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Abstract. Bratteli–Vershik models have been very successfully applied to the study of various
dynamical systems, in particular, in Cantor dynamics. In this paper, we study dynamics on the
path spaces of generalized Bratteli diagrams that form models for non-compact Borel dynamical
systems. Generalized Bratteli diagrams have countably infinite many vertices at each level; thus, the
corresponding incidence matrices are also countably infinite. We emphasize differences (and simi-
larities) between generalized and classical Bratteli diagrams. Our main results are as follows. (i) We
utilize Perron–Frobenius theory for countably infinite matrices to establish criteria for the existence
and uniqueness of tail-invariant path space measures (both probability and � -finite). (ii) We pro-
vide criteria for the topological transitivity of the tail equivalence relation. (iii) We describe classes
of stationary generalized Bratteli diagrams (hence Borel dynamical systems) that (a) do not sup-
port a probability tail-invariant measure and (b) are not uniquely ergodic with respect to the tail
equivalence relation. (iv) We describe classes of generalized Bratteli diagrams which can or cannot
admit a continuous Vershik map and construct a Vershik map which is a minimal homeomorphism
of a (non-locally compact) Polish space. (v) We provide an application of the theory of stochastic
matrices to analyze diagrams with positive recurrent incidence matrices.
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1. Introduction

This paper is dedicated to the study of discrete dynamical systems realized on the path
space of generalized Bratteli diagrams. A generalized Bratteli diagram is a natural exten-
sion of the notion of classical (standard) Bratteli diagrams where each level has a count-
ably infinite set of vertices. The structure of such diagrams is determined by a sequence
of countably infinite incidence matrices.

In general terms, a Bratteli diagram is a certain combinatorial structure which encom-
passes the following: The diagram takes the form of a graph which is represented as a
countable union of levels, and a specification of edges between levels. The level count in
turn is indexed or labeled by non-negative integers, and edges link only levels with index
count differing by 1. For the last decades, such diagrams (graphs) have come to serve as
a powerful tool for the analysis of path space, representing infinite paths via the particular
graphs under consideration. The countable index of the levels may represent discrete time
in associated models of dynamics. Our aim here is to extend earlier results on dynamics via
diagrams, and associated path space constructions, to the broader context of Borel dynam-
ics, and then to study the corresponding measures on these generalized path spaces. Our
analysis will entail an extended Perron–Frobenius theory, a tail equivalence relation, the
construction of corresponding tail-invariant measures, and finally a study of generalized
Vershik maps.

This wide framework of path space analysis is motivated by a variety of applica-
tions. In this paper, we identify new properties of stationary and non-stationary gen-
eralized Bratteli diagrams. Our main results contribute to the following five important
questions: (i) identify the structure and the properties of Vershik maps and (ii) the tail
equivalence relation associated with generalized Bratteli diagrams; (iii) existence and
uniqueness of tail-invariant measures, finite and � -finite. In this context, we present an
analysis of (iv) Bratteli diagrams with positive recurrent incidence matrices; and (v) path
space measures induced by stochastic matrices. These and other results can be found in
Theorems 3.10, 3.12, 5.1, 7.2, 7.3, 8.7, and 8.13.

The existing literature on Bratteli diagrams, corresponding dynamical systems, invari-
ant path space measures, and other areas used in the paper is very extensive. We give the
references below discussing the most important ingredients of our work. The reader can
find the main ideas in [20,45,48,51,53,57,70], and other fundamental works cited below.

Our results may be interesting for mathematicians studying infinite matrices as well
as for experts in Markov chains and random walks on a countable set. If all incidence
matrices of a generalized Bratteli diagram are 0-1 matrices, then the path space of such
a diagram is a well-known object in the theory of random walks on a countable set. It is
worth noting that our focus is on the study of the tail equivalence relation which gives the
principal different kind of dynamics on the path space. Sections 7 and 8 contain several
key theorems and examples about infinite matrices, their eigenvectors, and corresponding
invariant measures.
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Bratteli diagrams, incidence matrices, and path spaces. We recall that Bratteli diagrams
are infinite-graded graphs that were named after Ola Bratteli who introduced them in his
pioneering paper [20] on the classification of approximately finite C �-algebras. In short,
a Bratteli diagram is a countable graph G D .V;E/ where vertices V D

S
n Vn and edges

E D
S
nEn are divided into disjoint finite sets (levels) Vn and En. The edges from the set

En exist only for some vertices from consecutive levels Vn and VnC1. This set of edgesEn
defines a jVnC1j � jVnj matrix Fn called the incidence matrix. Every Fn has non-negative
integer entries. In this paper, we consider the generalized Bratteli diagrams satisfying the
property of finite row sums for every incidence matrix Fn. This means that every row has
finitely many non-zero entries. For a Bratteli diagram B , the path space XB is formed by
infinite sequences .ei / of edges such that eiC1 begins at the vertex where ei ends.

Bratteli diagrams and dynamical systems. For the last decades, Bratteli diagrams have
been intensively studied and used in various areas of dynamics. The trend to use dis-
crete structures, such as graphs and sequences of partitions, proved to be a very powerful
tool in the theory of dynamical systems, (see e.g., [40] and the papers cited below). In the
1970s, Krieger and Vershik applied sequences of refining partitions to the study of ergodic
automorphisms of a measure space [26, 54, 68–70]. In particular, Vershik proved that any
ergodic automorphism of a measure space can be realized as a transformation acting on the
path space indexed by a sequence of refining partitions, a prototype of a Bratteli diagram.

At the beginning of the 1990s, these ideas found their new applications in Cantor
dynamics. Putnam [59] showed that, for every minimal homeomorphism ' of a Cantor
set X , there exists a sequence of refining partitions into clopen sets that approximates
the orbits of ' and the topology on X . Following this article, Herman–Putnam–Skau [48]
proved that every minimal homeomorphism of a Cantor set can be realized as a home-
omorphism 'B (called a Vershik map) of a path space XB of a Bratteli diagram B . In
other words, Bratteli diagrams represent models of minimal Cantor dynamical systems.
This remarkable result led to a breakthrough in Cantor dynamics based on the works by
Giordano–Putnam–Skau [45], Glasner–Weiss [47], and others. It was proved that minimal
homeomorphisms could be completely classified with respect to orbit equivalence. The
articles by Forrest [38] and Durand–Host–Skau [33] answered the question about the role
of stationary Bratteli diagrams: They represent substitution dynamical systems. Further
applications of Bratteli diagrams in Cantor dynamics extended the class of homeomor-
phisms that can be realized as Vershik maps. Medynets [56] proved this fact for aperiodic
homeomorphisms of a Cantor set (see also [6]). Recently, the papers by Downarowicz–
Karpel [29] and Shimomura [62, 63] showed that any homeomorphism of a Cantor set
could be represented as a Vershik map on a Bratteli diagram. There are several impor-
tant classes of Bratteli diagrams that deserve special attention. Stationary non-simple
Bratteli diagrams give models for aperiodic substitution systems [14]. Finite-rank Bratteli
diagrams (i.e., jVnj is bounded), which, in particular, represent interval exchange trans-
formations, were studied in [16]. Finite and infinite invariant measures were the focus of
the papers [2, 13]. Eigenvalues of Cantor minimal systems were considered in a series of
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papers (see, e.g., [32] for references). We do not discuss all the interesting applications
here. The reader can find more results about invariant measures, dynamics, and applica-
tions in [3, 30, 34, 43, 44, 46, 60, 64]. See also the surveys [11, 12, 28, 31] and the literature
mentioned there. The reader who is interested in the classification of stationary Bratteli
diagrams, various links to operator algebras, and K-theory can find more information
in [20–23, 35, 36].

Generalized Bratteli diagrams versus standard Bratteli diagrams. Why do we need gen-
eralized Bratteli diagrams with countable levels? One obvious reason to study such dia-
grams is explained by the following result. Bezuglyi–Dooley–Kwiatkowski [5] proved
that every aperiodic Borel automorphism of an uncountable standard Borel space admits
a realization as a Vershik map on the path space of a generalized Bratteli diagram. A
recent result in this direction was obtained in [10] where the authors proved that there is
a wide class of substitution dynamical systems on infinite alphabets that can be realized
as Vershik maps on stationary generalized Bratteli diagrams. We also refer our readers to
related recent works [39, 55]. Among other possible applications of generalized Bratteli
diagrams, we can mention Markov chains, random walks, iterated function systems [9],
harmonic analysis on the path space of generalized Bratteli diagrams [7], etc.

It is clear that the variety of classes of generalized Bratteli diagrams is much wider
than that of standard Bratteli diagrams. This fact suggests the possibility of now estab-
lishing key results in the wider context of all generalized Bratteli diagrams. Another
obvious observation is that the case of countably infinite matrices requires new tech-
niques and methods in comparison with finite matrices. In this paper, we consider mostly
two classes of diagrams: stationary diagrams (when Fn D F ) and bounded size diagrams
(when all Fn are banded matrices with bounded row sums) (see Section 2 for definitions).
These diagrams have the predictable behavior of infinite paths and, therefore, we can bet-
ter understand their dynamical properties. It is an interesting problem to find out how
much the structure of a generalized Bratteli diagram determines dynamics and invariant
measures on the path space of a diagram.

The main results of this paper are concentrated on principal problems in dynamics on
the path spaces of Bratteli diagrams. We consider the existence and uniqueness of mea-
sures invariant with respect to the tail equivalence relation and Vershik maps. We discuss
the dynamical properties of the Vershik map, and how the structure of a Bratteli diagram
affects the dynamics on the path space. The notions of isomorphic and order isomorphic
generalized Bratteli diagrams are considered in this paper.

Extended Perron–Frobenius theory, the tail equivalence relation, and Vershik map. Our
main emphasis in the current work is to point out the differences and similarities between
the dynamics on path space of the classical Bratteli diagrams and the generalized ones.
The tools used in this work are also significantly different. For example, considering
stationary Bratteli diagrams, we work with Perron–Frobenius eigenpairs. For classical
diagrams, the Perron–Frobenius theory covers all possible cases of stationary Bratteli dia-
grams. Moreover, using eigenvectors and eigenvalues of non-negative matrices, one can
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explicitly describe all finite and � -finite invariant measures for simple and non-simple sta-
tionary Bratteli diagrams [15]. For infinite non-negative matrices, the Perron–Frobenius
theory does not cover all cases of generalized Bratteli diagrams: There are stationary
diagrams with incidence matrices that do not have a finite Perron eigenvalue. Another
important circumstance is that the cases of recurrent and transient incidence matrices lead
to essentially different results regarding the uniqueness of ergodic invariant measures.
This means that one needs to use different techniques for finding invariant measures. We
use the book by Kitchens [53] for references about the definitions and main results of the
Perron–Frobenius theory. For the reader’s convenience, we included in Appendix A the
facts that are used in this paper.

One more essential distinction between standard and generalized Bratteli diagrams
consists of the existence of invariant measures on the path spaces. For a standard dia-
gram B , the path space XB is a compact Cantor set, and every Vershik map 'B is a
homeomorphism of XB . Therefore, the classical Bogoliubov–Krylov theorem guarantees
the existence of a probability 'B -invariant measure on XB . By contrast, for a general-
ized Bratteli diagram, XB is a Polish zero-dimensional space, and .XB ; 'B/ is a Borel
dynamical system. There are then generalized Bratteli diagrams that do not support finite
invariant measures. The following question is natural: For what classes of generalized
Bratteli diagrams are there finite invariant measures? We note that minimal Cantor dynam-
ics deals with probability invariant measures only. The settings for generalized Bratteli
diagrams lead to the study of both finite and infinite invariant measures. We construct and
describe classes of generalized Bratteli diagrams that do not support a probability invariant
measure.

On every Bratteli diagram B , we can consider dynamical systems of two kinds: the
tail equivalence relation R and a Borel dynamical system .XB ; 'B/ defined by a Vershik
map 'B . Then R is a countable Borel equivalence relation which is completely defined
by the diagram. To define a Vershik map 'B , we need to consider a partial ordering on the
set of all edgesE. The question about the continuity of a Vershik map was studied in Can-
tor dynamics [17,18,50,56]. The result of Bezuglyi–Dooley–Kwiatkowski [5] shows that
every aperiodic Borel automorphism of an uncountable standard Borel space admits a real-
ization as a Vershik map on the path space of an ordered generalized Bratteli diagram such
that the Vershik map is a homeomorphism. The left-to-right ordering on a simple (stan-
dard) Bratteli diagram always gives rise to a continuous Vershik map. But this is not the
case for generalized Bratteli diagrams, even for diagrams with reasonable simple structure
(see Section 3). In other words, there are irreducible generalized Bratteli diagrams such
that the left-to-right order does not generate a continuous Vershik map. Moreover, in the
class of generalized Bratteli diagrams with a unique infinite minimal path and a unique
infinite maximal path, one can find diagrams for which both Vershik map and its inverse
are discontinuous, or Vershik map is continuous but its inverse is not (see Section 4).

Infinite matrices, especially banded matrices, is the subject of great interest because
of their applications in various areas of mathematics and mathematical physics. In this
context, we mention [4, 24, 25].
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The outline of the paper and main results. In Section 2, we provide basic definitions and
discuss the properties of generalized Bratteli diagrams. We consider such notions as tail
equivalence relation, Vershik map, and isomorphism of Bratteli diagrams. In Section 3,
we focus mostly on the notion of bounded size generalized Bratteli diagrams (see Def-
inition 3.1) and show that they form a natural class of diagrams that can be viewed as
intermediate between classical (standard) and generalized Bratteli diagrams. We show
that even diagrams with this natural structure can provide interesting examples that con-
trast the classical case. We find classes of bounded size generalized Bratteli diagrams
such that, for the left-to-right ordering, the Vershik map is discontinuous (unlike the case
of standard Bratteli diagrams); moreover, every infinite maximal path is a point of discon-
tinuity. We also provide some classes of bounded size diagrams for which it is possible to
prolong the Vershik map to a homeomorphism. In Section 4, we consider arbitrary gener-
alized Bratteli diagrams and find conditions under which they have an order such that the
Vershik map can be prolonged to a homeomorphism. In particular, we are interested in the
orders such that the diagram does not possess infinite minimal and infinite maximal paths.
We give sufficient conditions for a generalized Bratteli diagram to have such an order.
We give an example of an ordered generalized Bratteli diagram with a non-locally com-
pact path space such that the corresponding Vershik map is a minimal homeomorphism.
In contrast to the case of standard Bratteli diagrams, there are examples of generalized
Bratteli diagrams with a unique minimal and a unique maximal path such that the cor-
responding Vershik map cannot be prolonged to a homeomorphism. We show that in the
class of ordered generalized Bratteli diagrams with a unique infinite minimal path and a
unique infinite maximal path, one can find examples of diagrams such that (i) both the
Vershik map 'B and its inverse '�1B are not continuous; (ii) the Vershik map 'B is con-
tinuous but the inverse '�1B is discontinuous; and (iii) both the Vershik map 'B and its
inverse '�1B are continuous. Section 5 discusses some topological properties of general-
ized Bratteli diagrams. It is proved that, for an irreducible stationary generalized Bratteli
diagram, the tail equivalence relation is topologically transitive. The case of non-stationary
diagrams is also considered. It is proved that irreducible bounded size generalized Bratteli
diagrams do not generate minimal tail equivalence relations. In Section 6, we discuss the
tail-invariant measures on the path space of generalized Bratteli diagrams. We provide
explicit examples of non-stationary generalized Bratteli diagrams that do not support full
probability measures invariant with respect to the Vershik map, and examples of station-
ary generalized Bratteli diagrams which do not support finite tail-invariant measures, that
is, the tail equivalence relations for such diagrams are compressible. In Section 7, we
study finite and � -finite invariant measures on stationary generalized Bratteli diagrams.
We give an explicit description of these measures and prove their uniqueness. Several
examples that illustrate these theorems are also given in Section 7. The detailed calcu-
lations and proofs for these examples are provided in Appendix B. Section 8 deals with
applications of stochastic matrices, related to stationary and non-stationary generalized
Bratteli diagrams, to the problem of the existence of invariant measures. We give examples
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of null-recurrent incidence matrices such that the invariant measure for the correspond-
ing generalized Bratteli diagrams is not unique. We also show that, for positive recurrent
matrices, one can control the growth of the heights of the Kakutani–Rokhlin towers in
terms of the corresponding eigenvectors. In Section 9, we present further possible direc-
tions of research. In Appendix A, we provide a brief description of the Perron–Frobenius
theory for infinite matrices.

2. Generalized Bratteli diagrams: Basic definitions and facts

This section contains the main definitions of the objects we consider in the paper. We
discuss generalized Bratteli diagrams and their subclasses, the corresponding infinite
matrices, the tail equivalence relation on the path space of a diagram, finite and � -finite
measures invariant with respect to tail equivalence relation, and orderings on the set of
edges and corresponding Vershik maps.

2.1. Definition of generalized Bratteli diagrams

The notion of a generalized Bratteli diagram is a natural extension of the notion of a
Bratteli diagram to the case when all levels in a generalized Bratteli diagram are count-
able. It was proved in [5] that any aperiodic Borel automorphism can be realized as a
Vershik map on the path space of a generalized Bratteli diagram (see Theorem 2.17).

We will use the standard notation N;Z;R, N0 DN [ ¹0º for the sets of numbers, and
j�j denotes the cardinality of a set.

Definition 2.1. A generalized Bratteli diagram is a graded graph B D .V; E/ such that
the vertex set V and the edge set E can be represented as partitions V D

F1
iD0 Vi and

E D
F1
iD0Ei satisfying the following properties:

(i) The number of vertices at each level Vi , i 2 N0 is countably infinite (in most
cases, we will identify each Vi with Z or N). The set Vi is called the i -th level
of the diagram B . For all i 2 N0, the set Ei of all edges between Vi and ViC1 is
countable.

(ii) For every edge e 2 E, we define the range and source maps r and s such that
r.Ei / D ViC1 and s.Ei / D Vi for i 2 N0. In particular, we have s�1.v/ ¤ ; for
all v 2 V , and r�1.v/ ¤ ; for all v 2 V n V0.

(iii) For every vertex v 2 V n V0, we have jr�1.v/j <1.

Remark 2.2. If the level V0 consists of a single vertex and each set Vn is finite, then we
get the usual definition of a Bratteli diagram which was first defined in [20]. In particular,
these diagrams were used to model Cantor dynamical systems and classify them up to
orbit equivalence (see [45, 48]).
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Since all levels in a generalized Bratteli diagram are countable sets, we can use the
integers Z (or natural numbers N) to enumerate the vertices. When we index the ver-
tices at each level by Z, the generalized diagram is called two-sided infinite, and when the
vertices are indexed by N, we call it one-sided infinite.

To define the path space of a generalized Bratteli diagram, we consider a finite or infi-
nite sequence of edges .ei W ei 2 Ei / such that s.ei / D r.ei�1/ which is called a finite or
infinite path, respectively. Given a generalized Bratteli diagram B D .V; E/, we denote
the set of infinite paths starting at V0 by XB and call it the path space. For a finite path
e D .e0; : : : ; en/, we denote s.e/ D s.e0/; r.e/ D r.en/. The set

Œe� WD ¹x D .xi / 2 XB W x0 D e0; : : : ; xn D enº;

is called the cylinder set associated with e.
The topology on the path space XB is generated by cylinder sets. This topology coin-

cides with the topology defined by the following metric on XB : for x D .xi /; y D .yi /,
set

dist.x; y/ D
1

2N
; N D min¹i 2 N0 W xi ¤ yiº:

The path space XB is a zero-dimensional Polish space and therefore a standard Borel
space.

