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Abstract. We establish the global existence and stability to the future of non-linear perturbation
of de Sitter-like solutions to the Einstein–Yang–Mills system in n � 4 spacetime dimension. This
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1. Introduction

In general relativity, the n-dimensional de Sitter (dSn) solution is an exact, maximally
symmetric solution to the vacuum Einstein equations with a positive cosmological con-
stant ƒ > 0. It is one of the simplest solutions that exhibits accelerated expansion. While
realistic cosmologies are not homogeneous and isotropic, de Sitter spacetime can still be
physically relevant in situations where it is non-linearly stable under perturbations glob-
ally to the future. This is because stability will guarantee that the de Sitter spacetime can
be used as a model to understand the future asymptotic behavior of cosmological space-
times that are undergoing accelerated expansions. This is of direct physical relevance due
to cosmological observations of accelerated expansion in our universe and the assertion
that this expansion is due to a cosmological constant [26].

The future stability of de Sitter spacetime in n D 4 spacetime dimensions was first
established by Friedrich [12] using a conformal representation of the vacuum Einstein
field equations with a positive cosmological constant. Friedrich, in the article [13], sub-
sequently extended this stability result to the Einstein–Yang–Mills (EYM) equations in
n D 4 spacetime dimension. More precisely, cf. [13, Theorem 9.8], Friedrich established
the global existence to the future of solutions to the Einstein–Yang–Mills equations that
are generated from initial data sufficiently close to de Sitter initial data. Friedrich also
established that these solutions are all asymptotically simple. It is worth noting here that,
in the article [13], Friedrich also considered the case of vanishing cosmological constant
ƒ D 0 and prescribed initial data on past timelike infinity for ƒ > 0.

The main aim of this article is to extend Friedrich’s future global existence and sta-
bility result for the Einstein–Yang–Mills equations with a positive cosmological constant
ƒ > 0 to all higher spacetime dimensions n > 4 and provide a new global existence and
stability proof for n D 4.
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1.1. Einstein–Yang–Mills equations

Before discussing the main results of this article, we first briefly recall some key con-
cepts from Yang–Mills theory that will be needed to fix our notations and formulate the
Einstein–Yang–Mills equations; see also [6].

Let G denote a compact and connected Lie group with Lie algebra G . Due to the
compactness, we lose no generality in taking G to be a matrix group. On G , we fix
an Ad-invariant, positive definite inner-product that we denote by a dot, i.e., � �  for
�; 2 G , and we use j � j to denote the associated norm.

Given an n-dimensional, connected Lorentzian manifold1 . zMn; zgab/, a connection z!
on a G-principal bundle over zMn can be expressed in a gauge as a local G -valued
1-form zAa on zMn, which is referred to as a gauge potential. The curvature of the connec-
tion z! is then determined locally by the G -valued 2-form zFab on zMn defined by2

zFab D zra zAb � zrb zAa C Œ zAa; zAb�; (1.1)

where Œ�; �� is the Lie bracket on G , i.e., the matrix commutator bracket, and zra is the
covariant derivative associated to zgab . We recall also that the Yang–Mills curvature zFab
automatically satisfies the Bianchi identities

zDŒa zFbc� D 0;

where zDa D zra C Œ zAa; � � denotes the gauge covariant derivative of a G -valued tensor.
The Einstein–Yang–Mills equations with a positive cosmological constant ƒ > 0 are

then given by

zGab Cƒzgab D zTab; (1.2)

zDa zFab D 0; (1.3)

zDŒa zFbc� D 0; (1.4)

where zGab D zRab � 1
2
zRzgab is the Einstein tensor of the metric zgab and the stress-energy

tensor of a Yang–Mills field is defined by

zTab D zFa
c
� zFbc �

1

4
zgab zF

cd
� zFcd :

In this article, we will restrict our attention to trivial principal bundles, i.e., zMn �G. The
purpose of this simplification is to allow us to work with gauge potentials Aa that exist
globally on zMn. This, in turn, allows us to view the Einstein–Yang–Mills equations as
equations for the fields .zgab; zAa/ on zMn.

1In this article, we use abstract index notations, see Section 2.1.
2The Yang–Mills curvature zFab is globally defined when viewed as taking values in the adjoint

bundle.
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1.2. de Sitter spacetime

For the remainder of the article, we fix the physical spacetime manifold by setting3

zMn
D R �† with † D Sn�1:

Then de Sitter spacetime4 . zMn; zg
ab
/ is obtained by equipping zMn with the de Sitter

metric defined by

zg
ab
D �.d�/a.d�/b CH 2 cosh2.H�1�/hab; (1.5)

where the constant H is determined by

H D

r
.n � 2/.n � 1/

2ƒ
; (1.6)

hab is the standard metric on Sn�1, and � is a Cartesian coordinate function on R. This
spacetime plays two roles in our subsequent arguments. First, it provides an ambient
spacetime manifold on which we can formulate our global existence and stability results,
and second, it provides the background geometric quantities that we use to quantify the
size of the metric perturbations away from the de Sitter metric.

In the analysis carried out in this article, we find it advantageous to work with a con-
formally rescaled version of the de Sitter metric, which we refer to as the conformal de
Sitter metric, rather than the de Sitter metric itself. To define the conformal de Sitter met-
ric, we introduce a new time function t via

t D
1

H

��
2
� gd.H�1�/

�
; (1.7)

where gd.x/, known as the Gudermannian function, is defined by

gd.x/ D
Z x

0

1

cosh s
ds D arctan.sinh.x//; x 2 R:

Inverting (1.7) gives
� D H gd�1

��
2
�Ht

�
; (1.8)

where

gd�1.x/ D
Z x

0

1

cos t
dt D arctanh.sin x/; x 2

�
�
�

2
;
�

2

�
:

From (1.8), we observe that �.t/ is a monotonic, decreasing and analytic for t 2 .0; �
H
/.

We further observe that (1.7) maps the infinite interval � 2 .�1;C1/ into the finite
interval t 2 .0; �

H
/ with a change of time orientation where the future lies in the direction

of decreasing t due to the monotonic, decreasing behavior of t .�/ on R. Noting that

3In fact, we will only make use of the future half Œ0;1/ �† of zMn given by Œ0;1/ �†.
4See the references [16, 31] for a more detailed introduction to de Sitter spacetime.
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t .0/D �
2H

and t .C1/D 0, we conclude that t D 0 corresponds to future timelike infinity
in de Sitter spacetime while t D �

2H
corresponds to � D 0.

Differentiating (1.8), we find, with the help of the identity d
dx .gd�1 x/ D sec x, that

.d�/a D �H 2 sec
��
2
�Ht

�
.dt /a: (1.9)

Then, noting the identity cosh.gd�1.x// D sec.x/, we see from (1.9) that the de Sitter
metric (1.5) can be written as

zg
ab
D e2‰g

ab
; (1.10)

where

‰ D � ln
� sin.Ht/

H

�
(1.11)

and
g
ab
D �H 2.dt /a.dt /b C hab (1.12)

is the conformal de Sitter metric. The pair .Mn D .0; �
H
/ �†; g

ab
/ defines a spacetime

that is conformal to the de Sitter spacetime where, by construction, future timelike infinity
of the de Sitter spacetime is mapped to the boundary component ¹0º �† of Mn.

