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Schauder type estimates for degenerate or singular
parabolic systems with partially DMO coefficients

Hongjie Dong and Seongmin Jeon

Abstract. We study elliptic and parabolic systems in divergence form with degen-
erate or singular coefficients. Under the conormal boundary condition on the flat
boundary, we establish boundary Schauder type estimates when the coefficients have
partially Dini mean oscillation. Moreover, as an application, we achieve kth higher-
order boundary Harnack principles for uniformly parabolic equations with Hölder
coefficients, extending a recent result by A. Audrito, G. Fioravanti, and S. Vita from
k � 2 to any k � 1.

1. Introduction

1.1. Degenerate or singular parabolic systems

Let ˛2 .�1;1/ andQC1 D .�1;0/�B
C
1 � .0;1/�RnC1, n� 2. We consider a parabolic

system in divergence form with a weight x˛n :8<:D
 .x˛nA
ıDıu/ � x˛n @tu D div.x˛n g/;
lim

xn!0C
x˛n .A

nıDıu � g
n/ D 0;

in QC1 ;(1.1)

where u D .u1; : : : ; um/T, m � 1, is a (column) vector-valued function. The coefficients
A
ı D .a


ı
ij /

m
i;jD1 are m � m-matrices, 1 � 
; ı � n, and for some constant � > 0, the

following conditions are satisfied:

(1.2)

´
(uniform parabolicity) �j�j2 � a


ı
ij .X/�



i �

ı
j ; � D .�



i /2Rm�n; X 2QC1 ;

(uniform boundedness) jA
ı.X/j � 1=�; X 2QC1 :

Here g D .g1; : : : ; gn/, where g
 D .g
1 ; : : : ; g


m/

T, 1 � 
 � n. Throughout this paper,
the summation convention over repeated indices is used. We sometimes denote A
ı by A
for abbreviation.
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We say that u2H 1.QC1 ; x
˛
ndX/ is a (weak) solution of (1.1) ifZ

QC1

x˛n
�
hA
ıDıu;D
�i � u @t�

�
dX D

Z
QC1

x˛ng


�D
� dX

holds for every test function � 2C1c .Q1IR
m/. When ˛ � 1, it is sufficient to test the

system with � 2C1c .Q
C
1 IR

m/. This can be seen by using a suitable cutoff function and
the Cauchy–Schwarz inequality.

Equations with singular or degenerate coefficients appear widely in both pure and
applied mathematics, such as in equations involving the fractional Laplacian or the frac-
tional heat operator, porous medium equations, and problems in mathematical finance; see
e.g., [5, 7, 8, 17, 21, 27], among many others.

In this paper, we are interested in studying the degenerate-singular system (1.1) when
coefficients and data satisfy partially Dini mean oscillation (partially DMO) conditions.
Elliptic and parabolic systems with partially DMO coefficients arise from the linear elastic
laminates and composite materials.

Definition 1.1. For � 2 .�1;1/, let d�� WD x�n dX . We say that a measurable function
f in QC2 is of L1.d�� /-partially Dini mean oscillation with respect to X 0, denoted as
L1.d�� /-DMOX 0 , in QC1 if the function ��

f
W .0; 1/! Œ0;1/ defined by

��f .r/ WD sup
X0 2Q

C
1

«
QCr .X0/

ˇ̌̌
f .X/ �

«
Q0r .X

0
0/

f .Y 0; xn/ dY
0

ˇ̌̌
d�� .X/(1.3)

is a Dini function, i.e., Z 1

0

��
f
.r/

r
dr <1:

When ˛ D 0, interior gradient estimates for solutions of (1.1) with partially DMO
coefficients can be found in [16]. More recently, Schauder type estimates for degenerate-
singular equations with DMO coefficients in the elliptic setting were established in [13].
Therefore, our paper can be seen as a generalization of [16] from “uniformly parabolic”
to “degenerate-singular” systems as well as an extension of [13] from the “elliptic” to the
“parabolic” framework with a more general type of coefficients. The arguments in this
paper also apply to the elliptic setting and scalar equations.

1.2. The boundary Harnack principle

In [28], the authors showed that Schauder type estimate for degenerate equations has an
important application to higher-order boundary Harnack principle. Roughly speaking, it
concerns higher regularity of the ratio of two solutions, up to a portion of the boundary
where they both vanish. The C k;ˇ regularity for the quotient of two harmonic functions
was first proved in [9], and this result was later extended to caloric functions in [3].
Recently, [28] established the similar result for elliptic equations in divergence form with
Hölder type coefficients and a right-hand side by using the aforementioned idea. The cor-
responding parabolic result can be found in [1,2]. We also refer to [23] for non-divergence
equation in the parabolic setting, and to [13, 22] for equations with Dini and DMO-type
coefficients (see Definition 1.1 in [13]).
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In this paper, inspired by the original idea in [28], we also investigate the higher-order
boundary Harnack principle for the parabolic equation in divergence form with Hölder
type coefficients.

We note that since the ui ’s in the system (1.1) are coupled, boundary Harnack prin-
ciples cannot be expected for vector-valued solutions. In fact, even Harnack principles do
not generally hold for such systems.

1.3. Main results

We now state our first main result. Here and henceforth we use notation from Section 1.4.

Theorem 1.2 (Schauder type estimates). Let k 2N and suppose that u is a solution
of (1.1). If A satisfies (1.2) and A; g 2 Hk�1

˛� .QC1 /, then u2 VC k=2;k.QC
1=2
/.

We impose A; g 2 Hk�1
˛� instead of the more natural condition Hk�1

˛ due to some
technical difficulties in establishing the regularity of the solution in time; see the proof
of Lemma 3.8. However, when the solution is time-independent, our argument remains
valid under the weaker condition A; g 2 Hk�1

˛ ; see also Theorem 3.1. Thus, Theorem 1.2
generalizes its elliptic counterpart in [13].

Remark 1.3. In Theorem 1.2, Di
x@
j
t u, i C 2j D k, are continuous in X except Dk

nu.

In fact, Dk
nu is generally discontinuous in xn. A simple counterexample is u0.xn/

in (3.6), which is a solution to equation (3.7).
Recently, a similar result was obtained for scalar equations in [1, 2], where the coeffi-

cients are in the parabolic Hölder space. Their approach relies on a blowup argument and
a Liouville theorem, which seem to be specialized for scalar equations and the homogen-
eous power-type moduli. In contrast, we establish Theorem 1.2 through a novel application
of Campanato’s method and finite difference approximation.

For some parts of the proof, we follow the lines in [13], which achieved a sim-
ilar result in the elliptic context with DMO coefficients. However, the main difficulty
arising in our parabolic framework is to show that when A; g 2 H , a difference quotient
.u.t C h; x/ � u.t; x//=h1=2 has a Dini decay; see Theorem 3.7. This step is crucial for
extending Theorem 1.2 from k D 1 to k D 2. To prove the decay estimate, we adopt Cam-
panato’s method, inspired by the approach used in [16] for uniformly parabolic equations.
However, in our case, the presence of degenerate or singular terms significantly increases
the complexity of the proof.

One can infer from the proof of Theorem 1.2 that derivatives of the solution u2 VC k=2;k

has a modulus of continuity comparable with

(1.4)

�k.r/ WD
�
kukL1.QC4 ;d�/

C kgkL1.QC4 / C
Z 1

0

�˛
�

g;k.�/

�
d�
�

�

� Z r

0

�˛
�

A;k
.�/

�
d�C rˇ

Z 1

r

�˛
�

A;k
.�/

�1Cˇ
d�C rˇ

�
C

Z r

0

�˛
�

g;k.�/

�
d�C rˇ

Z 1

r

�˛
�

g;k.�/

�1Cˇ
d�;
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for any chosen 0 < ˇ < 1. More precisely, if i C 2j D k for some i; j 2ZC, then

jDi
x@
j
t u.t; x

0; xn/ �D
i
x@
j
t u.s; y

0; xn/j . �k.jx
0
� y0j C jt � sj1=2/:

Moreover, if i C 2j D k � 1 for some i; j 2ZC and 0 < h < 1=4, thenˇ̌̌ıt;hDi
x@
j
t u

h1=2
.t; x/ �

ıt;hD
j
x@
j
t u

h1=2
.s; y/

ˇ̌̌
. �k.jx � yj C jt � sj

1=2/:

In particular, if A; g belong to C .kC Ň�1/=2;kC Ň�1 for some Ň 2 .0; 1/ instead of Hk�1,
one can follow the proof of Theorem 1.2 with ˇ 2 . Ň; 1/ to obtain u 2 C .kC Ň/=2;kC Ň .
This means our result fully generalizes the parabolic Schauder estimates from the Hölder
setting to the partially DMO setting.

Our next main result concerns the boundary Harnack principle.

Theorem 1.4 (Parabolic boundary Harnack principle). Let k 2N and ˇ2 .0; 1/. Suppose
that two functions u; vWQC1 ! R satisfy8̂<̂

:
div.Aru/ � @tu D f; u > 0; in QC1 ;
div.Arv/ � @tv D g in QC1 ;
u D v D 0; @nu > 0 on Q01;

Assume that the matrix AWQC1 ! Rn�n is symmetric and satisfies for some � > 0 that
�j�j2 � hA.X/�; �i and that jA.X/j � 1=� for all � 2Rn and X 2QC1 . If A; f; g 2

C .k�1Cˇ/=2;k�1Cˇ .QC1 /, then v=u2C .kCˇ/=2;kCˇ .QC
1=2
/.

Due to some technical difficulties, we address the parabolic boundary Harnack prin-
ciple only for the case with Hölder type coefficients. We leave the case with (partially)
DMO-type coefficients as an open question. Concerning Theorem 1.4, the result was
achieved in [2] when k � 2. The approach was to reduce the problem to the degenerate
equation for w D v=u,

div.x2nArw/ � x
2
n @tw D div.x2n h/C x2nhb;rwi for some functions h;b:

If k � 2, then u=xn; v=xn 2 C .1Cˇ/=2;1Cˇ , which implies rw D r
�
.v=xn/.u=xn/

�1
�
2

C ˇ=2;ˇ . This allowed the authors to consider hb;rwi 2 C ˇ=2;ˇ as a forcing term and the
regularity of w follows from a direct application of the parabolic Schauder estimate.

In this paper, we achieve Theorem 1.4 for any k � 1 by reducing to a different degen-
erate equation:

div.x2nArw/ � x
2
n @tw D xn

�
Qf C hQb;rwi

�
for some functions Qf ; Qb:

Here, j Qbj is small nearQ01. When k D 1, after some modifications, we apply the Schauder
estimate to show that the C ˇ=2;ˇ -norm of rw in a smaller cylinder is bounded by a quant-
ity involving a C ˇ=2;ˇ -norm of rw in a larger cylinder, multiplied by a small constant.
We then use an iteration argument to absorb the norm of rw on the right-hand side.
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1.4. Notation and structure of the paper

Throughout the paper, we shall use X D .t; x0; xn/ D .t; x/ D .X 0; xn/ to denote a point
in RnC1, where x0D .x1; : : : ;xn�1/, xD .x0;xn/ andX 0D .t;x0/. Similarly, we also write
Y D .s; y/ D .s; y0; yn/ D .Y

0; yn/ and X0 D .t0; x0/ D .t0; x00; .x0/n/ D .X
0
0; .x0/n/,

etc.
For X 2RnC1, we denote

B 0r .x
0/ WD ¹y0 2 Rn�1 j jy0 � x0j < rº; Dr .x/ WD B

0
r .x
0/ � .xn � r; xn C r/;

DCr .x/ WD B
0
r .x
0/ �

�
.xn � r/

C; xn C r
�
; Q0r .X

0/ WD .t � r2; t / � B 0r .x
0/;

Qr .X/ WD .t � r
2; t / �Dr .x/; QCr .X/ WD .t � r

2; t / �DCr .x/;

Qr .X/ WD .t � r
2; t C r2/ �Dr .x/:

For abbreviation, we simply write Dr D Dr .0/, DCr D D
C
r .0/, Q

0
r D Q

0
r .0/, etc.

