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Schauder type estimates for degenerate or singular
parabolic systems with partially DMO coefficients

Hongjie Dong and Seongmin Jeon

Abstract. We study elliptic and parabolic systems in divergence form with degen-
erate or singular coefficients. Under the conormal boundary condition on the flat
boundary, we establish boundary Schauder type estimates when the coefficients have
partially Dini mean oscillation. Moreover, as an application, we achieve kth higher-
order boundary Harnack principles for uniformly parabolic equations with Holder
coefficients, extending a recent result by A. Audrito, G. Fioravanti, and S. Vita from
k>2toany k > 1.

1. Introduction

1.1. Degenerate or singular parabolic systems

Leta € (—1,00) and QT =(-1,0) x Bl+ x (0,1) C R**1 n > 2. We consider a parabolic
system in divergence form with a weight x5 :

D, (x¢ AV Dgu) — x% d,u = div(x% g),

(1.1 . 5 in OF,
1 %(A™ Dgu — g") =0, 1
Jim xy ( su—g")
where u = (u!,...,u™)7, m > 1, is a (column) vector-valued function. The coefficients

AYS — (al?’j‘s zmj=1 are m X m-matrices, 1 < y,8 < n, and for some constant A > 0, the
following conditions are satisfied:

(12) (uniform parabolicity) A|§|? < al?'js (X)€ g &= () eR™", X eQf,
’ (uniform boundedness) |AY¥(X)| < 1/A, X e Qf.

Here g = (g!,..., g"), where g¥ = (g7,...,gm)", 1 <y < n. Throughout this paper,

the summation convention over repeated indices is used. We sometimes denote A*® by A4

for abbreviation.
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We say that u € Hl(Qi", xydX) is a (weak) solution of (1.1) if

f x((AY Dsu, Dyp) —u d,$) dX = / x%g” - D, dX

oF of

holds for every test function ¢ € C°(Q1;R™). When o > 1, it is sufficient to test the
system with ¢ € Cc°°(Q1+; R™). This can be seen by using a suitable cutoff function and
the Cauchy—Schwarz inequality.

Equations with singular or degenerate coefficients appear widely in both pure and
applied mathematics, such as in equations involving the fractional Laplacian or the frac-
tional heat operator, porous medium equations, and problems in mathematical finance; see
e.g., [5,7,8,17,21,27], among many others.

In this paper, we are interested in studying the degenerate-singular system (1.1) when
coefficients and data satisfy partially Dini mean oscillation (partially DMO) conditions.
Elliptic and parabolic systems with partially DMO coefficients arise from the linear elastic
laminates and composite materials.

Definition 1.1. For 6 € (—1, 00), let dug := x;‘: dX. We say that a measurable function
f in Q; is of L'(dg)-partially Dini mean oscillation with respect to X', denoted as
L'(dpg)-DMOy, in Q7 if the function n;l: (0, 1) — [0, o) defined by

(1.3) ng(r) = sup ][
4 0 (Xo)

FX) - ][ FOxn) Y| dus(X)
Xoe 0F 01 (X{)

is a Dini function, i.e.,

1 6
[ Ui ") dr < oo.
0 r

When o = 0, interior gradient estimates for solutions of (1.1) with partially DMO
coefficients can be found in [16]. More recently, Schauder type estimates for degenerate-
singular equations with DMO coefficients in the elliptic setting were established in [13].
Therefore, our paper can be seen as a generalization of [16] from “uniformly parabolic”
to “degenerate-singular” systems as well as an extension of [13] from the “elliptic” to the
“parabolic” framework with a more general type of coefficients. The arguments in this

paper also apply to the elliptic setting and scalar equations.

1.2. The boundary Harnack principle

In [28], the authors showed that Schauder type estimate for degenerate equations has an
important application to higher-order boundary Harnack principle. Roughly speaking, it
concerns higher regularity of the ratio of two solutions, up to a portion of the boundary
where they both vanish. The C*# regularity for the quotient of two harmonic functions
was first proved in [9], and this result was later extended to caloric functions in [3].
Recently, [28] established the similar result for elliptic equations in divergence form with
Holder type coefficients and a right-hand side by using the aforementioned idea. The cor-
responding parabolic result can be found in [1,2]. We also refer to [23] for non-divergence
equation in the parabolic setting, and to [13,22] for equations with Dini and DMO-type
coefficients (see Definition 1.1 in [13]).
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In this paper, inspired by the original idea in [28], we also investigate the higher-order
boundary Harnack principle for the parabolic equation in divergence form with Holder
type coefficients.

We note that since the u*’s in the system (1.1) are coupled, boundary Harnack prin-
ciples cannot be expected for vector-valued solutions. In fact, even Harnack principles do
not generally hold for such systems.

1.3. Main results
‘We now state our first main result. Here and henceforth we use notation from Section 1.4.

Theorem 1.2 (Schauder type estimates). Let k € N and suppose that u is a solution
of (1.1). If A satisfies (1.2) and A, g € Jfolffl(QT), then u € Ck/z’k(Qf'/z).

We impose A, g € J(’gf__ ! instead of the more natural condition J(’é‘_l due to some
technical difficulties in establishing the regularity of the solution in time; see the proof
of Lemma 3.8. However, when the solution is time-independent, our argument remains
valid under the weaker condition 4, g € J€§ —1. see also Theorem 3.1. Thus, Theorem 1.2
generalizes its elliptic counterpart in [13].

Remark 1.3. In Theorem 1.2, D; 8{ u,i + 2j = k, are continuous in X except D’,fu.

In fact, D,’f u is generally discontinuous in x,. A simple counterexample is ¢ (x,)
in (3.6), which is a solution to equation (3.7).

Recently, a similar result was obtained for scalar equations in [1,2], where the coeffi-
cients are in the parabolic Holder space. Their approach relies on a blowup argument and
a Liouville theorem, which seem to be specialized for scalar equations and the homogen-
eous power-type moduli. In contrast, we establish Theorem 1.2 through a novel application
of Campanato’s method and finite difference approximation.

For some parts of the proof, we follow the lines in [13], which achieved a sim-
ilar result in the elliptic context with DMO coefficients. However, the main difficulty
arising in our parabolic framework is to show that when A4, g € #, a difference quotient
(u(t + h, x) —u(t, x))/h"/? has a Dini decay; see Theorem 3.7. This step is crucial for
extending Theorem 1.2 from k = 1 to k = 2. To prove the decay estimate, we adopt Cam-
panato’s method, inspired by the approach used in [16] for uniformly parabolic equations.
However, in our case, the presence of degenerate or singular terms significantly increases
the complexity of the proof.

o
One can infer from the proof of Theorem 1.2 that derivatives of the solution u € C¥/2*
has a modulus of continuity comparable with

! g (0)
ok(r) = (”uHLl(QIadH«) + ||g||L00(QZr) + o dp)

e 1 &
(1.4) x (/ %%fmd/wrrﬂ/ M. (P) dp—i—rﬁ)
0 r

pl+h

" 0% (p) g 1 (p)
, B g
" /0 p ot /r p'th .
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for any chosen 0 < 8 < 1. More precisely, if i + 2j = k for some i, j € Z 4, then
DL u(t. ' xn) = DYdfuls. ' )| < ope(lx = /| + [ = s]'/?).
Moreover, ifi +2j =k — 1 forsome i, j €Z4 and 0 < h < 1/4, then

8:nDL0Ju 8;n DL u

e (0) = =SS ()| S okl =yl + I —s]'2).

In particular, if 4, g belong to C *+A=D/2k+h=1 for some B € (0, 1) instead of JC¥~1,
one can follow the proof of Theorem 1.2 with B € (8, 1) to obtain u € C k+8)/2.k+8
This means our result fully generalizes the parabolic Schauder estimates from the Holder
setting to the partially DMO setting.

Our next main result concerns the boundary Harnack principle.

Theorem 1.4 (Parabolic boundary Harnack principle). Let k € N and B € (0, 1). Suppose
that two functions u, v: Qi" — R satisfy

div(AVu) —d,u = f, u>0, in QI”
div(AVv) —d,v =g in QT,
u=v=0, d,u>0 on Q",

Assume that the matrix A: QT — R™" is symmetric and satisfies for some A > 0 that
MEP? < (A(X)E, §) and that |A(X)| < 1/A for all £ e R and X € QI" If A f,ge
CUNB2A14B (OF), then v/u € CUTBI2IHB(QF )

Due to some technical difficulties, we address the parabolic boundary Harnack prin-
ciple only for the case with Holder type coefficients. We leave the case with (partially)
DMO-type coefficients as an open question. Concerning Theorem 1.4, the result was
achieved in [2] when k > 2. The approach was to reduce the problem to the degenerate
equation for w = v/u,

div(x2AVw) — x2 9, w = div(x? h) + x2(b, Vw) for some functions h, b.

If k > 2, then u/x,, v/x, € CATA/21+B "which implies Vw = V((v/xn)(u/xn)7") €
C#/2:B This allowed the authors to consider (b, Vw) € C#/2-# as a forcing term and the
regularity of w follows from a direct application of the parabolic Schauder estimate.

In this paper, we achieve Theorem 1.4 for any k > 1 by reducing to a different degen-
erate equation:

div(x2AVw) — x29;w = x,(f + (b, Vw)) for some functions f,b.

Here, |b| is small near Q. When k = 1, after some modifications, we apply the Schauder
estimate to show that the C#/2-#-norm of Vw in a smaller cylinder is bounded by a quant-
ity involving a C#/2 -norm of Vw in a larger cylinder, multiplied by a small constant.
We then use an iteration argument to absorb the norm of Vw on the right-hand side.
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1.4. Notation and structure of the paper

Throughout the paper, we shall use X = (¢, x", x,,) = (¢, x) = (X', x,,) to denote a point
inR"*! where x’ = (x1,...,Xp_1), X = (x’,x,,) and X’ = (¢, x'). Similarly, we also write

Y =(5,y) = (5, yn) = (Y, yn) and X = (o, X0) = (to, X, (X0)n) = (X§. (X0)n),
etc.
For X e R*t1 we denote

B/(xX):={y eR" ||y =x| <r}. Dr(x):=B/(x") X (xn — 1. 2% +7),
D} (x):=B.(x")x ((xn = )T x5 + 1), OQL(X'):=(t —r? 1) x B/ (x'),
0,(X):=(t—r*t)x Dy(x), QF(X):=(t—r1t)x Df(x),

Qr(X) = —r%t+r?) x Dp(x).

For abbreviation, we simply write D, = D,(0), D;f = D;}}(0), Q.. = Q.(0), etc.
For o € R, we write

b :=max{e,0} and «  := min{e,0).

Let N be the set of natural numbers and Z+ = N U {0} be that of nonnegative integers.
Given f: QF — R™, he(0,1),and | <y <n, define

Sl‘,hf(tvx) = f(l,X) - f(l —/’Z,X), Sx;/,hf(t’x) = f(l,X) - f(tvx —]’lé’y),

87 S (t,x) 1= 8w (B f(1, %) = f(t,x) =2f(t —h,x) + f(t —2h, x),
S)ZCy’hf(t,x) = ft,x)—2f(t,x —hey) + f(t,x —2ey).

Let D C R” be a bounded open set in R” and let @ := (a, b) x O for some a, b € R.

We define the parabolic Holder classes cl/2d for | =k + B, keZyi,0< B <1,as
follows. We let

. 4
WS = Y ID2ulli~@).
lee|+25=k
®) ._ lu(t, x) —u(t, y)| 8 . [u(t, x) —u(s, x)|
[u]x,Q T su ﬂ ) [u]t,@ = u ﬂ s
(t,0),(1,9)€@ lx — vl (t,%),(5,%)€@ |t — s
l j i (U—=]-25)/2
DT T T R R ST
lee|+2j=k k—1<|a|+2j<k

Then, we denote C!/2(@) to be the space of functions u for which the following norm
is finite:

k
j I
lullcriay = Y_lulg’ + g -
i=0
By C f and C ,ﬂ , we mean the space of Holder continuous functions with degree § in

space and time, respectively. Let Cy and Cx- be the spaces of continuous functions in X
and X', respectively.
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Recall the definition of n? in (1.3). Given k € Z4 and 6 € (—1, 00), we say that
Ae k(@) if

— A€ L%®(Q) when k = 0, while A € C¥/2k(@Q) when k > 1,
—ifi +2j =k forsomei,j € Zy, then DL3] A is of L' (dpg)-DMOy- in @,
—ifi +2j =k —1forsomei, j € Z4,thenforany 0 < h < 1/4,
8, ., DL3J A/hV% is of L' (djug)-DMOy,
— thereis a Dini function ni & such that 77? < 77,?1, « for every function
f =DLdlA, 8;,DL3] A/h"/? as above.