Next, we define a future-directed unit normal to the spatial hypersurface

†t D ¹tº �†

with respect to the conformal metric g
ab

by

�a D H.dt /a and �a D gab�b : (1.13)

Using �a, we set
hab D ı

a
b C �

a�b; (1.14)

which defines a projection operator that projects onto the g
ab

-orthogonal subspace to
the vector field �a. We define, in an analogous fashion, the future-directed unit normals
to the spatial hypersurface †� with respect to the de Sitter metric zg

ab
and the physical

metric zgab by
z�a D .d�/a and z�a D zgabz�b; (1.15)

and by

zTa D .�z�/
� 12 z�a and zT a D .�z�/�

1
2 zgabz�b; where z� D zgabz�az�b; (1.16)

respectively, where we note that .�z�/�
1
2 is the lapse function associated to the physical

metric zgab . We denote the corresponding spatial projection operators by

zh
c

d D ı
c
d C z�

c
z�d ; (1.17)

zhcd D ı
c
d C
zT c zTd ; (1.18)

and we use zhc
d

and zT a to decompose the physical Yang–Mills curvature zFap into its
electric and magnetic components according to

zEb D zh
a
b
zFap zT

p and zHdb D zh
c
d
zFca zh

a
b : (1.19)
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Remark 1.1. Our global existence proof relies on two different 3C 1 decompositions.
The local existence results from [21] are formulated in the physical picture with 3C 1
decomposition (1.16) and (1.18), and in order to apply these results, we use the 3C 1
decomposition defined by (1.15) and (1.17). On the other hand, the global estimates estab-
lished in this article are derived using the 3C 1 decomposition defined by (1.13)–(1.14).

1.3. Gauge conditions

Gauge conditions for both the gravitational and Yang–Mills fields play an essential role in
our stability proof. For the physical Yang–Mills, we employ an adapted temporal gauge
defined by

zAa zT
a
D 0; (1.20)

where the vector field zT a is defined above by (1.16), while we employ a wave gauge
given by

zZa D 0 (1.21)

for the physical metric where, recall n is the dimension of spacetime,

zZa D zXa � 2.zgac � zgac/.d‰/c C n.zgac � zg
ac/.d‰/c � .zgfe � zg

fe/zgaczg
fe
.d‰/c ;

zXa D �zre zg
ae
C
1

2
zgae zgdf zre zg

df :

Here, zre denotes the covariant derivative associated to the de Sitter metric zg
ab

, see (1.5),
and ‰ is the scalar function defined previously by (1.11).

1.4. Initial data and the constraint equations

Solutions to the Einstein–Yang–Mills equations will be generated from the initial data

.zgab;Lz� zgab; zAa;Lz� zAa/j†0 D . Kgab; Jgab;
KAa; JAa/ (1.22)

that is specified on the initial hypersurface †0 D ¹0º � †, that is, at time � D 0. As is
well known, e.g., see [7, Chapters VI and VII], this initial data cannot be chosen freely,
but must satisfy the following constraint equations:

z�a. zG
ab
Cƒzgab � zT ab/j†0 D 0; (1.23)

zhab.zra zEb C Œ zAa; zEb�/j†0 D 0; (1.24)

where zhab D zh
a

c
zh
b

d zg
cd . We will always assume that our initial data satisfies these con-

straints. In addition, to enforce the gauge conditions, we will further assume that initial
data is chosen so that the following gauge constraints hold:

zZaj†0 D 0; (1.25)

zAa zT
a
j†0 D 0: (1.26)
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1.5. Main theorem

We are now in a position to state the main result of this article in the following theorem.

Theorem 1.2. Suppose ƒ > 0, s 2 Z
>nC12

, and the initial data Kgab 2 H sC1.†/, Jgab 2
H s.†/, KAa 2 H s.†/ with hcahd b.d KA/cd 2 H s.†/, and JAa 2 H s.†/ satisfy the con-
straint equations5 (1.23)–(1.26). Then there exists a constant � > 0 such that if the initial
data satisfy the smallness condition

k.zgab.0/ � zgab.0/; zrd zg
ab.0/; zAa.0/; zEa.0/; zHab.0//kH s � �;

then there exists a unique solution .zgab; zAa/ to the Einstein–Yang–Mills equations (1.2)–
(1.4) on Œ0;1/ �† with regularity

.zgab; zrd zg
ab; zAa; zEa; zHab/ 2 C

0.Œ0;1/;H s.†// \ C 1.Œ0;1/;H s�1.†//

that satisfies the initial conditions (1.22), and the temporal and wave gauge constraints
(1.20)–(1.21) on Œ0;1/ �†. Moreover, there exists a constant C > 0 such that the esti-
mates

k zAa.�/kH s C k zEa.�/kH s C k zHab.�/kH s � C�

and
kzgab.�/ � zgab.�/kH s C kzrd zg

ab.�/kH s � C
��
2
� gd.H�1�/

�2
�

hold for all � 2 Œ0;1/.

1.6. Prior and related works

The vacuum de Sitter stability result of Friedrich in n D 4 spacetime dimensions was
extended to all even spacetime dimension n � 4 in [1]; see also [17] where a gap in this
stability proof is addressed. It is worth noting that the de Sitter stability proofs from [1,12]
and the related Einstein–Yang–Mills stability proof from [13] rely on specific conformal
representations of the Einstein field equations. It is because these conformal represen-
tations only exist in certain spacetime dimensions that lead to the dimension-dependent
restrictions in these stability proofs.

The first de Sitter stability result extended to all spacetime dimension n� 4was estab-
lished in [27]. In that article, the future global existence of solutions to the Einstein-scalar
field system that are generated from initial data that is sufficiently close to de Sitter initial
data was established for a class of potentials that includes the vacuum Einstein equations
with a positive cosmological constant. This stability result was later generalized to the
Einstein–Maxwell-scalar field equations in [32].

Related stability results for perfect fluid Friedmann–Lemaître–Robertson–Walker
(FLRW) spacetimes with a positive cosmological constant that are asymptotic to a flat

5See Section 2.1.4 for a definition of the H s norms.
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spatial slicing of de Sitter were obtained in the articles [15,18–20,22–24,28,30]. We also
note the related stability results from [10,11,34] for FLRW spacetimes with non-acceler-
ated expansion.

