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Combinatorial and homotopical aspects of En-operads

Christian Schlichtkrull

Abstract. We show that a certain class of categorical operads give rise to En-operads after geo-
metric realization. The main arguments are purely combinatorial and avoid the technical topological
assumptions otherwise found in the literature.

1. Introduction

The notion of an operad was introduced by May [12] as a useful devise for analyzing
multiplicative structures on topological spaces with applications to the theory of iterated
loop spaces. Of particular importance for the analysis of n-fold loop spaces is the little
n-cubes operad Cn of Boardman and Vogt [8]. One says that a topological operad D is an
En-operad if there exists a chain of equivalences of the form

D
'
 � �

'
�! �

'
�! � � �

'
 � �

'
�! Cn;

where each � represents a topological operad and each arrow an equivalence of such. Some
authors also require an En-operad to be †-free in the sense that the symmetric groups act
freely on the spaces of the operad; all the En-operads we consider will be †-free in this
sense. The paper [6] contains a useful survey of En-operads appearing in the literature
with new proofs of many results.

There is a corresponding notion of a categorical operad and a process of geometric
realization that turns a categorical operad P into a topological operad jPj. Categorical
operads appear in many contexts and it is often interesting to know if their geometric
realizations are En-operads. A striking example of this situation occurs in the work of
Balteanu–Fiedorowicz–Schwänzl–Vogt [2] on iterated monoidal categories. Motivated by
an attempt to find a categorical counterpart to the notion of an n-fold loop space, these
authors introduce a categorical operad Mn whose algebras can be identified with the so-
called n-fold monoidal categories. The comparison to n-fold loop spaces is then enabled
by the fact that jMnj is an En-operad.

An operad defined as in [12] (sometimes called a reduced operad) has degeneracy
operators which makes it a contravariant functor on the category of non-empty finite sets
and injective functions. Following Berger [5], we use the term preoperad for such a con-
travariant functor which may in general not possess an operad product. As we recall in
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Section 2, there are inclusions of categorical (pre)operads

M�
n !Mn ! Kn ! Ken; (1.1)

where Mn is as above, Kn is Berger’s complete graph operad [5], and Ken is the extended
version of the latter introduced in [9]. The first term M�

n is a well-known preoperad
(sometimes called the Getzler–Jones preoperad) whose definition we recall in Section 2.4
together with its dual version M�

n. By a categorical suboperad P of Ken we in general
understand a family of full subcategories of the categories comprising Ken, such that the
operad structure of the latter restricts to an operad structure on P. The notion of a categor-
ical subpreoperad of Ken is defined analogously. At the categorical level we have for each
finite set S a chain of inclusions of partially ordered sets

M�
n.S/!Mn.S/! Kn.S/! Ken.S/ (1.2)

and similarly with M�
n.S/ instead of M�

n.S/. The following is our main result.

Theorem 1.1. Consider an inclusion j WA ! B of full subcategories of Ken.S/. If A

contains M�
n.S/, then j is homotopy initial and if A contains M�

n.S/, then j is homotopy
final.

We recall the notions of homotopy initial and final functors in Section 3. Since any
such functor induces an equivalence after geometric realization, it follows in particular that
the inclusions in (1.1) and (1.2) give rise to equivalences of their geometric realizations. In
Section 5 we review the argument from [9] showing that jKenj is anEn-operad. Combining
this with Theorem 1.1, we get the following.

Theorem 1.2. If P is a categorical sub(pre)operad of Ken that contains one of the preop-
erads M�

n or M�
n, then jPj is an En-(pre)operad.

There are several ways in which these theorems improve on existing results in the
literature. First of all, there are many examples of categorical sub(pre)operads of Ken con-
taining either M�

n or M�
n and thus we get new examples of En-(pre)operads. Furthermore,

since our proof of Theorem 1.1 is purely combinatorial, we can dispense with the techni-
cal topological assumptions sometimes found in the literature. This is particularly relevant
for the proof that jMnj is an En-operad as presented in [2, Theorem 3.14]. In this proof
a certain diagram is required to be Reedy cofibrant, but as we shall see in Example 5.6,
this condition is not satisfied in general. (The same erroneous assumption is carried over
in the proposed proof in [6].) We discuss this situation in more detail in Section 5. Finally,
the result of Theorem 1.1 is much stronger than merely asserting that these inclusions
give rise to equivalences after geometric realization. As we recall in Section 3, the state-
ment in Theorem 1.1 implies that the induced maps of homotopy limits and colimits are
equivalences for all diagrams indexed by such categories. This is exploited in forthcom-
ing joint work by M. Solberg and the author, where these partially ordered sets are used
as index categories in connection with various forms of higher monoidal operads related
to Batanin’s theory of n-operads [3].
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1.3. Organization of the paper

We begin in Section 2 with a detailed review of the categorical (pre)operads appearing
in (1.1). In Section 3 we state the main results of the paper and begin the proof of Theo-
rem 1.1 by first reducing the proof of the theorem for general n to the special case n D 2.
The case n D 2 of the theorem is then proved in Section 4 by designing an algorithm for
showing that a certain simplicial complex is contractible. Finally, in Section 5, we review
the relation to the little n-cubes operad and use this to finish the proof of Theorem 1.2.

1.4. Notation and conventions

We write Cat for the category of small categories and Top for the category of compactly
generated weak Hausdorff topological spaces. By an equivalence in Top we generally
mean a weak homotopy equivalence. Many of the equivalences we consider are actual
homotopy equivalences, but we shall not emphasize this. The geometric realization of
a small category A is obtained by first forming the nerve NA and then the geometric
realization jNAj of this simplicial set. It will be convenient to omit N from the notation
and let jAj denote the geometric realization. Given a small category A and an A-diagram
F WA! Top, we write hocolimA F for the homotopy colimit of F as defined in [11]. We
shall consider both topological operads (internal to Top) and categorical operads (internal
to Cat) and refer to [12, 13] for the relevant definitions. The geometric realization of a
categorical operad P is the topological operad jPj obtained by geometric realization in
each operad degree. A map of topological operads is said to be an equivalence if the map
in each operad degree is an equivalence.

2. Operads arising from edge labels and orientations

Let S be a finite set. The complete graph on S has as its edges all pairs ¹x; yº of distinct
elements from S . For each natural number n � 1 we shall consider a category Gn.S/ of
edge labels and orientations. An object � of Gn.S/ is given by a choice of label �¹x; yº
in ¹1; : : : ; nº and orientation E�¹x; yº 2 ¹.x; y/; .y; x/º for each edge ¹x; yº. There is a
morphism �! � if for each ¹x; yº we have either´

E�¹x; yº D E�¹x; yº

�¹x; yº � �¹x; yº
or

´
E�¹x; yº ¤ E�¹x; yº

�¹x; yº < �¹x; yº:

Thus, Gn.S/ is by definition a partially ordered set. Our convention for S D ; is to let
Gn.;/ D ¹0º, and if S D ¹xº is a singleton, we write Gn.¹xº/ D ¹xº, thinking of 0 and
x as representing the unique “labeling/orientation” in each case. We usually write Gn.k/

instead of Gn.¹1; : : : ; kº/. Given finite sets S1; : : : ; Sk for k � 1, there are operad structure
maps


 WGn.k/ � Gn.S1/ � � � � � Gn.Sk/! Gn.S1 t � � � t Sk/; (2.1)
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where S1 t � � � t Sk denotes the disjoint union of the sets. This functor takes a tuple of
objects � in Gn.k/ and �i in Gn.Si / for i D 1; : : : ; k, to the object with labels


.�; �1; : : : ; �k/¹x; yº D

´
�i¹x; yº; if ¹x; yº � Si ;

�¹i; j º; if x 2 Si , y 2 Sj , i ¤ j ;

and orientations

E
.�; �1; : : : ; �k/¹x; yº D

´
E�i¹x; yº; if ¹x; yº � Si ;

.x; y/; if x 2 Si , y 2 Sj , i ¤ j , and E�¹i; j º D .i; j /:

Restricted to the categories Gn.k/ for k � 0 we obtain a categorical operad Gn. This has as
its unit the unique object 1 in Gn.1/ and the right action of an element � in the symmetric
group †k is defined on labels by ��¹x; yº D �¹�.x/; �.y/º and on orientations by

E��¹x; yº D .x; y/ if E�
®
�.x/; �.y/

¯
D
�
�.x/; �.y/

�
:

The operad product of Gn is defined as the above map 
 by giving the ordered disjoint
union of ordered sets in the codomain the induced ordering.

