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Irreducible representations
of untwisted affine Kac—-Moody algebras

Xiangqgian Guo and Kaiming Zhao

Abstract. In this paper, we construct a class of new irreducible modules over untwis-
ted affine Kac—Moody algebras g, generalizing and including both highest weight
modules and Whittaker modules. These modules allow us to obtain a complete clas-
sification of irreducible g-modules on which the action of each root vector in fi is
locally finite, where fi4 is the locally nilpotent subalgebra (or positive part) of g.
The necessary and sufficient conditions for two such irreducible g-modules to be
isomorphic are also determined. Based on the first part of the paper, we develop the
so-called “shifting technique”, which enables us to obtain a necessary and sufficient
condition for the tensor product of irreducible integrable loop g-modules and irredu-
cible integrable highest weight g-modules to be simple. This tensor product problem
was first studied and partly solved by Chari and Pressley in 1987, and remained open
since then. Our result also recovers the result for g[z by Adamovié (1997).

1. Introduction

Affine Lie algebras are the most extensively studied and the most useful among infinite
dimensional Kac—Moody algebras. Their representation theory is as rich as that of finite
dimensional simple Lie algebras, but quite different from it. A key difference is that affine
Lie algebras possess irreducible weight modules with nonzero weight spaces of both finite
and infinite dimension, which cannot occur for finite dimensional simple Lie algebras. In
the first part of the present paper, we will construct irreducible modules over untwisted
affine Kac—-Moody algebras that do not have counterpart for finite dimensional simple Lie
algebras.

Let g be a finite dimensional simple Lie algebra. We use g to denote the corresponding
untwisted affine Kac-Moody algebra, and let g§ = [§, d].

The integrable highest weight modules were the first class of representations over
affine Kac—-Moody algebras that have been extensively studied, see [7,31,37] for detailed
results and further bibliography. In [8], Chari classified all irreducible integrable weight
modules with finite dimensional weight spaces over the untwisted affine Lie algebras.
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V. Chari and A. Pressley [11] then extended this classification to all affine Lie algebras.
The results of [8] and [11] state that an irreducible integrable weight module with finite
dimensional weight spaces is either a highest weight module or a loop module; in partic-
ular, the study of loop modules was initiated. Some more general results on irreducible
weight modules over untwisted affine Lie algebra g were obtained in [35].

In the 1990’s, V. Futorny began a comprehensive program studying weight modules
over arbitrary affine Lie algebras by taking non-standard partitions of the root system; that
is, partitions which are not equivalent under the Weyl group to the standard partition into
positive and negative roots (see [16,20]). For affine Lie algebras, there are only finitely
many equivalence classes of such non-standard partitions (see [22]). Corresponding to
each partition is a Borel subalgebra, and one can form representations induced from one-
dimensional modules for these Borel subalgebras. These modules, often referred to as
Verma-type modules or imaginary Verma modules, were first studied by Jakobsen and
Kac [30], and then by Futorny [21,22]. Results on the structure of Verma-type modules
can also be found in [20], and for a nice exposition of Futorny’s program, see [23].

A classification of irreducible nonzero level modules with finite dimensional weight
spaces for affine Lie algebras was obtained in [26], while such a classification for zero
level was claimed in [17]. Naturally, the next important task is to study irreducible weight
modules with infinite dimensional weight spaces and irreducible non-weight modules. The
first examples of irreducible weight modules with infinite dimensional weight spaces were
given by Chari and Pressley in [10] by taking the tensor product of irreducible integrable
highest weight modules and integrable loop modules over affine Lie algebras. Besides
these irreducible weight modules, a class of irreducible weight modules over affine Lie
algebras with infinite dimensional weight spaces was constructed in [6]. Another class
of such irreducible weight modules over the affine Lie algebra A(ll) was given in [24]. A
complete classification for all irreducible (weight and non-weight) modules over affine Lie
algebras with locally nilpotent action of the nilpotent radical was obtained in [36]. In the
paper [15], some irreducible non-weight modules, called imaginary Whittaker modules,
were constructed. The structure of the usual Whittaker modules over the affine Kac—
Moody algebras in the case of AS\}), B 1\})’ C ](\,l ), and DI(\}) was completely determined
in [4, 13,27], while this study for other affine Kac-Moody algebras is still open. Note that
both highest weight modules and Whittaker modules can be regarded as special cases of
smooth modules (also called restricted modules). In quite recent papers [25,38], a class of
new smooth modules was constructed, and studied thoroughly for the case Agl).

The first goal of the present paper is to classify irreducible modules over untwisted
affine Kac—-Moody algebras g on which the action of each weight vector in 114 is loc-
ally finite (not necessarily locally nilpotent), where i is the locally nilpotent subalgebra
(or positive part) of §. To obtain this classification, we construct some new irreducible
g-modules (see Theorem 3.4), among which many are weight modules.

The modules we constructed and studied above are closely related to the highest
weight modules and loop modules. In 1987, Chari and Pressley [10] first gave some suf-
ficient conditions for the tensor product of irreducible loop §-modules E(A, a, b) and
irreducible integrable highest weight g-modules V(A + kAg) to be simple. Then other
sufficient conditions were obtaingd in [1-3,12], and a sufficient and necessary condi-
tion was given by Adamovié for sl, of one case in [2]. The irreducibility of these tensor
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product modules remains unclear in general until now. Our second goal is to solve this
problem using methods completely different from those of Chari—Pressley and Adamovic.
From our result, we recover Adamovic’s result for sl in [2]. Finally, we present examples
where the methods in [10] and [2] are not applicable.

The paper is organized as follows. In Section 2, we recall some basic notation and
results for later use. In Section 3, using evaluation modules E (A, a) (such modules were
classified in [11], and a more general case was obtained in [34]) and irreducible smooth
g-modules L (including highest weight modules and Whittaker modules), we construct a
class of new modules (E(A,a) ® L)[d] := Indg(E(A, a) ® L) over the untwisted affine
Kac—Moody algebras g, where d is the degree derivation in §. We study the submodule
structure of these modules and in particular, show that the §-module (E(A,a) ® L)[d]
is irreducible if E(A, a) is nontrivial irreducible and L is irreducible (see Theorem 3.4).
In Section 4, we study properties of irreducible g-modules V' on which the action of each
root vector in 14 is locally finite (not necessarily locally nilpotent). In Section 5, using our
results in Sections 3 and 4, we classify all irreducible g-modules on which the action of
each root vector in 114 is locally finite. They are precisely irreducible highest weight mod-
ules, irreducible Whittaker modules, the irreducible modules (E(A, a) ® V(y))[d] and
(E(A,a)®@W(n))[d], with E(A, @) being finite dimensional (see Theorem 5.3), where V(y)
is an irreducible highest weight module over g and W () is an irreducible Whittaker mod-
ule of . The last two classes are special examples of the irreducible modules constructed
in Section 3. As a byproduct, we see that the action of fiy on these irreducible g-modules
is also locally finite. In Section 6, we determine the necessary and sufficient conditions
for two such irreducible g-modules to be isomorphic (see Theorem 6.3). In Section 7,
we use the “shifting technique” to obtain a necessary and sufficient condition for the
tensor product of irreducible integrable loop modules £ (A,a,b) and irreducible integrable
highest weight modules V' (A + kAo) to be simple for untwisted affine Kac-Moody algeb-
ras (Theorems 7.9 and 7.12). As an application, we recover Adamovi¢’s result for sl,, see
Corollary 7.10.

Throughout this paper, we denote by Z, N, Z and C the sets of integers, positive
integers, nonnegative integers and complex numbers, respectively. All vector spaces and
Lie algebras are over C, and all tensor products are taken over C unless otherwise noted.
For a Lie algebra ¥, we denote its universal enveloping algebra by U(9).

2. Notation

In this section, we will recall standard notions, basically from [31] and [5].

Let g be a finite dimensional simple Lie algebra of type X; over C. For this g, we
fix a Cartan subalgebra [, then a root system A with respect to § and a base IT of A.
Denote by A and A_ the sets of positive and negative roots, respectively. Then g admits
a triangular decomposition g = n_ @ h @ n4, where ny are corresponding maximal
nilpotent subalgebras with respect to IT. Let 6 be the longest positive root in A .

The affine Lie algebra g associated with g is

G:=gC[t,t " 1®CK & Cd.
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Its Lie algebra structure is defined by
[x @™,y @1"] = [x,y] @ """ + (x|y)mEninoK, [d,x@1"]=mx@1",

where K is central in g, and (x|y) is the Killing form of g.
Now we can describe the root system A and the root space decomposition of g with
respectto ) = § & CK & Cd as follows:

A={a+kb:keZ aecAyU{j§|jeZ\{0});

bhe (@éy) with  §otks = 8o ® 15, s = b @17,
yeA

3

where § is the standard imaginary root. The set of positive roots of g is

Ay =A;U{ns|neNYU{a+n|aeA neN}.

Set A_ = —Z+. Now we have
=D &
VEZi
and the standard triangular decomposition
j=i ®hoi,

where
fiy =(gRtC[t)®ny and fi_= (gt 'C[t ) ®n_.
For the subalgebra g = [d, @], we can define similar notation just by replacing b
with ) = h + CK and obtain a standard triangular decomposition § = fiy G h d fi_.
Throughout the paper, we will fix these triangular decompositions and define highest

weight modules and Whittaker modules relative to them. Let ¥ = g and # = b (or some-
times § = gand J = ))).

Definition 2.1. Let y: #/ — C be a linear map and let V' be a §-module.

(1) A nonzero vector v € V is called a highest weight vector with highest weight y if
xv =vy(x)vforall x e #,and iy v = 0.

(2) The module V is called a highest weight module with highest weight y over § if it is
generated by a highest weight vector with highest weight y.

It is well known that irreducible highest weight modules are determined uniquely by its
highest weight. For & = § and y € Hom(h, C), we denote by V (y) the irreducible highest
weight §-module with highest weight y, and similarly, for € = g and y € Hom(}, C), we
denote the irreducible highest weight module by V(y).

Definition 2.2. Let n: iy — C be a nonzero Lie algebra homomorphism and let W be a
§-module.
(1) A nonzero vector v € W is called a Whittaker vector of type 1 if xv = n(x)v for all
X € ﬁ+.