For a vertex v 2 Vm and a vertex w 2 Vn, we will denote by E.v; w/ the set of all
finite paths between v and w. Set f .i/v;w D jE.v; w/j for every w 2 Vi and v 2 ViC1. In
such a way, we associate with the generalized Bratteli diagram B D .V; E/ a sequence
of non-negative countable infinite matrices .Fi /, i 2 N0, (called the incidence matrices)
given by

Fi D .f
.i/
v;w W v 2 ViC1; w 2 Vi /; f .i/v;w 2 N0: (2.1)

In this paper, a matrix F D .fij / is called infinite (or countably infinite) if its rows
and columns are indexed by the same countably infinite set. Assuming that all matrices
F n; n 2 N are defined (i.e., they have finite entries), we denote the entries of F n by f .n/ij .
Observe that this notation is similar to (2.1). It will be clear from the context whether f .n/ij

denotes the .i; j /-th entry of the matrix Fn (in a sequence of matrices .Fn/n2N0 ) or it
denotes the .i; j /-th entry of the n-th power of the matrix F .

Remark 2.3. The structure of a generalized Bratteli diagram B D .V; E/ is completely
determined by the sequence of incidence matrices .Fn/; n 2 N0. In this case, we write
B D B.Fn/. For each n 2 N0, the matrix Fn has at most finitely many non-zero entries in
each row, and none of its rows or columns are entirely zero. A column of Fn may have a
finite or infinite number of non-zero entries. Note that, XB is locally compact if and only
if every column of Fn has finitely many non-zero entries for all n.

Definition 2.4. Let B D B.Fn/ be a generalized Bratteli diagram. If Fn D F for every
n 2 N0, then the diagram B is called stationary. We will write B D B.F / in this case.
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A generalized Bratteli diagram B D .V; E/, where all levels Vi are identified with a
set V0 (e.g., V0 D N or Z), is called irreducible if for any vertices i; j 2 V0 and any level
Vn there exist m > n and a finite path connecting i 2 Vn and j 2 Vm. In other words,
the .j; i/-entry of the matrix Fm�1 � � � Fn is non-zero. Otherwise, the diagram is called
reducible.

In particular, a generalized stationary Bratteli diagram is irreducible if and only if the
corresponding incidence matrix is irreducible (see Appendix A for more definitions and
results about infinite positive matrices).

Definition 2.5. Two paths x D .xi / and y D .yi / in XB are called tail equivalent if there
exists an n 2 N0 such that xi D yi for all i � n. This notion defines a countable Borel
equivalence relation R on the path spaceXB which is called the tail equivalence relation.

Remark 2.6. The set of generalized Bratteli diagrams contains various “exotic” exam-
ples. In this paper, we will consider the diagrams whose properties are natural from
the point of view of dynamical systems. We will assume that the path space XB of
a generalized Bratteli diagram B has no isolated points, that is, for every infinite
path .x0; x1; x2; : : :/ 2 XB and every n 2 N0, there exists a level m > n such that
js�1.r.xm//j > 1. Hence, the set XB is uncountable. We will consider only such Bratteli
diagrams for which the tail equivalence relation R is aperiodic. We will not consider cases
where the Bratteli diagram is a disjoint union of two or more Bratteli diagrams, that is, the
Bratteli diagram should be connected when considered as an undirected graph.

Definition 2.7. Given a generalized Bratteli diagramB D .V;E/ and a monotone increas-
ing sequence .nk W k 2 N0/; n0 D 0, we define a new generalized Bratteli diagram
B 0 D .V 0; E 0/ as follows: The vertex sets are determined by V 0

k
D Vnk , and the edge

setsE 0
k
D Enk ı � � � ıEnkC1�1 are formed by finite paths between the levels V 0

k
and V 0

kC1
.

The diagram B 0 D .V 0; E 0/ is called a telescoping of the original diagram B D .V;E/.

Note that for a generalized stationary Bratteli diagram, after telescoping, we can
always assume that the incidence matrix is aperiodic (see Appendix A).

2.2. Isomorphism of generalized Bratteli diagrams

Similarly to the case of standard Bratteli diagrams (see, e.g., [31]), we define the notion
of isomorphic generalized Bratteli diagrams.

Definition 2.8. Two generalized Bratteli diagrams B D .V; E/ and B 0 D .V 0; E 0/ are
called isomorphic if there exist two sequence of bijections .gn W Vn ! V 0n/n2N0 and
.hn WEn!E 0n/n2N0 such that for every n 2N0, we have gn.Vn/D V 0n and hn.En/DE 0n,
and s0 ı hn D gn ı s, r 0 ı hn D gn ı r .

To illustrate Definition 2.8, we consider the following example.
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Example 2.9 (Isomorphic generalized Bratteli diagrams, Figure 1). Let B.F / be a sta-
tionary generalized Bratteli diagram such that every level of B is identified with Z, and
the incidence matrix F D .fij /i;j2Z has entries

fij D

8̂̂<̂
:̂
2; for i D j;

1; for ji � j j D 1;

0; otherwise.

Similarly, let B 0.F 0/ be a stationary generalized Bratteli diagram such that every level
of B 0 is identified with N0, and its incidence matrix F 0 D .f 0ij /i;j2N0 has entries f 000 D
f 011 D 2, f 001 D 1; f

0
02 D 1; f

0
10 D 1; f

0
13 D 1; f

0
20 D 1; f

0
31 D 1, and for i; j … ¹0; 1º:

f 0ij D

8̂̂<̂
:̂
2; for i D j;

1; for ji � j j D 2;

0; otherwise.

The diagrams B and B 0 (elaborated in Figure 1) are isomorphic. Indeed, the bijections
.gn W Vn ! V 0n/n2N0 and .hn W En ! E 0n/n2N0 that give the isomorphism are defined as
follows: Since the diagrams are stationary, we set, for every n 2 N0, gn D g W Z! N0

g.n/ D

´
2n; if n � 0;

�2n � 1; if n < 0:

The bijection hn W En ! E 0n is defined as follows: The two vertical edges in the diagram
B.F / with range i 2 Vn are mapped to the two vertical edges in the diagram B 0.F 0/ with

: : :

: : :

: : :

: : :

:

:

:

:

:

:

:

:

:

:

:

:

:

:

:

: : :

: : :

:

:

:

:

:

:

:

:

:

:

:

:

:

:

:

Figure 1. Isomorphic generalized Bratteli diagrams B and B 0.
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range g.i/ 2 Vn. For i > 0, the non-vertical edge with range i coming from left (respec-
tively from the right) is mapped to the non-vertical edge with range g.i/ 2 V 0n coming
from the left (respectively from the right). For i < 0, the non-vertical edge with range i
coming from left (respectively from the right) is mapped to the non-vertical edge with
range g.i/ 2 V 0n coming from the right (respectively from the left). For the non-vertical
edges with range 0 2 Vn, the mapping can be seen from Figure 1. It is easy to see that with
the above bijections the two diagrams are isomorphic.

Remark 2.10. Note that, in general, isomorphism of generalized Bratteli diagrams does
not preserve irreducibility. For instance, stationary diagram B from Example 2.9 is irre-
ducible since starting from every vertex we eventually reach any other vertex for some
sufficiently low level. It is easy to see that diagram B 0 is also irreducible. Define another
stationary generalized Bratteli diagram B 00 D .V 00; E 00/ isomorphic to B with every level
identified with Z. Consider the following sequence of bijections gnW Vn ! V 00n between
vertices of B and B 00 on level n:

gn.i/ D i C n:

Thus, the bijections gn do not change the level V0, shift all the vertices of level V1 by 1
to the right and all vertices of level Vn by n to the right. For all n, the correspond-
ing sequence of bijections hnW En ! E 00n between edges will map all edges outgoing
from vertex i 2 Vn to the edges with the source i C n 2 V 0n and the range in the set
¹i C n; i C n C 1; i C n C 2º. In particular, the edge with source i 2 Vn and range
i � 1 2 VnC1 will be mapped to the vertical edge between i C n 2 V 00n and i C n 2 V 00nC1.
Thus, it will not be possible to reach from vertex i 2 Vn any vertex j < i for any level
m > n. The incidence matrix F 00 of B 00 is lower triangular (here we indicate the main
diagonal of F 00 with bold font):

F 00 D

0BBBBBBBBB@

: : :
:::

:::
:::

:::
:::

: : : 1 0 0 0 : : :

: : : 2 1 0 0 : : :

: : : 1 2 1 0 : : :

: : : 0 1 2 1 : : :

:::
:::

:::
:::

:::
: : :

1CCCCCCCCCA
:

To define a dynamical system on the path space of a generalized Bratteli diagram, we
need to take a linear order > on each (finite) set r�1.v/; v 2 V n V0. This order defines
a partial order on the sets of edges Ei ; i D 0; 1; : : : : Edges e; e0 are comparable if and
only if r.e/D r.e0/. For a generalized Bratteli diagram B D .V;E/ equipped with partial
order >, we define a partial lexicographical order on the set Ek ı � � � ı El of all finite
paths from Vk to VlC1 as follows: .ek ; : : : ; el / > .fk ; : : : ; fl / if and only if ei > fi for
some i with k � i � l , and ej D fj for i < j � l . Then any two paths from the (finite)
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set E.V0; v/ of all paths connecting a vertex from V0 and v are comparable with respect
to the lexicographic order.

Definition 2.11. A generalized Bratteli diagram B D .V; E/ together with a partial
order > on E is called an ordered generalized Bratteli diagram B D .V;E;>/.

We call an infinite path eD .e0; e1; : : : ; ei ; : : :/maximal (respectively minimal) if every
ei has a maximal (respectively minimal) number among all elements from r�1.r.ei //. The
same definition is used for finite maximal/minimal paths. Remark that there are unique
minimal and maximal paths in the set E.V0; v/ of all finite paths arriving at v for each
v 2 Vi ; i > 0.

We note that, in contrast to standard Bratteli diagrams, there are orders on general-
ized Bratteli diagrams such that the sets Xmax and Xmin of maximal and minimal paths
are empty (see [5] and Example 4.2). It is not hard to see that Xmax and Xmin are closed
subsets of XB .

Definition 2.12. For an ordered generalized Bratteli diagram B D .V;E;>/, we define a
Borel transformation

'B W XB nXmax ! XB nXmin (2.2)

as follows. Given x D .x0; x1; : : :/ 2 XB n Xmax, let m be the smallest number such that
xm is not maximal. Let gm be the successor of xm in the finite set r�1.r.xm//. Then we
set 'B.x/ D .g0; g1; : : : ; gm�1; gm; xmC1; : : :/ where .g0; g1; : : : ; gm�1/ is the minimal
path in E.V0; s.gm//. The map 'B is a Borel bijection. Moreover, 'B is a homeomor-
phism from XB n Xmax onto XB n Xmin. If 'B admits a bijective extension to the entire
path space XB , then we call the Borel transformation 'B W XB ! XB a Vershik map, and
the Borel dynamical system .XB ; 'B/ is called a generalized Bratteli–Vershik system.

Remark 2.13. We collect here several facts about Vershik maps on generalized Bratteli
diagrams.

(1) Let B D .V; E; >/ be an ordered generalized Bratteli diagram. Relation (2.2)
defines 'B uniquely as a map from XB n Xmax onto XB n Xmin. We note that if 'B can
be prolonged to a Vershik map on XB , then, in general, such an extension is not unique.
Indeed, if jXminj D jXmaxj > 1 then we can choose arbitrary a Borel map from Xmax onto
Xmin as a Vershik map acting on Xmax.

(2) There exist orders > on XB such that both sets Xmax and Xmin are empty. In this
case, 'B is uniquely determined according to (2.2) of Definition 2.12. Also, there exist
orders > on B such that jXmaxj ¤ jXminj; in particular, one of these sets may be empty. In
the latter case, B.V;E;>/ does not support a Vershik map.

(3) We note that for simple standard Bratteli diagrams, the left-to-right ordering
always generates a Vershik homeomorphism. Indeed, in this case, all minimal edges
start from the first vertex on each level, and all maximal edges start from the last ver-
tex. This guarantees the uniqueness of an infinite minimal and infinite maximal path. For
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irreducible generalized Bratteli diagrams, the left-to-right ordering does not necessarily
produce a Borel Vershik automorphism (see Example 3.9) or a continuous Vershik map
(see Theorem 3.10).

Definition 2.14. Two ordered generalized Bratteli diagrams B D .V; E; >/, B 0 D
.V 0; E 0; >0/ are called order isomorphic if they are isomorphic (see Definition 2.8) and,
for all n 2N, v 2 Vn, and e1; e2 2 r�1.v/, we have e2 > e1 if and only if hn.e1/ >0 hn.e2/
for hn.e1/;hn.e2/ 2 r�1.gn.v//, where gn W Vn! V 0n and hn WEn!E 0n are the bijections
defined as in Definition 2.8.

We show that an order isomorphism of two generalized Bratteli diagrams implies an
isomorphism of the respective generalized Bratteli–Vershik dynamical systems.

Theorem 2.15. LetB D .V;E;>/ andB 0D .V 0;E 0;>0/ be order isomorphic generalized
Bratteli diagrams. Assume that jXB.max/j D jXB.min/j and jXB 0.max/j D jXB 0.min/j.
Then the orders > and >0 generate Vershik maps 'B W XB ! XB and 'B 0 W XB 0 ! XB 0

such that the generalized Bratteli–Vershik systems .XB ; 'B/ and .XB 0 ; 'B 0/ are Borel
isomorphic.

Proof. We will construct two Vershik maps 'B W XB ! XB and 'B 0 W XB 0 ! XB 0 and
define a Borel map f W XB ! XB 0 such that, for x 2 XB ,

f .'B.x// D 'B 0.f .x//: (2.3)

We use the concatenation of the maps .hn W En ! E 0n/n2N0 given in Definition 2.8 to
define f for x D .x0; x1; : : :/ 2 XB ,

f .x/ D .hn.xn//n2N0 WD .x
0
n/n2N0 WD x

0
2 XB 0 :

Since every hn is a bijection, we see that f W XB ! XB 0 is a well-defined bijective map. It
follows from Definition 2.8 that f .XB.max//DXB 0.max/ and f .XB.min//DXB 0.min/.

By Definition 2.12, we have

'B WXB nXB.max/!XB nXB.min/; 'B 0 WXB 0 nXB 0.max/!XB 0 nXB 0.min/ (2.4)

We show that, for x 2 XB n XB.max/, the map f W XB n XB.max/! XB 0 n XB 0.max/
intertwines the Vershik maps 'B and 'B 0 . To see this, take x D .x0; x1; : : :/ 2 XB n

XB.max/ and find the smallest integer k such that xk is not maximal. Let yk be the
successor of xk in the finite set r�1.r.xk//. Then, by definition of the Vershik map,
'B.x/ D .y0; y1; : : : ; yk�1; yk ; xkC1; : : :/ where .y0; y1; : : : ; yk�1/ is the minimal path
in E.V0; r.yk�1//. By definition of f , we have

f .'B.x// D .h0.y0/; : : : ; hk�1.yk�1/; hk.yk/; hkC1.xkC1/; : : :/;

where .h0.y0/; : : : ; hk�1.yk�1// is the minimal path with range s0.hk.yk//. We note that
hk.yk/ is the successor of hk.xk/ in the set .r 0/�1.r 0.h.yk///.
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We now compute 'B 0.f .x//:

'B 0.f .x// D 'B 0.h0.x0/; : : : ; hk�1.xk�1/; hk.xk/; hkC1.xkC1/; : : :/

D .h0.y0/; : : : ; hk�1.yk�1/; hk.yk/; hkC1.xkC1/; : : :/

because the minimal path with range in s0.hk.yk// is unique. Hence, 'B 0f D f 'B on
XB nXB.max/.

It remains to show that the relation 'B 0f D f 'B can be extended to all XB . By the
condition of the theorem, 'B can be extended toXB , we keep the same notation 'B for the
extension. Since f implements a bijection between XB.max/ and XB 0.max/ and between
XB.min/ andXB 0.min/, we can extend the definition of 'B 0 as follows: for x 2XB 0.max/,
we set

'B 0.x/ D f ı 'B ı f
�1.x/: (2.5)

Then 'B 0 W XB 0.max/! XB 0.min/, and, taking into account the result proved above, we
conclude that relation (2.5) holds for all x.

Now we mention an observation that will be of use later on.

Lemma 2.16. Let B D .V; E; >/ be an ordered generalized Bratteli diagram. Then the
sets Xmax and Xmin of maximal and minimal infinite paths are closed; in particular, they
can be empty. The Vershik map 'B W XB nXmax ! XB nXmin is a homeomorphism.

Let .X;B/ be a standard Borel space. Recall that any two uncountable standard Borel
spaces are Borel isomorphic. For a standard Borel space .X;B/, a one-to-one Borel map T
ofX onto itself is called a Borel automorphism of .X;B/. The following result shows that
any aperiodic Borel automorphism of a standard Borel space can be realized as a Vershik
map on a generalized Bratteli diagram.

Theorem 2.17 ([5]). Let T be an aperiodic Borel automorphism acting on a stan-
dard Borel space .X; B/. Then there exist an ordered generalized Bratteli diagram
B D .V; E; >/ and a Vershik map 'B W XB ! XB such that .X; T / is Borel isomorphic
to .XB ; 'B/. Moreover, 'B is a homeomorphism of the path space XB .

3. Generalized Bratteli diagrams of bounded size

In this section, we discuss generalized Bratteli diagrams of bounded size (see Defini-
tion 3.1). These diagrams are characterized by the fact that all incidence matrices are
banded. Such diagrams have a locally compact path space and in our analysis, we consider
them as an intermediate step between the classical Bratteli diagrams (i.e., having finitely
many vertices at each level) and generalized Bratteli diagrams. Generalized Bratteli dia-
grams of bounded size present models for substitution dynamical systems on countably
infinite alphabets (see [10]). We present more examples of generalized Bratteli diagrams
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of bounded size together with the corresponding substitution dynamical systems and
invariant measures in Subsection 7.3. In Subsection 3.1, we prove statements about the
structure of such diagrams which will be of use later on. In Subsection 3.2, we consider the
Vershik map on the path space of a bounded size diagram defined by the left-to-right order.
We show that, unlike the classical simple Bratteli diagrams, the left-to-right order on an
irreducible generalized Bratteli diagram of bounded size does not necessarily give rise to
a continuous Vershik map. We give conditions under which the left-to-right order can give
rise to a continuous Vershik map and conditions under which every infinite maximal path
is necessarily a point of discontinuity.

3.1. The structure of the generalized Bratteli diagrams of bounded size

This subsection is dedicated to studying the structure of generalized Bratteli diagrams
B D .V; E/ of bounded size. Unless stated otherwise, we will identify the set of vertices
at each level with integers, that is, for each i 2 N0, we have Vi D Z. Observe that such
a diagram has a locally compact path space XB , and the restriction of XB to any cylinder
set can be represented as the path space of a standard Bratteli diagram.

