') C T'. See the
figure below for a visualization.

Figure 5. Unit rescaling. For clarity, only a handful of cubes drawn.

We are now ready to state the result about the multi-scale self-similarity of extremal
tubes. This is a minor variant of Proposition 3.2 in Wang—Zahl [16]. As we have said, we
are borrowing the work done in their paper on discretizing sticky Kakeya sets. Again, we
refer the interested reader to Wang—Zahl [16] to find the proof of this result.

Proposition 3.12. For all ¢ > 0, there exist 1 > 0 and §¢ > 0 so that the following holds
for all § € (0, 8]. Let (T, Y)s be an n-extremal collection of tubes, and let p € [§17°, §°].
Then there are a refinement (T',Y")s of (T,Y)s and a cover (T,Y), of (T",Y")s with
the following properties.

(1) Eachtube T € T’ is covered by a single tube from T.

(i) (T.Y) o Is e-extremal.

(iii) Foreach T €T, the unit rescaling of (T’[T], Y')s relative to T is e-extremal.
(iv) Foreach Q € Q(Y), we have #T};(Q) S ponTE,
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(v) Foreach Q € Q(Y') and T €T, we have #T'[T]y(Q) < (8/p)~"~¢. Further-
more, there is a number gy such that for each §-cube Q C ET/[f]’ we have

#T,[T]Y’(Q) ~ [tfine-
(vi) There exists a constant w > 0 such that ZTGT’[T] [Y'(T)N Q| ~ w for each TeT
and Q € Y (T). Furthermore, using (iv), we get that |ET’[f]mQ| ~ W/ Ufine-

Remark 3.13. Properties (ii) and (iii) allow us to apply induction on scales on extremal
collections of tubes. The average multiplicity of an extremal collection of §-tubes is
roughly §7°, as we saw in Remark 3.6. Therefore, properties (iv) and (v) say that the
multiplicity at any point is roughly average, whether we are considering the coarse multi-
plicity feoase at the scale p or the multiplicity us at scale §. These properties also allow
us to justify (1.1), which stated (s = [fine Leoarse- Lhis regularity will be most useful to
us in both Sections 4 and 6. Observe that (iv) and (v) are upper bounds, and these may
be combined together effectively and converted into lower bounds on volumes of unions
of tubes. This strategy will be used in Section 6, where we actually prove Theorem 3.10
using induction on scales. The property (vi) tells us that the smaller § cubes are not arbi-
trarily distributed within the larger p-cubes. As discussed in Remark 2.8, this property
together with (i) tells us that canonical refinements lose the same fraction of mass as the
refinement at the larger scale.

4. Trilinear and plany cases for sticky Kakeya sets

From here onwards, we shall always work in the ambient space R#, as this is the dimension
we are concerned with. In this section, we shall prove a lemma which splits our sticky
Kakeya set into the trilinear and plany cases, critically using the multi-scale self-similarity
coming from Proposition 3.12. This lemma plays a key role when we do induction on
scales in Section 6, where we prove Theorem 3.10. However, before we get to this lemma,
first we state a proposition which we will need to prove our lemma. Informally, what this
proposition tells us is that a given set of unit vectors in R* is either trilinear or it is plany.
The precise formulation of what trilinear and plany mean in this context will be presented
in the statement of the lemma itself. Once we understand how to split between the trilinear
and plany case for the more basic situation of unit vectors in R*, we can then move to the
more complicated situation of dealing with tubes coming from sticky Kakeya sets. Note
that this is a special subcase of Lemma 2.2 from Zahl [20].

Proposition 4.1. Let U C S3 be a multiset of unit vectors and let 0 < p < 1. Then at least
one of the following must hold:

4.1) #(ur,uz,u3) €U ¢ lug Aua Aus| 2 p%) 2 (#HU),
or there is a 2-plane H such that
4.2) #uelU:ZL(u,H) S p} =2 #U).

In the above statement, (4.1) corresponds to U being a trilinear collection of unit
vectors, and (4.2) corresponds to U being a plany collection of unit vectors. While we
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have spoken about planyness, we have never formally defined it for a collection of tubes.
Therefore, we do that now.

Definition 4.2. Let (T, f’) o be a set of p-tubes and their associated shading. We say that
(T, Y), is plany if for each p-cube Q, there is a plane I1(Q) so that for all 7 € T (Q)
we have Z(v(T), TI(Q) < p.

The above definition is quite a strong one. For such collections, Katz—Zahl obtained
in [14] the strong dimension bound of 10/3. We shall state their result as Theorem 5.5 in
this paper. Planiness, as defined above, will be a key hypothesis in the statement. Now we
are ready to state our main lemma, which splits sticky Kakeya sets into trilinear and plany
cases.

Lemma 4.3. For all ¢ > 0, there exist constants 1 > 0 and 8y > 0 such that the fol-
lowing holds for all § € (0, §¢]. Let (T, Y)s be an n-extremal collection of tubes and let
p € [8172, 8%]. Then one of the following must be true.

