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Blowing-up solutions to
competitive critical systems in dimension 3

Antonio J. Fernández, María Medina and Angela Pistoia

Abstract. We study the critical system of m > 2 equations

��ui D u
5
i C

mX
jD1; j¤i

ˇiju
2
i u
3
j ; ui ‰ 0 in R3; i 2 ¹1; : : : ; mº;

where ˇ�` D ˛ 2 R if � ¤ `, and ˇ`m D ˇm� D ˇ < 0, for �; ` 2 ¹1; : : : ; m � 1º.
We construct solutions to this system in the case where ˇ ! �1 by means of a
Ljapunov–Schmidt reduction argument. This allows us to identify the explicit form
of the solution at main order: u1 will look like a perturbation of the standard radial
positive solution to the Yamabe equation, while u2 will blow-up at the k vertices
of a regular planar polygon. The solutions to the other equations will replicate the
blowing-up structure under an appropriate rotation that ensures ui ¤ uj for i ¤ j .
The result provides the first almost-explicit example of non-synchronized solutions
to competitive critical systems in dimension 3.

1. Introduction

Let us consider the critical system

(1.1) ��ui D

mX
jD1

ˇij u
2
i u

3
j ; ui ‰ 0 in R3; i 2 ¹1; : : : ; mº;

where m > 2 is an integer and ˇij 2R for all i; j 2 ¹1; : : : ; mº. This kind of systems nat-
urally arise when looking for standing waves in critical systems of Schrödinger equations,
see, e.g., [1,25]. From the physical point of view, ˇi i discriminates between focusing and
defocusing behavior of a single component ui , and ˇij , i ¤ j , describes the interspecies
forces between particles of different components ui and uj . If ˇij < 0, the particles are in
competition and repel each other, and if ˇij > 0, they cooperate and attract each other.

In this paper, we are concerned with the focusing case, namely ˇi i > 0.
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In some cases, it is straightforward to find solutions to this system. Indeed, let us
introduce the function

(1.2) U.x/ WD
31=4

.1C jxj2/1=2
,

and recall that all the positive solutions to the Yamabe equation

(1.3) ��u D u5 in R3;

are given by

(1.4) Uı;�.x/ WD
1
p
ı
U
�x � �

ı

�
D

31=4
p
ı

.ı2 C jx � �j2/1=2
, for ı > 0; � 2R3:

Then, setting ui WD si Uı;� for some ı > 0 and � 2R3, system (1.1) reduces to the algebraic
system

si D

mX
jD1

ˇij s
2
i s
3
j ; si > 0; i 2 ¹1; : : : ; mº:

Whenever one is able to solve this algebraic system, one can then obtain solutions to (1.1).
We refer to this kind of solutions as synchronized solutions. We are interested in the exist-
ence (or not) of finite energy non-synchronized solutions to (1.1).

Let us turn first to the case wheremD 2. Assuming ˇ11 D ˇ22 D 1 and ˇ12 D ˇ21 D
ˇ 2R, system (1.1) reduces to

(1.5)

´
��u D u5 C ˇu2v3 in R3;

��v D v5 C ˇu3v2 in R3;
u; v ‰ 0 in R3:

In the attractive regime, i.e., when ˇ > 0, Guo and Liu proved in Theorem 3.2 of [14]
that any solution to (1.5) is a synchronized solution. In the repulsive regime, i.e., when
ˇ < 0, the situation is however different, and non-synchronized solutions do exist. In this
case, there is a strong connection between solutions to (1.5) and sign-changing solutions
to (1.3). This was first pointed out in a series of papers by Terracini and her collaborators
[8,18,21,23,24]. In particular, in Theorem 1.5 of [21], the authors proved that, if .uˇ ; vˇ /ˇ
is a family of solutions to (1.5) uniformly bounded in L1.R3/, then a segregation phe-
nomenon happens. More precisely, for all ˛ 2 .0; 1/, it follows that, up to a subsequence,

uˇ ! wC and vˇ ! w� in H 1
loc.R

3/ \ C
0;˛
loc .R

3/; as ˇ ! �1:

Here, w is a sign-changing solution to (1.3) and, for all s 2R, sC WD max¹s; 0º and
s� WD max¹�s; 0º. Having in mind this connection, it is natural to wonder if, whenever
there exists a sign-changing solution w to (1.3), it is possible to find a solution to (1.5)
whose components resemble the positive and negative part of w, as ˇ ! �1: The first
result in this direction was obtained by Clapp and Pistoia [5] using variational methods.
More precisely, the authors adapted an argument by Ding [11], where he established the
existence of infinitely many sign-changing solutions to (1.3), and proved the existence of
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solutions to (1.5) exhibiting a segregation phenomenon as ˇ!�1. Let us point out that,
aside from Ding’s sign-changing solutions to (1.3), there are many others built using per-
turbative methods [9, 15]. At main order, the sign-changing solutions to (1.3) constructed
by del Pino et al. [9] are given by

wk D U �

kX
jD1

Uık ; �j;k ;

where k is a sufficiently large integer, the points �j;k are the vertices of a regular polygon
placed on a great circle on the .x1; x2/-plane, and ık ! 0 as k !1. It seems then nat-
ural to attempt a similar construction in order to build solutions to (1.5). More precisely,
one may try to construct solutions to (1.5) whose components resemble respectively U
and

P
j Uık ; �j;k . A first attempt in this direction is due to Guo et al. [13]. Unfortunately,

the proof contains a gap, and their construction does not seem to be feasible. In Proposi-
tion 2.3 of [13], the authors claim to be able to invert the corresponding linearized operator
(the analogue to Proposition 2.4 in this work) as a consequence of the symmetries of the
construction, without the need of projecting onto any space. However, this is not the case.
The chain of identities in equation (2.25) of [13] does not hold, and they cannot conclude
the proof of Proposition 2.3 in [13].

Concerning the case wherem > 3, there are very few results in the literature. The first
in this direction was obtained by Clapp et al. [7]. There, the authors were able to generalize
the results obtained by Clapp and Pistoia [5] to systems with m > 2 components. Let
us also mention the very recent result by Clapp et al. [6] for systems of Yamabe type
equations on closed Riemannian manifolds. In both papers [6, 7], the solutions do exhibit
a segregation phenomenon as the competition parameters go to �1.

In this paper, we construct a new type of solutions to (1.1) which are non-synchronized
and whose components do not exhibit a segregation phenomenon in a large repulsive
regime. Indeed, let us denote by

(1.6) R� WD

0@cos � � sin � 0

sin � cos � 0

0 0 1

1A ; � 2R;

the rotation matrices on the .x1; x2/-plane. As usual, the space PH 1 WD PH 1.R3/ denotes
the completion of C1c .R

3/ with respect to the norm

k�k WD
� Z

R3

jr�j2 dx
�1=2

; for all � 2 PH 1:

We can prove the following.

Theorem 1.1. Assume that, for i; j; �; `2 ¹1; : : : ; m � 1º, i ¤ j ,

(1.7) ˇi i D ˇmm D 1; ˇij D ˛ and ˇ`m D ˇm� D ˇ;

for certain ˛;ˇ 2 R with ˇ < 0. Then, for any fixed integer k > 2, there exists ˇ? < �
p
2

such that, for each ˇ 2 .�1; ˇ?�, (1.1) has a finite energy solution .u1;ˇ ; u2;ˇ ; : : : ; um;ˇ /
of the form

u1;ˇ D U C �ˇ
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and

u2;ˇ D

kX
jD1

1

Qı
1=2

ˇ

U
�
� � �ˇ;j
Qıˇ

�
C  ˇ ; ui;ˇ D u2;ˇ

�
R .i�2/

m�1
2�
k

�
�

for i 2 ¹3; : : : ; mº:

Here, U is defined in (1.2), R .i�2/
m�1

2�
k

is given by (1.6), �ˇ ;  ˇ 2 PH 1 and .�ˇ;j /j � R3

satisfy

k�ˇk PH1 C k ˇk PH1 ! 0 and �ˇ;j !
�
e
2�.j�1/

k
i ; 0
�
; as ˇ ! �1;

and Qıˇ 2 .0; 1=e2/ satisfies

Qı
1=2

ˇ
j log Qıˇ j � �

1

ˇ
�

It is worth pointing out that the solutions constructed in Theorem 1.1 are not uniformly
bounded as ˇ ! �1. Indeed, the i th components for any i 2 ¹2; : : : ; mº blow-up at
the k vertices of a regular planar polygon. Even more, these solutions do not exhibit a
segregation phenomenon as ˇ ! �1. In fact, the limiting profile of the first component
is U (see (1.4)), which is positive everywhere, and the limiting profile of all the other
components is a sum of Dirac delta masses at the k vertices of a regular planar polygon.
This shows that the segregation result in Theorem 1.5 of [21] is somewhat sharp.

Let us also emphasize the fact that the presence of the parameter ˇ is what allows
us to keep k fixed. As it will be clear, the strategy used in the manuscript relies on a
reduction procedure, where an equilibrium must be found. This is done by adjusting a
free parameter, which happens to be ˇ. This is in big contrast with the case of the single
equation, treated in [9,10]. There, the absence of a natural parameter in the problem forces
the authors to artificially introduce one, which is the number of peaks k. It is worth noting
that the use of the number of peaks as a parameter, first introduced in [26], has in fact been
a winning choice in several problems.

1.1. Strategy of the proof

Theorem 1.1 relies on a classical Ljapunov–Schmidt reduction argument. For simplicity,
we first discuss the proof in the case where m D 2, and then explain how to reduce the
general casem> 3 to a different nonlocal system of two components, which can be treated
in a similar fashion.

We start of with an approximated solution of the form

(1.8) .U; V / D
�
U;

kX
jD1

UQıˇ ;�ˇ;j

�
;

where k > 2 is a fixed integer and the coupling parameter ˇ ! �1 is a free term in the
reduction process. The gist of the proof is to show that, for some Qıˇ , there exists a true
solution to (1.5) of the form

.u; v/ D .U C �ˇ ; V C  ˇ /
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with �ˇ ;  ˇ ! 0 in PH 1, as ˇ!�1. We will address the problem by linearizing around
.U;V / and solving the corresponding system for .�ˇ ; ˇ /. It turns out that this is possible
if the concentration parameter Qıˇ is suitably chosen.

The choice of Qıˇ becomes apparent in the study of the reduced energy (2.47). At main
order, one needs to balance the interaction among the functions U and V , which is of
order �ˇ Qı3=2

ˇ
j log Qıˇ j; and the interaction among the different bubbles in V , which is of

order �Qıˇ : This balance provides the rate

Qı
1=2

ˇ
j log Qıˇ j � �

1

ˇ
;

which is rather slow, but sufficient for our purposes. This is something special of the three-
dimensional case we are dealing with.

