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Blowing-up solutions to
competitive critical systems in dimension 3

Antonio J. Fernandez, Maria Medina and Angela Pistoia

Abstract. We study the critical system of m > 2 equations

m
—Au,-:uis—i— Z ,Bijuizu;-’, ui§0inR3, ie{l,...,m},
J=1,j#i

where B,y =@ € Rifk # £, and By, = Bk = B <0, forx, £ € {1,...,m—1}.
We construct solutions to this system in the case where f§ — —oo by means of a
Ljapunov—Schmidt reduction argument. This allows us to identify the explicit form
of the solution at main order: u1 will look like a perturbation of the standard radial
positive solution to the Yamabe equation, while u, will blow-up at the k vertices
of a regular planar polygon. The solutions to the other equations will replicate the
blowing-up structure under an appropriate rotation that ensures u; # u; fori # j.
The result provides the first almost-explicit example of non-synchronized solutions
to competitive critical systems in dimension 3.

1. Introduction

Let us consider the critical system

m
(1.1) —Au; =Y Byuiul. w; Z0inR? ie{l.....m},
j=1
where m > 2 is an integer and B;; € R forall i, j € {1, ..., m}. This kind of systems nat-

urally arise when looking for standing waves in critical systems of Schrodinger equations,
see, e.g., [1,25]. From the physical point of view, §8;; discriminates between focusing and
defocusing behavior of a single component u;, and §;;, i 7# j, describes the interspecies
forces between particles of different components u; and u;. If B;; < 0, the particles are in
competition and repel each other, and if §;; > 0, they cooperate and attract each other.

In this paper, we are concerned with the focusing case, namely §;; > 0.

Mathematics Subject Classification 2020: 35J47 (primary); 35B33 (secondary).
Keywords: elliptic systems, critical growth, non-segregated solutions, blow-up solutions.


https://creativecommons.org/licenses/by/4.0/

A.J. Fernandez, M. Medina and A. Pistoia 1428

In some cases, it is straightforward to find solutions to this system. Indeed, let us
introduce the function

31/4

and recall that all the positive solutions to the Yamabe equation
(1.3) —Au =u> inR3,
are given by

L x =&y 3UASS 3
(1.4) Ug,g(x).—%U( ; )_(52+|x—g|2)1/2’ for § > 0, £ €R>.

Then, setting u; :=s; Us ¢ forsome § > 0and § € R3, system (1.1) reduces to the algebraic
system

m
Si:Zﬁijsizsj?” Si>0,i€{1,...,m}.
=1

Whenever one is able to solve this algebraic system, one can then obtain solutions to (1.1).
We refer to this kind of solutions as synchronized solutions. We are interested in the exist-
ence (or not) of finite energy non-synchronized solutions to (1.1).

Let us turn first to the case where m = 2. Assuming 81; = 22 = 1 and B12 = f21 =
B €R, system (1.1) reduces to

(1.5)

—Au:u5+ﬂu2v3 in R3, 3
u,v Z0 inR7.

—Av =10+ ,3u3v2 inR3,

In the attractive regime, i.e., when 8 > 0, Guo and Liu proved in Theorem 3.2 of [14]
that any solution to (1.5) is a synchronized solution. In the repulsive regime, i.e., when
B < 0, the situation is however different, and non-synchronized solutions do exist. In this
case, there is a strong connection between solutions to (1.5) and sign-changing solutions
to (1.3). This was first pointed out in a series of papers by Terracini and her collaborators
[8,18,21,23,24]. In particular, in Theorem 1.5 of [21], the authors proved that, if (ug,vg)g
is a family of solutions to (1.5) uniformly bounded in L% (R?), then a segregation phe-
nomenon happens. More precisely, for all @ € (0, 1), it follows that, up to a subsequence,
ug —wy and vg — w— in B (R NCA*R?), asp — —oc.
Here, w is a sign-changing solution to (1.3) and, for all s € R, s4 := max{s, 0} and
s— := max{—s, 0}. Having in mind this connection, it is natural to wonder if, whenever
there exists a sign-changing solution w to (1.3), it is possible to find a solution to (1.5)
whose components resemble the positive and negative part of w, as § — —oo. The first
result in this direction was obtained by Clapp and Pistoia [5] using variational methods.
More precisely, the authors adapted an argument by Ding [11], where he established the
existence of infinitely many sign-changing solutions to (1.3), and proved the existence of
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solutions to (1.5) exhibiting a segregation phenomenon as f — —oo. Let us point out that,
aside from Ding’s sign-changing solutions to (1.3), there are many others built using per-
turbative methods [9, 15]. At main order, the sign-changing solutions to (1.3) constructed
by del Pino et al. [9] are given by

k
we=U = Us g
j=1

where k is a sufficiently large integer, the points §; x are the vertices of a regular polygon
placed on a great circle on the (xy, x;)-plane, and 6 — 0 as k — oo. It seems then nat-
ural to attempt a similar construction in order to build solutions to (1.5). More precisely,
one may try to construct solutions to (1.5) whose components resemble respectively U
and ) ; Usy. &, - A first attempt in this direction is due to Guo et al. [13]. Unfortunately,
the proof contains a gap, and their construction does not seem to be feasible. In Proposi-
tion 2.3 of [13], the authors claim to be able to invert the corresponding linearized operator
(the analogue to Proposition 2.4 in this work) as a consequence of the symmetries of the
construction, without the need of projecting onto any space. However, this is not the case.
The chain of identities in equation (2.25) of [13] does not hold, and they cannot conclude
the proof of Proposition 2.3 in [13].

Concerning the case where m = 3, there are very few results in the literature. The first
in this direction was obtained by Clapp et al. [7]. There, the authors were able to generalize
the results obtained by Clapp and Pistoia [5] to systems with m = 2 components. Let
us also mention the very recent result by Clapp et al. [6] for systems of Yamabe type
equations on closed Riemannian manifolds. In both papers [6, 7], the solutions do exhibit
a segregation phenomenon as the competition parameters go to —oo.

In this paper, we construct a new type of solutions to (1.1) which are non-synchronized
and whose components do not exhibit a segregation phenomenon in a large repulsive
regime. Indeed, let us denote by

cosf) —sinf O
(1.6) Ry :=|sinf cosf® 0}, HeR,
0 0 1

the rotation matrices on the (x1, x»)-plane. As usual, the space H! := H!(R3) denotes
the completion of C2°(R3) with respect to the norm

1/2 .
o1 = ([, 190dx)" toranpe®

We can prove the following.

Theorem 1.1. Assume that, fori, j,k,£e{l,...,m—1},i # J,
(1.7) Igii = /3mm =1, ,Bij =a and ,Bﬁm = ,Bm/( = ﬂ,

for certain a, B € R with B < 0. Then, for any fixed integer k = 2, there exists B < —+/2
such that, for each B € (—oo, B.], (1.1) has a finite energy solution (u1,8,u2.8,...,Um,g)
of the form

upg =U + ¢
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and
k
I —Es, .
uz,ﬁzsz(Tﬂj)+t/fﬂ, ui,5=u2,ﬂ(9z%__zl)%-) fori € {3,...,m}.
J=17p

Here, U is defined in (1.2), R -2 ». is given by (1.6), ¢g, ¥ € H' and (¢p,;); C R3
m—1 k
satisfy

2x(j—1) i

légll g + 1Vgllgr — 0 and &g ; — (e ,0), as B — —oo,

and g,g € (0, 1/€?) satisfies
< < 1
81/2|10g8 | ~——-
B B B

It is worth pointing out that the solutions constructed in Theorem 1.1 are not uniformly
bounded as f — —oo. Indeed, the ith components for any i € {2, ..., m} blow-up at
the k vertices of a regular planar polygon. Even more, these solutions do not exhibit a
segregation phenomenon as § — —oo. In fact, the limiting profile of the first component
is U (see (1.4)), which is positive everywhere, and the limiting profile of all the other
components is a sum of Dirac delta masses at the k vertices of a regular planar polygon.
This shows that the segregation result in Theorem 1.5 of [21] is somewhat sharp.

Let us also emphasize the fact that the presence of the parameter 8 is what allows
us to keep k fixed. As it will be clear, the strategy used in the manuscript relies on a
reduction procedure, where an equilibrium must be found. This is done by adjusting a
free parameter, which happens to be §. This is in big contrast with the case of the single
equation, treated in [9, 10]. There, the absence of a natural parameter in the problem forces
the authors to artificially introduce one, which is the number of peaks k. It is worth noting
that the use of the number of peaks as a parameter, first introduced in [26], has in fact been
a winning choice in several problems.

