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Abstract. We construct a large class of nontrivial (nonradial) self-similar solutions of the gener-
alized surface quasi-geostrophic equations (gSQG). To the best of our knowledge, this is the first
rigorous construction of any self-similar solution for these equations. The solutions are of spiral
type, locally integrable, and may have mixed sign. Moreover, they bear some resemblance to the
finite time singularity scenario numerically proposed by Scott–Dritschel [J. Fluid Mechanics 863,
article no. R2 (2019)] in the SQG patch setting.
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1. Introduction

The generalized surface quasi-geostrophic equations describing the evolution of the
potential temperature � read8̂̂<̂

:̂
�t C .u � r/� D 0 in Œ0;1/ �R2;

u D �r?.��/�1C
=2� in Œ0;1/ �R2;

�.0; x/ D �0.x/ for x 2 R2 :

(1.1)

In this system u refers to the velocity field, r? D .�@2; @1/ and 
 2 Œ0; 2/. The velocity
field is linked to the potential temperature � via the operator �.��/�1C
=2 amounting to
u D r? and

 .t; x/ D �.��/�1C
=2�.x/ D

Z
R2
K
 .x � y/�.t; y/ dy; (1.2)

where

K
 .x/ D

´
1
2�

log jxj; 
 D 0;

�
C

2�

1
jxj


; 
 2 .0; 2/;

and C
 D
�.
=2/

21�
�..1�
/=2/
. The case 
 D 0 corresponds to the Euler equations and 
 D 1

to the surface quasi-geostrophic (SQG) model. In this work we will be interested in the
case 
 2 .0; 1/.

The SQG equation .
 D 1/ models the evolution of the temperature from a general
quasi-geostrophic system for atmospheric and oceanic flows (see [21,56,68,75] for more
details). Constantin–Majda–Tabak [21] pointed out the analogy between the SQG equa-
tion and the incompressible 3D Euler equations and carried out the first numerical and
analytical study of the equation. The gSQG or (SQG)
 model (1.1) was proposed by
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Córdoba–Fontelos–Mancho–Rodrigo [26] as an interpolation between Euler and surface
quasi-geostrophic equations. Yet, almost 30 years after [21], the global existence vs finite
time singularity question remains open, even in the case 
 > 0. As a first step in the finite
time singularity direction, in this paper we construct self-similar solutions which have
infinite energy. We leave for future work the transformation of those solutions into finite
energy ones that may develop a finite time singularity.

1.1. Main result

Our main task is to construct solutions with a spiraling vortex singularity at the origin
that are perturbations of a stationary solution. Indeed, we will perturb appropriately the
following radial solution:

�.t; x/ D �0.x/ D jxj
�1=� (1.3)

for � > 0. The singularity of the stationary solution (1.3) depends on the parameter �.
However, we need some condition on � to ensure the existence of the associated stream
function, that is, the integrability of the singular operator (1.2). In particular, assuming
that � is equal to (1.3), one needs

1

2
< � <

1

2 � 

(1.4)

to have  .x/ D C0jxj2�
�1=�, where C0 is defined in (A.2).
In this work, we will be interested in self-similar solutions. That means

�.t; x/ D �1C˛�
�.�1C˛t; �x/; 8� > 0: (1.5)

By taking � D 1=t
1

1C˛ , the problem reduces to finding a self-similar profile O� such that

�.t; x/ D
1

t
1C˛�

1C˛

O�

�
x

t
1

1C˛

�
: (1.6)

Moreover, for the trivial singular radial solution (1.3) to be self-similar, one needs the
following condition on � and ˛:

1=� D 1C ˛ � 
; (1.7)

which, together with (1.4), implies that ˛ 2 .1; 1C 
/.
Our main theorem reads as follows.

Theorem 1.1. Let 
 2 .0; 1/ and ˛ 2 .1; 1C 
/. Then there exists " > 0 such that for any
2�
m

-periodic Q� 2 BLp.Œ0;2��/.1; "/ and p > 1
1�


, the initial condition

�0.re
i#/ D r�.1C˛�
/ Q�.#/

determines a self-similar solution of the type (1.6) for (SQG)
 , for any m � 1 and where
BLp.Œ0;2��/.1; "/ refers to the ball of real-valued periodic functions defined in Lp.Œ0; 2��/
which are less than " away from the constant function 1.
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Let us remark that Theorem 1.1 states that any initial condition of that type leads to a
self-similar solution, and thus it has an associated self-similar profile. However, unique-
ness is not known in this class of solutions, and thus we cannot ensure that this is the only
solution with such initial data. Let us refer to Figure 1 to illustrate the kind of self-similar
profiles obtained in Theorem 1.1. Let us remark that compared to the Euler case studied
in [5,36,37], condition (1.4) gives �0 2 L1loc. More precisely, we can prove that the initial
vorticity �0 belongs to Lqloc with q < min ¹p; 2�º provided that Q� 2 Lp .

Fig. 1. Left: the trivial self-similar radial solution (1.3). Right: the perturbed solution of Theo-
rem 1.1.

We now summarize the previous literature related to this problem. We will first discuss
the 2D Euler equation, and then discuss the SQG and gSQG equations.

1.2. Spiral solutions for 2D Euler

The study of spiraling solutions for the 2D Euler equation has a long history due to its con-
nections to turbulence and nonuniqueness, which starts from the seminal work of Kaden
[64] and Pullin [76] in the context of vortex sheets. These vortex spiral solutions exhibit
nonuniqueness phenomena. Elling [36] constructed spiral solutions close to constant in
a high symmetry class, and later upgraded them to sign-changing solutions [37]. Lately,
Cieślak–Kokocki–Ożański [18, 19] have proved global in time solutions in the form of
logarithmic spiral vortex sheets. See also [40] where spirals are reported in the context of
water waves.

Bressan, in a series of papers together with Shen and Murray [5, 6], has laid out a
very ambitious program to prove nonuniqueness by constructing initial data that can be
continued as either one spiral or two spirals. The idea developed in those works amounts
to proving some a priori estimates and establishing the existence of some of the building
blocks of the program, as well as providing compelling numerical evidence for it.

We remark that in our case, in contrast to the previous literature, we are able to achieve
solutions in any symmetry class due to the study of the full linear operator, as opposed
to (1) either a Neumann series in the symmetry class, where the contribution of one of
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the pieces of the linear operator dominates the other whenever the solution is sufficiently
symmetric [36, 37], or (2) the case of an inner domain where the problem has fewer
constraints [5]. Moreover, let us emphasize one fundamental difference between the Euler
case and the gSQG equations: in [5, 36, 37] the authors substantially exploit the fact that
the relation between the stream function and the vorticity is local, which does not hold for
the gSQG equations, and hence new techniques must be developed.

In [35], Elgindi–Jeong obtained global well-posedness for a class of patches with
boundary singular at the origin which includes spirals. In [33], they constructed a patch
solution whose boundary forms filaments which spirals around the center of the patch, as
time goes to infinity, which was suggested numerically by [32].

1.3. Self-similar solutions, nonuniqueness and finite time singularities for SQG and
gSQG

Resnick, in his thesis [79], showed global existence of weak solutions in L2 using the
oddness of the Riesz transform to obtain an extra cancellation. Marchand [70] extended
Resnick’s result to the class of initial data belonging to Lp with p > 4=3.

The question of nonuniqueness for weak solutions of SQG is still a challenging prob-
lem which has received a lot of attention lately, starting from [2,63] up to the breakthrough
by Buckmaster–Shkoller–Vicol [7], alternative new proofs by Isett and Ma [62] and the
study of the stationary problem by Cheng–Kwon–Li [17]. It is likely that the scenario
crafted by Bressan and his collaborators for 2D Euler also holds in the gSQG case.

The problem of whether the SQG and gSQG systems present finite time singularities
or there is global existence is one of the most outstanding problems in mathematical fluid
mechanics. Kiselev and Nazarov [66] constructed solutions for which there is norm infla-
tion, and Friedlander and Shvydkoy [42] showed the existence of unstable eigenvalues of
the spectrum. We also refer to the construction of Castro and Córdoba [10] of singular
solutions with infinite energy.

Aside from the analytical work, there have been many numerical results in this
framework. Constantin–Majda–Tabak [21] reported a possible singularity in the form
of a hyperbolic saddle closing in finite time. By contrast, Ohkitani and Yamada [72]
and Constantin–Nie–Schörghofer [22] suggested that the growth was double exponen-
tial instead. Córdoba in his thesis [24] bounded the growth by a quadruple exponential
(see also later work by Córdoba and Fefferman [25] on a double exponential bound and
numerical simulations by Deng–Hou–Li–Yu [31]), thus settling the question. 20 years
later, using improved algorithms and more computational resources, Constantin et al. [20]
recalculated the hyperbolic saddle scenario, finding no evidence of blowup. Scott [82],
starting from elliptical configurations, proposed a candidate that develops filamentation
and after a few cascades, blowup of r� . This is the only potential scenario in the smooth
setting known to date.

A simpler setting for the SQG and gSQG problem is the so-called patch setting,
where the scalar takes the form of the characteristic function of a time-dependent domain
with smooth boundary. Rodrigo [80] (in a C1 space) and Gancedo [43] and Con-
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stantin et al. [16] (in a Sobolev space) proved local existence for 0 < 
 � 1 and 
 > 1

respectively. Some 20 years ago, Córdoba–Fontelos–Mancho–Rodrigo [26] found numer-
ically strong evidence of finite time singularity formation in the form of a self-intersecting
patch where at the point of intersection the curvature blows up (the curve has to lose
regularity at the self-intersection point due to Gancedo–Strain [45]). They conducted
experiments for different values of 
 2 .0; 1� and reported blowup for all of them; see
also [69]. Moreover, they numerically checked that the singularity was of asymptotically
self-similar type. Later, Scott–Dritschel performed a careful study using ellipses as initial
condition: On the one hand, in [83], after taking an ellipse with aspect ratio a D 0:16,
a self-similar cascade of filamentation is reported, where the filament width collapses to
zero in a finite time. On the other hand, in [84], a more detailed analysis is done (for ini-
tial aspect ratios a D 0:094; 0:132; 0:180), and the boundary is split into three scales: an
inner (faster) scale that develops a self-similar corner, a middle scale that develops a self-
similar spiral, and the outermost region. We note that there is some resemblance between
the middle scale of this analysis and the solutions constructed in this paper which are also
self-similar spirals.

Finally, we mention the formation of singularities in other geometries (in the presence
of a boundary) by Kiselev–Ryzhik–Yao–Zlatoš [67] (for 0 < 
 < 1=12) and Gancedo–
Patel [44] (for 0 < 
 < 1=3). We also refer the reader to [1,11,14,27,30,46,47,51,52,54,
55,57,59,60,71,78] for other results concerning global solutions for the gSQG equations.

Regarding negative results on self-similar solutions (i.e. when the only possible solu-
tion is the trivial one) Cannone–Xue [9] and Chae [15] proved that there are no locally
self-similar solutions under suitable technical assumptions, one of them being integrable.
Although our solutions decay at infinity, they do not decay sufficiently fast to be in Lq

with q > 2 as needed in [9].

1.4. Main ideas of the proof

Let us give the main ideas of the proof. By inserting the ansatz (1.6) in the gSQG equa-
tions, we find the equivalent stationary equation for O� :²

1C ˛ � 


1C ˛
�

2

1C ˛

³
O�.z/ � r �

²�
Ou.z/ �

z

1C ˛

�
O�.z/

³
D 0; (1.8)

where the vector field

q.z/ WD Ou.z/ �
z

1C ˛
D r

? O .z/ �
z

1C ˛
(1.9)

is called the pseudo-velocity, and its integral curves are the pseudo-streamlines. Hence, in
order to find nontrivial self-similar solutions one needs to solve (1.8).

Motivated by numerous works in the literature about the existence of nontrivial steady
vortex patches in different active scalar equations [8, 29, 30, 46–51, 54, 57, 58, 78], we
will solve (1.8) via perturbative arguments by means of the infinite-dimensional implicit
function theorem. That means that we will look for nontrivial self-similar solutions which
are close to the trivial stationary solution (1.3). However, perturbative arguments cannot



Self-similar spirals for the generalized surface quasi-geostrophic equations 4245

be directly applied to (1.8) since the linearized operator at a trivial radial solution (1.3) is
not Fredholm. That comes from the fact that the solution is singular at 0. However, the
kind of singularity at the linear level of the terms with the radial and angular derivatives is
different, which complicates the choice of the appropriate weighted space. That problem
also appeared when perturbing radial functions in the Euler and gSQG equations [12, 13,
50]. The authors overcame such issues by either performing an appropriate change of
variables by means of level sets or by working in a suitable class of solutions.

In this work, we will tackle the lack of Fredholmness of the linearized operator when
working directly with (1.8) in the physical variables, by using the adapted coordinates
introduced by Elling [36]. Throughout the construction we will consider variables ˇ 2
Œ0;1/ and � 2 T . This will enable us to better understand the vorticity equation and
skip the Fredholmness issue. In particular, the linearized operator is Fredholm in the new
variables and we can analyze its kernel using the Mellin transform and, as a result, we
will be able to use the infinite-dimensional implicit function theorem to obtain a solution

‚.ˇ; �/ WD O�.z.ˇ; �//; ‰.ˇ; �/ WD O .z.ˇ; �//:

We will define a mapping .ˇ; �/ 7! .r; #/ via

# D ˇ C �; r D .�.1C ˛/‰ˇ /
1=2: (1.10)

We will show that this is a bijection between suitable function spaces, and that the Jaco-
bian of the transformation does not vanish (Section 7.1). This implies that the change of
variables is well-defined, and we will show that we can come back to . O�; O / and thus find
the solution claimed by Theorem 1.1.

Let us remark that the above transformation is a nonlinear change of coordinates
which is implicit in the sense that it depends on the solution itself. Here ˇ refers to the
angle along a particular pseudo-streamline. Moreover, ˇ D 0 will correspond to spatial
infinity, while ˇ D1 approaches the spiral center. On the other hand, � is the polar angle
at r !1. Indeed, we refer to our solutions as spiral solutions due to the fact that for
each solution constructed in Theorem 1.1 there exist spiral variables .ˇ; �/ (as described
before) such that the solution is a function of ˇ only. Moreover, the spiral variables .ˇ; �/
resemble algebraic spirals in the sense that # D � C 1

r1=�
C g, where g is a smooth per-

turbation. Hence, for � fixed, we observe in the # variable the algebraic spiraling vortex
singularity at the origin. See Figure 2 for an illustration of the adapted coordinates.

The second equation above implies that the pseudo-velocity (1.9) has vanishing �-
component; see Proposition 2.2. Indeed, note that�
r
? O �

z

1C ˛

�
� rz
O� D

�
.ˇz2�z1 � ˇz1�z2/‰� �

1

1C ˛
.z1ˇz1 C z2ˇz2/;

.ˇz1�z2 � ˇz2�z1/‰ˇ �
1

1C ˛
.z1�z1 C z2�z2/

�
� rˇ;�‚:

Hence (1.10) implies

.ˇz1�z2 � ˇz2�z1/‰ˇ �
1

1C ˛
.z1�z1 C z2�z2/ D 0: (1.11)
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Fig. 2. Comparison between the polar coordinates in the .z1; z2/ plane with the adapted .ˇ; �/
coordinates. The pseudo-streamlines satisfy � D constant and the point z corresponds to the inter-
section of the line # D ˇ C � and the pseudo-streamline satisfying ˇ D 0 at jzj D 1. We remark
that values of ˇ between 2k� and 2.k C 1/� correspond to k rotations of the spiral.

It is convenient to note that when assuming (1.11) we have�
r
? O �

z

1C˛

�
�rz
O� D

²
.ˇz2�z1�ˇz1�z2/‰��

1

1C˛
.z1ˇz1Cz2ˇz2/

³
‚ˇ ; (1.12)

where only @ˇ survives. It follows that the vorticity (1.8) written in the adapted coordi-
nates depends only on the ˇ-derivative of ‚. Thanks to that, a trivial solution to (1.8) is
found as

‚.ˇ; �/ D .‰'/
�
1C˛�

2 �.�/ D .‰'/

�
1=�
2 �.�/; (1.13)

for any �, where @' WD @� � @ˇ . However, ‚ depends on the stream function ‰ and it
remains to check the elliptic relation (1.2) between these two functions. Written in the
adapted coordinates and using the functions .f; Q�/ as in

‰.ˇ; �/ D �C
2

1C˛

0 .˛ � 1/
1�˛
1C˛ ˇ

˛�1
1C˛ .1C f .ˇ; �//; �.�/ D .1C ˛/�

1
2� Q�.�/;

the elliptic relation between the vorticity and the stream function amounts to

QF .f; Q�/.ˇ; �/ D 0; .ˇ; �/ 2 Œ0;1/ � T ;

where

QF .f; Q�/.ˇ; �/

D 1C f .ˇ; �/ � .�1/
�1
2�

C
 .˛ � 1/
˛�1
2

4�C0.1C ˛/
˛�1
2

ˇ�
˛�1
1C˛

�

“ b�


1C˛ b

�2
1C˛

®
�
˛�1
1C˛
C @x'f .b;ˆ/

¯� 1
2�
®
2.˛�1/

.1C˛/2
C @ˇ'f .b;ˆ/

¯
Q�.ˆ/ db dˆ

D.f /.ˇ; �; b;ˆ/
=2
;

(1.14)

with (here and throughout) “
WD

Z 2�

0

Z 1
0
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and

D.f /.ˇ; �; b;ˆ/ WD Q‰ˇ C Q‰b � 2 Q‰
1=2

ˇ
Q‰
1=2

b
cos.� C ˇ �ˆ � b/

D ˇ
�2
1C˛

²
˛ � 1

1C ˛
C @ x̌f .ˇ; �/

³
C b

�2
1C˛

²
˛ � 1

1C ˛
C @xbf .b;ˆ/

³
� 2ˇ

�1
1C˛ b

�1
1C˛

²
˛ � 1

1C ˛
C @ x̌f .ˇ; �/

³1=2²
˛ � 1

1C ˛
C @xbf .b;ˆ/

³1=2
� cos.� C ˇ �ˆ � b/

D

�
ˇ
�1
1C˛

²
˛ � 1

1C ˛
C @ x̌f .ˇ; �/

³1=2
� b

�1
1C˛

²
˛ � 1

1C ˛
C @xbf .b;ˆ/

³1=2�2
C 2ˇ

�1
1C˛ b

�1
1C˛

²
˛ � 1

1C ˛
C @ x̌f .ˇ; �/

³1=2²
˛ � 1

1C ˛
C @xbf .b;ˆ/

³1=2
� .1 � cos.� C ˇ �ˆ � b//: (1.15)

Notice that the expression of QF (see (1.14)) does not depend on @� , which is crucial for
our analysis. Indeed, the choice of the adapted coordinates is the key point of this work
due to two facts: first, we can solve the vorticity equation with (1.13), and second, the
nonlinear equation only depends on one derivative, as opposed to (1.8).

The proof of the main theorem relies on the application of the infinite-dimensional
implicit function theorem to QF in appropriate spaces. The choice of the function spaces
is important since one needs to find not only that the nonlinear operator is well-defined
in those spaces but also that the linear one is an isomorphism. Therefore, the spaces are
somehow constrained in order to have the invertibility of the linear operator (however,
the nonlinear one also has to work there). A “simple” unweighted – Hölder, Sobolev –
space will make the analysis extremely complicated (at best) or simply fail. Moreover, it
is natural to use weighted Hölder spaces since we are working in an unbounded domain.
We also remark that the papers [5,6,36,37], which were set up in the context of the Euler
equations, also propose versions of weighted Hölder spaces. Further, since our trivial
solution has a singularity at ˇ !1, one has to deal with that issue, as well as with the
decay at ˇ D 0. It is crucial for this decay to be well understood not just at the linear level,
but by the action of the nonlinear operator, which is a much harder task. Let us also point
out that the function QF differs from the one used in [5, 6, 36, 37] when working with the
Euler equations since there the relation between the vorticity and the streamfunction is
local, as opposed to the gSQG equations.

In particular, using Propositions 4.3, 4.5 and 5.1, together with Section 5.1, we find
that the linearized operator has the following expression as a Fourier series:

@f QF .0; 1/h.ˇ; �/ D
X
k2Z

eik�eikˇ QLk.gk/

with gk.ˇ/ WD e�ikˇhk.ˇ/ and

QLk.gk/ WD
1C ˛

2
gk.ˇ/C ik

1C ˛

2
ˇgk.ˇ/C

1C ˛

2
ˇg0k.ˇ/ � ikJk.gk/.ˇ/;
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where

Jk.ˇ/ D

Z 1
0

gk.b/Kk.ˇ=b/ db

for some kernel Kk . In Section 4.2 we will check that @f QF .0; 1/ is Fredholm of index
zero from X

�;ı
1 to Y �;ı , where the function spaces are defined in (3.5)–(3.8).

In order to apply the implicit function theorem to QF , we shall check that the linearized
operator is an isomorphism from X

�;ı
1 to Y �;ı . However, due to its Fredholmness, it is

enough to check that its kernel inX�;ı1 is trivial. In general, there is no simple and success-
ful method to perform the spectral analysis of a linear operator, and the analysis depends
on the problem itself. Here the Fourier coefficients depend on ˇ. Thus, to study the kernel
one has to solve a nonlocal integrodifferential equation and there is no clear way to do
it. For example, in the past, we have been successful in using computer-assisted methods
to overcome this difficulty [14, 28, 38], yielding very long papers and tens of thousands
of lines of code. Other alternatives have been to use asymptotic expansions in the modes
where the solution is supported [36, 37, 48, 49] at the cost of a weaker theorem. See also
[3, 53, 61] for a brief sample of alternative solutions in fluid mechanics to address the
linearized operator problem. In our case we found a good compromise between difficulty
and outcome by resorting to the Mellin transform

MŒf �.s/ D

Z 1
0

xs�1f .x/ dx;

and exploiting the scaling of the operator. The main advantage is to use the following
properties:

(1) If .f ^ g/.x/ WD
R1
0
f .y/g.x

y
/dy
y

, then MŒf ^ g�.s/ DMŒf �MŒg�:

(2) MŒx˛f �.s/ DMŒf �.s C ˛/.

Using these properties, one can aim to understand better MŒJk �.s/ as a function of
MŒgk �.s/ and MŒKk �.s/, possibly evaluated at different values of s, by solving a func-
tional equation for MŒJk � instead of trying to deal with Jk itself. Naturally, the class
of potential Jk’s that could be amenable to this analysis is not restricted to the previous
example since we only use very soft scaling properties of the kernel.

Concretely, motivated by some works on coagulation and fragmentation models
[4, 39] we will apply the Mellin transform to obtain a recurrence equation with singu-
lar coefficients. The usage of the Mellin transform is new in this context as far as we can
tell, and we look forward to our method becoming more mainstream. See also [23, 41]
for other instances of the Mellin transform being used to perform energy estimates.In our
case, we will relate our recurrence equation to the moment problem [81] concluding that
the function in the kernel is singular and indeed does not belong to our function spaces.
Finally, after showing that the implicit function theorem can be applied to the formula-
tion in the adapted coordinates, we shall prove the invertibility of the adapted coordinates
when we are close to the trivial solution, in order to come back to the physical variables.
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1.5. Organization of the paper

The paper is organized as follows: In Section 2 we set up the problem and rewrite the
equations in the adapted coordinates. In Section 3 we define the function spaces we will
work with and perform estimates at the nonlinear level. On the other hand, in Section 4
we perform regularity estimates of the linear operator. Section 5 is devoted to the spectral
study and in particular the invertibility of the linear operator. Finally, Sections 6 and 7
comprise the reduction to m-fold symmetry classes and the translation of Theorem 6.2
into standard coordinates. We also include two appendices: Appendix A concerns basic
results on radial solutions of the fractional Laplacian, whereas Appendix B deals with
basic properties of some special functions needed throughout the text.

2. Self-similar solutions

In this section, we provide the definition of a self-similar solution to the gSQG equa-
tions together with a formulation that characterizes them. Note that solutions to the gSQG
equations (1.1) are invariant under the following scaling: for ˛ > �1,

�.t; x/ 7! ��.t; x/ D �
1C˛�
�.�1C˛t; �x/;

u.t; x/ 7! u�.t; x/ D �
˛u.�1C˛t; �x/; 8� > 0:

We will say that a solution � of (1.1) is self-similar if � D �� for any � > 0. That is,

�.t; x/ D �1C˛�
�.�1C˛t; �x/; 8� > 0: (2.1)

Hence, for the trivial solution (1.3) to be self-similar in the above sense, we have the
following condition on the singularity parameter � depending on ˛ and 
 :

1

�
D 1C ˛ � 
: (2.2)

By (1.4) and (2.2) we find that
1 < ˛ < 1C 
: (2.3)

Now, by taking � D 1=t
1

1C˛ in (2.1), our aim is to look for self-similar solutions of the
form

�.t; x/ D
1

t
1C˛�

1C˛

O�

�
x

t
1

1C˛

�
(2.4)

for some self-similar profile O� .
In the following proposition, we give the expression of u with the self-similar ansatz.

Proposition 2.1. If � takes the form (2.4), then

u.t; x/ D
1

t
˛
1C˛

Ou

�
x

t
1

1C˛

�
;
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where Ou D �r?.��/�1C
=2 O� . Moreover, (1.1) is equivalent to

1C ˛ � 


1C ˛
O�.z/C

1

1C ˛
z � r O�.z/ � Ou � r O�.z/ D 0; (2.5)

where z D x

t
1

1C˛

.

Proof. First, let us compute u assuming (2.4):

u.t; x/ D �r?.��/�1C
=2�.t; x/

D �
C



4�

Z
R2

.x � y/?

jx � yj
C2
�.t; y/ dA.y/

D
C



4�

1

t
1C˛�

1C˛

Z
R2

.x � y/?

jx � yj
C2
O�

�
y

t
1

1C˛

�
dA.y/

D
C



4�

1

t
1C˛�

1C˛

t
1

1C˛

t

C2
1C˛

Z
R2

�
x

t
1

1C˛

�
y

t
1

1C˛

�?
ˇ̌̌

x

t
1

1C˛

�
y

t
1

1C˛

ˇ̌̌
C2 O�� y

t
1

1C˛

�
dA.y/

D
C



4�

1

t
˛
1C˛

Z
R2

�
x

t
1

1C˛

� y
�?

ˇ̌̌
x

t
1

1C˛

� y
ˇ̌̌
C2 O�.y/ dA.y/ D 1

t
˛
1C˛

Ou

�
x

t
1

1C˛

�
;

where Ou D �r?.��/�1C
=2 O� .
Let us now check (2.5). Note that

@t�.t; x/ D �
1C˛� 


1C˛

1

t
1C˛�

1C˛

C1

O�

�
x

t
1

1C˛

�
�

1

1C˛

1

t
1C˛�

1C˛

C1

x

t
1

1C˛

� .r O�/

�
x

t
1

1C˛

�
D �

1

t
1C˛�

1C˛

C1

²
1C ˛ � 


1C ˛
O�.z/C

1

1C ˛
z � r O�.z/

³
;

r�.t; x/ D
1

t
1C˛�

1C˛

1

t
1

1C˛

.r O�/

�
x

t
1

1C˛

�
D

1

t
1C˛�

1C˛

1

t
1

1C˛

r O�.z/:

Then

@t�.t; x/C .u.t; x/ � r/�.t; x/

D �
1

t
1C˛�

1C˛

C1

²
1C ˛ � 


1C ˛
O�.z/C

1

1C ˛
z � r O�.z/ � Ou.z/ � r O�.z/

³
;

leading to the equivalent equation (2.5):

1C ˛ � 


1C ˛
O�.z/C

1

1C ˛
z � r O�.z/ � Ou.z/ � r O�.z/ D 0:

Note that since r � Ou D 0, this equation can be written as²
1C ˛ � 


1C ˛
�

2

1C ˛

³
O�.z/ � r �

²�
Ou.z/ �

z

1C ˛

�
O�.z/

³
D 0:
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Similarly, let us define

O .z/ D �.��/�1C
=2 O�.z/:

The vector field
q.z/ WD Ou.z/ �

z

1C ˛
D r

? O .z/ �
z

1C ˛
(2.6)

is called the pseudo-velocity, and its integral curves are the pseudo-streamlines.