In the following we shall not be concerned with the operad Gn itself, but rather with
certain categorical suboperads that give rise to En-operads upon geometric realization
(this is not the case for Gn). In the following S denotes a finite set as in the beginning of
the section.

2.1. The complete graph operad Kn

Let Kn.S/ be the full subcategory of Gn.S/ defined by the objects � that do not con-
tain an oriented cycle. Here an oriented cycle in � means a sequence x1; : : : ; xk of
distinct elements from S for k > 1, such that E�¹xi ; xiC1º D .xi ; xiC1/ for 1 � i < k

and E�¹xk ; x1º D .xk ; x1/. Hence, if � is an object of Kn.S/, then E� defines a linear
ordering of S . It is clear that the operad structure of Gn restricts to define a categorical
operad Kn. This operad was originally introduced by Berger [5].

2.2. The extended complete graph operad Ke
n

Let Ken.S/ be the full subcategory of Gn.S/ defined by the objects that do not contain an
oriented cycle with constant label on the edges. This means that if � is an object of Gn.S/
and x1; : : : ;xk is an oriented cycle in�, then for� to be an object of Ken.S/we require that
the labels �¹xi ; xiC1º for 1 � i < k and �¹xk ; x1º are not all equal. It is again clear that
the operad structure of Gn restricts to define a categorical operad Ken which by definition
contains Kn as a suboperad. The operad Ken was introduced by Brun–Fiedorowicz–Vogt in
[9] (there denoted Kn). We shall later review some of the motivations for introducing Ken.

2.3. The operad Mn governing n-fold monoidal categories

The categorical operad Mn was introduced by Balteanu–Fiedorowicz–Schwänzl–Vogt in
their work on n-fold monoidal categories [2]. Indeed, the defining property of Mn is that
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its algebras in Cat are exactly the n-fold monoidal categories as defined in the mentioned
paper. In this paper we shall use an equivalent definition of Mn as a suboperad of Kn. This
requires some preparations. Consider for each 1 � i � n the object 1�i2 of Kn.2/ that
to the edge ¹1; 2º assigns the label i and the orientation .1; 2/. Let .S1; S2/ be an ordered
partition of S in the sense that S1 and S2 are non-empty disjoint subsets of S with union S .
Restricting the operad product (2.1) to Kn and setting the first variable equal to 1�i2, we
define a product

�i WKn.S1/ �Kn.S2/! Kn.S/

upon identifying S1 t S2 with S in the canonical way. Thus, given objects �1 in Kn.S1/

and �2 in Kn.S2/, the linear ordering of S induced by �1�i�2 is the ordered disjoint
union S1 t S2 of the ordered sets S1 and S2. Using the products �i , the definition of
Mn.S/ proceeds recursively with respect to the cardinality of S . To begin we again set
Mn.;/D ¹0º and Mn.¹xº/D ¹xº. For a finite set S with more than one element, suppose
that Mn.S

0/ has been defined for all proper subset S 0 of S . We then define Mn.S/ to be
the full subcategory of Kn.S/ in which an object is in the image of the composition

Mn.S1/ �Mn.S2/! Kn.S1/ �Kn.S2/
�i
�! Kn.S/

for some ordered partition .S1; S2/ and some 1 � i � n. The effect of this definition is to
make Mn.S/ the subcategory of “decomposable” objects in Kn.S/. For instance, a typical
object of M3.6/ has the form

3�2
�
.2�36/�14

�
�2.1�15/:

Notice that for an object � of Mn.S/, the order in which the elements of S appear in the
decomposition is the same as the linear ordering of S specified by� as an object of Kn.S/.
We claim that the operad product (2.1) restricts to a product with Mn instead of Gn. In
order to verify this, consider an ordered partition .T1; T2/ of ¹1; : : : ; kº and suppose that
we are given objects �i in Kn.Ti / for i D 1; 2 and �i in Kn.Si / for i D 1; : : : ; k. Then
we have the equality


.�1�i�2; �1; : : : ; �k/ D 

�
�1; h�t it2T1

�
�i


�
�2; h�t it2T2

�
in which the definition of the terms on the right-hand side is supposed to be self-explana-
tory. Using this, it follows by induction on k that the operad product (2.1) is indeed stable
under the passage from Gn to Mn. We shall use the notation Mn for the categorical operad
so defined. From the decomposable object point of view, the first variable of the operad
product serves as a template for how to form the iterated product of the remaining vari-
ables. For instance, writing

� D 2�1.3�21/; �1 D 1�12; �2 D 1�22; �3 D 1�32;

the corresponding M3 operad product is given by


.�; �1; �2; �3/ D .3�24/�1
�
.5�36/�2.1�12/

�
:
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The fact that the description of Mn given here agrees with the original definition in [2] is
essentially a consequence of the coherence statement in [2, Theorem 3.6].

2.4. The restricted preoperads M�
n and M�

n

We define a subcategory M�
n.S/ of Mn.S/ by a recursive procedure similar to that used

for Mn.S/, but with the requirement that the products �i be applied in increasing order
with respect to i . In detail, we again have M�

n.;/ D ¹0º and M�
n.¹xº/ D ¹xº. For a finite

set S with more than one element, assume that M�
n.S
0/ has been defined for all proper

subsets S 0 � S and all n � 1. For each 1 � i � n, we view Mi .S
0/ as a subcategory of

Mn.S
0/ in the obvious way so that also M�

i .S
0/ becomes a subcategory of Mn.S

0/. We
then define M�

n.S/ to be the full subcategory of Mn.S/ in which an object is in the image
of the composition

M�
i .S1/ �M�

i .S2/!Mn.S1/ �Mn.S2/
�i
�!Mn.S/

for some ordered partition .S1; S2/ and some choice of index 1 � i � n. In a similar
fashion we define a subcategory M�

n.S/ of Mn.S/ by requiring that the products �i be
applied in decreasing order: The categories M�

n.;/ and M�
n.¹xº/ are as before and for a

finite set S with more than one element, we again suppose that M�
n.S
0/ has been defined

for all proper subsets S 0. For each 1 � i � n, we let MŒi;n�.S
0/ be the subcategory of

Mn.S
0/ in which the objects have labels in ¹i; : : : ; nº, and we write M�

Œi;n�
.S 0/ for the

intersection M�
n.S
0/\MŒi;n�.S

0/. Then M�
n.S/ is the full subcategory of Mn.S/ in which

an object is in the image of the composition

M�
Œi;n�

.S1/ �M�
Œi;n�

.S2/!Mn.S1/ �Mn.S2/
�i
�!Mn.S/

for some ordered partition .S1; S2/ and index 1 � i � n. For instance, the objects

3�3
�
.2�16/�24

�
�3.1�15/ and 3�1

�
.2�36/�24

�
�1.1�35/

are in M�
3.6/ and M�

3.6/ respectively, whereas the object in M3.6/ considered above is in
neither of these subcategories. It follows from the definitions that there are inclusions of
partially ordered sets

M�
n.S/;M

�
n.S/ �Mn.S/ � Kn.S/ � Ken.S/: (2.2)

The operad product of Mn does not restrict to give operads M�
n and M�

n. Instead these two
families of categories each inherits the structure of a preoperad in the sense of [5].

