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Irreducible representations
of untwisted affine Kac–Moody algebras

Xiangqian Guo and Kaiming Zhao

Abstract. In this paper, we construct a class of new irreducible modules over untwis-
ted affine Kac–Moody algebras Qg, generalizing and including both highest weight
modules and Whittaker modules. These modules allow us to obtain a complete clas-
sification of irreducible Qg-modules on which the action of each root vector in QnC is
locally finite, where QnC is the locally nilpotent subalgebra (or positive part) of Qg.
The necessary and sufficient conditions for two such irreducible Qg-modules to be
isomorphic are also determined. Based on the first part of the paper, we develop the
so-called “shifting technique”, which enables us to obtain a necessary and sufficient
condition for the tensor product of irreducible integrable loop Qg-modules and irredu-
cible integrable highest weight Qg-modules to be simple. This tensor product problem
was first studied and partly solved by Chari and Pressley in 1987, and remained open
since then. Our result also recovers the result for Osl2 by Adamović (1997).

1. Introduction

Affine Lie algebras are the most extensively studied and the most useful among infinite
dimensional Kac–Moody algebras. Their representation theory is as rich as that of finite
dimensional simple Lie algebras, but quite different from it. A key difference is that affine
Lie algebras possess irreducible weight modules with nonzero weight spaces of both finite
and infinite dimension, which cannot occur for finite dimensional simple Lie algebras. In
the first part of the present paper, we will construct irreducible modules over untwisted
affine Kac–Moody algebras that do not have counterpart for finite dimensional simple Lie
algebras.

Let g be a finite dimensional simple Lie algebra. We use Qg to denote the corresponding
untwisted affine Kac–Moody algebra, and let yg D Œ Qg; Qg�.

The integrable highest weight modules were the first class of representations over
affine Kac–Moody algebras that have been extensively studied, see [7,31,37] for detailed
results and further bibliography. In [8], Chari classified all irreducible integrable weight
modules with finite dimensional weight spaces over the untwisted affine Lie algebras.
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V. Chari and A. Pressley [11] then extended this classification to all affine Lie algebras.
The results of [8] and [11] state that an irreducible integrable weight module with finite
dimensional weight spaces is either a highest weight module or a loop module; in partic-
ular, the study of loop modules was initiated. Some more general results on irreducible
weight modules over untwisted affine Lie algebra yg were obtained in [35].

In the 1990’s, V. Futorny began a comprehensive program studying weight modules
over arbitrary affine Lie algebras by taking non-standard partitions of the root system; that
is, partitions which are not equivalent under the Weyl group to the standard partition into
positive and negative roots (see [16, 20]). For affine Lie algebras, there are only finitely
many equivalence classes of such non-standard partitions (see [22]). Corresponding to
each partition is a Borel subalgebra, and one can form representations induced from one-
dimensional modules for these Borel subalgebras. These modules, often referred to as
Verma-type modules or imaginary Verma modules, were first studied by Jakobsen and
Kac [30], and then by Futorny [21, 22]. Results on the structure of Verma-type modules
can also be found in [20], and for a nice exposition of Futorny’s program, see [23].

A classification of irreducible nonzero level modules with finite dimensional weight
spaces for affine Lie algebras was obtained in [26], while such a classification for zero
level was claimed in [17]. Naturally, the next important task is to study irreducible weight
modules with infinite dimensional weight spaces and irreducible non-weight modules. The
first examples of irreducible weight modules with infinite dimensional weight spaces were
given by Chari and Pressley in [10] by taking the tensor product of irreducible integrable
highest weight modules and integrable loop modules over affine Lie algebras. Besides
these irreducible weight modules, a class of irreducible weight modules over affine Lie
algebras with infinite dimensional weight spaces was constructed in [6]. Another class
of such irreducible weight modules over the affine Lie algebra A.1/1 was given in [24]. A
complete classification for all irreducible (weight and non-weight) modules over affine Lie
algebras with locally nilpotent action of the nilpotent radical was obtained in [36]. In the
paper [15], some irreducible non-weight modules, called imaginary Whittaker modules,
were constructed. The structure of the usual Whittaker modules over the affine Kac–
Moody algebras in the case of A.1/N , B.1/N , C .1/N ; and D.1/

N was completely determined
in [4,13,27], while this study for other affine Kac–Moody algebras is still open. Note that
both highest weight modules and Whittaker modules can be regarded as special cases of
smooth modules (also called restricted modules). In quite recent papers [25,38], a class of
new smooth modules was constructed, and studied thoroughly for the case A.1/1 .

The first goal of the present paper is to classify irreducible modules over untwisted
affine Kac–Moody algebras Qg on which the action of each weight vector in QnC is loc-
ally finite (not necessarily locally nilpotent), where QnC is the locally nilpotent subalgebra
(or positive part) of Qg. To obtain this classification, we construct some new irreducible
Qg-modules (see Theorem 3.4), among which many are weight modules.

The modules we constructed and studied above are closely related to the highest
weight modules and loop modules. In 1987, Chari and Pressley [10] first gave some suf-
ficient conditions for the tensor product of irreducible loop Qg-modules E.���; a; b/ and
irreducible integrable highest weight Qg-modules zV .ƒC kƒ0/ to be simple. Then other
sufficient conditions were obtained in [1–3, 12], and a sufficient and necessary condi-
tion was given by Adamović for ysl2 of one case in [2]. The irreducibility of these tensor
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product modules remains unclear in general until now. Our second goal is to solve this
problem using methods completely different from those of Chari–Pressley and Adamović.
From our result, we recover Adamović’s result for ysl2 in [2]. Finally, we present examples
where the methods in [10] and [2] are not applicable.

The paper is organized as follows. In Section 2, we recall some basic notation and
results for later use. In Section 3, using evaluation modules E.���; a/ (such modules were
classified in [11], and a more general case was obtained in [34]) and irreducible smooth
yg-modules L (including highest weight modules and Whittaker modules), we construct a
class of new modules .E.���; a/˝ L/Œd � WD Ind Qg

yg
.E.���; a/˝ L/ over the untwisted affine

Kac–Moody algebras Qg, where d is the degree derivation in Qg. We study the submodule
structure of these modules and in particular, show that the Qg-module .E.���; a/˝ L/Œd �
is irreducible if E.���; a/ is nontrivial irreducible and L is irreducible (see Theorem 3.4).
In Section 4, we study properties of irreducible Qg-modules V on which the action of each
root vector in QnC is locally finite (not necessarily locally nilpotent). In Section 5, using our
results in Sections 3 and 4, we classify all irreducible Qg-modules on which the action of
each root vector in QnC is locally finite. They are precisely irreducible highest weight mod-
ules, irreducible Whittaker modules, the irreducible modules .E.���; a/ ˝ V.
//Œd � and
.E.���;a/˝W.�//Œd �, withE.���;a/ being finite dimensional (see Theorem 5.3), where V.
/
is an irreducible highest weight module over yg andW.�/ is an irreducible Whittaker mod-
ule of yg. The last two classes are special examples of the irreducible modules constructed
in Section 3. As a byproduct, we see that the action of QnC on these irreducible Qg-modules
is also locally finite. In Section 6, we determine the necessary and sufficient conditions
for two such irreducible Qg-modules to be isomorphic (see Theorem 6.3). In Section 7,
we use the “shifting technique” to obtain a necessary and sufficient condition for the
tensor product of irreducible integrable loop modulesE.���;a; b/ and irreducible integrable
highest weight modules zV .ƒC kƒ0/ to be simple for untwisted affine Kac–Moody algeb-
ras (Theorems 7.9 and 7.12). As an application, we recover Adamović’s result for Osl2, see
Corollary 7.10.

Throughout this paper, we denote by Z, N, ZC and C the sets of integers, positive
integers, nonnegative integers and complex numbers, respectively. All vector spaces and
Lie algebras are over C, and all tensor products are taken over C unless otherwise noted.
For a Lie algebra G , we denote its universal enveloping algebra by U.G /.

2. Notation

In this section, we will recall standard notions, basically from [31] and [5].
Let g be a finite dimensional simple Lie algebra of type Xl over C. For this g, we

fix a Cartan subalgebra h, then a root system � with respect to h and a base … of �.
Denote by�C and�� the sets of positive and negative roots, respectively. Then g admits
a triangular decomposition g D n� ˚ h ˚ nC, where n˙ are corresponding maximal
nilpotent subalgebras with respect to …. Let � be the longest positive root in �C.

The affine Lie algebra Qg associated with g is

Qg WD g˝CŒ t; t�1�˚CK ˚Cd:
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Its Lie algebra structure is defined by

Œx ˝ tm; y ˝ tn� D Œx; y�˝ tmCn C .xjy/mımCn;0K; Œd; x ˝ tm� D mx ˝ tm;

where K is central in Qg, and .xjy/ is the Killing form of g.
Now we can describe the root system z� and the root space decomposition of Qg with

respect to Qh D h˚CK ˚Cd as follows:

z� D ¹˛ C kı W k 2Z; ˛ 2�º [ ¹jı j j 2Z n ¹0ººI

Qg D Qh˚
�M

2z�

Qg


�
with Qg˛Ckı D g˛ ˝ t

k ; Qgjı D h˝ tj ;

where ı is the standard imaginary root. The set of positive roots of Qg is

z�C D �C [ ¹nı j n2Nº [ ¹˛ C nı j ˛ 2�; n2Nº:

Set z�� D �z�C. Now we have
Qn˙ D

M

2z�˙

Qg
 ;

and the standard triangular decomposition

Qg D QnC ˚ Qh˚ Qn�;

where
QnC D .g˝ tCŒ t �/˚ nC and Qn� D .g˝ t

�1CŒ t�1�/˚ n�:

For the subalgebra yg D Œ Qg; Qg�, we can define similar notation just by replacing Qh
with Oh D h C CK and obtain a standard triangular decomposition yg D QnC ˚ Oh ˚ Qn�.
Throughout the paper, we will fix these triangular decompositions and define highest
weight modules and Whittaker modules relative to them. Let G D Qg and H D Qh (or some-
times G D yg and H D Oh).

Definition 2.1. Let 
 WH ! C be a linear map and let V be a G -module.
(1) A nonzero vector v 2 V is called a highest weight vector with highest weight 
 if

xv D 
.x/v for all x 2H , and QnCv D 0.
(2) The module V is called a highest weight module with highest weight 
 over G if it is

generated by a highest weight vector with highest weight 
 .

It is well known that irreducible highest weight modules are determined uniquely by its
highest weight. For G D Qg and 
 2Hom. Qh;C/, we denote by zV .
/ the irreducible highest
weight Qg-module with highest weight 
 , and similarly, for G D yg and 
 2Hom. Oh;C/, we
denote the irreducible highest weight module by yV .
/.

Definition 2.2. Let � W QnC ! C be a nonzero Lie algebra homomorphism and let W be a
G -module.

(1) A nonzero vector v 2W is called a Whittaker vector of type � if xv D �.x/v for all
x 2 QnC.

(2) W is called a type � Whittaker module for G if it is generated by a type � Whittaker
vector.
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We say that the Lie algebra homomorphism � W QnC ! C for affine Lie algebras Qg is
nondegenerate if �.ei / ¤ 0 for each Chevalley generator ei of QnC (see [31]). We denote
by W.�/ any one of the irreducible Whittaker module of type � in this case (it may not be
unique).

The structure of irreducible Whittaker modules W.�/ over the affine Lie algebra A.1/1
was thoroughly studied in [4], while it is not determined for other affine Lie algebras.

Let V be a module over a Lie algebra L and let x 2L. Then V is called locally
finite if any element in V is contained in a finite dimensional g-submodule of V , and
similarly, we say the action of x on V is locally finite if V is a locally finite module
over the 1-dimensional Lie algebra Cx. In the following sections, we will determine the
irreducible Qg-modules such that the actions of all root vectors in QnC are locally finite.

3. Construction of irreducible modules

In this section, we construct a class of new modules over untwisted affine Lie algebras Qg
and study their properties.