2.1. Adapted coordinates

Our aim is to perturb the stationary radial solution (1.3) to find nontrivial self-similar
solutions with a locally integrable singularity at the origin. However, perturbation tech-
niques, for instance the implicit function theorem or the Crandall–Rabinowitz theorem,
seem to be difficult to apply to radial solutions to gSQG or Euler equations due to the
very special structure of the equation. Roughly speaking, the nonlinear operator and the
linear one behave very differently in terms of the singularity at the origin. That makes the
choice of the appropriate function spaces difficult and leads to problems in the Fredholm
structure of the linearized operator. A similar issue appears when dealing with uniformly
rotating solutions, which was solved in [12, 13, 50] by restricting the class of solutions or
doing an appropriate change of variables by using level sets of the vorticity.

Although here we are not dealing with rotating solutions, our equation (2.5) has a
very similar structure close to the radial solution (1.3). Moreover, we will have to deal
with extra difficulties due to the singularity of (1.3) at 0 and its behavior at 1. More
precisely, we are now working in an unbounded domain and we need to use appropriate
weights at 0 and 1. In order to overcome the problem with the Fredholm structure of
the linearized operator, we will work with some adapted coordinates instead of the usual
polar coordinates.

Let .r; #/ be the polar coordinates with z D rei# . We would like to find some adapted
coordinates .ˇ; �/ such that the pseudo-velocity (2.6) has vanishing �-component. In
order to define that change of coordinates one needs to give two equations relating .r; #/
and .ˇ;�/. The first one will relate # to ˇ and �, where we will think of � as a new angle:

# D ˇ C �; � 2 T : (2.7)

In the following proposition we find the second equation defining the change of coor-
dinates, which will be a nonlinear expression of ˇ depending on .r; #/ making the �-
component of the pseudo-velocity vanish (which will help us to solve later the vorticity
equation in Proposition 2.4). We shall see that the nonlinear expression is indeed an
implicit function that depends on the solution itself. Denote

‚.ˇ; �/ WD O�.z.ˇ; �//; ‰.ˇ; �/ WD O .z.ˇ; �//:

Proposition 2.2. If r D .�.1C ˛/‰ˇ /1=2 and # D ˇ C �, then the �-component of the
pseudo-velocity r? O � z

1C˛
vanishes.
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Proof. Let us compute the term .r? O � z
1C˛

/ � rz O� in terms of .ˇ; �/:�
r
? O �

z

1C ˛

�
� rz
O� D

�
� O z2 �

z1

1C ˛

�
O�z1 C

�
O z1 �

z2

1C ˛

�
O�z2

D
®
�‰ˇˇz2 �‰��z2�

z1
1C˛

¯
¹‚ˇˇz1 C‚��z1º

C
®
‰ˇˇz1 C‰��z1�

z2
1C˛

¯
¹‚ˇˇz2 C‚��z2º

D

²
.ˇz1�z2 � ˇz2�z1/‰ˇ �

1

1C ˛
.z1�z1 C z2�z2/

³
‚�

C

²
.ˇz2�z1 � ˇz1�z2/‰� �

1

1C ˛
.z1ˇz1 C z2ˇz2/

³
‚ˇ

D

�
.ˇz2�z1 � ˇz1�z2/‰� �

1

1C ˛
.z1ˇz1 C z2ˇz2/;

.ˇz1�z2 � ˇz2�z1/‰ˇ �
1

1C ˛
.z1�z1 C z2�z2/

�
� rˇ;�‚:

We claim that under the definition of .r; #/ in terms of the new variables .ˇ; �/ we
achieve

.ˇz1�z2 � ˇz2�z1/‰ˇ �
1

1C ˛
.z1�z1 C z2�z2/ D 0: (2.8)

Note that assuming (2.8), we have�
r
? O �

z

1C ˛

�
� rz
O� D

²
.ˇz2�z1 � ˇz1�z2/‰� �

1

1C ˛
.z1ˇz1 C z2ˇz2/

³
‚ˇ ;

where the factor multiplying ‚� is vanishing and therefore we can conclude the proof of
this proposition.

Let us check our claim. Note that by a change of variables one has

‰ˇ D �
1

1C ˛
jzj2:

Moreover, using #.ˇ; �/ D ˇ C � and z D z.r; #/ one gets

z � zˇ D jzj
2;

implying

‰ˇ D �
1

1C ˛
.z � zˇ /: (2.9)

Now, let us write the expression of zˇ . For that, let us compute the Jacobian of the trans-
formation�

z1;ˇ z1;�
z2;ˇ z2;�

�
D

�
ˇz1 ˇz2
�z1 �z2

��1
D

1

ˇz1�z2 � ˇz2�z1

�
�z2 �ˇz2
��z1 ˇz1

�
: (2.10)

Hence

z � zˇ D z1z2;ˇ � z2z1;ˇ D �
1

ˇz1�z2 � ˇz2�z1
.z1�z1 C z2�z2/:
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That implies that (2.9) agrees with

‰ˇ D
1

1C ˛

1

ˇz1�z2 � ˇz2�z1
.z1�z1 C z2�z2/;

or equivalently

.ˇz1�z2 � ˇz2�z1/‰ˇ D
1

1C ˛
.z1�z1 C z2�z2/;

which leads to (2.8).

Let us remark again that the change of variables of the previous proposition is a non-
linear change of variables that depends on the solution; indeed, it depends on the stream
function. Later, in Section 7.1 we will check that we can come back to the physical vari-
ables and thus the change of variables is invertible. Moreover, from now on define

@' D @� � @ˇ : (2.11)

In the following, let us compute the Jacobian of the transformation.

Proposition 2.3. The Jacobian of the transformation .ˇ; �/ 7! .z1; z2/ is given by

jJ j D
1C ˛

2
‰ˇ' ;

where @' D @� � @ˇ .

Proof. Recall that the matrix of the transformation is given by

J D

�
z1;ˇ z1;�
z2;ˇ z2;�

�
:

From Proposition 2.2 we have

r D .�.1C ˛/‰ˇ /
1=2; # D ˇ C �;

and using this expression, we can compute

@�z1 D @rz1@�r C @#z1@��

D �
1
2

cos.#/.�.1C ˛/‰ˇ /�1=2.1C ˛/@2�ˇ‰ � r sin.#/;

@ˇz1 D �
1
2

cos.#/.�.1C ˛/‰ˇ /�1=2.1C ˛/@2ˇˇ‰ � r sin.#/;

@�z2 D �
1
2

sin.#/.�.1C ˛/‰ˇ /�1=2.1C ˛/@2�ˇ‰ C r cos.#/;

@ˇz2 D �
1
2

sin.#/.�.1C ˛/‰ˇ /�1=2.1C ˛/@2ˇˇ‰ C r cos.#/:

Then, after some straightforward computations, we finally find that

jJ j D z1;ˇz2;� � z1;�z2;ˇ D
1C ˛

2
‰ˇ' :
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2.2. The equation in the new coordinates

In Section 2.1 we have defined the adapted coordinates that will be used throughout this
work. Recall that we have chosen the coordinates in order to have the �-component of the
pseudo-velocity vanishing. In this way, we find�
r
? O �

z

1C ˛

�
� r O� D

²
.ˇz2�z1 � ˇz1�z2/‰� �

1

1C ˛
.z1ˇz1 C z2ˇz2/

³
‚ˇ ;

and then the vorticity equation (2.5) is equivalent to

1C ˛ � 


1C ˛
‚.ˇ; �/ D

²
.ˇz2�z1 � ˇz1�z2/‰� �

1

1C ˛
.z1ˇz1 C z2ˇz2/

³
‚ˇ : (2.12)

The very special structure of (2.12) involving only the ˇ-derivative of ‚ gives us a trivial
solution. That will be discussed in the following result.

Proposition 2.4. Equation (2.12) is equivalent to

.1C ˛ � 
/‚.ˇ; �/‰ˇ'.ˇ; �/C 2‰'.ˇ; �/‚ˇ .ˇ; �/ D 0: (2.13)

Proof. Let us start from (2.12) taking into account that

ˇz2�z1 � ˇz1�z2 D �jJ
�1
j D �

1

jJ j
D �

2

.1C ˛/‰ˇ'
;

that is, (2.12) amounts to

1C ˛ � 


1C ˛
‚.ˇ; �/‰ˇ' C

²
2

1C ˛
‰� C

‰ˇ'

1C ˛
.z1ˇz1 C z2ˇz2/

³
‚ˇ D 0: (2.14)

Let us now compute z1ˇz1 C z2ˇz2 D .z1; z2/ � rzˇ. Note that

J�1 D

�
ˇz1 ˇz2
�z1 �z2

�
D

1

jJ j

�
z2;� �z1;�
�z2;ˇ z1;ˇ

�
: (2.15)

Then

ˇz1 D
2

.1C ˛/‰ˇ'

²
�

sin.#/.1C ˛/
2r

@2�ˇ‰ C r cos.#/
³
;

ˇz2 D �
2

.1C ˛/‰ˇ'

²
�

cos.#/.1C ˛/
2r

@2�ˇ‰ � r sin.#/
³
:

After some straightforward computations we find

z1ˇz1 C z2ˇz2 D
2r2

.1C ˛/‰ˇ'
D �2

‰ˇ

‰ˇ'
:

Putting everything together, we conclude that (2.14) is equivalent to (2.13).

By taking into account the equivalence between (2.12) and (2.13) we find a trivial
solution for the vorticity equation given in the following corollary.
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Corollary 2.5. Equations (2.12) and (2.13) have the following trivial solution:

‚.ˇ; �/ D .‰'/
�
1C˛�

2 �.�/ D .‰'/

�
1=�
2 �.�/; (2.16)

for any function �.

Via the adapted coordinates, we have simplified the nonlinear equation (2.5) to (2.13)
where a trivial solution is found by (2.16). However, this does not take into account the
relation between O� and O via the singular integral operator (1.2), and this will be our aim
from now on. Note that

O .z/ D �
C


2�

Z
R2

O�.y/

jx � yj

dA.y/: (2.17)

By writing (2.17) in the adapted coordinates with the help of the previous computation
of the Jacobian of the transformation in Proposition 2.3 together with the trivial solution
from Corollary 2.5, we find that it amounts to (recall that

’
WD
R 2�
0

R1
0

)

‰.ˇ; �/ D
C
 .1C˛/

1�
=2

4�

“
.‰'.b;ˆ//

�
1C˛�

2 �.ˆ/‰b'.b;ˆ/ db dˆ

¹�‰ˇ �‰bC2‰
1=2

ˇ
‰
1=2

b
cos.�Cˇ�ˆ�b/º
=2

:

(2.18)

In this expression we use the fact that r D 0 corresponds to ˇ D 1, and r D 1 means
ˇ D 0 as we shall see later, which is the reason we have a change of sign in the integral
(2.18). Hence, our aim is to find functions ‰ and � such that

F.‰;�/.ˇ; �/ WD ‰.ˇ; �/

�
C
 .1C ˛/

1�
=2

4�

“
.‰'.b;ˆ//

� 1
2��.ˆ/‰b'.b;ˆ/ db dˆ

¹�‰ˇ �‰b C 2‰
1=2

ˇ
‰
1=2

b
cos.� C ˇ �ˆ � b/º
=2

D 0

(2.19)

for any ˇ 2 Œ0;1/ and � 2 T . In (2.19) we have used the fact that 1=� D 1 C ˛ � 


coming from (2.2).

2.3. Trivial solution

The problem reduces to the study of the nonlinear equation (2.19) which is nothing but the
relation between � and ‰. In this section, we look for trivial solutions of that equation.
The trivial solutions come from the fact that any radial function � provides a stationary
solution of (1.1), where the stream function is also radial. Here, we will use the computa-
tions of Appendix A for the fractional Laplacian.

Proposition 2.6. If

�0 D
1

.1C ˛/
1
2�
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and
‰0.ˇ/ D �C

2
1C˛

0 .˛ � 1/
1�˛
1C˛ ˇ�

1�˛
1C˛ ; (2.20)

then F.‰0; �0/.ˇ; �/ D 0 for any ˇ 2 Œ0;1/ and � 2 T , where C0 is defined in (A.2).
Moreover, the adapted coordinates .r; #/ 7! .ˇ; �/ at the trivial solution read

ˇ D C0.˛ � 1/r
�1�˛; � D # � C0.˛ � 1/r

�1�˛:

Proof. The trivial solution that we will construct comes from the stationary solution

�.x/ D jxj�1=�

for 1=2 < � < 1
2�


. From Corollary A.2 we know that  is also radial and is given by

 .x/ D �C0jxj
2�
�1=�

D �C0jxj
1�˛;

by using (2.2) and where C0 is defined in (A.2). Using (2.4), we have O�.z/ D jzj�1=�

and O .z/ D �C0jzj1�˛ . Since � and  are a solution to the original elliptic equation, it
suffices to write it in terms of .ˇ; �/ to find the associated solution of (2.19). Hence, let
us now express the solution in terms of .ˇ; �/.

First, let us find an explicit relation between ˇ and r via the nonlinear change of
variables in Proposition 2.2. Indeed, we have ‰ˇ D � r2

1C˛
and

@r O .z/ D C0.˛ � 1/r
�˛
D @rˇ@ˇ‰ D �@rˇ

r2

1C ˛
:

Hence
@rˇ D �C0.1C ˛/.˛ � 1/r

�2�˛;

implying
ˇ D C0.˛ � 1/r

�1�˛; (2.21)

which amounts to
r D .C0.˛ � 1//

1
1C˛ ˇ�

1
1C˛ :

Since ˛ > 1 and r 2 Œ0;1/ we see that ˇ 2 Œ0;1/. In this way, we can compute ‰
depending on ˇ as

‰0.ˇ/ D �C
2

1C˛

0 .˛ � 1/
1�˛
1C˛ ˇ�

1�˛
1C˛ :

Let us now compute �. Note that

‚.ˇ/ D

�
1

C0.˛ � 1/

� 1=�
1C˛

ˇ
1=�
1C˛ ;

and using the relation (2.16), we find

�0 D
1

.1C ˛/
1
2�

:

That concludes the proof.

Remark 2.7. The solutions that we aim to construct are perturbations of the singular
radial stationary solution �.x/ D jxj�1=�. The associated initial stream function is also
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radial and can be computed via Corollary A.2 as  .x/ D �C0jxj2�
�1=� D �C0jxj1�˛ .
Note that both the potential temperature � and the associated stream function have a
singularity when jxj D 0 since ˛ > 1 via (2.3). However, the change of variables .r; #/ 7!
.ˇ; �/ at the trivial solution gives us ˇ D C0.1 � ˛/r

�1�˛ . Hence, � and  written in
terms of ˇ are not singular at ˇ D 0 any more, but they are singular as ˇ !1.

2.4. Formulation with appropriate scaling

Our aim is to construct solutions which are perturbations of the trivial one (2.20). Since
˛ > 1 we see that ‰0 in (2.20) vanishes at 0 and diverges at 1. We shall use similar
scaling for the perturbations. First, we shall simplify the constant in ‰ and � by working
with Q‰ and Q� instead, where

‰.ˇ; �/ D �C
2

1C˛

0 .˛ � 1/
1�˛
1C˛ Q‰.ˇ; �/; �.�/ D .1C ˛/�

1
2� Q�.�/:

In that way, (2.19) reads

F.‰;�/.ˇ; �/

�C
2

1C˛

0 .˛ � 1/
1�˛
1C˛

D Q‰.ˇ; �/ � .�1/�
1
2�C



2
C
 .1C ˛/

�˛�12 .˛ � 1/
˛�1
2

4�C0

�

“
. Q‰'.b;ˆ//

� 1
2� Q�.ˆ/ Q‰b'.b;ˆ/ db dˆ

¹� Q‰ˇ � Q‰b C 2 Q‰
1=2

ˇ
Q‰
1=2

b
cos.� C ˇ �ˆ � b/º
=2

D 0:

Hence, we take f satisfying

Q‰.ˇ; �/ D ˇ
˛�1
1C˛ .1C f .ˇ; �//;

and we divide the equation by ˇ
˛�1
1C˛ getting the equivalent formulation

QF .f; Q�/.ˇ; �/ WD ˇ�
˛�1
1C˛

F.‰;�/.ˇ; �/

�C
2

1C˛

0 .˛ � 1/
1�˛
1C˛

D 1C f .ˇ; �/

� .�1/�
1
2�C



2
C
 .1C ˛/

�˛�12 .˛ � 1/
˛�1
2

4�C0
ˇ�

˛�1
1C˛

�

“
. Q‰'.b;ˆ//

� 1
2� Q�.ˆ/ Q‰b'.b;ˆ/ db dˆ

¹� Q‰ˇ � Q‰b C 2 Q‰
1=2

ˇ
Q‰
1=2

b
cos.� C ˇ �ˆ � b/º
=2

D 0:

We can compute @' Q‰, @ˇ Q‰ and @ˇ' Q‰ in terms of f :

@ˇ Q‰.ˇ; �/ D ˇ
�2
1C˛

²
˛ � 1

1C ˛
C @ x̌f .ˇ; �/

³
;

@' Q‰.ˇ; �/ D ˇ
�2
1C˛

²
�
˛ � 1

1C ˛
C @x'f .ˇ; �/

³
; (2.22)

@ˇ' Q‰.ˇ; �/ D ˇ
�1ˇ

�2
1C˛

²
2.˛ � 1/

.1C ˛/2
C @ˇ'f

³
;
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where the linear operators @ x̌; @x' and @ˇ' are

@ x̌f .ˇ; �/ WD
˛ � 1

1C ˛
f .ˇ; �/C f̌ˇ .ˇ; �/; (2.23)

@x'f .ˇ; �/ WD �
˛ � 1

1C ˛
f .ˇ; �/C f̌'.ˇ; �/; (2.24)

@ˇ'f WD
˛ � 1

1C ˛
f C @ x̌@x'f

D
2.˛ � 1/

.1C ˛/2
f C

˛ � 1

1C ˛
ˇ.f' � fˇ /C ˇ

2fˇ' : (2.25)

Hence, QF reads

QF .f; Q�/.ˇ; �/

D 1C f .ˇ; �/ � .�1/
�1
2�

C
 .˛ � 1/
˛�1
2

4�C0.1C ˛/
˛�1
2

ˇ�
˛�1
1C˛

�

“ b�


1C˛ b

�2
1C˛

®
�
˛�1
1C˛
C @x'f .b;ˆ/

¯� 1
2�
®
2.˛�1/

.1C˛/2
C @ˇ'f .b;ˆ/

¯
Q�.ˆ/ db dˆ

D.f /.ˇ; �; b;ˆ/
=2
;

(2.26)

where

D.f /.ˇ; �; b;ˆ/ WD Q‰ˇ C Q‰b � 2 Q‰
1=2

ˇ
Q‰
1=2

b
cos.� C ˇ �ˆ � b/

D ˇ
�2
1C˛

²
˛ � 1

1C ˛
C @ x̌f .ˇ; �/

³
C b

�2
1C˛

²
˛ � 1

1C ˛
C @xbf .b;ˆ/

³
� 2ˇ

�1
1C˛ b

�1
1C˛

²
˛ � 1

1C ˛
C @ x̌f .ˇ; �/

³1=2²
˛ � 1

1C ˛
C @xbf .b;ˆ/

³1=2
� cos.� C ˇ �ˆ � b/

D

�
ˇ
�1
1C˛

²
˛ � 1

1C ˛
C @ x̌f .ˇ; �/

³1=2
� b

�1
1C˛

²
˛ � 1

1C ˛
C @xbf .b;ˆ/

³1=2�2
C 2ˇ

�1
1C˛ b

�1
1C˛

²
˛ � 1

1C ˛
C @ x̌f .ˇ; �/

³1=2²
˛ � 1

1C ˛
C @xbf .b;ˆ/

³1=2
� .1 � cos.� C ˇ �ˆ � b//: (2.27)

Let us remark that in the expression of QF no �-derivatives appear. Indeed, it only
depends on @ˇ and @' . In that way, we will not assume any boundedness of @� in our
function spaces. Moreover, since we are working in the unbounded space Œ0;1/ and the
trivial solution is singular at ˇ D 0, we shall insert some weights in the function spaces
to be defined in the next section.
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3. Functional regularity

3.1. Function spaces

The choice of function spaces is a crucial point in this work. In particular, application
of the infinite-dimensional implicit function theorem to QF relies on those spaces: they
need to be preserved by the nonlinear operator, and also the linearized operator has to be
invertible in those spaces. Since we are dealing with an unbounded domain (ˇ 2 Œ0;1/),
one needs to use weights in the function spaces that control the decay in ˇ. Moreover,
the fact that @� does not appear in the expression of QF is important to later check that
the decay is also accounted for by the function spaces. That is why we will not assume
any differentiability of f in �. Let us now introduce the function spaces we will use
throughout this work.

First, let us describe the function spaces for the scaled perturbation f . Indeed, we will
assume that f is bounded and has appropriate decay at 0 and1. We need the decay in
order to tackle the singularity at ˇ D 0 and ˇ !1 in the nonlinear equation.

For � > 0 (to be fixed later), let us define the weighted norm

kf kL1;� WD sup
ˇ2Œ0;1/; �2Œ0;2��

.1C ˇ/2�

ˇ�
jf .ˇ; �/j: (3.1)

We will assume that f is Hölder continuous in ˇ and define

kf kC ı
ˇ
WD sup

�2Œ0;2��

sup
jˇ�bj<1

jˇ C bjı
jf .ˇ; �/ � f .b; �/j

jˇ � bjı
; (3.2)

and Lipschitz continuous in the periodic variable �, with

kf kLip� WD sup
ˇ2Œ0;1/

sup
j��ˆj<1

jf .ˇ; �/ � f .ˇ;ˆ/j

sin..ˆ � �/=2/
: (3.3)

Hence, let us define

X�;ı
WD ¹f W Œ0;1/ � Œ0; 2��! C j kf kX�;ı WD kf kL1;� C kf kC ı

ˇ
<1º: (3.4)

Note that the functions f lying in X�;ı satisfy

f �0 ˇ
� ; f �1 ˇ�� ;

which will be crucial to work with the singularity at 0 and at1.
Now, we can define the function spaces for f :

X
�;ı
1 WD

°
f
ˇ̌̌
f; f̌ˇ ; f̌' ; ˇ

2fˇ' 2 X�;ı ; kf kLip� C k f̌ˇkLip� <1;

f .ˇ; �/ D
X
k2Z

fk.ˇ/e
ik�
±
; (3.5)
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with the norm

kf k
X
�;ı
1

WD kf kX�;ı C k f̌ˇkX�;ı C k f̌'kX�;ı C kˇ2f'ˇkX�;ı

C kf kLip� C k f̌ˇkLip� : (3.6)

Notice that the expression of the nonlinear operator (2.26) only involves derivatives of
the type @' and @ˇ , but not @� . For that reason, we only consider such derivatives in the
function space (3.5) and we will take into account that @� D @' C @ˇ . However, we shall
require Lipschitz continuity in � in order to tackle the singularity of the denominator
in (2.26).

Moreover, let us denote by B
X
�;ı
1

.�/ the ball in X�;ı1 centered at 0 and of radius �. Let
us remark that 1 … X�;ı1 (this is the associated trivial solution after the scaling in (2.26))
because it does not have the same decay at 0 and 1. Hence, we will have to subtract
the contribution from the trivial solution from the nonlinear operator to obtain its well-
posedness.

Remark 3.1. For f 2X�;ı1 , one has @ x̌f;@x'f;@ˇ'f 2X�;ı , where those linear operators
are defined in (2.23)–(2.25).

We will assume that � lies in the Lebesgue space Lp for some p that will be fixed
later. Then we define

X
p
2 WD

°
f 2 Lp.0; 2�/

ˇ̌̌
f .�/ D 1C

X
0¤k2Z

fke
ik�
±
: (3.7)

Remark 3.2. As we can observe in the statement of the main result of this work, Theo-
rem 1.1, the generality of the choice of � depends on which space it belongs to. We will
assume that � belongs to an Lp space for some appropriate p. Indeed, the parameter p
will be defined in such a way that the nonlinear operator is well-defined; see Propositions
3.9 and 3.10. In particular, p has to satisfy p > 1

1�

.

Finally, we set the range space:

Y �;ı WD ¹f j f; f̌' 2 X�;ı ; kf kLip� <1º; (3.8)

with the norm
kf kY �;ı WD kf kX�;ı C k f̌'kX�;ı C kf kLip� :

From now on, denote by BX .c; r/ the ball inX centered at c and of radius r , and we write
just BX .r/ when c D 0.

Remark 3.3. Note that any function f 2 X�;ı1 can be decomposed into a Fourier series
in �, that is, there exist fk.ˇ/ such that

f .ˇ; �/ D
X
k2Z

fk.ˇ/e
ik� :
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Although we are looking for a real function f , which will be the perturbation of the
initial stream function, we will consider it initially as a complex function. Later, we may
just include in the function spaces the assumption that f is real.

Moreover, we can translate the decay properties of f into the coefficients fk . In that
way, we find that fk 2 X0 where

X0 WD ¹f W Œ0;1/! R j f; f̌ 0 2 X�;ı
º: (3.9)

Although the space X�;ı was defined in (3.4) for functions depending on .ˇ; �/, we will
also use it for functions only depending on ˇ. Note that functions with Fourier coefficients
in X0 are not necessarily in X�;ı1 . We can do the same for f 2 Y �;ı since the associated
Fourier coefficients lie in the space

Y0 WD ¹f W Œ0;1/! R j f 2 X�;ı
º: (3.10)

These spaces will be used in order to check that the kernel of the linearized operator is
trivial.

Remark 3.4. The function spaces used in [5, 36, 37] for the Euler equations cannot be
used here. This is due to the different formulation of the nonlinear function F used in
those papers. Note that the relation between the stream function  and the vorticity !
in the Euler equations is given via a local relation. Therefore, there is no need to use the
nonlocal expression via a singular integral, as we have to do for gSQG equations.

Remark 3.5. We assume that � is of the form

�.�/ D 1C
X

0¤k2Z

gke
ik� ;

where 1 is the trivial solution and then no perturbation of the mode k D 0 is done. This
ensures that we do not obtain more trivial solutions and that the solution is nonradial.

Remark 3.6. Function spaces with weights are commonly used when working in an
unbounded space. Moreover, a weight must be considered when taking any derivative.
That happens also in [34], where the authors have to include some weight even for the
Hölder norm. Note that if f only depends on the angle � (and not on ˇ), then these
weighted function spaces are the usual spaces C 1; L1, etc.

3.2. Deformation of the Euclidean norm

In order to study the regularity of the nonlinear function (2.26), we shall work with the
denominator given in (2.27). The denominator is nothing other than the Euclidean norm
deformed by the adapted coordinates and the scaling. That occurred also in [48,49], where
the authors introduced some cylindrical coordinates amounting to a deformation of the
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Euclidean norm. Hence, estimating from below the denominator

D.f /.ˇ; �; b;ˆ/ WD Q‰ˇ C Q‰b � 2 Q‰
1=2

ˇ
Q‰
1=2

b
cos.� C ˇ �ˆ � b/

D

�
ˇ
�1
1C˛

²
˛ � 1

1C ˛
C @ x̌f .ˇ; �/

³1=2
� b

�1
1C˛

²
˛ � 1

1C ˛
C @xbf .b;ˆ/

³1=2�2
C 2ˇ

�1
1C˛ b

�1
1C˛

²
˛ � 1

1C ˛
C @ x̌f .ˇ; �/

³1=2²
˛ � 1

1C ˛
C @xbf .b;ˆ/

³1=2
� .1 � cos.� C ˇ �ˆ � b// (3.11)

is crucial to study the regularity of (2.26). That is the goal of the following proposition.

