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Stratifying systems via a nested family of torsion pairs

Edson Ribeiro Alvares and Matheus Vinicius dos Santos

Abstract. In this paper, we introduce the notion of a nested family of torsion pairs.
We show that every stratifying system induces a nested family of torsion pairs and,
conversely, that such a family together with a suitable object gives rise to a stratifying
system; in particular, every stratifying system arises in this way. As an application,
we present a stratifying system of infinite size that cannot be indexed by (N, <),
where < is the natural order.

1. Introduction

Stratifying systems were introduced by K. Erdmann and C. Sdenz in [17] as a tool to con-
struct, for a finite-dimensional algebra A over an algebraically closed field k, an A-module
whose endomorphism ring is standardly stratified. This original definition is known in
the literature as an Ext-injective stratifying system. Subsequently, E. Marcos, O. Men-
doza, and C. Sdenz proposed in [19] a new definition. In the present work, we consider a
generalization where the indexing set is an arbitrary totally ordered set (G, <) (see Defini-
tion 4.1). The definition of Marcos, Mendoza and Séenz is equivalent to the one presented
here in the special case where G is the finite set {1,...,¢}.

While the category of modules filtered by an exceptional sequence is equivalent to the
subcategory of modules filtered by standard modules in the category of a quasi-hereditary
algebra, see Theorems 1.6 and 1.7 in [17], the category of modules filtered by a stratifying
system is likewise equivalent to the subcategory of modules filtered by standard modules
in the category of modules over a standardly stratified algebra, see Theorem 1.6 in [17].

Furthermore, the homological properties of these stratifying systems play an impor-
tant role in the context of quasi-hereditary and standardly stratified algebras [13, 15].
Consequently, stratifying systems have attracted considerable interest from researchers
in representation theory. Given a stratifying system, it is well known that the full subcat-
egory consisting of the zero module and all modules admitting a filtration by this system
is closed under direct sums and direct summands. In this regard, the pioneering work of
V. Dlab and C. Ringel [16] serves as a foundational reference. Another important approach
was presented by I. Agoston, V. Dlab and E. Lukdcs in [2], where they proved that, given a
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finite-dimensional algebra, there exists a unique basic algebra which is filtered by standard
modules, and the subcategories of filtered modules for both algebras are equivalent.

In the structural analysis of the subcategory of filtered modules, the existence of a
stratifying system plays a central role. Ringel [21] showed that this subcategory is functo-
rially finite in the sense of Auslander—Smalg [5] and that it admits almost split sequences.
More recently, Bautista, Pérez, and Salmerdn [7] furthered this line of research by describ-
ing the structure of such sequences and proving that the category of filtered modules can
only have one of the following representation types: finite, tame, or wild.

Given a set of modules, to verify whether it forms a stratifying system, it is often
sufficient to directly check whether certain morphism properties and extension conditions
hold. Nevertheless, an important question is how to find a stratifying system. Despite
significant advances, with the exception of hereditary algebras [11, 12], little is known
about the existence of non-trivial stratifying systems (defined by the standard modules)
in arbitrary algebras. An important first step in this direction was made by O. Mendoza
and H. Treffinger [20], who demonstrated that it is possible to construct new stratifying
systems with indecomposable direct summands from a certain quotient of a t-rigid mod-
ule, see Theorem 3.4 in [20]. However, since a basic 7-rigid module M has at most |A]|
direct summands (Proposition 1.3 in [1]), the size of a stratifying system induced by M
is bounded by |A|, see Theorem 3.4 in [20]. This technique forms the foundation for the
central idea we introduce in this paper. Specifically, from these stratifying systems, we can
generate what we call nested families of torsion pairs, with the stratifying system being
intricately linked to this family in a special way.

Overview of the text structure and main results

In the main result of this paper, we show that the construction of stratifying systems can
be carried out in a more general setting by considering the concept of a nested family
of torsion pairs. This is a collection of torsion pairs I' = {(7%, Fx)}xeg in an abelian
category A, indexed by a totally ordered set (G, <), satisfying 73 2 77 whenever k < [,
or equivalently, ¥ C ¥; whenever k < [ (Definition 3.1).

To develop this construction, we work within the category Grg(#4) of G-graded ob-
jects in »A, which provides a natural framework for introducing the key subcategories
M(T") and N (I") (Definition 3.3). The subcategory M (I") consists of objects that lie in
specific torsion parts of the nested family and satisfy certain compatibility conditions
across indices; similarly, N (I") is defined using the torsion-free parts. These subcate-
gories are fundamental to constructing pre-stratifying systems, a concept that generalizes
stratifying systems where the indexed objects need not be indecomposable, yet essential
orthogonality conditions are maintained (Definition 4.1). In particular, by choosing an
indecomposable direct summand of each object in a pre-stratifying system, one obtains a
stratifying system.

The primary motivation for introducing pre-stratifying systems is to provide a unified
organizational framework. For each nested family of torsion pairs I', we identify specific
objects in M (I") (respectively, N (I")) and associate to them objects in the more structured
subcategories M*(T") (respectively, N *(I")). This association is realized via the stratum
and substratum functors, §: M(I') — M*(I") and T: N (') - N *(I"), whose definitions
depend explicitly on the choice of I (Definition 3.7).
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With this established, the underlying ideas of the text can be summarized as follows.
In one of the main results, we prove that objects in the category Grg(+4) satisfying a
certain orthogonality property induce two distinct types of nested families of torsion pairs
(Theorem 4.5). Consequently, given a pre-stratifying system, we can associate to it an
object in Grg () which, by this result, induces two distinct nested families of torsion
pairs (Corollary 4.6).

Conversely, from a nested family of torsion pairs, we organize objects into a subcate-
gory of M(I") (respectively, & (I")) denoted M T(T") (respectively, & T(I")), whose objects
satisfy a specific property (Definition 4.8). From each object in these categories, we can
induce a pre-stratifying system (Theorem 4.9).

These are the central ideas of this paper. With them, we show that the result of Tre-
ffinger and Mendoza (Theorem 3.4 in [20]) forms part of a more general context in which
one can induce pre-stratifying systems (see Corollary 5.4).

It is also important to highlight another aspect that motivated us to present the more
general definition of stratifying systems (see Definition 4.1). It is known that, even in
representation-finite algebras, it is possible to find stratifying systems of size greater
than |A|, see Remark 2.7 in [19]. In [22], H. Treffinger presents a stratifying system
indexed by N, demonstrating that a stratifying system can indeed have infinite size. Since
there does not always exist an order-preserving bijection between totally ordered sets
(G, <) and (H, <) (even if G and H have the same cardinality), the possibility of strati-
fying systems indexed by infinite sets other than N further justifies the need for this more
general definition.

Outline of the paper

We begin in Section 2 by fixing notation and recalling necessary background on torsion
pairs and t-tilting theory.

We present our general framework in Section 3, introducing nested families of tor-
sion pairs and the categories M (I") and N (I") whose objects reflect the nested structure
of I'. The stratum and substratum functors are then defined, mapping objects from M (T")
to M*(T") and from N (T") to N *(T"), respectively (Lemma 3.9).

In Section 4, we establish the main connections. We define pre-stratifying systems
and show how they interact with our torsion framework. Theorem 4.5 demonstrates that
objects in Grg (+4) with an orthogonality property naturally induce two distinct nested
families, while Corollary 4.6 ensures that every pre-stratifying system provides such an
object. In the opposite direction, we define the subcategories MT(T") and & T(I") whose
objects are precisely those that induce pre-stratifying systems (Theorem 4.9). Finally, The-
orem 4.10 completes this bridge by showing that every pre-stratifying system arises in
this way.

