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Profinite subgroup accessibility and recognition
of amalgamated factors

Julian Wykowski

Abstract. We investigate accessible subgroups of a profinite group G, that is, subgroups H appear-
ing as vertex groups in a graph of profinite groups decomposition of G with finite edge groups.
We prove that any accessible subgroup H < G arises as the kernel of a continuous derivation
of G in a free module over its completed group algebra. This allows us to deduce splittings of
an abstract group from splittings of its profinite completion. We prove that any finitely generated
subgroup A of a finitely generated virtually free group I" whose closure is a factor in a profinite
amalgamated product =271l x L along a finite K must be a factor in an amalgamated product
I' = A %, A along some y = K. This extends previous results of Parzanchevski-Puder, Wilton and
Garrido—Jaikin-Zapirain on free factors.

1. Introduction

The structure of profinite groups is as intriguing as it is elusive. As Galois groups, profinite
groups appear throughout mathematics, and it is of great interest in fields such as number
theory or algebraic geometry to shed light on the peculiar structural properties of these
objects. Within group theory, particular focus lies on the study of profinite rigidity, that
is, the question to what extent the structure of an abstract group I' is visible in its finite
quotients. More concisely, this problem can be rephrased as the question of how much the
structure of an abstract group I' is visible in its profinite completion T, the latter being
a profinite group composed of the inverse system of the finite quotients of I" and their
epimorphisms.

A natural question regarding the structure of a mathematical object is whether it can
be decomposed via the canonical constructions in the category it inhabits, that is, limits
and colimits. While limits commute with the forgetful functor from the profinite to the
abstract category, colimits do not: Already the coproduct of two profinite groups, their
profinite free product, can significantly outgrow their coproduct as abstract groups, the
free product. This makes the study of profinite coproduct decompositions both harder and
more interesting. A larger class of colimit decompositions is given by graph of groups
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splittings, which are related via Bass—Serre theory to a group’s ability to act on trees. In
recent years, a beautiful profinite analogue of this geometric theory — profinite groups act-
ing on profinite trees — has come to fruition, albeit in a far more obscure form than its
abstract sibling. This development has brought about answers as well as questions.

It is natural then to ask whether profinite decompositions of the profinite comple-
tion ' of a residually finite group I must arise from abstract decompositions of I". In
other words, can one recognise decompositions of I' in its finite quotients? The restric-
tion to the class of residually finite groups is necessary here to ensure that I' embeds into
its profinite completion [asa subgroup. A celebrated instance of this general question,
attributed to Remeslennikov (cf. [15, Question 15]), asks whether there exists a finitely
generated residually finite group which is not free but whose profinite completion is free
profinite. The solution remains out of sight at the time being. However, in recent years,
the related question of whether a subgroup A < I' whose closure A in [ is a factor in
a profinite decomposition must itself arise as a factor in an abstract decomposition of I"
has gained considerable attention. In the case of free factors of finitely generated free
groups, this was answered positively by Parzanchevski and Puder in [16] and by Wilton
in [23]. Last year, Garrido and Jaikin-Zapirain generalised in [8] this result to free factors
of finitely generated virtually free groups, providing a Bass—Serre theoretic proof.

Thus, one is tempted to extend the overarching question to a more general class of
decompositions. The natural next step would be to consider free products with amalgam-
ation, which arise for instance as the fundamental groups of unions of path-connected
spaces with path-connected intersection. Given a residually finite group I' which splits
as a free product I' = A *, A with amalgamation along a finite X, it follows from the
definition of pushouts (cf. [19, Excercise 9.2.7 (3)]) that F=A o, A, where LI denotes
the profinite amalgamated product, and A and A denote the closures of A and A in T,
respectively. We ask here the converse direction of this implication, which is considerably
more involved and vastly unanswered. We remark the particular significance of this ques-
tion in light of the recent discovery (cf. [5, Corollary 1.2]) that splitting as an amalgam is
not a profinite invariant among finitely presented residually finite groups.

Question 1. Let I' be a finitely generated residually finite group and A < I" a finitely
generated subgroup. Assume that I' = A L g L for some profinite groups K, L. Are there
abstract groups X, A such that I' = A x, A and X = K?

The theory of Bass and Serre is not unique among those which infer the structure of a
group from its ability to act on other mathematical objects. The topologically inspired — yet
entirely algebraic — theory of groups acting on modules, group cohomology, has proven
instrumental in the study of groups in the last century. In 1979, Dunwoody related these
two theories in an elegant result, which states that a subgroup A of a group I' is contained
in the kernel of a non-trivial derivation of T" in its group ring R[I'] if and only if A is
accessible within T, that is, A is contained in the stabiliser of a vertex under an action



Profinite subgroup accessibility and recognition of amalgamated factors 1073

of I on a tree with finite edge stabilisers. We introduce the following analogous definition
for profinite groups.

Definition 1. Let G be a profinite group. A closed subgroup H < G is accessible within G
if G = I1;(%, E, ®©) for some graph of profinite groups (¢, E, ®) over a finite graph &
such that all edge groups §(e) for e € E(Z) are finite and there exists a vertex v € §(v)
with H = §(v).

When necessary to specify the graph of groups, we shall say that H is accessible
within G via (§, E, ®). We refer the reader to Section 2.1 for details on graphs of profin-
ite groups. The cohomology theory of profinite groups emerges analogously to that of
abstract groups, and in the case of a profinite completion ¢: ' — T, one may relate the
corresponding theories for I' and Cina variety of ways. This was exploited partially by
Garrido—Jaikin-Zapirain in [8], who used Dunwoody’s theorem to construct an abstract
graph of groups splitting using a continuous derivation obtained from a profinite free
product. In this paper, we address the question of obtaining these continuous derivations
for general graphs of profinite groups. We prove the following profinite analogue of the
“if”” direction in Dunwoody’s result.

Theorem 1.1. Let G be a profinite group and H < G a closed subgroup accessible
within G via a graph of profinite groups (§, &, ®) with n edges. If R is a finite ring
whose characteristic does not divide the order of any edge group §(e) for e € E(E), then
there exists a continuous derivation

f:G — R[G]"
satisfying Ker(f) = H

The difficulty in erecting such a derivation in the profinite setting is that, first, the min-
imal subtree of a profinite tree containing two vertices may be infinite, so Dunwoody’s
construction using almost invariant sets does not carry over, and second, an arbitrary ele-
ment of a graph of profinite groups does not have a normal form, so precise control over
the derivation’s kernel becomes a question of asymptotics within a profinite group. We
settle the first issue in the proof of Proposition 3.2, and dedicate the proof of Theorem 1.1
to the resolution of the second issue.

Having established Theorem 1.1, we aim to utilise it together with the abstract opposite
direction to deduce splittings of an abstract group from splittings of its profinite comple-
tion. In [8], Garrido and Jaikin-Zapirain follow this strategy in the case of free products.
They start with a finitely generated virtually free group I' and a ﬁnltely generated sub-
group A whose closure in [ is a factor in a profinite free splitting F=ALL. Using
a direct sum decomposition of augmentation ideals inherent to free products, they obtain
a continuous derivation f of [ inits completed group algebra R[[f ] for a finite ring R.
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Restricting f to I, they prove using homological algebra that the image f(I") lies in a pro-
jective R[I']-module. Dunwoody’s theorem then yields a graph of groups decomposition
of I", which they mould to the form I' = A % A forsome A <T.

In this paper, we employ a similar idea to attack Question 1. The difficulty in gener-
alising to free products with non-trivial amalgamation is twofold. First, there no longer
exists a direct sum decomposition of augmentation ideals, so the continuous derivation
of T' must be obtained by alternative means. We do this in Theorem 1.1 for all graphs
of groups. The second difficulty lies in the increased complexity of Bass—Serre theoretic
manipulations necessary to retrieve the desired decomposition. This we accomplish in
Section 4. Thus, we prove the following result, which answers Question 1 positively in
the class of virtually free groups.'