The temporal gauge for the Yang–Mills equations, which is essential for arguments
presented in this and the companion article [21], is well known and has been employed
in prior studies of the Yang–Mills equations; for example, Eardley–Moncrief [8, 9] and
Ginibre–Velo [14] used the temporal gauge to deduce first-order equations for the Yang–
Mills equations in Minkowski spacetime. However, all of the previous first-order formu-
lations of the Yang–Mills equations in the temporal gauge were not symmetric hyper-
bolic and the hyperbolicity of these formulations was not evident. A first-order symmet-
ric hyperbolic formulation of the Yang–Mills equations in the temporal gauge was first
derived in the companion article [21]. In the present article, we rely on a similar formula-
tion to cast the Einstein–Yang–Mills equations as a symmetric first-order system.

1.7. Overview and proof strategy

1.7.1. Main idea. The main idea behind the proof of Theorem 1.2, which was first em-
ployed in [24] for a different matter model, is to formulate the initial value problem for
a gauge-reduced version of the Einstein–Yang–Mills equations as a Fuchsian initial value
problem of the form

Aa.t;U/raU D
1

t
A.t;U/PUCG.t;U/ in

�
0;

�

2H

i
�†; (1.27)

U D U0 in
° �
2H

±
�†; (1.28)

on the conformal de Sitter spacetime manifold .Mn; g
ab
/, where we recall that t D 0 cor-

responds to future timelike infinity and t D �
2H

corresponds to � D 0. The advantage of
this reformulation is once it is shown that the coefficients of the Fuchsian equation (1.27)
satisfy certain structure conditions, see Section 5 for details, then, under a suitable small-
ness assumption on the initial data, the existence of solutions to (1.27)–(1.28) on the
spacetime domain .0; �

2H
� � † � Mn follows from an application of Theorem 4.3 in

Section 4.3, which is an adapted version of [4, Theorem 3.8].
For technical reasons, we do not formulate the gauge-reduced Einstein–Yang–Mills

equations as a Fuchsian system. Instead, we show in Section 3, see, in particular, Theo-
rems 3.6 and 3.14, that solutions of Einstein–Yang–Mills equations that satisfy a temporal
and wave gauge condition yield solutions to a Fuchsian equation of the form (1.27);
see (5.1) for the actual equation. We then appeal to the local-in-time existence theory
for the Einstein–Yang–Mills equations from the companion article [21] to obtain local-
in-time solutions to the Fuchsian equation (1.27) on a spacetime domain of the form
.t�;

�
2H
� �† �Mn for some t� 2 Œ0; �

2H
/ that satisfies a given initial condition U D U0

at t D �
2H

. It is important to note that de Sitter initial data at � D 0 corresponds to the
trivial initial data U0 D 0, because we are then free to choose U0 as small as we like since
we are only interested in perturbations of de Sitter initial data.
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Now, the time of existence t� from the local-in-time existence theory may be strictly
greater than zero. In order to show that t� D 0, which would correspond to solutions to the
Einstein–Yang–Mills equations that exist globally to the future, we alternately view the
initial value problem (1.27)–(1.28) as a stand-alone system that, a priori, admits solutions
that are not derived from solutions of the reduced Einstein–Yang–Mills equations. The
point of doing so is that, under a suitable smallness assumption on the initial data U0, we
can apply Theorem 4.3 to conclude the existence of solutions to (1.27) on .0; �

2H
� � †

that are uniformly bounded. By uniqueness, this global solution coincides on .t�; �2H ��†
with the local-in-time solution to (1.27) obtained from a local-in-time solution to the
Einstein–Yang–Mills equations as discussed above. In this way, we obtain uniform bounds
on the local solution. Because of these bounds, we can then appeal to the continuation
principle from [21] to extend the local-in-time solution past t�, and in particular, all the
way to t� D 0, which yields the global existence of solutions to the Einstein–Yang–Mills
equations.

The above arguments constitute the main steps in the proof of Theorem 1.2, the main
result of this article. The complete proof of the theorem is given in Section 7.

1.7.2. Additional remarks. In the companion article [21], the first and third authors for-
mulated the Einstein–Yang–Mills equations in a temporal gauge as a first-order symmetric
hyperbolic system. This was achieved through the introduction of auxiliary variables and
the use of symmetrising tensors. The temporal gauge employed in [21] was adapted to
the physical spacetime metric, and this choice of gauge was particularly useful for estab-
lishing the equivalence between the Einstein–Yang–Mills equations and the symmetric
first-order system. In this article [21], the adapted temporal gauge is defined by (1.20).

While the adapted temporal gauge (1.20) is useful for establishing the local-in-time
existence of solutions, it is not suitable for analyzing the long-time stability of solu-
tions. Instead, for the long-time stability analysis, we employ the temporal gauge defined
by (3.35). Fortunately, as we show in this article, the first-order symmetric hyperbolic
formulation of the Einstein–Yang–Mills equations from [21] is robust and can be adapted
to the new choice of temporal gauge. However, it should be noted that symmetrizing
the Einstein–Yang–Mills equations in the temporal gauge (3.35) is more difficult due to
the fact that in this gauge, unlike (1.20), the propagation and constraint equations of the
Yang–Mills equations do not decouple; see Section 3.2 for details. Importantly, we can
also establish suitable estimates on the gauge transformation that connects the two gauges,
see Section 6 for details, which allows us to employ both gauges in our stability proof.

In our view, the key innovation of this article is the use of the temporal gauge (3.35)
and a conformal compactification of spacetime to formulate the Einstein–Yang–Mills
equations as a Fuchsian system whose coefficients satisfy structure conditions that make
it suitable for establishing the long-time stability of solutions. It is worth noting that the
use of the temporal gauge is critical being able to formulate the Einstein–Yang–Mills
equations as a Fuchsian system. Other gauge choices, such as the Lorentzian gauges, do
not seem to lead to a Fuchsian formulation that is suitable for the long-time analysis of
solutions.
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1.7.3. Fuchsian fields. The Fuchsian formulation (5.1) of the gauge-reduced Einstein–
Yang–Mills equations is based on a particular choice of fields. To define these fields,
we first replace the physical fields with conformally rescaled fields defined by

gab D e�2‰ zgab; (1.29)

Fab D e�‰ zFab; (1.30)

Aa D e�
‰
2 zAa; (1.31)

where ‰ as previously defined above by (1.11). These conformal fields should be viewed
as living on the conformal de Sitter spacetime Mn D .0; �

H
/ �†. For use below, we note

that (1.29)–(1.30) imply the relations

gab D e2‰ zgab; F ab D e3‰ zF ab and F ab D e‰ zF ab : (1.32)

Next, we decompose the conformal metric gab as

� D gab�a�b; �c D gab�ah
c
b and hab D hach

b
dg

cd ; (1.33)

where we recall that �a is defined above by (1.13). Inspired by the Fuchsian formulation
of the Einstein–Euler equations from [19, 24], we introduce similar variables to param-
eterize the gravitational fields. As was first observed in [24], this choice of variables in
conjunction with the wave gauge (1.21) allows the Einstein equations to be formulated
as a Fuchsian system of equations whose coefficients satisfy specific structural conditions
that make it possible to derive global estimates on solutions. To define these new variables,
we first set

hab D hach
b
dg

cd ; S D
˛

˛
; ˛ D .det .hab C �a�b//

1
n�1 ;