The subsequent sections explore consequences and applications. In Section 5, we show
that the construction of stratifying systems from t-rigid modules [20] is a particular case
of our approach (Corollary 5.4). Section 6 introduces an order relation among torsion
families, addressing the case where an object belongs to M T (T") for multiple families T".
Section 7 exhibits a stratifying system that cannot be indexed by the natural numbers with
the natural order, validating the generality of our definition indexed by an arbitrary ordered
set G. Finally, Section 8 provides a detailed example illustrating our main constructions.
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2. Setting and background

Throughout this paper, 4 denotes a k-linear, Hom-finite, skeletally small abelian category,
and A denotes a finite-dimensional k-algebra over an algebraically closed field k. We
denote by mod A the category of finitely generated right A-modules. For M € mod A, the
number of pairwise non-isomorphic indecomposable direct summands of M is denoted
by |M|. If M does not have two isomorphic direct summands, we say that M is a basic
module. We write X | M to indicate that X is a direct summand of M. The Auslander—
Reiten translation is denoted by v and D = Homy (—, k) is the duality functor; G will
denote a set with a total order <, and G °P will denote the same set with the total order <°P,
where x <°? y in G°P if and only if y < x in G. Finally, I, will denote the set {1,...,n}
with the natural order.
For a given class € C +4, we define

€l :={M e A | Homy(—, M)|e = 0}.
1€ := {M € A | Homy(M, —)|e = 0}.

If € = {M} for some M € #, we will denote {M }* and +{M} simply by M+ and + M,
respectively. An object M € € is called Ext-projective in € if Ext!, (M, —)|e = 0. Dually,
it is called Ext-injective in € if Ext! (—, M)|e = 0.

For a given M € mod A, we define

Fac(M) := {X e mod A | 3 an epimorphism M ®" — X for some n € N}.
Sub(M) := {X e mod A | 3 a monomorphism X — M ®" for some n € N}.

Torsion pairs

The results presented in this paragraph can be found in Chapter VI of [4] and in [14].

A pair (7, F) of full subcategories of an abelian category + is called a torsion pair
in A if Homy (T, F) = 0forall T € T and F € ¥, and if for every object M € +4 there
exists a short exact sequence

0—tM)—> M — f(M)—0,

with t(M) € T and f(M) € ¥. The subcategories 7 and F are called the torsion class
and forsion-free class, respectively. Moreover, this exact sequence gives rise to additive
functors ¢, f: A — A, called the forsion functor and the torsion-free functor, respectively.
We have that (M) — M is a T -right approximation of M, and M — f(M)is a ¥ -left
approximation of M. In particular, 7 is always contravariantly finite and ¥ is always
covariantly finite. Moreover, since (M) — M is a monomorphism and M — f(M) is
an epimorphism, these approximations are minimal.

The torsion class 7 is closed under quotients and extensions, while the torsion-free
class ¥ is closed under subobjects and extensions. A torsion pair (77, ¥) is called splitting
if, for every M € A, the corresponding short exact sequence splits.

It is known that if 7 = Fac(M) is a torsion class for some M € mod A, then ¥ = M L.
similarly, if # = Sub(M) is a torsion-free class, then T = + M.



Stratifying systems via a nested family of torsion pairs 1205

If € is a class in an abelian length category «, then the smallest torsion class con-
taining € is T(€) := +(€1). This yields the torsion pair (T(€), €L). Analogously, the
smallest torsion-free class containing € is F(€) := (+€)L, which yields the torsion pair
(€, F(€)). In particular, if T is a torsion class containing €, then T(€) C 7. Similarly,
if ¥ is a torsion-free class containing €, then F(€) C ¥ .

t-Tilting theory
We remind the reader of the definition of a t-rigid module. An A-module M is said to be
t-rigid if Homy (M, tM) = 0; similarly, it is said to be T~ -rigid if Homg(z "' M, M) = 0.
If M is a t-rigid (or t~-rigid) module, then |M | < |Ay4|, see Proposition 1.3 in [1].

We will make use of the following results from z-tilting theory throughout the article.
Proposition 2.1 (Proposition 3.2 in [20]). Let M be a basic non-zero t-rigid module.

Then there exists a decomposition M = @521 M; into the direct sum of indecomposable
A-modules such that M; ¢ Fac(D;~; M;).

Such a decomposition is called forsion-free admissible.
Proposition 2.2 (Proposition 5.8 in [6]). The following statements are equivalent for a
pair of modules M, N € mod A.
(1) Extj(M,N") =0 if N” € Fac(N).
(2) Homy(N,tM) = 0.
In particular, if M is t-rigid, then M is Ext-projective in Fac(M ).

Proposition 2.3 (Theorem 5.10 in [6]). If M is t-rigid, then Fac(M) is a functorially
finite torsion class.

Lemma 2.4 (Lemma 4.6 in [9]). If X is an indecomposable A-module such that X & U
is T-rigid, then either f(X) is indecomposable or f(X) = 0, where f is the torsion-free
functor with respect to the torsion pair (Fac(U), UL). Moreover, we have f(X) = 0 if
and only if X is in Fac(U).

3. Nested families of torsion pairs

In this section, we introduce the concept of nested families of torsion pairs, which will
play a central role in the study of stratifying systems in Section 4.

Nested families of torsion pairs

Definition 3.1 (Nested family of torsion pairs). Let 4 be an abelian category. A nested
Sfamily of torsion pairs in 4 (nested family, for short) is a set I' = {(T%, Fx) }x e of torsion
pairs in 4 indexed by (G, <) satisfying 7 2 77 if k <[, or equivalently, ¥ C F7if k </,
withk,l/ € G.

Remark 3.2. We will denote by 7 and f; the torsion and torsion-free functors with
respect to the torsion pair (7%, 1), respectively.
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Let I' = {(T%, Fx) }xec be a nested family of torsion pairs in #. An easy calculation
shows that if (7%, F%) is a torsion pair in #, then (37kop, 'J‘;:p) is a torsion pair in A°P, and
consequently I'P := {(F*, T,”") }kegor is a nested family in A°P.

Let #4 be an abelian category and G a set. We denote by Grg (+4) the additive category
of G-graded objects over +, whose objects Mq = (M;);ec € Grg(+) are sequences of
objects in » indexed by G, thatis, M; € 4 forall j € G.

For M, = (M;)jec and N = (N;) e in Grg(+4), a morphism f: M, — N, is a
collection f = (f;);ec such that f;: M; — Nj; is a morphism in 4 for every j € G. The
composition of morphisms in Grg () is defined componentwise, that is, if g: Ne — P
is a morphism such that g = (g;);eg, then (g o f) := (g; o fj)jec. Note that Grg (+4) is
an additive category with zero object 04 = (0),;cG. Moreover, if G is finite, then Grg (+4)
can be identified with a (not necessarily full) subcategory of .

Given a nested family of torsion pairs I" in # indexed by G, the objects M, in Grg (+4)
that exhibit a certain compatibility with the torsion (or torsion-free) classes of I will play
an important role.

Definition 3.3. Let I' = {(7%, %)}k be a nested family of torsion pairs in . We define
M(T") as the full subcategory of Grg (+4) consisting of O, and the objects Mo = (M )recG
satisfying the following conditions for all k € G:

(t1) M € A is non-zero;

(t2) My € Tx;

(t3) My ¢ 7; whenever j > k.
Furthermore, we define M*(T") as the full subcategory of M (T") consisting of O, and the

objects Mo = (Mj)reg € M(I") that satisfy the condition that My € ¥; whenever j > k,
forallk € G.

