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The finiteness problem for groups generated
by reset automata

Feyishayo Olukoya

Abstract. We provide sufficient conditions for when a group generated by a strongly synchronizing
automaton (generalizations of reset automata) has infinite order.

1. Introduction

This article studies the finiteness problem in automata groups for a specialized class of
automata which includes all reset automata. In particular, we give sufficient conditions
for when these groups are infinite.

The automata we are interested in are synchronizing in the sense considered in [3]. We
provide some informal definitions to make our results intelligible; formal definitions will
be given in Section 2.

In this article an automaton (we will also interchangeably use the terms transducer and
Mealy-automaton) is a machine with finitely many states, which on reading an input sym-
bol from an alphabet of size n, writes a string from the same alphabet, possibly the empty
string, and changes state awaiting the next input. In the case that each state of the trans-
ducer changes an input symbol to another symbol (and not a string), we say that the
transducer is synchronous and thus each state of the transducers induces a transformation
of the symbol set. In the case that this transformation is invertible, we say the transducer
is invertible. It is a result in [9] that the inverse is also representable by a transducer. This
article focuses only on synchronous transducers, as such we use the term transducers for
this class of transducers.

We note that each state of a transducer induces a continuous map on the Cantor
space XN where X is the alphabet. Thus, for a transducer A we can consider the monoid
of continuous maps on XN generated by states of A. We call this monoid the automaton
semigroup generated by A. In the case that A is an invertible transducer, the automaton
group generated by A is the subgroup of the homeomorphisms of XN generated by the
states of A.

A transducer is said to be synchronizing at level k (see [3]) if there is a natural number
k € N such that for all strings of length & in the input alphabet, the state of the transducer
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reached after processing any such string is independent of the starting state and depends
only on the string processed. We should point out that there is a weaker notion of syn-
chronization for automaton which occurs, for instance, in the Cerny conjecture [20] and
in the road colouring conjecture proved by Trahtman [19]. We are only concerned with the
definition of synchronization given above. We call a transducer synchronizing if it is syn-
chronizing at some level. If the transducer is invertible, with synchronizing inverse, then
we say that the transducer is bi-synchronizing. For a synchronizing transducer A which
is synchronizing at level k, we shall denote by Core(A) the sub-transducer consisting of
those states reached after reading words of length k from any state of A.

We briefly define the automata we are interested in, with more detailed definitions
provided in Section 2. The monoid #, consists of core, bi-synchronizing transducers with
alphabet set {0, 1,...,n — 1}. The artlcle [4] demonstrates that elements of &, induce
homeomorphisms of the full two-sided shift; therefore, they are invertible, and, although
the inverse may not be contained in #,, it can be represented by a synchronizing (pos-
sibly non-synchronous) transducer. Hence, the term b1—synchromzmg makes sense in 5,
The monoid &, is itself contained in the monoid £, which cons1sts of core, synchromz—
ing transducers. Let J, be the monoid consisting of elements of P, whose states induce
permutations of the symbol set. The subgroup of J?n consisting of bi-synchronizing ele-
ments we shall denote by J¢,. In [4], it is shown that #,, is isomorphic to the group of
automorphisms of the one-sided shift on n letters.

This article is mainly concerned with groups or semlgroups generated by automata in
the monoid J(’n, although some results also apply to &, and P,

Our results are as follows.

Theorem 1.1. Let A € J?n. Then the automaton group generated by A is either finite or
contains a free subsemigroup of rank at least 2.

This has the following immediate consequence.

Corollary 1.2. Let A € J?n Then the automaton group generated by A is either finite or
has exponential growth.

Corollary 1.2 is in the spirit of [11] which studies bireversible automata (a class of
automata disjoint from the class of synchronizing automata).

Recall that the automaton semigroup generated by an element A € P, is the sub-
semigroup of the monoid of continuous maps on the Cantor space {0,1,...,n — 1}V
generated by the states of A. On the other hand, as A is an element of the monoid P,
we can ask if it is periodic in &, that is, if A generates a finite subsemigroup of J On
the one hand, we have a semigroup of continuous maps on {0, 1,...,n — 1}” and on the
other, a monogenic subsemigroup whose elements are the powers of A in P,. The fol-
lowing question 1s therefore natural: How does the automaton semigroup generated by a
transducer A in J, relate to the subsemigroup of 5, generated by the transducer A?

The proposition below addresses this question.
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Corollary 1.3. Let A € j;,, be synchronizing at level k. Then the automaton semigroup
generated by A is finite if and only if the subsemigroup of P, generated by A is finite.

For A an automaton, the dual automaton is the automaton with state set the alphabet
set of A, alphabet set the state set of A, and, which has the natural dual transition and
output functions (see Subsection 4.1 for definitions and details). We use the notation A,
for the dual automaton of the mth power of A; we write AV for A\l’. It is well known
[1, 15] that the automaton semigroup generated by an automaton is related to the auto-
maton semigroup generated by its dual automaton. In particular, one is finite if and only
if the other is as well. We develop on this result in the class of synchronizing automata
by structurally characterizing the dual automaton of an element of f,, which generates a
finite automaton semigroup.

Proposition 1.4. Let A be an element of P and suppose A is synchronizing at level k.
Then the semigroup (A) generated by A is finite if and only if there is some m € N such
that A,\,/l is w-equivalent to a transducer with r components D;1 <1 < r. Moreover, for
each component D; there is a fixed pair of words w; 1, w; 2 (in the states of A) associated
to D; such that whenever we read any input from a state in the Dj, the output is of the
form wi’lwl{zv forl € N and v a prefix of w;» or has the form u for some prefix u of
w;,1. Moreover, the output depends only on the state in the component D; from which the
input is processed.

There is also a connection between the growth rate of an automaton and the growth of
the number of states of powers of the automaton. In particular, by exploiting this connec-
tion, Silva and Steinberg in [18] prove that the automaton group generated by a Cayley
machine of an abelian group has exponential growth. This class of groups is interesting as
they contain all lamplighter groups (we refer to Subsection 5.1 for details of the Cayley
machine construction). We extend results of Silva and Steinberg in the following theorem.

Theorem 1.5. Let G be a finite group and €(G) be the Cayley machine of G. Then for
n € N, €(G)" is connected, has |G|" states and contains no-pair of states which induce
the same homeomorphism on GN. In particular, the automaton semigroup generated

€(G) is free.

We say a few words about the proof.

For an automaton A € £, and for each natural number r bigger than the synchronizing
level of A, we associate to A a finite graph G,(A) the graph of bad pairs (see Subsec-
tion 4.3). This graph encapsulates certain dynamics of the dual automaton of A when A
generates an infinite subsemigroup of {/;,,. By exploiting this connection, we prove our res-
ults. Indeed, when A generates a finite subsemigroup of J‘s,,, then for large enough r € N,
G,(A) is empty. The following results tie combinatorial properties of the graph of bad
pairs to the dynamics of the action of A on X, ,,Z as a shift commuting homeomorphism.
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Theorem 1.6. Let A € J, be synchronizing at level k, and let r > k. If the graph G, (A)
of bad pairs has a circuit, then there is an eventually periodic word in X, nZ on an infinite
orbit under the action of A.

Notice that if A € J, is such that G, (A) has a circuit, then A, in its action on X ,,Z, has
infinite order, and so the subgroup of #, generated by A is infinite. In this case, we say
that A4 is an element of infinite order. A corollary of the above result, via Corollary 1.3, is
the following.

Corollary 1.7. Let A € J, be synchronizing at level k, and let r > k. If the graph G (A)
of bad pairs has a circuit, then the automaton group generated by A is infinite.

It turns out that if the graph G,(A) has a circuit for some r, then A contains a free
semigroup.

Proposition 1.8. Let A € Je, be synchronizing at level k, and let r > k. If the graph
G, (A) of bad pairs has a circuit, then A contains a free subsemigroup of rank at least 2.

The proof of Theorem 1.1 now follows by studying the graphs G, (A) for sufficiently
large r € N.

Silva and Steinberg in [18] study reset automata which fit in this context as level 1
synchronizing transducers. They show that the automaton group generated by an invert-
ible level 1 synchronizing transducer is infinite if and only if it contains an element of
infinite order, and in this case the group is locally finite-by-cyclic and so amenable. Thus,
if the order problem is solvable in groups generated by reset automata, then the finiteness
problem is also solvable in groups generated by reset automata (in fact, this is and if and
only if by the results of [18]). While an early draft of this paper has been under review,
the two papers [2, 8], demonstrating that the order problem in groups generated by auto-
mata is undecidable in general, were uploaded to the arXiv. However, the question remains
open for reset automata. The results above address this question by providing sufficient
conditions for when the group generated by a reset automaton is finite.

In [18], by making further assumptions the authors of that paper are also able to
show that in the case where this group is infinite then it has exponential growth. Using
Chou’s classification of elementary amenable groups [6], a result of Rosset [16] and the
result of Silva and Steinberg that groups generated by reset automata are locally finite-
by-cyclic, it turns out that all groups generated reset automata are actually elementary
amenable. Moreover, it is a result of Chou [6] that all finitely generated elementary amen-
able groups are either virtually nilpotent (and so of polynomial growth [10]) or contain a
free semigroup on two generators. From this one may deduce that all finitely generated
locally finite-by-infinite cyclic groups contain a free semigroup on two generators. Thus,
we re-derive the result of Chou in the context of groups generated by reset automata.
In particular, the class of automata groups generated by reset automata does not furnish
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examples of infinite Burnside groups or groups of intermediate growth: These groups are
finite or they have exponential growth.

In the final section of the article, we give a construction that embeds direct sums of
P into Py, for m large enough. This construction is useful for the following reasons.
Firstly, by restrlctmg to J¢, and using a result in [5], we show that #,,, for n > 6, contains
the direct product of the free group on two generators. Secondly, we note a conjecture of
Picantin [13] which implies that for A € J¢, an element of finite order, the smallest m € N
such that A}, satisfies Proposition 1.4 is m = |A| — 1. The techniques of Section 7 enable
us to construct examples of elements of J¢, which attain this limit.

1.1. Outline of paper

In Section 2, we give a formal definition of the semlgroup P, and present some of the
basic properties of this group that we will need later on. In Section 3, we introduce some
various useful properties of &, which, when restricted to I, begin to shed some light
on when two elements commute or are conjugate to each other. In Section 4, we develop
the techniques required to prove Theorem 1.1. In Section 5, we prove Theorem 1.1. In
Section 6, we prove Theorem 1.6 and establish connections between the order of elements
of #, and properties of the graph of bad pairs of those elements. In Section 7, we show
that direct-sums of copies of J, can be embedded in J,, for m large enough.

2. Preliminaries

2.1. Transducers

Throughout the paper fix X, := {0, ...,n — 1}, for 2 < n a natural number. For an arbit-
rary finite set X of symbols, we shall let X* be the set of all finite strings, including the
empty string (which we shall always denote by &), and X T to be the set of all finite strings
excluding the empty string. We call a word I € X, which cannot be written as I' = (y)”
for a strictly smaller word y € X,/ and 0 < r € N a prime word. For a natural number
k € N we shall let X* be the set of all strings of length precisely k; X~ and XZ shall
denote the set of infinite and bi-infinite strings, respectively. We shall represent a point
xeXNasa sequence (X;);en Which we will normally write as x := xgx1 X3 -- -, likewise
we shall represent a point x € XZ as a sequence (X;);cz, and we will normally write this
as X :=---X_1XoX1 - - -. Sometimes it shall be convenient to consider an element x € X nZ
as being composed of words in X ,]f for some natural number k£ > 0, and in this case we
shall write
x:i=--T_ 1Tl ---,

where I';,i € Z are all in X ,’f . The dot above Iy is used to communicate that x¢ -+ - xp_1 =
I'o. Then Xy - - - X251 = I'; and so on. Taking the product topology on XN and XZ makes
both of these spaces homeomorphic to Cantor space.
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For a string I € X*, we shall use |T'| to denote the length (or size) of I'; the empty
string has length zero. We shall also use | X | to denote the cardinality of the set X ; ifi € Z
then |i| shall denote the absolute value of i. We shall let the context determine which
meaning of |-| is being taken.

Definition 2.1. In our context, a transducer A is atuple A = (X, Q, w, A), where
(i) X, is both the input and output alphabet.
(i) O is the set of states of A.

(iii) m is the transition function, and is a map:
X, U{e}x Q0 — 0.
(iv) A is the output or rewrite function, and is a map:

A Xy, xQ— Xy

We take the convention that 7 (e, g) = ¢ for any ¢ € Q as this will allow single-state
transducers to be synchronizing at level 0. Consequently, we also make utilize the conven-
tion that A (g, g) = &. We note that usually A is a map from which maps letters to strings;
however, as we only consider synchronous (“letter-to-letter””) transducers, the restricted
definition given suffices for our purposes. If |Q| < oo, then we say the transducer A is
finite. If the map A(-, q) : X, — X, is the identity map on X, then we say that g acts
locally as the identity; if the map A(-,q) : X, — X, is a permutation of X,,, then we say
that ¢ acts locally as a permutation. If it is clear from the context then we may sometimes
omit the prefix “locally.”

If we specify a state ¢ € Q from which we start processing inputs, then we say A
is initialized at q and shall denote this A,. The transducer A is then called an initial
transducer.

We can extend the domain of 7 and A to X, x Q using the rules below and induction:

n(l'x.q) = n(x.7(I.q)) ey
A(Tx.q) = AT, @)A(x, 7(T.q)). @

where y € X5, x € X,, and ¢ € Q. Given a word in I" € X7 and ¢, p € Q such that
(T, q) = p, then we shall say that we read T from state q into p, we shall sometimes
supplement this by adding, and the output is A if A = A(T, q).