Definition 3.1. A generalized Bratteli diagram B.Fn/ is called of bounded size if there
exists a sequence of pairs of natural numbers .tn; Ln/n2N0 such that, for all n 2 N0 and
all v 2 VnC1,

s.r�1.v// 2 ¹v � tn; : : : ; v C tnº and
X
w2Vn

f .n/vw D

X
w2Vn

jE.w; v/j � Ln: (3.1)

If the sequence .tn; Ln/n2N0 is constant, that is, tn D t and Ln D L for all n 2 N0, then
we say that the diagram B.Fn/ is of uniformly bounded size.

Observe that, the condition
P
w2Vn

f
.n/
v;w � Ln implies that the set s.r�1.v// is finite.

Moreover, the cardinality js.r�1.v//j is bounded as a function of v for every level Vn. The
role of the first condition in (3.1) is to control the sources of edges arriving at v 2 VnC1.

Remark 3.2. We will use the following convention for bounded size Bratteli diagrams.
For each n 2 N0, the pair of natural numbers .tn; Ln/ are chosen to be the minimal possi-
ble. Also, for every n2N0, it is assumed thatE.v� tn; v/ andE.vC tn; v/ are non-empty
for all v 2 VnC1. These assumptions are made to simplify our notation and calculations.
Otherwise, we would have to use two sequences, .tCn /, .t

�
n /, where

tCn D max¹t W E.v C t; v/ ¤ ;º

and
t�n D max¹t W E.v � t; v/ ¤ ;º:

The usage of two different sequences .t˙n / instead of .tn/ would affect computations but
not the corresponding results.
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Observe that the property of bounded size implies that the incidence matrices of the
diagram are banded infinite matrices. Let B D B.Fn/ be a generalized Bratteli diagram of
bounded size corresponding to a sequence .tn; Ln/n2N0 . Then all non-zero entries of Fn
belong to a band of width 2tn C 1 along the main diagonal. Moreover, the sum of entries
in every row of Fn is bounded by Ln. In other words, for every n 2 N0 and v 2 VnC1, we
have f .n/v;w D 0 if jv � wj > tn and

P
w2Vn

f
.n/
v;w � Ln. Also, by the above assumption,

E.v ˙ tn; v/ ¤ ; (or f .n/v;v˙tn
> 0) for all v 2 VnC1; v ˙ tn 2 Vn, and n 2 N0.

In [10], the authors studied substitution dynamical systems on a countably infinite
alphabet A as Borel dynamical systems. It was proved that a substitution dynamical sys-
tem on a countably infinite alphabet which is left determined (a generalization of the
recognizability property to the countable case, see [37]) and has bounded size (see the
definition below) admits a realization as a Vershik map on a stationary generalized Bratteli
diagram.

Definition 3.3. Identifying A with Z, we say that a substitution � W n! �.n/, n 2 Z, is
of bounded size if it is of bounded length and there exists a positive integer t (independent
of n) such that for every n 2 Z, if m 2 �.n/, then m 2 ¹n � t; : : : ; n; : : : ; nC tº.

Clearly, this definition is analogous to the definition of bounded size generalized
Bratteli diagrams.

Theorem 3.4 ([10]). Let � be a bounded size left determined substitution on a countably
infinite alphabet and .X� ; T / be the corresponding subshift. Then there exist a stationary
ordered generalized Bratteli diagram B D .V; E;�/ of bounded size and a Vershik map
'WXB ! XB such that .X� ; T / is Borel isomorphic to .XB ; '/.

In the rest of the subsection, we discuss the structure of generalized Bratteli diagrams
of bounded size.

Lemma 3.5. Let B D .V; E/ be a generalized Bratteli diagram of bounded size. Let
n 2 N0, v 2 VnC1, and E.V0; v/ be the set of all finite paths e D .e0; : : : ; en/ such that
r.e/ D v. Then

s.E.V0; v// �

´
v �

nX
iD0

ti ; : : : ; v C

nX
iD0

ti

µ
and

jE.V0; v/j � L0 � � �Ln:

Proof. We prove the lemma by induction. Case nD 0 follows from the definition. Suppose
the statement of the lemma is true for n D k. Then for any v 2 VkC2,

s.r�1.v// 2 ¹v � tkC1; : : : ; v C tkC1º
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and

s.E.V0; v// �
[

w2¹v�tkC1;:::;vCtkC1º

s.E.V0; w//

�

´
v � tkC1 �

kX
iD0

ti ; : : : ; v C tkC1 C

kX
iD0

ti

µ

D

´
v �

kC1X
iD0

ti ; : : : ; v C

kC1X
iD0

ti

µ
:

We also have

jE.V0; v/j D
X

w2VkC1

f .kC1/vw jE.V0; w/j � .L0 � � �Lk/
X

w2VkC1

f .kC1/vw

� L0 � � �Lk � LkC1:

Corollary 3.6. Let B D .V; E/ be a generalized Bratteli diagram of bounded size. Let
n 2 N0, v 2 VnC1, and E.V0; v/ be the set of all finite paths e D .e0; : : : ; en/ such that
r.e/ D v. Then for every m � n, we have

s.E.Vm; v// �

´
v �

nX
iDm

ti ; : : : ; v C

nX
iDm

ti

µ
:

Proof. The proof follows from an induction argument similar to that used in the proof of
Lemma 3.5.

Assume that B D .V; E/ is a diagram of bounded size corresponding to a sequence
.tn;Ln/n2N0 . Fix v 2 VnC1 and let e D .e0; : : : ; en/ be a finite path with r.e/D v 2 VnC1.
By Lemma 3.5,

s.e0/ 2

´
v �

nX
iD0

ti ; : : : ; v C

nX
iD0

ti

µ
:

Lemma 3.7. Let B D .V;E/ be a diagram of bounded size corresponding to a sequence
.tn;Ln/n2N0 . Fix v 2 VnC1, and let eD .e0; : : : ; en/ be a finite path with r.e/D v 2 VnC1.
Then for all infinite paths x D .xn/n2N0 2 Œe� and all m � 0:

r.xnCm/ 2

´
v �

mX
iD1

tnCi ; : : : ; v C

mX
iD1

tnCi

µ
� VnCmC1: (3.2)

Proof. We prove this lemma by induction. Fix v 2 VnC1, then (3.2) is trivially true for
m D 0. By induction step, we assume that (3.2) holds for m D k, that is,

r.xnCk/ 2

´
v �

kX
iD1

tnCi ; : : : ; v C

kX
iD1

tnCi

µ
� VnCkC1:
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By Lemma 3.5, if u 2 VnCkC2, such that E.v; u/ ¤ ; then

v 2

´
u �

kX
iD0

tnC1Ci ; : : : ; uC

kX
iD0

tnC1Ci

µ
:

This implies,

u 2

´
v �

kC1X
iD1

tnCi ; : : : ; v C

kC1X
iD1

tnCi

µ
:

In other words,

r.xnCkC1/ 2

´
v �

kC1X
iD1

tnCi ; : : : ; v C

kC1X
iD1

tnCi

µ
� VnCkC2

as needed.

3.2. Continuity of a Vershik map for generalized Bratteli diagrams of bounded size

In the case of classical Bratteli diagrams, that is, the diagrams with finitely many vertices
at each level, it is a well-known fact that, for simple Bratteli diagrams, the left-to-right
order always gives rise to a Vershik homeomorphism [31,48]. In this subsection, we show
that this is not true for irreducible generalized Bratteli diagrams of bounded size.

Let B D .V; E/ be an irreducible generalized Bratteli diagram of bounded size with
the corresponding sequence .tn; Ln/n2N0 . We will denote by ! a fixed partial order on E.
To emphasize that a diagram B is ordered, we will write .B;!/. Let Xmax D Xmax.!/ and
Xmin D Xmin.!/ denote the sets of infinite maximal and minimal paths, respectively, with
respect to the corresponding order.

Lemma 3.8. Let B D .B;!/ be an ordered generalized Bratteli diagram of bounded size
where ! is the left-to-right partial order on E, then

jXmaxj D jXminj D @0:

Proof. Let .tn; Ln/n2N0 denote the sequence corresponding to the bounded size diagram
.B; !/. Recall that for n 2 N and v 2 Vn, E.V0; v/ denotes the set of all finite paths
e D .e0; : : : ; en/ such that r.e/ D v. Since ! is left-to-right ordering, the leftmost finite
path and the rightmost finite path is the unique minimal and the unique maximal path,
respectively, in the set E.V0; v/. We denote them by emin and emax. Since .B; !/ is of
bounded size, there are vertices uD vC tnC1 and u0 D v � tnC1 in VnC1 such that e.v;u/
is the minimal edge in the set r�1.u/ and e.v; u0/ is the maximal edge in the set r�1.u0/.

This observation implies that, for every v 2 Vn, the finite minimal path emin 2E.V0; v/

and the finite maximal path emax 2 E.V0; v/ have unique minimal and unique maximal
extensions to the level nC 1. This proves that the sets Xmax and Xmin are countable.
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Observe that for a two-sided generalized Bratteli diagram of bounded size B D .V;E/
(i.e., each Vi is identified with Z) with left-to-right ordering, there exist countably infinite
“slanted” minimal paths which go “from left-to-right” and countably infinite “slanted”
maximal paths which go “from right to left”. Since by convention, each vertex has the
rightmost and leftmost incoming edge corresponding to the parameters tn, all infinite
minimal paths go “parallelly” to each other; the same holds for maximal paths.

Note that for an ordered generalized Bratteli diagram .B; !/, the Vershik map 'B.!/
(corresponding to !) is a well-defined map from XB nXmax.!/ to XB nXmin.!/. Denote
by ˆB.!/ the set of all possible extensions of 'B.!/ to Vershik maps defined on the
entire XB . In general, ˆB.!/ can be empty. As mentioned in Lemma 2.16, the map
'B.!/ W XB n Xmax.!/! XB n Xmin.!/ is continuous. In what follows, we discuss the
question of whether 'B.!/ can be extended to a continuous Vershik map on the entire
path space XB .

We first give a simple example where there is no Vershik map on a generalized Bratteli
diagram; in other words, the map 'B.!/ W XB n Xmax.!/ ! XB n Xmin.!/ cannot be
extended to the entire path space in Borel fashion.

Example 3.9. Let B D .B; !/ be a one-sided generalized Bratteli diagram of bounded
sized (i.e., each Vi is identified with N) where ! is the left-to-right ordering. We con-
sidered such a diagram in Example 2.9 (although without the ordering, see the second
diagram in Figure 1). Then it is easy to see that .B; !/ admits infinitely many minimal
paths and no maximal paths in the diagram. Hence, the Vershik map 'B W XB n Xmax !

XB nXmin cannot be extended to a Borel bijection to XB .

Now we show that there exists a class of generalized Bratteli diagrams of bounded
size such that the left-to-right order does not give rise to a continuous Vershik map.

Theorem 3.10. Let B D .B; !/ be a generalized Bratteli diagram of bounded size, with
the corresponding sequence .tn;Ln/n2N0 and left-to-right ordering !. Assume that for all
N 2 N there exists k 2 N such that

tNCk <

NCk�1X
iDN

ti : (3.3)

Let 'B.!/ 2 ˆ.!/ be any Vershik map on XB corresponding to the order !. Then 'B.!/
is not continuous. Moreover, every infinite maximal path is a point of discontinuity.

Proof. Assume that the vertices of B are enumerated by Z. By Lemma 3.8, there always
exists a well-defined Vershik map 'B D 'B.!/ on XB . To show that 'B is not continu-
ous, we will prove that any neighborhood of a maximal path contains two infinite paths, x0

and x00, such that the distance between their images under the Vershik map is equal to 1.
Pick any x D .xn/n2N0 2 Xmax, we will show that in an arbitrarily small neigh-

borhood of x there are paths x0 D .x0n/n2N0 ; x
00 D .x00n/n2N0 2 XB n Xmax such that
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d.'B.x
0/; 'B.x

00// D 1. For " > 0, take any n such that 1
2n�1

< ". Let x0
l
D xl for l < n

and x0n be the minimal edge with the source in r.xn�1/. Define x0
k

for k > n in an arbitrary
way such that x0 D .x0

l
/ form a path in XB . Then d.x; x0/ < " and x0 is not a maximal

path. Let y0 D .y0n/ D 'B.x
0/. Then y0n is the successor of x0n and since the ordering is

left-to-right, we have s.y0n/ � r.xn�1/ D s.x
0
n/.

By (3.3), there exists k 2 N such that

tnCk <

nCk�1X
iDn

ti :

Set x00
l
D xl for 0 � l � n C k � 1. Let x00

nCk
be the minimal edge with the source in

r.xnCk�1/ and let x00
l

for l > nC k � 1 be defined in an arbitrary way such that x00 D .x00
l
/

form a path in XB . Then d.x; x00/ < " and x00 is not a maximal path. Let y00
nCk

be the suc-
cessor of x00

nCk
and denote y00 D .y00

l
/ D 'B.x

00/. Since B is a diagram of bounded size,
we have s.y00

nCk
/ � r.xnCk�1/C 2tnCk . Recall that we assume that the sets E.v � tn; v/

and E.v C tn; v/ are non-empty for all v 2 VnC1 and all n. This means that

r.xnCk�1/ D r.xn�1/ �

nCk�1X
iDn

ti :

Since .y000 ; : : : ; y
00
nCk�1

/ is the finite minimal path and the sets E.v � tn; v/, E.v C tn; v/
are non-empty for every v 2 VnC1, we have

s.y00n/ D s.y
00
nCk/ �

nCk�1X
iDn

ti :

Thus,

s.y00n/ D s.y
00
nCk/ �

nCk�1X
iDn

ti

� r.xnCk�1/C 2tnCk �

nCk�1X
iDn

ti

D r.xn�1/C 2tnCk � 2

nCk�1X
iDn

ti < r.xn�1/:

Hence, s.y0n/ > s.y
00
n/ and since all minimal paths in the diagram go “parallelly” to each

other, we have d.'B.x0/; 'B.x00// D 1.

Remark 3.11. We note that the conditions of the theorem above hold for generalized
Bratteli diagrams of uniformly bounded size. Indeed, since tn D t for all n 2 N0, for
every N 2 N it is enough to take k D 2 and the condition (3.3) will be satisfied. Thus,
even irreducible generalized Bratteli diagrams of uniformly bounded size with left-to-right
ordering do not support a continuous Vershik map.
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Now we show that there exists a class of generalized Bratteli diagrams of bounded
size such that the left-to-right order does give rise to a continuous Vershik map. This class
is dual to the class of diagrams considered in Theorem 3.10.

Theorem 3.12. Let B D .B; !/ be a generalized Bratteli diagram of bounded size, with
the corresponding sequence .tn; Ln/n2N0 and left-to-right ordering !. Let Ln D 2 for all
n 2 N and let there exist N 2 N0 such that

tNCk D

NCk�1X
iDN

ti (3.4)

for all k 2 N. Then there exists a continuous Vershik map corresponding to !.

Proof. Clearly, the Vershik map is well defined onXB nXmax. Define the Vershik map 'B
on the set of maximal paths as follows: For every vertex w 2 VN , let 'B map the unique
maximal path x.w/max passing throughw to the unique minimal path x.w/min passing throughw.
Then 'B is a bijection. Since every vertex v 2 V n V0 has exactly two incoming edges, it
is easy to verify the continuity of 'B . Indeed, let w 2 VN and x be any non-maximal path
that coincides with x.w/max up to level M � N . Then

d.x.w/max ; x/ D
1

2M
�

1

2N
:

Then it follows from the structure of the diagram that the distance

d.'B.x/; x
.w/
min / D

1

2M
:

Thus, x will be mapped to the neighborhood of the corresponding xmin (see Figure 2 in
Example 3.13).

Now we give an example which illustrates Theorem 3.12.

Example 3.13. Let B D .B; !/ be a two-sided generalized Bratteli diagram of bounded
size, with the corresponding sequence .tn; Ln/n2N0 and left-to-right ordering !. Suppose
that

Ln D 2; tn D 2
n�1 for n 2 N and t0 D 1:

The diagram B D .V; E/ is shown in Figure 2. In other words, every vertex v 2 V n V0
has exactly two incoming edges. Endow B with the left-to-right ordering. To define the
Vershik map, we use the following rule: For every vertexw 2 V0, the maximal infinite path
which starts at w is mapped to the minimal infinite path which starts at the same vertex w.
Then it is easy to check that the corresponding Vershik map is a homeomorphism. Note
that, in this case, for every n � 1

tn D

n�1X
iD0

ti
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:

:

Figure 2. A continuous Vershik map (left-to-right ordering).

(compare with the result of Theorem 3.12). We remark also that the Bratteli diagram, con-
structed in this example, is reducible. Indeed, starting from the level V2, all infinite paths
that begin at even vertices will go through even vertices only.

4. Continuity of Vershik map for generalized Bratteli diagrams

The aim of this section is to find conditions under which a generalized Bratteli diagram
admits an order such that the corresponding Vershik map can be prolonged to a home-
omorphism. In particular, we are interested in orders ! such that there are no infinite
minimal and no infinite maximal paths. The Vershik map 'B.!/ corresponding to such an
order is uniquely defined, and it is always a homeomorphism. Such orders were also used
in Theorem 2.17 where generalized Bratteli diagrams corresponding to Borel dynamical
systems were constructed using sequences of vanishing markers [5].

4.1. Ordered generalized Bratteli diagrams with no infinite minimal and maximal
paths

Let B be a generalized Bratteli diagram such that, for every level n 2 N, the set of its
vertices Vn is identified with N. Note that this condition is not a restriction, since the set
of vertices of any generalized Bratteli diagram can be enumerated this way (see Subsec-
tion 2.2 and Example 2.9). We call an edge e of such a diagram slanted from right to left if
r.e/ < s.e/, slanted from left to right if r.e/ > s.e/, and vertical if r.e/ D s.e/. We also
say that a finite or infinite path is slanted from right to left if it consists of edges slanted
from right to left.
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Theorem 4.1. Let B be a generalized Bratteli diagram such that the set of vertices on
each level is identified with N. Suppose that there exists a level N such that starting from
that level every vertex has at least two incoming edges which are slanted from right to left.
Then B admits an order such that the sets of infinite minimal and infinite maximal paths
are empty.

Proof. Put an arbitrary order on B up to level N . Starting from level N , we define an
order such that, for every vertex, all minimal and maximal edges are slanted from right to
left. Indeed, by the assumption, every vertex v beginning level N and below has at least
two incoming edges slanted from right to left, say ev and e0v . We define an order ! such
that a minimal edge and a maximal edge in r�1.v/ are ev and e0v , respectively. Since all
vertices are enumerated by natural numbers, we denote by v1 the leftmost vertex in every
level starting from N . Then the vertex v1 of the diagram has no outgoing minimal edge
and no outgoing maximal edge since all its outgoing edges are either vertical or slanted
from left to right.