(1.5)

Next, for given k € Z ., we say that u € G2k (Q) if the following holds:

—u e L®(Q) when k = 0, while u € C¥/2%(Q) when k > 1,

—ifi+2j =k forsome i, j € Z, then DL u € Cx/(Q),

—ifi+2j =k — 1 forsome i, j € Z4, then 5,,hD;8{u/h1/2 € Cx (@) uniformly in
he(0,1/4),and 8,,hD§C8{u/h1/2(t,x) — 0 as & — 0 uniformly in (¢, x) € Q.

We emphasize that in the second condition of u € Cki2k (Q), the derivatives D ;8{ U may
not be continuous in x,,. When k = 0, we simply write #9 = #y and o0 = €.

The relation A < B is understood that A < CB for some constant C > 0.

The rest of this paper is organized as follows. In Section 2, we provide some prelim-
inary lemmas. In Section 3, we prove the Schauder type estimate, Theorem 1.2, when
k = 1. We extend this result to any k € N in Section 4. Section 5 is devoted to proving the
boundary Harnack principle.

2. Preliminary lemmas

The following are some properties of L!(du)-DMOy- functions.

Lemma 2.1. For « > —1, if f and g are bounded and of L'(x*dX)-DMOy in QT
then fg is of L'(x2dX)-DMOy in QT/z'

Lemma 2.2. Leta > > —1. If f is of Ll(x,’?dX)-DMOX/ in QI” then it is also of
L'(x*dX)-DMOy in Q?_/z' Moreover,

N (r) < Cn.o ) nf ().

The proofs of Lemmas 2.1 and 2.2 follow the same line of arguments with straight-
forward modifications as those of their elliptic and DMO counterparts in Lemmas A.2
and A3 in [13]. Thus, we omit the proofs.

Next, we establish the weak type-(1,1) estimate, Lemma 2.4, by following lines in [16].

1/2,1

It will be a crucial ingredient in the proof of ¢ regularity of solutions.
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Lemma 2.3. Ler X, € er, re(0,1), and dp = x2dX for some o > —1. For a smooth

convex domain Dy (xo) C R’ with D (x0) C Dr(x0) C D;/S(xo), we let

Q,(Xo) := (to — 12, 19) X Dy (xo).

Let T: L2(Qr (Xo); R™" du) — L*(Q,(Xo);R™" du) be a bounded linear operator.
Suppose there exists a constant Cy > 0 such that for any Yy € @,(Xo) and 0 < p <r/2,

ITh|dp < Co / bl dye

~/(:'lr(X0)\Q2p(Yo) 0,(Yo)N@r(Xo)

whenever b € L2(Q,(Xo); R™", du) is supported in Q ,(Yo) N Q,(Xo) and satisfies

/ bdu = 0.
@, (Xo)

Then for every £ € L*(Q,(Xo); R™ ", dw) and v > 0, we have
C
WX €@, (Xo) | ITRX)] > 7)) < = £l e,
T cZr(XO)
where C > 0 is a constant depending only on n, m, a, A, and Cy.

Proof. When o = 0 (i.e., when du is the Lebesgue measure), we refer to [26], where
the author employs the Calderén—Zygmund decomposition and the domain considered is
the whole space. In our context, we can modify the proof by incorporating the “dyadic
parabolic cube" decomposition; see Theorem 1.1 in [6]. This argument is applicable to
our case involving a weighted measure, as outlined in Lemma 2.3 of [13]. ]

Lemma 2.4. Let Xy, r, and di be as in Lemma 2.3. Let Dy, (xq) and D, (x0) be smooth
and convex domains in R’} with

D (x0) C Dy(x0) C Dy 5(x0) and D]

3r/2(%0) C Dy (xo) C D3, (x0).

and set
Q,(Xo) := (to — r2.10) x Dr(x0) and Q. (Xo) := (to — 4r%.10) x Dy (x0).
For one-variable functions AY® = [&3’},5 (Xn)];rszl satisfying (1.2) in Q, (Xo) and
£= (1 ") € HY (@ (Xo): R™™),
letu e H*(Q,(Xo); R™) be a weak solution of

Dy (x2 A7 Dsu) — x2 d,u = div(x® fra,(xo)) in @r(Xo),
21 Ju=0 on 3p@r(Xo) \ {xn = 0},
lim+ x2(A™ Dsu — f"xa,xy)) = 0 on 0,@,(Xo) N {x, = 0}.

xXp—>0
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Then there exists a constant C = C(n,m, A, «) > 0 such that for any t > 0,

C
22) PUX €@, (Xo) | [Vu(X)] > 7)) < = / ] de.
T Ja,(Xo)
C
23) HUX €@ (Xo) | u(X)| > 7)) < - / £ dpe.
T J@,(Xo)

Proof. For simplicity, we set o = 0. We first prove (2.2). Given
f=(f1 ..., f") e H(@ (Xo): R™™),
we consider f = (f!,..., f™) defined by

2.4) fy' fy—l—c_z".y;” whenl <y <n-—1,1<j <m,
’ f”'z_”” in whenl < j <m.

Here, f is defined so that for any v,
(2.5) (Vu,f) = ((Vyv, V). I), where V = (4"%)TDgv.

Now we let T(f') = Vu, where u is a solution of (2.1) with f as in (2.4). This map T is
well-defined and is a bounded linear operator on L2(@,(Xo); R™*", du) by Lemma 3.4
in [14].

To show that the operator 7 satisfies the hypothesis of Lemma 2.3, let Yy € @, (Xo)
and 0 < p < r/2, and suppose that f € L2(Q,(Xo);: R™ ", du) is a function supported in
0,(Yo) N @,(Xo) and pr(Yo)ﬂar(Xo) f'd,u = 0. As above, let f be as in (2.4). For any
R > 2p with @, (Xo) \ Qr(Yo) # 9 and a function

h=(h',....h") € CZ((Qar(Yo) \ Qr(Y0)) N @ (Xo); R™™),
let v e H((—4r2,0) x D, (x0): R™) be a solution of
Dy (x2(A%")TDsv) + x2 3,0 = div(x2h) in (—4r2,0) x D, (xo),

26) {v=0  on({0} x D,(xo)) U ((—4r%,0) x 0D, (x0)) \ {xn = O}),
lim x2((A%") Dsv —h") =0 on ((—4r2,0) x 3D, (x0)) N {x, = 0}.

By using (2.1), (2.5), (2.6) and Proposition 4.4 in [14], we can follow the argument in the
proof of Lemma 4.3 in [16] to show that T satisfies the hypothesis of Lemma 2.3, which
readily implies (2.2). We omit the details.

The second weak type-(1,1) estimate (2.3) can be derived in a similar way as in the
first one (2.2); see Lemmas 4.3 and 5.2 in [16]. The main difference is that instead of
T:f— Vu and a solution v of (2.6), we consider an operator S: f > u and a solution w
of the following type of equation:

Dy(x,‘;‘(ff‘g")TDgw) + x20,w = x5h in (—4r2,0) x f),(xo),
w=0  on ({0} x Dr(x0)) U ((—4r2,0) x 0D, (x0)) \ {xn = 0}),
im x4 (AT Dsw =0 on ((—4r2,0) x 3D, (x0)) N {x, = 0},

where i € C2°((Q2r(Yo) \ Qr(Yo)) N @, (Xo); R™). u
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3. Schauder type estimates

In this section, we prove Theorem 1.2 when k = 1.

3.1. The continuity of Vy-u and U
The objective of this section is to derive the following result by using the ideas in [10, 13].

Theorem 3.1. For o > —1, let u be a solution of (1.1) in QI. Suppose the coefficients A
satisfy (1.2) and A, g € J, (QI). Then u is Lipschitz in Qi" with respect to the x-variable.

Moreover, Veu and A" Dgu — g" are continuous in Q1+.

We remark that we imposed the weaker condition 4, g € H#,, instead of Hy-.
We will establish an a priori estimate for the modulus of continuity of

(Verut, A" Dgu — g™)

under the assumption u is Lipschitz in x in Q; . The general case can be obtained by a
standard approximation argument.
In Section 3.1, we fix o > —1 and write, for simplicity,

3.1 du=x,dX, na=nmny and ng=nj.
Given Xo = (X}, (xo)n) € Er, we put
dx, := dist(Xo, Q%) = (xo)n > 0.
We set
U:=A"Dsu—g" and UX°:= (x,/dx,)*(A" Dsu — g") when dy, > 0.

We fix 0 < p < 1 and consider

. X, 1/p
infyegmer ( (Verur, UX0) — q|? d,u) . 0<r<dy,/4
0r (Xo)
¥ (Xo.r) = ' "y
infq/eRmx(n—]) (f |(Vx/u — q/’ U)lP d/J,) s dX0/4 <r< 1/2
07 (Xo)

Next, we consider a few of Dini functions stemmed from 7,, where e is either A or g.
For some constants C > ¢ > 0, depending only on n and o, we have

(3.2) cne(r) < ne(s) < Cna(r)

whenever r/2 < s <r < 1. See, e.g., [24].
Given constant 8 € (0, 1), we write 8/ = (B + 1)/2 so that 8 < 8’ < 1. For a small
constant 0 < k < 1, we set

o0
3.3) Ne(r) := ZK‘% ne(k ' r)[k7'r<1], 0<r<l,
i=0
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where we used Iverson’s bracket notation (i.e., [P] = 1 when P is true, while [P] = 0
otherwise). We also let

(3.4) fle(r) == sup (r/p)?'fla(p), O<r <L
p€Elr,1)

Then 7}e and 7« are Dini functions satisfying (3.2) and 7e > 7e > 1je. Moreover, the map-
ping 7 > 7o (r)/r#" is nonincreasing. See, e.g., [10].

Now we begin the proof of Theorem 3.1, primarily following the approach in [13],
which establishes a similar result in the elliptic setting with DMO coefficients. We address
additional difficulties arising in the partial DMO setting by using the idea in [10].

Lemma3.2. Let 0 < p<1,0<B <1, B’ = (1 + B)/2 and Xo € Q. Then for any
0<p<r<1/2 wehave

(3.5 ¥(Ko.p) = Clo/)F Y (Xo.r) + IVl oz (0 14(20) + C(2p).
where C = C(n,m, A, a, p, B) > 0 and 7e is as in (3.3).

Proof. We assume without loss of generality Xo = 0. For a fixed 0 < r < 1/2, we set

A7 (x) ;=][ A (Y xp)dY',

2r

Bn) = (€' ()-8 o= f (¥ aY,

Q2r

Note that u satisfies
Dy (x¥ A" Dsu) — x¥0,u =D, (xfl‘((ffys — A" Dgsu + g")).
We consider a function
6) wotn) = [ A0 0wy in 03,
which solves
D, (x* A7 Dsug) — x% d,up = div(x? g),

Ot
lim x%(A™ Dsug — g") = 0, in Q5.
Jim x5 (A" Dsuo — &)

3.7)

Then, ue (X', x5) := u(X’, x,) — ug(x,) satisfies

Dy (xy A7 Dsue) — xp dgue = Dy (xy (A7° — A7) Dsu + g7 = g")). |
lim (A" Dyue + (4" — ") Dyu + 3" — g") = 0, in Q3.
Xp—>

We take smooth and convex domains D, and 55, such that

DFc®,cD}f,, and DI

~ +
4r/3 3r/2 © Dr € Dy
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and write B y
Q, =D, x(—r2,0) and @, := D, x (—4r2,0).
Let w be a solution of
Dy (x2 A" Dsgw) — x29,w = Dy (x¢ (A" — A¥)Dsu + g” — ") xa,) in@,,
w=0 on Bp@r \ {x, = 0},
lim x%(A™ Dsw — (A" — A")Dsu+g"—g")xa,) =0 ond,Q@,N{x, = 0}.

