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On the isoperimetric functions of a class of Artin groups
Arye Juhasz

Abstract. We find a polynomial (1°) isoperimetric function for Artin groups, the defining graph of
which contains no edges labelled by 3. This in particular shows that even Artin groups have solvable
word problem. We use small cancellation theory of relative extended presentations.

1. Introduction

Let m,n € N (N - the natural numbers), m > 0, n > 1, and let I" be a simple graph
without loops, with vertex set V = {vy,...,v,} and edge set E = {eq,...,en}. Label the
edges by natural numbers via a labelling function A : E — N \ {1}. Denote A(e) = n;;,
where the edge e connects v; to vj, i # j (n;j = nj;), and let n;; = 0if v; and v; are not
connected by an edge. For every such labelled graph corresponds a group presentation

P(I) = (X | R) (L1

such that
X ={xy,veV}, R ={R., e € E}, denote x,, by x;,
R, = (x,-xj)%”if (xi_lxj_l)%"if, if n;; is even and
nj;—1 nj;i—1
R, = (xixj)iji(xi_lxj_l)ijj_l, if n;; is odd.
The group presented by & (I") is denoted by A(I") and is called the Artin group defined
by T

Examples 1. (1) nj; =0foreveryi,j,1 <i <j <n.

Then A(T) is the free group on X.

(2) njj =2foreveryi,j,1 <i <j <n.
Then A(T) is the free abelian group on X.

(3) ni; €{0,2} foreveryi,j,1 <i <j <n.
Then A(T) is called right-angled Artin group.

(4) n;jj € 2N forevery i, j,1 <i < j <n.
Then A(T") is called an even Artin group.
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(5) njj #2foreveryi, j,1<i < j<n.
Then A(T) is said to be of large type.

To each Artin group A(T"), there corresponds a Coxeter group Wy, obtained by adding
the relators xiz, i =1,...,n. An Artin group is said to be of spherical type if Wy is
a finite group. The graphs of the spherical type Artin groups are classically known. An
Artin group is said to be of FC type if it belongs to the smallest class of Artin groups
which are closed under amalgamation along standard parabolic subgroups and contain all
the spherical type Artin groups. Standard parabolic subgroups are the subgroups which
are generated by subsets of X.

We recall isoperimetric functions. Let G be a group presented by & = (X | R).
Let W € F(X), F(X) be the free group freely generated by X, W cyclically reduced
(i.e., WW contains neither xx~! nor x"'x, x € X). Then W represents 1 if and only if

W=C1“'Ckwa szl?

& p—1 1.2)
Ci = fiR] [, fie F(X), R e Rande € {1,—1}.

A function g : N — N is an isoperimetric function for the presentation = (X | R) if
for every word W which represents 1 of the group G, kw in (1.2) satisfies kw < g(|W)).
Here |W| denotes the length of W in F(X).

The isoperimetric functions are known for spherical type, FC type, large type,
right-angled Artin groups and some other classes of Artin groups. See [1,4,5].

Main Theorem. Let A be an Artin group, A = A(T). If n;j # 3 for everyn;j, 1 <i <
j <n, then f(n) = n® is an isoperimetric function for P (T').
We believe that “6” can be replaced by “2”.

Corollary. Let A(I') be an Artin group. If ni; # 3 foreveryi, j, 1 <i < j <n, then A
has solvable word problem. In particular, even Artin groups have solvable word problem.

The corollary has been established recently also in [9], using a completely different
method.

Our basic method is small cancellation theory of extended (relative) presentations via
van Kampen and Howie diagrams (see [6, Lemma 1.2.2, Remark 1.2.3]). (Recall that a
van Kampen R-diagram over F(X) is a connected, simply connected labelled planar 2-
complex, labelled by elements of F'(X) such that the labels of the boundary of the 2-cells
are elements of 2. We say that the corresponding 2-cell (region) realises the element
of R.)

The original version of this article appeared in [6] and has been approved by the
referee. The present article is a shortened version of it.

Outline of the proof of the Main Theorem. In order to find an isoperimetric function for
the presentation &, we have to find an upper bound on the number &, in (1.2) in terms of
the length |W| of W for every W representing 1 in the group defined by &. By the basic
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theorem of van Kampen diagrams, for every cyclically reduced W representing 1, there is
a van Kampen diagram M with boundary label W such that the number of regions in M
is at most k. See [10, Chapter V]. So our problem can be considered as a counting prob-
lem in van Kampen diagrams, and this is our approach. We use the following simple basic
principles, together with the well-known result in Proposition 1. Thus let S be a finite set.
In order to count the elements of .S, we subdivide S into subsets Sy, ..., .S,, such that we
know m and know the maximal possible number 7 of elements in S;,i = 1,...,m. Then S
has at most mn elements. In our case, Proposition | provides the first approximation to
the numbers m and n, in terms of the length of W.

Proposition 1. Let M be a reduced van Kampen R-diagram over F(X). Let W be a
boundary label of M, cyclically reduced. Assume M satisfies conditions C(4) and T(4).
Suppose that each piece has length 1. Then each of the following holds:

(a) For each region A of M, we have [0A| < |W|.
(b) The number |M | of regions A in M is at most |W |2.

Hence if our diagram M would be a C(4) and T(4) diagram, then by part (b) of the
proposition, the number of regions in M would be bounded by |W|?. Being this not the
case, we first modify our approach. The core idea is not to try to estimate the number of all
the regions via a result like Proposition 1 but to use that result for the estimation of a part
of the regions only, namely, |Reg,+ (M )|, the number of regions of M having boundary
cycle of length at least 8, and then relate |[Reg, (M )|, the number of remaining regions, to
|Regs+ (M)].

In this direction, we have the following.

Theorem 1. Let M be a van Kampen R-diagram, R given by (1.1). Assume
R={R.|ecE}, Ale)#3 foreveryec E. (1.3)

Then there is a van Kampen diagram M’ with the same boundary label as M such that
[Regy+ (M| < [OM|*.

For the proof, see [6, pp. 5-11,105].
Now, we relate the number of regions in Reg,(M) to the number of regions in
Reg,+ (M). First, let us state a definition.

Definition 1 (a-Bands). Let Dy, D, € Reg, (M), and let Supp(D1) = {a, x},Supp(D,) =
{a,y} (x = y is not excluded). Say that D, and D, are a-neighbours if 6 := 0D; N dD,
contains a subpath 6y with label a*l, (We consider D; as a neighbour of itself, i = 1, 2.)
The transitive closure of “a-neighbourhood” is an equivalence relation. For D € Reg, (M)
with Supp(D) = {a, x}, denote by La (D) the a-equivalence class of D. Let L, (D) be the
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subdiagram of M generated by La (D). Call L,(D) the a-band generated by D. Denote
by Str(M) the collection of all the bands in M. Clearly,

Reg,(M) = U Reg(L).
LeSu(M)

We make the observation that every band either starts on the boundary of a region in
Reg,+ (M) or on the boundary of M. The same is true for the ends of bands. Hence we can
estimate the number of bands in terms of the number of regions from Reg,+ (M ). Next, we
show that the number of regions in a band is bounded by the number of bands. Relying on
Theorem 1, this easily implies that [Reg, (M )| is bounded by |dM |%. See [6, pp. 10-12].

The proof of the Main Theorem is reduced to the proofs of Theorems A—C and some
results on the way to their proofs. In the rest of the work, we concentrate on their proofs.
We assume that R is given by (1.3).

See Definition 2.1.4 for M3(W).

Theorem A. Let M be a van Kampen R-diagram over F with cyclically reduced bound-
ary label W. If M € M3(W), then M! satisfies the small cancellation conditions C(4)
and T(4) for everyt € T(M).

Theorem B. Let M be a van Kampen R-diagram over F with cyclically reduced bound-
ary label W. If M € M3(W), then for every region D in Reg(M) realising a relation
R(a,t), |W|: > n(a,t) and |W|q = n(a,t),aandt inT.

