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On the partial derivatives of Drinfeld modular forms
of arbitrary rank

Yen-Tsung Chen and Oguz Gezmis

Abstract. In this paper, we obtain an analogue of the Serre derivation acting on the product of
spaces of Drinfeld modular forms which generalizes the differential operator introduced by Gekeler
in the rank two case. We further introduce a finitely generated algebra M, containing all the Drinfeld
modular forms for the full modular group and show its stability under the partial derivatives.

1. Introduction

Let M (T') be the C-vector space of elliptic modular forms of weight k for a congruence
subgroup I' of SL,(Z) and G be the false Eisenstein series of weight 2 normalized so that
the first coefficient of its Fourier expansion is one. The Serre derivation is the differential
operator Di: M (T') — M4 (I") given by

Def = 1 —kGaf

Naturally, one expects to generalize the Serre derivation to Hilbert modular forms or Siegel
modular forms. However, although there are several differential operators defined by using
the partial derivatives of Hilbert modular forms (see [11,25,32,33,38]) which preserve
modularity, there is no analogue of Serre derivation for this setting. On the other hand,
to carry the notion of the Serre derivation for Siegel modular forms of degree g, Yang
and Yin required the existence of a symmetric g X g matrix G consisting of functions on
the Siegel upper half plane and satisfying a certain functional equation [37, Thm. 2.9].
Nonetheless, Hofmann and Kohnen [24] showed that such a matrix G never exists and
thus the generalization of Dy also could not be established for Siegel modular forms. For
more details and explicit list of references, we refer the reader to aforementioned articles.

Unlike the case of classical setting briefly mentioned above, for Drinfeld modular
forms, there is a generalization of the Serre derivation to more general objects and con-
structing it will be one of the main themes of the present paper. In particular, we intro-
duce a multi-linear operator in Theorem 1.1 generalizing the Serre derivation defined by
Gekeler [15, Sec. 8] for Drinfeld modular forms of rank two to the setting of Drinfeld
modular forms of arbitrary rank.
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To state our results, we firstly introduce some background. Let [F, be the finite field
with g elements where ¢ is a positive power of a prime p. Let 6 be a variable over IF,;. We
define A to be the polynomial ring F,[0] and K to be its fraction field. We consider the
non-archimedean norm | - | corresponding to the infinite place normalized so that |6]| =
q and let Ko be the completion of K with respect to | - |. We further let Co, be the
completion of a fixed algebraic closure of K.

For r > 2, we define the Drinfeld period domain Q" by

=P 00 oo-rationa erplanes
Q" :=P"!(Coo) \ {Koo-rational hyperplanes}

and identify each element z € Q" by z := (z1,...,z,)" € CL so that z, = 1. By definition,
the entries zy, .. ., z, are Koo-linearly independent. The A-module A"z C Co, generated
over A by the entries of z forms an A-lattice of rank r and hence, due to Drinfeld [12],
there exists a unique Drinfeld module, which we denote by ¢*, corresponding to A"z
(see Section 2 for more details). We note that Q7 is a connected rigid analytic space
whose admissible open subsets and open coverings can be explicitly described (see [12],
[23, Sec. 4], [36] and [13, Sec. 4] for more details). Let {£2],}52; be such a covering of
Q7 (see Section 3 for its explicit definition). Then we call f: Q" — Cq a rigid analytic
Sfunction if, for each n € Z >, its restriction to €2}, is the uniform limit of rational functions
which do not have any pole in Q2.

The study of Drinfeld modular forms for the rank two setting was initiated by Goss,
in the 1980s, in his PhD thesis (see also [21]) and continued to be developed in following
years by Gekeler (see [14—17]). In [3], based on the results of Pink in [31] and Haberli in
his PhD thesis [23], Basson, Breuer and Pink generalized the theory of Drinfeld modular
forms to the arbitrary rank. They define Drinfeld modular forms, algebraically, to be global
sections of particular ample invertible sheaves on the compactification of the Drinfeld
moduli space and analytically to be rigid analytic functions on Q" satisfying a holomorphy
condition at infinity and a certain automorphy condition with respect to an arithmetic
subgroup of GL, (K). They further studied the graded Co,-algebra of Drinfeld modular
forms for GL, (A4) as well as the C-vector space of Drinfeld modular forms of any given
weight and type (see [3, Sec. 17]). We mention that the work of Pellarin [29] provides
another direction for the generalization of this theory via the study of vectorial Drinfeld
modular forms and their deformations. For more details on the history of Drinfeld modular
forms, the reader can refer to [2, Sec. 7], [3] and [30, Sec. 1.1].

For 1 <i < r, we define the i-th coefficient form g;: Q" — Co, a Drinfeld modular
form of weight ¢’ — 1 and type 0 for GL, (A), which sends each z € Q" to the i-th coeffi-
cient of ¢*. Note that when i = r, g, is indeed a nowhere-vanishing Drinfeld cusp form.
Furthermore, Gekeler [18] introduced a Drinfeld cusp form /,: Q" — Cy, of non-zero
type which plays an essential role in the present work (see Section 3 for more details).
For any rigid analytic function §: Q" — Cq, let 9; () be the partial derivative of ) with
respect to z; and for each 1 < j <r — 1, we consider the false Eisenstein series

EVL Q" - Cqy
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given by

EVl(z) :=

0 (g:(@), z=1(z1,....27)" € Q".
gr(z) ) (e: @) ’
When r = 2, we refer the reader to [15, Sec. 8] for an explicit study of these functions.
For k € Z, we further define the operator O; i by

Dj k() := 8;(h) + kHEVL.

Let M"(I") be the Coo-vector space of Drinfeld modular forms of weight k € Z>o
and type m € Z /(g — 1)Z for a congruence subgroup I' of GL, (A4) (see Section 3 for the
explicit definition). Our first result, restated as Theorem 4.9 later, shows the existence of
a differential operator acting on the product of the C,-vector spaces of Drinfeld modular
forms.

Theorem 1.1. For each 1 <i <r — 1, let T; < GL,(A) be a congruence subgroup,
ki € Z>9 and m; € Z/(q — 1)Z. Consider the operator D, .. k,_,) on MI:'I” (T'y) x--- %
Mlg::l (T'y—1) defined by

D, (1) - Dro1p, (1)
D(kl ..... krfl)(flv"'Vfr—l) = det .
Dig, (fr-1) -+ Dr_1p_, (fr—1)

Then the following statements hold.
() D,,...k,—) is a Coo-multi-linear derivation.
.. ,_ 1 -1
(i) Dty (f1s ooy fror) € MIEEME L (7LD

Motivated by Theorem 1.1, we call D, ... k,_,) the Serre derivation. We remark that
when r = 2, Serre derivation has been extensively studied by Gekeler [15, 17] provid-
ing a striking analogy with the classical setting. On the other hand, the situation in the
arbitrary rank setting, that is when r > 3, requires further innovative ideas, mainly for the
following reason: In the rank two case, one can identify 2 with Co, \ Koo and hence real-
ize rigid analytic functions to be single variable functions. Thus their partial derivatives
are only based on one variable. On the other hand, when r > 2, our rigid analytic func-
tions are viewed as (r — 1)-many variable functions, and this leads to the consideration
of partial derivatives with respect to (r — 1)-many different variables. Nonetheless, taking
the partial derivative of a Drinfeld modular form with respect to (r — 2)-many of these
variables will result a rigid analytic function which does not admit a Fourier expansion
around the infinity cusp. Hence one needs a delicate analysis to determine the behavior of
D,,...kr—1) (f15 - ., fr—1) around the cusps of a congruence subgroup. In order to do this,
we first investigate the limiting behavior of partial derivatives of the uniformizer ur(y) at
infinity for any n € A \ {0} (see Section 3 for its explicit definition) and our false Eisen-
stein series whenever z is an element of Q" satisfying certain conditions (Lemma 4.7).
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This, in Proposition 4.8, allows us to analyze the limiting behavior of the terms coming
from the cofactor expansion of D, ... x,_,)(f1.- .., fr—1) along the first column. Finally,
combining our analysis with certain identities and functional equations obtained in Propo-
sition 4.3 and Lemma 4.4, we finish the proof of Theorem 1.1.