Remark 2.5. The partially ordered sets M�
n.S/ and M�

n.S/ appear in various guises and
with different choices of notation in the literature, eg. [1–3, 5, 10]. For instance, in [5] the
preoperad M�

n is denoted K.F /.n/ since it arises combinatorially from the cell structure of
the classical configuration preoperad F .n/, whereas in [2], the preoperad M�

n is denoted xJn
and called the Milgram preoperad because of its relation to the Milgram construction [14].
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The preoperad M�
n is also closely related to Batanin’s theory of (pruned) n-operads [4].

Furthermore, the inclusions of M�
n and M�

n in Mn are reflected in the so-called internal
n-operads and n-cooperads considered in [4, Section 11].

2.6. Duality properties

We define a duality isomorphismDWGn.S/! Gn.S/
op by reversing the order of the labels

while keeping the orientations fixed:

D�¹x; yº D nC 1 � �¹x; yº; D E�¹x; yº D E�¹x; yº:

It is clear that D restricts to duality isomorphisms of Ken.S/ and Kn.S/. Furthermore, it
follows from the commutative diagrams

Kn.S1/ �Kn.S2/

D�D
��

�i // Kn.S/

D
��

Kn.S1/
op �Kn.S2/

op �nC1�i // Kn.S/op

that there are isomorphism DWMn.S/!Mn.S/
op and DWM�

n.S/!M�
n.S/

op. Putting
all this together we get the commutative diagram

M�
n.S/

//

DŠ

��

Mn.S/ //

DŠ

��

Kn.S/ //

DŠ

��

Ken.S/

DŠ

��
M�
n.S/

op // Mn.S/
op // Kn.S/op // Ken.S/

op:

(2.3)

For instance, the objects in M�
3.6/ and M�

3.6/ considered in Section 2.4 are dual in this
sense.

3. Homotopy initial and homotopy final inclusions

Consider in general a functor j WA!B between small categories A and B. We say that j
is homotopy final if the geometric realization of the undercategory .b � j / is contractible
for each object b in B. By [11, Theorem 19.6.7] this implies that for any diagram F WB!

Top, the canonical map
hocolimA F ıj ! hocolimB F

is an equivalence. (Here we use the well-known fact that homotopy colimits are homo-
topy invariant for all diagrams in Top). Taking F to be the terminal diagram, we recover
Quillen’s Theorem A: If j WA! B is homotopy final, then jj jW jAj ! jBj is an equiv-
alence. We shall shortly need the following lemma and for completeness we provide a
proof based on Quillen’s Theorem A.
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Lemma 3.1. Let Z be a partially ordered set and let X � Y � Z be full subcategories,
where we assume that the inclusion hWX ! Z is homotopy final. Then the inclusions
i WX ! Y and j WY ! Z are also homotopy final.

Proof. We first observe that for each z 2 Z, the undercategory .z � h/ can be identified
with the full subcategory X�z given by the elements x 2 X such that x � z. Similarly,
for each y 2 Y, the undercategory .y � i/ can be identified with the full subcategory X�y .
Since we assume h to be homotopy final, the geometric realization of X�y is contractible
which shows that i is homotopy final. In order to show that j is homotopy final, we must
verify that the geometric realization of .z � j / Š Y�z is contractible for each z 2 Z. Let
kWX�z ! Y�z be the inclusion and note that .y � k/ is isomorphic to X�y for each
y 2 Y�z . Hence k is homotopy final so it follows from Quillen’s Theorem A that jX�zj
being contractible implies that also jY�zj is contractible.

Dually, we say that a functor j WA ! B is homotopy initial if the geometric real-
ization of the overcategory .j � b/ is contractible for each object b in B. In this case
[11, Theorem 19.6.7] implies that with F as above, the canonical map

holimB F ! holimA F ıj

is an equivalence. It is a formal consequence of the definitions that a functor j WA! B

is homotopy initial if and only if j opWAop ! Bop is homotopy final. Now let S be a finite
set. The main point of the paper is to prove the following.

Theorem 3.2. The inclusion of categories M�
n.S/! Ken.S/ is homotopy final and the

inclusion of categories M�
n.S/! Ken.S/ is homotopy initial.

Before commencing on the proof, we show how to derive Theorem 1.1 from the intro-
duction.

Proof of Theorem 1.1. Suppose that A contains M�
n.S/. Using Lemma 3.1 in the case of

the inclusions M�
n.S/ � A � Ken.S/, we conclude from Theorem 3.2 that the inclusion

A! Ken.S/ is homotopy final. Another application of Lemma 3.1, now to the inclusions
A �B �Ken.S/, then gives the result. The case where A contains M�

n.S/ is similar.

Example 3.3. Each inclusion in the chain

M�
n.S/!Mn.S/! Kn.S/! Ken.S/

is homotopy final and each inclusion in the chain

M�
n.S/!Mn.S/! Kn.S/! Ken.S/

is homotopy initial.

Remark 3.4. It is stated in [9] that results from [2, 5] imply that jKnj ! jKenj is an
equivalence of operads. A detailed combinatorial proof of this equivalence has been given
in [6, Theorem 4.5].
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Applying Quillen’s Theorem A to the inclusions in Theorem 1.1, we in turn get the
following.

Corollary 3.5. Let j WA! B be an inclusion of full subcategories of Ken.S/ and sup-
pose that A contains one of the subcategories M�

n.S/ or M�
n.S/. Then the induced map

jj jW jAj ! jBj is an equivalence.

Finally, we state the consequence for (pre)operads which motivates our work.

Theorem 3.6. Let P! Q be an inclusion of categorical sub(pre)operads of Ken and sup-
pose that P contains one of the preoperads M�

n or M�
n. Then jPj ! jQj is an equivalence

of topological (pre)operads.

We now turn to the proof of Theorem 3.2. Notice first that the duality diagram (2.3)
shows it suffices to prove M�

n.S/! Ken.S/ is homotopy initial. The technical crux in the
proof is to verify the latter statement for nD 2. In the present section we employ a formal
induction argument to reduce the general case of the theorem to the case n D 2, whereas
the proof of the latter case is postponed until Section 4.

For n D 1, the inclusions in Theorem 3.2 are equalities and therefore both homotopy
final and homotopy initial. In the following we assume n � 2. We begin by making some
general comments on the objects in M�

n.S/. Given a subset S 0 of S and an objects � in
Ken.S/, we write �S 0 for the restriction to an object in Ken.S

0/. If � is an object in M�
n.S/,

then �S 0 is an object in M�
n.S
0/. By an ordered partition of S we understand a natural

number p � 1 and a p-tuple .S1; : : : ; Sp/ of non-empty disjoint subsets of S such that
[
p
iD1Si D S . We observe that given an object � in M�

n.S/, there exists a unique ordered
partition .S1; : : : ; Sp/ such that �D �S1�1 : : :�1�Sp and �Si is an object in M�

Œ2;n�
.Si /

for all i . Now let ! be an object in Ken.S/ and consider the category .M�
n.S/ � !/. By

definition, this is the partially ordered set of objects � in M�
n.S/ such that there exists

a morphism � ! ! in Ken.S/. It follows from the above discussion that an object in
.M�

n.S/ � !/ is uniquely determined by the following data:

• an ordered partition .S1; : : : ; Sp/ with the property that for each pair ¹x; yº in S such
that !¹x;yºD 1 and E!¹x;yºD .x;y/, we have x2Si1 and y2Si2 for some i1<i2, and

• for each 1 � i � p an object �i in .M�
Œ2;n�

.Si / � !Si /.