˛ D .det .hab C �a�b//
1
n�1 ;

(1.34)

and
q D �C 1C .3 � n/ lnS; hab D

1

S
hab : (1.35)

We then define the Fuchsian gravitational field variables via

m D
1

MAt
.�C 1/; (1.36)

pa D
1

MBt
�a; (1.37)

md D rd� �
1

MJHt
.�C 1/�d ; (1.38)

pad D rd �
a
�

1

MKHt
�a�d ; (1.39)

sab D hab � hab; (1.40)

sabd D rd .h
ab
� hab/; (1.41)

s D q; (1.42)

sd D rdq; (1.43)
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where MA, MB, MJ, MK are constants. The freedom to choose these constants will be used below
to eliminate problematic 1

t
singular terms in the evolution equations. We also find it useful

in subsequent calculations to let hab denote the unique symmetric tensor field satisfying

hab�
b
D 0 and hcbhab D h

c
a:

For the conformal Yang–Mills fields, we employ a temporal gauge defined by

Aa�
a
D 0; (1.44)

and we set
xAb D Aah

a
b and Eb D ��

pFpah
a
b : (1.45)

Due to the temporal gauge, the one-form xAb completely determines the gauge potential
while Eb defines the conformal electric field associated to the splitting determined by the
vector field �a. In order to express the Yang–Mills equations as a first-order symmetric
hyperbolic system, we find it necessary to introduce the additional fields

Ea D �habEb; (1.46)

Hdb D h
c
dFcah

a
b; (1.47)

where we note thatHdb is the magnetic field associated to the splitting determined by the
vector field �a. The field Hab is used to express the Yang–Mills equations as a first-order
system (3.36) in the variables xAa, Eb , Hab , which are non-symmetric. The field Ea is
then extracted from the non-symmetric part of (3.36), which allows us to rewrite the
Yang–Mills equation as a symmetric first-order system (3.44) in the variables xAa, Eb ,
Ec , Hab . For use in calculations below, we record the identity

Hpq D

r
sin.Ht/
H

hapra
xAq �

r
sin.Ht/
H

haqra
xAp C Œ xAp; xAq�; (1.48)

which is easily derived from (1.1), (1.11), (1.14), (1.30)–(1.31), (1.45) and (A.4).
We then collect the above fields into the single vector

U D .m; pa; md ; pad ; s
ab; sabd ; s; sd ;E

a; Eb;Hdb; xAd /: (1.49)

It is the collection of fields that we will use to transform the gauge-reduced Einstein–
Yang–Mills equations into Fuchsian form.

1.7.4. Derivation of the Fuchsian equation. The majority of this article is devoted to the
derivation of the Fuchsian formulation of the gauge-reduced conformal Einstein–Yang–
Mills equations given by (5.1). The derivation is lengthy but computationally straightfor-
ward and it is split into two parts. The first part concerns the derivation of a Fuchsian
formulation of the Einstein equations in the wave gauge (1.21) and it is carried out in
Section 3.1 as well as in Appendix A.6. The resulting Fuchsian equations are displayed
in Theorem 3.6. The second part of the derivation is given in Section 3.2. There, a Fuch-
sian formulation of the Yang–Mills equations in the temporal gauge (1.44) is obtained,
and the equations are displayed in Theorem 3.14. We then combine the equations from
Theorems 3.6 and 3.14 to obtain the Fuchsian equation (5.1).
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1.8. Outlines

The paper is organized as follows. In Section 2, we fix our notation and set out our
conventions. In Section 3, we present a Fuchsian formulation for the conformal Einstein–
Yang–Mills system for any dimension n� 4. In Sections 4 and 5, we analyze the Fuchsian
formulation of conformal Einstein–Yang–Mills system, deriving all the necessary esti-
mates and in particular improved estimates for the Yang–Mills field. We show in Section 6
the uniform bound of the gauge transformation between the different gauges for local
existence and for global stability. In the end, we conclude global stability in Section 7.
More supporting materials and calculations are given in Appendices A and B. An index
of notations is presented in Appendix C.

2. Preliminaries

In this section, we set out some conventions and notations that we will employ throughout
this article.

2.1. Abstract indices and tensor conventions

For tensors, we employ abstract index notation, e.g., see [33, §2.4]. Physical fields will
be distinguished with a tilde, e.g., zgab , while their conformal counterpart will be denoted
with the same letter but without the tilde, e.g., gab . Underlined fields with a tilde, e.g., zg

ab
,

will refer to background fields that are associated with de Sitter spacetime. In line with
the above notation, underlined fields without a tilde, e.g., g

ab
, will refer to background

fields associated with the conformal de Sitter spacetime. In particular, we use zr and r to
denote the covariant derivatives associated to the background metrics zg

ab
and g

ab
, respec-

tively, and likewise we use zR
a

cde and R a
cde to denote the associated curvature tensors.

The other curvature tensor will be denoted using similar notation, e.g., zRab and Rab for
the Ricci curvature tensors.

As indicated above, we use zr to denote the covariant derivative associated to the
physical metric zgab , and in line with our conventions, we use r to denote the covariant
derivative associated to the conformal metric gab . We also use zR a

cde
andR a

cde
to denote

curvature tensors of zgab and gab , respectively, and a similar notation for the other cur-
vature tensors. We also use � D gabrarb to denote the wave operator associated to the
conformal metric gab .

Unless indicated otherwise, we use the physical metric zgab to raise and lower indices
on physical tensors that are not background tensors, and the conformal metric gab to
raise and lower tensor indices on tensors built out of the conformal fields, which are
not identically background tensors. For background tensors associated with the de Sitter
spacetime, we use the de Sitter metric zg

ab
to raise and lower indices, and correspondingly,

we use the conformal background metric g
ab

to raise and lower indices on background
tensor fields associated with the conformal de Sitter spacetime.
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It is worth noting at this point that the one-forms z�a and �a, which are derived from
the background slicing of the de Sitter spacetime and its conformal counterpart, see (1.13)
and (1.15), are not underlined and constitute an exception to our conventions. Any other
exceptions to the above conventions will be clearly indicated when they occur.