1.1. Strategy of the proof

Theorem 1.1 relies on a classical Ljapunov—Schmidt reduction argument. For simplicity,
we first discuss the proof in the case where m = 2, and then explain how to reduce the
general case m = 3 to a different nonlocal system of two components, which can be treated
in a similar fashion.

We start of with an approximated solution of the form

k
(1.8) W)= (U. 3 U, ),
j=1

where k = 2 is a fixed integer and the coupling parameter 8 — —o0 is a free term in the
reduction process. The gist of the proof is to show that, for some dg, there exists a true
solution to (1.5) of the form

(., v) = (U +¢p.V + Vp)
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with ¢g, g — 0in H', as B — —oo. We will address the problem by linearizing around
(U, V) and solving the corresponding system for (¢g, ¥g). It turns out that this is possible
if the concentration parameter § g 1s suitably chosen.

The choice of § g becomes apparent in the study of the reduced energy (2.47). At main
order, one needs to balance the interaction among the functions U and V, which is of
order —f gz/ 2| log Sﬂ |, and the interaction among the different bubbles in V', which is of

order —§ - This balance provides the rate
~ ~ 1
52 10g 5] ~ ——.
B B B

which is rather slow, but sufficient for our purposes. This is something special of the three-
dimensional case we are dealing with.

It is folklore that the existence of blowing-up solutions in critical problems is strongly
affected by the dimension. For instance, given a smooth bounded domain Q C R”,n > 4,
and a parameter ¢ > 0, the celebrated Brézis—Nirenberg problem [3],

(1.9) —Au = |u|4/(”_2)u +eu inQ, u=0 ondL,

possesses positive and sign-changing solutions which blow-up as & — 0% (see, for exam-
ple, [16, 17,20]). On the other hand, if » = 3 and 2 is star-shaped, the problem does not
have any positive solutions when ¢ > 0 is small enough [3]. Moreover, the existence (or
not) of sign-changing solutions to (1.9) with & > 0 small is a challenging open problem'
in this case.

To elucidate more the role of the dimension in our construction, let us compare our
result with the one by Chen et al. [4]. To that end, let us consider the critical system in
general dimension, which reads as follows:

m
(1.10) —Au; =Y Byu DUz 0in R, P e {1 m).
ji=1

First, let us stress that, when all the coupling parameters are negative, solutions exhibiting
segregation were found in [5, 7] using variational methods. On the other hand, for n = 4,
Druet and Hebey proved in Proposition 3.1 of [12] that any non-trivial solution to (1.10)
is a synchronized solution if all the §;; are positive and equal. Here, we want to address
the attention to the construction in [4], that considers again the case n = 4. There, the
authors built solutions to (1.10) in a small competitive regime using a Ljapunov—Schmidt
reduction argument. More precisely, assuming (1.7), the authors built solutions to (1.10)
for B < 0 with |B| sufficiently small. In the case where m = 2, the first component of
their solutions looks like U and the second one like V' (see (1.8)), so our ansatz is very
similar to theirs. However, in our case f — —oo, while in theirs, § — 07. If one tries to
mimic our computations in the four-dimensional case when 8 — —oo, they would obtain a
rate |logg| ~ —1/B, which is too slow for the reduction method to succeed. This striking

"The paper [22] was finished after the completion of this manuscript. In [22], the authors address precisely
the Brézis—Nirenberg problem in dimension n = 3.
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difference is a purely dimensional phenomenon, which highlights one more time the role
of the dimension in the existence of blowing-up solutions in critical problems. Actually,
the same is expected to hold in dimensions n = 5. Formal computations show that in
high dimensions the reduction process also forces § — 0~. However, this case is tricky
because of the nature of the interaction term. The first power becomes sublinear, and hence
no longer contractive. This prevents us to apply fixed point-type arguments in a direct way
as in the cases n = 3, 4. The problem is being treated in an ongoing work, where we expect
to overcome this technical difficulty.

We now explain how to reduce the case m = 3 to a nonlocal system with only two
components. Let Rg with 6 € R be given in (1.6) and let r, k € N. Denote ¢ = m — 1.
We set

(1.11) R :=Re-0 2z »

q k

and consider the nonlocal system

q
—Au:us—i—ﬂusz—}—ﬂuzva in R3,
(1.12) ’:2 u,v =0 inR3,
—Av=v5+,3u3v2+av22v,3 in R3,
r=2

where
Ur(x) == v(Rppx) forre{l,....q}.
Then, using (1.7), one can check that, if (u, v) is a solution to (1.12) and satisfies
u(x) =u(R,xx) forallre{2,...,q}, and v(x)= U(RZTHX),
the vector (uy,...,ug+1), with
ui(x) =v(Rpx) forallie{l,...,q}, and wug41(x) =u(x),

is a solution to (1.1). We refer to Section 3 for more details. Let us stress that the assump-
tion (1.7) is crucial in the reduction. If we remove it, the reduction cannot be done. The key
fact here is that the nonlocal terms appearing in (1.12) are of lower order with respect to
the ones already present in (1.5). Using the symmetries above, we can then deal with (1.12)
in a similar fashion as we did with (1.1). In particular, this allows the parameter & € R to
be freely chosen.

This reduction is inspired by the one in Section 3 of [4]. However, the symmetries we
are considering are different from the ones there. In particular, we do not need to impose
that k is even as they did. Actually, we strongly believe that our approach can lead to
the construction of two new different families of solutions in the four-dimensional case
when 8 — 0. Moreover, this would allow to treat the case where k is odd and would
substantially simplify the proofs in [4].
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1.2. Organization of the paper

In Section 2, we consider the case of two equations; i.e., we prove Theorem 1.1 when
m = 2, following a Ljapunov—Schmidt reduction structure. In Section 3, we prove the
theorem in the general case m = 3. The first part of the section is devoted to reduce the
system of m equations to a new one of only two (see (1.12)), and the second part to the
solvability of this new system.

2. The casem =2

In this section, we will prove Theorem 1.1 in the case of two equations. Taking into
account the assumptions there, (1.1) with m = 2 reduces to

@2.1)

—Au =’ + puv? in R3, -
u,v Z0 inR”.

—Av = v° + puv? in R3,
Hence we can reformulate Theorem 1.1 as follows.

Theorem 2.1 (The case m = 2). For any fixed integer k = 2, there exists By < —~/2 such
that, for each B € (—o00, B4], (2.1) has a finite energy solution (ug, vg) of the form

k
1 S —Ep
=195 8p
Here, ¢pg, Vg € H' and (€p,7); C R3 satisfy
27’(./‘*1)1'
gl + Mgl —> 0 and g5 — (7% 10), asp— —oo,
and Slg € (0, 1/e?) satisfies
= = 1
5% Nlogdy| ~ —-

Here, we recall that the space H'! := H'(R?), as usual, denotes the completion of
C2°(R3) with respect to the norm

1/2 .
o1 = ([ 190 ax)"" forange’
R3
Note that H'! is a Hilbert space with the scalar product

(V) = /R3 V¢V dx, forallg,veH'.

Since we are looking for nonnegative solutions, instead of dealing directly with (2.1),
we construct a solution to

2.2)

—Au = ui + ﬁuivi inR3,
—Av = vf_ + ﬂuivi in R3,
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where, for s € R, we denote s := max{s, 0} and s_ := max{—s, 0}. It is easy to check
that, if (u, v) € H! x H! is a solution to (2.2), then (u, v) is nonnegative and so it is
a solution to (2.1). Indeed, one just have to use u_ as test function in the first equation
in (2.2) and v_ in the second one to get u_ = v_ = 0 in R3. Hence, from now on we deal
with (2.2) instead of (2.1).

First of all, we recall that
31/4
2~3 U x := D —————
2.3) W)= T T

and, for § > 0 and £ € R3, we set

1 x—£ 3148
24 Us,e(x) = — U - :
2.4) 3,§( ) «/g S ) (82+|x_£;|2)1/2

Likewise, fort > 0, 8 < —+/2, k € Z with k = 2, and j € {1,...,k}, with a small abuse
of notation we set

31/4‘/1813
U j(x) := U, g, (x) = .
(2.5) " 5 (1285 + |x —&,;1)V2

x(j—1)
with & ;= ,/1 —t28[2, <e2 3 D’,O).