The main theorem obtained from the proof of Theorem | and the main result is
Theorem C, which is a variant of Greendlinger’s lemma.

Theorem C (Greendlinger’s lemma). Let A(T") be an Artin group given by (1.3). Let My €
M3(W) (see Definition 2.1.4) be a connected, simply connected minimal R-diagram
over F with cyclically reduced boundary label W, W # 1 in A(T;).

Let W =W Wz_1 be reduced as written. Then there is a van Kampen diagram M, M €
M3 (W), with boundary cycle o, such that o decomposes into @ = w10, ", w; labelled
with W;, i = 1,2 and one of the following holds:

(a) There is a boundary region K € Reg,+ (M) with 0K N w; connected, || 0K N w; || >
n(K), for i =1 or i =2, where Reg,+ (M) = {K € Reg(M) | n(K) > 4}.
Moreover, €| < |0K N w;|, where & is the complement of 0K N w; on JK.

(b) There are boundary regions D1, D, € Reg,(M) with 0D; N w; connected,
|0D; Nwj| =2, for j = 1orfor j =2.

(c) There is aregion D € Reg, (M) with 0D N w; connected, |0D Nw;| > 2, and there
is a region K € Regy+ (M) with 0K N w; connected, 0D Nw;|| > 2, for j =1
orfor j =2.



On the isoperimetric functions of a class of Artin groups 775

Overview of the present work. The goals of the work are
(1) to estimate the number of regions in Reg,+ (M),
(2) to estimate the number of regions in Reg, (M).

The idea behind (1) is to count the number of regions in M’ ¢ € T (M) (for notations,
see [6, the three constructions on pp. 6, 7, 11]) where due to Theorem A, conditions C(4)
and T(4) are satisfied, hence we may do this, and then to show that the number of regions
in M’ and Regy+ , M is the same, via a natural mapping ¥, of diagrams which sends a
region A in Ml; to a uniquely defined region A in M. For W;, see [6, pp. 79-81]. One
of the problems is that M is obtained from M, by shrinking edges and identifying ver-
tices; hence in principle, A may shrink to an edge or a vertex. Thus our task is to show
that ¥, (and ¥; 1) does not cause deformation and collapse of regions. One of the classical
methods to avoid deformations in diagrams is by Greendlinger’s lemma. It roughly says
that a diagram with at least two regions has at least two Greendlinger regions, the bound-
ary of which contains a big portion of the relators. See [6, Definition 1.3.1]. In general
terms, it shows that if there is a kind of deformation in certain subdiagrams, then certain
events are simultaneously unavoidable and forbidden, which of course is absurd. Hence
no deformation occurs. For example, consider a reduced diagram in which every region
has boundary label U”, U cyclically reduced, not proper power, n > 7. Suppose that the
boundary of a region E is not simple closed. (This is the deformation which we would like
to avoid.) Then there is a loop in the boundary of the region which surrounds a disc Q, the
boundary of which is labelled by a subword of the cyclic word U”. Suppose that in Q, we
have Greendlinger’s lemma. Then Q has a boundary region D with dD N dQ connected
such that [0D N dQ| > 3|U|. Hence D and E necessarily have a common (unavoidable)
piece of length at least 3|U|. But such a word is forbidden, because due to U not being a
proper power, this would mean that D cancels E, violating that the diagram is reduced.
(Though we do not use this example, we use its underlying idea. See the proofs of Pro-
positions 2.1.7 and 2.1.8 in [6].) Coming back to the context of our work, notice that by
Theorem C, every bigonal R-diagram M, thatis, IM = w;w, ! has a generalised Greend-
linger region on one of the sides w; of the bigon. Since M’ does satisfy C(4) and T(4),
hence it has Greendlinger regions. The natural candidates for Greendlinger’s regions in M
are the images (by W, !) of the Greendlinger regions of M’. The problem is that while
Greendlinger regions are boundary regions, our candidates in M need not be. So we need
a technique to “move” inner regions to the boundary. More precisely, to show that there
is a diagram with the same boundary label as M in which the candidates are boundary
regions. We do this by observing that since the generators of the second homotopy group
of the defining complex are prisms, we can replace one half of the prism by its comple-
ment by a rotation of the prism. In M, this has the effect of moving a region which occurs
both in M and in the prism. See [6, Section 3]. The involvement of the second homotopy
group requires the introduction of extended presentations.
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Finally, we have to count |Reg, (M)|. To this end, it is enough to show that two bands
cannot intersect more than once (see Section 4). Essentially, we prove this simultaneously
with the other main proposition (see Section 4).

The ideas developed here lead to further results for Artin groups A dealt with in the
present work. Recall that a parabolic subgroup of an Artin group is a conjugate of a stand-
ard parabolic subgroup. In [7], we show that the intersection of parabolic subgroups is
parabolic. Also, we describe fusion in A. In particular, we show that in even Artin groups,
every standard parabolic subgroup P controls fusion in P (i.e., if two elements of P are
conjugate in A, then they are already conjugate in P).

Together with further ideas, we show in [8] that locally reducible Artin groups (i.e.,
no (2.3.3), (2.3.4) and (2.3.5) type standard parabolics occur) have polynomial (1)
isoperimetric functions.

The work is organised as follows:

* In Section 2, we introduce the diagrams M and M, and show that they are adequate.
Also, M is adequate.

* In Section 3, we consider extended presentations, Howie diagrams, I-moves and
banded diagrams.

» In Section 4, we consider the connection between M, and M’ and prove the main
theorems.

2. The diagrams M, M, and M’, 7 € T(M)

2.1. The diagrams M and M,,t € T(M)

Let M be a simply connected R-diagram over F, R given by (1.3), and lett € T(M).
Denote by Regy (M) the set of all the regions of M the boundaries of which are
labelled only by letters from H; (H; = (X — {t})). Denote by Reg, (M) the set of all
the regions of M the boundaries of which have labels from (¢) and also from H;. Thus
Reg(M) = Reg,(M) U Regy, (M). We subdivide Reg, (M) further by

Reg,(M) = Regy+ ; (M)u Reg, , (M),

where Reg,+ ,(M) is the set of regions in Reg, (M) with boundary length at least 8 and
Reg, ,(M) is the set of regions in Reg, (M) with boundary length 4. We have for € T

Reg(M) = Reg4+,t(M) U Regy, (M)u Regz’t(M). 2.1

For the definition of the diagrams M and M,, we introduce equivalence relations

“775’ “; ” and “g77 on Reg4+,t (M)’ RegH, (M) and Regz,t (M), reSp6CtiV€1y.
t t

Definition 2.1.1 (of ?). Let Dy and D, be regions in Regy+ ,(M). Say that they
are t-friends if the following hold:
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(i) 90D N dD, contains an edge.
(ii) Supp(dD1) = Supp(dD>).
Let ~ be the transitive closure of 7-friendness. It is easy to see that ~ is an equivalence

relation on Regy+ ,(M). Denote by [D]; the > equivalence class of D.

Definition 2.1.2 (of ;). Let Dy and D be regions in Regy, (M). Say that they are H,-

friends if D1 N dD, contains an edge. Let ;be the transitive closure of H;-friendness.
t

Then ~ is an equivalence relation on Regy, (M). Denote by [D]g, the equivalence class

H,
of D € Regy (M).

Definition 2.1.3 (of ;). Let D; and D, be regions in Regz,t(M ). Say that D; and D,
t

are B;-friends if D1 N 0D, consists of an edge with label tE1. Let ;be the transitive
closure of B;-friendness. Then Bwis an equivalence relation. For D € Reg, ,(M), denote

t
by [D]p, the equivalence class of D in Reg, ,(M).