Form2N, let zCm be the set of all vectors aD .a1; : : : ; am/ 2 Cm with all a1; : : : ; am
being nonzero and pairwise distinct. Take a2 zCm and set fa.t/D .t � a1/ � � � .t � am/. It
is well known that the quotient Lie algebra

(3.1) La.g/ D
g˝CŒ t˙1�

g˝ fa.t/CŒ t˙1�
D g˝ .CŒ t˙1�=hfa.t/i/

is the direct sum of m copies of g and hence is semisimple. Actually,

La.g/ D

mM
iD1

L.i/
a .g/;

where

(3.2) L.i/
a .g/ D g˝

� fa.t/

.t � ai /
Q
j¤i .ai � aj /

�
' g:

This is because� fa.t/

.t � ai /
Q
j¤i .ai � aj /

�2
�

fa.t/

.t � ai /
Q
j¤i .ai � aj /

mod .fa.t//:

We note that La inherits a standard triangular decomposition and root system from g. In
particular, ha D h ˝ .CŒ t˙1�=.fa.t/CŒ t˙1�// is a Cartan subalgebra of La.g/. Within
the quotient Lie algebra La.g/, we have the following.

Lemma 3.1. For any k 2N, we have the following canonical isomorphism of vector
spaces:

(3.3)
g˝ tkCŒ t �

.g˝ tkCŒ t �/ \ .g˝ fa.t/CŒ t˙1�/
Š

g˝CŒ t˙1�

g˝ fa.t/CŒ t˙1�
�
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Proof. This is the composition of the following obvious isomorphisms:

g˝ tkCŒ t �

.g˝ tkCŒ t �/ \ .g˝ fa.t/CŒ t˙1�/
D

g˝ tkCŒ t �

.g˝ tkCŒ t �/ \ .g˝ fa.t/CŒ t �/

Š
g˝ tkCŒ t �C g˝ fa.t/CŒ t �

g˝ fa.t/CŒ t �
Š

g˝CŒ t �

g˝ fa.t/CŒ t �
Š

g˝CŒ t˙1�

g˝ fa.t/CŒ t˙1�
�

For aD .a1; : : : ; am/2 zCm and ���D .�1; : : : ; �m/2 .h�/m, where h� is the dual space
of h, let us first recall from [9] the evaluation moduleE.���;a/ over g˝CŒ t˙1�. Let V.�i /
be the irreducible highest weight module over the finite dimensional simple Lie algebra g
with highest weight �i . The action on the module E.���; a/ D

Nm
iD1 V.�i / is as follows:

(3.4) .x ˝ tk/
� mO
iD1

vi

�
D

mX
iD1

aki .v1 ˝ � � � ˝ xvi ˝ � � � ˝ vm/;

for any x 2 g and k 2Z. Then E.���; a/ is an irreducible module over the Lie algebra
yg D g˝CŒ t˙1�˚CK with trivial action of K.

Note that .g˝ fa.t/CŒ t˙1�/˚ CK � Ann.E.���; a//, so we can regard E.���; a/ as a
module over La.g/ Š yg=

�
.g˝ fa.t/CŒ t˙1�/˚ CK

�
. Thus we can consider the weight

vectors and weight spaces of E.���; a/ with respect to the Cartan subalgebra ha of La.g/.
Identify h�a with .h�/m via (3.1) and (3.2). For example, a weight vector v 2E.���; a/ of
weight��� D .�1; : : : ; �m/2 .h�/m satisfies

.h˝ f .t//v D

mX
iD1

�i .hi /f .ai /v:

We will use these notation freely in the rest of the paper.

Remark 3.2. We notice that .g˝ fa.t//˚ CK ¤ Ann.E.���; a// in general. Indeed, if
we take N��� and Na to be the vectors obtained by removing the entries �i and ai with �i D 0
from��� and a, respectively, thenE.���;a/DE. N���; Na/ and Ann.E.���;a//D Ann.E. N���; Na//D
.g˝ f Na.t//˚ CK. The first equation is obvious, so to obtain the second equation, one
need only to show Ann.E.���;a//D .g˝ fa.t//˚CK provided all �i ¤ 0; i D 1; : : : ;m.
This can be verified by the fact that any simple ideal of La.g/ is one of L

.i/
a .g/ in (3.2),

which does not annihilate V.�i /; consequently, neither does it annihilate E.���; a/ when
�i ¤ 0. This description of Ann.E.���; a// will be used in the proof of Lemma 6.2.

Let us recall the smooth modules over affine Kac–Moody algebras from [32, 33]. A
moduleL over yg or Qg is called a smooth module if for any v2Lwe have .g˝ tkCŒ t �/vD0
for a sufficiently large k 2N.

Lemma 3.3. Let L be a smooth module over yg. Let a 2 zCm and ��� 2 .h�/m. Then any
yg-submodule of E.���; a/˝ L is of the form E.���; a/˝N for some yg-submodule N of L.

Proof. Let W be a nonzero yg-submodule of E.���; a/˝ L and take any nonzero element
w 2W . We can write w D

Pn
iD1 vi ˝ ui for some nonzero vi 2 E.���; a/ and nonzero

ui 2L. Fix one such expression for w with n minimal. We see that v1; v2; : : : ; vn are
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linearly independent. There exists k 2N such that .g ˝ tj /ui D 0 for all j � k and
i D 1; : : : ; n. Thus for any x 2 g˝ tkCŒ t �, we have xw D

Pn
iD1.xvi /˝ ui 2W: From

Lemma 3.1, we deduce that

(3.5)
nX
iD1

.xvi /˝ ui 2 W; 8x 2U.yg/:

It is well known that any endomorphism of an irreducible module over a countably
generated associative C-algebra is a scalar (see Proposition 2.6.5 and Corollary 2.6.6
in [18]). Thus HomU.yg/.E.���; a/; E.���; a// Š C, since E.���; a/ is irreducible over the
finite dimensional Lie algebra La.g/. Note that E.���; a/ is a faithful irreducible mod-
ule over U.yg/=AnnU.yg/.E.���;a//. From the Jacobson density theorem (see p. 197 of [29])
or Proposition 2.6.5 in [18], we know that U.yg/=AnnU.yg/.E.���; a// is isomorphic to a
dense ring of endomorphisms of the C-vector space E.���; a/. Then there exists xi 2U.yg/
such that xivj D ıi;j vj for all i; j D 1; : : : ; n. Taking x D xi in (3.5), we deduce that
vi ˝ ui 2W . Again using (3.5) for n D 1, we get E.���; a/˝ ui � W for i D 1; : : : ; n.
Thus we deduce that if

Pn
iD1 vi ˝ ui 2W for linearly independent vi 2E.���; a/, then

E.���; a/˝ ui � W for each i .
Let

N D ¹u2L j v ˝ u2W for some nonzero v 2E.���; a/º:

From the above arguments, we know thatN is a nonzero subspace ofL and thatE.���;a/˝
N � W . Then for any nonzero v 2E.���;a/, u2N and x 2 yg, we deduce that x.v ˝ u/ D
.xv/˝ uC v ˝ .xu/2W . Since .xv/˝ u2W , we have v ˝ .xu/2W . Thus xu2N .
In other words, N is a yg-submodule of L. Combining this with the result established in
the previous paragraph we see that W D E.���; a/˝ N . Noticing that the action of K is
central, the lemma follows immediately.

For any yg-module M , we can define an induced Qg-module

MŒd� D IndQg
Og
M:

It is easy to see that MŒd� D CŒd �˝M as vector spaces. We will simply write dnv D
dn ˝ v for all n2ZC and v 2M . Now we can prove the following.

Theorem 3.4. Let a2 zCm and ���2 .h�/m n ¹0º. Let L be a smooth module over yg. Then
any Qg-submodule of .E.���; a/˝ L/Œd � is of the form .E.���; a/˝ N/Œd � for some yg-sub-
module N of L.

Proof. Denote M D E.���; a/˝ L for short. Let M .n/ D
Pn
iD0 d

i ˝M for all n 2ZC
and M .n/ D 0 for n < 0. Analogous to Lemma 3.3, we have

.x ˝ tk/.dnv/ D dn.x ˝ tk/v � Œdn; x ˝ tk �v;

for all x 2g, v 2M , k 2Z and n2N; which induces a yg-module isomorphism

M .n/=M .n�1/
!M; dnv 7! v:
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Let W be a nonzero submodule of MŒd� and take a nonzero w 2W . Suppose that
w 2W \M .n/. Then we can write w as

w D

nX
jD0

d j
ljX
iD1

.vj;i ˝ uj;i /;

where vj;i 2E.���; a/; uj;i 2L; lj 2N; j D 1; : : : ; n such that vj;1; : : : ; vj; lj are linearly
independent weight vectors for each j . We may assume that vj;i has weight���j;i 2 .h�/m.
We note that there exists k0 2N such that .g˝ tk

0

CŒ t �/uj;i D 0 for all i D 1; : : : ; lj and
j D 1; : : : ; n.

Claim. .E.���; a/˝ uj;i /Œd � � W for all i; j .

We prove this by induction on n and ln. If nD 0 and l0D 1, the result is clear from (3.3)
and (3.5). Now we fix some n2ZC and ln2N. Suppose that the claim holds for smaller n
or for the same n and smaller ln.

Case 1. ln D 1.
We may assume n� 1. Take any x2U.g˝ tk

0

CŒ t �/ such that xvn;1D v���, the nonzero
highest weight vector in E.���; a/. Then we have xuj;i D 0 for all i D 1; : : : ; lj and j D
1; : : : ; n and xw � dn.v��� ˝ un;1/ mod M .n�1/. By replacing w with xw (noticing
that un;1 has not been changed), we may assume that

w D dn.v��� ˝ un;1/C

n�1X
jD1

d j
ljX
iD1

.vj;i ˝ uj;i /;

with���n;1 D ���.
Without loss of generality, we may assume that either v���; vn�1;1; : : : ; vn�1; ln�1 are

linearly independent, or vn�1;1 D v��� (i.e.,���n�1;1 D ���). For any h2h and k � k0, we can
compute that

.h˝ tk/w D .h˝ tk/dn.v��� ˝ un;1/C .h˝ t
k/

n�1X
jD1

d j
ljX
iD1

.vj;i ˝ uj;i /

� dn.h˝ tk/.v��� ˝ un;1/ � Œd
n; h˝ tk �.v��� ˝ un;1/

C dn�1
ln�1X
iD1

.h˝ tk/.vn�1; i ˝ un�1; i / mod M .n�2/

� dn���.h˝ tk/.v��� ˝ un;1/ � nkd
n�1���.h˝ tk/.v��� ˝ un;1/

C dn�1
ln�1X
iD1

���n�1; i .h˝ t
k/.vn�1; i ˝ un�1; i / mod M .n�2/;

where we have used the notation���.h˝ tk/D
Pm
iD1 a

k
i �i .h/ for���D.�1; : : : ;�m/2.h�/m,

and similarly for���n�1; i .h˝ tk/.
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Then W contains the following vector:

w0 D .h˝ tk/w � ���.h˝ tk/w � �nkdn�1���.h˝ tk/.v��� ˝ un;1/

C dn�1
ln�1X
iD1

.���n�1; i � ���/.h˝ t
k/.vn�1; i ˝ un�1; i / mod M .n�2/:

for all k > k0 and h2 h. Since ��� ¤ 0, there exist h2 h and k � k0 such that ���.h˝ tk/ DPm
jD1 a

k
i �i .h/ ¤ 0. It is easy to check that w0 ¤ 0 for this h˝ tk , and hence w0 2 W \

M .n�1/ n ¹0º. By the induction hypothesis, we deduce that .E.���; a/ ˝ un;1/Œd � � W .
Consequently, the claim follows in this case.

Case 2. ln � 2.
Since vn;1; : : : ; vn; ln are linearly independent and E.���; a/ is irreducible, using the

density theorem and Lemma 3.1, we can choose an element x 2U.g˝ tk
0

CŒ t �/ such that
xvn;i D ıi;1v���. Then W contains

xw � dn.v��� ˝ un;1/ mod M .n�1/:

From Case 1, we deduce that .E.���; a/˝ un;1/Œd � � W . Using the induction hypothesis,
we obtain the claim.