It is folklore that the existence of blowing-up solutions in critical problems is strongly
affected by the dimension. For instance, given a smooth bounded domain� � Rn, n > 4,
and a parameter " > 0, the celebrated Brézis–Nirenberg problem [3],

(1.9) ��u D juj4=.n�2/uC "u in �; u D 0 on @�;

possesses positive and sign-changing solutions which blow-up as "! 0C (see, for exam-
ple, [16, 17, 20]). On the other hand, if n D 3 and � is star-shaped, the problem does not
have any positive solutions when " > 0 is small enough [3]. Moreover, the existence (or
not) of sign-changing solutions to (1.9) with " > 0 small is a challenging open problem1

in this case.
To elucidate more the role of the dimension in our construction, let us compare our

result with the one by Chen et al. [4]. To that end, let us consider the critical system in
general dimension, which reads as follows:

(1.10) ��ui D

mX
jD1

ˇij u
2=.n�2/
i u

n=.n�2/
j ; ui ‰ 0 in Rn; i 2 ¹1; : : : ; mº:

First, let us stress that, when all the coupling parameters are negative, solutions exhibiting
segregation were found in [5, 7] using variational methods. On the other hand, for n D 4,
Druet and Hebey proved in Proposition 3.1 of [12] that any non-trivial solution to (1.10)
is a synchronized solution if all the ˇij are positive and equal. Here, we want to address
the attention to the construction in [4], that considers again the case n D 4. There, the
authors built solutions to (1.10) in a small competitive regime using a Ljapunov–Schmidt
reduction argument. More precisely, assuming (1.7), the authors built solutions to (1.10)
for ˇ < 0 with jˇj sufficiently small. In the case where m D 2, the first component of
their solutions looks like U and the second one like V (see (1.8)), so our ansatz is very
similar to theirs. However, in our case ˇ ! �1, while in theirs, ˇ ! 0�. If one tries to
mimic our computations in the four-dimensional case when ˇ!�1, they would obtain a
rate j log Qıˇ j � �1=ˇ, which is too slow for the reduction method to succeed. This striking

1The paper [22] was finished after the completion of this manuscript. In [22], the authors address precisely
the Brézis–Nirenberg problem in dimension n D 3.
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difference is a purely dimensional phenomenon, which highlights one more time the role
of the dimension in the existence of blowing-up solutions in critical problems. Actually,
the same is expected to hold in dimensions n > 5. Formal computations show that in
high dimensions the reduction process also forces ˇ ! 0�. However, this case is tricky
because of the nature of the interaction term. The first power becomes sublinear, and hence
no longer contractive. This prevents us to apply fixed point-type arguments in a direct way
as in the cases nD 3;4. The problem is being treated in an ongoing work, where we expect
to overcome this technical difficulty.

We now explain how to reduce the case m > 3 to a nonlocal system with only two
components. Let R� with � 2 R be given in (1.6) and let r; k 2N. Denote q D m � 1.
We set

(1.11) Rr;k WD R .r�1/
q

2�
k

;

and consider the nonlocal system

(1.12)

8̂̂̂̂
<̂̂
ˆ̂̂̂:
��u D u5 C ˇu2v3 C ˇu2

qX
rD2

v3r in R3;

��v D v5 C ˇu3v2 C ˛v2
qX
rD2

v3r in R3;

u; v ‰ 0 in R3;

where

vr .x/ WD v.Rr;kx/ for r 2 ¹1; : : : ; qº:

Then, using (1.7), one can check that, if .u; v/ is a solution to (1.12) and satisfies

u.x/ D u.Rr;kx/ for all r 2 ¹2; : : : ; qº; and v.x/ D v.R 2�
k
x/;

the vector .u1; : : : ; uqC1/, with

ui .x/ D v.Ri;kx/ for all i 2 ¹1; : : : ; qº; and uqC1.x/ D u.x/;

is a solution to (1.1). We refer to Section 3 for more details. Let us stress that the assump-
tion (1.7) is crucial in the reduction. If we remove it, the reduction cannot be done. The key
fact here is that the nonlocal terms appearing in (1.12) are of lower order with respect to
the ones already present in (1.5). Using the symmetries above, we can then deal with (1.12)
in a similar fashion as we did with (1.1). In particular, this allows the parameter ˛ 2R to
be freely chosen.

This reduction is inspired by the one in Section 3 of [4]. However, the symmetries we
are considering are different from the ones there. In particular, we do not need to impose
that k is even as they did. Actually, we strongly believe that our approach can lead to
the construction of two new different families of solutions in the four-dimensional case
when ˇ ! 0�. Moreover, this would allow to treat the case where k is odd and would
substantially simplify the proofs in [4].
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1.2. Organization of the paper

In Section 2, we consider the case of two equations; i.e., we prove Theorem 1.1 when
m D 2, following a Ljapunov–Schmidt reduction structure. In Section 3, we prove the
theorem in the general case m > 3. The first part of the section is devoted to reduce the
system of m equations to a new one of only two (see (1.12)), and the second part to the
solvability of this new system.

2. The case m D 2

In this section, we will prove Theorem 1.1 in the case of two equations. Taking into
account the assumptions there, (1.1) with m D 2 reduces to

(2.1)

´
��u D u5 C ˇu2v3 in R3;

��v D v5 C ˇu3v2 in R3;
u; v ‰ 0 in R3:

Hence we can reformulate Theorem 1.1 as follows.

Theorem 2.1 (The casemD 2). For any fixed integer k > 2, there exists ˇ? < �
p
2 such

that, for each ˇ 2 .�1; ˇ?�, (2.1) has a finite energy solution .uˇ ; vˇ / of the form

uˇ D U C �ˇ ; vˇ D

kX
jD1

1

Qı
1=2

ˇ

U
�
� � �ˇ;j
Qıˇ

�
C  ˇ :

Here, �ˇ ;  ˇ 2 PH 1 and .�ˇ;j /j � R3 satisfy

k�ˇk PH1 C k ˇk PH1 ! 0 and �ˇ;j !
�

e
2�.j�1/

k
i ; 0
�
; as ˇ ! �1;

and Qıˇ 2 .0; 1=e2/ satisfies

Qı
1=2

ˇ
j log Qıˇ j � �

1

ˇ
�

Here, we recall that the space PH 1 WD PH 1.R3/, as usual, denotes the completion of
C1c .R

3/ with respect to the norm

k�k WD
� Z

R3

jr�j2 dx
�1=2

; for all � 2 PH 1:

Note that PH 1 is a Hilbert space with the scalar product

h�; i WD

Z
R3

r�r dx; for all �; 2 PH 1:

Since we are looking for nonnegative solutions, instead of dealing directly with (2.1),
we construct a solution to

(2.2)

´
��u D u5C C ˇu

2
Cv

3
C in R3;

��v D v5C C ˇu
3
Cv

2
C in R3;
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where, for s 2R, we denote sC WD max¹s; 0º and s� WD max¹�s; 0º. It is easy to check
that, if .u; v/ 2 PH 1 � PH 1 is a solution to (2.2), then .u; v/ is nonnegative and so it is
a solution to (2.1). Indeed, one just have to use u� as test function in the first equation
in (2.2) and v� in the second one to get u� � v� � 0 in R3: Hence, from now on we deal
with (2.2) instead of (2.1).

First of all, we recall that

(2.3) U.x/ WD
31=4

.1C jxj2/1=2
,

and, for ı > 0 and � 2R3, we set

(2.4) Uı;�.x/ WD
1
p
ı
U
�x � �

ı

�
D

31=4
p
ı

.ı2 C jx � �j2/1=2
�

Likewise, for t > 0, ˇ < �
p
2, k 2Z with k > 2, and j 2 ¹1; : : : ; kº, with a small abuse

of notation we set

(2.5)
Ut;j .x/ WD Utıˇ ; �t;j .x/ D

31=4
p
tıˇ

.t2 ı2
ˇ
C jx � �t;j j2/1=2

,

with �t;j WD
q
1 � t2 ı2

ˇ

�
e
2�.j�1/

k
i ; 0
�
:

Here, ıˇ 2 .0; 1=e2/ is chosen so that

(2.6) ı
1=2

ˇ
j log ıˇ j D �

1

ˇ
�

Finally, we set

(2.7) V.x/ WD

kX
jD1

Ut;j .x/:

Let us stress that V depends on t; k and ˇ but that, for simplicity, we will omit the explicit
dependence.

Next, for every k 2Z with k > 2, we let Xk be the subset of PH 1 such that
• every � 2Xk is even with respect to x2 and x3, i.e.,

(2.8) �.x1; x2; x3/ D �.x1;�x2; x3/ D �.x1; x2;�x3/; for all .x1; x2; x3/2R3I

• every � 2Xk is invariant under rotation of 2�=k in the x1; x2-variables, i.e.,

(2.9) �.rei� ; x3/ D �.re.�C2�=k/i ; x3/; for all �; x3 2R and r > 0I

• every � 2Xk is invariant under the action of the Kelvin transform, i.e.,

(2.10) �.x/ D
1

jxj
�
� x

jxj2

�
; for all x 2R3 n ¹0º:
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In other words, we define

(2.11) Xk WD
®
� 2 PH 1

W � satisfies (2.8), (2.9) and (2.10)
¯
:

Note that Xk is a Hilbert space endowed with the same scalar product and the same norm
as PH 1. By the Sobolev inequality, we have that the embedding PH 1 ,! L6.R3/ is continu-
ous. Hence we can define, via the Riesz representation theorem, the continuous operator

.��/�1 W L6=5.R3/! PH 1; f 7! u;

where u2 PH 1 is the unique solution to

��u D f in R3:

Thus, we can reformulate (2.2) as

(2.12)

´
u D .��/�1 .u5C C ˇu

2
Cv

3
C/ in R3;

v D .��/�1 .v5C C ˇu
3
Cv

2
C/ in R3;

and we will look for a solution to (2.12) of the form

(2.13) u D U C �; v D V C  ;

with �; 2Xk sufficiently small. It is worth emphasizing that, if u; v 2Xk , then also the
right-hand side in (2.12) belongs to Xk . In particular, let us point out that

e�.x/ WD 1

jxj
�
� x

jxj2

�
H) ��.y/ D

1

jyj5
�z�

� y

jyj2

�
:

In terms of the functions � and  , we can rewrite (2.2) as

(2.14)