Definition 2.1.4 (The class M3(W) of diagrams). The following statements hold:

(a) Let W be acyclically reduced word which represents 1 in A(T"). Assume that W
1 in A(T'2). Here I, is the graph obtained from y by removing all edges not
labelled by 2. Denote by M (W) the set of all the van Kampen diagrams with
boundary label W. By [10, Chapter V], M(W) # @. Let M, (W) denote the set
of all the diagrams in M (W) for which |Reg,+ (M )| is minimal possible. Clearly,
Mi(W) # @. Let Ma(W) be the set of the diagrams in M (W) which contain
minimal number of equivalence classes [D]ps of regions in Reg,+ (M ). Clearly,
Mo (W) # 0. Finally, let M3(W) be the set of the diagrams in M, (W) with
adequate bands. Say that M is minimal it M € M»(W) and |Reg, (M )| is minimal
possible. It follows that if M is minimal, then M € M3(W). Hence M3(W) # 0.

(b) Definition 2.1.1 makes sense without the requirement that D; and D, are in
Regy+ (M), namely, Dy ~ D, if Supp(dD1) = Supp(dD5) and dD; N 9D, con-
tains an edge. We shall call the corresponding equivalence relation “equivalence”.
For D € Reg, (M), define ko(D) = Int(U{E | E € [D]z}). Then k(D) is con-
nected. If Z = 4", then define n(ko(D)) = n(D). Notice that n(ko(D)) is well
defined. Also, denote ko (D) by A(D) for this case. Denote the diagram obtained
by M.

Definition 2.1.5 (Adequate). Let M be a connected, simply connected R-diagram
over F, M € M3(W). Say that M is adequate, if for every D € Reg(M), D is homeo-
morphic to the open unit disc, dD is simple such that the boundary label is not 1 and is
cyclically reduced.
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Definition 2.1.6 (M;). Let M be a van Kampen R-diagram over F, and lett € T(M).
If xo(D) is homeomorphic to the open unit disc, for every D € Reg(M ), then we may
consider {ko(D) | D € Reg(M)} as a set of regions such that their totality generates a
diagram which we denote by M. Thus Reg(M;) = {ko(D) | D € Reg(M)}. We have
oM, = dM. Also,

Reg(M;) = Regy+ ,(M;) URegp, (M;) URegy, (M;) foreveryt € T(M). (2.2)
The main results of this section are Propositions 2.1.7 and 2.1.8.

Proposition 2.1.7. Let M € M3(W). Then M, is adequate for everyt € T (M ). Moreover,
if K1 and K, are regions of M, not both bands, then 0K, N 0K, # @ implies that
0K;1 N 0K, is connected.

Proposition 2.1.8. Let M € M3(W). Then M is adequate. Moreover, if 0D1 N 0D, # @,
then dD1 N 0D, is connected.

Remark 2.1.9. Let K € Regy+ ,(M,). When passing from M to M by shrinking edges
labelled by elements of H; to a point and shrinking 7-bands to edges, it may happen that
the interior of the obtained region K  in M’ becomes disconnected. Since M is adequate,

we can replace K' by a disc (and we shall do so), the boundary of which is labelled
by ®(3(K?)).

We prove Propositions 2.1.7 and 2.1.8 by simultaneous induction on the size of M.
See [0, Sections 2.2-2.4].

3. Extended presentations, I-moves and banded diagrams

3.1. Identities among relations

We recall identities among relations from [2, p. 157]. Let C be a 2-complex. Let cg
be a basepoint for C (some designated vertex of C). A sequence o over C at vy is
o = (q1,...,49n), where ¢; is a path in C consisting of a concatenation yiaAiyi_l, A
being a region (face) of C and y; a path from vy to v(A;), 1 <i < n, where v(4;) is
the basepoint of A;. We call o an identity sequence if the concatenation g; - - - g, is freely
equivalent to the trivial path at vy.

Given a presentation & = (X | R), following [10], we construct a bouquet of
tailed circles C with basepoint vg. Let 0 = (g1, ..., ¢n) be a sequence over C at vy,
qi = yiAiyl-_l, y; tails. Label dA; by R; € R and label y; by a word in F(X), via
a labelling function ®( : C — F. After carrying out all free cancellations in ®y(0) =
Do(q1) -+ Po(gn), we get an R-diagram M over F the boundary label of which is the
cyclically reduced word for ®¢(q; ---¢q») in F.
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If ®o(q1---gn) # 1F, then M is a connected and simply connected planar diagram
(van Kampen diagram), and if ®¢(q; ---¢g») = 1 in F, then M is the union of a finite
number of spines and tessellated spheres (= S? C R?) by the A;. In this case, we call M
a spherical diagram. We call M a singular sphere or just a sphere if it consists of a single
sphere. When the ¢; are labelled with R; and ¢(¢1---¢n) = R1--- R, = 1 in F, then
we call the sequence S = (Ry, ..., R,) an identity sequence over R and call it a simple
identity sequence, if the corresponding spherical diagram is a simple sphere.

Definition 3.1.1 (Extended presentations). Let > = (X | R) be a finite presentation of
a group G, and let I be a set of simple identity sequences over R. The correspond-
ing extended presentation is the triple (X | R | I). This notion was introduced in [3]
by Roger Fenn. Now let A = A(I") be an Artin group given by (X | R) in (1.3).
The identities among relations I we choose are obtained from the 3-generated stand-
ard parabolic subgroups A(i, j, k) with defining subgraphs I'; ; x with the vertex set
V(i jk) = {xi, xj, xx } and the edge set E(I'; j x) = {eij.eik,ejk), 1 <i < j <k <n,
with labels A(e;;) = A(ejx) = 2 and A(e; ) = m, m > 4. The corresponding tessellated
simple spheres X; ; x are prisms with two regions of degree 2m (upper and lower) labelled
with R;x, which we call the big regions, and a band of length 2n in which the regions are
labelled by R;; and Rji in an alternating manner. See Figure 1 for n = 4.

We introduce one of our main tools, I -moves.

Let ¥ = X; j k., and let w be a simple closed curve on X. Then w subdivides X into
two simply connected subdiagrams, wg and wy , with connected interiors, where wg is the
submap of all regions to the right of @ and @y, is the submap of all the regions to the left
of w. Clearly, og Nwr = wand wp Uw U wp = X.

Let S(X) be the set of all the connected, simply connected submaps of X with con-
nected interior, and let 8, : S(£) — S(X) be the function which for every closed curve @
on X sends wg to wy, and wy, to wg and leaves w unaltered.

Let M be a van Kampen R-diagram over F, and let M be a simply connected subdia-
gram of M with connected interior and simple boundary cycle jt. Suppose that M, can be
embedded into ¥ = ; ;  for some (uniquely defined) i, j and k as an R-diagram with
image N in X with dN simple closed such that u is mapped onto dN. Then N € S(X).

Figure 1. A big region realising R;j in a half sphere for n = 4.
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Definition 3.1.2 (I-moves). Let I be a simple identity among relations realised by a
uniquely defined sphere & = X; ; . Let M, My, N, S(X) and B, be as defined above for
some w. An I-move at My is a surgery in M by which we cut out M and fill in instead
by Bw(N). Since IN = 9(B, N), this is well defined.

Below we consider some examples which illustrate the way I-moves are used.

Example 3.1.3. Let X = {a,b,c}, R = {R1, Rz, R3}, where R; = aba~'b~!, R, =
aca V¢ ™V, Ry =bch ¢ V. Here G 2~ Z ®Z S Z.Let W = abca'b~l¢™!. Then W
represents 1 in G. Figure 2 shows the corresponding van Kampen diagrams.

Example 3.1.4. Now let & = (a,b,c | R | I), R = {Ry, R2, R3}, I = Ry, R}, Rs,
(Rl_l)”, R;l, (R3_1)" be an extended presentation, where R* = xRx~Vand Ry, R,, R
are as in Example 3.1.3. The effect of I on the diagrams of Figure 2 is the replacement of
the diagram in Figure 2 (a) by the diagram in Figure 2 (b).

This changes the positions of the regions realising R;, R, and R3 and may reduce the
number of regions. See Figure 3.

b
My
(®)
Figure 2. Application of an I-move on (D1, D3, D3)
c
ba Dy Ab
—
Free. arn DY Aa
reduction
abch™la=1c™1 ¢
M M1 after free reduction

Figure 3. An I-move followed by a free reduction which reduces the number of regions.
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3.2. Banded subdiagrams and transfer of regions

In this subsection, we assume M € M3 (W) and assumption J.