From the above claim, we see that

N D ¹u2L j .E.���; a/˝ u/Œd � � W º

is a nonzero subspace ofL. It is easy to see thatN is a yg-submodule ofL. Using the above
claim, we can easily prove that .E.���; a/˝ N/Œd � D W . This completes the proof of the
theorem.

Now we can have two important consequences from the above theorem.

Corollary 3.5. LetL be an irreducible smooth yg-module. Let a2 zCm and���2 .h�/m n ¹0º.
Then the Qg-module .E.���; a/˝ L/Œd � is irreducible.

Taking L to be the 1-dimensional trivial yg-module in Corollary 3.5, we obtain the
following.

Corollary 3.6. Let a2 zCm, ���2 .h�/m n ¹0º. Then E.���;a/Œd � is an irreducible Qg-module.

4. Properties of locally finite modules

Recall that gD nC˚ h˚ n� is the standard triangular decomposition of the finite dimen-
sional simple Lie algebra g with respect to a fixed Cartan subalgebra h, where n˙ DP
˛ 2�˙

g˛ . We consider the current algebra g˝ CŒ t � and its subalgebra QnC (see Sec-
tion 2). We identify g˝ 1 with g. For any f .t/2CŒ t �, we can define an ideal of QnC:

I.f / D nC ˝ hf .t/i C .hC n�/˝ htf .t/i;

where hf .t/i denotes the ideal generated by f .t/ in CŒ t �, and similar for htf .t/i.
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It is easy to see I.f / D QnC \ .g˝ f CŒ t˙1�/ if f .0/ ¤ 0. For any a ¤ 0, we have
the following canonical Lie algebra isomorphism:

(4.1) QnC=I.t � a/! g; x ˝ g.t/ 7! g.a/x;

for all x ˝ g.t/2 QnC, with x 2g and g.t/2CŒ t �:

Theorem 4.1. Let V be a Qg-module such that each root vector in QnC acts locally finitely
on V . Then V has a finite dimensional nonzero QnC-submoduleW such that I.f .t//W D 0

for some nonzero f .t/2CŒ t �.

Proof. Recall that ı is the standard imaginary root of Qg with respect to Qh. Then Qgı D h˝ t
is a finite dimensional abelian subalgebra of Qg. Since Qgı is locally finite on V , there is a
nonzero vector v 2V such that .h˝ t /v 2Cv for all h˝ t 2 Qgı .

Take any ˛ 2� which is considered as a subset of z�. We have

˛.h/x ˝ tkC1v D Œh˝ t; x ˝ tk �v D .h˝ t /.x ˝ tk/v � .x ˝ tk/.h˝ t /v;

for all h2h and x 2 Qg˛; which implies Qg˛C.kC1/ı � Qgı Qg˛Ckıv C Qg˛Ckıv for all k 2ZC.
Inductively, we have

QgkıC˛v �

kX
iD0

Qgiı Qg˛v for all k 2ZC.

Since dim
P1
kD0 Qg

k
ı
Qg˛v <1, there is k0 2N such that

1X
kD0

Qgkı Qg˛v D

k0X
kD0

Qgkı Qg˛v

is a finite dimensional space, i.e.,

dim
� X
k 2ZC

QgkıC˛ v
�
D dim

� k0X
kD0

QgkıC˛ v
�
<1:

Let 0 ¤ x˛ 2 Qg˛ . Then there is a nonzero g.t/2CŒ t � such that .x˛ ˝ g.t//v D 0. Note
that we may assume that g.t/ is divisible by t when ˛ 2��. Set

I˛ D ¹g.t/2CŒ t � j .x˛ ˝ g.t//v D 0 and t divides g.t/ if ˛ 2��º;

which is nonzero. If g.t/2 I˛ , for any h2 h we have

0 D .h˝ t /.x˛ ˝ g.t//v D .Œh; x˛�˝ tg.t//v C .x˛ ˝ g.t//.h˝ t /v

D ˛.h/.x˛ ˝ tg.t//v:

Hence tg.t/ 2 I˛ , i.e., I˛ is an ideal of CŒ t �. Assume I˛ D hf˛.t/i for some nonzero
polynomial f˛.t/ 2CŒ t �. Setting Qf .t/ D lcm¹f˛.t/ W ˛ 2�º 2CŒ t �, the least common
multiple of f˛.t/; ˛ 2�, we have .g˛ ˝ h Qf .x/i/v D 0 for all ˛ 2�. It follows that

.h˝ h Qf 2.t/i/v D
X
˛ 2�

�
Qg˛ ˝ h Qf .t/i; Qg�˛ ˝ h Qf .t/i

�
v D 0:
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Then there exists nonzero f 2CŒ t � such that I.f /v D 0. Noting that t divides f .t/, so
we may assume that deg.f 2.t// D p C 1 > 1. Our result follows from:

Claim. U. QnC/v is a finite dimensional QnC-module.

We know I.f /U. QnC/v D 0 since I.f / is an ideal of QnC. Take nonzero e˛ 2 g˛ ,
f˛ 2g�˛ for all ˛ 2�C, and let ¹h1; : : : ; hlº be a basis of h. Denote deg.x ˝ t i / D i for
all x 2g and i 2ZC. Let

¹xi j i 2Nº D ¹e˛; e˛ ˝ t
i ; f˛ ˝ t

i ; hj ˝ t
i
j ˛ 2�C; j D 1; : : : ; l; i 2Nº

be such that deg.xi / � deg.xiC1/ for all i 2N. Now take s such that deg.xs/ D p and
deg.xsC1/ D p C 1. We know that

W D
X
ri2ZC

Cxr11 � � � x
rs
s v

is finite dimensional since the actions of all xi are locally finite. For q 2ZC, let

Wq D span¹xr11 � � � x
rs
s v j r1 C r2 C � � � C rs � qº:

We know that Wq D W for sufficiently large q. We will show that QnCWq � WqC1: Let

(4.2) w D x
r1
1 � � � x

rs
s v 2Wq; ri 2ZC:

It is enough to show that xjw 2WqC1 for any j 2N. We will do this by induction on j
and then on q. For j D 1 or q D 0, it is clear that xjw 2Cxj v � WqC1, since any xj v is
a linear combination of x1v; : : : ; xsv (because of the definition of f .t/ and p).

Suppose xjw 2 WqC1 for any w given in (4.2) and any j 2N if q < k. Now consider
one such w 2Wq given in (4.2) with q D k.

We write w D xr1i1 � � � x
rl
il
v, where i1 < i2 < � � � < il � s, r1; r2; : : : ; rl 2N and r1 C

r2C � � � C rl D q. Now we use induction on j . If j � i1, it is clear that xjw2WqC1. Now
suppose j > i1. We have

(4.3) xjw D xj xi1 x
r1�1
i1
� � � x

rl
il
v D Œxj ; xi1 �x

r1�1
i1
� � � x

rl
il
v C xi1 xj x

r1�1
i1
� � � x

rl
il
v:

Since Œxj ; xi1 �Wq�1 � span¹xi j i 2NºWq�1, by the induction hypotheses we know that
the first term in (4.3) is Œxj ; xi1 �x

r1�1
i1
� � � x

rl
il
v 2Wq . For the second term, we see that

xj x
r1�1
i1
� � � x

rl
il
v2Wq , by the induction hypothesis on q. Then by the induction hypothesis

on j , we know that the second term in (4.3) is xi1xj x
r1�1
i1
� � � x

rl
il
v 2xi1Wq �WqC1 since

i1 < j . Thus xjWq � WqC1 for all j and all q. So W is an QnC-module, as desired.

It is not hard to verify that

Œ QnC; QnC� D
X

˛ 2�Cn…

g˛ ˝CŒ t �C
X
˛2…

g˛ ˝ hti C
X

˛ 2�Cn¹�º

g�˛ ˝ hti

C g�� ˝ ht
2
i C h˝ hti;

where … is the base of the root system � of g, and

I.t/ D nC ˝ hti C .n� C h/˝ ht2i � Œ QnC; QnC�:
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Lemma 4.2. Let a 2C, n 2N, and let S be a nontrivial finite dimensional irreducible
QnC-module with I..t � a/n/S D 0.

(i) If a ¤ 0, then I.t � a/ D Ann.S/.

(ii) If a D 0, then S is 1-dimensional and Œ QnC; QnC� � Ann.S/.

Proof. Denote L D QnC=I..t � a/
n/ for short. We may consider S as an L-module. Let

Rad.L/ be the radical of L. Then Rad.L/ is nilpotent, and by Proposition 19.1 in [28], we
see that Rad.L/=Ann.S/ is contained in the center of L=Ann.S/, which implies that any
element in Rad.L/ acts on S as a scalar. Then we have Rad.L/\ ŒL;L� � Ann.S/ since
the trace of any element in ŒL;L� on S is 0. We know that I.t � a/=I..t � a/n/�Rad.L/.
By computing ŒL;L�\ I.t � a/, we deduce that Ann.S/ contains the following subspace:X

˛ 2�Cn…

g˛ ˝ h t � ai C
X
˛2…

g˛ ˝ h t .t � a/i

C

X
˛ 2�Cn¹�º

g�˛ ˝ h t .t � a/i C g�� ˝ h t
2.t � a/i C h˝ h t .t � a/i:

(i) Suppose a ¤ 0. Note that

h t .t � a/i C h.t � a/ni D h.t � a/i:

Combining this with the fact I..t � a/n/ � Ann.S/, we see that I.t � a/ � Ann.S/.
Since QnC=I.t � a/ Š g is simple, we must have I.t � a/ D Ann.S/.

(ii) If a D 0, we know that L is nilpotent and finite dimensional. So S has to be
1-dimensional, and ŒL;L� acts trivially on S , i.e., Œ QnC; QnC� � Ann.S/.

Take any a D .a1; : : : ; am/2 zCm and let fa.t/ D
Qm
iD1.t � ai /. There is a canonical

Lie algebra isomorphism

(4.4) �a W . QnC=I.tfa// ! QnC=I.t/˚

mM
iD1

QnC=I.t � ai /;

defined by mapping x ˝ g.t/ to .x ˝ g.t/; : : : ; x ˝ g.t//. Here and later, we continue to
denote by x ˝ g.t/ its image in QnC=I for any x ˝ g.t/ 2 QnC and an ideal I � QnC for
convenience. Using (4.1), we further have the Lie algebra isomorphism

(4.5)
QnC=I.tfa/! . QnC=I.t//˚

mM
iD1

g;

x ˝ g.t/ 7! .x ˝ g.t/; g.a1/x; : : : ; g.am/x/; 8x 2g; g.t/2CŒ t �:

Given any Lie algebra homomorphism � W QnC ! C, we can define a 1-dimensional
QnC-module Cv� by xv� D �.x/v� for all x 2 QnC. Note that �.Œ QnC; QnC�/D 0, and hence �
is completely determined by its values on

P
˛2… g˛ C g�� ˝ t .
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For any g-modules L1; : : : ; Lm, using the isomorphism in (4.5) and noticing that
I.t/ � Œ QnC; QnC�, we can make L1 ˝ � � � ˝ Lm ˝Cv� into an QnC=I.tfa/-module via:

.x ˝ g.t//v1 ˝ � � � ˝ vm ˝ v� D �.x ˝ g.t//v1 ˝ � � � ˝ vm ˝ v�

C

mX
iD1

g.ai /v1 ˝ � � � ˝ xvi ˝ � � � ˝ vm ˝ v�; 8vi 2Li ; x ˝ g.t/2 QnC:

We denote the resulting QnC-module by S.�IL1; : : : ; LmI a1; : : : ; am/.
Let L.�i / be the irreducible g-module with highest weight �i 2 h� for i D 1; : : : ; m.

