Groups Geom. Dyn. 20 (2026), 871-904 © 2024 European Mathematical Society
DOI 10.4171/GGD/836 Published by EMS Press
This work is licensed under a CC BY 4.0 license

A note on an effective characterization of covers with
an application to higher rank representations

Tarik Aougab, Max Lahn, Marissa Loving, and Nicholas Miller

Abstract. In this note we prove an effective characterization of when two finite-degree covers
of a connected, orientable surface of negative Euler characteristic are isomorphic in terms of
which curves have simple elevations, weakening the hypotheses to consider curves with explic-
itly bounded self-intersection number. As an application we show that for sufficiently large N, the
set of unmarked traces associated to simple closed curves in a generically chosen representation to
SLy (R) distinguishes between pairs of non-isomorphic covers.

1. Introduction

In the setting of higher Teichmiiller theory, marked spectral rigidity results are known for
some of the many class functions on 71 (S) which share roles analogous to hyperbolic
length. For example, Bridgeman—Canary—Labourie [7] show that a Hitchin representa-
tion of 71(S) is determined by either the marked spectral radii of simple curves or the
marked traces associated to simple curves. In this setting, we show that covers can be
distinguished by the set of unmarked traces of simple closed curves. In what follows, all
covers are assumed to be finite and unbranched.

Theorem 1. Let p : X — S and q : Y — S be finite covers of a closed hyperbolic sur-
face S. There is a positive integer N, explicitly computable in terms of |x(S)|, deg(p),
and deg(q), so that p and q are isomorphic if and only if the restrictions of linear repre-
sentations w1(S) = SLy (R) or 71 (S) — SLy(C) to m1(X) and 71(Y) are generically
simple trace isospectral.

Here, the term simple length isospectral refers to the equality between the collection of
traces of elements of 1 (X), 71 (Y) under the restriction of any representation as above,
counted with multiplicity (see the beginning of Section 4 for a discussion of the term
generic in this context). We call the reader’s attention to the words explicitly computable
in the above statement of Theorem 1. We obtain this by first proving the following effec-
tive version of [2, Theorem 3], with its hypotheses weakened so that we need only consider
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the elevations of curves on S with explicitly bounded self-intersection number. Recall that
two finite covers p : X — S and g : Y — S are isomorphic if p«(7w (X)) and g« (7 (Y))
are conjugate in 7(S). Further, note that a curve @ : S' — X on X is an elevation of a
curve y on S along p of degree d > 1 if there are parametrized representatives such that
p o« traces d times along y.

Theorem 2. There is an integer M, explicitly computable in terms of | y(S)|, deg(p), and
deg(q), so that p and q are isomorphic as covers of S if and only if for every curve y on S
with i(y,y) < M, y has a simple elevation along p to X if and only if it has a simple
elevation along g to 'Y .

We note that although a non-effective version of Theorem 2 can be derived quickly
from [2, Theorem 3] (such an argument is outlined at the beginning of Section 3), justi-
fying that the integer M is explicitly computable in terms of | x(S)|, deg(p), and deg(q)
requires an entirely different argument than that used in the proof of Theorem 3 of [2]. In
particular, Theorem 2 gives a completely distinct proof of Theorem 3 of [2]. We decided
to relegate this result to its own note rather than including it in [2] because achieving
effective control in Theorem 2 requires navigating through some computationally heavy
lemmas; we use fine properties of the geometry of the curve complex to facilitate these
arguments. Though we do not attempt to write an explicit formula for M in this paper,
we note that a careful reading of the proof, specifically tracing back the constants used in
Claim 6, shows that M is at least factorial in deg(p), deg(gq), and at least exponential in
X (S)I.

Our proof also requires effective versions of the main theorem of [19] and of [20,
Proposition 6.2], which we prove in detail in Appendix A and Appendix B, respectively,
as they may be of independent interest. To our knowledge, this is the first effectiviza-
tion of work of [20] appearing in the literature. As for the effectivization of [19], this
can be contrasted with effective versions of work of Mirzakhani, such as that of Eskin—
Mirzakhani—-Mohammadi [10]. In the latter, the authors give an effective version of the
asymptotic count of simple closed curves with respect to length with an explicit power
savings term, whereas in this paper we need a non-asymptotic lower bound. It is entirely
possible that such non-asymptotic lower bounds can be extracted from [10] or similar
results; however, we did not attempt that herein.

1.1. Organization of paper

We provide some background definitions and tools in Section 2. In Section 3, we
prove Theorem 2. We then prove Theorem | in Section 4. Finally, Appendix A and
Appendix B contain the proofs of effective versions of the main theorem of [19] and [20,
Proposition 6.2], respectively, which are needed for the proof of Theorem 2.
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2. Preliminaries

The interested reader can refer to [2] for a more in-depth treatment of much of the relevant
background. To keep this note concise, we will only mention two of the most specialized
results that we make use of here which are both related to the geometry of the curve
complex.

2.1. Geometry of the curve complex

We will make use of the following work of Aougab—Taylor, which constructs geodesic
rays in the curve complex C(S) whose vertices have controlled intersections.

Theorem 2.1 ([4, Theorem 1.1]). For any simple curve n € C(S) on a closed surface S
of negative Euler characteristic x(S), there is a sequence (vi)g—, in C(S) with vy = 1,
ds(vj,vr) = |j — k| for all indices j,k € N, and

3|)((S)|)|j—k|+2

: + S (12D,

i(vj,vr) < (D + 3)2max(.i,k)—5(

where D is a fixed, universal constant described in Theorem 3.8, and f;r(|x(S)]) is
O(|x($)|7=H1=4).

Here, ds(—, —) denotes distance in C(S). We remark that the above bound on inter-
section number takes a slightly different form than the one found in [4] since we are only
considering closed surfaces.

As proven by Rafi—Schleimer [17], finite-degree covers of surfaces give rise to quasi-
isometric embeddings of their curve complexes. Specifically, given a finite-degree cover
p: X — S, we define p: C(S) — C(X) so that for each simple curve y € C(S), p(y)isa
choice of elevation of y along p to X. At first glance, our definition of p appears to rely
significantly on a choice of elevation for every simple curve on S, and thus its properties
will not be well behaved when defined as described. However, any two elevations of a sim-
ple curve y along p are disjoint on X, since any intersection between distinct elevations
on X would descend to a self-intersection of y on S. Thus, different choices of elevations
for p yield maps which have uniformly bounded distance at most 1, and p: C(S) — C(X)
is said to be coarsely well defined.

Theorem 2.2 ([17, Theorem 7.1]). If p: X — S is a finite-degree cover of a closed,
orientable surface S of negative Euler characteristic, then p: C(S) — C(X) is a
quasi-isometric embedding.

Note that in [17], the above theorem is formulated in terms of the many-to-one relation
which associates a simple curve on the base surface with its full pre-image on the cover,
which is a multi-curve. Since a multi-curve has diameter at most 1 in the curve complex,
this distinction will not matter for our purposes.
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We also note that the quality of the above quasi-isometry induced by such a finite-
degree cover of surfaces can be explicitly bounded in terms of the Euler characteris-
tic of the base and the degree of the cover. We require such bounds, as computed by
Aougab—Patel-Taylor [3, Theorem 7.1], in Section 3.

Since the image p(C(S)) of p: C(S) — C(X) is quasi-convex in the Gromov hyper-
bolic space C(X), the nearest point projection vg: C(X) —» p(C(S)) is coarsely well
defined and distance non-increasing. We will make use of the following result of Tang.

Theorem 2.3 ([20, Proposition 6.2]). Let p: X — S be a finite-degree regular cover of
a closed surface S of negative Euler characteristic. There is a uniform upper bound,
depending only on |x(S)| and deg(p), on the distance between any circumcenter of the
Deck(p)-orbit of a simple curve a € C(X) and its nearest point projection vg ().

See Appendix B for an explicit computation of this uniform upper bound.

3. Elevations of curves with bounded self-intersection number

In this section, we prove Theorem 2, which we restate below for the reader’s convenience.

Theorem 2. There is an integer M, explicitly computable in terms of | y(S)|, deg(p), and
deg(q), so that p and q are isomorphic as covers of S if and only if for every curve y on S
with i(y,y) < M, y has a simple elevation along p to X if and only if it has a simple
elevation along g to Y .

We stress the importance of the words explicitly computable in the above theorem
statement. Indeed, the fact that some positive integer M satisfies the conclusions of
Theorem 2 follows immediately from [2, Theorem 3] and the following argument.

Let d = max(deg(p), deg(q)), and note that there are only finitely many isomorphism
classes of covers of S of degree at most . In particular, there are only finitely many pairs
of distinct isomorphism classes of covers of S of degree at most d. Choose a representa-
tive of each isomorphism class and note that, for each pair of non-isomorphic covers in
this finite list, there is some curve y on S which has a simple elevation along one cover but
not along the other. Any positive integer M at least as large as the largest self-intersection
number of these curves y will satisfy the conclusions of Theorem 2.