Note that each state ¢ € Q induces a continuous map from Cantor space X ,If to itself.
If this map is a homeomorphism, then we say that g is a homeomorphism state. Two
states g1 and g, are then said to be w-equivalent if they induce the same continuous
map. (This is can be checked in finite time.) A transducer, therefore, is called minimal
if no two states are w-equivalent. Two minimal transducers, A = (X, Q4, w4, A4) and
B = (X,, 0p, g, Ap), are said to be w-equivalent if there is a bijection f : Q4 — Op
such that ¢ and (g) f induce the same continuous map for g € Q4. In the case where A
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and B are w-equivalent, then we write A =,, B; otherwise, we write A #, B. We note
that all transducers have a unique (up-to w-equivalence) minimal representative.

Given two transducers A = (X, Q4,74,A4) and B = (X,,, Op, B, Ap), the product
A x B shall be defined in the usual way. The set of states of A % B will be Q4 x Qp, and
the transition and rewrite functions, w44p and A4«p of A x B, are defined by the rules:

T[A*B(xv(p9q)) = (T[A(.X,p),ﬂB(AA(X,p),q)) (3)
Aax(x,(p.q)) = Ap(Aa(x, p).q). “)

where x € X, Ue, pe Qgand g € QOp.

A transducer A = (X,, Q4, 4, A4) is said to be invertible as a transducer (or invert-
ible when there is no ambiguity) if there is a transducer B = (X, Op, 7p,Ap) and a
bijection f : Q4 — Qp such that every pair of states (p, (¢) f) € Q4 x Qp of the trans-
ducer A x B acts locally as the identity. The transducer B is called the inverse transducer
of A (or inverse of A when there is no ambiguity). We note that A being invertible is
equivalent to saying that every state of A is a homeomorphism state or alternatively that A
possesses a homeomorphism state. In particular, if 4 is invertible as a transducer, then
the transducer A~! with state set Q41 = {p~' | p € Q4} and transitions and outputs
satisfying the following rule

-1

nA—l(x,q_l) =p and AA—l(x,q_l) =y ifandonlyifng(y,q) =p

and A4(y,q) = x

for any x € X, is (w-equivalent to) the inverse of A. Note that if A is minimal and
invertible, then the inverse transducer of A is also minimal.

As usual A' = Ay % Ay x -+~ % A;, where 4, = A 1< j <i and i € N, and
A7 = (AN If A == (Xn. Q4. A4, 74), then we set A = (X, Q%) Aai. 7ai)-

If A = (X,, Q4, 74, Aa) is a transducer, then, as each state g of 4 induces a continu-
ous function of X nZ, we may consider the subsemigroup (or group in the case that A is
invertible) of the endomorphisms of X7 generated by the set {4, | ¢ € Q4}. We shall
refer to this semigroup or group as the automaton semigroup or automaton group gener-
ated by A. We also consider the monogenic semigroup (A4) = {A’ | i € N} or cyclic group
(A) = {A" | i € Z}; we shall call these the semigroup or group generated by A. Where
there is potential ambiguity we make it explicit that (A) refers either to the semigroup or
to the group generated by A.

Definition 2.2. Given a non-negative integer k and an automaton A = (X,,, Q, w, ), we
say that A is synchronizing at level k if there isamap s : X ,’f — Q,sothatforallg € Q
and any word I € X f we have s(I") = 7 (T, ¢). That is, the location in the automaton is
determined by the last k letters read. We call s the synchronizing map for A, the image of
the map s the core of A, and for a given I" € X,’f, we call $(I") the state of A forced by T.
If A is invertible, and A~ ! is synchronizing at some level 0 </ € N, then we say that A4 is
bi-synchronizing at level max(k, m). If A is synchronizing but not bi-synchronizing, then
we shall say A is one-way synchronizing.
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Remark 2.3. We have the following observations about the core:

(1) Itis an easy observation that for a synchronizing transducer the core of A4 is a syn-
chronizing transducer in its own right. We shall denote this transducer by Core(A),
and if A = Core(A) then we say that A is core.

(i) For a synchronizing transducer A, Core(A) induces a continuous map from X nZ
to itself. This follows since if Core(A) is synchronizing at level k with syn-
chronizing map s, and given a bi-infinite string (x;);ez, then Core(A4)(x;) =
w(x;i, s(x;—g - -+ xj—1)). That is we look at the preceding k symbols to determ-
ine from which state the subsequent symbol is to be processed. Let f4 be the map
induced on X nZ induced by Core(A), then the map f4 preserves indices and so is
a well-defined map on XZ.

Before defining the monoid #,, it is necessary to establish the following standard
result.

Claim2.4. Let A = (X,,04,74,A4) and B = (X, Op, g, Ap) be synchronizing trans-
ducers. If A4 is synchronizing at level j and B is synchronizing at level k, then A % B is
synchronizing at level j + k.

Proof. We show that any word of length j + k is synchronizing for A * B, where we
recall the set of states of A * B is the product set Q4 x Qp (of course, not all of these
states are in the core of 4 x B).

Let T" be a word of length j and A a word of length k, both I', A € X. Suppose
that T" forces us into a state g4 of A. Let I’ be the length j prefix of AT, and let A
be the complementary length k suffix. Let (p4, pp) any pair in Q4 x Qp. Then we
have that 4(AT, p4) = ga. Let g4 be the state which we are in after processing T.
Let gp be the state we are forced to after reading A4 (A, 74) from any state in B. Then
Aa(AT, pa) = Aa(T, pa)Aa(A,qa). Therefore, g (Aa(I', pa)Aa(A,qa), pB) = g8, thus
reading AT from any state pair of Q4 x Qp, the active state becomes (¢4, gB). |

Remark 2.5. From the above it follows that the set J?, of core, synchronizing transducers
forms a monoid [4].

With this in place, given 1 <n € N, we can describe the monoid j;n as the set of those
continuous functions on {0, 1,...,n — 1}Z which can be represented by finite, synchroniz-
ing, core transducers. (We mention core since we are restricting our attention only to those
states in the core. The product is the automaton product, where after taking this product,
one removes non-core states as they are irrelevant to the action. This is always possible
by the above claim.) The submonoid #, is the subset of P consisting of those elements
which induce homeomorphisms of X nZ. The group #, is the subset of &, consisting of
those transducers H for which there is a state ¢ of H such that the initial transducer Hy is
a homeomorphism of X}¥. Notice that all the states of H are homeomorphism states. It is
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aresult in the forthcoming paper [4] that J,, is 1som0rphlc to the group of automorph1sms
of the one-sided shift on »n letters. Finally, define Jé’ to be those elements of &, which
have a homeomorphism state and which are synchronizing but not b1-synchr0n121ng.

Given two elements A, B € fn, then we shall denote the minimal transducer repres-
enting the core of the product of A and B by min(Core(A4 * B)). Since the operations
of minimizing and reducing to the core commute with each other, the order in which we
perform these operations is irrelevant.

Most of our results shall be for ¥, and J,, though some of our results also apply
to &, and J,. We give below a table listing these various groups and monoid together
with their deﬁnmg properties.

Core, synchronizing transducers

Subset of $, which induce homeomorphisms of X z

Subset of £, consisting of elements with a homeomorphism state
Subset of #, containing elements with a homeomorphism state.

Q
E §1=O 302

The following should aid the reader in remembering which groups/monoids are
denoted by which symbols: #, and J¢, are those elements of &, and P, respectively,
with a homeomorphism state, thus J represents homeomorphlsm, a tilde above a symbol
means that the corresponding set contains elements that do not induce homeomorphisms
of XZ.

3. Properties of Js,,

Let A = (Q, X, m, A) be an element of Fu If A represents an element of J¢, there is a
constant k so that both 4 and A~! are synchronizing at level k. Note also that all words T
of length at least k are synchronizing words for A and for A~!.

We make the following claims about A which will be useful later on. The first two
shall apply to all elements A € P,

Claim 3.1. Let A and B be elements of #,, and let m € N\{0} be minimal such
that both A and B are synchronizing at level m. Then if A #, B, there is a word T,
|T'| = k > m, and states p and g of A and B, respectively, such that:

(i) p is the state in A forced by I' and g is the state in B forced by I'.

(i1) p and g are not w-equivalent.

Proof. Since A #4, B they induce different homeomorphisms of X nZ, and so there is a
bi-infinite word w = - - x_,x_1Xx0X] - -+ which they process differently.

Letwy =---y_py_1Yoy1y2:-- and wp = ---z_5z_1Z9Z1Z2 - -+ be the outputs from A
and B, respectively. Let k € N\{0} be such that A and B are synchronizing at level k.
Note that k > m. Let / € N be minimal such that y; # z; or y_; # z_;. Then one of the
words Xj_j -+ - X]_pX]—1 OF X_j_j -+ X_j_pX_;_1 satisfies the premise of the claim. ]
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Lemma 3.2. Let A € $, be such that min Core(A?) #, min Core(A7) for any pair
i,j € N. Then fori # j € N and two distinct states u and v of At and A7, respectively,
the initial transducers A, and A} are not w-equivalent.

Proof. Let A, i, j,u and v be as in the statement of the lemma above. Observe that since
min Core(A’) #, min Core(A/), by Claim 3.1 there is a word I' of size greater than or
equal to the maximum of the minimum synchronizing levels of A and B such that the state
of min Core(A") forced by I is not w-equivalent to the state min Core(A”) forced by T'.
Now since A’ and A/ are synchronizing, the initial transducers A, and A',’; are also syn-
chronizing. Moreover, Core(A’,) =,, minCore(A), likewise Core(A?) =, minCore(A4).
Therefore, let A be a long enough word such that when read from the state u of A’ and
state v of A/ the resultant state is in the core of A’ and A/, respectively. Now let u’
and v’ be the states of AL and A}, respectively, reached after reading AT in AL and Al
Then u’ and v’ are not w-equivalent since Core(A’,) =,, min Core(A"), and Core(47) =,
min Core(A/). Therefore, there exists a word § € XN such that (§) 4’ # (§) A’ ,; therefore,
we have that (AT8) A, # (AF8)A£. The result now follows. L]

We introduce some terminology for the claim below. Let X be a finite set and p a per-
mutation of X. For any a; € X, there is a sequence (a1a; - - - ay,) such that (a;)p = aj+1
for1 <i <m and (a,,)p = a;. We call such a sequence a cycle. Note that up to cyclically
permuting the elements, the cycle containing a given element @ € X is unique; therefore,
we typically do not distinguish between a cycle (a1a; --- ap,) and a cyclic permutation
(ajaj41---amay ---ay) of its elements for some 1 < i < m. Another way of saying this
is that for a € X, acycle (a1a3 - - - a;,) containing a corresponds uniquely to the permuta-
tion y of X which maps a; — a;j+q for all 1 <i < m, maps a,, — a; and fixes every
other point. Clearly, the map y is invariant under cyclically permuting the elements of the
cycle containing a. We do not distinguish between a cycle containing a and the permuta-
tion y. The length of a cycle is the number of points in its support, that is, the number
of points it moves. Let y1, ..., y; be cycles such that every element of X is contained in
exactly one of the y;. Then, we say that Yy, ---y; is an expression of p as a product of
(disjoint) cycles. Conventionally, cycles of length 1 are omitted in such a decomposition.
Two permutations p and ¢ are said to have the same cycle structure if there are cycle
decompositions p = y1y,---y; and ¢ = 112 - -+ 0y such that for 1 <i <, the length of
y; is equal to the length of n;.

Claim 3.3. Let A be a finite, invertible, transducer which is bi-synchronizing at level k.
Then for any non-empty word I'; there is a unique state g; € Q 4 suchthat 7(I'1,¢1) = ¢1.
Moreover, there is a cycle (I'y - - - T',) such that we have the following:

(1) Letg;, 1 <i < m besuchthat 7 (I';, q;) = ¢;, then I'; 11 = AT, ¢i).
(i) We have I'y = A(Tyy, gm)-

Proof. Throughout the proof let I' be any non-empty word of length j > 1. We observe
first that if there is a state ¢ such that (I, g) = ¢ then this state must be unique. Since if
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there was a state ¢’ such that (I, ¢') = ¢’ then 7(I'*, ¢) = ¢ while 7(T'*,¢') = ¢’, and
since T'% has length at least k we see it is a synchronizing word and so can conclude that
q9=9q"

To see that such a state ¢ exists, consider again the word I'*. Since I is non-empty,
ITk| > k, so there is a unique state ¢ such that ' = g. Now consider the state p so that
(T, q) = p. Since n(T'*, q) = q it is the case that 7(I'**1, ¢) = p, but T'* and T*+!
have the same length k suffix, so that p = ¢. In particular, we have 7 (T, q) = ¢.

We now free the symbol I". We want to show the map defined on X, ,{ (words of length
exactly j), by I' = A(T, ¢), where n(T", g) = ¢, is a bijection (and so is decomposable
into cycles as indicated in the statement of the claim).

To prove this map is injective, suppose there are two words, I and A, with associated
states ¢ and r, respectively, of length [, such that A(T",¢) = I'" = A(A, r). Now, as ¢ is
the state forced by I'* as above, while r is the state forced by A¥ (again as above), we see
that 7~ 1((I")*, ¢) = ¢ while 771 ((I')*, ) = r, but as (I'")¥ is synchronizing for A~
we must have that ¢ = r, and then, by injectivity of A4,, that T = A, so that in particular
I'=A.

Therefore for each j € N, j > 1 the map induced by A, from the set of words of
length j to itself, is injective. Therefore, as this set of words is finite, the map is actually a
bijection and so can be expressed as a product of disjoint cycles (of words of length j). m

Remark 3.4. Notice that we have only used the full bi-synchronizing condition in arguing
invertibility. The existence and uniqueness of the state ¢ € Q such thatfor 1 < j € N and
I'eX;], o, q) = ¢ holds for all elements of the monoid £,.

We illustrate the above claim with the example below.

Example 3.5. Let C be the following transducer (Figure 1): It is easily verified that this
transducer is bi-synchronizing at level 2. The sets {00, 10,21}, {01, 11,20} and {02, 12,22}
are, respectively, the set of words which force the states g¢, g1 and ¢g,. The permutation of

0[1

12 21 210

Figure 1. An example.
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words of length 2 associated to this transducer in the manner described above is given by:
(00 11 22)(10 20 12)(21 01 02). We make the following observation: The states forced by
each element of a cycle is a cyclic permutation of (go ¢1 ¢2). We shall later see how such
behaviour plays a role in understanding the order an element.