Lemma 3.2.1. Let M € My(W), and let I be an I-move or extended I-move. Then
M1 e My(W).

Proof. We have to show that / increases neither |Regy+(M)| nor |Regy+(M)|. Sup-
pose that I replaces the simply connected subdiagram N with connected interior by a
diagram N'.

We use notation of Definition 3.1.1. If n = 2, then clearly / cannot alter |Reg,+ (M)|
and |[Reg,+ (M)|. If n > 4, then N contains exactly one big region A and N’ also con-
tains exactly one big region A’, which is a copy of A. Since M € M, (W), the result
follows. ]

Definition 3.2.2 (Banded subdiagrams). Let B = (Eq, ..., Ex) be a band in M with
sides 07 and o, and let 6 be a boundary path of a simply connected subdiagram M, with
connected interior.

(a) Say that My is banded at 6 by B if ||6] > 1 and 6 C o1 U 0,. See Figure 4 (a).

(b) Let notation be as in part (a), and let 6 = vo61v16,v; - 6, v, be a decomposi-
tion of 6, v; vertices, r > 1. Say that My is banded at (04, ..., 0,) by bands B;,
respectively, if My is banded at §; by B; foreveryi,i =1,...,r.

Definition 3.2.3 (Transfer of regions from Mj). Let M be a connected, simply con-
nected R-diagram over F with connected interior, and let M, be a connected, simply
connected R-subdiagram over F' with connected interior. Let D be a boundary region
of My with u := dD N dM, connected, and let B = By U B, U B3 be such that
dD N dB = dD N dB,. Observe that D U B, embeds into the prism P,,, m = 2n(D),
P, = D U B, UD'U B}, where B, U B) is an annulus with m regions from Reg, (M)
(a closed band) and D is a region with n(D’) = n(D) and Supp(D) = Supp(D’). (We
identify D and B, with their images in P,,.) Notice that B, and B) have the same
poles o and $, hence B’ = B; U B, U B3 is a band. Replace B U D with B’ U D’
(which have the same boundaries) and denote the resulting diagram by MOJ , where J
is the I-move which replaced B U D with B’ U D’. Thus My U B is replaced by
(Mo U B)\ (D U B))U (D’"U B’). Hence

M{ = Mo\ D, B’ =B and M{ isbanded by B'. (3.1)

In this situation, we say that J transferred D from M. See Figure 4 (b) and 4 (c).
If every region can be transferred from M, we say that My is transferable. The removal
of D € Reg(My) naturally extends to transfer of regions A from M. (See Figure 4 (b)
and 4 (¢').)
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Figure 4. (a)—(c): Transfer of the region D via an adjacent band B by the application of the I-move.
(b") and (c’): Transfer of the modified region A via an adjacent band B by the application of the
I-move.

Notice that if instead of B we have a band-bundle, then D can be transferred by a
sequence of I-moves beyond the band-bundle, without destroying the bundle structure.
See Figure 5 (a) and 5 (b) for D and Figure 5 (2’) and 5 (b’) for A.

We are interested in a special type of banded subdiagrams (2-banded subdiagrams)
which we consider in the next subsection.

Definition 3.2.4 (2-Banded subdiagram). Let W # 1 be a cyclically reduced word in F
which represents 1 in A. Let M € M3(W), and let Q be a connected, simply connected
subdiagram of M with connected interior. Say that Q is 2-banded if

(1) there is an a-band B; and a b-band B, in Q, a,b € X (a = b is not excluded),

(2) there are connected and simply connected subdiagrams Q,, @; and P in Q and
paths 6, and 6; such that
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Figure 5. (a) and (b): Transfer of the region D via a band-bundle (81, B2) by the application of
the Z-move J. (2’) and (b’): Transfer of the modified region A via a band-bundle (81, B2) by the
application of the T-move J.

(i) Q=0;UB; Uy PUy BrUQ, and 0 = a)lal_lyar_la)3/3rﬂla where
0; = dB; N AP, 6, = dB, N AP, 6; and 0, are sides of B; and B,, respect-
ively, o1 = dQ; N 3dQ,y = IP N A0, w3 = dQ, N dQ are connected, o
and B; are poles of B; and «, and S8, are poles of B,

(i) o(6;) = 0(6,),
(3) Int(P) # 0, then ®(dP) is cyclically reduced.

Call Q closed 2-banded if t(6;) = t(6,). Let U be a cyclically reduced word in F
which represents 1 in A. Denote by @4 (U) the collection of all the 2-banded subdiagrams
of M with boundary label U.

We shall show that under certain conditions, there is a boundary region of My which
we can transfer from M. We wish to repeat the process of transferring until either no
regions remain in My or My has a special structure. The next proposition shows that -
moves preserve these “certain conditions”, hence we can repeat transferring regions as
long as there are regions in M, or MOJ does not have the special structure. Here MOJ is
the result of applying J on My, J a sequence of I-moves.

Definition 3.2.5 (Standard Z-moves). Say that an I-move J is standard if 6 is a maximal
piece in the sense that 6 in Figure 5 (b) cannot be extended as a common boundary of D
and B.

Proposition 3.2.6. Let W be a cyclically reduced word in F, W # 1, which represents 1
in A, and let M € M3(W). Let Q be a subdiagram of M with cyclically reduced bound-
ary label U and suppose that Q € Qp(U). (Thus Q is 2-banded.) Let notation be as
in [6, Figure 33 (c)].

Assume that P contains a boundary region A € Regy+ ,(P) or D € Reg,(P) such
that dA N P or 0D N AP, respectively, are connected and A N IP = dA N O, or
dD NAP =3D N O, 0 =0, or 0 = 6 such that |[0A N O| > 2, or |00 N OD|| > 2. Let [
be the standard I-move on B U A, or B U D, respectively, where B = B, or B = B
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according as 0 = 0, or 6 = 0}, respectively, which transfers D or A, respectively, from Q.
Then Q1 € @1 (U). See the proof of Proposition 3.2.6 in [6].

4. Lifting @(M‘) to M;,t € T(M), and the proofs of the main results

The idea behind showing that M’ satisfies conditions C(4) and T(4) is to use it in M.
Obviously, we cannot lift conditions C(4) and T(4) from M’ to M; however, we can
lift a version of Greendlinger’s lemma. This is the content of Theorem C. The first step
towards such a lifting is to establish the basic connection between M’ and M ¢+ We con-
sider M; as a map and consider (M;)!, its 1-skeleton. Following the definition of M, we
consider (M’ )! as a quotient of (M,;)!. Then we extend this from the 1-skeleton to the
whole map and show that [Reg,+ ,(M;)| = |Reg(M’ )|. Since M satisfies conditions C4)
and T(4), this allows us to estimate [Regy+ ,(M)].

4.1. Preliminary results

4.1.1. The mappings ¥, and ¥ 1t € T(M). Let M be a connected, simply con-
nected R-diagram, M € M3(W) and ¢t € T(M). Consider the diagram M, (defined in
Section 2.1). Assume first that it has connected interior. Denote by (M;)! the 1-skeleton
of M. Define an equivalence relation “a” on the vertices of (M,)! to be the transitive

1
closure of the relation “T” defined as follows: vertices v; and v, satisfy UITUZ if either

v1 = vy or there is an edge e labelled by a letter from H; (H;-edge) with ((e) = v; and
7(e) = v,. Here t(e) denotes the initial vertex of e and 7(e) denotes the terminal vertex
of e. Edges e and e, satisfy elflvez if e; = e,. Then by the definition of M, (M,)1 / ?
is isomorphic to (M?)!.

Let E; be the collection of all the edges of M; which are labelled by ¢! and
define E g, accordingly.