Let x D .xn/ be any minimal or maximal path that passes through some vertex
w 2 VN . Since for every n � N , all minimal and maximal edges are slanted from right
to left, we obtain r.xn/ < w C N � n and r.xnC1/ < r.xn/ for every n � N . Since all
levels of vertices are enumerated by natural numbers, every such path x must be finite.

Example 4.2. The diagram in Figure 3 satisfies the conditions of Theorem 4.1 forN D 0.
Indeed, define B D B.F / to be a one-sided infinite generalized Bratteli diagram where
A D F> D .aij /i;j2N is defined by

A D

0BBBBBBBBBB@

1 1 1 1 1 1 � � �

1 0 0 0 0 0 � � �

1 1 0 0 0 0 � � �

0 1 1 0 0 0 � � �

0 0 1 1 0 0 � � �

0 0 0 1 1 0 � � �

:::
:::

:::
:::

:::
:::

: : :

1CCCCCCCCCCA
: (4.1)

In other words, for all j 2 N,

aij D

´
1 if i D 1 or i D j C 1 or i D j C 2;

0 otherwise:
(4.2)

Note that every vertex in V n V0 has exactly three incoming edges. Define a stationary
order on B as follows: Let all the edges outgoing from the first vertex have label 1, and
all other edges can be labeled by 0 and 2 in an arbitrary way. So it defines an ordered
generalized Bratteli diagram. Then, for any vertex v 2 V0, any minimal or maximal path
starting from this vertex will be slanted from right to left and finite (see Figure 3). Notice
that the Vershik map corresponding to this diagram is a minimal homeomorphism. Indeed,
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:
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0

2

0

2

0
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0

2

0

2

1

1

1

1

Figure 3. The Vershik map is a minimal homeomorphism, the sets of infinite minimal and maximal
paths are empty.

every infinite path inXB passes through the first vertex infinitely many times and the orbit
of such path visits every cylinder set of XB .

Example 4.3. The diagram in Figure 4 satisfies the conditions of the Theorem 4.1 for
N D 0 after telescoping with respect to even levels. The incidence matrix of the diagram
has the form

F D

0BBBBBBBB@

2 1 0 0 0 � � �

1 2 1 0 0 � � �

0 1 2 1 0 � � �

0 0 1 2 1 � � �

0 0 0 1 2 � � �

:::
:::

:::
:::

:::
: : :

1CCCCCCCCA
:

The orders of E0 and E1 are presented in Figure 4. For every even i , the edges Ei are
enumerated in the same way asE0, and for every odd i , in the same way asE1. Thus, after
telescoping with respect to even-numbered levels, we obtain a stationary ordered Bratteli
diagram such that all minimal and maximal edges are slanted from right to left.

Remark 4.4. Note that if every vertex of a generalized Bratteli diagram has an outgoing
minimal edge and an outgoing maximal edge, then the sets of infinite minimal paths and
infinite maximal paths are non-empty. The diagram in Example 4.3 has the property that
every vertex has at least one extreme (minimal or maximal) outgoing edge, but this does
not guarantee the existence of infinite maximal or infinite minimal paths. Moreover, the
aforementioned property does not hold after telescoping with respect to even levels. After
such a telescoping, the first vertex does not have any outgoing minimal or maximal edges.

Example 4.5. The diagram shown in Figure 5 does not satisfy conditions of Theorem 4.1
for any N , but still, there is an order for which there are no infinite minimal and infinite
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2 1

0 2

3 1

0 2

3 1

0 2

3 1

2

3 1

0

1 0

2 2

1 0

3 2

1 0

3 2

1 0

3 2

1 0

:

:

:

:

:

:

:

:

:

:

:

:

:

:

:

: : :

: : :

: : :

Figure 4. The Vershik map is a homeomorphism: After telescoping, all minimal and maximal edges
are slanted from right to left.

21 20 10 100
3

21 320
3 20 100

4

:
:
:

:
:
:

:
:
:

:
:
:

: : :

: : :

: : :

: : :

21 0
3 32 0

4
0

423 02

Figure 5. The sets of infinite minimal and maximal paths are empty (the labels are shown only for
bow-shaped edges).

maximal paths. For every vertex w 2 V n V0, if there are two incoming edges that are
slanted from right to left, we enumerate them as minimal and maximal. Otherwise, we
enumerate two vertical incoming edges as minimal and maximal. The remaining edges
can be enumerated in arbitrary ways, for instance, from left to right. Then every mini-
mal and maximal edge is either vertical or slanted from right to left and any minimal or
maximal path eventually goes only through edges slanted from right to left.

This example shows that the assumption made in Theorem 4.1 is not necessary.

Remark 4.6. Not every generalized Bratteli diagram can be endowed with an order such
that there are no infinite minimal and no infinite maximal paths. It is easy to provide exam-
ples of reducible generalized Bratteli diagrams such that for any order there exist infinite
minimal and infinite maximal paths. We recall the definition of a vertex subdiagram which
was used before for standard Bratteli diagrams but can also be defined in the same way for
generalized ones. LetB D .V;E/ be a generalized Bratteli diagram. LetW D ¹Wnºn>0 be
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0 1 0 1

12 3
1

0 2 0 2

0 1 0 1

12 3
1

0 2 0 2

: : :
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:
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:
:

:
:
:

Figure 6. For the stationary order presented above, the Vershik map is a continuous bijection, but
its inverse is discontinuous. For any order, there is at least one infinite minimal path and one infinite
maximal path.

a sequence of proper, non-empty subsets Wn � Vn. Set W 0n D Vn nWn. The (vertex) sub-
diagramBD .W ;E/ is a (standard or generalized) Bratteli diagram defined by the vertices
W D

S
i�0Wn and the edges E that have their source and range in W . In other words,

the incidence matrix F n of B is defined by those edges from B that have their source and
range in vertices from Wn and WnC1, respectively (see, e.g., [11]). Suppose that a path
space of a generalized Bratteli diagram B has a compact subset that is invariant under the
tail equivalence relation R and is represented by a standard Bratteli subdiagram B of B .
Then for any order on B , the path space XB has at least one minimal path and one max-
imal path. Since XB is invariant under R, there are no incoming edges to vertices of B
from the vertices that do not lie in B . Thus, the maximal and minimal paths which lie in
XB stay maximal and minimal also in XB . For instance, in Figure 6, the subdiagram B

consists of all paths which pass through the first vertex on each level. More generally, if a
generalized Bratteli diagram B has n subdiagrams with compact R-invariant path spaces
for some n 2 N, then any order on B admits at least n infinite minimal and n infinite
maximal paths.

4.2. Prolongation of the Vershik map

The goal of this subsection is to emphasize a sharp difference in the properties of Vershik
maps for generalized and standard Bratteli diagrams.

Theorem 4.7. There are stationary ordered generalized Bratteli diagrams with a unique
infinite minimal and a unique infinite maximal paths such that

(i) both the Vershik map 'B and its inverse '�1B are not continuous;

(ii) the Vershik map 'B is continuous but the inverse '�1B is discontinuous;

(iii) both the Vershik map 'B and its inverse '�1B are continuous.



Bratteli diagrams in Borel dynamics 823

0 2 1 1

0 2 1 1

: : :

: : :

: : :

:
:
:

:
:
:

:
:
:

:
:
:

:
:
:

:
:
:

0

2

0

2
0

2

0
2

0

2

0

2

1

1

1

1

Figure 7. There is a unique infinite minimal path and a unique infinite maximal path, Vershik map
'B is a Borel bijection, both 'B and '�1

B
are discontinuous.

The proof of this theorem is given in Examples 4.8 and 4.10 and Remark 4.9.
We recall that for standard Bratteli diagrams, it is obvious that if a diagram has a

unique minimal infinite path xmin and a unique maximal infinite path xmax, then the Vershik
map which sends xmax to xmin is a homeomorphism. This fact follows from compactness of
the path space. In the example below, we show that the result does not hold for generalized
Bratteli diagrams.

Example 4.8. The stationary diagram in Figure 7 has a unique infinite minimal path xmin

and a unique infinite maximal path xmax such that they pass through the first vertex on
each level of the diagram. The second vertex of the diagram has no minimal or maximal
outgoing edges and all maximal and minimal edges which start not at the first vertex are
slanted from right to left, which guarantees that there are no other infinite minimal and
maximal paths (see also Example 4.2). This means that the corresponding Vershik map
'B sends xmax to xmin with necessity. We claim that 'B is not a homeomorphism of XB in
this case. Indeed, let x be a non-maximal path that coincides with xmax for exactly n first
edges, and then passes through a non-maximal edge. Then the image of x under the Ver-
shik map 'B lies in the cylinder set corresponding to the minimal path of length n which
is slanted from right to left and ends in the second vertex of the diagram. Thus, the images
of the non-maximal paths which lie in the neighborhood of the unique maximal path are
not mapped into the neighborhood of the unique minimal path. Hence, the Vershik map
'B is not continuous on XB . Similarly, '�1B is discontinuous.

The following remark describes a class of ordered generalized Bratteli diagrams
with a unique infinite minimal path and a unique infinite maximal path such that the
corresponding Vershik map is a homeomorphism.

Remark 4.9. Similar to the case of standard Bratteli diagrams, it is easy to see that if for
every level n of a generalized Bratteli diagram B there is a unique vertex v.n/min such that all
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minimal edges of En start at v.n/min, and a unique vertex v.n/max such that all maximal edges
of En start at v.n/max, then there is a unique infinite minimal path xmin, a unique infinite
maximal path xmax, and the Vershik map which maps xmax to xmin is a homeomorphism
of XB .

The example below presents a stationary ordered generalized Bratteli diagram B with
a unique infinite minimal and a unique infinite maximal path such that the Vershik map
'B is a continuous bijection, but '�1B is discontinuous.

Example 4.10. The stationary ordered diagram on Figure 6 has a unique infinite mini-
mal path xmin and a unique infinite maximal path xmax passing through the first vertex
on each level of the diagram. All minimal and maximal edges which do not end in the
first vertex of the diagram are slanted from right to left; there are no outgoing minimal
or maximal edges from the second vertex of the diagram. Thus, the infinite minimal and
infinite maximal paths are unique. We define the Vershik map 'B on these paths by setting
'B.xmax/ D xmin. Then it is easy to see that 'B is a continuous bijection of XB . We show
that '�1B is not continuous. Indeed, any non-maximal path from a neighborhood of xmax

is mapped to a neighborhood of xmin. Now, consider a path x which first pass through
minimal edges and the first vertex of the diagram for n levels, but then goes once along
the minimal edge to the second vertex and then along the edge e enumerated by 1 to the
third vertex. We see that x lies in a neighborhood of xmin, but this path x is not mapped to
a neighborhood of xmax by '�1B . Indeed, the edge e has a predecessor which is the edge e0

labeled by 0 slanted from right to left. The source of e0 is the fourth vertex of the dia-
gram, and it is joined with V0 by a finite maximal path slanted from right to left. Thus, the
preimage of x does not belong to a neighborhood of xmax.

Recall that some results concerning the prolongation of a Vershik map for generalized
Bratteli diagrams of bounded size can also be found in Section 3.

5. Topological transitivity of the tail equivalence relation

In this section, we prove that the tail equivalence relation on the path space of a stationary
generalized Bratteli diagram with an irreducible and aperiodic incidence matrix is topo-
logically transitive. We also show that the irreducibility of the diagram does not imply the
tail equivalence relation is minimal (see Theorem 5.4).

Theorem 5.1. Let B D .V;E/ be a generalized stationary Bratteli diagram with an irre-
ducible aperiodic incidence matrix F D .fij /i;j2Z. Then the tail equivalence relation R

is topologically transitive.

Proof. The idea of the proof is to show that the diagram has “vertical” paths with dense
orbits in the path space. We identify vertices at each level with Z. Fix a vertex i 2 Z.
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i 2 V0

j 2 VN

i 2 Vk

i 2 V2k

j 2 VN CM

i 2 Vsk

:
::

Figure 8. Illustration to the proof of Theorem 5.1. A diagram with “vertical” paths resulting in dense
orbits in the path space.

Since F is irreducible, there exists k 2 N such that f .k/ii > 0. In other words, there is an
infinite path x in XB which passes through the vertex i on levels s � k for all s 2 N. We
will show that x is a transitive point, that is,

Œx�R D XB :

Indeed, it is enough to show that the tail equivalence class of x intersects every cylinder
set. Let Œe� D .e0; : : : ; eN�1/ be an arbitrary cylinder set. Denote j D r.eN�1/ 2 VN , we
show that for s 2 N large enough there is a path between i 2 Vsk and j 2 VN . Since the
matrix F is irreducible, there exists t 2N such that f .t/ij > 0. By Lemma A.1, there exists
l D l.j / 2 N such that

f
.m/
jj > 0 for all m � l:

Note that there exist s 2 N and an integer M � l such that there is a path of length t
between i 2 Vsk and j 2 Vsk�t and a path of length M between j 2 Vsk�t and j 2 VN
(see Figure 8). To see this, choose s such that sk � t � N > l . Take M D sk � t � N .
Hence, we obtain

f
.MCt/
ij � f

.t/
ij f

.M/
jj > 0:

Thus, there exists a path of lengthM C t between vertex j D r.eN / 2 VN and vertex i
on level Vsk . Therefore, Œx�R and Œe� have a non-empty intersection.

Remark 5.2. Theorem 5.1 focuses on stationary diagrams. In this remark, we consider
a structural property of the diagram which implies the transitivity of the tail equivalence
relation for non-stationary diagrams as well. Let B.V; E/ be an irreducible generalized



S. Bezuglyi, P. E. T. Jorgensen, O. Karpel, and S. Sanadhya 826

Bratteli diagram with a vertex i 2 Z (recall that we identify vertices at each level with
integers) such that for every level n there is an edge between i 2 Vn and i 2 VnC1. In
other words, there exists an infinite vertical path x 2 XB which passes through vertex i
on each level of the diagram. Then, it can be easily proved (in the same manner as in the
proof of Theorem 5.1) that the orbit Œx�R is dense in XB , and hence the tail equivalence
relation R is topologically transitive. More generally, it suffices to assume that there exists
a sequence .nk/ such that there is a path between the vertex i 2 Vnk and i 2 VnkC1 for
all k. Then after telescoping, we can use the above result.

It is natural to ask if there exist conditions on the structure of a generalized Bratteli
diagram that would imply the minimality of the tail equivalence relation. To this effect, we
show (see Theorem 5.4) that bounded size diagrams (see Definition 3.1) with irreducible
incidence matrices contain proper closed subsets that are invariant under the tail equiva-
lence relation and nowhere dense in the path space. In particular, this shows that the tail
equivalence relation is not minimal. Section 4 provides an example of a minimal Vershik
map on an ordered generalized Bratteli diagram which has no infinite minimal and no
infinite maximal paths (see Example 4.2). Since the orbits of the Vershik map and the tail
equivalence relation are the same for such a diagram, we obtain an example of a stationary
generalized Bratteli diagram with an irreducible aperiodic incidence matrix such that the
corresponding tail equivalence relation is minimal.

Let B D .V; E/ be a generalized Bratteli diagram of bounded size, with the corre-
sponding sequence .tn; Ln/n2N0 . For w 2 V0, we define

ZCw D

´
x D .xn/ 2 XB W s.x0/ � w and r.xn/ � w C

nX
iD0

ti for all n 2 N0

µ
:

Similarly, for w 2 V0 define

Z�w D

´
x D .xn/ 2 XB W s.x0/ � w and r.xn/ � w �

nX
iD0

ti for all n 2 N0

µ
:

Lemma 5.3. Let B D .V; E/ be a generalized Bratteli diagram of bounded size, with
the corresponding sequence .tn; Ln/n2N0 . Then, for every w 2 V0, the sets ZCw , Z�w are
invariant with respect to the tail equivalence relation R.

Proof. Fix x D .xn/ 2 Z
C
w and consider an infinite path y D .yn/ 2 XB which is tail

equivalent to x. Thus, there exists n 2N such that r.xn/D r.yn/D v for some v 2 VnC1.
Since x 2 ZCw , we have

v � w C

nX
iD0

ti :

By Corollary 3.6,

s.ym/ 2

"
v �

nX
iDm

ti ; v C

nX
iDm

ti

#
�

"
w C

m�1X
iD1

ti ;1

!
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for all m � n. In other words,

r.ym/ D s.ymC1/ 2

"
w C

mX
iD1

ti ;1

!
:

Since x 2 ZCw and x and y are tail equivalent, we also have

r.yk/ 2

"
w C

kX
iD1

ti ;1

!
for all k � n. Thus, y 2 ZCw , this shows that ZCw is invariant with respect to the tail equiv-
alence relation R. A similar argument shows that Z�w is also invariant with respect to the
tail equivalence relation R.

We will call the sets ZCw , Z�w slanting sets for w 2 V0.

Theorem 5.4. Let B D .V; E/ be a generalized Bratteli diagram of bounded size, with
the corresponding sequence .tn; Ln/n2N0 . Then, for every w 2 V0, the sets ZCw , Z�w are
closed nowhere dense sets with respect to the topology generated by cylinder sets. In par-
ticular, this shows (together with Lemma 5.3) that the tail equivalence relation R is not
minimal.

Proof. First, we prove that the set ZCw is closed. Let Z0 be a union of cylinder sets, on
level V0 which correspond to the vertices in the interval Œw;1/ � V0. Let Zn be a union
of all cylinder sets corresponding to finite paths of length n which lie in ZCw . Then we
have

Z0 � Z1 � � � � � Zn � � � � ;

each Zn is closed and

ZCw D

1\
nD0

Zn:

Hence, ZCw is closed.
We show that ZCw does not contain any cylinder set. Let e D .e0; : : : ; en/ be a finite

path which lies in ZCw and v D r.en/ 2 VnC1. There exists m such that v �
Pm
iD1 tnCi <

w C
Pm
iD1 tnCi . Since E.u � tn; u/ ¤ ; for all n and for all u 2 VnC1, there is a finite

path .enC1; : : : ; enCm/ between v 2 VnC1 and v �
Pm
iD1 tnCi 2 VnCm. Hence, the cylinder

set generated by the path .e0; : : : ; enCm/ is a subset of Œe� which does not belong to ZCw .
Thus, ZCw has empty interior. Since ZCw is closed, it follows that ZCw is nowhere dense. A
similar argument shows that Z�w is also closed and nowhere dense.

To end this section, we discuss the cardinality of the sets of the formZCw andZ�w for a
bounded size generalized Bratteli diagram and provide conditions that guarantee that ZCw
and Z�w are countable sets.
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Let B D .V;E/ be a bounded size generalized Bratteli diagram. For every w 2 V0, let
Y Cw denote the set of all infinite paths which start atw and then pass through the rightmost
possible vertex on each level, that is, for every m 2 N, the paths from Y Cw go through the
vertex w C

Pm�1
iD0 ti on level m. Obviously, we have Y Cw � Z

C
w for all w 2 V0. Analo-

gously, let Y �w � Z
�
w be the set of all infinite paths which start at w and then pass through

the leftmost possible vertex on each level. Note that the sets Y Cw , Y �w can be either finite
or uncountable (then they are odometers). We can say that Y Cw , Y �w are the “boundary”
paths for ZCw , Z�w .

