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Abstract. We construct a large class of nontrivial (nonradial) self-similar solutions of the gener-
alized surface quasi-geostrophic equations (gSQG). To the best of our knowledge, this is the first
rigorous construction of any self-similar solution for these equations. The solutions are of spiral
type, locally integrable, and may have mixed sign. Moreover, they bear some resemblance to the
finite time singularity scenario numerically proposed by Scott—Dritschel [J. Fluid Mechanics 863,
article no. R2 (2019)] in the SQG patch setting.
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1. Introduction

The generalized surface quasi-geostrophic equations describing the evolution of the
potential temperature 6 read

0+ u-V)0 =0 in [0, 00) x R?,
u=—VE(=A)"1*7/29 in [0, 00) x R?, (1.1)
0(0,x) = By(x) for x € R?.

In this system u refers to the velocity field, V- = (—d,,9,) and y € [0, 2). The velocity
field is linked to the potential temperature 6 via the operator —(—A)~'+7/2 amounting to
u = V¥ty and

V1.5 = =220 = [ Ky (= )0,y dy. (12)
where
=+ log|x|, y =0,
Ky (x) = { o
e ¥ €02,
and C, = #ﬁ/)m The case y = 0 corresponds to the Euler equations and y = 1

to the surface quasi-geostrophic (SQG) model. In this work we will be interested in the
case y € (0,1).

The SQG equation (y = 1) models the evolution of the temperature from a general
quasi-geostrophic system for atmospheric and oceanic flows (see [21,56,68,75] for more
details). Constantin—-Majda—Tabak [21] pointed out the analogy between the SQG equa-
tion and the incompressible 3D Euler equations and carried out the first numerical and
analytical study of the equation. The gSQG or (SQG), model (1.1) was proposed by
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Cérdoba—Fontelos—Mancho—Rodrigo [26] as an interpolation between Euler and surface
quasi-geostrophic equations. Yet, almost 30 years after [21], the global existence vs finite
time singularity question remains open, even in the case y > 0. As a first step in the finite
time singularity direction, in this paper we construct self-similar solutions which have
infinite energy. We leave for future work the transformation of those solutions into finite
energy ones that may develop a finite time singularity.

1.1. Main result

Our main task is to construct solutions with a spiraling vortex singularity at the origin
that are perturbations of a stationary solution. Indeed, we will perturb appropriately the
following radial solution:

0(1.x) = fo(x) = |x| /¥ (1.3)

for © > 0. The singularity of the stationary solution (1.3) depends on the parameter .
However, we need some condition on pu to ensure the existence of the associated stream
function, that is, the integrability of the singular operator (1.2). In particular, assuming
that 6 is equal to (1.3), one needs

1 1
- <pU<-— 1.4
3 <H<3=5 (1.4)
to have ¥ (x) = Co|x|>~7~'/#, where Cy is defined in (A.2).
In this work, we will be interested in self-similar solutions. That means
0(t,x) = A1Te79(A Y Ax), VA > 0. (1.5)

By taking A = 1/¢ Hﬁ, the problem reduces to finding a self-similar profile 6 such that

1~ x
=) 1)
t 1+« t 1+a

Moreover, for the trivial singular radial solution (1.3) to be self-similar, one needs the
following condition on w and o:

f(t,x) =

l/p=1+a-y, (1.7)

which, together with (1.4), implies that @ € (1,1 4 y).
Our main theorem reads as follows.

Theorem 1.1. Lety € (0,1) and o € (1,1 4 y). Then there exists ¢ > 0 such that for any
27”-17eri0dic Q € Brrqo22p(1,¢) and p > ﬁ the initial condition

fo(re'”) = r=UteNQ(w)

determines a self-similar solution of the type (1.6) for (SQG),, for any m > 1 and where
Brr(q0,227) (1, &) refers to the ball of real-valued periodic functions defined in L? ([0, 27])
which are less than € away from the constant function 1.
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Let us remark that Theorem 1.1 states that any initial condition of that type leads to a
self-similar solution, and thus it has an associated self-similar profile. However, unique-
ness is not known in this class of solutions, and thus we cannot ensure that this is the only
solution with such initial data. Let us refer to Figure 1 to illustrate the kind of self-similar
profiles obtained in Theorem 1.1. Let us remark that compared to the Euler case studied
in [5,36,37], condition (1.4) gives 6y € LL  More precisely, we can prove that the initial

loc*

vorticity 6y belongs to LY with ¢ < min {p, 2} provided that Q € L.

loc

=——>

- /jj —
o=

Fig. 1. Left: the trivial self-similar radial solution (1.3). Right: the perturbed solution of Theo-
rem [.1.

We now summarize the previous literature related to this problem. We will first discuss
the 2D Euler equation, and then discuss the SQG and gSQG equations.

1.2. Spiral solutions for 2D Euler

The study of spiraling solutions for the 2D Euler equation has a long history due to its con-
nections to turbulence and nonuniqueness, which starts from the seminal work of Kaden
[64] and Pullin [76] in the context of vortex sheets. These vortex spiral solutions exhibit
nonuniqueness phenomena. Elling [36] constructed spiral solutions close to constant in
a high symmetry class, and later upgraded them to sign-changing solutions [37]. Lately,
Cieslak—Kokocki—Ozanski [18, 19] have proved global in time solutions in the form of
logarithmic spiral vortex sheets. See also [40] where spirals are reported in the context of
water waves.

Bressan, in a series of papers together with Shen and Murray [5, 6], has laid out a
very ambitious program to prove nonuniqueness by constructing initial data that can be
continued as either one spiral or two spirals. The idea developed in those works amounts
to proving some a priori estimates and establishing the existence of some of the building
blocks of the program, as well as providing compelling numerical evidence for it.

We remark that in our case, in contrast to the previous literature, we are able to achieve
solutions in any symmetry class due to the study of the full linear operator, as opposed
to (1) either a Neumann series in the symmetry class, where the contribution of one of
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the pieces of the linear operator dominates the other whenever the solution is sufficiently
symmetric [36, 37], or (2) the case of an inner domain where the problem has fewer
constraints [5]. Moreover, let us emphasize one fundamental difference between the Euler
case and the gSQG equations: in [5, 36, 37] the authors substantially exploit the fact that
the relation between the stream function and the vorticity is local, which does not hold for
the gSQG equations, and hence new techniques must be developed.

In [35], Elgindi-Jeong obtained global well-posedness for a class of patches with
boundary singular at the origin which includes spirals. In [33], they constructed a patch
solution whose boundary forms filaments which spirals around the center of the patch, as
time goes to infinity, which was suggested numerically by [32].

1.3. Self-similar solutions, nonuniqueness and finite time singularities for SQG and
gS0G

Resnick, in his thesis [79], showed global existence of weak solutions in L2 using the
oddness of the Riesz transform to obtain an extra cancellation. Marchand [70] extended
Resnick’s result to the class of initial data belonging to L? with p > 4/3.

The question of nonuniqueness for weak solutions of SQG is still a challenging prob-
lem which has received a lot of attention lately, starting from [2,63] up to the breakthrough
by Buckmaster—Shkoller—Vicol [7], alternative new proofs by Isett and Ma [62] and the
study of the stationary problem by Cheng—Kwon-Li [17]. It is likely that the scenario
crafted by Bressan and his collaborators for 2D Euler also holds in the gSQG case.

The problem of whether the SQG and gSQG systems present finite time singularities
or there is global existence is one of the most outstanding problems in mathematical fluid
mechanics. Kiselev and Nazarov [66] constructed solutions for which there is norm infla-
tion, and Friedlander and Shvydkoy [42] showed the existence of unstable eigenvalues of
the spectrum. We also refer to the construction of Castro and Cérdoba [10] of singular
solutions with infinite energy.

Aside from the analytical work, there have been many numerical results in this
framework. Constantin-Majda—Tabak [21] reported a possible singularity in the form
of a hyperbolic saddle closing in finite time. By contrast, Ohkitani and Yamada [72]
and Constantin—Nie—Schorghofer [22] suggested that the growth was double exponen-
tial instead. Cérdoba in his thesis [24] bounded the growth by a quadruple exponential
(see also later work by Cérdoba and Fefferman [25] on a double exponential bound and
numerical simulations by Deng—Hou-Li—Yu [31]), thus settling the question. 20 years
later, using improved algorithms and more computational resources, Constantin et al. [20]
recalculated the hyperbolic saddle scenario, finding no evidence of blowup. Scott [82],
starting from elliptical configurations, proposed a candidate that develops filamentation
and after a few cascades, blowup of V6. This is the only potential scenario in the smooth
setting known to date.

A simpler setting for the SQG and gSQG problem is the so-called patch setting,
where the scalar takes the form of the characteristic function of a time-dependent domain
with smooth boundary. Rodrigo [80] (in a C* space) and Gancedo [43] and Con-
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stantin et al. [16] (in a Sobolev space) proved local existence for 0 <y < 1land y > 1
respectively. Some 20 years ago, Cérdoba—Fontelos—-Mancho—Rodrigo [26] found numer-
ically strong evidence of finite time singularity formation in the form of a self-intersecting
patch where at the point of intersection the curvature blows up (the curve has to lose
regularity at the self-intersection point due to Gancedo-Strain [45]). They conducted
experiments for different values of y € (0, 1] and reported blowup for all of them; see
also [69]. Moreover, they numerically checked that the singularity was of asymptotically
self-similar type. Later, Scott—Dritschel performed a careful study using ellipses as initial
condition: On the one hand, in [83], after taking an ellipse with aspect ratio a = 0.16,
a self-similar cascade of filamentation is reported, where the filament width collapses to
zero in a finite time. On the other hand, in [84], a more detailed analysis is done (for ini-
tial aspect ratios a = 0.094,0.132,0.180), and the boundary is split into three scales: an
inner (faster) scale that develops a self-similar corner, a middle scale that develops a self-
similar spiral, and the outermost region. We note that there is some resemblance between
the middle scale of this analysis and the solutions constructed in this paper which are also
self-similar spirals.

Finally, we mention the formation of singularities in other geometries (in the presence
of a boundary) by Kiselev—Ryzhik—Yao—Zlato$ [67] (for 0 < y < 1/12) and Gancedo—
Patel [44] (for 0 < y < 1/3). We also refer the reader to [1,11,14,27,30,46,47,51,52,54,
55,57,59,60,71,78] for other results concerning global solutions for the gSQG equations.

Regarding negative results on self-similar solutions (i.e. when the only possible solu-
tion is the trivial one) Cannone—Xue [9] and Chae [15] proved that there are no locally
self-similar solutions under suitable technical assumptions, one of them being integrable.
Although our solutions decay at infinity, they do not decay sufficiently fast to be in L4
with g > 2 as needed in [9].

1.4. Main ideas of the proof

Let us give the main ideas of the proof. By inserting the ansatz (1.6) in the gSQG equa-
tions, we find the equivalent stationary equation for 6:

l+a—y 2 A " z A _
{ T+a 1 +a}e(z)—v- {(”(z)_ﬂr—a)e(z)} -0

where the vector field
z
1+«
is called the pseudo-velocity, and its integral curves are the pseudo-streamlines. Hence, in
order to find nontrivial self-similar solutions one needs to solve (1.8).

Motivated by numerous works in the literature about the existence of nontrivial steady
vortex patches in different active scalar equations [8, 29, 30,46-51, 54,57, 58, 78], we
will solve (1.8) via perturbative arguments by means of the infinite-dimensional implicit
function theorem. That means that we will look for nontrivial self-similar solutions which
are close to the trivial stationary solution (1.3). However, perturbative arguments cannot

q(z) == 1(z) - 1%“ = V(o) - (1.9)



Self-similar spirals for the generalized surface quasi-geostrophic equations 4245

be directly applied to (1.8) since the linearized operator at a trivial radial solution (1.3) is
not Fredholm. That comes from the fact that the solution is singular at 0. However, the
kind of singularity at the linear level of the terms with the radial and angular derivatives is
different, which complicates the choice of the appropriate weighted space. That problem
also appeared when perturbing radial functions in the Euler and gSQG equations [12, 13,
50]. The authors overcame such issues by either performing an appropriate change of
variables by means of level sets or by working in a suitable class of solutions.

In this work, we will tackle the lack of Fredholmness of the linearized operator when
working directly with (1.8) in the physical variables, by using the adapted coordinates
introduced by Elling [36]. Throughout the construction we will consider variables 8 €
[0,00) and ¢ € T. This will enable us to better understand the vorticity equation and
skip the Fredholmness issue. In particular, the linearized operator is Fredholm in the new
variables and we can analyze its kernel using the Mellin transform and, as a result, we
will be able to use the infinite-dimensional implicit function theorem to obtain a solution

OB.¢) == 0(z(B.9)). V(B.¢) =V (z(B.9)).
We will define a mapping (8, ¢) +— (r, ¥) via
d=B+¢, r=(—(1+a)v!/2 (1.10)

We will show that this is a bijection between suitable function spaces, and that the Jaco-
bian of the transformation does not vanish (Section 7.1). This implies that the change of
variables is well-defined, and we will show that we can come back to (é , 1/}) and thus find
the solution claimed by Theorem 1.1.

Let us remark that the above transformation is a nonlinear change of coordinates
which is implicit in the sense that it depends on the solution itself. Here f refers to the
angle along a particular pseudo-streamline. Moreover, 8 = 0 will correspond to spatial
infinity, while 8 = oo approaches the spiral center. On the other hand, ¢ is the polar angle
at r — o0o. Indeed, we refer to our solutions as spiral solutions due to the fact that for
each solution constructed in Theorem 1.1 there exist spiral variables (8, ¢) (as described
before) such that the solution is a function of B only. Moreover, the spiral variables (8, ¢)
resemble algebraic spirals in the sense that % = ¢ + ﬁ + g, where g is a smooth per-
turbation. Hence, for ¢ fixed, we observe in the i} variable the algebraic spiraling vortex
singularity at the origin. See Figure 2 for an illustration of the adapted coordinates.

The second equation above implies that the pseudo-velocity (1.9) has vanishing ¢-
component; see Proposition 2.2. Indeed, note that

(Zlﬁzl + 22/322)’

14+«

1 n z A _ —

1
(:321¢22 - :322‘1521)‘"1/5 - 1+ a(21¢z1 + 22¢22)) 'Vﬁ,q)@‘
Hence (1.10) implies
1
(:821¢ZQ - ﬂ22¢21)q”ﬂ - (Zl¢)zl + 22¢22) = 0 (111)

14+«
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(21, 22) (21, 22)

Fig. 2. Comparison between the polar coordinates in the (z1, z2) plane with the adapted (8, ¢)
coordinates. The pseudo-streamlines satisfy ¢ = constant and the point z corresponds to the inter-
section of the line ¥ = B + ¢ and the pseudo-streamline satisfying 8 = 0 at |z| = co. We remark
that values of B between 2k and 2(k + 1)7 correspond to k rotations of the spiral.

It is convenient to note that when assuming (1.11) we have

A z A 1
(VJ_V/ - H-_Ol) : Vze = {(:322(1’21 _,leqszz)q% - l—}—_ot(Zl'le +22,322)}®ﬂ, (1-12)
where only dg survives. It follows that the vorticity (1.8) written in the adapted coordi-
nates depends only on the B-derivative of ®. Thanks to that, a trivial solution to (1.8) is
found as
_lta—y _1/u

OB.¢) = (Vo)™ 2 Q) = (W) 2 Q(¢). (1.13)
for any €2, where 9, := 34 — dg. However, ® depends on the stream function ¥ and it
remains to check the elliptic relation (1.2) between these two functions. Written in the
adapted coordinates and using the functions ( f, 2) as in

WB.§) = —Cl% @ — DITEBIRE (14 f(B.9). Q) = (1 +a) TP,

the elliptic relation between the vorticity and the stream function amounts to

F(£.Q)(B.¢)=0, (B.¢)e[0,00)xT,

where
F(£.Q)(B.¢)
— +f(ﬁ,¢)_(_1)57iM ~ 5

47 Co(1 + 01)052;1
1

// h-Ta pTra {(—858 + 05/ (0. @)} 2 {29) 4 95 (b, D)} QP) dbd D
X

D(f)(B.¢.b, ®)/2 ’
(1.14)

with (here and throughout)

I=rr
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and

D(f)(B.¢.b, @) := Vg + Ty — 2\11}3/2@;/2 cos(¢p + B — D —b)

-2 [a—1 =2 [a—1
:ﬂ1+a{1+a—|—8§f(/3,¢)}+b1+a{1+a~|—8gf(b,d>)}
Y (a 12001 1/2
_2ﬁ1+ab1+a{1+ Az f (B, ¢)} {H—a+3gf(b,q3)}

xcos(p+ B —P—b)

1/2 i (a—1 1/2\2
(ﬂ1+a{ o T8 f(ﬁqb)} —b1+a{1 a+8;f(b,<1>)} )

1/2

V2 (g -1
+opl 0| {1y + /0.0
x(1—cos(p+B—D—5b)). (1.15)

Notice that the expression of F (see (1.14)) does not depend on dg, which is crucial for
our analysis. Indeed, the choice of the adapted coordinates is the key point of this work
due to two facts: first, we can solve the vorticity equation with (1.13), and second, the
nonlinear equation only depends on one derivative, as opposed to (1.8).

The proof of the main theorem relies on the application of the infinite-dimensional
implicit function theorem to F in appropriate spaces. The choice of the function spaces
is important since one needs to find not only that the nonlinear operator is well-defined
in those spaces but also that the linear one is an isomorphism. Therefore, the spaces are
somehow constrained in order to have the invertibility of the linear operator (however,
the nonlinear one also has to work there). A “simple” unweighted — Holder, Sobolev —
space will make the analysis extremely complicated (at best) or simply fail. Moreover, it
is natural to use weighted Holder spaces since we are working in an unbounded domain.
We also remark that the papers [5,6,36,37], which were set up in the context of the Euler
equations, also propose versions of weighted Holder spaces. Further, since our trivial
solution has a singularity at 8 — oo, one has to deal with that issue, as well as with the
decay at B = 0. It is crucial for this decay to be well understood not just at the linear level,
but by the action of the nonlinear operator, which is a much harder task. Let us also point
out that the function F differs from the one used in [5,6,36,37] when working with the
Euler equations since there the relation between the vorticity and the streamfunction is
local, as opposed to the gSQG equations.

In particular, using Propositions 4.3, 4.5 and 5.1, together with Section 5.1, we find
that the linearized operator has the following expression as a Fourier series:

0 FO, Dh(B.¢) =D e ™ L4 (gr)
keZ

+2ﬂ111abl?rla{‘lx_

with g (B) := e "By (B) and

Lilgr) = gk(ﬁ) +lk

“Ber(B) + —ﬁgk(ﬁ) — ik Ji(gk)(B).
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where
J(B) = [O ¢k (b) K (B/b) db

for some kernel K. In Section 4.2 we will check that o fP: (0, 1) is Fredholm of index
zero from X f S o Yol , where the function spaces are defined in (3.5)—(3.8).

