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Ahlfors-regular conformal dimension and energies
of graph maps

Kevin M. Pilgrim and Dylan P. Thurston

Abstract. For a hyperbolic rational map f with connected Julia set, we give upper and lower
bounds on the Ahlfors-regular conformal dimension of its Julia set J¢ from a family of energies
of associated graph maps. Concretely, the dynamics of f is faithfully encoded by a pair of maps
7w, ¢: G1 = G between finite graphs that satisfies a natural expanding condition. Associated to this
combinatorial data, for each ¢ > 1, is a numerical invariant E4 [, ¢], its asymptotic g-conformal
energy. We show that the Ahlfors-regular conformal dimension of Jy is contained in the inter-
val where E9 = 1. Among other applications, we give two families of quartic rational maps with
Ahlfors-regular conformal dimension approaching 1 and 2, respectively.
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1. Introduction

1.1. Motivation

The iterates of a rational function f define a holomorphic dynamical system on the
Riemann sphere C. Its Julia set, typically fractal, may be defined as the smallest set J¢
satisfying J; = f~1(Jy) = f(Jy) and #J; > 3.

For instance, Figure 1 shows the Julia set of the rational function f(z) = % %
It turns out that as a topological space, this Jy is a Sierpiriski carpet—the complement in
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Figure 1. The Julia set of f.

the sphere of a countable collection of Jordan domains whose closures are disjoint and
whose diameters tend to zero. With the spherical metric dgy, inherited from the round
metric on @, the Julia set J;y becomes a metric space. As a dynamical system, the map f
is hyperbolic—each critical point converges to an attracting cycle—and critically finite—
the orbits of the critical points are finite. Hyperbolicity is equivalent to the condition that
the restriction f:Jy — Jy is an expanding self-covering map. In this setting, hyperbol-
icity is a dynamical regularity condition that leads to strong metric consequences. As is
visually evident, J¢ is approximately self-similar (see Definition 3.4). A key invariant
of Jy is its Hausdorff dimension hdim(Jy).

D. Sullivan [48, Theorem 4] showed that for any hyperbolic rational map f, upon
setting ¢ := hdim(Jy) and #? the corresponding Hausdorff measure on Jr, one has
0<qg<2and0 < H#H9(Jr) < oo; see also [43, Theorem 9.1.6, Corollary 9.1.7] for more
general statements. In particular, for any ball B(x, r) with x € J¢ and any r < diam(Jy),
we have #H9(B(x,r)) =< r?, with implicit constants independent of x and r. This lat-
ter condition is known as Ahlfors q-regularity. If in addition J( f') is a carpet, we have
1 < hdim(Jy) < 2; see [28,44] for these lower and upper bounds, respectively.

A homeomorphism between metric spaces is quasi-symmetric (qs) if it does not dis-
tort the roundness of balls too much; see Section 3.3. The Ahlfors-regular conformal
gauge § of Jr is the set of all metric measure spaces (X, d, (1) such that there exists
a quasi-symmetric homeomorphism (J¢, dgon) — (X, d) and, for some g > 0, the mea-
sure u is ¢-Ahlfors regular with respect to d; see [24,29]. The regularity assumption on i
implies that p is comparable to the g-dimensional Hausdorff measure #9 on X. The
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Ahlfors-regular conformal dimension of Jy is the infimum over such exponents g, that is,
ARCdim(Jy) := infthdim(X) | (X,d, n) € §(Jr)};

see [35] for an introduction. For approximately self-similar carpets X, such as the Julia
set Jy of Figure 1, we know 1 < ARCdim(X) < 2; see [34] and [43, Corollary 9.17].
Interest in conformal dimension stems in part from the following. Limit sets of Kleinian
groups acting on the Riemann sphere and, more generally, boundaries of hyperbolic
groups are another source of approximately self-similar spaces. In that setting, the con-
formal dimension, analogously defined, carries significant information about the group;
see [32].

Hyperbolicity and the critically finite property imply, according to a rigidity result
of W. Thurston [18], that the geometry and dynamics on J; are determined by topolog-
ical data: the conjugacy-up-to-isotopy class of f, relative to its post-critical set. More
precisely, if g is another rational map, and if there are orientation-preserving homeomor-
phisms ¢y, ¢1: (@, Pr) — (@, Pg) such that ¢g o f = g o ¢1 on Pr and ¢y is isotopic
to ¢p1 through homeomorphisms agreeing on Py, then we may take ¢ = ¢ to be a Mdbius
transformation. Hence the invariant ARCdim(Jy) is determined from discrete data.

For general hyperbolic critically finite rational maps with connected Julia set, our main
result, Theorem A, implies an estimate for ARCdim(Jy) in terms of combinatorial data.
In concrete cases, by-hand computations with these data can yield nontrivial rigorous
upper and lower bounds. For the carpet Julia set of Figure 1, such computations yield
1.6309 ~ m < ARCdim(Jy) < m ~ 1.7445; see Section 7 for details.

1.2. Combinatorial encoding

Our methods rely on a particular method of combinatorial encoding of rational maps [52].
We choose a finite graph Gy, called a spine, onto which C - Py deformation retracts.
The homotopy type of G depends only on #Py. Letting Gy = f~!(Go) C C - Py, we
obtain two graph maps m, ¢: G; = Gy, where 7 and ¢ are, respectively, the restrictions
of f and of the deformation retraction. The data (7, ¢) are a virtual endomorphism of
graphs (see Definition 2.20) and are well defined up to a notion of homotopy equiva-
lence; see [52, Definition 2.2]. We denote by [, ¢p] the homotopy class of (i, ¢). Figure 2
illustrates the data for the map f. See also Figure 11.

For any iterate n € N, the Julia set of f is the same as that of f”. It follows from the
expanding nature of the dynamics of f that upon replacing f by a suitable iterate, we may
assume the virtual endomorphism (7, ¢) constructed in the previous paragraph is forward
expanding or, synonymously, backward contracting; see Definition 2.22. The critically
finite property implies that G; and G are connected and ¢ is surjective on the fundamen-
tal group. This is a property we call recurrence; see Definition 2.23. To summarize, to the
dynamics of a critically finite hyperbolic rational map, we associate a forward-expanding
recurrent virtual graph endomorphism (7, ¢).
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Figure 2. Spines for the map f', up to conjugacy up to isotopy. Doubling the large Euclidean equilat-
eral triangles over their boundaries gives two Riemann surfaces, each isomorphic to C. The map f
sends each small triangle at left conformally to one of the two large triangles at right and imple-
ments barycentric subdivision. The set of vertices of the large triangles is Py . Half of a spine Gg of
C — Py is shown at right, and half its preimage G under the piecewise-affine map homotopic to f
is shown at left. The map r is the covering map preserving colors, while the map ¢ (defined up to
homotopy) is induced by the deformation retraction.

It turns out (see Section 2) that any forward-expanding recurrent virtual graph endo-
morphism (7, ¢) determines, via now-standard constructions, a dynamical system given
by an expanding topological self-cover on a compact metrizable locally connected space
f:4 — & (Theorem F). The topological conjugacy class of f depends only on the
homotopy class [, ¢]; see [30, Theorem 4.2].

Via other now-standard constructions, there is an associated conformal gauge of
Ahlfors-regular metrics §(J [, ¢]) associated to [r, ¢]; see Section 3. If [, ¢] arises
from a hyperbolic rational map f', then the spherical metric on J; belongs to § ([, ¢])
(Proposition 3.3).

1.3. Asymptotic g-conformal energies

A virtual endomorphism of graphs (7, ¢) has, for each ¢ € [1, oc], an associated asymp-
totic q-conformal graph energy E4(m, ¢), introduced by the second author [51]. We
summarize some key points; see Section 4 or the references for more. First, E4 (7, ¢)
depends only on the homotopy class [, ¢] so that these analytic quantities depend only
on combinatorial data. If (7, ¢) arises from a rational map f, different choices of spine
lead to homotopic graph endomorphisms so that we may write unambiguously E7( f).
In the general case, we will also write E9[, ¢] to indicate that the asymptotic energy
depends only on the homotopy class. The inequality E*°[r, ¢] < 1 holds if and only
if some iterate of (77, ¢) is homotopic to a backward-contracting virtual graph endomor-
phism. If (7, ¢) arises from a hyperbolic critically finite rational map f, then E3[r,¢] < 1,
and this property characterizes such rational maps among the wider class of their topolog-
ical counterparts, specifically, critically finite self-branched coverings of the sphere for
which each cycle in the post-critical set contains a critical point [52]. As a function of ¢,



Ahlfors-regular conformal dimension and energies of graph maps 975

the asymptotic energy E4[m, ¢] is continuous and non-increasing so that the level set
{q | E9[n, $] = 1} is an interval [g.[r, $], ¢* [, ¢]].

1.4. Main result

Our main result relates Ahlfors-regular conformal dimension to these critical exponents
and implies that the invariant E4 [, ¢] contains useful information for other values of g.

Theorem A. For any recurrent, forward-expanding virtual graph endomorphism (7, ¢),

qx[7. 9] <= ARCdim(g[7. ¢]) < ¢*[, ¢].

Equivalently, for ¢ = ARCdim(¢ [, ¢]), we have E4[m, ¢] = 1.
In fact, we expect that g, = ¢*.

Conjecture 1.1. For any recurrent virtual graph endomorphism [r, ¢], the function
q — E[m, @] is either constant or strictly decreasing.

In particular, if we suppose that [r, ¢] is forward expanding, then (since E [, ¢] > 1
and E®[r, ¢] < 1) the conjecture would imply that

g«lm, ¢l = q* [, 4],

and Theorem A characterizes ARCdim.

One might expect more to be true in Conjecture 1.1, in particular some type of con-
vexity of the function ¢ — E4 [, ¢] (after some reparameterization of the domain and/or
range). More generally, it would be interesting to know the relationship between our con-
structions and more classical constructions in thermodynamic formalism. In this vein, we
remark that Das, Przytycki, Tiozzo, and Urbanski [15] have developed the thermodynamic
formalism in a setting which includes the topologically coarse expanding conformal maps
f:d — & considered here; see [24].

1.5. Outline
The bulk of the paper is devoted to developing the technology to prove Theorem A.

Topological dynamics (Section 2). We begin with an arbitrary forward-expanding recur-
rent virtual endomorphism of graphs (7, ¢: G; = Gy). Iteration, suitably defined, gives
rise to

(1) asequence of virtual endomorphisms (;;_;,¢5_,: G, = Gu—1),n € N;

(2) a connected, locally connected, compact space ¢, the inverse limit of

n+1 o n-1 »? o4
n n— n—.
o s Gy = Gy = - 5 Gy —> Go;
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(3) a positively expansive self-covering map f: § — & of degree d := deg(x);

(4) the topological conjugacy class of f: ¢ — &, depending only on the homotopy
class [, ¢].

Our development in this section is quite general. We consider pairs of maps w, ¢: X1 = X
between finite CW complexes equipped with length metrics and satisfying natural expan-
sion conditions and establish properties of the dynamics on the limit space. The main
result, Theorem F, shows that under these conditions, the construction of the conformal
gauges given in the next section applies. We also give a general result, Theorem G, which
promotes a family of homotopy pseudo-orbits to a map to the limit space in a natural way.
This allows us to relate features of the pair (7, ¢) to features of the limit space.

The conformal gauge (Section 3). We apply a construction in [24] to put a nice metric d,
on ¢, called a visual metric. It depends on a suitably small but arbitrary parameter ¢ and on
the data of a finite cover Uy of g by open, connected sets. Changing these data changes the
metric by a special type of quasi-symmetric map called a snowflake map. Equipped with a
visual metric, f is positively expansive. Even better, any ball of sufficiently small radius
is sent homeomorphically and homothetically onto its image, with expansion constant e®.
The metric space (§,de, #?) is Ahlfors regular of exponent ¢ := log(d)/e =hdim(Z, d;).
Therefore, the invariant ARCdim({[r, ¢]) is well defined; see Theorem 3.2.

Energies of graph maps (Section 4). When equipped with natural length metrics, the
maps ¢" = ¢1: G, — Gy have, for each g € [1, 00], a g-conformal energy E{ [#"] in the
sense introduced by the second author [51]. The growth rate of this energy as n tends to
infinity, namely E9[x, ¢] := lim EZ [¢"] Un is called the asymptotic q-conformal energy.
It depends only on the homotopy class [, ¢] and is continuous and non-increasing in ¢
(Proposition 4.13). The expansion hypothesis implies E*[r, ¢] < 1, giving the interval
in the statement of Theorem A.

Combinatorial modulus (Section 5). In this section, we recall (and extend slightly)
results on a combinatorial version of modulus in a fairly general setting and how it
is related to Ahlfors-regular conformal dimension. Although the limit space ¢ hardly
appears in this section, the ultimate motivation is of course to estimate its conformal
dimension. In more detail, fix n € N. There is a natural projection ¢;°: § — G,. The
collection V, of fibers (¢2°)!(e) of closed edges e € E(G,) gives a covering of §.'
Given a family of curves I' in § and an exponent ¢ > 1, we get a numerical invariant,
mod, (T, Vy,), the combinatorial modulus of this family.

Sections 5.1-5.4 develop general properties of combinatorial modulus. We need to
consider a mild generalization: we define combinatorial modulus for families of weighted
curves.

!For technical reasons, we actually work with a slightly different cover V,, given by inverse images of
a slightly larger set € called the star of e; see Definition 5.8.
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Section 5.5 continues by relating combinatorial modulus to energies of graph maps.
For this, it is technically convenient to work with the reciprocal of modulus, namely
extremal length. The relation arises via the characterization of graph map energy in
terms of maximum distortion of extremal length; see Theorem 4.11, which requires a
formulation of extremal length in terms of weighted curves.

Section 5.6 recalls a result of Carrasco [12, Theorem 1.3], which was independently
proved by Keith—Kleiner (unpublished). This result states that for a suitably self-similar
space Z and a suitable family of coverings (S, ), indexed by N, there is a critical exponent
q. For a reasonably natural curve family I" in the space, this critical exponent distinguishes
between mod, (I", ) — oo if p < g and mod, (I, §,) — Oif p > g; see Theorem 5.11.

Sandwiching the dimension (Section 6). The proof of Theorem A applies the develop-
ments in Sections 4 and 5. We relate combinatorial modulus of curve families in the limit
space to combinatorial modulus of curve families on the graphs G, and then to energies
of graph maps.

Here is a brief summary of the proof. The collection {V, }, above forms a family of
snapshots of the limit space, equipped with a visual metric; see Section 6.1. We show a
curve y: C — G, can be approximately lifted under ¢5° to a curve y": C — ¢ such that
the composition y” := ¢3° 0 y’: C — G, is homotopic to y, with traces of size uniformly
bounded independent of n. This implies that combinatorial moduli for y and y” on G, are
comparable to that of Y’ on ¢ (Lemma 6.4).

With this setup, the upper bound on conformal dimension is straightforward to verify;
see Section 6.3. The lower bound is more involved and uses in an essential way the exis-
tence of a curve y: C — G, which is extremal for the distortion of extremal length in the
homotopy class of ¢¢: G, — Go. When projected to Gy, the strands of ¢g o y are very
long and cross edges of Gy many times. We decompose y into a family of subcurves ¢,
each of which projects to an edge of G, and make the needed estimates; see Section 6.4.

1.6. Applications
In Section 7, we give several applications of our methods.

1.6.1. Techniques for estimates. Theorem A yields practical methods for estimating the
Ahlfors-regular conformal dimension. If specific ¢ and g are given with Eg () < 1, the
sub-multiplicativity of energy under composition yields E4[x, ¢] < 1 and thus, by Theo-
rem A, ARCdim([r, ¢]) < g. Furthermore, there are bounds on how quickly E9[r, ¢]
can decrease as a function of g [52, Proposition 6.11], so if we know E9[r, ¢] < 1, we
get an upper bound on ¢* that is smaller than ¢; see Proposition 7.1.

For lower bounds, we have the following. Set N [r, ¢] = E'[x, ¢]. One way to view
this quantity is as the asymptotic growth rate of the maximal number of edge-disjoint
curves in Gy, each representing a nontrivial loop in Gg. The bounds mentioned above on
how fast E4 decreases as a function of ¢ yield the following.
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Theorem B. For any recurrent forward-expanding virtual graph automorphism [, @]
where deg(mr) = d, we have

ARCAIm(Flm. 9D 2 T

For the virtual endomorphism of f from Figures 1 and 2, we determine by hand
that N(f) = 2 and E?[n, ¢] < /10/13, so 1.6309 ~ ﬁ < ARCdim(Jy) <
# ~ 1.7445; see Section 7.2 for details.

26(10/13)

If f is a hyperbolic rational map and [, ¢] an associated virtual graph endomorphism,
the quantity N (f) seems to be closely related to the topological and metric structure of
the Julia set. For example, we show the following.

Theorem C. Suppose f is a critically finite hyperbolic rational map. If Jy is a Sierpiriski
carpet, then N(f) > 1.

Examples show that the converse need not hold; see Section 7.1.

1.6.2. When the conformal dimension equals 1. M. Carrasco [13, Theorem 1.2] gives
a metric condition, uniformly well-spread cut points (UWSCP; Definition 7.15), on a
compact, doubling metric space X which guarantees ARCdim(X) = 1. All hyperbolic
polynomials and rational maps with “gasket-type” Julia sets satisfy the UWSCP condition.
Combining his observation with our Theorem B, we obtain the following.

Theorem D. Suppose f is a hyperbolic rational map. If Jy satisfies the UWSCP
condition, then N (f) = 1.

We also show that Carrasco’s criterion for ARCdim = 1 is not necessary.

Proposition 1.2. Let R be the rational map obtained by mating the Douady rabbit
quadratic polynomial with the basilica polynomial z2 — 1. Then ARCdim(Jg) = 1 but Jg
does not satisfy UWSCP.

This example is shown in Figure 3. More generally, applying our methods, Insung
Park [40] has proved the following generalization: a hyperbolic critically finite ratio-
nal map f satisfies ARCdim(Jr) = 1 if and only if f is a crochet map, if and only if
N (f) = 1. Here a crochet map is one in which any pair of points in the Fatou set is joined
by a path which meets the Julia set in a countable set of points.

1.6.3. Variation in a family. R. Devaney et al. studied the family f;(z) = z2 + 1/z2
for A € C — {0} [16]. Figure 4 shows the bifurcation locus in the parameter plane for
this family. (The four critical points at the fourth roots of A end up in the same orbit for
this family, making it a critical orbit variety [2] and simplifying the analysis; see equa-
tion (7.7).) Parameters taken from the prominent “holes” along the real axis have carpet
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Figure 3. The mating of the rabbit (yellow) and the basilica (pink) polynomials.

Julia sets. In Sections 7.3 and 7.4, we present two sequences Ay "™, AR 1 € N, whose
values converge, respectively, to the left-most real parameter (at A = —% - %) and to
the origin. Figure 5 illustrates two examples. Note the difference in the apparent “thick-
ness” of the carpets. Though each Julia set is a Sierpifiski carpet, that of A%™ visually
becomes “skinnier” as n — oo, while that of )ufft visually becomes “fatter” as n — oo.
The former rate seems to be rather gradual, while the latter rate seems to be very fast.

M. Bonk, M. Lyubich, and S. Merenkov showed that a quasi-symmetric map between
hyperbolic carpet Julia sets extends to a Mobius transformation [3]. This easily implies
that the three carpets shown in Figures 1 and 5 are pairwise quasi-symmetrically

inequivalent. Our techniques allow us to quantify this distinction.

Theorem E. We have

1

1 < ARCdim(J, skimny) < 1 + ————
im( Ay ) + log,(2n + 3)

and

In particular, within this family of fixed degree, there are hyperbolic carpet maps with
conformal dimension tending to 1 and to 2. This latter result answers a question of the
first author and P. Haissinsky [26].



K. M. Pilgrim and D. P. Thurston 980

Figure 4. Parameter plane for f3(z) = z2 4 1/z2. The white regions are where the orbits of the
critical points M4 220 44 + 1/4 + --- escape to the attracting fixed point at co. The
small black Mandelbrot sets correspond to cases where that orbit is attracted to a cycle other than
the fixed point at infinity.

1.7. Note on notions of conformal dimension

The conformal Hausdorff dimension of an Ahlfors-regular metric space X is defined
as the infimum of the Hausdorff dimensions of metric spaces quasi-symmetrically
homeomorphic to X . A priori it could be strictly smaller than ARCdim(X).

After submission of this article, we learned of a result of S. Eriksson-Bique [20,
Theorem 1.6], which implies the following.

Theorem 1.3 (Eriksson-Bique). Let X be a compact, connected, locally connected,
quasi-self-similar metric space. Then the conformal Hausdorff dimension and Ahlfors-
regular conformal dimension coincide.

The property of being quasi-self-similar means arbitrarily small balls in X are quasi-
symmetrically equivalent to open sets in X of definite size, where the distortion function
in the definition of quasi-symmetry is independent of the location and radius of the
chosen ball. This property is invariant under quasi-symmetric maps. The visual metrics
we construct in Section 3 are quasi-self-similar. Therefore, all of our main results hold
with “Ahlfors-regular conformal dimension” in the conclusion replaced with “conformal
Hausdorff dimension”.
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Figure 5. Two Sierpifiski carpet Julia sets in the Devaney family corresponding to parameters
A3 —0.35891 (left) and ARt ~ —1.4996769 x 1075 (right). The red points are the common
second iterates x of the finite nonzero critical points; the white points show the orbit of x,. The
insets at lower left are local pictures in the parameter plane. Figures created with FractalStream [39].