Remark 3.6. If we have found a permutation (as above) for a transducer A for words
of length j > 1, then the cycle structure of this permutation will be present in all per-
mutations associated to A for words of length mj, for m € N\{0}. This is seen, for
example, if (I'y --- ) is a cycle in the permutation associated to words of length j,
then (I';I'y --- I7T7y) is a cycle in the level 2j permutation. This is because each I is
processed from the state of A it forces and the output is I';4;. Generalize in the obvi-
ous way for the permutation of words of length mj. For instance in the example above
©---01---12---2) will be present in the permutation of words of length 2m associated
to C (where each i ---i is of length 2m, i € {0, 1,2}).

We establish some further notation. For A € J(, bi-synchronizing at level k, and
1<jeN,let A_J represent the permutation of X indicated in Claim 3.3.

Remark 3.7. Observe that a similar proof to that given in Claim 3.3 will show that we
can analogously associate to each element of J;,,\!P,, a map from X, ,{ —- X ,{ for every
1 < j € N. However, this map need not be invertible for every such 1 < j (we shall later
see that for one-way synchronizing transducers there is some j, where the map so defined
is not invertible). In light of this, for each 4 = (X,, O, 7, A) € P, and 1 < j € N let
A : X; S X; / be the transformation given by I' > A(T, q) where q € Q is the unique
state such that 7 (T, g) = ¢q. We observe that if A € £, then A is a permutation for every
j € N. This is because &, induces a homeomorphlsm of X nZ. Since if for some j € N,
Z}- is not injective, then there are words I', A for which (I")4; = (A)Aj; this means that
the bi-infinite strings (- - - [IT--)and (---AAA--) are mapped to the same element of
XZ by A contradicting injectivity.

The following lemma shows that these maps behave well under multiplication.

Claim 3.8. Let A = (X, Q4,74,A4) and B = (Qp, X, 7B, Ap) be elements of P .. Let
Ax B={Q04,S,m4xB,raxB) be the core of the product of A and B, where S C Q4 x Op
is the set of states in the core of 4 * B. Then (A * B); = A; * B;.

Proof. Let I be a word of length / in X}, and let p € Q4 be such that 74 (T, p) = p.
Let A := A4(T, p), and let ¢ € Qp be such that 7 (A, g) = ¢q. Then (p, g) is a state of
A x B such that max (I, (p,q)) = (p,q). If A = Ap(A,q), then we have in (A * B), that
I' — A. However, A * B sends I" to A also. Since I' was an arbitrary word of length /,
this gives the result. ]

Let7; : $, — Sym(X,l,) be the map defined by A — A; for every I € N. Below we
demonstrate the usefulness of these maps.
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Proposition 3.9. Let A and B be elements of j;n then the following hold:
(i) A and B commute if and only if for every | > 1A; and B; commute.

(i) A and B are conjugate by an invertible element of !l;n if and only if there is an

invertible, h € Py, such that for every [ > 1 ZZ_IZ,E, = B,
(iii) A and B are equal if and only if for every | > 14; = Bj.

Proof. The forward direction in all cases follows by Claim 3.8 which shows that the
map 17 : Po— S ym(X ,ﬁ) is a monoid homomorphism. We need only prove the reverse
implications.

We proceed by contradiction.

For (i) suppose that A; and B; commute for every [, however, Core(B * A) %,
Core(A * B). Let m € N\{0} be such that both Core(A * B) and Core(B * A) are bi-
synchronizing at level m. Let I" be a word of length m as in Claim 3.1 such that p is the
state of Core(A * B) forced by I' and g is the state of Core(B * A) forced by T'.

Let A4p and Apy denote, respectively, the output function of Core(A * B) and
Core(B * A). Since p is not w-equivalent to ¢ there is a word A, of length [ > 1 say,
such that A := A4B(A, p) # Apa(A,q) =: E. This now means that in Core(A4 * B);ym,
AT +— AW; and in Core(B * A);,,, AT — EW, (for some words W; and W, of
length /). Therefore, we conclude that Core(A * B);4,, # Core(B * A);t, which is a
contradiction.

Part (ii) proceeds in an analogous fashion. The forward implication is clear. For
the reverse, suppose A and B are conjugate by an invertible element A € P, but
Core(A % h) # Core(h * B). Let m € N\{0} be such that Core(A * h) and Core(h * B)
are bi-synchronizing at level m. Let I be a word as in Claim 3.1 and let p be the state
of Core(Ah) forced by I" and ¢ the state of Core(k * B) forced by I" and p and ¢ are
not w-equivalent. Now we are able to construct a word as in part (i) demonstrating that
Core(A * h); # Core(h * B), for some / yielding a contradiction.

Part (iii) follows from part (ii) with / the identity transducer. ]

The following is a corollary of Proposition 3.9.

Corollary 3.10. Let A and B be elements of JS,,, and let k > 1 € N be such that both A
and B are synchronizing at level k then the following hold:
(i) A= Bifandonly if Ax41 = Bry1.

(i) Let BA and AB denote the minimal transducers representing the products
Core(A * B) and Core(B * A) and | > 1 € N be such that both AB and BA are
synchronizing at level |. Then AB = BA ifand only if Aj11Bj41 = Bi414;41.

(iii) A and B are conjugate in f/‘;n if and only if there is an invertible h € J;,, such
that h=' Ah (where this is the minimal transducer representing the product) is

—1 — — —
synchronizing at level k and hy ;A y1hi41 = By
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Proof. Throughout the proof all products indicated shall represent the minimal transducer
under w-equivalence representing the product.

Observe that parts (ii) and (iii) are consequences of part (i). Since for part (ii) AB and
BA are synchronizing at level /; for part (iii) B and h~! Ah are synchronizing at level k
(where & is the conjugator). Therefore, it suffices to prove only part (i).

The forward implication follows by Proposition 3.9, so we need only show the reverse
implication. Let k be as in the statement of part (i) and assume that Ax;; = By ;. Denote
by a triple (E,u,v) for E € X ,’f and u and v states of A and B, respectively, that u is the
state of A forced by E and v is the state of B forced by E. Notice that for each such
EeX ,’f such a triple is unique.

LetI € X,’f belong to a triple (T, p,¢). Leti € X, be arbitrary. Since Ag41 = B41,
we must have that A, (i) = B, (i) since Ap41(Ti) = Bry1(Ti).

Free the symbols I, p and g.

Now let w = -+~ W_g -+ W_jWoWy -+ W - -+ be a bi-infinite word. We show that A
and B process this word identically. Let w; i € Z denote the ith letter of w. Then the ith
letter of A(w) is Ap(w;) where p is the state of A forced by I' = w;_¢ --- w;_1, the
word of length k immediately to the left of w;. Likewise, the ith letter of B(w) is By (w;)
where ¢ is the state of B forced by I'. Therefore, (T, p, ¢) is an allowed triple. However,
from above we know that A, (w;) = By (w;). Since i € Z was arbitrary, A(w) = B(w),
and A = B since w was arbitrary and A and B are assumed minimal. ]

Remark 3.11. Corollary 3.10 part (i) demonstrates that the group #, is residually finite.
This is because given A € #, a non-identity element that is synchronizing at level k, the
map sending B € H#,, to By, in the symmetric group on n¥ 1! points is a homomorphism
that maps A to a non-trivial element.

Remark 3.12. Corollary 3.10 part (ii) demonstrates that if B € J#, is synchronizing at
level j > 1€ N, and A € P, is synchronizing at level kK > 1 € N, then B commutes
with A if and only if ZJ- +k+1 commutes with Fj+k+1 by Claim 2.4.

Remark 3.13. In order to restate Corollary 3.10 part (iii) for a non-invertible & € P \Pn
showing that the equation Ay ;. IEkJr 1= Ek+ 1 Br+1 holds might no longer suffice. Instead,
we might have to check that Zj+lzj+l = EJ-HFJ-H where j € N is a level such that
Core(A * h) and Core(B * h) are synchronizing at level ;.

The result distinguishes between elements of #,, and J6,. However, we require the
following definitions first.

Definition 3.14. Let " = ypy2---yx — 1 be aword in X ,]l‘ for some natural number k > 0.
Define the ith rotation of I" to be the word: I'" = yg_; Vk—i+1-"*YoV1"** Vi—i—1-

Remark 3.15. One can think of T" as decorating a circle divided into k intervals (counting
from zero), and I is the result of rotating the circle clockwise by i. Then the Oth rotation
of T is simply I
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Proposition 3.16. Let A = (X, Q4, 74, Ayg) be an element of J?,,\](n with synchroniz-
ing level k and let A~' = (X,,, Q 41,741, Ag-1) the inverse of A. Then there isanl € N
with 0 < 1 < k(|Q4|* + 1) such that A; is not a permutation. In particular, the action
of A on X is non-injective. Moreover, there exist words A and A in X} such that A is
not a cyclic rotation of A and the bi-infinite strings (-+- AA---) and (-+-- AA - - ) have the
same image under A.

Proof. Suppose A is synchronizing at level k. Since A~! is not synchronizing it follows
that |Q4| = |Q4-1| > 1. Moreover, there is a pair of states (rq, r2) such that there is an
infinite set W; of words w; € X, for which mg-1(w;, 1) # m4-1(w;, r2). This follows
since A~! is not synchronizing at level / for any / € N. Therefore for each [ € N, there
is a pair of states (r{, ré) and a word w; € X,l, such that 74-1 (wy, r{) # -1 (wy, ré).
Since A is a finite automaton there is a pair of states (1, r2) such that for infinitely many
[ eN, (r{, ré) = (r1, rp); therefore, taking W; := {w; | [ € N and (r{, ré) = (r1,r2)},
(r1, r2) and W satisfy the conditions.

Now since W) is infinite, by an argument similar to that above, there is a pair of
states (s1, $2) such that -1 (w;, r1) = 51 and 4—1(w;, r2) = s and 51 # s5 for infin-
itely many w; € W;. Let W, denote the set of words w; such that w4—1 (w;, r;) = s; and
-1 (Wi, r2) = $2.

Let w; € W, be such that |w;| > k(]Q4|?> + 1). Now since s; # s, then for any pre-
fix ¢ of w; we must have 741 (¢, r1) # m4-1(¢@,r2). Moreover, since |w; | > k(| Q4| + 1)
there are prefixes ¢; and @, of w; such that ||o;| — |@2|| = jk < k(|Q4> + 1) (j €
N\{0}) satisfying m4-1(p1,71) = m4-1(p2,71) = p~ L and my-1 (@1, 72) = T4-1(@2.72) =
g ' with p7! £ g 1 and p~', g7 € Qy-1.

Assume ¢ is a prefix of ¢, and let v be the such that ¢;v = ¢,. By construction, v
satisfies w41 (v, p) = p and m4-1(v,q) = g suchthat p~' # g7 1. Let A = A4-1 (v, p~ 1)
and A = A4-1(v,g™1). Since 4 is synchronizing at level k, A # A, otherwise p = ¢ and
|Al = Al

Therefore, in A we have mq(A, p) = p and w4(A, q) = q; moreover, A4(A, p) =
A4(A,q) = v. This shows that A 5 is not a permutation of X, ,‘,A‘. We now make the assump-
tion that A and A are the smallest words such that m4(A, p) = p and w4(A, q) = q;
moreover, A4(A, p) = A4(A,q). Letv € X,llAI be such that A4 (A, p) = A4(A,q) = v.

In order to show that A represents a non-injective map on X, nZ observe that the bi-
infinite strings (---AA---) and (--- AA--+) are mapped to the bi-infinite string (---vv---)
under A. Therefore, taking (---@©®---) for ® € X,I to represent the element y € X%
defined by yjje|Yjle|+1 " Vj|o|+lol-1 := © for any j € Z, we see that (--- AAA ---)
and (--- AAA - -) are distinct elements of X nZ which have the same image under A. This
shows A is non-injective.

To conclude the proof we now need to argue that there exist words A’ and A’ which
are not cyclic rotations of each other such that (--- A’A’A’---) and (--- A’A’A’--) are
mapped by A to the same place.

Suppose that A is a cyclic rotation of A, since we are done otherwise.
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Since w4 (A, p) = p we must have that v is equal to a non-trivial cyclic rotation of
itself. This is the case if and only if v is equal to some power of a third word v strictly
smaller than v (see, for instance, [17, Theorem 1.2.9]). In fact, if v = v/v” = v”v’ then
both v” and v’ are powers of this word v.

We may assume that v is a prime word (i.e., it cannot be written as a power of a strictly
smaller word). Let r € N be such that v" = v. Notice that r|v| = |v| = |A].

First suppose that there is word u € X ,I,vl such that A, |(u) = v and u” is a rotation
of A.If a non-trivial suffix u; # u of u is a prefix of A, then since A4(A, p) = V" = v,
we must have that v is equal to a non-trivial cyclic rotation of itself contradicting that v is
a prime word. Therefore, A = u”. However, since Aj5|(A) = A5|(A) and A is a cyclic
rotation of A then u” is also a cyclic rotation of A. Therefore, by the same argument, we
must have that A = u”. However, this now implies that A = A yielding a contradiction
since we assumed that A £ A.

Now since |v| < |v|, then either there is a word u, such that |u| = |v| for which
Ap|(u) = v or A} is not surjective from X, "l to itself, and so it is also not injective
(since X ,l, Vs finite). If the latter occurs, then there are strictly smaller distinct words A’
and A’ and states p’ and ¢’ such that w4 (A’, p’) = p’ and w4(A’, ¢') = ¢’, so that
Aa(A, p') = A4(A, ¢'). Notice that since A € H, all its states are homeomorphism
states; therefore, p’ and ¢’ cannot be equal or A would have a non-homeomorphism state.
However, this is a contradiction since we assumed that A and A were the smallest such
words. Therefore, there is a word u so that |u| = |v| and Zlvl (u) = v. Notice that u” cannot
be a rotation of A by an argument above. Moreover, the bi-infinite sequences (- -u"u" - - )
and (--- AA ---) are mapped by A to the same bi-infinite string (--- Dv ---). L]

Remark 3.17. Let A be an element of J?,, \ €, which is invertible as an automaton, then A
represents a surjective map from the Cantor space X nZ to itself. In particular, as a con-
sequence of the proposition above an element 4 € J, is injective on X nZ if and only if it
is a homeomorphism if and only if it is bi-synchronizing.