Then we denote S.�IL.�1/; : : : ; L.�m/I a1; : : : ; am/ by S.�;���;aaa/ for short, where � D
.�1; : : : ; �m/ and aaa D .a1; : : : ; am/. It is not hard to prove that S.�;���;aaa/ is an irreducible
QnC-module as well as an irreducible QnC=I.tfa/-module. If all �1; : : : ; �m are dominant,
then S.�; ���; aaa/ is finite dimensional. We also note that when some �i D 0, this L.�i /
is a 1-dimensional trivial g-module and hence makes no contribution to the QnC-module
S.�;���; a/.

Lemma 4.3. Let fa.t/ D
Qm
iD1.t � ai / and Qfa.t/ D

Qm
iD0 .t � ai /

ni , where m 2N,
a0 D 0, n0 2ZC and the other ni 2N, and with a D .a1; : : : ; am/ 2 zCm. Let S be an
irreducible finite dimensional QnC-module with I. Qfa/S D 0. Then S Š S.�;���;aaa/ for some
Lie algebra homomorphism �W QnC ! C and ��� D .�1; : : : ; �m/ with each �i 2 h� being
dominant. Moreover,

(i) if n0 D 0, then � D 0 and I.fa/ � Ann.S/;
(ii) if n0 ¤ 0, we haveX

˛2�Cn…

g˛ ˝ hfai C

X
˛2…

g˛ ˝ h tfai C

X
˛2�Cn¹�º

g�˛ ˝ h tfai

C g�� ˝ h t
2fai C h˝ htfai � Ann.S/:

Proof. Denote L D QnC=I. Qfa/. We regard S as an L-module. In a similar Lie algebra
isomorphism as in (4.4),

Q�a W QnC=I. Qfa/ !

mM
iD0

QnC=I..t � ai /
ni /;

let Li D QnC=I..t � ai /
ni /. Hence S can be viewed as an Li -module for each i . We

choose a nonzero irreducible Li -submodule of S , say Li .
First suppose i ¤ 0. By Lemma 4.2, we see that I.t � ai /Li D 0. So Li is an irre-

ducible module over the simple Lie algebra g Š QnC=I.t � ai /. We see that Li Š L.�i /
for some weight of g with respect to h, i.e., .x ˝ tk/v D aki xv for any v 2Li , x 2 g and
k 2N. Moreover, �i is dominant, and �i D 0 if further Li is trivial.

Now suppose that i D 0 and n0 ¤ 0. Then L0 is nilpotent ; furthermore, L0 is 1-
dimensional and there exist a Lie algebra homomorphism �0 WL0 ! C and w 2L0 such
that xwD �0.x/w for all x2L0. Again by Lemma 4.2, we get Œ QnC; QnC�L0D 0. Recalling
that I.t/ � Œ QnC; QnC�, so we obtain I.t/L0 D 0.

If n0 D 0, then L0 D 0 and hence � D 0.
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From Lemma 2.7 in [35], we know that S Š S.�; ���; aaa/. Part (i) follows easily. For
part (ii), computing the left-hand side of Œ QnC; QnC� \ I.fa/ � Ann.S/, we deduce the
statement in (ii). The proof is complete.

5. Classification of QnC-locally finite irreducible modules

In this section, we will obtain the complete classification of irreducible Qg-modules on
which each root vector in QnC acts locally finitely.

Letm2N,���D .�1; : : : ; �m/2 .h�/m, aD .a1; a2; : : : ; am/2 zCm, and let � W QnC ! C
be a Lie algebra homomorphism. We shall denote by W.�/ an irreducible Whittaker
yg-module with Whittaker function � if � ¤ 0. For any 
 2 Oh�, we denote by OV .
/ the
irreducible highest weight yg-module with highest weight 
 .

Let S D S.�; ���; a/ be as defined in Section 4, and let fa D
Qm
iD1.t � ai /. Then

I.tfa/S D 0, and I.fa/S D 0 if additionally � D 0. Recall from (4.4) that

QnC=I.tfa/ Š . QnC=I.t//˚ . QnC=I.fa// Š . QnC=I.t//˚

mM
iD1

QnC=I.t � ai /:

Let �i be the projection from QnC=I.fa/ to g.i/ D QnC=I.t � ai /, which is isomorphic
to g for all i D 1; : : : ; m. We identify QnC=I.fa/, which can be viewed as an ideal of
QnC=I.tfa/, with gm. Then regarded as an QnC=I.fa/-module, S is a sum of irreducible
highest weight modules with the same highest weight ��� 2 .h�/m.

We consider the induced Qg-module

zM.�;���; a/ D IndQg
QnC
S.�;���; a/ D U. Qg/˝U.QnC/ S.�;���; a/;

and the induced yg-module

yM.�;���; a/ D Indyg
QnC
S.�;���; a/ D U.yg/˝U.QnC/ S.�;���; a/:

Clearly,
zM.�;���; a/ D yM.�;���; a/Œd � D CŒd �˝ yM.�;���; a/:

Recall the 1-dimensional QnC-module Cv� defined by xv� D �.x/v� for all x 2 QnC. Then
the induced yg-module

yW .�/ D Indyg
QnC

Cv�;

is the universal Whittaker module with Whittaker function �. Recall that the irreducible
yg-module E.���; a/ is defined in Section 3 (after Lemma 3.1).

Lemma 5.1. As yg-modules, we have yM.�;���; a/ Š E.���; a/˝ yW .�/.

Proof. RegardingE.���;a/ as an QnC-module, we have the canonical QnC-module isomorph-
ism 'WS.0;���; a/! E.���; a/. We get the canonical QnC-module homomorphism

S.�;���; a/ D S.0;���; a/˝ v� ! E.���; a/˝ yW .�/;

v ˝ v� 7! '.v/˝ v�; 8v 2S.0;���; a/;
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whose restriction is the canonical QnC-module isomorphism

S.�;���; a/! E.���; a/˝ v�:

From the universal property, we obtain an induced yg-module homomorphism

y' W yM.�;���; a/ D Indyg
QnC
S.�;���; a/! E.���; a/˝ yW .�/ D E.���; a/˝ .Indyg

QnC
Cv�/:

Note that yM.�;���; a/ D U.yb�/˝ S.�;���; a/ and

E.���; a/˝ yW .�/ D E.���; a/˝ U.yb�/˝Cv�

as vector spaces, where yb� D yhC Qn�. Take a basis ¹b1; b2; : : : º of yb�. We have a PBW
basis

¹brnn � � � b
r1
1 j n2ZC; r1; : : : ; rn 2ZCº

for U.yb�/. For any l 2ZC, we denote

U.yb�/l D
X

n;ri2ZC;
r1C���CrnDl

Cbrnn � � � b
r1
1 :

By induction on l 2ZC, we can easily deduce the following.

Claim 1. For any x 2U.yb�/l ; l 2ZC and v 2S.0;���; a/,

y'
�
x.v ˝ v�/

�
D x.'.v/˝ v�/ � '.v/˝ .xv�/ mod E.���; a/˝

l�1X
iD0

U.yb�/iv�:

Noticing that ' is an isomorphism, we seeE.���;a/˝
Pl�1
iD0U.

yb�/iv� � y'. yM.�;���;a//

implies E.���; a/˝
Pl
iD0 U.

yb�/iv� � y'. yM.�;���; a// from the claim. Then by induction
we can obtain that E.���; a/˝ yW .�/ � y'. yM.�;���; a//, that is, y' is surjective.

Now we prove that y' is injective. For any nonzero w 2 yM.�;���; a/, we write

w D

kX
iD0

xi .vi ˝ v�/ mod
l�1X
iD0

U.yb�/i .S.0;���; a/˝ v�/;

where xi 2U.yb�/l and vi 2S.0;���;a/. We may assume that the vi ’s are linearly independ-
ent and each xi ¤ 0. Using Claim 1, we see that

y'.w/ �

kX
iD0

'.vi /˝ .xiv�/ mod E.���; a/˝
l�1X
iD0

U.yb�/iv�:

which is nonzero since the '.vi /’s are linearly independent and each xi ¤ 0. Thus y' is
injective. We conclude that y' is a yg-module isomorphism.
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As a result of Lemma 5.1, we have a Qg-module isomorphism

z' W zM.�;���; a/ D Ind Qg
yg
yM.�;���; a/ �! Ind Qg

yg

�
E.���; a/˝ yW .�/

�
:

Note that
Ind Qg
yg
.E.���; a/˝ yW .�// D .E.���; a/˝ yW .�//Œd �:

Thanks to Theorem 3.4, any Qg-submodule of .E.���; a/ ˝ yW .�//Œd � is of the form
.E.���; a/ ˝ N/Œd � for some yg-submodule N of yW .�/. Thus any irreducible Qg-quotient
module of .E.���; a/ ˝ yW .�//Œd � is of the form .E.���; a/ ˝ W.�//Œd � for some irredu-
cible yg-quotient moduleW.�/ of yW .�/. Now we can characterize all irreducible quotients
of yg-modules yW .�/.

Lemma 5.2. Let � W QnC ! C be a Lie algebra homomorphism, and let yW .�/ be the uni-
versal Whittaker module over yg.

(1) If � ¤ 0, then any irreducible quotient module of yW .�/ is an irreducible Whittaker
yg-module of type �.

(2) If � D 0, then any irreducible quotient module of yW .�/ is an irreducible highest
weight module OV .
/ over yg with some highest weight 
 2 Oh�.

Proof. Part (1) is clear by definition. Now suppose �D 0, andW is an irreducible quotient
yg-module of yW .0/. Consider the induced Qg-module zW D W Œd� D ind Qg

yg
W .

If zW is irreducible, using Theorem 1 in [36] we know that zW is an irreducible highest
weight Qg-module, which is a contradiction to the fact that the action of d is free on zW .

So zW is not irreducible. Let Y be a nonzero proper Qg-submodule of zW . It is obvious
that Y \W D 0, since otherwise

zW D U. Qg/W D U. Qg/U.yg/.Y \W / � Y:

BecauseW is irreducible over yg, then zW is generated by one vector, and it has a maximal
submodule over Qg. Take a maximal Qg-submodule X of zW and choose any

w D dn ˝ wn C d
n�1
˝ wn�1 C � � � C w0 2 X; wi 2W; wn ¤ 0

such that n is minimal. For any x 2U.yg/, k 2Z and l 2ZC, by computing d lxw 2X and
noticing that W is an irreducible yg-module, we see that for any v 2W there is an element
dnCl ˝ v C

PnCl�1
iD0 d i ˝ vi 2X for some vi 2W , and hence

X CW ˚ .d ˝W /˚ � � � ˚ .dn ˝W / D zW :

In particular,

zW =X Š
W ˚ .d ˝W /˚ � � � ˚ .dn ˝W /

X \
�
W ˚ .d ˝W /˚ � � � ˚ .dn ˝W /

�
is a nontrivial irreducible Qg-module. Using Theorem 1 in [36], we know that n D 1 and
that zW =X is a highest weight Qg-module. If we consider zW =X as a yg-module, we have
zW =X Š W . Hence W is a highest weight yg-module. Part (2) follows.
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Using the above two lemmas, we can determine all irreducible Qg-modules such that
the actions of root vectors in QnC are locally finite.

Theorem 5.3. Let V be an irreducible Qg-module on which the action of each root vector
in QnC is locally finite. Then V is isomorphic to one of the following Qg-modules:

(1) an irreducible highest weight Qg-module zV .
/ for some 
 2 Qh� ;
(2) an irreducible Whittaker Qg-module W.�/ for a nonzero Lie algebra homomorphism

�W QnC ! C ;
(3) . OV .
/˝E.���;a//Œd � for some 
 2 Oh�, a2 zCm and ���2 .h�/m n ¹0º with all �i dom-

inant, where m2N and OV .
/ is the irreducible highest weight module over yg;
(4) .W.�/˝E.���;a//Œd � for a nonzero Lie algebra homomorphism �W QnC!C, a2 zCm,

and ���2 .h�/m n ¹0º with all �i dominant, where m 2 N and W.�/ is an irreducible
Whittaker module of type � over yg.