2.1.1. Index of notations. A list of frequently used definitions and notations is provided
in Appendix C.

2.1.2. Index brackets. Round and square brackets on tensor indices are used to identify
the symmetric and anti-symmetric components of a tensor, respectively. For example,

AŒabc� D
1

6
.Aabc C Abca C Acab � Aacb � Abac � Acba/;

B.ab/ D
1

2
.Bab C Bba/:

2.1.3. Connection coefficients. The covariant derivatives

raT
b1:::bk

c1:::cl
and raT

b1:::bk
c1:::cl

are related via

raT
b1:::bk

c1:::cl
D raT

b1:::bk
c1:::cl

C

X
i

X
bi
ad
T b1:::d :::bkc1:::cl

�

X
j

Xdacj T
b1:::bk

c1:::d :::cl
;

where Xa
bc

is defined by

Xabc D �
1

2
.gecrbg

ae
C gbercg

ae
� gaegbdgcf reg

df /:

Contracting Xa
bc

on the covariant indices yields the vector field

Xa WD gbcXabc D �reg
ae
C
1

2
gaegdf reg

df ; (2.1)

which plays an important role in defining the wave gauge.

2.1.4. Sobolev norms for spacetime tensors. To define the Sobolev norms for spacetime
tensors that are employed in this article, we first consider the special case of a rank 2
covariant tensor field Sab on a spacetime manifold of the form I �†, where I � R is an
interval and, as above,†DSn�1. Assuming that t is a Cartesian coordinate on I , we inter-
pret the associated coordinate vector field @t on I as defining a vector field .@t /a on I �†
that satisfies .@t /a.dt /a D 1. We then decompose Sab into a scalar .@t /aSab.@t /b , a spa-
tial one-form hbaSbc.@t /

c , and a spatial tensor field hcaScdh
d
b , where, as above, hab is

the standard metric on Sn�1, which we interpret as a tensor field on I � †. Now since
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.@t /
aSab.@t /

b is a scalar field, and the tensor fields hcaScdh
d
b and hbaSbc.@t /c are

purely spatial, we can, by restricting them to †t D ¹tº � †, naturally interpret these as
tensor fields on the Riemannian manifold .†t ; hab/, which are all trivially isometric for
different values of t . For 1 � p �1 and s 2 Z�0, theW s;p Sobolev norm of Sab is then
defined by

kSab.t/kW k;p D k.@t /
aSab.@t /

b
j†t kW k;p.†t /

C khbaSbc.@t /
c
j†t kW k;p.†t /

C khcaScdh
d
bj†t kW k;p.†t /

for t 2 I , where the Sobolev norms k�kW k;p.†t /
on the Riemannian manifolds .†t ; hab/

are defined in the usual way, e.g., see [2, Chapter 2]. We also define

kSabkL1.I;W s;p/ D sup
t2I

kSab.t/kW s;p :

By identifying †t with † via the isometry † 3 x 7! .t; x/ 2 †t , we can view
.@t /

aSab.@t /
b , hcaScdh

d
b and hcaScdh

d
b as time-dependent tensor fields on the fixed

Riemannian manifold .†; hab/. We then have

Sab 2 C
`.I;W s;p.†//

provided each of the maps

I 3 t 7! .@t /
aSab.@t /

b
j†t 2 W

s;p.†/;

I 3 t 7! hcaScdh
d
bj†t 2 W

s;p.†/;

I 3 t 7! hcaScdh
d
bj†t 2 W

s;p.†/

are `-times continuously differentiable with respect to t .
The W k;p norms for general spacetime tensor fields can be defined in a similar

fashion.

3. Conformal Einstein–Yang–Mills equations

The aim of this section is to transform the conformal Einstein–Yang–Mills equations into
Fuchsian form in a step-by-step fashion. The Fuchsian formulation of the Yang–Mills
equations derived below is new while the Einstein equations are transformed into Fuch-
sian form following the method used in the articles6 [18–20, 22, 24, 25].

6In this article, the conformal factor, e.g., ‰ (defined by (1.11), i.e., ‰ D � ln. sin.Ht/
H

/), is dif-
ferent but has the same asymptotic properties as ‰ D � ln t , i.e., sin.Ht/ � tan.Ht/ � Ht near
t D 0. It is because of this that the same methods continue to work.
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3.1. Fuchsian formalism of the reduced conformal Einstein equations

We begin the transformation of the Einstein equations (1.2) into Fuchsian form by con-
tracting them with zgab to get

zR D
2

n � 2
.nƒ � zT /; (3.1)

where we are using zT D zgcd zTcd to denote the trace of the stress-energy tensor. Insert-
ing (3.1) into (1.2) yields

zRab �
2

n � 2
ƒzgab D zTab �

1

n � 2
zT zgab : (3.2)

With the help of (1.6) and (3.2), a straightforward calculation using well-known conformal
transformation rules (e.g., [7, Appendix VI]) then shows that the Einstein equations (1.2)
transform under the conformal change of variables (1.29)–(1.30) into

Rab D .n � 2/.rarb‰ � ra‰rb‰/

C

�
�‰ C .n � 2/rc‰rc‰ C

n � 1

H 2
e2‰

�
gab C T ab �

1

n � 2
Tgab; (3.3)

where

Tab D Fa
cFbc �

1

4
gabF

cdFcd ; T ab D gacgbdTcd ; T D gcdT
cd ;

and we note that
Tab D zTab and T D e2‰ zT

by (1.29)–(1.30) and (1.32).

3.1.1. The reduced Einstein equations. The next step in transforming the Einstein equa-
tions into Fuchsian form is to select a wave gauge that will allow us to formulate the
Einstein equations as a symmetric hyperbolic system and eliminate problematic singular
terms. To this end, we set

Za D Xa C Y a; (3.4)

where Xa is as defined above by (2.1) and7

Y a D �.n � 2/ra‰ C �a with �a D .n � 2/ra‰ D �
n � 2

tan.Ht/
�a: (3.5)

The wave gauge that we employ for the conformal Einstein equations is then defined by
the vanishing of the vector field (3.4), that is,

Za D 0: (3.6)

7These choices for Y a, �a, and the tensor Aabc defined below are made in order to eliminate
problematic 1

t singular terms in the conformal Einstein equations. This type of gauge fixing was
first introduced in [24].
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This gauge choice is preserved by the evolution and so we only need to choose initial data
so that Za vanishes on the initial hypersurface to ensure that it vanishes throughout the
evolution. We will refer to the conformal Einstein equations in the wave gauge (3.6) as
the reduced conformal Einstein equations.

Lemma 3.1. The reduced conformal Einstein equations are given by

1

2
gcdrcrdg

ab
CRab C P ab CQab

C
1

n � 2
XaXb � .n � 2/�cg

c.a�b/

C
n � 2

2 tan2.Ht/
�a.gbc � gbc/�c C

n � 2

2 tan2.Ht/
�b.gac � gac/�c

D
n � 2

2 tan.Ht/
�crcg

ab
C

� �C 1

sin2.Ht/
C .n � 2/

�
gab C gbdF acFdc

�
1

2.n � 2/
gabF cdFcd ; (3.7)

where P ab (linear and quadratic terms in gbc � gbc) and Qab (quadratic terms in
reg

bd ) are defined below by (A.3).

Before proving this lemma, we first observe that corollary below follows from setting
gab D gab , � D �1 and Fcd D 0 in (3.7).