Proposition 3.7. There exists � > 0 such that if f 2 B
X
�;ı
1

.0; �/ then

D.f /.ˇ;�; b;ˆ/� C.ˇ
�2
1C˛ C b

�2
1C˛ /

²
jˇ � bj2

jˇ C bj2
C sin2..ˇ� bC��ˆ/=2/

³
: (3.12)

Remark 3.8. In particular, we find thatD.f /.ˇ;�;b;ˆ/�CD.0/.ˇ;�;b;ˆ/. Moreover,
we also get D.f /.ˇ; �; b;ˆ/ � CD.0/.ˇ; �; b;ˆ/.

Proof of Proposition 3.7. Take f such that f 2 B
X
�;ı
1

.�/. In particular, @ x̌f 2X�;ı and
k@ x̌f kLip� <1. Hence,

C�1 <
˛ � 1

1C ˛
C @ x̌f .ˇ; �/ < C;

C�1 <
˛ � 1

1C ˛
C @xbf .b;ˆ/ < C:

By symmetry, that implies

D.f /.ˇ; �; b;ˆ/

�

�
ˇ
�1
1C˛

²
˛ � 1

1C ˛
C @ x̌f .ˇ; �/

³1=2
� b

�1
1C˛

²
˛ � 1

1C ˛
C @xbf .b;ˆ/

³1=2�2
C C�1.ˇ

�2
1C˛ C b

�2
1C˛ /.1 � cos.� C ˇ �ˆ � b//

for some C uniformly in b; ˇ; �;ˆ. Let us work with the first part. Note thatˇ̌̌̌
ˇ
�1
1C˛

²
˛ � 1

1C ˛
C @ x̌f .ˇ; �/

³1=2
� b

�1
1C˛

²
˛ � 1

1C ˛
C @xbf .b;ˆ/

³1=2 ˇ̌̌̌
D

ˇ̌̌̌
ˇ
�2
1C˛

®
˛�1
1C˛
C @ x̌f .ˇ; �/

¯
� b

�2
1C˛

®
˛�1
1C˛
C @xbf .b;ˆ/

¯
ˇ
�1
1C˛

®
˛�1
1C˛
C @ x̌f .ˇ; �/

¯1=2
C b

�1
1C˛

®
˛�1
1C˛
C @xbf .b;ˆ/

¯1=2 ˇ̌̌̌

&

ˇ̌
ˇ
�2
1C˛

®
˛�1
1C˛
C @ x̌f .ˇ; �/

¯
� b

�2
1C˛

®
˛�1
1C˛
C @xbf .b;ˆ/

¯ˇ̌
ˇ
�1
1C˛ C b

�1
1C˛

:
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On the other hand, we haveˇ̌̌̌
ˇ
�2
1C˛

²
˛ � 1

1C ˛
C @ x̌f .ˇ; �/

³
� b

�2
1C˛

²
˛ � 1

1C ˛
C @xbf .b;ˆ/

³ˇ̌̌̌
& jˇ

�2
1C˛ � b

�2
1C˛ j � .ˇ

�2
1C˛ C b

�2
1C˛ /j@ x̌f .ˇ; �/ � @xbf .b;ˆ/j

& jˇ
�2
1C˛ C b

�2
1C˛ j

²
jˇ � bj

ˇ C b
� j@ x̌f .ˇ; �/ � @xbf .b;ˆ/j

³
:

Then we findˇ̌̌̌
ˇ
�1
1C˛

²
˛ � 1

1C ˛
C @ x̌f .ˇ; �/

³1=2
� b

�1
1C˛

²
˛ � 1

1C ˛
C @xbf .b;ˆ/

³1=2 ˇ̌̌̌
& jˇ

�1
1C˛ C b

�1
1C˛ j

²
jˇ � bj

ˇ C b
� j@ x̌f .ˇ; �/ � @xbf .b;ˆ/j

³
;

which impliesˇ̌̌̌
ˇ
�1
1C˛

²
˛ � 1

1C ˛
C @ x̌f .ˇ; �/

³1=2
� b

�1
1C˛

²
˛ � 1

1C ˛
C @xbf .b;ˆ/

³1=2 ˇ̌̌̌2
& jˇ

�2
1C˛ C b

�2
1C˛ j

²
jˇ � bj2

jˇ C bj2
� j@ x̌f .ˇ; �/ � @xbf .b;ˆ/j

2

³
:

That is,

D.f /.ˇ; �; b;ˆ/ & .ˇ
�2
1C˛ C b

�2
1C˛ /

�

²
jˇ � bj2

jˇ C bj2
C .1 � cos.� C ˇ �ˆ � b// � j@ x̌f .ˇ; �/ � @xbf .b;ˆ/j

2

³
: (3.13)

It remains to work with
j@ x̌f .ˇ; �/ � @xbf .b;ˆ/j:

Since we should bound this quantity by jˇ�bj
jˇCbj

or 1 � cos.� C ˇ � ˆ � b/, we need to
define the auxiliary function

g.ˇ; x/ D @ x̌f .ˇ; x � ˇ/:

In that way, taking x D ˇ C � and y D b Cˆ we have

j@ x̌f .ˇ; �/ � @xbf .b;ˆ/j D jg.ˇ; x/ � g.b; y/j

� jg.ˇ; x/ � g.b; x/j C jg.b; x/ � g.b; y/j: (3.14)

For the first term we use the mean value theorem. Note that @ˇg behaves like @'f and
ˇ@ˇ'f , by the definition of @ x̌. Then, from the definition of X�;ı1 in (3.5) we infer that
ˇ@'g is bounded. In that way, we find that

jg.ˇ; x/ � g.b; x/j � Ckf k
X
�;ı
1

jˇ � bj

ˇ C b
:
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For the second term, we use the Lipschitz continuity of f and f̌ˇ (and hence @ x̌f ) with
respect to �, obtaining

jg.b; x/ � g.b; y/j � Ckf k
X
�;ı
1

jsin..x � y/=2/j:

By using x D ˇ C � and y D b Cˆ we find

j@ x̌f .ˇ; �/ � @xbf .b;ˆ/j � Ckf kX�;ı
1

²
jˇ � bj

ˇ C b
C sin2..ˇ � b C � �ˆ/=2/

³
:

Coming back to (3.13) and using the fact that kf k
X
�;ı
1

is small enough we get (3.12).
That concludes the proof.

3.3. Regularity of the nonlinear function

In the following proposition, we deal with singular operators defined as

Hf .h1; h2/.ˇ; �/ WD ˇ
� ˛�1
1C˛

“
b�



1C˛ b

�2
1C˛ h1.b;ˆ/h2.ˆ/ db dˆ

D.f /.ˇ; �; b;ˆ/
=2
: (3.15)

This will be crucial in order to prove later the regularity of the nonlinear functional (2.19).

Proposition 3.9. Let 
; � 2 .0; 1/ and ˛ 2 .1; 2/. Then there exists � < 1 such that if
f 2 B

X
�;ı
1

.0; �/ and

0 < � < min
²
˛ � 1

1C ˛
;

 � ˛ C 1

1C ˛

³
; 1 < ˛ < 1C 
; (3.16)

then

kHf .h1; h2/kY �;ı � Ckh1kX�;ıkh2kXp
2
; (3.17)

and f 7! Hf is C 1, for any p > 1
1�


and ı < min ¹1 � 
; �º.

Proof. The proof is very technical and will be divided into several steps. We will provide
the key points and the general ideas.

� Hf 2 L
1;� . Using Proposition 3.7, we can bound Hf as

jHf .h1; h2/.ˇ; �/j

� Cˇ�
˛�1
1C˛ ˇ



1C˛

“
b
�2
1C˛
jh1.b; � C ˇ � � � b/j jh2.� C ˇ � � � b/j db d�

.ˇ


1C˛ C b



1C˛ /

®
jˇ�bj2

jˇCbj2
C sin2

�
�
2

�¯
=2



Self-similar spirals for the generalized surface quasi-geostrophic equations 4265

� Cˇ�
˛�1
1C˛ ˇ



1C˛

“
b
�2
1C˛ b� .1C b/�2� jh2.� C ˇ � � � b/j

.ˇ


1C˛ C b



1C˛ /

®
jˇ�bj2

jˇCbj2
C sin2

�
�
2

�¯
=2
�
.1C b/2�

b�
jh1.b; � C ˇ � � � b/j db d�

D Cˇ�
“

z
�2
1C˛ z� .1C ˇz/�2� jh2.� C ˇ � � � ˇz/j

.1C z


1C˛ /

®
j1�zj2

j1Czj2
C sin2

�
�
2

�¯
=2
�
.1C ˇz/2�

.ˇz/�
jh1.ˇz; � C ˇ � � � ˇz/j dz d�;

where we have made the change of variables b D ˇz in the last equality. Then, we find

kHf .h1; h2/kL1;�

� Ckh1kL1;� kh2kL1 sup
ˇ2Œ0;1/

Z 1
0

.1C ˇ/2�

.1C ˇz/2�
z
�2
1C˛ z� j1C zj


j1 � zj
 j1C zj


1C˛

dz:

Recall that ˛ > 1 by (1.7). In order to estimate the above integral, we split into several
cases. Take " > 0, and let us work with ˇ 2 Œ0; "/ and ˇ 2 Œ";1/ separately. First, if
ˇ 2 Œ0; "/ we find that

sup
ˇ2Œ0;"/

Z 1
0

.1C ˇ/2�

.1C ˇz/2�
z
�2
1C˛ z� j1C zj


j1 � zj
 j1C zj


1C˛

dz

� C sup
ˇ2Œ0;"/

Z 1
0

z
�2
1C˛ z� j1C zj


j1 � zj
 j1C zj


1C˛

dz � C

if
0 < � <


 � ˛ C 1

1C ˛
; 1 < ˛ < 1C 
: (3.18)

In the case ˇ 2 Œ";1/ we have

sup
ˇ2Œ";1/

Z 1
0

.1C ˇ/2�

.1C ˇz/2�
z
�2
1C˛ z� j1C zj


j1 � zj
 j1C zj


1C˛

dz

� C sup
ˇ2Œ";1/

Z 1
0

1

z�
z
�2
1C˛ j1C zj


j1 � zj
 j1C zj


1C˛

dz � C

if
0 < � <

˛ � 1

1C ˛
: (3.19)

Hence, we find that

0 < � < min
²
˛ � 1

1C ˛
;

 � ˛ C 1

1C ˛

³
; 1 < ˛ < 1C 
: (3.20)
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�Hf 2 C
ı
ˇ

. Let us now check the Hölder seminorm. Take ˇ1 < ˇ2 and so

ˇ
� ˛�1
1C˛

2 < ˇ
� ˛�1
1C˛

1 : (3.21)

Taking the difference of Hf at two points we arrive at

jHf .h1; h2/.ˇ1; �/ �Hf .h1; h2/.ˇ2; �/j

D

ˇ̌̌̌
ˇ
� ˛�1
1C˛

1

“
b�



1C˛ b

�2
1C˛ h1.b;ˆ/h2.ˆ/ db dˆ

D.f /.ˇ1; �; b;ˆ/
=2

� ˇ
� ˛�1
1C˛

2

“
b�



1C˛ b

�2
1C˛ h1.b;ˆ/h2.ˆ/ db dˆ

D.f /.ˇ2; �; b;ˆ/
=2

ˇ̌̌̌
� C
jˇ1 � ˇ2j

ı

jˇ1 C ˇ2jı
.ˇ
� ˛�1
1C˛

1 C ˇ
� ˛�1
1C˛

2 /

ˇ̌̌̌“
b�



1C˛ b

�2
1C˛ h1.b;ˆ/h2.ˆ/ db dˆ

D.f /.ˇ1; �; b;ˆ/
=2

ˇ̌̌̌
C ˇ

� ˛�1
1C˛

2

ˇ̌̌̌“
b�



1C˛ b

�2
1C˛ h1.b;ˆ/h2.ˆ/ db dˆ

D.f /.ˇ1; �; b;ˆ/
=2

�

“
b�



1C˛ b

�2
1C˛ h1.b;ˆ/h2.ˆ/ db dˆ

D.f /.ˇ2; �; b;ˆ/
=2

ˇ̌̌̌
: (3.22)

Due to (3.21) and using the previous analysis to bound Hf in L1;� we get

.ˇ
� ˛�1
1C˛

1 C ˇ
� ˛�1
1C˛

2 /

ˇ̌̌̌“
b�



1C˛ b

�2
1C˛ h1.b;ˆ/h2.ˆ/ db dˆ

D.f /.ˇ1; �; b;ˆ/
=2

ˇ̌̌̌
< C:

Hence, we need to estimate the second term in (3.22). Due to its expression, we will need
to work with the difference of the denominator at two points. Thus

D.f /.ˇ1; �; b;ˆ/ �D.f /.ˇ2; �; b;ˆ/

D

�
ˇ
�1
1C˛

1

²
˛ � 1

1C ˛
C @ x̌f .ˇ1; �/

³1=2
� b

�1
1C˛

²
˛ � 1

1C ˛
C @xbf .b;ˆ/

³1=2�2
�

�
ˇ
�1
1C˛

2

²
˛ � 1

1C ˛
C @ x̌f .ˇ2; �/

³1=2
� b

�1
1C˛

²
˛ � 1

1C ˛
C @xbf .b;ˆ/

³1=2�2
C 2ˇ

�1
1C˛

1 b
�1
1C˛

²
˛ � 1

1C ˛
C @ x̌f .ˇ1; �/

³1=2²
˛ � 1

1C ˛
C @xbf .b;ˆ/

³1=2
� .1 � cos.� C ˇ1 �ˆ � b//

� 2ˇ
�1
1C˛

2 b
�1
1C˛

²
˛ � 1

1C ˛
C @ x̌f .ˇ2; �/

³1=2²
˛ � 1

1C ˛
C @xbf .b;ˆ/

³1=2
� .1 � cos.� C ˇ2 �ˆ � b//: (3.23)
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Let us estimate it in several steps. First,ˇ̌̌̌�
ˇ
�1
1C˛

1

²
˛ � 1

1C ˛
C @ x̌f .ˇ1; �/

³1=2
� b

�1
1C˛

²
˛ � 1

1C ˛
C @xbf .b;ˆ/

³1=2�2
�

�
ˇ
�1
1C˛

2

²
˛ � 1

1C ˛
C @ x̌f .ˇ2; �/

³1=2
� b

�1
1C˛

²
˛ � 1

1C ˛
C @xbf .b;ˆ/

³1=2�2 ˇ̌̌̌
�

ˇ̌̌̌
ˇ
�1
1C˛

1

²
˛ � 1

1C ˛
C @ x̌f .ˇ1; �/

³1=2
� ˇ

�1
1C˛

2

²
˛ � 1

1C ˛
C @ x̌f .ˇ2; ˆ/

³1=2 ˇ̌̌̌
�

ˇ̌̌̌�
ˇ
�1
1C˛

1

²
˛ � 1

1C ˛
C @ x̌f .ˇ1; �/

³1=2
� b

�1
1C˛

²
˛ � 1

1C ˛
C @xbf .b;ˆ/

³1=2�
C

�
ˇ
�1
1C˛

2

²
˛ � 1

1C ˛
C @ x̌f .ˇ2; �/

³1=2
� b

�1
1C˛

²
˛ � 1

1C ˛
C @xbf .b;ˆ/

³1=2�ˇ̌̌̌
;

whereˇ̌̌̌
ˇ
�1
1C˛

1

²
˛ � 1

1C ˛
C @ x̌f .ˇ1; �/

³1=2
� ˇ

�1
1C˛

2

²
˛ � 1

1C ˛
C @ x̌f .ˇ2; ˆ/

³1=2 ˇ̌̌̌
� C

ˇ̌̌̌
ˇ
�2
1C˛

1

®
˛�1
1C˛
C @ x̌f .ˇ1; �/

¯
� ˇ

�2
1C˛

2

®
˛�1
1C˛
C @ x̌f .ˇ2; ˆ/

¯
ˇ
�1
1C˛

1 C ˇ
�1
1C˛

2

ˇ̌̌̌

� C

ˇ̌̌̌
.ˇ
�2
1C˛

1 � ˇ
�2
1C˛

2 /
®
˛�1
1C˛
C @ x̌f .ˇ1; �/

¯
C ˇ

�2
1C˛

2 ¹@ x̌f .ˇ1; ˆ/ � @ x̌f .ˇ2; ˆ/º

ˇ
�1
1C˛

1 C ˇ
�1
1C˛

2

ˇ̌̌̌

� C
ˇ
�2
1C˛

1 C ˇ
�2
1C˛

2

ˇ
�1
1C˛

1 C ˇ
�1
1C˛

2

jˇ1 � ˇ2j
ı

jˇ1 C ˇ2jı
� C

®
ˇ
�1
1C˛

1 C ˇ
�1
1C˛

2

¯ jˇ1 � ˇ2jı
jˇ1 C ˇ2jı

:

Henceˇ̌̌̌�
ˇ
�1
1C˛

1

²
˛ � 1

1C ˛
C @ x̌f .ˇ1; �/

³1=2
� b

�1
1C˛

²
˛ � 1

1C ˛
C @xbf .b;ˆ/

³1=2�2
�

�
ˇ
�1
1C˛

2

²
˛ � 1

1C ˛
C @ x̌f .ˇ2; �/

³1=2
� b

�1
1C˛

²
˛ � 1

1C ˛
C @xbf .b;ˆ/

³1=2�2 ˇ̌̌̌
� C

ˇ̌̌̌�
ˇ
�1
1C˛

1

²
˛ � 1

1C ˛
C @ x̌f .ˇ1; �/

³1=2
� b

�1
1C˛

²
˛ � 1

1C ˛
C @xbf .b;ˆ/

³1=2�
C

�
ˇ
�1
1C˛

2

²
˛ � 1

1C ˛
C @ x̌f .ˇ2; �/

³1=2
� b

�1
1C˛

²
˛ � 1

1C ˛
C @xbf .b;ˆ/

³1=2�ˇ̌̌̌
� ¹ˇ

�1
1C˛

1 C ˇ
�1
1C˛

2 º
jˇ1 � ˇ2j

ı

jˇ1 C ˇ2jı

� C.D.f /.ˇ1; �; b;ˆ/
1=2
CD.f /.ˇ2; �; b;ˆ/

1=2/¹ˇ
�1
1C˛

1 C ˇ
�1
1C˛

2 º
jˇ1 � ˇ2j

ı

jˇ1 C ˇ2jı
:
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Now let us estimate the second part of (3.23) using similar ideas:ˇ̌̌̌
ˇ
�1
1C˛

1 b
�1
1C˛

²
˛ � 1

1C ˛
C @ x̌f .ˇ1; �/

³1=2²
˛ � 1

1C ˛
C @xbf .b;ˆ/

³1=2
� .1 � cos.� C ˇ1 �ˆ � b//

� ˇ
�1
1C˛

2 b
�1
1C˛

²
˛ � 1

1C ˛
C @ x̌f .ˇ2; �/

³1=2²
˛ � 1

1C ˛
C @xbf .b;ˆ/

³1=2
� .1 � cos.� C ˇ2 �ˆ � b//

ˇ̌̌̌
� C
jˇ1 � ˇ2j

ı

jˇ1 C ˇ2jı
.ˇ
�1
1C˛

1 C ˇ
�1
1C˛

2 /b
�1
1C˛

� ¹sin2..� C ˇ1 �ˆ � b/=2/C sin2..� C ˇ2 �ˆ � b/=2/º

C C jsinı..ˇ1 � ˇ2/=2/j.ˇ
�1
1C˛

1 C ˇ
�1
1C˛

2 /b
�1
1C˛

� ¹sin2�ı..� C ˇ1 �ˆ � b/=2/C sin2�ı..� C ˇ2 �ˆ � b/=2/º

� C
jˇ1 � ˇ2j

ı

jˇ1 C ˇ2jı
.ˇ
�1
1C˛

1 C ˇ
�1
1C˛

2 /b
�1
1C˛

� ¹sin2..� C ˇ1 �ˆ � b/=2/C sin2..� C ˇ2 �ˆ � b/=2/º

C C
jˇ1 � ˇ2j

ı

jˇ1 C ˇ2jı
.ˇ
�1
1C˛
Cı

1 C ˇ
�1
1C˛
Cı

2 /b
�1
1C˛

� ¹sin2�ı..� C ˇ1 �ˆ � b/=2/C sin2�ı..� C ˇ2 �ˆ � b/=2/º

� C
jˇ1 � ˇ2j

ı

jˇ1 C ˇ2jı
.ˇ
�1
1C˛

1 C ˇ
�1
1C˛

2 /.D.f /.ˇ1; �; b;ˆ/
1=2
CD.f /.ˇ2; �; b;ˆ/

1=2/

C C
jˇ1 � ˇ2j

ı

jˇ1 C ˇ2jı
.ˇ
�1
1C˛
Cı

1 C ˇ
�1
1C˛
Cı

2 /

� ¹sin1�ı..� C ˇ1 �ˆ � b/=2/C sin1�ı..� C ˇ2 �ˆ � b/=2/º

� .D.f /.ˇ1; �; b;ˆ/
1=2
CD.f /.ˇ2; �; b;ˆ/

1=2/:

Finally, we get

jD.f /.ˇ2; �; b;ˆ/ �D.f /.ˇ1; �; b;ˆ/j

� C
jˇ1 � ˇ2j

ı

jˇ1 C ˇ2jı
.ˇ
�1
1C˛

1 C ˇ
�1
1C˛

2 C ˇ
�1
1C˛
Cı

1 C ˇ
�1
1C˛
Cı

2 /

� .D.f /.ˇ1; �; b;ˆ/
1=2
CD.f /.ˇ2; �; b;ˆ/

1=2/: (3.24)

Henceˇ̌̌̌
1

D.f /.ˇ1; �; b;ˆ/
=2
�

1

D.f /.ˇ2; �; b;ˆ/
=2

ˇ̌̌̌
�
D.f /.ˇ2; �; b;ˆ/


=2 �D.f /.ˇ1; �; b;ˆ/

=2

D.f /.ˇ1; �; b;ˆ/
=2D.f /.ˇ2; �; b;ˆ/
=2
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.
jD.f /.ˇ2; �; b;ˆ/ �D.f /.ˇ1; �; b;ˆ/j

D.f /.ˇ1; �; b;ˆ/
=2D.f /.ˇ2; �; b;ˆ/
=2

�
1

.D.f /.ˇ2; �; b;ˆ/
2�

2 CD.f /.ˇ1; �; b;ˆ/

2�

2 /

;

and using (3.24) we findˇ̌̌̌
1

D.f /.ˇ1; �; b;ˆ/
=2
�

1

D.f /.ˇ2; �; b;ˆ/
=2

ˇ̌̌̌
� C
jˇ1 � ˇ2j

ı

jˇ1 C ˇ2jı
�

ˇ
�1
1C˛

1 C ˇ
�1
1C˛

2 C ˇ
�1
1C˛
Cı

1 C ˇ
�1
1C˛
Cı

2

D.f /.ˇ1; �; b;ˆ/1=2D.f /.ˇ2; �; b;ˆ/
=2CD.f /.ˇ2; �; b;ˆ/1=2D.f /.ˇ1; �; b;ˆ/
=2
:

(3.25)

Let us come back to (3.22) to obtain

jHf .h1; h2/.ˇ1; �/ �Hf .h1; h2/.ˇ2; �/j

� C
jˇ1 � ˇ2j

ı

jˇ1 C ˇ2jı
C C
jˇ1 � ˇ2j

ı

jˇ1 C ˇ2jı
ˇ
� ˛�1
1C˛

2

“
b�



1C˛ b

�2
1C˛ jh1.b;ˆ/j jh2.ˆ/j �

ˇ
�1
1C˛

1 C ˇ
�1
1C˛

2 C ˇ
�1
1C˛
Cı

1 C ˇ
�1
1C˛
Cı

2

D.f /.ˇ1; �; b;ˆ/1=2D.f /.ˇ2; �; b;ˆ/
=2CD.f /.ˇ2; �; b;ˆ/1=2D.f /.ˇ1; �; b;ˆ/
=2

� db dˆ:

By virtue of Proposition 3.7 we can bound the denominator as

jHf .h1; h2/.ˇ1; �/ �Hf .h1; h2/.ˇ2; �/j

� C
jˇ1 � ˇ2j

ı

jˇ1 C ˇ2jı
C C
jˇ1 � ˇ2j

ı

jˇ1 C ˇ2jı

“
b�



1C˛ b

�2
1C˛ jh1.b;ˆ/j jh2.ˆ/j

�

 
ˇ
� ˛�1
1C˛

2 ˇ
�1
1C˛

1

.ˇ
�1
1C˛

1 C b
�1
1C˛ /.ˇ

�

1C˛

2 C b
�

1C˛ /

®
jˇ1�bj2

jˇ1Cbj2
C sin2..ˇ1 C � � b �ˆ/=2/

¯1=2
�

1®
jˇ2�bj2

jˇ2Cbj2
C sin2..ˇ2 C � � b �ˆ/=2/

¯
=2
C

ˇ
� ˛�1
1C˛

2 ˇ
�1
1C˛

2

.ˇ
�1
1C˛

2 C b
�1
1C˛ /.ˇ

�

1C˛

1 C b
�

1C˛ /

®
jˇ2�bj2

jˇ2Cbj2
C sin2..ˇ2 C � � b �ˆ/=2/

¯1=2
�

1®
jˇ1�bj2

jˇ1Cbj2
C sin2..ˇ1 C � � b �ˆ/=2/

¯
=2
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C
ˇ
� ˛�1
1C˛

2 ˇ
�1
1C˛

1 ˇı1

.ˇ
�1
1C˛

1 C b
�1
1C˛ /.ˇ

�

1C˛

2 C b
�

1C˛ /

®
jˇ1�bj2

jˇ1Cbj2
C sin2..ˇ1 C � � b �ˆ/=2/

¯1=2
�

1®
jˇ2�bj2

jˇ2Cbj2
C sin2..ˇ2 C � � b �ˆ/=2/

¯
=2
C

ˇ
� ˛�1
1C˛

2 ˇ
�1
1C˛

2 ˇı2

.ˇ
�1
1C˛

2 C b
�1
1C˛ /.ˇ

�

1C˛

1 C b
�

1C˛ /

®
jˇ2�bj2

jˇ2Cbj2
C sin2..ˇ2 C � � b �ˆ/=2/

¯1=2
�

1®
jˇ1�bj2

jˇ1Cbj2
C sin2..ˇ1 C � � b �ˆ/=2/

¯
=2
!
db dˆ:

Let us show the bound for the third integral, and the others will follow similarly. Since
h1 2 X�;ı , we have

“
ˇ
� ˛�1
1C˛

2 ˇ
�1
1C˛
Cı

1 b�


1C˛ b

�2
1C˛ jh1.b;ˆ/j jh2.ˆ/j db dˆ

.ˇ
�1
1C˛

1 C b
�1
1C˛ /.ˇ

�

1C˛

2 C b
�

1C˛ /

®
jˇ1�bj2

jˇ1Cbj2
C sin2..ˇ1 C � � b �ˆ/=2/

¯1=2
�

db dˆ®
jˇ2�bj2

jˇ2Cbj2
C sin2..ˇ2 C � � b �ˆ/=2/

¯
=2
� Ckh1kL1;�ˇ

ı
1

“
ˇ
� ˛�1
1C˛

2 b�


1C˛ b

�2
1C˛ b� .1C b/�2� jh2.ˆ/j

.ˇ
�

1C˛

2 C b
�

1C˛ /

®
jˇ1�bj2

jˇ1Cbj2
C sin2..ˇ1 C � � b �ˆ/=2/

¯1=2
�

db dˆ®
jˇ2�bj2

jˇ2Cbj2
C sin2..ˇ2 C � � b �ˆ/=2/

¯
=2
� Ckh1kL1;�ˇ

ı
1

“
ˇ



1C˛

2 ˇ
� ˛�1
1C˛

2 b
�2
1C˛ b� .1C b/�2� jh2.ˆ/j db dˆ

.ˇ


1C˛

2 C b


1C˛ / jˇ1�bj

1��

jˇ1Cbj1��
jsin..ˇ1 C � � b �ˆ/=2/j�

jˇ2�bj


jˇ2Cbj


for � 2 .0; 1/ with
1 � � C 
 2 .0; 1/: (3.26)