(2) W is called a type n Whittaker module for § if it is generated by a type n Whittaker
vector.
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We say that the Lie algebra homomorphism 7: iy — C for affine Lie algebras g is
nondegenerate if n(e;) # 0 for each Chevalley generator e; of iy (see [31]). We denote
by W(n) any one of the irreducible Whittaker module of type 7 in this case (it may not be
unique).

The structure of irreducible Whittaker modules W(n) over the affine Lie algebra Agl)
was thoroughly studied in [4], while it is not determined for other affine Lie algebras.

Let V be a module over a Lie algebra £ and let x € £. Then V is called locally
finite if any element in V is contained in a finite dimensional g-submodule of V', and
similarly, we say the action of x on V is locally finite if V' is a locally finite module
over the 1-dimensional Lie algebra Cx. In the following sections, we will determine the
irreducible g-modules such that the actions of all root vectors in fi4 are locally finite.

3. Construction of irreducible modules

In this section, we construct a class of new modules over untwisted affine Lie algebras g
and study their properties.

For m € N, let C™ be the set of all vectors a=(ai,...,am) € C" withallay,...,an
being nonzero and pairwise distinct. Take @ € C™ and set fo(t) = (t —ay)---(t —am). It
is well known that the quotient Lie algebra

_ g®C[r®
e T FAGE D

is the direct sum of m copies of g and hence is semisimple. Actually,

=g ® (CL™'/{fa(®)))

La(@) = P 2P ().

i=1
where

Ja(?) )N a
(t—ai) 1z —ap)/

(3.2) £0(@) =g (

This is because

( Ja(?) )2 — Ja (1)
(t —ai) [ 12 (@i —ajy) (t —ai) [1;2i(ai —aj)
We note that £, inherits a standard triangular decomposition and root system from g. In

particular, b, = § ® (C[t*!]/(f(t1)C[t*1])) is a Cartan subalgebra of £4(g). Within
the quotient Lie algebra &£,(g), we have the following.

mod (fa(7)).

Lemma 3.1. For any k € N, we have the following canonical isomorphism of vector
spaces:

g ® t*C1] __8e®C[*]
(g ®KC[1) N (g ® fa()C[tE]) ~ g ® fa(t)C[1F]

(3.3)
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Proof. This is the composition of the following obvious isomorphisms:

g ® tkC[1] _ q ® tkC[1]
(@®Cl) N (g® faC[F])  (g®FC[1]) N (g ® fa(1)C[1])
_ g Clll+g® fu()Cl] . a®C[1]  _ g®C[*]
- 3 ® fa(t)C[1] T g® fa(OC[1] T g ® fa()C1*]]

Fora = (ai,...,am)€C™andA = (A1,..., Am) € (h*)™, where b* is the dual space
of b, let us first recall from [9] the evaluation module E(A,a) over g @ C[t*!]. Let V(1;)
be the irreducible highest weight module over the finite dimensional simple Lie algebra g
with highest weight A;. The action on the module E(A,a) = @7, V(A;) is as follows:

(3.4) @) (@v) =D aiw @ @x & B up),

i=1 i=1

for any x € g and k € Z. Then E(A, a) is an irreducible module over the Lie algebra
a4 =g ® C[t*'] @ CK with trivial action of K.

Note that (g ® f,(t)C[t*']) ® CK € Ann(E(A, a)), so we can regard E(A,a) as a
module over £4(g) = §/((g ® fa(1)C[t%']) & CK). Thus we can consider the weight
vectors and weight spaces of E (A, a) with respect to the Cartan subalgebra §, of £4(g).
Identify ) with (§*)™ via (3.1) and (3.2). For example, a weight vector v € E(A, a) of
weight o = (U1, ..., Um) € (H*)™ satisfies

(h® f@)v =) pih)[fav.

i=1
We will use these notation freely in the rest of the paper.

Remark 3.2. We notice that (g ® fa(¢)) ® CK # Ann(E(A, a)) in general. Indeed, if
we take A and a to be the vectors obtained by removing the entries A; and a; with A; = 0
from A and a, respectively, then E(A,a) = E(A,a) and Ann(E(A,a)) = Ann(E(A,a)) =
(g ® fa(t)) & CK. The first equation is obvious, so to obtain the second equation, one
need only to show Ann(E(A,a)) = (g ® f4(t)) ® CK providedall A; #0,i =1,...,m.
This can be verified by the fact that any simple ideal of £4(g) is one of éﬁff)(g) in (3.2),
which does not annihilate V(1;); consequently, neither does it annihilate E (A, a) when
A; # 0. This description of Ann(E (A, a)) will be used in the proof of Lemma 6.2.

Let us recall the smooth modules over affine Kac-Moody algebras from [32,33]. A
module L over § or § is called a smooth module if for any v € L we have (g @ t*C[t])v =0
for a sufficiently large k € N.

Lemma 3.3. Let L be a smooth module over §. Let a € C™ and A € (5*)™. Then any
g-submodule of E(A,a) ® L is of the form E(A,a) ® N for some §-submodule N of L.

Proof. Let W be a nonzero g-submodule of E(A,a) ® L and take any nonzero element
w e W. We can write w = Z;’Zl v; ® u; for some nonzero v; € E(A, a) and nonzero
u; € L. Fix one such expression for w with n minimal. We see that vy, v, ..., v, are
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linearly independent. There exists k € N such that (g ® ¢/)u; = 0 for all j > k and
i =1,...,n Thus forany x eg ® tk(C[t], we have xw = Z:’:l(xvi) ® u; € W. From
Lemma 3.1, we deduce that

n

(3.5) D v)@ui €W, VxeU®).

i=1

It is well known that any endomorphism of an irreducible module over a countably
generated associative C-algebra is a scalar (see Proposition 2.6.5 and Corollary 2.6.6
in [18]). Thus Homy ) (E(A, a), E(A, a)) = C, since E(A, a) is irreducible over the
finite dimensional Lie algebra £,4(g). Note that E(A, a) is a faithful irreducible mod-
ule over U(g)/Anng ) (E(A, @)). From the Jacobson density theorem (see p. 197 of [29])
or Proposition 2.6.5 in [18], we know that U(g)/Anny ) (E (A, a)) is isomorphic to a
dense ring of endomorphisms of the C-vector space E (A, a). Then there exists x; € U(Q)
such that x;v; = 6; ;v; forall i, j = 1,...,n. Taking x = x; in (3.5), we deduce that
v; ® u; € W. Again using (3.5) forn = 1, we get EA,a) u; C W fori =1,...,n.
Thus we deduce that if Z?:l v; ® u; € W for linearly independent v; € E(A, a), then
EA,a) ® u;i C W foreachi.

Let

N ={ueL|v®ueW forsome nonzerov € E(A,a)}.

From the above arguments, we know that N is a nonzero subspace of L and that E(A,a) ®
N C W. Then for any nonzero v € E(A,a), u € N and x € g, we deduce that x(v ® u) =
(xv) @u +v® (xu) e W. Since (xv) @ u e W, we have v ® (xu) € W. Thus xu e N.
In other words, N is a g-submodule of L. Combining this with the result established in
the previous paragraph we see that W = E (A, a) ® N. Noticing that the action of K is
central, the lemma follows immediately. ]

For any g-module M, we can define an induced g-module
M{d] = Ind M.

It is easy to see that M[d] = C[d] ® M as vector spaces. We will simply write d"v =
d" @ v foralln € Z and v e M. Now we can prove the following.

Theorem 3.4. Let a € C™ and A € (*)™ \ {0}. Let L be a smooth module over §. Then
any §-submodule of (E(A,a) ® L)[d] is of the form (E(A,a) ® N)[d] for some §-sub-
module N of L.

Proof. Denote M = E(A,a) ® L for short. Let M™ = Y""_ d' @ M forallneZ,
and M® = 0 forn < 0. Analogous to Lemma 3.3, we have

(x ®tF)(d") =d"(x ® tF)v—[d", x ® t*]v,
forall x eg, ve M, k € Z and n € N, which induces a g-module isomorphism

M® /MO 5 M d" s v,
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Let W be a nonzero submodule of M[d] and take a nonzero w € W. Suppose that
weW N M®™, Then we can write w as

n l;
w = Zd'i Z(Uj,i ® Uj i),
=0

i=1

where v;; € E(A,a),uj; €L,l;eN,j=1,...,nsuchthatvj,..., vj,1; are linearly
independent weight vectors for each j. We may assume that v; ; has weight ; ; € (§*)™.
We note that there exists &’ € N such that (g ® lk/C[t])uj’i =O0foralli =1,...,/; and
j=1....n

Claim. (E(A.a) @ uj;)[d] € W foralli,j.

We prove this by induction on n and /,,. If » = 0 and /y = 1, the result is clear from (3.3)
and (3.5). Now we fix some n € Z 4 and [,, € N. Suppose that the claim holds for smaller n
or for the same n and smaller /,,.

Case 1.1, = 1.

We may assume n > 1. Take any x e U(g ® ¥ C[1]) such that x v, 1 = vy, the nonzero
highest weight vector in E(A, a). Then we have xu;; = Oforalli =1,...,/j and j =
1,....n and xw = d"(vy ® un,1) mod MV, By replacing w with xw (noticing

that u, 1 has not been changed), we may assume that

n—1 lj
w=d"(A ®@un1) + Y d) Y (v ®uj),
j=1 i=1
with MHn1 = A
Without loss of generality, we may assume that either vy, vy—1,1,...,Vp—1,7,_, are

linearly independent, or v,—1,1 = vy (i.e., by—1,1 = A). For any h € fyand k > k', we can
compute that

_ I
(h®t"yw = (h ®t*)d"(vy ® up,1) + (h ® t")nzldf j(v,-,,- ® uj,i)
j=1 =1
=d"(h® *)(vy @ up1) — [d".h ® 1¥](vy @ 1)
+d" ! lni(h ® t*)(n—1,i ® Un—1,;) mod M "2
=1
=d"A(h cé 5y (p @ un,1) —nkd"'A(h @ ) (vy, @ Un.1)
+d"! lniun_l,xh ® ") (Vn-1,i @ Un—1,i) mod M "2,

i=1

where we have used the notation A (h ® t%) = Y af-‘/\,- (h)forA=(Aq,...,.An)€(BH*)™,
and similarly for p,—1,; (h ® ).
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Then W contains the following vector:

w = h M) w—-Ah @ F)w = —nkd" 'A(h @ t*)(v) @ un.1)
lnfl
+d"Y (a1, = M) (h R F) (Wp—1,i @ Up—1,;) mod M.

i=1

forall k > k" and h € §). Since A # 0, there exist & € h and k > k' such that A(h ® th) =

Z;-"zl a¥2;(h) # 0. Itis easy to check that w’ # 0 for this  ® t¥, and hence w’ € W N

M@=\ {0}. By the induction hypothesis, we deduce that (E(A,a) ® u, 1)[d] € W.
Consequently, the claim follows in this case.