Proof. Our argument shall proceed as follows: We shall make use of the well-known
results that the continuous image of a compact topological space is compact, and that a
compact subset of a Hausdorff space is closed. This means it suffices to argue that the
image of A is dense in XnZ.

Let k € N be the minimal synchronizing level for A.

Notice that since A is invertible as an automaton, each state of A defines an invertible
map from X ,1,\] to itself. Therefore, given an element y € X nZ, let p be a state of A and fix
an index i € Z, then defining z := y; yi+1Yi+1 - in X},\I, there exists x € X,Il\I such that
the initial automaton A, : XN — XN maps x to z.

Now let y, p, z and x be as in the previous paragraph, and let I' € X ,’f be a word
such that the state of A forced by I" is p. Let u € XnZ be defined by u;u;4; -+ := X,
Ui—gUj—f+1- - Uj—1 = andu; :=0forall j <i —k.
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Ifwe XnZ is the image of u under A, then w; w; 4 --- = z. Therefore for any y € XnZ
and any open neighbourhood U of y, A(X nZ ) N U is non-empty. ]

Remark 3.18. Given an element, A, of J?,,, Proposition 3.16 gives an algorithm for
determining if A € #, orif A € J?n\an, since we have only to check if Z_i is a per-
mutation for all 1 < j < kM(A), where k is the synchronizing level of A and M(A) is
quadratic in the states of A.

Remark 3.19. It is a consequence of the proof of the proposition above that for A € £,
‘A; maps prime words to prime words for every I € N. This is because if (I")4; = (y)”
for T' a prime word, for |y| < |T'| and r € N. Then either 4; : X, ,l,yl is not surjective and
so it is not injective either, or there is a word § € X,) such that (§)A; = y. Since I is a
prime word it follows in either case, as in the proof of Proposition 3.16, that A does not
induce a homeomorphism of X ,,Z. An alternative proof of this fact can be found in [3].

Proposition 3.9 indicates that if two elements A and B in #, are such that Zj and §j
have the same d-cycle structure for all j € N then A and B are likely to be conjugate.
This, however, need not be the case, as will be seen below. First we make the following
definition.

Definition 3.20 (Rotation). Let A € #, andlet/ € N. Given a prime word I" € X ,ll let C be
the cycle of A; containing I'. Notice that C consists only of prime words by Remark 3.19.
Let 1 <s < length(C) be minimal in N such that (F)Zi isarotationof I'. Let 0 <i </
be such that Z; (I") is the ith rotation of T", then we say that C has minimal rotation i
of I". We call the triple (length(C), s, i) the triple associated to C for T.

Lemma 3.21. Let C € A; be a cycle with associated triple (length(C), sc, rc)r, for To
a prime word belonging to C. Then we have the following:

(i) For any other word " belonging to C we have
(length(C), s¢, rc)r, = (length(C),s¢, re)r.

(ii) Length(C) = o - sc where o is the order of rc in the additive group 7, ifrc =0
then take 0o = 1.

Proof. Let C = (I'g---I';) and let (Iength(C), sc, rc)r, be the triple associated to C for
I'g, where I is a prime word. Then sc¢ is minimal such that I';. is the r¢ th rotation of I'g.
Now since I'; is the output of the unique loop of A labelled by I'y, then I'y. 1 is also an
rcth rotation of I'y. This is because the unique loop of A labelled by I's. 1 is the rcth
rotation of the loop labelled by I'y. We can now replace C with the cycle (I'y --- I';I'y)
and repeat the argument, until we have covered all rotations of C. This shows that the
triple (length(C), sc, rc)r, is independent of the choice of I';.

For the second part of the lemma, first observe that if s¢ = length(C), then r¢ = 0
and we are done. Therefore, we may assume that 1 < s, < length(C).
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Now observe that by minimality of s¢ and the above argument, Iy ;4. is the 2rcth
rotation of I'g; moreover, no I'y for s¢ < k < 2s¢ is a rotation of I'y. Notice that r¢ has
finite order in the additive group Z;. Let o be the order of r¢. Then I',. is the orcth rota-
tion of I which is just I". Moreover, by minimality of sc, and repetitions of the argument
in the previous paragraph, o is minimal such that I',;. = I'g. However, by the first part of
the lemma, we must also have Z;SC (T'x) = T'x 1 <k < j. Minimality now ensures that
osc = J. ]

As a consequence of the remark above for a given cycle C € A;, we shall simply refer
to (length(C), sc, rc) as the triple associated to C.

Definition 3.22 (Spectrum). Let A € #,, and let k € N. For each triple (Lc¢, Sc, Tc)
associated to a cycle of prime words in the cycle structure of Ay, let dc denote the multi-
plicity with which it occurs as we consider all such triples associated to the cycles of Ay.
Then define Spy (4) := {(k,dc,(Lc,Sc,Tc))} as C runs over all cycles of Ay. Define

Sp(A4) := Uken Spr(A).

Theorem 3.23. Let A € P, and let k € N, then Spy (A) is a conjugacy invariant of A
inPy,.

Proof. Let C be acycle in the cycle structure of Ay and let (L¢, Sc, Tc) be its associated
triple. Let J € $, be arbitrary and invertible.

That Lc is preserved under conjugation by J follows from Proposition 3.9, and
standard results about permutation groups.

That Sc is preserved under conjugation is a consequence of the fact that J € £,.
To see this first suppose that C = (I'y --- I';) for some j € N. Let A; = (T;)J k. Then
(Ar---Aj)isacycle of 71:12k7k- Since A; is the output of the unique loop of J labelled
by I'; (1 <i < j), and since S¢ is minimal so that I'g. is a rotation of I';, then Sc is also
the minimal position so that Ag,. is a rotation of A;.

That T¢ is preserved under conjugation is once more a consequence of the fact that
J € #p. LetI'; and A; for 1 <i < j be as in the previous paragraph. Since I's,. is the
Tcthrotation of I'y, then as Ay is the output of the unique loop of J labelled by I'y, Ag.
is the T¢th rotations of Aj. [

Corollary 3.24. Let A € Py, then Sp(A) is a conjugacy invariant of A in P,,.

It is possible to construct elements M € J#,, for which Sp(M) # Sp(M~1). Clearly,
ﬁj and (M ~!); have the same cycle structure for all j € N.

4. The structure of the dual automaton for elements of Js,,

In this section introduce the tools needed to understand the growth rates of automaton
semigroups generated by automata in the group #,. As we will see, and has been touched
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upon in the introduction, the techniques we introduce are also helpful in determining
whether or not an element of #;, has infinite order. However, as the techniques are applic-
able to #, and will be relevant in later sections, we work in this monoid for majority of
this section restricting our attention to J¢, only when necessary. It is standard in the lit-
erature to tackle the order problem and growth by investigating the structure of the dual
automaton, see for instance [1, 12], and this is what we do below.

4.1. Splits and implications

Let A = (X, Q, m, A) be a transducer and let k € N.
We form the level k dual,

Af = (X Q¢ Ap),

of A as follows. The state set O,/ of A/ is the set of all words of length k in the input
alphabet X . This dual automaton has its input alphabet equal to its output alphabet and
they are both equal to X := Q the set of states of A. The transition function 7, is defined

as follows: for states ¢,¢’ € Q,and I', T € Q,\c’, we have

(1) m;/(q.T) =T"if and only if A(T",q) = I/, and

(2) A/(q.T) =q’ ifand only if 7(T".q) = q'.

We observe that Ay | = A}/ x AY. For suppose that T'i a word of length k + 1 is
a state in the dual, and ¢ is any state symbol of A such that after reading g from I'i
in A
A(Ti,q) = Aj. We can break up this transition into two steps. Suppose 7 (I",¢) = p’, then
we have A(T',q) = A, A(i, p') = j and 7(i, p') = p. Hence, in A}/ we read g from I" and
transition to A and p’ is the output p’. Moreover, in A} we read p’ from i and transition
to j with output p. Therefore, the state (I',i) of 4 * AY is such that we read ¢ from this
state and transition to the state (A, j) and the output produced is p.

The following definition gives a tool which connects the synchronizing level of powers

we are in state Aj and the output is p. Then in A we have 7(T'i,q) = p and

of an element of $, to a property of the dual automaton. First we introduce some notation.

Let A € $, be a transducer and 7 € Q4 be astate of A. Let k € N be the synchronizing
length of A, then denote by W; the synchronizing words for the state ¢. That is, W; is the
set of all words I' € X, of length at least k such that 74(T", ¢) = ¢ for some (and so any)

state of A.

Definition 4.1 (Splits). Let A be an element of $,, which is synchronizing level k.
Then, for a natural number r greater than or equal to k, we say that A splits if there
is a word I' € X, elements (p1, p2,..., p1), (q1. 92, --..q1), (51,82, ...,81) € Qi,
where I' € W, and distinct elements #;, #; € Q4, such that the sequences I'1, 'z, ..., I}
and Ay, Az, ..., A; defined by I'y = A4(T, p1), A1 = A4(T', ¢1) and for 1 <i <1,
I = )&A(Fi—l, pi) and A; = )LA(A,'_I,L],'), satisfy: I A € VVS:‘-H foralll <i <[-1,
I'; € Wy, and A; € W,,. In other words, Figure 2 depicting the transitions in A at the
state I is valid.
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Figure 2. A split; the symbols * and {} represent arbitrary elements of Q 4.

We further say that the /-tuples (p1, ..., p;) and (q1, ..., q;) split A). We shall call
the set {p1, g1} the top of the split, the set {t1, 12} the bottom of the split and the triple
((q1,---.q0),(p1..... p1).T) asplitof A).

Definition 4.2. Let A be an element of f/;,, with synchronizing level k. Let r > k and let
((q1,---,91),(p1,...,p1). T) beasplitof AY forI" € X! and (q1,...,q1),(P1,...,p1) €
qu- Let {t1, t,} be the bottom of this split. Then we say that the bottom of the split
(g1, ----91), (p1,---, p1), T') depends only on the top if for any other tuples Uy, U, €

114_1 we have that ((q1, Uy), (p1, Uz), I') is also a split with bottom {¢1, £} and, for any
u,u' € Q, (T, (p1, ..., piou)) = wal(T, (p1, Ua, u')) and ma (T, (g1, ..., q1, 1)) =
7a1(T, (q1, Uz, u')). The last condition means that if Axi(T, (¢1, ..., q7)) € Wy, then so
also is Aa1(T', (g1, U1)) and likewise for (p1,..., p1), (P1,Uz) and W,.

Definition 4.3. For a transducer A, we define the r splitting length of A (for r greater than
or equal to the minimal synchronizing length) to be minimal / such that there is a pair of
[-tuples of states which split A,’. If there is no such pair then we set the r splitting length
of A to be oo.

Remark 4.4. Let A be a transducer with minimal r splitting length / < oo, by minimality
of 1 it follows that for a given pair in Q% x Q' which splits AY, then the bottom of the
split depends only on the top. Therefore, the top and bottom of the split have cardinality
two. In particular, for any split whose bottom depends only on its top, the top and bottom
of the split both have cardinality 2.

Remark 4.5. Let A be a transducer such that the minimal r splitting length of A is infinite
for some r then the minimal r + 1 splitting length of A is also infinite.

The following lemma demonstrates that for A € &, an r > 2 the r splitting length
of A is bigger than the r — 1 splitting length of A.
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Lemma 4.6. Let A € j;n be synchronizing at level k, and suppose that the mk splitting
length of A is finite for m € N, m > 0, then the (m + 1)k splitting length of A is strictly
greater than the mk splitting length of A.

Proof. Let A, m and k be as in the statement of the lemma. Suppose that A has mk split-
ting length /. It suffices to show that for any word " € X, ,Emﬂ)k, and any [ + 1-tuple P
in Q Qﬂ, the output of P through I' depends only on I'.

We set up the following notation to simplify the discussion that follows. Let Al =
(Xn, Q% Aj, ;) and let A = (QA,X,{,AJ-V,NJ-V) for j € N. Foraword y € XX let g,
denote the state of A forced by I'.

Now since A has mk splitting length /, it follows that for any P := (p1,..., p;) and
T:=(t1.....1;)in Q) and T € X"¥ we have that A" (P.T') = 1, (T, T"). By definition
of the dual, A, (P,T) = m;(T, P).

Now let y € X,’f be arbitrary and let p € Q4 and P € Qi also be arbitrary. Consider
)&E’mﬂ)k(Pp, I'y), we have

A(m+1)k(PP, I'y)

41Ty, Pp)
7Tl()/» 7T](F, P))T[l(k]()/, 7T](F, P))v 1 (AI(F7 P)» P))

The following observations conclude the proof of the lemma. Since A is synchron-
izing at level k that the suffix my(A;(y, 7; (T, P)), 71(A;(T, P), p)) depends only on
A1(y. 7 (T, P)). However, since A . has minimal splitting length / we have that 7z; (T, P)
depends only on I'. Therefore, we have that )Lz/m +1) «(Pp,Ty)dependsonlyonI'y. m

Remark 4.7. It follows from the lemma above that if A € £, is synchronizing at level k
then the mk splitting length of A, if it is finite, is at least m form € N, m > 0.

The following lemma shows that the minimal splitting length is connected with the
synchronizing level of powers of a transducer.

Lemma 4.8. Let A be a transducer with synchronizing level less than or equal to k,
then if A has k splitting length [, then min(Core(A' 1)) has minimal synchronizing level
m>k+ 1.

Proof. Let [ be as in the statement of the lemma. Now consider Core(A!). The states of
Core(A") will consist of all length [ outputs of A}/ Moreover, by choice of /, Core(A?) is
also synchronizing at level k.