Xpn—>0+

By applying the weak type-(1,1) estimate (2.2) and following the same argument as in
obtaining formula (2.8) in [13], we get

1/p
08 (f, 19urdn)" < Ul g men + Crgr
Next, we let v := u, — w. It is easily seen that v satisfies
D, (x2 A Dsv) — x%9,v = 0,

N+
. - in .
lim x,‘;‘A”‘SD,gv =0, Q;
Xp—>0+

(3.9)

Since D;v satisfies (3.9) for 1 <i <n — 1, we have by Lemma 4.2 and Proposition 4.4
in [14] (see also [4] for systems),

C 5 12 C ) 1/2
1Dty = f, Verlai) ™ < (£ 1vvpan)™

Similarly, since d,u satisfies (3.9), from Lemmas 4.2 and 4.3 in [14] (see also [4]) we have

C 5 1/2
900l = ][Q veag)

By using a standard iteration as in pp. 80-82 of [19], we improve the previous two estim-
ates:

C 1/p
= P
(10 APy, + Iirvlinsy = o (f, 19017 dn)
We put V := A" Dgv in Q;t. From the first equation in (3.9), we infer
n—1 n
Dp(xyV) = x5y 0;0 — x5 Z Z A" D, 5.
y=18=1

By combining this with the conormal boundary condition in (3.9) and the estimate (3.10),
we deduce that for every X € Qj/z’

xEVOO| = | /0 7 B TV(X.5)) ds|

n—1 n

< /x" s“<|8tv(X/,s)| +3 3 |/IVSDy8u(x’,s)|) ds
0

y=1§=1

1/ Xn a+1 1/
SE(][ |Vv|1’du) ”/ s g < S (][ |Vv|”du) g
r Mot 0 r of
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This gives

(3.11) [V(X)| <

Cxy, » 1/p n
: <][Q,+|W| d,u) . Xe0),

Moreover, by using Proposition 4.4 in [14] (see also [4]) and the iteration as above, we

have . y
D
— y4
[Vx/v]cl/z,l(Q;*'/z) =7 (,{Q;*' |VU| d/L) .

The preceding two estimates give that for small « € (0, 1/2) to be chosen later,

» » 1/p
(][ (IVxv = (Varv) g 12 + [V )du)
0
(3.12) N . NP
SCK(][Q;F|VU| du) §CIC<J[Q:r (IVxv|? + |V )du) )
For any constant vector q' = (¢1, ..., ¢n_1) € R~ we set
Xn n—1 _
500 = o) = [ A (A 0 as) d
§=1
and

17 = Am? D(sf).
It is easily seen that v satisfies (3.9) and V=Vin Q;'. This enables us to replace v and V
with ¥ and V in (3.12), respectively, to have

1/p
(][Q+ (190 — (Varvhgs 7 + V17) dp)

1/p
e (Vev 17 +1V17)du)

o

By recalling
e =v4+w, A"Dsu, =V + A"®Dsw, u=u,+uy and A" Dguy— g"=0

and using (3.8), we follow [13] (see p. 13) to further have

1/p
( ][Q (1Vu— (V) g 17 + 1U17) dp

1/
SCK(][Q (19w —a1? +1U17) dir)

+
+ CK—(n+z+a>/p(||Vu||Lw(Q2+r) na(2r) + ng(2r)).
Since q’ € R"~! is arbitrary, we get

V(0,kr) < Cky(0,r) + Cx~+2+0)/p (IVull (ot 14 (2r) + 1(2r)).

By taking « small so that Ck < kP and using a standard iteration (see p. 461 of [11]), we
obtain (3.5). ]
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Given Xy € Q;‘ when there is no confusion, we simply write
d = dx,.

Lemma 3.3. Let p, B, and B’ be as in Lemma 3.2. For any Xo € Q;‘ and0<p<r<d/4,
we have

(3.13) ¥ (Xo.p) < Clp/ )P Y (Xo, 1) + C|Vull o0, (xo 4 (p) + Ciig(p),
where C = C(n,m, A, «, p, B) > 0 are constants and e is as in (3.3).

Proof. Asr < d/4, u solves a uniformly parabolic equation

(3.14) Dy ((A7%)X° Dsu) — ag(x,)d,u = divg™® in Q,(Xo),

where (47%)X0 := (x,, /d)* A%, g¥o := (x,/d)* g, and ao(x,) := (x,/d)*. Notice that
¢ <ap <c!in Q,(Xp) for some constant ¢ = c(c) € (0, 1). The elliptic version of
Lemma 3.3 is found in Lemma 2.6 of [13], which was proved using Lemma 3.3 in [15].
In our parabolic framework, we can follow the argument in Lemma 2.6 of [13] by using a
parabolic analogue, namely, Lemma 4.4 in [16]. While the latter only considers the case
ap = 1in (3.14), it is easily seen that its proof also holds for our ag(x,) = (x,/d)* since
Theorem 4.1 and Proposition 4.4 in [14] (see also [4]) are applicable in this case with
such ayg. [

By combining the preceding two lemmas, we can argue as in the proof of Lemma 2.7
in [13] to obtain the following growth estimate of .

Lemma 3.4. Let p, B and B’ be as before. If Xy € Q;’ and 0 < p <r < 1/8, then

¥ (Xo. p) < C(p/r)'f”(][Q+ |Vuldu + IlgllLoo(QI))
Sr

(Xo)

(3.15)
+ C(”V””Loo(ggr(xo)) na(p) + ﬁg(P))7

where C = C(n,m, A, a, p,B) > 0and Ne is as in (3.4).

Once we have Lemma 3.4, we can follow the approach in [13] to derive Theorem 3.1.
Therefore, we will only outline the key steps below.
For X, € Q;r and 0 < r < 1/8, we take a vector qx,, € R” such that

1/p
(][Q (X)|(Vx/u,UX°)—qX0,r|pd,u) , 0<r<d/4,
(3.16) V¥ (Xo.r) = e Uy
][Q+(X ) (Vert, U) — qxg.r|? du) . d/a<r<1/8.
r 0

Notice that the last component of qx,, . is zero when d/4 <r < 1/8.

Lemma 3.5. It holds that

(3.17) IVull; oo+ §C/ |u|du+C[
L>(Q7) of o

for some constant C > 0 depending only on n, m, A, a, and p.

1 A
Ng(p)
gp dlo + C”g”Loo(Qr),
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Proof. With Lemmas 3.2-3.4 at hand, we can follow the argument in Step 1 in the proof
of Lemma 2.8 in [13] to obtain

1 A
7g(p)
gp dlo + C”g”Loo(Q;r)-

Vil e §C/ IVuldM+Cf
L (Q3) Q3+ o

Then (3.17) follows by the Caccioppoli’s inequality, parabolic embedding and iteration. m

To proceed, given 0 < 8 < 1, we consider a modulus of continuity wy: [0, 1) — [0, 00)
defined by

1 po r aa

B g (p) 14(p) B

wx(r) = (/Q;; luldpe + llgl o) +/0 . d")(/o PR )
0 o

Recall (1.4). By Lemma A.1, we have

(3.18)

(3.19) wx(r) < oo(r).

Lemma 3.6. Let € (0, 1). For any Xy € Ql+ and 0 < r < 1/18, we have

(3.20) |(Vxru(Xo). U(Xo)) — axo,r| = Coox(r)

for some constant C > 0 depending only on n, m, A, «, p, and B.

Proof. The proof of this lemma is similar to that of Lemma 2.9 in [13]. ]

We are now ready to prove Theorem 3.1.

Proof of Theorem 3.1. The Lipschitz regularity of u in x follows from Lemma 3.5. More-
over, by following the argument in Theorem 2.4 of [13], we can show that for any Xy, Y €
QT with r 1= |x¢ — yo| + |0 —so|1/2 > 0,

(3.21) |(Vxru(Xo), U(Xo)) — (Vxu(Yo), U(Yo))| = Cax(r). u

3.2. The regularity of z in time

In this section, we write for simplicity
dp=xy dX, na=n§, and ng=r1g .

Note that we used the same notation in Section 3.1, but with ¢ in the place of o ™; see (3.1).
We fix a constant 0 < 8 < 1 and recall 8’ = (8 + 1)/2. We introduce several Dini
functions that will be used in this section. We simply write

IVall oty = 1Vullo Nullpaot g = Il and gl g = lglleo-
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Set
20) = (190 + [18]0) 14 () + 1500,
1
103 = (Il + Do + [ 2522 dp) a0 + 77 + 7400,
1
B30y i= (Il + gl + [ 2 dp)a) + %) + 50
_ o 1
i(r) = éz—k ir/29).

where 7o and 7je are as in (3.3) and (3.4), respectively. Note that n < ) < /) < 7. We define

(3.23) o (r) == i(r'/?).
Thanks to Lemma A.1, it is easily seen that for o as in (1.4),
(3.24) o, (r) S 0o(r'?).

The purpose of this section is to establish the following type of regularity for solutions
in time, which will play a significant role in the higher-order Schauder type estimates in
the next section.

Theorem 3.7. Let u be a solution of (1.1)in QF, A.g € Ho(0F), and0 < B < 1. Then,
foranyO0 < h < 1/4and (t,x) € QI” we have

|8, pu(t, x)|
hl/2
where w; is as in (3.23) and C = C(n,m,a, A, B) > 0.

(3.25) < Cw(h),

In [16], the first author and X. Lu derived a similar result in a simpler setting, e.g.,
when o = 0 and in Holder space, by employing Campanato’s method. They worked on u
itself rather than its first derivative, and introduced a set of polynomials with respect to x’
to estimate the difference between u and some polynomials. We adopt this approach to
prove Theorem 3.7, but it is worth noting that our case with general > —1 requires
significantly more complex techniques.

For Xo€ OF and 0 < r < 1/4, we write for 1 <y,8 <n,

(&)X (1) 1= ][ (' xn)dY,
05, (X

(A75) X0 (1) 1= ][ ABY 2y dY'.
05, (X{)

As before, we write for simplicity d := (x¢),. When r > d /4, we denote

n—1
AP =g 1q0) = to+ Y L5 — (x0)s)
=1

n—1

= [ ) A ) £

§=1
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where £g, {1, ..., {,—1 are constants in R™. On the other hand, when 0 < r < d /4, we
define

1307 = a0 [ @Ry s ds g < AT,

where ¢,, is a constant in R™. Moreover, we set

Uy (o) 1= /d (AXor ()7 @0 (5) ds.

We fix 0 < p < 1 and consider

1/p
inf xo,r(][ |u—u§°’r—q|pdu> , r>d/4,
147 N o (xo)
QD(XO’ r) =
2

1/p
infquxo,r(][Q(X)|u—ué(°’r—q|”d,u) , O0<r<d/4
r 0

We also consider a function

n—1
gxo" (x) = 607 + 437 (xs — (x0)s)
§=1

Xn _ n—1 _

(3.26) + / ((AmmyXor(s))~! ((d/s)“ EXor — 3 (A" Xor (s) eg“”) ds.
d
§=1
which belongs to AY%" when r > d /4 while AX" when 0 < r < d/4 and satisfies
1/p

(3.27) (][ |u — ué(o’r —gXor|p du> = ¢(Xp,r1).

o7 (Xo)

Here, (" = 0 when r > d /4 due to the definition of A‘IXL”'. When d = 0, we under-
stand (d /s)* 02" = 0.

A crucial step in proving Theorem 3.7 is the estimate of ¢ presented in Lemma 3.12.
To obtain this estimate, we will consider the boundary case (Lemma 3.9) and the interior
case (Lemma 3.10). We first establish the following technical lemma.

Lemma 3.8. Forany Xo € QF, r € (0. 1) and « € (0, 1),

” ()
=n\Xo,kr -n\Xo,r g
£ [l @y oro) dsn < S

Xn _ _ o
£ [Tl ) - ) dsan < AT,
0l (Xo) Jd K®
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Proof. We only prove the first estimate, since the other one can be obtained in a similar
way. By applying Fubini’s theorem and Lemma 2.2, we obtain

£ [ @0 (5) — @) ()| ds

—kr)t

d+kr Xn
/ / (8% (5) — ()% (5)| x¥ dsdxp
+x%dx, d

Trd+kr o .
f(d —KT)
d+«kr

i(gn)Xo,Kr(s) _ (gn)Xo,r (S)|xflg dxn ds

d+xkr
S @ ((d Kr)+>1+a/ /
d+«kr
< / (7)o" (5) — (3" %0 (s)|ds
d

1

c 1 ) _ ()
~o(kr)nt

n =n\Xo,r ‘
L;(Xo)|g (X) = @)™ ()| dX = 1 I ot "

Lemma3.9. Let0< p<1,0<B <1, B =(1+B)/2 and Xo € Q. Then there exists a
constant k € (0,1/4), depending only onn,m,a, p, A and B, such that forany 0 <r < 1/4,

(3.28) go()zo,/cr) < KH_ﬁ/(p(Xo, r)+ Crn(r),

where C = C(n,m,a, p,A) > 0.

