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On the stability of holomorphic families
of endomorphisms of P*

Frangois Berteloot and Xavier Buff

Abstract. In the context of holomorphic families of Pk endomorphisms, we show
that various notions of stability are equivalent. This allows us to both extend and
simplify the architecture of the proof of certain results of Berteloot—Bianchi—-Dupont
(2018).

1. Introduction and results

A holomorphic family of degree d > 2 endomorphisms on P¥ | parametrized by a com-
plex manifold M, is a holomorphic map f: M x P¥ — M x P¥, of the form (A, z) —
(A, fa(z)) such that d > 2 is the common algebraic degree of the maps f) as endomorph-
isms of PX.

For such families, the simplest notion of dynamical stability concerns repelling cycles
and is referred to as weak stability. We are going to define various versions of it. For
every integer n and every parameter A, we denote by R, (1) the set of n-periodic repelling
points of f; which belong to the Julia set of f;. Let us recall that, by the Briend—Duval
equidistribution theorem [9], | R, (1)| ~ d*” for every A € M.

Definition 1.1. A family f is said partially weakly stable if there exists a sequence of
trivial holomorphic laminations (£]),en in M X P* such that
LI N ({Ay x PX) € R,(A) forevery Ae M, f(LL) C Lh,

and 1imsup|£,’1|d_k” > 0.
n

Such a family is said asymptotically weakly stable if, moreover, lim,, |£7 |d —kn — 1, and
weakly stable if L], N ({A} x P¥) = R, (1) forevery A € M.

Roughly speaking, weak stability means that all repelling cycles move holomorphic-
ally. In dimension k = 1, Mafié-Sad-Sullivan [13] and, independently, Lyubich [12], have
shown that weak stability is equivalent to the existence of a holomorphic motion of the full
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Julia sets. One of their main tool is the so-called A-lemma. Combining this lemma with
the ergodicity of the equilibrium measure of f), one may see that partial weak stability is
actually sufficient [2].

In higher dimensions, the classical approach fails and new tools have to be introduced.
This has been done in [3] where, in particular, a probabilistic notion of stability called
p-stability has been defined (see Section 2). It is proved in [3] that the notions of weak
stability and p-stability are equivalent within the full family Hy (P¥) of degree d holo-
morphic endomorphisms of P, or within arbitrary families of endomorphisms of P2.
Using further techniques, Bianchi [7] proved the equivalence of asymptotic weak stability
and p-stability in any dimension and in the more general setting of holomorphic families
of polynomial like mappings with large topological degree.

Our aim in this note is to prove the equivalence of the notions of weak stability and
wu-stability. Our main results are the following. In Section 3, we prove the following.

Proposition 1.2. Let M be a simply connected complex manifold and let f: M x P¥ —
M x P¥ be a degree d > 2 holomorphic family of endomorphisms of PX. If f is ju-stable,
then f is weakly stable.

Combining the above result with some of [3] and [4], we then show in Section 4 that
all the notions of stability are equivalent when the parameter space is simply connected
(see Theorem 4.1 for a complete set of equivalences).

Theorem 1.3. Let M be a simply connected complex manifold and let f: M x Pk —
M x Pk be a degree d > 2 holomorphic family of endomorphisms of P*. Then

fis u-stable <= f is weakly stable <= f is partially weakly stable.

Finally, we should mention that the above result also covers the fact that the bifurcation
of repelling cycles is a chain reaction in the sense of [2].

2. Equilibrium webs, laminations, and pu -stability

In all this section, f is a given degree d holomorphic family of endomorphisms of P¥. The
critical set of f is denoted Cy and, for each parameter A € M, the equilibrium measure
of fj is denoted w, while its support, the (small) Julia set of f}, is denoted Jj.

We endow PX with the spherical distance dpx and the space O(M, P¥) of holo-
morphic maps from M to P* with the distance dyioc of local uniform convergence, which
makes (O(M, P¥), duoc) a complete separable metric space. The graph of y € O(M, P¥)
is denoted I';,. The holomorphic map f clearly induces a continuous selfmap

F: O(M,P*) - O(M, PF)
which is defined by
F-y(A) = fa(y(A)) foranyy € O(M, IP’k) and A e M.
We will also use the evaluation maps

es: O(M,P*) — Pk
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defined by
ex(y) :==y() foranyye O(M,]P’k) and A e M.