1.8. Related work

In a study [33], Kwapisz employs a similar approach to estimating the conformal dimen-
sion for Sierpinski carpets. His analysis considers only the standard square carpet but uses
very similar notions, with the slight variation that his g-resistance r(e) is related to our
g-length o (e) by

r(e) = a(e)?™ L. (1.4)

(In particular, as in this paper, there are quantities associated to the edges rather than the
vertices, as contrasted with the more common notions of combinatorial g-modulus in the
literature.) With this correspondence, Kwapisz’s formulas match ours; for instance, his
P(¢) [33, equation (1.2)] agrees with our (E ; (qb))q in equation (4.4). One difference
between our approaches is that he deals with signed flows as in electrical networks, while
we deal with more general unsigned tensions related to elasticity; see the discussion in
[51, Appendix B].

A more substantive difference to be noted is that our g-conformal energies enjoy
exact sub-multiplicativity [51, Proposition A.12], while Kwapisz only proves weak sub-
multiplicativity, up to a constant [33, Theorem 1.3]. On the other hand, by only asking
for weak sub-multiplicativity, he is able to get bounds on g-resistance for both the graph
analogous to (but more general than) the ones we consider and its dual. Correspondingly,
he gets numerical lower bounds, in addition to numerical upper bounds analogous to the
ones we get. (Our numerical lower bounds rely on Theorem B, which is unlikely to be
sharp in general.)

In another direction, in the non-dynamical setting of Gromov hyperbolic complexes,
Bourdon and Kleiner [6] consider families of analytic invariants such as £? cohomology
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and separation properties of certain associated function spaces. It would be interesting to
know if there is a connection to this work in our setting.

1.9. Notation

We denote the unit interval by [ := [0, 1] C R.

Non-dynamical functions, that is, where the domain and codomain are not identified,
are typically denoted using lowercase Greek letters.

If K is a constant, or set of constants, the notation A Sg B means that A/B < C(K)
for some constant C depending only on K. The notation A <x B means A <x B and
B <k A.

The study of dynamical systems includes “multi-valued” ones, which are formally
pairs of maps between different spaces. We denote these spaces with subscripts, for exam-
ple, X1 — X in the case of general spaces or G; — G¢ when the spaces are graphs.
Such systems generate sequences of spaces and graphs which we denote by X, and G,
respectively, for n = 0, 1,2, ... In this context, we decorate maps with a superscript
that corresponds to the domain and the subscript that corresponds to the codomain, for
example, we have structure maps ¢.,: G, — G,, for n > m (Section 2.5). Similarly,
when looking at graph energies EJ (¢), the domain has a p-conformal structure and the
codomain has a g-conformal structure (Section 4).

We also often work with maps which are not part of the data of a dynamical system.
For such maps, we typically distinguish domain and codomain by using different letters
as opposed to subscripts.

2. Topological dynamics

The main result of this section is the following theorem, giving good dynamical properties
of the action on a limit space.

Theorem F. Suppose Xo, X are finite CW complexes equipped with complete length
metrics. Suppose 7, ¢: X1 = Xo is a A-backward-contracting and recurrent virtual
endomorphism, and let f:§ — & be the induced dynamics on its limit space. Then

(1) the space & is connected and locally connected;
(2) the map [:3 — & is a positively expansive covering map of degree deg(m);

(3) the dynamical system f:3 — & is topologically coarse expanding conformal
(cxc), in the sense of Haissinsky and Pilgrim [24].

The terminology is defined in Sections 2.1 and 2.5. One main result of [24] is that
topologically cxc systems have a canonically associated nonempty set of special Ahlfors-
regular metrics, called visual metrics. In Section 3, we will describe the geometry of &
when equipped with such metrics.
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Theorem F could be deduced as follows. Nekrashevych [38, Theorem 5.10] associates
to such a virtual endomorphism a self-similar recurrent contracting group action. Such an
object also has an associated limit space homeomorphic to ¢ that is connected and locally
connected [37, Theorem 3.5.1], establishing (1). Moreover, there is an induced dynamics
on this limit space naturally conjugate to f: § — &. Conclusions (2) and (3) then follow
from [25, Theorem 6.15]. To keep this work self-contained, and because we have a later
need of certain other related technical facts, we give more direct arguments.

To prove Theorem F, we present the limit space as a subspace of the infinite prod-
uct (X1)°, following Ishii and Smillie [30]. We generalize the theory of homotopy
pseudo-orbits developed there to families of homotopy pseudo-orbits parameterized by
an auxiliary space A and show, by generalizing their results on homotopy shadowing, that
such a family determines a map A — § (Theorem G). We prove that the limit space is
locally path-connected by applying this generalization to the case when A = [ is an inter-
val (Section 2.6). To obtain the needed family of homotopy pseudo-orbits in this setting,
we develop in Section 2.4 a general notion of approximate path lifting.

For technical reasons, we need to control the geometry of non-rectifiable paths. To this
end, we introduce the size of a path, defined to be the diameter of the lift to a universal
cover; see Section 2.3.

We also present the associated limit space ¢ in an equivalent, but more convenient,
way as an inverse limit of spaces with increasingly large diameter; see Theorem G’. To
find path families, we also need to find “homotopy sections” of projections from §. We
therefore need results on homotopy shadowing and homotopy sections in those settings;
see Section 2.7.

2.1. Topologically cxc systems

We first recall the notion of topologically cxc systems. To streamline our presentation, we
specialize the setup of [24] to the case of self-covers. We next define positively expansive
systems. Finally, we show that conclusions (1) and (2) of Theorem F imply conclusion (3).

Suppose ¢ is a compact, connected, and locally connected topological space and
f:d — & is a self-covering map. A finite open cover Uy of § by connected sets
inductively generates a sequence of coverings U, ,n € N, via the recipe

Upt1 = {lj |U € U, U is a component of f~1(U)}. 2.1

U:=U‘u,,.
n

The mesh of a covering of a metric space is the supremum of the diameters of its elements.

Also set

Definition 2.2. The pair of the dynamical system f: ¢ — & and cover Uy is said to
satisfy Axiom [Expansion] if, for some (equivalently, any) metric on § compatible with
the topology, the mesh of U, from equation (2.1) tends to zero as n — oco. The map f
satisfies [Expansion] if there is some Uy satisfying this condition.
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Lemma 2.3. Suppose ¢ is compact, connected, and locally connected, f:§ — & is a
covering map, and Uy is a covering so (f, o) satisfies Axiom [Expansion]. Then this
dynamical system satisfies the following two additional axioms:

* [Degree] For fixed n, there is a uniform upper bound on the cardinality of fibers of
restrictions f":U, — Uy forall Uy € Uy and U, € U,.

* [Irreducibility] For any nonempty open set W C §, there is an integer N for which

Nw)=4.

On the conditions of this lemma, f is fopologically cxc. The general definition of
topologically cxc is that there exists a finite open cover Uy such that all three axioms
[Expansion], [Degree], and [Irreducibility] hold.

Proof. For a self-cover satisfying Axiom [Expansion], Axiom [Degree] clearly holds,
since for large enough n the elements of U, will be evenly covered.

To show [Irreducibility], fix arbitrarily a metric on § compatible with its topology. For
x € &, define

Y(x) :={y € X | the backward orbit of y accumulates at x}

= {y € X | there is a sequence y,, € f"¥(y) s.t. klim Iy = x}.
—>00

We first claim Y(x) is nonempty for each x. To see this, fix x € ¢, and let y be any
accumulation point of the forward orbit of x, that is, limg oo f™*(x) = y.Let U € Uy
contain y. For each sufficiently large k, let Unk be the unique component of f "% (U)
containing x, and pick y,, € ﬁnk N f~"(y). Then y,, — x since diam l7,,k — 0. Hence
y € Y(x).

Now suppose y € Y (x) is arbitrary and choose U € Uy with y € U. The same reason-
ing with diam Unk shows that U C Y(x). Since X is connected and covered by Uy, we
conclude Y(x) = X. Since x is arbitrary, we conclude the set of backward orbits under f
of each point is dense in X .

Now fix an arbitrary nonempty open set W as in the statement of Axiom [Irreducible].
By [Expansion], there exists U € U with U C W.Pick y € U. By the previous paragraph,
there exists a backward orbit of y accumulating at y. Pulling back U along this backward
orbit, [Expansion] implies that there exists some U eUsothatU c U and fm U—>U
is a covering map for some m > 0. The previous paragraph implies (52, f nmjy) = X.
By our choice of m and U, this is an increasing union. Since X is compact, f ”’”((7 )=X
for some n. Then N = nm suffices for the statement, since Ucw. n

Definition 2.4 (Positively expansive). Let (£, d) be a metric space. A continuous surjec-
tion f: 4 — 4 is positively expansive if there is a constant e > 0 so that forany x # y € ¢
there isan n > 0 so that d(f"(x), f"(y)) > e.

Note that a positively expansive map is locally injective.
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In the case g is compact, positively expansive is equivalent to the following condition:
there exists a neighborhood N D {(x, x) | x € ¢} of the diagonal such that if x,y € ¢
satisfy ( f¥(x), f1(y)) € N foralli > 0, then x = y. (In particular, positively expansive is
independent of the metric.) In addition, by a theorem of Reddy [1, Theorem 2.2.10] there
exists a compatible metric D on ¢, called an adapted metric, and expansion constants
8 >0and 0 < A < 1 such that forany x,y € ¢,

D(x,y) =8 = D(f(x), f(»)) = A7 D(x, y).

Note that this implies f is a homeomorphism on §-balls in the D-metric.

Proposition 2.5 (Positively expansive implies [Expansion]). Suppose & is compact and
locally connected, and f: § — & is a positively expansive covering map. Then [ satisfies
Axiom [Expansion].

To prove this, we will need the following result.

Theorem 2.6 (Eilenberg constants [ 1, Theorem 2.1.1]). Let X be compactand f: X — Y
be a continuous surjective local homeomorphism. Then there exist two positive numbers T
and | such that for each subset U of Y with diameter less than t, there is a decomposition
of the set f~1(U) = Uy U---U Uy with the following properties:

(1) f:U; — U is a homeomorphism.

(2) Fori # j, no point of U; is closer than 2y to a point of Uj;.

(3) For each n > 0, there exists 0 < ¢ < t such that if diam U < ¢, then for all j,
diam U; < n.

Proof of Proposition 2.5. Equip ¢ with an adapted metric. We apply Theorem 2.6 with
X =Y = ¢ and obtain the constant 7. Let § be as in the definition of adapted metric,
and take the constant 7 in Theorem 2.6 so that < §; we obtain a constant ¢. In summary,
any open connected set U of diameter at most ¢ is evenly covered by f and has pre-
images Uy, ..., Uy of diameter at most §. The definition of adapted metric then implies
that f: U i — U expands distances by at least the factor A~!, and so the inverse branches
fj_l: U — U, contract distances by at least the factor A.

Since ¢ is locally connected and compact, there is a finite open cover Uy by connected
sets of mesh e. The previous paragraph implies that the covering U; has mesh at most
Ae < e. Induction shows mesh(U,) < A"¢ — 0 as required in Axiom [Expansion]. m

2.2. Length spaces

In this subsection, we prepare for the proof of local connectivity by collecting some tech-
nical results related to covering maps and length spaces. Here, X denotes a finite, hence
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compact, connected CW complex, equipped with a compatible length metric. The Hopf-
Rinow theorem [7, Proposition 1.3.7] implies that X is a geodesic metric space. While
balls might not be simply connected, they are path-connected. The systole is

systole(X) := inf{£(y) | y is an essential loop in X };

if there are no essential loops in X, we set systole(X) := +4o00. The systole is positive,
since X is compact. Since X is a length space, any cover X inherits a lifted metric by
lengths of paths. A ball of radius less than % systole(X) in X has no essential loops and
thus is evenly covered.

Lemma 2.7. Let X be a ﬁmte connected CW complex with a length metrlc Suppose
p: X > Xisa covermg map, X is equipped with the lifted metric, andr < systole(X ).
Then for any X € X with p(X) = x, the restriction p: B(X,r) — B(x,r) is an isometry.

This is standard, but we provide a proof for completeness.

Proof. The definition of the lifted metric says that p preserves the length of paths and is
therefore 1-Lipschitz. Thus p(B(X,r)) C B(x,r). We have p(B(X,r)) = B(x, r) since
a geodesic joining x to y € B(x, r) lifts to a path of the same length joining X to some
point ¥ which therefore lies in B(X, r). We now claim that p: B(X,r) — B(x,r) is an
isometry. Suppose @, be B(x,r),and puta = p(@) and b = p(l;). Thena,b € B(x,r).
Consider the piecewise geodesic path y comprised of 3 length-minimizing segments
which runs from x to a, then from a to b, and then from b to x. This loop may not
lie in B(x, r). However, £(y) < 4r and both endpoints are at x, so y C B(x,2r), which
is evenly covered by the choice of r. It follows that the middle segment lifts to a seg-
ment joining @ to b of length equal to d(a, b). Hence d(a, b) < d(a, b) and the result is
proved. ]

If ¢: X — Y is a map between metric spaces, we say a non-decreasing function
wg:[0,diam(X )] — [0,diam(Y')] is a modulus of continuity if, forall E C X, diam¢(EF) <
wg(diam E).

Lemma 2.8. Let X,Y be compact, connected, CW complexes equipped with length
metrics, and let ¢: X — Y be a continuous map, with modulus of continuity wg. Let
py: Y > Y be any covering map, and equip Y with the lifted metric. Let px: X—>X
and <},’>. X = Y be the maps induced by pullback, and equip X with the lifted metric
from X. Then (5 is uniformly continuous, with modulus of continuity wg independent of
the cover py. Indeed, there exists ro > 0 depending only on ¢: X — Y so that we can take

a)¢(8) ifé <ro,
~(8) =
wz(8) 0(r 0)"d(a b)—‘ 6 > ro.
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So 55 behaves just like ¢ at small scales and is Lipschitz at large scales.

Proof. Put sg = % systole(Y). By the uniform continuity of ¢, there exists 0 < ry <
% systole(X) such that for each x € X and y = ¢(x), we have ¢(B(x,rg)) C B(y, so).
Fix now ¥ € X and put x = px (%), ¥ = ¢(%), and y = py (¥) = ¢(x). By Lemma 2.7,

p,_,l: B(y,s0) = B(YV,s0), px:B(X,r9) > B(x,rp)
are isometric homeomorphisms. Now fix 0 < r < r¢. Then

$(B(X,1)) = (py"' o ¢ o px)(B(X,r))
= py ($(B(x,1))) C py (B(y.w4(r))) C B(F,wy(r)),
establishing the estimate in the case § < r¢. For the other case, suppose a, b € X are

at distance R > rg, and let y be a geodesic joining a to b. Divide y into sub-segments
y=yaxyr k- kY, with€(y;) <rofori =1,...,nsothatn = [£(y)/ro]. Then

d(a,b)—‘

ro

dF@). b)) < 3 diam () < a)¢(ro)’7
i=0

2.3. Sizes of paths and traces of homotopies

It would be nice to always work with the length of paths, but it turns out that not all the
paths we consider are rectifiable. (In particular, we consider paths in the Julia set § and
their projections to the finite approximations G,; these projections are usually not recti-
fiable.) We could consider the diameter of paths, but we also need to lift paths to covers.
We work instead with a hybrid.

Convention 2.9. For paths y: I — X, the path ¥ is the reversed path, and y; * y, denotes
composition of paths, defined when y1 (1) = y,(0). For homotopies H: I x A — X, we
will more generally use the same notations H and H; % H,, always operating on the first
input (which is an interval).

Definition 2.10. For X a locally simply connected length space, A a simply connected
auxiliary space (usually the interval), and y: A — X a continuous map, there are lifts
y:A— X of y to the universal cover of X. The size of y is the diameter of ¥ with respect
to the lifted metric on X:

size(y) == max d g (7(s). 7(1)).
s,tel
The proof of the following lemma is straightforward.

Lemma 2.11 (Properties of size for paths). The notion of size for paths (with A the
interval) satisfies the following properties:
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(0) Well defined: size(y) is independent of which lift of y to X you take.
(1) Bounded by length: when y: I — X is rectifiable, size(y) < £(y).

(2) Invariance under lifts: if p: X — Y is a covering map, Y is a length space, X is
equipped with the lifted metric, y: 1 — Y is a path, and y: I — X is a lift of y
under p, then size(y) = size(y).

(3) Sub-additive under path composition: size(y; * y2) < size(y1) + size(y2).
(4) Shortening: if f: X — Y is A-Lipschitz and y: I — X is a path in X, then
size(f oy) < A -size(y).

As a result of point (1), we will prefer to give statements with hypotheses on the size
of paths and construct paths with bounds on length, even if we do not necessarily need the
length bounds for our applications.

Another central feature of our development is the following.

Definition 2.12. For X a locally simply connected length space, A an auxiliary space—
now not necessarily simply connected—and H: I x A — X a homotopy of maps from A
to X, a trace of H is a path of the form ¢t +— H(t,a) for fixed a € A. The trace size of H
is the maximum size of a trace:

tracesize(H ) := sup size(H(-,a)).
acA

If two maps f, g: A — X are homotopic by a homotopy of trace size at most K, then we
write [ ~g g.

For a homotopy H: I x I — X between two paths ¢ and 1, be careful to distinguish
between its size and trace size. For instance, if H has bounded size, then the y; must
also have bounded size, while two paths that are very long can still have a homotopy of
bounded trace size.

The trace size of a homotopy between two paths is sensitive to the parameterization
of the domain of the two paths, which in turn is sensitive to details like exactly how one
defines the concatenation operation on paths. We will specify the parameterization when
necessary.

One thing to note now is that, if 8 is a path of size R and any & > 0, then, for any
concatenatable y;, ¥, and suitable parameterization of the domain,

V1% B % B * Y2 ~Rie V1 * V2.

(The parameterization to make this work uses a very small interval in the domain for § %
on the left-hand side.)

Lemma 2.13. Suppose X, Y, Z are length spaces. If f: X — Y and go,g1:Y — Z are
maps with go ~x g1 via the homotopy a: 1 XY — Z, then ggo [ ~g g1 0 f via the
homotopy f*a:1 x X — Z given by (t,x) — a(t, f(x)).
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Proof. The only nontrivial point is the bound on the trace size, which follows since every
trace of f*o is a trace of «. L]

2.4. Approximate path lifting

Suppose X, Y are length spaces, A is a topological space, and suppose we are given maps
¢: X — Y and g: A — Y. An approximate lift of g under ¢ with constant K is a map
g'"A— X suchthat¢p o g’ ~g g.

Now suppose further that X, Y are finite connected CW complexes, equipped with
complete length metrics, and ¢p: X — Y is continuous and surjective on the fundamental
group. We consider the problem of approximately lifting paths in ¥ under ¢ to paths in X .

In this subsection, the constants appearing in the conclusions depend on ¢: X — Y and
on the other constants appearing in the statements. We suppress their dependence on ¢.

Proposition 2.14 (Controlled approximate path lifting). Suppose X and Y are finite
connected CW complexes equipped with length metrics, ¢: X — Y is continuous, and
¢« 1 (X) = 71 (Y) is surjective. Then there exists K > 0 so that for any path y: I — 'Y
joining endpoints yq to y1, and any preimages x; € $~1(y;) fori =0, 1 of these endpoints,
there exists an approximate lift y': I — X with y'(i) = x; for i = 0, 1 with homotopy
H:I xI —Y betweeny and ¢ o y' of trace size at most K. Concretely,

e HQO,t)=y(@)and H(1,t) = ¢poy'(t) for0 <t < 1;
e H(s,i)=yjfori =0,1and0 <s < 1;
o size(s — H(s,t)) < K foreacht € [0, 1].

There exist constants Cy and Cy so that if y is rectifiable, then so is y', and L(y') <
Co + C1l(y).

In other words, approximate lifting increases lengths by controlled amounts, and the
failure of a path to lift is measured by a homotopy whose traces are uniformly bounded
in size, independent of the path y; see Figure 6. (We do not use the fact that lengths are
increased by controlled amounts in this paper, but it helps add motivation.) We will also
say that ¢: X — Y satisfies the K-APL condition.

Before proving the general statement, we first prove it for loops y of bounded length.

Figure 6. Approximate path lifting. The traces of the homotopies are the red lines on the right; these
must be of bounded size.



K. M. Pilgrim and D. P. Thurston 990

Lemma 2.15 (Controlled approximate loop lifting). In the setup of Proposition 2.14, fix
C > 0. Then there exist constants L and K with the following property. For any x € X,
y = ¢(x), and loop A: 1 — Y based at y with size(A) < C, there is a rectifiable loop
A1 — X based at x with £(\') < L so that ¢ o ' ~g A.

Proof. First, fix x € X and y = ¢(x). The length metrics on X and Y induce norms on the
fundamental groups 71 (X, x) and 1 (Y, y). Since size(A) < C, the norm of [A] € 71 (Y, y)
is also bounded by C'. Since ¢: 71 (X, x) — 71 (Y, y) is surjective, there exists L(x) such
that the image of the ball of radius L(x) in m;(X, x) contains the ball of radius C in
1(Y, y). Now vary x € X. Since the induced norms on 71 (X, x) and 71 (Y, ¢(x)) vary
continuously as a function of x, we can take L to be continuous, and so, by compactness,
sup,cy L(x) is finite; call this supremum L. Thus there exists a loop A’ based at x of
length at most L for which ¢ o A’ ~ A.

We must bound the trace size of the homotopy; in fact, we bound its size. For any A
and A’ as above, we can lift ¢ o A’ and A to paths in the universal cover Y. Fix lifts ¢ o o\
and 1, respectively, joining common endpoints. Then the concatenation & := ¢ o ) o A/ % A is
a loop in the simply connected length CW complex Y, so, since ¢ is uniformly continuous,

diam(@) < diam(¢ 0 ) + diam(%) < wz(L) + C =: D.