Proof. Without loss of generality, we may assume Xo = 0. We simply write (g")%" =
@", A?’r = A7 and ug’r = uy, etc, and decompose u = ug + v + w, where v and w

are as in the proof of Lemma 3.2. By applying the weak type-(1,1) estimate (2.3) and
Lemma 2.2, we get

1/p
(3.29) ( ][Q wlPdi) < Cr(IVul gy ma(2r) + ng(20).

Regarding v, recall that it satisfies (3.9) and V = (A"%)” Dsv. We define the operator T,
by

Xn n—1
B30) Tru(x) 1= 0O + Tuv@ -’ = [ () )7 A () Dso(0) s
=1

Writing g, := T,v, we have, for a small constant k € (0, 1/4) to be chosen later,

V(v — ‘?r)”Loo(Q;rr) = ||Vxv — vx’v(o)”LoO(Q;rr) = K"[vx’v]cl/z,l(Q;;)
and

| Z(A"%’D,s(v )

ogory — 1V leiosy = €rlVicizicon)-

where in the last step we used V = 0 on Qr ,» which can be inferred from (3.11). By
combining these estimates and Lemma 4.2 and Proposition 4.4 in [14] (see also [4]) with
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standard iteration, we get

1/p Ck 1/p
— 4 D - )4
IV = dr)llLocor) SCK(][QJ?2|VU| du) == (][Qr v] du) )

In addition, since d,v satisfies (3.9), we use Lemmas 4.2 and 4.3 in [14] (see also [4]) to

obtain
e 1/p
p p
190l ) < C(J[Q+ 0017 dp) " = rz(][Q+ vl dpe)
r/2 r

Combining the previous two estimates and the equality (v — §,)(0) = 0 yields

(3.31) (][Q+ lv = Tyol? du)w < CKZ(J[Q+ v|? du)l/p.

It is easily seen that for any ¢ € A, v — ¢ satisfies (3.9) and YA",q = ¢. This allows us to
replace v with v — ¢ in (3.31) to have

(3.32) (][Q+ v = G|? du)l/p < CK2<][Q+ v —q|? du)l/p.

Moreover, it is easily seen that
(A= @ — (A7 @Y |
1@ =@+ 118" oo (A")<" = (A™)].
By recalling
n=(IVull Lo oty + l18llLooco)) na + 1g

and applying Lemma 3.8, we deduce

1/p Crn(r)
(3.33) (][Q " —upl dp) < ][Q 7 — gl < S0

Next, similarly to g,, we define
Xn _ n—1 _
Gier (x) := v(0) + Vv (0) - x’ —/ ((A"™)<T ()71 Z(A”S)K’(S)ng(O) ds e Af".
0 §=1

We recall §, = Tve AT (see (3.30)) and apply Lemma 3.8 to get
N N 1/p Crng(r
(f, taer—alran)”” = 4 9,00)
o ke
By Proposition 4.4 in [14] (see also [4]), (3.8) and the equality v = u — ugy — w, we get

» 1/p
Vo0 = € (f 1901 dn) " < CTulo + gl
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Thus we have

Crn(r)
K" '

. . 1/p
(3.34) ( ][Q Nder —arPdu) " <

Now we denote by C, a constant which may vary from line to line but depends only
onk,n,m,a, p,and A. From the equality ¥ — uf = v + w and estimates (3.29), (3.32),
(3.33), and (3.34), we obtain that for any g € A7,

][+ |M—Mﬁr—@xr|pd/x§][+ |u_u6_ér|pdﬂ+ck(rn(r))p

Kr Kr

<f b-adrdut P dut crne)y

Kr

scer f wegldus i dn s iy

Kr

< CKZ"’][+ [u—ug—q|? du + Ce(rn(r))?.
o

This implies (3.28). [

Lemma 3.10. Let p, B, B/, and k be as in Lemma 3.9. For any Xy € Q;‘ and0 <r <d/4,
it holds
o(Xo. k1) < P 9(Xo.7) + Cra(r).

Proof. For the proof of this interior case, we can follow the argument in the boundary case,
Lemma 3.9, with straight modifications. The only nontrivial part is the estimate (3.32)
which relies on the fact that V' = 0 on Q' /o 1ts interior counterpart can be inferred from
inequality (5.10) in [16], since the condition r < d /4 implies that u solves the uniformly
parabolic equation (3.14) in Q,(Xp). |

To derive the decay estimate of ¢ by combining the previous two lemmas, we need the
following result.

Lemma 3.11. Let0:[0,1] — [0, 00) be a Dini function satisfying (3.2) and o = n, where
is as in (3.22). Suppose that for some point Xy € Q;L

(3.35) o(Xo,r) <ro(r), O0<r<1/8.

Then there is a constant C > 0, depending only on n, m, A, «, and p, such that for every
0<r<1/8

1/p
(3.36) (][ |V(u— ug >’ — q*on)|” du) <Co(r)
0i (Xo)
and for every 1 <§ <n —1,

Xo,r Xo,2r Xo,r ! O(p)
GIN G =G| Co() and 1G5 C(IVulloo +lghoo + | == dp).
0



H. Dong and S. Jeon 1404

Proof. We observe that uX0-" := y — uéfo’r — gXoT satisfies, in Q;r(XO),

Dy(xff(.A_ylg)XO’rD(guXO’r) _ )C}c,: atuXO,r
= Dy (x2((A5)X0" — A7) Dsu + g¥ — (§7) %),
with the conormal boundary condition

lim xg((/InB)Xo,rDquo,r + (Anb’ _ (/InS)Xo,r)Dgu + (gV)Xo,r _ g)’) =0

xXp—>0+
on 0}, (Xy) if O2,(Xo) N Q7 is nonempty. We then decompose

uXo,r X(),r X(),r

=w +v

in a similar way as in the proof of Lemma 3.2. Regarding wXo-"
type-(1,1) estimates in Lemma 2.4, we get

, by applying the weak

1/ 1/
(3.38) (][ X2 dp) " < Cratr), (][ VwXoridp) " < Cne).
07 (Xo) 07 (Xo)

In addition, by using Lemma 4.2 in [14] (see also [4]) with iteration, we obtain

1/p 1 1/p
( voXor |2 dp) < — X dp) " S o (),
o; (Xo) riJof (X0

where we used (3.35) and (3.38) with the identity vXo-" = yXor — Xo-" in the second
step. This, along with (3.38), gives (3.36).

Moreover, by applying Lemma 3.8, we get

1/p
(][Q+(X) M(’)fo,r —u0X°’2r|P d“) S ().
r 0

This, together with (3.35) and the assumption o > 7, yields

1/p
Xo,r _ ,Xo,2r|p
639 ( ][Q ol = d)

1/p 1/p
<( ][ LT R | ][ u—u®? —g 2|7 dp)
0; (Xo) o7 (Xo)

1/p
F(f - dy)
07 (Xo)
S ¢(Xo.7) + @(Xo0.2r) +rn(r) S ro(r).
We assume without loss of generality X = 0 and observe that
207" = 67" x1 = (@07 — X () — (@ = K (=x1 xa, X),

which combined with (3.39) produces

rle” — 0 < ( ][

1/p
ot g% — ¥ 7 dp) S o).
r 0
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By repeating the above process for2 < § <n — 1, we get
10" — | <o(r), 1<8<n—1.

Finally, we take k € N satisfying 1/8 < 2% < 1/4. Then we have by using the above
estimate and (3.36)

k-1 1
i i+1 k o
6071 = Y1 =02 1602 5 [Tt |Vl + e
i=0 o P
Next, we combine Lemmas 3.9-3.11 to estimate ¢.
Lemma 3.12. Ler k € (0, 1/4) be as in Lemma 3.9. If Xg € Q3+ and 0 < r < k/20, then
¢(Xo,r) = Cri(r).
Proof. Without loss of generality, we may assume X = 0, i.e., Xo = (0,d). We write for

simplicity ¢" = ¢%", (g")" = (g™)%", by = ﬁg’r and (A"0)" = (A"%)%" for1 < § < n.
We first claim that forany 0 < R < 1/4,

(3.40) ®(0, R) < R7(R).

Indeed, take a nonnegative integer j > 0 such that k /R < 1/4 < k~U+D R, From (3.28)
with iteration, we find

J
9(0.R) < k10,7 R) + € Y "k IHAIED = Ry (' R)

i=1
S R1+ﬂ/<f
QiR

S (ull i + ligloo) R+ Ri(R) < RA(R).

1/p J /s .
u — uor|p du) +RY kP R)
i=1

We then consider two cases either r > xkd /4 or0 < r < kd /4.

Case 1. Suppose r > «d /4.
Then, for R := (1 4+ 4/x)r, (3.40) gives

9(0.R) < Rij(R) < rij(r).
Thus we have by Lemmas 3.5 and 3.11 that

o, 1<8<n-—1.

1
(3.41) 15°] < Nl e + llgloo + /0 "ng") d

In addition, by the minimality of ¢ and the identities

(gn)Xo,r — (gn)r and (/Ing)Xo,r — (14_n8)r,
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we get

©(Xo, 1)

=( ][
07 (Xo)
<( ][
o (Xo)
1

+ ][Q?(Xo) (/(‘)xn (A"~ )(gn)r _ (g—n)R 4 :2;:1 ((/Iné')r _ (/I”S)R)Zf‘) du

Xn
Qr (XO) 0

<O, R) +ri(r) < rip(r),
where we used Lemma 3.8, (3.40), and (3.41) in the last step.

n—1 Xn _ = 1 r 1p
=L = L — /0 (A7 (@ + oAy ef)| )
§=1 o=

n—1 Xn o n—1 .
u_KOR_ ZZSRX(S _A ((Ann)R)—l((gn)R+Z(AHS)Rzgg)‘de)l/P
=1 §=1

Ayt = (AR [ @R + E(/I"&)Rz?() dp
§=1

Case 2. Suppose 0 < r < kd /4.

Take j € N such that kd /4 < k—/r < d /4. By applying Lemma 3.10 with iteration,
we have

¢(Xo.r) S kU g(Xo k™I r) + i) < (r/d) P p(Xo.k T 1) + ri(r).
By using the result in Case 1 and the fact that p — p~# /f)(p) is nonincreasing, we obtain
¢(Xo.r) < (r/d)'*P'did) + ril(r) < ri(r). .
Now, we are ready to prove Theorem 3.7.

Proof of Theorem 3.7. We split the proof into three steps.
Step 1. Recall that U = A™ Dgu — g". The aim of this step is to show that

1/p
¢4 Dsu— €7 dp) " = Citr), 1=8=n—1,
F(Xo)

1/p
¢4y ][Q o)1V~ @617 du) < i,
r 0
Indeed, since
Dg(u — u(),("’r —qXO’r) = Dsu —Z?O’r forl<§<n-1,

the inequality (3.42) follows from (3.36) in Lemma 3.11, which is applicable due to
Lemma 3.12. Regarding (3.43), when r > d /4, we have (d/xn)"‘e,),(o’r = 0 and thus it
simply follows from Lemma 3.4. On the other hand, when 0 < r < d /4, we observe

n
Z(/InS)XO,rDS(u _ uoXo,r . qu,r)
§=1 _
= (U = (d/x)* L) + (g" — (&™) %0") + ((A")Xo" — 4") Dy,
which combined with (3.36) implies (3.43).
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Step 2. The purpose of this step is to prove
(3.44) u(Xo) = £5""| < Crij(r),

where 7 is as in (3.22). Since £X0" = 0 when r > d/4 and 4/5 < d/x, < 4/3 when
r < d /4, we have by using (3.43),

wr)l(o,r _650,2r| < C(][
07 (Xo)

< Cn(r).