In what follows, we present the second main result of the present paper. Let expy.:
C s — C be the exponential function of ¢p*. We consider the period matrix of ¢* given as

—n F¥@e) . FILGe)
Pz = (S GLr((Coo) (1~])
—z, F?Z (z;) ... F:iz,l (zr)

where foreach1 < j <r —1, Fz-z: Cx — C is the unique entire function satisfying
the functional equation

F9 (02) — 0F% (2) = expye(2)?’, 2z € Coo. (1.2)

Note that Fy, ..., F-—1 are indeed quasi-periodic functions of ¢*, which play the anal-
ogous role of the quasi-periodic functions for elliptic curves (see Section 5.1 for more
details). Foreach 1 <i <r—1land1 < j <r, consider

Lijl Q" - Coo
z+> P07
where Pz(i’j ) is the (i, j)-cofactor of the period matrix P,. We finally let (—0)/@~V be a

fixed (¢ — 1)-st root of —6 and define the Carlitz period, analogous to 27§ in the classical
setting (see [35, Sec. 2.5]), by

o0
7i=0-0)VeD](1-0"7)" eCy.

i=1
Our next theorem, restated as Theorem 5.6 later, can be described as follows.

Theorem 1.2. Foreach1 <i,j <r —1landz e Q", we have

3;(21)(@) = EV@)gi () + 71+ ho(2) L 41)(@).

When r = 2, Theorem 1.2 was established by Gekeler in [15, Sec. 9] and [16, (8.4)]
by using the “k /12 formula for Drinfeld modular forms” and an analysis of the behavior at
a neighborhood of infinity of the function /5. Our method, however, follows a completely
different path, which also provides a new proof in the rank two case. More precisely, we
study the work of Pellarin in [28, Sec. 8] on the deformation of vector-valued modular
forms and combine it with the theory of Drinfeld modules over the Tate algebra developed
in [1, 20]. Later on, we use the explicit relations between the Eisenstein series and the
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coefficients of the exponential and the logarithm series of Drinfeld modules to complete
the proof (see Section 5.2 for more details).

An immediate corollary of Theorem 5.6, later restated as Proposition 5.8, which fol-
lows from an explicit algebraic relation between /i, and L;; (see (5.17)) yields a different
characterization of the s-function of Gekeler from that given in [18, Sec. 3.7].

Corollary 1.3. We have

Digt,.qr1-0 (&1 - &r—1) (@) = FIH+ ), (2).

.....

Our next goal is to introduce a particular C,-algebra invariant under the partial deriva-
tives. We define M, by

tMr = (COO[glv"'7gr—17hrvaj(gi)vEy[-j] | 1 E l7] S r— 1]

One of the main purposes of the present paper is to initiate a study towards under-
standing the differential structure of M,. We emphasize that M, is the C,-algebra of
Drinfeld quasi-modular forms in the rank two setting, defined by Bosser and Pellarin,
containing the graded Co.-algebra of Drinfeld modular forms for GL,(A4) and is stable
under the hyperderivatives of degree n > 0, a certain higher derivatives which replace the
usual derivatives in the positive characteristic case (see Section 5.3 for more details).

Our result, later stated as Theorem 5.11 and Theorem 5.12, can be given as follows.

Theorem 1.4. The Co-algebra M, is stable under the partial derivatives and strictly
contains the graded C »-algebra of Drinfeld modular forms for GL,(A). Moreover, if we
let M, be the Cxo-algebra given by

M, = CoolgihrLij |1 <i<r—1,1<j<r],
then M, = M,.

Remark 1.5. Although it is still not clear how to define quasi-modular forms explicitly in
the higher rank setting, due to Theorem 1.4, we predict that M, is the ring of such forms.
Moreover, to determine the transcendence degree of M, as a Cy-algebra, it would be
interesting to investigate a suitable adaptation of the strategy used in the work of Bertrand
and Zudilin on Siegel modular forms [5, Thm. 1]. Inspired by the rank two setting, where
the transcendence degree of M, is 3 [8, Thm. 1], and the equality qu = M, it is natural
to expect that the transcendence degree of M, is 72 — 1. However, this requires a more
technical approach which would be beyond the scope of the present paper and hence we
leave this problem as one of the topics for the future research.

The outline of the paper is as follows. In Section 2, we introduce basic properties of
Drinfeld modules. In Section 3, we explain some details on Drinfeld modular forms and
provide several examples including the A-function of Gekeler. In Section 4, we provide
a proof for Theorem 1.1. Finally, in Section 5, we obtain Theorem 1.2 and Theorem 1.4
after analyzing the deformation of Eisenstein series.
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2. Preliminaries and background

In this section, we introduce the necessary background for Drinfeld modules. For more
details, we refer the reader to [15, Sec. 2], [22, Secs. 3 and 4], [17] and [35, Sec. 2].

For any F,-algebra L C Co, containing K, we define the non-commutative ring L[]
of power series in t subject to the condition

tz=2z9t, zelL.

Moreover, we let L[z] C L[] be the ring of polynomials in 7 with coefficients in L. It
has an action on L given by

Zciri cZi= Zcizqi eL.
Let r € Zx1. A Drinfeld module ¢ of rank r over L is an IF;-algebra homomorphism
¢: A — L[t] given by

o =0 +git+--+ g1

such that g, # 0. Foreach 1 <i < r, we call g; the i-th coefficient of ¢.
For each ¢, there exists a unique series expy = D ;¢ % ! € Coo[7], called the expo-
nential series of ¢, satisfying oy = 1 and

expy 0 = Py expy -

Moreover, _it induces an F,-linear entire function exp,: Coo — Coo given by expy(z) =
Zizo ;29" for each z € Cuo. Similarly, one can have the logarithm series log, _ofgb which
is the formal inverse of exp,, and given by the infinite series log, = > ;. fit' € Coo[7]
satisfying 8o = 1 and

' log, = log ¢g.

An A-lattice A of rank r is a free A-module of rank r which is discrete, that is its
intersection with any ball in C, of finite radius is finite. For such A, consider the function
ep: Coo = Co defined by

For each a € A, one can define a map qbé\ 1 Coo = C so that the following diagram
commutes:

0 > A y Coo —2— Coo > 0
l’“ @ o8
[E
0 > A > Coo > Coo > 0.
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Indeed, for any Drinfeld module ¢ of rank r over Co, there exists a unique A-lattice of
rank r, called the period lattice of ¢, so that the above diagram is commutative. Moreover,
due to Drinfeld [12], we know that the association A — ¢ defines a bijection between
the set of A-lattices of rank r in C, and the set of Drinfeld modules of rank r over C.
Furthermore, we call each non-zero element of A a period of ¢A.

In what follows, we introduce an A-lattice invariant which will be fundamental for
the present work. Let A be an A-lattice of rank r. We let Eisg(A) := —1 and define the
Eisenstein series of weight k € Z > for A to be the infinite sum given by

) 1
Eisg(A) = Z F € Coo. 2.1
AEA
A#0
Note that when k is not divisible by ¢ — 1, we have Eisg (A) = 0. Moreover, for a variable
X over Co, by [15, (2.8)], we get
X

[E— — 1 k
—0d 1 ;Elsk(/\)x . (2.2)

Furthermore, as described in [15, (2.9)], we have the following relation between the Eisen-
stein series and the coefficients of the logarithm series logga = Zizo Biti:

Bisgi_gi (A) = —B{_ .. j.k=0, 2.3)

3. Drinfeld modular forms

In this section, we review the notion of Drinfeld modular forms of arbitrary rank. We refer
the reader to [3] for related details.

For any integer r > 2, let P"~!(Cy,) be the projective space of dimension 7 — 1 with
coefficients in C,. We define the Drinfeld period domain

Q" =P " (Cy) \ {Koo-rational hyperplanes}

and identify any of its elements as z = (z1, ..., z,)" € CL_ whose entries are Ko-linearly
independent and normalized so that z, = 1.

For later use, we now briefly explain the rigid analytic structure of Q”. Let H be a
K oo-rational hyperplane in P"~1(Cy,). We choose a unimodular linear form

bg(Xy,.... X)) =a1 X1+ +a, X, € Koo[Xl»u-»Xr]

to be the defining equation of H, that is, max;<j<r{|a;|} = 1. Then setting {g (z) :=
ayzy + --- + a,z,, we see that [ (z)| is well defined for any z € Q" and is independent
of the choice of £5. Let |y|oo := max]_,|y;| where y = (y1,..., y-)" € CL,. For each
n > 1, we define

Qni={zec Q| |EH(Z)| > ¢7"|z|oo for any Koo-rational hyperplane H }.
In fact, {€2],}5° ; forms an admissible covering of Q" [3, Prop. 3.4] (cf. [34, Prop. 1]).
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For any y = (a;;) € GL,(K), define

y 7= anzy+ -+ aizr a-11Z21 + -+ ag—-1)rir
= s
ar1z1 + -+ arrzy ar1zy + -+ arrzy

tr
,1) eQ’. (3.0

We further set
Jy.z) = apz1 + -+ apz, € CL.
For any n € A \ {0}, we define a principal congruence subgroup I' (1) to be the kernel
of the projection GL,(A) + GL,(A/unA). Note that '(1) = GL,(A4). Moreover, we call
I' € GL,(A) a congruence subgroup if it contains I'(n) for some non-zero n. A rigid

analytic function f: Q" — Cq is called a weak modular form of weight k € Z and type
m € Z/(q — 1)Z for T if it satisfies

- = jn.0)*det(y) ™" f(z), yeT, z2eQ".
Consider the map t: K"~! — GL,(K) given by

1 a -+ ay
1
t:(az,...,ay) —

1

For a congruence subgroup I', we define ', := I' N t(K”"™!) and say that f: Q" — Cy
is [',-invariant if f(y -z) = f(z) for all y € T,. Note that any weak modular form f of
weight k and type m for I is automatically T',-invariant. For z = (z1,...,z,)" € Q7, we
set W = (2, ..., z,)". Note that ("1(I',) N A"~ ! is of finite index in A"~ and (~1(T,).
Hence

Fw:= {z2a2 + -+ zra, | (az,....a;) € 7' ()} C Coo

forms an A-lattice of rank r — 1 in C. For any A-lattice A and ¢ € CX, we let cA :=
{cA | A € A}. Now considering 7I'w C C o, we also define

ur(z) == e, (7z1) "' € CL.