By [19, Lemma 9.51], Y is uniformly simply connected. This implies that & is homotopic
to a constant map via a homotopy whose image has diameter K := K(D1), as desired. m

Proof of Proposition 2.14. Pick (arbitrarily) a basepoint x, € X, set y, := ¢(xx), and
pick an arbitrary constant C > 0. Divide y into sub-paths
Y =Vo*- % Yn—1

with size(y;) < C. Let the endpoints of y; be z;,z;11 € Y, and for each i pick a path p;
from yy to z;, of length less than diam(Y"). Pick also paths pj, p, from x. to xg, xi,
respectively, of length less than diam(X). Then A; := p; * y; * pi+1 is a loop based at y.
of size less than 2 diam(X) 4+ C. By Lemma 2.15, there are constants L, K; so that, for
each 7, there is a loop A} in X based at x, with £(A}) < Ly and ¢ o A} ~k, A;.In addition,
00 = (¢ o py) * po is a loop of size less than wg (diamY') + diam X, so there are constants
L,, K5 and a loop 0(’) based at x, of length less than L, so that ¢ o o(’, ~K, 0¢. Similarly,
pick an approximate lift o), of 0, := p, * (¢ 0 p},). Now set

K3 = max{Ky, K3}
D := max{diam(X), wgz(diam(Y))}
Y ::p_g*a(’)*)t/l Ay koo kAl k0 % O],
(with suitable parameterization of the domain for y’) so that
Poy ~k,y (Poph) %00 %A1 % Ay k- ek Ayey % 0y % (0 )

~D+e Yo kY1 ¥k Yp—1 =Y,
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as desired.

To get the bounds on length in the case that y is rectifiable, choose the initial decompo-
sition of y into sub-paths y; so that, fori > 0, £(y;) > C; thenwe haven <14 £(y)/C.
We can choose the paths A}, p}, and o] all to have length bounded by a constant, which

then gives the desired bound on £(y). L]

Remark 2.16. Lemma 2.15 gives a bound on the overall size of the homotopy, but
Proposition 2.14 only gives a bound on the trace sizes.
2.5. Multi-valued dynamical systems

We turn our attention back to dynamics. We think of two spaces and a pair of maps
between them

X
VN
Xo Xo

as a multi-valued dynamical system. We introduce an associated limit space and describe
it in two different ways, as in [30], but adopting slightly different notation. Here is how to
translate between their (IS) and our (PT) notation:

Xl = Xipr;
(L, O—)IS = (tv f)IS = (¢77T)PT;
Xl—goo = gPT-

(There are also minor differences in the indexing.)

Suppose X; and X, are compact topological spaces and m, ¢: X; == X, are two
continuous maps. An orbit is a sequence x = (X, xp,...) of points x; € X; with
7(x;) = ¢(x;+1) when both sides are defined. If x; is defined for 1 <i < n for some
n > 1, we get the space X, of orbits of length n. If x; is defined for all 1 < i, we get
the limit space § C X FI of one-sided infinite orbits. Note the typographical distinction
between the abstract limit space ¢ of a virtual endomorphism and the concrete limit space
Jr C C of a rational map R.

With this setup, there are two families of canonical maps

n+1 _n+1.

n ’nn 'Xn—i-l g Xn,
AL (X1, X2, oy Xy X 1) = (X1, X2, 10, X)),
7T:ll+1(x1’x2’- .. ,xn»xn-i-l) = (xz,. .. ,x,,,xn_H).

We also set ¢4 := ¢ and 7} := 7. We can compose these to get maps Gp g Xn — X
for 0 < k < n. We recall a convention from Section 1.9.
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Convention 2.17. In our indexing convention, the index of the domain appears as a
superscript and the index of the codomain appears as a subscript. This way, composition
corresponds to “contraction” of indices, as is conventional in tensor notation.

We can present the space ¢ as an inverse limit of the sequence ¢/ +1:

+1 n n—1 2 1
r’ll ¢n—1 ¢n—2 ¢1 ¢0

Xy Xn X Xo

where the ¢,°: § — X, are analogues of ¢}

O (x1,x2,...) == (X1, X2,...,Xn).

There is also a canonical map f: § — & induced by the one-sided shift, a kind of analogue
of g/ t1:
f(x1,x2,x3,...) = (x2,X3,...).
There are two natural modifications of a pair of maps (m, ¢): we can iterate it,
replacing the pair by

75 Po: Xn = Xo, (2.18)
or we can reindex it, replacing the pair by
Ty 1 Pp—1: Xn = Xn-1. (2.19)

Neither of these operations changes the limit space ¢, but iterating replaces the dynamics
of f on g by f", while reindexing does not change f.

We now restrict attention to expanding systems, as in [30], but adopting terminology
of Nekrashevych [38] and the second author [52]. We continue with some definitions.

Definition 2.20 (Virtual endomorphisms). A pair of continuous maps 7w, ¢: X1 = Xo
between topological spaces is a virtual endomorphism if 7 is a covering map of finite
degree.

Convention 2.21. In this section, we are exclusively concerned with virtual endomor-
phisms, where X, X are finite connected CW complexes, X is equipped with a complete
length metric dg, and X; is equipped with the length metric d; induced by the covering 7,
that is, the length metric on X; so that  is a local isometry.

Definition 2.22. Suppose 0 < A < 1. The virtual endomorphism 7, ¢: X1 = X is A-
backward-contracting if do(¢p(a), (b)) < Adi(a, b) for all a,b € Xy, that is, ¢ is a
uniform contraction. Equivalently, we say the virtual endomorphism is A~!-forward-
expanding. A virtual endomorphism is backward contracting (equivalently, forward
expanding) if it is A-backward-contracting for some 0 < A < 1.
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Definition 2.23. The virtual endomorphism ., ¢: X7 = X is recurrent if Xy and X are
connected and ¢ 71 (X1) — 71(Xo) is surjective.

If 7, ¢: X1 = Xy is recurrent, then X, is connected for each n.
In the setting of a virtual endomorphism, the map 7 *!: X,, 11 — X,, defined above is
also a covering map. We will use the fact that X, is a pullback, which concretely gives

the following lemma, among other pullback diagrams.

Lemma 2.24. Given maps F: A — X1 and G: A — X, for which¢ o F = ni{ o G, there
exists a unique map A — Xp41 such that the following diagram commutes:

Via pullback of length metrics under 7, each space X, inherits a length metric d,.
The degree of 7y is d”, and the complexes X, are locally finite uniformly in 7, so
diam X,, — oo asn — o0.

Remark 2.25. From a virtual endomorphism r, ¢: X1 = X, we will not see every cover
of Xo among the covers 7y : X;, — X (or their normal closures). Studying the exact covers
that appear leads to a very interesting group, the iterated monodromy group IMG(r, ¢),
which is a natural quotient of 7 (Xp). This group is the deck group of a Galois cover X, A
of Xy usually different from the universal cover. Instead of measuring the size by lifting
paths to the universal cover as in Definition 2.10, we could get a different (smaller) notion
by lifting to X, o instead. The difference is inessential for this paper.

Definition 2.26. A homotopy pseudo-orbit (x,a) = (X;, ®;);>1 is a sequence of points
X; € X1 and of paths ¢;: [0, 1] = X such that

¢ i (0) =7(xi), i (1) = P(xi41);
* {(a;) < C for some C > 0 independent of .

Two homotopy pseudo-orbits (x, ) = (x;,;)i>1 and (x', ') = (x],a});>1 are homotopic
if there is a sequence § = (B;);>1 of paths B;: [0, 1] — X; with

° ﬁ,’(O) = x; and /3,'(1) = xlf;
o fori>1,a; % (poPit1)~ (wopi)*aj;

* {(Bi) < B for some B > 0 independent of ;.
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Xi ® ® Xit]
Bi Bi+1
!/ /

X T ¢ Xi+1

7 (Bi ~ & (Bi+1)

Figure 7. In homotopic pseudo-orbits, «; * ¢ (Bi+1) ~ 7(Bi) - cxl’..

See Figure 7 and [30, Definition 6.4, Figure 5a]. Following Ishii and Smillie, we use
lengths in the condition on «; and B;, but size would work equally well, since these are
paths in a CW complex.

The following result appears in [30, §7].

Theorem 2.27 (Homotopy shadowing). Suppose m, ¢: X1 =2 Xy is forward expanding.
Then every homotopy pseudo-orbit is homotopic to an orbit, and this orbit is unique.

We will need a generalization of the homotopy shadowing theorem to a setting, where
the orbit depends on a parameter a lying in a space A. We develop this notion in close
parallel to the above notions and to those of Ishii and Smillie.

Definition 2.28. For 7, ¢: X1 = X a virtual endomorphism between locally simply con-
nected length spaces and A an auxiliary space, a family (x, &) of homotopy pseudo-orbits
parameterized by A of trace size at most K is a sequence x = (x;: A — X1);>1 of maps
and a sequence « := (o;: I x A — Xp);>1 of homotopies, so that
(1) o; is a homotopy from 7 o x; to ¢ o x; 41, in the sense that «; (0, -) = 7 o x; and
ai(1,)) = ¢ oxiqq;

(2) there exists a constant K < oo so that for each i > 1, we have
tracesize(o;) < K.
See Figure 8.

Definition 2.29. Two families (x, @) and (x’, @’) of homotopy pseudo-orbits parame-
terized by A are homotopic if there exist a constant B and a sequence 8 = (f;)i>1 of
homotopies B;: I x A — X1 such that

(1) Bi is a homotopy from x; to x7, in the sense that 8;(0,-) = x; and B;(1,-) = x;;
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Figure 8. A homotopy pseudo-orbit of maps of A.

(2) foreachi > 1, we have tracesize(8;) < B;

(3) for each i > 1, the map a; * (¢ o B;41) is homotopic to (7 o ;) * e in the
following sense. There is a map H;: I x I x A — X, such that H;(0,-,-) =
a; % (poPiv1), Hi(l,-,)= (7 O,Bi)*alf,andforaHOft <1,H;(t,0,)=mox;
and H;(¢,1,") = ¢ oxlfH.

These conditions in (3) guarantee that the homotopic squares appearing in Figure 7
remain squares throughout the interpolating maps H; (-, -, @). We do not require a size
bound on the homotopies H; in condition (3).

Here is our generalization of Ishii—Smillie’s homotopy shadowing result.

Theorem G. Suppose w,¢: X1 = Xy is a A-backward-contracting virtual endomorphism
of CW complexes with induced dynamics f: 3 — & on its limit space. Let (x, o) =
(xi, o;)i>1 be a family of homotopy pseudo-orbits parameterized by A of trace size at
most K.

(1) There exists
(a) amap x*°: A — &, that is, a family of orbits of f parameterized by A;
(b) a homotopy B = (B7°)i>1 from (x,a) to x*°.

(2) We have tracesize(B°) < K' := K/(1 = A) forall i > 1.

Furthermore, x* is unique among all such maps with uniformly bounded tracesize(B7°).

To make sense of part (1) (b) of the statement, we regard an orbit as a family of
homotopy pseudo-orbits parameterized by A, namely (x7°, «°);>1, where each «° is a
constant homotopy.

Proof. This is a straightforward modification of the proof of Theorem 7.1 of [30]. Since
we will need the notation later, we copy their proof, more or less word for word, with
slight adjustments to indexing. We let the pseudo-orbit x now depend on a parameter
a € A so that x := (x;: A — X1)i>1, and we denote the collection of homotopies by
o= (a;: 1 x A — Xo);>1. To ease notation, we think of our homotopies «; and f; below
as paths in the space of continuous maps from A to Xy and X, respectively.

We inductively define a sequence of families of homotopy pseudo-orbits with suc-
cessively smaller traces as follows. Set x? = x; and a? ‘= «;. Suppose that a family of
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homotopy pseudo-orbits (x7,a/);> is defined. Then, since 7 is a covering and (0, -) =
7 o x!", there exists a unique lift 87: 1 x A — X! of & by 7 so that (0, -) = x7, by the
homotopy lifting property of covering maps. Put a;"H ‘= ¢ o B}, and x;"H = Br(1).
Then, we have 7 o X ™! = 7 0 B2(1) = o' (1) = d(x ) =Bl 1(0) = o T1(0) and
¢ o xi”:'ll =¢opB (1) = a;"H (1). This means that, once we verify a trace size bound,
(xPHL gty ) = (x" T @) is a family of homotopy pseudo-orbits.

Contraction implies that the length of the traces of the homotopies o' is bounded
by KA" for n > 1; this is [30, Lemma 7.2]. Concatenating the homotopies a;’ for
n =1,2,... and scaling the time parameters in the homotopy to consecutive intervals
in [0, 1) as in their proof, we obtain, for i > 1, a sequence of maps o°: [0,1) x A — X,
of trace size K’ := K/(1 — A).

To get a map defined on [0, 1] x A, we need to say a little more. First, as in their proof,
for fixed a € A, the path «°(¢, a) is Cauchy as r — 1 in the sense that, for any & > 0, there
is § < 1 so that for fg, f; > 8, we have dx, (a°(fo,a),a{°(t1,a)) < e. Furthermore, these
paths are uniformly Cauchy as a varies. There is therefore a well-defined limit a°(1, a),
and the continuous functions a°(¢,-): A — X, converge uniformly to o{°(1,-). By the
uniform limit theorem, the limiting function o restricted to {1} x A is therefore con-
tinuous. The standard proof of the uniform limit theorem shows that, in fact, we get a
continuous function a°: [0, 1] x A — X, as desired.

We also have sequences of maps B: 1 x A — X and concatenating the }'’s for
n =1,2,3,... and extending by the uniform limit theorem yield B°, a lift of o
under 7. We put x° := 7°(-, 1) and note that x* defines a family of orbits, that is,
amap x*: A — ¢; the associated homotopies in Definition 2.28 are constant. By con-
struction, 8°° gives a homotopy between the family of homotopy pseudo-orbits (x, &)
and the family of orbits x°°. Since 7 is an isometry, the trace sizes of the 87° are bounded
by K’, as required. [

In our later applications, it will be useful to restate Theorem G in terms of maps into
the X,. For its proof, we will need the following lemma, illustrated in Figure 9.

Lemma 2.30. Suppose (x, ) is a family of homotopy pseudo-orbits parameterized by A,
with trace size at most K. Then for each n > 1, there are unique lifted maps X,: A — X,
and homotopies 0y: 1 x A — X, so that n} o X, = Xpu, 7y © 0 = Ay, and 0y is a
homotopy from X, to ¢ o X, 41 of trace size at most K.

Proof. We proceed by induction on n, first constructing &, and then X, 4. Recall that
,(0) = o x, and (1) = ¢ o x,41. We start by setting X := x;. If we have con-
structed X, then by unique homotopy lifting applied to the covering map 7, there is a
unique function &, that is a lift of o, with starting point X, ; since &, is a lift, the trace size
is still K, as desired. We next construct X, 41. Let X,41,,: A — X, be &,(1). Then, by
the defining property of o, we have 7 © Xp41,» = ¢ 0 x,41. Since we have a pullback
square (Lemma 2.24), there is a unique map X,+1: A — X,+1 compatible with these two
projections. ]
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Figure 9. Lifting a family of homotopy pseudo-orbits parameterized by A to covering spaces.

Theorem G'. Suppose 7, ¢: X1 = Xg is a A-backward-contracting virtual endomor-
phism of CW complexes with limit space §, and (x, o) = (x;, &;)i>1 is a family of
homotopy pseudo-orbits parameterized by A of trace size at most K. Let x*° and B be
the families of orbits parameterized by A and homotopies given by Theorem G, and let
X= &A= Xp)ps1 and X° = (X°: A — Xp)n>1 be the families of maps given by
Lemma 2.30 from x and x*°. Then for each n > 0, we have X° = ;’H o 55311 and
Xn ~k' X3°, where K" := K /(1 — }).

Proof. Immediate from Theorem G and Lemma 2.30. ]

2.6. Proof of Theorem F

An inverse limit of connected spaces is connected, so & is connected.

We now show that f is a covering map. Let x> = (x¢, x1,...) € Xog X X1 X --- rep-
resent an element of §. A finite CW complex is locally contractible [27, Proposition A.4],
so there is a connected neighborhood U of xo € Xy which is contained in a contractible
set. The set U is then evenly covered by ; let 171-, fori =1,...,deg(x), be the compo-
nents of its preimages in X;. The induced map f: § — ¢ is the pullback of the covering
map 7 under ¢3°: § — Xo. This implies that the neighborhood (¢5°)~1(U) of x* is
evenly covered by the neighborhoods (¢$°)™! (U;) under f.

We now show that ¢ is locally path-connected and hence locally connected. In fact,
we will show that ¢ is weakly locally path-connected at every point: for all x € § and
every open neighborhood U > x, there is a smaller open neighborhood x € V' C U so that
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any two points in V' can be connected by a path in U. This is enough, since weak local
path connectivity implies that path components of open sets are open.

We switch to thinking of ¢ as a subset of (X7)*°. Let d; denote the length metric
on X;. Fix p® = (p1, p2,...) € §and g > 0. Form > 1 and ¢ < g9, let Uy, be those
points ¢*° = (q1,42, . ..) € § for which dy(p;,q;) < efori = 1,...,m. The definition of
the product topology says that for any g9 > 0, the U, are a neighborhood basis of p*°.
Using local contractibility and Lemma 2.7, choose &¢ so that balls in X of radius &y or
smaller are contained in a contractible neighborhood and hence evenly covered by & and
so that 7 is an isometry on these balls. Fix m and ¢ < g¢ and focus attention on U := Up, ¢.

Let K be the constant for approximate path lifting given by Proposition 2.14 for the
map ¢: X1 — Xo, and choose n > m large enough that A" K /(1 — 1) <¢/3.LetV CU
be Uy ¢/3, and fix ¢*° € V. Using Theorem G, we are going to show ¢ is weakly locally
path-connected by constructing a path x*°: I — ¢ from p*> to ¢* which is contained
inU.

To construct x*°, we will first construct a family x = (x;: / — X1);>1 of homotopy
pseudo-orbits of paths joining p® to ¢ parameterized by A = I, the unit interval; as a
path, each x; joins p; to g;. We first construct the x; for 1 <i < n, where n is the inte-
ger from the previous paragraph; in this range, x; will be an actual orbit (i.e., for i < n,
the homotopies «; are constant). We begin by choosing the path x,. By construction,
di(pn.qn) < &/3;let x,: A — X1 be a path exhibiting this. By decreasing induction, for
1 <i < n define x; to be the lift of ¢ o x; 1 under = starting at p;. Since ¢ is a contraction
and 7 is an isometry on balls of radius £/3, the image of x; is contained in the &/3-ball
about p;. In particular, ¢; is the only element of 7~ (¢(g;11)) in this ball, so x; ends
atq;.

We complete the construction of x by constructing x; for i > n, by increasing induc-
tion starting with x,,. For i > n, supposing we have defined x;, let x; +; be an approximate
lift under ¢ of & o x; joining p;4+; to g;41. By Proposition 2.14, w o x; and ¢ o x; 4 are
joined by a homotopy «; with trace size bounded by K. This completes the construction
of x.

By Theorem G, the family of homotopy pseudo-orbits (x, &) = (X, «;);>1 defines

(i) a family of orbits parameterized by A4, x = (x/°: A — X1);>1, yielding a map

x*®:A— 4,

(ii) asequence of homotopies 8 = (B7°: 1 x A — X1);» with 7 joining x; to x°.
The bounds on the trace size of the homotopies 8 from x; to x° given in Theorem G
are not enough for our purposes; to make sure the path x°*° remains within U, we need to
make sure that ,BZ?’O has trace size less than € for 1 <i < m, while Theorem G gives a con-
stant trace size K/(1 — A). Thus we consider the proof of the theorem, which expresses
each element 87° as a concatenation ,Bl.l * ﬂiz *eee ok ﬂlk % ---, where each ,35‘ is obtained
from «; ; by repeatedly lifting by 7 (a total of k + 1 times) and composing with ¢ (a
total of k times). Thus ,Blk is constant (trace size 0) for i + k < n, and otherwise has trace



Ahlfors-regular conformal dimension and energies of graph maps 999

size bounded by A¥K. In particular, for i < m, we have

An—i n—-m £
K < K < -.
1-A ~1-2 3

o0
tracesize(B7°) < Z tracesize(Bf) <

k=n—i

Finally, we estimate the size of xl‘?o for 1 <i < m to check that it remains within U.
We have

diam(x;°) < tracesize(f;°) + diam(x;) + tracesize(87°) < ; + g + % =e.

This concludes the proof of weak local path connectivity, and hence local connectivity.

It remains to prove that f: § — & is positively expansive. Let g9 be the parameter
chosen above so that dy-balls of radius &¢ are contained in contractible sets. Consider the
neighborhood of the diagonal N := U; o, = {(x,y) € § x & | d1(x1, y1) < &o}. To prove
that f is positively expansive, it suffices to show that, if (f'x, f?y) € N foreachi > 0,
then x = y, so let us suppose the iterates remain in N. If we think of ¢ as a subset of XN,
the map f is given by the left shift. Thus d; (x;, y;) < &9 for each i > 0.

Since d; is a length metric, for each such i there exists a path f;: [0, 1] — X,
with £(B8;) < & joining x; to y;. By construction, the paths 7 (8;) and ¢(B;+1) join
the same endpoints for each i > 1. We have diam((8;)) < &¢ by construction, while
diam(¢(B;+1)) < Aeo; hence the union of these paths lies in an gg-ball in X. Since the
ball is contractible, the two paths are homotopic. The collection 8 := (f;);>1 is therefore
a homotopy between the orbits x = (x;); and y = (y;);. By Theorem 2.27, we then have
x =y, completing the proof that f is positively expansive. ]

2.7. Homotopy sections

Suppose ¢: X — Y is a continuous map between topological spaces. A homotopy section
of ¢ is a continuous map 0:Y — X such that ¢ o 0 ~g idy for some constant K. The
main result of this section is the existence of homotopy sections to .