1/
U = @/ x)* €517 41U = (d ) €507 Pyt

We then follow the argument at the end of the proof of Lemma 3.11 to get
1 ~
gory=c [ 224,
o P

These, along with Lemma 3.11, give that forany 1 < § < n,

1 A~
(345 || < C(||Vu||oo +/0 @dp) and €07 — 0X027| < Ch(r).

Moreover, from the definition of qXO” and qX"’Z’, we find

n—1
60" =" = (@™ (x) = ¢* () = D (65" = €57 (x5 — (x0)s)

§=1
- /dx" (((finn)xo’r)_l((d/s)aﬁfo’r — g(gmﬁ)xo,rgg(o,r)
— ((ArmyXo2ry-1 ((d/s)agr)t(o,Zr _ S(An%XO,Zreg(o,lr))ds.
=1

By using Lemma 3.8, (3.39), (3.45), and arguing as before, we get
(3.46) 1£0° — €377 < Cri(r).

In addition, since
(= ug®" — g%07)(Xo) = u(Xo) — £3°"

we infer from Lemma 3.12 that
K(}f"” —u(Xg) asr — 0.

This, together with (3.46), gives (3.44).
Step 3. In this step, we derive (3.25). It is sufficient to show that

(3.47) [u(to, x0) — u(to — r, x0)| < Crij(r), (xo.t0)€Qf, 0<r <k/32,
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where 7 is defined in (3.22). To prove it, we write Xo = (o, Xo) and X = (to — 2, xo)
and assume without loss of generality x; = 0. Due to (3.44) and the triangle inequality, it
suffices to show

602" — g2027 | < Crij(r).

We claim that forany 0 < s < 1/4and 1 < § <n,
Xn _ _
a5 = (A1 ()] dsd < Crif)
r (Xl) d

(3.49) |£§(0,2r|+|€§(1,2r| < C(Hvulloo +/ 77()0) d >’ |£§(O,2r _egfl,Zr' < Cﬁ(r)
0
Indeed, by using the triangle inequality,
|(An8)X0,2r _ (Aﬂ&)X1,2r| < |(/In5)X0,2r _ (/InS)Xo,4r| + |(An8)X0,4r _ (AnB)X1,2r|

and the inclusion Qj{r(X 1) C Qg'r (Xo), and arguing as in the proof of Lemma 3.8, we
obtain (3.48). Moreover, the first estimate in (3.49) follows from (3.45). For the second
one, by using (3.42) and arguing as before, we obtain

[0 T < qr), 1<8<n—1

Regarding the case § = n, we use (xg), = (x1), and apply (3.43) to get

Xo,2 X1,2
16 =6

1/p
S(f U= o) G017 41U = (e )17 ds)
F(xn
1/p
S(f, U= Gonfx o) du)
03, (Xo)

+<f 1)|U_((X1)n/x”)a£;)1(1’2r|pdu)l/p

2r
< n(r).
Now, we observe that

|£é((),2r _ Eé’lﬂrl

< (f |qX0,2r_qX1,2r|pd f Z |(£X0 2r EXI 2r)x |de) 1/p
o (x1) (X S—1
Xn n—1
+ ][ / A Xo,2r\—1 d/s agr)l(o,Zr . AnS X0,2r€Xo,2r

(1,00, ], Lo (@ ey )

n—1
_ - , p 1/p

_ ((Ann)X1,2r)fl ((d/s)“ﬁ,)fl’zr _ Z(AnS)X1,2r€§(1,2 )] dS‘ d,u)

5=1

=: I+ I+ 1L
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By using (3.48) and (3.49), we get Il + III < Crn(r). Concerning I, since (3.48) also
holds when A" is replaced by §", we have

1/p
(][ |uXo,2r _ u§1,2r|1’ dﬂ) < Cri(r).
o7 (X1)

By combining this with Lemma 3.12 and the triangle inequality,

|qX0,2r _le,zrl < |u _ ué((),Zr _qu,2r| + |u _ u())(l,Zr _ qX1,2r| + |u())(0,2r _ ué(l,Zr

we obtain I < Cri(r). This finishes the proof. |

’

Before closing this section, we prove the continuity of 8, ju/ n/2,
Theorem 3.13. Letu, A, and g be as in Theorem 3.1 and let 0 < 8 < 1. Then 8,,hu/h1/2 €
Cx (Q7) uniformly in h € (0, 1/4).
Proof. WefixO<p<1,1 <y <nand(t, x)ear,andlet

8 pu(t,x) — 6, pult, x—pe,,)
h1/2

Suppose that & < p2. Then |8, pu(t, x)|/h'/? < w;(h) by Theorem 3.7. This, along with
Lemma A.1, gives

0 2k n
(3.50) |Uypl S wr(h) = Zlk l/z/zk)<22k /ﬂ (s)d </0p@d

Uyp =

N

< 00(p).
On the other hand, when 7 > p?, we have by (3.21) that for w, as in (3.18),

lu(t,x) —u(t,x —pey) — (ut —h,x) —u(t —h,x — pey)|
|Uy,p| = h1/2

1
< hl%./o |Dyu(t,x — tpey,) — Dyu(t —h,x — tpey)| dt

1/2
< % < wx(p),
where in the last step we used the monotonicity of r — w, (r)/r, which follows from that
of r > fle(r)/r. Therefore, we conclude that §; yu/h'/? € Cy (Q_T) uniformly in /.
Next, we prove 5,,hu/h1/2 € C,(E) uniformly in /. Set

Sepu(t, x) — 8y pu(t —p.x)
hl/2

Uip =

If h < p, then we apply Theorem 3.7 to have |U; ,| < w,(h) and argue as in (3.50) to
obtain Uy p| < 00(p'/?). On the other hand, when & > p, we use Theorem 3.7 again to
deduce

— - — — —h—- 1/2
U, | < (e, x) —u(t — p.x)| + [u(t —h,x) —u(t —h—p,x)| _ p"?wi(p)
> hl/2 ~ /2

< wi(p). [
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4. Higher order Schauder type estimates

The purpose of this section is to provide the proof of Theorem 1.2. We begin with a simpler
case when the coefficients are in Holder spaces, and then use that result to establish the
theorem.

4.1. Systems with Holder coefficients
This section is devoted to the proof of the following result.

Theorem 4.1. Let k € N and 0 < f < 1 and let u be a solution of (1.1). Suppose A
satisfies (1.2) and A, g e C k+B=1/2.k+p-1 (QT). Then u € C(k"'ﬂ)/z’k"‘ﬂ(QT/z).

The case when k = 1 in Theorem 4.1 can be inferred from the proofs of Theor-
ems 3.1, 3.7, and 3.13.

The following theorem addresses the case when k = 2. This is derived from an applic-
ation of the result when k = 1 and a fine analysis of finite difference quotients.

Theorem 4.2. Theorem 4.1 holds when k = 2.

Proof. To show that u € C @+8)/2.2+8 it is enough to show
4.1) DyueCUHP2IHE 50 e CPl2P D uectP? and D,ueCP/?P,

We divide the proof of (4.1) into three steps.
Step 1. We first prove Dyu € CU+A)/2:1+B From (1.1), we see that D, u solves

Dy (x A7 Ds(Dyu)) — x% 8, (D) = div(xZ ).

0t
- lim (4" Dy(Dyr) = ") = 0, " O

X

where
g}/ = x’gy_Dx’AVSDﬁuv lf}/in

(one can derive (4.2) rigorously by using the finite difference quotient).
Since u € C(1+P)/2.1+8 by the case k = 1, we have that g € C#/2-8 and thus that
Dyu e CA+B/2.148 by the case k = 1 again.

Step 2. We fix h € (0, 1/4) and write

u(t,x) —u —h,x) 8 pu(t, x)
11/2 ISV

4.3) uh(l, X) =

As in Section 3.2, we write ”””LI(QT,du) = ||u||1,.0, where du = x¥ dX. The aim of

this step is to prove that u” € C(1+ﬁ)/2’1+ﬁ(Q:'/2), with

h
“.4) el carmniengryy < Cllulln + lgllcasmrzinm)

for some constant C > 0, independent of 4 € (0, 1/4).
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To this end, we define (A”8 )h and gh in a similar way as (4.3). From (1.1), we deduce

D, (x2 AV Dsu"y — x% 9, u” = div(x2g"), .
lim x&(A" Dsu” — (g")") =0, oy

Xpn—>0+

4.5)

where
@, x) = (). x) — (A" (¢, x)Dsut —h,x), 1<y <n.
We claim that there exists a constant C > 0, independent of /, such that

lg" (. x)—g" (5. )| =Clgl a+p |t —s|/2 foranyt,se(—1,0) and x € D],
(4.6) !
lg"(t, x)—g" (t, y)| <Clglcasprzass |x—y|P forany e (—1,0) and x, y eD}.

We first prove the first estimate in (4.6). If |t — 5| < h, then

|gh(t,X) —gh(s,x)| < |g(l,X) —g(S,X)| + |§fj2_hvx) —g(S _hvx)|

Clgloawpr |t — s|(+A)/2
= h1/2

< Clelca+przt = s|B/2,

On the other hand, if |t — s| > &, then from

|g(z»x) - g(t - hvx)|
h1/2

4.7) 2"t x)| = = Clglca+nr P12,

we have
" (. x) — " (5. )| < 1g" (. 0)| + 18" (5. )| < Clelgavmlr —s1P72.
Next, we verify the second estimate in (4.6). If |x — y| < h'/2, then we have

g"(t,x) —g"(t.y)|
_ (g, x) — 86, y)) — (8t —h,x) —g(t — h. y))

hi/2
_ (Ve 21) = Vg(t, z2)| + [Vg(t, 22) — Vel = h, 22)]|x — ¥
— h1/2
lx = yP  glcaspoars | |x = yllglcarprzats B
< hi/2 h(—B)/2 < 2[glca+prz1+p |x — ¥|7,

where we applied the mean value theorem and the triangle inequality in the second step.
On the other hand, if |x — y| > h'/2, then we use (4.7) to get

g (t.x)—g"(t.y)| < Clelca+ar hP12 < Clelca+pr|x — P
Notice that (4.6) and (4.7) imply

||gh||cf3/2,ﬂ < Clglca+py21+8
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for some constant C > 0, independent of A. Since this holds for (47%)" by the same
reasoning and also for D, u as u € C(1+A)/21+8 e have

18" cprzp < CUlullip + llgllcarsyrziss).

Now, (4.4) follows by the induction hypothesis.

Step 3. In this step, we show that (4.4) implies D,u € C,(lJr’s)/2 and d,u € CP/2.
Indeed, from (4.4), we have

1Dnu® | cpre < (el e + gl casaraies),
which yields
|D,,u(z + h’ X) - anu(l, X) + Dnu(t — h,X)| < C(||u||1,,L =+ ||g||C(1+ﬂ)/2,1+ﬁ)h(1+ﬁ)/2.

Thus, D,u € C t(Hﬂ )/2 by Proposition 8 in Chapter 5 of [25].

C,(Hﬁ)/z, we have

Moreover, since (4.4) gives uh e
lu(t 4 h, x) 4+ u(t —h,x) = 2u(t, x)| < C(|ulliu + lglcaspyzies)h TA/2,

Thus d;u € C ,ﬂ /2 by Propositions 8 and 9 in Chapter 5 of [25].