When T is a principal congruence subgroup, we can describe ur more precisely as fol-
lows: Let n € A\ {0} and A”~!w be the A-lattice of rank r — 1 generated by the entries
of w over A. Then we have

U () (Z) = eXPryar1y(T21) "
Since exp, (cz) = cexpy (z) forany ¢ € CX, and z € Co (see [16, Sec. 4]), we have

1

Urm(z) = eXPrpar—iy(Tz1) P = u g ! e)<p<,,vv(11_121)_1 (3.2)

where we set ¢V to be the Drinfeld module corresponding to the A-lattice A”~!w. To ease
the notation, we further let u(z) := ur)(2).
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By [3, Prop. 5.4] we know that for any I',-invariant rigid analytic function f: Q" —
C oo, for each n € Z, there exists a unique rigid analytic function f,: Q"1 — Cy such
that the series
> fa(Wur(@)" (3.3)
nez
converges to f(z) on some neighborhood of infinity and its admissible subsets (see [3,
Def. 4.12] for the explicit definition of a neighborhood of infinity). We call the infinite
sum given in (3.3) the ur-expansion of f. Note that when r = 2, f, is a constant in Cg
for each n.
For any v € GL,(A), we know that if f is a weak modular form of weight k and type
m for I', then the rigid analytic function f|, , [v]: Q" — Co given by

Sim V(@) = j(,2)7* det(w)” f(v - 2)

is a weak modular form of weight k and type m for the congruence subgroup v—'T'v.
Moreover, we call f a Drinfeld modular form of weight k and type m for T if the function
Jn in the uy—11,-expansion of f|,  [v]forall v € GL;(A) is identically zero when n < 0,
in other words, f is holomorphic at infinity with respect to (v~'T'v),. Furthermore, we
call f a Drinfeld cusp form of weight k and type m for T if, in addition, f, = 0 in the
u,-1ry-expansion of fj, . [v]foreachv € GL,(A4). We define M;" (T") to be the Coo-vector
space spanned by all Drinfeld modular forms of weight k& and type m for I.

Example 3.1. In what follows, we give some examples of Drinfeld modular forms.

(i) Letz=(zy,...,z,)" € Q" and recall that A"z is the A-lattice of rank r generated
by the entries of z over A. Let k be a positive integer divisible by ¢ — 1 and
z € Q". It is shown in [3, Prop. 13.3] that the map Eisg: 2" — Co sending
z — FEisg (A" z) is a Drinfeld modular form of weight k and type O for GL, (A).

(ii) Let ¢* be the Drinfeld module corresponding to A" z. Set
$5 =0+ a@T+- + g (@7

Then, for any 1 <i < r, the function g;: Q" — Cq, which we call the i-th
coefficient form, mapping z —> g; (z) is a Drinfeld modular form of weight ¢ — 1
and type 0 for GL, (A) [3, Prop. 15.12]. In addition, we remark that g, is indeed
a nowhere-vanishing Drinfeld cusp form on Q. Moreover, setting go = 6 and
Eisg = —1, by [15, (2.10)], we have

i
. . k
0 Eis,i_,(z) = Z Eis i, (2)g]_, (2). (3.4)
k=0
(iii) In what follows, we review the definition of one fundamental example of Drin-
feld cusp forms which was introduced by Gekeler [18]. Let u = (1, ..., r) €
Fy\{(0,...,0)}. We call w monic if jx = 1 for the largest subscript k satisfying
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wr #0.Forany z = (zq,...,2z,)" € Q", let

1
Ei = .
IS/L(Z) Z a1z1 + -+ ayz,

Then the h-function h,: Q" — Coo of Gekeler is defined by

1—g”
hy(z) = 7 o1 (=) @D [] Eis.@.
ME]F‘;
/L monic

We note that 4, is a nowhere-vanishing Drinfeld cusp form of weight ¢" —
1/(g — 1) and type 1 for GL, (A). In other words, for each y € GL,(A), we have

he(y -2) = det(y) ™" j(y.2) T b, (2). (3.5)
Furthermore, by [18, Thm. 3.8], we obtain
g (@) =77 (=) h (@) (3.6)

4. The differential operator D, . «,_,

In this section, we show the existence of a differential operator which also generalizes the
notion of the Serre derivation due to Gekeler to the higher rank setting. Our main goal
is to prove Theorem 4.9. For this, in what follows, we will first establish several results
which are needed to determine the regularity at infinity of D, ... k,_,) acting on the tuple
of Drinfeld modular forms.

Let ¥ be an affinoid open subspace of Q" and f: ¥ — Cq be arigid analytic function.
We define

.....

1flly = sup {| F@)|}-
yey

Note that by [7, Sec. 3.8, Cor. 2], we have || f||y < oo for any affinoid open subspace ¥
and any rigid analytic function f on ¥ [3, Sec. 5]. Recall the admissible covering {£27,}5% ;
of Q" given in Section 3. For each n > 1, we set || f ||, := || f|lqr. For any z € QJ, and
n > 0, we consider the closed polydisk D(z, n) centered at z and of radius 71|z| given by

D(z.n):={y € Q" ||z—¥loo < 1lzloc}-

Our next lemma provides an estimation of the size of the partial derivatives for rigid
analytic functions on /.

Lemma 4.1. Let f: Q) — Cq be a rigid analytic function. Then for each z € QJ, and
neQwith0 <n<qg™", we have

D(z,n) C Q.
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Furthermore, forany 1 < j <r — 1, we have

19; £ Ipeny < 17 11Lf lln-

Proof. Letz = (z1,...,z,)" € QL andy = (y1,...,y,)" € D(z,n). Then for any Koo-
rational hyperplane H with £y (Xy,..., X;) = a1 X1 + --- + a, X, we have

[Ca(y)| = laiyr + - + aryr|
= ‘al(YI -zt +a(yr—z)tarizi+ -t apzy
= |lu(2)|
> q " 2loo
where the third and forth equality follow from the facts that
jar(r =20 + -+ ar(yr —20)| < max {laillyi = zil} < nlzloo < 47" [2loo
and
larzi + -+ +arzy| = VH(Z)’ > g7 |2]oo-
On the other hand, we claim that |y|eo < |Z|co- To prove our claim, assume to the contrary
that |y|oo > |Z|0o. Then there exists 1 <i <r such that |y|co = |y;| > |z;j|forany 1 < j <r.
However this implies that
|z = ¥loo = |zi = yil = |yil = [¥loo > |2]oo

which would contradict to the fact thaty € D(z, n) for 0 < n < ¢~". Thus, we have

L) = 47" |2loo = 47" [¥]oo-

Hence, y € Q7,, which also implies that D(z, n) C 27,. For the second assertion, note that,
since f is a rigid analytic function on €27, its restriction to D(z, 1) can be expressed as

floem = >,  Cr(Xy—z)" (X, —z)",

I=(i1....ir)EZL,

where C; € Coo and C7(9|z]oo)!!! — 0 as |I]| := iy + -+ + i, — o0o. In particular, since
D(z,n) C @], by the maximum modulus principle [6, Sec. 2.2, Prop. 5], we have |Cy| <

_ —|I _ —|I

2N o < 772l £ 1. Thus,

1/ D@ = sup > GG =)t =) T e =2
YEDEM "V r—(iy,.ir)ezl,

< sup {|Cr 171z E1=1)

I=(iy,....ir)€EZ ), ij>1

1,1
=0zl 1 lIn-

Finally, |z|oo > 1 yields the desired inequality. |



Y.-T. Chen and O. Gezmis 12

4.1. Certain identities and functional equations

Our goal in this subsection is to prove Proposition 4.3 which has a crucial importance to
prove Theorem 1.1. We would like to thank the anonymous referee for a simpler argument
of its proof which we provide with details in what follows. We refer the reader to the
previous version of the manuscript [9, Prop. 4.23] for an alternative idea for the proof of
Proposition 4.3.