Hence“
ˇ
� ˛�1
1C˛

2 ˇ
�1
1C˛
Cı

1 b�


1C˛ b

�2
1C˛ jh1.b;ˆ/j jh2.ˆ/j

.ˇ
�1
1C˛

1 C b
�1
1C˛ /.ˇ

�

1C˛

2 C b
�

1C˛ /

®
jˇ1�bj2

jˇ1Cbj2
C sin2..ˇ1 C � � b �ˆ/=2/

¯1=2
�

db dˆ®
jˇ2�bj2

jˇ2Cbj2
C sin2..ˇ2 C � � b �ˆ/=2/

¯
=2
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� Ckh1kL1;�ˇ
ı
1

Z 1
0

ˇ


1C˛

2 ˇ
� ˛�1
1C˛

2 b
�2
1C˛ b� .1C b/�2�

.ˇ


1C˛

2 C b


1C˛ / jˇ1�bj

1��

jˇ1Cbj1��
jˇ2�bj


jˇ2Cbj


�

Z 2�

0

jsin��..ˇ2 C � � b �ˆ/=2/j jh2.ˆ/j dˆdb:

Note that by interpolation we getZ 2�

0

jsin��..ˇ2 C � � b �ˆ/=2/j jh2.ˆ/j dˆ

� C

�Z 2�

0

jh2.ˆ/j
p dˆ

�1=p�Z 2�

0

jsin��..ˆ/=2/jq dˆ
�1=q

� Ckh2kXp
2

(3.27)

provided that �q < 1 and 1=p C 1=q D 1. By using (3.26), we can choose any p such
that

1

1 � 

< p: (3.28)

Finally, using the change of variables b D ˇ2z we get

“
ˇ
� ˛�1
1C˛

2 ˇ
�1
1C˛
Cı

1 b�


1C˛ b

�2
1C˛ jh1.b;ˆ/j jh2.ˆ/j

.ˇ
�1
1C˛

1 C b
�1
1C˛ /.ˇ

�

1C˛

2 C b
�

1C˛ /

®
jˇ1�bj2

jˇ1Cbj2
C sin2..ˇ1 C � � b �ˆ/=2/

¯1=2
�

db dˆ®
jˇ2�bj2

jˇ2Cbj2
C sin2..ˇ2 C � � b �ˆ/=2/

¯
=2
� Ckh1kL1;� kh2kXp

2
ˇı1

Z 1
0

ˇ


1C˛

2 ˇ
� ˛�1
1C˛

2 b
�2
1C˛ b� .1C b/�2�

.ˇ


1C˛

2 C b


1C˛ / jˇ1�bj

1��

jˇ1Cbj1��
jˇ2�bj


jˇ2Cbj


db

� Ckh1kL1;� kh2kXp
2
ˇı2

Z 1
0

z
�2
1C˛ .zˇ2/

� .1C zˇ2/
�2�

.1C z


1C˛ / jˇ1�zˇ2j

1��

jˇ1Czˇ2j1��
j1�zj


j1Czj


dz

� Ckh1kL1;� kh2kXp
2
; (3.29)

where we have used ˇ1 < ˇ2, and which is bounded provided that � satisfies (3.18) and
(3.19) and

ı < �;

in order to get the boundedness as ˇ2 goes to1. Hence, putting everything together we
find that

jHf .ˇ1; �; b;ˆ/ �Hf .ˇ2; �; b;ˆ/j � Ckh1kL1;� kh2kXp
2

jˇ1 � ˇ2j
ı

jˇ1 C ˇ2jı
;

implying that Hf 2 C
ı
ˇ

.
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�Hf 2 Lip� . We shall prove that

jHf .ˇ; �1; b;ˆ/ �Hf .ˇ; �2; b;ˆ/j � C jsin..�1 � �2/=2/j: (3.30)

For that we need to estimate the difference of the denominator at two points:

D.f /.ˇ; �1; b;ˆ/ �D.f /.ˇ; �2; b;ˆ/

D

�
ˇ
�1
1C˛

²
˛ � 1

1C ˛
C @ x̌f .ˇ; �1/

³1=2
� b

�1
1C˛

²
˛ � 1

1C ˛
C @xbf .b;ˆ/

³1=2�2
�

�
ˇ
�1
1C˛

²
˛ � 1

1C ˛
C @ x̌f .ˇ; �2/

³1=2
� b

�1
1C˛

²
˛ � 1

1C ˛
C @xbf .b;ˆ/

³1=2�2
C 2ˇ

�1
1C˛ b

�1
1C˛

²
˛ � 1

1C ˛
C @ x̌f .ˇ; �1/

³1=2²
˛ � 1

1C ˛
C @xbf .b;ˆ/

³1=2
� .1 � cos.�1 C ˇ �ˆ � b//

� 2ˇ
�1
1C˛ b

�1
1C˛

²
˛ � 1

1C ˛
C @ x̌f .ˇ; �2/

³1=2²
˛ � 1

1C ˛
C @xbf .b;ˆ/

³1=2
� .1 � cos.�2 C ˇ �ˆ � b//:

Hence

jD.f /.ˇ; �1; b;ˆ/ �D.f /.ˇ; �2; b;ˆ/j

� C jsin..�1 � �2/=2/j.ˇ
�1
1C˛ C b

�1
1C˛ /.D.f /.ˇ;�1; b;ˆ/

1=2
CD.f /.ˇ;�2; b;ˆ/

1=2/:

(3.31)

Thereforeˇ̌̌̌
1

D.f /.ˇ; �1; b;ˆ/
=2
�

1

D.f /.ˇ; �2; b;ˆ/
=2

ˇ̌̌̌
�
D.f /.ˇ; �1; b;ˆ/


=2 �D.f /.ˇ; �2; b;ˆ/

=2

D.f /.ˇ; �1; b;ˆ/
=2D.f /.ˇ; �2; b;ˆ/
=2

�
jD.f /.ˇ; �1; b;ˆ/ �D.f /.ˇ; �2; b;ˆ/j

D.f /.ˇ; �1; b;ˆ/
=2D.f /.ˇ; �2; b;ˆ/
=2

�
1

D.f /.ˇ; �2; b;ˆ/
2�

2 CD.f /.ˇ; �1; b;ˆ/

2�

2

;

and using (3.31) we findˇ̌̌̌
1

D.f /.ˇ; �1; b;ˆ/
=2
�

1

D.f /.ˇ; �2; b;ˆ/
=2

ˇ̌̌̌
�

C jsin..�1 � �2/=2/j.ˇ
�1
1C˛ C b

�1
1C˛ /

D.f /.ˇ; �1; b;ˆ/1=2D.f /.ˇ; �2; b;ˆ/
=2CD.f /.ˇ; �2; b;ˆ/1=2D.f /.ˇ; �1; b;ˆ/
=2
:
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In that way, we obtain

jHf .ˇ; �1; b;ˆ/ �Hf .ˇ; �2; b;ˆ/j

� C jsin..�1 � �2/=2/jˇ�
˛�1
1C˛

�

“
b�



1C˛ b

�2
1C˛ .ˇ

�1
1C˛ C b

�1
1C˛ /jh1.b;ˆ/j jh2.ˆ/j db dˆ

D.f /.ˇ; �1; b;ˆ/
1=2D.f /.ˇ; �2; b;ˆ/


=2CD.f /.ˇ; �2; b;ˆ/
1=2D.f /.ˇ; �1; b;ˆ/


=2

�C jsin..�1 � �2/=2/jˇ�
˛�1
1C˛

“
b�



1C˛ b

�2
1C˛ .ˇ

�1
1C˛ C b

�1
1C˛ /jh1.b;ˆ/j jh2.ˆ/j db dˆ

D.f /.ˇ; �1; b;ˆ/1=2D.f /.ˇ; �2; b;ˆ/
=2

� jsin..�1 � �2/=2/jˇ�
˛�1
1C˛

�

“
b�



1C˛ b

�2
1C˛ .ˇ

�1
1C˛ C b

�1
1C˛ /jh1.b;ˆ/j jh2.ˆ/j db dˆ

¹ˇ
�

1C˛ C b

�

1C˛ º¹ˇ

�1
1C˛ C b

�1
1C˛ º

jˇ�bj


jˇCbj


®
jˇ�bj2

jˇCbj2
C sin2..ˇ � bC �1 �ˆ/=2/

¯1=2
� C jsin..�1��2/=2/jˇ�

˛�1
1C˛

“
b�



1C˛ b

�2
1C˛ jh1.b;ˆ/j jh2.ˆ/j db dˆ

¹ˇ
�

1C˛Cb

�

1C˛ º

jˇ�bj
C1��

jˇCbj
C1��
jsin..ˇ�bC�1�ˆ/=2/j�

:

Using now (3.27) we get

jHf .ˇ; �1; b;ˆ/ �Hf .ˇ; �2; b;ˆ/j

� Ckh1kX�;ı
1

kh2kXp
2
jsin..�1 � �2/=2/jˇ�

˛�1
1C˛

Z 1
0

b�


1C˛ b

�2
1C˛ b� .1C b/�2� db

¹ˇ
�

1C˛ C b

�

1C˛ º

jˇ�bj
C1��

jˇCbj
C1��

for p with 1=p C 1=q D 1 and q� < 1 as in (3.27). The change of variable b D zˇ leads
to

jHf .ˇ; �1; b;ˆ/ �Hf .ˇ; �2; b;ˆ/j

� Ckh1kX�;ıkh2kXp
2
jsin..�1 � �2/=2/jˇ�

Z 1
0

z
�2
1C˛ z� .1C zˇ/�2� dz

¹1C z


1C˛ º

j1�zj
C1��

j1Czj
C1��

� Ckh1kX�;ıkh2kXp
2

provided that 
 C 1 � � < 1, p satisfies (3.28) and � satisfies (3.18) and (3.19).

� ˇ@'Hf 2 L
1;� . By using the expression of Hf we find

@'Hf .h1; h2/.ˇ; �/ D
˛ � 1

1C ˛

1

ˇ
Hf .h1; h2/.ˇ; �/

�



2
ˇ�

˛�1
1C˛

“
b
�

1C˛ b

�2
1C˛ h1.b;ˆ/h2.ˆ/@'D.f /.ˇ; �; b;ˆ/

D.f /.ˇ; �; b;ˆ/
2C

2

db dˆ:
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Note that

ˇ@'Hf .h1; h2/.ˇ; �/ D
˛ � 1

1C ˛
Hf .h1; h2/.ˇ; �/

�



2
ˇˇ�

˛�1
1C˛

“
b
�

1C˛ b

�2
1C˛ h1.b;ˆ/h2.ˆ/@'D.f /.ˇ; �; b;ˆ/

D.f /.ˇ; �; b;ˆ/
2C

2

db dˆ

DW H1 CH2; (3.32)

where the first term was already studied in the previous steps. For the second term, let us
compute the derivative of the denominator:

@'D.f /.ˇ; �; b;ˆ/

D 2

�
ˇ
�1
1C˛

²
˛ � 1

1C ˛
C @ x̌f .ˇ; �/

³1=2
� b

�1
1C˛

²
˛ � 1

1C ˛
C @xbf .b;ˆ/

³1=2�
� ˇ

�1
1C˛

@'@ x̌f .ˇ; �/

2
®
˛�1
1C˛
C @ x̌f .ˇ; �/

¯1=2
C ˇ

�1
1C˛ b

�1
1C˛

²
˛ � 1

1C ˛
C @ x̌f .ˇ; �/

³�1
2

@'@ x̌f .ˇ; �/

²
˛ � 1

1C ˛
C @xbf .b;ˆ/

³1=2
� .1 � cos.� C ˇ �ˆ � b//

�
2

1C ˛

1

ˇ
ˇ
�1
1C˛ b

�1
1C˛

²
˛ � 1

1C ˛
C @ x̌f .ˇ; �/

³1=2²
˛ � 1

1C ˛
C @xbf .b;ˆ/

³1=2
� .1 � cos.� C ˇ �ˆ � b//; (3.33)

implying that

j@'D.f /.ˇ; �; b;ˆ/j � CD.f /.ˇ; �; b;ˆ/
1=2ˇ

�1
1C˛

1

ˇ
: (3.34)

In this way, we find that

jˇ@'H .h1; h2/.ˇ; �/j � C jHf .h1; h2/.ˇ; �/j

C Cˇ
�1
1C˛ ˇ�

˛�1
1C˛

“
b�



1C˛ b

�2
1C˛ jh1.b; � C ˇ � � � b/j jh2.� C ˇ � � � b/j

D.f /.ˇ; �; b; � C ˇ � � � b/
1C

2

db d�

� C jHf .h1; h2/.ˇ; �/j

C Ckh1kX�;ı
1

ˇ�ˇ
�1
1C˛

“
z�



1C˛ z

�2
1C˛ b� .1C ˇz/�2� jh2.� C ˇ � � � b/j db d�

.ˇ
�

1C˛ C b

�

1C˛ /.ˇ

�1
1C˛ C b

�1
1C˛ /

®
jˇ�bj2

jˇCbj2
C sin2.�=2/

¯ 1C

2

:

Using (3.27) we get

jˇ@'H .h1; h2/.ˇ; �/j � C jHf .h1; h2/.ˇ; �/j

C Ckh1kX�;ıkh2kXp
2
ˇ�
Z 1
0

z�


1C˛ z

�2
1C˛ b� .1C ˇz/�2�

.ˇ
�

1C˛ C b

�

1C˛ / jˇ�bj

1C
��

jˇCbj1C
��

db:
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Then

kˇ@'H .h1; h2/k� � Ckh1kX�;ıkh2kXp
2

(3.35)

provided that (3.18) and (3.19) hold, as well as (3.28) and 1C 
 � � < 1.

� ˇ@'Hf .h1; h2/ 2 C
ı
ˇ

. Since Hf .h1; h2/ 2 C
ı
ˇ

, we have H1 2 C
ı
ˇ

. Hence, it remains
to check the term H2 in (3.32). Take ˇ1 < ˇ2; then they satisfy (3.21). Let us write the
difference of H2 for these two values as follows:

H2.ˇ1/ �H2.ˇ2/

D Cˇ
2

1C˛

1

“
b
�

1C˛ b

�2
1C˛ h1.b;ˆ/h2.ˆ/@'D.f /.ˇ1; �; b;ˆ/

D.f /.ˇ1; �; b;ˆ/1=2

�

²
1

D.f /.ˇ1; �; b;ˆ/
1C

2

�
1

D.f /.ˇ2; �; b;ˆ/
1C

2

³
db dˆ

C Cˇ
2

1C˛

1

“
b
�
�2
1C˛ h1.b;ˆ/h2.ˆ/.@'D.f /.ˇ1; �; b;ˆ/ � @'D.f /.ˇ2; �; b;ˆ//

D.f /.ˇ1; �; b;ˆ/1=2D.f /.ˇ2; �; b;ˆ/
1C

2

� db dˆ

C Cˇ
2

1C˛

1

“
b
�

1C˛ b

�2
1C˛ h1.b;ˆ/h2.ˆ/@'D.f /.ˇ2; �; b;ˆ/

D.f /.ˇ2; �; b;ˆ/
1C

2

�

²
1

D.f /.ˇ1; �; b;ˆ/1=2
�

1

D.f /.ˇ2; �; b;ˆ/1=2

³
db dˆ

C C.ˇ
2

1C˛

1 � ˇ
2

1C˛

2 /

“
b
�

1C˛ b

�2
1C˛ h1.b;ˆ/h2.ˆ/@'D.f /.ˇ2; �; b;ˆ/

D.f /.ˇ2; �; b;ˆ/
2C

2

db dˆ

DW H2;1 CH2;2 CH2;3 CH2;4:

By using (3.25) and (3.34) we can bound H2;1 and H2;3. Let us estimate H2;1. From
(3.24) we find for ı D 1 that

jD.f /.ˇ2; �; b;ˆ/ �D.f /.ˇ1; �; b;ˆ/j

� C
jˇ1 � ˇ2j

jˇ1 C ˇ2j
.ˇ
�1
1C˛

1 C ˇ
�1
1C˛

2 C ˇ
�1
1C˛
C1

1 C ˇ
�1
1C˛
C1

2 /

� .D.f /.ˇ1; �; b;ˆ/
1=2
CD.f /.ˇ2; �; b;ˆ/

1=2/:

By interpolating with

jD.f /.ˇ2; �; b;ˆ/ �D.f /.ˇ1; �; b;ˆ/j

� jD.f /.ˇ2; �; b;ˆ/CD.f /.ˇ1; �; b;ˆ/j;

we find
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jD.f /.ˇ2; �; b;ˆ/ �D.f /.ˇ1; �; b;ˆ/j

� C
jˇ1 � ˇ2j

ı

jˇ1 C ˇ2jı
.ˇ
�ı
1C˛

1 C ˇ
�ı
1C˛

2 C ˇ
�ı
1C˛
Cı

1 C ˇ
�ı
1C˛
Cı

2 /

� .D.f /.ˇ1; �; b;ˆ/
2�ı
2 CD.f /.ˇ2; �; b;ˆ/

2�ı
2 /: (3.36)

Hence using the ideas in (3.25) together with (3.36) we findˇ̌̌̌
1

D.f /.ˇ1; �; b;ˆ/
1C

2

�
1

D.f /.ˇ2; �; b;ˆ/
1C

2

ˇ̌̌̌
� C
jˇ1 � ˇ2j

ı

jˇ1 C ˇ2jı
�

ˇ
�ı
1C˛

1 C ˇ
�ı
1C˛

2 C ˇ
�ı
1C˛
Cı

1 C ˇ
�ı
1C˛
Cı

2

D.f /.ˇ1; �; b;ˆ/
ı=2D.f /.ˇ2; �; b;ˆ/

1C

2 CD.f /.ˇ2; �; b;ˆ/

ı=2D.f /.ˇ1; �; b;ˆ/
1C

2

:

(3.37)

Hence, (3.37) together with (3.34) amounts to

jH2;1j

�
C jˇ1 � ˇ2j

ı

jˇ1 C ˇ2jı
ˇ

2
1C˛
� 1
1C˛
�1

1

“
b
�
�2
1C˛ jh1.b;ˆ/kh2.ˆ/j.ˇ

�ı
1C˛

1 C ˇ
�ı
1C˛
Cı

1 / db dˆ

D.f /.ˇ2; �; b;ˆ/ı=2D.f /.ˇ1; �; b;ˆ/
1C

2

� C
jˇ1 � ˇ2j

ı

jˇ1 C ˇ2jı
ˇ

2
1C˛

1 ˇ
�1
1C˛

1 ˇ�11

�

“
b
�

1C˛ b

�2
1C˛ jh1.b;ˆ/kh2.ˆ/j.ˇ

�ı
1C˛

1 C ˇ
�ı
1C˛
Cı

1 /

jˇ
�ı
1C˛

2 C b
�ı
1C˛ j

®
jˇ2�bj2

jˇ2Cbj2
C sin2..ˇ2 � b C � �ˆ/=2/

¯ı=2
jˇ
�1�

1C˛

1 C b
�1�

1C˛ j

�
db dˆ®

jˇ1�bj2

jˇ1Cbj2
C sin2..ˇ1 � b C � �ˆ/=2/

¯ 1C

2

:

Using the ideas for (3.29) we finally get

jH2;1j � C
jˇ1 � ˇ2j

ı

jˇ1 C ˇ2jı
kh1kL1;� kh2kLp

for some constant C provided that ı < 1 � 
 , ı < � and p > 1
1�


.
Let us turn to H2;3 and show the main idea. In order to work with that term, we should

estimate the difference of @'D.f / at two points. Note that

@'D.f /.ˇ; �; b;ˆ/

D 2

�
ˇ
�1
1C˛

²
˛ � 1

1C ˛
C @ x̌f .ˇ; �/

³1=2
� b

�1
1C˛

²
˛ � 1

1C ˛
C @xbf .b;ˆ/

³1=2�
� @'

�
ˇ
�1
1C˛

²
˛ � 1

1C ˛
C @ x̌f .ˇ; �/

³1=2�
C 2@'

�
ˇ
�1
1C˛

²
˛ � 1

1C ˛
C @ x̌f .ˇ; �/

³1=2�
b
�1
1C˛

²
˛ � 1

1C ˛
C @xbf .b;ˆ/

³1=2
� .1 � cos.� C ˇ �ˆ � b//:
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By working with that term as for (3.24) we obtain

j@'D.f /.ˇ1; �; b;ˆ/ � @'D.f /.ˇ2; �; b;ˆ/j

� C
jˇ1 � ˇ2j

jˇ1 C ˇ2j
.ˇ�11 ˇ

�2
1C˛

1 C ˇ�12 ˇ
�2
1C˛

2 C ˇ�11 ˇ
�2
1C˛
C1

1 C ˇ�12 ˇ
�2
1C˛
C1

2 /; (3.38)

which, interpolating with (3.34), is equivalent to

j@'D.f /.ˇ1; �; b;ˆ/ � @'D.f /.ˇ2; �; b;ˆ/j

� C
jˇ1 � ˇ2j

ı

jˇ1 C ˇ2jı
.ˇ�ı1 ˇ

�2ı
1C˛

1 C ˇ�ı2 ˇ
�2ı
1C˛

2 C ˇ�ı1 ˇ
�ı
1C˛
Cı

1 C ˇ�ı2 ˇ
�ı
1C˛
Cı

2 /

� .ˇ
� 1�ı
1C˛

1 ˇ
�.1�ı/
1 D.f /.ˇ1; �; b;ˆ/

1�ı
2 C ˇ

� 1�ı
1C˛

2 ˇ
�.1�ı/
2 D.f /.ˇ2; �; b;ˆ/

1�ı
2 /:

(3.39)

Then, the key point to bound H2;2 is the use of (3.39) instead of just (3.38).
Finally, the estimate for the last term H2;4 follows identically as for ˇ@'Hf 2 L

1;�

taking into account that

jˇ
2

1C˛

1 � ˇ
2

1C˛

2 j � C
jˇ1 � ˇ2j

jˇ1 C ˇ2j
.ˇ

2
1C˛

1 C ˇ
2

1C˛

2 / � C
jˇ1 � ˇ2j

jˇ1 C ˇ2j
ˇ

2
1C˛

2 :

The C 1 regularity of Hf in f follows similarly by estimating the associated Fréchet
derivatives.

In the next proposition, we state the well-definedness of the nonlinear function
together with its C 1 regularity.

Proposition 3.10. Let 
; � 2 .0; 1/ and ˛ 2 .1; 2/ satisfying (3.16). There exists � < 1

such that QF W B
X
�;ı
1

.�/ � X
p
2 ! Y �;ı is well-defined and C 1 for any p > 1

1�

and ı <

min ¹1 � 
; �º.

Proof. Let us prove that QF is well-defined andC 1 in f , where we shall use the expression
of QF .f;�/ in (2.26). Note that the first term in that expression is just the constant 1, which
is not in Y �;ı since it does not decay appropriately at 0 and1. For that reason, we need
to add and subtract the contribution of the trivial solution in QF , obtaining

QF .f;�/.ˇ; �/ D

f .ˇ;�/� .�1/
�1
2�

C
 .˛ � 1/
˛�1
2

4�C0.1C ˛/
˛�1
2

.I1.f;�/C I2.f;�/C I3.f;�/C I4.f;�//.ˇ;�/;

where

I1.f;�/ WD ˇ
� ˛�1
1C˛

“
b�



1C˛ b

�2
1C˛

®
�
˛�1
1C˛
C @x'f .b;ˆ/

¯� 1
2� @ˇ'f .b;ˆ/�.ˆ/ db dˆ

D.f /.ˇ; �; b;ˆ/
=2
;
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I2.f;�/ WD
2.˛ � 1/

.1C ˛/2
ˇ�

˛�1
1C˛

�

“
b�



1C˛ b

�2
1C˛

�®
�
˛�1
1C˛
C @x'f .b;ˆ/

¯� 1
2� �

®
�
˛�1
1C˛

¯� 1
2�
�
�.ˆ/ db dˆ

D.f /.ˇ; �; b;ˆ/
=2
;

I3.f;�/ WD
2.˛�1/

.1C˛/2

²
�
˛�1

1C˛

³� 1
2�

ˇ�
˛�1
1C˛

“
b�



1C˛ b

�2
1C˛�.ˆ/

D.f /.ˇ; �; b;ˆ/
=2D.0/.ˇ; �; b;ˆ/
=2

� ¹D.0/.ˇ; �; b;ˆ/
=2 �D.f /.ˇ; �; b;ˆ/
=2º db dˆ;

I4.f;�/ WD
2.˛ � 1/

.1C ˛/2

²
�
˛ � 1

1C ˛

³� 1
2�

ˇ�
˛�1
1C˛

“
b�



1C˛ b

�2
1C˛ .�.ˆ/ � 1/ db dˆ

D.0/.ˇ; �; b;ˆ/
=2
:

Note that now f 2 Y �;ı and it remains to prove that Ii 2 Y �;ı for i D 1; 2; 3; 4.
By using the operator H defined in Proposition 3.9 we can write

I1.f;�/ D ˛1H

�²
�
˛ � 1

1C ˛
C @x'f

³� 1
2�

@ˇ'f;�

�
;

I2.f;�/ D ˛2H

��²
�
˛ � 1

1C ˛
C @x'f

³� 1
2�

�

²
�
˛ � 1

1C ˛

³� 1
2�
�
; �

�
;

for some constants ˛1; ˛2. Then, by Proposition 3.9,

kI1kY �;ı C kI2kY �;ı � Ck�kXp
2

²



²� ˛ � 11C ˛
C @x'f

³� 1
2�

@ˇ'f






X�;˛

C





�²� ˛ � 11C ˛
C @x'f

³� 1
2�

�

²
�
˛ � 1

1C ˛

³� 1
2�
�





X�;˛

³
� Ck�kXp

2
kf kX�;˛

1
:

Moreover, Proposition 3.9 shows that I1 and I2 are C 1 in f . It remains to check the
well-posedness and C 1 regularity of I3 and I4. Let us start with I4.