Let I be a word for which there is a split ((¢1,-..,47), (p1,--., p1), ) of the minimal
length / giving rise to Figure 3, where I'; € W;, and A; € W, for distinct states #; and .

We now consider B := Core(A4 x Core(A')). It is easy to see that there are states in B
of the form (p1, P), (¢1, Q) for appropriate P, Q € Core(A’). Therefore, in B when we
have read I" through (p;, P), we are in state (sq, ..., s, 1), and when we have read T’
through state (¢, Q) we go to state (sq, ..., S, f2). Since #; # t, these states are not @
equivalent. This concludes the proof. ]
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Figure 3. A minimal split.

4.2. Equivalence of finiteness hypothesis

Now suppose that A € &, and the subsemigroup (A) 5, = P of P, generated by A is
finite. Notice that if A € J, and the semigroup (A) 7, is finite then A is in fact an element
of #,. The next result demonstrates that in the case where the semigroup (A) - is finite,
there must be some j € N, j > 0 for which the j splitting length of A is infinite.

Lemma 4.9. Let A € P, be synchronizing at level k. Suppose that the subsemigroup of
P, generated by A is finite, and that j is the maximum of the minimal synchronizing level
of the elements of (A) #,- Then A has infinite j splitting length.

Proof. This is a consequence of Lemma 4.8. Since if A has j splitting length /, then
by Lemma 4.8 min(Core(A/*')) has minimal synchronizing level j + 1, which is a
contradiction. ]

Remark 4.10. The above means that we can partition A}’ into components Dy, ..., D;
and for each component there is a pair of words W; ; and W; » in the states of A such that
for any input into a state of a component of D;, the only possible output has the form
u (W,-,z)l v where u is a possibly empty suffix of W; 1 W; 2, and v is a possibly empty prefix
of W; ». From this it follows that A’ is synchronizing at level j for any i € N.

Below we illustrate Lemma 4.9 with some examples.

Example 4.11. Consider the transducer C from Example 3.5 which, for convenience, is
reproduced in Figure 4. This is a transducer of order 3; in particular, it is a conjugate of
the single state transducer which can be identified with the permutation (0, 1, 2).

This transducer, as noted before, is bi-synchronizing at the second level. The level 3
dual has 27 nodes, and so we have chosen not to illustrate it. However, utilizing either the
AAA package or the AutomGrp package [14] in GAP [7], together with (in AutomGrp)
the function “MinimizationOfAutomaton( )” which returns an w-equivalent automaton,
applied to the third power of the dual automaton, we get the following result.
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0[1

12 210

Figure 4. An element of order 3 in /.

qolgo. 91190, q2190 ﬂ qolg2. 91192, 92192

qolq1. q1lq1. q2lq1

Figure 5. The level 3 dual of C.

Since the original transducer C has order 3, we can see from its level 3 dual in Figure 5
that the states in the core will be cyclic rotations of (go, g1, ¢2) all of which are locally
identity.

We illustrate another example below, but now with an element of order 2.

Example 4.12. Consider the automaton of order 2 given in Figure 6. This automaton is
synchronizing on the first level. We give the dual in Figure 7.

Itis easy to see that the states O and 1 are w-equivalent, and can be identified to a single
node that produces g¢ for all inputs. The states in the core of the square of the original
automaton will be (q¢, go) and (¢1, q1)-

Corollary 4.13. Let A € P, be synchronizing at level k. Then the semigroup (A) gener-
ated by A is finite if and only if the automaton semigroup generated by A is finite if and
only if the subsemigroup of P, generated by A is finite.

Proof. Throughout this proof we write A?, i € N, for the minimal representative of A’.
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Figure 6. An element of order 2.
q0lq0
q1lqo
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Figure 7. The level 1 dual.

First suppose that the automaton semigroup generated by A is finite. By definition,
then there is a maximum N € N such that any element of the automaton semigroup gen-
erated by A is w-equivalent to some initial transducer Afl forl <i < Nandge Qyi.Let
j € N be minimal such that A* is synchronizing at level j forall 1 <i < j.

Let m > N and consider A™. Let ¢ € Q4m, then since AZ’ is an element of the auto-
maton semigroup generated by A, it is w-equivalent to A}, for some 1 <i < N and
p € Qyi. However, since Core(A™) and Core(A') are connected, then it follows that
Core(A") is w-equivalent to Core(A™). Moreover, since for any y € X, w4 (y, p)is a
state of Core(A™), it follows, by minimality of A™, that for any y € X I mam (y,q) is a
state in Core(A™) =, Core(A4’).

By definition of j, it follows that any state of A™ is a distance at most j from
Core(A™). Now as m was arbitrarily chosen, we see that for any m € N, Core(A™) =,
Core(Ai) for some 1 <i < N; moreover, every state of A™ is a distance at most j from
Core(A™). Thus, as there are only finitely many transformations of the set X, ,{ , then the
semigroup generated by A is finite.

It is clear that if the semigroup generated by A is finite, the automaton semigroup gen-
erated by A is finite. This follows since an element of the automaton semigroup generated
by A is w-equivalent to Af] for some i € N and some g € Q4.
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If the semigroup generated by A is finite, then it follows that there is an N € N such
that Core(A/) = Core(A’) for some 1 <i < N and so the subsemigroup of ﬁn generated
by A is finite.

Suppose the subsemigroup of P generated by A is finite. It follows that the set
{Core(A") | i € N} is finite (up-to-w-equivalence). Now Lemma 4.9 implies there is a
j € N such that AJ\-’ has infinite j splitting length. From this one deduces that for any
i € N, A’ is synchronizing at level at most j . The result now follows as above since, for
any i € N, any state of A’ is at a distance of at most j from its core, and the set of cores
is finite. ]

For a transducer of finite order, A, as above, we have the following result about the
semigroup (AY).

Theorem 4.14. Let A € f/;n be synchronizing at level k and suppose that the semigroup
(A) is finite and let j be the maximum of the minimal synchronizing levels of the elements
of (A). Then A} = (AV) is a zero in (AV), the semigroup generated by A" .

Proof. 1t suffices to show that AJ\./ is a right zero of the semigroup since the semigroup
(AY) is commutative.
Our strategy is to show that for any state I' of A}’ and any state x of AV, that the state

I'x of A]\-/ 11 1s w-equivalent to a state of Ajv. Tothisend let " € X ,{ be a word of length
Jj + 1. By Lemma 4.6 and Remark 4.10, there is a pair of words W r, and W5 r, such that
any input read from I'; has output of the form Wy (W,)'v for I € N and v a prefix of W,
otherwise the output is a prefix of W;. Lety € X n’ be the length j suffix of I';. Observe
that the outputs of the state y of Ajv must also all be of the form W; (Ws)'v for [ € N
and v a prefix of W,, otherwise the output is a prefix of W) and the output depends only
on the length of the input word. Therefore, we must have that I' and y are w-equivalent.
On the other hand, given aword y € X 7 then a similar argument demonstrates that
the state xy for any x € X, is w-equivalent to y. ]

The next lemma observes that Lemma 4.9 gives a complete characterization of
elements of #,, with finite order.

Proposition 4.15. Let A be an element of 5;,, and suppose A is synchronizing at level k.
Then the semigroup (A) generated by A is finite if and only if there is some m € N such
that the following holds:

(i) A}, is a zero of the semigroup (AV).

(i) A,\;l is w-equivalent to a transducer with r components D;1 <i < r. For each
component D; there is a fixed pair of words w; 1, w; > (in the states of A) associ-
ated to D; such that whenever we read any input from a state in the Dj, the output
is of the form wi,lwf,zvforl € N and v a prefix of w; 2 or has the form u for some
prefix u of wi,1. Moreover, the output depends only on the state in the component
D; from which the input is processed.
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Proof. =>: This direction follows from Lemma 4.9, Remark 4.10 and Theorem 4.14.

<: Assume that A,Vn has r components and let w; ; and w; > 1 < i < r be the pair of
words in the states of A associated with each component D;. To see that the semigroup
(A) is finite, observe that the assumptions that A}, is a zero of the semigroup (A"} and
that the output depends only on which state in the component D; of A, we begin pro-
cessing inputs means that A’ is synchronizing at level m for all I € N. Therefore, the set
{A! | I e N} is finite, since there are only finitely many automata which are synchronizing
at level /. |

Remark 4.16. In the case where A is an element of #, in the above proposition, then
each component D; is a strongly connected component. In particular, one of w; ; or w; »
will be the empty string for any component D;.

Remark 4.17. Given a transducer A € jin which is synchronizing at level k, by increas-
ing the alphabet size to n*, one can identify 4 with an element of A’ of j;nk. It is an easy
exercise to verify that (4))" = A’. Therefore A"Y = A}/, hence by Proposition 4.15, A’
has finite order if and only if A has finite order. In order to simplify calculations, we shall
often assume that our transducer if bi-synchronizing at level 1.

4.3. The graph of bad pairs

On the surface Lemma 4.15 appears to reduce the order problem in #, to an equivalent
problem of deciding whether the semigroup generated by the dual has a zero. However,
using the above lemmas (in particular, Lemma 4.9), we are able to attach a graph to ele-
ments of ﬁn which, as we demonstrate, is useful for determining when an element of #,
has finite order. This graph is also our key combinatorial tool for demonstrating that the
automaton semigroup generated by an automaton in J¢, is either finite or has exponential
growth rate. Once more we work in P restricting to J, as required.

Definition 4.18 (Bad pairs). Let A € &, be a transducer which is synchronizing at level k,
and let r > k. Let / be the minimal splitting length of A. Let B, be the set of tops of those
pairs ((q1,---+qm), (P1,-- ., Pm)) of m tuples, m > [, which split A and for which there
is a split ((¢1,-..,9m), (P1,. .., Pm), ') such that the bottom of the split depends only on
the top. Then we call B, the set of bad pairs associated to A). Notice that if B € B, then
B C Q and |B| = 2. Furthermore, observe that by minimality of /, B, contains the tops
of all splits consisting of a pair of / tuples and a word in X,. Let B, C B, be this subset.
We call B, the minimal bad pairs associated to A .

Definition 4.19 (Graph of bad pairs). For a transducer A € #,, and for r greater than
or equal to the minimal synchronizing level, such that A} has minimal splitting length I,
form a directed graph G, (A) associated to A, as follows:

(i) The vertex set of G, (A) is the set B, of bad pairs.
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(i) Two elements {x1, X2}, and {y1, y»} of B, are connected by an arrow going from

{x1, x2} into {y1, y2}, if there are pairs (71, T2) € Q™ x Q™, for some m > [,

splitting A, with top {x1, x»} and bottom {y1, y»} and such that the bottom
depends only on the top.

We call G, (A) the graph of bad pairs associated to A . By Remark 4.4, this definition
makes sense.

The graph G,(A) possesses an interesting subgraph G,(A) whose vertices are ele-
ments of B, the set of minimal bad pairs, with an edge from {x1, x2} to {y1, y2},
{x1,x2},{y1,y2} € B, if there is a split of minimal length /, with top {x;, x»} and bottom
{y1.,y2}. We call G,(A) the minimal graph of bad pairs.

Remark 4.20. There is a much larger graph containing G,(A) which we do not consider
here. The vertex set of this graph is all subsets of Q 4 of size 2, and there is a directed edge
between two such vertices if there is a split of 4 with top the initial vertex and bottom
the terminal vertex. The reason we do not consider this larger graph is due to the existence
of elements of finite order whose dual at the synchronizing level splits (see Example 6.8).
This means that the larger graphs contain information which is not carried by powers of
the transducers.

The following results link graph theoretic properties of G, (A) and the order of A when
A € H,. All of these results apply also to the minimal graph of bad pairs G, (A); indeed,
typically the information given by G, (A) can already be seen in G, (A).

Lemma 4.21. Let A € #, be a transducer, and suppose that k is the minimal synchron-
izing level of A. Let r > k and let G,(A) be the graph of bad pairs associated to A). If
G, (A) is non-empty and contains a circuit, that is, there is a vertex which we can leave
and return to, then A has infinite order.

Proof. Let [ be the minimal splitting length of A). The proof will proceed as follows:
For every m > 1, we construct a word, w(rm), of length rm, such that there are two dis-
tinct elements of Q™/*! which have different outputs when processed through w(rm) (in
A;/m). This will contradict A having finite order, since by Lemma 4.9, if A has finite order,
then there will be a j such that any two sequences of states of any length will have the
same output when processed through a word of length rj (see Remark 4.10).

Since G,(A) is non-empty, and has a circuit, there exists a circuit: {xy, y1} —
{x2.y2} = -+ = {x;,y;} = {x1.y1}. Fori € Nlet A" = (X,,. Q' 7;, A;).

Now for m = 1, since {x1, y1} is a vertex of G,(A) with at least one incoming edge,
there is a state I’y of A/, and a pair (S1,T}) € Ql1 X Ql1 (for I; > 1) such that (S1,771,T1)
is a split of A) with bottom {x1, y;} and such that the bottom depends only on the top.
We may assume that the top of this split is {x;, y;}. Therefore for any p € Q, the out-
put of S1 p when processed through T'y is not equal to the output of 77 p when processed
through T";. However, the output of S; and 77 is equal when processed through I"; since
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Figure 8. Stage 1 of construction.

the bottom of the split depends only on its top. Hence, Figure 8 is valid, for appropriate
U e 0h.

Now since {x1, y1} is connected to {x», y»} there is a word A € X, such that there
is a pair (S3, T») € Ql2 X Ql2 and (53, T2, A1) is a split with top {x1, y1} and bottom
{x2. y2} such that the bottom depends only on the top. Let A’} be the word of length r
such that A7, (A}, U) = A (such a word exists since A is invertible). Since the bottom of
the split depends only on the top, there is V € Q% such that for any P € Q27! we
have 77, (A1, (x1, P)) =V = m1,(A1, (31, P)). Let V' be the state of AN such that
71, (A}, U) = V'. Then let w(k2) = T’y A}. Now by Remark 4.4, we have the follow-
ing transition for some P € Q> and p € Q. Now we can iterate the above process, since
{x2, y2} is a vertex of G,(A) with an outgoing edge to another vertex of G,(A4), and the
output of S1 P and 77 P when processed through I'y A is the same.