Proposition 5.5. Let B D .V;E/ be a generalized Bratteli diagram of bounded size, with
the corresponding sequence .tn;Ln/n2N0 . If the sets Y Cw are finite for all w 2 V0, then the
setsZCw are countable for all w 2 V0. Otherwise, there exists an uncountable setZCw . The
same is true for Y �w and Z�w . In particular, if jE.v C tn; v/j D jE.v � tn; v/j D 1 for all
v 2 VnC1 and n 2 N, then sets ZCw , Z�w are countable for all w 2 V0.

Proof. Let Y Cw be finite for all w 2 V0. Fix any w 2 V0. Suppose y D .yn/1nD0 2 Z
C
w and

s.y0/ D u � w. Since B is of bounded size, for every m 2 N0:

r.ym/ D uC zt0 C � � � C ztm;

where zti 2 Œ�ti ; ti � for i D 1; : : : ; m. Since y 2 ZCw , we have

r.ym/ D uC zt0 C � � � C ztm 2

"
w C

mX
iD0

ti ;1

!
:

Thus, for all m 2 N0,

uC

mX
iD0

zti � w C

mX
iD0

ti

and

u � w �

mX
iD0

.ti � zti /:

Recall that ti � zti , hence ti � zti � 0. Thus, we have

u � w �

1X
iD0

.ti � zti /;

which is possible only if there are finitely many non-zero elements among .ti �zti /. Hence,
the path y should go in the same direction as the “boundary” paths Y Cw , except for finitely
many deviations. Since all the sets Y Cw are finite, the number of such paths y is countable.
If for some w 2 V0 the set Y Cw is uncountable, then the set ZCw � Y

C
w is also uncountable.

The same proof works for Y �w and Z�w .
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6. Tail-invariant measures for generalized Bratteli diagrams

In this section, we discuss tail-invariant measures on the path space of a generalized
Bratteli diagram. We emphasize that in this paper, the term measures is used for non-
atomic positive Borel measures. Moreover, we are mostly interested in full measures, that
is, every cylinder set must be of positive measure. We consider both finite (probability)
and � -finite measures. In the case of � -finite measures, we are interested in only those
measures which take finite values on cylinder sets.

We describe every tail-invariant measure in terms of a sequence of positive vectors
associated with vertices of each level (see Theorem 6.6). We give an explicit construction
of ordered generalized Bratteli diagrams for which there exists no full probability measure
invariant under the Vershik map, and the restriction of the tail equivalence relation onto the
equivalence class of some non-empty clopen set is compressible (see Theorem 6.9). We
also provide a class of generalized Bratteli diagrams such that there exists no tail-invariant
(finite or � -finite) measure with finite values on cylinder sets (see Proposition 6.11).

Definition 6.1. Let B D .V; E/ be a generalized Bratteli diagram and R the tail equiv-
alence relation on the path space XB (see Definition 2.5). A measure � on XB is
called tail-invariant if, for any cylinder sets Œe� and Œe0� such that r.e/ D r.e0/, we have
�.Œe�/ D �.Œe0�/.

Remark 6.2. The theory of countable Borel equivalence relations is a key object in Borel
dynamics; it has been considered from different points of view in numerous books and
articles (see, e.g., [27,41,42,49,52] and the literature within). For any generalized Bratteli
diagram B , the tail equivalence relation R is a countable Borel hyperfinite equivalence
relation. This means that there exists a Borel automorphism T W XB ! XB whose orbits
coincide with the orbits of R. Can we take a Vershik map 'B for T ? First, we note that
the set of tail-invariant measures does not depend on an order on B . Second, the orbits
of a Vershik map and the tail-invariant relation differ at the sets of maximal and minimal
paths. In general, every measure � that is invariant with respect to a Vershik map is also
tail-invariant. Hence, if the sets of maximal and minimal paths have zero measure, then
we can identify tail-invariant measures with measures invariant with respect to a Vershik
map. This happens for generalized Bratteli diagrams of bounded size (see Lemma 3.8).
As a rule, we will consider measures on the path space of (ordered) Bratteli diagrams with
zero-measure sets of maximal and minimal paths. This property will allow us to use the
notions of tail-invariant measures and that of 'B -invariant measures interchangeably (see
Section 6).

In what follows, we will use the following obvious fact: Suppose that a tail-invariant
Borel measure � on XB takes finite values on all cylinder sets. Then � is uniquely deter-
mined by its values on cylinder sets in XB , that is, it can be extended uniquely to all Borel
sets.
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The definition below uses the notion of Kakutani–Rokhlin towers which is well stud-
ied in the context of Cantor dynamics. We refer the reader to [11, 45, 48, 60] where this
notion is discussed.

Definition 6.3. Let B D .V; E/ be a generalized Bratteli diagram, for w 2 Vn; n 2 N,
denote

X .n/w D ¹x D .xi / 2 XB W r.xn�1/ D wº:

The collection of all such sets forms a partition of XB into Kakutani–Rokhlin towers cor-
responding to the vertices from Vn. Each finite path e D .e0; : : : ; en�1/ with r.en�1/D w
determines a “floor” of this tower

X .n/w .e/ D ¹x D .xi / 2 XB W xi D ei ; i D 0; : : : ; n � 1º

(we denoted this set by Œe� above; the notation X .n/w .e/ indicates the position of Œe� in the
tower X .n/w ). Clearly,

X .n/w D

[
e2E.V0;w/

X .n/w .e/:

Thus, the set X .n/w is a union of a finite number of cylinder sets and can be considered as
a tower associated with the vertex w 2 Vn.

Definition 6.4. For v 2 Vn and v0 2 V0, we set h.n/v0;v D jE.v0; v/j and define

H .n/
v D

X
v02V0

h.n/v0;v; n 2 N:

Set H .0/
v D 1 for all v 2 V0. This gives us the vector H .n/ D .H

.n/
v W v 2 Vn/ associated

with every level n 2 N0. Since H .n/
v D jE.V0; v/j, we call H .n/

v the height of the tower
X
.n/
v corresponding to the vertex v 2 Vn.

Remark 6.5. We have defined the vector H .0/ D .H
.0/
v W v 2 V0/ such thatH .0/

v D 1 for
all v (see Definition 6.4). In fact, one can choose any finite values for H .0/

v . The role of
H .0/ can be interpreted as the vector of heights of the Kakutani–Rokhlin towers between
the vertices of V0 and an imaginary level V�1 consisting of exactly one vertex.

Observe that
H .nC1/
v D

X
w2Vn

f .n/vw H
.n/
w ; v 2 VnC1;

which immediately implies that

FnH
.n/
D H .nC1/ and Fn � � �F0H

.0/
D H .nC1/; n 2 N0: (6.1)

We consider here the problem of the existence of tail-invariant measures on the path
space of a generalized Bratteli diagram B . Our main results are mostly related to Bratteli
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diagrams of bounded size. Note that every incidence matrix Fn defines a linear map from
RVn to RVnC1 (recall that we identify all Vn). Using Lemma 3.7, we see that, for every
fixed n 2 N0 and any m 2 N, we can define the sequence of convex sets

C .n/m D F>n � � �F
>
nCm�1.R

VnCm
C /;

where F>i stands for the transpose of Fi . The above relation is well defined because each
F>i has rows with finitely many non-zero entries.

Set

C .n/1 D

1\
mD1

C .n/m :

In general, the set C .n/1 might be empty.
Given a Bratteli diagram B (generalized or classical), let M.B/ denote the set of tail-

invariant finite or � -finite measures on the path space XB which takes finite values on
cylinder sets. In the following theorem, we assume that the set M.B/ is not empty.

Theorem 6.6. Let B D .V; E/ be a Bratteli diagram (generalized or classical) with the
sequence of incidence matrices .Fn/. Then:

(1) If � 2M.B/, then for every n 2 N0 the vector defined as follows

p.n/ D .�.X .n/w .e///w2Vn (6.2)

satisfies p.n/ 2 C .n/1 and
F>n p

.nC1/
D p.n/ (6.3)

for all n � 0.

(2) Conversely, suppose that ¹p.n/ D .p.n/w /ºn2N0 is a sequence of non-negative vec-
tors such that p.n/ 2 C .n/1 and F>n p

.nC1/ D p.n/ for all n 2 N0. Then there exists
a uniquely determined tail-invariant measure � such that �.X .n/w .e// D p

.n/
w for

w 2 Vn; n 2 N0.

The proof of Theorem 6.6 is straightforward and can be found in [15] (for classical
Bratteli diagrams) and [7] (for generalized Bratteli diagrams).

Remark 6.7. We stress that part (1) of Theorem 6.6 is true for any generalized Bratteli
diagram whose path space admits a tail-invariant measure. This means also that, for this
diagram, the cone C .n/1 is not empty for all n 2 N0. In Proposition 6.11, we give an
example of a bounded size diagram such that both sets M.B/ and C .n/1 are empty.

Let E be a countable Borel equivalence relation on a standard Borel space X . It is a
well-known fact that the existence of an E-invariant probability Borel measure � on X
is determined by the property of E called compressibility. For a fixed x 2 X , the set
¹y 2 X W .x; y/ 2 Eº is called the E-class. It is said that E is compressible if there is an
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injective Borel map f W X ! X such that for each E-class L, f .L/ ¨ L. A Borel set
A � X is compressible if the restriction of E onto A is compressible. We refer to [57, 58]
where the following lemma is proved (see also [27]).

Lemma 6.8. Let E be a countable equivalence relation on a standard Borel space X. The
following are equivalent:

(1) E is not compressible.

(2) There is an E-invariant probability measure.

(3) There is an E-ergodic, E-invariant probability measure.

Now we give an explicit example of a generalized Bratteli diagram such that the
restriction of the tail equivalence relation onto the equivalence class of a non-empty clopen
set is compressible.

Theorem 6.9. For the one-sided generalized Bratteli diagram B D .B; !/ with the
left-to-right ordering ! shown in Figure 9, we have

(1) The set Xmax is empty.

(2) The Vershik map 'B W XB ! XB nXmin is a homeomorphism.

(3) There exists a non-empty clopen set C such that its tail equivalence class R.C /

is compressible.

(4) There is no probability 'B -invariant measure on XB that assigns positive values
to all cylinder sets.

Proof. The one-sided diagram in Figure 9 is a modified version of [29, Example 7.2].
We identify each vertex level Vi with N. Similar to Example 3.9, it is easy to note
that there are no infinite maximal paths in the diagram with respect to the left-to-right
order !. This shows (1). As a consequence, the Vershik map 'B corresponding to ! is a
homeomorphism from XB to XB nXmin. Hence we get (2).

To prove (4), we show that there exists a cylinder set C � XB such that 'B.XB/ D
XB n C . Let C be the cylinder set formed by all paths that begin at the leftmost vertex
of V0. The subdiagram corresponding to C is a tree and consists only of infinite minimal
paths. Thus, 'B maps continuously XB to XB n C . The property

'B.XB/ D XB nXmin � XB n C

shows that there does not exist any probability 'B -invariant measure� such that�.C/>0.
Denote by R.C / the tail equivalence class of C . Since every tail equivalence class L
in R.C / contains a minimal path, we have 'B.L/ ¨ L for every L. Thus, (3) is also
proved.
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Figure 9. A diagram with the left-to-right ordering, and no infinite maximal paths.

v0

u v

0 0

0 10 0 1 1

:
:
:

:
:
:

:
:
:

:
:
:

:
:
:

0 10 10 10 10 1

Figure 10. Illustration of the result in Theorem 6.9 via a standard Bratteli diagram.

Remark 6.10. Observe that for the classical (standard) Bratteli diagram shown in
Figure 10, the conclusion (4) of Theorem 6.9 also holds. To see this, we extend the Vershik
map to the entire path space by mapping the unique maximal path to the unique minimal
path in the 2-odometer (i.e., the subdiagram corresponding to the vertex v in Figure 10).

Let C be the cylinder set defined by the edge Œv0; u�. Then it is easy to see that
'B.XB/ D XB n C . Hence, every probability 'B -invariant measure � must satisfy the
condition �.C/ D 0 which implies (4). There is a unique probability invariant measure
on XB sitting on the minimal component of the tail equivalence relation, the 2-odometer
corresponding to the vertex v.

Proposition 6.11 gives an example of a stationary generalized Bratteli diagram such
that there is no tail-invariant measure with finite values on clopen sets. We emphasize that
this example can be generalized to a class of stationary diagrams with similar property.
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Figure 11. A Bratteli diagram with no finite ergodic invariant measure.

These diagrams have an incidence matrix of the form given by (6.4) where the diagonal
entries form an increasing sequence of positive integers.

Proposition 6.11. Let B D B.F / be a one-sided generalized stationary Bratteli diagram
as shown in Figure 11 and given by N �N incidence matrix:

F D

0BBBBB@
2 1 0 0 : : :

0 3 1 0 : : :

0 0 4 1 : : :

0 0 0 5 : : :
:::

:::
:::

:::
: : :

1CCCCCA : (6.4)

There does not exist any tail-invariant measure onXB that assigns finite values to cylinder
sets.

Proof. As above, we identify vertices at each level with natural numbers. For k 2 N,
denote by Ck the cylinder set corresponding to the vertex k on level V0, that is,

Ck D ¹x 2 XB W s.x/ D kº; k 2 V0:

Recall that s WE! V is the source map. Suppose that there exists a non-zero tail-invariant
measure � on XB which assigns finite values to cylinder sets. Denote by

m D min¹k 2 N W �.Ck/ > 0º:

By our assumption, the minimum exists. Normalize the measure � such that �.Cm/ D 1.
Let e D .e0; : : : ; en/ be a finite path of length .n C 1/ such that the range of e is the
vertex labeled by m on level Vn, that is, r.e/ D m 2 Vn. As before, we denote by Œe� the
corresponding cylinder set. It follows from the definition of F that the path space XB
contains countably many odometers: The set of vertical paths going through a vertex i is



Bratteli diagrams in Borel dynamics 835

an .i C 1/-odometer. By tail invariance of �, all cylinder sets in the .mC 1/-odometer
have the same measure as the set Œe� has:

�.Œe�/ D
1

.mC 1/n
:

Thus, we have

�.CmC1/ �

1X
nD1

.mC 2/n�1

.mC 1/n
D1;

and this is a contradiction.

Remark 6.12. Let B.F / be a stationary Bratteli diagram as in Proposition 6.11, and let �
be any tail-invariant measure. Recall that the vector p.0/ (see (6.2)) consists of the values
of the measure � of cylinder sets corresponding to the level V0. It follows from the proof
of Proposition 6.11 that if, for some vertex i 2 V0, we have

0 < p
.0/
i <1;

then p.0/j D 0 for every j < i and p.0/j D 1 for every j > i . Since the diagram is
stationary, the same property holds for every level Vn; n 2 N0.

7. Uniqueness of tail-invariant measures for stationary Bratteli
diagrams

7.1. Tail-invariant measures and Perron–Frobenius eigenvectors

In [7], the authors used the Perron–Frobenius (P-F) theory for infinite matrices to provide a
description of tail-invariant measures on the path space of a class of stationary generalized
Bratteli diagrams. This class consists of diagrams with irreducible, aperiodic, and recur-
rent incidence matrices. For the reader’s convenience, we provide a brief description of the
P-F theory for infinite matrices in Appendix A. The results formulated in Appendix A are
mostly taken from Chapter 7 of the book [53]. The foundations of the P-F theory for infi-
nite matrices were laid down in the 1960s in a series of articles by D. Vere-Jones [65–67].
In this section, we use results from Appendix A, in particular, Theorems A.4 and A.7
to prove a criterion for the uniqueness of the tail-invariant measure on the path space of
a stationary generalized Bratteli diagram B.F /. Recall that a matrix is called countably
infinite if its rows and columns are indexed by a countable set. If F is indexed by N,
then the diagram B.F / is one-sided infinite, and if F is indexed by Z, then the diagram
is two-sided infinite. The main results in this section hold for both kinds of diagrams. We
provide examples (see Subsection 7.3) of both kinds of diagrams.

We will keep the following notations: A is the transpose of the infinite incidence
matrix F of the generalized Bratteli diagram B.F /. When it exists (see Theorem A.4),
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we will denote by � the Perron eigenvalue and by � D .�v/, � D .�v/ the right and left
eigenvectors for A, that is, A� D �� and �A D ��. Note that all entries of � and � are
positive.

In this section, we will work with an ordered stationary generalized Bratteli diagram
B.F / D B.V; E; >/, where > denotes a fixed order. We will assume that the order >
gives rise to a Vershik map on the path space of the diagram. As before we will denote
the corresponding dynamical system by .XB ; 'B/. We recall the following result (proved
in [8]) which gives an explicit formula for a tail-invariant measure � on the path space of
a stationary generalized Bratteli diagram.

Theorem 7.1 ([8, Theorem 2.20]). Let B.F / D B.V; E/ be a stationary generalized
Bratteli diagram such that the matrix A D F> is infinite, irreducible, aperiodic, and
recurrent. Let � D .�v/ be a Perron–Frobenius right eigenvector for A, that is A� D ��,
�v > 0.

(1) There exists a tail-invariant measure � on the path space XB , satisfying the fol-
lowing property: If e.w; v/ is a finite path that begins at w 2 V0 and ends at
v 2 Vn, n 2 N, then

�.Œe.w; v/�/ D
�v

�n
; (7.1)

where Œe.w; v/� is the corresponding cylinder set.

(2) The measure � is finite if and only if the Perron eigenvector � D .�v/ has the
property

P
v �v <1.

Now we show that if the incidence matrix of a stationary generalized Bratteli dia-
gram is positive recurrent (in addition to the properties described in Theorem 7.1), then
the invariant measure given by (7.1) is unique. We consider the cases of finite and � -finite
measures separately. In the � -finite case (Theorem 7.3), we will work with the assumption
that the dynamical system is conservative. Examples 7.16 and 7.9 illustrate Theorems 7.2
and 7.3, respectively.

Theorem 7.2. Let B.F / D B.V; E; >/ be an ordered stationary generalized Bratteli
diagram such that the matrixADF> is infinite, irreducible, aperiodic, and positive recur-
rent. Let � D .�v/ be a Perron–Frobenius right eigenvector for A such that

P
u2V0

�u D 1.
Then the measure � given in (7.1) is the unique ergodic probability 'B -invariant measure
that takes positive values on cylinder sets.

Proof. We fix a vertex w 2 Vn, and consider a cylinder set given by Œe� D .e0; : : : ; en�1/
with r.en�1/ D w. Then by (7.1), we have

�.Œe�/ D
�w

�n
:

As proved in Theorem 7.1, the measure � is probability and takes finite positive values on
cylinder sets. Suppose that � is a probability ergodic 'B -invariant measure with positive
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values on cylinder sets. Let N � n and v 2 VN be such that E.w; v/ ¤ ;. Then, by the
Birkhoff ergodic theorem,

�.Œe�/ D lim
N!1

jE.w; v/j

H
.N/
v

;

where H .N/
v is the total number of finite paths with the range at vertex v 2 VN (see

Definition 6.4). Since A is positive recurrent, it follows from Theorem A.7 that, for any
v;w 2 V ,

lim
N!1

a
.N/
wv

�N
D �w�v;

where a.N/wv is the entry of AN and �D .�v/ is the left eigenvector of A normalized by the
condition � � � D 1. Thus, we obtain

�.Œe�/ D lim
N!1

a
.N�n/
wvP
u2V0

a
.N/
uv

D
�w�v

�n
P
u2V0

�u�v
D
�w

�n
D �.Œe�/:

Now we show the uniqueness of the infinite � -finite 'B -invariant measure given
by (7.1). We work with an additional assumption that the dynamical system .XB ; 'B ; �/

is conservative. Recall that a measure-preserving transformation T of a � -finite mea-
sure space .X;B; �/ is called conservative if for any A 2 B with �.A/ > 0 one has
�.A \ T �n.A// > 0 for some n 2 N (see, e.g., [1]).