Denote the projection mapping of (M[,)! which realises ~ by ¢; : (M;)! — (M*)!.
Then ¢, sends a vertex v in (M,)! to the vertex ¢;(v) which we denote by v’. If
e € E/((M,)"'), then ¢ (e) is an edge which we denote by e’. If e € Eg, ((M;)!), then
e’ := ¢,(e) is a loop with ¢(e) = 7(e), which we remove. We can do this because there
is no interrelation between a loop and an edge (or loop). So we define ¢;(e) = @ and
¢:(€) = v} = vh, where ((e) = vy and t(e) = v,. We define ¢; 1 : (M?)! — (M,)! by
its set theoretical definition as follows.

Let v’ be a vertex in M, v’ = ¢;(v), v a vertex of M.

(a) Define ¢;1(v') = {w | w is H;-connected to v}.

(b) If ' is an edge in (M’)!, then ¢; ! (e’) is the unique edge e € E,((M’)!) such
that ¢; (e) = e’. (Notice that e is necessarily in £, ((M,)!).)

If Int(Ml;) is not connected, then consider each connected component individually.
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Consider now M. Assume first that it has connected interior. Define an equivalence
relation “§” on (M?)! to be the transitive closure of the relation “fzv” defined as follows:

(1) Vertices v} and v}, of (M")! satisfy V1502 if and only if v; = v,.
(2) Edges €} and ¢} satisfy eﬁ'zveg if and only if 7(e}) = t(e}) and t(e]) = t(eh).

It follows from the definition of M’ that (M,)! / “§” is isomorphic to (V).

Denote by &, the projection from (M*)! onto (I@I’)1 which realises 5 Then we have

(1) if v* € V((M*)'), then &, (v') = ¥, 7 a uniquely defined vertex in 1\’4\1/’1,
(2) ife! € E(M")1), then & (e?) = €, € a uniquely defined edge in M
We define £ : MY — M as follows:
(1) Ifv e V((I\’/\JIJ’)I), then &1 (D) = v’, where v’ is the unique vertex in (M?*)! with
£ =7.
) Ifee E((l\?l”)l), then £;1(2) = {e' € M | t(e") = t(e}) and T(e") = t(eh)},
where & (ef) = @.
Finally, define ¥, : (M;)! — (M")! by W, =& o ¢;. Then Ul =g log L It
follows by checking Euler characteristics that M is planar. We have the following.

Lemma 4.1.2. The following statements hold:

(1) Lete € E;((M,)'), and let B} be the 1-skeleton of the t-band which contains e.
Then W; ' o W,(2) = B.. In particular, € C W' o W, (e).

(2) Lete € E;(My)'). Then U1 o W, (e) = e.

(3) Letv € V((M;)Y). Then ¥; 1 o W, (v) = [v]m,. In particular, v € W' o W, (v).
(4) Let ¥ € V((M")Y). Then W; o U1 (T) = 7.

(5) i (t(e)) = L(Wi(e)) and ¥ (t(e)) = t(W,(e)) for every edge e € Vi ((M,)").

Proof. Immediate by the definitions of ¥; and \Iffl. ]

Proposition 4.1.3. Let notation and assumptions be as above. Then |Regy+ ,(M,)| =
[Reg(M").

Proof. See [6, pp. 82-83]. ]

4.2. The subdiagrams Opt(A), Opt, (A) and Opt; (A), A = \Ilt_l(Z),
A eD@®;),i=12

Let M € M3(W) and assume Int(M ) is connected. In general, this does not imply that M
has connected interior. In the rest of the work, we aim to prove Theorems A—C. It is enough
to prove these theorems for every connected component of Int(M’). Hence without loss
of generality, we may work under the assumption that M has connected interior, and we
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shall do so. Thus for the rest of the work, we shall assume that M* has connected interior,
unless said otherwise.

Definition 4.2.1 (Opt(A) Opt, (A) Opt; (A), Opt(A)) Suppose A€ @(Mt) and let
A=V, 1(A) Assume 9A N OM! = V1€10€303€3 -+ Vg, k > 2, U; vertices, €; edges.
Define Opt(A) =W, (€10, --2k_1), define Opt, (A) = W; 1(21 0, - - - € Uk ) and define
Opt; (A) = W1 (9121, -+ - €¢—1). Thus Opt, (A) = Opt(A) U ¥; 1 (Tx) and Opy;(A) =
Opt(A) U W1 (3). Define Opt(A) = W, 1(5,2, --- B). It follows from the definition
of ;! that Opt(A) =v @)U @) U i@E) U U (E—) = B1 U Zy U
B, UZ3U---U Bj_1, where B; are t-bands emanating from dA N d Opt(A) and Z; are
connected unions of regions from Regy (M;).

Thus A U Opt(A), A U Opt,(A), A U Opt;(A) and Opt(A) are connected subdia-
grams of M. Due to Proposition 2.1.7, dM N dB;, dZ; N A and dB; N A are con-
nected, and it is easy to see that dA N d Opt(A), A N d Opt,.(A), dA N 9 Opt;(A) and
dA N BC/)I?t(A) are connected.

We are interested in Opt,. (A)(Opt; (A)) for the special case when U (V1) has valency 3
in M’.

Lemma 4.2.2. Let M € M3(W). Assume that IM decomposes by IM = uwiww; ', u,w
vertices and t € T(M). Let Zt and Z be boundary regions of M, le and 5’2 in
N(@1), A =¥, 1(At) Supp(A;) = {a, t} @1 = Yy (wy). Assume that 8&1 NdA, N 3@,
is a vertex v with valency 3 in M’ Let Q = V;1(©), and let P = V;Y(N(Y)). Thus
P =V, 1(A’l U A’ U (BA’ N aAtz) U@k U fi UT), where & and f, are the boundary
paths of Ztl and Z’z with common endpoint v. Then each of the following holds:

(a) Q is connected and simply connected with cyclically reduced boundary label such
that each connected component Q;,i = 1,...,k of Q has cyclically reduced
boundary labels U;. Moreover, Q; € M3(U;),i = 1,... k.

(b) P is connected and simply connected with connected interior and cyclically
reduced boundary label V., P € M3(V).

(c) 00 =0y proy p2ba p3aa pabz psy ™!, where p; are vertices, 6; are sides of t-bands
i=123ando; =0A; N30, j =1,2,P(oj) =a,c; #0andy =00 Nw;.

Proof of Lemma 4.2.2. See the proof of Lemma 5.2.2 in [6]. ]

4.3. Definitions and assumptions

Generalised Greendlinger regions. In our earlier work [6, Section 1.3], we introduced
(classical) Greendlinger regions. In the rest of the work, we shall need more general
notions of Greendlinger regions. Recall from [6, Section 1.3] D; (M), i =1,2,and D(M)
that M is a connected, simply connected map with connected interior which contains at
least two regions.

If 0M = upvv™!, u and v boundary paths, we shall call M bigonal with sides i
and v. We define D; (1), D;(v), i = 1,2 and D () and D(v) as follows.
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Definitions 4.3.1. Let M be a bigonal map with sides p and v. Define

®

(ii)

(iii)

@iv)

)

(vi)

Dj(n) ={D € Reg(M),dD N pisconnectedand i(D) = j} j =1,2. D;(v)
is defined accordingly. Furthermore, define (i) = D1 () U Da(p) U Do (),
where Dy (1) is defined only if M = {D}. In this case, Do(u) = {D} if || > |v|
and Do(v) = {D}if |[v| > |u|. In case || = |v|, we choose Do(u) = {D}.
Let M be an R-diagram, R given by (1.1). Assume M € M3(W) and IM =
/w_l.
Define

D(u) = {A € Regy+ (M) | A N w is connected, |[dA N u| > n(A)

and [©(§)| < [P(IA N p)l}.

Here, £ is the complement of A N @ on JA. Define D (v) accordingly.
Define

D (u) = {A € Regy+ (M) | A contains a subdiagram S with S € O.L.(6y, 6,),
S S N(w,dSNp=>0|01] =n(A) =4
and |®(02)] =< |®(61)]}.

Define D?(v) accordingly.

Define

Dy (1) = {D € D1(w),n(D) =2}, D3 (1) = {D € Da(p),n(D) = 2}.