Label the levels of Figure 9 by 1, 2, 3, 4. We grow our word from bottom to top. Let
A1 be the word such that there is a pair (S3, 73) in Ql3 X Ql3 and (S3, T3, Aq) is a split
of A} with top {x2, y»} and bottom {x3, y3} such that the bottom depends only on the
top. Attach A; to right end of both words representing the states of level 3. There is a
word A such that A7, 47, (A}, V'V) = A;. Hence, W(r3) = I't A} A}. Moreover, since
the bottom of the split (S3, 73, A1) depends only on its top, we see that Ay, has a split of

@ PV < > plya Q
W

sV’
i : PV . plxa Q

Figure 9. Stage 2 of construction.
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length [y + I, + I3 with bottom {x3, y3} whose bottom depends only on its top. We repeat
the above process and in this way construct the words w(rm) demonstrating that Ay, has
a split with bottom {x;, y;} where 1 <i < j,and i = m mod j such that the bottom
depends only on the top. ]

Remark 4.22. The proof above actually demonstrates that if A € J, is such that for
some r bigger than or equal to its synchronizing level, the graph G, (A) of bad pairs has a
circuit, then there is an r’ > r, depending on the length of the circuit in G(A), such that
G,/ (A) has a loop.

4.4. Finding circuits in the graph of bad pairs

We are interested in finding circuits (and so loops) in the graph of bad pairs. The following
give some handle on how to do this.

Let A € H#,,andletr € N be greater than or equal to the minimal synchronizing level
of A. Let/ € N be the minimal splitting length of 4.

To each state I" of A}, we associate a transformation or of the set Q 4 of states of A
as follows. For each state ¢ € Q4 and for any / — 1 tuple S € Q’~!, there is a unique state
p € Qy, such that if A is the output when I is processed through ¢S in A, then A € Wp.
Since [ is the minimal splitting length of A, p is independent of which / — 1 tuple S we
chose. Therefore, define or such that ¢ s p.

For j € N let &, ; be the set of all products of length j of elements of the set
{or | T € X]}. We have the following result.

Proposition 4.23. A < Ho, and let r € N be greater than or equal to the minimal syn-
chronizing level of A. Let | € N be the minimal splitting length of A). Then &, g, 1241
contains a transformation of Q 4 which is not a right zero if and only if the graph G ,(A)
of minimal bad pairs contains a circuit.

Proof. Let A, r and [ be as in the statement of the proposition.

Now &, 0,241 contains a transformation of Q4 which is not a right zero if and
only if there is a product or, or, ”'UF|QA\2+1’ forI; e X, 1 <i < |04|? + 1, whose
image set has size at least 2. This occurs if and only if there are pg, go € Q4 which
map to distinct elements under or,or, ~~or‘QA‘2+l. Let p; := (po)or,0T, - OT; and

qi := (qo)oT, 0T, *--0T; for 1 <i < |Q4]? + 1. Notice that p; # g; since po and go have
distinct images under or, or, - - - OT\g, 241"

By the pigeonhole principle, there exists 1 < i, j < |Q4|*> + 1 such that {p;.q;} :=
(P-4} o

This implies that in the graph G,(A) of minimal bad pairs we have: {p;, gi} —
{pi+1.9i+1} = - = {pj.qj} = {pi.q:}. This follows by definition of the o, A € X,
and of the graph G, (A).

Now suppose the graph G,(A4) contains a circuit. Let j € N be the length of the
circuit, and let {p;,¢;}1 < i < j be the vertices on the circuit.
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Let 1 <i < j be arbitrary. Now an edge {p;, ¢i} = {pi+1,¢i+1} corresponds to
the existence of some I'; € X] and S;, T; € Qi‘l such that (p;S;, ¢ T;, T) is a split
of A)Y with bottom {p;+1, gi+1}. It then follows that the product or, -+ 0T; mMaps
{r1.q1} — {p1.q1}. This means that &, o, 241 contains a transformation of Q4 which
is not a right zero. |

Remark 4.24. The above now implies that if 4 € J?n has infinite order, but none of
its graph of minimal bad pairs, G,(A), for r € N greater than or equal to the minimal
synchronizing length, has a loop, then &, |24 consists entirely of right zeroes.

The following algebraic condition also implies that the graph of bad pairs has a loop.

We have already seen that given an element A € &, we can associate a transforma-
tion A; ; of the set X, ,{ to A. We shall now introduce a new transformatlon, which is defined
only for elements of F.

Definition 4.25. Let H € J?,, and let j € N, we shall define a transformation H ; of X ,{
by
' (Dgr',

where gr is the unique state of H forced by I', and (I')gp ! is the unique element of X, ,{
such that /\H((F)ql?l .qr) = T'.1If j is zero, then H ; is simply the identity map on the set
containing the empty word.

Remark 4.26. Given an element H € J? and a j € N such that j > 1, then H;
not injective in general. One can check that for the transducer B of Figure 11, B, is not
injective. The map ¢; from J, to the full transformation semigroup on Xj; J which maps H
to H ; is not a homomorphism.

Lemma 4.27. Let H € J?n and let j € N be greater than or equal to the minimal syn-
chronizing level of H, then H ; is not injective if and only if H I-V has a split of length 1
such that the top and bottom of the split are equal.

Proof. (=) Suppose that, for j € N and H as in the statement of the lemma, H; is
not injective. This means that there are two distinct elements I' and A of X, such that
(MH; =(A)H;.Let A :=(I')H ;. Let gr and ga be the states of H forced by I" and A,
respectively. Then by definition of H ;, we have A(A,gr) = I' and A(A,qa) =

Observe that as consequence it must be the case that gr # g4 . Therefore, it follows
that we have the following split in H; Y (Figure 10).

(<) Suppose that AV has a split of length 1 such that the bottom of the split is equal
to its top. This means that there exist I', A and A in X ,{ so that if ga is the state of H
forced by A and gr is the state of H forced by I, then we have A(A,ga) = A and
A(A,gr) = qr. This now means that A = (I') H; = (A)H; and H; is not injective. =
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Figure 10. Split in A}/ with top equal to bottom.

5. The automaton group generated by a synchronizing transducer is
either finite or has exponential growth

In this section, we prove Theorem 1.1 by linking existence of circuits in the graph of bad
pairs to the existence of free subsemigroups in the automaton semigroup generated by an
element of J,,. We begin with the following proposition.

Proposition 5.1. Let A € J?n be an element of infinite order. Then either there isa j € N
such that the minimal graph of bad pairs 6]- (A) has a loop or the automaton semigroup
generated by A contains a free semigroup of rank at least 2.

Proof. We may assume, by changing the alphabet size that A is bi-synchronizing at
level 1.

Since A has infinite order then for each j € N, (4Y)/ splits. Fix j € N and let Top; be
the set of pairs of states { p1., p»} such that there exist (p1,s1....,5-) and (p2,8].....5})
which split (AY)7 where r is the minimal splitting length of (4")”. By definition, Top ;18
the set of tops of minimal length splits of A]\./. Analogously, for fixed j € N let Bottom;
be the set of bottoms of minimal length splits. That is, Bottom; consists of sets {t;, >}
such that there exists a split of minimal length (T, (s1,...,s,), (s7,...,s.)) of A]\./ with
bottom {t1,2,}.

Since A has finitely many states, there exist an infinite subset §’ C N and a fixed set
of pairs {1, 1} such that {t;, t,} € Bottom; for all j € §’. Now consider the set of tops
of all splits of A7, j € ¢ with bottom {t1, 1}. Since |§'| = 0o and {¢1, 7>} € Bottom; for
all j € ¢’, there exist an infinite subset § C ¢’ and a fixed set of pairs {p;, p»} such that
{p1, p2} € Top; forall j € & and there exist splits of A}’ with top {p1, p2} and bottom
{t1,t} forall j € &.

If {p1, p2} = {t1, 12} we are done, since Ej (A) has a loop for any j € &. Therefore,
assume that this is not the case. Under this assumption, we have two cases to consider.

Case 1: Suppose that there are i,i’ € N,i,i’ > 1and Sy, S} € Q' and S, S, € Q"' such
that (p1, S1) is w-equivalent to (¢, S7) and (p». S>) is w-equivalent to (72, S5). We may
assume that i = i’ by padding out one of the pairs (p;, S;) and (¢;, S)),i = 1,2.
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Let j € § be such that j > i + 1. Consider (AV)/, it has minimal splitting
length, r, greater than or equal to j. Now making use of the construction of the
fixed set of pairs {p1, p»}, there exist (p1,S1,...,8—1), (P2.5],...,5._;) elements
of Q" and T a state of (4Y)/ such that ((p1,s1,...,8—1), (P2s S8, )
is a split of (4Y)/ with bottom {t;, #,}. Hence, by minimality of r, it now follows
that ((p1, S1, Si+1 -+ Sr—1), (P2, Sa2, slf+2, ..., 8._y), ) is also a split of (4v)7
with bottom (1, t;). However, this now implies, again by minimality of r and since
(t1, Sy) and (2, S}) are w-equivalent to (p1, S1) and (p2, S2), respectively, that
((t1, 81, Sig1s s Sr—1), (12, S2, s;+2, ....8._1). ) is also a split of (A4Y)/ with bottom
(1. 12). Therefore, (AY)’ has a loop.

Case 2: We assume that Case 1 does not hold, that is for all i, i’ € N there does not exist
a choice of Sy, S € Q' and S5, S, € Q" such that (p;, S1) is w-equivalent to (1, S})
and (p2, S») is w-equivalent to (¢, S5). We may also assume that none of the graph of
bad pairs E]‘ (A) has a loop for any j greater than the minimal synchronizing level of 4,
since otherwise we are done.

The latter assumption implies that ©; o, 241 consists of transformations with image
size 1 by Remark 4.24. However, since (4Y)’ splits for every j € N, then for j larger
than the minimal synchronizing level, there are elements I' € X/, such that o has image
size at least 2. Fix an arbitrary such I'. Since GILQAFH has image size 1, then there is a
state p € Q4 such that (p)or = p. Therefore, there is a pair of states py, p» € Q4 such
that there is a split of (4Y)/ with top {p1, p2}, and bottom {t1, p,}.

The above argument now implies that we may choose {p1, p2} and {t1, 72} above so
that p, = t,, and there exists [ € bR j € &, such that (p1)or = t; and (p2)or = p2.

Now since Case 1 does not hold, and p, = t5, therefore it follows that for any
m € N\{0} and any S, S, € Q™ that p;S; is not w-equivalent to ¢, S,. We now argue
that the subsemigroup (p1,#;) of §(A) (the automaton semigroup generated by A) is free.

Now as A has infinite order, it follows that Core(A’) #,, Core(A’) forany i # j € N.
Therefore, given two words v and w in (p;, ;) such that v and w are w-equivalent, it
follows that |v]| = |w|.

Therefore, consider the case of words v, w € (p1,t;) such that |v| = |w|. Sup-
pose v = vy ---v; and w = wy --- wy, where |v| = |w| = 1. Let 1 <i <[ be the
minimal index so that v; # w;. We may assume that v; = p; and w; = t. Therefore,
V=01V P1Vi+2 vy and w = vy -+ v;{jw; 42 - - - wy. Hence, v is w-equivalent to w
if and only if pyvj45--- v, is w-equivalent to tyw;y; --- w,. However, by assumption
this is not the case. Therefore, given any two distinct words in {p1, f;}*, they represent
distinct automorphisms of the n-ary rooted tree hence we conclude that (p;, ;) is a free
semigroup. ]

Corollary 5.2. Let A € J?n be an element of infinite order. Then either there isa j € N
such that the graph of bad pairs G;(A) has a loop, otherwise the automaton semigroup
generated by A contains a free semigroup of rank at least 2.
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In the proposition below, we introduce a condition on the graph of bad pairs G;(A)
which guarantees the existence of free subsemigroups of certain rank in the automaton
semigroup generated by an element of J6,. This condition at first glance appears to be
very strong; however, in Subsection 5.1, we consider a large class of examples which sat-
isfy the hypothesis of the proposition. In particular, whenever the graph of bad pair has a
loop, the hypothesis is immediately satisfied.

Proposition 5.3. Let A € J?,, and suppose that A is synchronizing at level k and is min-
imal. Let G (A) be the graph of bad pairs for some j > k € N. Suppose there is a subset S
of the set of states of A, such that the following things hold:

0 [8]>2.
(ii) The set S (2) of two element subsets of S is a subset of the vertices of Gj(A).

(iii) For each element of S(2) there is a vertex accessible from it which belongs to a
circuit.

Then the automaton semigroup generated by A contains a free semigroup of rank at least
|$|. In particular, the automaton semigroup generated by A has exponential growth.

Proof. First observe that since G;(A) is assumed to have a circuit, by Lemma 4.21 A4 has
infinite order. Now let U and V' be distinct non-empty words in §*, if |U| # |V| then
since A has infinite order Ay cannot be w-equivalent to Ay by Lemma 3.2. Therefore, we
may assume that |U| = |V]|.

LetU =uy---urand V = vy ---v, and let 1 <i < r be the minimal index so that
u; # v;. If i = r then we are done, since U = Sq and V' = Sp (or vice versa) for some
Se8landg # pe€S.

Therefore, assume that i < r and that U = S¢qT; and V = SpT; for S € §i—1
Ti,T, € " and g, p € S. If U and V are not w-equivalent, we are done. Therefore,
assume that U and V' are w-equivalent.