Theorem 7.3. Let B.F / D B.V; E; >/ be an ordered stationary generalized Bratteli
diagram such that the matrixADF> is infinite, irreducible, aperiodic, and positive recur-
rent. Let � D .�v/ be a Perron–Frobenius right eigenvector forA such that

P
u2V0

�uD1.
Let � be the � -finite 'B -invariant (given by (7.1)) such that .XB ; 'B ; �/ is conservative.
Then � is the unique (up to a constant multiple) � -finite 'B -invariant ergodic measure
that takes positive values on cylinder sets.

Proof. By Theorem 7.1, there exists an invariant � -finite measure � on the path space
of a generalized Bratteli diagram with irreducible, aperiodic, and recurrent incidence
matrix. Consider two cylinder sets Œe1�; Œe2� � XB such that r.e1/ D v1 2 Vn1 and
r.e2/ D v2 2 Vn2 . Without loss of generality, assume that n2 > n1. Using (7.1), we
calculate the ratio of their measures:

�.Œe1�/

�.Œe2�/
D
�v1=�

n1

�v2=�
n2
D
�v1
�v2
�.n2�n1/: (7.2)

Let m be a � -finite ergodic measure on XB . Now we apply Hopf’s ratio ergodic theo-
rem form and find the ratio of measures of the same cylinder sets Œe1� and Œe2� (see [1] for
references). For this, let N > n2 and w 2 VN be such that the sets E.v1;w/ and E.v2;w/
are non-empty. Since A is irreducible, we can choose such N using Lemma A.1 (a). Now,
we apply Hopf’s ratio ergodic theorem to obtain

m.Œe1�/

m.Œe2�/
D lim
N!1

jE.v1; w/j

jE.v2; w/j
D lim
N!1

a
.N�n1/
v1w

a
.N�n2/
v2w

D lim
N!1

a
.N�n1/
v1w

�N�n1
�
�N�n2

a
.N�n2/
v2w

� �n2�n1 :
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Since A is positive recurrent, it follows from Theorem A.7 that, for any v;w 2 V ,

lim
N!1

a
.N/
vw

�N
D �v�w :

Therefore,
m.Œe1�/

m.Œe2�/
D
�v1 �w

�v2 �w
�n2�n1 D

�v1
�v2
�n2�n1 D

�.Œe1�/

�.Œe2�/
: (7.3)

Relation (7.3) shows that, for every cylinder set Œe�, the ratio

m.Œe�/

�.Œe�/
D c

for some constant c. This means that m D c�, and the proof is complete.

7.2. Generalized Bratteli diagrams with finite tail-invariant measures

Suppose that a matrixAD .aij /with aij 2N0 for all i;j is such that the Perron–Frobenius
theorem holds: There exist a finite Perron eigenvalue � and a non-negative right eigenvec-
tor � D .�i / such that A� D ��. We give sufficient conditions on the matrix A that lead
to the existence of a summable eigenvector �, that is,

P
i �i <1. By Theorem 7.1, these

conditions will guarantee the existence of a finite tail-invariant measure.

Proposition 7.4. Let AD .ai;j W i; j 2N/ be a non-negative matrix such that there exists
a positive eigenvector � corresponding to an eigenvalue �. If there exists a row of A with
finitely many zero entries, then the eigenvector � D .�i / is summable:X

i2N

�i <1:

Proof. Let the i -th row of A have finitely many zero entries:

aij D 0” .j 2 I; jI j <1/:

From the equality X
j2N

aij �j D ��i ;

we have X
j2N

�j D
X
j2I

�j C
X
j…I

�j �
X
j2I

�j C
X
j2N

aij �j D
X
j2I

�j C ��i <1:

Note that the matrix A will also have a summable right eigenvector if there are two
rows in A such that one row contains non-zero elements in even-numbered columns and
the other one in odd-numbered columns. More generally, the following result holds.
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Proposition 7.5. Let A be an N �N matrix with non-negative integer entries such that
A� D �� for 0 < � <1 and � > 0. For every k 2 N, let

Mk D ¹j 2 N W akj > 0º:

Assume that there exists a finite collection of rows ¹k1; : : : ; kpº such thatˇ̌̌̌
N n

p[
tD1

Mkp

ˇ̌̌̌
<1:

Then the eigenvector � D .�i / is finite in the sense thatX
i2N

�i <1:

Proof. For each t D 1; : : : ; p, we haveX
j2N

aktj �j D
X
j2Mkt

aktj �j D ��kt :

Consider the sum of these relations:

pX
tD1

X
j2Mkt

aktj �j D �

pX
tD1

�kt :

Note that since aktj � 1 for j 2Mkt , we have

pX
tD1

X
j2Mkt

aktj �j �
X

j2
Sp
tD1Mkp

�j :

Then we get X
j2N

�j D
X

j2Nn
Sp
tD1Mkp

�j C
X

j2
Sp
tD1Mkp

�j

�

X
j2Nn

Sp
tD1Mkp

�j C �

pX
tD1

�kt <1;

since the set N n
Sp
tD1Mkp is finite.

Remark 7.6. The converse of Proposition 7.5 is not true since there are banded matrices
with probability right eigenvectors (see examples in Subsection 7.3).
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7.3. Examples

In this subsection, we consider several classes of stationary generalized Bratteli diagrams
that admit finite and � -finite tail-invariant measures on their path spaces. The reader can
find the proof of these results in Appendix B.

Example 7.7. For a; b 2 N, consider the generalized stationary Bratteli diagram B.F1/

where A1 D F>1 is given by

A1 D

0BBBBBBBBBBBBBBBBB@

: : :
:::

:::
:::

:::
:::

:::
:::

:::
:::

:::
:::

� � � 2b 0 a 0 0 0 0 0 0 0 � � �

� � � 0 2b 0 a 0 0 0 0 0 0 � � �

� � � 0 0 2b 0 b 0 0 0 0 0 � � �

� � � 0 0 0 2b a b 0 0 0 0 � � �

� � � 0 0 0 0 b a 2b 0 0 0 � � �

� � � 0 0 0 0 0 b 0 2b 0 0 � � �

� � � 0 0 0 0 0 0 a 0 2b 0 � � �

� � � 0 0 0 0 0 0 0 a 0 2b � � �

:::
:::

:::
:::

:::
:::

:::
:::

:::
:::

:::
: : :

1CCCCCCCCCCCCCCCCCA
: (7.4)

We use the bold font to indicate the 0-th row and 0-th column. Remark that this matrix is
also considered in Example (8.4) from a different point of view. In [10], it was shown that
for aD b D 1, one can model byB.F1/ endowed with the left-to-right order a substitution
dynamical system given by the so-called “one step forward, two steps back” substitution
on Z:

�1 7! �2 � 1 0I 0 7! �1 0 1I

n 7! .n � 1/.nC 1/.nC 1/ for n � �2I

n 7! .n � 1/.n � 1/.nC 1/ for n � 1:

Proposition 7.8. The stationary generalized Bratteli diagram B.F1/, where A1 D F>1
as in (7.4), supports a tail-invariant measure � given by (7.1). The measure � is defined
using the eigenvalue � D a C 2b and the corresponding right eigenvector � of A1 given
by

� D
�
: : : ;

1

23

�a
b

�2
;
1

22

�a
b

�
;
1

2
; 1; 1;

1

2
;
1

22

�a
b

�
;
1

23

�a
b

�2
; : : :

�>
:

(The 0-th entry of � is shown in bold font.) Moreover, � is finite if and only if a < 2b.

We prove this result in Appendix B.

Example 7.9 (see also [19]). This example deals with a Bratteli diagram of different
nature. This diagram is defined by a null-recurrent matrix of period 2 and has at least two
infinite � -finite measures which take finite positive values on cylinder sets.
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Let a and b be natural numbers. Consider the generalized stationary Bratteli diagram
B.F2/ where A2 D F>2 is given by

A2 D A2.a; b/ D

0BBBBBBBBBBB@

: : :
:::

:::
:::

:::
:::

:::

� � � 0 b 0 0 0 � � �

� � � a 0 b 0 0 � � �

� � � 0 a 0 b 0 � � �

� � � 0 0 a 0 b � � �

� � � 0 0 0 a 0 � � �

:::
:::

:::
:::

:::
:::

: : :

1CCCCCCCCCCCA
: (7.5)

Proposition 7.10. Let B.F2/ be the Bratteli diagram where A2 D F>2 is as in (7.5).

(1) If a ¤ b, then there exist at least two tail-invariant infinite � -finite measures on
the path space XB , � and z�. According to (7.1), the measure � is determined
by � D a C b and � D .: : : ; 1; 1; 1 : : :/>, and the measure z� is determined by
z� D 2

p
ab and z� D .z�n/> where z�n D

�
a
b

� n
2 , n 2 Z.

(2) If a D b, then � D z�.
The matrix A2.a; b/ is null recurrent for any a; b 2 N.

This matrix is also considered in Example 8.2 where we use the corresponding
stochastic matrix to show that A2.a; b/ is null recurrent for any a; b 2 N. We prove
Proposition 7.10 in Appendix B.

Examples of one-sided infinite Bratteli diagrams. In this subsection, we consider exam-
ples of one-sided infinite stationary generalized Bratteli diagrams and find conditions
under which infinite tri-diagonal matrices (indexed by N) have eigenvectors with finite
entry sum (hence admit finite invariant measure).

Let A D .aij /i;j2N be a one-sided infinite tri-diagonal matrix:

A D

0BBBBBBBB@

a11 a12 0 0 0 : : :

a21 a22 a23 0 0 : : :

0 a32 a33 a34 0 : : :

0 0 a43 a44 a45 : : :

0 0 0 a54 a55 : : :
:::

:::
:::

:::
:::

: : :

1CCCCCCCCA
:

We assume that A has an eigenvalue � with the right eigenvector � , that is, A� D ��. Our
goal is to find conditions when the vector � is summable,

P1
iD1 �i <1. We denote by

�i D

1X
jD1

aij
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the sum of the i -th row of A. It turns out that an important class of examples comes from
the matrices having equal column sum property together with an additional requirement
on the row sum as described in the definition below.

Definition 7.11. We say that a one-sided infinite matrix A D .aij /i;j2N is balanced if it
satisfies following conditions:

(1) A has the property of equal column sum, that is,
P1
iD1 aij D c for every j 2 N;

this automatically implies that c D � for every j 2 N.

(2) �2 D �3 D �4 D � � � , and �1 > �i for all i > 1.

Below we provide some examples of one-sided infinite stationary Bratteli diagrams
with balanced incidence matrices.

Example 7.12. Fix b; c; ˛ 2 N such that ˛ > 1. Consider the generalized diagram B.F3/

where A3 D F>3 is given by

A3 D

0BBBBB@
b C ˛c ˛c 0 0 0 : : :

c b ˛c 0 0 : : :

0 c b ˛c 0 : : :

0 0 c b ˛c : : :
:::

:::
:::

:::
:::

: : :

1CCCCCA : (7.6)

Proposition 7.13. The stationary generalized Bratteli diagramB.F3/, whereA3D F>3 is
defined in (7.6), supports a tail-invariant measure � defined by (7.1) using the eigenvalue
� D b C c C ˛c and the corresponding right eigenvector � D .�n/n2N for A3 such that

� D
�
�1;

�1

˛
;
�1

˛2
; : : : ;

�1

˛n�1
; : : :

�>
;

where �1 can be chosen to be any positive integer.

Proposition 7.13 is proved in Appendix B.

Example 7.14. Fix b 2N0, r 2N and take integers ˛ and ˇ such that j˛j; jˇj< r . Denote
by

q1 D
r � ˛

r C ˇ
; q2 D

r � ˇ

r C ˛
: (7.7)

Consider the one-sided infinite stationary Bratteli diagramB.F4/whereA4DF>4 is given
by

A4 D F
>
4 D

0BBBBB@
.b C r C ˛/ r C ˇ 0 0 0 : : :

r � ˛ b r C ˛ 0 0 : : :

0 r � ˇ b r C ˇ 0 : : :

0 0 r � ˇ b r C ˇ : : :
:::

:::
:::

:::
:::

: : :

1CCCCCA : (7.8)
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Proposition 7.15. For the stationary Bratteli diagram B.F4/ defined by the matrix given
in (7.4), the following statements hold:

(1) For the eigenvalue � D b C 2r , the right eigenvector � D .�n/ (A� D ��) for A4
has the entries

x1 D 1; �2n D
.r � ˛/n .r � ˇ/n�1

.r C ˛/n�1.r C ˇ/n
; �2nC1 D

.r � ˛/n.r � ˇ/n

.r C ˛/n.r C ˇ/n
: (7.9)

(2) If r; ˛; ˇ are chosen such that q1q2 < 1 (see (7.7)), then the diagram B.F4/

supports a finite tail-invariant measure � determined as in (7.1).

(3) If r; ˛; ˇ are chosen such that q1q2 � 1, the tail-invariant measure is � -finite.

The proof of Proposition 7.15 is given in Appendix B.
We finish this section with two examples of generalized Bratteli diagrams of different

types: They are not of bounded size.

Example 7.16 (Renewal subshift). Consider the one-sided infinite generalized diagram
B.F5/ where A5 D F>5 D .aij /i;j2N is defined by

A5 D

0BBBBBBBBBB@

1 1 1 1 1 1 � � �

1 0 0 0 0 0 � � �

0 1 0 0 0 0 � � �

0 0 1 0 0 0 � � �

0 0 0 1 0 0 � � �

0 0 0 0 1 0 � � �

:::
:::

:::
:::

:::
:::

: : :

1CCCCCCCCCCA
: (7.10)

In other words,

aij D

´
1 if i D 1 or i D j C 1;

0 otherwise:
(7.11)

We remark that the matrix A5 is balanced (see Definition 7.11).

Proposition 7.17. The stationary generalized Bratteli diagram B.F5/ corresponding to
the renewal shift in Example 7.16 supports a unique probability ergodic tail-invariant
measure �. The measure � is defined by (7.1) using the Perron eigenvalue � D 2 and the
corresponding right eigenvector � D

�
1
2
; 1
22
; 1
23
; : : :

�> of A5. The matrix A5 is positive
recurrent.

The proof follows from an application of Theorem 7.2 and is given in Appendix B.
Rest of the examples in this section consist of generalized Bratteli diagrams with

incidence matrices that are not balanced.
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Example 7.18 (Pair renewal shift, see [61]). Consider the one-sided infinite generalized
diagram B.F6/ where A6 D F>6 D .aij /i;j2N is given by

aij D

8̂̂̂̂
<̂
ˆ̂̂:
1; if i D 1 and j 2 N;

1; if i D 2 and j D 2n for n 2 N;

1; if i D nC 1 and j D n for n 2 N;

0 otherwise:

(7.12)

Note that A6 does not have the equal column sum property and is not balanced. Explicitly,
the matrix A6 is

A6 D

0BBBBBBBBBB@

1 1 1 1 1 1 � � �

1 1 0 1 0 1 � � �

0 1 0 0 0 0 � � �

0 0 1 0 0 0 � � �

0 0 0 1 0 0 � � �

0 0 0 0 1 0 � � �

:::
:::

:::
:::

:::
:::

: : :

1CCCCCCCCCCA
:

This infinite matrix is a modified version of A5, and the corresponding shift space is
called the pair renewal shift (see [61]).

Proposition 7.19. The stationary generalized Bratteli diagram B.F6/ corresponding to
the pair renewal shift in Example 7.18 supports a unique up constant multiple finite tail-
invariant measure � given by (7.1). The measure � is defined by the Perron eigenvalue
� D 1C

p
2 and the corresponding right eigenvector � D .�n/n2N of A6 which is given

by

�1 D
1

1C
p
2
; �n D

2

.1C
p
2/n

; n � 2:

The matrix A6 is positive recurrent.

The proof of Proposition 7.19 is given in Appendix B.

Example 7.20. Consider the one-sided infinite generalized diagram B.F7/ where A7 D
F>7 D .aij /i;j2N is defined by

A7 D

0BBBBBBBB@

c0 1 0 0 0 0 � � �

c1 0 1 0 0 0 � � �

c2 0 0 1 0 0 � � �

c3 0 0 0 1 0 � � �

c4 0 0 0 0 1 � � �

:::
:::

:::
:::

:::
:::

: : :

1CCCCCCCCA
: (7.13)

Here, ck 2 N for all k � 0.



Bratteli diagrams in Borel dynamics 845

Proposition 7.21. The stationary generalized Bratteli diagram B.F7/ corresponding to
the matrix defined in (7.13) supports a � -finite infinite tail-invariant measure � given
by (7.1) if there exists constant C 2 N such that for every k 2 N0, ck < C . The mea-
sure � is defined by the eigenvalue � � C C 1 and the corresponding right eigenvector
� D .�k/k2N of A7 which is given by

�kC1 D �
kC1
�

kX
iD0

ci�
k�i ; k 2 N: (7.14)

Moreover, � � � <1 if and only if

1X
kD1

kck

�kC1
<1;

where � is the left eigenvector corresponding to �.

The proof of Proposition 7.21 is given in Appendix B.

8. Stochastic matrices in Bratteli diagrams

In this section, we consider several stochastic matrices and discuss the relations between
them. Also, we consider the properties of the corresponding generalized Bratteli diagrams.

8.1. Stochastic matrices and measures

Let B D .V; E/ be a stationary generalized Bratteli diagram with infinite incidence
matrix F . Let A D F>. Assume that A is irreducible, has a finite Perron eigenvalue �,
and that A admits a positive right eigenvector � for �:

A� D ��:

Define the matrix P D .pw;v W w; v 2 V0/ as follows:

pw;v D
aw;v �v

��w
: (8.1)

Clearly, the matrix P is row stochastic, that is,X
v2V

pw;v D 1:

Hence, P can be considered as a Markov matrix that gives the probability to get from
w 2 V0 to v 2 V1 along any edge from E.v;w/. The matrix P is called also a probability
transition kernel. Denote P n D .p.n/w;v/ and An D .a.n/w;v/. By induction, we have

p.n/w;v D
a
.n/
w;v �v

�n�w
; v; w 2 V0; n 2 N:
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In particular,

p.n/vv D
1

�n
a.n/v;v: (8.2)

From (8.2), it easily follows that the spectral radius of P is 1, and the corresponding right
eigenvector consists of all ones.

The following result was proved by Thiago Raszeja.1

Proposition 8.1. Let P be the stochastic matrix defined in (8.1) by a matrix A. Then P
is recurrent (null recurrent, positive recurrent) or transient if and only if A is recurrent
(null recurrent, positive recurrent) or transient. In particular, P is recurrent if and only ifP
n p

.n/
w;w D1 for all w 2 V0.