Here, 65 € (0, l/ez) is chosen so that
1/2 1
(2.6) 8/3 |logég| = —E-

Finally, we set

k
2.7) V(x) =Y Upj(x).

J=1

Let us stress that V' depends on ¢, k and f but that, for simplicity, we will omit the explicit
dependence.
Next, for every k € Z with k = 2, we let X be the subset of H'! such that

* every ¢ € X is even with respect to x, and x3, i.e.,

(2.8) P(x1,x2,x3) = P(x1,—x2,X3) = ¢p(x1,X2,—x3), forall (x1,x2,x3) €R?;
e every ¢ € Xy is invariant under rotation of 27t/ k in the x;, x5-variables, i.e.,

2.9) ¢(rei9, X3) = ¢(re(9+2”/k)i,X3), forall 0, x3€R and r > 0;

* every ¢ € Xy is invariant under the action of the Kelvin transform, i.e.,

(2.10) S(x) = ¢(ﬁ) for all x € R3\ {0}.

|x|
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In other words, we define
(2.11) X = {¢ cH': ¢ satisfies (2.8), (2.9) and (2.10)}.

Note that Xj is a Hilbert space endowed with the same scalar product and the same norm
as H'. By the Sobolev inequality, we have that the embedding H ! < L6(R?) is continu-
ous. Hence we can define, via the Riesz representation theorem, the continuous operator

(—A)1 LR - HY, f o,
where u € H' is the unique solution to
—Au = f inR3.
Thus, we can reformulate (2.2) as

u= (A" + Buzv3 in R3,
21 e
v=(=A)"" (vi+Buivy) inR”,
and we will look for a solution to (2.12) of the form

(2.13) u=U+¢, v=V+1,

with ¢, ¥ € Xj sufficiently small. It is worth emphasizing that, if u, v € Xk, then also the
right-hand side in (2.12) belongs to Xi. In particular, let us point out that

o= ¢(ﬁ) — AP0 = W A5(i7)-
In terms of the functions ¢ and v, we can rewrite (2.2) as

£1¢ = &1 + M(d, V),
@19 {lej et Nﬁ, Z;
where the linear operators (£, £5) are given by
(2.15) L1 :=—Ap—5U% and Loy = —Ay —5V4y,
the error terms (&1, &) are given by

k

(2.16) €1 :=BUV> and &:=V>-) U} +pUV?

and the coupling terms (N7, N,) are given by

Ni(.¥) == (U +¢)5 — U’ =5U* + BU + $)2.(V +¥)} — BU?V?,

2.17
I @) = (V4905 — V5 —SV%% + BV + 92U + ¢ — BV2UR.
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Using the dual formulation, (2.14) is equivalent to
(2.18) L5, V)-8 —NT(p.¥) =0. (. V)€ Xi x Xi.
Here, the linear operator £* := (£}, £3) is given by
Lip:=¢— (—A)'(5U%) and L3y =y — (AT (EVHY),
the error term &* := (€7, &) is given by
& :=(-A)"'6, and &5 :=(-A)"'&,,
and the coupling term N * := (N, N,¥) is given by
N (@) i= (A) ' Ni(@. ) and N} (B, ¥) i= (=A) ' Na(d, V).

The first difficulty when trying to find a solution to (2.18) is that the operator £ is in
general not invertible. We will overcome this issue using a Ljapunov—Schmidt reduction
argument.

We consider the linearization of the Yamabe equation around U (given in (2.3)), i.e.,

(2.19) —Ap—5U% =0 inR3.

It is well known (see [2]) that the set of H '-solutions to (2.19) is span{Z© : £€{0,...,3}},
where

34 (Ix]2 = 1)
2(1 + [x2)3/2

31/4)6(

“) —
2= Ty

(2.20) ZOx) = e{l1,2,3).

Similarly to (2.4) and (2.7), for § > 0 and £ € R3, we set

© —&\ 3RS (|x — &2 - 52)
2= 520 (50) = gt g

and define

k 31/4,/t8 |x —&,;1? = 1283
@21 Zi) =329, (0= Z o

t8g.6:,; l‘252 + |x _ ég-t j |2)3/2

ji=1
Having at hand this notation, we set
(2.22) K = Xg Nspan{Zy,}, Jfkl’t = {¢p e Xk {¢. Zrs) = 0},
and consider the orthogonal projections
IT: Xi x X — X x Kk, HL:kaXkﬁkaJka’t.

Note that X lg_z is the space of X} functions H L_orthogonal to K+, and that one has the

decomposition
1
Xk == J{k,z @ J{k,t'
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We can then rewrite (2.18) as the equivalent system

{ M[L*(p,¥) — 8% — N*(p, V)] = 0,
M [L*(p, ¥) — & — N* (9. ¥)] =0,

The first equation is the so-called auxiliary equation and, as we will see later on, it is finite
dimensional. The rest of the section is devoted to prove the existence of a solution (¢, V)
to (2.23).

Through the rest of the paper, we will systematically use Lemma A.1 in [19]. For
convenience, we state this result here with our notation, and for the particular case of
dimension n = 3.

Lemma 2.2 (Lemma A.1in [19]). Let

(2.23) (0, V) € X X Xg.

(2.24) Q= {xeR?: |x —&,| < |x—&|forall j €{2,....k}}.

Foreveryv,y = O suchthatv +y < 6and all 0 < a < b, there exists a constant C > 0
such that

k
14 v
/Q U Up (Yo Uny) dx < CEFT ik v ) + (klogh)? fo(8p. k. v, 7)),
1 j=2

forallk =2 and all t € [a, b]. Here,
kvt ifv <2,
filk,v,y) = k" Togk)’ ™ ifv =2,
kT3 (logk)”  ifv > 2,

and
ifv < 3,

5;3%1/)/2 V3
f2p.k,v,y) = 8;,3+y)/2|10g83| ifv =3,
AR if v > 3.
2.1. The error of approximation

As a preliminary step, we quantify how well the ansatz (U, V') “solves” (2.18), or equival-
ently (2.23). In order to make the notation lighter, we will write || - ||, = [l - | Lo (r3)-

Proposition 2.3. For all fixed integer k = 2 and all 0 < a < b, there exists a constant
C > 0 such that

CTHIET +11851) < l1€1lle/5 + 1E€21l6/5 < Cg(1 + |B)).

forall B < —~/2andt €[a,b).
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Proof. We first prove that there exists C > 0 (independent of 8 and ¢) such that
(2.25) [€1ll6/5 < CéplBI.

First, taking into account the definition of €2 (see (2.24)), we immediately get that
6/5 6/5 6—18/5 £ 18/5
161185 = 18] /ﬂ; U (Y U0) dx
j=1

k 18/5
= KIS [ U0 () + 3 Uy )
Q i=

< 213/5 k |,3|6/5/ U(X)6_18/5 Ut,l(X)IS/S dx
Q1

k 18/5
+213/5k|ﬂ|6/5/Q U3 (YUn)  dx,
1

Jj=2

Once we have this decomposition, we estimate each term of the right-hand side separately.
First, applying Lemma 2.2 with v = 18/5 and y = 0, we get

/Q U) /5 U1 ()5 dx < 857 ((8pK)*° + 1),
1

Likewise, by Lemma 2.2 with v = 0 and y = 18/5, it follows that

k 18/5
/s; U(x)6—18/5<z Ut,j ()C)) dx s 8;/5(k13/5 4 k3/5 10g(k)18/5)_
1 =2

Thus, we infer that
226)  [E1lless < 85 1BI[83° (K¥/5(1 + log(k)'¥/%) + k1¥/%) 4 1]7°.

Note that here, and during the rest of the proof, the implicit constants may depend on a
and b, but they are independent of k, 8 and ¢. Finally, since k is a fixed number, (2.25)
immediately follows from (2.26).

Next, we prove that there exists C > 0 (independent of 8 and ¢) such that

(2.27) [62ll6/5 < CSg(1 + |BI).

To that end, we write

k
& =651+82,, with &;:= ﬁV2U3 and &, := Ve — Z Uts’j,
j=1

and we estimate each &, ; separately.
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First, arguing as in the proof of (2.26), we see that

||82,1||§§§ < 27/5k|,8|6/5/Q U515 U, 1 ()15 dx
1

+ 27/5k|,3|6/5/

Q

k
U(x)o~12/5 (Z U, j(x))lz/5 dx.
j=2

Then, using twice Lemma 2.2 (first v = 12/5and y = 0 and then v = 0 and y = 12/5),
we get

(2.28) 1€2.1lless < 88 18Ik (1 + log(k)'2/%) + k121517,

On the other hand, by equation (3.7) in [19], we get that

k 6/5 k 6
€223 < k /Q U 03 (3 Un0) " dx+k /Q (Y Ui) .
1 j=2 1 j=2

Using once again Lemma 2.2, we estimate each term of the right-hand side and obtain that

(229) [|€22ll6/5 < 85 [85° (k* log(k)®/® + k° + k*log(k)®) + k1> log(k)*/ 7.