It remains to show d,u € C f . To this end, we claim that there exists a constant C > 0,
independent of /4, such that

48) 18483, ,u"| < Clulliu + gl casmizas) mingh A2 P16y in 0F

Indeed, if r < \/ﬁ, then we use
163, 4" < Clulli + lglcaseyzaes) r' T,
which follows from (4.4), to obtain
180,83, ,u") @ )| <183, u ()| + 183w (¢ = h )
< C(llullvp + lgllca+syzass) r'+e.
Similarly, if Vh < r, then we use
18" < C(lull1p + lgllcarsyzars) RO/

to get
183, 5 Geme™) < Cllulli e + lglcaspyzies) RO,

We fix 0 < r < 1/4,and leth = h; := 27772 with large j € N so that h < r2/4. Itis
directly seen that for any function f,

1 1
Senf = 3 St2nf + 5 5?,hf~
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By iterating this equality and putting
f =8§y,ru, 1<y <n,
we deduce

1

(4.9) St.h 8§y =7

j-1
1
8,27 5)2;”” + Z S tz,h(?i ou=T+IL
i=0

Regarding I, we use

; 8 2ipt .
uz.lhzﬂ, 2/h =1/4,

V2ih
and )
[ "] casmmis < Clullnu + gl casmrzits)
to get

1 <

N ;
S 18,07 < Cllul i + gl casmrniea) r'*P.
To estimate II, we take ip € N such that 20~1h < r2 < 290}, We note that ip < j and use

i 5 inUu
uzth _ t,2'h
21

3

to have

j-1 i~
1 ~/21h ;
II:Zzz+1 8t2’h Xyr r Bipipu) = Zlethih‘s)zcerZh

l() 1 .
,/ 8iaind3 ,u u'h ,/ 8epind?, ,u M =11l + 1N,

110

For IT;, we use (4.8) and 20~ < r? to get

ip—1

h .
| < (10 + gl cassyzies) Z o @R

t() 1
< C(”M”]’M + ||g||c(1+ﬁ)/2 1+5) Z ‘[ 5 (2’]1)1/2 (21 io+1 2),3/2

l()—l

< C(llullp + lgllcarprzass) hrf (2170t 1)A/2
i=0

< C(lullip + llgllcaspyzis) hrP.
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Concerning II,, from (4.8) and r2 <20, we find

o0
h
M| < C(llull1,. + llgllca+srzas) Z Vi rith

i=ig
h
< C(llull1,p. + llgllca+prza+s) 2o P < C(lulli + lgllcarsaivs) hrf.

Now, combining (4.9) with the estimates for I, II;, and II, yields

5)2Cy r(&,h”)) _ |5z,h5,267’,u|

A h < C(|lullr,n + ||g||c(l+ﬁ)/z,1+ﬂ)r’3

for some constant C > 0, independent of /. By taking 7 = h; — 0, we infer
|8)2cy,rut| = C(llullve + ||g||c(1+ﬂ)/2,1+ﬂ)rﬂa I<y=n.

By applying Proposition 8 in Chapter 5 of [25], we conclude u; € C ,’Cg .
Step 4. In this step, we show that D, ,u € C#/2-_To this end, we recall

U= A"Dsu—g"

and use (1.1) to have
2 U = d,u— D, (A" Dyu — g7).

Xn
This yields
o n—1
X, 9D, (x0U) = — U+ DU =§ where§ :=du — > Dy (A" Dsu — g").
n y=1

Notice that £ € C#/2:8 by the results in the previous steps. By using the conormal bound-
ary condition x¥U = 0 on Q, we deduce

1o
UK ) = /0 PUE(X, p) dp,

n

which gives
1
Dy (A" Dsu — g") = DU = £(X'. xp) —a/ P%E(X', pxp)dp € CPI2P.
0

This implies D, ,u € Ch/2B, [

We now achieve Theorem 4.1 for any k € N by using the cases when k = 1,2 and an
induction argument.
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Proof of Theorem 4.1. We assume that the theorem holds true for 1,2, ...,k for some
k > 2, and prove it for k + 1. To verify that u € C k+B+1D/2k+B+1 it quffices to show

Dyue C(k+ﬂ)/2,k+ﬂ’ 8tu e C(k+/3—1)/2,k+ﬂ—l and D,jue C(k+ﬁ—1)/2,k+ﬂ—1.

Since Dy u satisfies (4.2) with ¥ = Dy g¥ — DAY Dgu e C kTA=D/2k+B=1 e have
by the induction hypothesis Du € C*+8)/2.k+B Similarly, as u, solves

lim x,‘f(A"‘gD,gu, -2 =0, inQy,

Xpn—>0+

(4.10)

where ¥ := 9,87 — 8; A¥* Dsu € C *k+B=2/2k+B=2 by the induction hypothesis for
k —1, we getu; € C*k+A=D/2.k+B=1 Finally, by following the argument in Step 4 in the
proof of Theorem 4.2, we obtain D,,,u € C k+B=1/2.k+B—1 n

4.2. Systems with partially DMO coefficients

In this section, we complete the proof of our central result on Schauder type estimates,
Theorem 1.2. The case k = 1 is a consequence of Theorems 3.1, 3.7, and 3.13. Once
Theorem 1.2 is established for k = 2, the remaining case when k > 3 easily follows by
induction, as shown in the proof of Theorem 4.1. We will establish the theorem for k = 2
by using the results when k = 1 and difference quotient approximation.

We define 711, 1, 71, 71, and ;1 as in (3.22)—(3.23), but with 74 and 7, replaced
by 14,1 and 1, ;. Similarly, we let wy 1 (r) be as in (3.18) with 74 and 7}, replaced by 74,1
and 7),1. Note that

w1 (r) So1(r) and  w.1(r) S o1(r'/?).
Proof of Theorem 1.2. As mentioned above, it suffices to show the theorem for k = 2. For
this, we need to show Dyu e CY21 9,ueC, Dyou € C and

(St’thu

8, 1D —
@.11) lim 2= v) =0 and S € Cx(07).

h—0 h 1/2
uniformly in (¢, x) and /, respectively. We divide the proof of these into three steps.
Step 1. We first prove Dyu € Co’l/z’l. Recall that D, u solves (4.2) with
gV =Dyg” — DyA" Dsu.

Clearly, Dy gV, D, AY% € J. Moreover, since u is a solution of (1.1) and the data A and g
belong to C /21, we have u € C(1+A)/2.148 for any 0 < B < 1 by Theorem 4.1. Thus,

§ € J¢ by Lemma 2.1, and hence we have Dyu € C1/2:1 by the case when k = 1.

Step 2. In this step, we prove d,u € C. To this end, we fix & € (0, 1/4) and define u”,
(Ays)h, and gh as before; see (4.3). Then u” solves (4.5) with

@t x) = (&) "(t,x) — (A" (t, x) Dsu(t — h, x) € X.
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By Theorem 3.7, we have that

P (t + h,x) —u" (1, x)|
hl/2

<wii(h), (@ +hx),(tx)e Q;r/4.
This implies

t+2h, 2u(t + h, t
(4.12) ut + 2, x) - ”; O TGOl _ ), 0<h<1/4
In the rest of Step 2, we fix a point x € D1 P and write for simplicity u (¢, x) = u(t). It can

be directly checked that for any j € N,

w(t +27h) —u(t) Xj: u(t+2'h) = 2u(t +21 " h) +u(r)

(4.13) u(t+h)—u(t) = 57 o

i=1

We take j € N satisfying 1/4 < 2/h < 1/2. Then (4.12) and (4.13) yield

|u+h) —u(@)| Iu(t+2’h)|+lu(l)| Zlu(l+2’h) 2u(t+2"""h) +u()]
h - 27 h 2i=1p

1 i1 Y w1 (s)
< 8llulo + 5 D0 @) < 8llul + € [ 21 s <o,
25 0 §

Since 0 < & < 1/4 is arbitrary, this implies that u is Lipschitz in time.
Next, we improve the Lipschitz regularity of u in time. To this end, let £: R — [0, c0)

be an even and nonnegative smooth function such that supp & € (—1, 1) and f_ll E(s)ds=1.
We consider the convolution of u in time-variable

1
um(t, x) = /_1 u(t + hs,x)&(s) ds.

Again, we write for simplicity u ) (¢, X) = u)(t). By the properties of & and (4.12),

1 1
[y () —u(t)| = ‘/ (u(t +hs)+u(t—hs))§'(s)ds—/ 2u(t)E(s)ds
(4.14) 0 0

1
< hf sw1(hs)E(s)ds < Chwf (h),
0

where

1
w1 (h) :=/0 wy,1(hs) ds.

Moreover, by using the change of variables, the equality f_ll £"”(s)ds = 0 and (4.12), we
obtain

S”(S)

§”(S) )

102y ()] = )/ u(t + hs) ds (_ U (1t + hs) = u(0) =

5/ lu(t + hs) + u(t — hs) —2u (t)] EU( )| s<C
0

a)t’l ()
h
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Let
Pto,h([) = ato,h + blo,h(t - tO)

be the first-order Taylor expansion of u ) at #o. Notice that
ay.n = u@y(to)s by = dumy(to) and  |bgy p| < [|0r1co-

Then the above estimate on 9,1 ) gives

(4.15) @y = PronllLoo(o—hito+ny) < Chof(h).

By combining this and (4.14), we get

e — Prg.nllLoo(to—h,to+my)y < Chay ().

This implies that d;u is continuous in time with the modulus of continuity bounded by

C /r wt*’l(_S) ds.
0

N

A simple computation, along with Lemma A.1, shows

/ o/ (s) dsS/ y,1(5) dsial(rl/z).
0 N 0 N

To show that u, is continuous in x’, we let x = (x/, x,) and y = (y', x,,) with i :=
|x" —y’| > 0. Then

e (X" xn) —ue (1, 5", xn)|

M(l +h27y)_u(t’y)

u(t +h%, x)—u(t,x
<| ( h2> ( >_u,<z,x)]+) 2 w9
2 _ 2 .
@16 4 mEEhLx) ”(f+hh£y) u(t, x) +u(t, y)|
< orh) +/1 |Dyu(t + h2, (1 —s)x +S);l)—Dx/u(;,(1 — )X + 59)] P
0

< o1 (h),

where we used that d,u is continuous in ¢ with the modulus of continuity bounded by
o1(r'/2) in the second step, and applied Theorem 3.7 to D u and used w1(r) Soi(r 1/2)
in the last step.

Step 3. In this step we prove D,,u € ¢ and (4.11). Thanks to the results in Steps 1
and 2, D, ,u € C can be obtained by following the argument in Step 4 in the proof of The-
orem 4.2. Thus, it remains to prove (4.11). For any 0 < & < 1/4, by applying Theorem 3.1

to uh,we have
| Dt (2 4 1) — Dpu” ()] < w1 (RV?).
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We take j € N such that h=(1+8)/2 /2 < 27 < p=(+B)/2_ By using the previous estimate
and the equality (4.13) applied to D,u, we get

| Dnu(t + h) — Dpu(t)
hl/2

|D u(t +27h)| + |Dyu(t)]

|Dpu(t + zih) —2Dyu(t + ziilh) + Dnu(t)]

- 2ihl/2 z} 2ij1/2
i
J 2i=1p i 2i=1p i—1
/2 |Dyu (t +2'h) — D,u (t +2""1h)]
1=
4/ J wy l(zi/zhl/Z) 8/2 p—(+B)/4 oy 1(/)/’!1/2)

< |V h — <V h = _’d
S IVl 977+ 37 21 5 [Vl + /. z

To estimate the last term, we let

pir) 1= (Il + Do + [ 2 ) aa )+ ) + )

and apply Lemma A.1 and Fubini’s theorem to have

h—(1+B)/4

/ w1 (ph"/?)
—p
21/2 p
h—(1+B)/4 JAVEINEN 1 N
1 i Ny (s) ny(s)
< = n), ﬁhﬁ/Z/ HOM )d
N[I 2(/0 p s+ p 2 1P s)dp
hY2 p=(EB)/4 i ( p=(+B)/4 *( )
/ o e L L )
hl/2 Jp—1/2¢
% pBl2y (s) J
hl/2 02~ 02—B g1+B 1+ﬂ dpds
h1/2 1 * 1 *
5/ nl_(s)ds_|_h1/2/ 771?) ds—i—hﬂ/z/ N7 (s) ds
0 s hl/z S hl/2 s1+B

Here, we have

1 * 1 * 1 I_B 1 r)*(s)
o 5w L S
2 82 S = 2 1B \p1/2 s ni2 sitB s

By combining the above three estimates, we get

8 u

|t,;:1—/2n| o1(h"/?)  uniformly in (z, x).

By using this estimate and the previous result Dy u € Co‘ 1/2.1 and Dy,u e é , which
implies D, D.u, Dpnu € C;, we can follow the argument in Theorem 3.13 to conclude

that §; 5, Dnu/h'/? e CX(Q_T) uniformly in 4. L]
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Before closing this section, we prove Remark 1.3 and improve the result in The-
orem 1.2.

Proof of Remark 1.3. We only prove it for the cases k = 1 and k = 2, as the result for
k > 3 follows by induction. For k = 1, we need to show D, u is continuous in x,. This
can be simply inferred from (3.21).