Example 8.2. Consider the matrixADA.a;b/with two positive integer parameters a;b:

A D

0BBBBBBBBBBB@

: : :
:::

:::
:::

:::
:::

:::

� � � 0 b 0 0 0 � � �

� � � a 0 b 0 0 � � �

� � � 0 a 0 b 0 � � �

� � � 0 0 a 0 b � � �

� � � 0 0 0 a 0 � � �

:::
:::

:::
:::

:::
:::

: : :

1CCCCCCCCCCCA
: (8.3)

As shown in [19], the spectral radius (Perron eigenvalue) of A is �A D 2
p
ab. It can

also be checked, using Proposition 8.1, that A is null recurrent for any a; b 2 N.

Proposition 8.3. Let A be as in (8.3) with a ¤ b. Then the corresponding stationary
generalized Bratteli diagram B admits at least two tail-invariant measures.

Proof. For � D a C b, we define a � -finite invariant measure � using the eigenvector
� D .: : : ; 1; 1; : : :/: for e D .e0; : : : ; en�1/, �.Œe�/ D .aC b/�n.

To get another tail-invariant measure m, we solve the equation A� D �A� . Omitting
computations, we find that

� D
��a
b

�i=2
W i 2 Z

�
:

Therefore, the measure m of the cylinder set Œe� is

m.Œe�/ D
1

.2b/n

�a
b

� i�n
2
;

where r.e/ D r.en�1/ D i .

1We are thankful to Thiago for the permission to include this statement in the paper.
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Example 8.4 (see Example 7.7). One can define stochastic matrix P using � D a C 2b
as follows:

p0;0 D p�1;�1 D
a

aC 2b
I p0;�1 D p0;1 D p�1;�2 D p�1;0 D

b

aC 2b
I

for k � 1, we have

pk;k�1 D
2b

aC 2b
I pk;kC1 D

a

aC 2b
I

for k � �2,

pk;k�1 D
a

aC 2b
I pk;kC1 D

2b

aC 2b
:

All other entries of P are zero.
Notice that if a < 2b, the random walk on Z corresponding to P is positive recurrent.

Indeed, for k � 1, the probability to walk from k to k C 1 is less than the probability to
walk from k to k � 1. For k � �2, the probability to walk from k to k � 1 is less than the
probability to walk from k to k C 1. This means that the random walk approaches ¹�1; 0º
with a higher probability than escapes to infinity. Since the inverse of the Perron eigen-
value �P for A1 is the convergence radius of the series from Definition A.3, we obtain
that �P is greater than or equal to aC 2b.

8.2. Stationary diagrams with positive recurrent incidence matrix

Let A D F> be an infinite matrix that determines a stationary generalized Bratteli dia-
gram B . Suppose that there exists a Perron–Frobenius eigenpair .�; �/, A� D �� . Let
P D .pw;v/w;v2V be the stochastic matrix corresponding to the matrix A as defined
in (8.1). Using the definition of a tail-invariant measure as in (7.1), note that P can also
be defined as

pw;v D aw;v
�
.nC1/
v

�
.n/
w

; where �.n/v D
�v

�n
: (8.4)

This formula remains true for non-stationary Bratteli diagrams B defined by a
sequence of incidence matrices .Fn/ and the corresponding sequence of transpose matri-
ces An D F>n . We suppose that there exists a sequence of positive vectors .�.n// such that
An�

.nC1/ D �.n/. Recall that such a sequence generates a tail-invariant measure. In this
case, we define the sequence of row stochastic matrices zPn D . zp

.n/
w;v/w;v2V :

zp.n/w;v D a
.n/
w;v

�
.nC1/
v

�
.n/
w

: (8.5)

Observe that if B D .V;E/ is stationary, then zPn D P for each n 2 N.
Another way to realize row stochastic matrices is by using the height vectors H .n/ D

.H
.n/
v W v 2 Vn/ as in Definition 6.4 and (6.1). Recall that FnH .n/ D H .nC1/ for n 2 N.

Thus, we can define zFn D . zf
.n/
v;w/, w 2 Vn, v 2 VnC1 as follows:

zf .n/v;w D f
.n/
v;w

H
.n/
w

H
.nC1/
v

w 2 Vn; v 2 VnC1: (8.6)
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The sequence of matrices zFn consists of row stochastic matrices. Let the clopen set X .n/v
be as in Definition 6.3, then for any tail-invariant measure � on XB , we have

�.X .n/v / D �.n/v H .n/
v DW zq.n/v : (8.7)

Setting zq.n/ WD .zq.n/v /v2Vn , we observe that

zq.nC1/ zFn D zq
.n/: (8.8)

In what follows, we will focus on the case of positive recurrent incidence matrices.
Let B D .V; E/ be a stationary generalized Bratteli diagram such that the matrix

A D F> is irreducible, aperiodic, and positive recurrent. Let � and � denote the right and
left positive eigenvectors, respectively, corresponding to the Perron value �. Moreover,
we assume that the right eigenvectors � D .�v/v2Vn is summable, that is,

P
v2Vn

�v <1.
Without loss of generality, we assume that

P
v2Vn

�v D 1. According to Theorem 7.1, the
right eigenvector � defines a tail-invariant measure. We discuss here the role of the left
eigenvector � (see Theorem 8.7).

We define a sequence of vectors .�.n//n2N0 as follows: �.0/ D �, and �.nC1/ D �.n/P
for all n 2N0, where P is the row stochastic matrix as defined in (8.1). Note that .�.n// is
a sequence of probability vectors. To see this, we note that �.0/ D � is a probability vector,
and by induction, X

v2Vn

�.nC1/v D

X
v2Vn

X
w2Vn

�.n/w pw;v

D

X
v2Vn

X
w2Vn

�.n/w
aw;v �v

� �w

D

X
w2Vn

�.n/w
� �w

� �w
D

X
w2Vn

�.n/w D 1:

Lemma 8.5. For every v 2 Vn, we have

�.n/v D
�v

�n

X
w2V0

a.n/w;v;

where a.n/w;v (a.1/w;v D aw;v) denotes the .w; v/-th entry of the matrix An.

Proof. The proof is by induction. We recall that
P
w2V0

aw;v <1. Next,

�.1/v D
X
w2V0

�.0/w Pw;v D
X
w2V0

�w aw;v
�v

� �w
D
�v

�

X
w2V0

aw;v:
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Check the induction step:

�.nC1/v D

X
w2V0

�.n/w Pw;v D
X
w2V0

�
�w

�n

X
s2V0

a.n/s;w

�
pw;v

D

X
w2V0

�
�w

�n

X
s2V0

a.n/s;w
aw;v �v

� �w

�
D

X
s2V0

�v

�nC1

X
w2V0

a.n/s;w aw;v

D
�v

�nC1

X
s2V0

a.nC1/s;v :

Proposition 8.6. Let A be a positive recurrent infinite matrix.

(1) Then, for every vertex v 2 V0,

�.X .n/v / D �.n/v ;

where � is the tail-invariant measure defined in (7.1).

(2) Assume that the right eigenvector � is probability, then for every v 2 V0,

�.n/v ! �v �v n!1:

Proof. (1) Note that by (8.7), we have

�.X .n/v / D �.n/v H .n/
v D

X
w2V0

a.n/w;v �
.n/
v D

X
w2V0

a.n/w;v
�v

�n
D �.n/v :

(2) Theorem A.7 states that ifA is positive recurrent and the left and right eigenvectors
are normalized by the condition � � � D 1, then for every v;w 2 V0,

lim
n!1

a
.n/
w;v

�n
D �w�v:

It follows from Lemma 8.5 that

lim
n!1

�.n/v D lim
n!1

�v

�n

X
w2V0

a.n/w;v D lim
n!1

�v
X
w2V0

a
.n/
w;v

�n
D �v

X
w2V0

�w�v D �v �v:

We used here the fact that the vector � is probability.

Theorem 8.7. Let B.F / be a stationary generalized Bratteli diagram and the matrix
A D F>. Suppose that A is irreducible, aperiodic, and positive recurrent. Let � be the
Perron eigenvalue of A and let � D .�i /, � D .�i / be the corresponding right and left
eigenvectors normalized such that

P
v2V0

�v D 1 and � � � D 1. Then, for every v;w 2 V0,

H
.n/
w

H
.nC1/
v

!
�w

� � �v
as n!1:
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Proof. SinceB is a stationary Bratteli diagram, we identify all levels Vn with Z. It follows
from (8.7) and (8.8) that, for every n 2 N,

�.X .nC1/v / zF D �.X .n/v /; (8.9)

By definition of zF , we get that, for every w 2 Z,X
v2Z

�.X .nC1/v / fv;w
H
.n/
w

H
.nC1/
v

D �.X .n/w /: (8.10)

Taking the limit in (8.10) as n!1 and using Proposition 8.6, we obtain that

lim
n!1

�X
v2Z

�.X .nC1/v /fv;w
H
.n/
w

H
.nC1/
v

�
D lim
n!1

�
�.X .n/w /

�
D �w �w : (8.11)

This implies that the series is convergent:X
v2V0

lim
n!1

�
�.X .nC1/v / fv;w

H
.n/
w

H
.nC1/
v

�
D �w �w <1; w 2 Z: (8.12)

Hence, the limit

lim
n!1

�
�.X .nC1/v /fv;w

H
.n/
w

H
.nC1/
v

�
exists. Proposition 8.6 states that the limit limn!1 �.X

.nC1/
v / exists for every v. We

conclude therefore that

Lv;w WD lim
n!1

H
.n/
w

H
.nC1/
v

<1:

The proved facts allow us to rewrite (8.12) as follows:X
v2V0

�v �v fv;w Lv;w D �w �w :

Multiplying in the above relation both sides by �
�w

, we getX
v2V0

�v fv;w

�
Lv;w

��v

�w

�
D ��w :

Since X
v2V0

�v fv;w D ��w ;

we obtain that Lv;w
��v
�w
D 1. In other words,

Lv;w D lim
n!1

H
.n/
w

H
.nC1/
v

D
�w

��v
;

as needed.



Bratteli diagrams in Borel dynamics 851

8.3. Stochastic matrices and measures for non-stationary generalized Bratteli
diagrams

Suppose that a generalized Bratteli diagram is defined by the sequence of incidence matri-
ces .Fn/ and An D F>n . Assume that there exists a probability tail-invariant measure �.
According to Theorem 6.6, this measure is completely determined by the sequence of non-
negative vectors .�.n// such thatAn�.nC1/D�.n/. Simultaneously, we have the sequence
.H .n// which satisfies the condition FnH .n/ DH .nC1/. Since � is a probability measure,
the sequences .H .n// and .�.n// satisfy the equality:

h�.n/;H .n/
i WD

X
v2Vn

�.n/v H .n/
v D 1; n 2 N0: (8.13)

Let
k�.n/k1 D sup

v2Vn

�.n/v ; n 2 N0:

Denote

y�.n/ D
�.n/

k�.n/k1
; yH .n/

D
H .n/

hy�.n/;H .n/i
:

It can be checked directly that hy�.n/; yH .n/i D 1.

Lemma 8.8. Let

�n D
k�.n/k1

k�.nC1/k1
:

Then, for n 2 N0,

(1) �n > 1,

(2) An y�.nC1/ D �n y�.n/,

(3) Fn yH .n/ D �n yH
.nC1/.

Proof. We have for all n 2 N0

An y�
.nC1/

D
1

k�.nC1/k1
An�

.nC1/
D

�.n/

k�.nC1/k1
D
k�.n/k1

k�.nC1/k1
y�.n/ D �n y�

.n/:

To see that �n > 1, we take " > 0 and find v0 2 VnC1 such that

k�.nC1/k1 � " < �
.nC1/
v0

:

Let w be a vertex in Vn such that E.w; v0/ ¤ ;. Since js�1.w/j > 1, we see that
�
.nC1/
v0 < �

.n/
w � k�

.n/k1. Using the fact that the set r�1.v0/ is finite, we conclude that
k�.nC1/k1 < k�.n/k1 as desired.
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For the third relation, we compute using (8.13)

Fn yH
.n/
D

H .nC1/

hy�.n/;H .n/i

D
k�.n/k1

h�.n/;H .n/i
H .nC1/

D
k�.n/k1

h�.nC1/;H .nC1/i
H .nC1/

D
k�.n/k1

k�.nC1/k1

1

hy�.nC1/;H .nC1/i
H .nC1/

D �n yH
.nC1/:

We summarize the above discussion in the following theorem.

Theorem 8.9. Let B be a generalized Bratteli diagram and � a tail-invariant measure on
the path space XB . Then there exist two sequences of positive vectors .y�.n// and . yH .n//

such that for all n 2 N0

hy�.n/; yH .n/
i D 1;

and
An y�

.nC1/
D �n y�

.n/; A>n
yH .n/
D �n yH

.nC1/:

Remark 8.10. Theorem 8.9 remains true if instead ofH .0/ D .1; 1; : : :/ one takes an arbi-
trary sequence t .0/ of positive integers t .0/v ; v 2 V0, then the sequences t .n/ are determined
automatically by the relation Fn�1 � � �F1F0t .0/; n 2 N.

Theorem 8.9 can be used to construct a sequence . yPn/ of row stochastic matrices.

Lemma 8.11. Let Dn be the diagonal matrix whose non-zero entries are y�.n/v ; v 2 Vn.
Then the matrix

yPn D
1

�n
D�1n AnDnC1; n 2 N0 (8.14)

is stochastic.

Proof. Indeed, for w 2 Vn; v 2 VnC1, one hasX
v2VnC1

yp.n/w;v D
X

v2VnC1

1

�n y�
.n/
w

a.n/w;v y�
.nC1/
v

D
1

�n y�
.n/
w

X
v2VnC1

a.n/w;v y�
.nC1/
v

D
1

�n y�
.n/
w

�n y�
.n/
w D 1:
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We note that the entries of yPn can be written in two ways:

yp.n/w;v D
a
.n/
w;v y�

.nC1/
v

�n y�
.n/
w

D
a
.n/
w;v�

.nC1/
v

�
.n/
w

:

It can be easily seen that, for a stationary generalized Bratteli diagram, the stochastic
matrices yPn coincide with the matrix P defined in (8.1).

Similarly to the case of finite Bratteli diagrams, we can produce a sequence of stochas-
tic incidence matrices for any generalized Bratteli diagram B with incidence matrices
.Fn/. For given B and .Fn/, compute the sequence of vectors .H .n// as in Lemma 6.1.
Then define entries of a new matrix Gn D .g

.n/
v;w/ as follows:

g.n/v;w WD
f
.n/
v;wH

.n/
w

H
.nC1/
v

; v 2 VnC1; w 2 Vn; n 2 N: (8.15)

Lemma 8.12. Let � be a tail-invariant measure on a generalized Bratteli diagram
B D .V;E/. Then the matrix Gn, with entries defined by (8.15), is stochastic and satisfies
the relation

Cns
.nC1/

D s.n/; n 2 N;

where Cn D G>n and s.n/ is the probability vector with entries .�.X .n/v / W v 2 Vn/.

Proof. The fact that Gn is stochastic follows from the relation FnH .n/ D H .nC1/.
To check the other statement of the lemma, we first recall that s.n/v D �

.n/
v H

.n/
v and

then compute

.Cns
.nC1//v D

X
w2VnC1

g.n/w;vs
.nC1/
w

D

X
w2VnC1

f .n/w;v

H
.n/
v

H
.nC1/
w

�.nC1/w H .nC1/
w

D H .n/
v

X
w2VnC1

f .n/w;v�
.nC1/
w

D H .n/
v �.n/v D s

.n/
v :

We used here relation (6.3) of Theorem 6.6.

The main result of this subsection is as follows.

Theorem 8.13. Let B be a generalized Bratteli diagram with incidence matrices Fn
and � be a probability tail-invariant measure on B . Let An D F>n . Then there exist a
sequence of numbers �n > 1, a sequence of vectors y�.n/ D .y�.n/v /, v 2 Vn, and a sequence
of vectors yH .n/ D . yH

.n/
v /, v 2 Vn, such that for every n 2 N

(1) hy�.n/; yH .n/i D 1,
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(2) An y�.nC1/ D �n y�.n/,

(3) Fn yH .n/ D �n yH
.nC1/.

Conversely, if there exist a sequence of non-negative infinite integer matrices An with
finite column sums, a sequence of numbers �n > 1, a sequence of non-negative infinite
vectors y�.n/ D .y�

.n/
v /, and a sequence of positive infinite vectors yH .n/ D . yH

.n/
v / with

yH .0/ D H .0/ which satisfy conditions (1)–(3) above, then a generalized Bratteli dia-
gram B defined by incidence matrices Fn D A>n possesses a probability tail-invariant
measure, for which the measures of cylinder sets are defined by the sequence of vectors

p.0/ D y�.0/ and p.n/ D
1

�0 � � ��n�1
y�.n/; for n � 1; (8.16)

where p.n/ D .�.X .n/w .e// W w 2 Vn/.

Proof. The “if” part of the theorem is proved in Lemma 8.8. To prove the “only if” part,
we first notice that for all n � 0:

Anp
.nC1/

D
1

�0 � � ��n
An y�

.nC1/
D

1

�0 � � ��n
�n y�

.n/
D p.n/:

Hence by Theorem 6.6, the measure � defined by (8.16) is a tail-invariant measure on B .
Since yH .0/ D H 0 and hy�.0/; yH .0/i D 1, we obtain that � is a probability measure.

9. Open problems

This section contains several open problems. We have not tried to create a comprehensive
list of problems that would cover all possible directions. We focus here on the existence
of Vershik maps and probability tail-invariant measures. These areas are well studied in
the case of standard Bratteli diagrams. We refer to the literature mentioned in Section 1. It
would be interesting to understand which of these results (or their analogs) can be proved
in the context of generalized Bratteli diagrams.

(1) Find necessary and sufficient conditions for an aperiodic irreducible infinite non-
negative integer matrix with finite Perron eigenvalue to have a right eigenvector
� D .�v/ with

P
v2V0

�v <1. It follows from our results given in Section 7 that
such conditions will imply the existence of a finite tail-invariant measure for the
corresponding stationary generalized Bratteli which takes positive values on cylin-
der sets. We present some sufficient conditions of this kind in Subsections 7.2
and 7.3.

(2) Find conditions on incidence matrices of generalized Bratteli diagrams which
allow determining the number of ergodic tail-invariant measures. In particular,
it is important to know when a generalized Bratteli diagram is uniquely ergodic.
This problem was discussed in many papers on Cantor dynamics (see, e.g., [11,
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13,31,60] for the case of standard Bratteli diagrams). As a part of this problem, it
would be interesting to consider the cases of null-recurrent and/or transient inci-
dence matrices. In Example 8.2, we present two different tail-invariant measures.
If a generalized Bratteli diagram is not uniquely ergodic, how can one determine
the support of ergodic measures?

(3) Most results of this paper are related to the case of irreducible Bratteli diagrams.
How can we describe tail-invariant measures on reducible (stationary) generalized
Bratteli diagrams? We mention Proposition 6.11 to illustrate what may happen in
this case. For the standard Bratteli diagrams, we refer to [15] where the method
of measure extension played an important role. This remark motivates the follow-
ing problem: Find conditions under which a measure on a generalized Bratteli
diagram is an extension of a measure from a subdiagram (see [2]).