For ˛ 2R, we write

˛C WD max¹˛; 0º and ˛� WD min¹˛; 0º:

Let N be the set of natural numbers and ZCDN [ ¹0º be that of nonnegative integers.
Given f WQC1 ! Rm, h2 .0; 1/, and 1 � 
 � n, define

ıt;hf .t; x/ WD f .t; x/ � f .t � h; x/; ıx
 ;hf .t; x/ WD f .t; x/ � f .t; x � he
 /;

ı2t;hf .t; x/ WD ıt;h.ıt;hf .t; x// D f .t; x/ � 2f .t � h; x/C f .t � 2h; x/;

ı2x
 ;hf .t; x/ WD f .t; x/ � 2f .t; x � he
 /C f .t; x � 2e
 /:

Let D � Rn be a bounded open set in Rn and let Q WD .a; b/ �D for some a; b 2 R.
We define the parabolic Hölder classes C l=2;l , for l D k C ˇ, k 2 ZC, 0 < ˇ � 1, as
follows. We let

Œu�
.k/

Q
WD

X
j˛jC2jDk

kD˛x @
j
t ukL1.Q/;

Œu�
.ˇ/

x;Q
WD sup

.t;x/;.t;y/2Q

ju.t; x/ � u.t; y/j

jx � yjˇ
; Œu�

.ˇ/

t;Q
WD sup

.t;x/;.s;x/2Q

ju.t; x/ � u.s; x/j

jt � sjˇ
;

Œu�
.l/

Q
WD

X
j˛jC2jDk

ŒD˛x @
j
t u�

.ˇ/

x;Q
C

X
k�1�j˛jC2j�k

ŒD˛x @
j
t u�

..l�j¸j�2j /=2/
t;Q

:

Then, we denote C l=2;l .Q/ to be the space of functions u for which the following norm
is finite:

kukC l=2;l .Q/ WD

kX
iD0

Œu�
.i/

Q
C Œu�

.l/

Q
:

By C ˇx and C ˇt , we mean the space of Hölder continuous functions with degree ˇ in
space and time, respectively. Let CX and CX 0 be the spaces of continuous functions in X
and X 0, respectively.



H. Dong and S. Jeon 1390

Recall the definition of ��
f

in (1.3). Given k 2 ZC and � 2 .�1;1/, we say that

A2Hk
�
.Q/ if8̂̂̂̂
ˆ̂̂̂<̂
ˆ̂̂̂̂̂̂
:

– A2L1.Q/ when k D 0, while A2C k=2;k.Q/ when k � 1,
– if i C 2j D k for some i; j 2ZC, then Di

x@
j
t A is of L1.d�� /-DMOX 0 in Q,

– if i C 2j D k � 1 for some i; j 2ZC, then for any 0 < h < 1=4,
ıt;hD

i
x@
j
t A=h

1=2 is of L1.d�� /-DMOX 0 ,
– there is a Dini function ��

A;k
such that ��

f
� ��

A;k
for every function

f D Di
x@
j
t A; ıt;hD

i
x@
j
t A=h

1=2 as above.

(1.5)

Next, for given k 2 ZC, we say that u2 VC k=2;k.Q/ if the following holds:8̂̂̂<̂
ˆ̂:

– u2L1.Q/ when k D 0, while u2C k=2;k.Q/ when k � 1,
– if iC2j D k for some i; j 2ZC, then Di

x@
j
t u2CX 0.Q/,

– if iC2j D k � 1 for some i; j 2ZC, then ıt;hDi
x@
j
t u=h

1=2 2CX .Q/ uniformly in
h2 .0; 1=4/, and ıt;hDi

x@
j
t u=h

1=2.t; x/! 0 as h! 0 uniformly in .t; x/2Q.

We emphasize that in the second condition of u2 VC k=2;k.Q/, the derivatives Di
x@
j
t u may

not be continuous in xn. When k D 0, we simply write H0
�
D H� and VC 0;0 D VC .

The relation A . B is understood that A � CB for some constant C > 0.
The rest of this paper is organized as follows. In Section 2, we provide some prelim-

inary lemmas. In Section 3, we prove the Schauder type estimate, Theorem 1.2, when
k D 1. We extend this result to any k 2N in Section 4. Section 5 is devoted to proving the
boundary Harnack principle.

2. Preliminary lemmas

The following are some properties of L1.d�/-DMOX 0 functions.

Lemma 2.1. For ˛ > �1, if f and g are bounded and of L1.x˛ndX/-DMOX 0 in QC1 ,
then fg is of L1.x˛ndX/-DMOX 0 in QC

1=2
.

Lemma 2.2. Let ˛ � ˇ > �1. If f is of L1.xˇn dX/-DMOX 0 in QC1 , then it is also of
L1.x˛ndX/-DMOX 0 in QC

1=2
. Moreover,

�˛f .r/ � C.n; ˛; ˇ/ �
ˇ

f
.r/:

The proofs of Lemmas 2.1 and 2.2 follow the same line of arguments with straight-
forward modifications as those of their elliptic and DMO counterparts in Lemmas A.2
and A3 in [13]. Thus, we omit the proofs.

Next, we establish the weak type-(1,1) estimate, Lemma 2.4, by following lines in [16].
It will be a crucial ingredient in the proof of VC 1=2;1 regularity of solutions.
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Lemma 2.3. Let X0 2QC1 , r 2 .0; 1/, and d� D x˛n dX for some ˛ > �1. For a smooth
convex domain Dr .x0/ � RnC with DCr .x0/ � Dr .x0/ � D

C

4r=3
.x0/, we let

Qr .X0/ WD .t0 � r
2; t0/ �Dr .x0/:

Let T WL2.Qr .X0/IRm�n; d�/! L2.Qr .X0/IRm�n; d�/ be a bounded linear operator.
Suppose there exists a constant C0 > 0 such that for any Y0 2 Qr .X0/ and 0 < � < r=2,Z

Qr .X0/nQ2�.Y0/

jT bj d� � C0
Z
Q�.Y0/\Qr .X0/

jbj d�

whenever b2L2.Qr .X0/IRm�n; d�/ is supported in Q�.Y0/ \Qr .X0/ and satisfiesZ
Qr .X0/

b d� D 0:

Then for every f 2 L2.Qr .X0/IRm�n; d�/ and � > 0, we have

�.¹X 2Qr .X0/ j jT f.X/j > �º/ �
C

�

Z
Qr .X0/

jfj d�;

where C > 0 is a constant depending only on n, m, ˛, �, and C0.

Proof. When ˛ D 0 (i.e., when d� is the Lebesgue measure), we refer to [26], where
the author employs the Calderón–Zygmund decomposition and the domain considered is
the whole space. In our context, we can modify the proof by incorporating the “dyadic
parabolic cube" decomposition; see Theorem 1.1 in [6]. This argument is applicable to
our case involving a weighted measure, as outlined in Lemma 2.3 of [13].

Lemma 2.4. Let X0, r , and d� be as in Lemma 2.3. Let Dr .x0/ and QDr .x0/ be smooth
and convex domains in RnC with

DCr .x0/ � Dr .x0/ � D
C

4r=3
.x0/ and DC

3r=2
.x0/ � QDr .x0/ � D

C
2r .x0/;

and set

Qr .X0/ WD .t0 � r
2; t0/ �Dr .x0/ and QQr .X0/ WD .t0 � 4r

2; t0/ � QDr .x0/:

For one-variable functions NA
ı D Œ Na
ıij .xn/�
m
i;jD1 satisfying (1.2) in QQr .X0/ and

f D .f 1; : : : ; f n/ 2 H 1;˛. QQr .X0/IR
m�n/;

let u2H 1;˛. QQr .X0/IRm/ be a weak solution of8̂̂<̂
:̂
D
 .x

˛
n
NA
ıDıu/ � x

˛
n @tu D div.x˛n f�Qr .X0// in QQr .X0/;

u D 0 on @p QQr .X0/ n ¹xn D 0º;

lim
xn!0C

x˛n .
NAnıDıu � f

n�Qr .X0// D 0 on @p QQr .X0/ \ ¹xn D 0º:

(2.1)
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Then there exists a constant C D C.n;m; �; ˛/ > 0 such that for any � > 0,

�.¹X 2Qr .X0/ j jru.X/j > �º/ �
C

�

Z
Qr .X0/

jfj d�;(2.2)

�.¹X 2Qr .X0/ j ju.X/j > �º/ �
Cr

�

Z
Qr .X0/

jfj d�:(2.3)

Proof. For simplicity, we set t0 D 0. We first prove (2.2). Given

Of D . Of 1; : : : ; Of n/ 2 H 1;˛. QQr .X0/IR
m�n/;

we consider f D .f 1; : : : ; f n/ defined by´
f


j WD

Of


j C Na

n

ji
Of ni when 1 � 
 � n � 1; 1 � j � m;

f nj WD Na
nn
ji
Of ni when 1 � j � m:

(2.4)

Here, f is defined so that for any v,

hrv; f i D h.rx0v; V /; Of i; where V D . NAnı/TDıv:(2.5)

Now we let T .Of/ D ru, where u is a solution of (2.1) with f as in (2.4). This map T is
well-defined and is a bounded linear operator on L2.Qr .X0/IRm�n; d�/ by Lemma 3.4
in [14].

To show that the operator T satisfies the hypothesis of Lemma 2.3, let Y0 2Qr .X0/

and 0 < � < r=2, and suppose that Of2L2.Qr .X0/IRm�n; d�/ is a function supported in
Q�.Y0/ \ Qr .X0/ and

R
Q�.Y0/\Qr .X0/

Of d� D 0. As above, let f be as in (2.4). For any
R � 2� with Qr .X0/ nQR.Y0/ ¤ ; and a function

h D .h1; : : : ; hn/ 2 C1c ..Q2R.Y0/ nQR.Y0// \Qr .X0/IR
m�n/;

let v 2H 1;˛..�4r2; 0/ � QDr .x0/IRm/ be a solution of8̂̂<̂
:̂
D
 .x

˛
n .
NAı
 /TDıv/C x

˛
n @tv D div.x˛n h/ in .�4r2; 0/ � QDr .x0/;

v D 0 on .¹0º � QDr .x0// [ ..�4r
2; 0/ � @ QDr .x0// n ¹xn D 0º/;

lim
xn!0C

x˛n ..
NAın/TDıv � h

n/ D 0 on ..�4r2; 0/ � @ QDr .x0// \ ¹xn D 0º:

(2.6)

By using (2.1), (2.5), (2.6) and Proposition 4.4 in [14], we can follow the argument in the
proof of Lemma 4.3 in [16] to show that T satisfies the hypothesis of Lemma 2.3, which
readily implies (2.2). We omit the details.

The second weak type-(1,1) estimate (2.3) can be derived in a similar way as in the
first one (2.2); see Lemmas 4.3 and 5.2 in [16]. The main difference is that instead of
T W Of 7! ru and a solution v of (2.6), we consider an operator S W Of 7! u and a solution w
of the following type of equation:8̂̂<̂

:̂
D
 .x

˛
n .
NAı
 /TDıw/C x

˛
n @tw D x

˛
nh in .�4r2; 0/ � QDr .x0/;

w D 0 on .¹0º � QDr .x0// [ ..�4r
2; 0/ � @ QDr .x0// n ¹xn D 0º/;

lim
xn!0C

x˛n .
NAın/TDıw D 0 on ..�4r2; 0/ � @ QDr .x0// \ ¹xn D 0º;

where h 2 C1c ..Q2R.Y0/ nQR.Y0// \Qr .X0/IRm/.
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3. Schauder type estimates

In this section, we prove Theorem 1.2 when k D 1.

3.1. The continuity of rx0u and U

The objective of this section is to derive the following result by using the ideas in [10,13].

Theorem 3.1. For ˛ > �1, let u be a solution of (1.1) in QC4 . Suppose the coefficients A

satisfy (1.2) andA;g 2H˛.Q
C
4 /. Then u is Lipschitz inQC1 with respect to the x-variable.

Moreover, rx0u and AnıDıu � gn are continuous in QC1 .

We remark that we imposed the weaker condition A; g 2 H˛ instead of H˛� .
We will establish an a priori estimate for the modulus of continuity of

.rx0u;A
nıDıu � g

n/

under the assumption u is Lipschitz in x in QC3 . The general case can be obtained by a
standard approximation argument.

In Section 3.1, we fix ˛ > �1 and write, for simplicity,

d� D x˛n dX; �A D �
˛
A and �g D �

˛
g :(3.1)

Given X0 D .X 00; .x0/n/2Q
C
3 , we put

dX0 WD dist.X0;Q03/ D .x0/n � 0:

We set

U WD AnıDıu � g
n; and UX0 WD .xn=dX0/

˛.AnıDıu � g
n/ when dX0 > 0:

We fix 0 < p < 1 and consider

 .X0; r/ WD

8̂̂̂<̂
ˆ̂:

infq2Rm�n

� «
Qr .X0/

j.rx0u;U
X0/ � qjp d�

�1=p
; 0 < r � dX0=4;

infq02Rm�.n�1/

� «
QCr .X0/

j.rx0u � q0; U /jp d�
�1=p

; dX0=4 < r < 1=2:

Next, we consider a few of Dini functions stemmed from ��, where � is either A or g.
For some constants C > c > 0, depending only on n and ˛, we have

c��.r/ � ��.s/ � C��.r/(3.2)

whenever r=2 � s � r < 1. See, e.g., [24].
Given constant ˇ 2 .0; 1/, we write ˇ0 D .ˇ C 1/=2 so that ˇ < ˇ0 < 1. For a small

constant 0 < � < 1, we set

Q��.r/ WD

1X
iD0

�ˇ
0i ��.�

�ir/Œ��ir � 1�; 0 < r < 1;(3.3)



H. Dong and S. Jeon 1394

where we used Iverson’s bracket notation (i.e., ŒP � D 1 when P is true, while ŒP � D 0
otherwise). We also let

O��.r/ WD sup
�2Œr;1/

.r=�/ˇ
0

Q��.�/; 0 < r < 1:(3.4)

Then Q�� and O�� are Dini functions satisfying (3.2) and O�� � Q�� � ��. Moreover, the map-
ping r 7! O��.r/=rˇ

0

is nonincreasing. See, e.g., [10].
Now we begin the proof of Theorem 3.1, primarily following the approach in [13],

which establishes a similar result in the elliptic setting with DMO coefficients. We address
additional difficulties arising in the partial DMO setting by using the idea in [10].