Throughout this subsection, we let r > 2, z = (z1, 22, ...,,z;)" € Q" and hence
w=(z2,...,2,)" € Q"7 For y = (a;j)i,j € GL,(Cx), 1 <i <randze Q", we set

81()/, Z) =dai1Z1 + SN + AirZy.

Observe that when y € GL,(A) andz € Q7, we have §, (y,z) = j(y,z).For 1 < j, I <r —1,
we also set

(@) =l —cjz
where c}'l (resp. c}'r) is the (j, [)-cofactor (resp. (j, r)-cofactor) of y.
Lemma 4.2. We have

det ((@i;8r (y.2) — arj8i (V. D)1ij<r—1) = 8 (v, 2) 2 det(y)z, = j(y.2)" 2 det(y).

Proof. Forany 1 </{ <r,set

ag = (@i, ... ag—1e)"
and
§(r.2) = (51(1.2), ... 8,21 (r.2))"
so that
§(y.z) = z1a1 + -+ + zray.
Observe that

det (a8, (v.2) — ar;8i (y. Z))i’j)
= |a18:(v.2) —an8(y.2) a28,(y.2) —ar28(y.2) -+ ar_18;(¥,2) — ar(r—1)8(v. 2)|.
4.1)

Here, by the notation in the right-hand side of (4.1), we mean the determinant of the
matrix whose j-th column is given by a;8,(y,z) — a,;j8(y, z) € Mat(_1)x1(Cso). We
now expand the right-hand side of (4.1) by using the multi-linearity of determinants and
we choose either a8, (y, z) or —a,;8(y, z). It is crucial to note that choosing —a,;(y, z)
twice yields the corresponding term to vanish. Thus, we obtain

|a18r(V’ Z) —Clr18()/, Z) a28r(V’ Z) _arZS(V’ Z) ar—18r(V’ Z) _ar(r—l)S(V’ Z)|
=50 Mar - aro1l =810 2anl8(n2) az - ari
— 8- (y.2) *arzlay 8(y.2) as -+ ar|

—---—8r(y,z)r_2ar(,_1)|a1 e dp—p 8(y.2)). 4.2)
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On the other hand, observe, by the cofactor expansion of the determinant along the r-th
row, the right-hand side of (4.2) is equal to

ar ai(r-1) 31(y.z)
8 (v, 2)" "2 det : :
ag-p1 0 Ae-pe-1) Or-1(.2)

ar1 Ar(r—1) 81‘()/» Z)
ar ai(r—1) Zrdir

= §,(y,2)" 2 det : : : . (4.3)

adFp-n1 - Ae-1)@r-1) Zrd@E-r

ari T ar(r—1) ZrQrr

Since, the right-hand side of (4.3) is equal to &, (y, z)" 2 det(y)z,, combining (4.1) and
(4.2), we finally have

det ((aij 8 (7.2) — ar;8i (1.2)), ;) = 8, (r.2)" "2 det(y)z,

and thus it finishes the proof of the first equality. The second equality simply follows from
the definition and the fact that z, = 1. [

Now we are ready to prove our proposition.

Proposition 4.3. For any y € GL,(A), define € (z) := (c}'l (2));1 € Mat,—1(Coo). The
following statements hold.

i & 'y —@(z).

() Yo zz(z)czr = —j(y.z)det(y) "¢},
(i) det(C” (z)) = det(y)" %) (y.2).

Proof. We start with proving the first assertion. Note that, since the formula
= det(y)"' ()i,
imoli — (v = (det(v=") "1 ("), h
implies y = (y~°)7" = (det(y ™))" "(¢j; )i,j» we have
-1
ajj = det(y)cj; . (4.4)

Moreover, setting d(y - z) := (8,( yz))) , we obtain

(ajlzl + - +ajrzr))
J(v.z) i,j

(auJ(V,Z) an'S'(%Z))
i,j
d

Ay -z) =

J(y.2)? ,
et(y) ( _ -Z))
i

) j(y.2)
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det -1
-,

det -
S ) “5)
J(v.2)
Here, the third equality follows from (4.4) and the fourth equality follows from the fact
that j(y,z)~18;(y,z) is the j-th entry, which we denote by (y - z);, of y - z.
On the other hand, for any y, v € GL,(A), by [4, Lem. 3.1.3], we know that

Jjyv.2) = j(y.v-2)j(v.2). (4.6)
Applying the chain rule to yv = y o v, we obtain

i« det(v)
J(v,2)

det(yv) (v W det(y) i
Fov & ) =gy D)

which, by (4.6), yields
€ (v -2)" = (€ (y-(v-2))" (6" (v-2))",

((gvfl (U . Z))tr,

This implies
" (y - 96 (2) = €' (2) = Id, @.7)
and hence we deduce the first assertion.
We now show the second assertion. Using (4.6), we have

JoT Ny ) = 4.8)
(. 2)
Note also that
j(V_17Z) = det(y)_l(ci,rzl 44 C;)frzr) — det(V)_l(Ci/er bt C,).,,).
We also obtain
@Gy D)t (O y - 2))
y Y
‘1 Cr—1,r tr
= L ..., L Vo(y -
(det()/) det(y))( v Z))
—1 - T
- (s ) (- 2)' 4.9)

J(v.2)
where the first equality follows from the chain rule and the last equality follows from (4.5).
Finally, we have

(rrencly) = i1y ) 0 (G - 2)) (€7 @)

R arl ar(r—1) tr
=j(y. —— ., | (€Y
i Z)( J(y.2)? Jj(y. Z)z)( @)

= —j(p. Vdet(y)(c], ... el _‘l)r)(wz))".
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Here, the first equality follows from (4.7) and (4.9), the second equality follows from (4.8)
and the last equality follows from (4.4). In other words, we have

(] e @) = —j (a2 det(y) " (il ). (4.10)

Finally, comparing the i -th entry of both sides of (4.10) yields the second assertion.
Lastly, observe that

1

det ((gy‘l (y -z)“) = det (c}’; - C}I;I (y- Z)i)i,j

= det (det(l/)_l(aif — (sz(()?/’zz))) )
) 1,]

= det(y)l_rj(y’ Z)l_r det (aijj()/, Z) — drj Si ()/7 Z))i,j
=det(y)' 7" j(r.2)" 7" j(y. )% det(y)
= det(y)* " j(y.2)"".

Here, the second equality follows from (4.4) and the third equality follows from Lemma 4.2.

Then, the last assertion simply follows from the first assertion. |

We finish this section by describing functional equations of several rigid analytic func-
tions, including our false Eisenstein series defined in Section | and partial derivatives of
Drinfeld modular forms, under the action of GL,(A4) on Q7.

Lemma 4.4. Let f € M} (') for some congruence subgroup I' < GL,(A), k € Z>o and
meZ/(@—1)Z. Forany 1 <i ] < r —1, the following identities hold.
() Foranyy € GLA(A), E (v-2) = j(r.2)det(y) " (121 Er @)y () + c],).
(i) Foranyy € T, we have

r—1
0 (f(y ) = j(r. 2+ det(y)™! ( > 0 (f@)c; @ — kc,-y,f(Z))-

=1
(iii) Consider the operator D; j given by D; 1 (f)=0; (f) + kE f Foranyy €T,
we have

r—1

Dix () -2) = jlr. ) det(y)™ ' Y~ Dia(f) (@) (@).

=1

Proof. The first two identities basically follow from the same method used in [10, Sec. 4].
Since, by assumption, we have

fly-z) = j(r.2)* det(y) ™ f (@).

the third part is a consequence of (i) and (ii) as well as the fact that 9; is a Cy-linear
derivation on the set of rigid analytic functions on Q". ]
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4.2. Proof of Theorem 1.1

In this subsection, we provide a proof for Theorem 1.1. For this goal, in what follows, we
first need some preliminary lemmas. We would like to thank the anonymous referee once
again for informing us about a simpler approach to prove Proposition 4.8 and we provide
its details in what follows. We refer the reader to the previous version of the manuscript
[9, Sec. 5.1 and Prop. 5.23] for a different idea to prove Proposition 4.8.