Notice that the first condition on .S1; : : : ; Sp/ implies that the restriction !Si is indeed an
object in Ke

Œ2;n�
.Si /. From this point of view there exists a morphism�

.S1; �1/; : : : ; .Sp; �p/
�
!
�
.T1; �1/ : : : ; .Tq; �q/

�
in .M�

n.S/ � !/ if and only if

• for each 1 � i � p we have Si � Tj and a morphism �i ! .�j /Si in M�
Œ2;n�

.Si / for
some 1 � j � q, and

• if Si1 � Tj1 and Si2 � Tj2 for i1 < i2, then j1 � j2.
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Using this description, we shall exhibit .M�
n.S/ � !/ as a certain Grothendieck con-

struction. We begin by reviewing the relevant definitions. Consider in general a small
category A and a functor F WAop! Cat to the category Cat of small categories. We write
A Ë F for the category (the Grothendieck construction) defined as follows: An object is
a pair .a; x/ consisting of an object a in A and an object x in F.a/, and a morphism
.˛; f /W .a; x/ ! .b; y/ is a pair of morphisms ˛W a ! b in A and f W x ! F.˛/.y/

in F.a/. Given a further morphism .ˇ; g/W .b; y/ ! .c; z/, composition is defined by
.ˇ; g/ ı .˛; f / D .ˇ ı ˛; F.˛/.g/ ı f /. The identity morphism on an object .a; x/ is the
pair of identity morphisms .ida; idx/. By Thomason’s homotopy colimit theorem [16], the
homotopy type of the nerve N.A Ë F / can be expressed in terms of the categories F.a/.
In the present situation this takes the form of a natural equivalence

hocolimAop NF ' N.A Ë F /: (3.1)

Remark 3.7. The relationship between A Ë F and the version of the Grothendieck con-
struction considered by Thomason is as follows: Let . /opWCat ! Cat be the canonical
functor that takes a small category X to its opposite Xop, and let .F /op be the com-
posite functor that takes an object a in A to F.a/op. The opposite category .A Ë F /op

can then be identified with the category .F /op
R

Aop analyzed by Thomason [16] with the
notation used in that paper. Using that the geometric realizations of NX and NXop are
naturally homeomorphic, the equivalence in (3.1) can thus be derived from the statement
of Thomason’s theorem. (Alternatively, one may rework Thomason’s equivalence in the
present situation).

Given an object ! in Ken.S/, we define a partially ordered set P.!/ as follows: An
object of P.!/ is an ordered partition .S1; : : : ; Sp/ with the property that for each pair
¹x; yº in S such that !¹x; yº D 1 and E!¹x; yº D .x; y/, we have x 2 Si1 and y 2 Si2
for some i1 < i2. There is a morphism .S1; : : : ; Sp/! .T1; : : : ; Tq/ in P.!/ if (i) for
each 1 � i � p we have Si � Tj for some 1 � j � q, and (ii) if Si1 � Tj1 and Si2 � Tj2
for i1 < i2, then j1 � j2. Using that !Si is an object in Ke

Œ2;n�
.Si /, we define a functor

F! WP.!/
op ! Cat by setting

F!.S1; : : : ; Sp/ D
Qp
iD1.M

�
Œ2;n�

.Si / � !Si /:

For a morphism .S1; : : : ;Sp/! .T1; : : : ; Tq/ of the type described above, the functoriality
of the construction is specified by requiring that for each 1� i � p there is a commutative
diagram of the form

F!.T1; : : : ; Tq/ //

��

F!.S1; : : : ; Sp/

���
M�
Œ2;n�

.Tj / � !Tj
�

//
�
M�
Œ2;n�

.Si / � !Si
�
:

Here the index 1 � j � q is uniquely determined by the condition Si � Tj , the vertical
functors are the projections, and the horizontal functor at the bottom is given by restric-
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tion to Si . It follows from our description of .M�
n.S/ � !/ that this functor provides the

promised recursive presentation of the latter as a Grothendieck construction.

Proposition 3.8. There is an isomorphism P.!/ Ë F! Š .M�
n.S/ � !/.

Proof of Theorem 3.2 assuming the case n D 2. The proof is by induction on n, assuming
the cases nD 1;2. Using the description of .M�

n.S/ �!/ as a Grothendieck construction in
Proposition 3.8, Thomason’s homotopy colimit theorem (3.1) gives rise to an equivalence

N
�
M�
n.S/ � !

�
' hocolimP.!/op NF! :

For each object .S1; : : : ; Sp/, we have

NF!.S1; : : : ; Sp/ D
Qp
iD1N

�
M�
Œ2;n�

.Si / � !Si
�
;

and arguing by induction, we may assume each of the factors on the right-hand side to be
contractible. There results an equivalence

N
�
M�
n.S/ � !

�
' hocolimP.!/op � ' NP.!/:

Finally, we observe that P.!/ itself has the form .M�
2.S/ � !0/ for a suitable chosen

object !0 in Ke2.S/. Consider the binary relation on S defined by x <1 y if !¹x; yº D 1
and E!¹x;yºD .x;y/. Since this relation is acyclic by assumption, there exists an extension
to a linear ordering of S for which we use the same notation. We then define !0 by

!0¹x; yº D

´
1; if !¹x; yº D 1;

2; if !¹x; yº � 2;

and E!0¹x; yº D .x; y/ if x <1 y. Notice that if .S1; : : : ; Sp/ is an object in P.!/, then
the category .M�

Œ2;2�
.Si / � !0Si / has the identity of !0Si as its only object. This shows that

P.!/ can be identified with .M�
2.S/ � !0/ which in turn concludes the argument

4. The proof of Theorem 3.2 for n D 2

Let S be a finite set and let ! be a fixed object of Ke2.S/. In this section we write P.!/
for the partially ordered set .M�

2.S/ � !/ and finish the proof of Theorem 3.2 by showing
that its geometric realization is contractible. Our first objective will be to define a certain
abstract simplicial complex (in the classical sense [15, Chapter 3]) which represents the
homotopy type of jP.!/j. We shall then show this simplicial complex to be contractible
by exhibiting a sequence of elementary collapses which reduces it to a single element.

Recall that an element in P.!/ is an ordered partition hSi i
p
iD1 with the property that

for each pair ¹x; yº in S such that !¹x; yº D 1 and E!¹x; yº D .x; y/, we have x 2 Si1
and y 2 Si2 for some i1 < i2. There is a morphism hSi i

p
iD1! hTi i

q
iD1 if and only if (i) for

each 1� i � p we have Si � Tj for some 1� j � q, and (ii) if Si1 � Tj1 and Si2 � Tj2 for
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i1 < i2, then j1 � j2. We introduce a binary relation e on the set P.!/ as follows: Given
elements v D hSi i

p
iD1 and w D hTi i

q
iD1, we write v ew if the condition Si1 \ Tj2 D ; or

Si2 \ Tj1 D ; is satisfied for each set of indices 1� i1 < i2 � p and 1� j1 < j2 � q. This
relation is reflexive and symmetric but not transitive in general. With v and w as above,
consider the set

I.v;w/ D
®
.i; j / 2 ¹1; : : : ; pº � ¹1; : : : ; qºWSi \ Tj ¤ ;

¯
:

Notice that if the relation v e w holds, then the product ordering of the elements .i; j /
restricts to a linear ordering of I.v;w/. Hence the tuple˝

Si \ Tj W .i; j / 2 I.v;w/
˛

(4.1)

defines an ordered partition of S . It is not difficult to verify the following lemma.

Lemma 4.1. If the relation v e w holds, then (4.1) defines an element in P.!/ which
represents the infimum of v and w.