Corollary 3.2. The Ricci tensor of the conformal de Sitter metric g
ab

is given by

Rab D .n � 2/hab

and satisfies the relations

Rab�a�b D 0; Rab�ah
e
b D 0 and Rabheah

f

b
D .n � 2/hef :

Proof of Lemma 3.1. The reduced Einstein equations are obtained from the Einstein equa-
tions (3.3) by adding the term�r.aZb/ � 1

n�2
AabcZ

c that vanishes when the wave gauge
Za D 0 holds. The resulting equations are given by

Rab � r.aZb/ �
1

n � 2
AabcZ

c

D T ab �
1

n � 2
gabgcdTcd C .n � 2/.r

a
r
b‰ � ra‰rb‰/

C

�
�‰ C .n � 2/rc‰rc‰ C

n � 1

H 2
e2‰

�
gab; (3.8)

where Aabc is defined by

Aabc D �X
.aıb/c C Y

.aıb/c ;

and we note that

�
1

n � 2
AabcZ

c
D

1

n � 2
XaXb �

1

n � 2
Y aY b; �r.aZb/ D �r.aXb/ � r.aY b/:
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Recalling decomposition (A.3) for the conformal Ricci tensor from Lemma A.2 and not-
ing the identity

T ab �
1

n � 2
gabgcdTcd D g

bdF acFdc �
1

2.n � 2/
gabF cdFcd ;

it is then straightforward to verify that reduced conformal Einstein equations (3.8) can be
expressed as

1

2
gcdrcrdg

ab
CRab C P ab CQab

C
1

n � 2
XaXb � r.aY b/ �

1

n � 2
Y aY b

D .n � 2/.rarb‰ � ra‰rb‰/

C

�
�‰ C .n � 2/rc‰rc‰ C

n � 1

H 2

H 2

sin2.Ht/

�
gab

C gbdF acFdc �
1

2.n � 2/
gabF cdFcd ; (3.9)

where P ab and Qab are defined below by (A.3). But by (3.5), we observe with the help
of identity (A.2) from Lemma A.1 that

�r
.aY b/ D .n � 2/rarb‰ �

n � 2

sin2.Ht/
�cg

c.a�b/ �
n � 2

2 tan.Ht/
�crcg

ab :

Using this expression and (3.5) allows us to write (3.9) as

1

2
gcdrcrdg

ab
CRab C P ab CQab

C
1

n � 2
XaXb C .n � 2/rarb‰

�
n � 2

sin2.Ht/
�cg

c.a�b/ �
n � 2

2 tan.Ht/
�crcg

ab

�
1

n � 2
.�.n � 2/ra‰ C �a/.�.n � 2/rb‰ C �b/

D .n� 2/.rarb‰�ra‰rb‰/C
�
�‰ C .n� 2/rc‰rc‰C

n� 1

H 2

H 2

sin2.Ht/

�
gab

C gbdF acFdc �
1

2.n � 2/
gabF cdFcd :

Finally, using identity (A.6) from Lemma A.3 and the relation

Xa�a D �Y
a�a D �

n � 2

tan.Ht/
.�C 1/;

the above formulation of the reduced Einstein equations is easily seen to be equivalent
to (3.7), which completes the proof.

We proceed by deriving an .n � 1/C 1 decomposition of the reduced Einstein equa-
tions that is formulated in terms of the variables defined by (1.33) and (1.45). Here, one
should view the gravitational fields �C 1, �a and hab � hab as being small, and hence,
representing perturbations of the background de Sitter solution. As we establish in the
following corollary, each of these perturbed variables satisfies a wave equation.
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Corollary 3.3. Let �, �c , hab , Eb and Hdb be as defined above by (1.33), (1.45) and
(1.47). Then �C 1, �a and hab � hab satisfy the wave equations

1

2
gcdrcrd .�C 1/C P

ab�a�b CQ
ab�a�b C

1

n � 2
XaXb�a�b

D
n � 2

2 tan.Ht/
�crc.�C 1/C

.�C 1/2

sin2.Ht/
C

n � 3

sin2.Ht/
.�C 1/ � .n � 2/.�C 1/

C

�
�a�bg

bdgaya �
1

2.n � 2/
�gd ya

�
gcyc.Hyayc �Eya�yc C �yaEyc/

� .Hdc �Ed�c C �dEc/; (3.10)
1

2
gcdrcrd �

e
C P ab�ah

e
b CQ

ab�ah
e
b C

1

n � 2
XaXb�ah

e
b

D
n � 2

2 tan.Ht/
�crc�

e
C

n � 2

2 tan2.Ht/
�e C .�C 1/�e

1

sin2.Ht/
C
1

2
.n � 2/�e

C

�
�ah

e
bg
bdgaya �

1

2.n � 2/
�egd ya

�
gcyc.Hyayc �Eya�yc C �yaEyc/

� .Hdc �Ed�c C �dEc/; (3.11)

and

1

2
gcdrcrd .h

ef
� hef /C heah

f

b
P ab C heah

f

b
Qab
C

1

n � 2
heah

f

b
XaXb

D
n � 2

2 tan.Ht/
�crc.h

ef
� hef /C hef

�C 1

sin2.Ht/
C .n � 2/.hef � hef /

C

�
heah

f

b
gbdgaya �

1

2.n � 2/
hef gd ya

�
gcyc.Hyayc �Eya�yc C �yaEyc/

� .Hdc �Ed�c C �dEc/; (3.12)

respectively.

Proof. Expressing the non-linear source term in (3.7) involving Fab in terms of Eb
and Hab , see (1.45) and (1.47), as

gbdF acFdc �
1

2.n � 2/
gabF cdFcd

D

�
gbdgaya �

1

2.n � 2/
gabgd ya

�
gcyc.Hyayc �Eya�yc C �yaEyc/.Hdc �Ed�c C �dEc/;

the proof then follows from applying �a�b , �aheb and heah
f

b
to (3.7) and employing

Corollary 3.2 and relation (A.1) from Lemma A.1.

Next, we further decompose the gravitational field hab in terms of the variables q
and hab defined by (1.35). To carry out the decomposition, we introduce the projection
operator

Lab
cd D ı

a
cı
b
d �

1

n � 1
habhcd : (3.13)
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The motivation for the additional decomposition of hab is that, due to the identity

Lab
cdh

cd
D 0; (3.14)

an application of projection (3.13) to the wave equation (3.12) for hab removes the prob-
lematic singular term hef �C1

sin2.Ht/
and results in a wave equation for hab . As we shall

see in the following corollary, the particular form of the variable q is chosen to remove
problematic singular terms from its evolution equation, which also happens to be a wave
equation.