Thus, in the following proof, we take care to justify that M is, at least in princi-
ple, explicitly computable from the Euler characteristic y(S) and the degrees deg(p) and
deg(q). We will use the phrase explicitly computable to mean precisely this, and we will
call a number explicitly bounded if it can be bounded in terms of an explicitly computable
number.

For example, the quality of the quasi-isometric embedding of curve complexes
induced by a finite-degree cover (for a detailed discussion of this quasi-isometric embed-
ding, see Theorem 2.2) is explicitly bounded in terms of the degree of the cover and



A note on an effective characterization of covers 875

the Euler characteristic of the base surface. This is the content of the following result of
Aougab—Patel-Taylor.

Theorem 3.1 ([3, Theorem 7.1]). If p: X — S is a finite-degree cover of a closed,
orientable surface S of negative Euler characteristic, then

d ’ ~ ~
80e54 1 d:g(:lp)ﬂ)“((sﬂl?: = dX(P(O‘)» P(,B)) =< dS(Ol, ﬁ)?

for all simple curves o, B € C(S).

We will require this effective statement for the proof of Theorem 2.

3.1. Counting simple curves of bounded hyperbolic length

The following theorem of Rivin gives effective estimates on the growth of the number of
simple geodesics of bounded length L, denoted by N (L, X), on a hyperbolic surface of
finite type as a polynomial in the bound. The degree of this polynomial increases with
the complexity of the surface, so that the number of simple geodesics of bounded length
grows noticeably faster on surfaces of higher genus. By a combinatorial argument, we
show that covers of different degrees can be distinguished by which curves of explicitly
bounded length have simple elevations.

Theorem 3.2 ([19]). For any hyperbolic surface ¥ of finite type (g, b, n), there are
positive real numbers ¢1(X), ¢2(X), and Lo(X) so that

N(L,X)
c1(2) = [ 6s—6+2bt2c < c2(2),

for all real numbers L > Lo(X).

Specifically, we will use the following technical corollary, which utilizes the reliance
of the above bounds on the genus g to find curves of bounded length which have simple
elevations to some covers but not to others.

Corollary 3.3. Consider a finite collection {my }_,, of finite-degree covers my: X — X
of a closed, hyperbolic surface 2. If deg(mg) > deg(my) for all indices 1 < k < n, then
there is a simple closed geodesic a on %o whose projection wy (o) has no simple elevations
along wy to Xy for all indices 1 < k < n.

Moreover, such a simple closed geodesic o can be chosen so that {x,(«) is explic-
itly bounded in terms of n, the degree deg(my), the Euler characteristic |y(X)|, and the
constants guaranteed by Theorem 3.2.

Proof. For eachindex 0 < k < n, let ¢1(Zg), c2(Zg), and Lo(Z) denote the constants
guaranteed by Theorem 3.2.



T. Aougab, M. Lahn, M. Loving, and N. Miller 876

Claim 1. There is a positive real number L, explicitly computable in terms of 7, the degree
deg(mg), the Euler characteristic | y(X)|, and the constants guaranteed by Theorem 3.2, so
that
N(L, Zp)
deg (o)
Although we include the following computation for completeness, the key point is

>n max N (deg(wyx)L, Xg).
1<k<n

that L is explicitly computable — its exact value plays little role in the overall argument.
As such, we encourage skipping the following proof of Claim 1 on a first reading.

Proof. If L > Lo(Xg) for all indices 0 < k < n, Theorem 3.2 implies that
nN (deg(me) L. Ti) < nea(Si)(deg(my) L))
< nea(Sg) deg(no)3 deg(mo)lx(2)I 3 deg(ﬂk)lx(2)|7
for all indices 1 < k < n, and similarly that

N(L,Zo)  c1(To)L3xEl ¢ (54) L3 deelmo)lx ()]
> =
deg(mo) —  deg(mo) deg(mo)

It, therefore, suffices to find an explicitly computable solution L for the inequalities
c1(Zg) L3 dee(m)|x(D)]

deg(mo)
forall k € {1,...,n}. One can check that

> ney(Sg) deg(mrg)? deeFolX (D) 3 deelmo)lx ()]

) d 1+3 deg(mo) [ x(2)|
L :=max | max Lo(Xg),l + max nea(2) deg(o)
0<k<n 1<k<n Cl(z())

is one such solution. [

Let Uy denote the set of simple closed geodesics on X of length at most L, so
that |Ug| = N (L, o). Moreover, denote by U := mo(Uy) the set of closed geodesics
on X which have elevations along my to £ lying in Up, and note that every curve in U
has length at most L, although such a curve need not be simple. Finally, for each index
1 <k <n,denote by Uy =1, L(U) the set of (not necessarily simple) elevations along 7y
to X of curves in U, each of which has length at most deg(wy)L.

For each index 0 < k < n, the cover my: ¥ — X gives a surjective map Uy — U
which is at most deg (s )-to-one. Thus,

U, N(L,= z
vy = ol ME20) ) e Wdeg(r L, B = Y N (deg(m L. S,
deg (7o) deg (7o) 1<k<n fat

which implies that there is a closed geodesic in U for which every corresponding curve
in (J;_, Uk is non-simple; that is, there is a simple closed geodesic & on T of length
{5, (a) < L so that for all indices 1 < k < n, mo(«) has no simple elevations along 7y
to Xg. [ ]
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See Appendix A for a complete and self-contained proof of an effective version of
Theorem 3.2. Specifically, we will exhibit a dependence of the constants in question on
the injectivity radius to choose a metric in the proof of Theorem 2 so that the constants
are explicitly bounded.

3.2. The collar lemma

The collar lemma is a classical result relating the geometry of certain regular neighbor-
hoods of a simple closed geodesic on a hyperbolic surface to its length.

Lemma 3.4 (Collar lemma). If « is a simple closed geodesic on a hyperbolic surface S,

{s(B) > i(a,B)-2sinh~! (csch(gsz(a)»
for any closed curve B on S.

See [8, Corollary 4.1.1] for a proof of Lemma 3.4. When all the elevations of a (not
necessarily simple) closed geodesic along a finite-degree cover are simple, we will use the
above result to bound the self-intersection number in terms of its length.

Corollary 3.5. Let w: Z — S be a finite-degree cover of a hyperbolic surface S. If every
elevation of some curve y on S along m to Z is simple, then its self-intersection number
i(y,y) is explicitly bounded in terms of its length L5 (y) and the degree deg(r).

Proof. Fix a parametrization of y without triple (or higher order) intersections, and let
Y1, ..., Vn be the elevations of y along 7 to Z, all of which are simple by assumption and
have infimal length

Lz (Vi) < deg(m) - Ls(y).

Note that n < deg(sr). Moreover, every intersection point between elevations of y lies
above a self-intersection point of y, and conversely, the fiber of m over any self-
intersection point of y consists of exactly deg(,) intersection points between elevations.
Hence,

(2.7) S G0 < —— 3 Lz (77)
iy) =5 D 1T 7)) < 5o -
2deg(n) 4=, 2deg(m) 4= 2sinh~! (Csch (%))
15 deg()¢s (7)
~ 2deg(m) P 2sinh™" (csch (—deg(”;“(y)))
_ n*s(y)
4sinh™! (csch (22@is1)))
deg(m)*Ls (y)

" 4sinh™! (Csch(w»
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That is, the self-intersection number i (y, y) of y is explicitly bounded in terms of its length
£s(y) and the degree deg (). L]

3.3. Subsurface projection and the bounded geodesic image theorem

For this section, fix a basepoint s € S on a closed surface S of negative Euler charac-
teristic. Any curve y on S has an associated annular complex C(y), which we describe
below.

A curve y on S determines a conjugacy class of cyclic subgroups of 71 (S, s), and so
the Galois correspondence yields a based cover I1,,: (S,,s,) — (S, s). The induced homo-
morphism (I1,)«: 71 (Sy, s) = 71 (S, s) is injective with image the cyclic subgroup (y)
generated by y, and so S, is a surface of finite type with infinite cyclic fundamental group
m1(Sy, sy) = (y). In particular, S,, is homeomorphic to an open annulus.

Fix a hyperbolic metric on §, which pulls back along I, to a complete hyperbolic
metric on Sy, and denote by S, the Gromov compactification of S, which is homeomor-
phic to a closed annulus. The annular complex C(y) is a flag simplicial complex whose
vertices are path-homotopy classes of properly embedded, non-peripheral arcs in S_y, any
pairwise disjoint finite collection of which spans a simplex. As in the case of the curve
complex of a closed surface, we equip €(y) with a metric d, so that every simplex is a
regular Euclidean simplex of side length 1.