Since k is a fixed number, (2.27) immediately follows from (2.28) and (2.29).
Taking into account that there exists a constant C > 0 such that

(2.30) 1= I < Cllflless,  forall fe LR,

the result follows combining (2.25) and (2.27) with the definition of 8;“, i=1,2. [

2.2. The linear theory

Once we have quantified the error of approximation, we start our analysis of (2.23) by
solving the second equation there. More precisely, we deal with

231) L5 (¢, ¥) — 8" =N (6. 9)] =0, (§, V) € Xi x Xp.
To that end, let us introduce the shortened notation
eL.=1te*, €l:=1'€*, and NI :=TItN*
The first step to solve (2.31) is to analyze the invertibility of the linear operator ii.

Proposition 2.4. For all fixed integer k = 2 and all 0 < a < b, there exist constants
Bx < —~/2 and C > 0 such that, for all € (—o0, B«] and all t € [a, b],

(2.32) 1. ) < ClL@ W, forall (.)€ Xp x KiL,.

In particular, the inverse operator (Ii)_l: X X JCklt — Xp X K,ﬁ't exists and is con-
tinuous.
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Proof. We argue by contraction and assume that there exist sequences (8,), C (—o0,0),
(tw)n C [a,b] and (pn, Yn)n C Xi X JC,ﬁ'tn such that 8, — —oo and

LE(nVn) = (fur 8n) € X x K, |

(2.33)
@nll + [Ynll =1 and || full + lgnll = o(1).

More precisely, we assume that 8, — —oo, and that there exists a sequence (¢;), C R
such that, for all n € N, (¢, ¥,,) solves the system

234 —A¢, —5U%¢, = —Af, in R3,
' —AY, — 5V, = —Agy —cnAZ,  inR3.
Here,
k k
Va(¥) := Y Up,sy, 6, (¥) and  Zy(x) =Y z,(f)sﬁn, e (),
Jj=1 j=1

and we are assuming that

[@nll + 1¥nll = 1. and | full +lIgnll = o(1) asn — oc.

For later purposes, we introduce the notation

Upn(x) = Uy, s, .6, (x) and  Zjn(x) := szgﬂn’&n’j(x),

so that
k k
Va=) Upn and Zy =) Zjn.
=1 Jj=1

We divide the rest of the proof into four steps for the sake of clarity.

Step 1. Up to a subsequence, ¢, — 0 in H' and ¢, — 0 in LP (R3) for all p €[2,6).
Since (|| ||)» is bounded, we have the existence of ¢ € X such that, up to a sub-
sequence,

¢n—¢ inH', and ¢, > ¢ in LII:C(RS) forall p €[2,6).
Moreover, taking into account (2.34), we infer that
—Ap—5U% =0 inR>.
Hence, by Lemma A.1 in [2], we get that ¢ € span{Z©, € € {0, ..., 3}}. Taking into

account the definition of Xy, it is then not difficult to conclude that ¢ = 0 and so the first
step. Indeed, note that

(¢,z(f))=5/ U*zO¢dx, vielo, ... 3).
R3
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Then, using (2.8) it is straightforward to see that
/ U*Z@pdx = / U*Z® ¢ dx =0.
R3 R3
Moreover, combining that (¢, Z®) = 0 with (2.9) and the fact that k > 2, we see that

/ U*ZW¢dx = 0.
R3

Finally, using (2.10), we get that

/ U*Z@¢dx =0,
R3

and thus (¢, Z©) = 0 forall £ € {0, ..., 3}. This implies that ¢ = 0, as desired.

Step 2. | Zn||? = %k +o(l)and ¢, - 0asn — oo.
First of all, using that Z ©) golves (2.19), we get that

k
1Za 2 = Z/W |V Z|? dx +2Z/R3 VZinVZindx
j=1 Jj#i

k
= 5;[&3 Uf Z2, dx + 10;/11«3 Up Zjn Zin dx
- i

= Sk/ U ZO)dy + 102[ Up Zjn Zin dx
R3 £ R3
154372
=kt 1();/]1&3 Up Zjn Zin dx.
J7Fi

2 . ..
Hence, to conclude that || Z,]|?> = %k + o(1) as n — oo, we are just missing to
prove that

(2.35) 102/ Up ZinZindx = o(1) asn — oo.
— Jr3
JF#i

We start pointing out that, foralln e N and all j € {1,...,k},

(2.36) |Zjn| <Ujn inR3.

Likewise, if we assume that i # j and choose o > 0 small enough so that B, (§;,,;) N
By, (&:,,i) = 9, it is straightforward to check that

31/4\/5

Fo

(2.37) Ujn < 8p, in Bry(1,.,i)-
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Using these pointwise estimates, one can check that

‘/ U;‘annZindx 555n,
By (Etn.5)
and that

‘/ Uy Zin Zin d| + ‘/ Ul Zjn Zin dx| < 83, .
By (1y,i) R3\(Bry (1.1 )YBro (E1y.))

Note that here and through the proof, the implicit constants (in <) may depend on rg, a
and b, but they are independent of n. Thus, since B, — —oo, by (2.6), we conclude
that (2.35) holds and so that

15
(2.38) 1Za|? = ‘/_” VI ke vo(l) asn — oo

Next, testing the second equation in (2.34) with Z,, and using that Z () is a solution
to (2.19), that g, € K, and (2.38), we get that

/Rs(Zk:Ufann—Vn“Zn)l/fndx=cn(3ﬁn k+o0 (1)) as 1 — 0o,
j=1

Moreover, using the multinomial theorem, and the Holder and Sobolev inequalities, we
infer that

k
(St vz
j=1

k
S Wl [ DU Zinlsss + D2 3 (10 Uin Zinlless + 1U2 UZ Zinleys)

J#i Jj#i =1
k k
+ Z Z”szn Uin Urn Zln||6/5 + Z Z”an Uin Urn Upn Zln||6/5:|~
JF#iFr 1=1 Jj#i#r#£p =1

Since k > 2 is a fixed integer, using the pointwise estimates (2.36)—(2.37), and arguing as
we did to prove (2.35), we estimate each term on the right-hand side and conclude that

k
/]1&3 (ZUJ.“” Zin — V:Z,,)wn dx = 0(8g,) asn — oo.
j=1

Hence, it follows that

3\/571

Cn k=o0(l) asn — oo,

and so that ¢, — 0 asn — oo. ThlS concludes the proof of the second step.
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Step 3. Up to a subsequence,

Jn(y) = tn(gﬂ,, Y (tn Sﬂny + St,,,l)

satisfies 1,7/,, —~0in H' and 17/}1 —>0in LP (R3) forall p<€|2,6).

First note that ||/, || = ||| for all n € N. Hence, since (|| ||)» is bounded, there
exists Y € H ! such that, up to a subsequence,

Vo=V inH', and ¥, —y inLP (R®) forall pe[2,6).
Moreover, taking into account the second step, we infer that
—AYy —5U%% =0 inR3,

and thus, by Lemma A.1 in [2], we get that ¥ € span{Z® £ €{0,...,3}}. Note that,
by the definition of &;, ; for all n € N, v, satisfies (2.8) for all n € N. Thus, arguing as in
the first step, we get that

(. 2?9) = (y.29) = 0.
On the other hand, since ¥, € JC C Xk, Z© is asolution to (2.19) and ¥, — ¥ in H!,

0= tnZa) =5 [ (Z Zin)wdr =5k [ U8, Zu i dx

= sk / UGY* ZO0) Tu(y) dy = k(Fn. ZO) = k(3. ZO) + 0(1) asn — oo,
R3

Taking the limit as n — oo, we then infer that (y, Z®) = 0. Thus, if we prove that
(v, ZMW) = 0, then necessarily ¥ = 0 and the third step will follow.
To that end, using (2.10), we get that
—(1— t252 )1/2
yl it _ 7/2/ X1 (
—_— dy = (t,8 x)dx
Jo T 0 = 7 [ G B
(1 _ Z282 )1/2 |Z|2
= (t,8 7/2/ d
= (%) @328 1z —st,, e V&
V1
= — d

+(1—t,%8§,,)”2f 1= ta 88,y + &1 1
In 0, r: (14 1[y»)7/?