For each element v in P.!/, let Pv denote the overcategory .P.!/ � v/ with the
induced partial ordering. Clearly these subsets define a covering of P.!/.

Lemma 4.2. The intersection Pv \ Pw is non-empty if and only if the relation v e w
holds. In this case Pv \ Pw D Pu, where u is the infimum (4.1) of v and w.

Proof. If the relation v e w holds, then the element u defined by (4.1) is in Pv \ Pw
which is therefore non-empty. Conversely, if the condition for the relation v e w fails,
then there is no element u that fits in a diagram v  u! w in P.!/.

Now we use the binary relation e to define a simplicial complex CP.!/. This has
P.!/ as its set of vertices and a non-empty subset V � P.!/ is a simplex if the rela-
tion v e w holds for each pair of elements v; w 2 V . The next proposition allows us to
concentrate on the symmetric relation e instead of the somewhat complicated notion of a
morphism in M�

2.S/.

Proposition 4.3. The geometric realization of the simplicial complexCP.!/ is equivalent
to jP.!/j.

Proof. We shall deduce this from the nerve lemma as stated by Björner [7]. Consider the
covering of NP.!/ by the nerves NPv and observe that each finite intersection

NPv1 \ � � � \NPvk D N.Pv1 \ � � � \ Pvk /

is either empty or contractible. Indeed, using Lemma 4.2, it follows by induction that
if Pv1 \ � � � \ Pvk is non-empty, then it equals Pu where u is the infimum of the set
¹v1; : : : ; vkº. By the nerve lemma it remains to show that ¹v1; : : : ; vkº is a simplex of
CP.!/ if and only if Pv1 \ � � � \ Pvk is non-empty. This is clear for k D 1 and follows
from Lemma 4.2 for kD2. Consider the case kD3 and suppose that Pv1 \ Pv2 \ Pv3D;.
We claim that in this case Pvi \Pvj D; for some 1� i; j � 3. Let us write v1 D hSi i

p
iD1,
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v2 D hTi i
q
iD1, v3 D hUi iriD1, and suppose that Pv1 \Pv2 ¤ ;. Then Pv1 \Pv2 D Pu with

u the infimum of v1 and v2 defined by (4.1). Since Pu \ Pv3 D ; we must have

.Si1 \ Tj1/ \ Uh2 ¤ ; and .Si2 \ Tj2/ \ Uh1 ¤ ;

for some .i1; j1/ < .i2; j2/ and h1 < h2. If i1 < i2 this implies that Pv1 \ Pv3 D ; and if
j1<j2 this implies thatPv2 \Pv3 D;. Having verified the claim for kD 3, it now follows
for general k that if Pv1 \ � � � \ Pvk is empty, then Pvi \ Pvj must be empty for some
1� i; j � k: IfPv1 \Pv2 ¤;, thenPv1 \Pv2 DPu as above so thatPu \Pv3 \ � � � \Pvk
is empty and we may argue by induction.

Consider in general a simplicial complexK with vertex set P . Recall that a simplex in
K (that is, a finite non-empty subset ofP ) is said to be a free face if it is properly contained
in exactly one other (necessarily maximal) simplex. Thus, a free face is obtained from a
maximal simplex by removing a single vertex and it does not arise by removing vertices
from any other maximal simplex. An elementary collapse inK is the process of removing
a pair of simplices given by a free face and the unique maximal simplex containing it. It is
well known and easy to prove that an elementary collapse does not change the homotopy
type represented by a simplicial complex.

In the case of the simplicial complex CP.!/ there are usually many free faces and any
elementary collapse will leave us with a smaller complex representing the same homotopy
type. However, in order to exhibit a sequence of elementary collapses reducing CP.!/
to a single vertex, we will need a systematic way of recognizing free faces so that the
process can be iterated. For this reason we now introduce a new partial ordering on P.!/,
different from the original partial ordering inherited from M�

2.S/. Notice that an element
in P.!/ can be uniquely represented by a pair .p; ˛/, where p � 1 is a natural number
and ˛WS ! ¹1; : : : ; pº is a surjective function with the property that if !¹x; yº D 1 and
E!¹x; yº D .x; y/, then ˛.x/ < ˛.y/. Indeed, given such a pair, the corresponding ordered
partition hSi i

p
iD1 is defined by the inverse images Si D ˛�1¹iº. With this notation, the

relation .p;˛/e .q;ˇ/ holds if and only if for each pair ¹x;yº in S such that ˛.x/ < ˛.y/,
we have that ˇ.x/ � ˇ.y/. We define a new partial ordering 4 on P.!/ by

.p; ˛/ 4 .q; ˇ/ if ˛.x/ � ˇ.x/ for all x 2 S:

Notice that if .p; ˛/ 4 .q; ˇ/, then p � q. In terms of the ordered partition notation for
v D hSi i

p
iD1 and w D hTi i

q
iD1, the relation v 4 w amounts to Ti � S1 [ � � � [ Si for

i D 1; : : : ; q (where we adopt the convention Si D ; if p < i ).

Remark 4.4. If there exists a morphism w ! v in the original partial ordering of P.!/
(inherited from M�

2.S/), then v 4 w. The converse does not hold in general.

Next we introduce an operation on P.!/ that to a pair of elements v and w associates
an element v ^w. Write v D .p; ˛/ and w D .q; ˇ/, and let the function min¹˛; ˇºWS !
N�1 be defined by taking x to min¹˛.x/;ˇ.x/º. Notice that if !¹x;yº D 1 and E!¹x;yº D
.x; y/, then

min
®
˛.x/; ˇ.x/

¯
< min

®
˛.y/; ˇ.y/

¯
:
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We define v ^w D .r; ˛ ^ ˇ/ to be the element in P.!/ determined by the condition that
there is a commutative diagram

S
˛^ˇ //

min¹˛;ˇº &&

¹1; : : : ; rº

�

��
N�1

with � being injective and order preserving. The inequalities v ^ w 4 v and v ^ w 4 w
hold in general.

Example 4.5. Let S D ¹1; 2; 3; 4º and consider the ordered partitions

v D
�
¹1º; ¹2º; ¹3; 4º

�
; w D

�
¹2º; ¹1º; ¹3; 4º

�
:

Let ! be any object of Ke2.S/ such that v and w belong to P.!/. In this case we find that
v ^ w D .¹1; 2º; ¹3; 4º/. Notice that this is not the infimum of v and w with respect to 4.
In fact, both elements .¹1; 2º; ¹3º; ¹4º/ and .¹1; 2º; ¹4º; ¹3º/ are maximal lower bounds for
v and w, so the infimum of v and w with respect to the relation 4 does not exist.

Lemma 4.6. If the relation vew holds, then v ^w is the infimum of v andw with respect
to 4.

Proof. Let v D .p; ˛/ and w D .q; ˇ/, and write r D min¹p; qº. We claim that v ^ w
is the element .r;min¹˛; ˇº/ which gives the result. Thus, we must show that min¹˛; ˇº
defines a surjective function S ! ¹1; : : : ; rº. Given 1 � i � r , choose x and y such that
˛.x/ D i and ˇ.y/ D i . Then the relation v ew ensures that min¹˛; ˇº maps at least one
of the elements x and y to i .

In the following it will be useful to consider the operation v ^ w also in cases where
it does not represent the infimum of v and w.

Lemma 4.7. Given elements u, v, and w in P.!/, the relations u e v and u e w imply
ue .v ^ w/.

Proof. Write u D .r; 
/, v D .p; ˛/, w D .q; ˇ/, and assume 
.x/ < 
.y/. Then ˛.x/ �
˛.y/ and ˇ.x/ � ˇ.y/, which imply

min¹˛.x/; ˇ.x/º � min¹˛.y/; ˇ.y/º:

It follows that .˛ ^ ˇ/.x/ � .˛ ^ ˇ/.y/ as required.