Corollary 3.4. Let q and hab � hab be defined by (1.35). Then q and hab � hab satisfy
the wave equations

1

2
gcdrcrdq �

3 � n

2.n � 1/
gcdrchef rdh

ef
C
3 � n

n � 1
habP

ab
C
3 � n

n � 1
habQ

ab

C
3 � n

.n � 1/.n � 2/
habX

aXb C P ab�a�b CQ
ab�a�b C

1

n � 2
XaXb�a�b

D
.n � 2/

2 tan.Ht/
�crcq C .�C 1/

2 1

sin2.Ht/
� .n � 2/.�C 1/

C

�3 � n
n � 1

habg
bdgaya �

3 � nC �

2.n � 2/
gd ya C �a�bg

bdgaya
�

� gcyc.Hyayc �Eya�yc C �yaEyc/.Hdc �Ed�c C �dEc/; (3.15)

and

1

2
gcdrcrd .h

ab
� hab/ �

1

2
gcdrc.S

�1Lab
ef /rdh

ef
C S�1Lab

ef h
e
ah
f

b
P ab

C S�1Lab
ef h

e
ah
f

b
Qab
C

1

n � 2
S�1Lab

ef h
e
ah
f

b
XaXb

D
n � 2

2 tan.Ht/
�crc.h

ab
� hab/ � .n � 2/S�1Lab

cd .h
cd
� hcd /

C S�1Lab
ef h

e
ah
f

b
gbdgayagcyc.Hyayc �Eya�yc C �yaEyc/

� .Hdc �Ed�c C �dEc/; (3.16)

respectively.

Proof. Rather than deriving wave (3.15) for q directly, we first derive a wave equation for
lnS , where we recall that S is defined by (1.34). We begin the derivation by noting from
Jacobi’s identity and the definition of ˛, see (1.34), that

.n � 1/rd .ln˛/ D hab@dh
ab
D habrdh

ab
C hab@dh

ab

and
.n � 1/rd .ln˛/ D hab@dh

ab :

Using these expressions, we obtain

habrdh
ab
D .n � 1/rd .lnS/;
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which, after differentiating, yields

habg
cd
rcrdh

ab
D .n � 1/gcdrcrd .lnS/ � g

cd
rchabrdh

ab : (3.17)

Contracting (3.12) with hef
n�1

while making use of (3.17) then shows that lnS satisfies

1

2
gcdrcrd .lnS/ �

1

2.n � 1/
gcdrchef rdh

ef
C

1

n � 1
habP

ab

C
1

n � 1
habQ

ab
C

1

.n � 1/.n � 2/
habX

aXb

D
n � 2

2 tan.Ht/
�crc lnS C .�C 1/

1

sin2.Ht/

C

� 1

n � 1
habg

bdgaya �
1

2.n � 2/
gd ya

�
gcyc.Hyayc �Eya�yc C �yaEyc/

� .Hdc �Ed�c C �dEc/: (3.18)

Noting the singular terms .�C 1/ 1

sin2.Ht/
in (3.18) and n�3

sin2.Ht/
.�C 1/ in (3.10), the

combination .3 � n/ � (3.18) C (3.10) removes these terms and, with the help of the
definition (1.35) of q, leads to the wave equation (3.15) for q.

In order to obtain the wave equation (3.16), we first note from (1.35) and (3.13) that

1

S
Lab

cdreh
cd
D reh

ab : (3.19)

Making use of identities (3.14)–(3.19), it follows from applying S�1Lab
ef

to (3.12) that

1

2
gcdrcrdhab �

1

2
gcdrc.S

�1Lab
ef /rdh

ef
C S�1Lab

ef h
e
ah
f

b
P ab

C S�1Lab
ef h

e
ah
f

b
Qab
C

1

n � 2
S�1Lab

ef h
e
ah
f

b
XaXb

D
n � 2

2 tan.Ht/
�crch

ab
C .n � 2/S�1Lab

cd .h
cd
� hcd /

C S�1Lab
ef h

e
ah
f

b
gbdgayagcyc.Hyayc �Eya�yc C �yaEyc/.Hdc �Ed�c C �dEc/:

However, due to (3.14), we have

.n � 2/S�1Lab
cd .h

cd
� hcd / D .n � 2/S�1Lab

cd .h
cd
� S�1hcd /;

and so, hab satisfies the wave equation (3.16).

3.1.2. A Fuchsian formulation of the reduced conformal Einstein equations. In this sec-
tion, we transform the second-order wave equations (3.10)–(3.11) and (3.15)–(3.16) for
the gravitational fields �, �c , q and hab into a first-order symmetric hyperbolic Fuch-
sian equation that is expressed in terms of the renormalized fields (1.36)–(1.43). From
(1.36)–(1.43), we observe that

rd� D md C
MA
MJH

m�d and rd �
a
D pad C

MB
MKH

pa�d : (3.20)
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Using these relations and (1.13), we obtain the first-order equations

rdm D
�1
MJ
� 1

� 1

Ht
m�d C

1

MAt
md ; (3.21)

rdp
a
D

�1
MK
� 1

� 1

Ht
pa�d C

1

MBt
pad ; (3.22)

and
rd s

ab
D sabd ; rd s D sd (3.23)

from differentiating (1.36), (1.37), (1.40) and (1.42). In the derivation of our Fuchsian
formulation, we will need to consider these first-order equations as well as the second-
order wave equations (3.10)–(3.11) and (3.15)–(3.16).

In the following, we use repeatedly the symmetrizing tensor Qedc defined by

Qedc
D �egdc C �dgec � �cged (3.24)

to cast the reduced conformal Einstein equations in first-order form. To illustrate how
this tensor is employed, we first consider the wave equation (3.16). Using the symmetriz-
ing tensor Qedc , we observe that the principle part of (3.16), which by (1.40) is given
by gcdrcs

ab
d

, can be expressed in the symmetric form Qedcrcs
ab
d

using the relation

�e.gcdrcs
ab
d / D Q

edc
rcs

ab
d � .�

dgecrcs
ab
d � �

cgedrcs
ab
d /

D Qedc
rcs

ab
d � �

dgec.rcrd s
ab
� rdrcs

ab/

D Qedc
rcs

ab
d C �

dgec.R a
cdf sf b CR b

cdf sfa/:

In this way, the symmetrizing tensor Qedc can be used to obtain a symmetric hyperbolic
formulation from the wave equation (3.16).

With the preliminary calculations out of the way, we are now ready to complete the
transformation of the reduced conformal Einstein equations into Fuchsian form. This will
be done in a sequence of steps starting with the Fuchsian formulation of the wave equa-
tion (3.10) for �C 1. The resulting Fuchsian equation is displayed in the following lemma.