Define o : boundary paths — {0, 1} as follows:
o(u) = 1 if one of the following holds:

(1) DI () # 9.
2) |D3(n)| = 2.

(3) |D2(w)| = 1, and there is a region A in M4+ and a sequence J of I-moves
such that dA” N p is connected and [0AY N p| > 2.

) D3 (w) = 0, and D (1) U D (1) # 0.
In all other cases, o (i) = 0.
Let ;i = W, (). Define

D'(1) = {A € Reg(M') | A € D°(), A = &' (A)}.

Assumptions 4.3.2. The proofs of Theorems A—C rely on other results as well (below)
which are proved by simultaneous induction. They are

(I) Theorems A—C,
(II) Theorems S, L and T.

Theorem 4.3.3 (Theorem S). Let M € M3(W) and assume that M decomposes by
a)lvla)z_lvz, where w1 and w, are boundary paths and vy and v, are boundary ver-

tices. Lett € T(M), and let A € D(&), & = ¥;(w1), A = U, (A), Supp(A) = {a.1}.
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Assume o (w1) = 0 in parts (a), (b) and (c). Then there is a sequence J of I-moves such
that AV = A, M7 € M3(W), and each of the following holds:

(a) If B is an edge of (0A N 861?t(A))J, then there is a band which has a pole on 8

and the other pole on wy. In particular, (A N w1)” is connected.

(b) If By and B, are bands emanating from (dA Ng w1)? with adjacent poles on A,
then dB1 N 0B, is connected. Moreover, let L1, . .., Ly be the bands that emanate
from (A Np w1)”?. Then dL; N L4 is connected, i = 1,... k — 1, where L;
and L; 1 have adjacent poles on 0 A.

(c) Let Z := Opt(A)! Uwy \{L1.....Lg} = Q1 U---U Qy, where Q; are the
connected components.

(1) 0Q; are simple closed curves and dQ; decompose by 0Q; = p;&; yi_l, where
pi =00, NJL;, & =00, N0L;1andy; =00; Nwy, j €{l,....k},i =
L,..., 1.

(ii)) Up to diamond moves, U; := ®(3Q;) is cyclically reduced and Q; €
M3(U;),i =1,...,1, and either Q; = {D;},n(D;) =2 or Q; is transferable
via Lj U Lj 1. See Figure 6.

(iii) For every D € Reg(Q;),i = 1,...,1,Supp(®(dD)) € X \ {a,t}.

(d) Letn = (3A Np wy)”. Then the following hold:
1) IfA €D(n), theno(wy) = 1.

(i) If M! € O.L,M! = (Ay,....Ap), m > 2 and A; € D°(y), for j =1
and j = m, then o(w1) = 1.

Remarks (Pushing up A). (1) It follows from part (c) that if i)zz(a)l) = @, then
Opt(A) is a homogeneous band-bundle, hence we can push up A by a sequence J;
of I-moves to w;, such that A/ € D(u), obtaining the classical result on
Greendlinger regions.

(2) The same results hold if we use v in place of u.

Ly oy Li+1 B By B, B, B, B, B,
pi g E1 ) E
0; y 0; B
0 (D ?) 3) (€]

Figure 6. The possible configurations of the adjacent bands in Opt(A) emanating from A.
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Theorem 4.3.4 (Theorem L). Let M € M3(W), IM = uwivw; ', u and v vertices, o
and wy boundary paths of M. Assume T(M) # @, and lett € T(M). Let w1 = YV, (w1),
and let A € Reg(M?). Let A = W;1(A), and let n = IA N wy. Let Supp(A) = {a, t}.
@ If A € D(@), then o (1) = 1, [1nlla = 2and |In]l; = 2
(b) If A € D'(@)), then o(w1) = 1,||nlla = 2 and ||n||; = 2.

Theorem 4.3.5 (Theorem T). Let M € M3(W), and let P be a simply connected, con-
nected subdiagram of M with at least one region. Assume that P is closed 2-banded in M
by bands B, and By. If 0P has cyclically reduced label U and P € M3(U), then P
is transferable. In particular, there is a sequence J of I-moves such that B,J N BlJ is
connected and B; U BlJ is a band-bundle. Moreover, |BY | = |B,| and |BlJ| = |By|.

In each of these theorems, M € M3(W) and OM = upvv™', u and v vertices. The
induction hypothesis claims that if N is a proper subdiagram of M with cyclically reduced
boundary label Uy such that N € M3(Up), then the corresponding result holds for N.
We shall denote these hypotheses by H(A), H(B), H(C), H(S), H (L) and H(T),
respectively. So we assume in the sequel that

JC(A), H (B), K (C), #(S), # (L) and ¥ (T) hold. (J1)

4.4. The proof of Theorem A

Lemma 4.4.1. Let W be a cyclically reduced word in F, W =1 in A and W # 1
in A(T'3). Let M be a van Kampen R-diagram over F, R given by (1.1). Assume that
M € M(W) and all bands are adequate. Let Ay and A, be regions in Reg, , (M), with
Supp(A1) = Supp(Az) = {a,t}, A1 # A,. Assume that there are bands By and B, con-
necting adjacent edges ejvyiey of 0A1 with adjacent edges fiw1 f> of 0A;, vy and w,
are vertices such that ®(e1) = a and ®(ey) = t. Then M & Mo(W). In particular, if
M € M3(W), then the poles of By and B, cannot be adjacent both on Ay and on 0/ ;.

Proof. See the proof of Lemma 5.4.1 in [6]. ]

Lemma 4.4.2. Let M € M3(W) and assume T(M) # @. Lett € T(M). Then
(a) M has no inner vertices with valency 2,

(b) M satisfies condition C(4).
Proof. See the proof of Lemma 5.4.2 in [6]. [

4.4.3. Proof of Theorem A. If M’ does not satisfy condition T(4) then due to
Lemma 4.4.2, M’ contains an inner vertex ¥ with valency 3. Let Al, A2 and A3 be
the regions of M which contain 7 on their boundary. Let A; = W/ 1(A,),l =1,2,3,
and let Q = W, 1(D). It is not difficult to show by arguments similar to those used in the
proof of Lemma 4.2.2 that ¥, (=} A;) is connected and simply connected, and dQ =
a1010260,a303,; = dA; N IQ and 6; are sides of bands B;,0; = dB; NdQ,i =1,2,3,
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and «; is either a point or a path with label af", ki # 0,Supp(A;) ={t,a;},i =1,2,3.
Consider U := ®(dQ). Since Supp(P(¢;)) € Cr(¢) while if ¢; is not a point, then o; is
labelled with af.c" ¢ Cr(t), the only occurrences of letters in U which do not commute
with ¢ are the non-trivial labels of «;. In particular,

@)

there are at most three disjoint occurrences of letters in U }

which do not commute with ¢

We claim that if o; and «j are not points, then a; = a;. Suppose not. By [6, Lemma 1.1.c],
there are at least two disjoint occurrences of a@; and two disjoint occurrences of a;
in U, hence U has at least four such occurrences violating (*). Hence a; = a;. Denote
a = a; = a;.Itis easy to see that U is cyclically reduced and Q € M3(U). In particular,
Theorem B applies to Q (|Q| < |M). Hence if D is a region of Q with a € Supp(D),
then n(D) < 3, due to (*). Since n(D) # 3, hence n(D) = 2. Hence Q is a-abelian.
Consequently, if «; is not a point, then from each edge of «;, there emanates a band L
in Q which has one of its poles on «; and the other on «;. Observe that L and B;
have adjacent poles on A; and on Aj;. But this violates Lemma 4.4.1. Hence all o; are
points. But then since three is odd, the three changes of orientations of the poles of
Bi,i =1,2,3, forcet = ¢~!. This violates [6, Lemma 1.1 (a)]. Hence d (%) # 3. It follows
from Lemma 4.4.2 (b) that M satisfies conditions C(4) and T(4). ]

4.5. Preparatory results for the proofs of Theorems S, L, T and B

Lemma 4.5.1. Let M € M3(W) be a connected, simply connected R-diagram with
connected interior. Suppose M = ujwiurw; ' and T(M) # @, where uy and uy are
vertices.