(a) There exists a refinement (T',Y")s of (T,Y)s such that for each Q € Q(Y'),
#{(T1.T2.T3) € Ty (Q)° : [u(T1) A v(T2) Av(T3)| 2 p7} 2 (#T3(Q))°.

(b) There exist a 823"+283-reﬁnement (T’,Y")s of (T,Y)s and a cover (T, ?)p of
(T’,Y")s with the following properties.

(1) Eachtube T € T’ is covered by a single tube from T.

(i) (T, Y)p is e-extremal.

(iii) For each T €T, the unit rescaling of (T'[T],Y")s relative to T is e-extremal.
(iv) Foreach Q € Q(Y), we have #Tf(Q) < pToeTE

(v) Foreach Q € Q(Y')and T €T, we have #T'[T]y(Q) < (8/p)~°~¢. Further-
more, there is a number [Lgne such that for each §-cube Q C Epi7) we have

#T/[T]Y/(Q) ~ [fine-
i) (T, )7),, is plany.

That completes the statement of the lemma. Before we get into its proof, it is useful to
discuss the statement a bit first. As we saw in the sketch in Subsection 1.1, the proof pro-
ceeds by splitting the collection of §-tubes into the trilinear case and the plany case. In the
above statement, the trilinear case corresponds to (a) and the plany case corresponds to (b).
We will use Proposition 4.1 to split (T, Y')s between the two cases. As we shall shortly
see in the proof, using Proposition 4.1 we get that either the collection is trilinear, which
corresponds to (a), or that the §-tubes through any point would lie in a p-neighborhood of
a plane. In the latter case, by using Proposition 3.12, we can show that the fatter tubes at
scale p are plany in terms of Definition 4.2. Even though we get a strong property on the
scale § using (4.2), to get the required plany property at scale p takes a fair bit of technical
work. This is roughly how the proof of the lemma goes.

When we actually are proving Theorem 3.10 in Section 6, the trilinear case corre-
sponding to (a) can be easily dealt with by applying an estimate from Guth—Zahl [9] which
is stated in this paper as Theorem 5.4. The plany case corresponding to (b) will be more
complicated to deal with there as well. Because of the hard-earned planyness at scale p,
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we can apply the planebrush bound, i.e., Theorem 5.5 from Katz—Zahl [14]. However, we
ultimately require a bound at scale §. For this, note that part (b) also gives us multi-scale
self-similarity properties, which are basically the properties in Proposition 3.12. There-
fore, in this situation we will apply induction on scales along with the planebrush bound.
Full detail will of course be provided when we do the actual proof in Section 6. Now that
we have a sketch and motivation for this lemma, let us actually prove it.

Proof of Lemma 4.3. The first thing we would like to do is create some regularity in
the multiplicity so that we can apply Proposition 4.1 more effectively. Therefore, using
Lemma 2.5, we first do a constant multiplicity refinement on the 7 (to be chosen later)
extremal collection (T, Y')s to obtain the collection (T, Y7)s. Then for each Q € @(Y1),
we apply Lemma 4.1 to the set of directions of the coaxial lines of the tubes in (T;)y, (Q).
We have the same number of unit vectors/tubes for each cube because of our constant mul-
tiplicity refinement, and this will be quite useful for us, as we shall now see. Suppose the
majority of the cubes in @ (Y7) fell into the case given by (4.1); then we drop the remaining
cubes. This causes us to lose at most half the cubes, and since the cubes all have constant
multiplicity, this is a valid refinement which we denote as (T’, Y’)s. Note that (T, Y')s
satisfies (a) of the lemma. Therefore, in this scenario, which is the trilinear case, we are
done.

Now we need to show that (b) holds in the alternative scenario, namely the plany case.
The trilinear case, i.e., part (a) of the lemma, took only a paragraph and two refinements to
prove. However, the plany case will require five pages and also five refinements to prove.
There is quite a contrast in difficulty between the two cases. Let us get started with the
long process now.

In the alternative scenario, the majority of the cubes fell into the case given by (4.2).
Therefore, just like before, we keep these cubes only and drop the remaining cubes. Recall
that as we saw in (2.3), a shading is essentially a collection of cube-tube incidence pairs.
Keeping this in mind, we refine our shading further. Let Q be a cube we have kept in the
previous step. Now, among the tubes 7" incident on Q (thatis, when Q C Y1(T)), we only
keep the incidence pairs (Q, T') for which the direction u of the coaxial line of T satisfies
Z(u, Hp) < p. Here Hp denotes the 2-plane associated to Q. Doing this ensures that all
the §-tubes passing any §-cube lie in the p-neighborhood of a 2-plane. Moreover, this will
be a refinement as we retain a constant fraction of mass at both steps (this is due to the
fact that (T, Y1) had constant multiplicity property, and secondly due to the lower bound
property in (4.2)). Also conveniently, applying any further refinement will automatically
preserve this property. We call the refined collection we get (T, ¥2)s. Because of the
refinements we have done, (T3, Y>)s is 2n-extremal by Remark 3.5. Note that our goal as
reflected in property (vi) of (b) is to show planyness in terms of Definition 4.2 at a larger
scale p, so we will need to use this property we just established to eventually get (vi). Note
that as of now, there are no p-tubes in the picture at all, so let us introduce them next.