Un(y)dy.

Thus, it follows that

0 (1_133;,1)1/2/ = Itn 5, + 1,
S b Jw (+DPYP

Vn(y) dy
2
=(Q r52)1/2tn8 /ﬁ%(y)dy

—2(1—17 ﬂn)/ an(y)dy
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Sending n — 0o, we conclude that

y
/Rs W ¥ (y)dy =0,

and so that (¥, Z(M) = 0, as desired.

Step 4. Conclusion of the proof.
We are going to prove that

[Vall + ll¢nll — 0 asn — oo,

reaching a contradiction with (2.33). First of all, we test the first equation in (2.34) with ¢,
the second one with 1, and we sum them both to get that

L= [l + 1 dn]l = 5/ U*§2 dx + (dn fo) + 5[ VAYZ dx + (Yins gn + cnZa).
R3 R3

Combining (2.33) with the second step, we infer that
(Pn, fu) =0 and (VYn,gn +cnZy) >0 asn — oo.

Likewise, using the first step and the decay of U, we infer that
[ U*¢p>dx — 0 asn — oo.
R3
Hence, we have that
L=l + gl =5 [ VivZdx+o) asn—ox.
R
and thus, to conclude the proof, we just have to show that
/ ViyZdx —0 asn— oo.
R3

Recalling the definition of €21, see (2.24), we get that
k 4
4,2 2
/ Vn wn dx :k/ (Uln +ZUIH) wn dx
R3 Qi i

k
4
sSk/ Uf‘nl,//fdx—i-Sk/ (ZU,-,,) w2 dx.
Qi @ i

One one hand, by Lemma 2.2 applied with v = 0 and y = 6, we get that

k 4 k 6 \2/3
sk [ (L) vzax <selynl ([ (X Un) dn)
21 i, o

< 82 k3 (k2 + log(k)%)*°
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Since k = 2 is a fixed integer, we conclude that

k
4
Sk/ (ZU,-,,) Y2dx = 0(83) asn— .
Q5
On the other hand, note that
Sk/ Ut w2 dx < Sk/ Ut y2dx = Sk/ U)* U (y)? dy.
Q1 R3 R3

Since k = 2 is a fixed integer, using the third step and the decay of the function U, we get
that

Sk/ Ul v2dx —0 asn— oo,
Q1

and so that
/ Viy2dx —0 asn — oo,
R3

as desired. [

2.3. Nonlinear theory

Having at hand Propositions 2.3 and 2.4, we can now give the desired existence result
for (2.31). More precisely, we prove the following.

Proposition 2.5. For all fixed integer k = 2 and all 0 < a < b, there exist constants
Bs < =2 and C > 0 such that, for all B € (—oo, B+] and all t € [a, b], the system

(2.39) Ly V) —EL—NT(@.¥) =0, (.¥)€ Xk x K.
has a unique solution (¢|[t], ¥[t]) € Xi X JC,ﬂ‘J such that
(2.40) LIl + Iy ledll < Cop (1 + 1B

Moreover, the map t — (P[t], ¥ [t]) is continuously differentiable.

The proof of this result follows from a standard application of the contraction mapping
theorem, as a consequence of the following result.

Lemma 2.6. For all fixed integer k = 2, all D > 0 and all 0 < a < b, there exists C > 0
such that

[N (b0, Vo)l = (N L (o, Yo |l + (N L (o, ¥o))a

2.41 C
(241) < ——(lgoll + %ol
|logég]
and
(2.42) [N+ (p1, Y1) — N (. ¥2)|| < (Ip1 — dall + lly1 — v2]l),

| log dg|
forall B < —+/2, all t €[a,b] and all (¢po, Vo), (P1. V1), (¢2,V¥2) € H' x H' satisfying
il + llill < D Sg(1+ |B.
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Proof. Firstly, note that there exists C > 0 such that

I(N @ Y1l < CIU+¢)5 = U =50+ BU + ¢)3(V +v) — BUV|lgys,
I(N @ )2l < CIV+Y)5 =V =SV + BV +)3 U +¢)3 = BVU g/,

for every (¢, V) € H' x H'. Also, notice that, doing Taylor and using the mean value
theorem, we get the existence of ¢, A, t € [0, 1] such that

(U +¢)3 —U° =5U%| = |10(U +1¢)3 ¢°|

and
|BWU +¢)%(V + )3 — BUV?|
=|B((U + )3 —U>)(V+¥)% +BU((V +¥)L — V3]
= 28U + 1)1 ¢(V + )3 +3BU(V + t9) ¥
and hence
[N 3@ ¥ )1l = OUU>¢* + |91 ll6/5)
(2.43) + O(IBIIICU + 1D 161 (V> + [ 1?) + U (V> + [¥ )Y D l6es5)-

Likewise, it can be seen that

N @l = O(|V2? + 19 P g)s)
(2.44) + O(BIIY + [WDIVIU + 16P) + VAU + ¢1) 6D ll6/s).

Since B — —o0 here, some of these terms are not obvious to handle, being the worst ones
the terms that are linear in |¢| and | |. We focus on these terms and prove that there exists
a constant C > 0 such that

)
% (vl + oD,

|lo
C

|log dp|

1BI(IU?V2llsss + 11UV lless) < €
(2.45)

BI(IUV ¢lles + I1UVlless) <

Ayl + llgl).

We estimate each term separately. Arguing as in the proof of Proposition 2.3, using twice
again Lemma 2.2, we get that

6 4/5
B/ IUPV2yllgrs < ||w||6/5|5|6/5(/Rs U3Vdx)

SIIRIBe (k [ URUax vk [
1 1

U3<,Z; Ut,j>3dx)4/5

< [Iv118188]%° (k3 + Kk log(k)? + k|log 85 ])*/°.
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Note that here, and during the rest of the proof, the implicit constants may depend on a
and b, but they are independent of k, B and ¢. Since k > 2 is a fixed integer, we immedi-
ately deduce that there exists C > 0 (independent of B and ¢) such that

/5

IBIIU?V?Ylless < Cllv 1185 1Bl log8g P = Clly|

|log8s[1/3
The same proof also gives
BIIU2V2glls < Clgl Y
6/5 = log 85 |1/3
Similarly, we get that
1B IIUV3)1 32
k
9/2 4/5
SB[ v o an sk [ U (Yu,) ax)
oft ’ Q —
j=2

< [||¢||\/g|l3|]6/5 (k+8§/2(k9/2+k5/210g(k)9/2))4/5

Since k > 2 is a fixed integer, we deduce that there exists C > 0 (independent of 8 and 1)
such that

(2.46) BIUVbless < Cllgl /3 18] = |||¢||

By using twice Lemma 2.2, first with v = 3/2 and y = 0, and then withv =0 and y = 3/2,
we get

BTV lles < i |1 5] Iy 1l-

The other terms in (2.43) and (2.44) can be seen to be smaller in a similar fashion
and thus (2.41) follows. Let us point out that the assumption ||@|| + ||y || < D3g(1 + |B])
does not play any role in the proof of (2.45). However, when analyzing the nonlinear terms
in (2.43) and (2.44), it is needed.

The rest of the proof is analogous, so we skip the details. ]

2.4. Energy expansion

Given a fixed integer k = 2, ¢ € [a,b] and B € (—00, Bx], let (¢, V) = (@[], ¥[t]) be the
unique solution to (2.39) provided by Proposition 2.5. We consider the function

(2.47) Fg:la,b] > R, t— ggU+¢.V+v),

where for (u,v) € H! x H!,

1 1
Jpu,v) = —/ (|Vu|2+|Vv|2)dx——/ (ui+vi)dx—é/ uividx.
2 Jrs 6 Jrs 3 Jrs

This section is devoted to prove an expansion of Fg in terms of 8 and a function of ¢.
As a preliminary step, we prove the following.
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Lemma 2.7. For all fixed integer k =2 and all 0 < a < b, there exist constants B < —~/2
and C > 0 such that, for all B € (—o0, B«] and all t € [a, b], it holds

Fp(t) = p(U. V) + 01,5(1),
with 0, g:[a, b] — R satisfying
161,6(0)] < C85(1 + |Bl)? forrefa,b].

Proof. First note that, by the fundamental theorem of calculus,

1d
Fg(t)—4g(U, V) =/0 %35(U+s¢,V+S1ﬂ)ds.