An important role is played by the two following (possibly empty) closed F-invariant
subspaces of O(M, P¥):
J:={ycOM.P* :y(A) e J,, Vie M},
Js = {V €d:Tyn (Umzof_m(Unzofn(Cf))) # ®}~

As we shall see, the p-stability of the family f amounts to say that there exists an
ergodic dynamical system of the form (J, M, F) which does not interact with the critical
dynamics of f.

Definition 2.1. An equilibrium web for the family f: M x P¥ — M x P is a probability
measure M on O(M, P¥) such that:
(1) FIM =M,
(2) suppM is compact in (O(M, P¥), duoc),
(3) (en)sM =y, YAeM.
An equilibrium web M is said acritical if M(Js) = 0, and ergodic if the dynamical
system (O(M, P¥), F, M) is ergodic.
An equilibrium lamination for the family f: M x PK — M x Pk is a relatively com-
pact subset £ of J such that
(1) Ty NI, = @ for every distinct y, y’ € L,
(2) pup{y(d) :yel} =1forevery Ae M,
(3) T, does not meet the grand orbit of the critical set of f for every y € £,
(4) themap F: L — L is d¥ to 1.
An equilibrium lamination is said subordinated to an equilibrium web M if M(L) = 1.
A family f is said to be u-stable if it admits an equilibrium lamination.

It turns out that every equilibrium web is supported in J (see the comment after Pro-
position 2.3 in [4]). Let us also mention that Bianchi and Rakhimov [8] have recently
shown that the p-stability, i.e., the stability of the maximal entropy measure, implies a
similar property for all measures with entropy strictly bigger than (k — 1) Ind.

The interplay between equilibrium webs and laminations is given by the following
fundamental result from [3].

Theorem 2.2. Let M be a simply connected complex manifold and let f: M x Pk —
M x Pk be a degree d > 2 holomorphic family of endomorphisms of P*.

(1) If f admits an acritical and ergodic equilibrium web M, then there exists an equilib-
rium lamination L for f which is subordinated to M, and moreover, M(LAL") =0
for any other equilibrium lamination L' of f;

(2) if f admits an equilibrium lamination L, then there exists an acritical and ergodic
equilibrium web M of f to which £ is subordinated.

The first assertion is Theorem 4.1 of [3], the second one is only implicit there and we
thus prove it below.
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Proof. Pick yg € £ and, for every n € N, set

e
Moo= 3 d™ 37 8

i=1 Foig=y,

Then any weak limit M of (M,,), is an equilibrium web for f (see Proposition 2.2 of [3]).
We will show that M yields an acritical and ergodic equilibrium web for f to which £ is
subordinated. Let us first check that for every k € N and every y € suppM, one has

T,NfKCH#0 = T, C fRC).

Indeed, if this were not the case, by the Hurwitz theorem, we could find some n € N and
some o € suppM,, such that Ty N f°¥(Cy) # @, and therefore f°CTK)(C,)NT,, # 0
for some i < n which, as yy € £, is impossible.

Now, for any fixed Ao € M, we get

M({y €3:Ty N (Ukzo/(Cp)) # 0)) = M({y € 3: Ty C (Ui /(C)})
<M({y €3 (Ao ¥(A0)) € (Up»0/F(CP)}) = (€1)«M Upo /X (C;, ) = O,

where the last equality follows from the fact that (e;,)«M = p;, gives no mass to pluri-
polar subsets of P*. Then M(J,) = 0 follows from the F-invariance of M and therefore,
according to Proposition 2.4 of [3], M can be replaced by an acritical and ergodic equilib-
rium web, which we still note M.

By the first assertion of Theorem 2.2, there exists an equilibrium lamination £’ of f
such that M(£') = 1 and M(LAL') = 0. It follows that M(£) = 1. [

3. Proof of Proposition 1.2

Let £ be an equilibrium lamination for f. According to the second assertion of The-
orem 2.2, £ is subordinated to an equilibrium web M. Let Ao € M and z¢ € J;,, be such
that z¢ is p-periodic and repelling for f;,. Without any loss of generality, we may assume
that p = 1. According to Lemma 2.5 of [3] , there exists yo € J such that yo(1¢) = zo,
F(yo) = Yo and po(A) is a fixed repelling point of f; for A sufficiently close to Ag. We
must show that yo(A) is repelling for every A € M.