The dual construction yields the subcategories N (") and N *(T"), defined as follows.

Definition 3.4. Let I' = {(7%, %) }xcc be a nested family of torsion pairs in +. We define
N (T") as the full subcategory of Grg () consisting of 0, and the objects No = (Nk)reg
satisfying the following conditions for all k € G:

(f1) N € 4 is non-zero;
(f2) Ny € Fi;
(f3) N ¢ ¥; whenever j < k.
Additionally, we define N *(I") as the full subcategory of N (I") consisting of 0, and the

objects No = (Ni)kec € N (I') that satisty the condition that Ny € 7; whenever j < k,
forallk € G.

We have that the category M (I") is an additive subcategory of Grg(+4). Indeed, if
Mo = (My)reg and Ne = (Ni)reg are objects in M(I"), then for every k € G we have
that M} @ Ny is non-zero, and My, & Ny € T, since Ty, is closed under direct sums. More-
over, My & Ny ¢ T; for j > k, since neither My nor Ny lies in 7}, and 7; is closed under
direct summands. Consequently, Me @& No = (M & Ni)ieg € M(I'). Analogously, one
proves that M*(T"), N (I"), and N *(T") are additive subcategories of Grg ().
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Let I' = {(T%, Fx)}xec be a nested family in the abelian category +. The following
pairs of categories form contravariant equivalences (or dualities):

(M), N(TP)),  (N(I), MT®)), (M), N*(IT®), (N*(I), M* ().

Indeed, let My = (My)keg € M(I'). We have that My ¢ T; if j > k for all k € G, which
is equivalent to My ¢ 7; if j <° k for all k € G. This shows that M, € N (I'°P). (Note
that ?']-OP is the torsion-free part of the pair (IFJ.OP, ?;Op) in A°P). Moreover, we have that
M(T) C N (I'°P); similarly, N (I'°P) C M(T") can be shown. The other cases follow anal-
ogously.

The categories M (I") and N (I") will play a dual role in the development of the paper.
For the sake of completeness, we will state both versions of each result; however, we will
only prove the ones related to M (I"), as the other case is analogous.

Example 3.5. We will show that for any totally ordered set (G, <), there exists a nested
family indexed by G in mod A for some finite-dimensional algebra A over an algebraically
closed field k.

Let G be an infinite totally ordered set. If card G = card N, take k = @, where @ cC
denotes the field of algebraic numbers, that is, the set of roots of non-zero polynomials
with integer coefficients; if card G > card N, consider the integral domain Q[G] defined as
the polynomial ring over Q in the set of commuting indeterminates indexed by G. We have
card Q[G] = card G. We construct the field of fractions frac Q[G] and take its algebraic
closure k. Both constructions preserve the cardinality of G, so that card k = card G.

Since G and k have the same cardinality, there exists a bijection ¢: G — k. Through
this bijection, we can transfer the total order of G to k, defining A1 < A5 in k if and only
if o~ (11) < ¢ 1 (X2)in G.

Let A = kQ be the Kronecker algebra. For every A € k, consider the module M
whose representation is given by

A
ki——k
1
and consider for every i € G the torsion pairs (77, ¥;), where
T =TAMy | A= @)} and F = (Mp | X =@}

We have that I" = {(7;, ¥;) }ieg is a nested family. Indeed, it is immediate from the def-
inition that if j </, then 7; D J;. To show that the inclusion is proper, we just notice that
M;, € Ty-1(1). However, since Homy (M, M) = 0if A # p, we have that M) € F,-1(,)
implies that M ¢ 7,-1(,) whenever p > A. Therefore, 7; 2 77.

=

If card G = n, we can follow the same construction over a finite subset of @

Stratum and substratum

Let I' = {(T%, Fx) } ke be a nested family of torsion pairs in an abelian length category 4.
We construct a functor

& M(T) — M*(T),
such that for any Me = (Mg )reg €M(T), we have §(Mo) = (K (Me))reg; each Fi (M)
is the torsion-free part of M}, with respect to the torsion pair (+ (/) >k i), N >k F7)-
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To this end, we adopt the following convention. Fix a skeleton § of +4, that is, a full
subcategory of # such that for every object M € A there exists a unique object M’ € §
with M = M'. If T = {(Tk, Fr)}rec is a nested family of torsion pairs, we assume,
without loss of generality, that for every object M € A and every k € G, both t; (M)
and fx (M) lie in §. Moreover, we assume, again without loss of generality, that if for
some object M € A we have (M) = t;(M) and f (M) = f;(M) for some i,k € G,
then the corresponding canonical exact sequences coincide. This can be done since the
morphisms i;:t;(M) — M and nj: M — f;(M), for j € {i, k}, are respectively the
minimal right 7;-approximation and the minimal left ¥;-approximation of M.

We begin by defining functors §x: M(I') — A. Let I' = {(T%, Fx)}xec be a nested
family of torsion pairs. For every k € G, we have that

((N#).N7)

j>k j>k

is a torsion pair in +4, see Corollaries 3.5 and 3.6 in [14]. Here, we set ﬂj>k 7 =Alifk
is the maximum element of G (if such an element exists).

For Me = (M;);jec € M(I"), we define & (M,) as the torsion-free part of My with
respect to the torsion pair (+([ >k Fi), N >k Fj)- This yields the following explicit
description:

Jm(My), if k is not the maximum element of G,

Se(Me) := { My, if k is the maximum element of G.
where m is any index such that the set {t; (M) | k < j < m} has exactly one element.
Indeed, if k is the maximum element of G, then we have that (7)., ¥; = A, and
therefore §x(M.) = Mj. Assume henceforth that k is not the maximum element of G
and consider the set
(M) | j > k),

which consists of subobjects of M. Note that #; (M) is a subobject of ; (M) whenever
i > j. Indeed, there exist monomorphisms A;:t;(My) — My and hj:t; (M) — Mk,
where /; and ; are minimal right 7;-approximation and minimal right 7 -approximation
of My, respectively. Since 7; C 77, it follows that #; (M) € 7;, and hence there exists a
morphism

g 1 ti(Mg) —> 1 (M)

such that h; = hj o g. Consequently, g is a monomorphism.

Since # is an abelian length category, every object My, is both artinian and noetherian.
Hence, the set {¢; (M) | j > k} is finite (under our convention that if #; (M) = t; (My),
then #; (My) = t; (My)). Therefore, there exists at least an index m > k such that the set
{ti(My) | k < j < m} consists of a single element (note that if an index m satisfies this
property, then every n with k < n < m also satisfies it, and a maximal such m need not
exist). Consequently, the set { f; (M) | k < j < m} also consists of a single element.

To see that Fx(Me) = fin (My), that is, that the torsion-free part of M with respect
to the torsion pair (J-(ﬂj>k Fi), (j=x Fj) is given by fu (M), it suffices to show
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that f,,(My) € ﬂj>k Fj and t,,(My) € L(ﬂj>k F7;), since the canonical exact sequence
of M with respect to the torsion pair (“(();-x 7). ;= F;) is unique.
Note that f, (M) € ¥; forall j > k, since

{UmMi)y ={fi(Mi) |k <j =m} = fu(My)€F;fork <j <m,

and hence f,,(My) € ¥, forall j > k,as ¥; C F; whenever i < j. Therefore,

S (M) € () ;.

j>k
Similarly, since 1, (M) € 7; forall k < j < m, it follows that
Homy (1 (My). —)|7; =0 forallk < j <m,

and consequently,

wot < ) )=4(N%)

k<j<m j>k

since (g j<m F5 = (j=x Fj» as Fi & F; wheneveri < j.