Theorem 1.2. Let " be a finitely generated virtually free group, let A < I" be a finitely
generated subgroup and let K < T be a finite subgroup of the profinite completion. The
following are equivalent:

(a) There exists a closed subgroup L < [ suchthat T = A Uk L.
(b) There exist subgroups A, X <T and h € AwithT = A *y Aand X = h~YKh.

The article is structured as follows. In Section 2, we review definitions and prelimin-
ary results on the topics of abstract and profinite Bass—Serre theory and profinite group
cohomology, which we shall require in our proofs. In Section 3, we construct certain con-
tinuous derivations of profinite groups which split as graphs of profinite groups. We prove
a general result on the structure of continuous derivations of graphs of profinite groups
in Proposition 3.1, and utilise this result to demonstrate Proposition 3.2, the profinite ana-
logue of Dunwoody’s result on the construction of derivations. Sharpening explicit control
over the kernel of these derivations, we obtain Theorem 1.1. Finally, Section 4 is devoted
to the proof of Theorem 1.2. The major effort lies in the Bass—Serre theoretic manipula-
tions necessary to restore the required amalgamated splitting, which we split into a few
lemmata. The substance is contained in the proofs of Lemma 4.1 and Theorem 1.2.

2. Preliminaries

In this section, we outline preliminary results on the topics of profinite groups acting on
profinite trees and the homological algebra of profinite groups. In the interest of brevity,
we outline only the key results used in our proofs in later sections. For more detailed
expositions of these topics, we invite the reader to [18,22,24,25], as well as [9, 19, 20].

I'This question was also asked by Tan Agol at the Workshop on Profinite Rigidity held at the ICMAT in
Madrid, June 2023.
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2.1. Profinite groups acting on profinite trees

A profinite graph X is a compact, Hausdorff and totally disconnected space equipped with
a distinguished closed subspace V(X) € X, called the vertex set, as well as two continu-
ous maps do, d1: X — V(X) satisfying do|v(x) = d1|vx) = idv(x). A quasi-morphism
of graphs f: X — Y is a continuous map which commutes with dy and d;. We say that X
is connected if every finite image of X under a quasi-morphism is connected as an abstract
graph. By [18, Proposition 2.1.10], any profinite graph X has a unique decomposition into
its connected components, that is, maximal connected profinite subgraphs. Recall further
that a connected profinite graph X is a tree if the sequence

0= ZUE*X),:)] S 2vin] S 2 -0 @.1)

is exact; here, Z [Y] denotes the profinite free module on a (pointed) space Y, E*(X) =
(X/V(X), %) is the pointed quotient space with x = [VV(X)], and d, ¢ are the morph-
isms of profinite modules generated by d(e) = d;(e) — do(e), d(x) = 0 and e(v) = 1 for
e € E(X)and v € V(X). By [18, Proposition 2.4.9], the intersection of an arbitrary col-
lection of subtrees of a tree X is either empty or a tree. It follows that for any two vertices
v, w € V(X), there exists a minimal subtree containing v and w, which we shall denote
as [v,w] € X.

A profinite group G is said to act on a profinite graph X if there is a continuous group
action G ~, X which commutes with the adjacency maps dy, d;. If U is an open normal
subgroup of G, we shall write 77: G — G/ U for the canonical projection of groups and
pu: X — U\ X for the associated quotient of profinite graphs. There exist appropriate
definitions of graphs of profinite groups and their profinite fundamental groups over any
profinite graph — this is done using sheaves of profinite groups (see, for instance, [18,
Sections 5 and 6]). However, for the purposes of the present work, it shall be enough to
carry out these definitions in the case where the underlying graph X = E is finite. A graph
of profinite groups (§, E) over a finite connected graph E consists of:

(a) acollection of profinite groups {§(x) : x € E}, referred to as the vertex and edge
groups and

(b) two collections of continuous injective homomorphisms of profinite groups {dg :
&(e) > §(do(e))}ecE(m) and {01 : G(e) — G(d1(e))}ecE (7). referred to as the
edge inclusions.

Given a graph of profinite groups (¢, E), we want to associate to it a fundamental group,
which will be a group generated by the vertex groups and a collection of stable letters
T = {t, : e € E(E)}, indexed by the edges of E, which are glued together with respect to
the structure of E. Specifically, choose a spanning tree ® of E and consider the profinite
group given by the profinite free product

w@.g)= [] $@ UFD).
veV(E)



J. Wykowski 1076

where F(T') denotes the free profinite group on the space 7. Let N(9, E, ®) J
W (g, E) be the minimal closed normal subgroup containing the sets {z, : ¢ € E(®)} and
{01(g) "2, 00(g)te : € € E(E), g € §(e)}. The profinite fundamental group of (§, E)
with respect to © is defined as

W, g)

M@ 2 =ygz0

which is profinite as N(§, E) is closed in W(&, E). Given a different choice of spanning
tree ® of E, there is an isomorphism

I,(9.E,0) = I1,(4.E, ©), 2.2

although this isomorphism may carry vertex groups to distinct conjugates. Thus, we shall
write 11 (4, E) whenever we refer to the isomorphism type of this group, and specify a
spanning tree only when we need to refer to the images of vertex groups in the funda-
mental group. Moreover, to distinguish this construction from the abstract fundamental
group of a graph of groups (¢, E), we shall write I13(¢, E) to denote the latter. As an
example, consider the following graph of profinite groups (§, E) given by

K
H L

where H and L are profinite groups and K is a common subgroup. Write G = I1,(§, E)
for its profinite fundamental group. Then G = H Uk L is the profinite amalgamated
product or profinite free product with amalgamation along K, that is, the pushout

K — H

| | SV

L——G (2.3)
Vi oo A v
S, VA

in the category of profinite groups. Unlike in the abstract setting, the canonical morphisms
vx:§(x) —> [11(§, E, ®) for x € E may not be injective (see [19, Example 9.2.10] for
a counterexample). We say that (§, E, ®) is an injective graph of profinite groups if it is
indeed the case that the canonical morphisms v, are injective for all x € E. We note that a
graph of profinite groups which is not injective can be replaced with a natural construction
which does form an injective graph of profinite groups (see [18, Section 6.4]). Moreover,
as we shall see in Proposition 2.1, a graph of profinite groups over a finite graph with finite
edge groups is automatically injective.

It is an exercise in the definition of pushouts (cf. [19, Exercise 9.2.7 (2)]) to show that
A/*—K\A ~ A Ug A whenever A, A are residually finite and K is finite. More generally,
it is sensible to ask whether the profinite completion functor commutes with the (abstract
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and profinite) fundamental group construction. The following proposition yields a precise
topological description of the relation between the two constructions; it is obtained essen-
tially from [18, Proposition 6.5.1]. The symbols <y and <, denote finite-index normal
subgroups and open normal subgroups in a topological group, respectively.

Proposition 2.1. Ler (8, B, ®) be a graph of profinite groups over a finite graph E. The
profinite fundamental group 111 (8, B, ®) is isomorphic to the completion of the abstract
fundamental group TI3* (g, B, ©) with respect to the profinite topology determined by the
neighbourhood basis

U= {N < I™(E.8,.0) | Vx e B, NNEx) Ip §(x)}

for the identity. If, additionally, all edge groups G (e) for e € E(Z) are finite, then (§, )
is an injective graph of profinite groups, and the completion map

L TI(6, B, 0) — I1,(4, B, 0)
is a monomorphism.