Proposition 2.31. Suppose ¢, w: X1 = Xo is a A-backward-contracting and recurrent
virtual endomorphism of finite CW complexes. Suppose o: Xo — X1 is a homotopy section
of ¢, with ¢ o 0 ~k idy,. Then for each n € N, we have the following:

(1) There is a canonically associated family
(x" o) = (" Xp — Xyl I x X = Xo)ix1

of homotopy pseudo-orbits parameterized by X, with trace sizes at most K.
When the space X, is identified with the set of orbits of length n, the map
Xn, — X1 x -+ X Xy determined by the first n coordinates (x7, x;, S X))
induces the identity map on X,. Concretely, we require that x; = 7} o ¢! for
i <nando; is constant fori < n.

(2) There exists X2: X, — § with ¢3° o X%~k idx,, where K' := K /(1 — }).
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Observe that in the lifted length metrics, the diameters of the X,, typically tend to
infinity exponentially fast. Conclusion (2), however, says that the compositions ¢2° o X
are at uniformly bounded distance from the identity.

Proof. We will construct a family of homotopy pseudo-orbits x” = (x;: X, — X1)i>1.
Fix a homotopy a: I x X¢9 — Xy joining the identity to ¢ o o with trace size K.

For 1 <i <n, let x': X, — X, be the natural maps as defined in the statement;
likewise, for 1 <i < n,leta}:I x X, — Xq be the constant homotopies.

Fori > n, set by induction x; 41 := 0 o 7w o x;. Then

Poxipg =¢o0omOX; ~Kk TOX;

with homotopy «; = (7 o x;)*(«) (see Lemma 2.13). This gives the desired family of
homotopy pseudo-orbits.

The second assertion follows immediately from Theorem G’, applied to the fam-
ily (x, @) of homotopy pseudo-orbits parameterized by X, constructed above. |

To get started applying this result, we have the following lemma.

Lemma 2.32. Suppose G, H are finite connected graphs and ¢: G — H is surjective on
the fundamental group. Then there exists a homotopy section o: H — G of ¢.

Proof. The statement is invariant under homotopy equivalence, so we may assume H is
a rose of k circles with basepoint y. Let x € ¢~1(y) be a basepoint for G. Fix one of
the k circles, say B C H. The assumption that ¢ induces a surjection between fundamen-
tal groups implies there is a loop « based at x for which ¢ (o) ~g(g) B relative to y. We
set 0|g = . Doing this for each circle and putting K := maxg K(8) proves the claim. =

As a corollary of Proposition 2.31, we then have the following.

Corollary 2.33. If r,¢: G1 = Gy is a backward-contracting recurrent virtual endomor-
phism of graphs with limit space §, then there exists a constant K > 0 and a family of
maps 0l,: G, — & forn € N such that ¢3° o 0l ~k idg,.

3. The conformal gauge

We recall here from [24] the construction of two natural classes of metrics, one larger than
the other, associated to certain expanding dynamical systems.
3.1. Convention

Throughout this section, we suppose ¢ is compact, connected, and locally connected,
and f:J — ¢ is a positively expansive self-cover of degree d > 2. Proposition 2.5 and
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Lemma 2.3 imply that the dynamics of f:J§ — ¢ is topologically cxc. It follows that
there exists a finite open cover Ug by connected sets such that, as in the notation from
Section 2.1, the mesh of the coverings U,, tends to zero as n — oo, and in addition, for
all U € U, with fr U — U € Uy, we have deg(f™: U — U) = 1, that is, each such U
is evenly covered by each iterate.

3.2. Visual metrics

The metrics we construct are most conveniently defined coarse-geometrically as visual
metrics on the boundary of a certain rooted Gromov hyperbolic 1-complex. Before launch-
ing into technicalities, we quickly summarize the development. The visual metrics on §
have the properties that there exists a constant 0 < 6 < 1 such that for any n € N and
any U € U,, we have diam U < 6", and these U are uniformly nearly round; see Theo-
rem 3.2 for the precise statements. The snowflake gauge is the set of metrics bi-Lipschitz
equivalent to some power of a visual metric. The snowflake gauge is an invariant of the
topological dynamics. Visual metrics are Ahlfors regular with respect to the Hausdorff
measure in their Hausdorff dimension, and this measure is comparable to the measure of
maximal entropy. The Ahlfors-regular gauge of metrics is the larger set of all Ahlfors-
regular spaces quasi-symmetrically equivalent to a visual metric; it too is an invariant of
the topological dynamics.

1-complex. From coverings as above, we define a rooted hyperbolic 1-complex X to get
the visual metrics. In addition to the U, for n > 0, let U_; be the trivial covering {J}.
The vertices of X are the elements of the U,, forn > —1, withroot § € U_;. If U € U,
the level of U is |U| := n. Edges of X are of two types:

e Horizontal edges join U, U’ € U, if U N U’ # 0.
»  Vertical edges join U, U’ if ||U| — |U’|| = 1land U N U’ # @.

We equip ¥ with the word length metric in which each edge has length 1. The level of an
edge is the maximum of the levels of its endpoints.

Compactification. We compactify X in the spirit of W. Floyd rather than of M. Gromov,
as follows. Let ¢ > 0 be a parameter, and let d; be the length metric on ¥ obtained by
scaling, so edges at level n have length 6" where 6 = e~°. The metric space (X, d;) is not
complete. Its completion X, sometimes called the Floyd completion, adjoins the corre-
sponding boundary 9, % := X, — X. The extension of d; to a metric on the boundary 9, %
is called a visual metric on the boundary.

Snapshots. To set up the statement of the next theorem, we need a definition.
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Definition 3.1. Suppose X is a metric space and 0 < 6 < 1. A sequence (S,), of finite
coverings of X is called a sequence of snapshots of X with scale parameter 6 if there
exists a constant C > 1 such that

(1) (scale and roundness) for all #n and all s € §,, there exists x; € s with
B(xs,C719") C s C B(xg, CO™);

(2) (nearly disjoint) for all n, the collection of pairs {(xs, s) | § € S, } may be chosen
so that in addition

B(xs,C710") N B(xy,C710™) £ 0
whenever s and s’ are distinct elements of S,,.

The elements s € S, need not be open nor connected.

Properties of visual metrics. Theorem 3.2 summarizes highlights of [24, Chapter 3],
specialized to the conventions in Section 3.1.

Theorem 3.2 (Visual metrics). Suppose the topological dynamical system f:$ — &
and sequence of open covers (Uy)y, satisfy the assumptions in Section 3.1. Let X be the
associated 1-complex.

There exists g9 > 0 such that for all 0 < € < g, the boundary 0, % equipped with the
visual metric dg is naturally homeomorphic to §. Moreover, for each ¢ in this range there
exists C > 1 such that the following hold. Let 0 = e~% < 1; we denote by B, an open ball
with respect to d,.

(1) (Snapshot property) The sequence (Uy), is a sequence of snapshots of § with
scale parameter 6.

() Forq:=="2% forallx € 4 and all r < diam(§), the Hausdorff q-dimensional

&
measure satisfies

C'r? < #9(By(x,r)) < Cri.

(3) There exists a unique f-invariant probability measure |y of maximal entropy
log d supported on §. The support of s is equal to all of &, and for all Borel
sets E, we have C™' < s (E)/H9(E) < C.

(4) There exists ro < diam(g) so that for all r < rg, we have f(Bg(x,r)) =
B.(f(x),071r), and the restriction f: Bg(x,r) — Bg(f(x),07r) scales dis-
tances by the factor 7.

5) If two different parameters ¢, & and two different open covers Uy, U, are
p P 0
employed in the construction, the resulting metrics d, d' are snowflake equivalent.
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Snowflake equivalence. Two metrics d, d’ are snowflake equivalent if there exist param-
eters B, B’ > 0 such that the ratio d#/(d")#" is bounded away from zero and infinity.
Put another way, snowflake equivalent means bi-Lipschitz, after raising the metrics to
appropriate powers. The snowflake gauge of (f: 4 — &) is the snowflake equivalence
class of some (and by Theorem 3.2 (5), equivalently, of any) visual metric on §. Thus
the snowflake gauge of the dynamical system f:J — ¢ depends only on the topological
dynamics and not on choices.

A snowflake equivalence d + d’ preserves the property of being a sequence of snap-
shots, though the scale parameter and constant C may change. However, if (S,), is a
sequence of snapshots in a metric space X, if Y is another metric space, and if h: X — Y
is only a quasi-symmetry, then the transported sequence (77), comprised of images of
elements of S, under & need not be a sequence of snapshots: the scale condition in the
definition of sequence of snapshots (Definition 3.1 (1)) can fail; see Section 3.3 for a
definition of quasi-symmetry.

Conformal elevator and naturality of gauges. Suppose now f: C—>Cisa hyperbolic
rational function. Its Julia set § can now be equipped with at least two natural metrics:
the round spherical metric and a visual metric. The Koebe distortion principles imply that
small spherical balls can be blown up via iterates of f to balls of definite size, with uni-
formly bounded distortion. The same is true for the visual metric by Theorem 3.2 (4).
Combining these observations in a technique known as the conformal elevator implies the
following.

Proposition 3.3. On Julia sets of hyperbolic rational functions, the spherical and visual
metrics are quasi-symmetrically equivalent.

This is true much more generally [24, Theorems 2.8.2 and 4.2.4]. In all but the most
restricted cases, however, the spherical and visual metrics are not snowflake equivalent.
In the visual metric, the map f is locally a homothety with a constant factor which is
the same at all points. In the spherical metric, the image of a ball under f need not be a
ball, and what is more, typically, the magnitude of the derivative | f'(z)| varies as z varies
in Jr. The exceptions include maps such as f(z) = z4.

3.3. Ahlfors-regular spaces

We collect several facts here; see [29]. A metric space is doubling if there is an integer N
such that any ball of radius r is covered by at most N balls of radius r/2. Doubling is a
finite-dimensionality condition: the Assouad embedding theorem asserts that a doubling
metric space is snowflake equivalent to a subset of a finite-dimensional spherical space.
Ahlfors regularity is a homogeneity condition that implies doubling. A space with both
a metric and a measure (Z, d, ) is Ahlfors regular of exponent ¢ if w(B(z,r)) < r? for
each r < diam(Z), where the implicit constant is independent of z and of r. The Hausdorff
dimension of such a space is necessarily equal to g, and in fact, the given measure u is
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comparable to the g-dimensional Hausdorff measure. A metric space is Ahlfors regular if
its Hausdorff measure in its Hausdorff dimension is Ahlfors regular.

Suppose (Z,d, i) and (Z',d’, u') are connected, compact, doubling metric spaces.
A homeomorphism h: Z — Z' is a quasi-symmetry (qs) if there is a constant H > 1 such
that for each r < diam(Z) and each z € Z, there is an s > 0 such that

Byi(h(z),s) C h(Bg(z,r)) C Bg(h(z), Hs).

In other words, the image of a round ball is nearly round.” A quasi-symmetric map does
not, in general, preserve the property of Ahlfors regularity, though it does preserve the
property of being doubling.

The Ahlfors-regular conformal gauge §(Z) of a metric space Z is the set of all
Ahlfors-regular metric spaces gs equivalent to Z; it may be empty. Let f: § — & be
a positively expansive self-cover as in the conventions of Section 3.1, and let d; be a
visual metric from Theorem 3.2. Conclusion (2) of that theorem shows that visual metrics
are Ahlfors regular, and so §(f: ¢ — §) := §(¢, d,) is nonempty. For example, if f is
a hyperbolic rational function with Julia set ¢, the spherical metric dgn on ¢ is Ahlfors
regular, with exponent ¢ = hdim({, dyn); see [43, Corollary 9.1.7]. Proposition 3.3 then
implies that the spherical and visual metrics on ¢ both belong to the gauge §(f: § — £).

The Ahlfors-regular conformal dimension ARCdim( f: § — &) is the infimum of the
Hausdorff dimensions of the metrics in the Ahlfors-regular conformal gauge. It is thus
another numerical invariant of the topological dynamics. Note that by definition, for any
Ahlfors-regular metricd in §(f: ¢ — &), we have

ARCdim(f: ¢ — ¢) < hdim(¢,d).

3.4. Approximately self-similar spaces

Our proof of Theorem A uses a result of Carrasco and Keith—Kleiner that says that for

certain classes of spaces, the Ahlfors-regular conformal dimension is a critical exponent

of combinatorial modulus (see Theorem 5.11). Here, we introduce that class of spaces.
The following definition appears in [32, Section 3].

Definition 3.4 (Approximately self-similar). A compact metric space (Z, d) is approxi-
mately self-similar if there exists a constant L > 1 such that for every ball B(z,r) C Z
with radius 0 < r < diam(Z), there exists an open set U C Z which is L-bi-Lipschitz
equivalent to the rescaled ball (B(z, r), %d ).

An immediate consequence of Theorem 3.2 is the following.

2Strictly speaking, this is the definition of a weakly gs map; this is equivalent to the standard but less
intuitive definition of a gs map in our setting; see [29].
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Corollary 3.5 (Visual metrics are self-similar). In the setting of Theorem 3.2, visual
metrics are approximately self-similar.

Proof. Let ¢, rg, and 6 be as in Theorem 3.2. Set L := diam(Z)/(6rp). Choose any
0 < r < diam(g). Let Bs(x,r) be any ball. If r > 0ry, we take U := B.(x, r) and
note that the metric space (B.(x,r), d¢) is L-bi-Lipschitz equivalent to its rescaling
(Bs(x.,r), Ld;). If r < Org, let n be the unique integer for which 6r¢ < 67"r < ro. Set
U = B.(f"x,07"r). By Theorem 3.2 (4), the open set U is isometric to the rescaled
metric space (Bg(x,r),07"d,) = (Bs(x, r), % -rG‘"dg) which is in turn L-bi-Lipschitz
equivalent to (Bs(x, r), +d;) by our choice of 7. n

4. Energies of graph maps

In this section, we introduce asymptotic g-conformal energies associated to virtual endo-
morphisms of graphs and related analytical notions of extremal length. This section
is a review of concepts from [51], which contains further motivation, especially in its
Appendix A.

In this section, all graphs are assumed to be finite.

4.1. Weighted and ¢g-conformal graphs
Definition 4.1. Suppose G is a graph, and 1 < ¢ < oo.

(1) For 1 < g < o0, a g-conformal structure on G 1is a positive g-length o(e) on each
edge e, giving a length metric |dx| in which e has length a(e). For ¢ = oo, this is
also called a length graph.

(2) For g = 1, a 1-conformal structure on G is a positive weight w(e) on each edge e.
These weights do not determine a length structure. (For instance, in cases where
we take derivatives for maps from a 1-conformal graph, the length structure is
arbitrary.) A 1-conformal graph is also called a weighted graph.

We will write G for a graph together with a choice of g-conformal structure on it and
denote its underlying graph by G.

Remark 4.2. Although g-conformal structures for ¢ € (1, oo] are all formally the same
data, we distinguish the value of g for two reasons. First, it helps us keep track of which
energies EJ to consider. Second, from another point of view a g-conformal structure is
naturally thought of as an equivalence class of pairs (£, w) of a length structure £ and
weights w under a rescaling depending on ¢ [51, Definition A.17], and from that point of
view, there are two natural length-like structures in the picture.

The distinctions between g-conformal graphs as g varies arise from how various
related analytical quantities are defined and scale under changes of weights. Imagine
each edge as “thickened” with an extra (¢ — 1)-dimensional space to obtain a “rectan-
gle” equipped with g-dimensional Hausdorff measure #¢. Scaling the length of an edge
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by a factor A changes the total #?-measure by the factor A? and therefore scales in the
imaginary direction “orthogonal” to the edge by the factor A9~1.

An important special case of weighted graphs (i.e., ¢ = 1) is when the underlying
space is a 1-manifold | J; J;, where each J; is an interval or the circle. We may regard
each J; as a graph, by adding the endpoints of the interval, or an arbitrary vertex on the
circle. Up to isomorphism, the result is unique. A formal sum C = ) w; J; with w; > 0
then determines a weighted graph in a unique way, by setting the weight of the unique
edge in J; to be w;. Ignoring the graph structure, we also call C a weighted 1-manifold.

Definition 4.3. A curve on a space X is a connected 1-manifold C (either 7 or S!)
together with a map y: C — X. We refer to the curve by just the map y to be short,
but the underlying domain C is part of the data. (Note the distinction with a path, where,
for us, the domain is a fixed interval of real numbers.) For a multi-curve, we drop the
restriction that C be connected, giving C = | J; J; where the J; € {I, S!} are the con-
nected components and the map y is determined by y;: J; — X. A strand of a multi-curve
is one of its component curves y;. A weighted multi-curve y: C — X is similar, but where
C = ) w; J; has the structure of a weighted graph; we also denote thisby y = > w;y;.
The homotopy class of a curve or multi-curve y is denoted [y].

4.2. Energies and extremal length

For any 1 < p < ¢ < oo and piecewise linear (PL) map ¢: G? — H? from a p-conformal
graph to a g-conformal graph, there is an energy EJ (¢) with well-behaved properties. For
any of these energies and a homotopy class [¢] of maps as above, we denote by EJ [¢] the
infimum of the energy over maps in the class. In this paper, we only need a few special
cases.

Case p =1and 1 < g < co. We switch names to consider a PL map ¢: W' — G4 from
a weighted (or 1-conformal) graph W! to a g-conformal graph G4, where 1 < ¢ < co. (In
this paper, W! will typically be a 1-manifold, so this is the structure of a weighted curve
on G4.) Letqg¥ = ¢q/(q — 1) be the Holder conjugate of g.

Define

Eg(¢) = lIngllqv.co-

We now explain the notation. For y € G4, the value

ng(y):= Y wle(x))
d(x)=y

is the weighted number of preimages of y, where for x € W, the quantity e(x) denotes
an edge containing x. The edge weights « on GY, when interpreted as lengths, define a
length measure |dy| on the underlying set of G¥ such that [ . 1dy| = a(e) for each edge e
of G4. The quantity n4(y) may be infinite (if, e.g., ¢ collapses an edge to the point y) or
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undefined (if, e.g., x € ¢~ !(y) is a vertex incident to edges with different weights). How-
ever, the assumption that ¢ is PL and our convention that the graphs are finite imply that
the set of such y is finite, hence of |dy|-measure zero. The quantity ||ng|/4v,Ga is then the
usual 29" norm of the function ny with respect to the measure |dy|. For instance, EL (¢)
is the weighted total length of the image of ¢.

If ngy is constant on edges of G¢—automatic if ¢ minimizes energy in its homotopy
class—the formula for the energy is concretely given by

1/qY
qu(¢):( ) a(e)nd,(e)qv) | (4.4

ecEdge(G)

Definition 4.5. A weighted multi-curve y: C — G on a graph G is reduced if the restric-
tion to each strand is either constant or has arbitrarily small perturbations that are locally
injective.

Thus the images of the strands of a reduced multi-curve have no backtracking.
Reduced curves ¢ minimize E; in their homotopy class [51, Proposition 3.8 and
Lemma 3.10].

We also define the g-extremal-length of a homotopy class of maps ¢: W! — G4 by

ELy[¢] == (E,[9])?. (4.6)

To justify the terminology, note that as explained in [50, Section 5.2], the minimizer of
extremal length over a suitable homotopy class of maps exists and is realized by a map
with nice properties, and the minimum value, when formulated as an extremal problem,
mimics the usual definition of extremal length; see also Section 5.5.

Casel < p < oo and g = co. The p-harmonic energy of a PL map ¢: G — K from
a p-conformal graph to a length graph is

EL(#) = lll¢'llp.6-

Here |¢’| denotes the size of the derivative: since p > 1, the conformal graph G? has a
length structure, so we can differentiate. If the derivative of ¢ is constant on the edges
of GP—automatic if ¢ minimizes energy in its homotopy class—this is

1/p
EL(@) = ( ) a(e)l—mgb(e))l’) ,
ecEdge(G)
where (¢ (e)) is the total length of the image of e.

Case p = 1 and ¢ = oo. This is the common limit of the above two cases, slightly mod-
ified since 1-conformal graphs have a weight w instead of a p-length . For a PL map
¢: Wl — K from a weighted graph to a length graph, set

EL() = / w0l @)l dr = [ _ o3 dy.
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This is the weighted length of the image of ¢.

Casel < p =g < oo. APL map ¢: G¢ — H? between g-conformal graphs has filling
Sunction Fill? (¢): H? — R given at generic points by

Fill!(¢)(y) = ) [¢'(@)|"! “.7)
¢(x)=y

and a g-conformal energy given by

EL(@) = (|[Fill*($)lloo,r2) /7. (4.8)

If we interpret edges of conformal graphs as “thickened to rectangles” as described above,
the filling function sums the “thicknesses” of the “rectangles” over a fiber.

Case p =g = 1. APL map ¢: G' — H! has an energy E/ that is again a limit of the
above case, modified to account for weights rather than g-lengths:

N(¢) = Ell(qb) = ess sup n¢(y)'
yeH w (y )
We will apply this in cases where the weights are all 1, in which case this amounts to
counting the essential maximum of the number of preimages of any point. (“Essential”
as usual means that we can ignore sets of linear measure zero, and in particular, we can
ignore images of edges of G! that map to a single point in H'.) We will also call this
quantity N(¢).

Properties of energies. It is not too hard to see that these energies above are all sub-
multiplicative: if ¢: GP — H? and y: H? — K" are maps from a p-conformal graph
to a g-conformal graph to an r-conformal graph (where the energies are defined), then
EP (Y o) < EF(¢)EF (¥) [51, Proposition A.12].

Given ¢: G4 — HY?, we denote by [¢] its homotopy class. It is natural to consider
minimizers of Eg over the class [¢]. The fact that minimizers of these energies exist is not
obvious, but more is true. We first give some general context.

Definition 4.9 ([51, Definition 1.33]). Given maps ¢: G — HY? and ¢: H? — K"
between graphs G?, H?, and K" with the respective conformal structures, we say that
the sequence G? — HY — K" is tight if

El[Yodl = Ef (Y o¢) = EJ(H)ET (V).