We proceed by contradiction. If this is not the case, then there exists A; € M such that
at least one of the eigenvalues of f; . (v0(A1)) has a modulus smaller or equal to 1.

The fixed point y4(21) is non-repelling. Let us first show that after possibly moving 4,
a little, it becomes hyperbolic, which means that all the eigenvalues of £} (yo(11)) avoid
the unit circle in C. Let

Z = {(A. w) e M x C : det(f{(yo(A)) — w id) = 0}.

The canonical projection mp: Z — M has degree d for some d < k and is such that
min, i) lw| < 1. If min, i ;) |lw| = 1, we cannot have min, 1 ;) |lw| > 1 on some
neighbourhood of A;, since otherwise the maximum modulus principle, applied to the
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restriction of the function 1/w to Z, would imply that w is constant on the branch of Z
where |w(A1)| = 1 and, in particular, minn;ll (ho) lw| = 1. We may thus slightly move 1,
so that minﬂﬁ—/ () lw| < 1 and 7 has exactly d distinct preimages at A1.

Now, 3, (1) is given by the graphs of d holomorphic functions w; (1) above a small
neighbourhood of A; and, since minnn—ll (o) lwl > 1, any function w; is not constant
if |{wj(A1)| = 1. Thus, after possibly moving A; again, yo(A1) stays non-repelling and
becomes hyperbolic.

Let W be the local unstable manifold of £, at yo(A1). It is a proper analytic subset of
some neighbourhood of yo(A1) in P¥. Let

Q1= {zePk: dpi(z,20) < @}
be a neighbourhood of zg in P*, and let Lo and £ be the following subsets of L:

Lo :={y €L :y(ho) € o} = €5} () N L,

Ly:={yekL:IneN suchthat y(A1) € f" (W)} = | e (S W) N L.
neN

Let us show that
M(Lo) >0 and M(le) =0.

As M(L) = 1, we have

M(Lo) = M(e;} (R0)) and M(L1) < > Mley (S (W)).
neN

Since zg € J,,, we have
M(Lo) = (eay)+M(Q0) = 2,(20) > 0.

Since ., gives no mass to pluripolar sets,

Mex, (S W))) = (ea)« M W) = pa, (f (W) =0

for every n € N and thus M(£1) = 0.

Now, the expected contradiction will be obtained by showing that, for €2 suitably
small,
Lo C L.

As f;, is repelling at zo, there exist 0 < a < 1, ro > 0, a neighbourhood Vp of A
in M, and an inverse branch ¢: To — Ty of f which is defined on the neighbourhood

To :={(A.2) € Vo x P : dpi (2, yo(L)) < ro}
of (g, zp), such that

(3.1 dpr(Yo(A). ¢(4.2)) < adpi(yo(A).2) V(A,z)€To.
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Owing to the equicontinuity of the family £, we may take the neighbourhood Vj of A4
and the neighbourhood ¢ of z¢ small enough so that

(3.2) Vyel,VieVy, y(ho)eQy = (A,y(1))eT.

Let y € Ly. It follows from (3.2) and the definition of £ that the map A — ¢(A, y (1))
is well defined on V. Now, since the map F: L — £ is d¥ to 1, this implies that there
exists y_q € £ such that (A, y(1)) = y—1(X) on V5. By (3.1), one sees that y_; actually
belongs to L. We may thus iterate this construction and find a sequence (y—p), in Lo
such that F°*(y_,) = y and lim, y_, (1) = yo(A) for every A € V. By analyticity, and
equicontinuity of £, this implies that lim,, y—, (1) = y¢(1) for every A € M and, in partic-
ular, that lim,, y—, (A1) = yo(A1). This is only possible if y_, (A1) € W for n big enough,
and thus y € £;. We have shown that £y C £;. [

4. Proof of Theorem 1.3

We shall actually present the following more complete result, which combines the above
Proposition 1.2 with results of [3] and [4].

Theorem 4.1. Let f: M x Pk — M x P* be a holomorphic family of endomorphisms of
degree d > 2 on P* parametrized by a simply connected complex manifold M. Then the
following assertions are equivalent:

(1) L is pluriharmonic on M,
@) £ Colllyxpre = O@dE D) for every U € M,

(3) the ramification current

Ry = "d ™ " (fo").[f(Cp)]

n>0

converges on M x Pk,
4) f is p-stable,
(5) f is weakly stable,
(6) f is asymptotically weakly stable,
(7) f is partially weakly stable.