Proof. The isomorphism between the profinite group I1;(¥§, E, ®) and the postulated
completion of the abstract group IT{*(§, E, ©) is established in [18, Proposition 6.5.1].
In [17, Corollary 1.3], it is proven that a profinite amalgamated product of two profinite
groups along a finite amalgamation is injective; an analogous proof shows that any graph
of profinite groups over a finite graph and with finite edge groups is an injective graph
of profinite groups. The injectivity of the completion map ¢ is equivalent to injectivity of
the graph of groups: For amalgams, this is [19, Theorem 9.2.4], and the general case is
established analogously. ]

Note that the profinite topology determined by U will agree with the full profin-
ite topology on I if the vertex groups are strongly complete profinite groups, mean-
ing that they are isomorphic to their own profinite completions. This is an extremely
general condition: It is a deep theorem of Nikolov and Segal (cf. [14, Theorem 1.1])
that every (topologically) finitely generated profinite group is strongly complete. In that
case, Proposition 2.2 yields an isomorphism IT; (¢, E) = I13"(g, E) of profinite groups.
Given an abstract graph of groups (¥, E) over a finite graph E with fundamental group
I = I§"(g, E), we define its completion (€., X) to be the graph of profinite groups given
by the completion of the groups in (¥, E) with respect to the profinite topology induced
by I'. In that case, we may use Proposition 2.1 to obtain the following.

Proposition 2.2 ([18, Proposition 6.5.3]). Let (§, E) be a graph of groups over a finite
graph B whose fundamental group Hfibs(ﬁ, E) is residually finite. The completion (8, E)
is an injective graph of profinite groups and there is an isomorphism of profinite groups

M, (9, X) = 0¥, E) (2.4)

induced by the inclusions.
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Note that, in general, the profinite topology of a residually finite group I' may induce
a strictly coarser topology on a subgroup A than the profinite topology of A itself. Thus,
care needs to be taken to distinguish between the profinite groups A, the closure of A
within T', and A, the profinite completion of A, which are not isomorphic in such an event.
However, in specific cases, we know that the profinite topology of I' must indeed induce
on A its full profinite topology, which means that there is an isomorphism /4: ASACT
making the diagram

A—"r A

'(A\ | 2.5)
t trla

A

commute. For instance, it is well known that this occurs if A has finite index in I" (see,
e.g., [19, Lemma 3.1.4]). Another case is when I is the fundamental group of a graph of
residually finite groups over a finite graph with finite edge groups and A is a vertex group.
In the case of finite vertex groups, we obtain the following corollary to Proposition 2.2.

Corollary 2.3 ([18, Proposition 6.5.6]). Let (§, E) be a graph of finite groups over a
finite graph E. Then (§, B) forms an injective graph of profinite groups and

M,(¢,8) = I{*(¥, B) (2.6)
is an isomorphism of profinite groups.

Corollary 2.3 is particularly useful for our purposes, in light of the following celeb-
rated result of classical Bass—Serre theory, which was proven by Karrass, Pietrowski and
Solitar in [12].

Theorem 2.4 ([12, Theorem 1]). A finitely generated group T is virtually free if and only
if there is a graph of groups (§, E) over a finite graph E such that T = T13(g, E) and
5 (x) is finite for each x € E.

Another situation in which the induced topology on a finitely generated subgroup
A < T agrees with the full profinite topology is when the ambient group I' is subgroup
separable, meaning that finitely generated subgroups are closed in the profinite topo-
logy on I'. For virtually free groups, this property follows essentially from a result of
M. Hall (cf. [13, Proposition 1.3.10]), and we refer the reader to [18, Theorem 11.2.2 and
Corollary 11.2.6] for a geometric proof.

Lemma 2.5 ([18, Theorem 11.2.2]). Virtually free groups are subgroup separable and
induce the full profinite topology on their finitely generated subgroups.

One would hope for a profinite analogue of the Bass—Serre structure theorem, which
postulates a correspondence between the actions of a group I' on trees and graphs of
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groups with fundamental group I'. One direction associates to a group action on a tree
I' ~n ® a quotient graph of groups (§, €), which is constructed by choosmg a spanning
tree ¥ C E and a lift ¥ C ©, and then defining (¢, E) as the stabilisers of ¥ under the
action of I'. Unfortunately, in the profinite setting, this construction does not always work:
A profinite graph might not have a spanning subtree (cf. [18, Example 3.4.1]), and even if
it does, that tree might not lift to the covering tree (cf. [18, Example 3.4.2]). However, in
the case where the quotient X = G \ T is finite, it forms a bona fide graph of groups, so it
is possible to construct a quotient graph of groups, and one obtains a profinite analogue of
the Bass—Serre structure theorem. We refer the curious reader to [18, Section 6] for details
and to [18, Theorem 6.6.1] for the statement of the structure theorem, which we omit here
in the interest of brevity. Recently, a general structure theorem has also been established
in the pro-p category (see [24, Theorem 1.1]).

The other direction associates to a graph of profinite groups (¥, X) a profinite tree T
referred to as the profinite structure tree whereon the fundamental group G = I1; (9, X)
acts naturally and whose quotient by this action retrieves the initial graph. Although this
construction can be carried out for any graph of profinite groups (cf. [18, Section 6.3]), we
shall only presently describe it in the case where X is a finite graph, as we will not require
the complexity of greater generality. In that case, choose a spanning subtree ® C X and
write G(x) < G for the image of §(x) in G under the inclusion specified by ©. Define
the profinite tree T as

viTy= | | 6/Gw) and ET)= || G/Gle).
veV(X) e€E(X)
where G/ G (x) denotes the space of left cosets of G(x) < G endowed with the (profinite)
quotient topology, and

do(gG(e)) = gG(do(e)) and di(gG(e)) = gt.G(d1(e))

whenever e € E(X) is an edge and ¢, the associated stable letter. One verifies that T forms
a profinite graph, and in fact a profinite tree (see [18, Corollary 6.3.6]). Moreover, as each
G/G(e) is compact and X is finite, we obtain the following.

Remark 2.6. The structure tree of a graph of profinite groups over a finite graph has
closed edge set.

The profinite structure tree construction is especially useful in that it allows one to
study profinite groups which decompose as graphs of profinite groups via their actions on
the structure tree. This was first exploited by Zalesskii and Mel’nikov in [25], where cer-
tain structural properties of closed subgroups of such profinite groups were deduced from
their action on the profinite structure tree. For instance, they prove the following result,
which we shall utilise throughout the present work.

Proposition 2.7 ([25, Theorem 2.10]). A finite group acting on a profinite tree must fix a
vertex.
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As a consequence, one finds a variety of structural results regarding subgroups of such
profinite groups (see [25, Section 3]). We refer the curious reader also to [2] for a recent
application of this result in the proof of an elegant theorem on the profinite rigidity of
Fuchsian groups.

2.2. Homological algebra of profinite groups

Let G be a profinite group and R a profinite ring. A left/right G-module is an abelian topo-
logical group M equipped with a left/right continuous G-action. The completed group
algebra of G over R is the profinite ring

R[G] = lim (RIG/U)),

where U <y G runs over all open normal subgroups. The abstract group algebra R[G]
may be endowed with the natural topology generated by the cosets of the ideals which
arise as kernels of the quotient epimorphisms

R[G] — (R/D)[G/ U]

for I <, R an open ideal and U <, G an open subgroup. By [19, Lemma 5.3.5], R[G]
embeds in R[G] and the latter is its completion with respect to the above topology. Given
a G-module M and a continuous action R ~, M, one obtains a canonical R[G]-module
structure on M, where the action of G extends R-linearly to the image of R[G] as a dense
subset of R[G], and then extends continuously to all of R[G]. We define the cohomology
groups of a G-module M via

H*(G, M) = l}im H*(G/U MY),

where U <, G runs over all open normal subgroups of G. Note that given an abstract
group I' with profinite completion map ¢: I' — T, any ['-module M forms a I'-module
with action via ¢. Conversely, if M is a finite I'-module, the action I' — Aut(M) factors
through a map r— Aut(M), making M a discrete I'-module. We say that I" is cohomo-
logically good if the profinite completion map ¢: I' — [ induces an isomorphism of
cohomology groups

HH* (T, M) — H*(T, M)

for any finite I'-module M. The following result yields an equivalent characterisation
of cohomological goodness for FPy-groups. It was proven first by Wilkes in [21, Pro-
position 3.14] and subsequently, in the below formulation, by Jaikin-Zapirain in [11,
Proposition 3.1].