Let B, (y) denote the open ball of radius 2 in C(S), so that C(S) \ B(y) is the
sub-complex of C(S) consisting of simplices all of whose vertices intersect y. The pre-
image in the cover S, of the geodesic representative of such a simplex o € C(S) \ B2(y)
contains exactly i(«, y) properly embedded, non-peripheral geodesic arcs, all of which
are disjoint. By choosing one of these arcs, we obtain a coarsely well-defined map
proj,: C(S) \ B2(y) — C(y), called the subsurface projection associated to .

The following result of Minsky—Taylor gives an explicit bound on the diameter of the
subsurface projection onto the annular complex of a non-simple curve.

Theorem 3.6 ([16, Theorem 1.3]). diame(y)(proj, (C(S) \ B2(y))) < 38 for any curve y
on a closed surface S of negative Euler characteristic which is not a power of a simple
curve.

The following corollary follows immediately from the fact that the quasi-isometric
embedding of curve complexes that is induced by a finite-degree cover is distance
non-increasing.

Corollary 3.7. Let p: X — S be a finite-degree cover of a closed surface S of negative
Euler characteristic. Then

diame g) (projg (P(C(S)) \ B2(@))) = 38

for all simple curves & € C(X) for which a = p(&) is not a power of a simple curve.



A note on an effective characterization of covers 879

Proof. Fix basepoints x € X and s € S so that p(x) = s. There are choices of cyclic sub-
groups of 71 (X, x) and 7 (S, s) representing & and «, respectively, so that the induced
homomorphism p: 1 (X, x) < 71(S, s) restricts to an isomorphism of these cyclic sub-
groups. This implies that there are choices of the corresponding covers I15: Xz — X and
IMy: Sy — S sothat Xz = S, and the following diagram commutes:

Xg = Sa

W Y‘

X > > S

Recall that p depends on a choice of elevation of every simple curve on S. If we
choose the elevations of curves intersecting « to intersect &, then p restricts to a map
C(S) \ B2(@) = C(X) \ B2(@) so that the following diagram commutes:

C(S) \ B2(a) r > ©(X) \ B2(@)
m A
C(a) = C@)

In particular, Theorem 3.6 implies that

diame @) (projg (F(C(S)) \ B2(@))) = diamegy) (projg (€(S) \ Bo(@)) <38.

We will also make use of the bounded geodesic image theorem, which describes
the subsurface projection of a geodesic in the curve complex. Originally proved by
Masur-Minsky [15, Theorem 3.1], we will use the following strengthening due to Webb.

Theorem 3.8 ([21, Corollary 1.3]). There is an explicit positive real number C > 0 so
that
diame(y) (proj, (R)) < C

for any simple curve y on a surface S of negative Euler characteristic and any geodesic
ray R in C(S) so that R C B(y).

It follows from Webb’s argument that C can be taken to be at most 1000.

3.4. An explicit computation of M

We are now ready to prove Theorem 2 by computing the integer M explicitly as a function
of the Euler characteristic | x(S)| and the degrees deg(p) and deg(q).

Before proceeding, we give a brief sketch of the proof for the reader’s convenience.
Let K be the normal core of p« (71 (X, x)) N g« (71 (Y, y)) in 71(S, s). Note that K is a
finite index, normal subgroup of 1 (S, s) and thus corresponds to a finite regular cover
s 1 (Z,z) — (S, s) as illustrated in Figure 1. Without loss of generality, throughout we
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will assume that deg(p) < deg(g). First, in Claims | and 2, we reduce to the case where
deg(p) and deg(q) are equal by using well-known asymptotics of the growth of simple
closed curves with respect to length. In particular, we show that if deg(p) < deg(g), then
there is always a simple closed curve on Y whose image in S has no simple elevation
to X, and that the self-intersection number of such a curve can be explicitly bounded.
This comprises the simplest part of the argument, and the primary difficulty is confirming
that all of the relevant constants are explicitly computable.

In the case that deg(p) = deg(q), for each g € G = Deck(xs), we form an inter-

L and

mediate cover, W, corresponding to the subgroup H generated by g Deck(mwx)g™
Deck(mry) (see Figure 1 and the surrounding text). Under the assumption that p and g are
non-isomorphic covers, it follows that ¥ covers each W, non-trivially. In Claim 3, we then
find a simple curve @ on X and a simple curve i on S for which we can explicitly compute
bounds on the intersection number of elevations & and 7 of « and 5 to the cover Z, and
for which p(«) has no simple elevations to Wy forany g € G.

Using work of Aougab—Taylor, we then construct a quasi-geodesic ray R= (Vn)52, in
C(Z) emanating from 7 where v; and 0; have explicitly bounded intersection number for
each i, j € N. The content of Claim 4 is then to find some computable universal constant
E € N so that twisting R E times around & makes positive progress away from the curve
complexes C(W,); that is, the distance from rg (0y) to the quasi-isometrically embedded
image of each C(W,) in C(Z) is bounded below linearly in n.

Combined with the work of Tang, we then use this to show in Claim 5 that if there is
some g € G for which g - rf (Uy) lies in the quasi-isometrically embedded image of C(Y)
in €(Z), then the index 7 is explicitly bounded. In particular, this claim implies that if 7 is
large enough, g - ‘L'&E (Uy) cannot lie in this image, and so for any such n, y, = g (T&E (0n))
will be a curve on S with a simple elevation to X but no simple elevation to Y. Finally in
Claim 6, we use the work of Aougab—Taylor and Webb to effectively compute an upper
bound for the intersection number of one such y,, completing the proof of Theorem 2.

As in the proof of Corollary 3.3, we emphasize the importance of the existence of
certain explicitly computable numbers over that of their exact form computed below. As
such, we encourage the reader to skim the proof of each claim on a first reading.

m1(S,s) (Z,2)
‘ Ty Ty
p~" (Hy) (X, x) T (Y, y)
p*(ﬂl(x»x)) LI*(ﬂl(Y,Y)) (Wg’wg)
~. Ny
K (S,s)

Figure 1. Covers from the Galois correspondence.
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Proof of Theorem 2. For ease of reference, let y := x(S) and d := max(deg(p), deg(q)).
Fix basepoints x € X,y € Y, and s € S so that p(x) = g(y) = s, and let

Ki= () p(pelm(X,0) N gu(m (¥, p)y™!
yemri(S,s)

be the normal core of p«(71(X, x)) N g« (w1 (Y, ¥)) in 71(S, s). Then K is a normal
subgroup of 71 (S, s) of explicitly bounded index

[71(S, )+ K] < [m1(S,5) 1 pa(m1 (X, X)) N g (1 (Y, ))]!
< ([11(S,8) 2 pa(rr (X, X)) - [m1(S, 5) = g (2 (Y, p))P!
= (deg(p) - deg(q))! = d*!

which is contained in both p. (71 (X, x)) and g« (1(Y, y)). As in the proof of Theo-
rem 3 of [2], there is a surjective homomorphism p: 1 (S, s) = G onto a finite group G
with kernel ker(p) = K. Let A := p(p«(m1(X, x))) and B := p(g«(w1(Y, y))) be the
corresponding subgroups of G.

Up to re-labeling, we may assume without loss of generality that |A| > | B|. For each
element g € G, let H, := (gAg™", B). The Galois correspondence between finite index
subgroups of 71 (S, s) and finite-degree-based covers of (S, s) then yields for each ele-
ment g € G a based surface (W, wg) and a commutative diagram of based covers of the
form found in Figure 1.

Note that the regular cover g has explicitly bounded degree

deg(rs) = [11(S.s) : K] < d?!
Moreover, since K is normal in 71 (S, s), this cover is regular with deck group

N (5.5 (K) _ m1(S, 5)
K K

Similarly, the covers my: Z — X, ny: Z — Y, and my: Z — W, are regular, with deck
groups Deck(my) = A, Deck(nry) = B, and Deck(ng) = Hyg, respectively. By [2, Propo-
sition 3.5], we may identify the deck groups of these covers by their isomorphic images
in Mod(Z).

For each element g € G, the covering relations described in Theorem 2.2 yield from
the above commutative diagram of finite-degree covering spaces a commutative diagram
of coarsely well-defined quasi-isometric embeddings of corresponding curve complexes
of the form found in Figure 2.

We will later use the fact that an explicitly computable bound on the degree of each
cover yields explicit bounds on the quality of the above quasi-isometric embeddings.

Deck(mg) =~

~ im(p) = G.

Claim 1. p and g are isomorphic covers if and only if B = H for some element g € G.