When k = 2, we need to show that 9,1 and DD, u are continuousinx,, 1 <y <n—1.
Indeed, by using D,u € C1/2:1 e can follow the argument as in obtaining 9,u € Cy/
(see (4.16)) to derive d;u € Cy,. To prove DD, u € Cy,, we use D%ue Cx, to have for
any 0 < h < 1/4,

|8, n Du(t, x) — 8, n Dut,x —hen)| |8y, nDu(t, x) — 8y, nDu(t, x — hey)|
h N h

1
< / |DDyu(t,x —the,) — DDyu(t,x — he, — the,)|dt < o1(h).
0

By using this estimate, together with the triangle inequality and DDy u € Cy,,, we conclude

|DDyu(t,x) — DDyu(t,x — hey)| < o1(h). L]

5. Boundary Harnack principle

In this section, we establish the parabolic boundary Harnack principle for Holder continu-
ous coefficients (Theorem 1.4) by utilizing the results derived in the previous sections.

Proof of Theorem 1.4. To begin with, by the classical boundary Schauder estimate, we
have that u, v € C(k+5)/2’k+ﬂ(Q3+/4), which gives

u(X)
Xn

1 Xn 1 -
—/ 8nu(X',p)dp=/ 8nu(X’,xnr)dreC(k_1+ﬂ)/2’k_1+B(Q;'/4).
Xn Jo 0

Similarly, we have v/x, € C*~1+B)/2.k=1+B ‘Moreover, the condition d,u > 0 on Q
implies #/x, > ¢ > 0in Q3+/4, and hence w := v/u satisfies
Il < 10/nlimgos  10/%) ™ oy < C-
We observe that by the symmetry of 4,
div(u? AVw) = divwAVv — vAVu) = (ud;v — vd,u) + (ug — vf)
=u?d,w+ (ug —vf).
This gives
div(x2AVw) = div((u/x,) " >u? AVw)
= (u/x,) 2 div? AVw) + (V((u/x,) %), u>? AVw)
= x20,w + u/xp) " 2(ug — vf) + 2xn(en — (u/xn) " Vu, AVW)

= x; 0w + X, .
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where

G.1D g:= (u/xn)_lg - (I’I/Xn)_2 (v/xn) f + (2A(€n — (u/xn)_lvu)» Vw).

We write
g = gl + (b,VU)),

where

g1 =(u/x) " g — /xn) 2 (0/xn) f and b =24(E — (u/xn)" V).
We further have
(5.2) div(x2 AVw) — x2d,w = div(x2 ),

where

- én [ (L
g(X' xn) = —Z/ p&(X’, p) dp=en/ tg(X', txy) dr.
Xn Jo 0
We now split the remainder of the proof into three steps.

Step 1. In this step, we establish the theorem when k = 1. As in Section 3.1, we
will derive an a priori estimate of the Holder continuity of Vw under the assumption
Vwe CPI2:B (Q3+/ 4)- The general case follows from a standard approximation argument.
Note that

Elesrsorao = Blesrnsoray <

whenever Xo € Q) and Q;F(Xp) C Q3+/4. Then, by following the arguments in Lem-
mas 3.2-3.4 (see also Section 5 of [10] and Section 3.2 of [12]) with

. 12
v (Xo.r) = (][Q+(X)|VW_(Vw)Q:r(XO)|2dM) ) XOEQ;L/‘;’ 0<r<1/4,
r 0

where dfi = x2 dX, instead of ¥, we obtain an analogue of (3.15): for every X, € Q;FM
and0 < p <r < 1/4,

¥ (Xo.p) < C(p/r)P IVwll oot (xo))

s O\
+ UVl cvon Alenns oz ooy + Bless o aan) P

where C = C(n, A, ) > 0. This implies that for any 0 < o9 < Rp < 3/4, X € Q;‘(‘) and
0< p < (RO — 7‘0)/16,

[Vw ||Loo(QIJ50)

7 B . 5 -
W(X’ p) . CMIO ’ where M := (RO — r())ﬁ + [g]cﬁ/2,ﬂ(Q;0)’

for some constant

C =C(m A B, [A] ) > 0.

chr2B(Q7,)
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By the standard Campanato space embedding (see, e.g., the proof of Theorem 3.1 in [20]),
we have

[Vw ||Loo(Q;0))
(Ro —ro)?

(”Vw“LOO(QEO) L o )
B (Ro —ro)? [g]Cﬂ/z,ﬁ(tao) .

Vlepnnor) < C(M +

(5.3)

Recall (5.1). By using u/x, > ¢ > 0in Q;/4’ u=0onQ),be Cﬁ/z’ﬂ(Q;M), and

1
[(u/xn — 0,u) (X', xp)| < / 10, (X’, x5 T) — dpu(X’, x,)| dT < CxP,
0
we get

= _ = _ B _
[g]cﬁ/Z,ﬂ(Q;O) = [gl]cﬁ/z,ﬁ(Q;-M) + C”Vw”Loo(Q;O) + CR, [Vw]cﬁ/z,ﬂ(Q}—O)'

Combining this with (5.3) and using the interpolation inequality yield that, for every 0 <
ro < Rp <3 / 4,
”Vw”Lw(Q;O)

- < . o —
[Vw]Cﬂ/z’B(Q;'(')) < C( (RO — ro)ﬂ + [gl]cﬁ/z,ﬂ(Q;'M)

B
)+CR0 [Vl epns gt
0

=¢( lli=co3.)

LS _ B _
(R —ro)itB T 5 llcﬂ/w(Q;M)) +CRo VW esrn gy

We fix Sy € (0, 3/4) so that CS(‘;} < 1/2 and apply Lemma 3.1 in Chapter V of [18] to
deduce

[Vw]cﬂ/z,ﬁ(ggro/z) = C(”w”L‘”(Q;'M) + [gl]cﬁ/z,ﬂ(@) )
By varying the centers X{, € O, we have the similar estimate for

[Vw]

CBI2B (05 ;N{xn<S0/2D)
Moreover, since w satisfies

diV(x,%AVw) - x,zl dw = x,81 + (x,b, Vw)

in@ := Q;/3 N {xn > So/4} and 0 < ¢ < x2 < C in @, we can estimate Vwllcsr2.6 (@)
by following the argument in Theorem 2 of [10]. Therefore, Vw € Cﬂ/z’ﬂ(Q2+/3). Then,
w can be seen as a solution of (5.2) in Q5 ; with g€ CcPI2P (Q33)- By Theorem 4.1, we
conclude w € C(1+ﬂ)/2’1+ﬂ(QT/2).
Step 2. In this step, we prove Theorem 1.4 for k = 2. It is enough to show
VeoweCUHA/2148  p e cMP2 0 9,weCP/>P and DpyweCP/?P,
From (5.2), we see that V,»w satisfies

div(x2AV(Vyw)) — x29,(Vyw) = div(x}(Vy & — Ve AVW)).
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Clearly, Vi A, Vw e C B/2.B Moreover, a direct computation gives
1
V8= 5,,[ t(Vy g1 + (Vx b, Vw) + (b, V(Vyw)) (X', tx,) d.
0

Since Vg1 4+ (Vu'b, Vw) € CB/2F  we obtain by Step 1 that Vw e C 1+8)/2:1+8,
Next, we observe that

w(t,x) —w( —h,x)

wh(t,x) = 2

solves
div(x,fAth) —x2 dw = div(x? 8" in o7,
where
g'(x) =g"x)— A"X)Vw( - h, x).
A direct calculation shows

1

g"(X) = é,,/ t(((b, Vuy + gM)(X", txn) + (" (X', tx), Vw(t — h, X', Tx2))) d.
0

Since A", Vw, g%, b" € CP/2:8 we have by the result in Step 1 that w” € C(1TA)/2.1+8,
This is an analogue of (4.4), and we saw in Step 3 in the proof of Theorem 4.2 that
wh e CA+P/21+8 implies D,w € C,(Hﬂ)/2 and d,w e CP/2:B,

It remains to show D,,w € C B/2.B Recall that

diV(x,%AVw) = x,2l dw + x,8 = x,zl ;w4 xp81 + xn (b, Vw).

Then, for
W= (AVw,é) — /2 € CP>P (0T,

a direct computation gives

n—1 ~
- d _
x,jzan(x,z,W) = —ZBi((AVw,ei)) — "zgl 4+ d;w + (b/x,, Vw) =: f.
i=1
It follows that | .
W= [P F
Xn 0
which yields
1
DW= F =2 [ 22X xap)dp.
0
From ) .
Ve u(X
M - / Dy Veou(X', xup)dp € CchB/2.8
Xn 0
and

1 1
LX)/ = Dyu(x)) = — / p Dnu(X'. xp) dp € CPI2B,
Xn 0
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we find that b/x, € CP/2:B and thus f € CB/2:B Then D, W e CP/2:B  and hence
DpoweCPI2B,

Step 3. Once we have Theorem 1.4 for k = 1,2, we can use induction as in the proof
of Theorem 4.1 to achieve Theorem 1.4 for k > 3. n

A. Properties of some Dini functions

Lemma A.1. Leto:[0, 1] — [0, 00) be a Dini function, andlet 0 <k < 1and0 < f < 1.
For B/ = (1 + B)/2, we set

&(r) —ZK’SJO(K Ik r <1 and 6@r):= sup (r/p)P'&5(r).
j=0 pelr,1]

[ s [ o [

Proof. By using the inequality (2.30) in [11], we have

Then

Q)

FIEw T < 1) ZK’”ZK"/ (k"I U < 1]
j=0 i=0

A

'MS I M8

ﬂ/j U(K_jr)[/c_jr <1] = Zlcﬂja(/c_jr) [K_jr <1].
0 j=0

J

It follows that

/ (p)
0

/ (”) b < 1]dp

L
o] U(p) oo =1 L (k+1)r
Z / dp—}-ZKB]Z/ [p < 1]dp

—ip

—+1),
~/0 O(P)d +ZZK,3,/ ()[<1]dp

i=0j=i

/ 0(p)d +Z ,3,/
D,

a(p) (p)
”/o dp +Z / el [p < 1]dp

a(p) o(p)
S/o p aptr /r plth - -

@+,

(p)[<1]p




H. Dong and S. Jeon 1424

Acknowledgements. The authors thank the anonymous referees for their careful reading
and very useful comments.

Funding. H. Dong is partially supported by the NSF under agreement DMS-2350129.
S. Jeon was supported by the Academy of Finland grant 347550, the research fund of
Hanyang University (HY-202400000003278), and the National Research Foundation of
Korea (NRF) grant funded by the Korea government (MSIT) (RS-2025-24803159).

References

(1]

(2]

(3]

(4]

(3]

(6]

(7]

(8]

(9]

(10]

(11]

(12]

(13]

Audrito, A., Fioravanti, G. and Vita, S.: Schauder estimates for parabolic equations with degen-
erate or singular weights. Calc. Var. Partial Differential Equations 63 (2024), no. 8, article
no. 204, 46 pp. Zbl 1547.35123 MR 4788276

Audrito, A., Fioravanti, G. and Vita, S.: Higher order Schauder estimates for degenerate or
singular parabolic equations. Rev. Mat. Iberoam. 41 (2025), no. 4, 1513-1554. Zbl 08058297
MR 4912928

Banerjee, A. and Garofalo, N.: A parabolic analogue of the higher-order comparison theorem
of De Silva and Savin. J. Differential Equations 260 (2016), no. 2, 1801-1829.
Zbl 1331.35066 MR 3419746

Bekmaganbetov, B. and Dong, H.: Singular-degenerate parabolic systems with the conormal
boundary condition on the upper half space. Preprint 2025, arXiv:2509.18418v1.