Case?2.1, > 2.

Since vp,1, ..., Uy, are linearly independent and E(A, a) is irreducible, using the
density theorem and Lemma 3.1, we can choose an element x € U(g ® t¥'C[¢]) such that
XVy,; = 6;,1v. Then W contains

xw = d" (v ® up,) mod M@,

From Case 1, we deduce that (E(A,a) ® uy,1)[d] € W. Using the induction hypothesis,
we obtain the claim.
From the above claim, we see that

N={ueL|(EM a)®u)d] < W)

is a nonzero subspace of L. It is easy to see that N is a g-submodule of L. Using the above
claim, we can easily prove that (E(A,a) ® N)[d] = W. This completes the proof of the
theorem. ]

Now we can have two important consequences from the above theorem.

Corollary 3.5. Let L be an irreducible smooth §-module. Let a € C™ and A € (§*)™ \ {0}.
Then the §-module (E(A,a) ® L)[d] is irreducible.

Taking L to be the 1-dimensional trivial g-module in Corollary 3.5, we obtain the
following.

Corollary 3.6. LetacC™, A € (§*)™ \ {0}. Then E(A,a)[d] is an irreducible §-module.

4. Properties of locally finite modules

Recall that g = 114 @ b @ n_ is the standard triangular decomposition of the finite dimen-
sional simple Lie algebra g with respect to a fixed Cartan subalgebra ), where ny =
Ywca . 8- We consider the current algebra g ® C[7] and its subalgebra 114 (see Sec-
tion 2). We identify g ® 1 with g. For any f(¢) € C[¢], we can define an ideal of 114:

I(f) =04 @ (f(1)) + (b + 1) ® {1/ (1)),
where ( f(¢)) denotes the ideal generated by f(¢) in C|[¢], and similar for (¢ f(¢)).
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It is easy to see J(f) = fiy N (g ® fC[tE]) if £(0) # 0. For any a # 0, we have
the following canonical Lie algebra isomorphism:

4.1) /4 —a) > g x®g() — gla)x,
forall x ® g(z) e iy, with x € g and g(¢) € C[z].

Theorem 4.1. Let V be a §-module such that each root vector in iy acts locally finitely
onV.ThenV has a finite dimensional nonzero i 4-submodule W such that J(f(t))W =0
for some nonzero f(t) € C[t].

Proof. Recall that § is the standard imaginary root of g with respect to b. Then aG=het
is a finite dimensional abelian subalgebra of g. Since s is locally finite on V, there is a
nonzero vector v € V such that (h @ t)ve Cv forallh ® t € gs.

Take any @ € A which is considered as a subset of A. We have

ax @t T v =h@t.x @t v=(h@1)(x Q@ *)v— (x ® *)(h @ t)v,
forall 2 €} and x € o, which implies o4 (k+1)s S §58a+ksV + Ga+ksv forallk € Z .
Inductively, we have

k
Qks+al S ZQ’S Gqv forallkeZ,.
i=0

Since dim Y_g2, 3% §4v < 00, there is ko € N such that

o0 ko
2G5 8av =) G5 Gav
k=0 k=0

is a finite dimensional space, i.e.,
ko
dim( 3" Gkota v) — dim ( > Gkste v) < .
keZ4 k=0

Let 0 # X4 € . Then there is a nonzero g(¢) € C[¢] such that (x, ® g(¢))v = 0. Note
that we may assume that g () is divisible by t when o € A_. Set

do ={g(t)eC[t] | (x4 ® g(t))v = 0and ¢ divides g(¢) if « € A_},
which is nonzero. If g(¢) € d4, for any / € ) we have
0=(h®1)(xa ®g(1))v = ([h, Xa] ® 1g(1))V + (xa ® (1)) (h ® 1)V
= a(h)(xe ® 1g(1))0.

Hence 1g(1) € dq, €., o is an ideal of C[¢]. Assume Jo = (fy(?)) for some nonzero
polynomial fy(7) € C[z]. Setting f(t) = lem{ fo(?) : « € A} € C[¢], the least common
multiple of f,(¢),x € A, we have (go ® (f(x)))v = 0 for all « € A. It follows that

B (PO =D [3a ® (f(1)).5-a ® (f(1))]v = 0.

aeA
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Then there exists nonzero f € C[t] such that d( f)v = 0. Noting that ¢ divides f(¢), so
we may assume that deg( f2(t)) = p + 1 > 1. Our result follows from:

Claim. U(tiy)v is a finite dimensional tiy-module.

We know J(f)U(fi+)v = 0 since 4(f) is an ideal of 4. Take nonzero €y € ga,
fo€g_q foralla € Ay, and let {hy,...,h;} be a basis of fj. Denote deg(x ® t*) = i for
allxegandieZ,. Let

(xi|ieNy={eq,eq @1, fu @1t hj @t |aecAt,j=1,...,1,i eN}

be such that deg(x;) < deg(x;+1) for all i € N. Now take s such that deg(xs;) = p and
deg(xs+1) = p + 1. We know that

W = E Cxi' - xPv

reLy
is finite dimensional since the actions of all x; are locally finite. For g € Z 1, let
Wy = span{x{' ---x[v|ri +ra+ -+ rs <gq}.
We know that W, = W for sufficiently large g. We will show that iy W, C W;4;. Let
(4.2) w=x{"xPveW,, ri€ly.

It is enough to show that x;w € W4 for any j € N. We will do this by induction on j
and then on g. For j = 1 or g = 0, it is clear that x;w € Cx;v € W41, since any x;v is
a linear combination of xjv, ..., xsv (because of the definition of f(¢) and p).

Suppose x; w € W,y for any w given in (4.2) and any j € N if ¢ < k. Now consider
one such w € W, given in (4.2) with g = k.

We write w = xirl1 ---xirl’v,whereil <ip<---<ij<s,1r1,r2,...,r€Nand r; +
ry + -+ r; = q. Now we use induction on j. If j < iy, itis clear that x; w € Wy 1. Now
suppose j > i1. We have

1

ri—1 r.._ . . ri—
. --.xilv_[xj7xll]xil

(43)  xjw = xjx; X;, ! i

rl : : n-— e
X, Ut X XX X, V.

Since [x;, x; |W,—1 C span{x; | i € N}W,_;, by the induction hypotheses we know that

the first term in (4.3) is [x;, xl-l]xirll_1 ---xir/v € W,. For the second term, we see that
ri—1 .

Xj X, . xirZ v e W,, by the induction hypothesis on ¢. Then by the induction hypothesis

on j, we know that the second term in (4.3) is x;, X; xirll_l .- -xirlZ v €x;, Wy C Wy since
i1 < j.Thus x;W; C Wy4 forall j and all g. So W is an iy -module, as desired. ]

It is not hard to verify that

i fiy]= Y ®CH+Y @)+ > ga®()

aeAL\IT aell ae AL \{0}
+8-6® (1) +H (1),

where IT is the base of the root system A of g, and

J(t) = ny ® (1) + (n_ + b) ® (17) C [fig. 7y ).
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Lemma 4.2. Let a € C, n € N, and let S be a nontrivial finite dimensional irreducible
i4--module with J((t —a)")S = 0.

(i) If a # 0, then d(t —a) = Ann(S).

(ii) If a = 0, then S is 1-dimensional and [y, 114+] € Ann(S).

Proof. Denote £ = tiy/d((t — a)™) for short. We may consider S as an £-module. Let
Rad(&£) be the radical of &£. Then Rad(&£) is nilpotent, and by Proposition 19.1 in [28], we
see that Rad(&£)/Ann(S) is contained in the center of £/Ann(S), which implies that any
element in Rad(£) acts on S as a scalar. Then we have Rad(£) N [£, £] € Ann(S) since
the trace of any element in [£, £] on S is 0. We know that J (t —a)/J ((t — a)") C Rad(L).
By computing [£, £] N (¢ — a), we deduce that Ann(S) contains the following subspace:

Y @@ (t—a)+ ) e ® (1t —a))

ae AL\IT a€ell

+ ) 5w ®(tt—a) +a g ® (2t —a) +H® (1t —a)).
aeAp\{0}

(i) Suppose a # 0. Note that

(1@ —a)) +{ —a)") = ( —a)).

Combining this with the fact d((t — a)") C Ann(S), we see that J(t —a) € Ann(S).
Since fi4 /d(t —a) = g is simple, we must have (¢ —a) = Ann(S).

@ii) If @ = 0, we know that &£ is nilpotent and finite dimensional. So S has to be
1-dimensional, and [£, £] acts trivially on S, i.e., [fiq, i4] € Ann(S). [

Take any @ = (ay,...,am) € C™ and let fa(t) = [T/, (t — a;). There is a canonical
Lie algebra isomorphism

(4.4) 7a: @4/d(tfa)) = f4/I0) & P T4/ —ar),

i=1

defined by mapping x ® g(¢) to (x ® g(t),...,x ® g(t)). Here and later, we continue to
denote by x ® g(¢) its image in ©i4 /4 for any x ® g(¢) € i+ and an ideal d C fi for
convenience. Using (4.1), we further have the Lie algebra isomorphism

iy /d(tfa) > (e /d0) & Po.

i=1

xRgt)—> (x®g(), gla)x,...,glan)x), Vxegqg, gt)eCJt].