By choosing 7 and §y sufficiently small, we apply Proposition 3.12 with &3 /41in place
of & to obtain a refinement of (T, Y»)s which we will call (T, Y3)s and a cover (T3, Y3)p
with properties as described in the statement of the proposition. We chose the smaller num-
ber £3/4 in place of ¢ to give ourselves some wiggle room for the forthcoming technical
manipulations. At this stage, we have (i), (ii), (iii), (iv) and (v) of the lemma, as they are
the same as (i), (i), (iii), (iv) and (v) of Proposition 3.12. Therefore, we need to now work
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on establishing (vi), which is the planyness condition at scale p, while also making sure
we do not lose the other properties currently in hand as we make further refinements.

We had previously shown that the §-tubes passing any §-cube are contained in the
p-neighborhood of a 2-plane, and this property still holds now because of its stability under
refinements. However, when we move up to scale p, a p-cube could have multiple §-cubes
inside of it each of which have different associated 2-planes (see Figure 6). Therefore,
we cannot directly conclude that (T3, Y3) o 1s plany. To handle this situation, we will first
show there is a high multiplicity §-subcube inside most of our p-cubes. Then we can
argue that for these p-cubes, there are many p-tubes passing through it which contain the
corresponding high multiplicity §-subcube inside it. Retaining only these p-tubes finally
gives us planyness at scale p.

Figure 6. The bad scenario of multiple 2-planes associated to different §-sub cubes.

Let us expand on this heuristic some more using the rough multiplicity relation (1.1),
which stated that (g = [fine Ueoarse- Recall that this was justified by the properties (iv)
and (v) of Proposition 3.12, as was discussed in Remark 3.13. Now, consider a p-cube Q
and its sub-cube Q at scale §. The multiplicity at Q is ug and all these §-tubes are con-
tained in a p-neighborhood of a plane. However, at most pi5,. many of these tubes can be
covered by a single p-tube. Therefore, to cover these s many §-tubes, we need at least
s/ ane Many p-tubes. We see that this number is simply ftcouse Dy using the heuristic
equation (g = MUfine Meoarse- FUrthermore, all of these ficoarse many p-cubes incident on Q
are contained in the p-neighborhood of the 2-plane corresponding to @, giving us plany-
ness. Obviously, this and the previous paragraph are only heuristics. We shall now proceed
to make this intuitive argument rigorous.

Since the following arguments/calculations are very technical, we would first like to
compile a series of master equations regarding (T3, Y3)s and (T3, ¥3) o that will be used a
lot in the rest of the proof of this lemma. All of these inequalities were derived in Remark
3.6 and Lemma 3.7, where we discussed the size, mass, density, volume, and multiplic-
ity of extremal sets. Observe that (T3, Y3)s is a refinement of the 2n-extremal collection
(T, Y2)s, so by Remark 3.5, we get that (T3, Y3)s is 3n-extremal. Furthermore, by prop-
erty (ii) of Proposition 3.12, ('INF3, 173)p is &3 /4-extremal. Now by applying Remark 3.6
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and Lemma 3.7, we get the following inequalities.

4.3) §TIIM < 4Ty < §737,
(4.4) 815 Y V(D) <87,
TeTs
4.5) Ay, 2 897,
(4.6) g7l | | va(n)| 5 877,
TeT
@7 5O Sy, S 5T

Similarly, for (T3, 173),, we get

4.8) pE S H Ty 5 p
3 ~ ~ _3

(4.9) P Y V(D) S o,

TE']T3

3
4.10) Ay, 2 052,
(.1 U 5@ s pmehs,
T€T3

(4.12) P Sy, S oA

In (4.12), we actually used property (iv) of Proposition 3.12 to get the right-hand side,
but everything else follows directly from the inequalities in Remark 3.6 and Lemma 3.7.
We omitted the left-hand side of equation (4.11), as it would involve introducing a new
parameter larger than ¢ and we do not require this side of the inequality for our purposes.

Equipped with all of these inequalities, let us now move forward towards our objec-
tives. First, combining properties (iv) and (v) from Proposition 3.12, we get that for any
0 € @(Y3), we have

(4.13) #(T3)y,(Q) < (5/,0)_04_53/4/)_04—83/4 < §oa—e /4

Now combining this with the left-hand side of (4.7), we get that

#(T3)y,(Q) S 8767 4y,

The above inequality says that the multiplicity at any point at scale § is bounded by the
average multiplicity multiplied by a negative subpolynomial factor. Let S; be the set of
cubes O € Q(Y3) such that #(T3)y, (Q) > ny,/4.

Claim. We have #S; > 8§61 /14 #Q(Y3).
Proof of claim. We just proved that #(T3)y, (Q) < §677¢*/4 1y, . By definition,

Y. #T3)r,(Q) = py, #Q(Y3).

QeQ(Ys3)
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Now clearly OT)
22¢3 3

> #HTo)r(Q) = ——

Q¢S
Hence we get

—6n— QY
#S,8 67 83/4P«Y3 > Z #(T3)Y3(Q) > MY3T(3)

Q€S

Rearranging the above inequality, we get that #S; = gon+el/ 4#Q(Y3). Thus our claim is
established.