In order to apply the implicit function theorem to F', we shall check that the linearized
operator is an isomorphism from X7’ S 1o YO, However, due to its Fredholmness, it is
enough to check that its kernel in X % i trivial. In general, there is no simple and success-
ful method to perform the spectral analysis of a linear operator, and the analysis depends
on the problem itself. Here the Fourier coefficients depend on f. Thus, to study the kernel
one has to solve a nonlocal integrodifferential equation and there is no clear way to do
it. For example, in the past, we have been successful in using computer-assisted methods
to overcome this difficulty [14, 28, 38], yielding very long papers and tens of thousands
of lines of code. Other alternatives have been to use asymptotic expansions in the modes
where the solution is supported [36,37,48,49] at the cost of a weaker theorem. See also
[3,53,61] for a brief sample of alternative solutions in fluid mechanics to address the
linearized operator problem. In our case we found a good compromise between difficulty
and outcome by resorting to the Mellin transform

M[f)(s) = [0 ¥ () dx,

and exploiting the scaling of the operator. The main advantage is to use the following
properties:

D) IE(f A Q) 1= [5° F(N() Y then Mf A g)(s) = M[f1Mg].
@) M[x*f1(s) = M[f](s + ).

Using these properties, one can aim to understand better M [J;](s) as a function of
M gi](s) and M[K](s), possibly evaluated at different values of s, by solving a func-
tional equation for M [J;] instead of trying to deal with Ji itself. Naturally, the class
of potential Ji’s that could be amenable to this analysis is not restricted to the previous
example since we only use very soft scaling properties of the kernel.

Concretely, motivated by some works on coagulation and fragmentation models
[4,39] we will apply the Mellin transform to obtain a recurrence equation with singu-
lar coefficients. The usage of the Mellin transform is new in this context as far as we can
tell, and we look forward to our method becoming more mainstream. See also [23,41]
for other instances of the Mellin transform being used to perform energy estimates.In our
case, we will relate our recurrence equation to the moment problem [81] concluding that
the function in the kernel is singular and indeed does not belong to our function spaces.
Finally, after showing that the implicit function theorem can be applied to the formula-
tion in the adapted coordinates, we shall prove the invertibility of the adapted coordinates
when we are close to the trivial solution, in order to come back to the physical variables.
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1.5. Organization of the paper

The paper is organized as follows: In Section 2 we set up the problem and rewrite the
equations in the adapted coordinates. In Section 3 we define the function spaces we will
work with and perform estimates at the nonlinear level. On the other hand, in Section 4
we perform regularity estimates of the linear operator. Section 5 is devoted to the spectral
study and in particular the invertibility of the linear operator. Finally, Sections 6 and 7
comprise the reduction to m-fold symmetry classes and the translation of Theorem 6.2
into standard coordinates. We also include two appendices: Appendix A concerns basic
results on radial solutions of the fractional Laplacian, whereas Appendix B deals with
basic properties of some special functions needed throughout the text.

2. Self-similar solutions

In this section, we provide the definition of a self-similar solution to the gSQG equa-
tions together with a formulation that characterizes them. Note that solutions to the gSQG
equations (1.1) are invariant under the following scaling: for ¢ > —1,

0(t, x) = 6,(t, x) = ATV oAY Ax),
u(t,x) —uy(t, x) = A%u(A %, Ax), VA >O0.

We will say that a solution 6 of (1.1) is self-similar if 8 = 6 for any A > 0. That is,
O(t,x) = A1V Ax), VA > 0. 2.1)

Hence, for the trivial solution (1.3) to be self-similar in the above sense, we have the
following condition on the singularity parameter t depending on o and y:

1
—=1l4+a—y. 2.2)
7

By (1.4) and (2.2) we find that
l<a<l1l+y. (2.3)

Now, by taking A = 1/ 1 TH% in (2.1), our aim is to look for self-similar solutions of the
form

(1, x) = 1+1a_yé( al ) 2.4)

t T+a {1+«

for some self-similar profile 6.
In the following proposition, we give the expression of u with the self-similar ansatz.

Proposition 2.1. If 0 takes the form (2.4), then
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where i = —VJ-(—A)_HV/Zé. Moreover, (1.1) is equivalent to
l+a—ya, 1 A N A
0 -VO(z)—u-VO(z) =0, 2.5
L0 + oz Vi) — i Vh ) 23
where z = —%—.
t T+o

Proof. First, let us compute u assuming (2.4):

u(t,x) = =VH(=A)"120(, x)

Gy (x —y)*
=2 [ sty daw)

C 1 -yt .
- [t () 4o
A eSS JR2 X —ylY t THa

X y L
e -
o CVV 1 t1+a (11—0—% tﬁ> é y dA
= 4g ey vz |, y+2 1 )
t T+a tT+a JR X _ y t THa
(Ha T

x )L
Cyy 1 / (,ﬁ‘y A 1 [ x
= 6 dA = 5
4w e Jr2 |« _ ‘HZ () dA) [ﬁu -
=

where fi = —VL(—A)~117/24,
Let us now check (2.5). Note that

2,0(.x) = 1—|—a—y 1 5 X _ 1 1 by (Vé) X
e T\ ) 1 4a (S e

+
{ to yé(2)+1iaz~Vé(z)},

1 X 1 1 A
Ta—y I(VO)( 1) = ey T VIO
t T+oa  fl+a t 1+a t T+a flto

Vot x) =

Then
0:0(t,x) + (u(t,x) - V)0(t, x)

! +1{14“‘)‘_V63(z)+ l_il_az-Vé(z)—ﬁ(z)-Vé(z)},

| 1ta

leading to the equivalent equation (2.5):

l+a—ya,
—f
Tta (O3

Note that since V - 71 = 0, this equation can be written as

l+a—vy 2 ~ . z N _
{ Ta 1+a}9(z)—V-{(u(z)—H—a)(?(z)} =0. (]

! —z- V(z) —ii(z) - VO(z) = 0.
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Similarly, let us define
(@) = ~(=0)77%6(2).

The vector field .
1+«

is called the pseudo-velocity, and its integral curves are the pseudo-streamlines.

q(z) = 1i(z) — Hia = V(o) - 2.6)

2.1. Adapted coordinates

Our aim is to perturb the stationary radial solution (1.3) to find nontrivial self-similar
solutions with a locally integrable singularity at the origin. However, perturbation tech-
niques, for instance the implicit function theorem or the Crandall-Rabinowitz theorem,
seem to be difficult to apply to radial solutions to gSQG or Euler equations due to the
very special structure of the equation. Roughly speaking, the nonlinear operator and the
linear one behave very differently in terms of the singularity at the origin. That makes the
choice of the appropriate function spaces difficult and leads to problems in the Fredholm
structure of the linearized operator. A similar issue appears when dealing with uniformly
rotating solutions, which was solved in [12, 13, 50] by restricting the class of solutions or
doing an appropriate change of variables by using level sets of the vorticity.

Although here we are not dealing with rotating solutions, our equation (2.5) has a
very similar structure close to the radial solution (1.3). Moreover, we will have to deal
with extra difficulties due to the singularity of (1.3) at 0 and its behavior at co. More
precisely, we are now working in an unbounded domain and we need to use appropriate
weights at 0 and oco. In order to overcome the problem with the Fredholm structure of
the linearized operator, we will work with some adapted coordinates instead of the usual
polar coordinates.

Let (r, %) be the polar coordinates with z = re’?. We would like to find some adapted
coordinates (B, ¢) such that the pseudo-velocity (2.6) has vanishing ¢-component. In
order to define that change of coordinates one needs to give two equations relating (r, )
and (B, ¢). The first one will relate ¢ to 8 and ¢, where we will think of ¢ as a new angle:

9=B+¢. peT. 2.7)

In the following proposition we find the second equation defining the change of coor-
dinates, which will be a nonlinear expression of § depending on (7, ¥}) making the ¢-
component of the pseudo-velocity vanish (which will help us to solve later the vorticity
equation in Proposition 2.4). We shall see that the nonlinear expression is indeed an
implicit function that depends on the solution itself. Denote

~

OB, ¢) :=0(z(B.9)), W(B.¢):=V(z(B.$))

Proposition 2.2. Ifr = (—(1 + a)\llﬁ)l/z and O = B + ¢, then the p-component of the

pseudo-velocity V11 — -2

Tra vanishes.
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Proof. Let us compute the term (VLlﬁ — Tra)" V.0 in terms of (B, 9):

VLA_ ol Vzéz _Az _Z_l éz Az _Z_2 éz
( 4 1+a) (Wz 1 +o el W27 1+ o 2
= {_\Pﬁﬂzz - ‘p¢¢22—1‘:~_71a}{®/3:321 + ®¢¢21}
+ {\I’ﬂﬂzl + \I’¢¢zl—%}{®ﬂﬂzz + ®¢¢22}
1
1+

= {(ﬂ21¢22 - ,Bzzd)zl)\pﬂ - a(zl¢zl + 22¢22)}®¢

1
+ {(ﬂ22¢21 - 1321¢Zz)\1}¢ - m(zlﬂzl + 22,322)}®ﬂ
1
1+«

1
1 + o (Zl¢zl ~|— 22¢22)) . Vﬁ,q;@

= ((ﬁzzd’zl - ,321¢22)lp¢ - (21,321 + 22/322)s

(:321¢22 - ﬂ22¢21)w,3 -

We claim that under the definition of (r, ) in terms of the new variables (8, ¢) we

achieve {

14+«

(,321 ¢22 - /322¢zl )qjﬂ -

Note that assuming (2.8), we have

(z1¢z, + 22¢2,) = 0. (2.8)

~ ~ 1
(w - Hia) V.6 = {(ﬁ22¢zl — Borhy) Wy — (2185, + 22/322)}@5,

1+«
where the factor multiplying ® is vanishing and therefore we can conclude the proof of
this proposition.

Let us check our claim. Note that by a change of variables one has

Vg =— 2

A 1+oz|Z|

Moreover, using #(8,¢) = B + ¢ and z = z(r, V) one gets
ZXzg = |z|2,

implying

Wg == +a(zxz,3). (2.9)

Now, let us write the expression of zg. For that, let us compute the Jacobian of the trans-
formation

-1
21,8 Z1,¢ — ,321 IBZQi| — 1 |: ¢22 _ﬂ22:| 210
[Zz,ﬂ 22=¢i| |:¢Zl ¢Z2 :321¢22 - ﬁzzﬁbzl _¢Zl ﬂzl ' ( ’ )
Hence

1
_:321 ¢22 - :322¢Zl

zZ X ZB = ZIZZ,/S _ZZZl,ﬂ = (Zl¢zl +22¢22)o
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That implies that (2.9) agrees with

wo_ 1 1
b l+a :321¢Zz - ﬁ22¢21

(Zl¢zl + 22¢22)7

or equivalently

1
1+«

which leads to (2.8). u

(:321¢22 - ﬂ22¢21)qjﬂ = (ZI¢Z1 + 22¢22)’

Let us remark again that the change of variables of the previous proposition is a non-
linear change of variables that depends on the solution; indeed, it depends on the stream
function. Later, in Section 7.1 we will check that we can come back to the physical vari-
ables and thus the change of variables is invertible. Moreover, from now on define

0y = 0¢ — 0g. (2.11)
In the following, let us compute the Jacobian of the transformation.

Proposition 2.3. The Jacobian of the transformation (B, ¢) — (z1, z2) is given by

14+«

J:
==

Yy
where 0, = 0p — dg.

Proof. Recall that the matrix of the transformation is given by

J= [Zl’ﬂ Zl"”]
22,8 22,9
From Proposition 2.2 we have
— 1/2 —
r=(=1+au)¥g)'", =p+9,
and using this expression, we can compute

0421 = 0,21047 + 0921040

—2cos(@)(—(1 + ) Wp)/2(1 + )03, ¥ — r sin(®),
dpz1 = —% cos(®)(—(1 + )Wp) "V /2(1 + @), W — r sin(D),
0pz2 = =1 sin(@)(=(1 + ) Wp)7V/2(1 + @) 355 ¥ + r cos(¥),

0pza = —% sin(®)(—(1 + a)Wp) "/2(1 + @) 035 ¥ + r cos(?).

Then, after some straightforward computations, we finally find that

|
2

|J| =z1822,¢ — Z1,¢22,8 = Wge. [
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2.2. The equation in the new coordinates

In Section 2.1 we have defined the adapted coordinates that will be used throughout this
work. Recall that we have chosen the coordinates in order to have the ¢-component of the
pseudo-velocity vanishing. In this way, we find

N A 1
(w - HL“) V6 = {(ﬁzﬁm ~ Bridea) Vo — (1P + zZﬁZZ)}@),e,

and then the vorticity equation (2.5) is equivalent to

14+ a-—
4+«

E L0 0) = {(Beate ~ B9 ¥g — 15 Gaba + 2B |05 @12

The very special structure of (2.12) involving only the S-derivative of ® gives us a trivial
solution. That will be discussed in the following result.

Proposition 2.4. Equation (2.12) is equivalent to

(I+a—y)O(B.9)¥pe(B. ) + 2W,(B.¢)Op(B.¢) = 0. (2.13)
Proof. Let us start from (2.12) taking into account that
1 2

Bzrzy — Bz, = -1V = = -,
2y Pare |J| (1 +a)Wg,

that is, (2.12) amounts to

14+ oa—
1+«

2 '
®(ﬂ d)Vgy + {H—a‘pgb + 1 f“; (2182, +22.322)}®ﬂ =0. (214

Let us now compute z18;, + 228z, = (z1,22) - V,B. Note that

gt =P 522} - [ 2.4 _ZW]. 2.15
|:¢21 ¢z, IJ| [=22,6  Z1,8 ( )
Then
_ 2 _sin(z?)(l +a),,
Bz, = e { 5 8¢ﬁ\11 + rcos(z?)},
_ 2 _cos(ﬁ)(l +a), o
Bz, = a +a)\115¢{ o 8¢ﬁ\ll r51n(19)}.

After some straightforward computations we find

2r2 _ Wy
(l + Ol)\Ifﬂ(p \Ifﬁw '

Zlﬂzl + Z2ﬂ22 =

Putting everything together, we conclude that (2.14) is equivalent to (2.13). ]

By taking into account the equivalence between (2.12) and (2.13) we find a trivial
solution for the vorticity equation given in the following corollary.
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Corollary 2.5. Equations (2.12) and (2.13) have the following trivial solution:

1+a—y

OB.¢) = (W)™ 5" Qp) = (¥,)" 2 Q). (2.16)

for any function Q.

Via the adapted coordinates, we have simplified the nonlinear equation (2.5) to (2.13)
where a trivial solution is found by (2.16). However, this does not take into account the
relation between 6 and 1/} via the singular integral operator (1.2), and this will be our aim
from now on. Note that

oy = Cr [ 00)
VO = o e e

dA(y). (2.17)

By writing (2.17) in the adapted coordinates with the help of the previous computation
of the Jacobian of the transformation in Proposition 2.3 together with the trivial solution
from Corollary 2.5, we find that it amounts to (recall that | := [5" [>°)
w(p.g = &0 tLa)l-v/? // (Wy (b, @)~ 5 Q(®) Wy, (b, D) db dD
’ 4m {(—Wp— Wy + 20202 cos(p + f— 0 —b)}/2
(2.18)

In this expression we use the fact that r = 0 corresponds to 8 = oo, and r = 0o means
B = 0 as we shall see later, which is the reason we have a change of sign in the integral
(2.18). Hence, our aim is to find functions W and €2 such that

F(W.Q)(B.¢) := V(B.9)

R i // (W, (b, )™ 2 Q() Wy, (b, D) db d D
4 {(—Wp — Wy + 20,20, cos(¢p + p— @ — b)}/2

(2.19)

for any § € [0,00) and ¢ € T. In (2.19) we have used the fact that 1/u =14+ o —y
coming from (2.2).

2.3. Trivial solution

The problem reduces to the study of the nonlinear equation (2.19) which is nothing but the
relation between €2 and W. In this section, we look for trivial solutions of that equation.
The trivial solutions come from the fact that any radial function 8 provides a stationary
solution of (1.1), where the stream function is also radial. Here, we will use the computa-
tions of Appendix A for the fractional Laplacian.

Proposition 2.6. If

QOZ;
(1+o¢)ﬁ
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and 5

WO(B) = —Cg (= 1) 178 I, (2.20)
then F(W°, Q%)(B,¢) = 0 for any B € [0,00) and ¢ € T, where Cy is defined in (A.2).
Moreover, the adapted coordinates (r, ) — (B, ¢) at the trivial solution read

B=Cola—1)r 7% ¢=10—Colax—1)r 7%
Proof. The trivial solution that we will construct comes from the stationary solution
0(x) = |x| 7"
for1/2 < pu < ﬁ From Corollary A.2 we know that v is also radial and is given by
Y(x) = =Colx P71 = —Colx|'7,

by using (2.2) and where Cj is defined in (A.2). Using (2.4), we have é(z) = |z|7V/n
and ¥/ (z) = —Co|z|* . Since 6 and ¥ are a solution to the original elliptic equation, it
suffices to write it in terms of (B, ¢) to find the associated solution of (2.19). Hence, let
us now express the solution in terms of (8, ¢).

First, let us find an explicit relation between 8 and r via the nonlinear change of

variables in Proposition 2.2. Indeed, we have Wg = —1;—20[ and

2

- r
0,V (z) = Cola — )r™® = 9,f0g¥ = —8,,31+—a.

Hence
0,8 =—Co(l +a)(a — 1)r 272,
implying
B = Cola— yr='72, 2.21)
which amounts to 1 1
r = (Coloe — 1)) e g~
Since « > 1 and r € [0, 00) we see that B € [0, c0). In this way, we can compute ¥
depending on 8 as
2 o 1o
WO(B) = —Cg T (@ — 1) TFe pIFE

Let us now compute 2. Note that

e 1
o =(ga-n) %
and using the relation (2.16), we find
QO = ;1
1+ o)z
That concludes the proof. ]

Remark 2.7. The solutions that we aim to construct are perturbations of the singular
radial stationary solution (x) = |x|~'/#. The associated initial stream function is also
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radial and can be computed via Corollary A.2 as ¥ (x) = —Co|x|>7V~V/# = —Cy|x|'~*.
Note that both the potential temperature 6 and the associated stream function have a
singularity when |x| = 0 since o > 1 via (2.3). However, the change of variables (r, ¢) —
(B. ¢) at the trivial solution gives us B = Co(1 — a)r~!7%. Hence, # and ¥ written in
terms of 8 are not singular at 8 = 0 any more, but they are singular as 8 — oo.