Since p,q € §(2), there is a path in G;(A4) from {p, g} to a vertex which belongs to a
circuit. Therefore, we may assume that there is path in the graph G;(A) as follows:

{p:q} :==1{po.qo} = {p1.q1} = - = {q1, pi} = qi+1: Pi+1}s

where for each {p,, g4}, 0 < a < there is a split of length m, with top {p4, g4} such that
the bottom depends only on the top, and the bottom is {pg+1,qa+1} and {p;+1, qi+1}
is a vertex on a circuit in G;(A). Notice that m, > 1 for all 1 < a < [. Therefore,
by travelling along this circuit in G;(A4) as long as required, we may also assume that
mog+m+---+m+1>r—i+1.

By appending a common suffix to U and V/, thus preserving w-equivalence, if neces-
sary we may further assume that r —i + 1 = |¢T1| = |pT>| is equal to m; +mq --- +
m; + 1. Redefining 77 and T, we assume that U = SqT;t; and V = SpT,t, where
lgT1| = |pTz| = mo +my---+ my + 1 and #; and #, are possibly distinct elements
of Q4. Since |qT1| = |pT2| = mo +my -+ m; + 1, write g1 = R1 Ry --- R; and
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pT, = P1P,--- P where R;, P, € QZ’“ for 1 < a < I; moreover, R; begins with ¢ and
Py begins with p.

Since {g, p} is a vertex of G;(A), there is a word I" of length j belonging to a split
of length mg, whose bottom depends only on the top {¢g, p}, and with bottom {g1, p1}.
Let A be the word such that the output when processed through Ag is I'. Let St be the
state of A™° such that g, (I, P1) = Tam, (L, Q1). Such an St exists by definition of
what it means for the bottom of a split to depend only on its top (see Definition 4.2). Then
we have, on reading A through Ay and Ay, respectively, that we transition to the states
S’'SrQ10%---Qjt; and §’Sp P P;--- P/t;. Moreover, Q' begins with ¢; and Py begins
with p;. Once more Q), € Q) for1 <a <.

Since, by assumption, each {p,, ¢, } for | <a <[ has an outgoing edge corresponding
to a split of length m, whose bottom, {ps+1,¢s+1}, depends only on its top, we can now
repeat the argument of the above paragraph until the last letters of the final pair of state
are a vertex of G,(A). Therefore, we are in the situation that i = r at which point we
conclude that the final pair of states is not w-equivalent.

Now since U and V are w-equivalent, then the final pair of states should also be w-
equivalent, since we read the same word from Ay and Ay into this pair. This yields the
desired contradiction. Therefore, we conclude that Ay and Ay are not w-equivalent.

The above now means that the semigroup (4, | p € §) satisfies no relations and so is
a free semigroup. In fact, this argument actually demonstrates that for any word W € Q*
(O being the set of states of A), the semigroup (Aw, | p € §) is a free semigroup. L]

Corollary 54. Let A € H and suppose that A is synchronizing at level k and is min-
imal. As usual let G;(A) be the graph of bad pairs for some j > k € N. Suppose there is
a subset S of set of states of A, such that the following things hold:

@ [sl=2

(ii)  The set, $(2), of two element subsets of S is a subset of the vertices of Gj(A).

(iii) For each element of §(2) there is a vertex accessible from it which belongs to a
circuit.

Then the automaton semigroup generated by A has exponential growth.

There are a few ways of extending the argument. One can also show that for a subset
S C Q satisfying the conditions of the proposition, and for any vertex on a path from a
vertex of Gy to a vertex accessible from §(2), then the pair of states making up this ver-
tex generate a free semigroup. Notice that if the graph of bad pairs has a circuit, then the
conditions of the proposition are satisfied.

Corollary 5.5. Let A € J, then the automaton semigroup generated by A is either finite
or contains a free semigroup of rank at least 2.

Proof. This follows from Propositions 5.1 and 5.3 and Corollary 4.13. ]
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Theorem 5.6. Let A € j{;,, then the automaton semigroup generated by A is either finite
or has exponential growth.

Proof. This follows from Corollary 5.5 and standard results in the literature on the growth
rates of groups and semigroups and the fact that the automaton semigroup generated by A
contains a free semigroup. ]

5.1. The growth rate of Cayley machines

In this section, we show that for a finite group G, the automaton semigroup generated by
the Cayley machine, €(G), has growth rate, |G |". To this end, we begin by describing the
construction of the Cayley machine.

Let M be a finite monoid (e.g., a finite group), then one can form the automaton
€M) := (M, M, r,A) called its Cayley machine, with input and output alphabet, M and
state set M. The transition and rewrite function satisfy the following rules for [,m € M:

1) 7w(l,m) :=ml

2) A(l,m) :=ml.

In each case m/ is the evaluation of the product of m and / in the monoid M. If M is
a finite group G, then by Cayley’s theorem no two states of €(G) are w-equivalent, and
the functions 7 (.,m) : M — M and A(.,m) : M — M are bijections. Hence, €(G) is

reduced and invertible. It is not hard to see that (€(G))™! is synchronizing at level 1 (or
is a reset automaton).

Remark 5.7. With a little work it can be shown that (€(G))~! satisfies the conditions
of Proposition 5.3 where, in this case, § = G. This shows that the automaton semigroup
generated by €(G) is free. Silva and Steinberg give a proof of this in [18].

We have the following lemma for synchronizing transducers.

Lemma 5.8. Let A = (X,, Q,m, ) € P, be a transducer, which is synchronizing at
level k. Furthermore, assume that for every I' € X,’f and for all states q € Q, there is a
state p € Q such that A(I', p) € Wy. Then under this condition, A has the property that
forallm € N, Core(A™) = A™.

Proof. We may assume, by increasing the alphabet size, that A is synchronizing at level 1.

We proceed by induction on m. For m = 1 it holds that A = Core(A4) by assumption
that A € 53,,.

Assume Core(A7) = A/ forall j <m — 1.

Consider A™~! = Core(A™~!). Fix an arbitrary state by ---b,,_; € A™ . There is a
state ay -+ - a;—nam—1 and letters x and y in X,, such that

x|y
ai - am—oam—1 —> b1+ by_1.
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Let y’ be the output when x is read from a; - - - a,,—,. Notice that since A is synchronizing
at level 1 the state of A forced by y’ must be b,,—1. By assumption, for every state ¢ € Q
there is a state p such that A(y’, p) € W. Therefore, given an arbitrary g € Q, by setting
am—1 = p we may assume that y € W,;; moreover, the inductive hypothesis guarantees
that @y -+ - am,— is a state of Core(A”1).

Observe that A™ 1 is synchronizing at level m — 1 and so there is a word A of length
m — 1 labelling a loop based at a; -+ - a;—zam—1. Let A be the output of this loop. Then
reading Ax in (4)™~! from the state a; - -- a,;—2a;,—; the output is Ay. Now, the state
of A forced by Ay is g; therefore, reading A x through any state a; - - - a@;y,—2a,—1 5 for any
s € Q, the active state becomes by -+ - by, —19.

The above paragraph now implies that by, ..., b,—1q is a state of Core(A™), since
A™ is synchronizing at level m, hence the state of A™ forced by Ax is by, ..., bu—19.
Therefore for any ¢ € Q, by --- b;y—14 is a state of Core(A™). Moreover, by -+ - b,,—; was
arbitrary, so we conclude that Core(A™) = A™ as required. |

In our next result we apply Lemma 5.8 to the transducer (€(G))~! for a finite group G
by showing that (€(G))~! satisfies the condition of the lemma.

Theorem 5.9. Let G be a finite group, then |(€(G))"| = |G|", hence the automaton €G
has growth rate |G |". Moreover, every state of €(G)" is accessible from every other state.

Proof. Since, either by Remark 5.7 or a result in [18], the automaton semigroup generated
by €(G) is free it suffices to show that (€(G)™!) satisfies the conditions of Lemma 5.8.
Since the states of (€(G))~! are in bijective correspondence with the states of €(G),
we shall let g’ be the state of (€(G))~! corresponding to the state g of €(G).
Let g, h € G. We shall show that there is a state m’ of (€(G))~! such that

c(g.m)=h

(here A¢; represents the rewrite function of (BG)™).
By definition of €(G), it suffices to take m’ = (gh™1)’. m

6. Infinite order and periodic witnesses

Section 5 gives a sufficient condition for determining when an element of J, has infinite
order, although it does not produce a witness. In this section, we show that when the graph
of bad pairs contains a circuit for an element of J¢, then we can construct an eventually
periodic element on an infinite orbit under the action of the transducer. We also explore
some other conditions which are sufficient for an element A € J, to have infinite order.

We start with the case where the graph of bad pairs contains a loop and proves the
general case by reducing to the loop case.



The finiteness problem for groups generated by reset automata 1135

Proposition 6.1. Let A € F, be synchronizing at level k, and let r > k. If the graph
G, (A) of bad pairs has a loop, then there is an eventually periodic word in XnZ on an
infinite orbit under the action of A.

Proof. Let (p, q) be a vertex of G, with a loop. Furthermore, assume that m € N is the
minimum splitting length of A . LetI'; € X, and P, Q € Qi‘l be such that (pP,qQ,T'1)
is a split with top and bottom equal to { p, g} such that the bottom depends only on the top.
Let A = (X, 0%, A;, m;), then since (pP,¢Q,T) is a split with top and bottom
equal to {p, ¢} such that the bottom depends only on the top, there is a state Sy such that
w1 (pP,T'1) =So=m;(qQ,T'1) forany P and Q in Qll[l. Therefore, let Sy := 7;(I'1, So).
Let I', € X, be the unique word such that A;(I'z, S1) = I'y. Assume that I'; is defined
and S; is equal to m;(I';, S;—1), then let I'; 1 be the unique word in X, such that
A1(Li41.8;) = T. Eventually we find there are i < j € N suchthat I'; = I'j 4.
Suppose that A;(T'y, pP) = A and A;(I"y,gP) = A. Consider the bi-infinite word:

"‘AAFI"‘Fi—l(Fi“'Fj)(Fi"‘Fj)“',

where “A” indicates that A starts at the zero position. There are two cases to be
considered.

Case 1: A € W, and A € W,. We consider how powers of A’ act on this word. Since
A e Wyandforany T e pOI=1 A/, T) € W), the bottom of the split (pP, g0, I'1)
depends only on the top, we must have that

“'AAFI"'Fi—l(ri"'rj)(ri"'Fj)"'

Al .
kg ATy Ty (T - Ty -+ 1) -

Now since A; € W), we can repeat the above
sk AT RS ERY( FRERS 0D [ VEERS W RS
Al ./
kg k ATy Ty (T - Ty ) (- T) -

Therefore, after applying A’ ¢ times for some r € N we see that from the position i
onwards the output is of the form A, I'y -+ Iy (I -+ ;)T -+ Tj) -+, and A, € W,
Therefore, if T; # 'y, --- AAFI <T@y L)@y -+ Ty) -+ - is on an infinite orbit
under the action of A’. This follows forif z,z’ € N such that ¢ # t', then we have

(- AATy -+ Ty_1 (T o T[Ty o) AT
# (-~ AATy -+ Ti_1 (T} o Ty) (g - Tj) ) AP
Otherwise,
"'AAFI"'Fi—l(ri"'Fj)(ri"'rj)"'
= (---AAT; -+ Ti_1 (T} VIS RV Gl
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However, by minimality of i, we have that I} # I';, for 1 <t < j, yielding a
contradiction. .
If I'; = I'y, then our original word - -- AATy -+ Iy (I --- Tj)(I; -+ IT'j) - - - becomes

-~~AA(F1---Fi_l)(Fl"'Fi—l)"'

Notice that the infinite word corresponding to the coordinates N\ {0} is periodic with
periodi — 1. Now if I';_; ¢ W}, Then for any ¢ € N such that ¢ > 0 we have

(- AAT; -+ T )(Ty - Ti_q) - ) A £  AATy -+ Ty )Ty -+ Tig) -

since Asi—1) # I'ti—1) = T'i—1. Therefore for any ¢, € N such that ¢ # t’, we must
have that

(- AA) -+ Ty )(Ty - Ty_q) -+ ) AMG=D
£ (- AA(Ty -+ Ti_)(Ty -+ Ti_q) -+ ) AV G,
IfI'; =T’y and I';_; € W,, then consider the bi-infinite word
o AAT -+ Ty_y(Ty -+ Tisy),

since g # p and A € W, and I';_1 € W, we have I';;_1) = i1 # Asu—1) for any
m € N. Here, A;;_1) is defined analogously to A;;_1). Therefore, by the argument

above, - - - A[\Fl -+-T3_1(Ty---Tj—1) - -+ is on an infinite orbit under the action of Al

Case 2: We assume now that A € W, and A € W,. As in the previous case we consider

how powers of A’ act on the word - - - AAFl sy (- Ty - T) - -
Making an argument similar to Case 1, we have that

“'AAFI“'ri—l(Fi"‘Fj)(Fi“'Fj)"'
A_I>...;k0 ATy Tig (T Tj)(Ty -+ Tj) -
However, in this case A € W,. Applying A! again we have
- g ATy T (T Ty)(Ly -+ T ) -
Al

> ek STPAVI KRS MERT( EERS W10 FEERS 0F) ER

where A, € W,. Therefore, given € N we know that after applying Al t times, the
resulting word from the #th position onwards is of the form

JAVS REES VERY( VRERS 5 10 VRRRS W RRS

where A; € W, if t is even, and A; € W), if ¢ is odd.
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By considering the bi-infinite word, ---A[\l"l DIy -y -2 T) -+, and
similarly defining the A,’s t € N, we see that after applying A’ ¢-times to this word, the
output from the ¢th position onwards is of the form A, I'y -+ Ty (I - Ty) (T -+ T) - -
where A; € W, if t is odd, and A; € W, if t is even.

Now we go through the subcases as in Case 1. If I'; # I'y, then the argument proceeds
exactly as in Case 1.