=

Remark 3.6. (1) Since ¥; C F; whenever i < j, one has

(N7)-Us

j>k j>k

Here, we set | >k 7 = add 0 if k is the maximum element of G (if such an element
exists). See Proposition 2.10 in [23].

(2) Note that F (M,) is the smallest quotient in the family { f; (My) | j > k} U {M},
that is, the unique object in this set which is a quotient of all the others.

Dually, we define a functor
T NT) — N(DD),

such that for any Ne = (Ng)reg € N (I'), we have T (No) = (Tx(Ne))reg, Where each
Tk (N,) is the torsion part of Ny with respect to the torsion pair (| <k Tjs N j <k {j})l)
In the dual situation,

?k(N.) = { m( k) 1 1S NO € minimum element o

N, if k is the minimum element of G.

where m is any index such that the set {¢; (Ng) | m < j < k} has exactly one element.
Observe that if §” is another skeleton of +4, and if &) and T; denote the functors
defined analogously with respect to §', then F and T, are naturally isomorphic to F
and Ty, respectively.
‘We now introduce the functors stratum and substratum, which will serve as the main
tools for constructing stratifying systems.
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Definition 3.7 (Stratum and substratum). Let I' = {(7%, Fx)}xec be a nested family of
torsion pairs in an abelian length category 4.

(1) If My = (My)geg € M(I"), we define the stratum of M, as

&(Me) = (Fx(Me))keg € Grg(A).
(2) If Ne = (Ni)reg € N ('), we define the substratum of N. as
T(Ne) = (Tu(Ne)keg € Grg(A).
Remark 3.8. (1) Note that both the stratum and the substratum depend on the choice of
the nested family I' = {(T%, Fx) }reG-

2) If G =1, then T (No) = tx—1(Ng) and Fr(Me) = fr+1(My), where we set
lo(N]) = N] and fn+1(Mn) = Mn.

We now verify that the constructions introduced above indeed define functors between
the intended categories. The following lemma ensures that the stratum and the substratum
of an object belong to M*(I") and N *(T"), respectively, confirming that

F:MT)— M*(T) and T : N(T) — N*(T)
are well-defined functors.

Lemma 3.9. Let I' = {(T%, F1)}reg be a nested family of torsion pairs in an abelian
length category A, and let Mo = (Mg )reg € Grg (). The following statements hold:
(1) If My € M(T), then we have F(Ms) € M*(T"). Moreover, §(Ms) = M, if and only
if Mg € M*(T).
(2) If My € N(T'), then we have T (M) € N *(I"). Moreover, T(Ms) = M, if and only
if Mg € N*(T).

Proof. We will prove the first item, with the proof of the second being analogous.
(1) To show that F(M,) € M*(I"), we must show for each k € G that

(i) Fr(M,) # 0,
(i) Fx(M.)€ Tk, and
(iii) Fx(Ms) e F;if j > k
(note that conditions (i) and (iii) imply that Fx (M.) ¢ 7; whenever j > k).

() If k is a maximum element of G, then Fr(M,) = M} # 0. Otherwise, by defi-
nition, there exists m > k such that ;. (M.) = f (My). Since My & T, it follows that
8Sk(Me) = fn(My) # 0.

(ii) We show that % (M,) € 7; whenever j < k. If k is a maximum element of G, then
&k (Me) = My € Ty, and hence &y (M,) € T; for all j € G, since the family of torsion
pairs is nested.

Suppose otherwise. By definition, there exists m > k such that Fr (Me) = f, (My).
Consider the short exact sequence

0— tm(Mp) — My — Fr(Ms) — 0.

Since Fx(M.) is a quotient of My and My € T € T}, it follows that Fx(M.) € T; for
all j < k, because the family of torsion pairs is nested.
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(iii) We have that Fx(M.) = fm(My) € F; for every j > k. Indeed, Fx(M.) =
Ji(My) € F; for all k < < m, and consequently §x(M,) € F; for j > k, since the
family of torsion pairs is nested. This shows that F(M,) € M*(T").

Finally, since §(M,.) € M*(I"), we have that F(M,) = M, implies Mo € M*(T).
Now, conversely, suppose Mo € M*(I"). Then { f; (My) | j > k} U {My} = { M} for all
k € G, and therefore §(M,) = M. L]

Corollary 3.10. Let T = {(T;, Fx)} ke be a nested family of torsion pairs in an abelian
length category A, and let Mo = (My)reg € Grg(A) with Mo # O..
(1) If My isin M(T), thenforallk € G:
(@) Fr(M.) # 0.
(b) Fx(Me)eTjif j <k.
©) Fr(Me)eF;if j >k
(2) If My isin N (), then forallk € G:
@) Tx(M.) #£ 0.
(b)) Th(Mo) e Fj if j = k.
(©) Tu(M.) €Tj if j <k.
We conclude this section with an example of how to construct objects in the cate-

gory M(I") and their stratums.

Example 3.11. Let A = kQ, where Q is the following quiver:

1«2 2P 3

and let I' = {(7%, Fx)}xer, be a nested family of torsion pairs, where
T1 =add{P(1), P(2),S(2)}, F1 = add{S(3)},
7> = add{P (1)}, Fr = add{S(2), S(3), 1(2)}.

We describe the non-zero objects in M(I"). Let My = (M )er, € M(I") be a non-zero
object, where My € 7 and My ¢ T; if j > k. Itis easy to see that

M, =P2)®" @ S2)®2 and M, = P(1)®",

withn; 4+ n, # 0 and n3 # 0, since My and M, are non-zero objects. Similarly, it can be
shown that the non-zero objects in M*(I") are of the form M, = (M)ker, With M} =
S(2)®"t and M, = P(1)®"2, withny,ny # 0.

We will find the stratum & (M) of Me = (My)ker,. We have that

F1(Ms) = fo(M1) = fo(P(2)®" @ S(2)®"2) = §(2)®1Hm2)

and
&F2(M,) = f3(Mp) = f3(P(1)®") = P(1)®"3,

SO
F(M,) = (S(2)®(n1+nz)’ P(l)@'“).
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4. Conditions for the existence of a stratifying system

Stratifying systems and pre-stratifying systems

In this section, we will show that every pre-stratifying system Q = {Qj}rec induces
two distinct nested families of torsion pairs I' and T, both indexed by G, such that the
characteristic object M of Q belongs to M*(T) and to N *(I'") (see Definition 4.4).
Conversely, let I' be a nested family of torsion pairs indexed by G. If M, is an object
in MT(T") (or NT(I"), see Definition 4.8), then M, induces a pre-stratifying system
such that M& is a quotient of M, (or a subobject of M,, respectively), and consequently,
induces at least one stratifying system. We will also show that every stratifying system
can be obtained in this way.

In [22], H. Treffinger demonstrated the existence of stratifying systems of infinite
size indexed by N in n-representation infinite algebras. Since there does not always exist
an order-preserving bijection between totally ordered sets (G, <) and (H, <), even if G
and H have the same cardinality, we will consider a more general definition of stratifying
systems, maintaining the same philosophy that a stratifying system is a set of objects
satisfying certain orthogonality conditions.

In this direction, we introduce the notion of pre-stratifying systems, which relaxes the
indecomposability condition while preserving the orthogonality properties. This broader
concept allows the simultaneous construction of several stratifying systems from a single
object.