Letz € Q" and {y1,..., y,} be a successive minimum basis of A"z in the sense of
Gekeler [19, Sec. 3]. We further set § := min{|y;| | i = 1,...,r} > 0. Let B € GL,(A4)
be such that

(z1s szr) =01, ¥r)B. 4.11)

For any M € Matyx,(C), we let | M | be the maximum of the norm of entries of M.

Lemmad4.5. ForanykeZs>1, 1<j <r andany tuple a = (ay,...,a;)€ A"\ {(0,...,0)},
we have
a; |%_1|
=< .
(alzl + e + arZr)k - 5k|53a”|k_1

Proof. Wesetc:=(c1,...,c;)" :=Ba". Since B € GL,(A4) and a # (0,...,0), we have
¢ # (0,...,0)". Moreover, by (4.11), we have

;
aizy + 4 arzr = V1, y)Ba = (y1,..., y)e = Zciyi.
i=1
Thus, we have
layzy + -+ + arz,| = max {|y;llc;| | i = 1,....r} = & max |¢;| = §|¢|
1<i<r

where the first equality follows form [19, Prop. 3.1 (iii)]. On the other hand, since |a| =
B~ 1| < |B7|c|, we further obtain

aj B R N - N I -
(0121+"'+ar2r)k - (5|C|)k - 5k|c|k 8k|c|k—1 5k|§8atr|k—l

as desired. [

Lemma 4.6. For any integer k > 2 and 1 < j < r, the infinite sum

2 4

cen k
(ay,....ar)€A” (alzl + + arZr)
(@1,....ar)#(0,...,0)

converges.

Proof. Let a be as in Lemma 4.5. Since |a| — oo if and only if |Ba"| — oo, the lemma
follows from Lemma 4.5. ]
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Forany z = (z1,22,...,2,)" € Q", we set
|zlim == inf{|z1 —a| 1@ = a2 + -+ + arz,, a2.....ar € Koo}
For w € Q"71, let 3, be the set of elements of the form z = (z;, w) € Q7 satisfying
21| = |Z[im.

Lemma4.7. Let1 < j <r—landwe Qr1, The following statements hold.
(1) Letn € A\ {0}. We have

lim 9; (up(n) (z)) =0.
Z€3Jy

2] co—>00

(ii) For j > 2, the absolute value |Er[j ](z)| is bounded independently of z; when
Z € 3y and |z|eo — 0.

Proof. Recall from (3.2) that, up to a scalar multiple, 1) (2) is obtained by replacing z;
in u(z) by z; /n. Furthermore, it is easy to see that (z1,w) €3y, if and only if (z1 /11, w) €3y,
Thus, to prove the first assertion, it suffices to show that

lim 9;(u(z)) = 0. (4.12)

Z€3w
|z]oo—00

We first analyze the case j = 1. By [10, Rem. 3.22], when (z1, w) € 3y, we have

z |z1]
E | (1—71)'=|21| I1 |71| (4.13)

AeAr1w\{0} 0<[A|<|z1]

|eXpAr_1w(Zl)| =

Observe that d;(u(z)) is a constant multiple of u(z)?. Moreover, since the conditions
z € 3y and |z|s, — oo imply that |z;]| — o0, by (4.13), we have

lim u(z)=0 (4.14)
Z€3w
|z] g0 —>00
and hence, when j = 1, we obtain (4.12).

We now assume that j > 2. We claim that the norm of d;(u(z))/u(z) is bounded
independent of z;. Observe that, by (4.14), the claim then implies (4.12) for j > 2. Hence,
we are reduced to showing our claim.

We write w = (w1, ..., Wy—1)" € Q"L Then we have

3 (u(z) ' 1
i = oo (o)
_ aj(epr’—lw(Zl))

- expyr-1yw(21)
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210;(A)
— A2
B Z 1—2
AeAr—1w\{0} A
= Z aj_l Z1
(arwi + -+ ar—qwr—1)* 1 — o F——

(ai,...,ar)€A™!

(a1 ..... ar71)7é(0 ..... 0)
(4.15)

Here, the second equality follows from the chain rule and the third equality follows from
the logarithmic derivative of exp4,-1,,(z1) with respect to the variable w;.

Let A = aywy + -+ a,_w,—; € A" 'w. Since, |z|;, = |z1|, by using the same
analysis in [10, Rem. 3.22], we obtain

AL s
1 Z if A < |z
=] Al < |z1] 4.16)
-3 1 if [A] > |z1].
Moreover, using (4.16), we obtain
zi | AL Af[A] < zi]
-3 |z if|A] = |z1],
implying that
21 Z1
‘1 | ‘1 Z1 <Al = laywy + -+ ar—qwr—yq]. 4.17)
s T a wiFtar— 1w,

Thus, by Lemma 4.5 and (4.17), we obtain

aj—1 Z1
(@aywi + -+ ar—jwr—1)?> 1 —

Z1
ajwy+-tar—1Wr-1
B~

. B
< 191 < . (418)
laiwy + -+ + ar—1wr—1] )

Now combining (4.15) and (4.18) yields the claim, hence finishing the proof of the first
assertion.

We now show the second assertion. For any sufficiently large z; and z = (z;, w) € 3y,
we write

o0
he(z) =Y ci(wu(@)
i=1
for some uniquely determined rigid analytic functions ¢;: 2"~! — C. By [2, Cor. 6.3],

we know that ¢, is a constant multiple of the Gekeler’s i-function 4, which is nowhere
vanishing on Q7 ~!. Then, by (4.14), we have

hy(z)
z€3w U (Z)

2] oo —>00

=c1(w) #0
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implying that
im 2
€3y N, (2)

|Z|co—>00

On the other hand, by (3.6) and the chain rule, we obtain

0 (er@) _ 4 (hi" @) _ 8(hr(2)
gr(z) hz_l(z) hy(z)

(Z 0 (i W)u@)' +0; (u@) Y i (W)iu(z)i_l> :
i=1

i=1

=ci(w)" L (4.19)

EP)@) =

1
hy(z)

Finally, since the norm of d; (1(z))/u(z) is bounded independent of z;, the desired state-
ment follows from (4.14) and (4.19). [ ]

Foreach 1 <{ <r—1,let f; € M,:’Z[(l"g) for some congruence subgroup I'y <
GL,(A), kg € Zo and my € Z/(q — 1)Z. We further let I := (jZ} T';. Set £ := k; +
«++ k1 +rand m :=my + -+ + my_1 + 1. Recall the operator D, . x,_,) on
M,:'ZI(FI) X oo X M,?:i:l(Fr_l) defined by

Dy, (1) - Droi g, (1)
Dky,ober) (1, -+ o5 fr—1) = det : : . (4.20)
ng,kr—1 (fr—l) c’{Dr—l,kr_l (fr—l)
Furthermore, we set D¢ to be the (€, 1)-cofactor of the matrix
Dig, (f1)) o+ Dro1 g, (f1)
o.z)l,kr—l(fr—l) o{Dr—l,kr_1 (fr—l)

Now we are ready to prove our next proposition.

Proposition 4.8. Foreach 1 <{ <r — 1, we have
lim Dy, (f0) (@D (2) = 0.
ZE€Iw
|z] g0 =00

In particular,
lim D(kl,m,kr—l)(fl’ ey fr—1)(z) = 0.
zZE€3Jw

2] oo —>00

Proof. There exists a polynomial 1 € A \ {0} such that I"(n) is contained in I'’. Moreover,
for each i € Z >, there exists a unique rigid analytic function &; ¢: Q"' — C such that

fo@) = Fie(Wure @)

i=0
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whenever z is in some neighborhood of infinity. We note, by the infinite sum expansion
of EP] given in [10, (4.2)], that EP] has a u = up(;)-expansion with no constant term.
Moreover, d1 (ur () (z)) is a constant multiple of u(y)(2)2. On the other hand, since u(z)
can be written as an infinite series of u(y)(z) with no constant term, we deduce that for
k € Z>1, D1 ,(fe) has a ur(yy-expansion with no constant term. Furthermore, letting
2 < j <r — 1 and using the definition of the operator £ x,, we obtain

Djse, (fe(@) =Y 0;(Fi) Wiray @) + D Fie(W)0) (Ul ) (2)

=0 i=1
+ ke @) EV(2). (4.21)

Then the first part of the proposition follows from Lemma 4.7, (4.14) and (4.21). The
second assertion simply follows from the first assertion and the cofactor expansion of
determinants along the first column. ]

We are now ready to prove the main result of this section.
Theorem 4.9. Let D, . x,_)(f1.-... fr=1) be the operator defined as in (4.20). The
following statements hold.
() D,,...k,—y) is a Coo-multi-linear derivation. In other words, for any f;, f, €
MIZ” (Ty), we have
Dikyoder ) (1o os fimto fi + fio fidoe s frm1)
=Dey,der—)(S1 s fimts Jis fitr oo fr=1)
+ Deyoder ) frseeos fimts oo fittseeos frm1)
and for any [ € M]:'il" (T'y)and g € M]Z’ (Ty), we have

Diky,oookithyveoker—) 1+ oo fim1, S& fit1s oy fr=1)
= 8Dy i rder) 1o s fimts [ fitso s fr1)
+ f Dkeysokyker—) 15 s fim1, 80 Sit1s ooy fr=1)-
() Dy,okro) (f15 0005 fr—1) € MGT(I).