Lemma 3.2. Let 0 < p < 1, 0 < ˇ < 1, ˇ0 D .1 C ˇ/=2 and NX0 2Q03. Then for any
0 < � < r < 1=2, we have

 . NX0; �/ � C.�=r/
ˇ 0 . NX0; r/C CkrukL1.QC2r . NX0//

Q�A.2�/C C Q�g.2�/;(3.5)

where C D C.n;m; �; ˛; p; ˇ/ > 0 and Q�� is as in (3.3).

Proof. We assume without loss of generality NX0 D 0. For a fixed 0 < r < 1=2, we set

NA
ı.xn/ WD

«
Q02r

A
ı.Y 0; xn/ dY
0;

Ng.xn/ D . Ng1.xn/; : : : ; Ngn.xn// WD
«
Q02r

g.Y 0; xn/ dY 0:

Note that u satisfies

D
 .x
˛
n
NA
ıDıu/ � x

˛
n @tu D D


�
x˛n ..

NA
ı � A
ı/DıuC g

 /
�
:

We consider a function

u0.xn/ WD

Z xn

0

. NAnn.yn//
�1
Ngn.yn/ dyn in QC2r ;(3.6)

which solves 8<:D
 .x˛n NA
ıDıu0/ � x˛n @tu0 D div.x˛n Ng/;
lim

xn!0C
x˛n .
NAnıDıu0 � Ng

n/ D 0;
in QC2r :(3.7)

Then, ue.X 0; xn/ WD u.X 0; xn/ � u0.xn/ satisfies8<:D
 .x˛n NA
ıDıue/ � x˛n @tue D D

�
x˛n ..

NA
ı � A
ı/DıuC g

 � Ng
 /

�
;

lim
xn!0C

x˛n .
NAnıDıue C .A

nı � NAnı/DıuC Ng
n � gn/ D 0;

in QC2r :

We take smooth and convex domains Dr and QDr such that

DCr � Dr � D
C

4r=3
and DC

3r=2
� QDr � D

C
2r ;
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and write
Qr WD Dr � .�r

2; 0/ and QQr WD QDr � .�4r
2; 0/:

Let w be a solution of8̂̂<̂
:̂
D
 .x

˛
n
NA
ıDıw/ � x

˛
n @tw D D


�
x˛n ..

NA
ı � A
ı/DıuC g

 � Ng
 /�Qr

�
in QQr ;

w D 0 on @p QQr n ¹xn D 0º;

lim
xn!0C

x˛n
�
NAnıDıw � .. NA

nı � Anı/DıuCg
n� Ngn/�Qr

�
D 0 on @p QQr\¹xn D 0º:

By applying the weak type-(1,1) estimate (2.2) and following the same argument as in
obtaining formula (2.8) in [13], we get� «

QCr

jrwjp d�
�1=p

� CkrukL1.QC2r /
�A.2r/C C�g.2r/:(3.8)

Next, we let v WD ue � w. It is easily seen that v satisfies8<:D
 .x˛n NA
ıDıv/ � x˛n @tv D 0;lim
xn!0C

x˛n
NAnıDıv D 0;

in QCr :(3.9)

Since Div satisfies (3.9) for 1 � i � n � 1, we have by Lemma 4.2 and Proposition 4.4
in [14] (see also [4] for systems),

kDDx0vkL1.QC
r=2
/ �

C

r

� «
QCr

jrx0vj
2 d�

�1=2
�
C

r

� «
QCr

jrvj2 d�
�1=2

:

Similarly, since @tu satisfies (3.9), from Lemmas 4.2 and 4.3 in [14] (see also [4]) we have

k@tvkL1.QC
r=2
/ �

C

r

� «
QCr

jrvj2 d�
�1=2

:

By using a standard iteration as in pp. 80-82 of [19], we improve the previous two estim-
ates:

kDDx0vkL1.QC
r=2
/ C k@tvkL1.QC

r=2
/ �

C

r

� «
QCr

jrvjp d�
�1=p

:(3.10)

We put V WD NAnıDıv in QCr . From the first equation in (3.9), we infer

Dn.x
˛
nV / D x

˛
n @tv � x

˛
n

n�1X

D1

nX
ıD1

NA
ıD
ıv:

By combining this with the conormal boundary condition in (3.9) and the estimate (3.10),
we deduce that for every X 2QC

r=2
,

jx˛nV.X/j D
ˇ̌̌ Z xn

0

@s.s
˛V.X 0; s// ds

ˇ̌̌
�

Z xn

0

s˛
�
j@tv.X

0; s/j C

n�1X

D1

nX
ıD1

j NA
ıD
ıv.X
0; s/j

�
ds

�
C

r

� «
QCr

jrvjp d�
�1=p Z xn

0

s˛ ds �
Cx˛C1n

r

� «
QCr

jrvjp d�
�1=p

:
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This gives

jV.X/j �
Cxn

r

� «
QCr

jrvjp d�
�1=p

; X 2QC
r=2
:(3.11)

Moreover, by using Proposition 4.4 in [14] (see also [4]) and the iteration as above, we
have

Œrx0v�C 1=2;1.QC
r=2
/ �

C

r

� «
QCr

jrvjp d�
�1=p

:

The preceding two estimates give that for small � 2 .0; 1=2/ to be chosen later,

(3.12)

� «
QC�r

�
jrx0v � hrx0viQC�r j

p
C jV jp

�
d�
�1=p

� C�
� «

QCr

jrvjp d�
�1=p

� C�
� «

QCr

�
jrx0vj

p
C jV jp

�
d�
�1=p

:

For any constant vector q0 D .q1; : : : ; qn�1/2Rm�.n�1/, we set

Qv.X/ WD v.X/ � q0 � x0 C
Z xn

0

. NAnn.yn//
�1
� n�1X
ıD1

NAnı.yn/qı

�
dyn

and
QV WD NAnıDı Qv:

It is easily seen that Qv satisfies (3.9) and QV D V inQCr . This enables us to replace v and V
with Qv and QV in (3.12), respectively, to have� «

QC�r

�
jrx0v � hrx0viQC�r j

p
C jV jp

�
d�
�1=p

� C�
� «

QCr

�
jrx0v � q0jp C jV jp

�
d�
�1=p

:

By recalling

ue D v Cw; NAnıDıue D V C NA
nıDıw; u D ue C u0 and NAnıDıu0 � Ng

n
D 0

and using (3.8), we follow [13] (see p. 13) to further have� «
QC�r

�
jrx0u � hrx0viQC�r j

p
C jU jp

�
d�
�1=p

� C�
� «

QCr

�
jrx0u � q0jp C jU jp

�
d�
�1=p

C C��.nC2C˛/=p
�
krukL1.QC2r /

�A.2r/C �g.2r/
�
:

Since q0 2Rn�1 is arbitrary, we get

 .0; �r/ � C� .0; r/C C��.nC2C˛/=p
�
krukL1.QC2r /

�A.2r/C �g.2r/
�
:

By taking � small so that C� � �ˇ
0

and using a standard iteration (see p. 461 of [11]), we
obtain (3.5).
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Given X0 2QC3 , when there is no confusion, we simply write

d D dX0 :

Lemma 3.3. Let p, ˇ, and ˇ0 be as in Lemma 3.2. For anyX02QC3 and 0 < � < r < d=4,
we have

 .X0; �/ � C.�=r/
ˇ 0 .X0; r/C CkrukL1.Qr .X0// Q�A.�/C C Q�g.�/;(3.13)

where C D C.n;m; �; ˛; p; ˇ/ > 0 are constants and Q�� is as in (3.3).

Proof. As r < d=4, u solves a uniformly parabolic equation

D
 ..A

ı/X0Dıu/ � a0.xn/@tu D div gX0 in Qr .X0/;(3.14)

where .A
ı/X0 WD .xn=d/˛A
ı , gX0 WD .xn=d/˛ g, and a0.xn/ WD .xn=d/˛ . Notice that
c � a0 � c

�1 in Qr .X0/ for some constant c D c.˛/ 2 .0; 1/. The elliptic version of
Lemma 3.3 is found in Lemma 2.6 of [13], which was proved using Lemma 3.3 in [15].
In our parabolic framework, we can follow the argument in Lemma 2.6 of [13] by using a
parabolic analogue, namely, Lemma 4.4 in [16]. While the latter only considers the case
a0 � 1 in (3.14), it is easily seen that its proof also holds for our a0.xn/D .xn=d/˛ since
Theorem 4.1 and Proposition 4.4 in [14] (see also [4]) are applicable in this case with
such a0.

By combining the preceding two lemmas, we can argue as in the proof of Lemma 2.7
in [13] to obtain the following growth estimate of  .

Lemma 3.4. Let p, ˇ and ˇ0 be as before. If X0 2QC3 and 0 < � � r < 1=8, then

(3.15)
 .X0; �/ � C.�=r/

ˇ 0
� «

QC5r .X0/

jrujd�C kgkL1.QC4 /
�

C C
�
krukL1.QC8r .X0//

O�A.�/C O�g.�/
�
;

where C D C.n;m; �; ˛; p; ˇ/ > 0 and O�� is as in (3.4).

Once we have Lemma 3.4, we can follow the approach in [13] to derive Theorem 3.1.
Therefore, we will only outline the key steps below.

For X0 2QC3 and 0 < r < 1=8, we take a vector qX0;r 2Rn such that

 .X0; r/ D

8̂̂̂<̂
ˆ̂:
� «

Qr .X0/

j.rx0u;U
X0/ � qX0;r j

p d�
�1=p

; 0 < r � d=4;� «
QCr .X0/

j.rx0u;U / � qX0;r j
p d�

�1=p
; d=4 < r < 1=8:

(3.16)

Notice that the last component of qX0;r is zero when d=4 < r < 1=8.

Lemma 3.5. It holds that

krukL1.QC2 /
� C

Z
QC4

jujd�C C

Z 1

0

O�g.�/

�
d�C CkgkL1.QC4 /;(3.17)

for some constant C > 0 depending only on n, m, �, ˛, and p.
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Proof. With Lemmas 3.2–3.4 at hand, we can follow the argument in Step 1 in the proof
of Lemma 2.8 in [13] to obtain

krukL1.QC2 /
� C

Z
QC3

jrujd�C C

Z 1

0

O�g.�/

�
d�C CkgkL1.QC4 /:

Then (3.17) follows by the Caccioppoli’s inequality, parabolic embedding and iteration.

To proceed, given 0 < ˇ < 1, we consider a modulus of continuity !x W Œ0; 1/! Œ0;1/

defined by

(3.18)
!x.r/ D

� Z
QC4

jujd�C kgkL1.QC4 / C
Z 1

0

O�˛g .�/

�
d�
�� Z r

0

O�˛A.�/

�
d�C rˇ

�
C

Z r

0

O�˛g .�/

�
d�:

Recall (1.4). By Lemma A.1, we have

!x.r/ . �0.r/:(3.19)

Lemma 3.6. Let ˇ 2 .0; 1/. For any X0 2QC1 and 0 < r < 1=18, we have

j.rx0u.X0/; U.X0// � qX0;r j � C!x.r/(3.20)

for some constant C > 0 depending only on n, m, �, ˛, p, and ˇ.

Proof. The proof of this lemma is similar to that of Lemma 2.9 in [13].

We are now ready to prove Theorem 3.1.

Proof of Theorem 3.1. The Lipschitz regularity of u in x follows from Lemma 3.5. More-
over, by following the argument in Theorem 2.4 of [13], we can show that for anyX0;Y0 2
QC1 with r WD jx0 � y0j C jt0 � s0j1=2 > 0,

(3.21) j.rx0u.X0/; U.X0// � .rx0u.Y0/; U.Y0//j � C!x.r/:

3.2. The regularity of u in time

In this section, we write for simplicity

d� D x˛
�

n dX; �A D �
˛�

A ; and �g D �
˛�

g :

Note that we used the same notation in Section 3.1, but with ˛ in the place of ˛�; see (3.1).
We fix a constant 0 < ˇ < 1 and recall ˇ0 D .ˇ C 1/=2. We introduce several Dini

functions that will be used in this section. We simply write

krukL1.QC2 /
D kruk1; kukL1.QC4 ;d�/

D kuk1;� and kgkL1.QC4 / D kgk1:
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Set

(3.22)

�.r/ WD .kruk1 C kgk1/ �A.r/C �g.r/;

Q�.r/ WD
�
kuk1;� C kgk1 C

Z 1

0

�g.�/

�
d�
�
. Q�A.r/C r

ˇ 0/C Q�g.r/;

O�.r/ WD
�
kuk1;� C kgk1 C

Z 1

0

�g.�/

�
d�
�
. O�A.r/C r

ˇ 0/C O�g.r/;

N�.r/ WD

1X
kD0

1

2k
O�.r=2k/;

where Q�� and O�� are as in (3.3) and (3.4), respectively. Note that � � Q� � O� � N�. We define

!t .r/ WD N�.r
1=2/:(3.23)

Thanks to Lemma A.1, it is easily seen that for �0 as in (1.4),

!t .r/ . �0.r
1=2/:(3.24)

The purpose of this section is to establish the following type of regularity for solutions
in time, which will play a significant role in the higher-order Schauder type estimates in
the next section.