Let us recall that [Cy] denotes the current of integration on the critical set Cy of f,
and that the Lyapunov function

LY = / AT
]pzk

is p.s.h on M ([1]) and coincides with the sum of the Lyapunov exponents of the ergodic
dynamical system (Jy, fa, ia).

One of the main threads in the proof of the Theorem 4.1 is that the stability properties
of f are encoded by the function L, from which they can be extracted using the following
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two formulas:
(ddL-formula)  dd°L = my«((ddj ,g(A,2) + wpi)® A [Cr]),

(approximation formula) L(A) = limd %" E In |Jac f3 (2)].
n
ZERL(A)

The first formula has been obtained by Bassanelli and Berteloot in [1]; it generalizes
similar formulas in dimension one due to Przytycki [15] and Manning [14] for polynomi-
als and DeMarco [10] for rational functions. It might be useful to stress that g(A, ) is the
Green function of f; and that

1 = (ddfg(r,z) + wpi)*

(see [11], p. 176).

The second formula was proved by Berteloot, Dupont and Molino in [6], and a sim-
plified proof, avoiding difficulties due to the possible resonances between the Lyapunov
exponents, has been given by Berteloot and Dupont in [5].

Let us now enter into details. The implications (2) = (3) and (5) = (6) = (7) are
obvious. Note that the convergence of the positive current Ry means that every point in
M x P* admits a neighbourhood U such that the series

D gd ™ (oL Co

n>0

converges.

(1) = (2) follows immediately from the following estimate, which is a direct con-
sequence of the dd€ L-formula (Lemma 3.13 of [3]). There exists a positive constant o,
only depending on k and dim¢c M, such that

| £21C Ny wpr = @d*" |dd° L]y + O@*=D")

for every relatively compact open subset U of M.

(3) = (4). This is based on the key result of [4]. Namely, the convergence of the rami-
fication current implies that any Ao € M has a neighbourhood Dy such that the restricted
family f|p,«p« admits an acritical equilibrium web M (see Theorem 1.4 and Lemma 2.4
of [4]). Then, by Proposition 2.4 in [3], this web can be assumed to be ergodic, and
thus f|p,xpr admits an equilibrium lamination (Theorem 2.2.) As M is simply con-
nected, f itself admits an equilibrium lamination.

(4) = (5) is Proposition 1.2.

(7) = (1). This has been proved in [2]; we reproduce here the argument. By the
Banach—Alaoglu theorem, there exist a subsequence (n4), and a compactly supported
positive measure M of mass T on O(M, P¥), such that

. 1
lgnm Z 8, =M and O0<t=1.
y€Lhy,
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We now fix A € M. By the Briend—Duval theorem ([9]),
lirfnd_k" Z 8, =y,

z€RZ(A)
and setting 0, := e .M, we have
D DI
z€Lh,(A)

The positive measure 0, is f)-invariant, of mass t, and o) < p . Writing
o -0
i = (2) +a-0 (%),
T -1
we deduce from the ergodicity of u, that o = tu ). Now, setting

Lr(A) == LN (A xP*) and R, (L) == R, (A)\ L2 (),

we get
1
lim —— E 8, = (1 —1)uy.

q dknq
2€Rp, (A)

Let In, be a family of smooth functions on [0, +oo[ which converges pointwise to In
and such that In; > In. Then

1
r/ Ing [Jac fi| uy = / Ing [Jac f3| o) = lim —— Z Ing |Jac f(2)|
Pk Pk q dknq
zeLh, (M)

) 1
> hmqsup Ty Zr: In [Jac f3 (z)]
zEL‘,nq()L)

and, making ¢ — O,
. 1
T L(A) > limsup Ty Z In |Jac £ (2)|.
q r
z€L5, ()

Similarly, we have

(1—1)L(A) > limsup L Z In |Jac £ (2)|.
q

kn
i zeRy, (A)
On the other hand,
. 1
lim > Inflacfy(z)| + i > Inflacfi(z)] = L(A)
zeLh, (A) z€Ry, (A)

by the approximation formula. Thus,
) 1
tL(A) = hén Ty Z In |Jac £ (2)],
z€£§,q 1)

which makes L appearing as the pointwise limit of a locally uniformly bounded sequence
of pluriharmonic functions. The function L is therefore pluriharmonic on M. ]
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