Definition 4.1 (Pre-stratifying system and stratifying system). Let (G, <) be a totally
ordered set and let 4 be an abelian length category. A pre-stratifying system indexed by G
is a collection 2 = {Q }xeg of non-zero objects in 4 satisfying the following conditions:

(1) Hom (2%, 2;) = 0 whenever k > j.
2) ExtrlA'(Qk, Q;) = 0 whenever k > j.
If, in addition, each object Q2 is indecomposable, then €2 is called a stratifying system.

Remark 4.2. We will denote a pre-stratifying system by A = {Ag }xec Whenever it is, in
fact, a stratifying system.

Let Q@ = {Q }xec be a pre-stratifying system in an abelian length category #. Since 4
is a Krull-Schmidt category (as + is Hom-finite), for each k € G there exists a decompo-
sition Qx = M; @ --- @ M, into indecomposable objects M; € A. Such a decomposition
is unique up to isomorphism and permutation of the summands. Hence, by choosing an
indecomposable direct summand Ay of € for each k € G, we obtain that the collection
A = {Ap}rec is a stratifying system indexed by G. This shows that a pre-stratifying
system 2 yields [ [;cq |Q«/| stratifying systems, where the product should be interpreted
as oo if there are infinitely many indices k such that |Q| > 1.

Filtered modules

Given a stratifying system A in an abelian length category +4, we denote by ¥ (A) the
full subcategory of # containing the zero object and all objects that are filtered by objects
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in A. That is, a non-zero object M belongs to & (A) if there exists a finite chain
n:0=MyC M C---CMy=M

of subobjects of M such that M;/M;_; is isomorphic to an object in A for all i =
1,2,...,n; such a chain is called a A-filtration.

We say that ¥ (A) is a Jordan—Hoélder category if, given M € F (A), the multiplicity
[M : Ag], does not depend on the filtration 1. Here, [M : Ag], denotes the number of
quotients isomorphic to Ag in a A-filtration 7 (see Definition 3.1 in [8] for a more general
definition).

K. Erdmann and C. Séenz proved that ¥ (A) is a Jordan—Holder category if A is a
stratifying system of finite size in mod 4, see Lemma 1.4 in [17]. Using this result, we can
show that ¥ (A) is a Jordan—Holder category even if A is a stratifying system of infinite
size.

Theorem 4.3. Let A = {Ar}reg be a stratifying system in mod A. Then ¥ (A) is a
Jordan—Holder category.

Proof. Let M € ¥ (A) and consider two A-filtrations of M :
n:0=MycM;C---CM, =M

and
n:0=MjCM{C---CM, =M.

Consider the set § = {M; /M; | i =1,2,....,n} U{M//M/_| | i =1,2,....,m}. We
have that § is a finite subset of A, thus § is a stratifying system of finite size with the order
inherited from A. Furthermore, since 1 and " are $-filtrations, it follows that » = m and
M : Agly = [M : Ag]y by Lemma 1.4 in [17]. |

The objects in A are called relative simple objects of ¥ (A) because they admit a
unique A-filtration 7: 0 C Ay.

Nested families and pre-stratifying systems

Definition 4.4 (Characteristic object of 2). Let Q = {Qj }xeg be a pre-stratifying system
in an abelian length category 4 and let Grg(+4) be the additive category of G-graded
objects over 4. We call the object M := (Q)keg € Grg () the characteristic object
of the pre-stratifying system 2.

Let Mo = (My)reg € Grg(+) and let I be a nested family of torsion pairs. We say
that M, T-induces the nested family T if

L ={(T{M; | j=k).(M; | j = kD)D) Jkec-
Similarly, we say that M, F-induces the nested family T if
T ={("(M; | j <k}).F(M; | j <kD) ke

Note that if M, T-induces I', then M, € M(I"); analogously, if M, F-induces I', then
Mo e N(T).
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We will also say that a pre-stratifying system 2 T-induces (or F-induces) the nested
family of torsion pairs I" if M$ T-induces (or F-induces, respectively) I'. For simplicity,
we will say that an object induces a nested family of torsion pairs whenever it either
T-induces or F-induces it, when it is not necessary to distinguish between the two cases.

The following theorem shows how to construct two distinct nested families from an
object My = (M )reg such that My # 0 for all k € G and Hom (M;, M;) = 0if j > i.
In particular, every pre-stratifying system induces two distinct nested families of torsion
pairs through its characteristic object M$2.

Theorem 4.5. Let A be an abelian length category and let Mo = (My)reg be an object
of Grg (A) with My # 0 for all k € G such that Homyu(M;, M;) = 0 if j > i. Then the
following statements hold true.
(1) M. T-induces the nested family T = { (T4(M; | j > k}),({M; | j > kD)?b) hke-
(2) M, F-induces the nested family T'' = {(J'({Mj | j <k}).FQM; | j <k})) }kec-
(3) T and I are distinct nested families of torsion pairs.
(4) The object M, lies in the intersection M*(T) (| N *(T7).

Proof. (1) Since {M; | j =i} C{M; | j > k}ifi > k, then
TEM; | j =i} STAM; | j = k).

The class T({M; | j > k}) is defined as the smallest torsion class containing the objects
in {M; | j >k}, soMeT({M; | j > k}).On the other hand, My € ({M; | j > i})*
whenever i > k. Hence My ¢ T{M; | j > i}) forall i > k. Consequently, I is a nested
family of torsion pairs.

(2) This follows by a similar argument to (1).

(3) It suffices to note that

My eT(M; | j >k}) and M ¢>({M;|j<k})) forallkeg,

hence TUM; | j > k}) # +({M; | j <k}), and consequently I" # T".
(4) We have that M € M(I") since, for all k € G,

My #0, MyeT(M;|j >k}, and My¢T(EM;|j >i}) foralli > k.

On the other hand, since My € {M; | j > i)+ whenever i > k, it follows that M, €
M*(T). Similarly, M, € N *(I"'), which completes the proof. |

Corollary 4.6. Let Q@ = {Qp}reg be a pre-stratifying system in an abelian length cat-
egory A. Then Q induces two distinct nested families of torsion pairs T' and T, both
indexed by G, such that M is in M*(T') and in N*(I").

The following example illustrates how to obtain a non-enumerable nested family that
cannot be induced from a stratifying system.

Example 4.7. Let A = CQ be the Kronecker algebra, and let (C, <) be the field of
complex numbers with the lexicographic order, that is, x + yi > x’ + y’i if x > x’ or
x=x"andy >y’
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For every A € C, consider the module M, whose representation is given by
A
C&e==cC
1

We have that the object Me = (M}))ec € Gre(mod A) satisfies the conditions of the
Theorem 4.5 (since Homy (M}, M,) = 0if A # p), thus inducing two uncountable nested
families of torsion pairs. However, there are no stratifying systems of size greater than 2
in the Kronecker algebra, see Theorem 2.3.18 in [10].

Let I' be a nested family of torsion pairs in an abelian length category «+, and let
Mo = (My)reg € M(T). Corollary 3.10 ensures that §(M,) satisfies

Homy (Fx (M), §j(Ms)) =0 wheneverk > j.
If, in addition, one can ensure that
Extl (Fx (Mo), & (Ma)) =0 fork > j,

then Q@ = {Fr(M.)}rec is a pre-stratifying system. In particular, by choosing an inde-
composable direct summand Ay of F (M,) for each k € G, we obtain a stratifying system
A = {Ap }xec- This observation motivates the following definition.

Definition 4.8. Let ' = {(J%, Fx)}xec be a nested family of torsion pairs in an abelian
length category +. We define M T(T") as the full subcategory of M(T") consisting of all
non-zero objects Me = (M} )i satisfying Ext!lA(Mk, &j(M,)) =O0forallk > j.