2.4. Formulation with appropriate scaling

Our aim is to construct solutions which are perturbations of the trivial one (2.20). Since
a > 1 we see that W0 in (2.20) vanishes at 0 and diverges at co. We shall use similar
scaling for the perturbations. First, we shall simplify the constant in ¥ and €2 by working
with ¥ and Q instead, where

V(B ¢) = —C T (@ — DT (B, ¢), Q) = (1 + ) 20 Q(g).
In that way, (2.19) reads

F(V,Q)(B.¢)

2 l—«
—Cy T (a0 — 1) TFe

B4 () G )T @ D%
= U(p.¢) ~ (1) e

. // (B (b, )22 (D)W, (b, D) db d D
{(—Up — By + 20,20, cos(¢p + p— @ — b)}/2

Hence, we take f satisfying

~ a=1
V(B.¢) = piFa(l + f(B.9)).
and we divide the equation by Fa getting the equivalent formulation

L w1 F(U.Q)(B.
F(r)p.g) = pire P DED
e (- 1) iFE
=14 [(8.9)
o g

—(=1)" BRER]
( 1) . 47‘[C0 ﬂ

5 // (U, (b, ®)) 27 (D)W, (b, B) db dD
{(—p — By + 20,20, cos(¢p + p— @ — b)}7/2

We can compute Bwli’, Bﬂlif and aﬂw‘il in terms of f:
a—1
1+«

15 0(8.9) = ﬂ+{ T a,;f(ﬁ,qs)},

o —

1
Txa " 3¢7f(,3,¢)}, (2.22)

2 —1)
(1+a)?

9, 0(8.9) = ﬂl‘fa{—

930 (B.6) = ﬂ—lﬂlfa{ ¥ 8Wf},
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where the linear operators d 3 0z and 8% are

o
/B0 =17 (2.23)
Igf(B.¢) :==— (B.9), (2.24)
-1
2
= (1(0; a)zf ﬂ(fw 18) + B> - (2.25)

Hence, F reads

F(f.Q)(B.¢)

-1 C —1 aT_l a—1
=1 +f(ﬁ,¢)—(—1)ﬁm—)ﬂﬁf‘f"‘
471C0(1 +Ol) 2
// b T (L 0 £ (b, @) {2 4 g £ (b, @)} (@) db D
X

D(f)(B.$.b. ®)¥/2

)

(2.26)

where
.\ 3 =1/271/2
D(f)(B,¢,b, D) := lIJﬁ —l—\IJb—Z\IJﬂ v, cos(p + B —D—»b)

—ﬂ1+a{

— [a—1
+8 f(B, ¢>)}+b1+a{l+a +8bf(b,<b)}

o (a 12001 1/2
e S o) (S0 6.0

xcos(p+pB—D—b)

1/2+ 2
+ 8,;f(b, q))} )

—1 [a—1 12 = fa—1
o (e 1 1200 1/2
+ 2B TFa pTFa { ﬂf(ﬂ ¢)} {1+a+3gf(b,<b)}

x(1—cos(p+B—P—-0)). (2.27)

Let us remark that in the expression of F no ¢-derivatives appear. Indeed, it only
depends on dg and d,. In that way, we will not assume any boundedness of dy in our
function spaces. Moreover, since we are working in the unbounded space [0, o) and the
trivial solution is singular at 8 = 0, we shall insert some weights in the function spaces
to be defined in the next section.
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3. Functional regularity

3.1. Function spaces

The choice of function spaces is a crucial point in this work. In particular, application
of the infinite-dimensional implicit function theorem to F relies on those spaces: they
need to be preserved by the nonlinear operator, and also the linearized operator has to be
invertible in those spaces. Since we are dealing with an unbounded domain (8 € [0, 00)),
one needs to use weights in the function spaces that control the decay in 8. Moreover,
the fact that d4 does not appear in the expression of F is important to later check that
the decay is also accounted for by the function spaces. That is why we will not assume
any differentiability of f in ¢. Let us now introduce the function spaces we will use
throughout this work.

First, let us describe the function spaces for the scaled perturbation f. Indeed, we will
assume that f is bounded and has appropriate decay at 0 and co. We need the decay in
order to tackle the singularity at 8 = 0 and 8 — oo in the nonlinear equation.

For o > 0 (to be fixed later), let us define the weighted norm

1 + 20
o = sup ST gy G.1)
Be[0,00), pcl0.2x] B

We will assume that f is Holder continuous in 8 and define

| f(B.9) — f(b.9)]
= b’ ,
IIfIICg ¢€s[3’r;n] uﬁgﬂl |B + bl B b

(3.2)

and Lipschitz continuous in the periodic variable ¢, with

f(B.0)~ /(5.9
o | , 33
s e sn(@—9)/2) >

Hence, let us define
X8 = {f :[0,00) x [0.27] > C | || | o5 := Il fl|ooo + IIfIICg <oo}. (34)

Note that the functions f lying in X satisfy
f~oB% o~ B,

which will be crucial to work with the singularity at 0 and at oco.
Now, we can define the function spaces for f:

XP0i= £ | 1815 Blo B2 foo € X701 f Iin, + 1B ling < o,
FB.8) =Y Bt} 33)

keZ
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with the norm

1f lxos = 11f llxcos + 1Bfpllxcos + 1Bfoll s + 1182 fop | 00
+ 1 llLipy, + 1878 ILipg - (3.6)

Notice that the expression of the nonlinear operator (2.26) only involves derivatives of
the type d, and dg, but not d4. For that reason, we only consider such derivatives in the
function space (3.5) and we will take into account that d4 = d, + dg. However, we shall
require Lipschitz continuity in ¢ in order to tackle the singularity of the denominator
in (2.26).

Moreover, let us denote by By 0.5 (€) the ball in X f’g centered at 0 and of radius €. Let
us remark that 1 ¢ X f S (this is thle associated trivial solution after the scaling in (2.26))
because it does not have the same decay at 0 and co. Hence, we will have to subtract
the contribution from the trivial solution from the nonlinear operator to obtain its well-
posedness.

Remark 3.1. For f € X7 5 one has 9 B [0z 1. 8% f € X% where those linear operators
are defined in (2.23)—(2.25).

We will assume that €2 lies in the Lebesgue space L? for some p that will be fixed
later. Then we define

X7 = {feLp(O,Zn) f@=1+ Y fke”‘¢}. 3.7)

0#keZ

Remark 3.2. As we can observe in the statement of the main result of this work, Theo-
rem 1.1, the generality of the choice of 2 depends on which space it belongs to. We will
assume that 2 belongs to an L? space for some appropriate p. Indeed, the parameter p
will be defined in such a way that the nonlinear operator is well-defined; see Propositions

3.9 and 3.10. In particular, p has to satisfy p > ﬁ

Finally, we set the range space:

YOO = {f | fBfp € X7% || fllLip, < 00} (3.8)
with the norm

1fllyo.s := lf s + [1Bfollago.s + [1f llLipg -

From now on, denote by By (c, r) the ball in X centered at ¢ and of radius r, and we write
just Bx (r) when ¢ = 0.

Remark 3.3. Note that any function f € X f"g can be decomposed into a Fourier series
in ¢, that is, there exist fi (8) such that

fB.¢) = fu(B)e™ .

keZ
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Although we are looking for a real function f, which will be the perturbation of the
initial stream function, we will consider it initially as a complex function. Later, we may
just include in the function spaces the assumption that f is real.

Moreover, we can translate the decay properties of f into the coefficients fj. In that
way, we find that f € X where

Xo:=1{f :[0,00) > R | f. Bf" € X%}, (3.9)

Although the space X% was defined in (3.4) for functions depending on (B, ¢), we will
also use it for functions only depending on . Note that functions with Fourier coefficients
in X are not necessarily in X7 ¥ We can do the same for f € Y since the associated
Fourier coefficients lie in the space

Yo:={f :[0,00) > R | f € X9%. (3.10)

These spaces will be used in order to check that the kernel of the linearized operator is
trivial.

Remark 3.4. The function spaces used in [5, 36, 37] for the Euler equations cannot be
used here. This is due to the different formulation of the nonlinear function F used in
those papers. Note that the relation between the stream function ¥ and the vorticity w
in the Euler equations is given via a local relation. Therefore, there is no need to use the
nonlocal expression via a singular integral, as we have to do for gSQG equations.

Remark 3.5. We assume that €2 is of the form

Q) =1+ Y gk,

0#£keZ

where 1 is the trivial solution and then no perturbation of the mode k = 0 is done. This
ensures that we do not obtain more trivial solutions and that the solution is nonradial.

Remark 3.6. Function spaces with weights are commonly used when working in an
unbounded space. Moreover, a weight must be considered when taking any derivative.
That happens also in [34], where the authors have to include some weight even for the
Holder norm. Note that if f only depends on the angle ¢ (and not on B), then these
weighted function spaces are the usual spaces C!, L™, etc.

3.2. Deformation of the Euclidean norm

In order to study the regularity of the nonlinear function (2.26), we shall work with the
denominator given in (2.27). The denominator is nothing other than the Euclidean norm
deformed by the adapted coordinates and the scaling. That occurred also in [48,49], where
the authors introduced some cylindrical coordinates amounting to a deformation of the



C. Garcia, J. Gémez-Serrano 4262

Euclidean norm. Hence, estimating from below the denominator

D(f)(B.p.b. ®) := Vg + B, —20,/2¥, cos(¢p + p— © — b)

1/2 i (a—1 1/2
(/31+a{1+ + 9z f(ﬂ¢)} —bl+a{1+a+3gf(b7¢)} )

1/2

BT Lt S I3) g Lot SRS
l4+o A7 1+a
x(1—cos(p+B—®—-b)) (3.11)
is crucial to study the regularity of (2.26). That is the goal of the following proposition.

Proposition 3.7. There exists € > 0 such that if f € B0.5(0,€) then
1

|8 —bI?
B+ bJ?

D(f)(B.6.b.®) = C(To +b1+a){ +sin2((,3—b+¢—q>)/2)}~ (3.12)

Remark 3.8. In particular, we find that D( f)(B8,¢,b, ®) > CD(0)(B,¢,b, P). Moreover,
we also get D(f)(B,¢,b, D) < CD(0)(B, ¢, b, D).

Proof of Proposition 3.7. Take f such that f € Byo.s(€). In particular, 9 7 f e X% and
1
195 f lLip, < oc. Hence,

1
C_1<ot—1
14+«

_ o—1
C l<ﬂ+aﬁf(ﬂ’¢)<c’

+ 05 f(b,®) < C.
By symmetry, that implies
D(f)(B.¢.b, @)
=1 [a—1 172 =1 [a—1
1+a - — N
S e R

+CTN(BTFE + b1 ) (1 — cos(¢p + B — D — b))

1/2
+35f(b,q>)} )

for some C uniformly in b, 8, ¢, . Let us work with the first part. Note that

=1 1/2 -1 (a—1 1/2
‘ﬂ‘“‘{H + 35/ (B, ¢>)} —bl+a{“r +85f(b,d>)}
' BIFa {45k + 05/(B.¢)) — bT¥o {452 + 95/ (b. @)

e {2l 4 a5 1 (B ¢>}”2 T‘{Ha + 05 f (b, @)

B } by + 0 /0. @)}
ﬂ1+a +bl+a

1/2
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On the other hand, we have

-2 (o—
TFa
i

—2 (a—1
R e RN
> |1 —bTHa | — (BTFa + bT59)[35 (B, ¢) — 05/ (b. D)

2 —2 b
> |/31+a+b1+a|{'§ 105/ (6.9 - a;f(b,<1>>|}.
Then we find
1 (- 1/2 1 (« 1/2
e e R e e )

|B— bl

—1
> T+a _|_b
8 |{ﬂ+b

1057 (B.) — 05 f(b,cb)|},

which implies

2

1/2
+ 85 f (b, @)}

1/2 -1 [a—1
e e R O e

B —b|?

> |ﬁ1+a +b1+a|{|,3+b|2

1051 (B.4) — 5 £ b, <1>>|2}.
That is,
D(f)(B.¢.b, ®) 2 (BTFa + bTe)
18— b
{Iﬁ gD + (1 —cos(¢ + B —P—b)) — [0z f(B.9) — 05/ (b, d>)|2}. (3.13)

It remains to work with

105/ (B.¢) — 5./ (b, P)|.

Since we should bound this quantity by Jg;gl‘ or 1 —cos(¢p + f — @ —b), we need to
define the auxiliary function

g(B.x) =05 f(B.x —p).
In that way, taking x = 8 4+ ¢ and y = b + ® we have

105 f(B. @) — 05 f (b, P)| = |g(B,x) — g(b. )|
= [g(B.x) —g(b.x)| + gD, x) — g(b, y)I. (3.14)
For the first term we use the mean value theorem. Note that dgg behaves like 9, f* and

B0y f, by the definition of 0 B Then, from the definition of X f’8 in (3.5) we infer that
B0y g is bounded. In that way, we find that

|8 — b

§(B.x) —g(b. )| = Cll fll o8 5=~ B1b
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For the second term, we use the Lipschitz continuity of f* and B3 (and hence 0 B f) with
respect to ¢, obtaining

lg(b.x) = g(b. y)| = Cl flIyoslsin((x = y)/2)].
Byusingx =8 + ¢ and y = b + & we find

|p — bl
B+b

Coming back to (3.13) and using the fact that || /|| 0.5 is small enough we get (3.12).
1

051 (B.#) — 5./ (b, ®)| = C ||f||Xg..s{ +5in3(B— b+ g~ <1>>/z)}.

That concludes the proof. ]

3.3. Regularity of the nonlinear function

In the following proposition, we deal with singular operators defined as

b~ e h ¥ hy (b, D)ho (D) db dD
D(f)(B.¢.b, D)¥/2

This will be crucial in order to prove later the regularity of the nonlinear functional (2.19).

Hy(h, h2) (B, P) = p i // (3.15)

Proposition 3.9. Let y,0 € (0,1) and o € (1,2). Then there exists € < 1 such that if
S € Byos(0,€) and
1

1 y—a+1
0<o<minld 2 Y=l 414y, (3.16)
1+« 1+«
then
[#s (h1, h2)llyos < Cllhillxosllh2llxs, (3.17)

and f v Hy is C1, for any p > ﬁandS < min{l —y,0}.

Proof. The proof is very technical and will be divided into several steps. We will provide
the key points and the general ideas.

o Hy € L°°. Using Proposition 3.7, we can bound H#r as

|Hy (hy. h2)(B. P)
§C/3_?+;;ﬂl+%/ piz 0.+ B—n—b)llha(¢ + B —n—b)ldbdn

(BFa + bria){IB=2D 4+ sin?(2)}772
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w—t // bTFaho (1 + b) 2% |hy(p + B — 0 — b)|

1
< Cﬂ_1+aﬂ1+u > 5
—b|2 . /2
(/3 T+ 4 b 1+a){% + S1n2(%)}y

y (1 +b)20
bo‘
20 20 (1 + Bz) 2% |ha(¢p + B — 1 — B2)]
= C g
o e e

[1+2z|2

|hi(b.¢ + B —n—b)ldbdn

(1+pz)*
(B2)°

where we have made the change of variables b = fz in the last equality. Then, we find

|h1(Bz.¢ + B —n—Bz)|dzdn.

[ (h1, h2)||Loo.o

< C|lhy||peoo|lhz]lp1  sup dz.

B€[0,00)

[oo (1+p)% zT7azo|l 4z
o (L4+B2)27 |1 —z|7|1 + z|TFe
Recall that @ > 1 by (1.7). In order to estimate the above integral, we split into several

cases. Take ¢ > 0, and let us work with B € [0, ¢) and B € [e, 00) separately. First, if
B € [0, ) we find that

/°° (1+8)% zTFazo|l 42|
su
pefo.y Jo (1 +B2)% || —z|v|1 + z| e

—2
/°° zTFa z%|1 + z|¥
0

<C sup —dz <C
Bel0,e) [T —z|Y|l 4 z| T+
it +1
0<o<?"2"T 1 Jca<i+ty (3.18)
1+«

In the case B € [¢, 00) we have

© (14 B)2° ezl 4 z|Y

w [ -
BeleooyJo (1 +B2)2 |1 —z|r|1 + z|THe

—2
1 zTFa |1 4 z|Y
§Csup/—0 |+|ydz§C
Bele,0) JO 27 |1 —z|V |1 + z| THe

if
a—1
O0<o< . (3.19)
+ o
Hence, we find that
D fa—1 y—a+1
0 <0 < min , , I<a<l4y (3.20)
1+« 1+«
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e HreC g . Let us now check the Holder seminorm. Take f; < f, and so

_a—1 _a—1
B, T < B, T (3.21)
Taking the difference of # at two points we arrive at

|Hy (hy, ha)(B1, @) — Hy(hi, ha) (B2, B)
sk ([ b b Ty (b, ®)ho(®) db dD
= ‘H~ D(f)(B1.¢.b. @)Y/
|t b—nl«azbl‘ﬁxhl(b,@)hz(@)dbd@'
2 17 D(f)(B2.$.b. @)Y/
clBr—pal /[bwzafﬁxhl(b,qnhz(@)dbd@‘
|ﬂ1 181 + Balf D(f)(B1.¢.b, ®)/2

//‘b a hFa hy (b, D)o (D) db d®
D(f)(B1.¢.b, @)/

- // b~ e h 1% hy (b, D)ho (D) db dD
D(f)(B2.¢.b. D)/?

Due to (3.21) and using the previous analysis to bound J{r in L°>? we get

(131 l+a + 132 l+a

4 ,B;W

'. (3.22)

_a—1 _a—1
(/31 T+a +/32 1+o¢)

// b= THa hT%a by (b, D)ha (D) db dcp‘
D(f)(B1.¢.b, D)¥/2

Hence, we need to estimate the second term in (3.22). Due to its expression, we will need
to work with the difference of the denominator at two points. Thus

D(f)(B1.¢.b,®) — D(f)(B2.9.b, P)

= V2 (a—1
:( 1+ { T a ¢)} —b +a{1

1/25 2
+85f(b,q))} )
o

= o — V2 (a—1

- (s +awa@} -l t
—1 V2o —1

PR G M e TR )

X (1 —cos(¢p + 1 — ®— b))

_ 1/2 1/2
« ;-%%wa@} {g—i+ﬁhﬂb®%

1/2
+ 05 £ (b, cp)} )

1/2

1+
x (1 —cos(p + B2 —D—b)). (3.23)
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Let us estimate it in several steps. First,

o [a—1 V2 (a—1
(s {Sos vopronn) —oee {0

- 12 (e
- (s Fops e} b

1/27 2
+ 05 f (b, CD)} )

1 1/2
T +abf(b,c1>)} )

<

S (g 1/2 o 1/2
e I MR I e PR )

1 12 —1 —
| (s {5 + 5o 00} —bw{‘fw

1/2
+ 05 f (b, CID)} )

+ (ﬂ‘;{—+8 f(B ¢)}1/2—b1+‘a{°‘_1 + 05 f(b @)}1/2)
2 1+ > 1+a B :

where

—1

= i T+a
B +3gf(ﬂ1,¢)} - A

1/2
cp)}

BT {5t 4 05/ (B, ¢>)} '+“{1+a + 35/ (Ba. @)}'
1+ol +ﬂl+a
‘<ﬂ‘+‘* ﬂz‘“"){m + 95/, ¢>}+ﬁ£+“{a f(B1.®) — 05 f(ﬂz,cb)}'

l+o¢ + ﬁ l+oz

I +a

<C

1B1 — B2
1B1 + B2|®

<Cﬁl+°‘ +ﬂ1+o¢ 1B1 — Bl

C 1+oz l+o¢
ﬂ1+a+ﬁl+a 1B1+ B2l5 ~ AR iy

Hence

(a1 ~ 12 =L fa—1
[ e R e

1/2
_ T+o a— . ﬁ Ol—l
(s {i s +ops | e {i

1/2
+ 05 f (b, CIJ)} )

1/2
+ 05 f (b, d))} )

- 7 _ ) 1/2_ = o —1 . 1/2
sc|(p | vaprpup) o a9

=1 -1 1/2 . -1 1/2
+ (ﬁé*”{f+a +8/;f(ﬂz,¢)} —bW{‘er +a,;f(b,q>)} )
1 _ §
x {ﬁ 1+a +ﬂ21+a}||§11 +7;z||8
81 — Bal®

< 1/2 1/2y, TFa o
CD()(Br. 6.5, 972 + DB, b, 0BT + By 2
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Now let us estimate the second part of (3.23) using similar ideas:

1/2

V2 (0 —1
95/ (. ¢)} {m o5/, <1>)}
X (1 —cos(¢p + 1 — D — b))

l+°‘b]+ot
A {1+

L | 1/2 | 1/2
G b R O R R )

x (1 —cos(qﬁ—i—ﬂz—d)—b))'

§ —1 -1 1
||§1l + ﬁ2||8 (BT + By T b1

X sin?(( + P1 — P — b)/2) + sin(§ + B2 — ® — b)/2))
L Clsin (B — Ba)/D|(BIF + 7o )b s
x {sin® (¢ + 1 — ® — b)/2) +sin> ° (¢ + fo — © — b)/2)}

|,31 B2
|l3 + Baf?