Proof. The Galois correspondence implies that p and g are isomorphic as covers of S
precisely when the subgroups p. (71 (X, x)) and g« (1 (Y, y)) are conjugate in 71 (S, ).
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C(2)
=71
e(X) g C(Y)
C(We)

7 7 7
e(s)

Figure 2. Quasi-isometric embeddings induced by finite-degree covering maps.

Since G = Deck(mrg), this occurs precisely when the images p(p«(1(X, x))) = A and
o(g« (1 (Y, y))) = B are conjugate in G. Note that if gdg~! = B for some element
g € G, then

Hy = (gAg™',B) = (B, B) = B.

Conversely, if H; = B for some element g € G, then gAg~! is a subgroup of H; = B

of size |gAg™!| = |A| > |B|, and so gAg~! = B. |

Thus, we may assume that B & H, for every element g € G, so that p and g are not
isomorphic as covers of S. In particular, this implies that deg(g,) = [Hg : B] > 1 for
each element g € G. It remains to find an explicitly computable positive integer M and a
curve y on S with i (y, y) < M which has a simple elevation to one of X and Y but not to
both.

To that end, fix an arbitrary hyperbolic metric on S, which pulls back along the covers
described above to a hyperbolic metric on each surface in question.

Claim 2. 1f |A| > | B|, then there is an explicitly computable positive integer M satisfy-
ing the conclusions of Theorem 2; that is, i (y, y) < M; for some curve y on S which has
a simple elevation along ¢ to Y but no simple elevations along p to X.

Proof. Under these hypotheses, note that
deg(q) = [m1(S) : gx(m1 (Y. y)] =[G : B] > [G : A] = [m1(S) : px(m1(X, X))]
= deg(p).

and so Corollary 3.3 implies that there is an explicitly computable positive number L,
and a simple closed geodesic 8 on Y of hyperbolic length at most L; so that y := g(8)
has no simple elevations along p to X. In particular,

CZ(X)d1+3d|X\
c1(Y) )

It suffices to find an explicitly computable bound on the self-intersection number i (y, y).
To that end, note that while y has no simple elevations along p to X, all of its elevations

Ll = max(Lo(S), L()(X), L()(Y), 1+
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along s to Z are simple, since B is simple on Y and ng is regular. Thus, Corollary 3.5
implies that i (y, ) is explicitly bounded; specifically,

i) < deg(ns)*Ls(y) - (d*)>Ly _ M,

"7 4sinh™! (csch(—deg(”sz)eS(y))) " 4sinh7! (csch(—dzél‘1 ) ’
as required. ]
Thus, we may assume for the remainder of this proof that |A| = |B| < |Hg| for each

element g € G. Under these assumptions, we will use the full power of Corollary 3.3 to
show that 7y (C(X)) is not contained in (J, ¢ g (C(Wg)), and in fact that the relative
complement contains a curve with explicitly bounded length.

Claim 3. There are simple curves @ € C(X) and 1 € C(S) so that (i) the intersection num-
ber i (mx («), Ts (1)) is explicitly bounded; and (ii) for all elements g € G, p(«) has no
simple elevations along g to Wy.

Proof. Since |A| < |Hg| for each element g € G,
deg(p) = [m1(S.5) : px(m1 (X, X)) =[G : A] > [G : H]
= [m1(S.5) : (rg)«(m1(Wg, wg))] = deg(rg).

and so Corollary 3.3 implies that there is a simple closed geodesic o on X so that for
all elements g € G, p(«) has no simple elevations along rg to Wg. Moreover, o can be
chosen to be of explicitly bounded length £x (o) < L»; specifically,

|Gca(Wy) deg(p)+3dee@ixl )

Ly ()< max(max Lo(Wg), Lo(X), 1+ max
geG geG

Cl(X)
d2 w. d1+3d|x|
< max| max Lo(Wg), Lo(X),1+ (maxgeg c2(We)) =: L,.
geG C1 (X)

Explicit bounds on deg(ry) and £y («) now give explicit bounds on the elevation 7y («);
specifically,

lz(7x (@) < deg(mx) - Lx (o) < deg(ns) - Lx(e) < d?!- L. 3.1

By Bers’ theorem (see [8, Theorem 5.1.2]), there is a simple closed geodesic n € S of
length at most 4 log(4s|x|). A similar argument now gives an explicit bound on the length
of the elevation 75 (). Explicitly,

Lz (7s () < deg(ns) - Ls(n) < d*!-4log(4x|x]).

An application of Lemma 3.4 now gives the following explicit bound on the intersection
number i (7x (), s (1)),

d?!-4log(4|x))

= K,
2sinh™! (csch (dz'%)) '

i(mx (@), s () <

as required. ]
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Fix curves o and 7 satisfying the conclusions of Claim 3. For ease of notation, we
will denote by @ and 7 the elevations 7y () and 75 (), respectively. Note that Hempel’s
bound of [12, Lemma 2.1] gives an explicit bound

dz(@,7) < 2log,(i(@,7) +2 < 2log, (K1) + 2, (3.2)

on the distance dz (&, 77). Moreover, for each element g € G, since g (&) is an elevation
of p(a) along rg to Wy, it is non-simple. Corollary 3.7 therefore implies that

diame g) (projg (g (C(W)) \ B2(@))) =< 38.

Let (vx)3—, be a sequence in C(S) with vg = 1 and

+ fix(xD,
(3.3)
for all indices j, k € N, whose existence is guaranteed by Theorem 2.1. We recall that
the constant C appearing above is the fixed, computable universal constant appearing in
Theorem 3.8.
For ease of reference, we will denote

3|X|)|j—k\+z

ds (v v) = |j K|, (v 00) = (C + 32005 (Z

Ri=(n)pZy Uni=75(n) R:= 005 = (T5(0n))ilo
and we will denote by 7z € Mod(Z) a Dehn twist around &.

Claim 4. There is a computable universal constant £ € N and an explicitly computable
constant K, > 1 so that

dz (£ (5). T5 (C(W))) = K% — K».

for all indices » € N and elements g € G.

Proof. We will find some E so that for each n and for any z € €(W), any geodesic
segment [I&E (Un). T4 (2)] passes within distance 1 of & in C(Z). The claim will follow
since the confluence of equations (3.2) and (3.3) shows that @ is at distance at least
|n —2log,(K7) — 2| from ‘L'&E (Un), where the multiplicative constant comes from the
quasi-geodesic constants in Theorem 3.1 which depend explicitly on the degrees of the
covers.

Let E := C + 41 and for ease of notation let Z = 74 (z). For contradiction, we will
assume that a geodesic segment connecting rf (V) and Z does not pass within distance 1
of & from which we will violate the bound in Theorem 3.8. Note that Corollary 3.7 implies
that

diame(g) (projg (g (C(W;)))) = diameg) (projz (g (C(W)) \ B2(@))) =< 38.
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Since given any x € C(Z) which lies outside of the 1-neighborhood of &, the distance in
the annular complex of & between x and rg (x) is at least £ — 2, one has that

de@) (projg (t2 (4n)), projz (%)) = de@) (proig (t2£ (), projz (tn))
— de@) (projg (vn), projz (2))
> E — 40,
where the final line follows since Uy, Z € 74 (C(Wy)). By choice of E, this lower bound

is at least C + 1, contradicting Theorem 3.8. Therefore, any geodesic connecting rg (0n)
to Z passes through the 1-neighborhood of &, as desired. ]

For each index n € N, let 7, := ‘L'&E (0n). Note that &, v,, € mx (C(X)) and therefore
7, € Tx (C(X)). Moreover, for each element g € G, consider the nearest point projection
map vg: C(Z) — 7z (C(Wy)), which is coarsely well defined, and let S, (t,) denote a
circumcenter of the Hg-orbit of 7. Theorem 2.3 implies that

dz(ﬁg (tn), Vg () < D,

for some positive real number D which, as we will show in Appendix B, can be explicitly
bounded in terms of | y| and d. In particular, note that

Ki — Kz = dz(ta. 5 (C(Wp)))
2

= dz(tn, vg(tn))

< dz(tn. Bg(tn)) + dz(Bg(ta). v (tn))

< diame(z)(Hg - ) + D,
so that diame(z)(Hg - 7,) > KLZ — K, —D.
Claim 5. If g - 1, € wy (C(Y)) for some element g € G, then n is explicitly bounded;
specifically, n < K»(d?! 4+ K, + D).

Proof. Since g - 1, € my (C(Y)), its orbit under B = Deck(my) is a multi-curve on Z;
thatis, dz(b - (g - tn), g - tn) < 1 for all elements b € B. Similarly, since t, € 7x (C(X)),
its orbit under A = Deck(my) is a multi-curve on Z, which implies that

dz((gag™")-(g-t), & - tn) = dz(8a Ty, g - 1) = dz(a Ty, 1) < 1.