Now we want to show that this set is spread widely across the p-cubes. For this, we
first try to get an upper bound on the number of cubes from §; that lie inside a single
p-cube. Before moving forward, it is useful to keep in mind that the average multiplicities
at scale § and p are roughly 674 and p~94, as reflected in (4.7) and (4.12). Similarly, the
total number of § and p-cubes are roughly §74~* and p®~*, respectively, which follows
from (4.6) and (4.11), respectively. These factors will keep appearing in the following
calculations. Usmg the properties (iv) and (vi) of Proposition 3.12, we have that in any
p-cube O € Q(Y3),

(4.14) S ()N O S wp e/,
TeTs

Here, w is the constant we get from (vi) of Proposition 3.12. More specifically, we have
that ZTGT (7] |Y3(T) N Q| ~ w for each T € T3 and Q € Y5(T). Now, as discussed in
Remark 2. 8 we see that this can be interpreted as saying the “§-mass” inside every inci-
dence pair at the larger scale p is constant, and that constant is w. Therefore, to compute w,
we just need to divide the total §-mass, which is } 7o, |Y3(T)|, by the number of inci-

dence pairs (Q, T) at the larger scale p. Using (2.3), we can see that the number of such
pairs equals p~* ZT&T3 |Y3(T)|. Therefore we get that

4 2TeTs |Y3(T)|.
Zf’e’]’fs |?3(T)|

Combining (4.14) and (4.15), we get that

4.15) w~p

4 ZTGTs |¥3(7) —o4—€3/4 4 o—3p ot 3/4 —0’4—83/4
Y (TN Q| sp ST p
TeTs ZT€T3 |Y3(T)|

In the last step, we used (4.4) and (4.9) to bound the total masses. Note that using the same
logic as in (2.3), we get that the left-hand side equals §* Y 0cod #(T3)y,(Q). Therefore,

ultimately, we get that for any p-cube 0 € @(Y3), we have

(4.16) 3 #(T3)y, (Q) < 574 3ptoi=e’/2,
0cg
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This inequality can now be leveraged to show that not too many cubes from S; can
be packed into a single p-cube. Using the definition of S; and (4.16), we get that the
number of §-cubes of S; inside a p-cube Q is < 8_4_3’7p4_"4_83/2u;31. Let S; be the set
of p-cubes O € @(Y3) such that it has a §-cube from S inside it. Therefore, the §-cubes
of S; are distributed among the p-cubes of S1, without too many allowed to concentrate
into a single p-cube. Furthermore, since #S; > §7T¢*/4#Q(Y3), we get that
56n+s3/4 #Q(Y3) 86n+s3/4 504—4+s3/4

>

~ _ 3 3
#S, > o4—4+¢e>/2 5157]+s /2.

>
5—4—3np4—a4—83/zu;31 N §—4=3n ph—04—e3/2§04—6n P
In the above equation, we used (4.6) and (4.7) to bound @(Y3) and py,, respectively. Also
note that #Q(¥3) < p%*~47¢'/4 due to (4.11). Therefore, we get

4.17) #S) > #Q(T5) pt s15n+e/2,

The above inequality tells us that S consists of most of the p-cubes up to some sub-
polynomial losses. The next step, as we mentioned earlier, is to show that each of these
p-cubes have a lot of p-tubes making angle p with a 2-plane. Recall that for every §-cube
0 € Q(Y3), there exists a 2-plane Hg such that all the §-tubes in (T3)y, (Q) make angle
less than p with it. Therefore, let O € S; with § cube Q € S; contained inside Q Then,
using the upper bound for multiplicity of §-tubes within a p-tube from property (iv) of
Proposition 3.12, we get that the number of p-tubes 7 € (T3)f3 (Q) such that Q C Em[i‘]
is
—04+6

(4.18) > Hys - §—0at6n _ 86n+s3/4p—04—s3/4 > 86n+83/4ﬂ“ )

T (§/p)Toume T (§/pymoame ~ -

Note that we also used inequalities (4.7) and (4.12) to get the necessary bounds on [y,
and Ky respectively. All the p-tubes in the above set make angle < p with the 2-plane Hg
corresponding to Q. Therefore, keeping only such p-tubes among the already selected
p-cubes, we obtain a ¢-refinement (ﬂ"4, )74)p of (ﬁ“3, 1?3)p which is plany (value of ¢ to
be determined next). Furthermore, at the smaller scale, we refine (T3, Y3)s to (T4, Y4)s
canonically as in Definition 2.7 to maintain the covering property.