Together with sub-multiplicativity of energy, the existence of a tight sequence implies
that ¢ and v both minimize energy in their respective homotopy classes, and furthermore,
the sub-multiplicativity inequalities are sharp. Then [51, Theorem 6, Appendix A] asserts
that any map ¢: G¢ — H" can be homotoped to be part of a tight sequence (on either
side). We will state and use two special cases, starting with the easier one.
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Proposition 4.10. Pick 1 < g < oo and let G4 be a q-conformal graph. For any reduced

multi-curve y: C' — G? on G, there is a length graph K and map ¥: G4 — K so

that

Eq(oy)
ES(¥)

and the maps \ and \ o y minimize the energies E&, and EL, respectively, in their homo-

E (y) = Ejlyl =

’

topy classes. Furthermore, we can take K to have the same underlying graph as G4 but
with different edge lengths and can take \ to be the identity.

This is the case p = 1 of [51, Theorem 6]; see also [51, Proposition A.10]. It can be
viewed as the duality of L? and L4 norms. The case q = 2 appears as the duality map
in [51, Definition 6.21]. Since the proof of this case was omitted in the cited paper, we
include it here.

Proof. Define K* to have underlying graph G with the length of an edge given by
Lie) = a(e)ny(e)l/(q_l). Set ¥ to be the identity as a map from G to itself. Then
Y oy:C! — K™ isreduced. We thus have

Exlyoy] = Ex(foy) =) nyle)-Le) = Ej(n)ELW),

where last equality is the equality case of the Holder inequality ||ny, - (£/a)]l1,6¢ <
7y llqv,Ga - I1£/allq,ge and is immediate if you expand the definitions. We therefore have
a tight sequence C! — G4 — K, yielding all the conclusions in the statement by [51,
Lemma 1.34]. [

For the other version, we define another quantity, the stretch factor. Define

«— Ejl¢ oy
SF = a4 ‘-
al?] [y]:SggG Ejly]

’

where the supremum runs over all nontrivial homotopy classes of weighted multi-curves
y: C! — G4 (which we may take to be reduced). In other words, by equation (4.6), the
q-stretch factor is a power of the maximum ratio of distortion of g-extremal-length of
homotopy classes of maps of weighted multi-curves. (It is easy to see that the supremum
is the same if we take it over unweighted multi-curves or over unweighted curves, but in
either of these other cases, the supremum is not always realized.)

Theorem 4.11. For 1 < g < oo and [¢p]: G? — H? a homotopy class of maps between
q-conformal graphs, there is a map Y € [¢p], a weighted 1-manifold C' = > wilJi, and
amap y:C' — HA fitting into a tight sequence

ctL gl g



K. M. Pilgrim and D. P. Thurston 1010

Explicitly, ¥ minimizes Eg in [p] and

EqWoy) &
EJ(Y) = E{[¢] = ——— = SFyl¢].
‘ ‘ E}(y) !
The multi-curves y: C' — G9 and o y: C' — HY are reduced and thus minimize E;
in their homotopy classes. Furthermore, we can choose the curve so that for each edge e
of G4 and each strand J; of C, the image of the restriction y|J; meets e at most twice.

Most of this is the case p = g of [51, Theorem 6]. The last conclusion in Theorem 4.1 1
(on C! meeting each edge of G? at most twice) is a consequence of [51, Proposition 3.19].

4.3. Asymptotic energies of virtual graph endomorphisms

In this subsection, we summarize some results from [52].

We now assume m, ¢: G; == Gy is a virtual endomorphism of graphs. Following the
notation from Section 2.5, forn = 1,2,..., let ¢3: G, — Go and 7j: G, — G be the
induced maps. For ease of reading, we write ¢" := ¢ and n” = 7.

Fix 1 < g < oo. Fix a g-conformal structure on Gy: for ¢ > 1, pick g-lengths ¢, or
for ¢ = 1, pick weights wg. This g-conformal structure can be lifted under the coverings
7" G, — Gy to yield a g-conformal structure o, or w, on G, that we denote Gi.

Definition 4.12 (Asymptotic g-conformal energy). Suppose 1 < g < oco. The asymptotic
q-conformal energy of a virtual endomorphism (7, ¢) is

E(m.¢) = lim Ef[¢"]'".
n—>oQ
where ¢": G, — Gg , and we use the lifted g-conformal structure as above.

The limit exists and is equal to the infimum of the terms, since the energies are invari-
ant under passing to covers and are sub-multiplicative; see [52, Proposition 5.6]. Since we
take homotopy classes of ¢” on the right-hand side, it follows easily [52, Proposition 5.7]
that E9(xr, ¢) only depends on the homotopy class of (i, ¢) as defined in [52, Defini-
tion 2.2]. In particular, it is independent of the choice of g-conformal structure on Gy.
So we will henceforth write the asymptotic energy as E4[r, ¢]. In addition, the asymp-
totic energy is continuous and non-increasing in the exponent g [52, Proposition 6.10,
Corollary 6.12]. We summarize these facts as follows.

Proposition 4.13 ([52, Proposition 6.10]). Suppose 1 < g < co and 7, p: G1 = Gy is
a virtual endomorphism of graphs. Then the asymptotic q-conformal energy E4[m, $]
depends only on the homotopy class of [, ¢] and is continuous and non-increasing as a
function of q.

We will assume that E% [, ¢] < 1; equivalently, after passing to an iterate, there is a
metric on Gg such that ¢: G; — Gy is contracting [52, Section 6, p. 36]. This places us in
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the setup of Section 2, so we have, by Theorem F, a locally connected limit space § and
a positively expansive self-cover f: § — g. The asymptotic energies E4[r, ¢] become
numerical invariants of our presentation of the dynamical system f: 4 — 4.

Question 4.14. Is E4[, $] an invariant of the topological conjugacy class of f: ¢ — 4?
That is, if two different contracting graph virtual endomorphisms , ¢: G; = G¢ give
homeomorphic limit spaces ¢ and topologically conjugate maps f on them, do the ener-
gies E4 coincide? Is this the case if they are combinatorially equivalent in the sense
of [38]?

Remark 4.15. We expand on Question 4.14. If we start with a hyperbolic pcf rational map
I C— (@, then we can take Gy to be a spine of C minus the post-critical set Py of f and
Gy := f'(Gy). Since any two spines of the complement of Py are homotopy equivalent,
any two such choices will give homotopy-equivalent virtual endomorphisms and the same
energies E¢ and critical exponents ¢* and ¢.. But there are other virtual endomorphisms
that give the same dynamics on the limit space. For instance, we could reindex, consid-
ering 7, ¢n_,: G, = G,—1 as in Section 2.5, without changing the dynamics of f
on . (Note, by contrast, that iterating to 7jf, ¢y : G» = Go does not change ¢, but does
change f and EY in a predictable way.) More generally, for a hyperbolic pcf rational map,
one could look at a forward-invariant set P’ 2 Py of Fatou points, adding some preimages
of points in Py, and construct a virtual endomorphism from that; for P = f (Pr), we
get (71, ¢"*1) but there are many other possibilities, yielding virtual endomorphisms
that are not homotopy equivalent in the sense of [52, Definition 2.2] (since the graphs G
have different ranks) but give the same limiting dynamics on .

For general dynamics f: 4 — ¢, it is unclear how to parameterize all the different
ways to see f as the limit of a graph virtual endomorphlsm and thus Question 4.14 is
open. In the spemal case of rational maps f: C—C (or expanding branched self-covers),
all spines of C - Py are homotopy equivalent, and so we can write E(f) unambiguously.
Another question for future research is to consider cases where ¢ is not topologically
1 dimensional and thus not a limit of graph virtual endomorphisms at all: there should be
some suitable replacement for the graph energies EJ.

5. Combinatorial modulus

In this section, we first recall the definition of the combinatorial g-modulus (or, equiv-
alently, its inverse, the combinatorial g-extremal-length) associated to a family I" of
curves y on a topological space X equipped with a finite cover U. In fact, there are several
such notions, treating families of curves, of multi-curves, and of weighted multi-curves,
as defined in Section 4.1. We next show their coarse equivalence. Suppose I is a family
of curves on X.
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» There is a canonically associated family T'* of weighted multi-curves > w;y;, y; € T,
normalized so ), w; = 1. We extend the definition of combinatorial modulus to
weighted families so that the moduli of I and I'* coincide; see Lemma 5.3.

e The family I' may be chopped up, or subdivided, into a family of weighted multi-
curves whose strands are shorter curves. Under natural conditions, the moduli of T
and of the resulting subdivided family are comparable, with control; see Lemma 5.4.

e If U and V are two covers with controlled overlap, then the moduli of the family I"
with respect to U and to 'V are comparable, with control; see Lemma 5.5. As an
application, two curves that are close, with control, have comparable modulus; see
Lemma 5.6.

* If X = GY is a g-conformal graph, C is a weighted 1-manifold as in Section 4.1,
and T is the set of maps y: C — G? from C to G in a fixed homotopy class [y], then
the combinatorial g-extremal-length of I with respect to the covering by closed edges
of G7 is comparable to a power of the g-conformal energy, (E [} [yD?, with control;
see Proposition 5.10.

We conclude with a result, Theorem 5.11, which says the Ahlfors-regular conformal
dimension coincides with a critical exponent for combinatorial modulus of weighted curve
families whose elements have diameters bounded from below. This follows from a result
of Carrasco [12, Corollary 1.4] and Keith—Kleiner, which holds for unweighted curves,
and Lemma 5.3.

5.1. Combinatorial modulus

Let § be a finite covering of a topological space X, by which we mean a multi-set of
subsets s of X whose union is X. Note that we allow repetitions and do not assume the s’s
are open or connected. For K C X, denote by § (K) the set of elements of § which inter-
sect K, and let | J § (K) be the union of these elements of §; we may think of | J §(K) as
the “S-neighborhood” of K.

Let g > 1. A test metric is a function p: § — [0, 00). The g-volume of X with respect
to pis

Va(p.8) = p(s)?.
SES

For K C X, the p-length of K is
L(K.$)= Y pls).
seS(K)
If y: C — X is a curve, we define the p-length of its image in X by
L8 =Y p(),
seS(y(C))

that is, identifying y with its image. Since C is implicitly part of the data defining y, we
adopt the briefer notation § (y) for § (y(C)).
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We pause to clarify some subtle points. First, each sum is a sum over a multi-set. So, if
an element s of § is repeated, say twice, then the sum for V;(p, §) has two corresponding
terms. Next, recall that the domain of a curve is connected. The p-length of a curve y
depends only on its image y(C) and not on its parameterization. So, for example, if y
parameterizes a simple loop, then £,(y, §) = £,(y", §) for all n > 1. And finally, more
generally, the computation of £,(y, §) does not depend on the number of times y meets
an element s € S; see Section 5.3 for alternatives.

If T is a family of curves in X, we make the following definitions leading up to the
combinatorial modulus of " with respect to §, denoted mod, (T, §):

Ly(I',8) == inf £,(y,S)
yel

V,(p. S
mod, (T, p, §) = % (5.1
p\Ls

mod, (T, §) := infmod, (T, p, §).
o

In the last infimum, we restrict to test metrics p for which L,(I", §) # 0. We often use an
equivalent formulation of mod, (T, §) more familiar to analysts. A test metric is admissible
for I"if £,(y, §) > 1 for each y € I'". Then it is easy to see that

mod, (T, §) = inf{V,(p, S) | p admissible for I'}.

The combinatorial modulus of a nonempty family of curves is always finite and positive.
The combinatorial extremal length of a curve family I' is the reciprocal of the
combinatorial modulus:

L,(T,$)?
EL,(T,S) = sup -2~
! p Va(p.S)

We will relate this to E ; [y] in the sense of Section 4; see Section 5.5.

Remark 5.2. In this finite combinatorial world, it makes sense to take I' = {y}, a single
curve. That is, for any ¢ > 1, any finite cover §, and any curve y, we have a finite and
nonzero mody (y, §). Essentially, discretizing via the coverings thickens a single curve so
that it behaves like a family.

5.2. Weighted multi-curves

Recall that a weighted multi-curve is a finite formal sum y = ) w;y;, where w; > 0 and
the y;’s are curves on X. It is normalized if )_ w; = 1.
We will require two sorts of families of weighted multi-curves on a space X.

 Fix a multi-curve y: C — X with strands y;: J; — X, J; € {I, S'}, and fix corre-
sponding positive weights w;. Then we may consider the family whose elements are
weighted multi-curves y = Y w; y;. The number of strands and the weights are fixed
within the family.
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* Fix aset I' of unweighted curves on X. Then we may consider the family whose ele-
ments are weighted multi-curves y = ) ; w;y;, where y; € I'. Here, both the number
of strands and the weights may vary within the family.

To be concrete about the second type of family, suppose I is a family of unweighted
curves on X. Define

rv .= {Zwiy,- ’y,- eF,Zwi = 1}.

This is a family of normalized weighted curves canonically associated to I'. The assign-
ment y — 1 -y yields an inclusion I < I'”. So, as families of weighted curves, we have
rcrv.

We next extend the definition of combinatorial modulus to families of weighted multi-
curves. Let § be a finite covering of X, and let g > 1. If p: § — [0, 00) is a test metric,
the p-length of a weighted multi-curve y = ) w;y; is given by

Lo(y.8) =D _wily(ys).

We then define the combinatorial modulus mod, (I'*, §) using equation (5.1).

Lemma 5.3 (Moduli of weighted curves). Suppose I is a family of unweighted curves,
and TV is the corresponding family of normalized weighted curves. For any q > 1, we
have mod, (I'*, §) = mod, (T, §).

Proof. The inequality mod, (I'*, §) > mod, (I, §) holds since I'*” D I'. Now suppose p
satisfies £,(y, §) > 1 foreach y € I, and suppose ¢ = ) _; w;y; € I'. Then

Lo(c,8) = Zwi( Z p(s)) = Zwiﬁp(%,s) > Zwi =1

i sNy; #0

Thus each admissible metric for I' is also admissible for ', so mod,(I'", §) <
mod, (T, §). |

5.3. Subdivision

We now turn to subdividing weighted multi-curves. We only need this construction for the
case I' = {y}, a single weighted multi-curve y = _; w;¥;, and not for curve families.

Suppose y = Y w;y; is a weighted multi-curve corresponding to a map y: C — X,
where C = |J; w; J; and y;: J; — X, where each J; is either an interval or a circle. Sup-
pose that for each i we are given a finite set of maps «; : I; ¢ — J;, where each I; i is
a copy of the unit interval and the images of the o; x cover J; without gaps or overlaps,
except for singleton points on the boundary. Then the corresponding subdivision of y is
the weighted multi-curve on X

4

DO wilyi o i),
k
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corresponding to the map
¢ D = Uwili,k ~X
ik

with component maps {;x = ¥; o ;. The subdivision of a normalized weighted
multi-curve is not usually normalized.

Lemma 5.4 (Subdivision). Suppose y =Y, w;y; is a weighted multi-curve on X, and §
is a finite cover of X. Let ¢ > 1, and let { be a subdivision of y. Then modg({, §) <
mody (y, §).

Furthermore, ifno §; x has image contained in a single element of S and there is a con-
stant K so that, for each s € § and each strand i, the number of connected components
ofyi_l(s) is bounded by K, then modg (y, ) <k, mody (¢, S).

Proof. Suppose p is any test metric. For the first assertion, we have £,(£, 8) > £,(y, $).
The inequality for g-modulus then follows from the definitions.

For the second assertion, the given conditions imply that if a given element s € §
meets some y;, it then meets at most 2K of the restricted curves {; . Thus £,(Z, §) <
2K - £,(y, S). It follows that mod, (¢, $) = (2K)™? mod, (. S). |

5.4. When moduli are comparable

Several different coverings naturally arise in our setting on graphs. We show that given
a curve family, the corresponding g-moduli are coarsely equivalent when certain natural
regularity conditions hold.

Two coverings U, V of a topological space X have K-bounded overlap if, for each
u € U, wehave 1 <#V(u) < K, and vice versa for each v € V we have 1 < #U(v) < K.
Here, the notation follows that from Section 5.1, so that V(u) ={v € V | vNu # @} and
UWw) ={ueU|unuv# 0B} Acovering U is K-bounded if it has K-bounded overlap
with itself.

Lemma 5.5 (Bounded overlap). Suppose U,V are two finite coverings of a topological
space X with K-bounded overlap. Let I be a family of weighted multi-curves on X . Then,
forany g > 1,

mod, (I', W) <k,q mod, (I, V)
or, more precisely,
mod, (T, U) € [K~77!, K9] . mod, (T, V).

Proof. We imitate the argument in [11, Theorem 4.3.1]. Suppose 0: V — R is a test metric
for V. Define a test metric p: U — R and a function f: U — V by setting

p(u) = o(f(u)) = max{o(v) | uNv # G},
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that is, f(u) € 'V is any element that realizes the maximum.
For any strand y of an element in I', we have

Lo = Y o= X (X ow)s X Ko = Keyln ),

vey ueU vey ueU
vNy#@ uNy#0 vNu#0 uNy#0

So for any weighted multi-curve y = > w; y; in I', we therefore have by linearity that
b (., V) < Kep(r. W).
Taking the infimum over the set I', we conclude
Lo(I',U) > % - Ls(T,V).
From the definition and K-bounded overlap, it is straightforward to see that
Valo. W) < K - Vy(0. V).
We conclude from the definition of modulus as the infimum of the ratio V,(-)/(L(-))? that
mod, (T, U) < K9 mod, (T, V).
The other bound follows by symmetry. ]

We need additional notation to set up the statement of the next lemma. For § a cover
of X, let $2 be the cover whose elements are J S8(s) for s € §. (That is, we take the
union of all elements of § that intersect s.) Inductively define ¥ to be the cover whose
elements are | J S(¢) for t € SV =1, The elements of SV are in natural bijection with those
of § but are larger “combinatorial §-neighborhoods”.

Lemma 5.6 (Fellow travelers). Let X be a topological space equipped with a K-
bounded finite cover S. Fix a compact 1-manifold C = \_J; J; and corresponding positive
weights w;, and suppose y’ = Do Wi yij, j = 1,2 are two normalized weighted multi-
curves given by maps y’: C — X. Suppose there is an N € N so that each strand yil
of y! is contained in | J SN()/I.Z), and similarly yiz is contained in | J SN (yil). Then for all
q > 1, we have

modq(yl, S) XKk.Ng modq(yz, S).

Note that the statement does not concern families of multi-curves—just single multi-
curves. The content of the lemma is that the bound depends only on the constants
K,N,q.

Proof. Fix g > 1. Fix temporarily a test metric p: § — [0, 00). For s € §, we denote by §
the corresponding element of §V. We denote by p: S — [0, 00) the test metric obtained

by setting p(8) := p(s).
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Fix a strand yiz of y2. By assumption, )/iz c s (yil). This implies that if s € § (yl.z),
then § € SN(yil). Thus £5(y}, sNy > £,(y?. §), and so via linear combinations and the
definition, we have £;(y", SNy >€,(y%,$). Since y!, y? are weighted curves, as opposed
to families, we have Lﬁ(yl, SNy > Ly(y?,8). Since V4 (p, SNy = V4(p, 8), we conclude

VaB.5Y) _ Vy(p.S)
Lﬁ(yl,SN)q - Lp(7/273)q.

Taking p to realize the infimum of the right-hand ratio, we conclude
modq(yl, sV < modq(yz, S).

The covering $V has K" -bounded overlap with the covering §. By Lemma 5.5, we
conclude
mod, (y'. 8) Sk.n.g mody(y'. SN) <k ng mody(y>. S).

The other bound follows by symmetry. ]

The next two lemmas are technically convenient.

A graph G has a natural covering & whose elements are the closed edges of G. There
is also a partial covering &° whose elements are the interiors of the edges of G. Since &°
does not cover all of G, there are certain curve families (constant curves at vertices) with
length 0 and undefined modulus. However, any non-constant curve intersects at least one
element of &°, so if we restrict ourselves to families of non-constant curves, we do not
run into trouble defining g-modulus with respect to &°.

Lemma 5.7. If G is a graph of valence bounded by M and T is any family of weighted
multi-curves on G, not necessarily normalized, each of whose strands is non-constant,
then for any 1 < q < oo,

mody (T, &) =< mod, (T, &°).

Proof. This is similar to Lemma 5.5, but that lemma does not apply directly, since &°
is not a covering. But the same techniques work. Note that there is a canonical bijection
& < &°, and so a test metric p on one determines uniquely a test metric on the other that
we denote with the same symbol.
For any test metric p on &°, we have L,(I", §°) < L,(T', &). Since V,(p, &) =
V4(p, €°), it follows that
mod, (T, &) < mod, (T, °).

Conversely, given a test metric p on &, define a test metric o on &° by setting o (e) to
be the maximum of p(e’) for e’ equal to e or any of its neighbors. In a graph of valence
at most M, a closed edge meets itself and at most 2(M — 1) other closed edges. Thus
Lo(I &) < Ly(I',&°%) and QM — 1)V, (p, &) = V4(0, E°), so

mod, (T, &°)

d (T, 6) > 2% 1% )
mody (I &) = —3 .
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We use Lemma 5.7 to make cleaner estimates in the proof of Proposition 5.10, since
the elements of the collection &° do not overlap.

Definition 5.8 (Stars). Suppose G is a length graph with each edge of length 1, and e is
an edge of G. The open star € of e is the open-1/3-neighborhood of e:

e = UB(x, %)

x€e
We denote by € the covering of G by (open) stars of edges.

Lemma 5.9. If G is a graph of valence bounded by M and T is any family of weighted
multi-curves on G, not necessarily normalized, then for any 1 < q < oo,

mod, (I, &) =3 modg (T, /6\)
Proof. The coverings & and € have M -bounded overlap. Apply Lemma 5.5. ]

5.5. Combinatorial modulus and graph energies

Our next task is to relate the g-combinatorial modulus of the family comprised of a
homotopy class [y] of weighted multi-curve y with the graphical energy E (; [y] from
Section 4.