Since (gAg™') U B generates Hy, every element i € Hy can be written as a word in
(gAg™") U B of length at most | Hg |. In particular,

dz(h-(g-tn).& ) < dgag-1yup(l.h) < |Hg| < |G| < d*!
for all elements i € H,, and so

n <Kk, -diame(z)(Hg . ‘L’n) + K22 + DK, < K5 - |G| + K% + DK,
< K2(d*! + K, + D),

as required. ]
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Fix an explicitly computable natural number K3 € N so that K5 - (d?! + K, + D) +
1 <2K 42 Let N := 255 + 2, and note that Claim 5 implies that Ty € 7y (C(X))
but ¢ -ty ¢ 7Ty (C(Y)) for all elements g € G. In particular, y := wg(ty) has a sim-
ple elevation to X but no simple elevations to Y. It therefore suffices to show that the
self-intersection number i (y, y) is explicitly bounded. In fact, we will compute an explicit
bound on the length £5(y) and again argue via the collar lemma.

Claim 6. The self-intersection number i (y, y) is explicitly bounded; that is, i (y, y) < M»
for some explicitly computable positive integer M.

Proof. Continuing to let (vg)72, denote the sequence from Theorem 2.2, we point out
that the construction of the vy is via an iterated Dehn twisting argument. In particular,
following [4, Section 5], the v are defined so that vqy = TUC3'+3(U()) and for each k > 2,
Upkyp = TCZ,:[ ?H (vg) where C is the constant coming from the bounded geodesic image
theorem. Tlvle constant C can be taken to be less than 938 by work of Webb [21]. One can
then compute inductively that

Ls(va) = Ls (T (v0)) < 941i(v3, vo)Ls (v3) + Ls(vo),
s (ve) = s (T (v0)) < 941i(v4. vo)Ls (va) + Ls (o).

Ls(vn) = Ls(vyxs 4p) = eS(T,?Z‘Q3_1+2 (v0)) < 9414 (Vyk3-1 5. Vo)

. ZS(U2K3—1+2) + ’KS(UO)‘

Using the fact that i (vg, v;) can be explicitly bounded using equation (3.3), we conclude
inductively from the above equation that there is an effectively computable upper bound
on £g(vy) with leading term of the form

K3—1

9414 (v3,v0)ls (v3) [ ] 941i (vt 4. vo)
k=1

K3—1
< 941K3+1(¥)5€S(U3) 13—[ (9412k+11(¥)2k+4)’
k=1

_ 9412K3+1_2(M)2K3 +4K3—1
2
where we assume that the product on the left side of the first equation is empty when-
ever K3 < 2. Consequently, the same holds of £y = £z(7Ts(vy)) since £z(Ts(vy)) <
|G |€s (vy). It then follows that

)

Lz (tE (Ts(vw))) < Ei(Ts(vn), @)z (@) + L. (3.4)

We have an effective bound on the length of & via equation (3.1). Using Lemma 3.4, it
therefore follows that we can effectively compute an upper bound on i (75 (vy), &) and
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hence all of the terms on the right-hand side of equation (3.4) are effectively computable
and therefore so is a bound on £z (rg (7?§(UN))). Since y = g (raE (:?g(vN))), it follows
that

Ls(y) < Lz(tF @Ts(wN))).

We are therefore done since the collar lemma again provides an effectively computable
upper bound for i (y, y). |

Finally, let us summarize what we have shown. If p and ¢ are not isomorphic as covers
of S, then there are two cases: either |A| = |B| or |A| > | B|. If |A| = | B|, we showed that
i(y,y) < M; for some curve y on S which has a simple elevation along ¢ to ¥ but no sim-
ple elevations along p to X. On the other hand, if |A| > | B|, we showed that i (y, y) < M,
for some curve y on S which has a simple elevation along p to X but no simple elevations
along ¢ to Y. Therefore, M := max(M;, M,) satisfies the conclusions of Theorem 2. m

We remark that the above proof of Theorem 2 shows that so long as & € C(X) is suf-
ficiently far from the pullback of each C(W,) in C(Z), it cannot lie over a curve in S that
lifts simply to Y. Indeed, being far away from each C(W, ) guarantees that the Deck (74 )-
orbits of & are of large diameter. On the other hand, we show that some of these orbits
are relatively small when p(«) has simple elevations along ¢ to Y. Thus, in the case that
the covers in question are not isomorphic, our proof of Theorem 2 exhibits not only one
curve on S with bounded self-intersection and which lifts simply to one cover but not the
other, but in fact shows that “almost all” curves on S that lift simply to one cover do not
lift simply to the other.

Figure 3. The only simple curves on X whose projections to S admit simple elevations to Y are
those in the D-neighborhood of p(C(S)) in C(X), which is drawn above in green. For example,
the simple curve w drawn on X has distance more than D to p(C(S)), and so p(w) has no simple
elevations to Y.
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We state an example of this phenomenon below, using slightly stronger hypotheses
on the covers p and ¢ to simplify the statement. Note that the hypothesis below on the
subgroups of 1 (S) corresponding to the covers p and q is satisfied precisely when there
is no intermediate cover W — S that is covered by both X and Y. When there are no
intermediate covers, S itself plays the role of each W,. The constant D stated therein is
explicitly computable using the details in Appendix B and the main theorems of [3]. See
Figure 3 for a visual description of this result.

Theorem 3.9. Suppose that (conjugates of) the subgroups of 71(S) corresponding to the
covers p and q jointly generate w1(S). Then there is an explicitly computable D, depend-
ing only on |x(S)|, deg(p), and deg(q), so that if y is any simple closed curve on X
satisfying dx (y, p(C(S))) = D, then p(y) does not admit a simple elevationto Y .

4. Unmarked simple trace spectral rigidity

The goal of this section is to apply the proof of Theorem 2 to prove Theorem 1, which we
restate below for the reader’s convenience.

Theorem 1. Let p : X — S and q : Y — S be finite covers of a closed hyperbolic sur-
face S. There is a positive integer N, explicitly computable in terms of |x(S)|, deg(p),
and deg(q), so that p and q are isomorphic if and only if the restrictions of linear repre-
sentations w1(S) = SLy (R) or 71 (S) — SLy(C) to 71(X) and 71(Y) are generically
simple trace isospectral.

We will prove an even stronger statement: If p and ¢ are not isomorphic, then
for K = R or C, the set of linear representations m1(S) — SLy (K) whose restric-
tions to 71 (X) and m;(Y) are simple trace isospectral has null Lebesgue measure in
hom(7r1 (S), SLy (K)), and its complement is dense. Thus, the term “generic” in the above
statement of Theorem | can be interpreted both measure-theoretically and topologically.

In the remainder of the section, we will denote by Rk (S, N) the representation variety
hom(7r; (S), SLy (K)). We will require the following theorem of Rapinchuk—Benyash-
Krivetz—Chernousov.

Theorem 4.1 ([18, Theorem 3]). The representation variety Rk (S, N) is an irreducible
variety.

We will also require the following basic arithmetic lemma.

Lemma 4.2. Given complex numbers x,y,z € C,ifx #y,z # 0, and x + % =y 4z,
then 2x + le £ 2y + 22,
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Proof. If z = %1, then the equation x + % = y + z implies that x = y, and so this
contradiction implies that z # +1. Note that

1 1 2 1
2x+—2=2(x+—)——+—
z z

z  z2

2 1
:2(y+z)—;+z—2

=2y~|—22—22—|—22—g—|—i
z  z?

7427234271

_ 2
=2y +z°— 2
. , (- D3z +1)
=2y +4+z°— —a
Since z # +1, % is non-zero, and so 2x + ZLZ #2y + 72 as desired. [

Proof of Theorem 1. Fix basepoints s € S, x € X, and y € Y so that s = p(x) = q(»),
and suppose that p: X — S and g: Y — S are non-isomorphic. The proof of Theorem 2
implies that there is a curve [y] whose word length in some chosen finite generating set for
1(S, s) is explicitly bounded in terms of deg(p), deg(g), and | x(S)|, and with a simple
elevation along one of these covers but no simple elevations along the other.

Without loss of generality, assume that [y] has a simple elevation [«] along p to X but
no simple elevations along ¢ to Y'; that is, there is some simple element o € 71 (X, x) so
that p. (o) is conjugate to Y™ in 71 (S, s) for some integer 1 < m < d. On the other hand,
for any simple element B € 71(Y, ¥), g«(fB) is not conjugate to y™ or y .

Let Q = {w1,...,w,} € m1(S,s) be a set of trace twins of y for which the
commensurability constants are m and 1; that is,

tr(p(y™))* = tr(p(wi))>,

for all linear representations p € Rc (S, 2) and indices 1 < i < r. In particular, [13,
Theorem 1.4] implies that m€,(y) = £,,(w;) for all © € T(S) and indices 1 <i <r.