Moreover, using Propositions 2.3 and 2.5, we get that

d
T 5 U +5.V +s9)| _ | = 135U V)¢ + 02850V V|

< €10l + 1820111 < €1lless llplle + 1€21l6/5 1Vl
< I€1llessllgll + 1€2ll6/5 IV 1l < S5(1 + 1B)?.

Note that here and during the rest of the proof the implicit constants are independent of
and 7. Then, using again the fundamental theorem of calculus and exchanging the order of
integration, we get that
1 d2
Q48 Fy0) = Ja(UV) = [ (1=9) S5 05U +50.V +59)ds + 0@ +18)2)
0
Now, using that (¢, ¥) solves (2.39), we get that

d2
E#ﬂ((] + 5o,V +s¢)

= [ M@ +enpdx+ [ a0+ & v dx
=5 [ W st —Uh@dx =5 [ (@ +sit Vet s
—6p /RJU 592 (V + 592 p 9 dx — 2P /Ra(" @)+ (V + 5u)L 92 dx
28 [ W sV 59,
Arguing as in the proofs of Proposition 2.3 and Lemma 2.6, and using Propositions 2.3

and 2.5, one can estimate each term on the right hand side and get a constant C > 0
(independent of B and ¢) such that

d2
(2.49) T58(U +50.V +59)| < C8z(1+ 187

Note that, since f — —oo, we need to be careful with the terms involving 8. However,
following the proof of Lemma 2.6, if is not difficult to see that (2.49) holds true.
The result follows combining (2.48) and (2.49). ]
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Proposition 2.8. For all fixed integer k = 2 and all 0 < a < b, there exist constants
Bs < —~/2 and C > 0 such that, for all B € (—o0, B] and all t € [a, b], it holds

k+1

Fg(t) = TIIUIIS +8g(—cit + cat®?) + 0, 5(2),

with 8, g : [a, b] — R satisfying

162,8(1)| < C

k
8 . -1/2
B , C1:= x/gnkZ[l — cos (%)] , Cp .= Vo6 k.
|log ég| =
Proof. First note that we can decompose gg (U, V) as

1 6 1 2 1 6 ﬂ/ 313
Ig(U, V) == ||U — VVI%dx — = Vedx — = U>V3dx
p(U.V) 3” I 2/ﬂ<<3| | 6/]1@3 3 Jr3

1
F3 IS + 91,5(V) + d2,4(U. V).

Having at hand this decomposition, we analyze each d; g separately.
On one hand, following the proof of Lemma 3.4 in [19], we see that

k 1
Ip(V) = S IUNG - 52/3 U7 Uidx
j#i 7R
1 k
6 6 5
e L (=Y us -6 U3 ) ax
R3 i e
Jj=1 J#i
= li||U||6—c 185 + O(83)
-3 6 108 B/

On the other hand, taking into account the definition of €; given in (2.24), and using
that U and V satisfy (2.9) and Lemma 2.2, we get that

k
k k 3
s2pw.) =55 [ v ax -5 [ 03 (P ) ax
1 1 j=2

k 2 k
_ﬁk/;z] USUt’1<jX=;Ut’j) dx—ﬂk/QI U3Ut2,1(j;U,,j)dx

L

3 Ja,

8
U3UR, dx + O(—2—).
1,1 X+ (|10g5ﬂ|)

Hence, taking into account Lemma 2.7, to conclude the proof, we just have to show that

k
—% URUR, dx = —/6kn B(8p1)*/?|logég| + O(IB15})
(2.50) o

)
= Voknsgt¥? + o(—L_).
Vakmsy ¥+ 0(pio )
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First of all, choosing ro > 0 small enough so that By, (&;,1) N B (§:,;) = @ for all
J # 1, and arguing as in the proof of (2.35), we get that

k §
—ﬁ—/ VU7 dx = 0(—2).
3 Jan\B, &) ’ |log dg|

On the other hand, observe that

k
- ﬂ—/ U3U}, dx
3 By ’
Bk 3/2 1 !
=12 (318p) f dy
3 sy (U [18gy + €1 )32 (1+ [P
V3Bk(18)%/ dy
@sh =- 2 3/2/ 213/2
(1 + |St,1| ) Bro/(téﬁ)(o) (1 + |y| )
1 1
— V3Bk(8 3/2/ -
PR @ N+ 1857 + Ea P2 TR

X dy
(1+ |y|?)3/2

Using polar coordinates, we get that

dy
(2.52) / " = dx|logdg| + O(1).
Bryrasy @ (141122 ¢

Also, using that
! = ! O2|y)* + 26
(1 185y 4 En PR~ (1 e, Gl T+ 200,
it follows that

1 1 dy
—/3Bk (18 3/2/ —~
press?? | o Ty T EaPrE (TR TP

2.53) = 0(|108gﬂ8,3|)'

By substituting (2.52) and (2.53) into (2.51), we get that (2.50) holds true and the proof is
concluded. ]

Remark 2.9. For all fixed integer k > 2, the function
g R—->R, tH——cit+ czt3/2,

has a global minimum at

(2.54) fy = (%)2

which is non-degenerate (since g’ (¢.) > 0) and so isolated.
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2.5. Proof of Theorem 2.1

We now have all the needed ingredients to prove Theorem 2.1. Here, given a fixed integer
k=2 0<a<b,tela,b], Bx <—+/2as in Proposition 2.5 and B € (—oo, B.], we let
(¢, ) = (¢[t], ¥[t]) be the unique solution to (2.39) provided by Proposition 2.5.

Proof of Theorem 2.1. Let g € C(R) be the function defined in Remark 2.9. We know
that g has a strict global minimum at a point ¢, > 0. It then follows from Proposition 2.8
that, for | 8| sufficiently large, there exists a critical point ¢, g > 0 of the function Fg given
in (2.47) such that ¢, g — ¢, as B — —oo. We then define

(upg,vg) := (U + @ltu,pl. Vita gl + ¥ [tx p])-

On one hand, since (ug, vg) is a solution to (2.39), there exists ¢(¢, g) € R such that

(2.55) {315%3 (upg,vpg) =0,

024pup,vg) = e(tu,8){Ziys.").

On the other hand, using that 7, g > 0 is a critical point of Fjg, we obtain that

d d
0 = Fjltu) = g lup.vp) (U +) g vp) (V)

t=t,, t=t, g

t=t, g >

d d
(2.56) - azgzﬁ(uﬁ,vﬂ)a(v+w)) - c(z,,,,g)<zk,,i,ﬁ, —(V+)

t=t, g

Now observe that, by direct computations,

1/4,3/2¢5/2 &k
dV—llk 3/t/8ﬂ (x —&j) &y
J— = — N :
t L—1285 = (285 +|x — &7

dt

Thus, arguing as in Step 2 of the proof of Proposition 2.4, we get that

d

y 0(8g).
B dt + (ﬁ)

153372k
(2.57) <zk,,* _ >= VIR
e

64 Z*,ﬂ

: 1
Next, using that ¥ € X ko We get that

0= 4Zes ) = (5 Zesv) + (2 S0,
and so that P 4
<Zk’t*'ﬂ’ EW t=t,,g> - _<Ezk’t t=t,p W[Z*’ﬂ]>'

Hence, using the Cauchy—Schwarz inequality and (2.40), we get that

| S350+ 18D & e

Kz:c,t*,ﬁv %w tzt*,ﬁ)‘ < vl | H %Zk,t

1=t H ’

t=t, g
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Moreover, direct but tedious computations show that

|52,
dt % t=t,p
k
d d
S NI N CE
~ SZI H4Ut*ﬁ’1(dt Utj t=t.’5>Zt*’58ﬂ’$t*“st Ui dt Zt‘sﬁ’shf t=t, g/ ll6/5
j=
= 0(1).
We then have that
d N
2.58 ‘(z L )‘ - 0( )
(2.58) kitep dlw t=t, |logég]

Gathering (2.56)—(2.58), we get that

V3?2 5
1543 k+0(\/_5>)7

0=c(,
o ”’)( 641, 5 log 84|

and so that, for |B| large enough, ¢(f, g) = 0. The result then follows combining this fact
with (2.55). [

3. Thecasem >3

The goal of this section is to prove Theorem 1.1 in the general case m = 3. We consider
the general system with m = ¢ + 1 = 3 components,

q+1
(3.1 —Au; =ui + Y Byuiul. w; Z0inR? ie{l.....qg+1},

Jj=1

i#j
where f;; are coupling constants satisfying (1.7). Inspired by [4], the strategy will be to
reduce this system into a new one of only two components, where we will apply a similar
approach to that of Section 2.