We have now secured Lemma 4.3, item (b.vi), but because of the refinements we have
done, we need to investigate and fix whatever damage we have done to the other proper-
ties, namely (i), (ii), (iii), (iv) and (v). The good news is that (vi) is stable under further
refinements. The same holds for (i), obviously. Also (iv) and (v) are upper bounds on mul-
tiplicities, so they too are stable under refinements. Therefore, we mainly need to worry
about (ii) and (iii) now. Let us first ensure we have not lost too much mass in our last
refinement. Combining (4.17) and (4.18), we get that

(419) Z |?4(T)| = p4 Z #(’IT‘4)?4(Q~) 2 )0486774-“93/4#(“?3 #@(?3) p838157]+6‘3/2
fe’ﬁlt Q~€§1
2 p7 82 N V(7).
TG?TB



An improved bound on the Hausdorff dimension of sticky Kakeya sets in R* 1247

Note that in the above, we freely used (2.3) to switch between sum over multiplicities and
masses of shadings. Now because items (i) and (vi) of Proposition 3.12 (not to be confused
with item (b.vi) of Lemma 4.3), we have the same refinement factor at both scales p and 4.
This was shown in Remark 2.8. Hence we get

(4.20) Do 1Y) 2 o7 8 Y ys(T)].

TeTy TeT;

Now some of the fat tubes could have low mass inside of them violating (ii), so we
fix that now. Dyadically pigeonhole to get constant density at the scale p by throwing
away some fat tubes. Call the obtained collection (Ts., ¥s) o and again refine (T4, Y4)s to
(Ts, Ys5)s canonically to maintain the covering property. Since we have the same refine-
ment factor at both scales (again from (vi) of Proposition 3.12), the collections (Ts5,Ys5)s
and (Ts, Ys) o are refinements of (T4, Y4)s and (T4, Ys) 0» tespectively. Therefore

& §22n+¢° g3 023n+¢3
AGIE Lrers Vsl 78 Lrer [Y(T)] 078

= 1-n—e3/4
TeTs[7] #Ts #T5 p

Then, after unit rescaling, we get

S P () 2 ez g o ()

Fet P
The last inequality follows from the fact that p > 817¢. Hence by choosing 1 sufficiently
small, we can obtain ) _+ 4 |Y(T)| > (8/p)*, which establishes (iii). Now we just need to
make sure (ii) holds. This is not too hard to ensure, as we have been keeping track of how

much mass we have been losing at scale p, and its just a few logarithmic or subpolynomial
factors. Therefore, using (4.19), we get that

Z |V5(T)| = p2°§21n+e’ > p2e? p@inted)/e

TeTs
Here we used that p < §° in the last inequality. By choosing 7 sufficiently small, we
can ensure that Yz |Vs(T)| > pf, which establishes (ii). Therefore, (Ts, ¥s)5 and

(Ts, Ys) o satisfy properties (i) to (vi) of the lemma. Now we just need to compute the
refinement factor of (Ts, Y5)s. Using (4.20) and (4.9), we have

3 ¥s(T)| 2 78R Sy (1)| 2 823 N v ().

TeTs TeT TeT

Therefore, we get that (Ts, Y5)s is a §231+2¢° refinement of (T, Y)s. At last, all the
required properties are now established and the proof is complete. ]

Remark 4.4. We can replace 1 with anything smaller and ¢ with anything bigger and
the result will still hold. This flexibility will be useful for us later on, in the proof of
Theorem 3.10 in Section 6.
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5. Previous Kakeya-type estimates in R*

5.1. Technical preliminaries

Before we state the pre-existing Kakeya-type estimates in R*, we need to discuss some
technicalities. First, let us make a couple of definitions. The definitions in this section are
from Section 2 of [14].

Definition 5.1 (Two-ends condition). Let (T, Y)s be a set of §-tubes and their associated
shading. We say that (T, Y)s is (¢1, C1)-two ends if forall T€ T and all § <r < 1, we
have

#O:0 CY(T)NB(x,r)} <r1CiAy 6!

for all balls B(x,r).

Intuitively, this condition says that the shading is not concentrated in any r-ball but
spread across both ends of the tube. The two-ends condition is valuable because collec-
tions of tubes which satisfy this condition tend to be easier to manipulate. Next, we make
another definition.

Definition 5.2 (Robust transversality). Let (T, Y)s be a set of §-tubes and their associ-
ated shading. We say that (T, Y)s is (g2, Cp)-robustly transverse if for all §-cubes Q, all
vectors v, and all for all § < r < 1, we have

MTeTy(Q): Lw(T).v) =r} =r?Cypy.

This property blocks too many tubes passing through a point from concentrating
around a particular direction. In other words, the tubes passing through a point have trans-
verse directions. Both of these conditions are used frequently in the research literature.
The reason we made these definitions here is because both of these conditions occur as
hypothesis in the planebrush bound (Theorem 5.5) of Katz—Zahl [14].

We would like to apply this planebrush result to extremal collections of tubes. Hence,
to do this, we need to show that extremal collections satisfy both two-ends and robust-
transversality conditions. Property (c) of Definition 3.1 will help us obtain the two-ends
condition without much difficulty. However, obtaining the robust-transversality condi-
tion is a bit more challenging. We will need to use Proposition 3.12 for this. Wang and
Zahl [16] used this very proposition to show robust-transversality at angle 6° for extremal
collections at scale § (Lemma 3.4 in [16]). We adapt their approach to obtain robust-
transversality for all angles § < r < 1.