Proof. To prove part (i), by Lemma 4.4 (iii), observe for 1 <pu <r—1that D,, ¢, (f; + fi) =
Dy, (1) + Dyt () and Dyt 1k, (f8) = Dy, (f) + f Dy (8)- Thus the desired
equalities follow from the multi-linearity in rows of the determinant function.

‘We now prove the second part. Note that using Lemma 4.4 (iii) and Proposition 4.3 (i),
for any y € I/, we obtain

D(k],.‘.,kr_l)(flv e fr_l)()’ . Z)
= det(y) ™2 j(y,2)" " det (€7 (2)) Digy.. ) (1o -+ s fr—1)(2)
= det(y) ™ (1,2 Dty by 1y (f1s - - fr—1)(@).

Therefore D, (f1,. .., fr—1)(z) is a weak modular form of weight ¥ and type m for I"’.
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Let v = (a;j)i; € GL,(A) and consider the congruence subgroup
[:= vy < GL,(4).
There exists a non-constant element 1 € A such that I'(n) C ['. We claim that the function

Dir,ter ) (1o s fr—Dlem[V](@) = j(v,2)F det(W)™ Dk, 1y (froe oo fr—1) (v -2)

is holomorphic at infinity with respect to " (11),.
Firstly, forany 1 < j <r — 1, set

fiv-z) = j(v,z)kf det(v)™™ g;(2) (4.22)

where g; is a Drinfeld modular form of weight k; and type m; for v™!T;v < GL,(A)
(see [3, Prop. 6.6]). Applying 9; to both sides of (4.22) for 1 <i < r — 1 and using the
chain rule, we obtain

3% (f(v-2)
_ N i aribi(v.z)\ N o [Ge—ni aribr—1(v.2)
=50 = ) e (G- )
= j(v.2)" det(v) ™ 9;(g;)(2) + kjari j(v,2) 7" det(v) ™™ g; (2).

Recall that the j-th entry (v -z); of v -z is j(v,2z)~!8;(v,z). Thus, using (4.4) and multi-
plying both sides of above with j(v, z), we obtain

WDl =l WD) 4+ B (- Dy — by (v -2)pm1)
C}’{l(v -Z)
= (N2, 81 ([ - 2))
(V- 2)
= j (. 2)5 1 det(w) ™™ 19 () @) + k; j(v. 2" det() ™ el g (2).

That is, using (4.22), we now have

(12 B ()0 2) (6 (- 2)"
= (Jv. 29 detv) ™ 01 (g)) (@) + ksl (0D,
J, 25T det(v) ™ 718, (a;)(2) + kch’rf_ll)rfj(v -2)).
Using Proposition 4.3 (i), we further obtain
(2. 01 (v - 2)
= (J. 25 det(v) ™01 (a)) @) + Kyl fi(v -,
J. 2 det(v) ™ 70,1 (g)) (@) + kil Ly, £ - 2) (€ @)
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Expanding out above and using Proposition 4.3 (ii), we finally have
r—1
B2 = (0,2 det(v)™ (j(v, 2 det) ™ 301 () @) (z))
I=1

r—1
+ ki f(v-2) Y @)y,
k=1
r—1
= j. 25 det(v) ™™ Y " 01(g)) @)} (2)
=1
—k; j(v,z)det() " f; (v - Z)c},. (4.23)

Thus, Lemma 4.4 (i) and (4.23) imply that

Dije, ([N -2) = (3;(f}) + k; fFED) (v - 2)
r—1
= j(0.2 T det(w) ™Y Dy (07(2)) e (). (4.24)
=1

Hence, by Proposition 4.3 (iii) and (4.24), we obtain

D, (g1) - Dr—1k,(g1)
Dy,okr—) (15 s fr—1)]e,m[v] =det : : . (4.25)
Ql,qu (gr—l) T i)r—l,kr_l (gr—l)

Since, for each 1 < j <r — 1, g; is a Drinfeld modular form for I"(m), the above dis-
cussion implies that D, k,_)(f1...., fr—1)|e,m[V] is @ weak modular form of weight
£ and type m for " (). Therefore, for any z € Q" in some neighborhood of infinity, there
exists ng € Z and for each n > ny, a unique rigid analytic function F,: Q" ~1 5 Cq such
that

Dkyodir—) (1o freD) e [V]@) = Y Fa(Whirq ()"

n=no

Assume that ny < 0. Then we have

0="lim Dee,.ko)(fir oo frnleml]@) = lim 7 Fy(Whtray ()" — o0

|2] oo —>00 |z|oo»oo nzno

where the equality on the left-hand side follows from (4.25) and Proposition 4.8, and
the fact that the right-hand side approaches to the infinity follows from our assumption
on ng. This gives us a contradiction and therefore 7y must be a non-negative integer.
Thus, D,,...k,—)(f1. ...+ fr—1)|e,m[V] is holomorphic at infinity with respect to I'(n),.
Hence D, ... k,_)(f1. ..., fr—1) is a Drinfeld modular form for I"(n). Finally, using
[3, Prop. 5.14], we see that Dk, x,_)(f1...., fr—1) is a Drinfeld modular form with
respect to I and hence so is with respect to I, ]
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Remark 4.10. We highlight the work of Pellarin [26, Sec. 6.1] providing a multi-linear
differential operator by using the partial derivatives of Hilbert modular forms which may
be compared with our construction.

5. Partial derivatives of Drinfeld modular forms

Our first goal in this section is to prove Theorem 5.6 which establish formulas for the
partial derivatives of coefficient forms described in Example 3.1 (ii) and the A-function
h,. Later on, we provide an alternative description for Gekeler’s h-function /4, in Proposi-
tion 5.8. Lastly, we will describe a Co,-algebra M, invariant under the partial derivatives
and provide an alternative description for it.

5.1. The Tate algebra and Anderson generating functions

Let ¢ be a variable over C,. We define the Tate algebra T as the subring of power series
in Co[¢] satisfying a certain condition:

T := {Zciti € Cooft] | lci] = O asi —>oo}.

i>0
For any g = ijo gjt’ € T, we define the Gauss norm of g by

lgll := sup{le;| | j € Zxoj-

Note that T', equipped with the Gauss norm, forms a Banach algebra. Furthermore, for any
i € Zand g € T as above, we define the i -th fold twist of g tobe g® 1=y, g}l’ t/ eT.

We now briefly discuss the theory of Drinfeld A[t]-modules over T introduced by
Angles, Pellarin, and Tavares Ribeiro for the rank one case in [1] and later developed for
arbitrary rank case by the second author and Papanikolas in [20]. Let [, [¢] (resp. A[t]) be
the ring of polynomials in ¢ with coefficients in [, (resp. A). A Drinfeld A[t]-module
of rank r € Zsy over T is an Fy[t]-algebra homomorphism v/: A[t] — T[] given by

Vg:i=0+git+-+gt, g #0.

For each v, there exists a unique exponential series expy, =) ;o Vi ! € T[] satisfying
yo = 1 and for each a € A[f]
eXPy, d = Ya €Xpy, - (GH))
It induces an everywhere convergent function exp,,: T — T given by
expy (g) = Z yig® forany g € T.
i>0
Moreover, there exists a unique logarithm series logy, := Y ;.o £it* € T[t] of ¥ which

is the formal inverse of exp,, satisfying £o = 1 and for each a € A[t]

alog, =log, Va. 5.2)
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It is clear that any Drinfeld module ¢ over Co, can be also considered as a Drinfeld A[¢]-
module over T and hence one can consider the obvious extension expy: T — T (resp.
log,: T — T) of the exponential function (resp. the logarithm function) of ¢. For more
details, we refer the reader to [20].

Now we return to the theory of Drinfeld modules over Co, and let ¢ be a Drinfeld
module over Co. For any z € C, we define the Anderson generating function sg(z,t)
of ¢ by the infinite series

o0
sp(z,1) 1= Zexp¢ (#)ti eT.
i=0

By using the properties of the exponential series, it can be easily seen that s4(z,7) € T.
Moreover, by [27, Sec. 4.2], we have the following series expansion

(o) Olquj
sp(z.1) = Z i Coolt] (5.3)
j=0

where o; is the j-th coefficient of exp,,. This indeed implies that as a function of 7, s (2, 1)

has poles at 1 = 9" for each i € Z>o with the residue Res, _,i 5¢(2,1) = —0 z4".
The next proposition, due to Pellarin, is to derive a useful relation between s4(z,¢) and
certain quasi-periodic functions. Recall the rigid analytic functions Frd’ ey Fﬁ,l defined

in Section 1.