Similarly, we define N T(T") as the full subcategory of & (I") consisting of all non-zero
objects No = (Ng)reg satisfying Exti\‘(’tk(N.), N;) =0forallk > j.

Let I' = {(T%, Fx)}xec be a nested family of torsion pairs in an abelian length cat-
egory A, let Q = {Q}reg be a pre-stratifying system in <A, and let M, be an object
in M(T"). We say that M, induces the pre-stratifying system Q2 = {Qy }reG as a quotient
if Qx = Fr(M,) for all k € G. Similarly, for N, in N (I"), we say that N induces the
pre-stratifying system Q = {Qp }reg as a subobject if Q = Ty (N,) forallk € G.

The following theorem shows that objects in M T (T") (respectively, in N T(I")) induce
a pre-stratifying system as a quotient (respectively, as a subobject).

Theorem 4.9. Let I' = {(T%, Fr)}veg be a nested family of torsion pairs in an abelian
length category A and let My = (My)reg be an object in Grg (A).
(1) If My € MT(T), then M, induces the pre-stratifying system Q = {Fr(Ma)}keg as
a quotient.

() If My € NT(T), then M, induces the pre-stratifying system Q = {Tx(Ma)}keg as
a subobject.

Proof. (1) Assume that M, € MT(I"). By Corollary 3.10, it follows that F (Ms) # 0 for
every k € G.
Suppose first that i > j. Then §; (M.) € 7; and §; (M.) € F; by Corollary 3.10, hence

Hom 4 (& (M), &j(Ms)) = 0.
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Now assume that i > j and that i is not the maximum element of G (if such an element
exists). In this case, there exists m > i > j such that §; (M) = f,,(M;), and we have a
short exact sequence

00— tm(Mi) —> Mi —> %‘I(M.) —> 0.
Applying the functor Hom 4 (—, §; (M.)) yields
Hom (tm (M;). F; (M) —> Extly (Fi (M.). §j (M.)) —> Extly (M;. §;(M.)).

Since M, € MT(I"), we have Exti%(M,-, & (M,)) = 0. Moreover, t,,(M;) € T;,, and by
Corollary 3.10, we have that §; (M.) € F;,, hence Hom 4 (1, (M;), & (M.)) = 0. There-
fore,

Exty (i (M.), & (M) = 0.

If i is the maximum element of G, the result follows by the same argument, starting
from the short exact sequence

0—0—> M — F(M,) — 0.
(2) The proof is analogous to that of (1). [

Example 4.7 shows that MT(I") may be empty; otherwise, it would be possible to
obtain a stratifying system of infinite size in the Kronecker algebra.

The following theorem provides the converse direction of the previous result, complet-
ing the characterization of pre-stratifying systems in abelian length categories. It shows
that every such system arises naturally from a suitable nested family of torsion pairs.
More precisely, for any pre-stratifying system Q = {Q }req, there exists a nested family
I' = {(Tk, Fx)}keg and an object M, € MT(T") (or Ny € N T(I")) such that  is induced
as a quotient of M, (or, respectively, as a subobject of N,). In particular, since every strat-
ifying system is a pre-stratifying one, it follows that every stratifying system can also be
obtained in this way.

Theorem 4.10. Let Q = {Q }reg be a pre-stratifying system in an abelian length cate-
gory A.
(1) There exist at least one nested family of torsion pairs I’ = {(Tx, Fx)}rec and at
least one object My in MT(T') such that Q is induced as a quotient of Ma.
(2) There exist at least one nested family of torsion pairs T" = {(T/, ¥)}xeG and at
least one object N in NT(I'') such that Q is induced as a subobject of N.

Proof. (1) Suppose that Q = {Q }xeg is a pre-stratifying system, and let M = (Q¢ )keq
be its characteristic object. Theorem 4.5 ensures that

D= {(T{Q | j = k). (2 | j = kDY) Jkec

is a nested family of torsion pairs and that M € M*(I"). We now show that, in fact,
MS e MT(T"). Combining Theorem 4.5 with Lemma 3.9, we obtain Fr (M) = Q.
Hence,

Extl (@), Fx(ME)) = Extl (2, Q) =0



Stratifying systems via a nested family of torsion pairs 1217

whenever j > k, since Q is a pre-stratifying system. Therefore, by Theorem 4.9, the
family T together with the object M & induces the pre-stratifying system Q. Thus, M$ is
one possible choice for the object M, required in (1).

(2) This follows by a similar argument to (1). ]

5. Stratifying system via t-rigid modules

In Theorem 3.4 of [20], H. Treffinger and O. Mendoza showed that every non-zero basic
7-rigid module induces a stratifying system. In this section, we will demonstrate that this
result can be obtained as a corollary of Theorem 4.9.
We begin with a lemma providing a sufficient condition for an object M, € M(T") to

be in MT(I).
Lemma 5.1. Let I' = {(T, Fx)}ke1, be a nested family of torsion pairs in A, and let
M, € Grr,, (). Define M = @y _, My.

(1) If My € M(T) and M is Ext-projective in Ty, then My € MT(T).

(2) If My € N (') and M is Ext-injective in Fy, then Mo € NT(T).

Proof. (1) Since My, is a direct summand of M, it is Ext-projective in 77. On the other
hand, Corollary 3.10 ensures that §; (M,) € 77 for all j € I,. Thus, Exti,“ (My, & (M,))
= 0 for all j € I,,. In particular, ExtelA(Mk, &i(M,)) =0ifk > j and M, € MT(T).

(2) This follows by a similar argument to (1). [ ]

The following lemma shows how to induce a nested family of torsion pairs from a
certain class of objects.

Lemma 5.2. Let A be an abelian length category and let My = (My)reg € Grg(A) be
such that My is a non-zero object for each k € G.
(1) If for every k € G, we have My ¢ T{M; | j > k}), then M, T-induces the nested
family T = {(T({M; | j = k}), (M} | j = k})") JreG-
(2) If for every k € G, we have My ¢ F({M; | j < k}), then M, F-induces the nested
family T = {(*({M; | j <k}),F{M; | j < kD) }keG-

Proof. (1) Clearly, T(M; | j > k}) ST({M; | j = k}) and My e T({M; | j > k}). Since
My ¢ T{M; | j > k}), it follows that I is a nested family of torsion pairs.
(2) The second case is analogous. ]

Unlike in Theorem 4.5, it is not necessary that M, is in M*(I") (or in N *(T")) if M,
induces I as in the lemma above.

Example 5.3. Let P(1), P(2),..., P(n) be an enumeration of the indecomposable pro-
jective modules in mod A. Given a permutation ¢: I, — [, and a subset {k5,k3,...,k;} C
I,,—1 with ¢z — 1 elements such that k» < k3 < --- < k¢, define a decomposition

t
As =P Mm;.
ji=1
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where
kj+1 n
M;= P P(i) forl<j<t, and M;= @ P(o(i)
i=kj+1 i=k+1

(here we fix k1 = 0 and [ = {}).

It is easy to see that M; ¢ Fac(eafc> ; M), since every epimorphism onto M; splits.
Therefore, My = (M} )rer, induces a nested family indexed by I;. This shows that any
decomposition of Ay4 is torsion-free admissible, and that A4 induces 27~y distinct
nested families. A similar argument shows that D(4A) induces 2"~ !n! distinct nested
families as well.

Let M be a t-rigid module in mod A. Proposition 2.3 ensures that T(M) = Fac(M)
since it always holds that Fac(M) C T(M ). Using mutation techniques from t-tilting the-
ory, H. Treffinger and O. Mendoza proved that every basic non-zero t-rigid module admits
at least one torsion-free admissible indecomposable decomposition, see Proposition 3.2
in [20]. Assuming the existence of such a decomposition, we will show that Theorem 3.4
in [20] can be seen as a corollary of Theorem 4.9.