(4.5)

Given any Lie algebra homomorphism 75: iy — C, we can define a 1-dimensional
iy -module Cv, by xv, = n(x)v, for all x € fi;.. Note that n([fi4, fi4]) = 0, and hence n
is completely determined by its values on ),y o + G—g ® 7.
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For any g-modules L, ..., L, using the isomorphism in (4.5) and noticing that
J(t) C [y, i), wecanmake L} ® --- ® L,, ® Cvy into an iy /4 (¢ fz)-module via:

(Xx®gNV1 @+ Q@ vm ® vy =1N(X B L))V1 ® -+ @ Vm ® vy

m
+Zg(ai)vl R QX Q- QUn ®Vy, VYV;eL;,xRgt)eniy.

i=1

We denote the resulting iy -module by S(; L1, ..., Ly;ay,...,am).

Let L(A;) be the irreducible g-module with highest weight A; e h* fori = 1,...,m.
Then we denote S(n; L(A1),..., L(Am); a1, ...,am) by S(n,A,a) for short, where A =
(A1,...,Am) anda = (ay,...,an). Itis not hard to prove that S(n, A, a) is an irreducible
fi4--module as well as an irreducible 11y /d (¢ f3)-module. If all A4, ..., A, are dominant,
then S(n, A, a) is finite dimensional. We also note that when some A; = 0, this L(A;)
is a 1-dimensional trivial g-module and hence makes no contribution to the 14 -module
S, A, a).

Lemma 4.3. Let fo(t) = [/, (t — a;) and fo(t) = [[7ey (t — a;)™, where m € N,
ap = 0, no € Z4 and the other n; € N, and with @ = (ay, ..., am) € C™. Let S be an
irreducible finite dimensional fiy-module with d( f)S = 0. Then S = S(n,A,a) for some
Lie algebra homomorphism n: iy — C and A = (A, ..., Aw) with each A; € §* being
dominant. Moreover,

(1) ifng =0, thenn=0and Jd(f,) C Ann(S);

(ii) if no # 0, we have

Y 0 ®(f)+ Y @®(tf))+ Y. ga®(ifa)

aeAL\IT aell aeAL\{0}
+8-6 ® (12 fa) + H ® (tfa) S Ann(S).

Proof. Denote £ = 114 /d( f:,) We regard S as an £-module. In a similar Lie algebra
isomorphism as in (4.4),

fia T /I(fa) — @D T4/ —an)™),

i=0

let £; =ty /d((t —a;)"). Hence S can be viewed as an £;-module for each i. We
choose a nonzero irreducible £;-submodule of S, say L;.

First suppose i # 0. By Lemma 4.2, we see that (¢t —a;)L; = 0. So L; is an irre-
ducible module over the simple Lie algebra g =~ 14 /d(t — a;). We see that L; = L(4;)
for some weight of g with respect to b, i.e., (x ® t5)v = a{-‘xv forany v € L;, x € g and
k € N. Moreover, A; is dominant, and A; = 0 if further L; is trivial.

Now suppose that i = 0 and ng # 0. Then &£, is nilpotent ; furthermore, L is 1-
dimensional and there exist a Lie algebra homomorphism 7y: £9 — C and w € L¢ such
that xw = no(x)w for all x € £(. Again by Lemma 4.2, we get [fiy, iy ] Lo = 0. Recalling
that 4 (¢) C [+, Ti4+], so we obtain J(¢) Lo = 0.

If ng = 0, then £y = 0 and hence n = 0.
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From Lemma 2.7 in [35], we know that S =~ S(n, A, a). Part (i) follows easily. For
part (i), computing the left-hand side of [fiy, 11+] N d(fz) C Ann(S), we deduce the
statement in (ii). The proof is complete. ]

5. Classification of n -locally finite irreducible modules

In this section, we will obtain the complete classification of irreducible g-modules on
which each root vector in i1 acts locally finitely.

LetmeN,A=(Ar,....Am)€(B*)", a = (a1.az,....am) €C™ andletn:iiy — C
be a Lie algebra homomorphism. We shall denote by W(n) an irreducible Whittaker
g-module with Whittaker function 7 if n # 0. For any y € b* we denote by V(y) the
irreducible highest weight g-module with highest weight y.

Let S = S(n, A, a) be as defined in Section 4, and let f, = [[/L,(t — a;). Then
d(tfa)S = 0, and 4( f,)S = 0 if additionally n = 0. Recall from (4.4) that

fy/d(tfa) = (1 /9(0) ® (@4 /4(fa)) = (@4/4(0) @ @ity /I —ay).

i=1

Let 7; be the projection from fiy/d(fy) to g® = fiy/J(t — a;), which is isomorphic
to g foralli = 1,...,m. We identify iy /J(f4), which can be viewed as an ideal of
fiq/d(tfq), with g". Then regarded as an tiy /J( f4)-module, S is a sum of irreducible
highest weight modules with the same highest weight A € (§*)™.

We consider the induced g-module

M(n,A,a) = Ind}_S(n,4,a) = UR) Qu.,) SO1. 4. ),
and the induced g-module
M(n,%,a) = Ind}_S(1.4,a) = U®) Que,) S(1.4,a).

Clearly, 5 R R
M@, A,a)=M(n, A a)d] =Cld]® M(n,A,a).

Recall the 1-dimensional i -module Cv,, defined by xv, = n(x)v, forall x € ir. Then
the induced g-module

W(n) = Inngr(Cvn,

is the universal Whittaker module with Whittaker function 5. Recall that the irreducible
g-module E(A, a) is defined in Section 3 (after Lemma 3.1).

Lemma 5.1. As g-modules, we have M(n,l,a) ~EQ,a)Q® W(n).

Proof. Regarding E(A,a) as an fi1-module, we have the canonical i -module isomorph-
ism ¢: S(0,A,a) — E(A,a). We get the canonical fi-module homomorphism

S A.a) = S(0,A,a) ® v, - E(A.a) @ W (1),
VQ Uy > (V) ® vy, YveS(0.4,a),
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whose restriction is the canonical 114 -module isomorphism
S(m,A,a) > E(A,a) ® vy.
From the universal property, we obtain an induced g-module homomorphism

§:M(n.Aa)=1ndd S(n.A.a) > EQ.a)® W(n) = E(.a) ® (Indd Cuv,).

Note that M(n,)c,a) = U(E_) ® S(n,A,a) and
EMAa)® W) = E(A.a)®U(b_) ® Cv,

as vector spaces, where b= B + ti_. Take a basis {b1, by, ...} of b_. We have a PBW
basis
{b,rl" b{l |n€Z+,r1,...,rn €Z+}

for U(B_). For any / € Z 4, we denote

Ub_)y = Y Chirbl.
n,ri€Zy,
ritetrg =l

By induction on / € Z, we can easily deduce the following.
Claim 1. Forany x € U(B_)l, l€Zyandve S(0,A,a),

-1

H(r(v®vy) = X(P(v) ® 1) = P(v) ® (xvy) mod EA.a) ® Y U(B)ivy.
i=0

Noticing that ¢ is an isomorphism, we see E(A,a) ® Zf;}) U(b_); vy C P(M(n,A,a))
implies E(A,a) ® Zf:o U(B_)iv,7 C (Z(IVI (n,A, a)) from the claim. Then by induction
we can obtain that E(A, @) ® W (1) € $(M (1, A, a)), that is, § is surjective.

Now we prove that ¢ is injective. For any nonzero w € M (n,A, a), we write

-1

k
w= Zx,- (v; ® v;) mod ZU(B_),-(S(O,l,a) ® vyp),

i=0 i=0

where x; € U(B_)l and v; € S(0, A, a). We may assume that the v;’s are linearly independ-
ent and each x; # 0. Using Claim 1, we see that

k -1
P(w) =) ¢(:) ® (x;vy) mod EA,a) ® Y U(b-)ivy.

i=0 i=0

which is nonzero since the ¢(v;)’s are linearly independent and each x; # 0. Thus @ is
injective. We conclude that ¢ is a g-module isomorphism. [
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As aresult of Lemma 5.1, we have a g-module isomorphism
7 M@0 a) = Ind%]@(n,l,a) — Indg(E(l,a) ® W(n))

Note that . R ~
Ind3(EQA.a) ® W(n)) = (EQA.a) ® W(n))[d].

Thanks to Theorem 3.4, any g-submodule of (E(A, a) ® W(n))[d] is of the form
(E(A,a) ® N)[d] for some g-submodule N of W(n). Thus any irreducible g-quotient
module of (E(A, @) ® W (n))[d] is of the form (E(A, @) ® W(n))[d] for some irredu-
cible g-quotient module W(n) of W(n). Now we can characterize all irreducible quotients
of §-modules W (7).

Lemma 5.2. Let n: 1y — C be a Lie algebra homomorphism, and let W(r)) be the uni-
versal Whittaker module over g.

(1) If n # 0, then any irreducible quotient module of W(n) is an irreducible Whittaker
g-module of type 1.

(2) If n = 0, then any irreducible quotient module of W(n) is an irreducible highest
weight module V (y) over § with some highest weight y € §*.

Proof. Part (1) is clear by definition. Now suppose 7 = 0, and W is an irreducible quotient
g-module of W (0). Consider the induced g-module W = W[d] = indi.

If W is irreducible, using Theorem 1 in [36] we know that W is an irreducible highest
weight g-module, which is a contradiction to the fact that the action of d is free on w.

So W is not irreducible. Let ¥ be a nonzero proper g-submodule of W . It is obvious
that Y N W = 0, since otherwise

W=U@W=U@U@YnNnw)cY.

Because W is irreducible over g, then W is generated by one vector, and it has a maximal
submodule over g. Take a maximal g-submodule X of W and choose any

W=d"@w, +d" ' Qw1+ --+woeX, wieW, w, #0

such that 7 is minimal. For any x € U(g), k € Z and | € Z ., by computing dxw € X and
noticing that W is an irreducible g-module, we see that for any v € W there is an element
d"tl @ v + Z?:éfl d! ® v; € X for some v; € W, and hence

X4WedW)®---&[d"aW)=W.

In particular,

Fixe WOUBWS & W aW)
TXN(WedeW)®--®dreW))
is a nontrivial irreducible g-module. Using Theorem 1 in [36], we know that » = 1 and

that W /X is a highest weight g-module. If we consider W /X as a g-module, we have
W /X =~ W.Hence W is a highest weight g-module. Part (2) follows. ]
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Using the above two lemmas, we can determine all irreducible g-modules such that
the actions of root vectors in i14 are locally finite.