Lemma 2.8 ([11, Proposition 3.1]). Let I' be a group of type FPoo, and

sz Bzt S sz B Zr - 7 - 0 2.7)
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be a resolution of the trivial I'-module 7 by finitely generated free Z|I'|-modules. Then T’
is cohomologically good iff the induced sequence

—~
[FRPN

S AR B AR S AR B 2T -2 >0 28)
is exact.

We conclude this subsection with a result of Garrido and Jaikin-Zapirain on the homo-
logical algebra of the completed group algebra of the profinite completion [ ofa virtually
free group I', as an abstract ['-module. We shall use it as a portal from the profinite to the
abstract world, which allows us to pass derivations of [ inits completed group algebra to
derivations of I" in a meaningful I"-module.

Theorem 2.9 ([8, Corollary 5.6]). Let I' be a finitely generated virtually free group. For
any prime p, the left F,[I']-module F,[T'] is isomorphic to a direct union of free left
Fp[I']-modules.

We note that R[[f‘]] continues to be isomorphic to a direct limit of projective R[I']-
modules for certain other finite rings, such as Z/nZ for n a product of distinct primes
(cf. [8, Corollary 5.7]). However, this shall not be necessary for our purposes, as we sub-
stitute their argument on supernatural numbers by a Bass—Serre theoretic argument (cf.
Lemma 4.1).

2.3. A juxtaposition

Pursuant of a Bass—Serre theoretic description of groups of cohomological dimension
one, Dunwoody proved in 1979 a remarkable result juxtaposing the worlds of Bass—Serre
theory and group cohomology. Recall that a left derivation or crossed homomorphism of
a group [" in a left ['-module M isamap f:T" — M satisfying f(gh) = f(g) + gf(h)
for all g, h € I'. Similarly, a right derivation in a right I'-module M isamap f: ' - M
satisfying f(gh) = f(g)h + f(h) for all g, h € T'. Note that right derivations of T" in
a right I'-module M are equivalently left derivations of the (isomorphic) opposite group
T'°P in M endowed with its natural left I'°’-module structure. For this reason, it is incon-
sequential whether one works with left or right derivations; we choose right derivations
out of convenience and agreement with the convention of Dicks and Dunwoody. Hence,
all derivations appearing in this article shall be assumed right derivations unless explicitly
mentioned otherwise.

Given a right I'-module M, one may form the right semi-direct product I' x M,
which is a group with underlying set I' x M and group operation (g1, m1) - (g2, m2) =
(g1g2,m1g2 + my). It comes equipped with natural projections of sets

proji:I'x M — I' and proj:I'x M — M,
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where we note that proj; forms a homomorphism of groups but proj, might not. A homo-
morphic section of proj; is then a homomorphism of groups F': I" — I' x M which sat-
isfies proj; I/ = idr. We obtain the following alternative description of right derivations,
which shall be useful in the proofs of Section 3.

Remark 2.10. Let I' be a group and M a right I'-module. There exists a bijective cor-
respondence between right derivations f: " — M and homomorphic sections F:I" —
I' x M of the projection proj,: I' x M — I', given by f +— (idr, f) on derivations and
F +— proj, F on sections.

The analogous statement for left derivations is explained in [3, Section IV.2]; we invite
the reader to verify that the present form applies to right derivations. Naturally, both the
equivalence of left and right derivations, as well as their equivalence to homomorphic
sections of the semi-direct product I' X M, continue to hold in the profinite category
(see [19, Section 6.8]), where derivations and homomorphisms are continuous and I' x M
carries the product topology. We shall make ample use of this fact in Section 3.

In the cohomology of abstract and profinite groups, derivations and continuous deriv-
ations appear as 1-coboundaries. The first cohomology group of an abstract or profinite
group is thus given by the set of its (continuous) derivations modulo its (continuous) inner
derivations, that is, functions I' — M of the form g +> m(g — 1) for some m € M. We
refer the reader to [3, Section IV.2] and [19, Section 6.8] for details on the abstract and
profinite versions of the theory, respectively. It was precisely this characterisation which
Dunwoody used to interlink Bass—Serre theory and group cohomology.

Theorem 2.11 ([7, Theorem 5.2]). Let I be a group and A < T" a subgroup such that '
is generated by A together with a finite set of elements. For any ring R # 0, the following
are equivalent:
(a) There exists a graph of groups (§, E, ®) over a finite graph E with finite edge
groups satisfying T = TI3*(§, E, ©) and A < §(v) for some v € V(E).
(b) There exists a non-zero derivation f:T" — R[I'] such that A < Ker(f).

We shall construct a profinite analogue of the direction (a) = (b) of the above theorem
in Proposition 3.2, which we then refine to yield Theorem 1.1. Together with the abstract
direction (b) = (a) in Theorem 2.11, this will enable us to prove in Theorem 1.2 that
certain amalgamated factors can be recognised in the profinite completions of virtually
free groups. Specifically, we shall use the following refinement of the abstract direction
(b) = (a) which was proven by Dicks in [6].

Theorem 2.12 ([6, Theorem I11.4.6]). Let I' be a group, R # 0 a ring, P a projective
R[T]-module and f:T — P a derivation. If T is generated by Ker( f) together with a
finite set of elements, then there exists a graph of groups (§, E) with finite edge groups
such that T’ = H*{bs(ﬁ, E) and Ker(f) = §(v) for some vertex v € V(Z).
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3. Profinite subgroup accessibility and continuous derivations

In this section, we prove the first of our two main results, Theorem 1.1, which associates
to any accessible subgroup H of a profinite group G a continuous derivation of G in a
free module over its completed group algebra with kernel H. We commence with a gen-
eral statement about the structure of continuous derivations on a graph of profinite groups
over a finite graph.

Proposition 3.1. Let (§, B, ®) be an injective graph of profinite groups over a finite
graph B, write G = 11,(§,E8,09) and T = {t, : e € E(B)}, and let M be a profinite
right G-module. Given a collection of continuous derivations { f, : G(v) = M }yey(z)
and an assignment fr:T — M satisfying

(far@)(01(8)) = fr (1))t 00(8) ™ e + Jag()Bo(8)™Nte + fr(te) =0 (3.1)

whenever e € E(E) and g € G (e), there exists a unique continuous derivation f:G — M
which extends fr on T and satisfies f|gw) = fo forany v € V(E).