´
L1� D E1 CN1.�;  /;

L2 D E2 CN2.�;  /;

where the linear operators .L1;L2/ are given by

(2.15) L1� WD ��� � 5U
4� and L2 WD �� � 5V

4 ;

the error terms .E1;E2/ are given by

(2.16) E1 WD ˇU
2V 3 and E2 WD V

5
�

kX
jD1

U 5t;j C ˇU
3V 2;

and the coupling terms .N1;N2/ are given by

(2.17)
N1.�;  / WD .U C �/

5
C � U

5
� 5U 4� C ˇ.U C �/2C.V C  /

3
C � ˇU

2V 3;

N2.�;  / WD .V C  /
5
C � V

5
� 5V 4 C ˇ.V C  /2C.U C �/

3
C � ˇV

2U 3:



A. J. Fernández, M. Medina and A. Pistoia 1436

Using the dual formulation, (2.14) is equivalent to

(2.18) L�.�;  / � E� �N �.�;  / D 0; .�;  /2Xk �Xk :

Here, the linear operator L� WD .L�1 ;L
�
2/ is given by

L�1� WD � � .��/
�1.5U 4�/ and L�2 WD  � .��/

�1.5V 4 /;

the error term E� WD .E�1 ;E
�
2 / is given by

E�1 WD .��/
�1E1 and E�2 WD .��/

�1E2;

and the coupling term N �
WD .N �1 ;N

�
2 / is given by

N �1 .�;  / WD .��/
�1N1.�;  / and N �2 .�;  / WD .��/

�1N2.�;  /:

The first difficulty when trying to find a solution to (2.18) is that the operator L� is in
general not invertible. We will overcome this issue using a Ljapunov–Schmidt reduction
argument.

We consider the linearization of the Yamabe equation around U (given in (2.3)), i.e.,

(2.19) ��� � 5U 4� D 0 in R3:

It is well known (see [2]) that the set of PH 1-solutions to (2.19) is span¹Z.`/ W `2¹0; : : : ;3ºº,
where

(2.20) Z.0/.x/ WD
31=4 .jxj2 � 1/

2.1C jxj2/3=2
, Z.`/.x/ WD

31=4x`

.1C jxj2/3=2
`2 ¹1; 2; 3º:

Similarly to (2.4) and (2.7), for ı > 0 and � 2R3, we set

Z
.0/

ı;�
.x/ WD

1
p
ı
Z.0/

�x � �
ı

�
D
31=4
p
ı .jx � �j2 � ı2/

2.ı2 C jx � �j2/3=2
,

and define

(2.21) Zk;t .x/ WD

kX
jD1

Z
.0/

tıˇ ;�t;j
.x/ D

31=4
p
tıˇ

2

kX
jD1

jx � �t;j j
2 � t2 ı2

ˇ

.t2 ı2
ˇ
C jx � �t;j j2/3=2

�

Having at hand this notation, we set

(2.22) Kk;t WD Xk \ span¹Zk;tº; K?k;t WD
®
� 2Xk W h�;Zk;t i D 0

¯
;

and consider the orthogonal projections

… W Xk �Xk ! Xk �Kk;t ; …? W Xk �Xk ! Xk �K?k;t :

Note that K?
k;t

is the space of Xk functions PH 1-orthogonal to Kk;t , and that one has the
decomposition

Xk DKk;t ˚K?k;t :
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We can then rewrite (2.18) as the equivalent system

(2.23)

´
…ŒL�.�;  / � E� �N �.�;  /� D 0;

…?ŒL�.�;  / � E� �N �.�;  /� D 0;
.�;  /2Xk �Xk :

The first equation is the so-called auxiliary equation and, as we will see later on, it is finite
dimensional. The rest of the section is devoted to prove the existence of a solution .�;  /
to (2.23).

Through the rest of the paper, we will systematically use Lemma A.1 in [19]. For
convenience, we state this result here with our notation, and for the particular case of
dimension n D 3.

Lemma 2.2 (Lemma A.1 in [19]). Let

(2.24) �1 WD
®
x 2R3 W jx � �t;1j < jx � �t;j j for all j 2 ¹2; : : : ; kº

¯
:

For every �; 
 > 0 such that � C 
 6 6 and all 0 < a < b, there exists a constant C > 0

such thatZ
�1

U 6���
 U �t;1

� kX
jD2

Ut;j

�

dx 6 C

�
ı
.�C
/=2

ˇ
f1.k; �; 
/C .k log k/
f2.ıˇ ; k; �; 
/

�
;

for all k > 2 and all t 2 Œa; b�. Here,

f1.k; �; 
/ WD

8̂<̂
:
k
�1 if � < 2;

k
�1.log k/
C1 if � D 2;

k�C
�3.log k/
 if � > 2;

and

f2.ıˇ ; k; �; 
/ WD

8̂̂̂<̂
ˆ̂:
ı
.�C
/=2

ˇ
k��3 if � < 3;

ı
.3C
/=2

ˇ
j log ıˇ j if � D 3;

ı
3C.
��/=2

ˇ
if � > 3:

2.1. The error of approximation

As a preliminary step, we quantify how well the ansatz .U;V / “solves” (2.18), or equival-
ently (2.23). In order to make the notation lighter, we will write k � kp D k � kLp.R3/.

Proposition 2.3. For all fixed integer k > 2 and all 0 < a < b, there exists a constant
C > 0 such that

C�1
�
kE�1 k C kE

�
2 k
�

6 kE1k6=5 C kE2k6=5 6 Cıˇ .1C jˇj/;

for all ˇ < �
p
2 and t 2 Œa; b�.
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Proof. We first prove that there exists C > 0 (independent of ˇ and t ) such that

(2.25) kE1k6=5 6 Cıˇ jˇj:

First, taking into account the definition of �1 (see (2.24)), we immediately get that

kE1k
6=5

6=5
D jˇj6=5

Z
R3

U.x/6�18=5
� kX
jD1

Ut;j .x/
�18=5

dx

D k jˇj6=5
Z
�1

U.x/6�18=5
�
Ut;1.x/C

kX
jD2

Ut;j .x/
�18=5

dx

6 213=5 k jˇj6=5
Z
�1

U.x/6�18=5 Ut;1.x/
18=5 dx

C 213=5k jˇj6=5
Z
�1

U.x/6�18=5
� kX
jD2

Ut;j .x/
�18=5

dx:

Once we have this decomposition, we estimate each term of the right-hand side separately.
First, applying Lemma 2.2 with � D 18=5 and 
 D 0, we getZ

�1

U.x/6�18=5 Ut;1.x/
18=5dx . ı

6=5

ˇ
..ıˇk/

3=5
C 1/:

Likewise, by Lemma 2.2 with � D 0 and 
 D 18=5, it follows thatZ
�1

U.x/6�18=5
� kX
jD2

Ut;j .x/
�18=5

dx . ı
9=5

ˇ
.k13=5 C k3=5 log.k/18=5/:

Thus, we infer that

(2.26) kE1k6=5 . ıˇ jˇj
�
ı
3=5

ˇ
.k8=5.1C log.k/18=5/C k18=5/C 1

�5=6
:

Note that here, and during the rest of the proof, the implicit constants may depend on a
and b, but they are independent of k, ˇ and t . Finally, since k is a fixed number, (2.25)
immediately follows from (2.26).

Next, we prove that there exists C > 0 (independent of ˇ and t ) such that

(2.27) kE2k6=5 6 Cıˇ .1C jˇj/:

To that end, we write

E2 D E2;1 C E2;2; with E2;1 WD ˇV
2U 3 and E2;2 WD V

5
�

kX
jD1

U 5t;j ;

and we estimate each E2;i separately.
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First, arguing as in the proof of (2.26), we see that

kE2;1k
6=5

6=5
6 27=5k jˇj6=5

Z
�1

U.x/6�12=5 Ut;1.x/
12=5 dx

C 27=5k jˇj6=5
Z
�1

U.x/6�12=5
� kX
jD2

Ut;j .x/
�12=5

dx:

Then, using twice Lemma 2.2 (first � D 12=5 and 
 D 0 and then � D 0 and 
 D 12=5),
we get

(2.28) kE2;1k6=5 . ıˇ jˇj
�
k2=5.1C log.k/12=5/C k12=5

�5=6
:

On the other hand, by equation (3.7) in [19], we get that

kE2;2k
6=5

6=5
. k

Z
�1

Ut;1.x/
24=5

� kX
jD2

Ut;j .x/
�6=5

dx C k

Z
�1

� kX
jD2

Ut;j .x/
�6
dx:

Using once again Lemma 2.2, we estimate each term of the right-hand side and obtain that

(2.29) kE2;2k6=5 . ıˇ
�
ı
9=5

ˇ
.k4 log.k/6=5 C k6 C k4 log.k/6/C k11=5 log.k/6=5

�5=6
:

Since k is a fixed number, (2.27) immediately follows from (2.28) and (2.29).
Taking into account that there exists a constant C > 0 such that

(2.30) k.��/�1f k 6 Ckf k6=5; for all f 2L6=5.R3/;

the result follows combining (2.25) and (2.27) with the definition of E�i , i D 1; 2.

2.2. The linear theory

Once we have quantified the error of approximation, we start our analysis of (2.23) by
solving the second equation there. More precisely, we deal with

(2.31) …?
�
L�.�;  / � E� �N �.�;  /

�
D 0; .�;  /2Xk �Xk :

To that end, let us introduce the shortened notation

L?� WD …
?L�; E?� WD …

?E�; and N ?
� WD …

?N �:

The first step to solve (2.31) is to analyze the invertibility of the linear operator L?� .

Proposition 2.4. For all fixed integer k > 2 and all 0 < a < b, there exist constants
ˇ? < �

p
2 and C > 0 such that, for all ˇ 2 .�1; ˇ?� and all t 2 Œa; b�,

(2.32) k.�;  /k 6 CkL?� .�;  /k; for all .�;  /2Xk �K?k;t :

In particular, the inverse operator .L?� /
�1WXk �K?

k;t
! Xk �K?

k;t
exists and is con-

tinuous.
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Proof. We argue by contraction and assume that there exist sequences .ˇn/n � .�1; 0/,
.tn/n � Œa; b� and .�n;  n/n � Xk �K?

k;tn
such that ˇn ! �1 and

(2.33)
L?� .�n;  n/ D .fn; gn/2Xk �K?k;tn ;

k�nk C k nk D 1 and kfnk C kgnk D o.1/:

More precisely, we assume that ˇn ! �1, and that there exists a sequence .cn/n � R
such that, for all n2N, .�n;  n/ solves the system

(2.34)

´
���n � 5U

4�n D ��fn in R3;

�� n � 5V
4
n  n D ��gn � cn�Zn in R3:

Here,

Vn.x/ WD

kX
jD1

Utn ıˇn ; �tn;j .x/ and Zn.x/ WD

kX
jD1

Z
.0/

tn ıˇn ; �tn;j
.x/;

and we are assuming that

k�nk C k nk D 1; and kfnk C kgnk D o.1/ as n!1:

For later purposes, we introduce the notation

Ujn.x/ WD Utn ıˇn ; �tn;j .x/ and Zjn.x/ WD Z
.0/

tn ıˇn ; �tn;j
.x/;

so that

Vn D

kX
jD1

Ujn and Zn D

kX
jD1

Zjn:

We divide the rest of the proof into four steps for the sake of clarity.