Theorem 5.3. Let V' be an irreducible §-module on which the action of each root vector
in iy is locally finite. Then V is isomorphic to one of the following §-modules:
(1) an irreducible highest weight §-module 17()/) for some y € b*;
(2) an irreducible Whittaker §-module W(n) for a nonzero Lie algebra homomorphism
N4y — C;
3) (17()/) ® E(A,a))[d] for some y € b* acCmand e (5*)™ \ {0} with all A; dom-
inant, where m € N and V (y) is the irreducible highest weight module over §;
4 (W) ® E(A,a))[d] for a nonzero Lie algebra homomorphism n:tiy — C, a € cm,
and A € (§*)™ \ {0} with all A; dominant, where m € N and W(n) is an irreducible
Whittaker module of type n over g.

Proof. By Theorem 4.1, V has a finite dimensional fi4-submodule and hence an irredu-
cible finite dimensional 114-submodule, say S. If this S is one-dimensional, then Ind§1+ S

is a universal Whittaker g-module, furthermore V is a simple quotient of (Inngr SH[d].
We see that V' is a highest weigh g-module or an irreducible Whittaker g-module by
Lemma 5.2 and Theorem 3.4.

Now suppose thatdim .S > 1. By Theorem 4.1 and Lemmas 4.2 and 4.3, this irreducible
fir-submodule is isomorphic to S(n, A, a) for a Lie algebra homomorphism 7: fi; — C,
ac (E'", and A € (§*)™ with all A; dominant and at least one nonzero. Then we know
that V is an irreducible quotient of the g-module

M(n.A. @) =IndS_S(1.4.a) = (EQ.a) ® W(n)ld].

The theorem follows from Theorem 3.4, and Lemmas 5.1 and 5.2. [

6. Isomorphism classes of irreducible g-modules

In this section, we determine the necessary and sufficient conditions for two irreducible
modules of the form (E(A, a) ® V(y))[d] or (E(A,a) ® W(n))[d] to be isomorphic,
where n: iy — C is a nonzero Lie algebra homomorphism, a € C",A = (A1,...,Ap) €
(5*)™ \ {0} and y € h*. Recall that V (y) is the irreducible highest weight §-module of
highest weight y and W(#) is an irreducible Whittaker g-module of type 7.

Lemma 6.1. Let M and M’ be irreducible §-modules. Then M [d] =~ M'[d] as §-modules
if and only if M = M’ as g-modules.

Proof. The sufficiency is clear. We need only to prove the necessity. Let §: M [d] — M’[d]
be a g-module isomorphism. We can define a map ¢: M — M’ as follows. Take any
nonzero u € M, there exist unique [, € Z and v; € M’ with vy, # 0 such that ¢(u) =

Zf“:o d'v;. Define ¢(u) = v;,. Note that for any x € §, we have
Iy, -1 Iy

6.1) o(xu) =x0u) = Zx(div,-) = dl"xvlu + Z dixv; + Z[x,di]vi.

i=0 i=0 i=0
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This, together with the fact that M = U(g)u, implies that [, < [,, for all u’ € M and hence
Iy, = L for all nonzero u,u’ € M. Then the linearity of ¢; follows from its definition
and (6.1) yields ¢(xu) = xv;, = x@(u). As a result, ¢ is a nonzero g-module homo-
morphism and hence an isomorphism between g-modules M and M’. ]

Lemma 6.2. Letm,m’ €N, A€ (§*)"\ {0}, A € (5*)™, acC™ a' €C™  andlet L, L’
be smooth §-modules. Then E(A,a) ® L =~ E(A',a’) ® L' if and only if E(A, a) ~
EMN,d)and L =~ L'

Proof. The sufficiency is clear. We need only to prove the necessity. We know that both
E(A,a) and E(A’,a’) are irreducible g-modules. Let

P EQA,a)L—EM,a)® L

be a g-module isomorphism. Fix nonzero v € E (A, @) and nonzero w € L. Let

s
ovRw) = Zvi ® w;,
i=1
where v; € E(A’, a’) and where the w; € L’ are linearly independent. We may also assume
that each v; # 0. Choose any k € N such that

(g *Clh)w = (g @ t*C[e])w; =0, foralli.

Note that

N
6.2) Pxv®w) =x0(v®@w) = va,- Qw;, Vxeg®*C[1].
i=1
Combining this with the fact that E(A,a) = U(g)v and using Lemma 3.1, we see that, for
anyu € E(A,a),

S
Pu@w) = Zui ® w;
i=1

where u; € E(A’,a’). Now, we define nonzero vector space homomorphisms ¢;: E(A,a) —
E(/,a’) by ¢;(u) = u; forallu € E(A, a), and we have

Fuew)=> @) ®w;, YucEQ.a).

i=1

Note that (6.2) with v replaced by u indicates that ¢; (xu) = x¢; (1) for x € g ® t*C[¢] and
u € E(A, a). The irreducibility of E(A’,a’) and Lemma 3.1 show that all ¢; are surjective,
ie,pi(E(A,a)) = EQA,d).

Recall fo(t) = [/, (t — a;), and let f) (1) = ]_[;-"zljlﬁéo(t — a;). Define simil-
arly fo and fy/ .. Now we have 0 = ¢;(xu) = x¢;(u) for all u € E(A, a) and x €
fl,a(t)tk(C[t]. Since ¢; is surjective, we get xE(A',a’) = 0 for all x € f} 4(¢) tkC[1],
yielding from Remark 3.2 that

fra@®tk € Am(EQV,a) = fu.o()C[tT & CK.
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Thus we get fy/ o divides f} 4, and symmetrically f) , divides f) 4. In particular,

fra = fra. AM(EQL, a))=Am(EQ',a"))

and ¢;(xu) =0=x¢;(u) forxeg® fl,a(C[ti'l].

Since
a® fraCltH' ]+ g @tk C1] = g ® C[r*],

we obtain that ¢; (xu) = x¢; () for x € g ® C[¢t*!]. Hence each ¢; is a §-module homo-
morphism. Since E(A, a) is a simple module, ¢; # 0 is also injective. Consequently,
each ¢; is a g-module isomorphism. Thus E(A,a) ~ E(A',a’).

It is well known that any endomorphism of a simple module over a countably gen-
erated associative C-algebra is a multiplication by a scalar (see, for instance, Propos-
ition 2.6.5 and Corollary 2.6.6 in [18]). There exist a; € C*,i = 1,...,s, such that
@i =ajpr.Letw’ =Y/, ajw;. Then

Ju@w)=p)@w', YuecE®R,a).
Applying x € g to both sides, we deduce that

Pxuw) =¢xu®@w)+¢uxw) = ¢p1(xu) ®w + ¢(u @ xw)
=(xo1(u) @w + o(u @ xw),
x@(u @ w) = (xp1(u)) ® w + @1 (1) ® xw’

ie., P(u ® xw) = ¢1(u) ® xw’. Thus we have a vector space homomorphism ¢’: L — L’
such that
Pu®y) =) ®9¢'(y). YueE@R.a), yelL.

Applying x € g to both sides, we deduce that ¢’(xy) = x¢’'(y) forall x egand all y € L.
That is, ¢": L — L’ is a nonzero g-module homomorphism. Since ¢ is an isomorphism of
g-modules, we obtain that ¢’ is an isomorphism of g-modules, i.e., L ~ L’. [

The necessary and sufficient condition for the isomorphism E(A,a) >~ E(A’,a’) is well
known, namely, E(A,a) >~ E(A’,a’) if and only if A = A’, and a are proportional to a’ after
reindexing ay,...,a, and Ay, ..., A, simultaneously if necessary, see Theorem 1.3(d)
in [10]. Combining Lemma 6.1, Lemma 6.2 and highest weight representation theory of g,
we can deduce the isomorphisms among the irreducible g-modules (E(A,a) ® V(y))[d]
and (E(A,a) @ W(n))[d].

Theorem 6.3. Letm,m’ €N, A€ (5*)"\{0}, acC™ A e (9*)™, a’ cC™ andy,y € b*.
Let n,n':fiy — C be nonzero Lie algebra homomorphisms.
1) (EQ,a) ® V(y))[d] and (E(M,a’) @ W(n))[d] are never isomorphic;
2) (EA,a)®@V(y)[d]~(EQ.a")®V(y')[d] as §-modules ifand only if E(A,a) ~
E(\V,a’) as g-modules and y = y’;
B) (EQ,a)@3Wn)[d] = (EW,a")@W(n'))[d] as §-modules if and only if E(A,a) >
EV/,a") and W(n) = W(1') as g-modules.
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7. Tensor products of highest weight modules and loop modules over
untwisted affine Kac—-Moody algebras

In this last section, we will use the “shifting technique” to obtain a necessary and sufficient
condition for the tensor product of irreducible integrable loop modules and irreducible
integrable highest weight modules over untwisted affine Kac—Moody algebras g to be
simple. This problem was started by Chari and Pressley in 1987 in [10], and further studied
by them and other authors later, for example [1-3]. We will start with a slightly more
general setting.

Forany me N, a € C™ and A = (A1, A2, ..., Am) € (5*)™, we have the irreducible
g-module E(A, a). For any b € C, recall from [19] or [10] the §-module E(A, a,b) =
E(A,a) ® C[t,t™], with actions

x®@FHvet") = (x @ tF)v) ® "k,
Kv®t")=0, dwv®t")=0B+net"),

forallk,n €7, x €g, and v € E(A, a). Note that the §-modules E (A, a, b) are integrable
weight g-modules if all A; are dominant.
Let us recall from [10] the graded associative algebra homomorphism y defined by

x:UBQC[t,t7Y]) — Clr,t71],

het" (ili(h)a{’)t".

i=1

(7.1)

(7.2)

By Theorem 1.3 (¢) in [10], we see that E(A, a, b) is irreducible if and only if y is surject-
ive. In other words, for all k € Z, there exist iy € U(h) ® C[t,t71]) with [d, hi] = khy
such that y(h) # 0. Although the proof in [10] is for only finite dimensional E (A, a), it
is valid even for any infinite dimensional E(A, a).