Proof. By Theorem 4.1, V has a finite dimensional QnC-submodule and hence an irredu-
cible finite dimensional QnC-submodule, say S . If this S is one-dimensional, then Ind yg

QnC
S

is a universal Whittaker yg-module, furthermore V is a simple quotient of (Ind yg
QnC
S/Œd �.

We see that V is a highest weigh Qg-module or an irreducible Whittaker Qg-module by
Lemma 5.2 and Theorem 3.4.

Now suppose that dimS >1. By Theorem 4.1 and Lemmas 4.2 and 4.3, this irreducible
QnC-submodule is isomorphic to S.�;���; a/ for a Lie algebra homomorphism �W QnC ! C,
a 2 zCm, and ��� 2 .h�/m with all �i dominant and at least one nonzero. Then we know
that V is an irreducible quotient of the Qg-module

zM.�;���; a/ D Ind Qg
QnC
S.�;���; a/ D .E.���; a/˝ yW .�//Œd �:

The theorem follows from Theorem 3.4, and Lemmas 5.1 and 5.2.

6. Isomorphism classes of irreducible Qg-modules

In this section, we determine the necessary and sufficient conditions for two irreducible
modules of the form .E.���; a/ ˝ OV .
//Œd � or .E.���; a/ ˝ W.�//Œd � to be isomorphic,
where �W QnC! C is a nonzero Lie algebra homomorphism, a2 zCm, ��� D .�1; : : : ; �m/ 2
.h�/m n ¹0º and 
 2 Oh�. Recall that OV .
/ is the irreducible highest weight yg-module of
highest weight 
 and W.�/ is an irreducible Whittaker yg-module of type �.

Lemma 6.1. LetM andM 0 be irreducible yg-modules. ThenMŒd�ŠM 0Œd � as Qg-modules
if and only if M ŠM 0 as yg-modules.

Proof. The sufficiency is clear. We need only to prove the necessity. Let z'WMŒd�!M 0Œd �

be a Qg-module isomorphism. We can define a map 'WM ! M 0 as follows. Take any
nonzero u 2M , there exist unique lu 2ZC and vi 2M 0 with vlu ¤ 0 such that z'.u/ DPlu
iD0 d

ivi . Define '.u/ D vlu . Note that for any x 2 yg, we have

(6.1) z'.xu/ D x z'.u/ D

luX
iD0

x.d ivi / D d
luxvlu C

lu�1X
iD0

d ixvi C

luX
iD0

Œx; d i �vi :
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This, together with the fact thatM DU.yg/u, implies that lu0 � lu for all u02M and hence
lu D lu0 for all nonzero u; u0 2M . Then the linearity of 'i follows from its definition
and (6.1) yields '.xu/ D xvlu D x'.u/. As a result, ' is a nonzero yg-module homo-
morphism and hence an isomorphism between yg-modules M and M 0.

Lemma 6.2. Letm;m0 2N, ���2 .h�/m n ¹0º, ���0 2 .h�/m
0

, a2 zCm, a0 2 zCm0 , and let L;L0

be smooth yg-modules. Then E.���; a/ ˝ L Š E.���0; a0/ ˝ L0 if and only if E.���; a/ '
E.���0; a0/ and L Š L0.

Proof. The sufficiency is clear. We need only to prove the necessity. We know that both
E.���; a/ and E.���0; a0/ are irreducible yg-modules. Let

z' W E.���; a/˝ L! E.���0; a0/˝ L0

be a yg-module isomorphism. Fix nonzero v 2E.���; a/ and nonzero w 2L. Let

z'.v ˝ w/ D

sX
iD1

vi ˝ wi ;

where vi 2E.���0;a0/ and where the wi 2L0 are linearly independent. We may also assume
that each vi ¤ 0. Choose any k 2N such that

.g˝ tkCŒ t �/w D .g˝ tkCŒ t �/wi D 0; for all i .

Note that

(6.2) z'.xv ˝ w/ D x z'.v ˝ w/ D

sX
iD1

xvi ˝ wi ; 8x 2g˝ tkCŒ t �:

Combining this with the fact that E.���;a/D U.yg/v and using Lemma 3.1, we see that, for
any u2E.���; a/,

z'.u˝ w/ D

sX
iD1

ui ˝ wi

where ui 2E.���0;a0/. Now, we define nonzero vector space homomorphisms 'i WE.���;a/!
E.���0; a0/ by 'i .u/ D ui for all u2E.���; a/, and we have

z'.u˝ w/ D

sX
iD1

'i .u/˝ wi ; 8u2E.���; a/:

Note that (6.2) with v replaced by u indicates that 'i .xu/D x'i .u/ for x2g˝ tkCŒ t � and
u2E.���;a/. The irreducibility of E.���0;a0/ and Lemma 3.1 show that all 'i are surjective,
i.e., 'i .E.���; a// D E.���0; a0/.

Recall fa.t/ D
Qm
jD1.t � aj /, and let f���;a.t/ D

Qm
jD1;�j¤0

.t � aj /. Define simil-
arly fa0 and f���0;a0 . Now we have 0 D 'i .xu/ D x'i .u/ for all u 2E.���; a/ and x 2
f���;a.t/ t

kCŒ t �. Since 'i is surjective, we get xE.���0; a0/ D 0 for all x 2 f���;a.t/ tkCŒ t �,
yielding from Remark 3.2 that

f���;a.t/t
k
2 Ann.E.���0; a0// D f���0;a0.t/CŒ t

˙1�˚CK:
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Thus we get f���0;a0 divides f���;a, and symmetrically f���;a divides f���;a0 . In particular,

f���;a D f���;a0 ; Ann.E.���; a// D Ann.E.���0; a0//

and 'i .xu/ D 0 D x'i .u/ for x 2g˝ f���;aCŒ t˙1�:

Since
g˝ f���;aCŒ t˙1�C g˝ tkCŒ t � D g˝CŒ t˙1�;

we obtain that 'i .xu/D x'i .u/ for x 2g˝CŒ t˙1�. Hence each 'i is a yg-module homo-
morphism. Since E.���; a/ is a simple module, 'i ¤ 0 is also injective. Consequently,
each 'i is a yg-module isomorphism. Thus E.���; a/ ' E.���0; a0/.

It is well known that any endomorphism of a simple module over a countably gen-
erated associative C-algebra is a multiplication by a scalar (see, for instance, Propos-
ition 2.6.5 and Corollary 2.6.6 in [18]). There exist ai 2 C�; i D 1; : : : ; s; such that
'i D ai'1. Let w0 D

Ps
iD1 aiwi . Then

z'.u˝ w/ D '1.u/˝ w
0; 8u2E.���; a/:

Applying x 2 yg to both sides, we deduce that

z'.x.u˝ w// D z'.xu˝ w/C z'.u˝ xw/ D '1.xu/˝ w
0
C z'.u˝ xw/

D .x'1.u//˝ w
0
C z'.u˝ xw/;

x z'.u˝ w/ D .x'1.u//˝ w
0
C '1.u/˝ xw

0

i.e., z'.u˝ xw/D '1.u/˝ xw0. Thus we have a vector space homomorphism '0WL! L0

such that
z'.u˝ y/ D '1.u/˝ '

0.y/; 8u2E.���; a/; y 2L:

Applying x 2 yg to both sides, we deduce that '0.xy/D x'0.y/ for all x 2 yg and all y 2L.
That is, '0WL! L0 is a nonzero yg-module homomorphism. Since z' is an isomorphism of
Qg-modules, we obtain that '0 is an isomorphism of yg-modules, i.e., L ' L0.

The necessary and sufficient condition for the isomorphismE.���;a/'E.���0;a0/ is well
known, namely,E.���;a/'E.���0;a0/ if and only if���D���0, and a are proportional to a0 after
reindexing a1; : : : ; am and �1; : : : ; �m simultaneously if necessary, see Theorem 1.3(d)
in [10]. Combining Lemma 6.1, Lemma 6.2 and highest weight representation theory of yg,
we can deduce the isomorphisms among the irreducible Qg-modules .E.���; a/˝ OV .
//Œd �
and .E.���; a/˝W.�//Œd �.

Theorem 6.3. Letm;m02N,���2 .h�/m n¹0º, a2 zCm,���02 .h�/m
0

, a02 zCm0 and 
;
 02yh�.
Let �; �0W QnC ! C be nonzero Lie algebra homomorphisms.

(1) .E.���; a/˝ OV .
//Œd � and .E.���0; a0/˝W.�//Œd � are never isomorphic;

(2) .E.���;a/˝ OV .
//Œd �' .E.���0;a0/˝V.
 0//Œd � as Qg-modules if and only if E.���;a/'
E.���0; a0/ as yg-modules and 
 D 
 0 ;

(3) .E.���;a/˝W.�//Œd �' .E.���0;a0/˝W.�0//Œd � as Qg-modules if and only if E.���;a/'
E.���0; a0/ and W.�/ Š W.�0/ as yg-modules.
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7. Tensor products of highest weight modules and loop modules over
untwisted affine Kac–Moody algebras

In this last section, we will use the “shifting technique” to obtain a necessary and sufficient
condition for the tensor product of irreducible integrable loop modules and irreducible
integrable highest weight modules over untwisted affine Kac–Moody algebras Qg to be
simple. This problem was started by Chari and Pressley in 1987 in [10], and further studied
by them and other authors later, for example [1–3]. We will start with a slightly more
general setting.

For any m 2N, a 2 zCm and ��� D .�1; �2; : : : ; �m/ 2 .h�/m, we have the irreducible
yg-module E.���; a/. For any b 2C, recall from [19] or [10] the Qg-module E.���; a; b/ D
E.���; a/˝CŒ t; t�1�, with actions

(7.1)
.x ˝ tk/.v ˝ tn/ D ..x ˝ tk/v/˝ tnCk ;

K.v ˝ tn/ D 0; d.v ˝ tn/ D .b C n/.v ˝ tn/;

for all k; n2Z, x 2g, and v 2E.���; a/. Note that the Qg-modules E.���; a; b/ are integrable
weight Qg-modules if all �i are dominant.

Let us recall from [10] the graded associative algebra homomorphism � defined by

(7.2)

� W U.h˝CŒ t; t�1�/! CŒ t; t�1�;

h˝ tn 7!
� mX
iD1

�i .h/ a
n
i

�
tn:

By Theorem 1.3 (c) in [10], we see that E.���;a; b/ is irreducible if and only if � is surject-
ive. In other words, for all k 2Z, there exist hk 2U.h˝ CŒ t; t�1�/ with Œd; hk � D khk
such that �.hk/ ¤ 0. Although the proof in [10] is for only finite dimensional E.���; a/, it
is valid even for any infinite dimensional E.���; a/.

From now on, we will fix an irreducible Qg-module such that

(7.3) L D
X
i2ZC

L�i ; where L�i D ¹v 2L j dv D .� � i/vº

for some � 2C with L0 ¤ 0. We call � the highest degree of L. Note that irreducible
highest weight Qg-modules are such modules. There are certainly a lot of other such irre-
ducible modules. Similarly, we have

U. Qg/ D
X
i2Z

U. Qg/i ; where U. Qg/i D ¹x 2U. Qg/ j Œd; x� D ixº:

Any vector x 2U. Qg/i is called homogeneous of degree i , denoted by deg.x/ D i . Clearly
U. Qg/iLj � LiCj , where we make the convention that Lj D 0 for j 2N.

Lemma 7.1. The above irreducible Qg-module L is also irreducible as a yg-module.

Proof. Let W be a nonzero yg-submodule of L. Take any nonzero w 2W and write
w D

Pn
iD0 ui , with ui 2L�i and un ¤ 0. Since L is simple as a Qg-module, there exist

x1; : : : ; xs 2 g and j1; : : : ; js 2ZC with j1 C � � � C js D n such that

w0 D .x1 ˝ t
j1/ � � � .xs ˝ t

js /w 2 L0 n ¹0º:
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Then the yg-submodule generated by w0 is a Qg-submodule of L. Hence W D L. Con-
sequently, L is irreducible as a yg-module.