Step 1. Up to a subsequence, �n* 0 in PH 1 and �n! 0 in Lp
loc
.R3/ for all p 2 Œ2; 6/.

Since .k�nk/n is bounded, we have the existence of � 2Xk such that, up to a sub-
sequence,

�n * � in PH 1; and �n ! � in Lp
loc
.R3/ for all p 2 Œ2; 6/:

Moreover, taking into account (2.34), we infer that

��� � 5U 4� D 0 in R3:

Hence, by Lemma A.1 in [2], we get that � 2 span¹Z.`/; ` 2 ¹0; : : : ; 3ºº. Taking into
account the definition of Xk , it is then not difficult to conclude that � � 0 and so the first
step. Indeed, note that

h�;Z.`/i D 5

Z
R3

U 4Z.`/� dx; 8 `2 ¹0; : : : ; 3º:
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Then, using (2.8) it is straightforward to see thatZ
R3

U 4Z.2/� dx D

Z
R3

U 4Z.3/� dx D 0:

Moreover, combining that h�;Z.2/i D 0 with (2.9) and the fact that k > 2, we see thatZ
R3

U 4Z.1/� dx D 0:

Finally, using (2.10), we get that Z
R3

U 4Z.0/� dx D 0;

and thus h�;Z.`/i D 0 for all ` 2 ¹0; : : : ; 3º. This implies that � � 0, as desired.

Step 2. kZnk2 D 15
p
3�2

64
k C o.1/ and cn ! 0 as n!1.

First of all, using that Z.0/ solves (2.19), we get that

kZnk
2
D

kX
jD1

Z
R3

jrZjnj
2 dx C 2

X
j¤i

Z
R3

rZjnrZin dx

D 5

kX
jD1

Z
R3

U 4jnZ
2
jn dx C 10

X
j¤i

Z
R3

U 4jnZjnZin dx

D 5k

Z
R3

U.y/4Z.0/.y/2 dy C 10
X
j¤i

Z
R3

U 4jnZjnZin dx

D
15
p
3�2

64
k C 10

X
j¤i

Z
R3

U 4jnZjnZin dx:

Hence, to conclude that kZnk2 D 15
p
3�2

64
k C o.1/ as n ! 1, we are just missing to

prove that

(2.35) 10
X
j¤i

Z
R3

U 4jnZjnZin dx D o.1/ as n!1:

We start pointing out that, for all n2N and all j 2 ¹1; : : : ; kº,

(2.36) jZjnj 6 Ujn in R3:

Likewise, if we assume that i ¤ j and choose r0 > 0 small enough so that Br0.�tn;j / \
Br0.�tn;i / D ;, it is straightforward to check that

(2.37) Ujn 6
31=4
p
b

r0

q
ıˇn in Br0.�tn;i /:



A. J. Fernández, M. Medina and A. Pistoia 1442

Using these pointwise estimates, one can check thatˇ̌̌ Z
Br0 .�tn;j /

U 4jnZjnZin dx
ˇ̌̌

. ıˇn ;

and thatˇ̌̌ Z
Br0 .�tn;i /

U 4jnZjnZin dx
ˇ̌̌
C

ˇ̌̌ Z
R3n.Br0 .�tn;i /[Br0 .�tn;i //

U 4jnZjnZin dx
ˇ̌̌

. ı3ˇn :

Note that here and through the proof, the implicit constants (in . ) may depend on r0, a
and b, but they are independent of n. Thus, since ˇn ! �1, by (2.6), we conclude
that (2.35) holds and so that

(2.38) kZnk
2
D
15
p
3�2

64
k C o.1/ as n!1:

Next, testing the second equation in (2.34) with Zn, and using that Z.0/ is a solution
to (2.19), that gn 2K?

k;tn
and (2.38), we get that

Z
R3

� kX
jD1

U 4jnZjn � V
4
n Zn

�
 n dx D cn

�3p3�2
64

k C o.1/
�

as n!1:

Moreover, using the multinomial theorem, and the Hölder and Sobolev inequalities, we
infer thatˇ̌̌ Z

R3

� kX
jD1

U 4jnZjn � V
4
n Zn

�
 n dx

ˇ̌̌
. k nk

hX
j¤i

kU 4jnZink6=5 C
X
j¤i

kX
lD1

�
kU 3jnUinZlnk6=5 C kU

2
jnU

2
inZlnk6=5

�
C

X
j¤i¤r

kX
lD1

kU 2jnUinUrnZlnk6=5 C
X

j¤i¤r¤p

kX
lD1

kUjnUinUrnUpnZlnk6=5

i
:

Since k > 2 is a fixed integer, using the pointwise estimates (2.36)–(2.37), and arguing as
we did to prove (2.35), we estimate each term on the right-hand side and conclude thatZ

R3

� kX
jD1

U 4jnZjn � V
4
n Zn

�
 n dx D O.ıˇn/ as n!1:

Hence, it follows that

cn
3
p
3�2

64
k D o.1/ as n!1;

and so that cn ! 0 as n!1. This concludes the proof of the second step.
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Step 3. Up to a subsequence,

z n.y/ WD

q
tn ıˇn  n.tn ıˇny C �tn;1/

satisfies z n * 0 in PH 1 and z n ! 0 in Lp
loc
.R3/ for all p 2 Œ2; 6/.

First note that k z nk D k nk for all n 2N. Hence, since .k nk/n is bounded, there
exists  2 PH 1 such that, up to a subsequence,

z n *  in PH 1; and z n !  in Lp
loc
.R3/ for all p 2 Œ2; 6/:

Moreover, taking into account the second step, we infer that

�� � 5U 4 D 0 in R3;

and thus, by Lemma A.1 in [2], we get that  2 span¹Z.`/; ` 2 ¹0; : : : ; 3ºº. Note that,
by the definition of �tn;1 for all n2N, z n satisfies (2.8) for all n2N. Thus, arguing as in
the first step, we get that

h ;Z.2/i D h ;Z.3/i D 0:

On the other hand, since n2K?
k;tn
�Xk ,Z.0/ is a solution to (2.19) and z n* in PH 1,

0 D h n; Zni D 5

Z
R3

� kX
jD1

U 4jnZjn

�
 n dx D 5k

Z
R3

U 41nZ1n n dx

D 5k

Z
R3

U.y/4Z.0/.y/ z n.y/ dy D kh z n; Z
.0/
i D kh ;Z.0/i C o.1/ as n!1:

Taking the limit as n ! 1, we then infer that h ; Z.0/i D 0. Thus, if we prove that
h ;Z.1/i D 0, then necessarily  � 0 and the third step will follow.

To that end, using (2.10), we get thatZ
R3

y1

.1C jyj2/7=2
z n.y/ dy D .tn ıˇn/

7=2

Z
R3

x1 � .1 � t
2
n ı

2
ˇn
/1=2

.t2n ı
2
ˇn
C jx � �tn;1j

2/7=2
 n.x/ dx

D .tn ıˇn/
7=2

Z
R3

z1 � .1 � t
2
n ı

2
ˇn
/1=2 jzj2

.t2n ı
2
ˇn
C jz � �tn;1j

2/7=2
 n.z/ dz

D

Z
R3

y1

.1C jyj2/7=2
z n.y/ dy

C
.1 � t2n ı

2
ˇn
/1=2

tn ıˇn

Z
R3

1 � jtn ıˇny C �tn;1j
2

.1C jyj2/7=2
z n.y/ dy:

Thus, it follows that

0 D
.1 � t2n ı

2
ˇn
/1=2

tn ıˇn

Z
R3

1 � jtn ıˇny C �tn;1j
2

.1C jyj2/7=2
z n.y/ dy

D .1 � t2n ı
2
ˇn
/1=2 tn ıˇn

Z
R3

1 � jyj2

.1C jyj2/7=2
z n.y/ dy

� 2.1 � t2n ı
2
ˇn
/

Z
R3

y1

.1C jyj2/7=2
z n.y/ dy:
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Sending n!1, we conclude thatZ
R3

y1

.1C jyj2/7=2
 .y/ dy D 0;

and so that h ;Z.1/i D 0, as desired.

Step 4. Conclusion of the proof.
We are going to prove that

k nk C k�nk ! 0 as n!1,

reaching a contradiction with (2.33). First of all, we test the first equation in (2.34) with �n,
the second one with  n, and we sum them both to get that

1 D k nkCk�nk D 5

Z
R3

U 4�2n dx C h�n; fni C 5

Z
R3

V 4n  
2
n dx C h n; gn C cnZni:

Combining (2.33) with the second step, we infer that

h�n; fni ! 0 and h n; gn C cnZni ! 0 as n!1:

Likewise, using the first step and the decay of U , we infer thatZ
R3

U 4�2n dx ! 0 as n!1:

Hence, we have that

1 D k nk C k�nk D 5

Z
R3

V 4n  
2
n dx C o.1/ as n!1;

and thus, to conclude the proof, we just have to show thatZ
R3

V 4n  
2
n dx ! 0 as n!1:

Recalling the definition of �1, see (2.24), we get thatZ
R3

V 4n  
2
n dx D k

Z
�1

�
U1n C

kX
jD2

Ujn

�4
 2n dx

6 8k

Z
�1

U 41n 
2
n dx C 8k

Z
�1

� kX
jD2

Ujn

�4
 2n dx:

One one hand, by Lemma 2.2 applied with � D 0 and 
 D 6, we get that

8k

Z
�1

� kX
jD2

Ujn

�4
 2n dx 6 8kk nk

2
6

� Z
�1

� kX
jD2

Ujn

�6
dx
�2=3

. ı2ˇnk
3
�
k2 C log.k/6

�2=3
:
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Since k > 2 is a fixed integer, we conclude that

8k

Z
�1

� kX
jD2

Ujn

�4
 2n dx D O.ı

2
ˇn
/ as n!1:

On the other hand, note that

8k

Z
�1

U 41n 
2
n dx 6 8k

Z
R3

U 41n 
2
n dx D 8k

Z
R3

U.y/4 z n.y/
2 dy:

Since k > 2 is a fixed integer, using the third step and the decay of the function U , we get
that

8k

Z
�1

U 41n 
2
n dx ! 0 as n!1;

and so that Z
R3

V 4n  
2
n dx ! 0 as n!1;

as desired.