Proof. Having fixed the spanning tree ® for &, we identify each group §(x) with its
image §(x) < G = I1,(9, E, ©). By definition of the profinite fundamental group (cf.
Section 2.1), we have G = W/N, where

w= [] $@IxT)
veV(E)

and N is the minimal closed normal subgroup containing the sets {f, : ¢ € E(®)} and
{91(g)t;'00(g) 1. 1 e € E(E), g € §(e)}. Given a vertex v € V(E), define the mapping
Fy:8(w) > Gx M as Fy,(g) = (g, fy(g)), which forms a continuous homomorphism
into the right semi-direct product G x M (cf. Remark 2.10). On the other hand, given an
edge e € E(E), define the continuous homomorphism F,: (f,) — G x M as follows. If
e € E(0®), then t, = 1 and we set F, = 0. Otherwise, assume that e ¢ E(®), and observe
(te) = Z and E ~ 7 as W has been constructed to include the full profinite completion
7 -1, of (te). Now (t.) = Z is cohomologically good and the trivial (t,)-module Z has

free resolution given by
0 — Z[{te)] & Z[(te)] > Z — 0, (3.2)

where p is multiplication by (¢, — 1). Thus, Lemma 2.8 gives a short exact sequence of
abelian profinite groups

0— Z[(t)] S Z[(t)] > Z — o, (3.3)

where p(x) = x(¢, — 1) and which is split as 7 is free profinite. Hence, there exists a
retraction p of i, and we set

Fe(g) = (g, p(g — 1) - fr(te)),
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where the action of Z[(,)] on M is induced by the action of Z[G]. Having defined F,
and F,, the universal property of the coproduct yields a homomorphism F: W — G x M
which extends F, and F, for all v € V(E) and e € E(E). We claim that F|y = 0; for
this, it will suffice to show that F is zero on all generators of N as a closed normal sub-
group. If e € E(®), then F(f,) = 0 by definition. On the other hand, ife € E(E) — E(®)
and g € 9(e), then F(d1(g)t;  do(g)~ 1) evaluates as the expression in (3.1), which
is zero by assumption. It follows that F factors through a continuous homomorphism
F:G — G x M such that the diagrams

g(v) — G

Ty e

w—L s exm

commute whenever v € V(E) and e € E(E). Now f = proj, F is a continuous deriva-
tion (cf. Remark 2.10) which agrees with f, and fr(t.) forallv € V(E) and e € E(E).
As the images of §(v) and ¢, generate G topologically, f is unique among continuous
derivations with this property. ]

With this tool at hand, we proceed to prove the profinite analogue of direction
(a) = (b) in Theorem 2.11. The proof is a transfiguration of Dunwoody’s argument,
adjusted substantially to accommodate the eccentricities of the profinite world.

Proposition 3.2. Let G be a profinite group, H < G be a closed subgroup accessible
within G via some graph of profinite groups (§, &, ®), and R be a profinite ring. For
any vertex w € V(EB), there exists a continuous derivation f:G — R[G] satisfying
G(w)NKer(f) =9w)N H.

Proof. Let G be a profinite group which decomposes as a graph of groups I1; (9, E, ©®),
where the spanning tree ® C E is fixed, and we shall write d:§(x) —> G = H1 (%,E,0)
to denote the associated inclusion of profinite groups over a given point x € &. We note
that d is indeed a monomorphism by Proposition 2.1. Similarly, write

RIS()] <> R[S()] = R[G].

where ¢ is the profinite completion of rings and 9% is the map induced by d, on completed
group algebras.

Assume that the closed subgroup H < G is accessible within G, so that there is a ver-
tex v € V(E) with H = §(v). If v = w, then the zero derivation yields the result; assume
thus v # w. Write [v, w] to denote the minimal subtree of ® which contains both v and w,
and define e to be the unique edge in [v, w] which is incident at v. Given any other vertex
7 € V(E), we shall say that 7 is positive (t > v) if [v, 7] contains e, neutral if T = v and
negative (7 < v) if it is neither positive nor neutral. Similarly, an edge n shall be positive
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(n > e) if both its initial and terminal vertices are positive, neutral (n & e) if exactly one
of its initial and terminal vertices is positive and negative (n < e) if it is neither positive
nor neutral. Note that the only neutral vertex is v, but there might be neutral edges other
than e if & is not a tree.

We shall define the continuous derivation f separately on all vertex groups and stable
letters, and then demonstrate that these definitions glue together appropriately. Given a
vertex T € V(E), define the continuous map

fr:8(t) — R[§(7)] i R[G]

as
f@= > kig-1
ke$(e)
if T > v, and
fr =0

otherwise. We note that, depending on whether 7 > v or v < v, these maps are pre-
cisely the inner derivations associated to the elements ) 4 cg(,) k € R[G] and 0 € R[G],
respectively, so in particular they form continuous right derivations of G in R[G] (cf. [19,
Section 6.8]). On the other hand, let n € E(E) be an edge and ¢, the corresponding stable
letter. If n € ® then ¢, = 1, and we set f(f;) = 0. Otherwise, assume n € E — ® and
proceed by cases depending on the sign of 7. Set

flty) = Z k(ty —1)

keg(e)
if n > e,
f)y ==Yk
ke$(e)
if n ~ e and
Sty =0

if n < 0. In this way, we have defined continuous derivations f; in R[G] on all vertex
groups of (§, E), and an assignment of stable letters to values in R[G]. By Proposi-
tion 3.1, these data induce a continuous derivation f: G — R[G], provided we show
that

(Sar o (91(8)) — [ (tn))ty 1 30() ™"ty + fao(ny Bo(@) ™)ty + f(ty) = 0 (3.5

whenever 1 € E(E) and g € §(n). Indeed, choose n € E(E) and write « = dy(n) and

B = di(n). We proceed again by cases on 1. If n < e, then f(t;) = fu(g) = fg(g) =0
for all g € §(n), so there is nothing to prove. If > e, then (3.5) evaluates as

D k@1(9) = Dty o(@) ey — Y k(ty — Dty do() 'ty

ke (e) keg(e)

+ Y k(o) =Dty + Y k(ty—1) (3.6)

ke§(e) keg(e)
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which we can re-write using the identity d1(g) =,/ 190(g)ty in G, yielding

D k(=11 80(8) 1y — 00(8) "ty + 1, 0(2) 'ty
ke€g(e)

+30(g) Mty —ty + 1, — 1) 3.7)

which reduces to zero. Finally, suppose that n &~ e and distinguish further between the
cases ) = e and ) ¢ O. In the former case, t, = 1in G and dy = d; on §(n). Thus, (3.5)
reduces to

@)~ fu@ =% ) kig—1)=0, (3.8)

keg(e)

where the first equality holds as precisely one of «, 8 is positive and the other is negative,
while the second equality holds since g € () = & (e). On the other hand, if n ~ e but
n ¢ O, then precisely one of ¢, 8 is positive; assume without loss of generality that 8 is
positive and « is non-positive. Then (3.5) evaluates as

Y k@) =Dty do@) e+ Y ki @)y — Yk (39)

ke$(e) keg(e) ke$(e)

which we can re-write using the identity d1(g) = 7, 190(g)ty in G, yielding

> (k—kty " 0o(g) iy + kit 0o(g) " 1y — k) (3.10)
keg(e)

which reduces to zero. We conclude that the collection of continuous derivations { f; :
§(1) = R[G]}rev(z) and the assignment f : {fc}.cr(z) — R[G] are compatible in the
sense of Proposition 3.1, yielding a continuous derivation

f:G — R[G]

which extends the assignment and f; for all T € V(E). It remains only to show that f
has the postulated properties. Indeed, f(§(v)) = f,(§(v)) =0, so §(v) € Ker(f) and
g(w) NG (v) € F(w)NKer(f). For the opposite of the latter inequality, note that w > v
by construction, so
flsaw (@ = Y k(g—1)
keg(e)

which has a non-zero g-coordinate unless g € ¥(e) = §(v) N g (w). We conclude that
Ker(f) N &(w) = §(v) N §(w) and the proof is complete. |

Having established Proposition 3.2, we are now ready to prove the main result of
this section (Theorem 1.1). The idea is to construct a product of derivations, each given
by Proposition 3.2, and then to demonstrate that the kernel of the product is precisely
the accessible subgroup. For lack of a normal form theorem for arbitrary elements of a
graph of profinite groups, the latter becomes an issue of asymptotics within a profinite
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group, which we solve using a systematic approximation of elements and their images
under the derivation—relative to open subgroups of the domain and codomain—whose
compatibility we chase.