Let t € T(M) and consider M. Assume Reg(M') = {A}. Let A = W;'(A),
Supp(A) = {z, a} and define Opt,,, (A) := V@), i = 1,2. Assume Theorem S holds
for M. Then o (w;) = 1fori = 1ori =2, and ||w;|; > 2.

Proof. See the proof of Lemma 5.5.1 in [6]. ]

Lemma 4.5.2. Let M € M3(W) with boundary cycle puv='v, where u and v are ver-
tices. Assume that T(M) # 0, and lett € T(M ). Let Ae Reg(M’), and let A = V! (Z)
Let n = (0A N 36\pt(A)) Np W, and let ng = (AA N dOpt(A)) Np . Assume 1 is
connected. Then in each of the following cases, A € D(n) and |®(wn)|; > 2:

@ A € Di().
b) AeD, (), and there is an H,-band L emanating from n \ ng and ending on j.

Moreover, in case (a), | P(w)||; > 3,

Proof. See the proof of Lemma 5.5.2 in [6]. [

Remark. Lemma 4.5.2 remains true if we replace u by v.
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Lemma 4.5.3. Let M € M3(W) be a connected, simply connected R-diagram over F
with connected interior. Let OM = viw vza)z_l, v1 and vy vertices and wy and w, bound-
ary paths. Let t € T(M) and assume that |Mt| > 2 and M! € O.L.(w71, @), @; =
Wy (w;), M = (Zl, e, Kk), k > 2. If o(wy) = 0 and Theorem S holds for M, then
each of the following holds:

(@) o(@0pt(A;) Npwr) =1,i = 1,k.
®) [lo2fl, = 3.

Proof. See [6, pp. 98-99]. ]

Lemma 4.5.4. Let notation and assumptions be as in Lemma 4.2.2. Let n; = dA; Np wj,

i=1,i =2 Let w1 =y and ws = O1a103020. (Thus |Q| < |M|, and wojuw;' is a
boundary cycle of Q.) If c(w1) = 0, then Q is a-abelian.
Proof. See the proof of Lemma 5.5.4 in [6]. ]

Corollary. Let notation and assumptions be as in the lemma. If A € Dy (L), then A €
D(w).

Proof. Due to the lemma, condition (b) of Lemma 4.5.2 is satisfied. Hence the result
follows from part (b) of Lemma 4.5.2. ]

4.6. Proof of Theorem S

(a) Let tywiaw, 17 be a subpath of A N Opt(A), wy and w, vertices, O(t1) = pEL
®(1,) = 1+, d(a) = a’, f # 0. It follows from the definition of Opt(A) that
there are t-bands L and L, emanating from t; and 1,, respectively, and ending
on M . Let 6; be the side of L; which has w; as an endpoint, and let 6, be the side
of L, which has w, as an endpoint. Then Supp(®(6;)) € Cr(¢),i = 1andi = 2.
Let z; and z, be the endpoints of 6, and 6,, respectively, on IM, and let y be
the subpath of dM N d Opt(A) which starts at z; and ends at z,. Then o (y) = 0
as y C w; and o(w;) = 0. Also, U := ®(0;a6,y 1) is cyclically reduced, since
a ¢ Cr(t). Let Q be the bounded component of E? \ (6;af,y~!). Assume first
that 30 (= 018,y 1) is a simple closed path. Hence Int(Q) is connected. It fol-
lows from [6, Lemma 2.2.1] that Q € M3(U). Hence Theorem A applies to Q,
and it follows from the proof of Lemma 4.5.4 that if Q is not a-abelian, then one
of the four cases mentioned in the proof of Lemma 5.5.4 in [6] occurs. From this
point on, we follow the proof of Lemma 4.5.4, with ||w2]||; = 1 (here) instead
of ||wz|ls = 2, showing that each case leads to a contradiction, hence Q is a-
abelian, more precisely, in the first case, by Lemma 4.5.1, in the second case,
by Lemma 4.5.3, in the third case, by Lemma 4.5.2 and in the fourth case, by
Theorem L. Therefore, if B = B -+ B, ®(Bi) = a*!, then from every f;, there
emanates an a-band which ends on y, since a € Cr(¢). (Notice that it cannot



(b)

(©

(d)
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end on B.) If Int(Q) is not connected, then a similar argument applies to each
component.

Let B; and B, be bands emanating from dA N d Opt(A) and ending on w;.
Assume that their poles on dA are adjacent. Let & and &, be the sides of B;
and Bj, respectively, with w := & N & N A # @ a point. We claim that & N &;
is connected. Suppose not and consider E2 \ (§; U &,). Let P be a bounded con-
nected component of it. Then dP = (dP N&y) U (AP N&y). Let V := ®(dP). Then
applying diamond moves at the endpoints of dP N & if needed, we may assume
that V' is cyclically reduced. It follows from [6, Lemma 2.2.1] that P € M3 (V).
Hence Theorem T applies to P (|P| < |M]). Hence by a sequence Jy of I-
moves, P is transferable beyond By and B, such that P 7 contains no regions.
Doing so independently for every connected component P;, by J;,i = 1,...,r,
we get that (B; N BZ)J is connected, where J = Ji o Jy0---0 J,.

Consider now E2 \ {Ly, ..., L;}. Let Q1. ..., O be its bounded connected
components.

Assume k =3 and dL; N dL, is connected. Assume that for some i,1 <i <m, Q;
occurs between L, and L3 such that dQ; = (dQ; N dL;) U (dQ; N dL3). Sup-
pose that we would like to transfer a region D from Q; via L. In principle, it
is possible that a previous step of transferring regions D occurred between L
and L, and was transferred to Q1. Hence now we transfer it back, and by this we
create a loop in the process. The point is that because dL; N dL, is connected,
we may regard L; U L as a single band, and this enables us to transfer D further
beyond L1, out of (/).p\t(A), and, by this, to “empty” (by I-moves J) each Q;, so
to get LIJ N Lg and L{ N Lg simultaneously connected. From this, it is clear how
to prove for general k.

(1) This is clear from the construction of Z and the definition of Q;.

(ii) and (iii) It follows from [6, Lemma 2.2.1] that Q; € M3(U;). It remains to
show that either Q; = {D} with n(D) = 2 or Q; is transferable. Thus Theorem C
is applicable to Q;, implying that o(p;&;) = 1. (Recall that o(y) = 0.) Con-
sequently, if Q; is not abelian, then N(p;&;) contains a transferable region. Hence
by applying a finite number of I-moves, we can transfer all the regions D with
n(D) > 4 beyond L; and/or L;4; and remaining either with an abelian dia-
gram Q! or with a diagram with D3 (w}]) = @, where w] is obtained from w; by
the appropriate /-move. Applying [6, Lemma 4.1.2], the result follows. Finally,
since either every region D in Q is transferable via L; U Ljy; or Q = {D},
Supp(dD) € Cr(a) U Cr(t). But{a,t} N (Cr(a) U Cr(t)) = @. Hence {a,t} N
Supp(D) = 0.

We follow notation of part (c).

(i) By assumption, A € D(n). Hence ||0A N n|| > ||[n(A)] > 4. Consider @[(A).
Let {L,..., L} be the bands which emanate from 7 and end on w;. Con-
sider L1 U Q1 U Ly. If Q1 # {D} with n(D) = 2, then we can transfer Q;
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beyond L and L, via a suitable sequence J of I-moves such that in M 7. con-
figurations (1), (2), (3) and (4) as in [6, Figure 41] occur. In configuration (1),
5022 (w1) > 2, in configurations (2) and (3), 3322 (w1) > 1, and in configuration (4),
D2(w;y) > 0. Similar arguments apply to Lg—; U Q1 U Lg. Notice that if
LiUQULyand Lg_q U Qk—1 U Lg are in configurations (1), (2) or (3), then
|3 (w1)| > 2. This is part (2) in the definition of o(w;) = 1. Hence we have to
show that if D3 (w;) < 1, then o (w1) = 1, which contradicts o' (w;) = 0.