We will use the “shifting technique” established in [14] to study the tensor product
Qg-module E.���; a; b/˝ L. Define a new action of Qg on the vector space E.���; a/˝ L˝
CŒ t˙1� by

(7.4)
.x ˝ tk/.v ˝ u˝ tn/ D

�
.x ˝ tk/v ˝ uC v ˝ .x ˝ tk/u

�
˝ tnCk ;

d.v ˝ u˝ tn/ D .� C b C n/.v ˝ u˝ tn/;

K.v ˝ u˝ tn/ D v ˝Ku˝ tn;

where b2C, u2L, v2E.���;a/, x2g and k;n2Z. Denote this Qg-module as E.���;a; b;L/.
On the other hand, we can form the tensor product Qg-module E.���; a; b/˝ L. Actually,
we have the Qg-module isomorphism E.���; a; b; L/ Š E.���; a; b/˝ L given by

v ˝ u˝ tn 7! .v ˝ tnCi /˝ u; 8u2L�i ; v 2E.���; a/; n2Z:

In the rest of this section, we will consider the module E.���; a; b; L/, instead of
E.���; a; b/˝ L, to deduce its irreducibility. For any p; k 2N, define

Uk
�
h˝ .tpCŒ t �/

�
D ¹x 2U

�
h˝ .tpCŒ t �/

�
j Œd; x� D kxº:

We first prove a new property of the function � defined in (7.2).

Lemma 7.2. Suppose that the function � defined in (7.2) is surjective. Then for any p2N,
we have �.Uk.h˝ .tpCŒ t �/// ¤ 0 for all sufficiently large k 2N:

Proof. Let
Sp D ¹k 2N j �.Uk.h˝ .t

pCŒ t �// ¤ 0º;

and let hSpi be the subgroup of Z generated by Sp . It is enough to show that hSpi D Z.
Otherwise suppose that hSpi D n1Z ¤ Z, where n1 > 1. Then �.h˝ tqCn1k/ D 0 for all
k � p and all q D 1; 2; : : : ; n1 � 1; i.e.,

mX
iD1

�i .h/ a
q
i .a

n1
i /

k
D 0; 8h2 h; k > p:

Note that although ai ¤ aj for i ¤ j , we can have an1i D a
n1
j for some i ¤ j . Let now

S1; S2; : : : ; Ss be the partition of ¹1; 2; : : : ; mº so that

i; j 2Sk ” a
n1
i D a

n1
j :

We deduce that X
i2Sj

�i .h/ a
q
i D 0; 8h2 h; q D 1; 2; : : : ; n1 � 1:

Equivalently, X
i2Sj

�i .h/ a
n
i D 0; 8h2 h; n…n1Z:

We see that � is not surjective, contradicting the assumption. The lemma is true.
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Lemma 7.3. Letm2N, a2 zCm, b2C, and���2 .h�/m be such thatE.���;a/ is finite dimen-
sional and E.���; a; b/ is irreducible. Let W be a nonzero Qg-submodule of E.���; a; b; L/.
Then E.���; a/˝ L˝ tn � W for all sufficiently large n2Z.

Proof. Denote E D E.���; a; b; L/ and En D E.���; a/ ˝ L ˝ tn for convenience. Ele-
ments in En are called homogeneous. Denote fa.t/ D

Qm
iD1.t � ai / as before. Write

W D
P
n2ZWn ˝ t

n, where Wn � E.���; a/˝ L for all n2Z.
Choose any n0 2 Z such that Wn0 ¤ 0 and take a nonzero w 2Wn0 . We can write

w D
Pr
iD1 wi ˝ ui with 0 ¤ wi 2E.���; a/ and u1; : : : ; ur 2L such that u1; : : : ; ur are

linearly independent. There is p 2ZC such that .g˝ tpCŒ t �/ui D 0 for all i .
Regard E.���; a/ as a weight module over La (defined in (3.1)) with respect to the

Cartan subalgebra

ha D
�
h˝ tpCŒ t �

�
=
�
.h˝ tpCŒ t �/ \ .h˝ faCŒ t �/

�
:

By (3.2) and Lemma 3.1, we see that�
nC ˝ t

pCŒ t �
�
=
�
.nC ˝ t

pCŒ t �/ \ .nC ˝ faCŒ t �/
�

is just the positive part (nilpotent radical) of La with respect to ha.
Recall that E.���; a/ is a highest weight module over the semisimple Lie algebra La

with highest weight��� (see the comments before Remark 3.2). By v��� we denote the highest
weight vector of E.���;a/. For any weight���2 .h�/m, we say that��� � ��� if �i ��i is dom-
inant for all i D 1; : : : ;m. For any element v D v1 C � � � C vs 2E.���;a/ such that the vi ’s
are nonzero weight vectors of distinct weights���i , denote wt.v/ D min¹���i ; i D 1; : : : ; sº.

If there is wi so that wt.wi / ¤ ���, say, wt.w1/ < ���, then w1 cannot be annihilated by
the whole positive part of La. Hence xw1 ¤ 0 for some homogeneous x 2nC ˝ t

pCŒ t �.
Then we have

x.w ˝ tn
0

/ D x
� rX
iD1

wi ˝ ui ˝ t
n0
�
D

rX
iD1

xwi ˝ ui ˝ t
n0Cdeg.x/;

which is nonzero by the linear independence of u1; : : : ; ur . It is clear that wt.xwi / >
wt.wi / for i D 1; 2; : : : ; r . Repeating this process if necessary, we can obtain a nonzero
element w0 D

Pr
iD1 v

0
i ˝ ui ˝ t

n00 2W with either wt.v0i / D ��� or v0i D 0 for all i D
1; : : : ; r . Then w0 D v���˝ u˝ tn

00

for some nonzero u2L. By replacing w with w0 and n0

with n00, we may assume that w D v��� ˝ u2Wn0 .

Claim 1. E.���; a/˝ u � Wn for all sufficiently large n.

From Lemma 7.2, we can find k0 2N such that there exist hk 2 Uk.h ˝ .tpCŒ t �//
with �.hk/¤ 0 for all k > k0. By (3.3), we can find homogeneous x1; x2; : : : ; xq 2U.g˝
tpCŒ t �/ nC such thatE.���;a/D span¹xiv��� j i D 1;2; : : : ; qº, which is finite dimensional.
Let deg.xi / D li and l D max¹li ; 1 � i � qº. Then for any k � k0 C l , we have

xihk�li .v��� ˝ u˝ t
n0/ D �.hk�li /xiv��� ˝ u˝ t

n0Ck ;

which implies that E.���; a/˝ u˝ tk 2W for all k � n0 C k0 C l . The claim follows.
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Claim 2. E.���; a/˝ L � Wn for all sufficiently large n.

By Claim 1, we suppose that E.���; a/˝ u˝ tn � W for all n � n1 where n1 2Z is
fixed. Let u2

Lm0

iD0 L�i with minimal m0 2ZC. Since L is simple as a Qg-module, there
exist y1; : : : ; ys 2g and j1; : : : ; js 2ZC, with j1 C � � � C js D m0, such that

w0 D .ys ˝ t
js / � � � .y1 ˝ t

j1/u 2 L0 n ¹0º:

By induction on r , we see that

E.���; a/˝ .yr ˝ t
jr / � � � .y1 ˝ t

j1/u˝ tnCj1C���Cjr � W; 8n � n1:

So
E.���; a/˝ w0 ˝ t

nCm0
� W; 8n � n1:

Let
K D ¹v 2L jE.���; a/˝ v ˝ tnCm

0

� W;8n � n1º:

It is enough to prove that L�l � K by induction on l 2ZC. This is clear for l D 0. From
Lemma 7.1, we know that

lC1X
kD1

.g˝ t�k/Lk�l�1 D L�l�1:

One can easily deduce that

E.���; a/˝ L�l�1 ˝ t
n
D E.���; a/˝

� lC1X
kD1

.g˝ t�k/Lk�l�1

�
˝ tn

� W C

lC1X
kD1

.g˝ t�k/.E.���; a/˝ Lk�l�1 ˝ t
nCk/ � W; 8n � n1 Cm

0:

Thus L�l � K for all l 2ZC, i.e., K D L. Claim 2 follows. Hence the lemma is true.

The following corollary will be used later in this paper.

Corollary 7.4. Let m 2N, a 2 zCm, b 2C and ��� 2 .h�/m be such that E.���; a/ is finite
dimensional and E.���;a; b/ is irreducible. Let W be a submodule of E.���;a; b;L/, n0 2Z
and u0 2L0 n ¹0º. IfE.���;a/˝ u0˝ tn �W for all n� n0, thenE.���;a/˝L˝ tn �W
for all n � n0.

Proof. Taking uD u0 and n1 D n0 in the proof of Claim 2 of Lemma 7.3, we can deduce
the result.

Noticing that
Qn� D .g˝ t

�1CŒ t�1�/˚ n�;

we have
U. Qn�/ D U.g˝ t

�1CŒ t�1�/˝ U.n�/:



X. Gou and K. Zhao 1510

Fix any nonzero u0 2L0. Then we can define a linear map

(7.5) ' W E.���; a/˝ U. Qn�/! E.���; a/˝ L0;

by
'.v ˝ xy/ D .x ı v/˝ yu0;

for all v 2E.���; a/, x 2U.g˝ t�1CŒ t�1�/ and y 2U.n�/, where the action ı is defined
by 1 ı v D v and

.x1x2 � � � xs/ ı v D .�1/
sxs � � � x2x1v; 8xi 2g˝ t�1CŒ t�1�:

It is easy to see that ' is well-defined, and

'.xv ˝ y C v ˝ xy/ D 0; 8x 2g˝ t�1CŒ t�1�; y 2U. Qn�/; and v 2E.���; a/:

Both E.���; a/˝ U. Qn�/ and E.���; a/˝ L0 are tensor products of U.n�/-modules in
the usual way, and we have the following.

Lemma 7.5. The linear map ' defined in (7.5) is a homomorphism of U.n�/-modules.

Proof. Take any v2E.���;a/, xi 2g˝ t�1CŒ t�1�, for i D 1; : : : ; s, y2U.n�/ and x02n�.
We have

'.x0.v ˝ x1 � � � xsy// D '.x
0v ˝ x1 � � � xsy/C '.v ˝ x

0x1 � � � xsy/:

Noticing that
'.x0v ˝ x1 � � � xsy/ D .�1/

sxs � � � x1x
0v ˝ yu0

and

'.v ˝ x0x1 � � � xsy/ D '.v ˝ x1 � � � xsx
0y C v ˝

sX
iD1

x1 � � � Œx
0; xi � � � � xsy/

D .�1/sxs � � � x1v ˝ x
0yu0C .�1/

s

sX
iD1

xs � � � Œx
0; xi � � � � x1v˝yu0

D .�1/sxs � � � x1v ˝ x
0yu0 C .�1/

s Œx0; xs � � � x1�v ˝ yu0;

we get that

'.x0.v ˝ x1 � � � xsy// D .�1/
sxs � � � x1v ˝ x

0yu0 C .�1/
sx0xs � � � x1v ˝ yu0

D .�1/sx0.xs � � � x1v ˝ yu0/ D x
0'.v ˝ x1 � � � xsy/;

as desired.

Theorem 7.6. Let m 2N, a 2 zCm, b 2C and ��� 2 .h�/m be such that E.���; a/ is finite
dimensional and E.���;a; b/ is irreducible. Let LD zV .
/ be an irreducible highest weight
Qg-module with highest weight vector u0 of highest weight 
 2 Qh�. Then E.���; a; b/˝ L is
irreducible if and only if '.E.���; a/˝ AnnU.Qn�/.u0// D E.���; a/˝ L0.

Proof. Consider E.���; a; b; L/ instead of E.���; a; b/˝ L. For convenience, denote E D
E.���;a/, E DE.���;a;b;L/, and J DAnnU.Qn�/.u0/. LetW D

P
k2ZWk ˝ t

k be a nonzero
submodule of E . By Lemma 7.3, there is n2Z such thatE˝L˝ t i �W for all i � nC 1.
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Claim 1. For any v 2E, x 2U.g˝ t�1CŒ t�1�/ and y 2U.n�/, we have v ˝ xyu0 �
.x ı v/˝ yu0 D '.v ˝ xy/ mod Wn.