Theorem 3.7. Let u be a solution of (1.1) inQC4 ,A;g 2H˛�.Q
C
4 /, and 0 < ˇ < 1. Then,

for any 0 < h < 1=4 and .t; x/ 2 QC1 , we have

jıt;hu.t; x/j

h1=2
� C!t .h/;(3.25)

where !t is as in (3.23) and C D C.n;m; ˛; �; ˇ/ > 0.

In [16], the first author and X. Lu derived a similar result in a simpler setting, e.g.,
when ˛ D 0 and in Hölder space, by employing Campanato’s method. They worked on u
itself rather than its first derivative, and introduced a set of polynomials with respect to x0

to estimate the difference between u and some polynomials. We adopt this approach to
prove Theorem 3.7, but it is worth noting that our case with general ˛ > �1 requires
significantly more complex techniques.

For X0 2QC3 and 0 < r < 1=4, we write for 1 � 
; ı � n,

. Ng
 /X0;r .xn/ WD

«
Q02r .X

0
0/

g
 .Y 0; xn/ dY
0;

. NA
ı/X0;r .xn/ WD

«
Q02r .X

0
0/

A
ı.Y 0; xn/ dY
0:

As before, we write for simplicity d WD .x0/n: When r � d=4, we denote

AX0;r1 D

°
q j q.x/ D `0 C

n�1X
ıD1

`ı.xı � .x0/ı/

�

Z xn

d

.. NAnn/X0;r .s//�1
n�1X
ıD1

. NAnı/X0;r .s/ `ı ds
±
;
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where `0; `1; : : : ; `n�1 are constants in Rm. On the other hand, when 0 < r < d=4, we
define

AX0;r2 D

°
q.x/C `n

Z xn

d

.. NAnn/X0;r .s//�1.d=s/˛ds
ˇ̌̌
q.x/ 2 AX0;r1

±
;

where `n is a constant in Rm. Moreover, we set

u
X0;r
0 .xn/ WD

Z xn

d

.. NAnn/X0;r .s//�1 . Ngn/X0;r .s/ ds:

We fix 0 < p < 1 and consider

'.X0; r/ WD

8̂̂<̂
:̂

inf
q2A

X0;r
1

� «
QCr .X0/

ju � u
X0;r
0 � qjp d�

�1=p
; r � d=4;

inf
q2A

X0;r
2

� «
Qr .X0/

ju � u
X0;r
0 � qjp d�

�1=p
; 0 < r < d=4:

We also consider a function

qX0;r .x/ D `
X0;r
0 C

n�1X
ıD1

`
X0;r
ı

.xı � .x0/ı/

C

Z xn

d

.. NAnn/X0;r .s//�1
�
.d=s/˛ `X0;rn �

n�1X
ıD1

. NAnı/X0;r .s/ `
X0;r
ı

�
ds;(3.26)

which belongs to AX0;r1 when r � d=4 while AX0;r2 when 0 < r < d=4 and satisfies� «
QCr .X0/

ju � u
X0;r
0 � qX0;r jp d�

�1=p
D '.X0; r/:(3.27)

Here, `X0;rn D 0 when r � d=4 due to the definition of AX0;r1 . When d D 0, we under-
stand .d=s/˛`X0;rn D 0.

A crucial step in proving Theorem 3.7 is the estimate of ' presented in Lemma 3.12.
To obtain this estimate, we will consider the boundary case (Lemma 3.9) and the interior
case (Lemma 3.10). We first establish the following technical lemma.

Lemma 3.8. For any X0 2 QC3 , r 2 .0; 1/ and � 2 .0; 1/,«
QC�r .X0/

Z xn

d

ˇ̌
. Ngn/X0;�r .s/ � . Ngn/X0;r .s/

ˇ̌
dsd� .

r �˛
�

g .r/

�nC1
,

«
QC�r .X0/

Z xn

d

ˇ̌
. NA
ı/X0;�r .s/ � . NA
ı/X0;r .s/

ˇ̌
dsd� .

r �˛
�

A .r/

�nC1
�



Schauder type estimates for degenerate or singular systems 1401

Proof. We only prove the first estimate, since the other one can be obtained in a similar
way. By applying Fubini’s theorem and Lemma 2.2, we obtain«

QC�r .X0/

Z xn

d

ˇ̌
. Ngn/X0;�r .s/ � . Ngn/X0;r .s/

ˇ̌
dsd�

D
1R dC�r

.d��r/C
x˛n dxn

Z dC�r

.d��r/C

Z xn

d

ˇ̌
. Ngn/X0;�r .s/ � . Ngn/X0;r .s/

ˇ̌
x˛n dsdxn

.
1

.dC�r/1C˛�..d��r/C/1C˛

Z dC�r

d

Z dC�r

s

ˇ̌
. Ngn/X0;�r .s/�. Ngn/X0;r .s/

ˇ̌
x˛n dxnds

.
Z dC�r

d

ˇ̌
. Ngn/X0;�r .s/ � . Ngn/X0;r .s/

ˇ̌
ds

.
1

.�r/nC1

Z
QC2r .X0/

ˇ̌
gn.X/ � . Ngn/X0;r .xn/

ˇ̌
dX .

r �0g.r/

�nC1
.
r �˛

�

g .r/

�nC1
�

Lemma 3.9. Let 0 < p < 1, 0 < ˇ < 1, ˇ0 D .1C ˇ/=2, and NX02Q03. Then there exists a
constant �2 .0;1=4/, depending only on n;m;˛;p;� and ˇ, such that for any 0< r < 1=4,

'. NX0; �r/ � �
1Cˇ 0'. NX0; r/C Cr�.r/;(3.28)

where C D C.n;m; ˛; p; �/ > 0.

Proof. Without loss of generality, we may assume NX0 D 0. We simply write . Ngn/0;r D
. Ngn/r , A0;r1 D Ar1 and u0;r0 D u

r
0, etc, and decompose u D ur0 C v C w, where v and w

are as in the proof of Lemma 3.2. By applying the weak type-(1,1) estimate (2.3) and
Lemma 2.2, we get� «

QCr

jwjpd�
�1=p

� Cr
�
krukL1.QC2 /

�A.2r/C �g.2r/
�
:(3.29)

Regarding v, recall that it satisfies (3.9) and V D . NAnı/rDıv. We define the operator OTr
by

OTrv.x/ WD v.0/Crx0v.0/ � x
0
�

Z xn

0

.. NAnn/r .s//�1
n�1X
ıD1

. NAnı/r .s/Dıv.0/ ds:(3.30)

Writing Oqr WD OTrv, we have, for a small constant � 2 .0; 1=4/ to be chosen later,

krx0.v � Oqr /kL1.QC�r / D krx
0v � rx0v.0/kL1.QC�r / � �rŒrx

0v�C 1=2;1.QC�r /

and 


 nX
ıD1

. NAnı/rDı.v � Oqr /




L1.QC�r /

D kV kL1.QC�r / � �rŒV �C 1=2;1.QC�r /;

where in the last step we used V D 0 on Q0
r=2

, which can be inferred from (3.11). By
combining these estimates and Lemma 4.2 and Proposition 4.4 in [14] (see also [4]) with
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standard iteration, we get

kr.v � Oqr /kL1.QC�r / � C�
� «

QC
r=2

jrvjp d�
�1=p

�
C�

r

� «
QCr

jvjp d�
�1=p

:

In addition, since @tv satisfies (3.9), we use Lemmas 4.2 and 4.3 in [14] (see also [4]) to
obtain

k@tvkL1.QC
r=4
/ � C

� «
QC
r=2

j@tvj
p d�

�1=p
�
C

r2

� «
QCr

jvjp d�
�1=p

:

Combining the previous two estimates and the equality .v � Oqr /.0/ D 0 yields

(3.31)
� «

QC�r

jv � OTrvj
p d�

�1=p
� C�2

� «
QCr

jvjp d�
�1=p

:

It is easily seen that for any q 2Ar1, v � q satisfies (3.9) and OTrq D q. This allows us to
replace v with v � q in (3.31) to have

(3.32)
� «

QC�r

jv � Oqr j
p d�

�1=p
� C�2

� «
QCr

jv � qjp d�
�1=p

:

Moreover, it is easily seen thatˇ̌
.. NAnn/�r /�1. Ngn/�r � .. NAnn/r /�1. Ngn/r

ˇ̌
. j. Ngn/�r � . Ngn/r j C kgnk1j. NAnn/�r � . NAnn/r j:

By recalling
� D .krukL1.QC2 /

C kgkL1.QC4 // �A C �g

and applying Lemma 3.8, we deduce

(3.33)
� «

QC�r

ju�r0 � u
r
0j
p d�

�1=p
�

«
QC�r

ju�r0 � u
r
0jd� �

Cr�.r/

�nC1
�

Next, similarly to Oqr , we define

Oq�r .x/ WD v.0/Crx0v.0/ � x
0
�

Z xn

0

.. NAnn/�r .s//�1
n�1X
ıD1

. NAnı/�r .s/Dıv.0/ ds 2 A�r1 :

We recall Oqr D OTrv 2Ar1 (see (3.30)) and apply Lemma 3.8 to get� «
QC�r

j Oq�r � Oqr j
p d�

�1=p
�
Cr�A.r/

�nC1
jrx0v.0/j:

By Proposition 4.4 in [14] (see also [4]), (3.8) and the equality v D u � ur0 � w, we get

jrv.0/j � C
� «

QCr

jrvjp d�
�1=p

� C.kruk1 C kgk1/:
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Thus we have

(3.34)
� «

QC�r

j Oq�r � Oqr j
p d�

�1=p
�
Cr�.r/

�n
�

Now we denote by C� a constant which may vary from line to line but depends only
on �, n, m, ˛, p, and �. From the equality u � ur0 D v C w and estimates (3.29), (3.32),
(3.33), and (3.34), we obtain that for any q 2Ar1,«

QC�r

ju � u�r0 � Oq�r j
p d� �

«
QC�r

ju � ur0 � Oqr j
p d�C C�.r �.r//

p

�

«
QC�r

jv � Oqr j
p d�C

«
QC�r

jwjp d�C C�.r �.r//
p

� C�2p
«
QCr

jv � qjp d�C

«
QC�r

jwjp d�C C�.r �.r//
p

� C�2p
«
QCr

ju � ur0 � qj
p d�C C�.r �.r//

p:

This implies (3.28).

Lemma 3.10. Let p, ˇ, ˇ0, and � be as in Lemma 3.9. For anyX02QC3 and 0 < r < d=4,
it holds

'.X0; �r/ � �
1Cˇ 0'.X0; r/C Cr�.r/:

Proof. For the proof of this interior case, we can follow the argument in the boundary case,
Lemma 3.9, with straight modifications. The only nontrivial part is the estimate (3.32)
which relies on the fact that V D 0 on Q0

r=2
. Its interior counterpart can be inferred from

inequality (5.10) in [16], since the condition r < d=4 implies that u solves the uniformly
parabolic equation (3.14) in Qr .X0/.

To derive the decay estimate of ' by combining the previous two lemmas, we need the
following result.

Lemma 3.11. Let � W Œ0;1�! Œ0;1/ be a Dini function satisfying (3.2) and � � �, where �
is as in (3.22). Suppose that for some point X0 2QC3 ,

'.X0; r/ � r�.r/; 0 < r < 1=8:(3.35)

Then there is a constant C > 0, depending only on n, m, �, ˛, and p; such that for every
0 < r < 1=8, � «

QCr .X0/

ˇ̌
r.u � u

X0;r
0 � qX0;r /

ˇ̌p
d�
�1=p

� C�.r/(3.36)

and for every 1 � ı � n � 1,

(3.37) j`X0;r
ı
� `

X0;2r
ı
j �C�.r/ and j`

X0;r
ı
j �C

�
kruk1Ckgk1C

Z 1

0

�.�/

�
d�
�
:
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Proof. We observe that uX0;r WD u � uX0;r0 � qX0;r satisfies, in QC2r .X0/,

D
 .x
˛
n .
NA
ı/X0;rDıu

X0;r / � x˛n @tu
X0;r

D D

�
x˛n ..