Hence, consider the case I'; = I';. Again we split into subcases. Now either I';_; €
W, U W, or it is disjoint from these two sets. We assume I';_1 € W, (the other case is
proved analogously). Since A;—1) € W), for t € N then by similar arguments to Case 1

above we conclude that --- AATy -+ Ty (I -+ T;)(I --- Tj) -+ is on an infinite orbit
under the action of A2/ and so under the action of A'.
If— 0 (W, u W) =0, then

oo AATy - T (Ty -+ Ty_q) -+
and )
oo AAT -+ Ty (T -+ Ty_g) -+

are on infinite orbits under the action of A’ by repeating the argument in Case 1. ]

Remark 6.2. In the proof above, notice that we can replace the left infinite portion of the
witness corresponding to the coordinates {...,—r — 3, —r — 2, —r — 1} by any infinite
word in X ,I,\] (indexed from right to left).

Corollary 6.3. Let A € J, be synchronizing at level k, and let r > k. If the graph G, (A)
of bad pairs has a circuit, then there is an eventually periodic element in X, nZ on an infinite
orbit under the action of A.

Proof. This is a consequence of the proposition above and Remark 4.22. ]

For the next results, we recall the bits of notation &, |p,241 and A4; for a transducer
A€ J, and j € N, given in Subsection 4.4.

Corollary 6.4. A € J?n and let r € N be greater than or equal to the minimal synchron-
izing level of A. Let | € N be the minimal splitting length of AY. If ©, 0,241 contains a
transformation of Q 4 which is not a right zero then A has infinite order. Moreover; there
is an eventually periodic element in X nZ on an infinite orbit under the action of A.

Proof. This is a consequence of Corollary 6.3 and Proposition 4.23. ]

Corollary 6.5. Let H € J?n and let j € N be greater or equal to the minimal synchroniz-
ing level of H. If H is not injective, then H has infinite order and there is an eventually
periodic element in X nZ on an infinite orbit under the action of H.
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Figure 11. An element of infinite order in J,.
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Figure 12. The level 1 dual of B.
Proof. This is a consequence of Corollary 6.3 and Lemma 4.27. ]

Below is an example of a transducer B whose graph of bad pairs at level 1 G;(B)
satisfies the conditions of Lemma 4.21; we also construct a witness as in Proposition 6.1
which demonstrates that the transducer has infinite order.

Example 6.6. Let B be the transducer in Figure 11. Its dual is given by Figure 12. From
this it is easy to see that the pair {gg, g1} is a vertex of G and there is a directed edge with
initial and terminal vertex {qo, ¢1 }. Therefore, the conditions of Lemma 4.21 are satisfied
and B has infinite order. Going through the construction in the proof of Proposition 6.1,

we see that - - - 11i(02) (02) - - - is on an infinite orbit under the action of B.

Example 6.7. The transducer A shown in Figure 13 demonstrates that though the graph
of bad pairs may contain a circuit at some level, the minimal graph of bad pairs at the
same level may not.

It is easy to see that this transducer is bi-synchronizing at level 3 using the minimiza-
tion procedure outlined in [3], or by direct computation in GAP. The graph G3(A) of bad
pairs has a loop at the vertex {q;, g»}. The minimal graph of bad pairs G3(A) is as shown
in Figure 14: Here, the state pair (g2, ¢3) is not a minimal bad pair, and in fact reads any
word of length 3 into a pair of the form (p, p) (it acts like a sink through which we escape
the minimal bad pairs).

Example 6.8. The transducer H € J¢5 shown in Figure 15 is an element of finite order
whose dual at its minimal bi-synchronizing level splits. However, the next power of its
dual is the zero of the semigroup generated by the dual. This means that the splits can be
fixed by taking powers of the dual.
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Figure 13. An element of infinite order whose minimal graph of bad pairs has no circuits.
7. Some embedding results

In this section, we show that given n € N and an increasing sequence of non-zero natural
numbers d; < dp <--- < dl such that Zl_l d = n, the semigroup J, contains a sub-
semigroup isomorphlc to J x P, dy X Pg,. As a corollary, we conclude that ¢,
contains a subgroup isomorphic to del X J(’dz X --» X Jg, and so, via results in [5],
that J¢, contains direct product of free groups when n > 6. We also apply our techniques
to the following conjecture of Picantin ([13]) which can be stated as follows: For a tor-
sion element A € H#,,, (A)U41=D is the zero of the semigroup generated by the dual. We
construct examples of elements of #, which attain this limit.

7.1. Embedding direct sums of P, P in P, for n large enough

Let n € N and let d; 1 <i < be an increasing sequence of non-zero natural num-
bers such that Z£=1 di=n.Let Xo:={0,1,...,d; — 1} and for 2 <i <[ let X; :=

e

Figure 14. The graph G 3(A4) of minimal bad pairs.
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Figure 15. An element of finite order whose graph of bad pairs splits.

(i d; Y dj + 1., Y05 d; — 1}. Furthermore, let A; 1 <i <1 be synchron-
izing transducers on the alphabet X;. We now describe how to form |_|5=1 A; € f,,

For each i € N let A; denote the transformation of the words of length 1 induced
by A; as in Remark 3.7. The transducer |_|f=1 A; = (Xy, |_|f=1 Q4;, 7y, Ay) will con-
sists of the disjoint union of copies of the A; which are connected in a specific way. Fix
a j such that 1 < j </, and consider the copy of 4; in |_]f=1 A;. Then the copy of A;
in |_|f=1 A; € P, transitions precisely as A j does when restricted to X;; we now describe
how A; acts for inputs not in X.

Let 1 <i <[ be arbitrary, then for any x; € X;, there is a unique state g, € Q 4, such
that 74, (Xi, gx;) = qx; and Ag; (Xi, qx;) = (x;)A;. Therefore, in |_|f=1 A; € P, we set
mu(xi, Aj) = qx; and Ay (x;, Aj) = (xi)A;. Hence, we have now described how the copy
of A; acts on all inputs in L]i;éj,lsisl X;.

Repeating the above for each 4, 1 < j </, we now have that |_|5=1 Aj; is connected,
and all states are defined on X, := {0,1,...,n —1}.

It is not hard to see, using the construction of the map m, and the fact that the A4;’s
are synchronizing, that |_|£:1 A; € P, is also synchronizing. Indeed, if A; has minimum
synchronizing level k;, then |_|f:1 Aj; is synchronizing at level max{k; + 1|1 <i <[}.
Therefore, the following theorem is valid.

Theorem 7.1. Let n € N and let d;, 1 <i <, be an increasing sequence of non-zero
natural numbers such that Zﬁzl d; = n. Let X1:={0,1,...,dy—1}andfor2 <i <1
let X; 1= {Z}_:ll d;j —1, Z}_:ll dj,..., Z}:l d; — 1}. Furthermore, let A;, 1 <i </,

be synchronizing transducers on the alphabet X;. Then |_|f:1 A;j is an element of ﬁn.
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Moreover, if k; is the minimal synchronizing level of each A;, then the synchronizing level
ofozl Aj; is at most maxy << {ki} + 1.

Remark 7.2. For elements A; € $;, acting on the alphabet X;, if at least one of the
A;’s does not possess a homeomorphism state, then |_|k 1 Ax does not represent a
homeomorphism of XZ.

We have the following result.

Theorem 7.3. Let n € N and let di1 <i <1 be an increasing sequence of non-zero
natural numbers such that Zle di =n. Let X1 :=1{0,1,...,dy — 1} and for 2 <
i~§ | let X; = {Zj: d;, Z};ll d;,..., Z}=1 dj — 1}. By an abuse of notation, let
Py, denote the monoid of synchronizing transducers on the alphabet X;. Then the map
¢ : @5:1 Pa, = P, (A1,..., A —> Ule A; is a monomorphism.

Proof. That this map is injective follows from that the fact that the action of each A; on
X iZ is replicated exactly when we restrict |_|f=l Ajto X I-Z. Therefore, we need only prove
that ¢ is a homomorphism.

Let (Aq,...,A4;) and (By,..., B;) be elements of ¢ : @1—1 d,’ and let (Cq,...,Cy)
be their product, hence we can say that C; = Core(A; * B;). Therefore, we show that
D= Core(|_|f_1 Ai * |_|f—1 B;) = |_|f—1 Gi.

First notice that for ¢; € Q4, and p; € Qp; the pair (q, , pj) is not a state of D. This
is because for any word I' € X7 such that the state of |_| 1 Ay forced by I' is g;, then I’
must have a non-empty suffix in X%, and hence so also must its output through any state
of |_|£=1 A, by construction. Therefore, the output of I' through any state of |_|£=1 B
will synchronize to a state in Q p,. Therefore, the states of D are precisely a subset of
|_|§=1 Q4; X OB;-

Now since the states of D intersecting Q 4, X Q p; arising from the transducer product
A; * B; form precisely the sub-transducer C;, therefore to conclude the proof it suffices
(by the injectivity of ¢) to show two things. Firstly, that for j # i all states of A4; x B; act
on X; precisely as C;; = A;; x B;; (the final equality follows from Claim 3.8). Secondly,
that all states (g, p;) of A; x Bj read an x; € X; into the unique state of C; with a loop
labelled by x;.

The first part follows from the following observation. By construction for any j # i,
the copy of 4; in |_|f=1 A; acts on X; precisely as 4;, does, similarly in |_|ll-=1 B;. Now
by Claim 3.8, C;; := A; x Bi. Therefore, the first part is proved.

For the second part consider the following. Notice that for any j # i and for any
state ¢j, a state of the copy of A; in |_|f=1 A;, and for any x; € X; we have that
mua(xi, qj) = qx;, where m4 is the transition function of |_]f=1 A;, and ¢y, is the
unique state of A; such that w4, (x;, ¢x;) = ¢x;- An analogous statement holds for
Uf=1 B;. Therefore, given (g;, pj) € A; x B;, and x; € X;, we have myp(xi,qj, p;j) =
(mualxi, q5), B ((xi) A1, pj)); however, this is simply the state (¢x;, P(y,ya;,) of
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A; x B;. However, since by definition of A4; |, (x;)A;1 = A4, (Xi,qx,), then (gx;, Piyai,)
is precisely the unique state of C; with a loop labelled by x;. ]

Remark 7.4. It is straightforward to see from the above that ¢ maps @le Hq, to a
subgroup of #, since @le H g, is a subgroup of P

Corollary 7.5. Let n € N and let d;1 <i <1 be an increasing sequence of non-
zero natural numbers such that Z£=1 di = n. Let X1 :=1{0,1,...,d1 — 1} and for
2<i< l~let X; = {Zj-_:ll d; — I,Zj-_:ll dj,... Z;—l 1} By an abuse of nota-
tion, let Py, denote the monoid of synchronizing transducers on the alphabet X;. Given
(Aq,...,A4)) € @le {/;di, |_|f:1 A; has finite order if and only if A;’s has finite order
for each i. Moreover, the order of |_|;_, A; is precisely the lowest common multiple of the
orders of the Aj.

Proof. This is a consequence of Theorem 7.3. ]

It is a result by Boyle, Franks and Kitchens [5] that for n > 3, J#,, contains free groups.
Therefore, we have the following corollary.

Corollary 7.6. Let n > 3 and let m and | be natural numbers such that n = 3m + [
where 0 < | < 3. Then H, contains a subgroup isomorphic to I17_, F, where F, is the
free group on two generators.

Notice that since F,> x F, has undecidable subgroup membership problem, it follows
that for n > 6, #, has undecidable subgroup membership problem.

Remark 7.7. We can modify the construction above. Let n, d; and A,, 1 <i <lI,beas
before. For each A; fix a permutation o; of X; and an element S; € Q 4;- Then we may
form the transducer |_|l Lons; Ai = = (X, |_|l_1 Ai, Ay, ). For a given j € {1,....1},
the copy of 4; in ul=1’gl_, s; Ai is precisely A; when restricted to X;. However, forz ;é 7,
and any state g; of A;, then given any x; € X; we have Ay(x;, q;) = (x;)0;; mu(x;, q;)
is the entry of S; corresponding to the position of x; when the elements of X; are ordered
according to the natural ordering induced from N. Then once more the resulting element
of &, is synchronizing and has finite order if and only if all the A4;’s have finite order.

7.2. On the difference between the synchronizing and bi-synchronizing level

Using the techniques developed above, we shall now construct a class of examples of finite
order elements which are all synchronizing at level 1, but whose inverses are synchron-
izing at the maximum possible level for the given number of states. A side effect of the
construction is that the alphabet size increases with the gap in the size of the synchronizing
and bi-synchronizing level.

Our base transducer B is the transducer in Figure 16 to the left. Let A be the transducer
on the right.
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Figure 16. The base transducer B and an element of 1.
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Notice that B is synchronizing at level 1 but bi-synchronizing at level 2. It is not hard to
see that a transducer with j states is synchronizing at level at most j — 1. Therefore, B~!
attains the maximum synchronizing level for a 3-state transducer. One can check that B

has order 4.

Now we attach A to B using the construction described in Remark 7.7. Let 0, be any
permutation of {0, 1,2, 3} that maps 0 to 3. There is only one permutation of {4}; form
U2 C; = (Xn Uiz=1 C,-,)Lu,nu) where C; = B, C; = A, and o is the identity

i=1,0i,S;
map. The resulting transducer is as shown in Figure 17 to the left.

202

0]0, 1]1

33

4)4 4)4
— )
03, 1/0 32

0|1, 1]0

0[0, 1]1 313

32

B/

5/5

A/

Figure 17. The resulting transducer B’ which is a merge of B and A and an element A’ of J;.
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Since all the states B map {0, 1} — {0, 1}, p is not w-equivalent to any state of
B’ = le‘2=1,a,-, s; Ci. Moreover, once can verify that B’ is bi-synchronizing at level 3
and synchronizing at level 1.

Now since all the states of B’ fix 4, we can repeat the process. Let A" be the trans-
ducer to the right of Figure 17, and let o) be any permutation of {0, 1,2, 3, 4} that maps 4
to 3. Then, as before, the transducer B” := |—|i2=1,0{,Si C; = (X,, Uiz=1 Ci, AL, nu), where
Cy = B, C; = A', and o7 is the identity map and is bi-synchronizing at level 4 and
synchronizing at level 1. We may continue on in this way.

Notice that since the initial transducers B and A have finite order, then, by Remark 7.7
all the transducers B’, B” and so on have finite order.
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