Note that

I4.f;�/.ˇ; �/ D Cˇ
� ˛�1
1C˛

“
b�



1C˛ b

�2
1C˛ .�.ˆ/ � 1/ db dˆ

¹ˇ
�2
1C˛ C b

�2
1C˛ � 2ˇ

�1
1C˛ b

�1
1C˛ cos.� C ˇ �ˆ � b/º
=2

D Cˇ�
˛�1
1C˛ ˇ



1C˛

“
b
�2
1C˛ .�.ˆ/ � 1/ db dˆ

¹ˇ
2

1C˛ C b
2

1C˛ � 2ˇ
1

1C˛ b
1

1C˛ cos.� C ˇ �ˆ � b/º
=2

DW Cˇ�
˛�1
1C˛ ˇ



1C˛ I4;1.f;�/.ˇ; �/;

where C is some constant which is not important in this proof. Let us first check the
L1;� norm. Take first ˇ 2 Œ0; ˇ0�. Since we have�� 1 in the numerator, we get an extra
cancellation at ˇ D 0. This comes from the expression of � � 1:

�.�/ � 1 D
X

0¤k2Z

gke
ik� ;
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where the mode k D 0 vanishes, implying thatZ 2�

0

.�.ˆ/ � 1/ dˆ D 0:

In this way, we obtain

I4;1.f;�/.0; �/ D lim
"!0

Z 2�

0

Z 1="

"

b
�2
1C˛ .�.ˆ/ � 1/ db dˆ

¹b
2

1C˛ º
=2

D lim
"!0

Z 1="

"

b
�2
1C˛ db

¹b
2

1C˛ º
=2

Z 2�

0

.�.ˆ/ � 1/ dˆ D 0:

Then

sup
ˇ2Œ0;ˇ0�

.1C ˇ/2�

ˇ�
I4.f;�/.ˇ; �/ � sup

ˇ2Œ0;ˇ0�

ˇ�
˛�1
1C˛ ˇ



1C˛

ˇ�
< C;

since � < 
C1�˛
1C˛

due to (3.16). Now take ˇ 2 Œˇ0;1/ and note that I4 can also be written
as

I4.f;�/.ˇ; �/ D Cˇ
� ˛�1
1C˛

“
b�



1C˛ b

�2
1C˛ .�.ˆ/� 1/ db dˆ

¹ˇ
�2
1C˛ C b

�2
1C˛ � 2ˇ

�1
1C˛ b

�1
1C˛ cos.�Cˇ�ˆ� b/º
=2

DW Cˇ�
˛�1
1C˛ I4;2.f;�/.ˇ; �/; (3.40)

where
lim
ˇ!1

I4;2.f;�/.ˇ; �/ D 0;

since � � 1 has a vanishing 0 Fourier mode as before. Since � < ˛�1
1C˛

by (3.16), we get

sup
ˇ2Œˇ0;1/

I4.f;�/.ˇ; �/ < C:

Now make the change of variables b D ˇz in the expression of I4 to get

I4.f;�/.ˇ; �/ D C

“
z
�2
1C˛ .�.ˆ/ � 1/ db dˆ

¹1C z
2

1C˛ � 2z
1

1C˛ cos.� C ˇ �ˆ � zˇ/º
=2
; (3.41)

where we can prove easily the C ı regularity in ˇ and the Lip regularity in � using that
expression and the ideas developed in Proposition 3.9. Applying @' to (3.40) we find

@'I4.f;�/.ˇ; �/ D Cˇ
�1I4.f;�/.ˇ; �/C Cˇ

�1ˇ�
˛�1
1C˛

�

“
b�



1C˛ b

�2
1C˛ .�.ˆ/ � 1/¹ˇ

�2
1C˛ � ˇ

�1
1C˛ b

�1
1C˛ cos.� C ˇ �ˆ � b/º db dˆ

¹ˇ
�2
1C˛ C b

�2
1C˛ � 2ˇ

�1
1C˛ b

�1
1C˛ cos.� C ˇ �ˆ � b/º

2C

2

:
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Let us check the L1;� norm of ˇ@'I4. The first term is clearly in L1;� and the second
term can be written as

ˇ�
˛�1
1C˛

“
b�



1C˛ b

�2
1C˛ .�.ˆ/ � 1/¹ˇ

�2
1C˛ � ˇ

�1
1C˛ b

�1
1C˛ cos.� C ˇ �ˆ � b/º db dˆ

¹ˇ
�2
1C˛ C b

�2
1C˛ � 2ˇ

�1
1C˛ b

�1
1C˛ cos.� C ˇ �ˆ � b/º

2C

2

DW ˇ�
˛�1
1C˛ I4;3.ˇ; �/ DW ˇ

� ˛�1
1C˛ ˇ



1C˛ I4;4.ˇ; �/

with I4;4.0; �/ D 0 due to the structure of � � 1, and

lim
ˇ!1

I4;3.ˇ; �/ D 0:

Arguing as before for I4 working with I4;4 for ˇ 2 Œ0; ˇ0� and with I4;3 for ˇ 2 Œˇ0;1/
we find that ˇ@'I4 2 L1;� . In the same way we can prove the Hölder continuity of that
term and the C 1 regularity in f .

Let us consider I3. A priori, it cannot be written in terms of H , but it has the same
scaling and the estimation goes similarly. Let us just give the first ideas. Recall

I3.f;�/ D Cˇ
� ˛�1
1C˛

“
b
�

1C˛ b

�2
1C˛�.ˆ/

D.f /.ˇ; �; b;ˆ/
=2D.0/.ˇ; �; b;ˆ/
=2

� ¹D.0/.ˇ; �; b;ˆ/
=2 �D.f /.ˇ; �; b;ˆ/
=2º db dˆ:

Notice that

jD.0/.ˇ; �; b;ˆ/
=2 �D.f /.ˇ; �; b;ˆ/
=2j

� C
jD.0/.ˇ; �; b;ˆ/ �D.f /.ˇ; �; b;ˆ/j

jD.0/.ˇ; �; b;ˆ/1�
=2 CD.f /.ˇ; �; b;ˆ/1�
=2j
:

Via Proposition 3.7 and Remark 3.8, we know that D.f / is bounded below by D.0/:

D.f /.ˇ; �; b;ˆ/ � D.0/.ˇ; �; b;ˆ/

and so

jI3.f;�/j � Cˇ
� ˛�1
1C˛

“
b
�

1C˛ b

�2
1C˛ j�.ˆ/j

D.f /.ˇ; �; b;ˆ/
=2

�
jD.0/.ˇ; �; b;ˆ/ �D.f /.ˇ; �; b;ˆ/j

D.0/.ˇ; �; b;ˆ/
db dˆ: (3.42)

Moreover, using the expression of D.f / in (3.11) we find
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jD.0/.ˇ; �; b;ˆ/�D.f /.ˇ; �; b;ˆ/j � C jD.0/.ˇ; �; b;ˆ/1=2 CD.f /.ˇ; �; b;ˆ/1=2j

�

�ˇ̌̌̌
ˇ
�1
1C˛

²
˛ � 1

1C ˛
C @ x̌f .ˇ; �/

³1=2
� ˇ

�1
1C˛

²
˛ � 1

1C ˛

³1=2 ˇ̌̌̌
C

ˇ̌̌̌
b
�1
1C˛

²
˛ � 1

1C ˛
C @xbf .b;ˆ/

³1=2
� b

�1
1C˛

²
˛ � 1

1C ˛

³1=2 ˇ̌̌̌
C ˇ

�1
1C˛

ˇ̌̌̌²
˛ � 1

1C ˛
C @ x̌f .ˇ; �/

³1=2
�

²
˛ � 1

1C ˛

³1=2 ˇ̌̌̌ˇ̌̌̌
˛ � 1

1C ˛
C @xbf .b; �/

ˇ̌̌̌1=2
� jsin..ˇ C � � b �ˆ/=2/j

Cb
�1
1C˛

ˇ̌̌̌
˛�1

1C˛

ˇ̌̌̌1=2 ˇ̌̌̌²
˛�1

1C˛
C@xbf .b;ˆ/

³1=2
�

²
˛�1

1C˛

³1=2 ˇ̌̌̌
jsin..ˇC��b�ˆ/=2/j

�
:

Since @bf .ˇ;ˆ/ is bounded in L1 we get

jD.0/.ˇ; �; b;ˆ/ �D.f /.ˇ; �; b;ˆ/j

� C jD.0/.ˇ; �; b;ˆ/1=2 CD.f /.ˇ; �; b;ˆ/1=2j

�

�
ˇ
�1
1C˛

ˇ̌̌̌²
˛ � 1

1C ˛
C @ x̌f .ˇ; �/

³1=2
�

²
˛ � 1

1C ˛

³1=2 ˇ̌̌̌
C b

�1
1C˛

ˇ̌̌̌²
˛ � 1

1C ˛
C @xbf .b;ˆ/

³1=2
�

²
˛ � 1

1C ˛

³1=2 ˇ̌̌̌�
:

Now, we wish to take into account the bound for f and using the fact that the norm of f
is small, we can write

jD.0/.ˇ; �; b;ˆ/�D.f /.ˇ; �; b;ˆ/j � C jD.0/.ˇ; �; b;ˆ/1=2CD.f /.ˇ; �; b;ˆ/1=2j

�
�
ˇ
�1
1C˛ j@ x̌f .ˇ; �/j C b

�1
1C˛ j@xbf .b;ˆ/j

�
:

In this way, we decompose I3 into two integrals and use again Remark 3.8 to compare
D.f / with D.0/:

jI3.f;�/j

� Cˇ�
˛�1
1C˛

“
b
�

1C˛ b

�2
1C˛ j�.ˆ/j

D.f /.ˇ; �; b;ˆ/
=2

ˇ
�1
1C˛ j@ x̌f .ˇ; �/j C b

�1
1C˛ j@xbf .b;ˆ/j

D.0/.ˇ; �; b;ˆ/1=2
db dˆ:

By using similar arguments to those in Proposition 3.9, we finally get

kI3kL1;� � Ck�kLpk@ x̌f kL1;�

for any p > 1.
By working with D.f / and using the ideas of Proposition 3.9, we can check that the

other norms in X�;ı1 are also bounded.
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4. Linearized operator

This section aims to give a different expression of the linearized operator of QF at the
trivial solution .0; 1/. First, we will show that there is an extra cancellation that helps us
to prove that the linearized operator is a compact perturbation of an isomorphism. Hence,
we deduce that the linearized operator is Fredholm of zero index, which will be useful in
checking that it is an isomorphism in the following section. Moreover, at the end of this
section, we give its expression in Fourier series.

4.1. Linearization at the equilibrium

First, let us give the expression for the linearized operator of QF at .0; 1/.

Proposition 4.1. The linearized operator of QF at the trivial solution .0; 1/ reads

@f QF .0; 1/h.ˇ; �/ D
1C ˛

2
@ˇ .ˇh.ˇ; �//

�
C


4�C0

1C ˛

˛ � 1

�
˛ � 1

1C ˛

�
=2
ˇ�

˛�1
1C˛

“
ˇ�



1C˛ ˇ

�2
1C˛ @b	h.b;ˆ/ db dˆ

D.0/.ˇ; �; b;ˆ/
=2

�
1

�

C


4�C0

1

˛ � 1

�
˛ � 1

1C ˛

�
=2
ˇ�

˛�1
1C˛

“
ˇ�



1C˛ ˇ

�2
1C˛ @ x	h.b;ˆ/ db dˆ

D.0/.ˇ; �; b;ˆ/
=2

C



2

C


2�C0

1

1C ˛

�
˛ � 1

1C ˛

�
=2
ˇ�

˛�1
1C˛

“
ˇ�



1C˛ ˇ

�2
1C˛

D.0/.ˇ; �; b;ˆ/
=2C1

� ¹b
�2
1C˛ � ˇ

�1
1C˛ b

�1
1C˛ cos.� C ˇ �ˆ � b/º@xbh.b;ˆ/ db dˆ

DW
1C ˛

2
@ˇ .ˇh.ˇ; �//C I1 C I2 C I3: (4.1)

Proof. Note that

@f QF .0; 1/h.ˇ; �/ D h.ˇ; �/ � L.h/.ˇ; �/

�
C
 .˛ � 1/

˛�1
2

4�C0.1C ˛/
˛�1
2

²
˛ � 1

1C ˛

³� 1
2�

ˇ�
˛�1
1C˛

“
ˇ�



1C˛ ˇ

�2
1C˛ @b	h.b;ˆ/ db dˆ

D.0/.ˇ; �; b;ˆ/
=2

�
1

2�

C
 .˛ � 1/
˛�1
2

4�C0.1C ˛/
˛�1
2

²
˛ � 1

1C ˛

³� 1
2��1

²
2.˛ � 1/

.1C ˛/2

³
ˇ�

˛�1
1C˛

�

“
ˇ�



1C˛ ˇ

�2
1C˛ @ x	h.b;ˆ/ db dˆ

D.0/.ˇ; �; b;ˆ/
=2
;

C



2

C
 .˛ � 1/
˛�1
2

4�C0.1C ˛/
˛�1
2

²
˛ � 1

1C ˛

³� 1
2�
²
2.˛ � 1/

.1C ˛/2

³
ˇ�

˛�1
1C˛

“
ˇ�



1C˛ ˇ

�2
1C˛

D.0/.ˇ; �; b;ˆ/
=2C1

� ¹b
�2
1C˛ � ˇ

�1
1C˛ b

�1
1C˛ cos.� C ˇ �ˆ � b/º@xbh.b;ˆ/ db dˆ:
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Let us explain the meaning of L. The function L is the linearization of the local part
associated to �.��/�1C
=2 O� after passing to the adapted coordinates and the appropri-
ate scaling from ‰ to f . That is, we take the initial stream function (which is a radial
function)

O 0.rei� / D �C0r
1�˛;

and we use the fact that r D .1C ˛/1=2.�‰ˇ /1=2, where we recall

‰ D �C
2

1C˛

0 .˛ � 1/
1�˛
1C˛ ˇ

˛�1
1C˛ .1C f /:

Hence, after the scaling done from F to QF in Section 2.4, we obtain

L.h/ D ˇ�
˛�1
1C˛ ¹�C

�2
1C˛

0 .˛ � 1/
˛�1
1C˛ º@f Œ�C0.1C ˛/

1�˛
2 .�‰ˇ /

1�˛
2 �h

D � ˇ�
˛�1
1C˛ ¹�C

�2
1C˛

0 .˛ � 1/
˛�1
1C˛ ºC0.1C ˛/

1�˛
2
1 � ˛

2
Œ.�‰0ˇ /

1�˛
2 �1�

� C
2

1C˛

0 .˛ � 1/
1�˛
1C˛ @ˇ .ˇ

˛�1
1C˛ h/:

Using @ˇ .ˇ
˛�1
1C˛ h/ D ˇ

�2
1C˛ @ x̌h together with

.�‰0ˇ /.ˇ/ D C
2

1C˛

0

.˛ � 1/
2

1C˛

1C ˛
ˇ
�2
1C˛ ;

we find

L.h/ D � ˇ�
˛�1
1C˛ ¹�C

�2
1C˛

0 .˛ � 1/
˛�1
1C˛ ºC0.1C ˛/

1�˛
2
1 � ˛

2
C
1�˛
1C˛

0

.˛ � 1/
1�˛
1C˛

.1C ˛/
1�˛
2

ˇ
˛�1
1C˛

� C
�2
1C˛

0

.˛ � 1/
�2
1C˛

.1C ˛/�1
ˇ

2
1C˛C

2
1C˛

0 .˛ � 1/
1�˛
1C˛ ˇ

�2
1C˛ @ x̌h

D �
1C ˛

2
@ x̌h:

Using now the expression of @ x̌h we finally get

L.h/ D �
˛ � 1

2
h �

1C ˛

2
ˇhˇ :

Hence, we deduce (4.1).

Remark 4.2. The denominator D.0/ equals

D.0/.ˇ; �; b;ˆ/

D
˛ � 1

1C ˛
¹.ˇ

�1
1C˛ � b

�1
1C˛ /2 C 2ˇ

�1
1C˛ b

�1
1C˛ .1 � cos.� C ˇ �ˆ � b//º:

In the following proposition, we show an extra cancellation of the linearized operator
leading to a more compact expression.
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Proposition 4.3. The linearized operator in Proposition 4.1 can be written as

@f QF .0; 1/h.ˇ; �/ D
1C ˛

2
@ˇ .ˇh.ˇ; �//

�
1

�

C


4�C0

1

˛ � 1
ˇ�

˛�1
1C˛

“
b�



1C˛ b

�2
1C˛ .@ x	h.b;ˆ/C @xbh.b;ˆ// db dˆ

¹ˇ
�2
1C˛ C b

�2
1C˛ � 2ˇ

�1
1C˛ b

�1
1C˛ cos.� C ˇ �ˆ � b/º
=2

:

(4.2)

Proof. To obtain the above expression, we will integrate by parts in I3 in (4.1).
First, using @	 D @ˆ � @b we get

@	
1

D.0/.ˇ; �; b;ˆ/
=2
D �




2

2

1C˛

˛�1

1C˛
b�1

b
�2
1C˛ �b

�1
1C˛ ˇ

�1
1C˛ cos.�Cˇ�ˆ�b/

D.0/.ˇ; �; b;ˆ/
=2C1
:

Then

I3

D�
C


4�C0

1C˛

˛�1

�
˛�1

1C˛

�
=2
ˇ�

˛�1
1C˛

“
b�



1C˛ b

�2
1C˛ b@xbh.b;ˆ/@	

1

D.0/.ˇ; �; b;ˆ/
=2

� db dˆ

D�
C


4�C0

1C˛

˛�1

�
˛�1

1C˛

�
=2
ˇ�

˛�1
1C˛

“
b�



1C˛ b

�2
1C˛ b@xbh.b;ˆ/@ˆ

1

D.0/.ˇ; �; b;ˆ/
=2

� db dˆ

C
C


4�C0

1C˛

˛�1

�
˛�1

1C˛

�
=2
ˇ�

˛�1
1C˛

“
b�



1C˛ b

�2
1C˛ b@xbh.b;ˆ/@b

1

D.0/.ˇ; �; b;ˆ/
=2

� db dˆ:

Taking into account the definition of 	 , we can integrate by parts.
Let us start with @ˆ. Note thatZ 2�

0

b�


1C˛ b

�2
1C˛ b@xbh.b;ˆ/

� @ˆ
1

¹ˇ
�2
1C˛ C b

�2
1C˛ � 2ˇ

�1
1C˛ b

�1
1C˛ cos.� C ˇ �ˆ � b/º
=2

dˆ

D �

Z 2�

0

b�


1C˛ b

�2
1C˛ b@ˆ@xbh.b;ˆ/

¹ˇ
�2
1C˛ C b

�2
1C˛ � 2ˇ

�1
1C˛ b

�1
1C˛ cos.� C ˇ �ˆ � b/º
=2

dˆ;

since the boundary terms vanish due to the periodicity of the function. However, the
boundary terms with respect to the integration in b will depend on the choice of the



Self-similar spirals for the generalized surface quasi-geostrophic equations 4285

parameters:Z 1
0

b�


1C˛ b

�2
1C˛ b@xbh.b;ˆ/

� @b
1

¹ˇ
�2
1C˛ C b

�2
1C˛ � 2ˇ

�1
1C˛ b

�1
1C˛ cos.� C ˇ �ˆ � b/º
=2

db

D lim
b!1

b�


1C˛ b

�2
1C˛ b@xbh.b;ˆ/

¹ˇ
�2
1C˛ C b

�2
1C˛ � 2ˇ

�1
1C˛ b

�1
1C˛ cos.� C ˇ �ˆ � b/º
=2

� lim
b!0

b�


1C˛ b

�2
1C˛ b@xbh.b;ˆ/

¹ˇ
�2
1C˛ C b

�2
1C˛ � 2ˇ

�1
1C˛ b

�1
1C˛ cos.� C ˇ �ˆ � b/º
=2

�

Z 1
0

�
�1C˛
1C˛

b�


1C˛ b

�2
1C˛ @xbh.b;ˆ/C b

�


1C˛ b

�2
1C˛ b@b@xbh.b;ˆ/

¹ˇ
�2
1C˛ C b

�2
1C˛ � 2ˇ

�1
1C˛ b

�1
1C˛ cos.� C ˇ �ˆ � b/º
=2

db:

Since @xbh 2 X�;ı , we have

lim
b!1

b�


1C˛ b

�2
1C˛ b@xbh.b;ˆ/

¹ˇ
�2
1C˛ C b

�2
1C˛ � 2ˇ

�1
1C˛ b

�1
1C˛ cos.� C ˇ �ˆ � b/º
=2

D lim
b!1

ˇ


1C˛ b

�

1C˛ b

˛�1
1C˛ b�� D 0;

because 
 > ˛ � 1 by (3.16). On the other hand,

lim
b!0

b�


1C˛ b

�2
1C˛ b@xbh.b;ˆ/

¹ˇ
�2
1C˛ C b

�2
1C˛ � 2ˇ

�1
1C˛ b

�1
1C˛ cos.� C ˇ �ˆ � b/º
=2

D lim
b!0

b


1C˛ b

�

1C˛ b

˛�1
1C˛ b� D 0;

since ˛ > 1. Hence, in this term the boundary terms also vanish, yieldingZ 1
0

b�


1C˛ b

�2
1C˛ b@xbh.b;ˆ/

� @b
1

¹ˇ
�2
1C˛ C b

�2
1C˛ � 2ˇ

�1
1C˛ b

�1
1C˛ cos.� C ˇ �ˆ � b/º
=2

db

D �

Z 1
0

�
�2C˛
1C˛

b�


1C˛ b

�2
1C˛ @xbh.b;ˆ/C b

�


1C˛ b

�2
1C˛ b@b@xbh.b;ˆ/

¹ˇ
�2
1C˛ C b

�2
1C˛ � 2ˇ

�1
1C˛ b

�1
1C˛ cos.� C ˇ �ˆ � b/º
=2

db:
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By putting everything together we find

I3 D
C


4�C0

1C ˛

˛ � 1
ˇ�

˛�1
1C˛

“
b�



1C˛ b

�2
1C˛ b@ˆ@xbh.b;ˆ/ db dˆ

¹ˇ
�2
1C˛ C b

�2
1C˛ � 2ˇ

�1
1C˛ b

�1
1C˛ cos.� C ˇ �ˆ � b/º
=2

�
C


4�C0

1C ˛

˛ � 1
ˇ�

˛�1
1C˛

�
�
 � 2C ˛

1C ˛

�
�

“
b�



1C˛ b

�2
1C˛ @xbh.b;ˆ/C b

�


1C˛ b

�2
1C˛ b@b@xbh.b;ˆ/ db dˆ

¹ˇ
�2
1C˛ C b

�2
1C˛ � 2ˇ

�1
1C˛ b

�1
1C˛ cos.� C ˇ �ˆ � b/º
=2

D
C


4�C0

1C˛

˛�1
ˇ�

˛�1
1C˛

“
b�



1C˛ b

�2
1C˛ b@	@xbh.b;ˆ/

¹ˇ
�2
1C˛ Cb

�2
1C˛ �2ˇ

�1
1C˛ b

�1
1C˛ cos.�Cˇ�ˆ�b/º
=2

db dˆ

�
1=��2

1C˛

C


4�C0

1C˛

˛�1
ˇ�

˛�1
1C˛

“
b�



1C˛ b

�2
1C˛ @xbh.b;ˆ/ db dˆ

¹ˇ
�2
1C˛Cb

�2
1C˛ �2ˇ

�1
1C˛ b

�1
1C˛ cos.�Cˇ�ˆ�b/º
=2

:

Note now that
b@	@xbh D @b	h �

2

1C ˛
@xbh;

implying

I3 D
C


4�C0

1C ˛

˛ � 1
ˇ�

˛�1
1C˛

“
b�



1C˛ b

�2
1C˛ @b	h.b;ˆ/ db dˆ

¹ˇ
�2
1C˛ C b

�2
1C˛ � 2ˇ

�1
1C˛ b

�1
1C˛ cos.� C ˇ �ˆ � b/º
=2

�
2

1C˛

C


4�C0

1C˛

˛�1
ˇ�

˛�1
1C˛

“
b�



1C˛ b

�2
1C˛ @xbh.b;ˆ/ db dˆ

¹ˇ
�2
1C˛ Cb

�2
1C˛ �2ˇ

�1
1C˛ b

�1
1C˛ cos.�Cˇ�ˆ�b/º
=2

�
1=��2

1C˛

C


4�C0

1C˛

˛�1
ˇ�

˛�1
1C˛

“
b�



1C˛ b

�2
1C˛ @xbh.b;ˆ/ db dˆ

¹ˇ
�2
1C˛ Cb

�2
1C˛ �2ˇ

�1
1C˛ b

�1
1C˛ cos.�Cˇ�ˆ�b/º
=2

D
C


4�C0

1C˛

˛�1
ˇ�

˛�1
1C˛

“
b�



1C˛ b

�2
1C˛ @b	h.b;ˆ/

¹ˇ
�2
1C˛ Cb

�2
1C˛ �2ˇ

�1
1C˛ b

�1
1C˛ cos.�Cˇ�ˆ�b/º
=2

db dˆ

�
1=�

1C˛

C


4�C0

1C˛

˛�1
ˇ�

˛�1
1C˛

“
b�



1C˛ b

�2
1C˛ @xbh.b;ˆ/ db dˆ

¹ˇ
�2
1C˛ Cb

�2
1C˛ �2ˇ

�1
1C˛ b

�1
1C˛ cos.�Cˇ�ˆ�b/º
=2

:

Combining this with I1 and I2 we get (4.2).

4.2. Fredholmness at the trivial solution

By using the expression from Proposition 4.3 we can prove that the linear operator is
Fredholm of index zero in the following proposition. Since our goal is the use of the
implicit function theorem, and then proving that @f F.0; 1/ is an isomorphism, we need
to study its kernel and range. However, by the general theory of Fredholm operators [65]
we can restrict ourselves to checking the kernel.
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Proposition 4.4. Let 
; � 2 .0; 1/ and ˛ 2 .1; 2/ satisfy (3.16). Then the linear operator
@f QF .0; 1/ W X

�;ı
1 ! Y �;ı is Fredholm of index zero for any ı < min ¹1 � 
; �º.

Proof. We can decompose the linear operator as follows:

@f QF .0; 1/.ˇ; �/ D
1C ˛

2
@ˇ .ˇh.ˇ; �//

�
1

�

C


4�C0

1

˛ � 1
ˇ�

˛�1
1C˛

“
b�



1C˛ b

�2
1C˛ .@x'h.b;ˆ/C @xbh.b;ˆ// db dˆ

¹ˇ
�2
1C˛ C b

�2
1C˛ � 2ˇ

�1
1C˛ b

�1
1C˛ cos.� C ˇ �ˆ � b/º
=2

D
1C ˛

2
L1 �

1

�

C


4�C0

1

˛ � 1
L2; (4.3)

where
L1.h/ WD @ˇ .ˇh.ˇ; �//;

and

L2.h/ WD ˇ
� ˛�1
1C˛

“
b�



1C˛ b

�2
1C˛ .@x'h.b;ˆ/C @xbh.b;ˆ// db dˆ

¹ˇ
�2
1C˛ C b

�2
1C˛ � 2ˇ

�1
1C˛ b

�1
1C˛ cos.� C ˇ �ˆ � b/º
=2

:

The idea of the proof is to show that L1 W X
�;ı
1 ! Y �;ı is an isomorphism, whereas

L2 WX
�;ı
1 ! Y �;ı is compact. Since compact perturbations of Fredholm operators remain

Fredholm of index zero, we can conclude the proof.

� L1 W X
�;ı
1 ! Y �;ı is an isomorphism. Take g 2 Y �;ı ; we wish to solve L1.h/ D g.