Proposition 5.1 ([27, Sec. 4.2.2]). Foreach 1 <k <r — 1, we have

k
Fo(2) = s$7(z.0) 1=

We finish this subsection by introducing a special element in T. We define the Anderson—
Thakur element w(t) by

(1) = (=) T] (1 - é)_l eT*.
i=0

As a function of ¢, it has a pole at ¢t = 6 and furthermore we have

~Res;—g (1) = (=)D (1-0"7)"" = 7. (5.4)

i=1
5.2. Partial derivatives of coefficient forms

For any integer r > 2, recall that Q" = P"71(Cq,) \ {Koo-rational hyperplanes} is the
Drinfeld upper half plane which can be identified as the set of elements z = (z1,...,z,)" €
CL, whose entries are K-linearly independent and normalized so that z, = 1. Through-
out this section, we are mainly interested in partial derivatives 9; of coefficient forms for
eachl <i <r-—1.
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Recall that ¢* is the Drinfeld module of rank r over C, corresponding to the A-lattice
of rank r generated by the entries of z = (z1, ..., z,)" € Q" over A which is given by

P =0+8@t+ -+ g1@ 7 + g @7

Foreachz € Q",k € Z>; and 1 < j <r, we define
- a; (1)
g1y = 3 / eT.
2,k cee k
(@10 e AT (@ar1z1 +---+arzy)
(ar,...ar)#(0,...,0)

To ease the notation, for k > 0, we set Eisy (z) := Eis; (A" z). Recall that Eisg(z) = —1
and for k € Z>, we have

1
Eisg(z) = Z € Cwo.

(@1 an) AT (a1z1 + -+ ar—1z,-1 + ay)k
(@1,.--,ar)#(0,...,0)

Then, by Lemma 4.6 and the definition of ﬁz[jk] (), for any k > 1, we have

0 (Bisqe—) (@) = 5, (0] i=s. (5.5)

Next, we continue with investigating a certain relation between c;(z) and the coef-
ficients of the exponential and the logarithm series of ¢. Let Z be an indeterminate
over Co. We now introduce a power series 7(Z) € T[Z] studied by Pellarin in [28,
Sec. 8] as follows. For any element f =Y, ,a;Z" € T[Z] and j € Zxo, we let
T (f) =0 ai(” Zi4’  Considering the exponential series eXpy = ;50 (2)T" of ¢*,
we have the following extension expy:: T[Z] — T[Z] of expy, still denoted as eXPyz,
and given by expy: (f) 1= ;0 @i (2)T" (f). We further set the coefficients ¢;(z) € T so
that

T(Z):=) ci(@Z :=exps(Z) " expg (2/(0 — 1)) € T[Z].

i=0
Lemma5.2. Letlog,. = 322 Bi(z)T' be the logarithm series of $*. Then for eachi > 0,
we have
L Bi® @B @) 61 @p@T | ai(2)
@ = T T e T T T

Proof. By (2.2), we obtain

Z7(2) = expye (2/6 =) 2075

_ (%z + ;ql(_z)tzq + )(1 — ZEiSk(Z)Z")

k>1

ci(z)Z' . (5.6)

o

Il
o



Y.-T. Chen and O. Gezmis 26

After comparing the coefficients of Z 4 in (5.6), we see that

_ _ Eis,i_1(z)  a1(2) Eisgi_,(2) @;—1(z) Bisgi _zi-1(2)
B =y T g T ga — ¢
i (z)
Bl AST 5.7
r— (5.7)

On the other hand, by (2.3), we know that Eis j«_,; (z) = —Bk—; (z)qj fork, j > 0. Hence
(5.7) becomes
Bi(z) = a1(z)Bi—1(2)? T Ol,'_l(z),Bl(z)qF1 N a; (z)

Cqi—1(2) = 0+ + 07 —; 001 _; 07 _;

as desired. |
The next proposition is fundamental to prove the main result of this subsection.
Proposition 5.3. For anyi > 1, we have
07 —1)cg1@) + 61 @7 ey @) + - + gi1(@)cq—1(2) + gi(2)co(z) = 0.
In particular,
gi@) = (1 =0)((07 = e 1(@) + §1DT " ¢y 1@ + - + g1 (D) cq-1(2)).

Proof. Set© := expy. Oﬁ ology. € T[z]. By Lemma 5.2, we have

€= (Ql_t + o1(z) T+ a2(z) fz+'--)(1+,31(Z)T+,32(z)12+...)

04 — ¢ ga* —
_ Hl—t +(§1(Z) O‘qu(_z)t) (ﬂz(Z) algz;ﬁ_l?)q +90;§(i)t)fz
b (B S D)
= icqi_l(z)ri. (5.8)

Since ¢* can be also considered as a Drinfeld A[t]-module over T, using (5.2) and (5.8),
we obtain
1=Cod¢y_,
= (co@ +cq-1@)T+c2 1@+ ) (0 — 1+ 81D T+ 82T + -+ + g, (2)T)
= (0 —1)co(2) + (87 — 1)cg—1(2) + g1(2)co(2))T
Fo (07 = ey @) + 1@ iy (2)
+ o+ gim1(@)cq—1(2) + gi (@)co ()T + - . (5.9
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Thus the first part of the proposition follows from comparing t’-th coefficients in (5.9).
The second part of the proposition is a consequence of the first part and the fact that
co(z) = (9 — t)~! which can be easily deduced from (5.9). [

Remark 5.4. Let € be as in the proof of Proposition 5.3. Using (5.1), it is clear that
¢g_t o € = 1. Moreover, by using (5.8), for each i > 1, one can obtain

(0—1)cgi—1 @+ 81 @) cgi-i_1 @D+ -+ +gi1@er1 (@) TV + i (@)co ()P =0.
(5.10)
We remark that one can provide another proof for [10, Thm. 3.2] by using the identity
(5.10) and [10, Prop. 3.18]. We leave the details to the reader.

Following the notation in [10, Sec. 3], for each 1 <i < r, we set 5;(z;¢) to be the
Anderson generating function s; (z, 1) := s42(z;, t) and define the matrix

si(z,t) - sgr_l)(z, 1)

F(z,1):= : : € Mat,(T). (5.11)
sr@t) - sU V(@)

By [10, Prop. 3.4], ¥ (z,t) is indeed an element in GL, (T). Foreach 1 <i, j <r, we set
L;j(z,t) to be the (i, j)-cofactor of ¥ (z,1).
Recall from Section 3, the h-function of Gekeler /,: Q7 — Cxo.

Lemma 5.5. We have

gl - gl
o gllo
GO 0 G0
co(2) Li(1) - Lu(z)
_ Feh@)| ce1@  co@W Lia(2,1) -+ Lra(2.1)
Ri——r . : . .

cgr-1-1(2) qu72_1(Z)(1) s o)V er(z,t) er(z,t)
(5.12)

Proof. Using Pellarin’s result [28, Prop. 4.8.3 and Thm. 4.8.8] (see also [10, Thm. 3.11]),
forany 0 < j <r — 1, one can have

s1(z,t)

(é?[ﬂ

z,q7

... 870 =@ (5.13)

Sr(é’t)
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On the other hand, by [10, Prop. 3.18], we have

EN@)..... 85 0))F @1) = —(co(@.0.....0). (5.14)
Thus, using (5.13) and (5.14) as well as applying suitable twisting operator, we obtain
g - gl co(z)
oy o glhda g1 co(®W
z,q.() Z,({() F(1)=— q '
gz[,lqlr,l (l) v gz[’rq]rfl (t) qu—1,1 (Z) qu—z,l(z)(l) s C()(Z)(r_l)

Now the proposition follows from the right multiplication of both sides of above by the
inverse of ¥ (z, ) and using [10, Prop. 3.4]. |

Foreach 1 <i <r—1and 1 < j <r, recall the function L;;: Q" — Cy which
sends z € Q" to the (i, j)-cofactor of the period matrix P,. It can be easily seen by using
Proposition 5.1 that L;; is a rigid analytic function on Q.