By [13, Corollary 3.4], we may assume that " and w; are homologous (possibly
replacing w; with w;” 1 in order to do s0), and we may furthermore choose € to be a maxi-
mal such set subject to the additional condition that no two distinct elements are conjugate
in 771(S, s). Such a maximal set is finite, since any closed hyperbolic surface has finitely
many distinct curves of length at most any finite bound.

Claim 1. det(p(y™)) = det(p(w;)) for any linear representation p: 71 (S, s) — GL,(C)
and any index 1 <i <r.

Proof. The map det op: w1(S, s) — C* is a homomorphism to an abelian group C*,
and so it factors through the abelianization H;(S; Z). The desired claim now follows
immediately from our choice of orientation of w; so that " and w; are homologous. =
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Since surface groups and free groups are conjugacy separable (see [9, 14]), there is
for each index 1 <i < r a homomorphism ¢;: 71(S) — G; onto a finite group G; so
that ¢; (y) and ¢; (w;) are not conjugate in G;. Note that |G; | may, in principle, be explic-
itly bounded in terms of the word lengths of y and w;, and that the Milnor-Svarc lemma
implies that the word length of w; is explicitly bounded in terms of the word length of y.

Moreover, basic representation theory implies that there is for each index 1 <i <r
an irreducible representation ¥;: G; — GLy;, (C) such that

tr(yi (¢i (y™))) # tr(Yi (di (wi))),

and whose dimension N; is explicitly bounded in terms of the character table for G;.
Fix N := max{2,2N; +1,...,2N, + 1}.

Claim 2. For any element § € 71(S, s), either § is conjugate to y™ or there is some linear
representation p € Rc (S, N) such that tr(p(y™)) # tr(p()).

Proof. Suppose that § is not conjugate to y™. There are three cases; either y and § are
trace twins with commensurability constants m and 1 and y™ and § are homologous, or
they are trace twins with these commensurability constants and y™ and §~! are homol-
ogous, or they are not trace twins with these commensurability constants. Suppose first
that y and § are trace twins with commensurability constants m and 1; that is,

w(p(y™)? = w(p(8))*
for all linear representations p € Rc (S, 2), and that Y™ and § are homologous. The max-
imality of Q implies that § is conjugate to w; for some index 1 < i < r. Consider the
representation p € Rc (S, N) defined by the formula

p(n) = ¥i(¢i(n) & ( ) & Iv-n;—1; 4.1)

1
det(Vi (¢i (1))
that is, p(n) is block diagonal, with an N; x N; block given by v; (¢; (1)), a 1 x 1 block
with entry m, and an (N — N; — 1) x (N — N; — 1) identity block. Note that

tr(p(y™) = u(¥i(di(y™)) + +N-Ni -1

1
det(i (¢i (1))

1
# u(Yi(@i(8) + —————=+ N = N; — 1 = tr(p(9)).
o det(yi (i (8))) l
Now suppose that y and § are trace twins with commensurability constants m and 1,
but that ™ and §~! are homologous. The maximality of Q implies that § is conjugate
to w;” 1 for some index 1 < i < r. Consider the representation p, ' € Rc (S, N), where p
is defined by equation (4.1), and p’ is defined by the formula

o) = Vi () @ Vi (i () @ ( ) ® Iyoam 1.

1
det(i (¢ (m))?
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Therefore, either tr(p(y™)) # tr(p(§)) or tr(p(y™)) = tr(p(4)), in which case Lemma 4.2
implies that tr(p’(y™)) # tr(p’(8)). Either way we have a representation with the desired
property.

Finally, suppose that y and § are not trace twins with commensurability constants m
and 1. Then [13, Theorem 1.4] implies that [y] and [§] are not length twins with
commensurability constants 7 and 1, and so

w(p'(y™)? # (o' (8))

for some linear representation p’: 771 (S, s) <> SL(R). Such a linear representation p’ can
be taken to be a lift to SL,(R) of any monodromy representation of a metric in which y™
and § have different lengths. In particular, tr(p’(y™)) # tr(o’(6)).

Let ¢: SL;(R) < SLx(C) denote the reducible embedding defined by the formula
t(A) = A @ Iy_p, where Iy_; is the (n — 2) x (n — 2) identity matrix. Note that

tr(p(y™)) = tr((p'(y™))) = tr(p'(y™) & In—2)
=tu('(y™) +n—2
Ztr(p'(8) +n—2
= tr(p'(8) ® I—2)
= tr(1(0'(8))) = tr(p(3)),

where p := 10 p": 11(S,s) < SLy(C). L]

We are now ready to show that X and Y are generically simple trace non-isospectral
over S for linear representations 71 (S, s) — SLy (K), where K = R or C.

Let Ug € Rk (S, N) be the set of linear representations 71 (S, s) — SLy (C) whose
restrictions to 71 (X, x) and 7;(Y, y) along p« and g, respectively, are simple trace
isospectral. We will show that Uk has null Lebesgue measure in Rk (S, N). To that end,
for each element § € 71 (S, s) not conjugate to y™, let Zk (§) be the zero set of the function
tr(y™) — tr(8) on Rk (S, N); that is,

Zx (8) == {p € Rx (S, N) | tr(p(y™)) = tr(p(8))}.

Claim 2 above shows that the regular function tr(y™) — tr(§) on the irreducible variety
Rc (S, N) is not identically zero. The identity theorem for holomorphic functions implies
that it is also not identically zero on the real points Rr (S, N).

Claim 3. For any element § € 71(S, s) not conjugate to y™, Zk(d) is of positive
codimension in Rk (S, N).

Proof. The codimension of Zk (§) in Rk (S, N) is the height of the principal ideal gener-
ated by tr(y™) — tr(§). Since this function is not nilpotent and Rk (S, V) is irreducible by
Theorem 4.1, this height is positive. ]
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An immediate consequence of Claim 3 is that for each element § € 71(S, s) not
conjugate to y™, Zk(8) is closed and of null Lebesgue measure in Rk (S, N), and its
complement Rk (S, N) \ Zk () is open and dense. In particular, as a countable union of
null measure sets,

Zg = U Zx (8),
5

has null Lebesgue measure, where in the above union, § varies over all elements of
1(S, 5) not conjugate to y™. Moreover, its complement

Rk (S, N)\ Zx = R (S, N)\ | ) Zx(8) = () R (S, N) \ Zk ()
] §

is dense in Rk (S, N), since Rk (S, N) is a Baire space. It therefore suffices to show that
Uk € Zk.
To that end, let p € Uk and T := tr(p(y™)) € K. Since

tr((p o ps) (@) = tr(p(px(a))) = tr(p(y™)) =T,

and p o py and p o g4 are simple trace isospectral, there is a simple element 8 € 71 (S, 5)
so that tr((p o g«)(B)) = T.Let § := g«(B) € m1(S, s), and note that

tr(p(y™)) = r(p(px(@))) = T = tr(p(g«(B))) = tr(p(8)).

On the other hand, § cannot be conjugate to y™, since there are no simple elevations
of y along g to Y. Thus, p € Zk(§) C Zk. In particular, Ux € Z, and so Uk has null
Lebesgue measure in Rk (S, N), and its complement Rk (S, N) \ Uk is dense. |

A. Effectivizing an argument of Rivin

In this section, we effectivize the result of Rivin [19] to show that the constants
c1(X), c2(X) are effectively computable. We first restate the theorem for the reader’s
convenience.

Theorem 3.2 ([19]). For any hyperbolic surface ¥ of finite type (g, b, n), there are
positive real numbers ¢1(X), ¢2(X), and Lo(X) so that

N(L,X)
c1(X) < 7 68—6+2b+2¢c < (),

for all real numbers L > Ly(X).

In what follows, we use the strategy of [19] to build the relevant constants for the base
case of the sphere with four boundary components ¥y 4. Once we have an effective com-
putation for the constants in the case of the four-holed sphere, Rivin’s proof for general
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surfaces allows for a recursive computation of these constants for surfaces of arbitrary
signature. It follows that, given explicit constants in the four-holed sphere case as input,
¢1(X) and ¢, (X) are effectively computable. We leave the arbitrary signature case to the
reader, but note that the computationally difficult part of the argument is done herein,
and the inductive step is similar in spirit, where one decomposes the surface into lower
complexity pieces, but with more bookkeeping.