Proposition 4.8. (i) P.!/ has a least element with respect to 4.

(ii) Every maximal simplex in CP.!/ has a least vertex with respect to 4.

Proof. In (i) we may apply the operation ^ iteratively to the elements of P.!/ to produce
the least element. For (ii) we apply the same procedure to the vertices of a maximal sim-
plex in which case Lemma 4.7 ensures that the least element remains within the maximal
simplex.
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Remark 4.9. The statement in (i) is in contrast to the situation for the original partial
ordering on P.!/ where there is usually neither a least nor a greatest element. We shall
eventually exhibit a sequence of elementary collapses that reduces the simplicial complex
CP.!/ to its least element with respect to 4. As to the statement in (ii) we remark that
for a simplex which is not maximal there may not be a least vertex.

The next lemma provides the basic combinatorial input on CP.!/.

Lemma 4.10. Let u and v be elements in P.!/ and assume that u � v. Then there exists
an element Qv in P.!/ such that (i) Qv � v, (ii) the relation v e Qv holds, and (iii) for an
element w in P.!/ the relations ue w and v e w imply Qv e w.

Proof. Let us write uD hRi ikiD1 and v D hSi i
p
iD1, and let 2� j � p be such that Si �Ri

for 1 � i < j and Sj ª Rj . We define a tuple of disjoint subsets zSi of S by setting

h zSi i
p
iD1 D

�
S1; : : : ; Sj�2; Sj�1 [

�
.R1 [ � � � [Rj�1/ \ Sj

�
; Rj \ Sj ; SjC1; : : : ; Sp

�
:

Then we define

Qv D

´
. zS1; : : : ; zSp/; if Rj \ Sj ¤ ;,

. zS1; : : : ; zSj�1; zSjC1; : : : ; zSp/; if Rj \ Sj D ;.

Let ¹x;yº be elements in S and suppose !¹x;yº D 1 and E!¹x;yº D .x;y/. Then there are
uniquely defined indices i1 < i2 and j1 < j2 such that x 2Ri1 \Sj1 and y 2Ri2 \Sj2 . We
must show that x 2 zSh1 and y 2 zSh2 for some h1 <h2. This is clear if .j1; j2/¤ .j � 1;j /.
In the remaining case .j1; j2/ D .j � 1; j /, we know that by assumption Sj�1 � Rj�1
and Sj � R1 [ � � � [ Rj . Since u is an element in P.!/, this implies y 2 Rj and hence
x 2 zSj�1 and y 2 zSj . We conclude that Qv indeed defines an element of P.!/. The relation
in (i) is implied by the assumption on j and the relation in (ii) is easily verified. Now
suppose that w is an element in P.!/ such that the relations u e w and v e w hold.
Writing w D hTi i

q
iD1, we must show that zSi1 \ Tj2 D ; or zSi2 \ Tj1 D ; for each set

of indices i1 < i2 and j1 < j2. This is again clear if .i1; i2/ ¤ .j � 1; j /. In the case
.i1; i2/ D .j � 1; j /, suppose that

zSi2 \ Tj1 D Rj \ Sj \ Tj1 ¤ ;:

Then uew implies Rh \ Tj2 D ; for h < j and v ew implies Sh \ Tj2 D ; for h < j .
Taken together, this shows that

zSi1 \ Tj2 D Sj�1 \ Tj2 [ .R1 [ � � � [Rj�1/ \ Sj \ Tj2 D ;;

which concludes the argument.

The following auxiliary definition will be needed in our recursive approach to the main
result. We say that a subcomplexK of CP.!/ is a good subcomplex if it is non-empty and
satisfies the following conditions:
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• Every maximal simplex of K has a least vertex with respect to 4.

• Let V be a simplex in K and suppose there exists an element Qv in P.!/ satisfying (i)
Qv � v for all v in V , (ii) the relation Qv e v holds for all v in V , and (iii) Qv is minimal
among elements in P.!/ satisfying (i) and (ii). Then V [ ¹ Qvº is also a simplex in K.

Given a good subcomplex K of CP.!/, let Max.K/ denote the set of maximal simplexes
in K. We introduce a preorder on Max.K/ by writing V 4 W if the least vertices v0 of
V and w0 of W are related by v0 4 w0. (This preorder is not antisymmetric since two
maximal simplices may share a common least vertex). By definition, V is maximal in this
preorder if V 4 W implies W 4 V . This means that if v0 and w0 again denote the least
vertices, then v0 4 w0 implies v0 D w0.

Lemma 4.11. Let K be a good subcomplex of CP.!/ and let V be a maximal simplex
in K with least vertex v0. If V is maximal in the preorder 4 on Max.K/ and V � ¹v0º
is non-empty, then the latter is a free face of V and the subcomplex obtained from K by
removing V and V � ¹v0º is again a good subcomplex.

Proof. Suppose to the contrary thatW ¤V is a maximal simplex inK and thatW contains
V � ¹v0º. Letw0 be the least vertex ofW and let uD v0 ^w0. Then u4 v0 and we claim
that in fact u � v0. Indeed, if uD v0, then v0 4 w0, but the maximality of V excludes the
possibility v0Dw0 and the maximality of v0 excludes the possibility v0 �w0. Notice also
that ue v for all v in V � ¹v0º by Lemma 4.7. Hence Lemma 4.10 shows the existence of
an element Qv0 � v0 in P.!/ satisfying the conditions (i) and (ii) in the definition of a good
subcomplex (with respect to V ). If necessary, we may implicitly replace Qv0 by an element
satisfying also the minimality condition (iii). By the definition of a good subcomplex it
follows that V [ ¹ Qv0º is a simplex in K, contradicting the maximality of V . We conclude
that there cannot be a maximal simplexW ¤ V containing V � ¹v0º and that consequently
V � ¹v0º is a free face of V .

Let us writeK 0 for the subcomplex ofK obtained by removing V and V � ¹v0º. First
we must show that every maximal simplex U of K 0 has a least vertex with respect to 4.
This is clear if U is also maximal in K. If U is not maximal in K, then U � V and U
must be of the form V � ¹vº for some vertex v ¤ v0 in V . Thus, in this case v0 is a least
vertex of U . Next let U denote a general simplex of K 0 and suppose that there exists an
element Qu in P.!/ such that (i) Qu � u for all u in U , (ii) the relation Qu e u holds for
all u in U , and (iii) Qu is minimal with these properties. Then we know that U [ ¹ Quº is a
simplex inK and we must exclude the possibility that U [ ¹ Quº equals one of the simplices
V or V � ¹v0º. If U [ ¹ Quº D V , then Qu being the least vertex implies Qu D v0 and hence
U D V � ¹v0ºwhich is a contradiction. If U [ ¹ Quº D V � ¹v0º, then Qu 2 V so that v0 � Qu
which contradicts the minimality condition of Qu in (iii). We conclude that K 0 is again a
good subcomplex of CP.!/.

Proof of Theorem 3.2 for n D 2. Let u0 be the least element of P.!/ and consider in gen-
eral a good subcomplexK ofCP.!/. Given any vertex v ofK, we may apply Lemma 4.10
repeatedly to obtain an edge path in K from v to u0. It follows in particular that u0 is a
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vertex of K and that if ¹vº is a maximal simplex in K, then v D u0 and K D ¹u0º. We
shall prove that any good subcomplex can be reduced to ¹u0º by a sequence of elementary
collapses. Since CP.!/ is itself a good subcomplex, this will finish the proof of the theo-
rem. The argument is by induction on the number of simplices in K. If there is only one
simplex, then K D ¹u0º as observed above. If K has more than one simplex, then it has
a maximal simplex V with minimal vertex v0 such that V � ¹v0º is non-empty and V is
maximal in the preorder 4 on Max.K/. Then it follows from Lemma 4.11 that V � ¹v0º
is a free face of V and that the subcomplex obtained by removing V and V � ¹v0º is again
a good subcomplex. This concludes the inductive step.