(B + piFe )b
X (02 + B1 — = )/2) 4 si? (@ + 2 — O — b)/2)}
Ta+t + 8]
x {sin® (¢ + 1 — © = b)/2) +si” (¢ + B2 — D — 1) /2)}
< BB 4 DB 40,90 4 DU 0

1B — Bal® F+s +8

T+a 1+a
Birpp it TR

x {sin! 3 ((¢p + 1 — @ — b)/2) +sin' (¢ + B2 — D —b)/2)}
x (D(f)(Br1,¢.b, )2 + D(f)(B2. ¢, b, ®)'/?).

1B1 — Bal°
1B1 + B2l®

1+0t +6

+C (/3 b1+lot

+C

Finally, we get

[D(f)(B2.9.b. @) — D(f)(B1.9.b. D)|

|,31 Bal® e
|,81 T 5 |8(,3 + B, + By + B, )

X (D(f)(B1,9.b, ®)/* + D(f) (B2, b, ®)?).  (3.24)

—1 —1
l+a+8 TFa 6

Hence
1 1
D(f)(B1.¢.b.®)"2  D(f)(B2.4.b. )7/
_ DU)(B2. .. 9)"2 = D(f)(Br. ¢, b, )2
= D(f)(B1.9.b.®)2D(f)(Ba2. $.b. B)Y/2
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< D()(B2.9.b.®) — D(f)(B1.9.b, D)
- D(f)(ﬁl,qb,b,<I>)”/2D(f)(/32,¢>,b, D)r/2

(D(f)(ﬂz $.5.9)°F + D(f)(B1.9.b.®)*7")
and using (3.24) we find

1 1
D(f)(B1.6.b. @72 D(f)(B2.b.b, ®)7/2
|,31 /32|8
|l31 +,32|5

1+a+/31+a+/31+a+3+/3111a+3

D(f)(B1.9.b. @) /2D(f)(B2.¢.b. ®)Y/2+ D(f)(B2.¢.b. @) /2D(f)(B1..b, ®)7/2"

(3.25)
Let us come back to (3.22) to obtain
|Hy (hy, ha)(B1, @) — Hy(hi, ha) (B2, @)
81 — Bal° 1B1 — Bol® ot _
C C “ b~ THabhT¥a |hy (b, ®)| |hy(P
- |/31+,32|8 + |,31+,32|5ﬂ2 // * + lh1( ) 72 (@) x
1+a + 8] Fa + Bl Fats +B] Fats
D(f)(ﬂ1,¢,b,<1>)‘/2D(f)(ﬁz ¢.b, )2+ D(f)(B2.¢.b, ®)V2D(f)(B1., ¢. b, P)7/?
x dbdo.
By virtue of Proposition 3.7 we can bound the denominator as
|Hy (1, h2)(B1. @) — Hy(h1, h2) (B2, )]
181 = Bal° 81 — Bal° v, =2
C C b~ T+apT+a |hy (D, D)| |ha(P
<l i ] PO e 9
X( : _ _ ,3 1+aI31+a
(B 1 by (pITe + b Ta) Bt 4 sin?((By + ¢ — b — @)/2)}
1
X
(Bt 4 sin?(Ba + ¢ — b — @)/2))"
N By By
(BIF7 1 by (BT +b%){|'§2+g"2 +sin?((B2 + ¢ — b — ®)/2)}/*

1
B (B + o —b— @)/
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X B, BBl
(BT + bR BT + b 4 s (B + 9~ b - 0)/2))7
1
\lﬁé;ilp +sin*((B2 + ¢ — b — @/2)};//2
. B, BT Bl

(B bR BT+ b o sin® (B2 + 9 b - 0)/2))

|B1—b[2 2 : WZ)dbdQ'
fse s (Br + ¢ — b — ©)/2)}

Let us show the bound for the third integral, and the others will follow similarly. Since
hy € X%, we have

// B, T g ke p T |y (b, @) hao(®)| db d @

1+a +b 1+"‘)(ﬂ Fa +b 1+o¢){||g]1:_2|; +sin®((B1 + ¢ — b — CD)/Z)}I/2

dbd®d
‘Ing—rZIé +sin®((Bo+ ¢ —b— CD)/Z)}V/Z

< Cllhllgoe B [/ B a5 b7 (1 + 5)27 |y (@)
0,0 1
(ﬁl+a +b]+04 {Iﬂl+b|2 +sm2((ﬂ1+¢ h— @)/2)}1/2
« dbd®
{\lgj+l;||z +sin®((B2 + ¢ — b — <I>)/2)}y/2

Y ol
T+a 1+abmb0 l_l_b_zah D) dbdd
< Cllmapt [ — P (14 5)27 |ha(®)
(B, fa

: -
T b Ha) BB fin((, + ¢ — b — @)/2)|Y [B2520

forv € (0, 1) with
1—v+ye(1). (3.26)
Hence

—1
/f By T I b e e 1y (b, 9) (@)

(ﬁ1+a +b1+a)(/31+°‘ +b%){|lg1+bl‘2+51n2((131+¢ b— @)/2)}1/2

dbdd
\lﬁé;glp +sin®((B2 + ¢ — b — q))/z)}y/Z
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Y _a=1  _
o] '321+a ﬁz T+o bH‘iZD‘ba(l + b)—20

v
0 (gThe o pita) Bibl Y 1ByblY
(B2 + b g om= 15

< Cllhy||pooo B

21
x /0 sin ™ (B2 + ¢ — b — ®)/2)] |ha(®)] d db.

Note that by interpolation we get
27
| s (B2 9 - b= @)D Iha(@)] do
0

27 1/ 2 1/
SC(/O |h2<<1>)|1’d<1>) ,,(/0 |sin”<(d>)/z>|qd<1>) !

< Cllh2llxp (3.27)

provided that vg < 1 and 1/p + 1/q = 1. By using (3.26), we can choose any p such

that |
— <p. (3.28)
-y

Finally, using the change of variables b = f,z we get

_a—1 =1 _
// By 1T BIF T ke e |y (b, @) [ha(®)]
TFe | )BT 4 i) (1B L o2 b @) /?
(:81 + )(/32 + ){|ﬂl+b‘2 + sin ((ﬁ1+¢ )/ )}
» dbdd
(Bt 4 sin?(Ba + ¢ — b — )/2))"

Y _a—l _
o} ﬁ21+a132 1+ab1+72abc(1 +b)—20

< C|lhi ||z lh2lly 2 BS ; db
2 0 T+a Tha ) 1B1=b'"V |B—blY.
(By™ + DT (g am= 7517
—2
LT (28,)° (1 + 2B2) %
< Cllhilo 2l [ e M LA M
0 (1+z 1+a)1—2_—z
[B1+zB2117V [1+z]Y
< Cllhllzeellhzllx 2. (3.29)

where we have used B8; < f8,, and which is bounded provided that ¢ satisfies (3.18) and
(3.19) and
8 <o,

in order to get the boundedness as B, goes to co. Hence, putting everything together we
find that

1B1 — Bal°

|Hy (Br.p. b, @) — Hy (B2.¢.b, P)| < Cllhi]|Looc || h2llxr Bt Bl

implying that #y € Cg.
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e J{s € Lip,. We shall prove that
|J€f(/3’ ¢17 b’ (I)) - Jff(ﬂ’ ¢2’ b’ q))| = C|51n((¢l - ¢2)/2)| (330)
For that we need to estimate the difference of the denominator at two points:

D(f)(B.¢1.0.®) = D(f)(B.$2.b, ®)

a—1

-1 (a—1 1/2 —1
=(ﬂ1+a{ T e e

1+« o

1/2+ 2
+35f(b,<1>)} )

-1 [a—1 1/2 1 [a—1 1/2y2
_(’81+a{1+()[+8ﬁ_f('8’¢2)} —bl+a{1+a+agf(b,q>)} )

oa—1
1+«

2 (01 1/2
+0p1 B Ty + 10,0

+2,31+‘ab1+‘a{
X (1 —cos(¢r + B —P—D))
a—1

14+«

-1 -1 172 a—1 172
o g | |y + 010,00

X (1 —cos(¢a + B — P —b)).

Hence

ID(f)(B.91.b. @) — D(f)(B. ¢2.b. D)|

< Clsin((¢1 — ¢2)/2|(BTF& + bTFa)(D(f)(B, b1.b, D)2 + D(f)(B. b2, b, ®)V/2).
(3.31)

Therefore

1 1
D(f)(B.b1.b.®)7/2  D(f)(B.p2.b. ®)7/?
_ DU)(B.41.b.9)"? — D(f)(B.$2.b. )"/
= D(f)(B.91.b. ®)2D(f)(B. $2.b. D)7/
_ IDU)(B.p1.b.®) — D(f)(B.$2.b, D)
= D(f)(B.b1.b. ®)Y2D(f)(B.d2. b, D)7/
1

X 2—y 2—y
D(f)(B.¢2.b. @) 2" + D(f)(B.¢1.b, D) 2"
and using (3.31) we find

1 1
D) B 1.6 ) D) B b. O)2| ~
Clsin((¢1 — $2)/2)|(BT7& + bTFe)
D(f)(B.-$1.b. ®)2D(f)(B. $a.b. ®)72+ D(f)(B. 2. b. ®) 2D (f)(B. 1. b. ®)7/2
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In that way, we obtain

|97 (B, b1, b, ®) — H/ (B, o, b, )|
< Clsin((¢1 — ¢)/2)|p~ T

X// p~T¥ah1Fa (BTFa 4 h1a)|hy (b, ®)| [ha(P)| db d®
D(f)(B.¢1.5.®) /2D (f)(B. $2.b, )2+ D(f)(B.d2.b, ®)'/2D(f)(B. $1.b, D)7/

b~ TEa b TFe (BTF + b5 [hy (b, D)| |ha(®)| db d D
D(f)(B-d1.b. ©) /2D (f)(B. 2. b, ®)7/

< Clsin((91 — §2)/2)|~F /[

< [sin((¢1 — ¢2)/2)|B 5
X//_ b_ﬁb%(lgﬁ +blTTla)|h1(b, Q)| |h2(P)|dbd P

v v =1 =1 _ _pl2 .
(BT + b ey pe 4 bive ) [P LBPE 4 in2((B— b + g1 — ©)/2)} 2

b~ ¥ b1 |hy (b, ®)| [ha(®)| db d D
= =2 18— Ve )
BTHa +b Fa }M%|sm((ﬂ—b+¢1—®)/2)|v

= Clsin(gr—¢2)/ 2185 [[ {
Using now (3.27) we get

|Hy (B, ¢1.b, ®) — Hy (B. p2. b, D)
°© p~ e b 150 b (1 + b) 2 db

=Y =Y —p|yv+1—v
{(BTF@ + b 1+a},||/[;3+b|‘W

< Cllhllyos i llp Isin((é1 — 62)/2)|8~ 15 /0

for pwith1/p + 1/qg = 1 and gv < 1 as in (3.27). The change of variable b = zf leads
to

|Hy (B p1.b, @) — Hy (B, ¢2, b, D)
o0 zljrizaz"(l +zB8)"%0dz

Y ‘1_Z|y+17u
T LIS L—
{1 +Z +°‘}|1+Z‘y+l—v

< Cllhl xos a2l xp [sin(($1 — ¢2)/2)|ﬁ”/0

< Cllhillxos 1h2llxp
provided that y + 1 — v < 1, p satisfies (3.28) and o satisfies (3.18) and (3.19).
o B0,y € L°°. By using the expression of #y we find
a—11
l+ap

P // bTFE T by (b, ©)ha(@)d D(f) (B, 6, b, )
D(f)(B.$.b, )%

dpHy (1, h2)(B, ) = Hr(h1, h2)(B, d)

N[

dbdd.
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Note that

By (hy. o) (B, ) = —Jff(hl,hzxﬁ $)
Y wesamr [[ BTEEBTE (b, ®)ha(®)3, DS (B, 6.b, D)
~Lppte //

2+V

D(f)(B,¢,b, @) 2
= Jb + s, (3.32)

dbdd

where the first term was already studied in the previous steps. For the second term, let us
compute the derivative of the denominator:

30D )(B.6.b.@)
. _ 1/2 .
o G B BT T
003 (6. 9)

xﬂl_
2L 4 o5 1(B.p)) "

a—1 1/2
1+a+8bf(b,cl>)} )

5 1/2
+a,§f<ﬁ,¢>} 9905 /6, ¢>{ e cb)}
x(l—cos(¢+,3—<1>—b))
2 1 1. -1 (a-—1 1/2 o —1 1/2
L +a{1+—a+8ﬂf(ﬁ,¢)} {H—a+8bf(b,<b)}

ap
X (1 —cos(p +B8—D—5)), (3.33)

—1 -1 |a—
+ BTFapT+a
P {1~|—a

implying that

18, D(f) (B, ,b, ®)| < CD(f)(B. $, b, B)/>pTFa (3.34)

E
In this way, we find that
1B H (h1, h2)(B. @) < C|Hy(h1,h2)(B. D)
b opribpted [ LI E .G p o= Dl6 L p bl g
D(f)(B,¢,b,p +p—n—b) 2"

< ClHy (h1, h2)(B. $)I

T+a ;201 o —20 o
+ Cllhllyos8° ,31+a// ¥ 2 15 hO (1 + B2)"2|ha(p + B — n — b)| db dn

v — . 14y
1+a)(,31+a bl+(x {||3+1;|‘2 + Slnz(n/Z)} 2

Using (3.27) we get
|BdpH (h1, h2)(B. @) < C|Hy (h1.h2)(B. §)|

o0
+ Clhalges el

z

(B

;21)0(1 + /32)—20
e ) BB

[B+b[TF7="

db.

Hy 2
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Then

B3 H (hy,h2)llo < Clih1]l xoslh2llxp (3.35)

provided that (3.18) and (3.19) hold, as well as (3.28)and 1 +y —v < 1.

o BoyHy(h1, ho) € Cg. Since Hy(h1, h2) € Cg, we have J; € Cg. Hence, it remains
to check the term #, in (3.32). Take B; < fB»; then they satisfy (3.21). Let us write the
difference of J¢, for these two values as follows:

Ha(B1) — Ha2(B2)
2o ([ bTREBTEG hy (b, ©)ha (D)3, D(f)(B1. b, b, B)
=Ch // D(f)(Br. 6.5, D)2
x{ : — - : = }dbdcp
D(f)(B1.$.b. D) D(f)(Ba . b, D)3
+cpr // b hy (b, ®)ha (D) (D D(f)(Br, b, b, B) — 0, D(f)(B2. b, b, )
D(f)(Br. ¢, b, ®)/2D(f)(B2, ¢, b, ®) 2"

% dbd®
b ¥ b7 hy (b, D)hy (D), D b.b. D
+Cﬂl+o¢// FapTFa hy (b, D)ha(P) (1{3(/3205 )
D(f)(B2,¢.b,®) 2
1 1
- dbd
8 {D(f)(ﬂlvqb,b, ®)1/2 D(f)(B2.¢.b. @)1/2} ®

+C(,31+a ﬁzl%)// bmbmhl(b»¢)hz(¢)3¢D(2{3(ﬁz,¢,b,@) db dd
D(f)(B2,¢,b,P) ="
=:Ho1 + Hop + Hoz + Hos.

By using (3.25) and (3.34) we can bound #, ; and #, 3. Let us estimate J5 ;. From
(3.24) we find for § = 1 that

ID(f)(B2.¢.b.®) — D(f)(B1.9.b, D)
181 — Bl
|81 + B2
< (D(f)(B1.¢.b. ®)"/? + D(f)(B2.¢.b. ®)'/?).

+1

o o oz+1 o
C (ﬂ1+ +[31+ +,31+ +ﬂl+ )

By interpolating with

|D(f)(B2..b.®) — D(f)(B1.9.b. D)
< |D(f)(B2.¢.b.®) + D(f)(B1.¢.b. D],

we find
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D) (Ba. d.b. ®) — D(f)(Br. $.b. )|
1B1 — B2
<C
B %)
< (DU )(B1.§.b. )75 + D(f) (B2 $.b.®)°F).  (3.36)

Hence using the ideas in (3.25) together with (3.36) we find
1 1 |f1 — ,32|8
JESA Ly | = =Co—7 \B1 + B |8
D(f)(B1.¢.b.®) 2" D(f)(B2.¢.b,P) 2 1T P2

ﬂ1+a+ﬁl+a+'31+a+8+ﬁljr&a+8

D(f)(B1.¢.b. ®)P/2D(f)(Ba. . b. ®) =" +D(f)(B2. §.b. ®)/2D(f)(B1. . b, ®) ="
(3.37)

+8 +8
8([31+a _i_IBH-a +ﬂl+a “r,BH—a

Hence, (3.37) together with (3.34) amounts to
|H2.1]
amﬂzwﬂ'ﬂﬂ“”Wwwmmmm+wwﬂﬁm
R D(f)(Ba, ¢, b, ®)¥2D(f)(B1,p, b, ®) 2"

|ﬁ1 182| 1+a l+a
=Rl P
+8

b b i s (b, @) (@ BT + BT )
Jl

S 8
BT 4 b L 2By — b+ ¢ — 0)/2)) 1B,
dbdd

(it +sin((Br = b+ 6 - @)/}

e + b T e |

X

Using the ideas for (3.29) we finally get

8
bl ?LMmLommu
1

for some constant C provided that§ < 1 —y,d <o and p > ;= —-
Let us turn to J, 3 and show the main idea. In order to work with that term, we should
estimate the difference of d, D( /') at two points. Note that

a‘/’D(f)(ﬁ’ ¢’b» CI))

-1 (a—1
=2(pT+a
(5 {l—i—a
e

20, pa | 2L 4o [ A
i R T et B B O]
x (1 —=cos(¢p + B —P—b)).

|H1] < C

o —

1/2
T + 0z f(bdD)} )

1/2 »
+opf|  —be{ T

1/2
+%fw¢ﬁ }
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By working with that term as for (3.24) we obtain

106 D(f)(B1.¢.b. ®) =y D(f)(B2.9.b. D)

1 — B 1+a | o T 1 o151 lJra+1
<o BB+ B BT BB 4 By ). (3.38)

which, interpolating with (3.34), is equivalent to

106 D(f)(B1.¢.b. ®) =y, D(f)(B2.9.b. D)

|ﬁ ﬂ | 1+a 1+o 1 a+8 1 a+8
C|ﬂl+ﬂ2|5(ﬂ18ﬁ+ + 0BT +ﬂ15ﬁ+ + 8,0
< (8,15 BT D(1)(B1. .. ®) T + 85 15 707D D( 1) (8. 6.5, ®) T,

(3.39)

Then, the key point to bound #> » is the use of (3.39) instead of just (3.38).
Finally, the estimate for the last term J¢» 4 follows identically as for Bd, H#y € L°°
taking into account that

THe _ pTia 1Br—B2| p1Ha | piia 1B1=Bo| o1
B g s c BBl gite y grte) < ¢ 3.
181+ B2 [B1 + B2l
The C! regularity of J, in f follows similarly by estimating the associated Fréchet
derivatives. |

In the next proposition, we state the well-definedness of the nonlinear function
together with its C! regularity.