Corollary 5.4. Let M be a non-zero, basic, and t-rigid module with a torsion-free admis-
sible decomposition M = @;:1 M;.

(1) Let r <t and consider a subset {ky, ks, ..., k;} C 1,—1 such that ky < --- < k.
Define a decomposition M = @;:1 Lj, where

kj+1 t
L= @ M; forl<j <r and L,= M;
i=kj+1 i=kr+1

(here we set k1 = 0 and Iy = {}).
Then the object Ly = (Li)ke1, T-induces the nested family

- {(Fac(@Lf)’ <@LJ’)L)}keL’

we have that Le € MT("), and also that Q = {Qy = Je+1(Lx)}ker, is a pre-
stratifying system of size r, where fi is the torsion-free functor associated to the
pair (Fac(@jzk Lj). (@jzk Lj)J_)'

(2) (Theorem 3.4 in [20]) If fi denotes the torsion-free functor associated to the pair
(Fac(;uie M), (@)r M)L), then & = {Ay = fuir (M)}, is a stratifying
system of size t.

Proof. (1) For j <, we have that L; ¢ T({L; | i > j}) = Fac(D;..; L;); otherwise,
My, € Fac(D;..; Li)= Fac(G}i>ijrl M;), contradicting the fact that the decomposition
M = @;-:1 M; is torsion-free admissible. Hence, Lemma 5.2 ensures that Le = (Lg)ker,
T-induces I' = {(Fac(D; >4 L)), (D;>k L)1)} ker,, and consequently Lo € M(T).
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On the other hand, Proposition 2.2 and Lemma 5.1 guarantee that L, € M T(I"). There-
fore, Theorem 4.9 implies that

Q ={Fx(Le) = frr1(Li)}ker,

is a pre-stratifying system.

(2) Taking r = ¢ in the construction above shows that A = {Ax = fr4+1 (M) }ker, is
a pre-stratifying system. Moreover, Lemma 2.4 ensures that f; 1 (M;) is indecomposable
since M; @ (Py~; My) is t-rigid and M; ¢ Fac(D,..; My); hence, A is a stratifying
system. L]

It is possible to prove the dual of Corollary 5.4 and show that every basic v~ -rigid
module (including injective modules) induces at least one stratifying system as a subob-
ject.

6. Order relations on nested families

Let M = @;-:1 M; be a torsion-free admissible decomposition into indecomposable
direct summands of the basic t-rigid module M. Corollary 5.4 shows that

Mo = (My)ger, € MT(T),

= {(e( @) (@)

However, it is possible that M, € MT(I"") for some I # T". In this section, we study how
the induced pre-stratifying systems relate to each other under different nested families.
We begin with a definition.

Definition 6.1. Let I' = {(T%, Fi)}rec and I = {(T}/, F)}rec be nested families of
torsion pairs. We say that I" is coarser than T/, or equivalently, that I’ is finer than T, if
T S Ty forallk e G.

We write IV < T to indicate that T is coarser than I'” (or equivalently, that I’ is finer
than I'). Note that, by definition, every nested family I" is coarser than itself.

The following result describes the relationship between the nested families induced
by M, and the nested families ' such that M, € M(T").

Proposition 6.2. Let A be an abelian length category, let My = (My)rcg be an object of
Grg () with each My, being a non-zero object, and let T' = {(Ti, Fx)}rec be a nested
family of torsion pairs.
(1) If M, T-induces the nested family T = { (T{M; | j > k}),({M; | j > kD) }keq,
then T is the finest nested family satisfying Mo € M(T), that is, if Me € M(I"),
then T < T.
(2) If M, F-induces the nested family T = { (L ({M; | j <k}),F4M; | j <k})) }keG
then T is the coarsest nested family satisfying Mo € N (T'), that is, if Me € N(I"),
then TV < T.
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Proof. (1) Suppose that Mo € M(I''). Then for all k € G, we have that {M; | j > k} C T}
Since T({M; | j > k}) is the smallest torsion class containing {M; | j > k}, we have
TAM; | j > k}) ST/ hence I' < T"".

(2) The second case is analogous. ]

Let M be a non-zero, basic, and t-rigid module with a torsion-free admissible decom-
position M = @;‘:1 M; and consider My = (M )er,. Corollary 5.4 shows that & (M)

is a basic module for all k € I, where I' = {(Fac(D; >4 M;). (D;=« M) ker,. The
following proposition shows the relationship between the stratums of M, when changing
the family I to a coarser one.

Proposition 6.3. Let A be an abelian length category, and let T = {(Tx, F1) }reg and
I' = (T, ) }kec be nested families of torsion pairs in A with T' < T". Consider an
object Mo = (My)reg in Grg(A). Forallk € G:

(1) If My € M(T) and My € M(T'), then &, (M,) is a quotient of Fir(Ms), where
k
Sk (Me) and & (Ms) are the k-th components of the stratum of Me with respect
to T and I, respectively.

() If Mo € N(I') and M € N(I"'), then Ty (M) is a subobject of T| (M), where
Tk (M) and T (M,) are the k-th components of the substratum of M with respect
to T and T, respectively.

Proof. (1) We have that . (M.) and & (M.) are the smallest quotients of the families

{fiM) | j >k} UM} and {f/(My) | j >k} U {M},

respectively. Since 7; C 'J‘}’ , the fact that #; (My) is a subobject of t]{ (M},) implies that
f; (M) is a quotient of f;(My), and then & (M) is a quotient of Fy (M)
(2) The second case is analogous. ]

The next two examples explore the consequences of Proposition 6.3.

Example 6.4. Let A = kQ /I, where Q is the quiver
4 6
R
3 5

and [ is the ideal generated by «ff — y§ and A — Bv.
Consider the t-rigid M = M; & M,, where

My=23 and M>=6

A

o

—

[\

P
w B
—

—_

v

8

(see Example IV.1.13 in [3] for the Auslander—Reiten quiver of the algebra A, and Exam-
ple 1.2.18 in [3] for a brief explanation of the notation). Such a decomposition of M is
torsion-free admissible.
Let
T = {(Fac(My & Ma). (M1 & My)"). (Fac(Ma). M3")}.
Corollary 5.4 ensures that ({F1(Me) = M1, §2(Ms) = M3}, <) is a stratifying system,
where My = (Mj)jer,.
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On the other hand, for the nested family
I = {(mod 4. {0}). (Fac(1 & 6). (1 & 6)1)},
we have I' < T and M, € MT(I"’). Moreover,
Fi1(M)=2®3 and F,H(M.) =6.

Theorem 4.9 ensures that ({M] = 2 @ 3, M, = 6}, <) is a pre-stratifying system, from
which we obtain two stratifying systems induced by M,:

(A1 =2,A, =6},<) and ({A] =3,A, =6}, ).

The above example suggests that an object M, € MT(I") induces a unique stratifying
system if I" is a “sufficiently fine” nested family. The next example shows that this is not
the case.

Example 6.5. Let A be the same algebra as in Example 6.4 and consider also the module
M = M, & M,, where
My =23 and M,=1.

We have that M is not t-rigid, since (M) = M5, and that this decomposition satisfies
M] ¢ FaC(Mz).
Let
[ = {(T(M). M5). (T(1), 11)}

be the finest nested family such that M, € M(I"), where Mq = (M;);e1,. Then we have
M, e MT(T). Since M, € T5 and M ¢ T, it follows that

F1(Me) = fo(M1) =2 3.