5. The relation to little n-cubes

We begin by fixing notation for the little n-cubes operad [8, 12]. Let I denote the unit
interval. A positive affine embedding f W I ! I is by definition a function of the form
f .t/ D .1 � t /a C tb for 0 � a < b � 1. A little n-cube is an n-tuple c D hfi iniD1 of
positive affine embeddings which we identify with the corresponding embedding of I n

into itself. We write Cn.1/ for the topological space of little n-cubes, topologized as the
subspace of I 2n defined by the endpoints of the affine embeddings. Now let S be a finite
set and let Cn.S/ be the space of S -indexed little n-cubes with separated interiors,

Cn.S/ D
®
hcxix2S 2 Cn.1/

�S
W cx.int I n/ \ cy.int I n/ D ; for x ¤ y

¯
:

We usually write Cn.k/ instead of Cn.¹1; : : : ; kº/. In order to define the operad struc-
ture it is convenient to interpret an element hcxi of Cn.S/ as a certain type of function
hcxiW .I

n/tS ! I n, where the domain is the S -indexed disjoint union of copies of I n.
With this notation, the operad product


 WCn.k/ � Cn.S1/ � � � � � Cn.Sk/! Cn.S1 t � � � t Sk/

takes a tuple of elements hcxi 2 Cn.k/ and hd ixi 2 Cn.Si / for i D 1; : : : ; k, to the element

.hcxi; hd

1
x i; : : : ; hd

k
x i/ defined by the composition

.I n/t.S1t���tSk/ Š .I n/tS1 t � � � t .I n/tSk
hd1x it���thd

k
x i

���������! .I n/tk
hcxi
��! I n:

Restricted to the categories Cn.k/ for k � 0, this gives the little n-cubes operad as defined
in [12]. The operad unit is the identity idIn in Cn.1/ and †k acts from the right on Cn.k/

by permuting the little n-cubes.
Following [2,5], we shall consider a certain family of contractible subspaces of Cn.S/.

Given little n-cubes c D hfi iniD1 and d D hgi iniD1, we write c <i d to mean that fi .1/ �
gi .0/. Notice that c.intI n/ \ d.intI n/ D ; if and only if c <i d or d <i c for some
1 � i � n. For each object � in Gn.S/, we define a subspace G.�/ of Cn.S/ by

G.�/ D
T
¹x;yº

®
hcziz2S 2 Cn.1/

�S W cx <i cy if �¹x; yº D i and E�¹x; yº D .x; y/º;

where the intersection is over all pairs ¹x; yº of elements in S . The following lemma is
easily verified.
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Lemma 5.1. The space G.�/ is a closed subspace of Cn.S/ and a convex subspace of
.I 2n/�S .

Lemma 5.2. For an object � in Gn.S/, we have G.�/ ¤ ; if and only if � is in the
subcategory Ken.S/.

Proof. If � is not in Ken.S/, then there exists an oriented cycle x1; : : : ; xk in � such that
the edges have constant label i , say. Since the relation <i is a strict partial order on Cn.1/,
this shows that G.�/ D ;. Next suppose that S is equipped with linear orderings <i for
i D 1; : : : ; n. Then we claim that there exists an element hcxix2S in Cn.1/

�S such that
x <i y implies cx <i cy for all i . In order to construct such an element one may divide
I in a number of subintervals equal to the cardinality of S and then use the orderings
to specify appropriate subcubes of I n. Now let � be an object in Ken.S/ and consider
the binary relations <i on S defined by �¹x; yº D i and �¹x; yº D .x; y/. Since these
relations are acyclic by assumption, they extend to linear orderings of S . Hence the above
argument shows that G.�/ ¤ ;.

Let V be a set of objects from Ken.S/ and let U � V be a subset. Then there are closed
inclusions S

�2U G.�/ �
S
�2V G.�/ � Cn.S/: (5.1)

Notice that Cn.S/ is itself the union of the subspacesG.�/ as � ranges over all the objects
in Ken.S/. In the following we shall use the term cofibration in the usual way for a map
having the homotopy extension property with respect to all spaces. The next lemma can
be deduced from the proof of [9, Lemma 4.10].

Lemma 5.3. The inclusions in (5.1) are cofibrations.

Lemma 5.4. Let �1 and �2 be objects of Ken.S/ and suppose that G.�1/ \ G.�2/ is
not empty. Then the infimum �0 of �1 and �2 exists in Ken.S/ and there is an inclusion
G.�1/ \G.�2/ � G.�0/.

Proof. Given �1 and �2, we define �0 by �0¹x; yº D min¹�1¹x; yº; �2¹x; yºº and

E�0¹x; yº D

´
E�1¹x; yº; if �0¹x; yº D �1¹x; yº;

E�2¹x; yº; if �0¹x; yº D �2¹x; yº:

This is well defined: If �1¹x; yº D �2¹x; yº, then the condition that G.�1/ \ G.�2/
be non-empty implies that E�1¹x; yº D E�2¹x; yº. Furthermore, since G.�1/ \ G.�2/ is
contained in G.�0/, Lemma 5.2 implies that �0 is indeed an object in Ken.S/.

Consider in general a finite partially ordered set A and recall that an A-diagram
F WA! Top is said to be Reedy cofibrant if for each object a in A, the canonical map
colim@.A�a/ F ! F.a/ is a cofibration. Here @.A � a/ denotes the subcategory of the
overcategory .A � a/ obtained by excluding the terminal object ida. The property of a
Reedy cofibrant diagram F that will be important for us is that in this case the canonical
map hocolimA F ! colimA F is an equivalence, cf. [2, Proposition 6.9].
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Following [9] we define a Ken.S/-diagram

F WKen.S/! Top; F .�/ D
S
�!� G.�/; (5.2)

where the union is over all the morphism �! � in Ken.S/ and F.�/ is topologized as
a subspace of Cn.S/. A morphism �1 ! �2 gives rise to a subspace inclusion F.�1/!
F.�2/ which is a cofibration by Lemma 5.3. The statement in the next proposition is
contained as a special case of [9, Lemma 4.5]. However, since the notation used in that
paper is somewhat different from ours, we provide a direct proof of the result we need.

Proposition 5.5 ([9]). The diagramF WKen.S/! Top is Reedy cofibrant and the canonical
map colimKe

n.S/ F ! Cn.S/ is a homeomorphism.

Proof. Consider more generally a subcategory A of Ken.S/ that is downward closed in the
sense that if � is in A and �! � is a morphism in Ken.S/, then � is also in A. We claim
that in this situation the canonical map colimA F ! [�2AG.�/ is a homeomorphism.
Indeed, using Lemma 5.4 we may define an inverse as indicated by the diagram

G.�1/ // F.�1/

&&
G.�1/ \G.�2/ //

77

''

G.�0/ // F.�0/

OO

��

// colimA F:

G.�2/ // F.�2/

88

Combined with Lemma 5.3, this gives the statement in the proposition.

Given a subcategory A of Ken.S/, one may generalize the above construction by defin-
ing an A-diagram

FAWA! Top; FA.�/ D
S
�!� G.�/; (5.3)

where now the union is over all morphisms �! � in A. The case ADMn.S/ is analyzed
in [2, Corollary 6.8] where it is stated that the analogue of Proposition 5.5 holds in this
case. The next example shows that this is not true in general.