From now on, we will fix an irreducible g-module such that

(7.3) L= > L. whereL ;={veL|dv=(—iw}
i€l

for some ¢ € C with Ly # 0. We call ¢ the highest degree of L. Note that irreducible
highest weight g-modules are such modules. There are certainly a lot of other such irre-
ducible modules. Similarly, we have

U@ =) U@, whereU§); ={xeU@)|[d,x] =ix}.
i€Z
Any vector x € U(g); is called homogeneous of degree i, denoted by deg(x) = i. Clearly
U(g);L; € Li+j, where we make the convention that L; = 0 for j € N.

Lemma 7.1. The above irreducible §-module L is also irreducible as a §-module.

Proof. Let W be a nonzero g-submodule of L. Take any nonzero w € W and write
w = Z?:o u;, with u; € L_; and u,, # 0. Since L is simple as a g-module, there exist
X1,...,Xs € gand ji,..., js € Z4 with j; + --- 4+ js = n such that

wo = (x] @ 1/1) -+ (xs @ t*)w € Lo \ {O}.
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Then the g-submodule generated by wy is a g-submodule of L. Hence W = L. Con-
sequently, L is irreducible as a g-module. ]

We will use the “shifting technique” established in [14] to study the tensor product
g-module E(A,a,b) ® L. Define a new action of § on the vector space E(A,a) ® L ®
Clt*'] by

xR RuUe") = (x®F)ou+v® (x®F)u) @k,
(7.4) dv@u@t")=C+b+nveueth),
Kveuet")=v® Ku®1t",
where be C,ue L,ve E(A,a), x € g and k,n € Z. Denote this §-module as & (A,a,b, L).

On the other hand, we can form the tensor product §-module E(A, a, b) ® L. Actually,
we have the g-module isomorphism &(A,a,b, L) =~ E(A,a,b) ® L given by

vuUut" > W")YQu, YuelL_j,veEQ,a),nel.

In the rest of this section, we will consider the module &(A, a, b, L), instead of
E(A,a,b) ® L, to deduce its irreducibility. For any p, k € N, define

U (b ® (1PC[1])) = {xeU(h ® (tPC[1])) | [d, x] = kx}.
We first prove a new property of the function y defined in (7.2).

Lemma 7.2. Suppose that the function y defined in (7.2) is surjective. Then for any p € N,
we have y (U (h ® (tPC[t]))) # O for all sufficiently large k € N.

Proof. Let
Sp ={k eN | x(Ux(h ® (1C[z])) # 0},

and let (S,) be the subgroup of Z generated by S,,. It is enough to show that (S,) = Z.
Otherwise suppose that (S,) = n,Z # Z, where ny > 1. Then x(h ® 19tmky = 0 for all
k> pandallg =1,2,...,n; —1,1ie,

m

Y hi(hyal(@y* =0, Vheb.k>p.

i=1
Note that although a; # a; for i # j, we can have a;' = a;” for some i # j.Let now
81,82, ..., Ss be the partition of {1, 2, ..., m} so that

i,j €Sk < a}' =a;.“.

We deduce that
> Ai(hyal =0. Vhebhg=12.... .n—L
ieS;
Equivalently,
> Ai(hyal =0, Vheb, n¢niZ.

i€sS;

We see that y is not surjective, contradicting the assumption. The lemma is true. ]
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Lemma7.3. LetmeN,aecC™, beC, and A € (h*)™ be such that E (A, a) is finite dimen-
sional and E(A, a, b) is irreducible. Let W be a nonzero §-submodule of €(A,a, b, L).
Then EQA,a) ® L ® t" C W for all sufficiently large n € 7.

Proof. Denote & = §(A,a,b,L) and &, = E(A,a) ® L ® t" for convenience. Ele-
ments in &, are called homogeneous. Denote f4(¢) = [[i=,(t — a;) as before. Write
W=>,czWn®t" where W, C E(A,a) ® L foralln eZ.

Choose any n’ € Z such that W, # 0 and take a nonzero w € W,,. We can write
w = Z;zl w; ® u; with 0 # w; € E(A,a) and uy,...,u, € L such that uy,...,u, are
linearly independent. There is p € Z 4 such that (g ® t?C[¢])u; = 0 for all i.

Regard E(A, a) as a weight module over £, (defined in (3.1)) with respect to the
Cartan subalgebra

ba = (h ® 1PC[1]) /(6 @ tPC[t]) N (H ® fuCT[1])).
By (3.2) and Lemma 3.1, we see that
(ny ®1PC[1])/((ny @ LPC[1]) N (ny ® fuCl1]))

is just the positive part (nilpotent radical) of £, with respect to b,.

Recall that E(A, a) is a highest weight module over the semisimple Lie algebra £,
with highest weight A (see the comments before Remark 3.2). By vy we denote the highest
weight vector of E(A, a). For any weight u € (*)™, we say that u < A if A; — p; is dom-
inant forall i = 1,...,m. For any element v = vy + --- + vy € E(A, @) such that the v;’s
are nonzero weight vectors of distinct weights i;, denote wt(v) = min{u;,i = 1,...,s}.

If there is w; so that wt(w;) # A, say, wt(w;) < A, then w; cannot be annihilated by
the whole positive part of &£,. Hence xw; # 0 for some homogeneous x e ny ® t?C|[¢].
Then we have

r r
x(w® ") = x(Z wi @ Ui ® z"’) =3 xwi @ uy @ ("),
i=1 i=1
which is nonzero by the linear independence of u, ..., u,. It is clear that wt(xw;) >
wt(w;) fori = 1,2,...,r. Repeating this process if necessary, we can obtain a nonzero
element w' = Y7 v/ Qu; ® " € W with either wt(v]) = A or v; = 0 for all i =
1,....r.Thenw' = vy @ u ® t"" for some nonzero u € L. By replacing w with w’ and n’
with n”, we may assume that w = vy Q u € Wj.

Claim 1. E(A,a) ® u C W, for all sufficiently large n.

From Lemma 7.2, we can find k¥’ € N such that there exist h € Ur(h ® (t7C[t]))
with y(hy) # 0 for all k > k’. By (3.3), we can find homogeneous x1, X2,...,X, €U(g ®
tPC[t]) \ C suchthat E(A,a) = span{x;vy |i = 1,2,...,q}, which is finite dimensional.
Let deg(x;) = I; and ! = max{/;,1 <i < ¢}. Then for any k > k’ + [, we have

Xihg—;, (VA Qu ® ln,) = y(hg—1,)xiv) Qu ® "k

which implies that E(A,a) @ u ® t* € W for all k > n’ 4+ k’ + . The claim follows.
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Claim 2. E(A,a) ® L C W, for all sufficiently large n.

By Claim 1, we suppose that E(A,a) @ u @ t" C W for all n > ny where n; € Z is
fixed. Let u € /L, L—; with minimal m’ € Z .. Since L is simple as a §-module, there
exist y1,...,ys€gand ji,..., js € Z4, with j; + -+ + js = m’, such that

wo = (ys ® %) -+~ (y1 @ /") u € Lo \ {0}
By induction on r, we see that
EXa)® (yr @t7)--- (0 @ t/u @ ("t Tir c W, Vi >y,

So
E(A,a) ® wy "t Cc W, Vn> ni.

Let
K={veL|EAa)®@v®t"t™ CW,Vn >n,}.

It is enough to prove that L_; C K by induction on / € Z . This is clear for / = 0. From
Lemma 7.1, we know that

I+1
Y @Rt Loy =Ly
k=1
One can easily deduce that
I+1
EQa)@ L@ =Eda)® (Y (@®r ) L) e
k=1
I+1
SW+) (6®FNEMa)® L1 @ 1" C W, Vnzn+m.
k=1

Thus L_; C K foralll € Z4,i.e., K = L. Claim 2 follows. Hence the lemma is true. m

The following corollary will be used later in this paper.

Corollary 7.4. Let me N, a € C™, b € C and A € (§*)™ be such that E(A, a) is finite
dimensional and E (A, a, b) is irreducible. Let W be a submodule of E(A,a,b, L), ny €7
andug € Lo \{0}. If E(A,a) Quo ®t" C W foralln > ng, then EQ,a) L t" C W
foralln > ny.

Proof. Taking u = ug and n; = ny in the proof of Claim 2 of Lemma 7.3, we can deduce
the result. ]

Noticing that
=gt 'Ct ) ®n_,

we have
Ui )=U@@®t'C[t™ ) ® Um).
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Fix any nonzero ug € Lo. Then we can define a linear map
(7.5) ¢:EA.a)®U@E-) — E(A,a) ® Lo,
by

p(v ® xy) = (x o v) ® yuo,

forallve E(A,a), x € U(g ® t'C[¢t71]) and y € U(n_), where the action o is defined
by 1l ov = v and

(x1x2---x5) ov = (—1) x5 ---x2x10, Vx;eq®t IC[t71].
It is easy to see that ¢ is well-defined, and
PV Ry +v®xy) =0, Vxeq®t 'C[t7!],yeU(#_), andve E(A,a).

Both E(A,a) ® U(ii—) and E(A,a) ® Lg are tensor products of U(ni—)-modules in
the usual way, and we have the following.

Lemma 7.5. The linear map ¢ defined in (7.5) is a homomorphism of U(n_)-modules.

Proof. Takeanyve E(A,a),x;eq®t'C[t7!],fori =1,...,s,yeUm_)and x’ en_.
We have

P(xX'(V @ X1+ x5¥)) = (X'V ® X1+ X5Y) + @0 @ XX -+ xg).
Noticing that
P(x"v @ x1 -+ Xgy) = (=1 x5 -+ x1Xv ® yuo

and

S
oV B X'x1 - x5y) = 9V B x1 XXy + 08 Y w1 [ ] y)

i=1

N
= (=15 X0 @ X yug + (<) Y X [¥ ] x10 @ o
i=1
= (=1)xs - x10 @ X'yug + (=1)° [x/, x5 - - x1]v ® yuo,
we get that

(X' (v ®x1 -+ x5y)) = (1) x5 x10 ® X yuog + (—=1)°x'x5 - x1v ® yug
= (—1)*x" (x5 x1v ® yup) = x'0o(v ® x1 -+ x5y),

as desired. [

Theorem 7.6. Let m €N, a € C™, b € C and A € (6*)™ be such that E(A, a) is finite
dimensional and E(A,a,b) is irreducible. Let L. = 17()/) be an irreducible highest weight
G-module with highest weight vector ug of highest weight y € Y*. Then E(A,a,b) ® L is
irreducible if and only if ¢(E(A,a) @ Anny_y(uo)) = E(A,a) ® L.