Suppose y: C = J; w; J; = G? is a weighted multi-curve on a g-conformal graph G4,
where each J; = S!. We have defined two quantities. From Section 4, we have the graphi-
cal energy E ; [v]. We also have the combinatorial modulus mody ([y], €). The main result
of this section is that these two quantities are comparable.

Proposition 5.10. Suppose ¢ > 1 and m > 1. Let G be a q-conformal graph with valence
bounded by M and q-lengths a(e) € [1/m,m] bounded above and below. Let & denote
the covering of G4 by closed edges. Let y: C — G be a nonempty weighted multi-curve
on G7 with no null-homotopic components. Suppose N is an upper bound on the number
of times a reduced representative in [y] passes over each edge of G4. Then

1
mody ([y]. &)

Proof. Up to reparameterization, there is a unique reduced representative in [y]; we

(E;lyD? =aet ELg([¥]. @) =<m.m.N.g ELg([V]. €) =aer

assume that y = ), w;y; is this representative. We will then use Lemma 5.7 to work
with the partial covering &° rather than &.

We then have a quantity mod, (y, £°). Since {y} C [y], we have mod,(y, °) <
mod, ([y], £°). Since the underlying set of any strand of a curve in [y] contains that
of the corresponding strand in the reduced representative y, we have mod,(y, &°) >
mod, ([y], €°). Thus mod,(y, €°) = mod,([y], €°). Taking reciprocals, we conclude
EL, (7. €°) = ELy([y]. £°).
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Let p: §° — R be a test metric; we will assume p(e) > 0 for each edge. (This does
not change the relevant infima/suprema, although it does mean they will not always be
realized.) By assumption, n, (¢) < N. We have then

Lp(r,€°) = £p(1,€°) = Y " wily(yi,€°) = Y wi Y ple) xn ) _ny(e)p(e);

i eCy;

the first equality coming from the fact that y is a single multi-curve and not a family. For
fixed nonzero p, consider the length graph K ° with underlying graph G but lengths p on
the edges, and let ¥/,: G? — K7° be the identity map (which we introduce to keep track
of which lengths to use). Then the right-hand side above is E L (¥p o ). We conclude

Lo(y,€°) <y EL(¥p o).

In addition,

Va(p, €°) =Y p(e)? =myq Y (&) ™ p(e)? = (EL(¥,))",

N
oy def LP(V’ 80)q Eéo (wp o y) 1
EL (J/, & ) =SUp ———F=—~— m,Ng SUp\ —7————— —Proposition 4.10 EL ([V]v a)7
‘ o Vap.€2) "I EL () - !
since maximizing over p is equivalent to maximizing over metric graphs K. ]

5.6. Conformal dimension and combinatorial modulus

In this subsection, we give the relationship between critical exponents for combinatorial
modulus and conformal dimension used in our main result.

Theorem 5.11 ([12, Corollary 1.4]). Let X be a connected, locally connected, approxi-
mately self-similar metric space. For § > 0, denote by Ts the family of curves of diameter
bounded below by § and by T'y’ the corresponding family of normalized weighted multi-
curves from Section 5.2. Suppose ($,)5> is a sequence of snapshots at some scale
parameter.

Then the Ahlfors-regular conformal gauge of X is nonempty, and for some o > 0 and
all 0 < § < by,

ARCdim(X) = inf{g | mod,(I'y’, §,) — 0 when n — +o00}.

This theorem in the case of unweighted curves was proved by Carrasco and, in unpub-
lished work, Keith and Kleiner. The statement as given above follows from their result and
Lemma 5.3.

The results above let us characterize the conformal dimension in terms of curve fam-
ilies. Consider the limit dynamical system f: § — ¢ associated to a forward-expanding



K. M. Pilgrim and D. P. Thurston 1020

recurrent virtual graph endomorphism 7, ¢: G; = Go. We have a covering Uy of & by
connected open sets, which by Theorem F we can choose to be arbitrarily fine. Via iterated
pullback, we get a sequence U, of finite covers that form a sequence of snapshots at some
scale parameter 6 with respect to a visual metric dy;s. We then have the following.

Corollary 5.12. For all sufficiently small § > 0,

ARCdim(¢, dyis) = inf{g | mody(T§", U,) — 0 when n — +o0}

= sup{q | mody(I'y’, U,) — oo when n — +o00}.
At the critical exponent, the combinatorial modulus is bounded from below.

Proof. The first equality holds by Theorem 5.11; the second equality and the last assertion
follow from [5, Corollary 3.7]. [

6. Sandwiching ARCdim

To prove Theorem A, we begin by supposing ., ¢: G1 = Gy is a A-backward-contracting
(A < 1), recurrent, virtual endomorphism of graphs.

In fact, we will prove something slightly stronger, namely, that the conclusion holds
under the weaker assumption that E®[r, ¢] < A < 1. (The earlier assumption was that
E*>(¢) < 1.) We begin by making some basic simplifications.

First, we may assume Gg has no vertices of valence 1. Next, a map ¢: G; — Gy
between connected graphs without leaves which induces a surjection on the fundamental
group is necessarily surjective. Finally, the pullback of a surjective map under a connected
cover is again surjective. In summary, we may assume G, hence G; and indeed all the G,
have no leaves, and that for all n, each of ¢+, ¢, and ¢2° is surjective.

There is a uniform upper bound, say M, of the valences of the graphs G,,n € N.

For technical reasons, we subdivide any loops of G by adding a vertex on the interior.
Since asymptotic energies are independent of the chosen metric, for later convenience, we
choose the metric so that each edge of G has length 1. Together, these conventions serve
to make the star (recall Definition 5.8) of any edge at any level contractible.

The assumption E*[r,¢] < A < 1 implies there exists N > 1 such that ¢év Gy — Gy
is contracting, say with some other constant A’ < 1. We iterate the pair (77, ¢) so that the
new G is the old Gy, and reset A := A’. This modification does not alter the critical
exponents ¢, q*.

We apply the construction in Section 2 to present the limit space & as an inverse limit;
we let G, ¢,°, m°, etc., be the corresponding spaces and maps as in that section. Theo-
rem F implies that the limit dynamics f: § — ¢ associated to (7, ¢) is topologically cxc
with respect to a finite open cover Uy by open connected sets such that the mesh of U,
tends to zero as n — co. We may also take the mesh of U to be as small as we like.
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We equip the limit space § with a visual metric d,;; with parameter 6 < 1 as in
Theorem 3.2. The collection of coverings (U,), is then a sequence of snapshots with
parameter 6 (Section 3.2). Inconveniently, the elements of U, are not clearly related to
structures in the graphs G,. We therefore define another collection of coverings of £ as
follows. Given n € N and e € E(G), we denote by

Vie) = (¢p)"' (@) C ¢

the open subset of ¢ lying over the star of e in G,; 'V, is the covering of § by these sets.
Unlike U,, the sets in V,, are not necessarily connected.

In Section 6.1, we show that the coverings U, and V, are quantitatively comparable.
As a consequence, the sequence 'V, is also a sequence of snapshots. In what follows, we
work exclusively with the sequence of coverings (V).

In Section 6.2, we relate weighted multi-curves on G, to weighted multi-curves on
4 and show comparability of moduli with respect to natural coverings. We do this by
applying the constructions in Section 2.7.

Sections 6.3 and 6.4 give the proofs of the upper and lower bounds on ARCdim(g),
respectively.

6.1. Snapshots from stars

Lemma 6.1. We have the following properties of the 'V, :
(1) For 0 < k < n, e an edge of Gy, and € an edge of G, with n,]f (&) = e, the map
kv (@) — V(e) is a homeomorphism.
(2) With respect to the visual metric, mesh(V,) — 0.

Proof. The first assertion follows from the fact that stars are contractible, ¢° is the pull-
back of ¢2° under 7}/, the presentation of & as the inverse limit of the sequence (@7,
and the definition of the dynamics on the limit space f: J§ — & as induced by .

For the second, we argue directly, using the definition of the product topology. For
x € ¢, write x = (xg, X1, X2,...) € ]_[{'io G;. Then there is a neighborhood basis of x in
the product topology on ¢ consisting of sets of the form

M [ele)
Ux;e, M) := (HBGi(x,-,s) X l_[ Gi) Nng

i=1 i=M+1
for e > 0 and M € N. Fix such a neighborhood U(x; e, M). Choose N > M large enough

that 2AN =M < ¢, and suppose n > N, e € E(G,), and x € V(e). Since diamg, (¢) < 2,
we have fori < M that

diamg, (¢ (€)) < 24" < 2AN"M ~ ¢

Hence for each 0 <i < M, we have ¢°(V(e)) C Bg, (xi,€), andso V(e) C U(x;e, M).
The conclusion follows since ¢ is compact, and the topology determined by the visual
metric is the same as that induced from the product topology. ]
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Lemma 6.2 (The U, are comparable to the V,). There exists Ng, Ny € N with the
following property.
Foreachn > Ny and each V € 'Vy, there exist U € Up_n, and U’ € UN, +n—n, such
that
U'cvcu.

Recall that Lebesgue number of a finite open cover U is the largest § > 0 such that
any subset of diameter less than § is contained in an element of U.

Proof. Lemma 6.1 implies there exists No such that the mesh of Vy, is smaller than the
Lebesgue number of Uy.

We first show the conclusion holds for n = Ny. Fix V € Vy, so that VV = V(e), where
e € E(Gp,)- The choice of Ny implies that V' C U for some U € Uy. To find U’, let y be
the midpoint of e. By the uniform continuity of q’)j'v" , there exists § > 0 such that the image
of any visual §-ball under ¢$° N, has diameter at most 1 /4. Theorem 3.2 implies there exists
Ny > No such that diam U’ < § for each U’ € Uy, Pick any x € ¢ with ¢35, (x) = y,
and pick any U’ € Uy, containing y. Then @37 (U') C B(xn,(e),1/4) C e C &, and so
U' € V().

We now prove the conclusion holds for general n > Ny. Given such V' € V,, rename
itV, put V.= f"" NO(V) and apply the argument above to obtain U’ and U. Now let U’
and U be connected components of the preimages of U’ and U, respectively, under f"~No
meeting V. Recalling the construction in Section 3.1, each maps homeomorphically to its
image. Renaming U’ to U’ and U to U yields the result. [

Proposition 6.3. There exists m € N such that the family (V) n>m is a family of snapshots
with parameter 0.

Proof. Let rg be the constant from Theorem 3.2 (4). Lemma 6.1 (2) implies there is m € N
such that for n > m, each V € 'V, has diameter at most r¢, and hence the restriction
f:V — f(V) is a homeomorphism which scales distances by the factor 7!,

Recall the graphs G, are equipped with length metrics in which edges are isomet-
ric to the unit interval. For each V = V(e) € V,,, let xy € ¢ be a point which projects
under ¢:° to the midpoint of the edge e. Since there are finitely many edges at level m,
we can find s > 0 such that for each V € V,,, diam(¢,> (B(xy, s))) < 1/2. This choice
of s guarantees that the visual balls B(xy,s) for V € V,, are pairwise disjoint. Let
D = max{diamV | V € V,,}. Foreach V € V,,, we have

B(xy,s) CV C B(xy, D)
so that if we put C := max{D/6™,0™ /s}, then C > 1, and

B(xy,C™16™) Cc V C B(xy,Co™).
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The finite collection of pointed sets {(V, xy) | V € V,} then satisfies condition (1) in
Definition 3.1 on sequences of snapshots. By construction, C ™1™ < s and it follows that
condition (2) holds as well.

Now suppose n > m and V € V,. The restriction frm V is an expanding homothety
with factor 67" onto say V' € V. Put x; = (f"™|V)~!(xy). Using the same con-
stant C constructed in the previous paragraph, it follows that the sequence (V,)n>m is a
sequence of snapshots of ¢ with parameter 6. ]

For convenience, we reindex our virtual endomorphism and sequence of covers (V,),
so that m = 0, as in equation (2.19).

6.2. Comparing modulus of curves on G, and on J

Suppose 07, G, — ¢ is the homotopy section of ¢>° given by Corollary 2.33, and sup-
pose y: C — Gy, is a weighted multi-curve on G,. Define the curve y’ :== ¢, oy on ¢,
and the curve y” := ¢2° o y’ on G,. By Corollary 2.33, there exists K > 0 so that

,y ~K ,y//.

It is important that K is independent of n. Though y, y’, and y” are single curves, they
nevertheless have a meaningful combinatorial modulus when regarded as a family; see
Remark 5.2.

Recall from Section 5.4 that, on G, there are coverings &, by closed edges, and é,, by
open stars. Also, recall that M is a uniform upper bound on the degrees of the graphs G,
n € N.

Lemma 6.4. For all ¢ > 1 and any weighted multi-curve y on G, with y' and y" as
above, we have

mod, (y', Vu) = mody (y”, En) =<m mody (y”, En) <k m,q mody(y, En).
In particular, the implicit constants are independent of n and y.

Tracing through the dependencies, note that the constant K depends on the Lipschitz
constant A < 1 of ¢.

Proof. By definition, the map ¢2° sends y’ to y” and induces an isomorphism between the
nerve of V,, and the nerve of /8\,1 The elements V(e) are given by (¢5°)~!(€); in particular,
they are saturated with respect to the fibers of ¢ . Thus mod, (y’, V,,) = modg(y”, €n).
The middle estimate is the content of Lemma 5.9. For the last estimate, y and y” are in
uniform combinatorial &,-neighborhoods of each other since y ~g y”. Then Lemma 5.6

(withits K := M and its N := K) implies that mod, (y”, &,) <k ,m,q mody(y,E,). ®
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6.3. Upper bound on ARCdim

Let 8o be as in Theorem 5.11, and fix 0 < § < §p.

Proposition 6.5. Suppose that ¢ > 1 and E9[r, ¢] < 1. Let T be the family of curves
in § whose diameters are bounded below by 8. Then mod,(I's, V,,) = 0 as n — oo.

Proof. We begin with the following claim. There is an integer N such that for each y € T,
thereis e € E(Gy) so thate C ¢35/ (). To see this, we argue as follows. Using Lemma 6.1,
choose N so that the mesh of Vy is at most §/10. Pick x!, x2 € y with dy;s(x!, x?) > §/2.
Choose closed edges e, e2 € E(Gy) such that ¢37(x;) € e;. The triangle inequality shows
that ey N ey = 0. The image ¢ (y) is a connected set in Gy which meets two disjoint
closed edges, so it must contain an entire edge e.

Let the level N be as in the previous paragraph. For e € E(Gy), let I, be the family
of curves y in ¢ so thate C ¢35/ (y). Then

rsc |J T

ecE(Gy)

and so, forn > N,

mody(Fs.Vy) < Y mody(Te. V).
ecE(Gy)

It therefore suffices to show that mod, (I'e, V,,) — 0 for each e € E(Gy).

The proposition deals with the asymptotic energy E9[r, ¢] and the limit set §. Neither
the property that E9[r, ¢] < 1 nor the conformal gauge of the limit space is changed by
reindexing, changing the weights, or iterating. We may therefore choose g-lengths o = 1
on Gy (and thus on G ) and then reindex to assume N = 0. We now have a g-conformal
structure Gg on Gy. By lifting under the coverings 7, we obtain g-conformal struc-
tures G on G, for each n. Since E9[r, ] < 1, by iterating we may assume ¢: G{ — G{
satisfies E7 (¢) = A < 1 and so ¢f: Gi — G{ satisfies EJ (¢") < A" foralln > 0.

Fix some eg € E(Gp). We must show mod,(I'e,, V») — 0 as n — oo. Fix n € N.
Recall elements of 'V, are preimages of stars (¢2°)~1(5). For brevity, we will write p(s)
instead of p((¢S°)~1(5)). Let x be a local length coordinate on the edge s. Define a test
metric p: V, — [0, 0c0) by

ps) = / 16" ()] ldx]. 6.6)

In other words, p(s) is the length of ¢"(s) regarded as a curve on the length graph
underlying G, which we denote £, (¢" (s)). (Note that the image ¢” (s) may backtrack.)

We now show that this p is admissible for I'e,. Pick y € I, and set § := ¢°(y); it
is a curve in G,. We have

eo C oo (¥) = ¢ (#,°(¥)) = ¢ (B).
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Letsy,..., Sy be the edges in E(G,) met by 8. Then

Co(v:Va) = Y p(sj) = D L6y (9" (5))) = Lay(eo) = 1.

Jj=1 J=1

The last inequality works even in the presence of backtracking: the total length in G cov-
ered by the ¢” (s;) is at least as long as e, even if 8 crosses over a given edge s; multiple
times.

Next we estimate the g-volume V,(p, V,,); for Jensen’s inequality, see, for exam-
ple, [45, Theorem 3.3]. We have

Va(p, V) = Z p(s)? Definition of ¥
s€Edge(G,)
q
=) ( / (™) (X)) dx) Definition of p
s XES
= Z/ (") (x)|? dx Jensen’s inequality
s XES

- / (@"Y ()] dx
x€Gy

= / Fill? (¢") dx Change of variables from G, to Gy
x€Gy
< B () .0 ( / 1dx)
x€Gy
= (EJ(¢™)? Definition of E]
< A",
We conclude mod, (I, , V,) — 0, as required. [

Proposition 6.5 and Theorem 5.11 then imply ARCdim(g) < ¢*[=, ¢].

Remark 6.7. The calculations in the proof of Proposition 6.5 can be interpreted as
follows. Let K§° be Gy, considered as a length graph with all edge lengths 1. Let
Y Gl — KS° be ¢, homotoped to be constant derivative on each edge of G;. Then, if
you trace through the definitions, V,(p, V,) = (Ego(w"))q, and the relevant inequalities
are
EL(") < EL@") < EJ(¢") - EL(d: Gf — KG°)
< A" EZ(id: G — K§°) < A",

6.4. Lower bound on ARCdim

For this inequality, we will use more of the theory from Section 5. Again let §y be as in
Theorem 5.11, and fix § < & that is sufficiently small (to be specified).
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Proposition 6.8. Suppose E9[r, ¢] > 1. Then mod, ('Y, V) — oc.

Proof. Set u = E4[r, $] > 1; then EZ[¢"] = " [52, Proposition 5.6]. We are going to
find a normalized weighted multi-curve ¢’ on ¢ in I'y” such that mod, (¢’, V) — oo as
n — oo. This will imply mod, (T'§”, V) — oo, as required.

Fix n € N. Recall from Section 5.4 that the graph G, is naturally covered by its set
&, of closed edges. By Theorem 4.11, we can find a curve exhibiting Eg [¢"]: there is a
reduced weighted multi-curve y: C! — G} and a map y: G, — G{ that minimizes E
in the homotopy class [¢"] and fits into a tight sequence

ct X gt o 6.9)
(Since the exponent ¢ in G, is fixed, we will suppress it from the notation.) That is,

Eq(oy)  E;l$" oyl
El(y) Elly]
This goes to infinity as n — oo. Furthermore, Theorem 4.11 guarantees that for each
strand J; of C, the restriction y|J; has image covering a given edge of G, at most twice

so that Proposition 5.10 applies.

The weighted multi-curve y: C! — G, is not unique. In particular, we can and will
scale the weights on C! so that E‘} [ty o y] = 1. Then l/E; [y] = p”, and Proposition 5.10
implies that mod, ([y], &,) 2 pu"9.

We next apply the constructions in Section 6.2 to obtain curves y’: C — ¢ and
y":C — G, with y” = ¢! oy’ and y ~g y” for some constant K > 0 independent
of n. Lemma 6.4 implies

"< EJ() = (6.10)

mody (', Vu) = mody (y", €,) < mody(y, &x) 2 1.

Though the diameters of the strands of y’ are bounded from below and the modulus is
blowing up, we do not yet have control on the weights of y’; usually, y” will not be in I'y’.
(Correspondingly, the strands in y’ are much longer than any constant §.) We will remedy
this by subdividing )’ to obtain a more suitable curve, as in Section 5.3.

The curve ¥ o y: C — Gy is reduced. The strands ¥ o (y | J;): J; = G¢ may run many
times over a given edge of Gy. We decompose i o y into separate pieces, one for each
time such a strand runs over an edge of G¢. Formally, for a fixed pair (i, ) consisting of a
strand ¥ o (y | J;) and an edge e of Gy, suppose the restriction ¥ o (y | J;) runs N(i, e)
times over e. We obtain a collection of sub-intervals /; , x of J; for whichyoy:I; . — e
is a homeomorphism. (Note the /; . x are disjoint except at their endpoints, and since each
strand J; of ¢ is a circle, there are no end issues to worry about.) We identify each I; . x
with the unit interval and obtain a weighted multi-curve {: D — G, as follows. With w;

the weight of J; in C, set
N(i,e)

D = I_l I_l |_| Wil ek
i k=1

e
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Let i: D — C be the natural inclusion of intervals, and define { := y o 1: D! — G,,.
By construction, the function ny.¢: Go — R is constant on edges of G and coincides
with ny0y,.

Recall we have normalized, so E ‘; [ o y] = 1, so with ¢ the Holder conjugate of ¢,

1
L= E)[Y oy] = Inyoyllgw <q4EG0) Inwoylli = [nyorli = D wiek.

iek

At the third step, we use the fact that in RE(G0) any two norms are comparable. We
conclude that the sum of the weights of D is comparable to 1.

We now decompose the curve y’: C — ¢ with the same decomposition. Let ¢’ =
vy’ o1: D — . We must show that the size of each strand of ¢’ has diameter bounded
below, independent of n. We focus attention on one component /; . x of D and identify
that interval with [0, 1]. Let ¢ = ¢° 0 {': D — G,. Since y ~k y” and the decomposi-
tions ¢ and ¢” correspond, the endpoints ¢”(0) and ¢ (1) are within a uniformly bounded
G, -distance K of £(0) and (1) (independent of n). Also recall that we assumed that
the system is forward expanding, so ¢ is Lipschitz with some constant A < 1 and ¢”" is
Lipschitz with constant A”. Then

[$%°(C'(0) — > (&' (1)) = |¢" (£"(0)) — ¢" (" (1))
> 19" (£(0) — ¢" (E(D)] = 18" (" (0)) — ¢" (£ (0))]
— 18" (1)) —¢" (" ()]
>1-217"K.