NA
ı/X0;r � A
ı/DıuC g


� . Ng
 /X0;r

�
;

with the conormal boundary condition

lim
xn!0C

x˛n
�
. NAnı/X0;rDıu

X0;r C .Anı � . NAnı/X0;r /DıuC . Ng

 /X0;r � g


�
D 0

on Q02r .X
0
0/ if Q2r .X0/ \Q04 is nonempty. We then decompose

uX0;r D wX0;r C vX0;r

in a similar way as in the proof of Lemma 3.2. Regarding wX0;r , by applying the weak
type-(1,1) estimates in Lemma 2.4, we get

(3.38)
�«

QCr .X0/

jwX0;r jp d�
�1=p
�Cr�.r/;

�«
QCr .X0/

jrwX0;r jp d�
�1=p
�C�.r/:

In addition, by using Lemma 4.2 in [14] (see also [4]) with iteration, we obtain� «
QCr .X0/

jrvX0;r jp d�
�1=p

.
1

r

� «
QC
3r=2

.X0/

jvX0;r jp d�
�1=p

. �.r/;

where we used (3.35) and (3.38) with the identity vX0;r D uX0;r � wX0;r in the second
step. This, along with (3.38), gives (3.36).

Moreover, by applying Lemma 3.8, we get� «
QCr .X0/

ju
X0;r
0 � u

X0;2r
0 j

p d�
�1=p

. r �.r/:

This, together with (3.35) and the assumption � � �, yields

(3.39)
� «

QCr .X0/

jqX0;r � qX0;2r jp d�
�1=p

.
� «

QCr .X0/

ju�u
X0;r
0 �qX0;r jp d�

�1=p
C

� «
QCr .X0/

ju�u
X0;2r
0 �qX0;2r jp d�

�1=p
C

� «
QCr .X0/

ju
X0;r
0 � u

X0;2r
0 j

p d�
�1=p

. '.X0; r/C '.X0; 2r/C r �.r/ . r�.r/:

We assume without loss of generality X 00 D 0 and observe that

2.`
X0;r
1 � `

X0;2r
1 /x1 D .q

X0;r � qX0;2r /.x/ � .qX0;r � qX0;2r /.�x1; x2; : : : ; xn/;

which combined with (3.39) produces

r j`
X0;r
1 � `

X0;2r
1 j .

� «
QCr .X0/

jqX0;r � qX0;2r jp d�
�1=p

. r�.r/:
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By repeating the above process for 2 � ı � n � 1, we get

j`
X0;r
ı
� `

X0;2r
ı
j . �.r/; 1 � ı � n � 1:

Finally, we take k 2N satisfying 1=8 � 2kr < 1=4. Then we have by using the above
estimate and (3.36)

j`
X0;r
ı
j �

k�1X
iD0

j`
X0;2

i r
ı

� `
X0;2

iC1r
ı

j C j`
X0;2

kr
ı

j .
Z 1

0

�.�/

�
d�C kruk1 C kgk1:

Next, we combine Lemmas 3.9–3.11 to estimate '.

Lemma 3.12. Let � 2 .0; 1=4/ be as in Lemma 3.9. If X0 2QC3 and 0 < r < �=20, then

'.X0; r/ � Cr O�.r/:

Proof. Without loss of generality, we may assumeX 00 D 0, i.e.,X0 D .0; d/. We write for
simplicity qr D q0;r , . Ngn/r D . Ngn/0;r , `r

ı
D `

0;r
ı

and . NAnı/r D . NAnı/0;r for 1 � ı � n.
We first claim that for any 0 < R < 1=4,

'.0;R/ . R Q�.R/:(3.40)

Indeed, take a nonnegative integer j � 0 such that ��jR � 1=4 < ��.jC1/R. From (3.28)
with iteration, we find

'.0;R/ � �.1Cˇ
0/j'.0; ��jR/C C

jX
iD1

�.1Cˇ
0/.i�1/��iR�.��iR/

. R1Cˇ
0
� «

Q
��j R

ju � u
X0;r
0 j

p d�
�1=p

CR

jX
iD1

�ˇ
0j�.��iR/

. .kuk1;� C kgk1/R1Cˇ
0

CR Q�.R/ . R Q�.R/:

We then consider two cases either r � �d=4 or 0 < r < �d=4.
Case 1. Suppose r � �d=4.
Then, for R WD .1C 4=�/r , (3.40) gives

'.0;R/ . R Q�.R/ . r Q�.r/:

Thus we have by Lemmas 3.5 and 3.11 that

j`
5�

ı
j . kuk1;� C kgk1 C

Z 1

0

�g.�/

�
d�; 1 � ı � n � 1:(3.41)

In addition, by the minimality of ' and the identities

. Ngn/X0;r D . Ngn/r and . NAnı/X0;r D . NAnı/r ;
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we get

'.X0; r/

�

� «
QCr .X0/

ˇ̌̌
u � `R0 �

n�1X
ıD1

`Rı xı �

Z xn

0

.. NAnn/r /�1
�
. Ngn/r C

n�1X
ıD1

. NAnı/r`Rı

�ˇ̌̌p
d�
�1=p

.
� «

QCr .X0/

ˇ̌̌
u � `R0 �

n�1X
ıD1

`Rı xı �

Z xn

0

.. NAnn/R/�1
�
. Ngn/RC

n�1X
ıD1

. NAnı/R`Rı

�ˇ̌̌p
d�
�1=p

C

«
QCr .X0/

� Z xn

0

.. NAnn/r /�1
ˇ̌̌
. Ngn/r � . Ngn/R C

n�1X
ıD1

�
. NAnı/r � . NAnı/R

�
`Rı

ˇ̌̌�
d�

C

«
QCr .X0/

� Z xn

0

ˇ̌̌
.. NAnn/r /�1 � .. NAnn/R/�1

ˇ̌̌ˇ̌̌
. Ngn/R C

n�1X
ıD1

. NAnı/R`Rı

ˇ̌̌�
d�

. '.0;R/C r O�.r/ . r O�.r/;

where we used Lemma 3.8, (3.40), and (3.41) in the last step.
Case 2. Suppose 0 < r < �d=4.
Take j 2N such that �d=4 � ��j r < d=4. By applying Lemma 3.10 with iteration,

we have

'.X0; r/ . �.1Cˇ
0/j '.X0; �

�j r/C r Q�.r/ . .r=d/1Cˇ
0

'.X0; �
�j r/C r Q�.r/:

By using the result in Case 1 and the fact that � 7! ��ˇ
0

O�.�/ is nonincreasing, we obtain

'.X0; r/ . .r=d/1Cˇ
0

d O�.d/C r Q�.r/ . r O�.r/:

Now, we are ready to prove Theorem 3.7.

Proof of Theorem 3.7. We split the proof into three steps.
Step 1. Recall that U D AnıDıu � gn. The aim of this step is to show that� «

QCr .X0/

jDıu � `
X0;r
ı
j
p d�

�1=p
� C O�.r/; 1 � ı � n � 1;(3.42) � «

QCr .X0/

jU � .d=xn/
˛`X0;rn j

p d�
�1=p

� C O�.r/:(3.43)

Indeed, since

Dı.u � u
X0;r
0 � qX0;r / D Dıu � `

X0;r
ı

for 1 � ı � n � 1,

the inequality (3.42) follows from (3.36) in Lemma 3.11, which is applicable due to
Lemma 3.12. Regarding (3.43), when r � d=4, we have .d=xn/˛`

X0;r
n D 0 and thus it

simply follows from Lemma 3.4. On the other hand, when 0 < r < d=4, we observe
nX
ıD1

. NAnı/X0;rDı.u � u
X0;r
0 � qX0;r /

D .U � .d=xn/
˛`X0;rn /C .gn � . Ngn/X0;r /C .. NAnı/X0;r � Anı/Dıu;

which combined with (3.36) implies (3.43).



Schauder type estimates for degenerate or singular systems 1407

Step 2. The purpose of this step is to prove

ju.X0/ � `
X0;r
0 j � Cr N�.r/;(3.44)

where N� is as in (3.22). Since `X0;rn D 0 when r � d=4 and 4=5 < d=xn < 4=3 when
r < d=4, we have by using (3.43),

j`X0;rn � `X0;2rn j � C
� «

QCr .X0/

jU � .d=xn/
˛ `X0;rn j

p
C jU � .d=xn/

˛ `X0;2rn j
pd�

�1=p
� C O�.r/:

We then follow the argument at the end of the proof of Lemma 3.11 to get

j`X0;rn j � C

Z 1

0

O�.�/

�
d�:

These, along with Lemma 3.11, give that for any 1 � ı � n,

j`
X0;r
ı
j � C

�
kruk1 C

Z 1

0

O�.�/

�
d�
�

and j`
X0;r
ı
� `

X0;2r
ı
j � C O�.r/:(3.45)

Moreover, from the definition of qX0;r and qX0;2r , we find

`
X0;r
0 � `

X0;2r
0 D .qX0;r .x/ � qX0;2r .x// �

n�1X
ıD1

.`
X0;r
ı
� `

X0;2r
ı

/.xı � .x0/ı/

�

Z xn

d

�
.. NAnn/X0;r /�1

�
.d=s/˛`X0;rn �

n�1X
ıD1

. NAnı/X0;r`
X0;r
ı

�
� .. NAnn/X0;2r /�1

�
.d=s/˛`X0;2rn �

n�1X
ıD1

. NAnı/X0;2r`
X0;2r
ı

��
ds:

By using Lemma 3.8, (3.39), (3.45), and arguing as before, we get

j`
X0;r
0 � `

X0;2r
0 j � Cr O�.r/:(3.46)

In addition, since
.u � u

X0;r
0 � qX0;r /.X0/ D u.X0/ � `

X0;r
0 ;

we infer from Lemma 3.12 that

`
X0;r
0 ! u.X0/ as r ! 0.

This, together with (3.46), gives (3.44).
Step 3. In this step, we derive (3.25). It is sufficient to show that

ju.t0; x0/ � u.t0 � r
2; x0/j � Cr N�.r/; .x0; t0/2Q

C
1 ; 0 < r < �=32;(3.47)



H. Dong and S. Jeon 1408

where N� is defined in (3.22). To prove it, we write X0 D .t0; x0/ and X1 D .t0 � r2; x0/
and assume without loss of generality x00 D 0. Due to (3.44) and the triangle inequality, it
suffices to show

j`
X0;2r
0 � `

X1;2r
0 j � Cr N�.r/:

We claim that for any 0 < s < 1=4 and 1 � ı � n,«
QCr .X1/

Z xn

d

j. NAnı/X0;2r .s/ � . NAnı/X1;2r .s/j dsd� � Cr N�.r/;(3.48)

j`
X0;2r
ı
jCj`

X1;2r
ı
j � C

�
kruk1 C

Z 1

0

O�.�/

�
d�
�
; j`

X0;2r
ı

� `
X1;2r
ı
j � C N�.r/:(3.49)

Indeed, by using the triangle inequality,

j. NAnı/X0;2r � . NAnı/X1;2r j � j. NAnı/X0;2r � . NAnı/X0;4r j C j. NAnı/X0;4r � . NAnı/X1;2r j

and the inclusion QC4r .X1/ � Q
C
8r .X0/, and arguing as in the proof of Lemma 3.8, we

obtain (3.48). Moreover, the first estimate in (3.49) follows from (3.45). For the second
one, by using (3.42) and arguing as before, we obtain

j`
X0;2r
ı

� `
X1;2r
ı
j . N�.r/; 1 � ı � n � 1:

Regarding the case ı D n, we use .x0/n D .x1/n and apply (3.43) to get

j`X0;2rn � `X1;2rn j

.
� «

QCr .X1/

jU � ..x0/n=xn/
˛`X0;2rn j

p
C jU � ..x1/n=xn/

˛`X1;2rn j
p d�

�1=p
.
� «

QC2r .X0/

jU � ..x0/n=xn/
˛`X0;2rn j

p d�
�1=p

C

� «
QC2r .X1/

jU � ..x1/n=xn/
˛`X1;2rn j

p d�
�1=p

. N�.r/:

Now, we observe that

j`
X0;2r
0 � `

X1;2r
0 j

�

� «
QCr .X1/

jqX0;2r�qX1;2r jp d�
�1=p
C

� «
QCr .X1/

n�1X
ıD1

j.`
X0;2r
ı

�`
X1;2r
ı

/xi j
p d�

�1=p
C

� «
QCr .X1/

ˇ̌̌ Z xn

d

h
.. NAnn/X0;2r /�1

�
.d=s/˛`X0;2rn �

n�1X
ıD1

. NAnı/X0;2r`
X0;2r
ı

�
� .. NAnn/X1;2r /�1

�
.d=s/˛`X1;2rn �

n�1X
ıD1

. NAnı/X1;2r`
X1;2r
ı

�i
ds
ˇ̌̌p
d�
�1=p

DW IC IIC III:
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By using (3.48) and (3.49), we get II C III � Cr N�.r/. Concerning I, since (3.48) also
holds when NAnı is replaced by Ngn, we have� «

QCr .X1/

ju
X0;2r
0 � u

X1;2r
0 j

p d�
�1=p

� Cr N�.r/:

By combining this with Lemma 3.12 and the triangle inequality,

jqX0;2r � qX1;2r j � ju � u
X0;2r
0 � qX0;2r j C ju � u

X1;2r
0 � qX1;2r j C ju

X0;2r
0 � u

X1;2r
0 j;

we obtain I � Cr N�.r/. This finishes the proof.

Before closing this section, we prove the continuity of ıt;hu=h1=2.