Theorem 1.1. Let G be a profinite group and H < G a closed subgroup accessible
within G via a graph of profinite groups (§, &, ®) with n edges. If R is a finite ring
whose characteristic does not divide the order of any edge group §(e) for e € E(E), then
there exists a continuous derivation

f:G — R[G]"
satisfying Ker(f) = H.

Proof. Assume that G = I1;(§, E, ®) for some graph of profinite groups (¢, &, ®) over
a finite graph E with spanning tree ® such that (¢, B, ®) has finite edge groups and the
closed subgroup H <. G arises as a vertex group H = §(v) for some vertex v € V(E).
Let ' = [1%(¢, E, ©) be the abstract fundamental group. By Proposition 2.1, the profin-
ite group G is isomorphic to the completion of I" with respect to the profinite topology
determined by the neighbourhood basis

U ={N < TP, 8.0) | Vx € B, N NF(x) <, §(x)}

for the identity. Moreover, the latter part of Proposition 2.1 states that the completion map
t:T' — G is a monomorphism. Thus, we may identify I" with a dense subgroup of G and
shall omit ¢ from notation. Given an open normal U <J, G, we shall denote the canonical
projection as wy: G — G/ U, and we will abbreviate Xy := 7y (X) and hy = 7wy (h)
for any X € G and h € G. Finally, write E(E) = E(E) — E(O) for the collection of
edges in E with non-trivial stable letters.

When restricted to ®, the graph of groups (¢, E) forms a tree of groups (¢, ®), whose
fundamental group I1;(§, ®, ©) generates [" together with the collection of stable letters
{te e € E(B)}. Write N = {(I11(¢, ©®,0)) for the minimal closed normal subgroup
of G containing I1;(¥§, ®, ©). Furthermore, let ® = (¢, : e € E (2)) be the subgroup
generated by the stable letters, and @ be its closure within G. By [25, Lemma 3.5], the
quotient g: G — G/ N restricts to an isomorphism ¢ |g: ® — G/N and @ is free profinite
on the set of stable letters {z, : e € E (E2)} associated to edges in E (2).? In particular, this

2The cited lemma states that G/ N is free profinite on the image of {z : e € E(2)} under the quotient g.
But the restriction g|g: ® — G/N admits a surjective section 6: G/N — ® generated by 0: ¢(t,) + e,
so the composition o o ¢| is also surjective and an isomorphism by [19, Proposition 2.5.2]. In particular,
qlg: ® — G/N is injective and must also form an isomorphism.
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means ® = IT;(#, Y) for some graph of profinite groups (#, Y') whose vertex groups
are either E =~ 7 or trivial.?

We now commence our construction of the postulated derivation as a product of deriv-
ations given by Proposition 3.2. Given any vertex w € V(&) — {v}, Proposition 3.2 with
graph of groups (¢, E, ®), accessible subgroup H = §(v) and distinguished vertex w
yields a continuous derivation f,,: G — R[G] such that H C Ker( f,,) and Ker(f,) N
€ (w) = H N € (w). Similarly, given any edge ¢ € E (&), Proposition 3.2 with graph of
groups (#, T), accessible subgroup #(79) = 1 and distinguished vertex z(e) yields a
continuous derivation f): ® — R[®] with {te) N Ker(f)) = H(z(e)) N H(r9) = 1. Set

£:6 L35 jE1 S RG]

whenever ¢ € E (E) is an edge with non-trivial stable letter. We define the continuous
derivation

f:G — R[G]"

f= 11 rx Il %

weV(E)—{v} ecE(B)

as

where n = |[V(28)| — 1 + |E(E)|. We note that
n=|V(E)| -1+|EE) = (E®)+1)-1+|EE)-E®)| =|EE)| (.11
is the number of edges in &, as postulated. Then

Hc () Ker(fu)n () Ker(f) = Ker(f) (3.12)

weV(E)—{v} ecE(B)

so it remains only to show that the opposite inclusion holds as well. Given a subset
A C E of vertices and edges, we shall write A(A) = (§(v) :v e ANV(E)) <T and
Y(A)=(t,:e € AN E(E)) <T,aswell as

['(4) = (A(4).Z(4) =T

and
G(A) =T(4) <G,

3Let T be the graph with vertex set given by the symbols V(Y1) = {z(e) : E:(E)} U {70}, edge set
E(Y) = E(E) and adjacency maps do(e) = 19 and d;(e) = 7(e) whenever e € E(E). Define the graph
of profinite groups (J, T) as
() = { (). ©="()

1, T=T1

whenever © € V(Y) and with trivial edge groups and edge inclusions. The profinite fundamental group
then computes as the free profinite group IT;(#, ) = @.



Profinite subgroup accessibility and recognition of amalgamated factors 1089

the latter of which forms a closed subgroup of G. Given any / € G, the collection of sub-
sets A C E satisfying i € G(A) forms a finite partially ordered set M (1) under inclusion,
so it must have a minimal element. Fix a choice function

Int: G — P(E)

with Int(%) minimal in M (%) for each h € G, and refer to Int(h) as the intricacy of hin G.
We may arrange that Int(h) C {v} ifand only if h € H.

Claim. For any element 1 € G and any open normal subgroup V' <, G, there exists § € I"
such that 7V = §V and Int(h) = Int(6).

Indeed, write N (/) for the collection of proper subsets of Int(%). Then & € G(Int(h))
but i ¢ G(A) for each A € N (h) by minimality of Int(). As E is finite, so is N (&), and
the set

B=hvn () G-G(4)
AeN (h)
must be open. Now 2 € G(Int(h)) N B, so in particular G(Int(%)) N B is non-empty. But
B N G(Int(h)) = B N I'(Int(h)) by definition, so I"(Int(%#)) N B must be non-empty as
well. It follows that there exists some

§eT(nt(h) Nhvn () G—G(A)
AeN (h)

whence the claim.

We proceed to demonstrate that the opposite inclusion of (3.12) holds as well. Indeed,
suppose for a contradiction that there is g € Ker(f) — H. Given A & Int(g), we have
g ¢ G(A) by minimality of Int(g), so the closure of G(A) implies that there must be
Ug <, G with gUy N G(A) = 0. Similarly, as (¢, E) has finite edge groups, there exists
an open normal U, <, G for each e € E(E) satisfying §(e) N U, = 1. As E(E) and
Int(g) € £ (E) are both finite, the normal subgroup

U= () Uen () Ua

ecE(B) ASInt(g)
is open in G. Consider now the continuous group homomorphism

id, (wy s7gy)
F:6 &0 6w ric 2 6/U  RIG/UY,

where 7j; is the induced projection of group algebras. We shall make use of the projec-
tions proj;: G/U x R[G/U]" — G/U and proj,: G/U x R[G/U]|" — R[G/U]" onto
each factor, which are functions but not necessarily homomorphisms. Let W = Ker(F) =
U N Ker(rrf; /) which is an open normal subgroup of G, as F is a homomorphism and
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both R and [G : U] are finite. By the universal property of the quotient 7: G — G/ W,
there is a homomorphism F, and hence a derivation f, such that the diagram

R[G]"
s 0
G ZE s G/U % R[G/UT" 225 RIG/UT" (3.13)
Tw ﬁT /,/’://
T
G/W

commutes. Given a vertex w € V(&) or an edge e € E (8) with non-trivial stable letter,
write }Fu:: G/W — R[G/U] or ]7;: G/W — R|G/U] for the projection of ]7 onto the
w-factor or e-factor, respectively. By the claim, there exists y € I' of the same intricacy
as g satisfying yW = gW. Moreover, as g ¢ H by assumption, the set Int(y) — {v} is
non-empty. In particular, at least one of the sets Int(y) N V(E) — {v} and Int(y) N E(E)
must be non-empty; we distinguish between these cases.