Let Rg with 8 € R be given in (1.6), and let r, k € N. As already mentioned in the

introduction, we set

(3.2) Rrk = Re- 22

q k

and consider the nonlocal system

q
— Au :u5+ﬂu2v3+ﬂu22v,3 in R3,
(3.3) r=2 u,v 20 inR3,

q
—Av =2+ But’ +av® ) v} iR,
r=2
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where
Ur(x) == v(Rppx) forre{l,....q}.
Then, we point out that, if (i, v) is a solution to (3.3) and satisfies
(3.4 u(x) =u(R,xx) forallre{2,...,q}, and v(x)= U(:RZTHX),
the vector (uy,...,ug4+1), with
uj(x) =v(Rixx) forallie{l,....q}, and uz41(x)=u(x),

is a solution to (3.1). Indeed, by (3.4), we can adapt the computations in Section 3 of [4]
to get

(3.5) Zv (Rigx) = Zu3(x) fori €{l,....q},
=1
t#]

and therefore,

q
—Aup(x) = —Av(Rigx) = [vs + v +ar? Y v;"](sz,-,kx)

r=2

q
= [u + Buiuy ., + ou; Zu;’](x),

j=1
i#j

fori €{l,...,q}. Having at hand (3.3), we will prove the following result, from which
Theorem 1.1 in the case where m = 3 follows.

Theorem 3.1. For any fixed integer k = 2 and any o € R, there exists B, < —/2 such
that, for each B € (—o0, B.], (3.3) has a finite energy solution (ug, vg) of the form

k
1 C—Ep
ug = U + ¢g, Uﬁ:ZSITU( géﬂj])-i-wlg.
j=198 B

Here, U is defined in (2.3), ¢pg, Vg € H' and (€p,7); C R3 satisfy

n(/ D,

gl g1 + 1¥pll g1 — 0 and E,g,,-—>(e o) as B — —oo,

and Sﬂ € (0, 1/€?) satisfies
~ ~ 1
512 110g 85| ~ ——-
B B B

Remark 3.2. Some comments on Theorem 3.1 are in order.
(i) Since U is a radial function, it trivially satisfies U(x) = U(R, xx) for every r €
{2,...,q}. Furthermore, it is straightforward to check that

k

~ 1 — &,
V(x):= ; 17 U(Xg_ﬁtw)
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satisfies that 5 5
V(Ragjiex) = V(x) forallxe R3.

Thus, if one finds ¢g and v/ in subspaces of H! that respect the symmetries, then

uig(x) =vg(Ripx) forie{l,....q}, ug41,(x) =ugx),

solve the general system (3.1) and Theorem 1.1 follows.

(i) The choice of the rotation angle in (3.2) guarantees that u; g # u; g forevery i # j,
i,j€{l,...,q + 1}. Furthermore, there are no concentric bubbles in the construction; the
minimum distance between two of them is of order (gk)~!.

(iii) In [4], to reduce the system into a one of two equations, even symmetry of v is
required. To ensure this, the authors need to impose k even in the main theorem. In our
construction, the reduction works only asking (3.4) (see computation (3.5)), so no extra
condition on k is assumed.

(iv) System (3.3) is different from (2.1), so a new proof is required.

(v) Analogously to the case m = 2, since we are searching for nonnegative solutions,
we will deal with

q
—Au=ui+pul ) (v)} inR>
(3.6) r=1

q
2 2 :
—Av:vi+ﬂv+ui+av+g (v,)i inR3,
r=2

where s stands for the positive part. Indeed, it is straightforward to check that the solu-
tions to this problem will solve (3.3) (see (2.2) for more details).

As Theorem 3.1 suggests, we will look for a solution to (3.6) like (2.13), i.e., u =
U+ ¢,v=V + ¢, where U and V are defined in (2.7), and ¢ and ¥ are small and
belong to appropriate Banach spaces. In order to inherit the symmetries in (3.4), we need
to define a new one:

Xy = {p € H'(R?) : ¢ satisfies (2.8)~(2.10) and ¢ (x) = ¢ (R, x) forr €{2,....q}}.
Remark 3.3. Notice that X & is nothing but X x (see (2.11)).
We consider the orthogonal projections
I : X x X — Xx X Kis 4@ Xp x Xi — Xp x K,

where Xy, Ky, and J(,ﬂ-t are given in (2.11) and (2.22), and we rewrite (3.6) as the
equivalent system

T[E*(h. ) — & — N (6. 0)] =0, 5
a7) { [£*(¢. V) (¢, 9)] 0.9 & B x X,

L L* (b, v) — & — N (¢.9)] =0,
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where the error terms & = (&%, E:’;) are given by
B q 5 q
(38) & =6&r +(—A)! (ﬁU2 > V,3), € =65 + (=A™ (al/2 3 V,3),
r=2 r=2
and the coupling terms = (N, 4\72*) by

q q
NE @) = M@ )+ (A (BU+0)3 Y (i +v)} - BU YV,
r=2 r=2

(3.9) p 4
N3 @) = N5 @)+ (A (aV +9)3 Y} —ar? 3 12),

r=2 r=2
Here, we have set
Vi(x) :=V(Rppx) and ¥, (x) := ¥ (Rpkx),
and £*, €], &5, N;* and N, are defined in (2.15)—(2.17). Furthermore, let us denote

31/4\/t5'3

(128 + 1 = e j )1V

Erp = /1 — t28§ (e(Zﬂ(j—1)/k+(r—1)27r/(qk))i’ 0)’

k
Ve=> Ursj-
=1

Given the similarities, the proof of Theorem 3.1 follows the same strategy as the case
of m = 2. We will focus on the differences. Through the rest of this section ¢ € R is a
fixed parameter, and the appearing constants may depend on «.

Ur,t,j (x) =

where

so that

3.1. The error of approximation

We first see that the new terms appearing in the error are not larger than the ones we had
in Section 2 (see Proposition 2.3).

Proposition 3.4. For all fixed integer k = 2 and all 0 < a < b, there exists a constant
C > 0 such that 5 5
€T+ 11€31 < Cp(1 + |BD,

forall B < —~/2andt €[a,b).

Proof. Since U is invariant under rotations, we have that

q
jpu3
r=2

q
o5 SIBI_NUV lless = alBIIUZYllg/s.
r=2
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and hence, by Proposition 2.3, we get the estimate for & {‘ On the other hand,

/]1{3 (otVzqu:; V,3)6/5 dx =k /Ql (oeV2 Xi; Vr3)6/5 dx
< kla|®/ /Ql (VZ(ZVr) )6/5

<upus] [ (A(L ) o [ (o) (£ 7)) 0]
(

/s 5 ko 3\6/5 ak 6
< k2| / [/ (Ut,l ZUt’e) ) dx+/ (Z U;,g) dx],
S (=2 Q1 y—p
with ) 31/4\/@
Vi) = (1283 + |x — &)1/
and

§t,g = /1 —t28[2, <e(2”£12k_1))i,0>, forl € {2,...,qk}.

Keeping in mind Remark 3.2, (iii), Z?iz U, ;¢ can be seen as a generalization of the usual
construction but with gk peaks. Since both ¢ and k are fixed we can apply Lemma 2.2 to
both terms, with v = 12/5, y = 18/5 and v = 0, y = 6 respectively, to conclude that

H VzZV3
=2

The estimate for é; then follows by Proposition 2.3 and so does the result. ]

85/2)

6/5

3.2. The linear theory

Denote . . - -1 Lk
&, =Tt &,:=1*€, and N, :=II"HN .
Then, we have the following.

Proposition 3.5. For all fixed integer k = 2 and all 0 < a < b, there exist constants
Bs < =2 and C > 0 such that, for all B € (—o0, B4] and all t € [a, b],

(3.10) 1@ Il < CIE @ V). forall ($.v) € Xg x KL,

. . »L_1. v > . .
In particular, the inverse operator (£,)!: X} x K,ﬁ-t — X % J(,ﬁ‘t exists and is con-
tinuous.

Proof. The proof follows exactly as in Proposition 2.4 just by noticing that the oper-
ator £* preserves the extra symmetry appearing in Xg. That is, using the fact that U is
radial, one gets that £* maps X x Xi into X x Xg. Since Xx C Xp, the rest of the
proof can be analogously reproduced. ]



Blowing-up solutions to competitive critical systems in dimension 3 1457

3.3. Nonlinear theory

Having at hand Propositions 3.4 and Proposition 3.5 we can now give the required exist-
ence result for

L @ 9) — & N (6. 9] =0, (p.¥) € Xy x X
Indeed, we have the following.