Theorem 3.13. Let u,A, and g be as in Theorem 3.1 and let 0<ˇ < 1. Then ıt;hu=h1=2 2

CX .Q
C
1 / uniformly in h2 .0; 1=4/.

Proof. We fix 0 < � < 1, 1 � 
 � n and .t; x/2QC1 , and let

U
;� WD
ıt;hu.t; x/ � ıt;hu.t; x � �e
 /

h1=2
�

Suppose that h < �2. Then jıt;hu.t; x/j=h1=2 . !t .h/ by Theorem 3.7. This, along with
Lemma A.1, gives

jU
;�j . !t .h/ D

1X
kD0

1

2k
O�.h1=2=2k/ .

1X
kD0

1

2k

Z �=2k

0

O�.s/

s
ds .

Z �

0

O�.s/

s
ds(3.50)

� �0.�/:

On the other hand, when h � �2, we have by (3.21) that for !x as in (3.18),

jU
;�j D
ju.t; x/ � u.t; x � �e
 / � .u.t � h; x/ � u.t � h; x � �e
 /j

h1=2

�
�

h1=2

Z 1

0

jD
u.t; x � ��e
 / �D
u.t � h; x � ��e
 /j d�

.
� !x.h

1=2/

h1=2
. !x.�/;

where in the last step we used the monotonicity of r 7! !x.r/=r , which follows from that
of r 7! O��.r/=r . Therefore, we conclude that ıt;hu=h1=2 2Cx.QC1 / uniformly in h.

Next, we prove ıt;hu=h1=2 2Ct .QC1 / uniformly in h. Set

Ut;� WD
ıt;hu.t; x/ � ıt;hu.t � �; x/

h1=2
�

If h < �, then we apply Theorem 3.7 to have jUt;�j . !t .h/ and argue as in (3.50) to
obtain jUt;�j . �0.�

1=2/. On the other hand, when h � �, we use Theorem 3.7 again to
deduce

jUt;�j �
ju.t; x/ � u.t � �; x/j C ju.t � h; x/ � u.t � h � �; x/j

h1=2
.
�1=2!t .�/

h1=2

� !t .�/:
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4. Higher order Schauder type estimates

The purpose of this section is to provide the proof of Theorem 1.2. We begin with a simpler
case when the coefficients are in Hölder spaces, and then use that result to establish the
theorem.

4.1. Systems with Hölder coefficients

This section is devoted to the proof of the following result.

Theorem 4.1. Let k 2N and 0 < ˇ < 1 and let u be a solution of (1.1). Suppose A
satisfies (1.2) and A; g2C .kCˇ�1/=2;kCˇ�1.QC1 /. Then u2C .kCˇ/=2;kCˇ .QC

1=2
/.

The case when k D 1 in Theorem 4.1 can be inferred from the proofs of Theor-
ems 3.1, 3.7, and 3.13.

The following theorem addresses the case when k D 2. This is derived from an applic-
ation of the result when k D 1 and a fine analysis of finite difference quotients.

Theorem 4.2. Theorem 4.1 holds when k D 2.

Proof. To show that u2C .2Cˇ/=2;2Cˇ , it is enough to show

(4.1) Dx0u2C .1Cˇ/=2;1Cˇ ; @tu2C
ˇ=2;ˇ ; Dnu2C

.1Cˇ/=2
t and Dnnu2C

ˇ=2;ˇ :

We divide the proof of (4.1) into three steps.
Step 1. We first prove Dx0u2C .1Cˇ/=2;1Cˇ . From (1.1), we see that Dx0u solves8<:D
 .x˛nA
ıDı.Dx0u// � x˛n @t .Dx0u/ D div.x˛n Ng/;

lim
xn!0C

x˛n .A
nıDı.Dx0u/ � Ng

n/ D 0;
in QC1 ;(4.2)

where
Ng
 WD Dx0g



�Dx0A


ıDıu; 1 � 
 � n

(one can derive (4.2) rigorously by using the finite difference quotient).
Since u 2C .1Cˇ/=2;1Cˇ by the case k D 1, we have that Ng 2 C ˇ=2;ˇ , and thus that

Dx0u2C
.1Cˇ/=2;1Cˇ by the case k D 1 again.

Step 2. We fix h2 .0; 1=4/ and write

(4.3) uh.t; x/ WD
u.t; x/ � u.t � h; x/

h1=2
D
ıt;hu.t; x/

h1=2
�

As in Section 3.2, we write kukL1.QC1 ;d�/ D kuk1;�, where d� D x˛
�

n dX . The aim of

this step is to prove that uh 2C .1Cˇ/=2;1Cˇ .QC
1=2
/, with

kuhk
C .1Cˇ/=2;1Cˇ .QC

1=2
/
� C.kuk1;� C kgkC .1Cˇ/=2;1Cˇ /(4.4)

for some constant C > 0, independent of h2 .0; 1=4/.



Schauder type estimates for degenerate or singular systems 1411

To this end, we define .A
ı/h and gh in a similar way as (4.3). From (1.1), we deduce8<:D
 .x˛nA
ıDıuh/ � x˛n @tuh D div.x˛n Ogh/;
lim

xn!0C
x˛n .A

nıDıu
h � . Ogn/h/ D 0;

in QC1 ;(4.5)

where

. Og
 /h.t; x/ WD .g
 /h.t; x/ � .A
ı/h.t; x/Dıu.t � h; x/; 1 � 
 � n:

We claim that there exists a constant C > 0, independent of h, such that

(4.6)
jgh.t; x/�gh.s; x/j�C Œg�

C
.1Cˇ/=2
t

jt�sjˇ=2 for any t; s 2 .�1; 0/ and x 2DC1 ;

jgh.t; x/�gh.t; y/j�C Œg�C .1Cˇ/=2;1Cˇ jx�yj
ˇ for any t 2 .�1; 0/ and x; y 2DC1 :

We first prove the first estimate in (4.6). If jt � sj � h, then

jgh.t; x/ � gh.s; x/j �
jg.t; x/ � g.s; x/j C jg.t � h; x/ � g.s � h; x/j

h1=2

�

C Œg�
C
.1Cˇ/=2
t

jt � sj.1Cˇ/=2

h1=2
� C Œg�

C
.1Cˇ/=2
t

jt � sjˇ=2:

On the other hand, if jt � sj > h, then from

jgh.t; x/j D
jg.t; x/ � g.t � h; x/j

h1=2
� C Œg�

C
.1Cˇ/=2
t

hˇ=2;(4.7)

we have

jgh.t; x/ � gh.s; x/j � jgh.t; x/j C jgh.s; x/j � C Œg�
C
.1Cˇ/=2
t

jt � sjˇ=2:

Next, we verify the second estimate in (4.6). If jx � yj � h1=2, then we have

jgh.t; x/ � gh.t; y/j

D
j.g.t; x/ � g.t; y// � .g.t � h; x/ � g.t � h; y//j

h1=2

�
.jrg.t; z1/ � rg.t; z2/j C jrg.t; z2/ � rg.t � h; z2/j/jx � yj

h1=2

�
jx � yjˇC1Œg�C .1Cˇ/=2;1Cˇ

h1=2
C
jx � yj Œg�C .1Cˇ/=2;1Cˇ

h.1�ˇ/=2
� 2Œg�C .1Cˇ/=2;1Cˇ jx � yj

ˇ ;

where we applied the mean value theorem and the triangle inequality in the second step.
On the other hand, if jx � yj > h1=2, then we use (4.7) to get

jgh.t; x/ � gh.t; y/j � C Œg�
C
.1Cˇ/=2
t

hˇ=2 � C Œg�
C
.1Cˇ/=2
t

jx � yjˇ :

Notice that (4.6) and (4.7) imply

kghkCˇ=2;ˇ � C Œg�C .1Cˇ/=2;1Cˇ
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for some constant C > 0, independent of h. Since this holds for .A
ı/h by the same
reasoning and also for Dxu as u2C .1Cˇ/=2;1Cˇ , we have

kOghkCˇ=2;ˇ � C.kuk1;� C kgkC .1Cˇ/=2;1Cˇ /:

Now, (4.4) follows by the induction hypothesis.

Step 3. In this step, we show that (4.4) implies Dnu 2 C
.1Cˇ/=2
t and @tu 2 C ˇ=2.

Indeed, from (4.4), we have

kDnu
h
k
C
ˇ=2
t
� .kuk1;� C kgkC .1Cˇ/=2;1Cˇ /;

which yields

jDnu.t C h; x/� 2Dnu.t; x/CDnu.t � h; x/j � C.kuk1;� C kgkC .1Cˇ/=2;1Cˇ /h
.1Cˇ/=2:

Thus, Dnu2C
.1Cˇ/=2
t by Proposition 8 in Chapter 5 of [25].

Moreover, since (4.4) gives uh 2C .1Cˇ/=2t , we have

ju.t C h; x/C u.t � h; x/ � 2u.t; x/j � C.kuk1;� C kgkC .1Cˇ/=2;1Cˇ /h
1Cˇ=2:

Thus @tu2C
ˇ=2
t by Propositions 8 and 9 in Chapter 5 of [25].

It remains to show @tu2C
ˇ
x . To this end, we claim that there exists a constant C > 0,

independent of h, such that

jıt;hı
2
x
 ;r

uhj � C.kuk1;� C kgkC .1Cˇ/=2;1Cˇ /min¹h.1Cˇ/=2; r1Cˇ º in QC
3=4
:(4.8)

Indeed, if r �
p
h, then we use

jı2x
 ;ru
h
j � C.kuk1;� C kgkC .1Cˇ/=2;1Cˇ /r

1Cˇ ;

which follows from (4.4), to obtain

jıt;h.ı
2
x
 ;r

uh/.t; x/j � jı2x
 ;r u
h.t; x/j C jı2x
 ;r u

h.t � h; x/j

� C.kuk1;� C kgkC .1Cˇ/=2;1Cˇ /r
1Cˇ :

Similarly, if
p
h < r , then we use

jıt;hu
h
j � C.kuk1;� C kgkC .1Cˇ/=2;1Cˇ /h

.1Cˇ/=2

to get
jı2x
 ;r .ıt;hu

h/j � C.kuk1;� C kgkC .1Cˇ/=2;1Cˇ /h
.1Cˇ/=2:

We fix 0 < r < 1=4, and let h D hj WD 2�j�2 with large j 2N so that h < r2=4. It is
directly seen that for any function f ,

ıt;hf D
1

2
ıt;2hf C

1

2
ı2t;hf:
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By iterating this equality and putting

f D ı2x
 ;ru; 1 � 
 � n;

we deduce

(4.9) ıt;h ı
2
x
 ;r

u D
1

2j
ıt;2j h ı

2
x
 ;r

uC

j�1X
iD0

1

2iC1
ı2
t;2ih

ı2x
 ;ru DW IC II:

Regarding I, we use

u2
j h
D
ıt;2j hu
p
2jh

, 2jh D 1=4;

and �
u2

j h
�
C .1Cˇ/=2;1Cˇ

� C.kuk1;� C kgkC .1Cˇ/=2;1Cˇ /

to get

jIj �

p
2jh

2j

ˇ̌
ı2x
 ;ru

2j h
ˇ̌
� C.kuk1;� C kgkC .1Cˇ/=2;1Cˇ /hr

1Cˇ :

To estimate II, we take i0 2 N such that 2i0�1h < r2 � 2i0h. We note that i0 < j and use

u2
ih
D
ıt;2ihu
p
2ih

to have

II D
j�1X
iD0

1

2iC1
ıt;2ih ı

2
x
 ;r

.ıt;2ihu/ D

j�1X
iD0

p
2ih

2iC1
ıt;2ih ı

2
x
 ;r

u2
ih

D
1

2

i0�1X
iD0

r
h

2i
ıt;2ih ı

2
x
 ;r

u2
ih
C
1

2

j�1X
iDi0

r
h

2i
ıt;2ih ı

2
x
 ;r

u2
ih
DW II1 C II2:

For II1, we use (4.8) and 2i0�1h < r2 to get

jII1j � C.kuk1;� C kgkC .1Cˇ/=2;1Cˇ /
i0�1X
iD0

r
h

2i
.2ih/.1Cˇ/=2

� C.kuk1;� C kgkC .1Cˇ/=2;1Cˇ /
i0�1X
iD0

r
h

2i
.2ih/1=2 .2i�i0C1r2/ˇ=2

� C.kuk1;� C kgkC .1Cˇ/=2;1Cˇ /hr
ˇ

i0�1X
iD0

.2i�i0C1/ˇ=2

� C.kuk1;� C kgkC .1Cˇ/=2;1Cˇ /hr
ˇ :
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Concerning II2, from (4.8) and r2 � 2i0h, we find

jII2j � C.kuk1;� C kgkC .1Cˇ/=2;1Cˇ /
1X
iDi0

r
h

2i
r1Cˇ

� C.kuk1;� C kgkC .1Cˇ/=2;1Cˇ /
r
h

2i0
r1Cˇ � C.kuk1;� C kgkC .1Cˇ/=2;1Cˇ /hr

ˇ :

Now, combining (4.9) with the estimates for I, II1, and II2 yieldsˇ̌̌
ı2x
 ;r

�ıt;hu
h

�ˇ̌̌
D
jıt;hı

2
x
 ;r

uj

h
� C.kuk1;� C kgkC .1Cˇ/=2;1Cˇ /r

ˇ

for some constant C > 0, independent of h. By taking h D hj ! 0, we infer

jı2x
 ;rut j � C.kuk1;� C kgkC .1Cˇ/=2;1Cˇ /r
ˇ ; 1 � 
 � n:

By applying Proposition 8 in Chapter 5 of [25], we conclude ut 2 C
ˇ
x .