Proposition 3.10. Let y,o € (0,1) and o € (1,2) satisfying (3.16). There exists € < 1
such that F : Byo.5(€) X X7 — Y98 is well-defined and C for any p > ﬁ and § <
1

min{l — y,0}.

Proof. Letus prove that F is well-defined and C! in f, where we shall use the expression
of F(f,Q)in (2.26). Note that the first term in that expression is just the constant 1, which
is not in ¥ %% since it does not decay appropriately at 0 and oo. For that reason, we need
to add and subtract the contribution of the trivial solution in F, obtaining

F(f.Q)(B.¢) =
F(B.g) — (—1)7 C"(a—l)tl(ll(f Q) + L) + L(£.Q) + L(£.)(B.9).
47‘[C0(1 +O[)
where
B ~r¥a b e | (-2t + 05/ (b. @)} ﬁawf(b,<I>)52(<I>)dbdﬂI>
L(1:8) == ff D(f)(B.¢.b. ®)7/2 |
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2 —1)

(14 a)?

X[f b e p T [{—2=L 4 0; £ (b, @)} — (—eL)" %]Q(é)dbdcb

D(f)(B.¢.b, ®)/?
_ 2= o-I T e b THa p THE QD)

LU =07, )2{ 1+a} |l D). 9.5, ) 2D(O)(B. $.b. )72
X{D(O)(ﬂ ¢.b.®)"> = D(f)(B.4.b.®)"'*}dbd®,

2o — ){ a—l} // p~ e pTHa (Q(D) — 1) db d D

1+a)2| 1+a D(0)(B.¢.b, )72

Note that now f € Y% and it remains to prove that [; € Y98 fori = 1,2,3,4.
By using the operator # defined in Proposition 3.9 we can write

L(f.Q) = ——=p 7

14(f. Q) =

) =aa ({500 +er) o),

o — 2w o:—l_ﬁ
om=ea({ 55t e L2 o)

for some constants o1, a». Then, by Proposition 3.9,

ten] e

l+a Ko
_4L _ L
—1 _f 2n a—1) 2«
l4a  ° l+a Xy a
= ClQlxp 1S lxee

Moreover, Proposition 3.9 shows that /; and I, are C Lin f. It remains to check the
well-posedness and C'! regularity of /5 and I4. Let us start with /4.
Note that

Hillyos + Mallyos < C||Q||X2"{‘

a1 b~ e pTHa (Q(®) — 1) db d D
L(f.Q)(B,¢) = Cp~TFa
(LD = P f/ (BT¥a 4 hT¥a — 2pTFa hTHa cos(p + f — ® — b)}¥/2

_ cptk ﬁ// i 2 bﬁ(iz(®)rl)dbd©
{BTHa + bTHa —2BTHaphT+a cos(¢p + B — @ — b)}¥/2
= Cp~ TR BT Ly 1 (£, Q)(B. §).

where C is some constant which is not important in this proof. Let us first check the
L°9 norm. Take first 8 € [0, Bo]. Since we have 2 — 1 in the numerator, we get an extra
cancellation at 8 = 0. This comes from the expression of Q — 1:

Qp—1= ) gre'*?

0#£keZ
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where the mode k = 0 vanishes, implying that
2w
(Q(P)—1)dd =0.
0

In this way, we obtain

1/e p1¥a (Q(d) — 1) db dd
(bTHa)\v/2

27
o1 (f,2)(0,¢) = lim /

£=>0 Jo

1/e % 2
— lim bz—db (QU®) —1)dd = 0.
e20Je  (pTHaY/2

Then
a—1 )4
(1+B)> “eprta
s 1a(f)(B.¢) = sup <C,
pelo.pol  P° pelopol  PB7
since o < yH —2 due to (3.16). Now take B € [Bo, 00) and note that /4 can also be written
as
Y —2
_a=1 b T+apT+a (Q(P)—1)dbd D
I4(ﬂ Q)(ﬂ’¢) = Cﬂ 1+o // —2 —2 —1 . -1
(BTFe + bTTe —2B 174150 cos(@ + f— D —b)}/2
_a=1
=:CR Fa L4 »(f,2)(B, ¢), (3.40)
where
lim 145(f.Q2)(B.¢) =0,
B—o0
since 2 — 1 has a vanishing 0 Fourier mode as before. Since 00 < ¥—- by (3.16), we get
sup  14(f.€2)(B.¢) < C.
B€[Bo,00)

Now make the change of variables b = (z in the expression of I, to get

L(f.Q)(B.¢) =C f/ _ Zm(?(q)) —Dadbde . (34D
{1 + zTFa —2zT+a cos(¢p + B — ® — zB)}¥/2

where we can prove easily the C? regularity in B and the Lip regularity in ¢ using that
expression and the ideas developed in Proposition 3.9. Applying 9, to (3.40) we find

B La(f,2)(B.$) = CB"L(f.Q)(B.§) + CB~' p~ TFa
X[/ b_mlera(Q(CD)—l){,BlJra —,3‘+°‘b1+°‘ COS(¢+ﬂ ®— b)}dbqu

{BTF4 + bTTa — 21T b 1He cos(g + p— B — b)) "
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Let us check the L°>° norm of 89, 14. The first term is clearly in L°%° and the second
term can be written as

24y

e // b~ T¥a hTFa (Q(D) — 1){BTFa — BT3ahTF¢ cos(dp + f — D — b)} db dd
(BT + hTFa —2BTFa 17 cos(p + f — D — b)) 5"

= BT Iy 3(B, ¢) =: B TFa BTHa 1, 4 (B, ¢)

with 14.4(0, ¢) = 0 due to the structure of 2 — 1, and
lim I43(8.¢) = 0.
B—o00

Arguing as before for /4 working with 4 4 for 8 € [0, Bo] and with 1,4 5 for 8 € [Bo, 00)
we find that 80,14 € L°°. In the same way we can prove the Holder continuity of that
term and the C! regularity in f.

Let us consider /3. A priori, it cannot be written in terms of J¢, but it has the same
scaling and the estimation goes similarly. Let us just give the first ideas. Recall

el bTa b TFe Q(P)
I3(f.Q) = Cp~ 1+ /[ D(f)(B,$,b, ®)*/2D(0)(B,$,b, D)¥/?

x {D(0)(B, ¢, b, ®)/> — D(f)(B, ¢, b, ®)Y/*} db d ®.

Notice that

|DO)(B,¢.b, ®)'> — D(f)(B,¢,b, ®)"?|
|D©O)(B. .b,®) — D(f)(B.$.b. D)
= T |DO)(B. b, b, ®)1V2 + D(f) (B, ¢, b, ®)1-V/2|

Via Proposition 3.7 and Remark 3.8, we know that D( f') is bounded below by D(0):

D(f)(B.9.b.®) = D(0)(B.¢.b, D)

and so

et [[ bTREHTHE QD)
(D] = Cp e // D(f)(B.4.b,®)""

o 1PO)B.$.b. @) — D(f)(B.$.b. D)
D(0)(B.9.b, @)

Moreover, using the expression of D( f) in (3.11) we find

dbd®. (3.42)
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|D(0)(B. ¢. D, <1>> —D(f)(B.¢.b, ®)| < C|DO)(B,d,b, ®)"/? + D(f)(B,¢.b, ®)"/?|
1/2 - 1/2
Hﬁw{ 105 /(5. ¢>} —ﬁ'+a{ 1}

-1 [a— 1/2 L (a—1Y2
+‘b'+"{1+a+35f(b,d>)} —b1+a{1+a}
1 1/2 o—1 1/2 o — 1/2
+,31+a {—1+ + Igf(,B ¢)} _{1+(X} 1+ a +8bf(b (]5)
x [sin((B + ¢ — b — @)/2)]
i a—1 " (a—1 2y \V2
o 1+ {1+a b/ } _{1+a} ISln((’3Jr"5_b—‘1>)/2)l].

Since dp, f(B, ®) is bounded in L*° we get

|D(0)(ﬂ’¢’b» CI)) - D(f)(:B’(p’b’ q>)|
< C|DO)(B,¢.b. D)+ D(f)(B,¢.b, ®)"/?|

L 1/2 a—1112
o L e e R et
—1 [[a—1 1/2 a—1)"2
+ bT+e {H—a+8gf(b,q))} —{1+a} ]

Now, we wish to take into account the bound for f and using the fact that the norm of f
is small, we can write

DO)(B.$.5.9)~D()(B.§.b. ®) < CIDO)B.$.b.®)"/>+D(/)(B.$.b.®)"/?|
X [BT54105.1(B.9)] + b T34 |35/ (b. ®)]].

In this way, we decompose /3 into two integrals and use again Remark 3.8 to compare
D(f) with D(0):

13(/.9)
ooy [f bFebE|Q@)| BT 95 S (B @) + b 05f (b D)
S DO)(B.$.b.9)'72 @

By using similar arguments to those in Proposition 3.9, we finally get

do.

[13]|Loe.c = ClIR|zr [0 f [|lLoo

forany p > 1.
By working with D( f) and using the ideas of Proposition 3.9, we can check that the
other norms in X7 % are also bounded. ]
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4. Linearized operator

This section aims to give a different expression of the linearized operator of F at the
trivial solution (0, 1). First, we will show that there is an extra cancellation that helps us
to prove that the linearized operator is a compact perturbation of an isomorphism. Hence,
we deduce that the linearized operator is Fredholm of zero index, which will be useful in
checking that it is an isomorphism in the following section. Moreover, at the end of this
section, we give its expression in Fourier series.

4.1. Linearization at the equilibrium
First, let us give the expression for the linearized operator of F at (0,1).

Proposition 4.1. The linearized operator of F at the trivial solution (0, 1) reads

3 F(0, )h(B, $) =
C, 1+a V/Z e // BT BT dyph(b, D) db dd
47 Co o —1 (1 +a) D(0)(B.$. b, ®)7/2

1 ¢, 1 (fa—1\"? Ha//ﬁ—liaﬂlﬁxaq—,h(b,qndbdcp
1 4nCo o — 1 1+a D(0)(B, §, b, B)7/2

y ¢, 1 [a—1 y/z et pT¥a giTa
2, 1+a(1 +a) // D(O)(ﬁ ¢, b, D)v/2H1

x {bTFa — BTFahTFa cos(d + B —  — b)}dzh(b, D) dbdd

4.1)

Proof. Note that

dr F(0.Dh(B.¢) = h(B.$) — L(h)(ﬁ ®)
G- {a—l} // B~ THe BTT3 0y h(b, D) db d D
ArCo(1 + )7 |1+ o D(0)(B, ¢, b, ®)¥/2

L C(a—l)T {(x—l} {2(0{—1)}13;
2 4w Co(1 + )7 |1 +a (1+a)? L
BT+ BTFa d5h(b, D) dbdd

Xﬂ, D@m¢b®m

v Cy(a—l)";‘ {a—l} {2(05—1)} ) ~t¥a g e
2 2 47Co(1 + )7 1+« (1 +a)? P // D(O)(ﬁ é, b P)r/2+1

X {bﬁ — ﬂmbm cos(¢p + B — @ —b)}ozh(b, ®)dbd®.
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Let us explain the meaning of L. The function L is the linearization of the local part
associated to —(—A) "1/ 20 after passing to the adapted coordinates and the appropri-
ate scaling from W to f. That is, we take the initial stream function (which is a radial
function)

1}0(7'610) — —C()Vl_a,

and we use the fact that r = (1 + &)/2(—=Wg)'/2, where we recall
]J%a 1—a a—1
W= - (@ - )T (1 4+ f).

Hence, after the scaling done from F to F in Section 2.4, we obtain

L) = -G (@ = DB, Col1 + 003 () '

_a—1 lj_—za a—1 1—a | —« 0y 1z
= — B IR 0T @ = DTG+ )2 ) )
2 a o
x CF (0 — 1) 17 g (B TFah).
Using dg (ﬂ%h) = ﬂ'%a 8Eh together with
2 (a—1)THa
—90y(B) = cFe T VT gk
(~p(B) = ¢ p
we find
11—«
o = o wl—a 1=2 (g —1)TFo o
L) = — BT {(~C 7 (@ — )T} Co(1 + a) 2 =2 ) %5?&
2 (1+a)2"
2 (a—1)TFe > 2 l—a , =2
1+a a 1+a _ o« a =
Co AT BTFeCy ™ (a — 1) TFe fTFa dgh
l+o
=-— dgh
Using now the expression of d Eh we finally get
oa—1 1+«
L(h) =— h— hg.
(h) 3 5 Phs
Hence, we deduce (4.1). ]

Remark 4.2. The denominator D(0) equals

D(0)(B.9.b. ®)

O (BT — bi¥n)? + 28 b T (1~ cos( + f— @~ b)),
I+ o

In the following proposition, we show an extra cancellation of the linearized operator
leading to a more compact expression.
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Proposition 4.3. The linearized operator in Proposition 4.1 can be written as

3 F(0, Dh(B, ¢) =
1 ¢ 1 @// b THa hTFe (0gh(b. ®) + 95h(b, B)) dbdd

—_ — T+a .
p4nCo a—1 (BTH0 + bTFa — 2B TFahTHa cos(p + f — @ — b)}V/2
4.2)
Proof. To obtain the above expression, we will integrate by parts in /3 in (4.1).
First, using dg = dgp — Jp we get
1 oy 2 a—lb_lb%—b%ﬁ%cos@m—mb)
“DO@B.$.b. )2 T 2 1+a I+a DO)(B. ¢, b, )72+
Then
I3

C, l+afa-—1 y/2 v 1
_ o b 1+¢¥b1+ab8 h(b, ®)o
4nC0a—l(l+a) // -2 L (B p.b. )72

xdbd®d
c, 1 —1\"? 1
_ G l+afa 1+a/ b3 b T b3zh (b, )do
4nCoa—1\1+a D(0)(B,¢.b, D)¥/2
xdbd®d
c, 1 -1 1
L ta T //b—mbwaba h(b, ®)0dy
47TCO a—1 1+a D(O)(ﬂvd)vb’q))y/z
xdbd®.
Taking into account the definition of ¥, we can integrate by parts.
Let us start with d. Note that
2 y_ 2
b~ TrabTFa bdzh(b, )
0
1
X acp do

(BT¥e + bToe —2BTFabhTHe cos(d + f — D — b)}7/2
B /M b~ T b ¥ bigdsh(b, D) o
0 {BTHa 4 bTFe —2BTFaHTFT cos(p + f— ® — h)/2

since the boundary terms vanish due to the periodicity of the function. However, the
boundary terms with respect to the integration in » will depend on the choice of the
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parameters:

o0 y4 —2
/0 b~ Ta hTFe bigh(b, )

X 0p ! db

{’311% 4 pTHe — 2ﬂ1+ab1+a cos(¢p + f— @ —b)}¥/2
; b~ T¥a p 17 ho- sh(b, D)

= lm - —
b—oo (BTTa + hTHa — 2B TTahTHa cos(d + B —  — b))}/

. b~ ¥ b ¥ bogh(b, )

— lim

b—0 {ﬂlJrot + b]+°‘ _2ﬂ1+abl+a cos(¢ + :3 o — b)}y/Z
/oo S2 1+ab TFa b T 9 sh(b, ®) + b~ 1+ab1+ab8b8 h(b, <I>)
0 {BTFE + TG —2BTHIHTIE cos(p + f— ® — b)Y/

Since a,;h € X% we have

5 b~ THa b TFa dph(b, @)

m — —

b—o0 {51+a +bl+ot _2,3T Tcos(¢+ﬂ & —b)}r/2

= lim ﬁ1+ab1+ab1+ab 7 =0,

b—00

because y > a — 1 by (3.16). On the other hand,

lim

b~ Tb_T dzh(b, ®)
b0 (BTFa | pT¥a — 2B THapTFa

Cos(¢ +B—d—b)y/2

— —1
— lim hTFahpFaphiFa h® = 0,
b—0

since @ > 1. Hence, in this term the boundary terms also vanish, yielding

o0 y _2
/0 b~ T5a b TF bOsh (b, D)
1
) —2 —1 —1 db
{BTFa 4 hi+a —2BTFahT+a cos(¢p + f — & — b)}¥/2
oo =2t e p e 9- sh(b, ®) + b~ 1+ab1+ab8b3 h(b, <1>)

X 0p

- _[) {B e + b1+a —28 1+ab1+a cos(¢p + B — D —b))v/2
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By putting everything together we find

o G 1+aﬂ_?+;1/[ b~ T bT7e bdgdzh(b, B) db dP
T 4nCo a—1 (BTFa + hTTa — 2BTHapTFa cos(p + f — d — b)}7/2

G l—i—aﬁ_% -y -2+«
47 Co o — 1 14+«

b~ ¥ bT¥a 0zh(b, B) + b e bTFe bdydzh(b, D) db dD
X// (BTFa + hTHa — 28THahTFa cos(p + f — d — b)}7/2
_ G 1+a _%// b~ THa b T¥a by dzh(b, D)
47Co a—1 (BT¥a +bTHa —2BTTe hTTa cos(¢p+ f— D —b)}/2
u=2 G 1+(xﬂ,%// b~ Ta hTFe 95k (b, B) db d P
I+a 4xCo a—1 (BTF6 +-b T 2B TFa hTFa cos(p+f—D—b)1/2

dbdd

Note now that

2
biuish = dygh — 1 igh.
implying
_v . =2
oo G Ttag e // b~ e hTFa drph(b, D) db d D
— ) -1 -1
4nCo o — 1 (BTHe + bTFa —2BTFaphTHa cos(p 4+ B — D — b)}¥/2
R oY L // b~ T¥a bT¥a 0zh(b, B) db d®
l+a 47Co a—1 (BTF4 4+ bTHa — 2B TFa h1a cos(p 4+ f— D—b)}¥/2
u=2 G l+a _H;l// b~ T¥a b TFe 95k (b, D) db d D
l+a 47Co a—1 (BTHe b1 _2fTFa hTa cos(p+ f—D—b)}r/2
c, 1 o b rw b ¥a 0o h(b, ®
— 4 +Ol,3_l+7é // - - — ,1bq, ( ) dbd®
4nCo o —1 {BTHe +bTFa —2BTFa hT+a cos(p+ f— D—b)}/2
e 1+aﬂ_%[/‘ b~ ¥ bT¥a 0zh(b, B) db dd
1+a 47Co a—1 (BTFa 4 bTFa —2fTFa hTHa cos(p+ f— d—b)}V/2
Combining this with /; and I, we get (4.2). ]

4.2. Fredholmness at the trivial solution

By using the expression from Proposition 4.3 we can prove that the linear operator is
Fredholm of index zero in the following proposition. Since our goal is the use of the
implicit function theorem, and then proving that ds F(0, 1) is an isomorphism, we need
to study its kernel and range. However, by the general theory of Fredholm operators [65]
we can restrict ourselves to checking the kernel.
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Proposition 4.4. Let y,o € (0, 1) and o € (1, 2) satisfy (3.16). Then the linear operator
drF(0,1): Xf’s — Y% is Fredholm of index zero for any § < min{l —y,o}.