Theorem 5.6. For1 <i,j <r — 1, we have
0;(gi)(2) = EV(2)gi (2) + 74T+ e (2) Ly 41y @)
Proof. Set

(g k@)

z,q%

i—1
G0 =7 —ngl 1)+ Y gY!
k=1
Observe from (5.12) that

G(z,1) = —%f)r(z)(wqi — t)(qu_l(Z)Zjl(Z, 1)+ qufl_l(Z)(l)ij(Z, 1)

+ 4 g1 @ VL 0) + Ligan @ 1) + gim1(2)%cq—1(2) Lj1 (z.1)
+ gi—1@)9co()VLja(z1) + gi—Z(z)qchz—l(Z)Zjl(zv 1)

+ gi—2(z, l)qch—l(l)(l)zjz(z» 1)+ gi—z(z)qzco(z)(z)zﬂ(ls 1)

+ot 1@ i @ L) + 1@ gy @V L (2 1)
+o 0@ 0@ V@ L@ 0)

Fqu%llhr i i-1
= _]TTI)(Z)((QII — l‘)qu_l(Z) + gl(z)‘i qu—l_l(Z)
+oeet gi—l(z)ch—l(l))Lﬂ(Z, t)
~qqr%lhr i i-2
— jTT[)(Z)((Qq —D)egin_1(@) + 1@ ey ()

et gi_l(Z)CQ(Z))(l)ZjZ(Z, 1)
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e o
B nTt)(Z)((eq —1)cq-1(2) + gl(Z)Co(Z))( I)Lj,-(z, 1)
- HTI)(Z)LJGH)(Z,I)

= ——(Zj(i+1)(z,t) + %Zjl(z»t))

where the last equality follows from Proposition 5.3. On the other hand, by (3.4), we have

i—1

gi(2) = (67 —0) Eisy 1 (2) + ) Bisge_ (@)gix (@) - (5.15)
k=1

Applying the operator d; to both sides of (5.15) and using (5.5), we obtain
9;(gi)(z) = G(z.0). (5.16)
Moreover, by [10, Thm. 5.4 (i), Cor. 5.9] and Proposition 5.1, we have

7 (@) ~

EP](Z) — _ijl (z, l‘)|t=6

and
ReStzg Lj(i+1)(l, [) = Lj(i+l)(z)‘
Thus by (5.4), (5.16) and the above calculation, we have
0j(gi)(2) = G(z,0)
q -1
T he(2) [~ gi(2) ~
= —Tt)'<L,-(,-+l)(z) + IL—@le(Z))'t:e
= EV(@)gi(2) + 717 b (2) Ly 41)(2)

as desired. [

For any y € GL,(A) and z € Q" recall the coefficients cj’.'l (z) from Section 4.1.
Corollary 5.7. Foranyy € GL,(A),z€ Q" and 1 <i,j <r — 1, we have

) r—1
(hrLji41)(y - 2) = j(y, ) det(y)™" ( D O Lign) @) (z)).

I=1

Proof. By Theorem 5.6, we see that

(hy Li1y)(@) = 7949, (g1(2) — EV(2)g: (2))

~_ r—1
= AT D; (20 @),

Hence the corollary follows immediately from Lemma 4.4 (iii). ]
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We now continue with our next proposition which leads an alternative description for
Gekeler’s h-function 4,

Proposition 5.8. Consider the (r — 1) x (r — 1) matrix R given by

Ly Ly,
R =
L(r—1)2 et L(r—l)r
Then, we have
det ((h, R)(2)) = 7=+ +a" DDy (), (5.17)

In particular, we have

~ r—1
Dig—1,..qm1-1)(&1+ - gr—)(@) = T T " h (2).

.....

Proof. Writing the inverse of the period matrix P, in terms of its cofactors, we have
P! = det(P,)"'(L;i):,;. Since the (r, 1)-entry of P, = (P, 1)~ is equal to the (1, r)-
cofactor of P,”! times det(P, )™, we obtain

det(R)(z)

det(P,) 2"

On the other hand, [10, (3.4)] and Proposition 5.1 imply that

—z, = 1= (_1)r+l

det(P,) = —7~@t=+a" Dp ()1
Since z, = 1, we thus obtain
det ((hreﬂ)(z)) - ﬁ—(q+~--+q”1)(r—2)hr (2)
which is the first assertion. For the second assertion, note, by Theorem 5.6, that
Dig—tgr1-)(&1s -, gr-1) (@) = FITHDED et ((h, R) (2)).
Then the desired statement simply follows from the first assertion. ]

Remark 5.9. As observed by the referee, we indeed have

@+t D=1 ot ((hyR)(z)) = det ((g, ()9, (ﬁ)(z)) )
&r 1<i,j<r—1

0i1(g1)@) - 0—1(g)(@) g1(2)

= det
gr(z)

01(gr)@) -+ 0r—1(gr)(@) gr(2)

Here the first equality follows from Theorem 5.6 and the second equality follows from an
expansion argument used in the proof of Lemma 4.2.
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5.3. The C,-algebra A(,

In this subsection, our goal is to analyze certain properties of the Co-algebra M, intro-
duced in Section 1 which could be seen as an initial step to investigate differential structure
of Drinfeld modular forms of arbitrary rank. Recall that we define the C,-algebra M,
generated by the following rigid analytic functions

M, = (Coo[gl,...,gr_l,hr,Sj(gi),E,[j] |[1<i,j<r—1].

The following proposition was implicitly used in an earlier version of the paper and
its statement as well as its proof become more complete in the present version thanks to
the suggestions and comments provided by Ernst-Ulrich Gekeler.

Proposition 5.10. Forany 1 <i,j <r — 1, let D := 0; 0 9; be a homogeneous linear
differential operator of degree 2. For k € Z.>1 and any non-constant a € A, if f is either a
coefficient form gy or an Eisenstein series of weight gk — 1, then D( f) = 0. In particular,
forany 1 <i,j <r —1, we have

3 (Ef)(2) = —EV(2) EM(2).
Proof. Recall the notation used in Sections 2 and 3. Suppose first that
f(z) = Eisgi_; (A" 2).

Then, we have

y(Hw= Y &l

(@) AT (arz1 + -+ +ayz,)7"
(ai,...,ar)#(0,...,0)
and by Lemma 4.6, the infinite sum on the right-hand side above converges. Since the
characteristic of Co is p, the above identity implies that the derivation d; vanishes on
d; f and it finishes the proof. On the other hand, if f = g, then the proposition follows
from applying the previous argument and considering (3.4) which provides a recursive
formula for the coefficient forms in terms of Eisenstein series of weight g — 1 for positive
integers u and g-th power of the lower forms. Finally, noting the definition of the functions
Erl], e Er[r_ll, one can see that the last assertion is an immediate consequence of the
first statement. ]

Now we are ready to prove the main result of this subsection.

Theorem 5.11. The Cyo-algebra M, is stable under the partial derivatives and strictly
contains the graded C o -algebra of Drinfeld modular forms for GL, (A).

Proof. Since the Coo-algebra of Drinfeld modular forms for GL,(A) is generated by
g1,---,8r—1 and h, [3, Thm. 17.5], M, strictly contains the graded C ,-algebra of Drin-
feld modular forms for GL, (A). On the other hand, note that

@@ @200 0@
gr(z) B hy(z)7~1 B hy(z)

EV(z) =
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and hence we have

3; (hy)(2) = —h, (2) EV(z). (5.18)

Then the stability of M, under partial derivatives follows from (5.18) and Proposition 5.10.
This ends the proof. ]

We now define the Co,-algebra M, generated by the following rigid analytic functions
My = Coolgi hyLij | 1 <i<r—1,1<j<r].
Theorem 5.12. We have
My = M;.

Proof. We first show that M, C ﬂr. Using [10, Thm. 1.3, Thm. 5.5, Cor. 5.9], for each
1 <i <r—1, wehave
EWN = gat-+a Ly (5.19)

implying that E € M,. Thus, using Theorem 5.6, we further see that d;(g;) € M, for
1 < ¢ < r — 1. Finally, Proposition 5.8 implies that /4, € M, and hence M, € M,. To
show that Mr C M,, itis enough to observe that i, L;; € M, for 1 < j <r and it follows
from Theorem 5.6 and (5.19). Hence aqr = M, as desired. [

We finally record a lemma on how to calculate the partial derivatives of the functions
h, L; j -

Lemma 5.13. Letz € Q. Foreach 1 <1i, j,l <r — 1, we have
01y Lji+1) (@) = —EV @)y Lii11) (@)
Proof. Observe that we have

ETT Ry Lian)(2) = (310 9,)(g:)(@) — 0 (EV g1)(2)
= EV@EV @)gi(2) — EV @) EV @)g: (2)
7T B @)y Lir41) (@)
— _gatetd! Eij](l)(hrl‘l(i+l))(z)

where the first equality follows from Theorem 5.6 and the second equality follows from
Proposition 5.10. This calculation finishes the proof. ]
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