2.3. Nonlinear theory

Having at hand Propositions 2.3 and 2.4, we can now give the desired existence result
for (2.31). More precisely, we prove the following.

Proposition 2.5. For all fixed integer k > 2 and all 0 < a < b, there exist constants
ˇ? < �

p
2 and C > 0 such that, for all ˇ 2 .�1; ˇ?� and all t 2 Œa; b�, the system

(2.39) L?� .�;  / � E?� �N ?
� .�;  / D 0; .�;  /2Xk �K?k;t ;

has a unique solution .�Œt �;  Œt �/2Xk �K?
k;t

such that

(2.40) k�Œt �k C k Œt�k 6 Cıˇ .1C jˇj/:

Moreover, the map t 7! .�Œt �;  Œt �/ is continuously differentiable.

The proof of this result follows from a standard application of the contraction mapping
theorem, as a consequence of the following result.

Lemma 2.6. For all fixed integer k > 2, all D > 0 and all 0 < a < b, there exists C > 0

such that

(2.41)
kN ?
� .�0;  0/k D k.N

?
� .�0;  0//1k C k.N

?
� .�0;  0//2k

6
C

j log ıˇ j
.k�0k C k 0k/

and

(2.42) kN ?
� .�1;  1/ �N ?

� .�2;  2/k 6
C

j log ıˇ j

�
k�1 � �2k C k 1 �  2k

�
;

for all ˇ < �
p
2, all t 2 Œa; b� and all .�0;  0/; .�1;  1/; .�2;  2/2 PH 1 � PH 1 satisfying

k�ik C k ik 6 D ıˇ .1C jˇj/:
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Proof. Firstly, note that there exists C > 0 such that

k.N ?
� .�;  //1k 6 Ck.U C�/5C � U

5
� 5U 4�Cˇ.U C �/2C.V C /

3
C � ˇU

2V 3k6=5;

k.N ?
� .�;  //2k 6 Ck.V C /5C � V

5
� 5V 4 Cˇ.V C /2C.U C�/

3
C � ˇV

2U 3k6=5;

for every .�;  / 2 PH 1 � PH 1. Also, notice that, doing Taylor and using the mean value
theorem, we get the existence of t; �; � 2 Œ0; 1� such that

j.U C �/5C � U
5
� 5U 4�j D j10.U C t�/3C �

2
j

and ˇ̌
ˇ.U C �/2C .V C  /

3
C � ˇU

2V 3
ˇ̌

D
ˇ̌
ˇ
�
.U C �/2C � U

2
�
.V C  /3C C ˇU

2
�
.V C  /3C � V

3
�ˇ̌

D
ˇ̌
2ˇ.U C ��/C�.V C  /

3
C C 3ˇU

2.V C � /2C 
ˇ̌
;

and hence

k.N ?
� .�;  //1k D O.kU

3�2 C j�j5k6=5/

CO
�
jˇjk.U C j�j/ j�j.V 3 C j j3/C U 2 .V 2 C j j2/j j/k6=5

�
:(2.43)

Likewise, it can be seen that

k.N ?
� .�;  //2k D O

�

V 3 2 C j j5


6=5

�
CO

�
jˇjk.V C j j/ j j.U 3 C j�j3/C V 2.U 2 C j�j2/j�j/k6=5

�
:(2.44)

Since ˇ!�1 here, some of these terms are not obvious to handle, being the worst ones
the terms that are linear in j�j and j j. We focus on these terms and prove that there exists
a constant C > 0 such that

(2.45)
jˇj
�
kU 2V 2�k6=5 C kU

2V 2 k6=5
�

6 C

p
ıˇ

j log ıˇ j1=3
.k k C k�k/;

jˇj
�
kUV 3�k6=5 C kU

3V k6=5
�

6
C

j log ıˇ j
.k k C k�k/:

We estimate each term separately. Arguing as in the proof of Proposition 2.3, using twice
again Lemma 2.2, we get that

jˇj6=5 kU 2V 2 k
6=5

6=5
. k k6=5 jˇj6=5

� Z
R3

U 3V 3dx
�4=5

. k k6=5 jˇj6=5
�
k

Z
�1

U 3U 3t;1dx C k

Z
�1

U 3
� kX
jD2

Ut;j

�3
dx
�4=5

.
�
k kjˇjıˇ

�6=5
.k3 C k log.k/3 C kj log ıˇ j/4=5:
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Note that here, and during the rest of the proof, the implicit constants may depend on a
and b, but they are independent of k, ˇ and t . Since k > 2 is a fixed integer, we immedi-
ately deduce that there exists C > 0 (independent of ˇ and t ) such that

jˇjkU 2V 2 k6=5 6 Ck kıˇ jˇj j log ıˇ j2=3 D Ck k

p
ıˇ

j log ıˇ j1=3
�

The same proof also gives

jˇjkU 2V 2�k6=5 6 Ck�k

p
ıˇ

j log ıˇ j1=3
�

Similarly, we get that

jˇj6=5 kUV 3�k
6=5

6=5

. jˇj6=5 k�k6=5
�
k

Z
�1

U 6�9=2U
9=2
t;1 dx C k

Z
�1

U 6�9=2
� kX
jD2

Ut;j

�9=2
dx
�4=5

.
�
k�k

q
ıˇ jˇj

�6=5 �
k C ı

3=2

ˇ
.k9=2 C k5=2 log.k/9=2/

�4=5
:

Since k > 2 is a fixed integer, we deduce that there exists C > 0 (independent of ˇ and t )
such that

(2.46) jˇjkUV 3�k6=5 6 Ck�k

q
ıˇ jˇj D

C

j log ıˇ j
k�k:

By using twice Lemma 2.2, first with �D 3=2 and 
 D 0, and then with �D 0 and 
 D 3=2,
we get

jˇjkU 3V k6=5 6
C

j log ıˇ j
k k:

The other terms in (2.43) and (2.44) can be seen to be smaller in a similar fashion
and thus (2.41) follows. Let us point out that the assumption k�k C k k 6 Dıˇ .1C jˇj/

does not play any role in the proof of (2.45). However, when analyzing the nonlinear terms
in (2.43) and (2.44), it is needed.

The rest of the proof is analogous, so we skip the details.

2.4. Energy expansion

Given a fixed integer k > 2, t 2 Œa; b� and ˇ 2 .�1; ˇ?�, let .�;  / D .�Œt �;  Œt �/ be the
unique solution to (2.39) provided by Proposition 2.5. We consider the function

(2.47) Fˇ W Œa; b�! R; t 7! Jˇ .U C �; V C  /;

where for .u; v/2 PH 1 � PH 1,

Jˇ .u; v/ WD
1

2

Z
R3

.jruj2 C jrvj2/ dx �
1

6

Z
R3

.u6C C v
6
C/ dx �

ˇ

3

Z
R3

u3Cv
3
C dx:

This section is devoted to prove an expansion of Fˇ in terms of ˇ and a function of t .
As a preliminary step, we prove the following.
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Lemma 2.7. For all fixed integer k > 2 and all 0 < a < b, there exist constants ˇ? <�
p
2

and C > 0 such that, for all ˇ 2 .�1; ˇ?� and all t 2 Œa; b�, it holds

Fˇ .t/ D Jˇ .U; V /C �1;ˇ .t/;

with �1;ˇ W Œa; b�! R satisfying

j�1;ˇ .t/j 6 Cı2ˇ .1C jˇj/
2 for t 2 Œa; b�:

Proof. First note that, by the fundamental theorem of calculus,

Fˇ .t/ � Jˇ .U; V / D

Z 1

0

d

ds
Jˇ .U C s�; V C s / ds:

Moreover, using Propositions 2.3 and 2.5, we get thatˇ̌̌ d
ds

Jˇ .U C s�; V C s /
ˇ̌̌
sD0

ˇ̌̌
D
ˇ̌
@1Jˇ .U; V /� C @2Jˇ .U; V / 

ˇ̌
6 kE1�k1 C kE2 k1 6 kE1k6=5 k�k6 C kE2k6=5 k k6
. kE1k6=5 k�k C kE2k6=5 k k . ı2ˇ .1C jˇj/

2:

Note that here and during the rest of the proof the implicit constants are independent of ˇ
and t . Then, using again the fundamental theorem of calculus and exchanging the order of
integration, we get that

(2.48) Fˇ .t/� Jˇ .U;V /D

Z 1

0

.1� s/
d2

ds2
Jˇ .U Cs�;V Cs /dsCO.ı

2
ˇ .1Cjˇj/

2/:

Now, using that .�;  / solves (2.39), we get that

d2

ds2
Jˇ .U C s�; V C s /

D

Z
R3

.N1.�;  /C E1/� dx C

Z
R3

.N2.�;  /C E2/ dx

� 5

Z
R3

..U C s�/4C � U
4/�2dx � 5

Z
R3

..V C s /4C � V
4/ 2 dx

� 6ˇ

Z
R3

.U C s�/2C .V C s /
2
C� dx � 2ˇ

Z
R3

.U C s�/C.V C s /
3
C�

2 dx

� 2ˇ

Z
R3

.U C s�/3C .V C s /C 
2 dx:

Arguing as in the proofs of Proposition 2.3 and Lemma 2.6, and using Propositions 2.3
and 2.5, one can estimate each term on the right hand side and get a constant C > 0

(independent of ˇ and t ) such that

(2.49)
ˇ̌̌ d2
ds2

Jˇ .U C s�; V C s /
ˇ̌̌

6 Cı2ˇ .1C jˇj/
2:

Note that, since ˇ ! �1, we need to be careful with the terms involving ˇ. However,
following the proof of Lemma 2.6, if is not difficult to see that (2.49) holds true.