Proof. We can decompose the linear operator as follows:

- 1
3 F(0,1)(B,¢) = ﬂa,s (Bh(B.¢))

2
1 c, 1 ﬁ_%// b~ T¥a b T¥a (95h(b, ®) + 05h(b, ©)) dbdd
(BTF0 4 hTFE — 2BTFehTFE cos(p + f — D — b)}V/2

l+a 1 ¢, 1
T2 TV L anCoa—1

_ﬁ4nCo a—1

£2,  (4.3)

where
L1(h) :=dp(Bh(B, $)).

and

o b~ TFa b ¥a (95h(b, ®) + d;h(b, @) db d®
£L2(h) := ,37]"'7‘5‘ // =) =) Gs —(1 —)1+ e ) ’
{BTFe + bTFa —2BTFahTFa cos(¢p + B — ® — b)}V/2

The idea of the proof is to show that £ : X7 5 yod is an isomorphism, whereas
£r:X ;,,3 — Y% is compact. Since compact perturbations of Fredholm operators remain
Fredholm of index zero, we can conclude the proof.

o £y Xf"g — Y% is an isomorphism. Take g € Y%%; we wish to solve £1(h) = g.
We can explicitly solve this differential equation as

B
h(B,¢) = % + %/0 g(s.p) ds.

for any K. However, 7 must lie in X f ’5. In particular, A vanishes at 0 and K = 0:

B 1
h(ﬁ,¢>=% /0 g(s. @) ds = /0 g(sB. ) ds. 4.4)

Let us now check thatif g € y o8 ,thenh € Xf’s, where the norm of Xf"g is given in (3.6).
Let us start by showing that

hll o = Illzooo + Al cs < C.

We find that

1 20 1
o )—( ;ﬂ) /Og(sﬁ,cﬁ)ds

1
= lglie s (1+47 fo

Be[0,00

7[00

g

S
a+spe "

A

< C,
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since 0 < 1. Let us now show that ”h”Cg < C:

1
Ih(ﬂ,¢)—h(b,¢)|§/0 |g(sB.¢) — g(sb.¢)| ds

1 8

s —sbl® bl
<C ,
= Clisley [ 1o @ = Clielegic—7s

implying that ||h||cg < C||g||cg. Let us show that ||A|Lip, < C:

1
|h(B,9) = h(B, P)| < /0 1g(sB.P) — g(sB. )| ds < [IgllLip, Isin((P — ¢)/2)].

implying that
IAllip, < 11glILips-
Let us turn to Bhg and note that
Bhe(B.¢) = —h(B.¢) + g(B.¢).
and so

1B7p 1| xcos + 1BRglILing < Illago.s + |I2llLip,, + [l&llxcos + [l€llLip, = C-

Next, we will show that Bh, € X% We will consider separately the cases 8 € [0, Bo)
and B € [Bo, 00). For the first case, we can write

B 1 1
hy = % /0 go(s.9) ds + ~h(B.9) — L(B.9)

5 5
1 [P 1 [P 1 1
- E/o go(s. d)ds + E/o (5. 9)ds + £h(B.9) — Z£(.)
—1/ﬁ (5.8)ds + ~g(B.¢) ds + ~h(B.$) — ~g(B.$)
B, 5 p& pr )T g8
and so
B
Bhy = /0 2o(s.9) ds + h(B. ). “.5)

Since we have shown that 4 € X%9% it remains to check the first term:

(1+p)* /” 5O
sup ————— [ gp(s,$)ds < [BgyllLooc  sup
B€[0,B0) Be 0 ¢ v B€[0,80) /3 s (1 + s)20

< 1BgyllLooe  sup / s71 ds < || Bgy oo
B€[0,80) /O

In the case B € [Bo, 0c0) we write

B
hE9) = 5 / g(s.§) ds
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instead of (4.4) by using the fact that # must vanish at 0 and co. We then have

B
Bhy = / go(s. ) ds + h(B.9). 4.6)

and hence it remains to check the first term:

(1+ 8% /" o (P 1
———— | gy(s.¢)ds < ||BgyllLcc sup B ds
Belboosy BT Joo ' ¢ Belfo.co)  Joo ST

< 1BgellLeco,
since o € (0, 1). In that way, we have shown that
[BhgllLeec < ClIBgoll-

Let us now check that ||k, ”Cg < C, which amounts to checking this property for the
first term in (4.5), that is,

b 8
B —b]
Vﬁ g“’(s"’”ds‘ A

Take first |8 + b| < Bo < 1; then

b b _bS
’//; go(s.¢) ds scngwnxa,s/ﬁ s"‘ldsscw—b|°fc|'§+b'|s
it§ <o < 1.1f |B 4+ b| > Bo we use the expression of Bh,, to find that
b b
'/ go(s.¢)ds EC”g(p”xn‘.B/ s s
B B
1 1 |8 —bl°
=7 oo = Clpror
_olB=bl _ 1B-bl
T B+ble T B +DP
Let us finish with 82hg ,, noting that
B9 =~ 2 [ s prds + Ley(8.00+ Lhg(.0)— Liso)
ﬁ,w’—ﬁﬁog¢7 ﬁgrpv ,Bﬂ’ g2 P
1 1 1 1 1
=——(he(B,9) — =h(B, - , —hg(B,¢) — —=h(B, ),
'3( o(B.9) 5 B ¢)) + ﬂgq:(ﬁ ¢) + B g(B.9) B2 (B.9)

and so
:32]1/3,(0(:3’ ¢) = _ﬂh(o(ﬂ’ ¢) + IBgW(IB’ ¢) + ﬂhﬂ(ﬂ’ ¢)7
implying that f%hg , € Xo.q-

o £r: XY S yod s compact. From Proposition 3.10 we know that Range(£,) C Y4,
To prove that £, is compact, we will show that Range(£,) C Y %% for some §' > §. Then,
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since the embedding Yo cyodis compact (we refer to [73, Lemma 2.2]) we conclude
that £, : X7 S yodisa compact operator.
Let us prove that d,&5 € Cg/ for some 8’ > §. For that, we compute d,&£5:

dp£2(h) = CB~ Lo (h)

b~ ¥ bT¥a (95h(b, B) + 05k (b, D))
+Cp! 2
pip i [/ {51+a 4 pTTe —2ﬂ1+ab1+a cos(p + B — D — b)}ﬂ

x {pTHa — piapiia cos(p + f— @ — b)) dbdd

for some constant C. Then
By La(h) = CLa(h)

—l%abl%v(a—h(b @) + d5h(b, D))
+C EE
ﬂ // {B Se=1 + bTFa o _ 28 1+ab & cos(p + B — D — b)}i

X {BTFa (BT7 — b1Fa) + fTFabTFa (1 —cos(p + f — ® — b))} db dP.

Note that in this expression the singularity is critical. To solve this problem we should
integrate by parts somehow but we cannot differentiate dz/ with respect to d, and so we
have to make the following decomposition:

BdyLa(h) = CLa(h)
+ cp- ik // _ b+ bira (35h(b, @) — dgh(B. ¢)) =
(BT¥e + bTFe — 2B THEHTHE cos(p + p— @ — b))
X {BTFe (BTFa — hTFa) + BTFahTFe (1 —cos(¢ + f — D — b))} db dD

b—ibﬂ%(a—h(b D))
+C > — 24y
P //{,Bfﬂnz+bw— 2T DT cos(p + f— & — b))
X{ﬂ%(ﬂ%_b@la).pﬁ +a(1—cos(¢+ﬁ ®—b))}dbdd
p~T¥a p1Ta

+ Cogh(B.)p~ TFa = =5
ah(B.9)p /] {,Bl-s-oz+b‘+°‘—2ﬁl+°‘bl+acos(¢+ﬂ d—b)} 2 ESY

X (BT (BT —bTFE) + BTITDTIE (1 — cosp + f — &~ b))} dbd @
=: C&2(h) + Laa(h) + Lao(h) + Las(h).

Let us show the details for one of the terms, say L, » due to its difficulty. Note that the
singularity coming from the denominator is not a priori integrable and we need to use
some extra cancellation. To achieve that, we need to integrate by parts and so we have to
add and subtract an appropriate function in the denominator. Indeed, denote

J(B.$.b.®) i= (BT + bTFe — 28179 p T cos(g + B1 — & — b)),

Notice that J is indeed the denominator at the trivial solution and so J = CD(0) for some
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constant C, where D( f') is defined in (3.11). In particular, following Proposition 3.7 and
the expression for J one finds that

1B -0
|8+ bJ?

By using the expression of J we also get

I J(B.$. D, ®)

(B, 6.5, ®)| = C(BTFe + blfa){ +sin(B—b+ ¢ — c1>>/2>}. 47

2B (BT — i) + fTEE T (1 — cos(B + ¢ — b~ D)),
1+«

and so

By J(B,$,b, @) + bdwJ(B,$,b, D)

= (BT — hTT)? + 2B TR p TR (1 — cos(B + b — b — D)}
I+a

2
H_—aJ(ﬂ,q&,b,CI)).

Motivated by the previous computation, we decompose L5 > as follows:

et b~ ¥ b T¥a gzh(b, ®) db dD
L (h)(p) = Cp~ 5 // 0 o
{BTFa + pTFa — 2B TFa hTFa cos(¢p + B — O — b)}?/2

2 _
+ ZopiTe // bb™T¥a b e o-h (b, D)
y

1
X 0w dbdo®.

(BT¥e + bToe —2BTFabhTHe cos(d + f — D — b)}7/2

If we integrate by parts in the last term, the boundary terms vanish since h € X f"s (we
refer to the proof of Proposition 4.3) and so

Laath(®) = cp~ 5 [ — _brieb T dght, 0)db d
{BTFa + hT+a —2BTFahT+a cos(p + f — D — b)}¥/2
2cpmt // . bi—w%b%agﬂh(b,@)dbdcp
v (BTFe + h1Fa —2TFahTFa cos(p + f — D — b)}¥/2
_2eldvoag e /f b Ta hTFe 95k (b, D) db d D
v lte (BTF% 4 bTFe — 2 TFabTHE cos(@ + f — © — b)}¥/2
=:Los1+Lzpo+ Lo,

Take now 1 < B, implying
_a—1 _a—1
B, 't < B, e, (4.8)
and let us prove the Holder regularity of L, ». By taking the difference of L, 5 at the two
points we obtain
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|L22(h)(B1) — L2,2(h)(B2)]

|:31 _ﬂ2| 1+oc 1+oc { b_ﬁb%agh(b, (D)
< RSB g )[/ D b do

+// bb~T¥a b T¥a 35 4 h(b, D) db d@}

J(B1.¢.b, @)¥/2
gt // b~ e b e (b, D)
2 J(B1.¢.b, ®)/2J (B2, ¢, b, D)7/2

|/ (B1.¢.b, P) — J(B2.¢.b, P)|

— —dbd®
J(ﬂli ¢7b7q))T + ‘](1327 ¢7bvq>)T
~ted // bb™T¥a b T%a 3z o h(b, )
J(B1,$.b, @)/2J(Ba, ¢, b, D)¥/2
B ®) =SB b O,

J(B1.¢.b. )2 + J(Br.p.b. )2

where §’ is any number in (0, 1). Taking into account (4.8), the first three terms can be
related to the operator K defined in (3.15), and for the last three we use the fact that
heX f’s, obtaining

|L22(h)(B1) — L2 2(h)(,32)|
1B1 — B2
1B1 + Ba|¥

_a—1 b~ Ta hTFa b (1 4 b) 20
C h o. 1+a [/
+ ” ”Xl 5ﬁ2 J(,Bl»(p»b (D)y/zj(ﬂz ¢ b CD)V/Z

IJ(ﬁl ¢, b, c1>) J(ﬁz ¢.b, <1>)|dbdq>
J(ﬁl,qb b. ®)2" + J(Ba. . b. ®) 2"

= Co———5 UHo(5h(D. @), DllLeo + [|Ho(b (35, g h (b, P)), )|}

By Proposition 3.9 we have
170 @5h(b. @), 1|z + [|[Ho(b(d5 yh(b. ®)). DlLee = Cllhllyo.s.

Next, we need to estimate the difference of J at these two points:

|J(B1.¢.b, @) — J(B2.$.b, D)|

|131 182| l+ot l+ot 1/2 1/2
|,31+,32|('3 + B, ) (B1.9.b, @) + J(B2,¢,D, D) 7)
1B1— B2l , %
1B1+ B2l 2

IR B+ BaD BT 4 BT (B .09 4 T B, 91
(4.9)

<C
+C 1B1 + B2l (J(B1. ¢, b, @)% + J (B2, ¢, b, ®)'/?)

<C
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and interpolating with

|J(:31’¢’b’q)) - J(,B2a¢’b’q))| = C|J(ﬁl’¢’b’q)) + J(:B27¢vb5 (I))|,

we get
|,31 ﬂ2|8/ 8 1+a 1+a 8’
|J(,31,¢,b,d>)—J(ﬂ2,¢,b,d>)|5 |/3 ,3 |8’(1+|'Bl+ﬁ2| )(/3 +IB )
X (J(B1, . b, @)% 4 J(Ba, ¢, b, ®)' 7872
(4.10)
for all § € (0, 1). Finally,
1B1 — B2l
L2200 (B1) = Laah) (B2)] = Clkllygo o b ﬂ; " ﬁ§|5,
[ L (Lt 1B + Bl (BT 4 piiey g T
bR b T (145)2  J(Bi.p b ®) T+ (2§ b D)T ]
dbd®
X// J(B1.¢.b. @)/2J (B2, .. ®)/2 J(By,$.b, D)2 +J(B2.$.b. D) T
11— Ba2l¥
Clh||yos ——————
< Clibllygs 15— g5

|: + (1 +|B1+ B2 )(/31“‘ +/321+°‘)5 B, 1*“/ b~ 1+ab1+ab"(1+b) —20

! 1
X(J(ﬁ1»¢» b,q>)8//2j(182’¢’b’q))Y/2+J(ﬁ1,¢7bvq))S//ZJ(,BZ,(p,b, q))]//Z) db ch]

The last integral is similar to the one in (3.29) and so it is bounded if §’ < . Furthermore,
since §’ is arbitrary we can choose §' > § to have compactness. L]

4.3. Expression of the linearized operator in Fourier series

In the next proposition, we show that the linearized operator can be computed in Fourier
modes depending on the Fourier coefficients of . Assume that / takes the form

h(B.¢) =Y hi(B)e'*?. (4.11)

keZ

Proposition 4.5. Let h be expressed as in (4.11). Then

5 (1
0y F(0.D)h(B.¢) = Ze’kq’{ i
keZ
) ! e~ikbp=1¥a %@ bl (b) cos(kn) db d
L C, kB g7k /‘/ «(b) cos(kn) U }
w 4rnCy o a—1 ,31+a -|-bl+a —2,3‘+ab‘+“ cos(n)}r/2
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Proof. We will insert (4.11) in the expression of Proposition 4.3. First, using the definition
of 85 and dz we find

oa—1
I5h(B.9) = [ h(B-9) + Posh(B.9).
oa—1
1+«

Igh(B.¢) = — h(B,$) + Bayh(B.¢),

obtaining

Igh(B.¢) + 9gh(B.d) = B(ph(B.¢) + dgh(B.¢)) = Posh(B. $).

taking into account that d, = d4 — dg. Hence, we can compute the Fourier series of the
above term as

gh(B,$) + 0gh(B,¢) = > ikBhr(B)e™?. (4.12)
keZ
Moreover, .
0p(Bh(B.¢)) = D _ dp(Bhi(B))e’™?. (4.13)
keZ

Inserting (4.12) and (4.13) into (4.2) we get

- . 1+«
8 FO.DB.¢) = e"“”{Taﬁ (Bhe(B))
keZ
1.6 1 g%
na4nCo a — 1
5 // b~ 5% b T%6 bhy (b)e*® db d
(BTF + bTF6 — 2BTFahTTG cos( + f — D — h)}7/2

—ike™ik®

}. (4.14)

Note that we can write the last integral as

ik ikp // e~ ikbp=1¥a h 150 bhy (b)eF@+0=0=B) b dd
e e — — — —
{/3"“720‘ + bTFe — 2/31'*‘710th-710! cos(¢p + B — D —b)}v/2
_ kb gikB [/ e~!Kby™ Tk b 55 bhy (b) cos(kn) db dn
(BTFe + hTHa — 2B T#a hT1+a cos(n))¥/2

Hence, coming back to (4.14) we find the desired formula. ]

5. Invertibility of the linearized operator

In this section, we shall study the invertibility of the linearized operator at the trivial
solution in order to later apply the infinite-dimensional implicit function theorem. From
Proposition 4.4 we know that the operator is a compact perturbation of an isomorphism
and thus it is a Fredholm operator of index zero. In that way, it remains to check that
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its kernel is trivial. In order to study the kernel equation, we relate this problem to the
moment problem by using the Mellin and Laplace transforms. More specifically, once we
apply the Mellin transform to the kernel equation, we arrive at a recurrence equation with
singular coefficients. However, we can overcome this by studying the special structure
of the recurrence equation. Later, we shall relate the solution of the recurrence equation
to the moment problem by using the Laplace transform, concluding that the solution is
singular and thus it does not belong to our function space. That will mean a trivial kernel.