Example 5.6. We consider the category M3.3/ and write FMWM3.3/! Top for the corre-
sponding diagram defined as in (5.3). It turns out that this diagram is not Reedy cofibrant.
Consider for instance the objects

�1 D 1�22�23; �2 D 2�3.1�13/; � D 2�3.1�23/

and the diagram �1! � �2 in M3.3/. Let .c1; c2; c3/ be the element in C3.3/ defined
by the subcubes

c1 D
�
0; 1
2

�
�
�
0; 1
3

�
�
�
1
2
; 1
�
; c2 D Œ0; 1��

�
1
3
; 2
3

�
�
�
0; 1
2

�
; c3 D

�
1
2
; 1
�
�
�
2
3
; 1
�
�
�
1
2
; 1
�
;
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and observe that .c1; c2; c3/ is an element in G.�1/ \ G.�2/. If �2 ! �! � are mor-
phisms in M3.3/, then �D �2 or �D �. Furthermore, if �! �2 is a morphism in M3.3/

and .c1; c2; c3/ is inG.�/, then �D �2. This shows that the left-hand part of the diagram

FM.�1/

�� ((
FM.�1/ \ FM.�2/

44

**

colim@.M3.3/��/ FM
// FM.�/

FM.�2/

OO 66

is not commutative. Since the outer diagram is commutative by definition, we conclude
that the horizontal map on the right is not injective. Hence this map is not a cofibration.
One can show by a similar argument that the M3.3/-diagram obtained by restricting the
Ke3.3/-diagram in (5.2) is also not Reedy cofibrant.

Remark 5.7. It is also claimed in [2] that the analogue of Proposition 5.5 holds for the
category Kn.S/, but again this is not true in general: Modifying the argument in the above
example to the situation considered in [9, Remark 6.6] reveals that the corresponding dia-
gram is not Reedy cofibrant. The reason why the argument from Proposition 5.5 does not
carry over to Mn and Kn is that the analogues of Lemma 5.4 fail in these cases (contrary to
what is claimed in [2, Lemma 6.7]). It turns out that the situation improves if one restricts
further to M�

n.S/, since in this case one can prove an analogue of Lemma 5.4 so that the
corresponding diagram is in fact Reedy cofibrant. We shall not make use of this fact.

The following result was first proved by Berger [5, Theorem 1.16] with Kn instead of
Ken and the Ken-analogue was later stated implicitly in [9, Lemma 4.9]. For completeness,
we write out the Ken-version of Berger’s proof.

Proposition 5.8. The space F.�/ is contractible for any object � in Ken.S/.

Proof. In the following we shall view F.�/ as a subspace of Cn.1/�S . For an element
hcxix2S of the latter, given by little n-cubes cx D hf xi i

n
iD1, the condition for this to be in

F.�/ is that for each pair ¹x; yº such that E�¹x; yº D .x; y/, we have

f xi .1/ � f
y
i .0/ for some i � �¹x; yº; or f

y
i .1/ � f

x
i .0/ for some i < �¹x; yº:

Let us fix an element hdxix2S in G.�/, given by little n-cubes dx D hgxi i
n
iD1. We define

a sequence of homotopies Hj WCn.1/�S � I ! Cn.1/
�S for 1 � j � n, by

Hj
�
hf x1 ; : : : ; f

x
n ix2S ; t

�
D
˝
f x1 ; : : : ; f

x
j�1; .1 � t /f

x
j C tg

x
j ; g

x
jC1; : : : ; g

x
n

˛
x2S

:

It follows from the above description of F.�/ that these homotopies restrict to homotopies
Hj WF.�/� I ! F.�/. Furthermore, we observe thatHn.�; 0/ is the identity function on
F.�/, thatHj .�; 1/DHj�1.�; 0/ for 2 � j � n, and thatH1.�; 1/ is constant, mapping
every element in F.�/ to hdxix2S . Hence these homotopies combine to define a null-
homotopy of F.�/.
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Finally, we review the argument from the proof of [9, Lemma 4.13] stating that jKenj
is an En-operad. Given a finite set S , consider the Ken.S/-diagram F in (5.2) and the
equivalencesˇ̌

Ken.S/
ˇ̌
Š hocolimKe

n.S/ �
'
 � hocolimKe

n.S/ F
'
�! colimKe

n.S/ F Š Cn.S/: (5.4)

Here the left-hand map is induced by the projectionF !� onto the terminal diagram. This
is an equivalence by Proposition 5.8 and the fact that homotopy colimits preserve object-
wise equivalences. The right-hand map is an equivalence since F is Reedy cofibrant by
Proposition 5.5. In the following we shall write

FhKe
n.k/ D hocolimKe

n.k/ F; k � 0:

Using the description of the homotopy colimit from [11], it is not difficult to see that these
spaces define an operad FhKe

n
with structure maps inherited from Ken and Cn. For the †k-

action on FhKe
n.k/, this uses that for each object � in Ken.k/ and for each element � in

†k , there is a factorization
G.�/ //

��

G.��/

��
Cn.k/

�� // Cn.k/:

The definition of the operad product uses that for each tuple of objects � in Ken.k/ and �i
in Ken.ji / for 1 � i � k, there is a factorization

G.�/ �G.�1/ � � � � �G.�k/ //

��

G
�

.�; �1; : : : ; �k/

�
��

Cn.k/ � Cn.j1/ � � � � � Cn.jk/ // Cn.j1 C � � � C jk/:

Since the operad structure of FhKe
n

is inherited from those of Ken and Cn, it follows that
the weak equivalences in (5.4) give rise to equivalences of operads

jKenj
'
 � FhKe

n

'
�! Cn;

showing that jKenj is indeed an En-operad. Using this, we can complete the proof of
Theorem 1.2 from the introduction.

Proof of Theorem 1.2. Let P be a categorical sub(pre)operad of Ken that contains one of
the preoperads M�

n or M�
n. Then Theorem 3.6 implies that the inclusion in Ken gives an

equivalence jPj ! jKenj. Combining this with the equivalences considered above, we get
a chain of equivalences relating jPj and Cn.

The properties of the functor F needed for the definition of the operad FhKe
n

have been
formalized in a more general setting in [2, Lemma 6.11]. Applied to the operads Mn and
Kn and the corresponding functors (5.3), it is claimed in the proof of [2, Theorem 3.14]
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that the arguments leading to the equivalences in (5.4) also work in these cases. However,
as we have seen that the functor in (5.3) is not in general Reedy cofibrant when Ken is
replaced by Mn or Kn, these arguments are not immediately valid. In the present paper
we have avoided this problem by passing through Ken and relying on Theorem 3.6. We end
by showing that our main result for a sub(pre)operad P of Ken can be formulated without
passing through Ken. For this it seems easiest not to work with the corresponding functor
(5.3), but to instead restrict the diagram F in (5.2) to the category P.k/ via the inclusion
of the latter in Ken.k/. Using the formalism of [2, Lemma 6.11], we then get a (pre)operad
FhP defined in analogy with FhKe

n
, but with Ken replaced by P.

Corollary 5.9. Let P be a categorical sub(pre)operad of Ken that contains one of the
preoperads M�

n or M�
n. Then there are equivalences of En-(pre)operads

jPj
'
 � FhP

'
�! Cn:

Proof. The maps in the diagram are defined as in (5.4) with Ken replaced by P. Here the
last map colimP.k/ F ! Cn.k/ need not be a homeomorphism if the inclusion of P.k/ in
Ken.k/ is not final, but that does not affect the argument. (It is a homeomorphism if P.k/
contains M�

n.k/). It follows from the definitions that there is a commutative diagram of
(pre)operads

jPj

��

FhPoo //

��

Cn

jKenj FhKe
n

oo // Cn:

Here we have already observed that the horizontal maps at the bottom of the diagram
are equivalences and the left-hand horizontal map at the top is again an equivalence by
Proposition 5.8. Hence the result follows from Theorem 3.6 which shows that jPj ! jKenj
is an equivalence.
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