The result follows combining (2.48) and (2.49).
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Proposition 2.8. For all fixed integer k > 2 and all 0 < a < b, there exist constants
ˇ? < �

p
2 and C > 0 such that, for all ˇ 2 .�1; ˇ?� and all t 2 Œa; b�, it holds

Fˇ .t/ D
k C 1

3
kU k66 C ıˇ

�
� c1t C c2t3=2

�
C �2;ˇ .t/;

with �2;ˇ W Œa; b�! R satisfying

j�2;ˇ .t/j 6 C
ıˇ

j log ıˇ j
; c1 WD

p
6�k

kX
jD2

h
1 � cos

�
2�.j�1/

k

�i�1=2
; c2 WD

p
6�k:

Proof. First note that we can decompose Jˇ .U; V / as

Jˇ .U; V / D
1

3
kU k66 C

1

2

Z
R3

jrV j2dx �
1

6

Z
R3

V 6 dx �
ˇ

3

Z
R3

U 3V 3dx

DW
1

3
kU k66 C I1;ˇ .V /C I2;ˇ .U; V /:

Having at hand this decomposition, we analyze each Ii;ˇ separately.
On one hand, following the proof of Lemma 3.4 in [19], we see that

I1;ˇ .V / D
k

3
kU k66 �

1

2

X
j¤i

Z
R3

U 5t;jUt;idx

�
1

6

Z
R3

�
V 6 �

kX
jD1

U 6t;j � 6
X
j¤i

U 5t;j Ut;i

�
dx

D
k

3
kU k66 � c1t ıˇ CO.ı2ˇ /:

On the other hand, taking into account the definition of �1 given in (2.24), and using
that U and V satisfy (2.9) and Lemma 2.2, we get that

I2;ˇ .U; V / D �
ˇk

3

Z
�1

U 3U 3t;1 dx �
ˇk

3

Z
�1

U 3
� kX
jD2

Ut;j

�3
dx

� ˇk

Z
�1

U 3Ut;1

� kX
jD2

Ut;j

�2
dx � ˇk

Z
�1

U 3U 2t;1

� kX
jD2

Ut;j

�
dx

D �
ˇk

3

Z
�1

U 3U 3t;1 dx CO
� ıˇ

j log ıˇ j

�
:

Hence, taking into account Lemma 2.7, to conclude the proof, we just have to show that

(2.50)
�
ˇk

3

Z
�1

U 3U 3t;1 dx D �
p
6 k� ˇ.ıˇ t /

3=2
j log ıˇ j CO

�
jˇjı

3=2

ˇ

�
D
p
6 k� ıˇ t

3=2
CO

� ıˇ

j log ıˇ j

�
:
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First of all, choosing r0 > 0 small enough so that Br0.�t;1/ \ Br0.�t;j / D ; for all
j ¤ 1, and arguing as in the proof of (2.35), we get that

�
ˇk

3

Z
�1nBr0 .�t;1/

U 3U 3t;1 dx D O
� ıˇ

j log ıˇ j

�
:

On the other hand, observe that

(2.51)

�
ˇk

3

Z
Br0 .�t;1/

U 3U 3t;1 dx

D �
ˇk

3
.3tıˇ /

3=2

Z
Br0=.tıˇ /

.0/

1

.1C jtıˇy C �t;1j2/3=2
1

.1C jyj2/3=2
dy

D �

p
3ˇk.tıˇ /

3=2

.1C j�t;1j2/3=2

Z
Br0=.tıˇ /

.0/

dy

.1C jyj2/3=2

�
p
3ˇk.tıˇ /

3=2

Z
Br0=.tıˇ /

.0/

� 1

.1C jtıˇy C �t;1j2/3=2
�

1

.1C j�t;1j2/3=2

�
�

dy

.1C jyj2/3=2
�

Using polar coordinates, we get that

(2.52)
Z
Br0=.tıˇ /

.0/

dy

.1C jyj2/3=2
D 4�j log ıˇ j CO.1/:

Also, using that

1

.1C jtıˇy C �t;1j2/3=2
D

1

.1C j�t;1j2/3=2
CO.ı2ˇ jyj

2
C 2ıˇy1/;

it follows that

�
p
3ˇk.tıˇ /

3=2

Z
Br0=.tıˇ /

.0/

� 1

.1CjtıˇyC�t;1j2/3=2
�

1

.1Cj�t;1j2/3=2

� dy

.1Cjyj2/3=2

(2.53) D O
� ıˇ

j log ıˇ j

�
:

By substituting (2.52) and (2.53) into (2.51), we get that (2.50) holds true and the proof is
concluded.

Remark 2.9. For all fixed integer k > 2, the function

g W R! R; t 7! �c1 t C c2 t3=2;

has a global minimum at

(2.54) t? WD
�2c1
3c2

�2
;

which is non-degenerate (since g00.t?/ > 0) and so isolated.
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2.5. Proof of Theorem 2.1

We now have all the needed ingredients to prove Theorem 2.1. Here, given a fixed integer
k > 2, 0 < a < b, t 2 Œa; b�, ˇ? < �

p
2 as in Proposition 2.5 and ˇ 2 .�1; ˇ?�, we let

.�;  / D .�Œt �;  Œt �/ be the unique solution to (2.39) provided by Proposition 2.5.

Proof of Theorem 2.1. Let g 2C 1.R/ be the function defined in Remark 2.9. We know
that g has a strict global minimum at a point t? > 0. It then follows from Proposition 2.8
that, for jˇj sufficiently large, there exists a critical point t?;ˇ > 0 of the function Fˇ given
in (2.47) such that t?;ˇ ! t? as ˇ ! �1. We then define

.uˇ ; vˇ / WD .U C �Œt?;ˇ �; V Œt?;ˇ �C  Œt?;ˇ �/:

On one hand, since .uˇ ; vˇ / is a solution to (2.39), there exists c.t?;ˇ /2R such that

(2.55)

´
@1Jˇ .uˇ ; vˇ / D 0;

@2Jˇ .uˇ ; vˇ / D c.t?;ˇ /hZk;t ; � i:

On the other hand, using that t?;ˇ > 0 is a critical point of Fˇ , we obtain that

0 D F 0ˇ .t?;ˇ / D @1Jˇ .uˇ ; vˇ /
d

dt

�
U C�

�ˇ̌̌
tDt?;ˇ

C @2Jˇ .uˇ ; vˇ /
d

dt

�
V C 

�ˇ̌̌
tDt?;ˇ

D @2Jˇ .uˇ ; vˇ /
d

dt

�
V C 

�ˇ̌̌
tDt?;ˇ

D c.t?;ˇ /
D
Zk;t?;ˇ ;

d

dt

�
V C 

�ˇ̌̌
tDt?;ˇ

E
:(2.56)

Now observe that, by direct computations,

d

dt
V D

1

t
Zk;t �

31=4 t3=2 ı
5=2

ˇ

1 � t2 ı2
ˇ

kX
jD1

.x � �t;j / � �t;j

.t2 ı2
ˇ
C jx � �t;j j2/3=2

�

Thus, arguing as in Step 2 of the proof of Proposition 2.4, we get that

(2.57)
D
Zk;t?;ˇ ;

d

dt
V
ˇ̌̌
tDt?;ˇ

E
D
15
p
3�2k

64 t?;ˇ
CO.ıˇ /:

Next, using that  2K?
k;t

, we get that

0 D
d

dt
hZk;t ;  i D

D d
dt
Zk;t ;  

E
C

D
Zk;t ;

d

dt
 
E
;

and so that D
Zk;t?;ˇ ;

d

dt
 
ˇ̌̌
tDt?;ˇ

E
D �

D d
dt
Zk;t

ˇ̌̌
tDt?;ˇ

;  Œt?;ˇ �
E
:

Hence, using the Cauchy–Schwarz inequality and (2.40), we get thatˇ̌̌D
Zk;t?;ˇ ;

d

dt
 
ˇ̌̌
tDt?;ˇ

Eˇ̌̌
6


 Œt?;ˇ �




 d

dt
Zk;t

ˇ̌̌
tDt?;ˇ




 . ıˇ .1C jˇj/



 d
dt
Zk;t

ˇ̌̌
tDt?;ˇ




:
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Moreover, direct but tedious computations show that


 d
dt
Zk;t

ˇ̌̌
tDt?;ˇ





. 5

kX
jD1




4U 3t?;ˇ ;j� ddt Ut;j ˇ̌̌tDt?;ˇ �Z.0/t?;ˇ ıˇ ;�t?;ˇ ;j C U 4t?;ˇ ;j� ddt Z.0/tıˇ ;�t;j ˇ̌̌tDt?;ˇ �


6=5
D O.1/:

We then have that

(2.58)
ˇ̌̌D
Zk;t?;ˇ ;

d

dt
 
ˇ̌̌
tDt?;ˇ

Eˇ̌̌
D O

� p
ıˇ

j log ıˇ j

�
:

Gathering (2.56)–(2.58), we get that

0 D c.t?;ˇ /
�
15
p
3�2k

64t?;ˇ
CO

� p
ıˇ

j log ıˇ j

��
;

and so that, for jˇj large enough, c.t?;ˇ / D 0. The result then follows combining this fact
with (2.55).

3. The case m � 3

The goal of this section is to prove Theorem 1.1 in the general case m > 3. We consider
the general system with m D q C 1 > 3 components,

(3.1) ��ui D u
5
i C

qC1X
jD1
i 6Dj

ˇij u
2
i u

3
j ; ui ‰ 0 in R3; i 2 ¹1; : : : ; q C 1º;

where ˇij are coupling constants satisfying (1.7). Inspired by [4], the strategy will be to
reduce this system into a new one of only two components, where we will apply a similar
approach to that of Section 2.

Let R� with � 2R be given in (1.6), and let r; k 2N. As already mentioned in the
introduction, we set

(3.2) Rr;k WD R .r�1/
q

2�
k

;

and consider the nonlocal system

(3.3)

8̂̂̂̂
<̂̂
ˆ̂̂̂:
��u D u5 C ˇu2v3 C ˇu2

qX
rD2

v3r in R3;

��v D v5 C ˇu3v2 C ˛v2
qX
rD2

v3r in R3;

u; v ‰ 0 in R3;
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where

vr .x/ WD v.Rr;kx/ for r 2 ¹1; : : : ; qº:

Then, we point out that, if .u; v/ is a solution to (3.3) and satisfies

(3.4) u.x/ D u.Rr;kx/ for all r 2 ¹2; : : : ; qº; and v.x/ D v.R 2�
k
x/;

the vector .u1; : : : ; uqC1/, with

ui .x/ D v.Ri;kx/ for all i 2 ¹1; : : : ; qº; and uqC1.x/ D u.x/;

is a solution to (3.1). Indeed, by (3.4), we can adapt the computations in Section 3 of [4]
to get

(3.5)
qX
rD2

v3r .Ri;kx/ D

qX
jD1
i 6Dj

u3j .x/ for i 2 ¹1; : : : ; qº;

and therefore,

��ui .x/ D ��v.Ri;kx/ D
h
v5 C ˇv2u3 C ˛v2

qX
rD2

v3r

i
.Ri;kx/

D

h
u5i C ˇu

2
i u

3
qC1 C ˛u

2
i

qX
jD1
i 6Dj

u3j

i
.x/;

for i 2 ¹1; : : : ; qº. Having at hand (3.3), we will prove the following result, from which
Theorem 1.1 in the case where m > 3 follows.