Case 1: There exists a vertex w € Int(y) N V(E) — {v}.

Write [v, w] to denote the minimal subtree of ® which contains v and w and let
e € E(Jv, w]) be the unique edge in [v, w] which is incident at v. Write A = §(w) and
A = T'(Int(y) — {w}), as well as K = §(e), sothat y € (A, A) but y ¢ A by minimality
of Int(y). By construction of U, we also have yy = gy ¢ Ay. Asy € (A, A), there are
tuples{/\i 1 <i<m}C Aand{Si 11 <i <m} C A such that

y =[] (3.14)
i=1

is in reduced form, that is, satisfying §’, A’ ¢ A N A for all i except possibly A! and §".
Given 1 <i < m, write yi = ]_[;":i 8717 and y’"“ = 1 for convenience. Moreover, let

ea: R[G/U] — R be the map of R-modules generated by ea (7)) = 0 for §y € Ay and
ealxy) = lforxy € G/U — Ay. Then

eafulgw) = eanty fu(y) (3.15)
= SA[ZZKU% - 1)%}“] (3.16)
i=1«kek
= eA[ Y kv ((511])_1)/U —> =G yy - 1)} (3.17)
keK i=2

[1 —eA(Z(l - &)™ yb)} (3.18)
keK i=2
|

— |K| #£0, (3.19)
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where equation (3.16) is obtained using the derivation law and the explicit definition
of f given in the proof of Proposition 3.2, equation (3.18) follows from the equality
eaky (3[11)_1 yu) = ea(yu) = 1, while (3.19) follows from the conjunction of the equal-
ity K N U = 1, which holds by construction of U, and the inequality |K| - 1 # 0, which
holds in R by assumption. It follows that

78 fu(&) = fortw (2) = fu(gw) # 0, (3.20)

so in particular f(g) # 0, contradicting the assumption that g € Ker( f).

Case 2: There are only edges in Int(y) — {v}.

In that case, we may assume that Int(y) — {v} C E(E) = E(E) — E(©), as all stable
letters associated to edges in E(®) are trivial. Moreover, Int(y) N E (Z) is non-empty by
the assumption that g ¢ H. Choose any e € E(Z) and write A = (te) < T as well as
A = T'(Int(y) — {e}), sothat y € (A, A) but y ¢ A. Proceeding exactly as in Case 1 with
the definition of f, in terms of the graph of profinite groups (#, Y) and K = 1, we find
that

7 fe(8) = ferw(g) = felgw) #0, (3.21)
so in particular f(g) # 0, contradicting the assumption that g € Ker(f). We conclude
that Ker( f) = H and the proof is complete. |

Corollary 3.3. Let G = H Uk L be a profinite free product with amalgamation along a
finite group K. For any finite ring R whose characteristic does not divide the order of K,
there exists a continuous derivation f:G — R[G] with Ker(f) = H.

4. Recognition of amalgamated factors

In this section, we prove Theorem 1.2. We commence with a few lemmata whereto we
outsource the most tangled Bass—Serre theoretic ingredients of the proof of Theorem 1.2.

Lemma 4.1. Let (9, E, ®) be a graph of groups over a finite graph E with finite edge
groups whose fundamental group ' = Hibs(ﬁ, &, O) is finitely generated virtually free.
For every vertex v € V(&), there exists a graph of groups (¥, Y, X) over a finite graph Y
such that T = TI™ (K, Y, X), there exists a vertex u € Y with ¥ (u) = §(v) and H (w)
is finite whenever w € V(Y) — {u}.

Proof. Having chosen a spanning tree ® of E, we identify each §(x) for x € E with its
image in I'. Choose a vertex v € V(E) and write A = §(v). We proceed by induction on
the number of vertices w € V(X) — {v} whose vertex group & (w) has infinite cardinality.
For the base case n = 0, there is nothing to prove. For the inductive step, assume that
the result holds for n and that (¢, E, ®) has n + 1 vertex groups with infinite cardinality.
Choose any w € V(X) — {v} whose vertex group A := §(w) has infinite cardinality.



J. Wykowski 1092

The subgroup A < T is virtually free and finitely generated: The latter follows via [1,
Proposition 2.13] from the assumption that the fundamental group T' = IT3*(¢, E) and
all edge groups §(e) for e € E(E) are finitely generated. Hence, Theorem 2.4 yields a
graph of groups (&£, {, o), over a finite graph { whose vertex groups are finite and which
satisfies A = TT4"(&L, ¢, {o). Let W be the associated structure tree. By assumption, the
edge groups of (¢, E, ®) are finite, so any such edge group §(n) for n € E(E) incident
at w must fix a vertex in the induced action of (e) < A on the tree W. It follows that for
each edge n € E(E) incident at w, there exists a vertex 7(n) € V/(C) such that the inclusion
5(n) — A factors as

() — I L)l — A,

where [;, € A is some conjugating factor. Thus, after possibly conjugating vertex groups
in (9, E, ®), we may remove the vertex w and replace it with an embedded copy of
the graph of groups (&£, (, o), yielding a graph of groups (J#, Y, X) over the graph
Y = (E — {w}) U which satisfies ' = T13(J#, Y, £) and such that A is conjugate to
5 (u) for some vertex u € V(Y). The situation is illustrated in Figure 1; we refer the reader
to [10, Lemma 4.12] for details of such a construction. This new graph of groups decom-
position I' = T13(J¢, Y, ) may be over a larger graph, but it has at most 7 vertex groups

(&.8.00)

9 (0i)) . e T .

G (o)

(a) The graph of groups (¢, E, ©) with € (v) = A and A = I13(£, T, o). Edges incident at w fix a vertex
in the structure tree W of (&£, T, {p).

1516 (0ij)ly,

o, z,zlﬁ(oj)z,,j

13,16 i)y,
Iyl 8 (0 Iy

(b) The graph of groups (#, T, X) obtained by embedding (&£, {, {o) in place of the vertex w in a conjug-
ated copy of (9, E, ©).

Figure 1. Constructing (#, Y, X) from (¥, E, ®).
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of infinite cardinality. After possibly conjugating back the vertex groups of (¥, Y, ), one
obtains a graph of groups decomposition I' = TT3*(#', Y, £) with A = J’(u). The result
now follows by induction. ]

Lemma 4.2. Let A be a finitely generated virtually free group and A its profinite
completion. Any finite subgroup K < A is conjugate to some X < A in A.

Proof. By Theorem 2.4, the finitely generated virtually free group A decomposes as a
graph of finite groups A = TT3*(g, E, ®) over a finite graph Z. It follows via Corol-
lary 2.3 that the profinite completion A decomposes in the profinite category as an
injective graph of finite groups A =TI, (9, B, ®) over the finite graph E. An application
of [18, Theorem 7.1.2] then yields the result. ]

We shall apply Lemma 4.2 in conjunction with the following result, which follows
from an argument analogous to that of Lemma 4.1. Throughout the remainder of this
section, we shall use the notation (—)¢ to denote the conjugation automorphism g~ (—)g
associated to an element g in a group I'.

Lemma 4.3. Let T = I13%(¢, B, ©) be the fundamental group of a graph of groups over
a finite graph E with finite edge groups and let A = §(v) < I' be the image of a vertex
group for some v € V(B). Assume that there exists a finite subgroup X < A such that for
each edge e € E(E) incident at v, the edge group §(e) is conjugate in A to a subgroup
of X. Then there exists A < I' suchthat ' = A x4 A.