Step 4. In this step, we show that Dnnu2C ˇ=2;ˇ . To this end, we recall

U D AnıDıu � g
n

and use (1.1) to have
˛

xn
U D @tu �D
 .A


ıDıu � g

 /:

This yields

x�˛n Dn.x
˛
nU/ D

˛

xn
U CDnU D �; where � WD @tu �

n�1X

D1

D
 .A

ıDıu � g


 /:

Notice that � 2 C ˇ=2;ˇ by the results in the previous steps. By using the conormal bound-
ary condition x˛nU D 0 on Q01, we deduce

U.X 0; xn/ D
1

x˛n

Z xn

0

�˛�.X 0; �/ d�;

which gives

Dn.A
nıDıu � g

n/ D DnU D �.X
0; xn/ � ˛

Z 1

0

�˛�.X 0; �xn/ d� 2 C
ˇ=2;ˇ :

This implies Dnnu2C ˇ=2;ˇ .

We now achieve Theorem 4.1 for any k 2N by using the cases when k D 1; 2 and an
induction argument.
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Proof of Theorem 4.1. We assume that the theorem holds true for 1; 2; : : : ; k for some
k � 2, and prove it for k C 1. To verify that u2C .kCˇC1/=2;kCˇC1, it suffices to show

Dx0u2C
.kCˇ/=2;kCˇ ; @tu2C

.kCˇ�1/=2;kCˇ�1 and Dnnu2C
.kCˇ�1/=2;kCˇ�1:

SinceDx0u satisfies (4.2) with Ng
 DDx0g
 �Dx0A
ıDıu2C .kCˇ�1/=2;kCˇ�1, we have
by the induction hypothesis Dx0u2C .kCˇ/=2;kCˇ . Similarly, as ut solves8<:Dı.x˛nA
ıDıut / � x˛n @tut D div.x˛n Qg/;

lim
xn!0C

x˛n .A
nıDıut � Qg

n/ D 0;
in QC1 ;(4.10)

where Qg
 WD @tg

 � @tA


ıDıu 2 C
.kCˇ�2/=2;kCˇ�2, by the induction hypothesis for

k � 1, we get ut 2 C .kCˇ�1/=2;kCˇ�1. Finally, by following the argument in Step 4 in the
proof of Theorem 4.2, we obtain Dnnu2C .kCˇ�1/=2;kCˇ�1.

4.2. Systems with partially DMO coefficients

In this section, we complete the proof of our central result on Schauder type estimates,
Theorem 1.2. The case k D 1 is a consequence of Theorems 3.1, 3.7, and 3.13. Once
Theorem 1.2 is established for k D 2, the remaining case when k � 3 easily follows by
induction, as shown in the proof of Theorem 4.1. We will establish the theorem for k D 2
by using the results when k D 1 and difference quotient approximation.

We define �1, Q�1, O�1, N�1, and !t;1 as in (3.22)–(3.23), but with �A and �g replaced
by �A;1 and �g;1. Similarly, we let !x;1.r/ be as in (3.18) with O�A and O�g replaced by O�A;1
and O�g;1. Note that

!x;1.r/ . �1.r/ and !t;1.r/ . �1.r
1=2/:

Proof of Theorem 1.2. As mentioned above, it suffices to show the theorem for k D 2. For
this, we need to show Dx0u2 VC

1=2;1, @tu2 VC , Dnnu2 VC and

lim
h!0

ıt;hDnu

h1=2
.t; x/ D 0 and

ıt;hDnu

h1=2
2 CX .Q

C
1 /;(4.11)

uniformly in .t; x/ and h, respectively. We divide the proof of these into three steps.

Step 1. We first prove Dx0u2 VC 1=2;1. Recall that Dx0u solves (4.2) with

Ng
 D Dx0g


�Dx0A


ıDıu:

Clearly,Dx0g
 ;Dx0A
ı 2H . Moreover, since u is a solution of (1.1) and the dataA and g
belong to C 1=2;1, we have u2C .1Cˇ/=2;1Cˇ for any 0 < ˇ < 1 by Theorem 4.1. Thus,
Ng2H by Lemma 2.1, and hence we have Dx0u2 VC 1=2;1 by the case when k D 1.

Step 2. In this step, we prove @tu2 VC . To this end, we fix h2 .0; 1=4/ and define uh,
.A
ı/h, and gh as before; see (4.3). Then uh solves (4.5) with

. Og
 /h.t; x/ D .g
 /h.t; x/ � .A
ı/h.t; x/Dıu.t � h; x/ 2 H :
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By Theorem 3.7, we have that

juh.t C h; x/ � uh.t; x/j

h1=2
� !t;1.h/; .t C h; x/; .t; x/ 2 QC

3=4
:

This implies

ju.t C 2h; x/ � 2u.t C h; x/C u.t; x/j

h
� !t;1.h/; 0 < h < 1=4:(4.12)

In the rest of Step 2, we fix a point x 2DC
1=2

and write for simplicity u.t; x/D u.t/. It can
be directly checked that for any j 2N,

(4.13) u.tCh/ � u.t/ D
u.tC2jh/ � u.t/

2j
�

jX
iD1

u.tC2ih/ � 2u.tC2i�1h/Cu.t/

2i
�

We take j 2N satisfying 1=4 < 2jh � 1=2. Then (4.12) and (4.13) yield

ju.tCh/ � u.t/j

h
�
ju.tC2jh/jCju.t/j

2jh
C
1

2

jX
iD1

ju.tC2ih/ � 2u.tC2i�1h/Cu.t/j

2i�1h

� 8kuk1 C
1

2

jX
iD1

!t;1.2
i�1h/ � 8kuk1 C C

Z 1

0

!t;1.s/

s
ds <1:

Since 0 < h < 1=4 is arbitrary, this implies that u is Lipschitz in time.
Next, we improve the Lipschitz regularity of u in time. To this end, let �WR! Œ0;1/

be an even and nonnegative smooth function such that supp� 2 .�1;1/ and
R 1
�1
�.s/dsD1.

We consider the convolution of u in time-variable

u.h/.t; x/ WD

Z 1

�1

u.t C hs; x/ �.s/ ds:

Again, we write for simplicity u.h/.t; x/ D u.h/.t/. By the properties of � and (4.12),

(4.14)
ju.h/.t/ � u.t/j D

ˇ̌̌ Z 1

0

.u.t C hs/C u.t � hs// �.s/ ds �

Z 1

0

2u.t/ �.s/ ds
ˇ̌̌

� h

Z 1

0

s!t;1.hs/ �.s/ ds � Ch!
�
t;1.h/;

where

!�t;1.h/ WD

Z 1

0

!t;1.hs/ ds:

Moreover, by using the change of variables, the equality
R 1
�1
� 00.s/ds D 0 and (4.12), we

obtain

j@t tu.h/.t/j D
ˇ̌̌ Z 1

�1

u.t C hs/
� 00.s/

h2
ds
ˇ̌̌
D

ˇ̌̌ Z 1

�1

�
u.t C hs/ � u.t/

� � 00.s/
h2

ds
ˇ̌̌

�

Z 1

0

ˇ̌
u.t C hs/C u.t � hs/ � 2u.t/

ˇ̌ j� 00.s/j
h2

ds � C
!�t;1.h/

h
�
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Let
Pt0;h.t/ D at0;h C bt0;h.t � t0/

be the first-order Taylor expansion of u.h/ at t0. Notice that

at0;h D u.h/.t0/; bt0;h D @tu.h/.t0/ and jbt0;hj � k@tuk1:

Then the above estimate on @t tu.h/ gives

ku.h/ � Pt0;hkL1..t0�h;t0Ch// � Ch!
�
t;1.h/:(4.15)

By combining this and (4.14), we get

ku � Pt0;hkL1..t0�h;t0Ch// � Ch!
�
t;1.h/:

This implies that @tu is continuous in time with the modulus of continuity bounded by

C

Z r

0

!�t;1.s/

s
ds:

A simple computation, along with Lemma A.1, showsZ r

0

!�t;1.s/

s
ds .

Z r

0

!t;1.s/

s
ds . �1.r

1=2/:

To show that ut is continuous in x0, we let x D .x0; xn/ and y D .y0; xn/ with h WD
jx0 � y0j > 0. Then

(4.16)

jut .t; x
0; xn/ � ut .t; y

0; xn/j

�

ˇ̌̌u.t C h2; x/ � u.t; x/
h2

� ut .t; x/
ˇ̌̌
C

ˇ̌̌u.t C h2; y/ � u.t; y/
h2

� ut .t; y/
ˇ̌̌

C
ju.t C h2; x/ � u.t C h2; y/ � u.t; x/C u.t; y/j

h2

. �1.h/C

Z 1

0

jDx0u.t C h
2; .1 � s/x C sy/ �Dx0u.t; .1 � s/x C sy/j

h
ds

. �1.h/;

where we used that @tu is continuous in t with the modulus of continuity bounded by
�1.r

1=2/ in the second step, and applied Theorem 3.7 toDx0u and used !t;1.r/. �1.r1=2/
in the last step.

Step 3. In this step we prove Dnnu 2 VC and (4.11). Thanks to the results in Steps 1
and 2,Dnnu2 VC can be obtained by following the argument in Step 4 in the proof of The-
orem 4.2. Thus, it remains to prove (4.11). For any 0 < h < 1=4, by applying Theorem 3.1
to uh, we have

jDnu
h.t C h/ �Dnu

h.t/j � !x;1.h
1=2/:
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We take j 2N such that h�.1Cˇ/=2=2 � 2j < h�.1Cˇ/=2. By using the previous estimate
and the equality (4.13) applied to Dnu, we get

jDnu.t C h/ �Dnu.t/j

h1=2

�
jDnu.t C 2

jh/j C jDnu.t/j

2jh1=2
C

jX
iD1

jDnu.t C 2
ih/ � 2Dnu.t C 2

i�1h/CDnu.t/j

2ih1=2

� 4kDnuk1 h
ˇ=2
C

jX
iD1

jDnu
2i�1h.t C 2ih/ �Dnu

2i�1h.t C 2i�1h/j

2.iC1/=2

. kruk1 hˇ=2 C
jX
iD1

!x;1.2
i=2h1=2/

2i=2
. kruk1hˇ=2 C

Z h�.1Cˇ/=4

21=2

!x;1.�h
1=2/

�2
d�:

To estimate the last term, we let

�?1.r/ WD
�
kuk1;� C kgk1 C

Z 1

0

�g.�/

�
d�
�
.�A;1.r/C r

ˇ 0/C �g;1.r/;

and apply Lemma A.1 and Fubini’s theorem to haveZ h�.1Cˇ/=4

21=2

!x;1.�h
1=2/

�2
d�

.
Z h�.1Cˇ/=4

1

1

�2

� Z �h1=2

0

�?1.s/

s
ds C �ˇhˇ=2

Z 1

�h1=2

�?1.s/

s1Cˇ
ds
�
d�

.
� Z h1=2

0

Z h�.1Cˇ/=4

1

�?1.s/

�2s
d�ds C

Z 1

h1=2

Z h�.1Cˇ/=4

h�1=2s

�?1.s/

�2s
d�ds

�
C

Z 1

h1=2

Z 1
1

hˇ=2�?1.s/

�2�ˇ s1Cˇ
d�ds

.
Z h1=2

0

�?1.s/

s
ds C h1=2

Z 1

h1=2

�?1.s/

s2
ds C hˇ=2

Z 1

h1=2

�?1.s/

s1Cˇ
ds:

Here, we have

h1=2
Z 1

h1=2

�?1.s/

s2
ds � h1=2

Z 1

h1=2

�?1.s/

s1Cˇ

� 1

h1=2

�1�ˇ
ds D hˇ=2

Z 1

h1=2

�?1.s/

s1Cˇ
ds:

By combining the above three estimates, we get

jıt;hDnuj

h1=2
. �1.h

1=2/ uniformly in .t; x/:

By using this estimate and the previous result Dx0u 2 VC 1=2;1 and Dnnu 2 VC , which
implies DnD0xu; Dnnu 2Ct , we can follow the argument in Theorem 3.13 to conclude
that ıt;hDnu=h1=2 2 CX .QC1 / uniformly in h.



Schauder type estimates for degenerate or singular systems 1419

Before closing this section, we prove Remark 1.3 and improve the result in The-
orem 1.2.

Proof of Remark 1.3. We only prove it for the cases k D 1 and k D 2, as the result for
k � 3 follows by induction. For k D 1, we need to show Dx0u is continuous in xn. This
can be simply inferred from (3.21).