5.1. Kernel issue
Note that the kernel issue reduces to the following problem:
9, FO.)h=0.he X — h=0. (5.1)

Since we can restrict ourselves to work with the linearized operator as a Fourier series, we
can directly check that the operator at the mode k is trivial, for any k € Z. The operator
is given by Proposition 4.5 and can be written as

b PO 8 = 3 et 205 pe )

keZ
il 1 C, 1 Ry oL // e~ikbp~ lJrotb1+0lbhk(b)cos(kn) db dn }
M 47TC0 Ol—l {IBIJroc +bl+7a_2131+7abl+7acos(7})}y/2
. . 14+o _. . »
= Ze’k'f’e’kﬂ{Te B0 (Bhi(B)) — ik Ji(e lkbhk)w)},
keZ
where
v —2
1 C 1 b™T+rapT+a gy (b)cos(kn) db dd
(g B) = — 2 i/l gk (b) costlm
w4 Co Ol—l {ﬂ1+a +b]+a _2ﬁ]+abl+a COS(T])}WZ
and .
gk(B) = e hy(B).
We also define

Li(h)(B) := ——e P ag(Bhi(B)) — ik k(e *Phi) (B), (5.2)

and we wish to prove that £ has a trivial kernel for each k € Z.1f h € X7 ¥ one sees that
hy is in Xo defined in (3.9) where

Xo=1{f:Bel0,00) >R | fBf € X}

As stated in Remark 3.3, knowing that the Fourier coefficients belong to X does not
imply that the full function lies in X7 8, However, since our goal is to check that £ has
a trivial kernel for any k € Z, it is enough to check it in the spaces of functions whose
Fourier coefficients lie in Xo.
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The case k = 0 is straightforward since

L)) = LT (Bl (B,

which has a trivial kernel.
In the following proposition we use an auxiliary function g to work with (5.2).

Proposition 5.1. Let gi(B) = e *Bh(B). Then £ (h) = 0, defined in (5.2), amounts

to
Felge) = % (B) + ik ik (g1)(B) = O,
where ©
Je(B) = /0 g1 (B)Ki (B/b) db. (5.3)
and .
c, 2 P cos(kn) dn

Ki(z) = ———— — — .
/L47TC0(O[ - 1) 0 {Zl+72a +1-— 221+71a COS(?])}V/Z

Proof. Just note that

™% B (B) = Bgi(B) + ikBgk(B),

and use the expression of Jg. ]

Note that K_; = K} and although we will work with k € N*, we can always change
k to —k. In the following, we state the monotonicity of K with respect to k.

Proposition 5.2. For any z € (0, 00), the sequence N* > k + Ky (2) is strictly decreas-
ing.

Proof. Let us define the auxiliary function

N cos(kn) dn
Ti(2) = /0 {z2 41 — 2z cos(n)}?/2’ S

Then K} can be written as
R Ty (2 1T59), (5.5)

Hence, the monotonicity of k — Ky (z) with z € (0, co) reduces to the monotonicity of
k + Ty (z) with z € (0, co0), which is true by [14, Lemma 4.11]. [ ]

5.2. Mellin transform

Mellin transforms are useful when dealing with integral differential equations where the
integral operator is of the type (5.3) due to the product property (B.4):

M[J](s) = M[K](s)M [gi](s + 1). (5.6)
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Hence, applying the Mellin transform to the expression given in Proposition 5.1 we obtain
the following equivalent equation.

Proposition 5.3. The equation Lr (gr) = 0 amounts to
- 14+« . - 1+«
MIEe@)s) = 51 = 964(6) = ik( Kels) = 52 )Guls 4 1) =0, 657

where Gy, = M[gx] and K = M[Ky).
Proof. The proof is based on the properties (B.4)—(B.6) together with (5.6). ]
Remark 5.4. If h; € Xy, then M [gy] is well-defined in

{s e C | —0 < Re(s) <o}

Remark 5.5. Let us again remark that the kernel K is symmetric with respect to k:
K_j; = K. Hence, if k < 0 then (5.7) reads

- 1 ~ 1
MIEc(90l(0) = 50 = )Gu6) + ik Ry (9) = 5% )Gt + 1) =0

In that way, (5.7) can be written as

1
Gils +1) = L Fe()Gi(s), (5.8)
where |
—s
F =
& (5) ll—%Kk(S)

In the following, let us give a better expression for Fj together with some properties. As
a consequence, we shall look for the values of s such that (5.8) is well-defined.

Proposition 5.6. The Mellin transform of Ky can be written as follows:

~ C,(1+a)
K =Y "7 MIT —(1 —1
() = e P MITEN(1 os o= 1)
for
a—1—k—vy a—1+k
_— << —
14+« 14+«
where Ty is defined in (5.4). Moreover,
lim Kp(s) = lim  Ki(s) = o0
s> s TR

fork € N*,

Proof. We will use some properties of the Mellin transform described in Appendix B.
Recalling (5.5), by (B.5) we get

Ry =& (el
MIKA() = Relo) = o MIT )](s 1+a).
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Moreover, by (B.8),

M[T zT50)](s) = (1 + )M [Tk ()](—(1 + )s),

and hence
M[Tk(zw‘a)](s o 1) = (1 + OMTR@](~(1 + a)s +a— 1),
1+
which implies
g C
Ki(s) = %M[Tk(zn(—(l +a)s +a—1). (5.9)

Let us check where M [Ty (z)](s) is well-defined. Since T} can be related to the Gauss
hypergeometric function by using Lemma B.1, we get

2 57 lcos(kn) dndz
M(Ti](s) = / / {z2 4+ 1 — 2z cos(n)}V/2

), e
0

(2Kk)! (1 + z)r+2k

y 4z
F Jk ,2 l, ——— .
2 1(k+ + k+ (1+Z)2)d2
(5.10)

Since the parameters of the Gauss hypergeometric function are positive, this function
increases and so forany k € N*, y € (0,1) and z € (0, co) one has

4z
1< Flk Jk 2k + 1, Filk Jk —2k 1,1
< ( + = + + (1+z)2)<2 1( + =,k + + )

Hence M[T](s) is well-defined iff s € (—k, k 4 y), a condition coming from the inte-
grability of the integral. Moreover

2722k(xYy (L1 00 s—1+k
MTGs) > = (g;z!k(z)k/o T (5.11)

implying
lim Tip(s) = lim Ti(s) = oo
s—>—k s—k+y

Coming back to K through (5.9), we find that K is well-defined iff
a—1—k—vy a—1+k
—_— << —
1+« 1+«
and
lim , K(s) = EI—I}% K(s) = oc. ]

1+«

As a consequence of Proposition 5.2 we get the monotonicity of the Mellin transform
of K, thatis, K:
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a—1+k

Tre ) the sequence N* 5 k — Ky (s) is strictly decreas-

Corollary 5.7. Foranys € |0,
ing.

In the following proposition, we state the monotonicity of Ky with respect to s.

Proposition 5.8. The function [0, *T11X

Ke(0) < 1.

) 3 s > Ky (s) increases, for any k € N*. More-

over, 1+

Proof. By the expression of K in Proposition 5.6, we can relate K r to M[Ty]. Hence if
(—k,a — 1] > s > M[Ty](s) decreases, we deduce that [0, £= lJrk) > 5 K (s) increases.

Moreover, using the explicit expression of Ty we obtain T (Z 1) = zV Ty (z). In that way,
M [T}] can be written as follows:

(e}
M[T¢](s) = / 2T (2) dz
0
1 o)
= / 21T (2) dz +/ 2T (2) dz
0 1
1
= / Ti(z)(2* 7 4+ 217527272 dz.
0
Computing the derivative we observe
1
M[T) (s) = [ In(z) Ty (z)(z* 7 = 21752727 2) dz
0

1
= / In(z) Ty (z)z° 11 — 2V 72%) dz.
0

Since s € (—k,a — 1) and « satisfies (3.16), we conclude that y — 2s > 0 and hence
M |[Ti]'(s) < 0. As a consequence, M [Ty] is strictly decreasing.
For the “moreover” statement, by Corollary 5.7, it is enough to prove = 2 e Ki1(0) < L.

Moreover, let us check that o > 13- +a 2K, (0) strictly decreases and hence we can restrict
ourselves to « = 1. From Proposition 5.1 we get
2 C,
K1(0) = —M T1)(x —
K10 = et MITi e - ).

From Proposition A.3 and the expression of u in (2.2) we get

2 l+a—vy

T+a K10 = @ —DM[To]( —a +7)

M[Ti](e —1).

By the previous estimates concerning the monotonicity of s — M [Ti](s), we know
that (1,14 y) 2 a > M[T1](a — 1) is strictly decreasing. Moreover, M [To] (1 —a + y)
< 0 by similar arguments. Hence, we claim that

l+a—y
(@ = DM[To](1 —a +y)

gla) =
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is positive and strictly decreasing. The positivity comes from the fact that M [Ty] is posi-
tive. In order to prove the monotonicity, let us differentiate

1
(@ = DM[To](1 —a + y)?
X ((@=DM[To)(1 —a+y) — (1 +a—y)M[To](1 —a +y)
+@=D0+a—-y)M[T(1—-a+y))
_—QC=pM[H]d —a+y)+(@=-DA +a—y)M[To]'(1 —a + )’)
(@ = DHM[To)(1 —a + y)?

g'(@) =

which is negative since y < 1. Hence, we have proved our claim. Then

2 l+a—y

1+ozK1(0)§ a1_>1+ (@ — DM[To](1 —a + )M[Tl](a—l)
— 2—y
= N G DM —a ) IO

Note that
lim M[To](1 —a +y) =00
a—1t

and hence there is a competition in the denominator that we will have to handle. Note that
we can again relate M [Tp] to the Gauss hypergeometric function:

o Ly-a 1 4
M[To](l—a+y):2n/ S m(z,— L )dz
0

(1 +z) 22777 (1 +2)2
gy L, d+y—o)l(@—1)
S A

Since xT'(x) = T'(x + 1) we get
lim(a—DI'e—-1)=1,
a—1

and hence

lim 2-y
ais (@ = DM[Tol(1 —a +7)

2
MITi)(0) < =2 M[T1](0).

2
Using now the expression (5.10) in terms of the Gauss hypergeometric function, we find

*° 1 3 4

By writing the Gauss hypergeometric function in a series, integrating and summing again
we find that

MIT1](0) = my
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Using
_ (=T +2)
F(Z)———F(]_Z) ,
we obtain
r(-4re3)
IO = -y
and hence
2-y Q-yy r0-9HrE)
L oM —a ) O = sy ra g TP

Note that p(1) = 1 and if we check that p is strictly increasing, we can arrive at the
announced result given that

2—y @—yy T=Hris
e e R ¥ (R Ty E

3 <p(H)=1
5)

for any y € (0, 1).
Hence, it remains to check that p is strictly increasing. Note that p can be written as

re-5r()

FEENG)

p(y) =

and its derivative reads

P = F(rz(;_%y))rr((?)y){wo(ty)_wo(z_g)_l/f ( )W (Hy)}’

2 2

where /0 is the digamma function. Now, using the integral representation (B.3) of the
digamma function we find

A D)) ()

1 1—y _1=y 2—y _2—v
—t72 —t" 2 4tz +1t 2
= dt,
o 11—t

where we can prove that the integrand is positive for any ¢ € (0, 1) since y € (0, 1). Hence
p'(y) > 0forany y € (0, 1), and the claim holds true. That concludes the proof. |

As a consequence of Propositions 5.6 and 5.8, and using the intermediate value theo-
rem, we get the following corollary.

Corollary 5.9. Foranyk eN*, there is a unique so € [0, %= H'k) such that —=— 1+a Ki(so)=1.
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Hence, using the expression of K in Proposition 5.6 we find

Cy

At MO0 s o 1))Gk(s =0,

(1 —5)Gr(s) + ik(l -

amounting to
I -5
Gerh=r <
| — e MITe (@)= + a)s +a — 1)

Gr(s).  (5.12)

Note that by Proposition 5.6, M [T (z)](—(1 + «)s + o — 1) is well-defined for
a—1—k—vy a—14+k
—_— << —.
l+o 1+«
Using F} one has

1_
Fe(s) =i -

= s M[T (@) (L + @)s + e — 1)

Moreover, due to the limits of K in Proposition 5.6, we get

ozlfllil}kfy Fie(s) = S%EE’hk Fi(s) =0,

5= ¥ T+a

and hence we can extend it to zero outside (“—11;#, “I_lk—j;k) due to the bound (5.11).

Moreover, in view of (3.16) we have

a—l—y—k a—-1-vy a—1 aoa—-1+4+%
< <—0<s<0< < .
1+« 1+ o I+« 4+

Since a priori Gy, is well-defined for s € (—o, 0), one finds that (5.12) is well-defined for
s € (—0,0), and so Gy, is well-defined for s € (—o + 1,0 + 1).

Finally, in the following proposition we show that the kernel is trivial. For this, we
view (5.12) as a recurrence equation and we relate the solutions to the moment problem.
In that way, using the Laplace transform we show that the solution Ay, is singular and thus
it does not belong to our function spaces, proving that the kernel is trivial.

Proposition 5.10. If Gy solves (5.12) with g (B) = e B h(B) and hy € XC°, then
hi = 0.
Proof. Taking s = M € N*, we can solve the recurrence equation (5.12) as

M-1

L6 T Fet).
n=1

Gr(M) = 3

Note that G (0) is well-defined and so

Gi(1) = L FLO)Gr(0),

which is finite due to Proposition 5.8.
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First, assume that ;= Kk (N) # 1forany N € N with N < #3 1+k . In that case, since
Fr(1) = 0 we get G, (M ) = 0 forany M > 2. Let £ be the Laplace transform operator.
Thus

el = [ etz = Y SF [T rae
n=0

oo n

(1)
>

Gr(n + 1) = Gi(1).

Since the inverse Laplace transform of a constant is a Dirac mass and g is continuous,
we see that necessarily g = 0.
Second, assume that there exists Ng € N with Ny € [1, &+ 1"’k) such that

Ki(No) = 1.
o x(No)

In that case %I%k has a simple root at Ny. On the one hand, if Ny = 1 we have

1 -1
hm Fk(s) = hm S— e R,
—1 —Kk(s) —1

since the root is simple. In that case G (2) is well-defined and we can write

M-1
Gr(M) = —Gk<0)1'[Fk(M>

Moreover, note that for M > "‘ﬁl_—l’k we have Fi(M) = 0, implying that Gy (M) = 0
for such M. Hence the Laplace transform of gj is a polynomial. On the other hand, if
Ny > 2, we have
lim Fk(l)Fk(S) e R,
s— Ny

since Fy (1) = 0 and the pole of Fj at Ny is simple. In that case, we find again that the
Laplace transform of gi is a polynomial. Now, by using the expression of the Laplace
transform we find

cled) = [ e dz
Since g € L*°([0, 00)) we get

Jim [Llg](1)] = 0,

which contradicts the fact that the Laplace transform is a polynomial. Hence g = 0. =

6. m-fold symmetry and main theorem in the variables (8, ¢)

In this section, we introduce the m-fold symmetry to the function spaces, and then we will
work with the extra parameter m. Moreover, we will give the main result in the adapted
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coordinates which is a consequence of the infinite-dimensional implicit function theorem
applied to F.

6.1. m-fold symmetry in function spaces

In the following, we introduce the m-fold symmetry in the function spaces (3.5), (3.7) and
(3.8):

X0 = (f e XTI | f(B.¢+21/m) = £(B.$), (B,) € [0,00) x [0, 2]},
X, = €X)| f(¢+2r/m) = f($), ¢ €[0,27]},
YOS = (f € YOO | f(B.gp + 21/m) = F(B.d). (B.) € [0.00) x [0, 2x]}.

Note that f € X f ,i can be written as a Fourier series

FB.®) =" fu(B)e*m?.

keZ
Since the only variation that we have introduced in the function spaces is m-fold
symmetry, all the previous analysis also works here. We only need to check the symmetry
persistence of the nonlinear functional.

Proposition 6.1. If f(B,¢ + 2n/m) = f(B,¢) and Q¢ + 27 /m) = Q(¢p) then
F(£.Q)(B.¢ +27/m) = F(f.Q2)(B.$).
Proof. Letus write F(f,Q)(B, ¢ + 27/m) using (2.26):

a—1
Cy(Ol — 1) Za;] _(lx-l—;gc
4nCo(l1+ ) 2
.y =2 _ _L _ ~
X// bR b e {— 2L 4 95 £ (b, @) 2M{§fia;g + 05, (b, ®)}(®) dbd D
D(f)(B.¢ + 2.5, 9)"""
The change of variables ® > ® + 27 /m yields

F(LQ)B.¢ +2m/m) = 1+ f(B.p + 2/ m) — (—1) 7t

- -1 C -1 et a—1
FUAQ)Bg +2m/m) = 1+ f(Bog + 2m/m)— ()7 @D 2 ggmy
4nCo(l1 + @) 2

T+a
_v =2 a— _ 1 o
xf/b tha b e {(— 9l 405 (b, @+ 2m/m)} (2O 4 0, f (b, @ + 27/ m))
D(f)(B.¢ +27/m, b, ®+2x/m)""
x Q(® + 27/ m) db d®.

Using f(B,¢ + 2x/m) = f(B,¢) and Q(¢ + 2w/m) = Q(¢), and the expression of
D(f) in (2.27), we deduce that F(f, Q)(B.¢ + 27/m) = F(f, 2)(B, ¢), concluding
the proof. ]

Let us remark that the spectral study developed in Section 5 follows similarly — one
just has to change k +— km.
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6.2. Main theorem in the adapted coordinates

Finally, let us state the main theorem in the adapted coordinates, which is a consequence
of the infinite-dimensional implicit function theorem.

Theorem 6.2. Let y,0 € (0,1) and o € (1,1 + y) sansfy (3.16). Then for eachm > 1,
there exists ¢ > 0 and a C! function BXp (1.e) > Q > f(Q) € X such that

F(£.Q) =0, (£.Q) € Byos (0.6) x Byp (L&) <= [ = f(Q).
for§ <min{l —y,0} and p > 1+

Proof. From Propositions 3.10 and 6.1 we know that F : By 0.8 0,8) x BXZ” (1,e) —

Y,g"s is well-defined and C'!. Moreover, by Proposition 2.6 we have F (0,1) = 0. Further-
more, 0 fPN’ (0, 1) is Fredholm of index zero by Proposition 4.4 and has a trivial kernel by
(5.10). Hence, afF (0, 1) is an isomorphism. An application of the infinite-dimensional
implicit function theorem to F concludes the proof. ]

Remark 6.3. A priori W and 2 are complex functions due to the definitions of the func-
tion spaces, but we are interested in real functions. That is not a problem since assuming
in the function space that f and €2 are real functions we find that the nonlinear operator
is also a real function.