We can explicitly solve this differential equation as

h.ˇ; �/ D
K

ˇ
C
1

ˇ

Z ˇ

0

g.s; �/ ds:

for any K. However, h must lie in X�;ı1 . In particular, h vanishes at 0 and K D 0:

h.ˇ; �/ D
1

ˇ

Z ˇ

0

g.s; �/ ds D

Z 1

0

g.sˇ; �/ ds: (4.4)

Let us now check that if g 2 Y �;ı , then h 2X�;ı1 , where the norm ofX�;ı1 is given in (3.6).
Let us start by showing that

khkX�;ı D khkL1;� C khkC ı
ˇ
< C:

We find that

khkL1;� D sup
ˇ2Œ0;1/

.1C ˇ/2�

ˇ�

Z 1

0

g.sˇ; �/ ds

� kgkL1;� sup
ˇ2Œ0;1/

.1C ˇ/2�
Z 1

0

s�

.1C sˇ/2�
ds < C;
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since � < 1. Let us now show that khkC ı
ˇ
< C :

jh.ˇ; �/ � h.b; �/j �

Z 1

0

jg.sˇ; �/ � g.sb; �/j ds

� CkgkC ı
ˇ

Z 1

0

jsˇ � sbj˛

jsˇ C sbj˛
ds � CkgkC ı

ˇ

jˇ � bjı

jˇ C bjı
;

implying that khkC ı
ˇ
< CkgkC ı

ˇ
. Let us show that khkLip� < C :

jh.ˇ; �/ � h.ˇ;ˆ/j �

Z 1

0

jg.sˇ; �/ � g.sˇ;ˆ/j ds � kgkLip� jsin..ˆ � �/=2/j;

implying that
khkLip� < kgkLip� :

Let us turn to ˇhˇ and note that

ˇhˇ .ˇ; �/ D �h.ˇ; �/C g.ˇ; �/;

and so

kˇhˇkX�;ı C kˇhˇkLip� � khkX�;ı C khkLip� C kgkX�;ı C kgkLip� � C:

Next, we will show that ˇh' 2 X�;ı . We will consider separately the cases ˇ 2 Œ0; ˇ0/
and ˇ 2 Œˇ0;1/. For the first case, we can write

h' D
1

ˇ

Z ˇ

0

g�.s; �/ ds C
1

ˇ
h.ˇ; �/ �

1

ˇ
g.ˇ; �/

D
1

ˇ

Z ˇ

0

g'.s; �/ ds C
1

ˇ

Z ˇ

0

gs.s; �/ ds C
1

ˇ
h.ˇ; �/ �

1

ˇ
g.ˇ; �/

D
1

ˇ

Z ˇ

0

g'.s; �/ ds C
1

ˇ
g.ˇ; �/ ds C

1

ˇ
h.ˇ; �/ �

1

ˇ
g.ˇ; �/;

and so

ˇh' D

Z ˇ

0

g'.s; �/ ds C h.ˇ; �/: (4.5)

Since we have shown that h 2 X�;ı , it remains to check the first term:

sup
ˇ2Œ0;ˇ0/

.1C ˇ/2�

ˇ�

Z ˇ

0

g'.s; �/ ds � kˇg'kL1;� sup
ˇ2Œ0;ˇ0/

1

ˇ�

Z ˇ

0

1

s

s�

.1C s/2�
ds

� kˇg'kL1;� sup
ˇ2Œ0;ˇ0/

Z 1

0

s��1 ds � kˇg'kL1;� :

In the case ˇ 2 Œˇ0;1/ we write

h.ˇ; �/ D
1

ˇ

Z ˇ

1

g.s; �/ ds
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instead of (4.4) by using the fact that h must vanish at 0 and1. We then have

ˇh' D

Z ˇ

1

g'.s; �/ ds C h.ˇ; �/; (4.6)

and hence it remains to check the first term:

sup
ˇ2Œˇ0;1/

.1C ˇ/2�

ˇ�

Z ˇ

1

g'.s; �/ ds � kˇg'kL1;� sup
ˇ2Œˇ0;1/

ˇ�
Z ˇ

1

1

s1C�
ds

. kˇg'kL1;� ;

since � 2 .0; 1/. In that way, we have shown that

kˇh'kL1;� � Ckˇg'k:

Let us now check that kˇh'kC ı
ˇ
< C , which amounts to checking this property for the

first term in (4.5), that is, ˇ̌̌̌Z b

ˇ

g'.s; �/ ds

ˇ̌̌̌
� C
jˇ � bjı

jˇ C bjı
:

Take first jˇ C bj < ˇ0 < 1; thenˇ̌̌̌Z b

ˇ

g'.s; �/ ds

ˇ̌̌̌
� Ckg'kX�;ı

Z b

ˇ

s��1 ds � C jˇ � bj� � C
jˇ � bjı

jˇ C bjı

if ı < � < 1. If jˇ C bj > ˇ0 we use the expression of ˇh' to find thatˇ̌̌̌Z b

ˇ

g'.s; �/ ds

ˇ̌̌̌
� Ckg'kX�;ı

Z b

ˇ

s���1 ds

� C

ˇ̌̌̌
1

ˇ�
�
1

b�

ˇ̌̌̌
� C

jˇ � bj�

jˇ C bj2�

� C
jˇ � bj�

jˇ C bj�
� C
jˇ � bjı

jˇ C bjı
:

Let us finish with ˇ2hˇ;' , noting that

hˇ;'.ˇ; �/ D �
1

ˇ

1

ˇ

Z ˇ

0

g'.s; �/ ds C
1

ˇ
g'.ˇ; �/C

1

ˇ
hˇ .ˇ; �/ �

1

ˇ2
h.ˇ; �/

D �
1

ˇ

�
h'.ˇ; �/ �

1

ˇ
h.ˇ; �/

�
C
1

ˇ
g'.ˇ; �/C

1

ˇ
hˇ .ˇ; �/ �

1

ˇ2
h.ˇ; �/;

and so
ˇ2hˇ;'.ˇ; �/ D �ˇh'.ˇ; �/C ˇg'.ˇ; �/C ˇhˇ .ˇ; �/;

implying that ˇ2hˇ;' 2 X�;˛ .

�L2 WX
�;ı
1 ! Y �;ı is compact. From Proposition 3.10 we know that Range.L2/� Y

�;ı .
To prove that L2 is compact, we will show that Range.L2/� Y

�;ı0 for some ı0 > ı. Then,



C. García, J. Gómez-Serrano 4290

since the embedding Y �;ı
0

� Y �;ı is compact (we refer to [73, Lemma 2.2]) we conclude
that L2 W X

�;ı
1 ! Y �;ı is a compact operator.

Let us prove that ˇ@'L2 2 C
ı0

ˇ
for some ı0 > ı. For that, we compute @'L2:

@'L2.h/ D Cˇ
�1L2.h/

C Cˇ�1ˇ�
˛�1
1C˛

“
b�



1C˛ b

�2
1C˛ .@x'h.b;ˆ/C @xbh.b;ˆ//

¹ˇ
�2
1C˛ C b

�2
1C˛ � 2ˇ

�1
1C˛ b

�1
1C˛ cos.� C ˇ �ˆ � b/º

2C

2

� ¹ˇ
�2
1C˛ � ˇ

�1
1C˛ b

�1
1C˛ cos.� C ˇ �ˆ � b/º db dˆ

for some constant C . Then

ˇ@'L2.h/ D CL2.h/

C Cˇ�
˛�1
1C˛

“
b�



1C˛ b

�2
1C˛ .@x'h.b;ˆ/C @xbh.b;ˆ//

¹ˇ
�2
1C˛ C b

�2
1C˛ � 2ˇ

�1
1C˛ b

�1
1C˛ cos.� C ˇ �ˆ � b/º

2C

2

� ¹ˇ
�1
1C˛ .ˇ

�1
1C˛ � b

�1
1C˛ /C ˇ

�1
1C˛ b

�1
1C˛ .1 � cos.� C ˇ �ˆ � b//º db dˆ:

Note that in this expression the singularity is critical. To solve this problem we should
integrate by parts somehow but we cannot differentiate @x'h with respect to @' and so we
have to make the following decomposition:

ˇ@'L2.h/ D CL2.h/

C Cˇ�
˛�1
1C˛

“
b�



1C˛ b

�2
1C˛ .@x'h.b;ˆ/ � @x'h.ˇ; �//

¹ˇ
�2
1C˛ C b

�2
1C˛ � 2ˇ

�1
1C˛ b

�1
1C˛ cos.� C ˇ �ˆ � b/º

2C

2

� ¹ˇ
�1
1C˛ .ˇ

�1
1C˛ � b

�1
1C˛ /C ˇ

�1
1C˛ b

�1
1C˛ .1 � cos.� C ˇ �ˆ � b//º db dˆ

C Cˇ�
˛�1
1C˛

“
b�



1C˛ b

�2
1C˛ .@xbh.b;ˆ//

¹ˇ
�2
1C˛ C b

�2
1C˛ � 2ˇ

�1
1C˛ b

�1
1C˛ cos.� C ˇ �ˆ � b/º

2C

2

� ¹ˇ
�1
1C˛ .ˇ

�1
1C˛ � b

�1
1C˛ /C ˇ

�1
1C˛ b

�1
1C˛ .1 � cos.� C ˇ �ˆ � b//º db dˆ

C C@x'h.ˇ; �/ˇ
� ˛�1
1C˛

“
b�



1C˛ b

�2
1C˛

¹ˇ
�2
1C˛ C b

�2
1C˛ � 2ˇ

�1
1C˛ b

�1
1C˛ cos.� C ˇ �ˆ � b/º

2C

2

� ¹ˇ
�1
1C˛ .ˇ

�1
1C˛ � b

�1
1C˛ /C ˇ

�1
1C˛ b

�1
1C˛ .1 � cos.� C ˇ �ˆ � b//º db dˆ

DW CL2.h/C L2;1.h/C L2;2.h/C L2;3.h/:

Let us show the details for one of the terms, say L2;2 due to its difficulty. Note that the
singularity coming from the denominator is not a priori integrable and we need to use
some extra cancellation. To achieve that, we need to integrate by parts and so we have to
add and subtract an appropriate function in the denominator. Indeed, denote

J.ˇ; �; b;ˆ/ WD ¹ˇ
�2
1C˛

1 C b
�2
1C˛ � 2ˇ

�1
1C˛

1 b
�1
1C˛ cos.� C ˇ1 �ˆ � b/º:

Notice that J is indeed the denominator at the trivial solution and so J D CD.0/ for some
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constant C , where D.f / is defined in (3.11). In particular, following Proposition 3.7 and
the expression for J one finds that

jJ.ˇ; �; b;ˆ/j � C.ˇ
�2
1C˛ C b

�2
1C˛ /

²
jˇ � bj2

jˇ C bj2
C sin2..ˇ � b C � �ˆ/=2/

³
: (4.7)

By using the expression of J we also get

@'J.ˇ; �; b;ˆ/

D
2

1C ˛
ˇ�1¹ˇ

�1
1C˛ .ˇ

�1
1C˛ � b

�1
1C˛ /C ˇ

�1
1C˛ b

�1
1C˛ .1 � cos.ˇ C � � b �ˆ/º;

and so

ˇ@'J.ˇ; �; b;ˆ/C b@	J.ˇ; �; b;ˆ/

D
2

1C ˛
¹.ˇ

�1
1C˛ � b

�1
1C˛ /2 C 2ˇ

�1
1C˛ b

�1
1C˛ .1 � cos.ˇ C � � b �ˆ/º

D
2

1C ˛
J.ˇ; �; b;ˆ/:

Motivated by the previous computation, we decompose L2;2 as follows:

L2;2.h/.ˇ/ D Cˇ
� ˛�1
1C˛

“
b�



1C˛ b

�2
1C˛ @xbh.b;ˆ/ db dˆ

¹ˇ
�2
1C˛ C b

�2
1C˛ � 2ˇ

�1
1C˛ b

�1
1C˛ cos.� C ˇ �ˆ � b/º
=2

C
2



Cˇ�

˛�1
1C˛

“
bb�



1C˛ b

�2
1C˛ @xbh.b;ˆ/

� @	
1

¹ˇ
�2
1C˛ C b

�2
1C˛ � 2ˇ

�1
1C˛ b

�1
1C˛ cos.� C ˇ �ˆ � b/º
=2

db dˆ:

If we integrate by parts in the last term, the boundary terms vanish since h 2 X�;ı1 (we
refer to the proof of Proposition 4.3) and so

L2;2.h/.ˇ/ D Cˇ
� ˛�1
1C˛

“
b�



1C˛ b

�2
1C˛ @xbh.b;ˆ/ db dˆ

¹ˇ
�2
1C˛ C b

�2
1C˛ � 2ˇ

�1
1C˛ b

�1
1C˛ cos.� C ˇ �ˆ � b/º
=2

�
2



Cˇ�

˛�1
1C˛

“
bb�



1C˛ b

�2
1C˛ @xb;	h.b;ˆ/ db dˆ

¹ˇ
�2
1C˛ C b

�2
1C˛ � 2ˇ

�1
1C˛ b

�1
1C˛ cos.� C ˇ �ˆ � b/º
=2

�
2



C
1C 
 � ˛

1C ˛
ˇ�

˛�1
1C˛

“
b�



1C˛ b

�2
1C˛ @xbh.b;ˆ/ db dˆ

¹ˇ
�2
1C˛ C b

�2
1C˛ � 2ˇ

�1
1C˛ b

�1
1C˛ cos.� C ˇ �ˆ � b/º
=2

DW L2;2;1 C L2;2;2 C L2;2;3:

Take now ˇ1 < ˇ2 implying

ˇ
� ˛�1
1C˛

2 < ˇ
� ˛�1
1C˛

1 ; (4.8)

and let us prove the Hölder regularity of L2;2. By taking the difference of L2;2 at the two
points we obtain
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jL2;2.h/.ˇ1/ � L2;2.h/.ˇ2/j

� C
jˇ1 � ˇ2j

ı0

jˇ1 C ˇ2jı
0
.ˇ
� ˛�1
1C˛

1 C ˇ
� ˛�1
1C˛

2 /

²“
b�



1C˛ b

�2
1C˛ @xbh.b;ˆ/

J.ˇ1; �; b;ˆ/
=2
db dˆ

C

“
bb�



1C˛ b

�2
1C˛ @xb;	h.b;ˆ/ db dˆ

J.ˇ1; �; b;ˆ/
=2

³
C ˇ

� ˛�1
1C˛

2

“
b�



1C˛ b

�2
1C˛ @xbh.b;ˆ/

J.ˇ1; �; b;ˆ/
=2J.ˇ2; �; b;ˆ/
=2

�
jJ.ˇ1; �; b;ˆ/ � J.ˇ2; �; b;ˆ/j

J.ˇ1; �; b;ˆ/
2�

2 C J.ˇ2; �; b;ˆ/

2�

2

db dˆ

C ˇ
� ˛�1
1C˛

2

“
bb�



1C˛ b

�2
1C˛ @xb;	h.b;ˆ/

J.ˇ1; �; b;ˆ/
=2J.ˇ2; �; b;ˆ/
=2

�
jJ.ˇ1; �; b;ˆ/ � J.ˇ2; �; b;ˆ/j

J.ˇ1; �; b;ˆ/
2�

2 C J.ˇ2; �; b;ˆ/

2�

2

db dˆ;

where ı0 is any number in .0; 1/. Taking into account (4.8), the first three terms can be
related to the operator H defined in (3.15), and for the last three we use the fact that
h 2 X

�;ı
1 , obtaining

jL2;2.h/.ˇ1/ � L2;2.h/.ˇ2/j

� C
jˇ1 � ˇ2j

ı0

jˇ1 C ˇ2jı
0
¹kH0.@xbh.b;ˆ/; 1/kL1 C kH0.b.@xb;	h.b;ˆ//; 1/kL1º

C Ckhk
X
�;ı
1

ˇ
� ˛�1
1C˛

2

“
b�



1C˛ b

�2
1C˛ b� .1C b/�2�

J.ˇ1; �; b;ˆ/
=2J.ˇ2; �; b;ˆ/
=2

�
jJ.ˇ1; �; b;ˆ/ � J.ˇ2; �; b;ˆ/j db dˆ

J.ˇ1; �; b;ˆ/
2�

2 C J.ˇ2; �; b;ˆ/

2�

2

:

By Proposition 3.9 we have

kH0.@xbh.b;ˆ/; 1/kL1 C kH0.b.@xb;	h.b;ˆ//; 1/kL1 � CkhkX�;ı
1

:

Next, we need to estimate the difference of J at these two points:

jJ.ˇ1; �; b;ˆ/ � J.ˇ2; �; b;ˆ/j

� C
jˇ1 � ˇ2j

jˇ1 C ˇ2j
.ˇ
�1
1C˛

1 C ˇ
�1
1C˛

2 /.J.ˇ1; �; b;ˆ/
1=2
C J.ˇ2; �; b;ˆ/

1=2/

C C
jˇ1 � ˇ2j

jˇ1 C ˇ2j
ˇ
�1
1C˛

2 jˇ1 C ˇ2j.J.ˇ1; �; b;ˆ/
1=2
C J.ˇ2; �; b;ˆ/

1=2/

� C
jˇ1 � ˇ2j

jˇ1 C ˇ2j
.1C jˇ1 C ˇ2j/.ˇ

�1
1C˛

1 C ˇ
�1
1C˛

2 /.J.ˇ1; �; b;ˆ/
1=2
C J.ˇ2; �; b;ˆ/

1=2/

(4.9)
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and interpolating with

jJ.ˇ1; �; b;ˆ/ � J.ˇ2; �; b;ˆ/j � C jJ.ˇ1; �; b;ˆ/C J.ˇ2; �; b;ˆ/j;

we get

jJ.ˇ1; �; b;ˆ/ � J.ˇ2; �; b;ˆ/j � C
jˇ1 � ˇ2j

ı0

jˇ1 C ˇ2jı
0
.1C jˇ1 C ˇ2j

ı0/.ˇ
�1
1C˛

1 C ˇ
�1
1C˛

2 /ı
0

� .J.ˇ1; �; b;ˆ/
1�ı0=2

C J.ˇ2; �; b;ˆ/
1�ı0=2/

(4.10)

for all ı0 2 .0; 1/. Finally,

jL2;2.h/.ˇ1/ � L2;2.h/.ˇ2/j � CkhkX�;ı
1

jˇ1 � ˇ2j
ı0

jˇ1 C ˇ2jı
0

�

�
1C .1C jˇ1 C ˇ2j

ı0/.ˇ
�1
1C˛

1 C ˇ
�1
1C˛

2 /ı
0

ˇ
� ˛�1
1C˛

2

�

“
b�



1C˛ b

�2
1C˛ b� .1Cb/�2�

J.ˇ1; �; b;ˆ/
=2J.ˇ2; �; b;ˆ/
=2
J.ˇ1; �; b;ˆ/

� ı
0

2 CJ.ˇ2; �; b;ˆ/
� ı
0

2

J.ˇ1; �; b;ˆ/
�

2 CJ.ˇ2; �; b;ˆ/

�

2

db dˆ

�
� Ckhk

X
�;ı
1

jˇ1 � ˇ2j
ı0

jˇ1 C ˇ2jı
0

�

�
1C .1C jˇ1 C ˇ2j

ı0/.ˇ
�1
1C˛

1 C ˇ
�1
1C˛

2 /ı
0

ˇ
� ˛�1
1C˛

2

“
b�



1C˛ b

�2
1C˛ b� .1C b/�2�

�

�
1

J.ˇ1; �; b;ˆ/ı
0=2J.ˇ2; �; b;ˆ/
=2

C
1

J.ˇ1; �; b;ˆ/ı
0=2J.ˇ2; �; b;ˆ/
=2

�
db dˆ

�
:

The last integral is similar to the one in (3.29) and so it is bounded if ı0 < � . Furthermore,
since ı0 is arbitrary we can choose ı0 > ı to have compactness.

4.3. Expression of the linearized operator in Fourier series

In the next proposition, we show that the linearized operator can be computed in Fourier
modes depending on the Fourier coefficients of h. Assume that h takes the form

h.ˇ; �/ D
X
k2Z

hk.ˇ/e
ik� : (4.11)

Proposition 4.5. Let h be expressed as in (4.11). Then

@f QF .0; 1/h.ˇ; �/ D
X
k2Z

eik�
²
1C ˛

2
@ˇ .ˇhk.ˇ//

� ik
1

�

C


4�C0

1

˛ � 1
eikˇˇ�

˛�1
1C˛

“
e�ikbb�



1C˛ b

�2
1C˛ bhk.b/ cos.k�/ db d�

¹ˇ
�2
1C˛ C b

�2
1C˛ � 2ˇ

�1
1C˛ b

�1
1C˛ cos.�/º
=2

³
:
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Proof. We will insert (4.11) in the expression of Proposition 4.3. First, using the definition
of @ x̌ and @x' we find

@ x̌h.ˇ; �/ D
˛ � 1

1C ˛
h.ˇ; �/C ˇ@ˇh.ˇ; �/;

@x'h.ˇ; �/ D �
˛ � 1

1C ˛
h.ˇ; �/C ˇ@'h.ˇ; �/;

obtaining

@x'h.ˇ; �/C @ x̌h.ˇ; �/ D ˇ.@'h.ˇ; �/C @ˇh.ˇ; �// D ˇ@�h.ˇ; �/;

taking into account that @' D @� � @ˇ . Hence, we can compute the Fourier series of the
above term as

@x'h.ˇ; �/C @ x̌h.ˇ; �/ D
X
k2Z

ikˇhk.ˇ/e
ik� : (4.12)

Moreover,
@ˇ .ˇh.ˇ; �// D

X
k2Z

@ˇ .ˇhk.ˇ//e
ik� : (4.13)

Inserting (4.12) and (4.13) into (4.2) we get

@f QF .0; 1/.ˇ; �/ D
X
k2Z

eik�
²
1C ˛

2
@ˇ .ˇhk.ˇ//

� ike�ik�
1

�

C


4�C0

1

˛ � 1
ˇ�

˛�1
1C˛

�

“
b�



1C˛ b

�2
1C˛ bhk.b/e

ikˆ db dˆ

¹ˇ
�2
1C˛ C b

�2
1C˛ � 2ˇ

�1
1C˛ b

�1
1C˛ cos.� C ˇ �ˆ � b/º
=2

³
: (4.14)

Note that we can write the last integral as

eik�eikˇ
“

e�ikbb�


1C˛ b

�2
1C˛ bhk.b/e

ik.ˆCb���ˇ/ db dˆ

¹ˇ
�2
1C˛ C b

�2
1C˛ � 2ˇ

�1
1C˛ b

�1
1C˛ cos.� C ˇ �ˆ � b/º
=2

D eik�eikˇ
“

e�ikbb�


1C˛ b

�2
1C˛ bhk.b/ cos.k�/ db d�

¹ˇ
�2
1C˛ C b

�2
1C˛ � 2ˇ

�1
1C˛ b

�1
1C˛ cos.�/º
=2

:

Hence, coming back to (4.14) we find the desired formula.

5. Invertibility of the linearized operator

In this section, we shall study the invertibility of the linearized operator at the trivial
solution in order to later apply the infinite-dimensional implicit function theorem. From
Proposition 4.4 we know that the operator is a compact perturbation of an isomorphism
and thus it is a Fredholm operator of index zero. In that way, it remains to check that
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its kernel is trivial. In order to study the kernel equation, we relate this problem to the
moment problem by using the Mellin and Laplace transforms. More specifically, once we
apply the Mellin transform to the kernel equation, we arrive at a recurrence equation with
singular coefficients. However, we can overcome this by studying the special structure
of the recurrence equation. Later, we shall relate the solution of the recurrence equation
to the moment problem by using the Laplace transform, concluding that the solution is
singular and thus it does not belong to our function space. That will mean a trivial kernel.

5.1. Kernel issue

Note that the kernel issue reduces to the following problem:

@f F.0; 1/h D 0; h 2 X
�;ı
1 H) h D 0: (5.1)

Since we can restrict ourselves to work with the linearized operator as a Fourier series, we
can directly check that the operator at the mode k is trivial, for any k 2 Z. The operator
is given by Proposition 4.5 and can be written as

@f QF .0; 1/.ˇ; �/ D
X
k2Z

eik�
²
1C ˛

2
@ˇ .ˇhk.ˇ//

� ik
1

�

C


4�C0

1

˛ � 1
eikˇˇ�

˛�1
1C˛

“
e�ikbb�



1C˛ b

�2
1C˛ bhk.b/ cos.k�/ db d�

¹ˇ
�2
1C˛ C b

�2
1C˛ � 2ˇ

�1
1C˛ b

�1
1C˛ cos.�/º
=2

³
D

X
k2Z

eik�eikˇ
²
1C ˛

2
e�ikˇ@ˇ .ˇhk.ˇ// � ikJk.e

�ikbhk/.ˇ/

³
;

where

Jk.gk/.ˇ/ WD
1

�

C


4�C0

1

˛ � 1
ˇ�

˛�1
1C˛

“
b�



1C˛ b

�2
1C˛ bgk.b/ cos.k�/ db dˆ

¹ˇ
�2
1C˛ C b

�2
1C˛ � 2ˇ

�1
1C˛ b

�1
1C˛ cos.�/º
=2

;

and
gk.ˇ/ WD e

�ikˇhk.ˇ/:

We also define

Lk.h/.ˇ/ WD
1C ˛

2
e�ikˇ@ˇ .ˇhk.ˇ// � ikJk.e

�ikbhk/.ˇ/; (5.2)

and we wish to prove that Lk has a trivial kernel for each k 2 Z. If h 2 X�;ı1 one sees that
hk is in X0 defined in (3.9) where

X0 D ¹f W ˇ 2 Œ0;1/! R j f; f̌ 0 2 X�;ı
º:

As stated in Remark 3.3, knowing that the Fourier coefficients belong to X0 does not
imply that the full function lies in X�;ı1 . However, since our goal is to check that Lk has
a trivial kernel for any k 2 Z, it is enough to check it in the spaces of functions whose
Fourier coefficients lie in X0.
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The case k D 0 is straightforward since

L0.h/.ˇ/ WD
1C ˛

2
e�ikˇ@ˇ .ˇhk.ˇ//;

which has a trivial kernel.
In the following proposition we use an auxiliary function gk to work with (5.2).

Proposition 5.1. Let gk.ˇ/ D e�ikˇhk.ˇ/. Then Lk.h/ D 0, defined in (5.2), amounts
to

QLk.gk/ WD
1C ˛

2
gk.ˇ/C ik

1C ˛

2
ˇgk.ˇ/C

1C ˛

2
ˇg0k.ˇ/ � ikJk.gk/.ˇ/ D 0;

where

Jk.ˇ/ D

Z 1
0

gk.b/Kk.ˇ=b/ db; (5.3)

and

Kk.z/ WD
C


�4�C0.˛ � 1/

Z 2�

0

z�
˛�1
1C˛ cos.k�/ d�

¹z
�2
1C˛ C 1 � 2z

�1
1C˛ cos.�/º
=2

:

Proof. Just note that
eikˇˇh0k.ˇ/ D ˇg

0
k.ˇ/C ikˇgk.ˇ/;

and use the expression of Jk .

Note that K�k D Kk and although we will work with k 2 N?, we can always change
k to �k. In the following, we state the monotonicity of Kk with respect to k.

Proposition 5.2. For any z 2 .0;1/, the sequence N?
3 k 7! Kk.z/ is strictly decreas-

ing.

Proof. Let us define the auxiliary function

Tk.z/ WD

Z 2�

0

cos.k�/ d�
¹z2 C 1 � 2z cos.�/º
=2

: (5.4)

Then Kk can be written as

Kk.z/ D
C


�4�C0.˛ � 1/
z�

˛�1
1C˛ Tk.z

�1
1C˛ /: (5.5)

Hence, the monotonicity of k 7! Kk.z/ with z 2 .0;1/ reduces to the monotonicity of
k 7! Tk.z/ with z 2 .0;1/, which is true by [14, Lemma 4.11].

5.2. Mellin transform

Mellin transforms are useful when dealing with integral differential equations where the
integral operator is of the type (5.3) due to the product property (B.4):

MŒJk �.s/ DMŒK�.s/MŒgk �.s C 1/: (5.6)
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Hence, applying the Mellin transform to the expression given in Proposition 5.1 we obtain
the following equivalent equation.

Proposition 5.3. The equation QLk.gk/ D 0 amounts to

MŒ QLk.gk/�.s/ D
1C ˛

2
.1 � s/Gk.s/ � ik

�
QKk.s/ �

1C ˛

2

�
Gk.s C 1/ D 0; (5.7)

where Gk DMŒgk � and QKk DMŒKk �.

Proof. The proof is based on the properties (B.4)–(B.6) together with (5.6).