By linearity, it suffices to prove the claim for x D .x1 ˝ t
�i1/ � � � .xs ˝ t

�is / with
xj 2 g and ij 2N. If s D 0, the result is trivial. Now suppose the result is true for all
v 2E, x D .x1 ˝ t�i1/ � � � .xs ˝ t�is / and y 2U.n�/. Set u D yu0. Then for any x0 2g
and i0 2N, we have that

.x0 ˝ t
�i0/.v ˝ xu˝ tnCi0/ D .v ˝ .x0 ˝ t

�i0/xuC .x0 ˝ t
�i0/v ˝ xu/˝ tn 2 W:

Hence, by the inductive hypothesis on s, we have

v ˝ .x0 ˝ t
�i0/xyu0 � �.x0 ˝ t

�i0/v ˝ xyu0 mod Wn

� �x ı .x0 ˝ t
�i0/v ˝ yu0 mod Wn

� ..x0 ˝ t
�i0/x/ ı v ˝ yu0 mod Wn:

The claim follows by induction.
First suppose that '.E ˝ J /D E ˝L0. Then for any v 2E.���;a/, we can find xi 2J

and vi 2 E such that '.
Ps
iD1 vi ˝ xi / D v ˝ u0. By Claim 1, we have

v ˝ u0 D

sX
iD1

'.vi ˝ xi / �

sX
iD1

vi ˝ xiu0 D 0 mod Wn;

that is, E ˝ u0 2Wn. By Corollary 7.4, we obtain that Wn D E ˝ L, and by induction
on n, we conclude thatWi DE˝L for all i 2Z, that isW DE . Therefore E is irreducible.

Now suppose that '.E ˝ J / ¤ E ˝ L0. Then we have an induced linear map

N' W E ˝ U. Qn�/! .E ˝ L0/='.E ˝ J /; v ˝ x 7! '.v ˝ x/:

Clearly N'.E ˝ J / D 0. Noticing that L D U. Qn�/u0 Š U. Qn�/=J , we get the induced
linear map

y' W E ˝ L! .E ˝ L0/='.E ˝ J /; v ˝ xu0 7! '.v ˝ x/:

Without loss of generality, we may suppose that W is the submodule of E generated
by E ˝L˝ t i , i � nC 1. Then any element inWn ˝ tn is a sum of elements of the form

x.v ˝ yu0 ˝ t
nCi /; with x 2U.yg/�i ; v 2E; y 2U. Qn�/; i 2N;

and, by the PBW theorem, is a sum of elements of the form

x.v ˝ yu0 ˝ t
nCi /; with x 2 Qn�; deg.x/ D �i; v 2E; y 2U. Qn�/; i 2N:

While in this case

x.v ˝ yu0 ˝ t
nCi / D .xv ˝ yu0 C v ˝ xyu0/˝ t

n

and
y'.xv ˝ yu0 C v ˝ xyu0/ D '.xv ˝ y C v ˝ xy/ D 0:

As a result, we obtain that y'.Wn/D 0, or equivalently,Wn � ker y'¤E˝L, since y' is
surjective and nonzero. ThusW is a proper submodule of E , which has to be reducible.
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The above result is not easy to use, since we generally do not know what AnnU.Qn�/.u0/
is for a non-integrable irreducible highest weight Qg-module zV .
/ with highest weight

 2 Qh�. Fortunately, our goal is to handle the case when 
 is dominant.

From Proposition 9.9 in [31], we know that there are a lot of irreducible highest weight
modules zV.
/ that are also Verma modules over Qg. For these irreducible Verma mod-
ules zV .
/, we know that J D AnnU.Qn�/.u0/ D 0, where u0 is a highest weight vector.
Applying Theorem 7.6, we obtain the following.

Corollary 7.7. Let m 2N, a 2 zCm, b 2C and ��� 2 .h�/m be such that E.���; a/ is finite
dimensional and E.���; a; b/ is irreducible. Let zV .
/ be an irreducible Verma module
over Qg. Then E.���; a; b/˝ zV .
/ is always reducible.

On the other hand, we do have a clear description for AnnU.Qn�/.u0/ if 
 is dominant.
Next we will concentrate on this very important case, which is of most interest to us.

Recall from Section 2 the notation of a root system relative to the triangular decom-
position of g and Qg given there. Let ˛i ; i D 1; : : : ; l , be the simple roots of g, let � be
the longest root of g, and let L̨ i and L� be the corresponding coroots. Let ˛0 D ı � � .
Then ˛i , i D 0; 1; : : : ; l , are the simple roots of Qg. It is well known that f0 D e� ˝ t�1 and
L̨0 D K � L� . Any weight 
 2 Qh� is of the form 
 D ƒC kƒ0, where ƒ2 h� is a weight
of g, k2C, andƒ0 is the weight defined by hƒ0; L̨ i i D ıi;0; hƒ0; d i D 0. Denote by zV .
/
the highest weight Qg-module with highest weight 
 , and denote by V.ƒ/ the g-submodule
of zV .
/ generated by the highest weight vector (that is, a highest weight g-module with
highest weight ƒ).

It is well known that 
 D ƒC kƒ0 is dominant if and only if ƒ is a dominant weight
relative to g and k 2N with k � ƒ. L�/.

From now on, we assume that L D zV .
/, the irreducible highest weight Qg-module
with dominant highest weight 
 D ƒC kƒ0. It is easy to see that L0 D V.ƒ/ is just the
finite dimensional irreducible highest weight g-module with highest weightƒ. Moreover,
QV .
/ and V.ƒ/ have common highest weight vector, and we choose one of them, say uƒ,

and define the function ' as in (7.5) replacing u0 with uƒ. Denote E.���; a; b; 
/ D

E.���; a; b; QV .
// for convenience. We have noticed the Qg-module isomorphism

E.���; a; b; 
/ Š E.���; a; b/˝ QV .
/:

Theorem 7.8. Let m 2N, a 2 zCm, b 2C and ��� 2 .h�/m be such that E.���; a/ is finite
dimensional and E.���;a; b/ is irreducible. Suppose that ƒC kƒ0 2 Qh� is dominant. Then
E.���; a; b/˝ QV .ƒC kƒ0/ is irreducible if and only if

(7.6) '
�
E.���; a/˝ U.n�/.e� ˝ t

�1/k�hƒj
L�iC1

�
D E.���; a/˝ V.ƒ/:

Proof. Let uƒ be a common highest weight vector of zV .ƒC kƒ0/ and V.ƒ/. It is well
known that J D AnnU.Qn�/.uƒ/ is the left ideal of U. Qn�/ generated by f hƒCkƒ0j L̨ i iC1i for
i D 0; 1; : : : ; l . Then

'.E.���; a/˝ J / D '
�
E.���; a/˝

lX
iD0

U.g˝ t�1CŒ t�1�/ U.n�/f
hƒCkƒ0j L̨ i iC1
i

�
:
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Note that

'
�
E.���; a/˝

lX
iD1

U.g˝ t�1CŒ t�1�/ U.n�/f
hƒCkƒ0j L̨ i iC1
i

�
D

lX
iD1

U.g˝ t�1CŒ t�1�/ ıE.���; a/˝ U.n�/f
hƒj L̨ i iC1
i u0 D 0:

We have

'.E.���; a/˝ J / D '
�
E.���; a/˝ U.g˝ t�1CŒ t�1�/ U.n�/f

hƒCkƒ0j L̨0iC1
0

�
D '

�
U.g˝ t�1CŒ t�1�/ ıE.���; a/˝ U.n�/f

k�hƒj L�iC1
0

�
D '.E.���; a/˝ U.n�/f

k�hƒj L�iC1
0 /:

Now the statement follows from Theorem 7.6.

The condition in Theorem 7.8 is still not very easy to verify. Now we can give a further
criterion which we can compute explicitly.

Theorem 7.9. Let m 2N, a 2 zCm, b 2C and ��� 2 .h�/m be such that E.���; a/ is finite
dimensional and E.���; a; b/ is irreducible. Suppose that zV .ƒ C kƒ0/ is an irreducible
integrable highest weight Qg-module, where ƒ 2 h� and k 2 ZC. Let uƒ be the com-
mon highest weight vector of zV .ƒC kƒ0/ and V.ƒ/. Then E.���; a; b/˝ QV .ƒC kƒ0/
is irreducible if and only if

(7.7) U.n�/
�
.e� ˝ t

�1/k�hƒj
L�iC1E.���; a/˝ uƒ

�
D E.���; a/˝ V.ƒ/:

Proof. As before, denote 
 D ƒ C kƒ0 and we consider E D E.���; a; b; 
/ instead of
E.���;a; b/˝ QV .ƒC kƒ0/. DenoteE DE.���;a/, f0 D e� ˝ t�1 and k0 D k � hƒj L�i C 1
for short.

First suppose that
U.n�/.f

k0
0 E ˝ uƒ/ D E ˝ V.ƒ/:

Let W be a nonzero submodule of E . As in the proof of Theorem 7.6, we have that
W D

P
i2ZWi ˝ t

i ; Wi � E ˝ zV .
/, and by Lemma 7.3, there is n2Z such that

Wi D E ˝ zV .
/; for all i � nC 1.

By Claim 1 of Theorem 7.6, we have that, for any v 2E,

.�1/k0f
k0
0 v ˝ uƒ D '.v ˝ f

k0
0 / � v ˝ f

k0
0 uƒ D 0 mod Wn:

So f k00 E ˝ uƒ � Wn, and hence

E ˝ V.ƒ/ D U.n�/.f
k0
0 E ˝ uƒ/ � Wn;

which implies that E ˝ zV .
/ D Wn by Corollary 7.4. By induction, we can obtain that
Wi D E ˝ zV .
/ for all i 2Z. Therefore E is irreducible.

To complete the proof, it suffices to show the following claim, thanks to Theorem 7.8
and the fact that U.n�/.f

k0
0 E ˝ uƒ/ � E.���; a/˝ V.ƒ/.
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Claim 1. '.E ˝ U.n�/f k00 / � U.n�/.f
k0
0 E ˝ uƒ/.

Take any x D x1x2 � � � xr 2U.n�/ with xi 2n�. We will prove

(7.8) '.E ˝ x1 � � � xrf
k0
0 / � U.n�/.f

k0
0 E ˝ uƒ/

by induction on r . The assertion is obvious for r D 0. Now suppose that (7.8) holds for
r 2ZC. Then for any v 2E and x0 2n�, we have

'.v˝ x0xf
k0
0 /D '.x0.v˝ xf

k0
0 /� x0v˝ xf

k0
0 /D x0'.v˝ xf

k0
0 /� '.x0v˝ xf

k0
0 /;

since ' is a U.n�/-module homomorphism. Then by induction hypothesis, we have

'.v ˝ xf
k0
0 /; '.x0v ˝ xf

k0
0 / 2 U.n�/.f

k0
0 E ˝ uƒ/:

Hence '.v ˝ x0xf
k0
0 /2U.n�/.f

k0
0 E ˝ uƒ/. The claim follows.

It is interesting to note that the left-hand side of (7.7) is a g-module (even if the equality
in (7.7) does not hold), since ŒnC; e� ˝ t�1� D 0, while the vector space inside '. �/ on
the left-hand side of (7.6) is not a g-module in general.

From Theorem 7.9, the condition (7.7) is computable since everything is within the
finite dimensional g-module

E.���; a/˝ V.ƒ/ D V.�1/˝ V.�2/˝ � � � ˝ V.�m/˝ V.ƒ/:

Now the main task is to compute the highest weight vectors with respect to g in the g-sub-
module U.n�/..e� ˝ t�1/k�hƒj

L�iC1E.���; a/˝ uƒ/.
As an application of the above theorem, we can obtain the irreducibility for the tensor

products of integrable loop modules and integrable highest weight modules for Qsl2 expli-
citly, recovering the result of Adamović [2]. Choose a standard basis ¹e; f; hº of sl2 with
a Cartan subalgebra h D Ch, and let " be the fundamental weight, i.e., "2 h� is given by
".h/ D 1.