Remark 6.4. Taking f constructed in Theorem 6.2, we find

W(B.§) = —CgF (@ — )1 BT (14 F(2)(B.9)).
Qp) = (1 + @) 1 Q2(p),
satisfying F (W, 2) = 0. Moreover, we can come back to ® and find
OB, ¢) = (Vy)~ Q(9).

which together with W satisfies (2.12), which is the vorticity equation in the adapted
coordinates (8, ¢). Note that ® is just a perturbation of the trivial solution. Indeed, we
can compute W, as

+a1/

We(6.9) =—Coli°’(a—1)mﬂ‘_ﬁ*(—?;; S T8+ @)
— T - )R T (< @) 6.1

where recall that f:,,(fZ) decays at 0 and oo in B. Hence W, is singular at 8 = 0 as the
trivial solution, and decays at 8 — oo as the trivial solution. Coming back to ® we get

O(6.9) »
= l—q - 1+2=y 14a—y —1 -~ -2
— oy (G @) T (S f@ns) T a
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Note that 1 + o — ¥ > 0 and hence ©(0, ¢) = 0 for any ¢ € [0, 27]. In particular,

1+a—y
o

OB.¢) ~p 1+

B ~0,00.

7. Recovering the solution in the original coordinates

This section is devoted to recovering the solution in the physical variables x € R? and
hence giving the associated Theorem 6.2 in those variables. First, we study the invertibility
of the change of coordinates, which is a nonlinear implicit change of variables, and later
we state the main result.

7.1. Invertibility of the change of coordinates

In order to come back to the physical variable z € R? we should invert the adapted coor-
dinates. From Proposition 2.2 we have

r(B.¢) = (=(1 + )Wp)"/2, ¥(B.¢) = B + ¢. (7.1)

In the following proposition, we study the regularity of (8, ¢) and ©(8, ¢). For that, we
define the following function space:

Ly ={g=¢g0)+&|geL™)

Proposition 7.1. Let (r,9) : [0, 00) x [0, 27] — [0, 00) % [0, 27] be defined by (7.1).
There exists ¢ < 1 such that if f € Byo.5(0,¢) then % € C*([0, 00) x [0, 27]) and
1

,Bljrilar €Ly N Cg N Lipy, ,Bljrilvtﬂr(p e LN Cg.
Proof. First, note that % € C*°([0, co) x [0, 27]). Next, from (6.1) we find

a—1
1+«

4 I—a —1 1/2
)20 = €IV @ - g (S 1 ) 02

Let us check the regularity of this function, which will give us the regularity of r due
to (7.1). Denote

oa—1 o

—1 1/2
1+¢H+me+wwm).

a—1 1/2
o= (Foo + 500) = (

Since f € Xf"s, we have f, Bfg € L®° N Cg N Lip,. Hence, denoting

1 1/2
go=g(0,9) = (f+a) ,

we get
g—go€L®% geCjnLip.
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and so 1
BT¥ar € Lg™? N Cj N Lip,.
Hence, we find the following asymptotics for g:

g

~ + _—
&g ~0,00 0 a+ lg)Zo
Coming back to (\115)1/2 we get
1 .
BiHe (Wg)/2 e L7 N Cg N Lipy.

with the following asymptotics:

1/2 T _ B
(‘Ijﬂ) 0,00 ,B + (1 + (l +,6)20)7

and
(Wg)'/2 g0 BTT4.
We can also compute d,g:
1+af(p(/3 ¢) +ﬂfﬁ¢’(ﬂ ¢)
292k + &L £(B.¢) + Brs (B 9)"”

Since Bfy. B> fp.o € L= N Cg we obtain

dpg(B.¢) =

, )
Bo,g € L= N Cﬁ,
implying
=1
BTFE B0, (Up)' /2 € Lo N C}.
This yields the regularity as in the statement. |

In the next proposition, we show that if f € By0.5(0, ¢) then the Jacobian of the
1

transformation (B, ¢) — (z1, z2) is nonvanishing except at f = oo.

Proposition 7.2. There exists ¢ < 1 such that if f € Byo.5(0, ¢) then the Jacobian |J | of
1

the transformation (B, ¢) — (z1, z2) does not vanish for (B, ¢) € (0, 00) x [0, 27].

Proof. From Proposition 2.3 we have

1+«
|| =

Wgo.
Writing W in terms of f and using (6.1) we find

(@—1)

2 l—a
Vg, = —Cy T (@ — 1) TFa e
Bo o (a—1) BB {(1+ )?

I — ¢>}

Note that ( T 2( ,
a_
Qrap /B9 = T gs ~ M lxps 2 e0> 0.
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where we have used that /' € By0.5(0, ¢). This, together with f € (0, 00), yields [J| > 0.
1
Moreover, notice that
lim |J| =00, lim |J|=0. |
B—0 B—o0

In view of Proposition 7.2 we can invert the change of coordinates and find
(B(z1, 22), ¢ (21, 22)), for (B, @) € (0, 00) x [0, 2x]. Since the Jacobian of (z1, z2) >
(B.¢)is |J|~1, which vanishes at 8 = 0, we will identify that point with (z1, z3) = (0,0).

Indeed, we shall first use the polar coordinates and then the main task is to invert

(r(B.¢). D(B,9)) = (7. D),

finding 8 = B(F, #) and ¢ = o(F, #), which is possible due to Proposition 7.2 by using
the inverse function theorem. More precisely, in the next proposition we understand better
the functions B(r, 9) and ¢ (r, ¥). For that, we define

Z%% :={B € Cy([0,00) x [0,27]) | B,rd,p € Lo>70+)},

Proposition 7.3. Let (7, %) : [0, 00) x [0, 2] — [0, 00) X [0,27] be as in (7.1). There
exists & > 0 such that for f € By0.5(0,¢) the following is satisfied. There exists a function
1

,5 € Z%% such that defining
BGFD) =r U+ D). (D) =9~ B(F.D),
we find y y y y y
(r(B(r.0),¢(F,0)). (BT, D). 9(F,0)) = (7, 7)
for any (r, 1~9) € [0, 00) x [0, 27].

Proof. Using (7.1), our main task is to invert
(1 +)¥g) 2, B+ ¢) = (r.0),

for any (r, 9) € [0, 00) x [0, 27]. Hence, we want to find two functions 8, ¢ : [0, c0) X
[0,27] — [0, 00) x [0, 27] such that

(1 + )W (B, 9).¢(r, N> =1, B, 9) +¢(r D) = 0.

From the second equation we find

o(r,0) =10 — B, 9), (7.3)
and inserting it in the first equation we shall solve
(—(1+ )T (B(r, ), 8 = B(r, ) =1 =0 (7.4)

for any (r, %) € [0, 00) x [0, 27r]. Let us recall that W is indeed a perturbation of the trivial
solution, and by (7.2) we find

oa—1
14+«

L I—a —1 1/2
(~Up)2(B.4) = CI % (- 1)2<1+a>ﬂ1+a( " fg(ﬁ,cp))
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for f € By0.5(0, ¢). Hence, (7.4) amounts to
1

1+ oz)l/zCo‘%" (@ — 1) 20+ (B(r, §)) TFa
_ 1/2
X(%:£+fﬂmnMﬁ~ﬂUﬁ») —r=0. (15
Define now

Bo(r) = Co(a — Drot7e,

agreeing with the change of coordinates for the trivial solution, which was given in Propo-
sition 2.6. Hence, decomposing f as

B = Bo(1 + B),
we can write (7.5) as G(,g, )(r, %) = 0forany (r,%) € (0,00) x [0,27], where

G(B, /(D)
(4wl
S (@—D1/2
We claim that there exists € < 1 such that G : Bzo.« (0, €) X BXU,S(O o Z%% is well-
1 s

defined and C!. Hence, we would like to find nontrivial (ﬁ , f) such that G(,B~ ,)(r)=0
for any r € [0, 00). We have the trivial solution given by

1/2
1+ BN e (0 + 60000 - p09)) =1 (19

I+a

G(0,0)(r, ) =0, V(,9) €][0,00) x [0,27].

We wish to apply the implicit function theorem and thus we need to compute the linearized
operator:

1
95G(0,0)h(r, ) = —mh(r, ).

which is clearly an isomorphism from Z%¢ into Z%¢.
Finally, it remains to show that G is well-defined. For that, let us write

G(B. f)(r)
@ (BT (L + f5(B(r.9).9 — B(r9)) — 5L

C @ DY (1 B o) T (5 4 f5(Br9).9 — Br.9)) T+ D

_a + a)l/? [(1+ B(r.9) e —1](%5% + f3(B(r.0). O — B(r.D)))
@ =DV (1 4 f(r,0) 7 (522 + 15080 9).0 — Br.9))* + &0
(1+a)l/? JgB(r.9).0 — B(r.9))

@= D2 (14 fr.o) T (552 + f3(B(r.0).9 — Br.9))? + &0
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First, note that fE € L°9. Assuming that ,B~ € L®, we find that

B(r,9) ~o,00 7%,

and therefore

r0(1+ot)

T e (1.7)

fg(B(r.9), 0 = B(r. D)) ~0,00
Moreover, for ¢ small and B € Broo.oa+a (0, f), all the denominators in the expression
of G are bounded. Using (7.7) we find that G(8, f) € Lo>0(+a),
Since in the expression of G we have Bgf(ﬂ(r, ¥), 9 — B(r,¥)), we can only take
one derivative in r. Indeed,

305 f(B(r. D), 0 = B(r,9))) = (0,05 f)(B(r. D), — B(r, )3, B(r. }).
Since ﬂ(awaﬁf) € L°% we find that

rU(1+a)

ror(0g f(B(r,9), 0 = B(r. 1)) ~0.00 11w

That motivates us to include rd, 8 € L®¢1+® in the space Z%*. In such a space, G is
well-defined and we conclude the proof by applying the implicit function theorem.
By (7.3) we find that ¢ € Zg**, where

Z3% = {B € Cy([0.00) x [0,27]) | B.rd,f € LTIT), .

7.2. Solution in the physical variables

From Theorem 6.2 together with Remark 6.4 we have constructed solutions (W, ®) to
(2.12), which is the vorticity equation in the adapted coordinates, and (2.19) which refers
to the elliptic relation between W and @®. In particular, we find (¥, ®) as

W(B,¢) = —Co @ (@ — 1) 1T g% (1 + F(Q)(B. ).

2 . lta— a—
OB.¢) = (1+a) [CT (@ — 1)iTe] 2 p'ifa

_lta—y
2

a—1 5 ~
(Fm-A@ee) T ).

where Q € Bxf(l,e) and f(Q) € BX?,,; (0, ¢).

Let us now come back to 6 by inverting the adapted coordinates using Proposition
7.3. Denote
6(r, %) = 0(re'?)

and so
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0(r.9) = OB(r.9).¢(r.0))
= O(Cola — Dr 171 4 B(r, ), ¥ — Cola — V)r~17%(1 + B(r, 9)))

=(I4a) 2m@—1) 5 e

1ta—y
a—1  ~ = 1 ~ - ~ T2
X(H—a—fa(ﬁ)(Co(a—l)r (14 B(r, 9)), 9 —Cola—1)r 1" *(1+B(r, 19))))
x Q8 — Co(a — Dr717%(1 + B(r,9))),
with ,g € Z%*, From (2.4) we have
1 N/ 1 ~( r
0(t,%) = 5 9( 1) = oy 9( 1’19)’
t 1+« { T+a t T+a t T+a
where x = re'?. Using f € X 7 5 we find that the initial condition amounts to
bo(x) = r= Q).
where Q € BXZp(l,e).
Moreover, 8 is locally integrable:
~ R ~ 1
1601 (BR) = ”Q”Ll([O,Zn])/(; r’dr = mHQHU([o,Zn])R Tty

for any R < oo, where 1 —a + y > 0. Note that Q@ € L' since Q € L? for some p > ﬁ

7.3. Main result

Our main result reads as follows.

Theorem 7.4. Lety € (0,1) and a € (1,1 + y). Then there exists € > 0 such that for any
2W’T-periodic Q € Brrqo,22p(1,€) and p > ﬁ, the initial condition

fo(re'”) = r=UteNQ(w)

determines a self-similar solution of the type (2.4) for (SQG),,, for any m > 1.

Appendix A. Radial solutions

In this section, we review the expression of the stream function ¥ associated to a radial
vorticity 6.
Proposition A.1. If f = (—A)Bg with B € (—1,0) and g(x) = g(|x|) radial, then

o0

ﬂm=h%A Go(r.|x g (r)r dr.
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where

2+2 2
Go(rx]) = {ﬁ(%) IR paR(L BB LED). <
olr, = 242 2
g (B T+ B P (1 + B+ 1 Is). x| >

Tx]

Proof. We want to calculate the explicit kernels of
f=0y
whenever —1 < 8 < 0 and for general g of the type
g(r.0) = g (r)cos(kt), g(r.0) = gi(r)sin(k6).

Note that we are indeed interested in radial functions g corresponding to k = 0, but let us
compute it in general. To do so, we will calculate the Fourier transform:

Fx) = / 2E)EPPe™E d.

We start by calculating g(&). In the first case,

(o] 27
g = /Rz e ¥ g(x)dx = / gk(r)r/ cos(k@)e T Cos@E1+sin@)E2) g g
0 0

Writing

cos(y) = sin(yr) =

z=/E2+E2r, (A.D)

£ £
VEL+&2 VEL+&2

the inner integral becomes

2 27
/ e—iz cos(0—) COS(kQ) do = COS(klﬂ)/ e—iz cos(u) COS(kM) du
0 0

§ , /
=27T} (—1 (—l)ka( £2 + &2 r),
VE +8
where Ji is the Bessel function of order k, and T} is the k-th Chebyshev polynomial of
the first kind.
In the second case

(o] 2w
2(§) =/ e_ix'gg(x) dx =/ gk(r)r/ sin(kG)e_”(C‘”(e)‘f‘+Si“(9)52) do dr
0 0

RZ
Using (A.1), the inner integral becomes

o7 27
/ g iz cos(6—y) sin(kf) d6 = Sin(kl/f)/ e 17 cos(u) sin(ku) du
0 0

= 2n\/ﬁw{_l (\/ﬁ)(—oﬁk(\/s% + &),

where Uy is the k-th Chebyshev polynomial of the second kind.
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We now move on to the computation of the outer integral. Switching the integrals in r
and in &, and integrating first in &, in the first case we obtain

/ T angr / . Tk(g—l) Te(\& + & r)gPPe ™ dgdr
° BOoNE+E

- /0 (i 2mgr(r)r /0 Je(El)[ePE+
27
X/ cos(kyr)e KIGer eos@) e sin) g 4181 dr
0
— (—i)* (27)? cos(k6) [ gk (r)r / T EIPEP+ T (x| €D d1E] dr.
0 0

Since —1 < B < 0, we get

/0 Te(EINIEPPF T (|x| 1) d1E| = Gr(r, |x])

o ()P (B T+ B+ Tk + D2 Fi(1+ BT+ B+ k1 + k2D

if |x| <r,
= 242
i (3 () TA+ B+ 0Tk + D)2 Fi(1+ 8.1+ B+ k1 +k L)
if |x| > r,
where , F is the Gauss hypergeometric function. This yields
f(x) = (=) @n)? COS(kQ)/gk(r)Gk(r, Ix[rdr.
The computation in the second case is similar, and we obtain
£0) = (i @a)?sin(k6) [ )G xr
Now, taking k = 0 we arrive at the announced result. ]

In the following, we apply the previous proposition to our trivial solution.

Corollary A.2. If6(x) = |x|7V~, then

Y (x) = —(=A)"20(x) = —Co|x [PV,

where
m2' T (5)p
Co =
I'-y/2) {Zﬂ—l (

2
1 y oy y 1 1
— Rl = 1+ =+ — I, =+ —¢, 1), (A2
TR ({2 2 2 2u}{ 2+2u} )} A2

N
=
N =
I
_,—z
z—/H
l\)
|
H,—/
[
N——
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where

2\ (@)n(@z)n(@s)y z"
F , s ,b ,b 5 = A —
3 2(611 az,ds; by, by Z) r;) (b])n(bz)n n!

is the (3, 2) hypergeometric function.
Proof. Use the previous proposition with 8 = —1 + y/2 and g(x) = |x|71/*. |

The constant Cy is important in studying the kernel of the linearized operator. For that
reason, let us give its expression in terms of the integral operator Ty defined in (5.4).

Proposition A.3. The constant Cqy can also be written as

Cy [oe] 2w Zy—a dnd Cy
7 2x /(; /0 {1 + 22 — 2z cos(n)}7/2 s = o [Told = +)

Proof. From the definition of the (—A)~'*7/2 operator one has

B C 00 2r LV
Co=r 2+y+1/M_V/ f R 7 dndz.
2w Jo Jo {r?+4z%—2rzcos(n)}¥

By performing the change of variable z — rz and using the expression of u in (2.2) and
Ty in (5.4) we arrive at the announced identity. ]

Appendix B. Special functions

In this section we overview some special functions such as the Gauss hypergeometric
function, the gamma function and the digamma function. At the end, we also introduce
the Mellin transform and review some of its properties.

For any a,b € R and ¢ € R \ (—N) we define the Gauss hypergeometric function
z + 5 F1(a, b;c; z) on the open unit disc D by the power series

2Fi(a,bic;z) = ZMZ Vz eD, (B.1)

(©n n!’

where the Pochhammer symbol (x), is defined by

1, n =0,
(x)nz{
x(x+1)---(x+n-1), n=>1,

n=0

and satisfies

(n =x (1 +X)p-1, (Dn+1 = (x + 1) (X)n.
Let us recall the integral representation of the hypergeometric function (see for instance
[77, p. 47]). If Re(c) > Re(b) > 0, then

1
2Fi(a,b;c;z) = %(CC)—]?)/O P11 =x) PN (1 —zx)™dx, Vz e C\[l,00).
(B.2)
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The function I' : C \{— N} — C is the analytic continuation to the negative half-plane
of the usual gamma function defined on the positive half-plane {Re(z) > 0} by

o0
F(z):/ > e dr,
0

and satisfies the relation I'(z + 1) = z I'(z) for all z € C \(— N). Moreover, the di-
gamma function is defined through the logarithmic derivative of the gamma function:

I'(2)
0
vV =
and has the following integral representation:
1 1= IZ_I
Vo) = / ———dt =y (B.3)
o 11—t

for Re(z) > 0, where y stands for the Euler constant.
In the following lemma, we give a representation of the Gauss hypergeometric func-
tion in terms of some special trigonometric integrals; the proof can be found in [48].

LemmaB.1. Letrk € N, y > 0and A > 1. Then

2 cos(kn) J

/0 (4 = cos()7/?
_ 2 (52G)
(1 + Ayt (2k)!

1 2
kzFl(k-i-g,k-l—E;Zk—i‘l;—).

1+ 4
Finally, let us define the Mellin transform of f by

MLf)(s) = /0 ¥ f(x) dox,

In the following lemma, we give some properties of the Mellin transform; we refer to [74]
for the proof and for more information about this transform.

Lemma B.2. The Mellin transform of f has the following properties:

o If
0 x\ dy
(Froe = [ rme(3) 2
then
M[f ~gl(s) = M[f]IM][g]. (B.4)
o Moreover,
MIx® f1(s) = M[f1(s + @), (B.5)
M[f'1(s) = —(s = DM[f](s = 1), (B.6)
MIx® f1(s) = M[f1(s + @), (B.7)

Mf(xD)] = la|~' M[f](s/a). (B.3)
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