Theorem 3.1. For any fixed integer k > 2 and any ˛ 2R, there exists ˇ? < �
p
2 such

that, for each ˇ 2 .�1; ˇ?�, (3.3) has a finite energy solution .uˇ ; vˇ / of the form

uˇ D U C �ˇ ; vˇ D

kX
jD1

1

Qı
1=2

ˇ

U
�
� � �ˇ;j
Qıˇ

�
C  ˇ :

Here, U is defined in (2.3), �ˇ ;  ˇ 2 PH 1 and .�ˇ;j /j � R3 satisfy

k�ˇk PH1 C k ˇk PH1 ! 0 and �ˇ;j !
�

e
2�.j�1/

k
i ; 0
�
; as ˇ ! �1;

and Qıˇ 2 .0; 1=e2/ satisfies

Qı
1=2

ˇ
j log Qıˇ j � �

1

ˇ
�

Remark 3.2. Some comments on Theorem 3.1 are in order.
(i) Since U is a radial function, it trivially satisfies U.x/ D U.Rr;kx/ for every r 2

¹2; : : : ; qº. Furthermore, it is straightforward to check that

zV .x/ WD

kX
jD1

1

Qı
1=2

ˇ

U
� x � �ˇ;j
Qıˇ

�
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satisfies that
zV .R2�=kx/ D zV .x/ for all x 2R3.

Thus, if one finds �ˇ and  ˇ in subspaces of PH 1 that respect the symmetries, then

ui;ˇ .x/ D vˇ .Ri;kx/ for i 2 ¹1; : : : ; qº; uqC1;ˇ .x/ D uˇ .x/;

solve the general system (3.1) and Theorem 1.1 follows.
(ii) The choice of the rotation angle in (3.2) guarantees that ui;ˇ ¤uj;ˇ for every i ¤ j ,

i; j 2¹1; : : : ; qC 1º. Furthermore, there are no concentric bubbles in the construction; the
minimum distance between two of them is of order .qk/�1.

(iii) In [4], to reduce the system into a one of two equations, even symmetry of v is
required. To ensure this, the authors need to impose k even in the main theorem. In our
construction, the reduction works only asking (3.4) (see computation (3.5)), so no extra
condition on k is assumed.

(iv) System (3.3) is different from (2.1), so a new proof is required.
(v) Analogously to the case m D 2, since we are searching for nonnegative solutions,

we will deal with

(3.6)

8̂̂̂̂
<̂̂
ˆ̂̂̂:
��u D u5C C ˇu

2
C

qX
rD1

.vr /
3
C in R3;

��v D v5C C ˇv
2
Cu

3
C C ˛v

2
C

qX
rD2

.vr /
3
C in R3;

where sC stands for the positive part. Indeed, it is straightforward to check that the solu-
tions to this problem will solve (3.3) (see (2.2) for more details).

As Theorem 3.1 suggests, we will look for a solution to (3.6) like (2.13), i.e., u D
U C �, v D V C  , where U and V are defined in (2.7), and � and  are small and
belong to appropriate Banach spaces. In order to inherit the symmetries in (3.4), we need
to define a new one:

QXk WD
®
� 2 PH 1.R3/ W � satisfies (2.8)–(2.10) and �.x/ D �.Rr;kx/ for r 2 ¹2; : : : ; qº

¯
:

Remark 3.3. Notice that QXk is nothing but Xqk (see (2.11)).

We consider the orthogonal projections

Q… W QXk �Xk ! QXk �Kk;t ; Q…? W QXk �Xk ! QXk �K?k;t ;

where Xk , Kk;t and K?
k;t

are given in (2.11) and (2.22), and we rewrite (3.6) as the
equivalent system

(3.7)

´
Q…ŒL�.�;  / � QE

�
� QN

�
.�;  /� D 0;

Q…?ŒL�.�;  / � QE
�
� QN

�
.�;  /� D 0;

.�;  / 2 QXk �Xk ;
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where the error terms QE
�
D . QE�1 ;

QE�2 / are given by

(3.8) QE�1 WD E�1 C .��/
�1
�
ˇU 2

qX
rD2

V 3r

�
; QE�2 WD E�2 C .��/

�1
�
˛V 2

qX
rD2

V 3r

�
;

and the coupling terms QN
�
D . QN �1 ;

QN �2 / by

(3.9)

QN �1 .�;  / WD N �1 .�;  /C.��/
�1
�
ˇ.U C�/2C

qX
rD2

.VrC r /
3
C � ˇU

2

qX
rD2

V 3r

�
;

QN �2 .�;  / WD N �2 .�;  /C.��/
�1
�
˛.V C /2C

qX
rD2

.VrC r /
3
C � ˛V

2

qX
rD2

V 3r

�
:

Here, we have set

Vr .x/ WD V.Rr;kx/ and  r .x/ WD  .Rr;kx/;

and L�, E�1 , E�2 , N �1 and N �2 are defined in (2.15)–(2.17). Furthermore, let us denote

Ur;t;j .x/ WD
31=4

p
tıˇ

.t2ı2
ˇ
C jx � �r;t;j j2/1=2

,

where
�r;t;j WD

q
1 � t2ı2

ˇ

�
e.2�.j�1/=kC.r�1/2�=.qk//i ; 0

�
;

so that

Vr D

kX
jD1

Ur;t;j :

Given the similarities, the proof of Theorem 3.1 follows the same strategy as the case
of m D 2. We will focus on the differences. Through the rest of this section ˛ 2R is a
fixed parameter, and the appearing constants may depend on ˛.

3.1. The error of approximation

We first see that the new terms appearing in the error are not larger than the ones we had
in Section 2 (see Proposition 2.3).

Proposition 3.4. For all fixed integer k > 2 and all 0 < a < b, there exists a constant
C > 0 such that

k QE�1 k C k
QE�2 k 6 Cıˇ .1C jˇj/;

for all ˇ < �
p
2 and t 2 Œa; b�.

Proof. Since U is invariant under rotations, we have that


ˇU 2 qX
rD2

V 3r





6=5

6 jˇj
qX
rD2

kU 2V 3r k6=5 D qjˇjkU
2V 3k6=5;
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and hence, by Proposition 2.3, we get the estimate for QE�1 . On the other hand,Z
R3

�
˛V 2

qX
rD2

V 3r

�6=5
dx D k

Z
�1

�
˛V 2

qX
rD2

V 3r

�6=5
dx

6 kj˛j6=5
Z
�1

�
V 2
� qX
rD2

Vr

�3�6=5
dx

6 kj2˛j6=5
h Z

�1

�
U 2t;1

� qX
rD2

Vr

�3�6=5
dx C

Z
�1

�� kX
jD2

Ut;j

�2� qX
rD2

Vr

�3�6=5
dx
i

6 kj2˛j6=5
h Z

�1

�
U 2t;1

� qkX
`D2

QUt;`

�3�6=5
dx C

Z
�1

� qkX
`D2

QUt;`

�6
dx
i
;

with

QUt;`.x/ WD
31=4

p
tıˇ

.t2ı2
ˇ
C jx � Q�t;`j2/1=2

and
Q�t;` WD

q
1 � t2ı2

ˇ

�
e
�
2�.`�1/
qk

�
i
; 0
�
; for ` 2 ¹2; : : : ; qkº:

Keeping in mind Remark 3.2, (iii),
Pqk

`D2
QUt;` can be seen as a generalization of the usual

construction but with qk peaks. Since both q and k are fixed we can apply Lemma 2.2 to
both terms, with � D 12=5, 
 D 18=5 and � D 0, 
 D 6 respectively, to conclude that


˛V 2 qX

rD2

V 3r





6=5
D O

�
ı
5=2

ˇ

�
:

The estimate for QE�2 then follows by Proposition 2.3 and so does the result.

3.2. The linear theory

Denote
QL
?

� WD
Q…?L�; QE

?

� WD
Q…? QE

�
; and QN

?

� WD
Q…? QN

�
:

Then, we have the following.

Proposition 3.5. For all fixed integer k > 2 and all 0 < a < b, there exist constants
ˇ? < �

p
2 and C > 0 such that, for all ˇ 2 .�1; ˇ?� and all t 2 Œa; b�,

(3.10) k.�;  /k 6 Ck QL
?

� .�;  /k; for all .�;  / 2 QXk �K?k;t :

In particular, the inverse operator . QL
?

� /
�1W QXk �K?

k;t
! QXk �K?

k;t
exists and is con-

tinuous.

Proof. The proof follows exactly as in Proposition 2.4 just by noticing that the oper-
ator L� preserves the extra symmetry appearing in QXk . That is, using the fact that U is
radial, one gets that L� maps QXk � Xk into QXk � Xk . Since QXk � Xk , the rest of the
proof can be analogously reproduced.
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3.3. Nonlinear theory

Having at hand Propositions 3.4 and Proposition 3.5 we can now give the required exist-
ence result for

Q…?ŒL�.�;  / � QE
�
� QN

�
.�;  /� D 0; .�;  / 2 QXk �Xk :

Indeed, we have the following.

Proposition 3.6. For all fixed integer k > 2 and all 0 < a < b, there exist constants
ˇ? < �

p
2 and C > 0 such that, for all ˇ 2 .�1; ˇ?� and all t 2 Œa; b�, the system

(3.11) QL
?

� .�;  / �
QE
?

� �
QN
?

� .�;  / D 0; .�;  / 2 QXk �K?k;t ;

has a unique solution .�Œt �;  Œt �/ 2 QXk �K?
k;t

such that

k�Œt �k C k Œt�k 6 Cıˇ .1C jˇj/:

Moreover, the map t 7! .�Œt �;  Œt �/ is continuously differentiable.

Proof. As stated in Section 2, once we have Propositions 3.4 and Proposition 3.5, this
result follows by a standard fixed point argument. The fact that the nonlinear term is
contractive follows in the same spirit as Lemma 2.6. Hence, it only remains to check that
QE
?

� C
QN
?