(4) Let B be a stationary generalized Bratteli diagram such that the corresponding
incidence matrix is aperiodic irreducible and does not have a finite Perron eigen-
value (we give examples of such matrices in Appendix A). Can such a diagram
possess a finite tail-invariant measure? In particular, can a stationary generalized
Bratteli diagram with the incidence matrix

F D

0BBBBB@
2 1 0 0 : : :

1 3 1 0 : : :

0 1 4 1 : : :

0 0 1 5 : : :
:::

:::
:::

:::
: : :

1CCCCCA
possess a probability tail-invariant measure which takes positive values on
cylinder sets?

(5) If B is a generalized Bratteli diagram, then one can consider various partial orders
on the set of edges. For standard Bratteli diagrams, we know that some orders gen-
erate continuous Vershik maps. On the other hand, there are diagrams on which it
is impossible to define a Vershik map (see details in [17, 56]). Is it true that any
generalized Bratteli diagram B can be endowed with an order which generates
a Borel Vershik map? In particular, is there an order without infinite maximal
and minimal paths? Are there algebraic conditions on incidence matrices that
guarantee the existence of a Vershik map? The reader can find more information
in [17, 18] for standard Bratteli diagrams.

(6) For an ordered generalized Bratteli diagram, find conditions, under which the
corresponding Vershik map is a homeomorphism (we have partly answered this
question in Subsection 3.2).



S. Bezuglyi, P. E. T. Jorgensen, O. Karpel, and S. Sanadhya 856

A. Perron–Frobenius theory for infinite matrices

For the benefit of the readers, in this appendix, we provide some definitions and results
from the Perron–Frobenius theory of infinite matrices which are of direct relevance to the
proofs in the body of our paper. As mentioned before, these results are due to Vere-Jones
(see [65–67]). The formulations of statements and definitions in this section are taken
from the book by Kitchens [53, Chapter 7].

Recall that a matrix A D .aij / is called infinite (or countably infinite) if its rows and
columns are indexed by the same countably infinite set. Let A D .aij /i;j2Z be a real,
non-negative, infinite matrix. We enumerate the rows and columns of A by Z to make
this material closer to two-sided generalized Bratteli diagrams. Note that the results in
this section are independent of the fact that we enumerate the rows and columns by Z or
by N. As before, we denote by a.n/ij the .i; j /-th entry of An, n 2 N, whenever it exists,
that is, whenever it is finite. The matrix A is called irreducible if for every pair i; j 2 Z
there is n > 0 such that a.n/ij > 0. Denote

p.i/ D gcd¹n W a.n/ii > 0º; i 2 Z:

Then p.i/ is called the period of index i . For an irreducible matrix A, the periods of all
indices are the same and called the period of A. An irreducible matrix with period one is
called aperiodic.

Lemma A.1 ([53]). Let A be a real, non-negative, irreducible, aperiodic, infinite matrix.
Fix i 2 Z. Then

(a) there exists k 2 N such that a.n/ii > 0 for all n � k,

(b) there exists

� D lim
n!1

n

q
a
.n/
ii D sup

n2N

n

q
a
.n/
ii � 1; (A.1)

where the value of � does not depend on i .

If the value � in Lemma A.1 is finite, then it is called the Perron eigenvalue of A. If A
is a finite non-negative irreducible and aperiodic matrix, then � coincides with the usual
Perron eigenvalue of A. If the matrix A is periodic, then one defines the Perron eigenvalue
of A as

� D lim sup
n!1

n

q
a
.n/
ii :

The next example gives a banded matrix A with infinite spectral radius given by
formula (A.1).
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Example A.2. Let A D .aij / be a non-negative integer Z � Z matrix with the entries8̂̂̂̂
<̂
ˆ̂̂:
a0;0 D 1;

am;m D jmj
jmj; for m 2 Z n ¹0º;

am;m�1 D am;mC1 D 1; for m 2 Z;

ai;j D 0 for ji � j j > 1; i; j 2 Z:

We prove straightforwardly that the Perron value � of A is infinite. Fix m 2 N. First we
show by induction that a.n/m;mCn � 1 for all n 2N. To see this, observe that ak;kC1 D 1� 1
for all k 2 N. By induction step,

a
.nC1/
m;mCnC1 � a

.n/
m;mCn amCn;mCnC1 � 1:

Similarly, a.n/mCn;m � 1 for all n 2 N. Then

a
.nC1/
m;mCn � a

.n/
m;mCnamCn;mCn � .mC n/

.mCn/:

It follows that
a.2nC1/mm � a

.nC1/
m;mCna

.n/
mCn;m � .mC n/

.mCn/:

Therefore,
2nC1

q
a
.2nC1/
mm � ..mC n/.mCn//

1
2nC1 !1

as n!1. Thus, the Perron value � is infinite.

Definition A.3. Let A be a real, non-negative, irreducible, aperiodic, infinite matrix with
a finite Perron value � and i 2 Z.

(i) A is called recurrent if
1X
nD0

a
.n/
ii

�n
D1;

where A0 D I is an infinite identity matrix.

(ii) A is called transient if
1X
nD0

a
.n/
ii

�n
<1:

Moreover, the convergence of the series does not depend on the choice of i .

For a real, non-negative, irreducible, aperiodic infinite matrix A, we define the
following generating function:

T Aw;v.z/ D

1X
iD0

a.i/w;vz
i ;
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where a.0/w;v D ıw;v . The radius of convergence of T Aw;v.z/ is ��1. Hence, A is recurrent if
and only if

T Aw;w.�
�1/ D1;

and A is transient if and only if

T Aw;w.�
�1/ <1:

Theorem A.4 (Generalized Perron–Frobenius theorem [53]). Let A be a real, non-
negative, irreducible, aperiodic, recurrent, infinite matrix. Let � < 1 be a Perron
eigenvalue of A. Then

(i) there exist strictly positive eigenvectors �; � such that �A D ��, A� D ��;

(ii) � and � are unique up to constant multiples.

We will call � and � the left and the right Perron eigenvectors of A.

Example A.5. There are banded matrices that do not have finite Perron values. Here is an
example of such a matrix:

A D

0BBBBB@
n1 1 0 0 : : :

1 n2 1 0 : : :

0 1 n3 1 : : :

0 0 1 n4 : : :
:::

:::
:::

:::
: : :

1CCCCCA :

It is easy to see that if the sequence .ni / is unbounded, then the solution of Ax D �x does
not exist for positive vectors x.

We set lw;v.0/D 0 and for a real, non-negative, irreducible, aperiodic infinite matrixA
define lw;v.1/ D aw;v and

lw;v.nC 1/ D
X
i¤w

lw;i .n/ai;v:

Then lw;v.n/ is the number of paths of length n from vertex w to vertex v which do not
return to w at any time prior to n. Define the corresponding generating function

Lw;v.z/ D

1X
nD1

lw;v.n/z
n:

The matrix A is called positive recurrent if

1X
nD1

nl .n/w;w.�
�n/ <1;
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and A is called null recurrent if
1X
nD1

nl .n/w;w.�
�n/ D1:

Proposition A.6 ([53]). Let A be a real, non-negative, irreducible, aperiodic, recurrent,
infinite matrix. Let � and � be the left and right Perron eigenvectors of A. If

� � � D
X
i

�i�i <1;

then A is positive recurrent. Otherwise, A is null recurrent.

Theorem A.7 ([53]). LetA be a real, non-negative, irreducible, aperiodic, recurrent, infi-
nite matrix, and let � and � be the left and right Perron eigenvectors of A. If A is positive
recurrent and � � � D 1, then

lim
n!1

An

�n
D ��:

The next fact explains why we were interested in measures taking positive values on
cylinder sets.

Proposition A.8. Let A be a real, non-negative, irreducible, and aperiodic infinite matrix
such that there exist � > 0 and a non-zero non-negative vector x D .xi /i2Z for which

Ax � �x: (A.2)

Then if xj > 0 for some j 2 Z, it follows that xi > 0 for all i 2 Z.

Proof. By formula (A.2), we haveX
j

aijxj � �xi for all i 2 Z:

Thus, we have
aijxj � �xi

for all i; j . We show by induction that

ai0i1 � � � ain�1inxin � �
nxi0 :

Indeed, suppose the above inequality is true for some n, we prove it for nC 1:

ai0i1 � � � ain�1in.aininC1xinC1/ � ai0i1 � � � ain�1in.�xin/ � �.�
nxi0/ D �

nC1xi0 :

Let xj > 0, fix any xi . Since A is irreducible, there exists n such that

a
.n/
ij > 0;
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where An D .a.n/ij /. Thus, there exists i1; : : : ; in�1 such that

ai i1 � � � ain�1j > 0:

Hence,
�nxi � ai i1 � � � ain�1jxj > 0:

The next proposition gives bounds for a positive eigenvalue of an infinite matrix that
has a non-negative corresponding eigenvector.

Proposition A.9. Let A be a real, non-negative, irreducible, and aperiodic infinite
matrix with the uniformly bounded sum of elements in each column. Suppose there exist
0<�<1 and a non-zero non-negative vector x D .xi /i2Z for which Ax D �x. IfX

i

xi <1;

then
inf
j

X
i

aij � � � sup
j

X
i

aij :

In particular, if the sum of entries in every column of A is c, then � D c.

Proof. We have X
j

aijxj D �xi

and X
i

X
j

aijxj D �
X
i

xi :

Let
m D inf

j

X
i

aij ; M D sup
j

X
i

aij :

Then,
m
X
j

xj � �
X
i

xi �M
X
j

xj

and
m � � �M:

In particular, if m DM D c, then � D c.
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B. Examples of Bratteli diagrams supporting invariant measures

In this appendix, we give the proofs of the propositions formulated in Subsection 7.3
for some classes of stationary generalized Bratteli diagrams. Most of them satisfy the
conditions of Theorem 7.1. This means that, for such diagrams, there exist tail-invariant
measures (finite or � -finite) given by (7.1).

We will follow the notations of Appendix A. Recall that A D .aij /i;j2Z is an
integer-valued, non-negative, and countably infinite matrix.

Proof of Proposition 7.8. We first note thatA1 has the equal column sum property. Hence,
there is an eigenvalue equal to the column sum � D a C 2b. Denote by � D .�n/n2Z

the right eigenvector for A1, that is, A1� D .a C 2b/�. Then b��1 C a�0 C 2b�1 D
.aC 2b/�0. We choose ��1 D �0 D 1 and find that �1 D 1

2
. Analogously, the equality

b�0 C 2b�2 D b C 2b�2 D .aC 2b/�1 D
a

2
C b

gives �2 D a
4b

. By induction, we prove that

�n D
an�1

2nbn�1

for each n 2 N. Indeed, we have

a�n�1 C 2b�nC1 D
an�1

2n�1bn�2
C 2b�nC1 D .aC 2b/�n D

an C 2an�1b

2nbn�1
:

Thus,

�nC1 D
an C 2an�1b � 2an�1b

2nC1bn
D

an

2nC1bn
:

To find ��n, we use the same equations. Therefore,

� D
�
: : : ;

1

23

�a
b

�2
;
1

22

�a
b

�
;
1

2
; 1; 1;

1

2
;
1

22

�a
b

�
;
1

23

�a
b

�2
; : : :

�>
is the right eigenvector for A1. Clearly, the tail-invariant measure �, which is determined
by (7.1), is finite if and only if X

n2Z

�n <1” a < 2b:

Since � D .: : : ; 1; 1; 1; : : :/ is the left eigenvector for A1, the condition a < 2b is
equivalent to the property � � � <1.

Proof of Proposition 7.10. (1) For a ¤ b, calculations show that A2 has eigenvalues
� D a C b and z� D 2

p
ab. We note that z� is the spectral radius of the matrix A2 (see

also Example 8.2). The eigenvectors corresponding to � and z� are given below:

A2 � D � �; � D aC b; � D .�n/ D .: : : ; 1; 1; 1 : : :/
>;

X
n2Z

�n D1
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and

A2 z� D z� z�; z� D 2
p
ab; z� D .z�n/; z�n D

�a
b

� n
2
;

X
n2Z

z�n D1:

We apply (7.1) to obtain two � -finite invariant measures � and z� on the path space XB ,
corresponding to � and z�, respectively.

(2) When aD b, we obtain the eigenvalue �D z�D 2a and � D z� D .: : : ; 1; 1; 1 : : :/>,
hence � D z�.

Direct computations or application of Proposition 8.1 show that matrix A is null
recurrent.

Proof of Proposition 7.13. Note that the tri-diagonal matrix A3 is a balanced matrix (see
Definition 7.11) with �D bC c C ˛c, �1 D bC 2˛c and �i D bC c C ˛c for i > 1. Let
� D .�n/n2N be the corresponding right eigenvector. Then the first entry of the equation

A3� D .b C c C ˛c/�

implies that .b C ˛c/�1 C ˛c �2 D .b C c C ˛c/�1. Hence, we get �2 D
�1
˛

.
Then, we apply the relation

c �n�1 C b �n C ˛c �nC1 D .b C c C ˛c/�n

for n > 2, and by induction, we can easily obtain that �n D
�1
˛n�1

. Since ˛ > 1, we haveP
n2Z �n <1. Finally, we observe that �AD �� where �D .: : : ; 1; 1; 1; : : :/. This means

that � � � <1.

Proof of Proposition 7.15. (1) Note that the tri-diagonal matrix A4 given by (7.8) is a bal-
anced matrix (see Definition 7.11) with the eigenvalue �D bC 2r , �1 D bC 2r C ˛C ˇ
and �i D b C 2r for i > 1. We show that the right eigenvector � corresponding to � has
entries as in (7.9). To see this, we set �1 D 1 and find from the equation .b C r C ˛/x1 C
.r C ˇ/x2 D .b C 2t/x1 that x2 D r�˛

rCˇ
. Fix n > 0 and assume that �i satisfies equations

in (7.9) for all i � 2n � 1. We note that, using the equality

.r � ˇ/�2n�2 D .r C ˛/�2n�1;

one can find �2n from the relation

.r � ˇ/�2n�2 C b �2n�1 C .r C ˇ/�2n D .b C 2r/�2n�1:

Then,
.r C ˛/�2n�1 C .r C ˇ/�2n D 2r �2n�1

and

�2n D
.r � ˛/ �2n�1

.r C ˇ/
D
.r � ˛/n .r � ˇ/n�1

.r C ˛/n�1.r C ˇ/n
:
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A similar calculation gives the formula for �2nC1:

�2nC1 D
.r � ˛/n.r � ˇ/n

.r C ˛/n.r C ˇ/n
:

(2) Now we find the conditions under which the eigenvector � is summable, that is,P
i2N �i <1. Recall that the parameters q1 and q2 of the matrix A4 have been defined

in (7.7).
Suppose that q1q2 < 1. Then we can write �2nC1 D .q1 q2/

n, and �2.nC1/ D

q1 .q1 q2/
n. This means that the sum of all entries of � can be found as follows:

1X
iD0

�i D

1X
nD0

.q1 q2/
n
C

1X
nD0

q1 .q1 q2/
n

D
1

.1 � q1q2/
C

q1

.1 � q1q2/

D
2 r C ˇ � ˛

.r C ˇ/
<1:

It is obvious that � D .: : : ; 1; 1; 1; : : :/ is the left eigenvector corresponding to �, and
we have � � � <1.

(3) If q1q2 � 1, then the series
P1
iD0 �i diverges and the tail-invariant measure� given

by (7.1) is � -finite.

Proof of Proposition 7.17. It is obvious that the matrix A5 has the equal column sum
property and the eigenvalue � D 2. One can check by definition that � is the Perron
eigenvalue and the matrix A5 is positive recurrent. Then the left and right eigenvectors
are

� D .1; 1; 1; : : :/

and
� D

�
1;
1

2
;
1

22
;
1

23
; : : :

�>
:

Since the matrixA5 is positive recurrent, it follows from Theorem 7.2 that the Bratteli dia-
gram supports the unique (up to constant multiple) finite ergodic invariant measure which
takes positive values on cylinder sets, and this measure is generated by � and �. It is easy
to see that any probability tail-invariant measure on B.F5/ should have positive values
on cylinder sets. It follows from the fact that for every non-negative n, there is an edge
between the first vertex on level n and every vertex on level nC 1. Thus, the probability
ergodic tail-invariant measure for B.F5/ is unique.

Proof of Proposition 7.19. By definition of the matrix A6, the entries of A6 are

a1;n D a2;2n D anC1;n D 1; 8 n 2 N
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and zero otherwise. Hence, the equation A6� D �� is equivalent to the system8̂̂̂̂
ˆ̂̂<̂
ˆ̂̂̂̂̂:

1X
kD1

�k D ��1;

�1 C

1X
kD1

�2k D ��2;

�n D ��nC1; n � 2:

(B.1)

Direct calculations show that the Perron eigenvalue � is 1C
p
2, and the corresponding

probability right eigenvector � D .�n/n2N is given by

�1 D
1

1C
p
2
I �n D

2

.1C
p
2/n

; n � 2;

and the matrix A6 is recurrent (see [61]). The left eigenvector is � D .1; � � 1; 1; � �

1; : : :/. Thus, the matrix A6 is positive recurrent, and we can again apply Theorem 7.2 to
conclude that the invariant measure given by (7.1) is uniquely ergodic.

Proof of Proposition 7.21. Let � and � be left and right eigenvectors corresponding to
eigenvalue �. Then �A7 D �� implies

1X
kD0

ck�k D � �0; �0 D � �1; : : : ; �k D � �kC1; : : :

Setting �0 D 1, we get � D
�
1; 1
�
; : : : ; 1

�k
; : : :

�
and

1X
kD0

ck

�kC1
D 1: (B.2)

If ck � C for all k 2 N0, then we deduce from (B.2) that 1 � C
�
�

1
1�1=�

or � � C C 1.
In particular, � D C C 1 if all ck D C .

Now we calculate the right eigenvector � D .�k/1kD0. Observe that A7� D �� implies
the following relations

co �0 C �1 D � �0; : : : ; ck �0 C �kC1 D � �k ; : : :

Hence, setting �0 D 1, we have

�kC1 D �
kC1
� c0 �

k
� c1�

k�1
� � � � � ck�1� � ck ; k 2 N0;

which proves (7.14). We check that �k > 0 for all k 2 N0. Indeed,

�kC1 D �
kC1
� �kC1

�
c0

�
C
c1

�2
C � � � C

ck

�kC1

�
> �kC1

�
1 �

1X
iD0

ci

�iC1

�
D 0
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as follows from (B.2). The eigenvector � D .�k/ and � define the tail-invariant measure �
according to Theorem 7.1. Clearly, this measure is infinite.

We can also find conditions under which � � � <1. We calculate

1X
kD1

�k �k D

1X
kD1

1

�k

�
�k �

k�1X
jD0

cj�
k�j�1

�

D

1X
kD1

�
1 �

k�1X
jD0

cj

�jC1

�
D

1X
kD1

X
j�1

cj

�jC1

D

1X
kD1

k � ck

�kC1
:

This proves the second statement of Proposition 7.21.
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