We suppose that n is large enough so that 1 — 247" K is bigger than 1/2. We have shown
that each strand of ¢’, when projected to Gg, has diameter at least 1/2. Since ¢*° is uni-
formly continuous (as a function from a compact metric space), it follows that each strand
of d’ has definite diameter; we choose § smaller than this diameter. Combining this with
the observation that the sum of the weights of D is comparable to 1, we conclude that,
after an innocuous rescaling of weights, ¢’ lies in Ty,

We then have
put < S

(EglyD?
mod, ([y], &») By Proposition 5.10

A

modg(y, &,)  Since y is reduced
mod, (£, &,) By Lemma 5.4, subdivision

X

X

mod, (¢”,&,) By Lemma 6.4, fellow travelers
=mody(¢',V,) By definition of the cover V.
For the conditions of Lemma 5.4 at the fourth step, note that the Gy-length of each strand

of ¢" o { is 1, so by forward expansion the G, -length of each strand is at least A", and in
particular, for large n the image of each strand is not contained in a single edge of G,,.
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This completes the proof of Proposition 6.8. ]

Propositions 6.5 and 6.8 complete the proof of Theorem A.

7. Applications

We turn now to applications. Section 7.1 gives the proof of Theorem C on Sierpiniski car-
pets. Section 7.2 proves the estimates for the barycentric subdivision example mentioned
in the introduction. Sections 7.3 and 7.4 give the estimates for the fat and skinny Devaney
examples. The brief Section 7.5 introduces Carrasco’s UWSCP condition. Section 7.6
applies our methods to examples obtained by the operation of “mating” and concludes
with a question about the relationship between the UWSCP condition and other properties.

For some estimates, we rely on explicit bounds on how fast E4 can decrease as a
function of ¢ [52, Proposition 6.11].

Proposition 7.1. For 7, ¢: Gy == Gg a virtual endomorphism of graphs of degree d =
deg(m), if 1 < p <q < oo, then

Ew, ] = d~» "4 - E[x,¢).

As an easy consequence, we have the following theorem announced in the introduc-
tion. Recall that the quantity N := F% (Definition 4.12) counts the asymptotic growth rate,
as n — oo, of the essential number of preimages of ¢{;, minimized among maps within its
homotopy class.

Theorem B. For any recurrent expanding virtual graph endomorphism [r, §| where
deg(m) = d, we have

1

Proof. By Proposition 7.1 with p = 1, for any ¢ we have

Erm.¢] = di " Nir. ¢].

If g is less than the quantity in the theorem statement, the right-hand side is greater than 1.
The result follows from Theorem A. ]

7.1. Cases when N > 1

Our proof of Theorem C is a corollary of a more general result about certain expanding
dynamical systems on the sphere.
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Theorem C'. Suppose g: S? — S? is an expanding Thurston map such that each cycle
in its post-critical set Pg contains a critical point. If w,¢: G1 — Gy is any virtual graph
endomorphism induced by a choice of a spine G for S? — Py, then Nm. ¢] > 1.

A Thurston map g: S?> — S? is an orientation-preserving branched self-cover of
degree at least 2 such that the post-critical set Pg := (J,-, &"({branch points(g)})
is finite. The definition of expanding Thurston map appearing in the hypothesis of
Theorem C’ here is that of Bonk and Meyer [4].

Here is an example of an expanding Thurston map. First, recall from Section 1.1 and
Figure 2 that the rational map f there sends the small triangles conformally onto the large
triangles. Next, consider the Thurston map g obtained from Figure 2 where now the small
triangles are sent not conformally, but Euclidean-planar-affinely, to the large triangles.
While the maps f and g are conjugate up to isotopy relative to their post-critical sets,
they are not topologically conjugate, since the fixed branch point of g is locally topologi-
cally repelling, whereas that of f is attracting. Recall that the Julia set J¢ is a Sierpinski
carpet. It turns out (see below) that collapsing the Fatou components of f to points yields
a map which is topologically conjugate to g. Our proof of Theorem C proceeds by passing
to such a quotient and invoking Theorem C’.

The next few paragraphs summarize several results from [4] that we use in the proof.

Fix arbitrarily a metric on S2 compatible with its topology. Suppose g is an arbitrary
Thurston map, and € C S? is a Jordan curve containing Pg . These data induce a cell struc-
ture 7o on S2, with two open 2-cells, called tiles, given by the components of S? — €.
Lifting by iterates of g yields a sequence of cell structures 7, on S? forn = 0,1,2,...;
let mesh(g, n, €) be the maximum diameter of an open 2-cell, or n-tile, at level n. The
Thurston map g is said to be expanding if mesh(g,n,€) — 0 as n — oo; this prop-
erty is independent of the choice of metric and of €; see [4, Chapter 6]. There exists
an iterate k and a Jordan curve €’ isotopic to € relative to P, such that gk (€’) C €’;
see [4, Theorem 15.1].

In our applications, passing to such an iterate will be innocuous, so in this paragraph
we now suppose that g is an expanding Thurston map and that g(€) C € for some Jordan
curve € D Pg. Then for each n, the tiling 7, refines the tiling 7, according to a sub-
division rule [4, Chapter 12]. A numerical invariant is then the combinatorial expansion
factor

Ao(g) = lim D,(g.€)"",
n—o00

where D, (g, €) is, roughly speaking, the minimum number m of closed n-tiles in a chain
fo,t1,....tm Witht; Nt #0, j =0,...,m — 1 such that #o, t,,, each contain 1-cells
of Ty whose closures are disjoint, that is, the chain “joins disjoint closed edges” of €.
(A slight modification is needed in the case when #P, = 3 [4, Section 5.7].) We then
have that A¢(g) is independent of € and is greater than 1 [4, Proposition 16.1]. For each
1 < 67! < Ag(g), there exists an analogously defined visual metric on S? with expansion
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factor 6! [4, Theorem 16.3 (ii)]. Fixing such a choice of metric with its expansion fac-
tor 671, there is a constant K > 1 such that the diameter of each tile ¢ at level n satisfies
diam(z) € [0"/ K, K6™], by [4, Proposition 8.4 (ii)]; compare our Theorem 3.2 (1).

Proof of Theorem C'. Let g be an expanding Thurston map. The property N > 1 is
unchanged under passing to iterates, so we assume there is a Jordan curve € D P, for
which g(€) C €. Let Ag(g) be the resulting combinatorial expansion factor. We choose
a visual metric dyi, and let 071 be its expansion factor.

In the remainder of the proof, we show 8! < N. Since §~! can be chosen arbitrarily
subject to the constraint #~1 < Ag(g) can be arbitrary, this is enough to conclude that
N > Ao(g) > 1 (see Remark 7.3).

Let Gy C S? be a realization of the dual of Tp; itis a spine for S 2_ P; with two ver-
tices. As usual, let G, = g7"(Gy) so that G, is the dual of 7;,. Note that the mesh of the
faces of G, tends to zero as well with respect to dy;s. Fix p € Py . Let Uy be the component
of the complement of G containing p and let Cy = dUj. Since Gy is a spine for $% — P,
any loop in Gy that is freely homotopic to a peripheral loop about p contains Cy.

Claim 7.2. There exists ¢ > 0 such that for all n € N, there exist at least c6™" pairwise
disjoint loops Cy ; in G, freely homotopic to a peripheral loop about p.

Assuming the claim, we show 6! < N as follows. For any ¥ € [¢"], the curve
Y (Cy,;) is freely homotopic to Cy and so contains Cp. Thus any y € Cy has, for each n
and i, a preimage in C,, ;, and so N[¢"] = 0", proving N (f) > 671,

We now turn to the proof of Claim 7.2, using the fact that g is expanding on the
whole sphere. Let D = min{d,is(p,q) | ¢ € Co}, let N9 € N be chosenso D67 /K > 1
for n > Ny, and for n > Ny, let m, be the greatest positive integer less than or equal
to DO7" /K. Then for all such n, any chain of tiles #1, ..., ?,, in 7, with p € ¢; and
tiNtig1 #B@fori =1,...,m, — 1 avoids Cy.

For n > Ny, we will define curves Cy 1, ..., Cy m,. Given E C S2andn € N, recall
that 7, (E) is the union of the closed tiles at level n meeting E. Let E, ; = {p}, and
fori =1,...,m, — 1, inductively set E, ;41 := T,(E,,;). Fix one such i. Then E, ; is
contained in the interior of E, ;4. The complement E, ;; — interior(E, ;) is tiled by
elements of 7. Consider the corresponding subgraph of the dual graph G,. We take Cy, ;
to be a simple cycle in this dual graph that separates Cyp from p. The C,, ; are pairwise dis-
joint, freely homotopic to Cy, and disjoint from Cy, by construction. This proves Claim 7.2
with ¢ approximately D/ K. Theorem C’ is proved. ]

Proof of Theorem C. Suppose f is a hyperbolic, critically finite map with carpet Julia set
and post-critical set Py.

By Moore’s theorem, since the Julia set is a Sierpinski carpet, the quotient space
obtained by collapsing the closures of Fatou components of f to points is a sphere; we
denote the resulting projection by p: C — S2.Then p gives a semiconjugacy to an induced
map g: S — S2. It is shown in [22, Theorem 5.1] that g is an expanding Thurston map.
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The quotient map p is uniformly approximable by a continuous family of homeo-
morphisms. Taking any member of this family yields a homeomorphism /: (@, Pr) —
(S2, Py), well defined up to isotopy relative to Py. The map h induces a conjugacy up
to isotopy from f to g, so, as in Remark 4.15, N(g) = N(f). By Theorem C’, we have

N(f):ﬁ(g)> L. [

Remark 7.3. The major difference between the quantities N (f) and Ag(f) introduced
in the proof of Theorem C is that the former represents a maximum growth rate, while the
latter represents a minimum growth rate.

The converse to Theorem C need not hold; there are many examples. We sketch
two constructions. Begin with the quadratic carpet example of Milnor and Tan [36,
Appendix F],

1
f(z) ~ —0.138115091(2 + —) —0.303108805.
4

The two critical points have periods 3 and 4. The thesis of the first author [42, Theo-
rem 7.1] shows that there exists a rational map g which combinatorially is the “tuning”
of f and the basilica polynomial along the period 3 critical orbit. The result of tuning
replaces each component of the basin of the superattracting 3-cycle with a copy of the
basilica Julia set. The Julia set of g is easily seen to have two Fatou components whose
closures meet, corresponding to the immediate attracting basins of the basilica, so it is not
a carpet. Insung Park [40, Theorem 2] has proved that the energies E? do not decrease
under tuning, so in particular N (g) > N(f) > 1.

One may easily construct other examples that have not just local cut points, as in the
preceding case, but global cut points. The quartic rational map

23z +1)

&) >~ 0.3309124475)% 2 + 0.0072626575)°

(7.4)

with Julia set shown in Figure 10, has critical points at p, ¢, 0, co with orbits

where —1 < p < ¢ < 0; the weights on the arrows show the local degree. This example is

obtained from taking the torus automorphism z + (1 + i)z on the torus C/(Z & i Z) by

» taking its Z/4Z-qu0£ient t% get the Lattés map g(z) = —z(z + 1)/(z + 1/2)2, with
critical orbits —1/2 = 0o - —1 — 0 D;

* blowing up an arc from the unique fixed post-critical point at 0 to the critical point
at —1/2 to get a degree-three map /& with carpet Julia set; and then

* Dblowing up an arc from the unique fixed superattracting post-critical point of / to the
repelling fixed point of /& on the boundary of its basin to get the degree-four map f
above.
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Figure 10. Details of the Julia set for the non-carpet example f in equation (7.4). The post-critical
points ¢ and 0 are marked in black, and the curve « is shown in red.

Direct calculation shows that the following condition is satisfied, as shown in
Figure 10: there is a curve «: [0, 1] — C, with a(0) =a(l) =0, and a(t) ¢ Py for
0 < t < 1; the image of « is an embedded loop symmetric with respect to the real axis;
the bounded component of the complement of the image of « contains ¢ and no other
points of Pr; some lift & of « under f is homotopic to & through curves with the same
properties. From [42, Theorem 5.14], it follows that the boundary of the immediate basin
of the origin is not a Jordan curve, and hence that J¢ is not a Sierpiriski carpet.

With a bit of work, one can show that N(f) = +/2 > 1.

7.2. Barycentric subdivision Julia set

We give details for the estimates for the conformal dimension of the Julia set of the map
2 3
f(z) = % % from the introduction, shown combinatorially in Figure 11.

N
N T -~ D
o=~ N - ~ ~
\ / N \
\ K \
/ / pU— \ \ 2 \

] i
I I
I \
| | . i i . | | :; H . . |
| | } } I 1 | !
\ | | |

\ \ — / /
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,
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’ - ~
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\ / g / / \ /
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Figure 11. Spines for the barycentric subdivision rational map.
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The dynamics on the set of critical points is shown below, with w = exp(27i/6):
w 3
=0
o™t 73 X/‘

00 D2
1 /
2 2
1 2 }
3 1
2
2

The map f may be described as follows. Consider the spherical “triangle” Ty (the upper
half-plane) with vertices (o0, 0, 1) and angles (, 7z, 7). If we give C the spherical metric
to make this triangle equilateral, then the spherical triangle 77 with vertices (0o, w, 2) has
corresponding angles (r/2, /3, 7 /2). There is a unique conformal map sending 7; to Ty
and mapping the vertices (0o, w, 2) + (00, 0, 1). Twelve reflected images of 7 tile the
sphere, and the map f is the unique extension given by Schwarz reflection. The extended
real axis is forward invariant, and its preimage under f divides the sphere into 12 small
triangles, 6 in each of the upper and lower half-planes. This induces a finite subdivision
rule on the sphere, in the sense of [10]. We equip the codomain with a cell structure with
0-cells at 0, 1, oo and 1-cells the corresponding segments of the extended real axis. Taking
inverse images then refines each 2-cell in a pattern that, combinatorially, effects barycen-
tric subdivision; see Figure 2. The function f is a Galois branched covering map, with
deck group isomorphic to S3 and acting by spherical isometries. It gives the j-invariant of
an elliptic curve as a function of its A-invariant; equivalently, it gives the shape invariant
of a set of 4 points on C as a function of the cross-ratio of a corresponding list.

This map was studied by Cannon-Floyd—Parry [10, Example 1.3.1], where they
showed that the sequence of tilings 7, generated by iterated preimages is not confor-
mal in Cannon’s sense: there is no metric on the sphere quasi-conformally equivalent to
the standard metric in which combinatorial moduli of curve families are comparable to
analytic moduli. This is related to the fact that there are fixed critical points, which means
the valence of 7, blows up as n — co. Cannon-Floyd-Kenyon—Parry investigated it fur-
ther [9, Figure 25] and proved that its Julia set is a Sierpiniski carpet. Haissinsky and the
second author studied it as well [24, Section 4.6].

To give an upper bound for the conformal dimension for the Julia set of this map, we
estimate F2( f), which we know is less than 1 [52, Theorem 1]. To get a concrete esti-
mate, we look at a finite stage and compute EZ[¢"] for some n. It turns out that n = 1
is not enough to get an estimate less than 1, so we consider ¢2: G, — Gy, as shown in
Figure 12.

Fix g > 1. We can take any ¢g-conformal structure Gg we like on Gy. It is most conve-
nient to have a(e) = 1 for all three edges of Go. We get a pulled-back structure G5 on G,.
In this case, by symmetry, an optimal map will map the complete round dashed central
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"'éié\'"']'itié "'iné'""]'é/'z'/ """
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7 3 03 7
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Figure 13. The central portion of the concrete map realizing E% [¢2] for the barycentric subdivi-
sion map. The edges running off the top and bottom are half-edges in the domain of the map. The
numbers are the relative lengths of the images of each edge (or half-edge); to get the actual length,
divide by 26. The map itself is projection onto the vertical axis.

circle on the left of Figure 12 to the central edge on the right. (This circle passes through
the midpoint of eight edges; the other halves of these edges of G, map to different edges
of G() )

Finding the map that minimizes £3 from a graph to an interval (with specified bound-
ary behavior) is equivalent to finding the resistance of a resistor network (or alternatively a
harmonic function on the graph) and can be solved with standard linear algebra techniques.
This is easily computed to be EZ[¢?] = 10/13, as shown in Figure 13. (The computation
can be further simplified by using the symmetries evident in the figure.) Since the energy
of any iterate gives an upper bound for the asymptotic energy [52, Proposition 5.6], we

therefore have E2(f) < ,/10/13.
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Proposition 7.5. For the barycentric carpet map f, we have

2
ARCdim(J;) < ¢* < ——— < 1.745.
mUr) <47 = T 0g (10/13)

Proof. By definition, we have E4" (f) = 1. Apply Proposition 7.1 with ¢ = 2 to find

which simplifies to the desired inequality after taking logs of both sides. ]

Iterating further to better estimate £2( f) will improve the bound in Proposition 7.5,
although it probably will not reach the optimal result, since Proposition 7.1 is not, in
general, sharp.

To get a lower bound on conformal dimension, we compute N ( f).

Proposition 7.6. For the barycentric subdivision rational map, N (f) = 2.

An application of Theorem B then yields ARCdim(Jr) > 1/(1 —logg(2)), as claimed
at the end of Section 1.1.

Proof. By examining Figure 11, it is easy to find a map in [¢] for which the inverse image
of every generic point is two points. Thus N (f) < N[¢] < 2.

To get the opposite inequality, we will find 2" edge-disjoint curves y;* on G, so that the
curves ¢" (y/') are all homotopic to a simple loop yo on Go; cf. the proof of Theorem C'.
This will immediately imply that N [¢"] > 2", as desired.

We find the y;* by inductively finding 2" edge-disjoint paths connecting any two edges
of the dual of the nth barycentric subdivision of a triangle. This is trivial for n = 0, and
n = 1 is shown in Figure 14. This also serves as the inductive step: at level n, in each
triangle replace the concrete paths in Figure 14 with the family of 2”~! parallel paths
constructed by induction.

The closed curves y/* are obtained by doubling the triangle as usual. ]

Figure 14. Connecting sides of a triangle in the barycentric subdivision with edge-disjoint paths.
This is the case n = 1 and the inductive step.
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7.3. Fat real Devaney examples

We begin by recalling some specifics concerning the Devaney family f;(z) = z% + 1/z2.
The points 0 and oo are always critical points satisfying the critical orbit relation

2 2
0—>009D.
The other critical points have orbits that start
1
A1/4£>j:2«/x—>4k+1=:xx—>---. (1.7)

A sufficient condition for f) to be hyperbolic and have a Sierpifiski carpet Julia set is
that x, eventually iterates into the Fatou component containing the origin. Such parameter
values form a countable collection of open disks called Sierpiriski holes.

As shown by the first author and R. Devaney [17], given any finite word w = gg&; -+ - &,
in the alphabet {L, R}, there exists a unique A = A,,, necessarily real and negative,
with the following property. For each i = 0, 1, ..., n, the image f}f (x;) lies to the
left (L) or right (R) of the origin, according to the symbol in the ith position of w,
and f}'"!(x3) = 0. Let ™ and Afat denote the parameter values corresponding to
the words L R" and R", respectively.

In this section, we prove the second half of Theorem E, dealing with the fat Devaney
family. A virtual endomorphism spine for this rational map is shown in Figure 15 for
n = 3. As usual, the covering map m preserves the decorations on the edges, and the
map ¢ is the deformation retract onto G as a spine for S> — P, where P consists of the
indicated points in the diagram plus an extra point at co.

The critical points at the fourth roots of A are shown schematically on the diagram
of G with crosses; they map to the upper and lower critical values on the diagram of Gy,
which in turn maps to the sequence of points on the right of G, eventually ending at the
central critical point at 0, which maps to oco.

N,
N
~.

Figure 15. Virtual endomorphism G| = Gg for the fat Devaney family, R", shown here with
n = 3. The post-critical set P is shown with bullets. The crosses on the left are the pre-periodic
critical points.
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. ..

Figure 16. Curves in S2 — P for the fat Devaney family, and their inverse images. Each inverse
image covers the original by degree 2.

To bound the conformal dimension from below, we again find N ( f3) and use bounds
on how quickly E¢ decreases as a function of ¢. To find N, consider the 7-component
multi-curve C shown on the right of Figure 16. The curve f~!(C) is shown on the left
of Figure 16. (As indicated, it is easy to find f~1(C) by using the fact that G is a cover
of Gy.) Each component of f~1(C) covers one of the components of C with degree 2.
One of the components of f~1(C) is peripheral (the outer one), and the others are all
components of C. Note that we have the following:

s C is completely invariant (in the sense of Selinger [46]): f~'(C) = C, up to
homotopy in S? — P and dropping inessential or peripheral components.

e C is Cantor type (in the sense of Cui—Peng—Tan [14]): for some iterate, each
component of C has at least two preimages homotopic to itself.

Lemma 7.8. For the Devaney family at parameter A, let r, be the largest root of

ATl _2Am 4 1. Then N(fkfial) > 7.

Proof. Let {y;} enumerate the components of C. Consider the n-by-n non-negative
matrix A whose entry 4;; records how many components of f~!(y;) are homotopic to y;
(without accounting for the degree of the cover). Concretely, we have

1 1 -« 1 1
1 0 --- 0O
4=10 1 0 0
0 0 --- 10

Let w be Perron—Frobenius eigenvector of A, with eigenvalue A; concretely, w; = An—i—l

and A is the positive root of

AP = A A2+ L
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Multiplying by A — 1 shows that A is the root r, given in the lemma statement.
Informally, A is the rate of growth of the number of preimages of any of the curves [y;].