Remark 5.4. If hk 2 X0, then MŒgk � is well-defined in

¹s 2 C j �� < Re.s/ < �º:

Remark 5.5. Let us again remark that the kernel Kk is symmetric with respect to k:
K�k D Kk . Hence, if k < 0 then (5.7) reads

MŒ QLk.gk/�.s/ D
1C ˛

2
.1 � s/Gk.s/C ik

�
QKjkj.s/ �

1C ˛

2

�
Gk.s C 1/ D 0:

In that way, (5.7) can be written as

Gk.s C 1/ D
1

k
Fk.s/Gk.s/; (5.8)

where
Fk.s/ WD i

1 � s

1 � 2
1C˛
QKk.s/

:

In the following, let us give a better expression for Fk together with some properties. As
a consequence, we shall look for the values of s such that (5.8) is well-defined.

Proposition 5.6. The Mellin transform of Kk can be written as follows:

QKk.s/ D
C
 .1C ˛/

�4�C0.˛ � 1/
MŒTk.z/�.�.1C ˛/s C ˛ � 1/

for
˛ � 1 � k � 


1C ˛
< s <

˛ � 1C k

1C ˛
;

where Tk is defined in (5.4). Moreover,

lim
s!˛�1�k�


1C˛

QKk.s/ D lim
s!˛�1Ck

1C˛

QKk.s/ D1

for k 2 N?.

Proof. We will use some properties of the Mellin transform described in Appendix B.
Recalling (5.5), by (B.5) we get

MŒKk �.s/ D QKk.s/ D
C


�4�C0.˛ � 1/
MŒTk.z

�1
1C˛ /�

�
s �

˛ � 1

1C ˛

�
:



C. García, J. Gómez-Serrano 4298

Moreover, by (B.8),

MŒTk.z
�1
1C˛ /�.s/ D .1C ˛/MŒTk.z/�.�.1C ˛/s/;

and hence

MŒTk.z
�1
1C˛ /�

�
s �

˛ � 1

1C ˛

�
D .1C ˛/MŒTk.z/�.�.1C ˛/s C ˛ � 1/;

which implies

QKk.s/ D
C
 .1C ˛/

�4�C0.˛ � 1/
MŒTk.z/�.�.1C ˛/s C ˛ � 1/: (5.9)

Let us check whereMŒTk.z/�.s/ is well-defined. Since Tk can be related to the Gauss
hypergeometric function by using Lemma B.1, we get

MŒTk �.s/ D

Z 1
0

Z 2�

0

zs�1 cos.k�/ d� dz
¹z2 C 1 � 2z cos.�/º
=2

D
2�22k

�


2

�
k

�
1
2

�
k

.2k/Š

Z 1
0

zs�1Ck

.1C z/
C2k
2F1

�
k C




2
; k C

1

2
; 2k C 1;

4z

.1C z/2

�
dz:

(5.10)

Since the parameters of the Gauss hypergeometric function are positive, this function
increases and so for any k 2 N?, 
 2 .0; 1/ and z 2 .0;1/ one has

1 < F

�
k C




2
; k C

1

2
; 2k C 1;

4z

.1C z/2

�
< 2F1

�
k C




2
; k C

1

2
; 2k C 1; 1

�
<1:

Hence MŒTk �.s/ is well-defined iff s 2 .�k; k C 
/, a condition coming from the inte-
grability of the integral. Moreover

MŒTk �.s/ �
2�22k

�


2

�
k

�
1
2

�
k

.2k/Š

Z 1
0

zs�1Ck

.1C z/
C2k
dz; (5.11)

implying
lim
s!�k

Tk.s/ D lim
s!kC


Tk.s/ D1:

Coming back to QK through (5.9), we find that QK is well-defined iff

˛ � 1 � k � 


1C ˛
< s <

˛ � 1C k

1C ˛
;

and
lim

s!˛�1�k�

1C˛

QK.s/ D lim
s!˛�1Ck

1C˛

QK.s/ D1:

As a consequence of Proposition 5.2 we get the monotonicity of the Mellin transform
of K, that is, QK:
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Corollary 5.7. For any s 2 Œ0; ˛�1Ck
1C˛

/, the sequence N?
3 k 7! QKk.s/ is strictly decreas-

ing.

In the following proposition, we state the monotonicity of QKk with respect to s.

Proposition 5.8. The function Œ0; ˛�1Ck
1C˛

/ 3 s 7! QKk.s/ increases, for any k 2N?. More-
over, 2

1C˛
QKk.0/ < 1.

Proof. By the expression of QK in Proposition 5.6, we can relate QKk to MŒTk �. Hence if
.�k;˛� 1�3 s 7!MŒTk �.s/ decreases, we deduce that Œ0; ˛�1Ck

1C˛
/3 s 7! QKk.s/ increases.

Moreover, using the explicit expression of Tk we obtain Tk.z�1/D z
Tk.z/. In that way,
MŒTk � can be written as follows:

MŒTk �.s/ D

Z 1
0

zs�1Tk.z/ dz

D

Z 1

0

zs�1Tk.z/ dz C

Z 1
1

zs�1Tk.z/ dz

D

Z 1

0

Tk.z/.z
s�1
C z1�sz
z�2/ dz:

Computing the derivative we observe

MŒTk �
0.s/ D

Z 1

0

ln.z/Tk.z/.zs�1 � z1�sz
z�2/ dz

D

Z 1

0

ln.z/Tk.z/zs�1.1 � z
�2s/ dz:

Since s 2 .�k; ˛ � 1/ and ˛ satisfies (3.16), we conclude that 
 � 2s > 0 and hence
MŒTk �

0.s/ < 0. As a consequence, MŒTk � is strictly decreasing.
For the “moreover” statement, by Corollary 5.7, it is enough to prove 2

1C˛
QK1.0/ < 1.

Moreover, let us check that ˛ 7! 2
1C˛
QK1.0/ strictly decreases and hence we can restrict

ourselves to ˛ D 1. From Proposition 5.1 we get

2

1C ˛
QK1.0/ D

C


�2�C0.˛ � 1/
MŒT1�.˛ � 1/:

From Proposition A.3 and the expression of � in (2.2) we get

2

1C ˛
QK1.0/ D

1C ˛ � 


.˛ � 1/MŒT0�.1 � ˛ C 
/
MŒT1�.˛ � 1/:

By the previous estimates concerning the monotonicity of s 7! MŒTk �.s/, we know
that .1; 1C 
/ 3 ˛ 7!MŒT1�.˛ � 1/ is strictly decreasing. Moreover,MŒT0�

0.1� ˛C 
/

< 0 by similar arguments. Hence, we claim that

g.˛/ WD
1C ˛ � 


.˛ � 1/MŒT0�.1 � ˛ C 
/
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is positive and strictly decreasing. The positivity comes from the fact that MŒT0� is posi-
tive. In order to prove the monotonicity, let us differentiate

g0.˛/ D
1

.˛ � 1/MŒT0�.1 � ˛ C 
/2

�
�
.˛ � 1/MŒT0�.1 � ˛ C 
/ � .1C ˛ � 
/MŒT0�.1 � ˛ C 
/

C .˛ � 1/.1C ˛ � 
/MŒT0�
0.1 � ˛ C 
/

�
D
�.2 � 
/MŒT0�.1 � ˛ C 
/C .˛ � 1/.1C ˛ � 
/MŒT0�

0.1 � ˛ C 
/

.˛ � 1/MŒT0�.1 � ˛ C 
/2
;

which is negative since 
 < 1. Hence, we have proved our claim. Then

2

1C ˛
QK1.0/ � lim

˛!1C

1C ˛ � 


.˛ � 1/MŒT0�.1 � ˛ C 
/
MŒT1�.˛ � 1/

D lim
˛!1C

2 � 


.˛ � 1/MŒT0�.1 � ˛ C 
/
MŒT1�.0/:

Note that
lim
˛!1C

MŒT0�.1 � ˛ C 
/ D1;

and hence there is a competition in the denominator that we will have to handle. Note that
we can again relate MŒT0� to the Gauss hypergeometric function:

MŒT0�.1 � ˛ C 
/ D 2�

Z 1
0

z
�˛

.1C z/

2F1

�



2
;
1

2
; 1;

4z

.1C z/2

�
dz

> 2�

Z 1
0

z
�˛

.1C z/

dz D 2�

�.1C 
 � ˛/�.˛ � 1/

�.
/
:

Since x�.x/ D �.x C 1/ we get

lim
˛!1

.˛ � 1/�.˛ � 1/ D 1;

and hence

lim
˛!1C

2 � 


.˛ � 1/MŒT0�.1 � ˛ C 
/
MŒT1�.0/ <

2 � 


2�
MŒT1�.0/:

Using now the expression (5.10) in terms of the Gauss hypergeometric function, we find

MŒT1�.0/ D �


Z 1
0

1

.1C z/2C

2F1

�
1C




2
;
3

2
; 3;

4z

.1C z/2

�
dz:

By writing the Gauss hypergeometric function in a series, integrating and summing again
we find that

MŒT1�.0/ D �

�
�
�


2

�
�
�

�1
2

�
�
�
1�

2

�
�
�


2

� :
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Using

�.z/ D �
�.�z/�.1C z/

�.1 � z/
;

we obtain

MŒT1�.0/ D �

�
�
1 � 


2

�
�
�

C1
2

�
�
�
1C 


2

�
�
�
3
2
�


2

� ;
and hence

lim
˛!1C

2 � 


.˛ � 1/MŒT0�.1 � ˛ C 
/
MŒT1�.0/ <

.2 � 
/


2

�
�
1 � 


2

�
�
�

C1
2

�
�
�
1C 


2

�
�
�
3
2
�


2

� DW p.
/:
Note that p.1/ D 1 and if we check that p is strictly increasing, we can arrive at the
announced result given that

lim
˛!1C

2 � 


.˛ � 1/MŒT0�.1 � ˛ C 
/
MŒT1�.0/ <

.2 � 
/


2

�
�
1 � 


2

�
�
�

C1
2

�
�
�
1C 


2

�
�
�
3
2
�


2

� < p.1/D 1
for any 
 2 .0; 1/.

Hence, it remains to check that p is strictly increasing. Note that p can be written as

p.
/ D 2
�
�
2 � 


2

�
�
�
1C

2

�
�
�
3�

2

�
�
�


2

� ;

and its derivative reads

p0.
/ D
�
�
2 � 


2

�
�
�
1C

2

�
�
�
3�

2

�
�
�


2

� ²
 0
�
3 � 


2

�
�  0

�
2 �




2

�
�  0

�



2

�
C  0

�
1C 


2

�³
;

where  0 is the digamma function. Now, using the integral representation (B.3) of the
digamma function we find

 0
�
3 � 


2

�
�  0

�
2 �




2

�
�  0

�



2

�
C  0

�
1C 


2

�
D

Z 1

0

�t
1�

2 � t�

1�

2 C t

2�

2 C t�

2�

2

1 � t
dt;

where we can prove that the integrand is positive for any t 2 .0; 1/ since 
 2 .0; 1/. Hence
p0.
/ > 0 for any 
 2 .0; 1/, and the claim holds true. That concludes the proof.

As a consequence of Propositions 5.6 and 5.8, and using the intermediate value theo-
rem, we get the following corollary.

Corollary 5.9. For any k2N?, there is a unique s02Œ0; ˛�1Ck1C˛
/ such that 2

1C˛
QKk.s0/D1.
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Hence, using the expression of QK in Proposition 5.6 we find

.1� s/Gk.s/C ik

�
1�

C


�2�C0.˛ � 1/
MŒTk.z/�.�.1C ˛/sC ˛ � 1/

�
Gk.sC 1/D 0;

amounting to

Gk.s C 1/ D
i

k

1 � s

1 �
C


�2�C0.˛�1/
MŒTk.z/�.�.1C ˛/s C ˛ � 1/

Gk.s/: (5.12)

Note that by Proposition 5.6, MŒTk.z/�.�.1C ˛/s C ˛ � 1/ is well-defined for

˛ � 1 � k � 


1C ˛
< s <

˛ � 1C k

1C ˛
:

Using Fk one has

Fk.s/ D i
1 � s

1 �
C


�2�C0.˛�1/
MŒTk.z/�.�.1C ˛/s C ˛ � 1/

:

Moreover, due to the limits of QK in Proposition 5.6, we get

lim
s!˛�1�k�


1C˛

Fk.s/ D lim
s!˛�1Ck

1C˛

Fk.s/ D 0;

and hence we can extend it to zero outside .˛�1�k�

1C˛

; ˛�1Ck
1C˛

/ due to the bound (5.11).
Moreover, in view of (3.16) we have

˛ � 1 � 
 � k

1C ˛
<
˛ � 1 � 


1C ˛
< �� < s < � <

˛ � 1

1C ˛
<
˛ � 1C k

1C ˛
:

Since a priori Gk is well-defined for s 2 .��; �/, one finds that (5.12) is well-defined for
s 2 .��; �/, and so Gk is well-defined for s 2 .�� C 1; � C 1/.

Finally, in the following proposition we show that the kernel is trivial. For this, we
view (5.12) as a recurrence equation and we relate the solutions to the moment problem.
In that way, using the Laplace transform we show that the solution hk is singular and thus
it does not belong to our function spaces, proving that the kernel is trivial.

Proposition 5.10. If Gk solves (5.12) with gk.ˇ/ D e�ikˇhk.ˇ/ and hk 2 X
�;ı
0 , then

hk D 0.

Proof. Taking s DM 2 N?, we can solve the recurrence equation (5.12) as

Gk.M/ D
1

k
Gk.0/

M�1Y
nD1

Fk.n/:

Note that Gk.0/ is well-defined and so

Gk.1/ D
1

k
Fk.0/Gk.0/;

which is finite due to Proposition 5.8.
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First, assume that 2
1C˛
QKk.N /¤ 1 for anyN 2N withN � ˛�1Ck

1C˛
. In that case, since

Fk.1/ D 0 we get Gk.M/ D 0 for any M � 2. Let L be the Laplace transform operator.
Thus

LŒgk �.t/ D

Z 1
0

e�tzgk.z/ dz D

1X
nD0

.�t /n

nŠ

Z 1
0

zngk.z/ dz

D

1X
nD0

.�t /n

nŠ
Gk.nC 1/ D Gk.1/:

Since the inverse Laplace transform of a constant is a Dirac mass and gk is continuous,
we see that necessarily gk D 0:

Second, assume that there exists N0 2 N with N0 2 Œ1; ˛�1Ck1C˛
/ such that

2

1C ˛
QKk.N0/ D 1:

In that case 2
1C˛
QKk has a simple root at N0. On the one hand, if N0 D 1 we have

lim
s!1

1

i
Fk.s/ D lim

s!1

s � 1
2
1C˛
QKk.s/ � 1

2 R;

since the root is simple. In that case Gk.2/ is well-defined and we can write

Gk.M/ D
1

k
Gk.0/

M�1Y
nD1

Fk.M/:

Moreover, note that for M � ˛�1Ck
1C˛

we have Fk.M/ D 0, implying that Gk.M/ D 0

for such M . Hence the Laplace transform of gk is a polynomial. On the other hand, if
N0 � 2, we have

lim
s!N0

Fk.1/Fk.s/ 2 R;

since Fk.1/ D 0 and the pole of Fk at N0 is simple. In that case, we find again that the
Laplace transform of gk is a polynomial. Now, by using the expression of the Laplace
transform we find

LŒgk �.t/ D

Z 1
0

e�tzgk.z/ dz:

Since gk 2 L1.Œ0;1// we get

lim
t!1
jLŒgk �.t/j D 0;

which contradicts the fact that the Laplace transform is a polynomial. Hence gk D 0.

6. m-fold symmetry and main theorem in the variables .ˇ; �/

In this section, we introduce them-fold symmetry to the function spaces, and then we will
work with the extra parameter m. Moreover, we will give the main result in the adapted
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coordinates which is a consequence of the infinite-dimensional implicit function theorem
applied to QF .

6.1. m-fold symmetry in function spaces

In the following, we introduce them-fold symmetry in the function spaces (3.5), (3.7) and
(3.8):

X
�;ı
1;m WD ¹f 2 X

�;ı
1 j f .ˇ; � C 2�=m/ D f .ˇ; �/; .ˇ; �/ 2 Œ0;1/ � Œ0; 2��º;

X
p
2;m WD ¹f 2 X

p
2 j f .� C 2�=m/ D f .�/; � 2 Œ0; 2��º;

Y �;ım WD ¹f 2 Y �;ı j f .ˇ; � C 2�=m/ D f .ˇ; �/; .ˇ; �/ 2 Œ0;1/ � Œ0; 2��º:

Note that f 2 X�;ı1;m can be written as a Fourier series

f .ˇ; �/ D
X
k2Z

fk.ˇ/e
ikm� :

Since the only variation that we have introduced in the function spaces is m-fold
symmetry, all the previous analysis also works here. We only need to check the symmetry
persistence of the nonlinear functional.

Proposition 6.1. If f .ˇ; � C 2�=m/ D f .ˇ; �/ and �.� C 2�=m/ D �.�/ then

QF .f;�/.ˇ; � C 2�=m/ D QF .f;�/.ˇ; �/:

Proof. Let us write QF .f;�/.ˇ; � C 2�=m/ using (2.26):

QF .f;�/.ˇ; � C 2�=m/ D 1C f .ˇ; � C 2�=m/ � .�1/
�1
2�

C
 .˛ � 1/
˛�1
2

4�C0.1C ˛/
˛�1
2

ˇ�
˛�1
1C˛

�

“ b�


1C˛ b

�2
1C˛

®
�
˛�1
1C˛
C @x'f .b;ˆ/

¯� 1
2�
®
2.˛�1/

.1C˛/2
C @ˇ'f .b;ˆ/

¯
Q�.ˆ/ db dˆ

D.f /
�
ˇ; � C 2�

m
; b;ˆ

�
=2 :

The change of variables ˆ 7! ˆC 2�=m yields

QF .f;�/.ˇ; � C 2�=m/ D 1C f .ˇ; � C 2�=m/ � .�1/
�1
2�

C
 .˛ � 1/
˛�1
2

4�C0.1C ˛/
˛�1
2

ˇ�
˛�1
1C˛

�

“ b�


1C˛ b

�2
1C˛

®
�
˛�1
1C˛
C @x'f .b;ˆC 2�=m/

¯� 1
2�
®
2.˛�1/

.1C˛/2
C @ˇ'f .b;ˆC 2�=m/

¯
D.f /

�
ˇ; �C 2�=m; b;ˆC 2�=m

�
=2
� Q�.ˆC 2�=m/ db dˆ:

Using f .ˇ; � C 2�=m/ D f .ˇ; �/ and �.� C 2�=m/ D �.�/, and the expression of
D.f / in (2.27), we deduce that QF .f; �/.ˇ; � C 2�=m/ D QF .f; �/.ˇ; �/, concluding
the proof.

Let us remark that the spectral study developed in Section 5 follows similarly – one
just has to change k 7! km.
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6.2. Main theorem in the adapted coordinates

Finally, let us state the main theorem in the adapted coordinates, which is a consequence
of the infinite-dimensional implicit function theorem.

Theorem 6.2. Let 
; � 2 .0; 1/ and ˛ 2 .1; 1C 
/ satisfy (3.16). Then, for each m � 1,
there exists " > 0 and a C 1 function BXp

2;m
.1; "/ 3 Q� 7! Qf . Q�/ 2 X

�;ı
1;m such that

QF .f; Q�/ D 0; .f; Q�/ 2 B
X
�;ı
1;m

.0; "/ � BXp
2;m
.1; "/ ” f D Qf .�/;

for ı < min ¹1 � 
; �º and p > 1
1�


.

Proof. From Propositions 3.10 and 6.1 we know that QF W B
X
�;ı
1;m

.0; "/ � BXp
2;m
.1; "/!

Y
�;ı
m is well-defined and C 1. Moreover, by Proposition 2.6 we have QF .0; 1/D 0. Further-

more, @f QF .0; 1/ is Fredholm of index zero by Proposition 4.4 and has a trivial kernel by
(5.10). Hence, @f QF .0; 1/ is an isomorphism. An application of the infinite-dimensional
implicit function theorem to QF concludes the proof.

Remark 6.3. A priori ‰ and � are complex functions due to the definitions of the func-
tion spaces, but we are interested in real functions. That is not a problem since assuming
in the function space that f and Q� are real functions we find that the nonlinear operator
is also a real function.

Remark 6.4. Taking Qf constructed in Theorem 6.2, we find

‰.ˇ; �/ D �C
2

1C˛

0 .˛ � 1/
1�˛
1C˛ ˇ

˛�1
1C˛ .1C Qf . Q�/.ˇ; �//;

�.�/ D .1C ˛/�
1
2� Q�.�/;

satisfying F.‰;�/ D 0. Moreover, we can come back to ‚ and find

‚.ˇ; �/ D .‰'/
�
1C˛�

2 �.�/;

which together with ‰ satisfies (2.12), which is the vorticity equation in the adapted
coordinates .ˇ; �/. Note that ‚ is just a perturbation of the trivial solution. Indeed, we
can compute ‰' as

‰'.ˇ; �/ D �C
2

1C˛

0 .˛� 1/
1�˛
1C˛ ˇ

�2
1C˛

�
�
˛� 1

1C˛
�
˛� 1

1C˛
Qf . Q�/.ˇ; �/Cˇ Qf'. Q�/.ˇ; �/

�
D �C

2
1C˛

0 .˛� 1/
1�˛
1C˛ ˇ

�2
1C˛

�
�
˛� 1

1C˛
C Qfx'. Q�/.ˇ; �/

�
; (6.1)

where recall that Qf'. Q�/ decays at 0 and 1 in ˇ. Hence ‰' is singular at ˇ D 0 as the
trivial solution, and decays at ˇ !1 as the trivial solution. Coming back to ‚ we get

‚.ˇ; �/

D .1C˛/�
1
2�
�
C

2
1C˛

0 .˛�1/
1�˛
1C˛

�� 1C˛�
2 ˇ
1C˛�

1C˛

�
˛�1

1C˛
� Qfx'. Q�/.ˇ;�/

�� 1C˛�
2

Q�.�/:
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Note that 1C ˛ � 
 > 0 and hence ‚.0; �/ D 0 for any � 2 Œ0; 2��. In particular,

‚.ˇ; �/ � ˇ
1C˛�

1C˛ ; ˇ � 0;1:

7. Recovering the solution in the original coordinates

This section is devoted to recovering the solution in the physical variables x 2 R2 and
hence giving the associated Theorem 6.2 in those variables. First, we study the invertibility
of the change of coordinates, which is a nonlinear implicit change of variables, and later
we state the main result.

7.1. Invertibility of the change of coordinates

In order to come back to the physical variable z 2 R2 we should invert the adapted coor-
dinates. From Proposition 2.2 we have

r.ˇ; �/ D .�.1C ˛/‰ˇ /
1=2; #.ˇ; �/ D ˇ C �: (7.1)

In the following proposition, we study the regularity of r.ˇ; �/ and #.ˇ; �/. For that, we
define the following function space:

L
1;�
0 WD ¹g D g.0/C Qg j Qg 2 L1;�º:

Proposition 7.1. Let .r; #/ W Œ0;1/ � Œ0; 2�� ! Œ0;1/ � Œ0; 2�� be defined by (7.1).
There exists " < 1 such that if f 2 B

X
�;ı
1

.0; "/ then # 2 C1.Œ0;1/ � Œ0; 2��/ and

ˇ
�1
1C˛ r 2 L

1;�
0 \ C ıˇ \ Lip� ; ˇ

�1
1C˛ ˇr' 2 L

1;�
\ C ıˇ :

Proof. First, note that # 2 C1.Œ0;1/ � Œ0; 2��/. Next, from (6.1) we find

.�‰ˇ /
1=2.ˇ; �/ D C

1
1C˛

0 .˛ � 1/
1�˛
2.1C˛/ˇ

�1
1C˛

�
˛ � 1

1C ˛
C f x̌.ˇ; �/

�1=2
: (7.2)

Let us check the regularity of this function, which will give us the regularity of r due
to (7.1). Denote

g.ˇ; �/ WD

�
˛ � 1

1C ˛
C f x̌.ˇ; �/

�1=2
D

�
˛ � 1

1C ˛
C
˛ � 1

1C ˛
f .ˇ; �/C f̌ˇ .ˇ; �/

�1=2
:

Since f 2 X�;ı1 , we have f; f̌ˇ 2 L1;� \ C ıˇ \ Lip� . Hence, denoting

g0 D g.0; �/ D

�
˛ � 1

1C ˛

�1=2
;

we get
g � g0 2 L

1;� ; g 2 C ıˇ \ Lip� ;
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and so
ˇ
�1
1C˛ r 2 L

1;�
0 \ C ıˇ \ Lip� :

Hence, we find the following asymptotics for g:

g �0;1 g0 C
ˇ�

.1C ˇ/2�
:

Coming back to .‰ˇ /1=2 we get

ˇ
1

1C˛ .‰ˇ /
1=2
2 L

1;�
0 \ C ıˇ \ Lip� ;

with the following asymptotics:

.‰ˇ /
1=2
�0;1 ˇ

�1
1C˛

�
1C

ˇ�

.1C ˇ/2�

�
;

and
.‰ˇ /

1=2
�0;1 ˇ

�1
1C˛ :

We can also compute @'g:

@'g.ˇ; �/ D

˛�1
1C˛

f'.ˇ; �/C f̌ˇ'.ˇ; �/

2
�
˛�1
1C˛
C

˛�1
1C˛

f .ˇ; �/C f̌ˇ .ˇ; �/
�1=2 :

Since f̌' ; ˇ
2fˇ;' 2 L

1;� \ C ı
ˇ

we obtain

ˇ@'g 2 L
1;�
\ C ıˇ ;

implying
ˇ
�1
1C˛ ˇ@'.‰ˇ /

1=2
2 L1;� \ C ıˇ :

This yields the regularity as in the statement.

In the next proposition, we show that if f 2 B
X
�;ı
1

.0; "/ then the Jacobian of the
transformation .ˇ; �/ 7! .z1; z2/ is nonvanishing except at ˇ D1.

Proposition 7.2. There exists " < 1 such that if f 2 B
X
�;ı
1

.0; "/ then the Jacobian jJ j of
the transformation .ˇ; �/ 7! .z1; z2/ does not vanish for .ˇ; �/ 2 .0;1/ � Œ0; 2��.

Proof. From Proposition 2.3 we have

jJ j D
1C ˛

2
‰ˇ' :

Writing ‰ in terms of f and using (6.1) we find

‰ˇ' D �C
2

1C˛

0 .˛ � 1/
1�˛
1C˛ ˇ�1ˇ

�2
1C˛

²
2.˛ � 1/

.1C ˛/2
C @ˇ'f .ˇ; �/

³
:

Note that
2.˛ � 1/

.1C ˛/2
C @ˇ'f .ˇ; �/ �

2.˛ � 1/

.1C ˛/2
� kf k

X
�;ı
1

� "0 > 0;
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where we have used that f 2 B
X
�;ı
1

.0; "/. This, together with ˇ 2 .0;1/, yields jJ j > 0.
Moreover, notice that

lim
ˇ!0
jJ j D 1; lim

ˇ!1
jJ j D 0:

In view of Proposition 7.2 we can invert the change of coordinates and find
.ˇ.z1; z2/; �.z1; z2//, for .ˇ; �/ 2 .0;1/ � Œ0; 2��. Since the Jacobian of .z1; z2/ 7!
.ˇ;�/ is jJ j�1, which vanishes at ˇ D 0, we will identify that point with .z1; z2/D .0; 0/.