Let L; U L, be in configuration i and Li_; U Lg in configuration j, 1 <i <4
and 1 < j < 4.If |D3(w1)| < 1 then either i = 4 or j = 4 or both. Assume
Ly U L, is in configuration (4) and Lx_; U L in configuration j < 3. Then
L; U L, is a homogeneous band-bundle. See [6] for the definition. Let By be
the maximal band-bundle that contains L; U L,. Then we claim that By =
LiU---ULg_q. Thus suppose Bo = L1 U---U L;,[ <k —1and consider Lj 1.
If Reg(Q;) # @, then we transfer Q; via L; U L;4, by a sequence J of I-
moves such that Reg(QlJ) =@. Hence L; U Ly 4, is in configurations (1), (2)
or (3), since |D3(w1)| = 1 implies that / = k — 1. Observe that we can push
up A by a sequence J; of T-moves along By and [|0AY N wy] > n(A) —2 > 2.
This is part (3) in the definition of o(w;) = 1. So it remains to deal with the
case when both Ly U L, and Ly_; U Lj are in configuration (4). Let B; be the
maximal band-bundle which contains Lz_; U Lg. Then By U B; = Opt(A). If
By = By, then Opt(A) is a band-bundle, and by pushing up A via Opt(A), we get
A’2 € D(w,). But then by part (4) of the definition of o (w;), o (w;) = 1. Finally,
if Bo = By, then either || N dBg|| > 2 or ||n N 9By | > 2, and we fulfil part (3)
of the definition of o (w;), showing that o (w;) = 1. If one of the Q; consists of
a single region D with n(D) = 2, then |D2(w;)| > 1, and the above arguments
apply to this case.

(i1) The case when M’ € O. L.(w1, wy) is dealt with similarly. ]

4.7. Proof of Theorem L

(a)

(b)

If M| = 1, then by Lemma 4.5.1, A € D(5). Assume |M’| > 2. By Theorem S
part (d), it is enough to show that A € D(5). By [6, Lemma 1.3.2], i(A) < 2.
If i(A) = 1, then by Lemma 4.5.2 (a), A € D(n). If i(A) = 2, then by [6,
Lemma 1.3.4], 9A N @; has an endpoint ¥ with valency 3. Let Q = v(@).
If o(wy) = 0, then Q is an a-abelian, by Lemma 4.5.4, hence there is an a-
band-bundle emanating from «; and ending at w;. (We follow the notation of
Lemma 4.5.4.) Consequently, A € D(n), by Lemma 4.5.2 (b), as required. Since
n(A) > 4, the rest follow.

Let M! = (Zl, e Zk), k > 2 and consider A;. By [6, Proposition 1.5.2],
dS N dA; is connected, ||0S N dA]| > n(A;) and |§] < |dS N dA;]|, where &
is the complement of .S N dA; on dA;. Consequently, S € DV(#). See Defini-
tion 4.3.1 (iii). Therefore, the result follows from Theorem S part (d). The rest
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follows from the fact that ||0S N 0A| > n(Ay) > 4, hence [0S N dA|l =2
and [|0S N dA1||; > 2, due to the alternating nature (in a and ¢) of the boundary
label of Aj. [

4.8. Proof of Theorem T

By induction on | P|. Let w, = 0P N 0B, and let w; = 0P N dB;. Then uw,vw; ' = 9P, u
and v boundary vertices. We start with all the transferable regions from Reg, (P) by apply-
ing successively a sequence J; of J-moves. Let P; = P’! be the resulting diagram.
Assume Reg(P;) # 0. If Py ¢ M3(Uy), then we can replace P; by P{ € M3(U;) and
make the same argument. Hence we may assume that P, € M3(U;), where U is a bound-
ary label of Py, which we may assume to be cyclically reduced. Since we removed only
regions of Reg, (M) and this cannot increase |[Reg,+ (M )| and |Reg,+(M)|, Theorem C
applies to P; and implies that o(w]) = 1 or o(w;) = 1, where o] = a)ijl,i =12
Consequently, there is a region A with n(A) > 4 or a submap § € D¥(w;") which can
be transferred from P;. See Remarks following Theorem S. Let the resulting diagram
obtained from P; be denoted by P,. Notice that | P| < | P|. Then we may continue trans-
ferring from P all the regions A with n(A) > 4, ending up either with a diagram without
regions proving the theorem or with an abelian diagram. In this case, [6, Lemma 4.1.2]
completes the proof. ]

4.9. Proofs of Theorems B and C
Proof of Theorem B. We start with the proof of Theorem B.

Casel. T(M) = 0.

Then Reg,+ (M) = @, hence Reg(M) = Reg,(M). Hence if Supp(D) = {a, b},
D € Reg(M), then ||0D ||, = ||0D||p = 2. Now, by [6, Lemma 1.1.1 (¢)], ||0M ||, = 2.
Hence |0M ||, = ||0D ||, and ||0M || = ||0D |5, as required.

Case2. T(M) # 0.

Let ¢ € T and consider M. Recall that for every region A in M, ||dA]; = ||0A||
and n(A) = n(A), where A = W,(A). Without loss of generality, we may assume
that M’ has connected interior. Hence due to Theorem A and [6, Lemma 1.3.2], either
M = {Z} or |ﬂ)(1\~41’ )| > 2. In the first case, the result is clear. Assume, therefore, that
!D(M’) = {Zl o Zk} k > 2. We show that

oM || = n(Aj), j=1.....k. .1

From this, the result follows. We show this for j = 1. The proof is the same for
j = 2,...,k. Recall the notation of Lemma 4.5.2. By (3) in the proof of Lemma 4.5.2,
Inolls = n(A;)— i(zj), Jj =1,...,k.Hence by Theorem A and due to [6, Lemma 1.3.2],
the individual contribution of A; to ||0M ||, is at least n(A;) — 2. However, due to possible
consolidation of labels of adjacent A;, the actual contribution of A; to |[0M ||, is at least
n(Aj) — 3. Observe that

[OM[; = [Inoll:- 4.2)
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Consequently, due to (4.2),

k
1oM|; = [n(A;) - 3]. 4.3)

Jj=1

Now, Y5_ [n(A)) =31 =n(Ay) + (Xh—an(A) = 31) =3 > n(Ar) + (Th_, 4 3]) -
3=n(A1)+ (k—1)—3=n(A1) +k — 4, that is,

[oM]|; = n(A;) +k —4 (recall that n(A;) > 4). “4.4)

Hence if k > 4, then ||0M||; > n(A1), as required. If k = 3, then due to [6, Lemma 1.3.2],
i(R;) = 1.j = 1,2,3, hence [[IM[l, = (1(A) = 2) + (1(A2) — 2) + (n(A3) —2) =
n(Ay) + (4—2)+ (4—2) —2 > n(Ay). Finally, if k = 2, then by [6, Lemma 1.3.2],
i(Aj) =1, = 1,2, hence (n(A1) —2) + (n(A2) —2) = n(Ay) + [(1(A2) —2) 2] =
n(Ay), that is, due to (4.3), ||0M||; > n(A), as required. |

Proof of Theorem C. We have to show that either o (w;) = 1 oro(wy) = 1. Lett e T(M)
and consider M. By [6, Lemma 1.3.2], either M’ = {A} or | D(M")| > 2.1f | D (M) > 3,
then by the Pigeon Hole Principle (P.H.P), either |D(®;)| # @ or |D(®2)| # @. Assume
|D(®2)] = . Then |D(@1)| # 9, hence o(w;) = 1, by Theorem L, as required. If
|£D(M’)| = 2, then by [6, Lemma 1.3.2], M’ € O.L. Hence, again, by Theorem L,
0(w1) = 1. Finally, if M = {Z}, then by Lemma 4.5.3, o (w;) = 1. |
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