To see that A is a lower bound for E'(f), we specialize the discussion in [52,
Section 7.5] to the present setting. Let WO1 =Y wj[y;] be the weighted multi-curve on Gy
corresponding to w. (Recall that the superscript “1” means we are thinking of this as a 1-
conformal graph.) Set W}! = f~1(W;') = =~} (W) be the pullback weighted curve, as
a curve on G1. (Here the pullback is as weighted curves, i.e., not taking into account the
degree of the cover as in W. Thurston’s obstruction theorem.) By the eigenvalue property,
d(W) = AW,!. We similarly have pullback embeddings W,! = (z")~1 (W) on Gy, so
A VA

Let G| be Gy as a weighted graph, with all weights equal to 1. Using the interpreta-
tion of E via stretch factors—that is, a supremum of ratios of extremal lengths—as in
Section 4.2, we have

E{[¢"(W,) —> Gol _ E{[A"Wy — Gyl _

El ny > — _An,
1= ENW! — G} ENw! — Gl

as desired. [

Remark 7.9. It is straightforward to find weights on the edges of G¢ to show that the
inequality in Lemma 7.8 is an equality, but the lower bound is all we need for our result.

Lemma 7.10. There exists a unique root ry of gn(A) = A"t —2)" + 1 in the interval
(1,2) and, forn > 1,

rp>2—2""F1

Proof. We have g,(2) =1 > 0. For n = 1,2, 3,4, we can directly check that g,(2 —
27"*t1) < 0.Forn > 5,

1 n+1 1 n
gn(z_z—n+l) =2n+1(1__) _2n+1(1__) +1

on on
+1 n+1 nn+1) 11 n
<2" (1— o + PETE —2" 1—2—n +1
nn+1)
=—1+2—n<0.

It follows that there is a root of g, in [2 —27"+1, 2). Descartes’ rule of signs shows there
is a unique root in (1, 2). [

Proof of Theorem E, fat family. By Theorem B, Lemma 7.8, Lemma 7.10, and elementary
estimates,

1 2 2
>

" 1— 10g4(N(fxgm)) 2 —log, 1y 142"
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We sketch two alternate proofs of the same lower bound on ARCdim(J(Af)), using
the same multi-curve. Fix n; we write /' = fjw, and set J = J(f). We equip J with
a visual metric, as in Section 3.2; it belongs to the quasi-symmetric gauge of f, by
Proposition 3.3.

Our first method is a variant of that employed in [23]. It associates to C a critical expo-
nent for the combinatorial modulus of the family of curves homotopic to C. This exponent
is then a lower bound for ARCdim. Abusing notation, let [C] denote the family of curves
in J which are homotopic in C — Py to some component y; of the indicated multi-curve
C = {y;}. Since each curve in the family is essential and non-peripheral, the diameters
of elements of this family are bounded below, say by § > 0, and so [C] C Ts. Let Uy,
m € N, denote the sequence of coverings as in Section 6; it is a collection of snapshots,
by Proposition 6.3. For Q > 1, let Ap denote the matrix whose (i, j) entry is the sum of
terms of the form di;Q where d;jx = deg(8x — y;) and the curves d; range over pre-
images of y; homotopic to y; in the complement of the post-critical set. In our case, these
covering degrees are all equal to 2, so Ag = 21=2 4. Thus the Perron—Frobenius eigen-
value Ag of Ag is 21-0 rn, where r, is the root from Lemma 7.10; note this is strictly
decreasing in Q. Setting this equal to 1 and solving for Q yields Q« = 1 4 log, r, for
the critical exponent. Fix now 1 < Q < Q.. Then as m — oo,

modg (T's, Um) = modg ([C], Um) Z 1,

where the last inequality is the statement of [23, Proposition 5.1]. By Corollary 5.12, we
have ARCdim(J) > Q and hence ARCdim(J) > Q..

Our second alternate proof we present here as a sketch; the motivation comes
from [26]. Associated to the multi-curve C is a holomorphic virtual endomorphism of
spaces my, ¢y: Y1 =3 Yo, where Yy is a collection of open Euclidean right annuli of
circumference 1 (and geodesic boundary) indexed by the components of C and Y7 is
a collection of pairwise disjoint right Euclidean sub-annuli of Y, indexed by the com-
ponents of f~!(C) homotopic to C. We require that ¢y induces an inclusion ¥; < Y,
conformal on the interior and that y : Y1 — Y is conformal, a local expanding homothety
in the Euclidean coordinates with constant factor 2, and with each component mapping by
degree 2.

Associated to this conformal expanding dynamical system is a non-escaping set
X C Yy and a self-map g: X — X. The set X is isometric to a product S x €, where S!
is the Euclidean circle of circumference 1, and € is a Cantor set associated to a graph-
directed iterated function system on a disjoint union of #C copies of S!, with contraction
maps having factor 2, and where the copies map according to the combinatorics of the
map f~!(C) — C. The Hausdorff dimension of € is equal to log, ,, by a variant of the
well-known “pressure formula”. It follows from [35, Proposition 4.1.11] that the confor-
mal dimension of X is then equal to 1 4 log, r, = Q. There is a natural, non-surjective
semiconjugacy X — J from g to f.

If this semiconjugacy were a homeomorphism, monotonicity of conformal dimension
would imply the desired lower bound on ARCdim(J); however, it is not. Cui, Peng, and
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Tan [14] show that there is a “thick” subset of X—the components living over “buried”
points in the Cantor set €—on which the semiconjugacy is injective; this should imply the
desired lower bound. For example, passing to some high iterate and deleting the extreme
inner and outermost branches of the interval contraction mappings defining the corre-
sponding Cantor set, one obtains a sub-system whose repellor maps injectively to J and
whose dimension is close to that of the original system X .

Remark 7.11. It is challenging, using our techniques, to give a concrete upper bound esti-
mate on ARCdim that is less than 2. Although we know that E2( f) < 2, at some iterate
the actual energy must be less than 2, and at that iterate, we could apply Proposition 7.1
to get an upper bound on ARCdim. But it appears that we have to iterate quite a lot to get
to these values and get a good upper bound on ARCdim. In some sense, since the Julia set
in these examples is a Sierpinski carpet of Hausdorff dimension close to 2, it is not well
approximated by graphs.

7.4. Skinny Devaney examples

We now turn to the other half of Theorem E, dealing with the skinny Devaney family.
Suitable spines in this case are shown in Figure 17 for n = 3 (kneading sequence LR3);
again, the generalization is evident.

We will find an explicit g € (1, 2), a g-conformal structure Gg given by a metric o
on Gy, and map ¢: G — G{ so that EZ(¢) = 1. The metric « is shown on the right
of Figure 17, except that we have not yet determined the value x. The map ¢ is indi-
cated schematically on the left of Figure 17: each region surrounded by a green loop is
contracted to a point, and ¢ is optimized in the remaining regions.

Figure 17. Virtual endomorphism G1 = Gy for the skinny Devaney family, LR", is shown here
with n = 3. The map 7 preserves color and orientation of the plane, as usual. The map ¢ collapses
the regions within green dotted circles to points.
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Inspection reveals that for most points y € G¢, there is a unique point x € G; with
#(x) = y and |¢/(x)| = 1, compatible with EZ (¢) = 1. The exceptions are as follows:

(1) On the long left edge, there is a chain in G; of n “double edges” (two edges
connecting the same vertices), with each edge of length 1:

(Note the right vertical edge gets mapped to a point.) This chain maps to an edge
in G{ of length x.

(2) On each of the four edges of the central square, there is a chain in Gf of an edge of
length x, two parallel edges of length 2, another edge of length x, and two parallel
edges of length 1:

~

(Note the right-hand endpoints map to the same point.) These chains each map to
an edge in Gy of length 1.

We now solve for x and ¢ to make the supremand in the definition of E,‘II (¢) equal to 1

on these edges as well. We use the principle that two parallel edges of length @ and b in a
g-conformal graph can be replaced by a single edge of length

a®g b= (a7 +p'm0/0=D

without changing the optimal Eg energy of any map; see [52, Proposition 7.7]. (The case
q = 2 is the standard parallel law for resistors.)
Thus the n double edges in (1) have an effective g-length of

xX:=n- (1 @q 1) =n .21/(1_4)_

We set x to this value to make EZ (¢) = 1.
The chain of edges in (2) has an effective g-length of

X+ Q@2 +x+ (1@, 1) =2x 4321070 = (25 4 3) . 21/1-D,

For ¢ = 1 + 1/log,(2n + 3), this quantity is equal to 1, which makes E{ (¢) = 1, with
the supremum in the definition of £/ achieved everywhere on G.
Proposition 7.12. For every skinny Devaney example ki,kinny, and for every g > 1 +
1/log,(2n + 3), we can find a metric on Gg in Figure 17 so that EZ(¢) < 1. Thus
Elm,¢] < 1and

1

ARCdim(J, sinny) < 1 4+ —————.
im( A ) =1+ log,(2n + 3)
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Proof. For g bigger than 1 4 1/log,(2n + 3), it is straightforward to modify the metric
on Gy in Figure 17 by adjusting the lengths slightly to make Eg [#] < 1. (For instance,
on the chain of loops on the right side, multiply the length around the kth dot in from
the end by (1 + £)¥ for small &.) Then for these ¢, we have E9[r, $] < El[p] < 1 and
ARCdim < ¢, as desired. [

Remark 7.13. One can also give a lower bound on ARCdim(Jskimy) by estimating
Nz, ¢].

7.5. Uniformly well-spread cut points

Definition 7.14. A metric space X is linearly connected if there exists a constant L > 1
such that for each pair of points x, y € X, there is a continuum E containing {x, y} such
that diam E < Ld(x, y).

If X is connected and f: X — X is metrically cxc, then X is linearly connected [24].

Definition 7.15. A compact, connected metric space X is said to satisfy the UWSCP con-
dition if there exists a constant C > 1 such that for each x € X and each r > 0, there exists
aset A C X with #4 < C such that no component of X — A meets both B(x, r/2) and
X — B(x,r).

The following result is [13, Theorem 1.2].

Theorem 7.16. If X is doubling, compact, connected, linearly connected, and satisfies
the UWSCP condition, then ARCdim(X) = 1.

7.6. Matings

In this section, we give an example showing that among Julia sets of hyperbolic ratio-
nal functions, the UWSCP condition is sufficient but not necessary for ARCdim(J) = 1.
To our knowledge, this is the first result of its kind. We start by recalling generalities on
matings.

Formal mating. Here, we denote by S! := R/Z. For an integer d > 2, let r7 : S! — S!
be given by t;(0) = d - 6 modulo 1. The action of a degree d monic polynomial on the
complex plane may be compactified by extending it to the circle at infinity S}’ oo O give
an action on a closed topological 2-disk whose boundary values are given by .

The operation of formal mating takes as input two monic critically finite polynomi-
als fi1, f> of the same degree d > 2 and returns as output a topological Thurston map
f1 U f5: 82 — S2. The sphere S? on which f; LI f5: 5% — S? acts is obtained by gluing
together S} _ to S} _ viathe map 6 > —6. Thus f; LI f> preserves a natural “equator
circle” on which it acts via ;. We refer the reader to [8] for a survey containing facts men-
tioned below. Our focus here is exclusively on the case when the f; are hyperbolic; this
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assumption simplifies the discussion. Abusing terminology, given a hyperbolic critically
finite polynomial f', we call a bounded Fatou component a basin of f.

Ray equivalence relation and geometric mating. The sphere S2 on which f 11 g acts
comes equipped with a natural invariant “ray equivalence” relation, ~p,y. If R: C—>Cis
a rational map such that quotienting by the ray equivalence relation yields a continuous
semiconjugacy p: S? — C from f L g to R that is conformal on the basins of the f;, we
say f1, f» are geometrically mateable and that R is the geometric mating of f1 and f>;
see Figure 3.° The restriction p: S!, — J(R) is surjective; its fibers are the intersections
of the ray equivalence classes with S! . It is interesting to ask how big the fibers can be.

The following is a special case of a general principle, to our knowledge, first artic-
ulated by D. Fried [21]: that expanding dynamical systems on reasonable spaces are
“finitely presented”, in the following precise sense—they are quotients of an expanding
subshift of finite type, and there is another subshift which encodes when two points lie
in the same fiber. Restricted to the case of matings, we were surprised not to find the fol-
lowing result in the literature; cf. the survey [41, Remark 4.13] where the possibility of
ray equivalence classes of unbounded size is entertained. Explicit bounds for the closely
related question of the length of ray connections are established in certain cases by W.
Jung [31].

Proposition 7.17. Suppose fi, f» are monic hyperbolic critically finite polynomials of
degree d > 2 that are geometrically mateable, with geometric mating R. Then there exists
a constant C = C( f1, f») such that fibers of p: S, — J(R) have cardinality at most C.

For the proof, we apply a general result of Nekrashevych. To motivate the technique,
and because we need it anyway, we begin by presenting a construction of a semiconjugacy
7: X4 — S, from the full one-sided shift on d symbols to the map 7. We then analyze
the composition

Sq 5 sL A J(R).

Proof. We take xq := 00e27i0 a5 a basepoint and denote by x; fork =0,...,d — litsd

preimages under the map 7. There is a canonical positively oriented (counterclockwise)
arc a C S joining the basepoint x¢ to each x. Fix an iterate n > 1. Lifting the o
under 7,4, rﬁ, e, r&’ and concatenating the lifts give an identification of rd_” (xo) with
{0,1,...,d — 1}" given by taking endpoints of iteratively concatenated lifts. The lengths
of the concatenations are uniformly bounded, since the nth stage has length bounded by a
convergent geometric series with ratio 1/d, and passing to the limit we obtain the desired
semiconjugacy 7: £y — S! from the shift to ;. (More simply, we can also see this
semiconjugacy by writing an element in R/Z in base d.)

3 According to J. Milnor, geometric mating is “interesting, since it is neither well defined, injective,
surjective nor continuous”.
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Our strategy is to now “push” this construction down to the dynamical plane of R via
the semiconjugacy p. Denote by P the post-critical set of R. Foreachk =0,1,...,d —1,
let By be a smooth path in C-P homotopic relative to endpoints to the arc p(o ). Note
that since R is hyperbolic, it is expanding outside of a neighborhood of P. Applying
the same iteratively lifting and concatenating construction from the previous paragraph
using the B; and R in place of the o and t;, we get a well-defined composition
pom: Xy — J(R) induced by taking endpoints of infinitely iterated concatenated lifts
of the By.

Nekrashevych [37, Proposition 3.6.2] shows that in this setting, there is a finite
automaton, called the nucleus, whose one-sided infinite paths encode the equivalence rela-
tion on X4 identifying points in the fiber of the composition p o . It follows that the size
of these equivalence classes is uniformly bounded by the size of the nucleus. The fibers
of p are no larger than those of p o m, yielding the result. ]

See also [37, Section 6.13], in which details for a specific example of mating are
presented.

Quadratic matings. Theorem 7.18 is due to Tan Lei [49] and M. Shishikura [47] and
was proven using ideas of M. Rees.

Theorem 7.18. Two critically finite quadratic polynomials f1, f» are mateable if and
only if they do not lie in conjugate limbs of the Mandelbrot set.

To a hyperbolic critically finite quadratic polynomial f is associated a unique nontriv-
ial interval [a, b] C R/Z: the external rays of angles a and b land at a common periodic
point on the boundary of the immediate basin U containing the critical value of f and
separate U from all other periodic attracting basins. For the basilica, [a,b] = [1/3,2/3],
while for the airplane, [a, b] = [3/7,4/7]. The denominators of a and b take the form
2" — 1, where n is the period of the finite critical point.

Generalized rabbits. If the hyperbolic component containing f has closure meeting the
main cardioid component containing z2, we call f a generalized rabbit. In this case, one
may encode f by rational numbers in a different way.

For each p/q € Q/7Z — {0}, there is a unique hyperbolic critically finite quadratic
polynomial f* = f,/, such that there are ¢ periodic basins meeting at a common repelling
fixed point «, and such that the dynamics on the set of these ¢ periodic basins, when
equipped with the natural local cyclic ordering near ¢, is given by a rotation with
angle p/q. This fact can be deduced from the classification of critically finite hyper-
bolic quadratic polynomials via their so-called invariant laminations; see [53]. The basilica
polynomial is f;/,, while the rabbit polynomial is fj/3.

A special feature of generalized rabbit polynomials is the following. If f is a general-
ized rabbit polynomial and 6; ~ 6, is any nontrivial ray-equivalent pair of angles so that
the corresponding rays land on a common point z in the Julia set of f, then the point z
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is on the boundary of a basin of f. This fact need not hold for other pcf polynomials like
the airplane.

Proposition 7.19. For i = 1, 2, suppose p;/q; € Q/Z — {0} and suppose q1, q» are
coprime. Let f; be the corresponding generalized rabbit quadratic polynomials and R
the geometric mating of f1 and f,. Then the basins of f1 and f> do not touch in the Julia
set of R.

Note that the mating exists by Theorem 7.18. In the proof below applied to the mat-
ing of the basilica and rabbit, the key observation is that the intervals [1/3,2/3] and
[1—2/7,1—1/7] are disjoint.

Proof. We argue by contradiction. Let U; be the immediate basin containing the finite
critical value of f;. Suppose z € J(R) is a point that is simultaneously on the boundary of
a basin for f; and a basin for f;. Since, by Proposition 7.17, the ray equivalence classes
are finite and the f; are generalized rabbits, this implies there exists an angle 6 such that
the ray of angle 6 for f; lands on a point z; on the boundary of a basin of f7, and the ray
of angle —6 for f> lands on a point z, on the boundary of a basin of f,. By iterating this
ray pair forward under the formal mating, we may assume that z € dU;. Since ¢; and ¢,
are coprime, by passing to a further iterate, we may assume that z € dU; N dU,.

In the dynamical plane of f;, let (a;, b;) be the ray pair of angles landing at the
point ¢; separating U; from the remaining immediate attracting basins of f;, as recalled
above. In giving coordinates for the circle at infinity R/Z, we parameterize to agree with
the usual counterclockwise orientation on f; and disagree for f, so that the coordi-
nates match when we mate. For example, if f; is the basilica and f, the rabbit, then
(ay,b1) = (1/3,2/3) and (az,bz) = (1 —2/7,1 — 1/7). Then the set of angles of rays
landing on dU; is a subset of [a;, b;]. The condition that ¢; and g, are coprime implies
that f1 and f; are not in conjugate limbs of the Mandelbrot set, and hence that [a;, 1] and
[az, b2] are disjoint. But the previous paragraph shows 6 belongs to both of these intervals.
This is impossible. ]

Proposition 1.2 is then an immediate consequence of the following two propositions.

Proposition 7.20. Suppose f1, f», and R are as in Proposition 7.19. Then the Julia set Jg
of R does not satisfy UWSCP. In particular, the Julia set of the basilica mated with the
rabbit does not satisfy UWSCP.

Proof. Suppose Jg satisfies UWSCP, and C, x, r, and A be any data as in Definition 7.15.
Then there exists a Jordan curve y surrounding x meeting Jx only in the finite set A. Since
the basins of the f; and f, do not touch, the loop y lies in the closure of finitely many
immediate basins of one of the f;, say fi.

Since Jg is the common boundary of the basins of fi and of f,, each component of
C — y contains a basin of f5, say U and V. On the one hand, U and V are joined by a



K. M. Pilgrim and D. P. Thurston 1046

|5 15>
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D D
Figure 18. Virtual endomorphism G1; = Gy for the mating of the rabbit and the basilica.

path B lying in the closure of finitely many basins of f; and meeting J(R) in finitely many
points, since this is true in the dynamical plane of f,. On the other hand, any such path
intersects y and thus passes through a point of A. It follows that the basins of f; and f>
touch in this point of A. By Proposition 7.19, this is impossible. |

Proposition 7.21. The virtual endomorphism Frp of the mating of the rabbit and the
basilica satisfies N[Frg] = 1 and, for ¢ > 1, E4[Fgg] < 1, and so ARCdim(4gp) = 1.

Proof. The spines for this mating are shown in Figure 18, with a black equator and col-
ored rays. We may take the map ¢ in its homotopy class to be the map that “pushes” the
extra colored edges toward the equator. If we do this suitably, each colored point in Gy
has one (colored) preimage, and each point on the equator has at most three preimages,
one on the equator and two colored. It follows by iteration that N(¢") = 2n + 1, and
so N[Frg] = 1. For the statement about EZ, we proceed as in [50, Example 2.4]. Fix
g > 1, and consider a metric on Gy where the colored edges have equal length L, and the
equator has length 1. Lifting this metric under the covering to a metric on G, and lifting
the colors as well, each colored edge of G has length L, and the equator has length 2.
For the map ¢ described above, Fill? (¢) = 1 on the colored edges, and, for L sufficiently
large, Fill?(¢) ~ 2179 < 1 by equation (4.7). We can homotop ¢ to make Fill? less than
1 everywhere by pulling the images of the vertices on the equator very slightly in along
the colored edges; this decreases the derivative on the colored edge while increasing the
derivative on the equator (but keeping it less than 1). Then E9[Fgp] < E[¢] < 1, as
desired. ]

Remark 7.22. The proof of Proposition 7.21 applies to the mating of any pair of
rabbit-type polynomials as in the hypothesis of Proposition 7.19: all such matings have
N[n, ¢] = 1. However, if we mate two polynomials that are far out in the limbs, we may
end up with a Sierpiriski carpet. Figure 19 gives empirical evidence for this assertion. It
shows the Julia set of the result of mating of the airplane polynomial f; and another poly-
nomial f,, with corresponding angles (a1,b1) = (3/7,4/7) and (a2, b2) = (3/31,4/31).
The mating appears to be a Sierpinski carpet. (This example was found by Insung Park
and Caroline Davis.)
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Figure 19. The Julia set of the airplane polynomial mated with a Kokopelli-like polynomial. Picture
by Arnaud Chéritat.

Conjecture 7.23. The Julia set of a hyperbolic rational map satisfies UWSCP iff its
virtual endomorphism has uniformly bounded N [¢"] (independent of n).
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