Indeed, we shall first use the polar coordinates and then the main task is to invert

.r.ˇ; �/; #.ˇ; �// D . Qr; Q#/;

finding ˇ D ˇ. Qr; Q#/ and � D �. Qr; Q#/, which is possible due to Proposition 7.2 by using
the inverse function theorem. More precisely, in the next proposition we understand better
the functions ˇ.r; #/ and �.r; #/. For that, we define

Z�;˛ WD ¹ Q̌ 2 Cb.Œ0;1/ � Œ0; 2��/ j Q̌; r@r Q̌ 2 L
1;�.1C˛/

º:

Proposition 7.3. Let .r; #/ W Œ0;1/ � Œ0; 2��! Œ0;1/ � Œ0; 2�� be as in (7.1). There
exists " > 0 such that for f 2 B

X
�;ı
1

.0; "/ the following is satisfied. There exists a function
Q̌ 2 Z�;˛ such that defining

ˇ. Qr; Q#/ D r�1�˛.1C Q̌. Qr; Q#//; �. Qr; Q#/ D Q# � ˇ. Qr; Q#/;

we find
.r.ˇ. Qr; Q#/; �. Qr; Q#//; #.ˇ. Qr; Q#/; �. Qr; Q#/// D . Qr; Q#/

for any . Qr; Q#/ 2 Œ0;1/ � Œ0; 2��.

Proof. Using (7.1), our main task is to invert�
.�.1C ˛/‰ˇ /

1=2; ˇ C �
�
D .r; #/;

for any .r; #/ 2 Œ0;1/ � Œ0; 2��. Hence, we want to find two functions ˇ; � W Œ0;1/ �
Œ0; 2��! Œ0;1/ � Œ0; 2�� such that

.�.1C ˛/‰ˇ .ˇ.r; #/; �.r; #//
1=2
D r; ˇ.r; #/C �.r; #/ D #:

From the second equation we find

�.r; #/ D # � ˇ.r; #/; (7.3)

and inserting it in the first equation we shall solve

.�.1C ˛/‰ˇ .ˇ.r; #/; # � ˇ.r; #///
1=2
� r D 0 (7.4)

for any .r; #/ 2 Œ0;1/� Œ0; 2��. Let us recall that‰ is indeed a perturbation of the trivial
solution, and by (7.2) we find

.�‰ˇ /
1=2.ˇ; �/ D C

1
1C˛

0 .˛ � 1/
1�˛
2.1C˛/ˇ

�1
1C˛

�
˛ � 1

1C ˛
C f x̌.ˇ; �/

�1=2
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for f 2 B
X
�;ı
1

.0; "/. Hence, (7.4) amounts to

.1C ˛/1=2C
1

1C˛

0 .˛ � 1/
1�˛
2.1C˛/ .ˇ.r; #//

�1
1C˛

�

�
˛ � 1

1C ˛
C f x̌.ˇ.r; #/; # � ˇ.r; #//

�1=2
� r D 0: (7.5)

Define now
ˇ0.r/ D C0.˛ � 1/r

�1�˛;

agreeing with the change of coordinates for the trivial solution, which was given in Propo-
sition 2.6. Hence, decomposing ˇ as

ˇ D ˇ0.1C Q̌/;

we can write (7.5) as G. Q̌; f /.r; #/ D 0 for any .r; #/ 2 .0;1/ � Œ0; 2��, where

G. Q̌; f /.r; #/

WD
.1C ˛/1=2

.˛ � 1/1=2
.1C Q̌.r; #//

�1
1C˛

�
˛ � 1

1C ˛
C f x̌.ˇ.r; #/; # � ˇ.r; #//

�1=2
� 1: (7.6)

We claim that there exists " < 1 such thatG WBZ�;˛ .0; "/�BX�;ı
1
.0;"/
!Z�;˛ is well-

defined and C 1. Hence, we would like to find nontrivial . Q̌; f / such that G. Q̌; f /.r/ D 0
for any r 2 Œ0;1/. We have the trivial solution given by

G.0; 0/.r; #/ D 0; 8.r; #/ 2 Œ0;1/ � Œ0; 2��:

We wish to apply the implicit function theorem and thus we need to compute the linearized
operator:

@ Q̌G.0; 0/h.r; #/ D �
1

1C ˛
h.r; #/;

which is clearly an isomorphism from Z�;˛ into Z�;˛ .
Finally, it remains to show that G is well-defined. For that, let us write

G. Q̌; f /.r/

D
.1C ˛/1=2

.˛ � 1/1=2

.1C Q̌.r; #//
�2
1C˛

�
˛�1
1C˛
C f x̌.ˇ.r; #/; # � ˇ.r; #//

�
�
˛�1
1C˛

.1C Q̌.r; #//
�1
1C˛

�
˛�1
1C˛
C f x̌.ˇ.r; #/; # � ˇ.r; #//

�1=2
C

.˛�1/1=2

.1C˛/1=2

D
.1C ˛/1=2

.˛ � 1/1=2

Œ.1C Q̌.r; #//
�2
1C˛ � 1�

�
˛�1
1C˛
C f x̌.ˇ.r; #/; # � ˇ.r; #//

�
.1C Q̌.r; #//

�1
1C˛

�
˛�1
1C˛
C f x̌.ˇ.r; #/; # � ˇ.r; #//

�1=2
C

.˛�1/1=2

.1C˛/1=2

C
.1C ˛/1=2

.˛ � 1/1=2

f x̌.ˇ.r; #/; # � ˇ.r; #//

.1C Q̌.r; #//
�1
1C˛

�
˛�1
1C˛
C f x̌.ˇ.r; #/; # � ˇ.r; #//

�1=2
C

.˛�1/1=2

.1C˛/1=2

:
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First, note that f x̌ 2 L1;� . Assuming that Q̌ 2 L1, we find that

ˇ.r; #/ �0;1 r�1�˛;

and therefore

f x̌.ˇ.r; #/; # � ˇ.r; #// �0;1
r�.1C˛/

.1C r/2�.1C˛/
: (7.7)

Moreover, for " small and Q̌ 2 BL1;�.1C˛/.0; "/, all the denominators in the expression
of G are bounded. Using (7.7) we find that G. Q̌; f / 2 L1;�.1C˛/.

Since in the expression of G we have @ x̌f .ˇ.r; #/; # � ˇ.r; #//, we can only take
one derivative in r . Indeed,

@r .@ x̌f .ˇ.r; #/; # � ˇ.r; #/// D .@'@ x̌f /.ˇ.r; #/; # � ˇ.r; #//@rˇ.r; #/:

Since ˇ.@'@ x̌f / 2 L1;� we find that

r@r .@ x̌f .ˇ.r; #/; # � ˇ.r; #/// �0;1
r�.1C˛/

.1C r/2�.1C˛/
:

That motivates us to include r@r Q̌ 2 L1;�.1C˛/ in the space Z�;˛ . In such a space, G is
well-defined and we conclude the proof by applying the implicit function theorem.

By (7.3) we find that � 2 Z�;˛0 , where

Z
�;˛
0 WD ¹ Q̌ 2 Cb.Œ0;1/ � Œ0; 2��/ j Q̌; r@r Q̌ 2 L

1;�.1C˛/
0 º:

7.2. Solution in the physical variables

From Theorem 6.2 together with Remark 6.4 we have constructed solutions .‰; ‚/ to
(2.12), which is the vorticity equation in the adapted coordinates, and (2.19) which refers
to the elliptic relation between ‰ and ‚. In particular, we find .‰;‚/ as

‰.ˇ; �/ D �C
2

1C˛

0 .˛ � 1/
1�˛
1C˛ ˇ

˛�1
1C˛ .1C Qf . Q�/.ˇ; �//;

‚.ˇ; �/ D .1C ˛/�
1
2�
�
C

2
1C˛

0 .˛ � 1/
1�˛
1C˛

�� 1C˛�
2 ˇ
1C˛�

1C˛

�

�
˛ � 1

1C ˛
� Qfx'. Q�/.ˇ; �/

�� 1C˛�
2

Q�.�/;

where Q� 2 BXp
2
.1; "/ and f . Q�/ 2 B

X
�;ı
1

.0; "/.

Let us now come back to O� by inverting the adapted coordinates using Proposition
7.3. Denote

Q�.r; #/ D O�.rei#/

and so
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Q�.r; #/ D ‚.ˇ.r; #/; �.r; #//

D ‚
�
C0.˛ � 1/r

�1�˛.1C Q̌.r; #//; # � C0.˛ � 1/r
�1�˛.1C Q̌.r; #//

�
D .1C ˛/�

1
2� .˛ � 1/

1C˛�

2 r�.1C˛�
/

�

�
˛�1

1C˛
� Qfx'. Q�/

�
C0.˛�1/r

�1�˛.1C Q̌.r;#//;#�C0.˛�1/r
�1�˛.1C Q̌.r;#//

��� 1C˛�
2

� Q�
�
# � C0.˛ � 1/r

�1�˛.1C Q̌.r; #//
�
;

with Q̌ 2 Z�;˛ . From (2.4) we have

�.t; x/ D
1

t
1C˛�

1C˛

O�

�
x

t
1

1C˛

�
D

1

t
1C˛�

1C˛

Q�

�
r

t
1

1C˛

; #

�
;

where x D rei# . Using f 2 X�;ı1 we find that the initial condition amounts to

�0.x/ D r
�.1C˛�
/ Q�.#/;

where Q� 2 BXp
2
.1; "/.

Moreover, �0 is locally integrable:

k�0kL1.BR/ D k
Q�kL1.Œ0;2��/

Z R

0

r
�˛ dr D
1

1 � ˛ C 

k Q�kL1.Œ0;2��/R

1�˛C


for anyR <1, where 1� ˛C 
 > 0. Note that Q� 2L1 since Q� 2Lp for some p > 1
1�


.

7.3. Main result

Our main result reads as follows.

Theorem 7.4. Let 
 2 .0; 1/ and ˛ 2 .1; 1C 
/. Then there exists " > 0 such that for any
2�
m

-periodic Q� 2 BLp.Œ0;2��/.1; "/ and p > 1
1�


, the initial condition

�0.re
i#/ D r�.1C˛�
/ Q�.#/

determines a self-similar solution of the type (2.4) for (SQG)
 , for any m � 1.

Appendix A. Radial solutions

In this section, we review the expression of the stream function  associated to a radial
vorticity � .

Proposition A.1. If f D .��/ˇg with ˇ 2 .�1; 0/ and g.x/ D g.jxj/ radial, then

f .x/ D 2�Cˇ

Z 1
0

G0.r; jxj/g.r/r dr;
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where

G0.r; jxj/ D

´
1

�.�ˇ/

�
2
r

�2C2ˇ
�.1C ˇ/2F1

�
1C ˇ; 1C ˇ; 1; jxj

2

r2

�
; jxj < r;

1
�.�ˇ/

�
2
jxj

�2C2ˇ
�.1C ˇ/2F1

�
1C ˇ; 1C ˇ; 1; r

2

jxj2

�
; jxj > r:

Proof. We want to calculate the explicit kernels of

f D .��/ˇg

whenever �1 < ˇ < 0 and for general g of the type

g.r; �/ D gk.r/ cos.k�/; g.r; �/ D gk.r/ sin.k�/:

Note that we are indeed interested in radial functions g corresponding to k D 0, but let us
compute it in general. To do so, we will calculate the Fourier transform:

f .x/ D

Z
Og.�/j�j2ˇeix�� d�:

We start by calculating Og.�/. In the first case,

Og.�/ D

Z
R2
e�ix��g.x/ dx D

Z 1
0

gk.r/r

Z 2�

0

cos.k�/e�ir.cos.�/�1Csin.�/�2/ d� dr:

Writing

cos. / D
�1q
�21 C �

2
2

; sin. / D
�2q
�21 C �

2
2

; z D

q
�21 C �

2
2 r; (A.1)

the inner integral becomes

Z 2�

0

e�iz cos.�� / cos.k�/ d� D cos.k /
Z 2�

0

e�iz cos.u/ cos.ku/ du

D 2�Tk

�
�1q
�21 C �

2
2

�
.�i/kJk

�q
�21 C �

2
2 r
�
;

where Jk is the Bessel function of order k, and Tk is the k-th Chebyshev polynomial of
the first kind.

In the second case

Og.�/ D

Z
R2
e�ix��g.x/ dx D

Z 1
0

gk.r/r

Z 2�

0

sin.k�/e�ir.cos.�/�1Csin.�/�2/ d� dr

Using (A.1), the inner integral becomesZ 2�

0

e�iz cos.�� / sin.k�/ d� D sin.k /
Z 2�

0

e�iz cos.u/ sin.ku/ du

D 2�
�2q
�21 C �

2
2

Uk�1

�
�1q
�21 C �

2
2

�
.�i/kJk

�q
�21 C �

2
2 r
�
;

where Uk is the k-th Chebyshev polynomial of the second kind.
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We now move on to the computation of the outer integral. Switching the integrals in r
and in �, and integrating first in � , in the first case we obtainZ 1
0

.�i/k2�gk.r/r

Z
R2
Tk

�
�1q
�21 C �

2
2

�
Jk
�q
�21 C �

2
2 r
�
j�j2ˇeix�� d� dr

D

Z 1
0

.�i/k2�gk.r/r

Z 1
0

Jk.j�jr/j�j
2ˇC1

�

Z 2�

0

cos.k /ei j�j.x1 cos. /Cx2 sin. // d d j�j dr

D .�i/2k.2�/2 cos.k�/
Z 1
0

gk.r/r

Z 1
0

Jk.j�jr/j�j
2ˇC1Jk.jxj j�j/ d j�j dr:

Since �1 < ˇ < 0, we getZ 1
0

Jk.j�jr/j�j
2ˇC1Jk.jxj j�j/ d j�j � Gk.r; jxj/

D

8̂̂̂̂
<̂
ˆ̂̂:

1
2�.�ˇ/

�
2
r

�2C2ˇ � jxj
r

�k
�.1C ˇ C k/�.k C 1/ 2F1.1C ˇ; 1C ˇ C k; 1C k;

jxj2

r2
/

if jxj < r;
1

2�.�ˇ/

�
2
x

�2C2ˇ � r
jxj

�k
�.1C ˇ C k/�.k C 1/ 2F1.1C ˇ; 1C ˇ C k; 1C k;

r2

jxj2
/

if jxj > r;

where 2F1 is the Gauss hypergeometric function. This yields

f .x/ D .�i/2k.2�/2 cos.k�/
Z
gk.r/Gk.r; jxj/r dr:

The computation in the second case is similar, and we obtain

f .x/ D .�i/2k.2�/2 sin.k�/
Z
gk.r/Gk.r; jxj/r dr:

Now, taking k D 0 we arrive at the announced result.

In the following, we apply the previous proposition to our trivial solution.

Corollary A.2. If �.x/ D jxj�1=�, then

 .x/ D �.��/�1C
=2�.x/ D �C0jxj
2�
�1=�;

where

C0 D
�2
�

�


2

�
�

�.1 � 
=2/

²
1

2� � 1
3F2

�²



2
;



2
; 1 �

1

2�

³
;

²
1; 2 �

1

2�

³
; 1

�
C

1

1C �.�2C 
/
3F2

�²



2
;



2
;�1C




2
C

1

2�

³
;

²
1;



2
C

1

2�

³
; 1

�³
; (A.2)
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where

3F2.a1; a2; a3I b1; b2I z/ D

1X
nD0

.a1/n.a2/n.a3/n

.b1/n.b2/n

zn

nŠ

is the .3; 2/ hypergeometric function.

Proof. Use the previous proposition with ˇ D �1C 
=2 and g.x/ D jxj�1=�.

The constant C0 is important in studying the kernel of the linearized operator. For that
reason, let us give its expression in terms of the integral operator Tk defined in (5.4).

Proposition A.3. The constant C0 can also be written as

C0 D
C


2�

Z 1
0

Z 2�

0

z
�˛

¹1C z2 � 2z cos.�/º
=2
d� dz D

C


2�
MŒT0�.1 � ˛ C 
/:

Proof. From the definition of the .��/�1C
=2 operator one has

C0 D r
�2C
C1=�C


2�

Z 1
0

Z 2�

0

z
�˛

¹r2 C z2 � 2rz cos.�/º
=2
d� dz:

By performing the change of variable z 7! rz and using the expression of � in (2.2) and
Tk in (5.4) we arrive at the announced identity.

Appendix B. Special functions

In this section we overview some special functions such as the Gauss hypergeometric
function, the gamma function and the digamma function. At the end, we also introduce
the Mellin transform and review some of its properties.

For any a; b 2 R and c 2 R n .�N/ we define the Gauss hypergeometric function
z 7! 2F1.a; bI cI z/ on the open unit disc D by the power series

2F1.a; bI cI z/ D

1X
nD0

.a/n.b/n

.c/n

zn

nŠ
; 8z 2 D; (B.1)

where the Pochhammer symbol .x/n is defined by

.x/n D

´
1; n D 0;

x.x C 1/ � � � .x C n � 1/; n � 1;

and satisfies
.x/n D x .1C x/n�1; .x/nC1 D .x C n/ .x/n:

Let us recall the integral representation of the hypergeometric function (see for instance
[77, p. 47]). If Re.c/ > Re.b/ > 0; then

2F1.a;bIcIz/D
�.c/

�.b/�.c � b/

Z 1

0

xb�1.1� x/c�b�1.1� zx/�a dx; 8z 2 C nŒ1;1/:

(B.2)
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The function � WC n¹�Nº!C is the analytic continuation to the negative half-plane
of the usual gamma function defined on the positive half-plane ¹Re.z/ > 0º by

�.z/ D

Z 1
0

�z�1e�� d�;

and satisfies the relation �.z C 1/ D z �.z/ for all z 2 C n.�N/: Moreover, the di-
gamma function is defined through the logarithmic derivative of the gamma function:

 0.z/ D
� 0.z/

�.z/
;

and has the following integral representation:

 0.z/ D

Z 1

0

1 � tz�1

1 � t
dt � 
0 (B.3)

for Re.z/ > 0, where 
0 stands for the Euler constant.
In the following lemma, we give a representation of the Gauss hypergeometric func-

tion in terms of some special trigonometric integrals; the proof can be found in [48].

Lemma B.1. Let k 2 N, 
 � 0 and A > 1. ThenZ 2�

0

cos.k�/
.A � cos.�//
=2

d�

D
2�

.1C A/
=2Ck

�


2

�
k
2k
�
1
2

�
k

.2k/Š
2F1

�
k C




2
; k C

1

2
I 2k C 1I

2

1C A

�
:

Finally, let us define the Mellin transform of f by

MŒf �.s/ D

Z 1
0

xs�1f .x/ dx:

In the following lemma, we give some properties of the Mellin transform; we refer to [74]
for the proof and for more information about this transform.

Lemma B.2. The Mellin transform of f has the following properties:

� If

.f ^ g/.x/ D

Z 1
0

f .y/g

�
x

y

�
dy

y
;

then
MŒf ^ g�.s/ DMŒf �MŒg�: (B.4)

� Moreover,

MŒx˛f �.s/ DMŒf �.s C ˛/; (B.5)

MŒf 0�.s/ D �.s � 1/MŒf �.s � 1/; (B.6)

MŒx˛f �.s/ DMŒf �.s C ˛/; (B.7)

MŒf .xa/� D jaj�1MŒf �.s=a/: (B.8)
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[71] Nahmod, A. R., Pavlović, N., Staffilani, G., Totz, N.: Global flows with invariant measures for
the inviscid modified SQG equations. Stoch. Partial Differ. Equ. Anal. Comput. 6, 184–210
(2018) Zbl 1406.35413 MR 3818404

[72] Ohkitani, K., Yamada, M.: Inviscid and inviscid-limit behavior of a surface quasigeostrophic
flow. Phys. Fluids 9, 876–882 (1997) Zbl 1185.76841 MR 1437554

[73] Pacard, F., Rivière, T.: Linear and nonlinear aspects of vortices. Progr. Nonlinear Differential
Equations Appl. 39, Birkhäuser Boston, Boston, MA (2000) Zbl 0948.35003 MR 1763040

[74] Paris, R. B., Kaminski, D.: Asymptotics and Mellin–Barnes integrals. Encyclopedia Math.
Appl. 85, Cambridge University Press, Cambridge (2001) Zbl 0983.41019 MR 1854469

[75] Pedlosky, J.: Geophysical fluid dynamics. Springer, New York (1982) Zbl 0429.76001
[76] Pullin, D. I.: On similarity flows containing two-branched vortex sheets. In: Mathematical

aspects of vortex dynamics (Leesburg, VA, 1988), SIAM, Philadelphia, PA, 97–106 (1989)
Zbl 0671.76028 MR 1001793

[77] Rainville, E. D.: Special functions. Macmillan, New York (1960) Zbl 0092.06503
MR 0107725

[78] Renault, C.: Relative equilibria with holes for the surface quasi-geostrophic equations. J. Dif-
ferential Equations 263, 567–614 (2017) Zbl 1390.35282 MR 3631317

https://doi.org/10.1017/S0022112095000012
https://doi.org/10.1017/S0022112095000012
https://zbmath.org/?q=an:0832.76012
https://mathscinet.ams.org/mathscinet-getitem?mr=1312238
https://doi.org/10.1007/s00220-016-2784-7
https://doi.org/10.1007/s00220-016-2784-7
https://zbmath.org/?q=an:1360.35157
https://mathscinet.ams.org/mathscinet-getitem?mr=3607460
https://doi.org/10.1007/s00205-013-0618-8
https://zbmath.org/?q=an:1286.35201
https://mathscinet.ams.org/mathscinet-getitem?mr=3054601
https://doi.org/10.2140/paa.2021.3.403
https://zbmath.org/?q=an:1486.35346
https://mathscinet.ams.org/mathscinet-getitem?mr=4379142
https://doi.org/10.3934/dcds.2024039
https://zbmath.org/?q=an:07896603
https://mathscinet.ams.org/mathscinet-getitem?mr=4762611
https://doi.org/10.1007/s00205-022-01815-y
https://zbmath.org/?q=an:1504.35258
https://mathscinet.ams.org/mathscinet-getitem?mr=4487510
https://doi.org/10.1088/1361-6544/abe732
https://doi.org/10.1088/1361-6544/abe732
https://zbmath.org/?q=an:1473.35580
https://mathscinet.ams.org/mathscinet-getitem?mr=4260790
https://doi.org/10.1007/s40818-015-0002-0
https://zbmath.org/?q=an:1395.35061
https://mathscinet.ams.org/mathscinet-getitem?mr=3479065
https://doi.org/10.1007/bf02079924
https://zbmath.org/?q=an:57.1135.06
https://doi.org/10.1007/978-1-4614-0502-3
https://zbmath.org/?q=an:1032.35001
https://mathscinet.ams.org/mathscinet-getitem?mr=2859263
https://doi.org/10.1007/978-3-642-25361-4_9
https://zbmath.org/?q=an:1250.35034
https://mathscinet.ams.org/mathscinet-getitem?mr=3289364
https://doi.org/10.4007/annals.2016.184.3.7
https://doi.org/10.4007/annals.2016.184.3.7
https://zbmath.org/?q=an:1360.35159
https://mathscinet.ams.org/mathscinet-getitem?mr=3549626
https://zbmath.org/?q=an:0983.76001
https://mathscinet.ams.org/mathscinet-getitem?mr=1867882
https://doi.org/10.1016/j.cnsns.2015.02.009
https://zbmath.org/?q=an:1440.35274
https://mathscinet.ams.org/mathscinet-getitem?mr=3332042
https://doi.org/10.1007/s00220-007-0356-6
https://doi.org/10.1007/s00220-007-0356-6
https://zbmath.org/?q=an:1134.35025
https://mathscinet.ams.org/mathscinet-getitem?mr=2357424
https://doi.org/10.1007/s40072-017-0106-5
https://doi.org/10.1007/s40072-017-0106-5
https://zbmath.org/?q=an:1406.35413
https://mathscinet.ams.org/mathscinet-getitem?mr=3818404
https://doi.org/10.1063/1.869184
https://doi.org/10.1063/1.869184
https://zbmath.org/?q=an:1185.76841
https://mathscinet.ams.org/mathscinet-getitem?mr=1437554
https://doi.org/10.1007/978-1-4612-1386-4
https://zbmath.org/?q=an:0948.35003
https://mathscinet.ams.org/mathscinet-getitem?mr=1763040
https://doi.org/10.1017/CBO9780511546662
https://zbmath.org/?q=an:0983.41019
https://mathscinet.ams.org/mathscinet-getitem?mr=1854469
https://zbmath.org/?q=an:0429.76001
https://zbmath.org/?q=an:0671.76028
https://mathscinet.ams.org/mathscinet-getitem?mr=1001793
https://doi.org/10.2307/3612825
https://zbmath.org/?q=an:0092.06503
https://mathscinet.ams.org/mathscinet-getitem?mr=0107725
https://doi.org/10.1016/j.jde.2017.02.050
https://zbmath.org/?q=an:1390.35282
https://mathscinet.ams.org/mathscinet-getitem?mr=3631317


C. García, J. Gómez-Serrano 4320

[79] Resnick, S. G.: Dynamical problems in non-linear advective partial differential equations.
Ph.D. thesis, The University of Chicago (1995) MR 2716577

[80] Rodrigo, J. L.: On the evolution of sharp fronts for the quasi-geostrophic equation. Comm.
Pure Appl. Math. 58, 821–866 (2005) Zbl 1073.35006 MR 2142632

[81] Schmüdgen, K.: The moment problem. Grad. Texts in Math. 277, Springer, Cham (2017)
Zbl 1383.44004 MR 3729411

[82] Scott, R. K.: A scenario for finite-time singularity in the quasigeostrophic model. J. Fluid
Mech. 687, 492–502 (2011) Zbl 1241.76227

[83] Scott, R. K., Dritschel, D. G.: Numerical simulation of a self-similar cascade of filament insta-
bilities in the surface quasigeostrophic system. Phys. Rev. Lett. 112, article no. 144505, 5 pp.
(2014)

[84] Scott, R. K., Dritschel, D. G.: Scale-invariant singularity of the surface quasigeostrophic patch.
J. Fluid Mech. 863, article no. R2, 12 pp. (2019) Zbl 1415.86002 MR 3903908

https://mathscinet.ams.org/mathscinet-getitem?mr=2716577
https://doi.org/10.1002/cpa.20059
https://zbmath.org/?q=an:1073.35006
https://mathscinet.ams.org/mathscinet-getitem?mr=2142632
https://zbmath.org/?q=an:1383.44004
https://mathscinet.ams.org/mathscinet-getitem?mr=3729411
https://doi.org/10.1017/jfm.2011.377
https://zbmath.org/?q=an:1241.76227
https://doi.org/10.1103/physrevlett.112.144505
https://doi.org/10.1103/physrevlett.112.144505
https://doi.org/10.1017/jfm.2019.7
https://zbmath.org/?q=an:1415.86002
https://mathscinet.ams.org/mathscinet-getitem?mr=3903908

	1. Introduction
	1.1. Main result
	1.2. Spiral solutions for 2D Euler
	1.3. Self-similar solutions, nonuniqueness and finite time singularities for SQG and gSQG
	1.4. Main ideas of the proof
	1.5. Organization of the paper

	2. Self-similar solutions
	2.1. Adapted coordinates
	2.2. The equation in the new coordinates
	2.3. Trivial solution
	2.4. Formulation with appropriate scaling

	3. Functional regularity
	3.1. Function spaces
	3.2. Deformation of the Euclidean norm
	3.3. Regularity of the nonlinear function

	4. Linearized operator
	4.1. Linearization at the equilibrium
	4.2. Fredholmness at the trivial solution
	4.3. Expression of the linearized operator in Fourier series

	5. Invertibility of the linearized operator
	5.1. Kernel issue
	5.2. Mellin transform

	6. m-fold symmetry and main theorem in the variables (β,φ)
	6.1. m-fold symmetry in function spaces
	6.2. Main theorem in the adapted coordinates

	7. Recovering the solution in the original coordinates
	7.1. Invertibility of the change of coordinates
	7.2. Solution in the physical variables
	7.3. Main result

	A. Radial solutions
	B. Special functions
	References