Lemma 5.3. For all ¢ > 0, there exist n > 0 and 8¢ > 0 with the following property.
Suppose that (T, Y)s is an n-extremal collection of tubes with § < 8g. Then there is
a 8"-refinement (T',Y")s of (T,Y)s which is (1, 87*")-two ends and (o4, §737173¢)-
robustly transverse.

Proof. Let N = 1/¢. Choose 1 small enough so that N7 works for ¢ in Proposition 3.12.
Let p; = 8 = §'/N. Apply Proposition 3.12 with this as value of p to get a refinement
(Ty,Y1)s and a cover (T, 17),)1 . Since the resulting collection (T, 17),,1 of tubes are essen-
tially distinct, the collection {7 € (T1)y, (Q) : Z(v(T'),v) < p1} must be covered by O(1)
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p1-tubes from T. Now using item (v) of Proposition 3.12, we get

#HT e(T)y,(Q) : Z((T),v) < p1} < (8/p1) 7+ *.

The refined collection (Ty, Y1)s is 2n-extremal, so we can apply Proposition 3.12 again
to get a refinement (T, Y)s with p, = §2/N . Again, we get

#HT e (T2)y,(Q) : L(T),v) < pa} < (8/p2) %7,

We keep doing this until we finally get a refinement (Txy_1, Yn—1)s, With py_; =
SIN=D/N — s1-¢ jygt like before, we eventually obtain

#H{Te(Tn-1)yy,(Q): Zw(T),v) < pn-1} S (8/pn-1)"""".

Let us call this final collection (T, Y’)s. Then as upper bounds are preserved under refine-
ments, we get

) § \—ou—
BT eTH(0): LW(T).v) <8/} < <5W) T =1, N—1

We have thus obtained an upper bound for a sequence of angles.
Next, suppose that §UTD/N < p < §//N for j =1,...,N — 1. Then

#{T € Ty (Q): L(w(T),v) < p} < (8]%)_04_6 S (M_Ll/zvym_e
§\—oa—e —04—¢ S\ o
<(p) e () e

Therefore, we have now obtained an upper bound for angles p € (8, §'/V]. We need to
consider §1/¥ < p < 1 separately. In this case, combining (iii) and (iv) of Proposition 3.12,

we get

T eTH(0): L(T).v) < p} S5 < (%)_04_88‘25.

We used similar manipulations here as in the previous computation. Therefore, we finally
have

5.1) #{Teir;/(@:z(v(r),v)sp}s(%) T2 forall pe (5, 1).

Because we did N = 1/¢ refinements, we get

S @iz (logg) Y L

TeT’ TeT

By choosing 8y > 0 sufficiently small, we can guarantee that

1\—C/¢
(log g) > 87, forall § (0, 8).
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Therefore, (T',Y’)s is a 6" refinement. Further, we have the following lower bound on its
average multiplicity:

— ZTGT’ |Y/(T)| > 82 — 8_U4+377,
|UT€T’ Y’(T)| ~ §os—n
Combining (5.1) and (5.2), we get that
#T eTy(Q): L((T),v) < p} < p* 83 uy:.

(5.2) ny’

Hence we have established that (T’, Y')s is (04, 873"73%)-robustly transverse. Further
note that (T’, Y')s is 2n-extremal, therefore Ay > 8§47 by (3.6). This finally gives us that

#HO:0CY'(T)NB(x,r)y <r8 P <r8 Ay 670

Hence we get that (T’, Y”); is (1, §~*7)-two ends. This completes the proof. |

5.2. Guth-Zahl’s trilinear Kakeya estimate

Trilinear Kakeya gives a dimension bound of 3.25 for collections of tubes in which most
triples of tubes passing through a common point have direction vectors pointing in (quan-
titatively) linearly independent directions (see Figure 1). An estimate of this kind was first
proved by Guth and Zahl in [9]. The following is the version which is stated in [14] as
Corollary 3.6.

Theorem 5.4. For each ¢ > 0, there exists a constant c, so that the following holds. Let
(T,Y)s be a set of §-tubes in R* that point in §-separated directions and their associated
shading. Suppose that for each Q € Q(Y), we have

#{(T1,T>. T3) € Ty (Q)* : [vi Ava Avs| > 0} > s(#Ty(Q))>.
Then

‘ U Y(T)) > 0, 65594 2134 §3/4 9 (534T)1/4.
TeT

5.3. Katz—Zahl’s planebrush estimate

As we have mentioned earlier, the planebrush is a geometrical object which is a higher
dimensional analogue of Wolff’s hairbrush [17]. Both of these objects are represented
pictorially below (Figure 7).

The planebrush argument gives a bound of 10/3 for plany collections of tubes in R*
as we shall state precisely now. Note that this is due to Katz and Zahl [14], and occurs as
Proposition 5.3 in their paper.