Proof. Consider & (A, a, b, L) instead of E(A, a,b) ® L. For convenience, denote £ =
E(A,a),6=8(,a,b,L),and J = Anny_)(uo). Let W = ZkeZ W ® t* be a nonzero
submodule of &. By Lemma 7.3, thereisn € Z suchthat E ® L @ t* C W foralli >n + 1.
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Claim 1. Foranyve E, xeU(g ® t 'C[t7!]) and y € U(n_), we have v ® xyugy =
(x ov) ® yup = ¢(v ® xy) mod W,.

By linearity, it suffices to prove the claim for x = (x; ® t71) -+ (x; ® t %) with
xj €g and i; € N. If s = 0, the result is trivial. Now suppose the result is true for all
vEE,x =(x; ®t71)--(x; ®t ") and y € U(n_). Set u = yug. Then for any x¢ € g
and ip € N, we have that

(xo @ 170) (v @ xu @ t"T0) = (v ® (xo0 @ 1) xu + (x0 ® 1) @ xu) 1" € W.
Hence, by the inductive hypothesis on s, we have
v ® (xg ® t_io)xyuo =—(x®1 ) ® Xyug mod W,
=-—xo0(xo® t‘”’)v ® yuog mod W,
= ((xo ®t7)x)ov ® yug mod W,.

The claim follows by induction.
First suppose that p(E ® J) = E ® L¢. Then for any v € E(A, a), we can find x; € J
and v; € E such that <p(Zf:1 Vi ® X;) = v ® up. By Claim 1, we have

S S
vV ® U =Z(p(vi ® Xi) EZvi@)xiuo =0 mod W,,

i=1 i=1

that is, £ ® ug € W,,. By Corollary 7.4, we obtain that W, = E ® L, and by induction
onn,we conclude that W; = E ® L foralli € Z, thatis W = &. Therefore & is irreducible.
Now suppose that o(E ® J) # E ® L. Then we have an induced linear map

0 EQU@-) > (EQLy))/ep(E®J), v®@x+ ¢(v® x).

Clearly ¢(E ® J) = 0. Noticing that L. = U(n-)uo =~ U(ti—)/J, we get the induced
linear map

P EQL—>(E®Ly)/e(E®J), v®xupgr> ¢(v® x).

Without loss of generality, we may suppose that W is the submodule of & generated
by E® L ®t', i >n+ 1. Then any element in W,, ® ¢" is a sum of elements of the form

x(v ® yuo ® 1", withxeU(@G)_j,veE,yeU@_),i eN,
and, by the PBW theorem, is a sum of elements of the form
x(v ® yuo @ t"),  withx efi_,deg(x) = —i,ve E,yeU(ii_),i e N.
While in this case
x(v ® yuo @ t" ) = (xv @ yuog + v ® xyug) ® 1"

and

P(xv ® yup +v ® xyug) = p(xv® y + v ® xy) = 0.

As aresult, we obtain that g(W,,) = 0, or equivalently, W;,, Ckery # E ® L, since @ is
surjective and nonzero. Thus W is a proper submodule of &, which has to be reducible. =
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The above result is not easy to use, since we generally do not know what Anngz_)(uo)
is for a non-integrable irreducible highest weight g-module 17()/) with highest weight
y € bh*. Fortunately, our goal is to handle the case when y is dominant.

From Proposition 9.9 in [31], we know that there are a lot of irreducible highest weight
modules 17()/) that are also Verma modules over . For these irreducible Verma mod-
ules V(y), we know that J = Annyg_)(uo) = 0, where ug is a highest weight vector.
Applying Theorem 7.6, we obtain the following.

Corollary 7.7. Let me N, a€ C™, b e C and A € (H*)™ be such that E(A, a) is finite
dimensional and E(A, a,b) is irreducible. Let V (y) be an irreducible Verma module
over §. Then E(A,a,b) ® V(y) is always reducible.

On the other hand, we do have a clear description for Anngs_)(14o) if y is dominant.
Next we will concentrate on this very important case, which is of most interest to us.

Recall from Section 2 the notation of a root system relative to the triangular decom-
position of g and g given there. Let «;,i = 1,...,/, be the simple roots of g, let 6 be
the longest root of g, and let ¢&; and 6 be the corresponding coroots. Let g = § — 6.
Thena;,i =0,1,...,1, are the simple roots of g. It is well known that fy = eg ® t~!and
g = K — 0. Any weight y € b* is of the form y = A + kAo, where A € h* is a weight
of g, k € C, and Ay is the weight defined by (A, ;) = 8i,0, (Ao, d) = 0. Denote by 17()/)
the highest weight g-module with highest weight y, and denote by V(A) the g-submodule
of V(y) generated by the highest weight vector (that is, a highest weight g-module with
highest weight A).

It is well known that y = A + kA is dominant if and only if A is a dominant weight
relative to g and k € N with k > A(é).

From now on, we assume that L = 17()/), the irreducible highest weight g-module
with dominant highest weight y = A + kAy. It is easy to see that Ly = V(A) is just the
finite dimensional irreducible highest weight g-module with highest weight A. Moreover,
V (y) and V(A) have common highest weight vector, and we choose one of them, say u 4,
and define the function ¢ as in (7.5) replacing uo with ua. Denote E(A, a, b, y) =
€(A,a.b, V(y)) for convenience. We have noticed the §-module isomorphism

EMA,a.b,y) = ER,a,b)QV(y).

Theorem 7.8. Let me N, a € C™, b€ C and A € (§*)" be such that E(A, a) is finite
dimensional and E(A,a,b) is irreducible. Suppose that A + kAo € h* is dominant. Then
E(,a,b) @ V(A + kAy) is irreducible if and only if

(7.6) P(EQ.a) ® Un_)(eg @~ A0+ = EQa) @ V(A).

Proof. Let u be a common highest weight vector of I7(A + kAy) and V(A). It is well

known that J = Anng_) (1) is the left ideal of U(ii—) generated by fi(AﬁLkA‘]la‘i)Jrl for
i=0,1,...,/. Then

I
$EQa)®J)=o(Eda)® Y Ulg & 7' Cli™) Uao) fIA A,
=0
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Note that
1

w(E(A, a)® Z U@g®t'Clt') U(n_)fi(A"‘kAo\di)H)

i=1
1
=Y Ulg®t 'Clr o EQ.a) ® Un) £+ g = 0.
i=1

We have
9(EQd.a)®J)=¢(EA.a)@Ug®t'C[t™']) U(n_)fO(A+kA0|5to)+l)
=o(U(@®t'C[tT' D)o EQh,a) ® U(n_)fok—<A\é>+1)
=9(EA.a)® U(n_)fok—(A\éHl).
Now the statement follows from Theorem 7.6. -

The condition in Theorem 7.8 is still not very easy to verify. Now we can give a further
criterion which we can compute explicitly.

Theorem 7.9. Let me N, a € C™, b € C and A € (§*)™ be such that E(A, a) is finite
dimensional and E(A, a, b) is irreducible. Suppose that I7(A + kAo) is an irreducible
integrable highest weight §-module, where A € h)* and k € Z4. Let up be the com-
mon highest weight vector of V(A + kAo) and V(A). Then E(A,a,b) ® V(A + kAg)
is irreducible if and only if

(7.7) U )((eo ® 1Y MM EQ a) @ up) = E.a) ® V(A).

Proof. As before, denote y = A + kAy and we consider & = (A, a, b, y) instead of
EQ,a,b) ® V(A + kAg).Denote E = E(A.a), fo=ep @t ' andko =k — (A]6) + 1
for short.

First suppose that

U )(fPE®up) = EQV(A).
Let W be a nonzero submodule of &. As in the proof of Theorem 7.6, we have that
W=>%,czWi®t W, CE®V(y),and by Lemma 7.3, there is n € Z such that

Wi =EQ®V(y), foralli>n+ 1.
By Claim | of Theorem 7.6, we have that, for any v € E,
DR fov@up = p(v ® f5) = v ® ff'un =0 mod W,.
So fOkOE ® up < W, and hence
EQV(A) = Un ) (ffE @un) S W,,

which implies that £ ® 17(}/) = W, by Corollary 7.4. By induction, we can obtain that
W, = E ® V(y) forall i € Z. Therefore & is irreducible.
To complete the proof, it suffices to show the following claim, thanks to Theorem 7.8

and the fact that U(n_)(fOkOE ®up) C E(A,a)® V(A).



X. Gou and K. Zhao 1514

Claim 1. ¢(E ® U(n_) /) C Um_)(fFE @ uy).

Take any x = x1x3---x, € U(u_) with x; € n_. We will prove

(7.8) P(E @ x1-++ X, ) S UMY ([ E ®up)

by induction on r. The assertion is obvious for r = 0. Now suppose that (7.8) holds for
r € Z 4. Then for any v € E and xo € n_, we have

PV ® x0xff?) = p(x0(v ® x£F) — x0v ® X fF*) = x00(v @ x£F*) — p(xov ® x£),

since ¢ is a U(n_)-module homomorphism. Then by induction hypothesis, we have
oV ® Xfy). p(xov ® xfy*) € Un)(f3" E @ un).

Hence ¢(v ® xoxfoko) € U(n_)(fOkOE ® u ). The claim follows. L]

It is interesting to note that the left-hand side of (7.7) is a g-module (even if the equality
in (7.7) does not hold), since 1+, e ® t~!] = 0, while the vector space inside ¢(-) on
the left-hand side of (7.6) is not a g-module in general.

From Theorem 7.9, the condition (7.7) is computable since everything is within the
finite dimensional g-module

EQ,a)@V(A) =V(A1)QV(A2) ® - Q@ V(An) ® V(A).