For the upper bound ¢, (%), where X is some finite type hyperbolic surface, fix a Bers
pants decomposition J on X, and let ¢ denote the injectivity radius of . Recall that J
has total geodesic length at most some B, where B depends only on the topology of X.
Then by basic hyperbolic geometry, there is some constant T = t(g, B) so that the mini-
mum length of a geodesic arc connecting two pants curves (or one pants curve to itself) is
at least t. Then given a simple closed geodesic o with length at most L, it follows that

i, ?) < L/r,

and moreover, o can twist about a given pants curve at most L/B times. It therefore
follows that every Dehn—Thurston coordinate of o has absolute value bounded above
by L/B + L/t. Thus, N (L, X) is at most the number of integer points in a cube in
RAMTED | which is

(L/T + L/B)Gg—6+b+20.

One thus obtains a bound on ¢, of the form
e (T) < (1/1, + 1/3)6g76+b+2c.

We next turn to the lower bound c;. The reader familiar with [19] may notice some
subtle differences between Rivin’s work and the numerology that follows. Since we could
not fully reconcile the proof in [19], we instead opted to describe our understanding of
how to implement the basic strategy.

In what follows, we use E to denote a simple separating curve cutting ¢ 4 into two
pairs of pants J;, &, glued along E. Note that any simple closed curve on X 4 is either
a power of a boundary component or is obtained by the following procedure (an example
of which is drawn in Figure 4):

Figure 4. The construction of y,, /5x (with p = 3 and k = 4).
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* Fixk eNand p € Z.

* Fori € {1,2}, let y; be k copies of the seam 7 connecting E to E and separating the
other boundary components in #;, where we ask that each of the k seams has a distinct
endpoint on E and that the seams are pairwise disjoint.

* Glue y; to y, using a p/2k-twist along E, where this twist is clockwise if p/2k > 0
and this twist is counterclockwise if p/2k < 0.

We will denote a curve obtained by this procedure by /21 and note that this procedure
gives a simple closed curve precisely when ged(p, 2k) = 1. Recall that for any fixed
k € N, ¢(2k) is the number of 1 < p < 2k such that gcd(p, 2k) = 1 and hence for any

N eN
4N -1, k=1,
e |12 <)=L £

Indeed, the k # 1 case follows because there are precisely 2¢ (2k) possible fractional
twists (twists with —1 < p/2k < 1), ¢(2k) positive and ¢ (2k) negative, and therefore,
there are 2¢(2k)N curves yp ok such that —N < p/2k < N. The k = 1 case differs
because only half-integer twists are allowed, and so there are 4N — 1 half-integers with
absolute value less than N . Note that in either case, the size of this set is bounded below
by 2¢(2k)N.

Now let m by a hyperbolic metric on X 4 and note that the length of y,, /o4 is bounded
above by

L(ypjak) < 2kl(n) + |pL(E), (A.1)

where 7 is the geodesic representative of the aforementioned seam. Let Ny 4 (L, m) denote
the size of the set of isotopy classes of non-boundary parallel simple closed geodesics of
length at most L. Suppose, moreover, that we require that m is such that £(n) < £(E).
Then it follows from equation (A.1) that

Lypar) < 2k + [pDLUE).

Fix some L € R, then if N is any natural number for which N + 1 < ﬁ(b") it follows
that if | p/2k| = |p|/2k < N then

E(vpjak) = (2k + |pDE(E) < 2k(N + DE(E) < L.

Moreover, by the calculation from the previous paragraph, there are at least

L2k£L(E) B IJ $2¢(2k)
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such curves. Note that the maximum k for which £(y,/21) < £ forall =1 < p/2k < 1is
L%J Combining the above, it follows that

No.a(L,m) = {y | y is a simple closed curve on X¢ 4}

Ltz ]
L
> ALy = Y LM—IJ-M(%).

k=1

We now assume that L is a multiple of 4¢(E) so that

I~

4L(E)
Mo,a(L,m) > A(L) = —1)-2¢(2k),
oa(l.m 2 4L = 3 (3~ 1) 220
then importantly A(L) is asymptotic to 24( E)2 L?. One can show this rigorously using

some basic number theoretic calculations; however, because we want an effective theo-
rem, we will not prove this asymptotic directly but rather content ourselves to find a lower
bound on A(L) which is quadratic in L for large enough L.
. L .
For ease of notation, define x = e then decomposing A(L) as

2k -
A(L) = A% (L) — A~(L) = 4x Z“ 23 gm),
k=1
then it is straightforward that

AT(L) =2 ¢(2k) <4 ) p(k) = 40(x).

k=1 k=1

By the Mobius inversion formula,

o= Yo =3 S ub| (| +)
k=1 k=1
- géumgf + %éu(k)[%j.

Note that

T x 1
% —x(In(x) + 1).

k=1

=

f OIHE
k=1

N =
l\.)
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Similarly,
Dbl =2 (E -G e T Y
W=D 5 £

- . x x2[6 2 (k)
i s(e- X5

k=x+1

I
| =
NE
s

2 o0

3 5, x 1
<xn@) + D+ 2+ Y 5
k=x+1

3 21
<x(ln(x)+1)+—x +x_
2 x—1

Therefore, provided x > 2 to simplify the last term in the previous inequality, we find that

12
A7(L) < x> + 6x1In(x) 4 8x + 4.
T

or , we similarly see that
For A1 (L imilarly h

AT(L) = 4x Z ¢(2k) Z = 4xW(x).

Again by the Mobius inversion formula,

k) (k)
v =3 5=
=1 =

In particular, similar to the case of ®(x) we conclude that

o S (13- S

)
k=1k k=1 k

— (k)

o (- 5 49
k=x+1
6 1

>—1n(x)+x(; Z ﬁ)’
k=x+1

> —1In(x) + x(i - x_)’

2

—_—

6
> —In(x) + —x—L
b4
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Therefore, we find that

24
AT(L) = 4x¥(x) > —2x2 —4xIn(x) —4x,
14

and consequently,

12
A(L) = AT(L) — A7 (L) = x> — 10x In(x) — 12x — 4,
b

which, when remembering that x = 4£%E)’ has leading term of the form %Lz. If

x > 30, then

6
—2xIn(x) —12x —4 > ——2x2,
b4

and consequently if we assume that L > Lo = 120€(E), then we find that

3
A(L) = . 2 =¢1(Zo4)L?,

ZE(E)ZL

as required.

B. Effectivizing an argument of Tang

The goal of this appendix is to make clear that the bound in Theorem 2.3 of Tang, which
we restate below for the reader’s convenience, can be made explicitly computable in the
sense of Section 3.

Theorem 2.3 ([20, Proposition 6.2]). Let p: X — S be a finite-degree regular cover of
a closed surface S of negative Euler characteristic. There is a uniform upper bound,
depending only on |x(S)| and deg(p), on the distance between any circumcenter of the
Deck(p)-orbit of a simple curve a € C(X) and its nearest point projection vg ().

The radius rad(U) of a non-empty finite subset U € X of a Gromov hyperbolic metric
space X is defined by

rad(U) := min{r € [0,00) | U € D,(x) for some x € X}.

We say that a point x € X is a circumcenter of U if U is contained in a closed disk of
radius rad(U') and center x.

In the remainder of this section, we will briefly explain how to make Theorem 2.3
effective.
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B.1. Definitions

In [20], Tang defines the hull of a tuple of simple curves & = (a4, ..., ;) on X to be the
set of all simple curves on X lying on some geodesic segment connecting two curves in «.
Given such a tuple «, fix t = (¢1,...,1,) € R’éo, and let t - o denote the formal sum

n
t-a:= Ztkak.
k=1

Tang also defines ||t||, by the formula

n
[tle = Z titei (o, o),

jk=1
and the L-short set of t - o by

short(t- o, L) :={y € C(X) | i(t-a.y) < L|t]a}.

B.2. The constants in [20, Lemma 6.4] and [20, Lemma 5.1]

In this subsection, we discuss a few lemmas from [20] and the dependencies of various
constants that arise therein. We recall that p: X — S is a finite-degree cover of a closed
surface S of negative Euler characteristic, and we begin with the following lemma.

Lemma B.1 ([20, Lemma 6.4]). There is a positive number Lo > 0, depending only on
| x(X)|, so that

p(a) e short( Z g(a), L0|Deck(p)|>
g€Deck(p)

for all simple curves @ on X.

By following the proof of Lemma 6.4 of [20], one may observe that this constant Lg
is the same as that which appears in [20, Lemma 5.1].

Lemma B.2 ([20, Lemma 5.1]). There are some positive numbers Lo and kg, depending
only on |y(X)|, so that for all L > L, the L-short set short(t - , L) is non-empty and
has diameter

diame(x)(short(t -, L)) < 4log,(L) + ko.

This is proved in [20, Section 8]. In that section, Tang shows that it suffices to choose
Lo > ‘v{,—?, where Wy > 0 depends only on | x(S)| and satisfies the following condition.