Theorem 4.9 ensures that ({2 =2 @ 3, 2, = 1}, <) is a pre-stratifying system, from
which we obtain two stratifying systems induced by M,:

({A1 =3,A,=1},<) and ({A] =2,A,=1},2).

7. A stratifying system of infinite size not indexed by (N, <)

In [22], H. Treffinger demonstrated the existence of stratifying systems of infinite size
indexed by (N, <) (where < is the natural order on N) in n-representation infinite alge-
bras. The aim of this section is to show that, using the formalism of a nested family of
torsion pairs, it is possible to obtain, all at once, infinite stratifying systems, including
those constructed in [22]. Moreover, we obtain stratifying systems of infinite size that
cannot be indexed by (N, <), as shown below.

First, to facilitate readability, we will recall some key concepts. Let n be a positive
integer, and let A be a connected, finite-dimensional k-algebra with global dimension at
most 7. Denote by D?(mod A) the bounded derived category of mod A. The Nakayama
functor will be denoted by v, and by vy, := v o [—n], with v, ! denoting its inverse. A finite-
dimensional algebra with global dimension at most n is called n-representation infinite
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if, for any indecomposable projective A-module P we have that v,/ (P) € mod 4 (i.e.,
concentrated in degree 0), see [18].

An example of an n-representation infinite algebra is the Beilinson algebra A = kQ/1,
where Q is the following quiver:

ag ag ag
e —~
l : : 3 n n + 1
~—_ ~—_ A ~— X
al a? ap
n n n

and / is the ideal generated by
a{-‘af“ — afaf“ forallk €I,y and i, j €I, U {0}

(see Example 2.15 in [18]). Note that |[A4| := N =n + 1.
For the next theorem, we fix the totally ordered set G = ({—1, 1} x N, <), where <
denotes the lexicographic order defined by (y,m) > (x,l)if y > x,ory = x andm > [.

Theorem 7.1. Let A be an n-representation infinite algebra withn > 1. Then, there exists
a pre-stratifying system Q of infinite size indexed by G = ({—1, 1} x N, <). Moreover, Q
cannot be indexed by (N, <).

Proof. Let A be an n-representation infinite algebra such that A4 = @}N:l P;, with P;
indecomposable for all j € . Define

My = v (DED2(4)) and M. = (M(x1) (r0)eG-

with the convention that D°(A4) = A.
For each (y, m) € G, consider the torsion pair (7, ), F(y,m)), where

Tom =TAMupy | (x,0) = (y,m)}) and  Fymy = (M | (x,1) > (y’m)})L-

Since
HOInA(M(y’m), M(x,l)) =0 if (y,m) > (x, l),

by Proposition 2.3 (b) and Proposition 4.10(d) in [18], Theorem 4.5 and Lemma 3.9 ensure
that I' = {(T(y,m), F(5,m)) } (y,m)ec is a nested family of torsion pairs, M € M*(I") and
&(Ma) = M.

Since n > 1, we have

Exty (M(ym)s B0y (Ma)) = Bxty(M(y my, M(x,1y) = 0

by Proposition 4.10(f) in [18], in particular if (y,m) > (x,[). Therefore, M, € MT(T).
According to Theorem 4.9, Q© = {M(y m)}(y,m)eG is a pre-stratifying system.

This pre-stratifying system cannot be indexed by (N, <). Indeed, there does not exist
an order-preserving bijection 0: G — (N, <); since {(x,]) < (1,1) | (x,]) € G} is an
infinite set, which, in turn, would imply that {n < o (1,1) | n € N} is infinite, contradicting
the well-ordering principle. ]
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We can explicitly present all the stratifying systems constructed in the Theorem 7.1.
To construct a stratifying system A from €2, we choose an indecomposable direct sum-
mand Ay ) of My 1) = GBJI-VZI v,)fl(D(erl)/z(P,-)) for every (x,/) € G. Parts (a) and (b)
of Proposition 4.10 in [18] ensure that v¥' (D*+1D/2(P;)) is an indecomposable module
for every j € Iy, which implies that A = {v¥! (D®TV/2(Pr(, n))hxyec is a stratify-
ing system for any function f: G — Iy. In particular, the number of induced stratifying
systems is in bijection with the number of functions f: G — .

Corollary 7.2. Let A be an n-representation infinite algebra with n > 1 and |A4| > 1.
Then, there exist infinitely many stratifying systems of infinite size that cannot be indexed
by (N, <).

It is important to note that the order plays a central role in the definition of a stratifying
system. Observe that

A=({A1=P2).A,=P3)}.=) and A'=({A}=P03).A,=P2)}

are distinct stratifying systems, despite defining the same set, where P(2) and P(3) are
defined in Section 8.

Since G is a countable set, there exists a bijection o: N — G (which does not preserve
the order). We can define No = (Ng)ren € Gry (mod A) by Ny := Mg k). Itis not possible
to follow the proof of Theorem 7.1 to construct a stratifying system indexed by (N, <)
induced by N,. In the proof, we heavily used the fact that

Homy (v,l1 (DA), v;k (4)) =0 foralll,k >0,

see Proposition 4.10 (f) in [18]. On the other hand, there will exist infinitely many pairs
of indices (i, j) € N x N with i > j such that N; = v, *(4) and N; = vl (DA), with
k,l > 0. In general, we do not have that Homy (v;k (A), vf, (DA)) = 0.

8. Example

We conclude the paper with a detailed example illustrating Theorem 4.9. In this example,

we show how the stratifying system of size 5 presented in Remark 2.7 of [19] can be

induced from an object N, € N T(I"), where I is a suitable nested family of torsion pairs.
Let A = kQ/I, where Q is the following quiver:
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Consider No = (Ng)kels, Where
Ny = P(1), N,=PQ2), N3;=1I(), Ny=P@) and N;=S>4).

Note that N := @Z:l Ny is not ™ -rigid, since there exists a non-zero morphism N —
t71(N), where
Y N) = I(1) ® S(3).

Consider the nested family of torsion pairs I' = {(7%, ) }ker,, Where

71 = add{P(2), P(3), P(4),1(1),5(2),5(3),S4)}, F1 = add{P(1)},
T2 = add{P(3), P(4).5(3), S(4)}, F2 = add{P(1), P(2). S(2)},
T3 = add{P(4),5(3).S(4}. F3 =add{P (1), P(2), P(3),1(1).S(2)},
T; = add{S(4)}. Fi = add(P (1), P(2), P(3), P(4), (1), S(2), S3)},
T5 = add{0}, Fs5 =add{P(1), P(3), P(2), P(4),I(1),S5(2),S(3),S4)}.
One checks that Ny € N (T").

The substratum of N, is given by T(Ns) = (tx—1(Nk))kers- Since the torsion pair
(T%, F1) is splitting if k # 2 we have tx_1 (Ng) = Ny for k # 3.
Note that there exists an exact sequence

0— P33) — I(1) — S(2) — 0,

where P(3) € 77 and S(2) € #,, hence t,(N3) = P(3).
We also verify that N, € N T(I"). Indeed, we have that

Exty (Tk(No), Nj) = Ext) (tx—1 (Nx), Nj) = 0

if kK > j since tx—1(Ng) is projective if kK # 5, and the only non-split exact sequence
ending at S(4) is given by

0— S2)— P(4) — S(4) — 0.

Finally, since T (N, ) is indecomposable for every k € 5, Theorem 4.9 ensures that A =
{Ag}kers is a stratifying system, where A is P(1), P(2), P(3), P(4), and S(4) for
k =1,2,3,4, and 5, respectively.
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