Now the main task is to computevthe highest weight vectors with respect to g in the g-sub-
module U(n_)((eg @ t kAN EQ, a) @ uy).

As an application of the above theorem, we can obtain the irreducibility for the tensor
products of integrable loop modules and integrable highest weight modules for sl, expli-
citly, recovering the result of Adamovié [2]. Choose a standard basis {e, f, i} of sl, with

a Cartan subalgebra ) = Ch, and let ¢ be the fundamental weight, i.e., ¢ € h* is given by
e(th) = 1.

Corollary 7.10. Foranya,beC andi, j k € Z4 witha # 0andk > 1, the sly-module
E(je,a,b) @ V(ie + ko) is irreducible if and only if i <k < j.

Proof. We know that g = s, = span{e, f,h},eo = f ®tand fy=e ® t_1~. Denote by v
and u the highest weight vectors of the g-module V(j¢) and the g-module V (ie 4+ kAy),
respectively. Denote, for convenience,

W =V(je) @ V(ie) and W' =Um_)(fF7 T E(je,a) @ u).

By Theorem 7.9, we see that E(je, a,b) ® I7(i8 + kAy) is irreducible if and only if
W' =W ifand only if C[f](fF T E(je,a) ® u) = C[f](e*+1V(je) ® u) contains
all highest weight vectors of V(je) ® V(ie¢).

First note that ek " *1E(je,a) = 0and W’ # Wif j <k —i + 1.

Next we suppose j > k — i + 1. In this case, we have

fok_i+1E(js, a) = span{v, fv,. ..,fj_(k_i+l)v}.
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Let W, (respectively, W,) be the weight space of W’ (respectively, W) of weight pe. For
s =0,1,...,min{i, j}, we can deduce that

N s+, ifs <j—(k—i+1),
dlmWi+j—2s—{j—k+i, ifs>j—(k—i+1).

On the other hand, by the Clebsch—Gordan formula, we have
W=V(i+)e)@V(i+j-2e@---aV(j—ile).

It is clear that W4 ; @ --- @ W};_;| contains all highest weight vector of W and that
dimW,;4; s =s+ 1foralls =0,1,...,min{i, j}.

Then W’ = W if and only if I/Vi/+j—23 = W4 j—as forall 0 <s <min{i, j}, if and only
if j —(k—i+1)>min{i, j},ifand only if kK + 1 <max{i, j }. Noticing that V(is + kAg)
being dominant requires k > i, we can conclude that E(je,a,b) ® 17(1'8 + kAy) is irre-
ducible if and only if i <k < j. ]

Retain the notation of Theorem 7.9. In particular, y = A + kAy. Denote by E,, the
weight space of the g-module E(A, a) ® V(A) with weight u € §*, then u can be written
asasum i = Uy + -+ + Um + Um+1, Where w; is a weight of the g-module V' (4;) for
1 <i < mandupyq is a weight of V(A). For any root « of g, let E® be the sum of E,
for all weights u of the g-module E(A,a) ® V(A) satisfying k + {(u, &) < 0.

Proposition 7.11. Let notation be as in Theorem 7.9 and letn € Z. Let W =", ., W; ®1'
be a submodule of & = E(A,a,b, A +koAo) such that each W; is a subspace of E(A,a) ®
V(A + koA) and W; = EA,a) @ V(A + koA) for all i > n. Then E® C W, for any
root & of g.

Proof. Suppose E,, € W, for some weight 1 of the g-module E(A,a) ® V(A), and take
anyve E, \ W,.
For any root « of g, take a nonzero x € g,. We have

(X ® t)(v ® tn) (S] Wn+1.

That is, the image of v ® ¢" in &/ W is a highest weight vector of the integrable module
over the Lie algebra s[, spanned by x ® #, y ® ! and & + K, where y is a nonzero root
vector in g_g. Note that the weight of v ® 1" is u + kAo + (b + n)8 with respect to §.
So we must have

(W +kAo+ (b+n)é,a+ K) >0,

or equivalently
k+{u,a)>0, VaeA.

The result hence follows. [

By the above proposition, we see that
u@( Y E@) < w.
a €A

Using this and the first part of the proof of Theorem 7.9, we obtain the following result.
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Theorem 7.12. LetmeN, a € C™, b € C and A € (h*)™ be such that E(A, a) is finite di-
mensional and E (A, a,b) is irreducible. Suppose that V(A +kAy) is an irreducible integ-
rable highest weight g-module, where A € 9* and k € Z.+. Let up be the common highest
weight vector of I7(A + kAo) and V(A). Then E(A,a,b) @ V(A + kAo) is irreducible
if and only if

U(g)( Y E® 4@ )M EQa) ® uA) = E(L.a) ® V(A).

a €A

The following consequence is easy to see.

Corollary 7.13. Let A = (A1, A2, ..., Am) € (™)™ Under the conditions in Theorem 7.9,
the following hold:
D) Ifk>A+Ar+--+ A+ A, é) then EQA,a,b) @ V(A + kAy) is not irredu-
cible.

Q) If k <{u, é)for all the highest weights w of all irreducible g-submodules of E(A,a)
Q®V(A), then the g-module E(A,a,b) ® V(A + kAy) is irreducible.

Proof. If k > (At + A2+ 4+ A + A, é), then the left-hand side of (7.7) is 0. So
E,a,b) V(A + kAy) is not irreducible. Part (1) follows.
For part (2), we see that £, C E (_9), and the result follows from Theorem 7.12. =

Corollary 7.14. Let meN, a € C™, b € C and A € (h*)™ be such that E(A, a) is finite
dimensional and E (A, a, b) is irreducible. Suppose further that V (A + kAo) is an irre-
ducible integrable highest weight §-module, where A € )* and k € Z . Then there exists
T(A,a,A) € Z4, depending on A, a and A, such that the §-module E(A,a,b) ® V(A +
kAg), where k € Z4 withk > (A, é), is irreducible if and only if k < t(A,a, A).

Proof. By Theorem 7.9, it is sufficient to sow that
(o @1 Y ER,a) (g1 )Y EM,a), Vj>]'
This can be seen from the fact that
(o @t )Y EQM,a)C EQA,a), Yj> /' n

From Corollary 7.13, we see that min{{u, é) | i1} is the highest weight of an irreducible
g-submodules of E(A, @) ® V(A)} < t(h,a,A) < (A1 + -+ Am + A, 6).

We will give another explicit example of tensor product modules for s[5, which is not
covered in [2]. We can determine their irreducibility using our methods developed in this
section.

Example. Letm = 2,1 = (¢,2¢),a = (a1,a2) € C2, and b € C. We have the s[,-module
E((e,2¢); (a1, az); b) and the highest weight sl,- module Viie + kA o) with nonnegative
integers k > i. Now we consider the sl,-module E((,2¢): (a1, a2);b) ® V(ie + kAg).

Note that the function y defined in (7.2) is onto (see Theorem 1.3 in [10]).

Let vy, v; and u be the highest weight vectors of the sl,-modules V(e), V(2¢) (in
the tensor product of E((¢,2¢); (a1,a3))) and the sl,-module V (ie + kAg), respectively.
Then u is also the highest weight vector of the s[,-submodule V(ig) in the sl,-module
Viie + kAo).
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For convenience, denote
W = E((g,2¢); (a1,a2)) @ V(ie) = (V(3e) & V(e)) ® V(ie)
and
WO =Cfl(e®™) (V(e) @ V(2e)) ®u), Vj€Zy.

Then the sl,-module E((g, 2¢); (a1, a2);b) ® V(ie + kAyg) is irreducible if and only if
W &=i+1) — W To compute W), we need the following formulas:

efvi =v1, efvy=2vy, ef’vy=2fvs,

fPuy = f3, =0, efu=iu.
It is not hard to calculate that

(e®t ) (V(e) ® V(2¢))

= span{v; ® V2, V1 ® fV2, fV1 ® V2, a2V ® f2v 4+ 2a; fu1 @ fva);
(e @t™H2(V(e) ® V(2¢)) = span{v] ® vz, azv; ® fva + a1 fv1 @ va};
(et ™H)3(V(e) ® V(2¢)) = Cv; ® vs.

Casel.i =0.

In this case, it is obvious that W = W and W® £ W and hence we have that
E((e,2¢);(ay,a2),b) ® I7(A0) is an irreducible sl,-module, while E ((e,2¢); (ay,a2),b)
®I7(2A0) is not irreducible. We conclude that 7((e, 2¢); (a1, az); 0) = 2 for all distinct
ai,daj € C*.

Case2.i = 1.

The vector space

sz(vl®v2®u)+(Cf(v1®fv2®u)+(Cf(fv1®v2®u)
+ C(azv1 ® f2v2 4+ 2a1 fv1 ® fv2)

contains the following linearly independent weight-0 vectors:
M fFfra®u, fuu® frolu, fu®u® fu and v ® fr,® fu.

We obtain 4 < dim W," < dim Wy = 4. Hence Wy = W " and W = W, and the
slo-module E((e, 2¢); (a1, az); b) ® V(e + Ag) is irreducible. On the other hand, we
can easily see that dim W2 < 2 while dim W, = 3. So W® #£ W, and the sl,-module
E((e,2¢); (a1, az); b) ® V(e + 2A,) is not irreducible. Therefore, we obtain again that
7((¢,2¢); (ay, az); &) = 2 for all distinct aq, a, € C*.

Case3.i > 2.

In this case, as g-modules we see that

W =V(Ee)®VQ2e) @ Viie)=V((i +3)e) @ V(i + 1)e) ® - ® V(|i — 3|¢)
V(i +1)e) V(i —De) @& V((i — 1)e).
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So dim Wl(_li <4 and dim W;_; = 5. Thus W £ W, and E((s, 2¢); (a1, a2); b) ®
V(ie + kAo) is not irreducible for k = i and hence for all k > i. We may say that
t((g,2¢); (ay,as);ie) =i for all distinct ay,a, € C*. [

Note that the irreducible modules for i = 0,k = 1 in the above example do not satisfy
the conditions in Theorem 2.2 of [10]:

A+ ady 4 4 amhm 0, or (m4 Dk < (A1 +As+ -+ Am + A, ).

It would be nice to have a formula for t(A,a, A) defined in Corollary 7.14 in terms of A, a
and A.
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