Proposition B.3 ([20, Proposition 4.1 (3)]). S(t- «) contains an essential annulus of
width at least Wy ||t||q.
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Above, S(t- ) is the singular flat surface dual to the union of curves in «, where the
rectangle corresponding to an intersection point between «; and oy has side lengths #;
and ?x. This proposition is proved using the following lemma of Bowditch.

Lemma B.4 ([5, Lemma 5.1]). Let p be a singular Riemannian metric on an orientable
closed surface ¥ with area 1, and let A C X be a finite set. If there is a homeomorphism
£:10,00) — [0, o0) so that

area(D) < f(£(dD))

for any region D of ¥ containing at most one point in A, then ¥\ A contains an essential
annulus of width at least n > 0, where 1 depends only on |y (X)| and | A|.

In our desired context, the set A of marked points is empty, and so Proposition B.3
follows from Lemma B.4 once one has shown that area(D) < 4£(dD)? for all appropriate
regions D in S(t- o).

B.3. A weaker version of [20, Lemma 5.1]

The second clause to [20, Lemma 5.1] states that short(t - «, L)) has uniformly bounded
diameter in € (X) in terms only of L and X and not on t. We will need this second clause;
however, Tang’s proof is complicated by the possibility that « does not fill the surface.
Since in our context, o will always be the G-orbit of some curve in €(X), we can sim-
plify matters by proving a basic lemma which guarantees that G - y fills ¥ once y is at
least distance 2 from 7 (y).

Lemma B.5. Suppose ds(y, w(y)) > 2, then G -y fills 3.

Proof. If G - y does not fill X, then there is some essential subsurface Y in its comple-
ment. Restricting the covering map P to Y yields acover Ply : Y — Z where Z is some
non-simply connected subsurface of S. Thus, Z supports a (potentially boundary parallel)
simple closed curve 1 which is necessarily disjoint from P (y). It follows that P (n) (which
is contained in P (€(S))) is distance 1 from some elevation of y to X. [ ]

B.4. Assembling the proof modulo Wy and Bowditch’s lemma

In this subsection, we will obtain an effective version of [20, Proposition 6.2], save for the
constant Wy. First, we effectivize the proof of Lemma 5.1 of [20] in the event that « fills.
There, Tang shows that any two curves in short(t - o, L) (for L > L with Ly as above)
intersect at most L/ Wy times.

We can then use an effective version of Hempel’s bound on curve complex distance
in terms of intersection number, due to Bowditch [6] (this particular version can be found
in [16])
log(2-i(a, B) + 1)

Ao () <642 10 e+ p -9/
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where g, p denote the genus and number of punctures of X, respectively. Tang points out
that L needs only be bigger than V2 / W, and Bowditch obtains an effective bound on W,
in [6], which is the following bound:
Wo > !
"T8-(28+p-1-Qg+p+6)

We note that this also uses Tang’s isoperimetric inequality mentioned above; Bowditch

states the result in terms of some constant % so that the area of a trivial region is at most &
times the length of its boundary squared and moreover shows that a factor of 4+/h should
appear in the bound. Thus, the appearance of 8 in the denominator above is actually 4+/4,
where the +/4 corresponds to the 4 in Tang’s isoperimetric bound.

Therefore, [20, Lemma 6.4] above says that 7 () lies in short(1 - G, Lo|G|), which
by the above, has diameter at most

log(2-(8v2-Q2g+p—1-(2g+p+6)>-|G|+1)
log((2g + p—4)/2) ’
which is bounded uniformly above independent of g, p.

We would be done if the circumcenter of G - o were also in this short curve set. It
need not be, but [20, Proposition 5.2] asserts the existence of some k; so that for all
L > Ly, short(p, L) (which is defined to be the union, taken over all t, of short(t - p, L))
is Hausdorff distance at most k1 from Hull(p), for any finite collection of curves p. Here
k1 depends only on L, the topology of the surface, and the number of curves in p. In par-
ticular, when p = G - @, k; will depend only on |G|, the topology of X (or alternatively,
the topology of S and the degree of P), and L.

In [20, Proposition 5.2], Tang shows that k; can be taken to be a constant r =
r(Z, |G|, Lo), where r is defined to be the distance between

short(t' - o, |G|Lo/~2)

12+4-

and [aq, «p], where
(1) o’ = {o1, a2}, the points in the orbit of G - @ maximizing #;#;i (x;, «j) over all
pairs (i, j) € {1,...,|G|}?, and
(2) [o1, 2] is any geodesic in the curve graph between o, a5.

Since curve graphs are 17-hyperbolic, any two geodesics are at most 92 - 17 = 1564
apart (see, for instance, [11, Theorem 1.1]), so up to addition of this universal constant,
the choice of geodesic will not matter.

B.5. Effectivizing the Hausdorff distance statement from Bowditch

It remains to determine how close the short curve set short({a1, a2}, |G|Wy!) is to a
geodesic segment [o1, a2]. For this, we use [5, Proposition 6.2], which asserts that there
is some ¢ and some / so that for all Q > ¢, the set

Go(a.p) ={y €C|i(y.a)-i(y.p) < Q-i(a.p)}
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is within & of [a, 8]. To understand the relevance of this, first consider some y €
short({e, B}, Q). Thus,

i(y.ha) +i(y,2f) < Q- Vuhi(a,p),

for some non-negative 1, t,. Squaring both sides yields

hii(y.a) iy, f)+ T < Q*tini(a, B),

where 7' is non-negative. Therefore, it follows that y € Gg2(a, B).

Bowditch proves [5, Proposition 6.2] using the “lines” he constructs in the proof of
hyperbolicity, which he denotes by Aqg. In [5, Section 3], he outlines a series of criteria
involving a family of lines such that if any graph admits such a family, it is hyper-
bolic, and the lines are uniformly quasi-geodesic. The criteria appear directly before [5,
Proposition 3.1].

The proof of Proposition 3.1 of [5] uses an auxiliary set of paths denoted mag. In [5,
Lemma 3.3], Bowditch shows that these paths are (K, 2 K)-quasi-geodesic, where K is as
in the statement of the three axioms he uses as a criterion for hyperbolicity. He also shows,
directly before this lemma, that Ayg is Hausdorff distance at most K from m,g. Putting
all of this together and using the Morse lemma, it follows that A g is within a distance of
92K2(2K + 2 + 17) of a geodesic [«, 8] (again using [11]). In [3, Section 4], Bowditch
shows that the curve graph satisfies the three required axioms, for K = 18D + 2.

Furthermore, Bowditch shows in [6] that it suffices to choose D = 20 for all surfaces.
Putting all of this together, we get that A ,g is within a neighborhood of [«, 8] of radius at
most

92K?(2K 4+ 19) = 92- (18D + 2)? - (36D + 23),
= 8,957,643,664.

In the direction of the proof of Proposition 6.2 of [5] that is relevant to us, Bowditch
only needs to establish that Gg(«, B) is nearby Agg, since as mentioned above, we can
estimate the distance between Aqpg and [, 8].

Bowditch’s proof of Proposition 6.2 of [5] shows that one may set ¢ = (W; )2, and
then that

Go(a.B) C Lag(t./0).

for all Q > g, where Lgp(t, /Q) is as defined in [5, Section 4]. Thus, we are inter-
ested in the diameter of Lyg(t, (W, !)?), which, again by Bowditch’s proof of uniform
hyperbolicity [6], is uniformly bounded above, for instance, by 20.

B.6. Putting it all together

Now, assume we begin with some y € short({e, a2}, |G| Wy '). Then

Yy € G|G|2(Wo_l)2(a’ /3)



T. Aougab, M. Lahn, M. Loving, and N. Miller 902

It follows from the very end of the previous section, and [5, Lemma 4.2], that y is at most
2W5 )G + 2.
away from Ayg. Therefore, y is at most
2(Wy ') |G| + 2 + 8,957,643,664,

away from [c, B].
It finally follows, assuming G - « fills X, that (e) is within
2(Wg 3G + 2 + 8,957.643,664 + 12 + 4
log2-(8v2-(2g+p—1)-(2¢+p+6)*- |G|+ 1)
log((2g +p—4)/2) ’

of the circumcenter of G - «.

If G - a does not fill 3, Lemma B.5 implies that the radius of G - « is at most 2 and
that 7 () is distance at most 2 away, and so the circumcenter of G - « is at most distance 4
from 7 ().

Since the log term above is bounded above independently of g, p, the entire bound is
O(|G|) and on the order of a polynomial of degree 6 in g and p. For a less explicit upper
bound that is stronger asymptotically, note that |G| is necessarily bounded above by a lin-
ear function of g and p. Therefore, |G|* - (W, !)? grows at most polynomially in g, p of
degree at most 6. The techniques in [1] show how to obtain a bound that is uniformin g, p
on the diameter of Lgg (¢, R) whenever R grows slower than some polynomial in g, p.
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