Proof. We shall construct a graph of groups (#, Y, ¥) from (§, E, ®) by blowing up
the vertex v into the amalgam A %, X, akin to the proof of [10, Proposition 2.2]. Indeed,
let Y = E U {e, w} be the graph obtained from E by adjoining a fictitious edge e and a
fictitious vertex w with do(e) = v and d; (e) = w. Fix the spanning tree ¥ = ©® U {e} for
Y. Given any x € E — {v}, denote by n(x) the unique edge incident at v in the minimal
subtree [x, v] of X containing v and x. By assumption, for each edge 7 incident at v there
exists 8(17) € A such that §(1)*™ < X. Consider now the graph of groups (¥, Y) given
by

A, xX=w

H(x) =14 X, x € {e,v}
()5 x e B — {v}.

for x € Y, and whose inclusions are the appropriate conjugates of inclusions in (¢, E), the
postulated inclusions € ()%™ — X, as well as the natural inclusions X — A and X — X.
The situation is illustrated in Figure 2; one verifies that this forms a well-defined graph of
groups and that ' = T3 (#, Y, ¥). The fundamental group A = T3 (¥, E, ®) of the
graph of groups J restricted to £ € Y with spanning tree ® then gives I' = A x, A, as
postulated. ]
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g(rij)S(m)

)

§ (1))
9 (1))

Figure 2. Obtaining (#, Y, ’(:5) from (¢, E, ®). The conjugation factors §(z) depend only on the
connected component of E — {v}.

Finally, we prove the main theorem of the present work (Theorem 1.2). The idea is to
pass from a profinite splitting to a continuous derivation using Theorem 1.1, restrict the
derivation to a projective abstract module using Theorem 2.9 and convert the latter to an
abstract graph of groups using Theorem 2.12. To mould the obtained abstract graph of
groups into the required form, we appeal directly to the profinite structure tree associated
to the initial profinite splitting, as well as the abstract Bass—Serre theoretic manipulations
established in the present section.

Theorem 1.2. Let " be a finitely generated virtually free group, let A < I" be a finitely
generated subgroup and let K < T be a finite subgroup of the profinite completion. The
following are equivalent:

(a) There exists a closed subgroup L < [ suchthat T = A Uk L.
(b) There exist subgroups A, X <T and h € AwithT = A *y Aand X = h~YKh.

Proof. The direction (b) = (a) holds in much greater generality IfI' = A *5 A isresid-

ually finite and X”* = K is finite then r=A Iy, A=Alg A , where the first equality
holds by Proposition 2.2 and the second equallty holds as conjugation by 4 € A is an
automorphism of I which fixes A.

For the direction (a) = (b), assume that A < I" are both finitely generated virtually
free groups and that the profinite completion of I" is a profinite free product F=Al k L
with amalgamation along a finite subgroup K < [. Let T be the profinite structure tree
associated to this splitting, and write aa € V(T') to denote the vertex associated to the
coset A in T. As noted in Lemma 2.5, A is closed in the profinite topology on I, and so
ANT = A. Let p be a prime number which is strictly greater than the order of K and
consider IF, [ '] as a profinite right I'-module. By Corollary 3.3, there exists a continuous
derivation

f:T = F,[I]

satisfying Ker(f) = A. Consider now F,, [[ﬂ] as an I, [I"]-module, which is isomorphic
to a direct union of free IF,[I']-modules by Theorem 2.9. As T' is finitely generated, the
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restriction f|r: ' — F) [f ] is a derivation with finitely generated image, so this image
must in fact lie in some factor of the direct union, and there exists a projective right
Fp[I']-module P such that

flo: T — P

forms a derivation* with Ker( f|r) = A. By Theorem 2.12, it follows that there exists a
graph of groups (§, E) over a finite graph E with finite edge groups such that

I =14, E)

and 9 (v) = Ker(f|r) = A for some vertex v € V(E). Using Lemma 4.1, we may reduce
to the case where §(x) is finite whenever x € E — {v}. We fix a spanning tree ® for E;
whenever x € E, we shall identify § (x) with its image §(x) < T =~ Hﬁbs(ﬁ, Z, ®) under
the canonical inclusion. After possibly replacing stable letters with their inverses, we may
assume that each edge n € E(E) incident at v starts at v, that is, do(n) = v whenever
v € {do(n), d1(n)}. Moreover, after shrinking superfluous edges, we may assume that
there is no edge 7 incident at v whose other endpoint T satisfies §(1)’7 < §(v) = A.
By Lemma 2.5, there is an isomorphism A = A which fixes A = G (v). It follows using
Lemma 4.2 that there is a finite subgroup X of the abstract group A which is conjugate
to K in A, that is, there exists i € A such that X = K h holds.

In light of Lemma 4.3, it will suffice now to show that for each edge n € E(Z) which
is incident at v, there exists §(1)) € A such that € ()%™ < X. In fact, it will suffice to show
that there exists y(17) € A with this property: The existence of §(17) € A which conjugates
5 (n) to a subgroup of X then follows from the fact that virtually free groups are sub-
group conjugacy separable (see [4, Corollary 1.2]) and A = A (see Lemma 2.5). Choose
any n € E(E) incident at v and write t for its other endpoint, so that do() = v and
d1(n) = t by the orientation chosen above; write also ¢ = t,, for simplicity. If ¢ = v, then
g(n) < AN A’ andt ¢ A by [13, Theorem IV.2.1]. In this case, there exists g € A with
9 (n) < K& by [18, Corollary 7.1.5 (b)], and y(n) = gh yields the claim. Assume hence
7 # v, s0 in particular ¥ (t) must be finite. It follows by Proposition 2.7 that the action of
5 (7) on the profinite structure tree 7 associated to the splitting [ = A lix L must fix a
vertex a € V(T). If o = tan, then §(r)" < Stabp(aa) N T = ANT = A, contradict-
ing the assumption that no vertex group adjacent to v maps to a subgroup of §(v) = A
when conjugated by the stable letter of a connecting edge. Thus, we may assume further
that o # taa and the minimal subtree [t ~'o, aa] of T containing ¢ ~'a and aza must not

“Technically, Theorem 2.9 deals with left modules, while Corollary 3.3 and Theorem 2.11 are con-
cerned with right derivations. However, right derivations in a right module are equivalent to left derivations
in a left module over the opposite group (cf. Section 2.3). Thus, f corresponds to a continuous left deriva-
tion f°P: T — F, [T'] in the left ['°P-module F, [T']. But F, [T is isomorphic to a direct union of free left
F, [T"°P]-modules and the restriction of f°P to I"°° forms a left derivation f°P|per:I"°? — P in some project-
ive left IF, [["°P]-submodule P of IF,, [[f‘]], which satisfies Ker( f°P|por) = AP N TP = A°P. Now the latter
is equivalent to the existence of a right derivation f|r: ' — P in the projective right F,[I']-module P,
which satisfies Ker(f|r) = A.
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be a singleton. Moreover, following Remark 2.6, the edge set E(T) is closed in T, so
E(t 'a,aa]) = E(T) N [t~ a, aa] must be closed in [t o, aa]. It follows by [18, Pro-
position 2.1.6 (c)] that there is an edge 7 € [t~ 'a, aa] which is incident at aa. Then 7 is
the edge in T associated to the coset gK for some g € A, and we obtain

g(n) <8W)NE() < Stabp(aa) N Stabf(t_loz) < Stabp (7)) = Kg_l, “4.1)

where the third inclusion derives from [18, Corollary 4.1.6]. Thus, y(n) = gh is an ele-
ment of A which conjugates € (1) into X. Via the subgroup conjugacy separability of A,
one now obtains §(17) € A with §(1)°® < X. An application of Lemma 4.3 then yields
I' = A %, A for some A < T and X is conjugate to K via h € A. We conclude that
condition () holds and the proof is complete. |
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