� maps QXk �K?
k;t

into itself.
By construction, for every r 2 ¹1; : : : ; qº, Vr satisfies the symmetries (2.9), (2.10), and

Vr .x1; x2; x3/ D Vr .x1; x2;�x3/:

Also, using that V.x1; x2; x3/ D V.x1;�x2; x3/, it can be seen that

Vr .x1; x2; x3/ D Vq�rC2.x1;�x2; x3/ for r 2 ¹1; : : : ; qº;

and hence, in particular,
qX
rD2

Vr .x1; x2; x3/


D

qX
rD2

Vr .x1;�x2; x3/

 ; 
 2N:

Likewise, if  2Xk , then  r .x1; x2; x3/ D  q�rC2.x1;�x2; x3/ and hence

qX
rD2

�
ŒVr C  r �.x1; x2; x3/

�

D

qX
rD2

�
ŒVr C  r �.x1;�x2; x3/

�

; 
 2N:

Having at hand this information, it is straightforward to see that QE
�
C QN

�
.�;  / satis-

fies (2.8)–(2.10) whenever .�;  / 2 QXk �Xk .
On the other hand, noticing that

Vr .Rr;kx/ D VrC1.x/ for r 2 ¹2; : : : ; qº;

we get that, for every pair .�;  / 2 QXk �Xk ,�
QE�1 C

QN �1 .�;  /
�
.Rr;kx/ D

�
QE�1 C

QN �1 .�;  /
�
.x/ for r 2 ¹2; : : : ; qº;

and the result easily follows.
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3.4. Finite dimensional reduction

Given a fixed integer k > 2, 0 < a < b, t 2 Œa; b�, ˇ? < �
p
2 as in Proposition 3.6 and

ˇ 2 .�1; ˇ?�, we let .�;  / D .�Œt �;  Œt �/ be the unique solution to (3.11) provided by
Proposition 3.6. The goal of this subsection is to find t in such a way that .�;  / solves
the complete problem (3.7). In Section 2, we faced this by a variational approach, which
is not available here. We will use the so-called direct method: we rewrite the first equation
in (3.7) as

(3.12) L�2. / �
QE�2 �

QN �2 .�;  / D c0.t/Zk;t ;

where the function Zk;t is given in (2.21), and hence we want to find t so that c0.t/ D 0
or, equivalently (see (2.38)), so that

Qc.t/ WD
Z

R3

r.L�2. / �
QE�2 �

QN �2 .�;  //rZk;t dx D 0:

Proposition 3.7. For all fixed integer k > 2 and all 0 < a < b, there exist constants
ˇ? < �

p
2 and C > 0 such that, for all ˇ 2 .�1; ˇ?� and all t 2 Œa; b�, it holds

Qc.t/ D �Qc1 tıˇ � Qc2ˇ.tıˇ /3=2 j log ıˇ j C �3;ˇ .t/;

where �3;ˇ W Œa; b�! R satisfies

j�3;ˇ .t/j 6 Cı2ˇ .1C jˇj/
2;

and where

Qc1 WD
p
6�k

kX
jD2

h
1 � cos

�2�.j � 1/
k

�i�1=2
and Qc2 WD

3

2

p
6�k:

Proof. First of all, it can be seen that

(3.13)

Z
R3

r.L�2. / �
QE�2 �

QN �2 .�;  //rZk;t dx

D �

Z
R3

r QE�2 rZk;t dx CO.ı
2
ˇ .1C jˇj/

2/:

Indeed, using the fact that

(3.14) jZ
.0/

tıˇ ;�t;j
j 6 CUtıˇ ;�t;j and jZk;t j 6 CV for some constant C > 0;

the problem satisfied for Zk;t and Proposition 3.6, we can estimateZ
R3

rL�2. /rZk;t dx D

Z
R3

L2. /Zk;t dx D 5

Z
R3

�
V 4 �

kX
jD1

U 4t;j

�
 Zk;t dx

D O.ı2ˇ .1C jˇj//:
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Also, proceeding as in the proof of Lemma 2.6 and using Proposition 3.6, one can see thatZ
R3

r QN �2 .�;  /rZk;t dx D

Z
R3

QN2.�;  /Zk;t dx

.
ˇ̌̌
ˇ

Z
R3

.V 2U 2� C U 3V /Zk;t dx
ˇ̌̌

C j˛j

qX
rD2

ˇ̌̌ Z
R3

.V 2V 2r  r C V V
3
r  /Zk;t dx

ˇ̌̌
CO.ı2ˇ .1C jˇj/

2/;

and thatˇ̌̌
ˇ

Z
R3

.V 2U 2� C U 3V /Zk;t dx
ˇ̌̌

6 jˇj.k k C k�k/
�
kV 3U 2k6=5 C kV

2U 3k6=5
�

D O.ı2ˇ .1C jˇj/
2/:

Furthermore,

j˛j

qX
rD2

ˇ̌̌ Z
R3

.V 2V 2r  r C V V
3
r  /Zk;t dx

ˇ̌̌
6 j˛jk k

�
kV 3V 2r k6=5 C kV

2V 3r k6=5
�

D O.ı3ˇ .1C jˇj//;

and thus (3.13) follows. Notice that the key point to get this estimate is the fact that

(3.15) there exists �0 > 0 such that j�r;t;j � �s;t;i j > �0 whenever i ¤ j or r ¤ s:

Now, let us estimate the projection of the error term:Z
R3

r QE�2 rZk;t dx D

Z
R3

QE2Zk;t dx

D

Z
R3

�
V 5 �

kX
jD1

U 5t;j

�
Zk;t dx„ ƒ‚ …

I1

Cˇ

Z
R3

U 3V 2Zk;t dx„ ƒ‚ …
I2

C˛

Z
R3

V 2
� qX
rD2

Vr

�3
Zk;t dx„ ƒ‚ …

I3

:

We estimate each Ii , i 2 ¹1; 2; 3º, separately.
First, using the symmetries of the construction and (3.14) once again, we get that

I1 D k

Z
�1

�
V 5 �

kX
jD1

U 5t;j

�
Zk;t dx

D 5k

Z
�1

U 4t;1

� kX
jD2

Ut;j

�
Z
.0/

tıˇ ;�t;1
dx CO

� 4X

D0

Z
�1

U


t;1

� kX
jD2

Ut;j

�6�

dx
�

D 5k

Z
�1

U 4t;1

� kX
jD2

Ut;j

�
Z
.0/

tıˇ ;�t;1
dx CO.ı2ˇ /:
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Note that in the last step we have used once again Lemma 2.2. Now, let r0 > 0 small
enough such that Br0.�t;1/ \ Br0.�t;j / D ; for every j ¤ 1. Then,Z
�1

U 4t;1

� kX
jD2

Ut;j

�
Z
.0/

tıˇ ;�t;1
dx D

Z
Br0 .�t;1/

U 4t;1

� kX
jD2

Ut;j

�
Z
.0/

tıˇ ;�t;1
dx CO.ı3ˇ /

D t1=2 ı
1=2

ˇ

Z
Br0=ıˇ

.0/

U 4.y/
� kX
jD2

Ut;j .ıˇy C �t;1/
�
Z.0/.y/ dy

D tıˇ

kX
jD2

31=4

j�t;j � �t;1j

Z
Br0=ıˇ

.0/

U 4Z.0/ dy CO.ı2ˇ /;

and thus
I1 D Qc1tıˇ CO.ı2ˇ /:

Next, by (3.14) and Lemma 2.2, we get that

I2 D ˇk

Z
�1

U 3V 2Zk;t dx

D ˇk

Z
�1

U 3V 2Z
.0/

tıˇ ;�t;1
dx CO

�
jˇj

2X

D0

Z
�1

U 3U


t;1

� kX
jD2

Ut;j

�3�

dx
�

D ˇk

Z
�1

U 3U 2t;1Z
.0/

tıˇ ;�t;1
dx CO

�
jˇj

2X

D0

Z
�1

U 3U


t;1

� kX
jD2

Ut;j

�3�

dx
�

D ˇk

Z
Br0 .�t;1/

U 3U 2t;1Z
.0/

tıˇ ;�t;1
dx CO

�
jˇjı

3=2

ˇ

�
:

On the other hand, using equation (2.11) in [15], we get thatZ
Br0 .�t;1/

U 3U 2t;1Z
.0/

tıˇ ;�t;1
dx D ı

3=2

ˇ

Z
Br0=ıˇ

.0/

U 3.ıˇy C �t;1/U
2.y/Z.0/.y/ dy

D ı
3=2

ˇ
U 3.�t;1/

h Z
Br0=ıˇ

.0/

U 2.y/Z.0/.y/ dy CO.1/
i

D ı
3=2

ˇ
U 3.0; 0; 1/.1CO.ı2ˇ //

h33=4
2

Z
Br0=ıˇ

.0/

dy

.1C jyj2/3=2
CO.1/

i
;

and so, by (2.52), we conclude that

I2 D Qc2ˇ.tıˇ /3=2j log ıˇ j CO.jˇjı
3=2

ˇ
/:

Finally, using (3.14) and (3.15), it is straightforward to check that

jI3j 6
ˇ̌̌
˛

Z
R3

V 3
� qX
rD2

Vr

�3
dx
ˇ̌̌
D O.ı3ˇ j log ıˇ j/:

Substituting the estimates for Ii , i 2 ¹1; 2; 3º, into (3.13), the result follows.
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3.5. Proof of Theorem 3.1

We now have all the needed ingredients to prove Theorem 3.1. Here, given a fixed integer
k > 2, 0 < a < b, t 2 Œa; b�, ˇ? < �

p
2 as in Proposition 3.6 and ˇ 2 .�1; ˇ?�, we let

.�;  / D .�Œt �;  Œt �/ be the unique solution to (3.11) provided by Proposition 3.6.

Proof of Theorem 3.1. First of all, choosing ıˇ such that

ı
1=2

ˇ
2 j log ıˇ j D �

1

ˇ
,

from Proposition 3.7, it follows that

Qc.t/ D .�Qc1 t C Qc2 t3=2/ıˇ C �3;ˇ .t/;

with Qc.t/ defined in (3.4). Hence, we can choose

Qt�;ˇ D
�
Qc1
Qc2

�2
C oıˇ .1/;

to have Qc.Qt�;ˇ / D 0. Fixing a; b such that 0 < a < t� < b, we conclude that

L�2.�;  / �
QE�2 �

QN �2 .�;  / D 0;

and therefore, that
.�ıˇ ;  ıˇ / D .�ŒQt�;ˇ �;  ŒQt�;ˇ �/

solves (3.7).
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