Proposition 3.6. For all fixed integer k = 2 and all 0 < a < b, there exist constants
Bs < =2 and C > 0 such that, for all B € (—o0, B+] and all t € [a, b], the system

3.11) 2,0 —E N @) =0, () € X x K,
has a unique solution (¢[t], ¥[t]) € Xi x JCkL’t such that
Ll + Iy ledll < Cdp (1 + |BD-

Moreover, the map t — (¢[t], ¥ [t]) is continuously differentiable.

Proof. As stated in Section 2, once we have Propositions 3.4 and Proposition 3.5, this
result follows by a standard fixed point argument. The fact that the nonlinear term is
contractive follows in the same spirit as Lemma 2.6. Hence, it only remains to check that

éi + J/'j maps Xy X J{,ﬂ-’t into itself.
By construction, forevery r € {1,...,q}, V; satisfies the symmetries (2.9), (2.10), and
Vi(x1, X2, x3) = Vi (x1, X2, —X3).
Also, using that V(x1, x2, x3) = V(x1, —x3, X3), it can be seen that
Vi(x1,x2,x3) = Vypya(x1, —x2,x3) forre{l,....q},

and hence, in particular,

q q
Z Ve(x1, X2, x3)" = Z Ve(x1,—x2,x3)7, y€N.

r=2 r=2
Likewise, if Y € Xk, then ¥ (x1, X2, x3) = Y¥4—r42(x1, —Xx2, x3) and hence

q q

D (W + ¥rl(x1, %2, x3))” Z (IVy + ¥rl(x1, —x2.x3))".  yeN.

r=2 r=2

Having at hand this information, it is straightforward to see that &+ N *(qb, V) satis-
fies (2.8)—(2.10) whenever (¢, ) € Xi x Xp.
On the other hand, noticing that

ViRpix) = Veg1(x) forre{2,....q},
we get that, for every pair (¢, V) € X % Xk,
[EF + N (6. 9)](Rekx) = [EF + N (. ¥)](x) forref2,....q},

and the result easily follows. ]
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3.4. Finite dimensional reduction

Given a fixed integer k = 2,0 <a < b, t €a,b], B+ < —+/2 as in Proposition 3.6 and
B € (—o0, Bs], we let (¢, ¥) = (¢[t], ¥[t]) be the unique solution to (3.11) provided by
Proposition 3.6. The goal of this subsection is to find ¢ in such a way that (¢, V) solves
the complete problem (3.7). In Section 2, we faced this by a variational approach, which
is not available here. We will use the so-called direct method: we rewrite the first equation
in (3.7) as

(3.12) L5W) — &5 — Ny (9. ¥) = colt) Zi,

where the function Zj ; is given in (2.21), and hence we want to find ¢ so that co(t) = 0
or, equivalently (see (2.38)), so that

&0 = [ VW)~ & - K@) VZesdr =0

Proposition 3.7. For all fixed integer k = 2 and all 0 < a < b, there exist constants
B+ < —+/2 and C > 0 such that, for all B € (—o0, B] and all t € [a, b], it holds

&(t) = —€1185 — E2 B(18)%? | 1og 8] + 03.5(2),
where 85 g: [a, b] — R satisfies
163,8()] < C83(1 + B2,

and where

C1 = «/gnkjé [1 — cos (@)]_1/2 and ¢y = ; 6rk.

Proof. First of all, it can be seen that

/ V(EEW) — &5 — NF (6, 9)) V2, dx

(3.13) R3 )

_ —/ VEIVZi, dx + 031 + 1)),
R3

Indeed, using the fact that

314 |z©

t5g,§,,,| < CUsy,,; and |Zk:| < CV  for some constant C > 0,

the problem satisfied for Zy ; and Proposition 3.6, we can estimate

k

/ VL) VZiy dx = / L2(V) Ziy dx = 5/ (V=2 U) v Zks dx
R3 R3 R3 ’

j=1

= 0831 + 1)),
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Also, proceeding as in the proof of Lemma 2.6 and using Proposition 3.6, one can see that
LV 60V 2iedx = [ R Zisdx

< ‘ﬂfRs(WUZ‘P + UVY) Zis dx’

q
+ |a|2)/ V2V2y, + VVEY) Zis dx‘
r=2 R?
2 2
+ 031+ D).
and that
B [ 020% + UV Zis dx| < BIAVI+ 16D (172 U los + 1V 0 as)
= 031+ 1B
Furthermore,
q
W S| [ V2V 4 VY0 Zis ] < V2L ers + 172 o)
r=2

= 0(85(1+1B1).
and thus (3.13) follows. Notice that the key point to get this estimate is the fact that
(3.15)  there exists no > O such that |&,; ; —&;s;| > no wheneveri # j orr #s.

Now, let us estimate the projection of the error term:

/ VEIVZ,dx = / €27y dx
R3 R3

k q s
=/R3 (VS—;Ugj)Zk,zderﬁ/RBU3V22k,,dx+a/R3 VZ(;V,) Zysdx.
I L I3

We estimate each I;, i € {1, 2, 3}, separately.
First, using the symmetries of the construction and (3.14) once again, we get that

k
L=k N (VS _; Utfj)zk,, dx

. _
_ Sk/nl U (Y Ui) 2890, dx + 0(24:/9 U,V,I(ZUt,j)é rdx)

j=2 y=0 1 j=2

k
_ 4 (0 2
=5k | UM (D U) 29 ., dx + 0E).
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Note that in the last step we have used once again Lemma 2.2. Now, let rg > 0 small
enough such that By, (§;,1) N By, (§;,;) = @ for every j # 1. Then,

k k
4 (0) _ 4 0) 3
fg U, ( 3 U;,_;')Zt(gﬁ,,gt’1 dx = / Ut ( 3 U,,j) Z .. dx+ 0}
1 j=2 Bro(él,l) j=2
k
2 [ U)X Uy +6) 200 dy
ro/8g (0) =2

— U*tz@dy + 0(3).
=2 ] St 1] rO/Sﬂ(O)

and thus
Iy = 1185 + 0(5p).
Next, by (3.14) and Lemma 2.2, we get that

IL=Bk | U*V?Z,dx
Q4

2 k -
— Bk U3V22z(g)s dx+0<|’3|2/9 U3U,1:1(ZU1,_1')3 de)
y=0"’ j=2

Q1

2 k -
=g [ vz 2y, anro(p Y [ vun(Lu) a)
o) y=0" j=2

0 3/2
= Bk o )U3Ut212t(5; ., dx + 0(1B183"%).
rog\st,1

On the other hand, using equation (2.11) in [15], we get that

/ VUL Zi5) ¢, dx = 8 / U3@py + 60U () 2 () dy
Bry (E1.1) b Bry/55(0)
=P vEn] [, 0Z0%0dy +o0)
’0/5[3
33 /4 dy
=8U%0.0.1)(1 + 08 / 1+ 0(1)|,
OO0 +0G | [ s + o)

'0/5/3
and so, by (2.52), we conclude that
= &, (185)>2|log 85| + O(IB183).
Finally, using (3.14) and (3.15), it is straightforward to check that
4 3
13| < (a/ V3(Z V,) dx‘ = 0(8} |log 85)).
R3 r=2

Substituting the estimates for ;, i € {1,2, 3}, into (3.13), the result follows. [
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3.5. Proof of Theorem 3.1

We now have all the needed ingredients to prove Theorem 3.1. Here, given a fixed integer
k=2 0<a<b,tela,b], Bx <—+/2as in Proposition 3.6 and B € (—oo, B.], we let
(¢, ) = (¢[t], ¥[t]) be the unique solution to (3.11) provided by Proposition 3.6.

Proof of Theorem 3.1. First of all, choosing dg such that
1/2 1

from Proposition 3.7, it follows that
8(t) = (=C1t + E2t¥?) 85 + 05 5(1).

with €(¢) defined in (3.4). Hence, we can choose
- €1\2
fp = (22) o5, (1.
to have €(7 g) = 0. Fixing a, b such that 0 < a < t, < b, we conclude that

£3(p. ) — &3 — Ny (¢, ¥) =0,

and therefore, that

(¢(Sﬁ s ngﬂ) = (¢[f*,ﬂ]’ W[f*,ﬂ])
solves (3.7). [
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