Theorem S5.5. Let0 <p <1.Let 0 <&y <&y < 1. Let Q be a set of p-separated directions.
Let (T,Y), be a set of essentially distinct plany p-tubes and their associated shading.
Suppose that

o there are ~ (#T)/#S2) tubes from T pointing in each direction v € Q,
« (T, f’)p is (g1, C1)-two ends,

« (T, Y)p is (€3, Cp)-robustly transverse.
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Vol e

Figure 7. (Left) Hairbrush configuration. (Right) Planebrush configuration. We use lines instead of
tubes for simplicity.

Then for each € > 0, there is a constant ¢ > 0 (depending on &, €1, €3) so that
‘ U f}(f)‘ > CC1—1/61 C2—2/82p%;17/3p2/3 (p3#52)1/3(p3#ﬂ“)2/3.
TeT

We now have all the ingredients we need to prove Theorem 3.10, so we do this in the
following section.

6. Proof of Theorem 3.10

For the reader’s convenience, we recall Theorem 3.10 here.

Theorem 3.10. Let n = 4. Then, for every ¢ > 0, there exist a constant c; > 0 and n > 0
such that V(n,8) > ¢ 83/4%. That is, whenever (T, Y)s is an n-extremal collection of

tubes in R*, we have
‘ U Y(T)‘ > ¢, 834+,
TeT

We shall be proving the above statement in this section. As we saw in Section 3, the
above theorem implies Theorem 1.2. We recall it as well.

Theorem 1.2. Sticky Kakeya sets in R* have Hausdorff dimension at least 3.25.

Thus, all that remains to be done is prove Theorem 3.10 using all the ingredients from
previous sections. The reader may wish to take a moment to revisit the sketch we made in
Subsection 1.1 before diving into the following rigorous proof.

Proof of Theorem 3.10. We will use induction on scales to prove the theorem. Let us fix
g9 > 0. We now need to find n* > 0 so that

(6.1) V(n*,8) > cgy 83470

We shall find such an n* after a sequence of steps. First let &1 and &, be small positive
constants such that
€0

(6.2) g < %0 and & < 200"
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Next, let N be the smallest positive integer N such that 4/N < g¢. Further, let ny be a
small positive constant such that

£004

(6.3) T < o3

The reasons for these conditions will be clear later in the proof. Next, we iteratively choose
a decreasing sequence of small positive constants 71, 12, . . . , nx such that if you take any
consecutive pair (1;, j+1), then they work as ¢ = n; and n = ;4 for both Lemma 4.3
and Lemma 5.3. In particular, we will have no > n; for any i. With these constants now
fixed, let us begin the induction.

Formally, our inductive statement for j € {1,2,..., N} is the following: there exists
¢j > 0 (independent of §) such that V(. §I/NYy > cj84/N(8j/N)3/4. If we plugged in
Jj =1, we get the statement: there exists ¢; > 0 such that

(6.4) V(. 8YN) > ¢y (8Y/N)*75,

This statement is not hard to prove since the exponent 4.75 is quite high considering we
know that Kakeya sets in R* have dimension at least 3. More precisely, using property (c)
of Definition 3.1 along with (3.5), we get the following: if (T, Y )z~ is an 1;-extremal
collection of tubes, then there exists a tube 7 € T such that |Y(T)| > (§/N)3+2m In
particular, this proves (6.4) and therefore, the base case is done.

Now suppose that there exists ¢; > 0 such that

V(n;, gj/N) > ¢j §4/N (8j/N)3/4_
We will show that this implies that there exists ¢j 11 > 0 such that
V(nj+1,5(j+l)/N) > cj+184/N(8(j+1)/N)3/4.

Once we show this, the proof of the inductive step will be complete. After N steps in the
induction, we will finally prove the statement for j = N, thatis, V(ny,8) > cn8 3/4+4/N
This implies (6.1) with n* = ny and completes the proof of the theorem. Therefore, all
that’s left to do now is prove the inductive statement. _

First, we define some useful notation. We will denote § = §U /N and p = §1/N . In
terms of this notation, we are given V(n;,8p™1) > ¢, §*/N (§p=1)3/* and we need to show
that V(n; 41, g) > Cj+154/N(§3/4.

Let (T, Y); be an n;41-extremal collection of §-tubes. We now apply Lemma 4.3
with e = 7; and p = §1/N  We have p € [gl’"f, g”f] since j + 1 > 2. Having applied
Lemma 4.3, we could be in the case (a) or the case (b). Let us suppose we were in case (a)
first, then we can use our trilinear Kakeya bound. Specifically, applying Theorem 5.4
with ¢; in place of &, we get

‘ U y(T)) > ¢, 851 (§4n+1)13/453/4 2 (Fniv)1/4 5 ¢ g13nw1+(nje1)/4ker 52/N §3/4
TeT
> e, (514710)(561)52/N 33/4 > ¢, (81/N)(81/N)52/N 33/4'

In the last inequality, we applied our conditions (6.2) and (6.3).