Caffarelli, L. and Silvestre, L.: An extension problem related to the fractional Laplacian.
Comm. Partial Differential Equations 32 (2007), no. 7-9, 1245-1260. Zbl 1143.26002
MR 2354493

Christ, M.: A T'(b) theorem with remarks on analytic capacity and the Cauchy integral. Collog.
Math. 60/61 (1990), no. 2, 601-628. Zbl 0758.42009 MR 1096400

Daskalopoulos, P. and Hamilton, R.: Regularity of the free boundary for the porous medium
equation. J. Amer. Math. Soc. 11 (1998), no. 4, 899-965. Zbl 0910.35145 MR 1623198

Daskalopoulos, P., Hamilton, R. and Lee, K.: All time C ®°-regularity of the interface in degen-
erate diffusion: a geometric approach. Duke Math. J. 108 (2001), no. 2, 295-327.
Zbl 1017.35052 MR 1833393

De Silva, D. and Savin, O.: A note on higher regularity boundary Harnack inequality. Discrete
Contin. Dyn. Syst. 35 (2015), no. 12, 6155-6163. Zbl 1336.35096 MR 3393271

Dong, H.: Gradient estimates for parabolic and elliptic systems from linear laminates. Arch.
Ration. Mech. Anal. 205 (2012), no. 1, 119-149. Zbl 1258.35040 MR 2927619

Dong, H., Escauriaza, L. and Kim, S.: On C 1 €2, and weak type-(1, 1) estimates for linear
elliptic operators: part II. Math. Ann. 370 (2018), no. 1-2, 447-489. Zbl 1406.35071
MR 3747493

Dong, H., Escauriaza, L. and Kim, S.: On C]/z’l, C12 and €99 estimates for linear para-
bolic operators. J. Evol. Equ. 21 (2021), no. 4, 4641-4702. Zbl 1492.35061 MR 4350583

Dong, H., Jeon, S. and Vita, S.: Schauder type estimates for degenerate or singular elliptic
equations with DMO coefficients. Calc. Var. Partial Differential Equations 63 (2024), no. 9,
article no. 239, 42 pp. Zbl 1552.35143 MR 4821888


https://doi.org/10.1007/s00526-024-02809-2
https://doi.org/10.1007/s00526-024-02809-2
https://zbmath.org/?q=an:1547.35123
https://mathscinet.ams.org/mathscinet-getitem?mr=4788276
https://doi.org/10.4171/rmi/1540
https://doi.org/10.4171/rmi/1540
https://zbmath.org/?q=an:08058297
https://mathscinet.ams.org/mathscinet-getitem?mr=4912928
https://doi.org/10.1016/j.jde.2015.09.044
https://doi.org/10.1016/j.jde.2015.09.044
https://zbmath.org/?q=an:1331.35066
https://mathscinet.ams.org/mathscinet-getitem?mr=3419746
https://arxiv.org/abs/2509.18418v1
https://doi.org/10.1080/03605300600987306
https://zbmath.org/?q=an:1143.26002
https://mathscinet.ams.org/mathscinet-getitem?mr=2354493
https://doi.org/10.4064/cm-60-61-2-601-628
https://zbmath.org/?q=an:0758.42009
https://mathscinet.ams.org/mathscinet-getitem?mr=1096400
https://doi.org/10.1090/S0894-0347-98-00277-X
https://doi.org/10.1090/S0894-0347-98-00277-X
https://zbmath.org/?q=an:0910.35145
https://mathscinet.ams.org/mathscinet-getitem?mr=1623198
https://doi.org/10.1215/S0012-7094-01-10824-7
https://doi.org/10.1215/S0012-7094-01-10824-7
https://zbmath.org/?q=an:1017.35052
https://mathscinet.ams.org/mathscinet-getitem?mr=1833393
https://doi.org/10.3934/dcds.2015.35.6155
https://zbmath.org/?q=an:1336.35096
https://mathscinet.ams.org/mathscinet-getitem?mr=3393271
https://doi.org/10.1007/s00205-012-0501-z
https://zbmath.org/?q=an:1258.35040
https://mathscinet.ams.org/mathscinet-getitem?mr=2927619
https://doi.org/10.1007/s00208-017-1603-6
https://doi.org/10.1007/s00208-017-1603-6
https://zbmath.org/?q=an:1406.35071
https://mathscinet.ams.org/mathscinet-getitem?mr=3747493
https://doi.org/10.1007/s00028-021-00729-8
https://doi.org/10.1007/s00028-021-00729-8
https://zbmath.org/?q=an:1492.35061
https://mathscinet.ams.org/mathscinet-getitem?mr=4350583
https://doi.org/10.1007/s00526-024-02840-3
https://doi.org/10.1007/s00526-024-02840-3
https://zbmath.org/?q=an:1552.35143
https://mathscinet.ams.org/mathscinet-getitem?mr=4821888

Schauder type estimates for degenerate or singular systems 1425

(14]

[15]

(16]

(17]

(18]

(19]

(20]

(21]

(22]

(23]

(24]

[25]

(26]

(27]

(28]

Dong, H. and Phan, T.: On parabolic and elliptic equations with singular or degenerate coeffi-
cients. Indiana Univ. Math. J. 72 (2023), no. 4, 1461-1502. Zbl 1529.35141 MR 4637368

Dong, H. and Xu, L.: Gradient estimates for divergence form elliptic systems arising from
composite material. SIAM J. Math. Anal. 51 (2019), no. 3, 2444-2478. Zbl 1429.35075
MR 3961984

Dong, H. and Xu, L.: Gradient estimates for divergence form parabolic systems from compos-
ite materials. Calc. Var. Partial Differential Equations 60 (2021), no. 3, article no. 98, 43 pp.
Zbl 1465.35076 MR 4249876

Feehan, P.M.N. and Pop, C.A.: Schauder a priori estimates and regularity of solutions to
boundary-degenerate elliptic linear second-order partial differential equations. J. Differential
Equations 256 (2014), no. 3, 895-956. Zbl 1286.35116 MR 3128929

Giaquinta, M.: Multiple integrals in the calculus of variations and nonlinear elliptic systems.
Ann. of Math. Stud. 105, Princeton University Press, Princeton, NJ, 1983. Zbl 0516.49003
MR 0717034

Giaquinta, M.: Introduction to regularity theory for nonlinear elliptic systems. Lect. Math.
ETH Ziirich, Birkhduser, Basel, 1993. Zbl 0786.35001 MR 1239172

Han, Q. and Lin, E.: Elliptic partial differential equations. Courant Lect. Notes Math. 1, New
York University, Courant Institute of Mathematical Sciences, New York; American Mathem-
atical Society, Providence, RI, 1997. Zbl 1051.35031 MR 1669352

Heston, S.L.: A closed-form solution for options with stochastic volatility with applications
to bond and currency options. Rev. Financ. Stud. 6 (1993), no. 2, 327-343. Zbl 1384.35131
MR 3929676

Jeon, S. and Vita, S.: Higher order boundary Harnack principles in Dini type domains. J. Dif-
ferential Equations 412 (2024), 808-856. Zbl 1554.35068 MR 4794088

Kukuljan, T.: Higher order parabolic boundary Harnack inequality in C! and C k@ domains.
Discrete Contin. Dyn. Syst. 42 (2022), no. 6, 2667-2698. Zbl 1490.35061 MR 4421508

Li, Y.: On the C! regularity of solutions to divergence form elliptic systems with Dini-
continuous coefficients. Chinese Ann. Math. Ser. B 38 (2017), no. 2, 489-496.
Zbl 1367.35055 MR 3615500

Stein, E. M.: Singular integrals and differentiability properties of functions. Princeton Math.
Ser. 30, Princeton University Press, Princeton, NJ, 1970. Zbl 0207.13501 MR 0290095

Stein, E. M.: Harmonic analysis: real-variable methods, orthogonality, and oscillatory integ-
rals. Princeton Math. Ser. 43, Princeton University Press, Princeton, NJ, 1993.
7Zbl 0821.42001 MR 1232192

Stinga, P.R. and Torrea, J. L.: Regularity theory and extension problem for fractional nonlocal
parabolic equations and the master equation. SIAM J. Math. Anal. 49 (2017), no. 5, 3893-3924.
Zbl 1386.35419 MR 3709888

Terracini, S., Tortone, G. and Vita, S.: Higher order boundary Harnack principle via degenerate
equations. Arch. Ration. Mech. Anal. 248 (2024), no. 2, article no. 29, 44 pp.
Zbl 1537.35109 MR 4726059


https://doi.org/10.1512/iumj.2023.72.9202
https://doi.org/10.1512/iumj.2023.72.9202
https://zbmath.org/?q=an:1529.35141
https://mathscinet.ams.org/mathscinet-getitem?mr=4637368
https://doi.org/10.1137/18M1226658
https://doi.org/10.1137/18M1226658
https://zbmath.org/?q=an:1429.35075
https://mathscinet.ams.org/mathscinet-getitem?mr=3961984
https://doi.org/10.1007/s00526-021-01927-5
https://doi.org/10.1007/s00526-021-01927-5
https://zbmath.org/?q=an:1465.35076
https://mathscinet.ams.org/mathscinet-getitem?mr=4249876
https://doi.org/10.1016/j.jde.2013.08.012
https://doi.org/10.1016/j.jde.2013.08.012
https://zbmath.org/?q=an:1286.35116
https://mathscinet.ams.org/mathscinet-getitem?mr=3128929
https://doi.org/10.1515/9781400881628
https://zbmath.org/?q=an:0516.49003
https://mathscinet.ams.org/mathscinet-getitem?mr=0717034
https://doi.org/10.1007/978-88-7642-443-4
https://zbmath.org/?q=an:0786.35001
https://mathscinet.ams.org/mathscinet-getitem?mr=1239172
https://zbmath.org/?q=an:1051.35031
https://mathscinet.ams.org/mathscinet-getitem?mr=1669352
https://doi.org/10.1093/rfs/6.2.327
https://doi.org/10.1093/rfs/6.2.327
https://zbmath.org/?q=an:1384.35131
https://mathscinet.ams.org/mathscinet-getitem?mr=3929676
https://doi.org/10.1016/j.jde.2024.08.059
https://zbmath.org/?q=an:1554.35068
https://mathscinet.ams.org/mathscinet-getitem?mr=4794088
https://doi.org/10.3934/dcds.2021207
https://zbmath.org/?q=an:1490.35061
https://mathscinet.ams.org/mathscinet-getitem?mr=4421508
https://doi.org/10.1007/s11401-017-1079-4
https://doi.org/10.1007/s11401-017-1079-4
https://zbmath.org/?q=an:1367.35055
https://mathscinet.ams.org/mathscinet-getitem?mr=3615500
https://doi.org/10.1515/9781400883882
https://zbmath.org/?q=an:0207.13501
https://mathscinet.ams.org/mathscinet-getitem?mr=0290095
https://doi.org/10.1515/9781400883929
https://doi.org/10.1515/9781400883929
https://zbmath.org/?q=an:0821.42001
https://mathscinet.ams.org/mathscinet-getitem?mr=1232192
https://doi.org/10.1137/16M1104317
https://doi.org/10.1137/16M1104317
https://zbmath.org/?q=an:1386.35419
https://mathscinet.ams.org/mathscinet-getitem?mr=3709888
https://doi.org/10.1007/s00205-024-01973-1
https://doi.org/10.1007/s00205-024-01973-1
https://zbmath.org/?q=an:1537.35109
https://mathscinet.ams.org/mathscinet-getitem?mr=4726059

H. Dong and S. Jeon 1426

Received March 6, 2025.

Hongjie Dong

Division of Applied Mathematics, Brown University

182 George Street, Providence, RI 02912, USA;

hongjie_dong @brown.edu

Author IDs: zbMATH dong.hongjie MR 761067 ORCID 0000-0003-2258-3537

Seongmin Jeon

Department of Mathematics Education, Hanyang University

222 Wangsimni-ro, Seongdong-gu, 04763 Seoul, South Korea;
seongminjeon@hanyang.ac.kr

Author IDs: zbMATH jeon.seongmin MR 1416759 ORCID 0000-0002-2827-2062

Licensed under the Creative Commons Attribution 4.0 International Licence CC BY 4.0 (https:/
creativecommons.org/licenses/by/4.0/), which permits use, sharing, adaptation, and redistribution with appro-
priate credit, a link to the licence, and indication of changes.


mailto:hongjie_dong@brown.edu
https://zbmath.org/authors/dong.hongjie
https://mathscinet.ams.org/mathscinet/MRAuthorID/761067
https://orcid.org/0000-0003-2258-3537
mailto:seongminjeon@hanyang.ac.kr
https://zbmath.org/authors/jeon.seongmin
https://mathscinet.ams.org/mathscinet/MRAuthorID/1416759
https://orcid.org/0000-0002-2827-2062
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/

	1. Introduction
	2. Preliminary lemmas
	3. Schauder type estimates
	4. Higher order Schauder type estimates
	5. Boundary Harnack principle
	A. Properties of some Dini functions
	References