Corollary 7.10. For any a; b 2C and i; j; k 2ZC with a ¤ 0 and k � i , the zsl2-module
E.j"; a; b/˝ zV .i"C kƒ0/ is irreducible if and only if i � k < j .

Proof. We know that gD sl2 D span¹e;f;hº, e0 D f ˝ t and f0 D e˝ t�1. Denote by v
and u the highest weight vectors of the g-module V.j"/ and the Qg-module zV .i"C kƒ0/,
respectively. Denote, for convenience,

W D V.j"/˝ V.i"/ and W 0 D U.n�/.f
k�iC1
0 E.j"; a/˝ u/:

By Theorem 7.9, we see that E.j"; a; b/˝ zV .i" C kƒ0/ is irreducible if and only if
W 0 DW if and only if CŒf �.f k�iC10 E.j"; a/˝ u/ D CŒf �.ek�iC1V.j"/˝ u/ contains
all highest weight vectors of V.j"/˝ V.i"/.

First note that ek�iC1E.j"; a/ D 0 and W 0 ¤ W if j < k � i C 1.
Next we suppose j � k � i C 1. In this case, we have

f k�iC10 E.j"; a/ D span¹v; f v; : : : ; f j�.k�iC1/vº:
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Let W 0p (respectively, Wp) be the weight space of W 0 (respectively, W ) of weight p". For
s D 0; 1; : : : ;min¹i; j º, we can deduce that

dimW 0iCj�2s D

²
s C 1; if s � j � .k � i C 1/;
j � k C i; if s > j � .k � i C 1/:

On the other hand, by the Clebsch–Gordan formula, we have

W D V..i C j /"/˚ V..i C j � 2/"/˚ � � � ˚ V.jj � i j"/:

It is clear that WiCj ˚ � � � ˚ Wji�j j contains all highest weight vector of W and that
dimWiCj�2s D s C 1 for all s D 0; 1; : : : ;min¹i; j º.

ThenW 0DW if and only ifW 0iCj�2s DWiCj�2s for all 0� s �min¹i; j º, if and only
if j �.k� iC1/�min¹i; j º, if and only if kC 1�max¹i; j º. Noticing that zV .i"C kƒ0/
being dominant requires k � i , we can conclude that E.j"; a; b/˝ zV .i"C kƒ0/ is irre-
ducible if and only if i � k < j .

Retain the notation of Theorem 7.9. In particular, 
 D ƒC kƒ0. Denote by E� the
weight space of the g-module E.���;a/˝ V.ƒ/ with weight �2h�, then � can be written
as a sum � D �1 C � � � C �m C �mC1, where �i is a weight of the g-module V.�i / for
1 � i � m and umC1 is a weight of V.ƒ/. For any root ˛ of g, let E.˛/ be the sum of E�
for all weights � of the g-module E.���; a/˝ V.ƒ/ satisfying k C h�; L̨ i < 0:

Proposition 7.11. Let notation be as in Theorem 7.9 and let n2Z. LetW D
P
i2ZWi˝ t

i

be a submodule of EDE.���;a;b;ƒCk0ƒ0/ such that eachWi is a subspace of E.���;a/˝
QV .ƒC k0ƒ/ and Wi D E.���; a/˝ QV .ƒC k0ƒ/ for all i > n. Then E.˛/ � Wn for any

root ˛ of g.

Proof. Suppose E� 6� Wn for some weight � of the g-module E.���;a/˝ V.ƒ/, and take
any v 2E� nWn.

For any root ˛ of g, take a nonzero x 2g˛ . We have

.x ˝ t /.v ˝ tn/ 2 WnC1:

That is, the image of v ˝ tn in E=W is a highest weight vector of the integrable module
over the Lie algebra sl2 spanned by x ˝ t; y ˝ t�1 and L̨ CK, where y is a nonzero root
vector in g�˛ . Note that the weight of v ˝ tn is �C kƒ0 C .b C n/ı with respect to Qh.
So we must have

h�C kƒ0 C .b C n/ı; L̨ CKi � 0;

or equivalently
k C h�; L̨ i � 0; 8˛ 2�:

The result hence follows.

By the above proposition, we see that

U.g/
� X
˛ 2�

E.˛/
�
� Wn:

Using this and the first part of the proof of Theorem 7.9, we obtain the following result.
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Theorem 7.12. Letm2N, a2 zCm, b 2C and ���2 .h�/m be such that E.���;a/ is finite di-
mensional andE.���;a; b/ is irreducible. Suppose that zV .ƒCkƒ0/ is an irreducible integ-
rable highest weight Qg-module, where ƒ2h� and k 2ZC. Let uƒ be the common highest
weight vector of zV .ƒC kƒ0/ and V.ƒ/. Then E.���; a; b/˝ QV .ƒC kƒ0/ is irreducible
if and only if

U.g/
� X
˛ 2�

E.˛/ C .e� ˝ t
�1/kC1�hƒ;

L� iE.���; a/˝ uƒ

�
D E.���; a/˝ V.ƒ/:

The following consequence is easy to see.

Corollary 7.13. Let ���D .�1; �2; : : : ; �m/2 .h�/m. Under the conditions in Theorem 7.9,
the following hold:

(1) If k � h�1 C �2 C � � � C �m Cƒ; L�i, then E.���;a; b/˝ QV .ƒC kƒ0/ is not irredu-
cible.

(2) If k < h�; L�i for all the highest weights� of all irreducible g-submodules of E.���;a/
˝V.ƒ/, then the Qg-module E.���; a; b/˝ QV .ƒC kƒ0/ is irreducible.

Proof. If k � h�1 C �2 C � � � C �m C ƒ; L�i, then the left-hand side of (7.7) is 0. So
E.���; a; b/˝ QV .ƒC kƒ0/ is not irreducible. Part (1) follows.

For part (2), we see that E��� � E.��/, and the result follows from Theorem 7.12.

Corollary 7.14. Let m2N, a 2 zCm, b 2C and ���2 .h�/m be such that E.���; a/ is finite
dimensional and E.���; a; b/ is irreducible. Suppose further that zV .ƒC kƒ0/ is an irre-
ducible integrable highest weight Qg-module, where ƒ2 h� and k 2ZC. Then there exists
�.���; a; ƒ/2ZC, depending on ���, a and ƒ, such that the Qg-module E.���; a; b/˝ V.ƒC
kƒ0/, where k 2ZC with k � hƒ; L�i, is irreducible if and only if k < �.���; a; ƒ/.

Proof. By Theorem 7.9, it is sufficient to sow that

.e� ˝ t
�1/jE.���; a/ � .e� ˝ t

�1/j
0

E.���; a/; 8j > j 0:

This can be seen from the fact that

.e� ˝ t
�1/j�j

0

E.���; a/ � E.���; a/; 8j > j 0:

From Corollary 7.13, we see that min¹h�; L�i j�º is the highest weight of an irreducible
g-submodules of E.���; a/˝ V.ƒ/º � �.���; a; ƒ/ < h�1 C � � � C �m Cƒ; L�i.

We will give another explicit example of tensor product modules for zsl2, which is not
covered in [2]. We can determine their irreducibility using our methods developed in this
section.

Example. LetmD 2, ���D ."; 2"/, aD .a1; a2/2 zC2, and b 2C. We have the Qsl2-module
E.."; 2"/I .a1; a2/I b/ and the highest weight Qsl2-module zV .i"C kƒ0/ with nonnegative
integers k � i . Now we consider the Qsl2-module E.."; 2"/I .a1; a2/I b/˝ zV .i"C kƒ0/.

Note that the function � defined in (7.2) is onto (see Theorem 1.3 in [10]).
Let v1, v2 and u be the highest weight vectors of the sl2-modules V."/; V .2"/ (in

the tensor product of E.."; 2"/I .a1; a2//) and the Qsl2-module zV .i"C kƒ0/, respectively.
Then u is also the highest weight vector of the sl2-submodule V.i"/ in the Qsl2-module
zV .i"C kƒ0/.
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For convenience, denote

W D E.."; 2"/I .a1; a2//˝ V.i"/ Š .V .3"/˚ V."//˝ V.i"/

and
W .j /

D CŒf �..e ˝ t�1/j .V ."/˝ V.2"//˝ u/; 8j 2ZC:

Then the Qsl2-module E.."; 2"/I .a1; a2/I b/˝ zV .i"C kƒ0/ is irreducible if and only if
W .k�iC1/ D W . To compute W .j /, we need the following formulas:

ef v1 D v1; ef v2 D 2v2; ef 2v2 D 2f v2;

f 2v1 D f
3v2 D 0; ef u D iu:

It is not hard to calculate that

.e ˝ t�1/.V ."/˝ V.2"//

D span¹v1 ˝ v2; v1 ˝ f v2; f v1 ˝ v2; a2v1 ˝ f 2v2 C 2a1f v1 ˝ f v2ºI

.e ˝ t�1/2.V ."/˝ V.2"// D span¹v1 ˝ v2; a2v1 ˝ f v2 C a1f v1 ˝ v2ºI

.e ˝ t�1/3.V ."/˝ V.2"// D Cv1 ˝ v2:

Case 1. i D 0.
In this case, it is obvious that W .2/ D W and W .3/ ¤ W and hence we have that

E.."; 2"/I .a1; a2/; b/˝ zV .ƒ0/ is an irreducible Qsl2-module, whileE.."; 2"/I .a1; a2/; b/
˝zV .2ƒ0/ is not irreducible. We conclude that �.."; 2"/I .a1; a2/I 0/ D 2 for all distinct
a1; a2 2C�.

Case 2. i D 1.
The vector space

Cf 2.v1 ˝ v2 ˝ u/CCf .v1 ˝ f v2 ˝ u/CCf .f v1 ˝ v2 ˝ u/

CC.a2v1 ˝ f
2v2 C 2a1f v1 ˝ f v2/

contains the following linearly independent weight-0 vectors:

v1 ˝ f
2v2 ˝ u; f v1 ˝ f v2 ˝ u; f v1 ˝ v2 ˝ f u and v1 ˝ f v2 ˝ f u:

We obtain 4 � dimW
.1/
0 � dimW0 D 4. Hence W0 D W

.1/
0 and W .1/ D W , and the

Qsl2-module E.."; 2"/I .a1; a2/I b/ ˝ QV ." C ƒ0/ is irreducible. On the other hand, we
can easily see that dimW

.2/
2 � 2 while dimW2 D 3. So W .2/ ¤ W , and the Qsl2-module

E.."; 2"/I .a1; a2/I b/˝ zV ."C 2ƒ0/ is not irreducible. Therefore, we obtain again that
�.."; 2"/I .a1; a2/I "/ D 2 for all distinct a1; a2 2C�.

Case 3. i � 2.
In this case, as g-modules we see that

W D V."/˝ V.2"/˝ V.i"/ D V..i C 3/"/˝ V..i C 1/"/˝ � � � ˝ V.ji � 3j"/

˝ V..i C 1/"/˝ V..i � 1/"/˝ � � � ˝ V..i � 1/"/:
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So dimW
.1/
i�1 � 4 and dimWi�1 D 5. Thus W .1/ ¤ W , and E.."; 2"/I .a1; a2/I b/ ˝

zV .i" C kƒ0/ is not irreducible for k D i and hence for all k � i . We may say that
�.."; 2"/I .a1; a2/I i"/ D i for all distinct a1; a2 2C�.

Note that the irreducible modules for i D 0; k D 1 in the above example do not satisfy
the conditions in Theorem 2.2 of [10]:

a1�1 C a2�2 C � � � C am�m ¤ 0; or .mC 1/k < h�1 C �2 C � � � C �m Cƒ; L�i:

It would be nice to have a formula for �.���;a;ƒ/ defined in Corollary 7.14 in terms of ���, a
and ƒ.
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[1] Adamović, D.: New irreducible modules for affine Lie algebras at the critical level. Internat.
Math. Res. Notices (1996), no. 6, 253–261. Zbl 0858.17019 MR 1386077
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