An improved bound on the Hausdorff dimension of sticky Kakeya sets in R* 1253

Thus, we get the bound | pep Y(T)| = ¢;+184/N §3/4. This finishes the trilinear case
(corresponding to Figure 1).

Next we need to deal with the more complicated “weakly” plany case (see Figures 2
and 3), which corresponds to case (b) in Lemma 4.3. In this case, we obtain a plany
n;j-extremal collection (T, 17) o at the larger scale p. By Lemma 5.3, we obtain a p -re-
finement (T”,Y"), of (T, Y), whichis (1, p~*"%)-two ends and (a4, p~>" 173" )-robustly
transverse. Now we can apply the planebrush bound to the plany 27;-extremal collection
(T', Y o- More specifically, we apply Theorem 5.5 with &5 in place of ¢; 1 in place of £1;
and o4 in place of €,. Then, we get

‘ Ura )’ > oy ¥ (3TN TR0 g2 (01 )43 213 gy
TeT
(6.5) > cq, p1477j+6(77j+77j—1)/04+€2 p2/3.

We will connect what is happening across different scales using bounds on multiplicities.
To this end, let us now work towards translating the above inequality into an upper bound
on the average multiplicity uy. We have

(6.6) ny| U P~ 19I5,
TeT TeT
Combining inequalities (6.5) and (6.6), we get

6.7) [y < Cep p—1577j—6(77j+77j—1)/04—82 ,0_2/3.

Now let us get an upper bound for the multiplicity of p-tubes through any point. For this,
we use the following inequality:

Zf‘é'ﬁ‘ |Y(T)| > pnj > ,—04+2n;
|Uger Y(D)] 7 p%7 7~ '

Note that property (iv) of Lemma 4.3, along with the above inequality, gives us that
#T5(0) S p " Sugp.

Plugging this into (6.7), we get that

ny =

(6.8) #TY(Q) < e p_lsnj_6(7ij+77j—l)/04—52 p—2/3.

At the finer scale, Lemma 4.3 tells us that the unit rescaling of (T’ [T].Y") 5 relative
to T is an nj-extremal collection of § o~ !-tubes and has constant multiplicity fife. Note
that V(n;, § p~1) is in particular a lower bound over the volumes of unions of 7;-extremal
collection of tubes at scale § p~ L. Combining this fact with an inequality like (6.6) at the
scale §p~!, we get that

- 8N\~ s
(6.9) #1710 5 (5) " vy o7
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Combining inequalities (6.8) and (6.9), we get

8\~ ~
pyr < 682,0_18""_6("’+"j")/a4_€2p_2/3(;) "V, 8o

Now let us convert this to a lower bound on the volume of union of tubes. We have

pr| | Y|~ 3| = §et
TeT’ TeT’

since (T',Y')z isa §23i+1+27] efinement of (T, Y);. Therefore, linking this with above
inequality we get

“24n; ) . S\ ~
‘ U Y(T)‘ > 682824n,+1+2n]3 I8N +601j+1-1)/ou-+es p2/3<;) J V(ng.5p~")
TeT

> cp, § 24N H1H20] 1804600 +nj-1)/0uter ;2/3 ( % )"-" ¢; 84N (§p1)3/4

— . . . 5 : 3 . 3
> g, ¢; (p 3/ ATRIHNIN 6y +nj-)/oucker F24nj 41420} ) 54/N §3/4

(6.10) > Co,C; (p—1/12+23(7‘]j+T]j_1)/0'4+82 82477]+1+37]j)84/N(§3/4.

We used the inductive hypothesis, namely V(n;,80") > ¢; 6%/~ (§p=1)%/4, in the second
line of the above series of inequalities. Next we would like to show that the bracketed
expression is greater than or equal to 1. Informally, this will happen because the p~1/12
term in the bracketed expression is large enough to absorb the subsequent terms. We now
prove this fact formally. Substituting p = §/¥ into the bracketed expression, we get that

p—1/12+23(7lj+7lj71)/0'4+32 §24nj+1+3n; — (51/N)—1/12+23(71j+71,/—1)/U4+€2 §241;+1+3n;

> §LR(1/12423(; +nj-1)/0a+e2)] g24n;41+31;

Thus, we have reduced the bracketed expression to a power of §. Further analyzing the
exponent of §, we get that
o 46 No 27 No

-——+ e+ —
50 O4 2 04

( g0 ) ( g0 100170>
—N\—=—)——— .
100 2 \100 o4

The first bracketed term is positive because of condition (6.2) and the second bracketed
term is also positive due to the condition (6.3). Thus, we have shown that the bracketed
expression in (6.10) is bounded below by a negative power of §, in particular it is greater

than or equal to 1. Hence, we get that \ Urer Y(T)| > cj+184/NS3/4. Therefore, in either
the trilinear case (a) or plany case (b), we get the required bound. Thus, we can conclude

IA

e 1 23(n;+ny-
[_0(_1_+ (nj +nj-1) |

24n; 3n;
1 ) o 82)]+ Nj+1+3n;

V(1j41.6) > ¢j4184N 834,

This completes the proof of the inductive step and hence the whole theorem. ]
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