When kD 2, we need to show that @tu andDD
u are continuous in xn, 1� 
 � n� 1.
Indeed, by using Dnu 2 VC 1=2;1, we can follow the argument as in obtaining @tu 2Cx0
(see (4.16)) to derive @tu 2Cxn . To prove DD
u 2Cxn , we use D2u 2Cx
 to have for
any 0 < h < 1=4,

jıx
 ;hDu.t; x/ � ıx
 ;hDu.t; x � hen/j

h
D
jıxn;hDu.t; x/ � ıxn;hDu.t; x � he
 /j

h

�

Z 1

0

jDDnu.t; x � �hen/ �DDnu.t; x � he
 � �hen/j d� . �1.h/:

By using this estimate, together with the triangle inequality andDD
u2Cx
 , we conclude

jDD
u.t; x/ �DD
u.t; x � hen/j . �1.h/:

5. Boundary Harnack principle

In this section, we establish the parabolic boundary Harnack principle for Hölder continu-
ous coefficients (Theorem 1.4) by utilizing the results derived in the previous sections.

Proof of Theorem 1.4. To begin with, by the classical boundary Schauder estimate, we
have that u; v 2C .kCˇ/=2;kCˇ .QC

3=4
/, which gives

u.X/

xn
D

1

xn

Z xn

0

@nu.X
0; �/ d� D

Z 1

0

@nu.X
0; xn�/ d� 2C

.k�1Cˇ/=2;k�1Cˇ .QC
3=4
/:

Similarly, we have v=xn 2C .k�1Cˇ/=2;k�1Cˇ . Moreover, the condition @nu > 0 on Q01
implies u=xn � c > 0 in QC

3=4
, and hence w WD v=u satisfies

kwkL1.QC
3=4
/ � kv=xnkL1.QC

3=4
/ k.u=xn/

�1
kL1.QC

3=4
/ � C:

We observe that by the symmetry of A,

div.u2Arw/ D div.uArv � vAru/ D .u@tv � v@tu/C .ug � vf /

D u2 @tw C .ug � vf /:

This gives

div.x2nArw/ D div..u=xn/�2u2Arw/

D .u=xn/
�2 div.u2Arw/C hr..u=xn/�2/; u2Arwi

D x2n @tw C .u=xn/
�2.ug � vf /C 2xnhEen � .u=xn/

�1
ru;Arwi

D x2n @tw C xn Qg;
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where

Qg WD .u=xn/
�1g � .u=xn/

�2 .v=xn/f C h2A.Een � .u=xn/
�1
ru/;rwi:(5.1)

We write
Qg D Qg1 C hb;rwi;

where

Qg1 D .u=xn/
�1g � .u=xn/

�2 .v=xn/f and b D 2A
�
Een � .u=xn/

�1
ru
�
:

We further have

div.x2nArw/ � x
2
n @tw D div.x2n Qg/;(5.2)

where

Qg.X 0; xn/ WD
Een

x2n

Z xn

0

� Qg.X 0; �/ d� D Een

Z 1

0

� Qg.X 0; �xn/ d�:

We now split the remainder of the proof into three steps.
Step 1. In this step, we establish the theorem when k D 1. As in Section 3.1, we

will derive an a priori estimate of the Hölder continuity of rw under the assumption
rw 2C ˇ=2;ˇ .QC

3=4
/. The general case follows from a standard approximation argument.

Note that
ŒQg�
Cˇ=2;ˇ .QCr .X0//

� Œ Qg�
Cˇ=2;ˇ .QCr .X0//

<1

whenever X0 2Q01 and QCr .X0/ � Q
C

3=4
. Then, by following the arguments in Lem-

mas 3.2–3.4 (see also Section 5 of [10] and Section 3.2 of [12]) with

Q .X0; r/ WD
� «

QCr .X0/

jrw � hrwiQCr .X0/j
2 d Q�

�1=2
; X0 2Q

C

3=4
; 0 < r < 1=4;

where d Q� D x2n dX , instead of  , we obtain an analogue of (3.15): for every X0 2QC3=4
and 0 < � < r < 1=4,

Q .X0; �/ � C.�=r/
ˇ
krwkL1.QC5r .X0//

C C
�
krwkL1.QC8r .X0//

ŒA�
Cˇ=2;ˇ .QC8r .X0//

C ŒQg�
Cˇ=2;ˇ .QC8r .X0//

�
�ˇ ;

where C D C.n; �; ˇ/ > 0. This implies that for any 0 < r0 < R0 < 3=4, X 2QCr0 and
0 < � < .R0 � r0/=16,

Q .X; �/ � CM�ˇ ; where M WD
krwkL1.QCR0 /

.R0 � r0/ˇ
C Œ Qg�

Cˇ=2;ˇ .QCR0
/
;

for some constant
C D C.n; �; ˇ; ŒA�

Cˇ=2;ˇ .QC
3=4
/
/ > 0:
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By the standard Campanato space embedding (see, e.g., the proof of Theorem 3.1 in [20]),
we have

(5.3)
Œrw�

Cˇ=2;ˇ .QCr0 /
� C

�
M C

krwkL1.QCR0 /

.R0 � r0/ˇ

�
� C

�krwkL1.QCR0 /
.R0 � r0/ˇ

C Œ Qg�
Cˇ=2;ˇ .QCR0

/

�
:

Recall (5.1). By using u=xn � c > 0 in QC
3=4

, u D 0 on Q01, b 2 C ˇ=2;ˇ .QC
3=4
/, and

j.u=xn � @nu/.X
0; xn/j �

Z 1

0

j@nu.X
0; xn�/ � @nu.X

0; xn/j d� � Cx
ˇ
n ;

we get

Œ Qg�
Cˇ=2;ˇ .QCR0

/
� Œ Qg1�Cˇ=2;ˇ .QC

3=4
/
C CkrwkL1.QCR0 /

C CR
ˇ
0 Œrw�Cˇ=2;ˇ .QCR0 /

:

Combining this with (5.3) and using the interpolation inequality yield that, for every 0 <
r0 < R0 < 3=4,

Œrw�
Cˇ=2;ˇ .QCr0 /

� C
�krwkL1.QCR0 /
.R0 � r0/ˇ

C Œ Qg1�Cˇ=2;ˇ .QC
3=4
/

�
C CR

ˇ
0 Œrw�Cˇ=2;ˇ .QCR0 /

� C
� kwkL1.QC

3=4
/

.R0 � r0/1Cˇ
C Œ Qg1�Cˇ=2;ˇ .QC

3=4
/

�
C CR

ˇ
0 Œrw�Cˇ=2;ˇ .QCR0 /

:

We fix S0 2 .0; 3=4/ so that CSˇ0 < 1=2 and apply Lemma 3.1 in Chapter V of [18] to
deduce

Œrw�
Cˇ=2;ˇ .QC

S0=2
/
� C

�
kwkL1.QC

3=4
/ C Œ Qg1�Cˇ=2;ˇ .QC

3=4
/

�
:

By varying the centers X 00 2Q
0
1, we have the similar estimate for

Œrw�
Cˇ=2;ˇ .QC

2=3
\¹xn<S0=2º/

:

Moreover, since w satisfies

div.x2nArw/ � x
2
n @tw D xn Qg1 C hxnb;rwi

in Q WDQC
2=3
\ ¹xn > S0=4º and 0 < c < x2n < C in Q, we can estimate krwkCˇ=2;ˇ .Q/

by following the argument in Theorem 2 of [10]. Therefore, rw 2C ˇ=2;ˇ .QC
2=3
/. Then,

w can be seen as a solution of (5.2) in QC
2=3

with Qg2C ˇ=2;ˇ .QC
2=3
/. By Theorem 4.1, we

conclude w 2C .1Cˇ/=2;1Cˇ .QC
1=2
/.

Step 2. In this step, we prove Theorem 1.4 for k D 2. It is enough to show

rx0w 2C
.1Cˇ/=2;1Cˇ ; Dnw 2C

.1Cˇ/=2
t ; @tw 2C

ˇ=2;ˇ and Dnnw 2C
ˇ=2;ˇ :

From (5.2), we see that rx0w satisfies

div.x2nAr.rx0w// � x
2
n @t .rx0w/ D div.x2n.rx0 Qg � rx0Arw//:



H. Dong and S. Jeon 1422

Clearly, rx0A;rw 2C ˇ=2;ˇ . Moreover, a direct computation gives

rx0 Qg D Een
Z 1

0

�.rx0 Qg1 C hrx0 b;rwi C hb;r.rx0w/i/.X 0; �xn/ d�:

Since rx0 Qg1 C hrx0 b;rwi 2C ˇ=2;ˇ , we obtain by Step 1 that rx0w 2C .1Cˇ/=2;1Cˇ .
Next, we observe that

wh.t; x/ D
w.t; x/ � w.t � h; x/

h1=2

solves
div.x2nArw

h/ � x2n @tw
h
D div.x2n Og

h/ in QC1 ;

where
Ogh.X/ D Qgh.X/ � Ah.X/rw.t � h; x/:

A direct calculation shows

Qgh.X/ D Een
Z 1

0

�
�
.hb;rwhi C Qgh1 /.X

0; �xn/C hbh.X 0; �xn/;rw.t � h; x0; �xn/i
�
d�:

Since Ah;rw; Qgh1 ; b
h 2C ˇ=2;ˇ , we have by the result in Step 1 that wh 2C .1Cˇ/=2;1Cˇ .

This is an analogue of (4.4), and we saw in Step 3 in the proof of Theorem 4.2 that
wh 2C .1Cˇ/=2;1Cˇ implies Dnw 2C

.1Cˇ/=2
t and @tw 2C ˇ=2;ˇ .

It remains to show Dnnw 2C
ˇ=2;ˇ . Recall that

div.x2nArw/ D x
2
n @tw C xn Qg D x

2
n @tw C xn Qg1 C xnhb;rwi:

Then, for
W WD hArw; Eeni � Qg1=2 2 C

ˇ=2;ˇ .QC
1=2
/;

a direct computation gives

x�2n @n.x
2
nW / D �

n�1X
iD1

@i .hArw; Eei i/ �
@n Qg1

2
C @tw C hb=xn;rwi DW Nf :

It follows that

W D
1

x2n

Z xn

0

�2 Nf .X 0; �/ d�;

which yields

DnW D Nf � 2

Z 1

0

�2 Nf .X 0; xn�/ d�:

From
rx0 u.X

0; xn/

xn
D

Z 1

0

Dnrx0u.X
0; xn�/ d� 2 C

ˇ=2;ˇ

and
1

xn
.u.X/=xn �Dnu.x// D �

Z 1

0

�Dnnu.X
0; xn�/ d� 2 C

ˇ=2;ˇ ;
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we find that b=xn 2 C ˇ=2;ˇ , and thus Nf 2 C ˇ=2;ˇ . Then DnW 2 C ˇ=2;ˇ , and hence
Dnnw 2C

ˇ=2;ˇ .
Step 3. Once we have Theorem 1.4 for k D 1; 2, we can use induction as in the proof

of Theorem 4.1 to achieve Theorem 1.4 for k � 3.

A. Properties of some Dini functions

Lemma A.1. Let � W Œ0; 1�! Œ0;1/ be a Dini function, and let 0 < � < 1 and 0 < ˇ < 1.
For ˇ0 D .1C ˇ/=2, we set

Q�.r/ WD

1X
jD0

�ˇ
0j �.��j r/Œ��j r � 1� and O�.r/ WD sup

�2Œr;1�

.r=�/ˇ
0

Q�.r/:

Then Z r

0

O�.�/

�
d� .

Z r

0

�.�/

�
d�C rˇ

Z 1

r

�.�/

�1Cˇ
d�:

Proof. By using the inequality (2.30) in [11], we have

O�.r/ .
1X
jD0

�ˇ
0j
Q�.��j r/Œ��j r � 1� .

1X
jD0

�ˇ
0j

1X
iD0

�ˇ
0i �.��.jCi/r/Œ��.jCi/r � 1�

.
1X
jD0

j�ˇ
0j �.��j r/Œ��j r � 1� .

1X
jD0

�ˇj �.��j r/Œ��j r � 1�:

It follows thatZ r

0

O�.�/

�
d� D

1X
jD0

�ˇj
Z ��j r

0

�.�/

�
Œ� � 1� d�

D

1X
jD0

�ˇj
Z r

0

�.�/

�
d�C

1X
jD0

�ˇj
j�1X
iD0

Z ��.kC1/r

��i r

�.�/

�
Œ� � 1� d�

.
Z r

0

�.�/

�
d�C

1X
iD0

1X
jDi

�ˇj
Z ��.iC1/r

��i r

�.�/

�
Œ� � 1� d�

.
Z r

0

�.�/

�
d�C

1X
iD0

�ˇi
Z ��.iC1/r

��i r

�.�/

�
Œ� � 1� d�

.
Z r

0

�.�/

�
d�C

1X
iD0

rˇ
Z ��.iC1/r

��i r

�.�/

�1Cˇ
Œ� � 1� d�

.
Z r

0

�.�/

�
d�C rˇ

Z 1

r

�.�/

�1Cˇ
d�:
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