Lemma 3.5. Let U be defined by (1.49). Then the wave equation (3.10) for the gravita-
tional field �C 1 can be expressed in the first-order Fuchsian form

�xA01�
c
rc

0@��emehe
yeme
m

1AC xAc1hbcrb
0@��emehe

yeme
m

1A D 1

Ht
xB1

0@��emehe
yeme
m

1AC xG1;
where

xA01 D

0@�� 0 0

0 hf ye 0

0 0 ME.��/

1A ; xAc1h
b
c D

0@�2�b �hyeb 0�hf b 0 0

0 0 0

1A ; xG1 D

0@ �e4
e
1.t;U/

hf e4
e
1.t;U/
0

1A ;
xB1 D

0B@.n � 2 � 1
MJ
/.��/ 0 .2 � 1

MJ
/.1
MJ
� nC 3/

MA
H
.��/

0 1
MJ
hf ye 0

MEH
MA
.��/ 0 ME.1

MJ
� 1/.��/

1CA ;
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ME is an arbitrary constant, and

4
e
1.t;U/ D

�
2 �

1

MJ

��
n � 3 �

1

MJ

� MA2
H 2

m2�e �
MB
MJH

pdmd�
e
�
MB
MJH

pama�
e

C
1

MJH
MAmmd�e�d �

MA2

MJH 2

�1
MJ
� 1

�
m2�e � MA

�1
MJ
� nC 2

� 1
H
m�e�dmd

�

� 1

Ht
�

1

tan.Ht/

�
.n � 2/�e�cmc C

� 1

Ht
�

1

tan.Ht/

�
.n � 2/

MA
MJH

m�e

� 2.n � 3/
� 1

.Ht/2
C

1

sin2.Ht/

�
MAtm�e �

2.MAtm/2

sin2.Ht/
�e � 2.n � 2/MAtm�e

� 2P ab�a�b�
e
� 2Qab�a�b�

e
�

2

n � 2
XaXb�a�b�

e

C 2�e
�
�a�bg

bdgaya �
1

2.n � 2/
�gd ya

�
� gcyc.Hyayc �Eya�yc C �yaEyc/.Hdc �Ed�c C �dEc/:

Proof. Using definitions (1.36) and (1.38) formd andm, respectively, we can express the
wave equation (3.10) for �C 1 as

gcdrcmd D
n � 2

tan.Ht/
�cmc �

n � 2

tan.Ht/

MA
MJH

mC
2MAt

sin2.Ht/
m.n � 2C �/

� 2P ab�a�b � 2Q
ab�a�b � 2.n � 2/MAtm

�
MA
MJH 2t

�1
MJ
� 1

�
�m �

MB
MJH

pama C
1

MJHt
��ama �

2

n � 2
XaXb�a�b

C 2
�
�a�bg

bdgaya �
1

2.n � 2/
�gd ya

�
gcyc.Hyayc �Eya�yc C �yaEyc/

� .Hdc �Ed�c C �dEc/; (3.25)

where in deriving this we have employed the identity

�
1

2MJHt
gcd�dmc D �

MB
2MJH

pama C
1

2MJHt
��ama:

Multiplying (3.25) by �e yields

�egcdrcmd D
�
n � 2 �

1

MJ

� 1

Ht
�e�dmd �

�1
MJ

�
n � 1 �

1

MJ

�
� 2nC 6

� MA
H 2t

m�e

C4
e
11; (3.26)

where4e11 is defined by

4
e
11 D

1

MJH
MAm�e�dmd �

MA
MJH 2

�1
MJ
� 1

�
MAm2�e �

� 1

Ht
�

1

tan.Ht/

�
.n � 2/�e�cmc

C

� 1

Ht
�

1

tan.Ht/

�
.n � 2/

MA
MJH

m�e � 2.n � 3/
� 1

.Ht/2
�

1

sin2.Ht/

�
MAtm�e
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C
2.MAtm/2

sin2.Ht/
�e � 2.n � 2/MAtm�e �

MB
MJH

pama�
e
� 2P ab�a�b�

e

� 2Qab�a�b�
e
�

2

n � 2
XaXb�a�b�

e

C 2�e
�
�a�bg

bdgaya �
1

2.n � 2/
�gd ya

�
gcyc.Hyayc �Eya�yc C �yaEyc/

� .Hdc �Ed�c C �dEc/: (3.27)

To symmetrize the system, we use the symmetrizing tensorQedc defined by (3.24) as
well as the identities

1

t
�d�e D

1

t
Qfgc�c.ı

e
f ı

d
g � h

e
f h

d
g/C MAm�

e�d ;

1

t
�e D �

1

t
Qedc�c�d C MAm�e;

(3.28)

which are a consequence of definitions (1.33), (1.36) and (3.24). By (3.24) and (3.26),
we have

Qedc
rcmd � .�

dgecrcmd � �
cgedrcmd /

D

�
n � 2 �

1

MJ

� 1

Ht
Qfgc�c.ı

e
f ı

d
g � h

e
f h

d
g/md

C

�
2 �

1

MJ

��1
MJ
� nC 3

� MA
H 2t

Qedc�c�dmC4
e
12; (3.29)

where we note that

1

MJ

�
n � 1 �

1

MJ

�
� 2nC 6 D

�
2 �

1

MJ

��1
MJ
� nC 3

�
and4e12 is defined by

4
e
12 D

�
n � 2 �

1

MJ

� MA
H
m�e�dmd �

�
2 �

1

MJ

��1
MJ
� nC 3

� MA2
H 2

m2�e C4e11;

with4e11 given by (3.27). Observing from (3.20) and (3.21) that

�dgecrcmd � �
cgedrcmd

D �dgec.rcmd� rdmc/ D �
dgec

h
rcrd�� rc

MAm
MJH

�d� rdrc�Crd
MAm
MJH

�c

i
D
MA
MJH

�dgec.�rcm�d Crdm�c/ D
MA
MJH

gechdcrdm D
1

MJHt
gechdcmd

D
1

MJHt
.hed � �d�e/md D �

MB
MJH

pdmd�
e
C

1

MJHt
mdh

ed

D �
MB
MJH

pdmd�
e
C

1

MJHt
Qabc�ch

e
ah
d
bmd ;
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we find after substituting this expression into (3.29) that

Qedc
rcmd D

�
n � 2 �

1

MJ

� 1

Ht
Qfgc�c.ı

e
f ı

d
g � h

e
f h

d
g/md

C

�
2 �

1

MJ

��1
MJ
� nC 3

� MA
H 2t

Qedc�c�dm

C
1

MJHt
Qfgc�ch

e
f h

d
gmd C4

e
1; (3.30)

where4e1 is defined by

4
e
1 D �

MB
MJH

pdmd�
e
C4

e
12:

To complete the derivation, the evolution equation (3.30) of md needs to be supple-
mented with a first-order evolution equation for m. Using the identity Qebc�b�c D ��

e

from Lemma A.4, it follows immediately from (3.21) that m evolves according to

ME��erem D �ME�
�1
MJ
� 1

� 1

Ht
mC ME

�

MAt
me�

e;

where ME is a constant that will be fixed later. Combining this equation with (3.30) in
a matrix form yields the singular symmetric hyperbolic system

Ac1rc

�
md
m

�
D

1

Ht
B1

�
md
m

�
C

�
4e1

0

�
;

where

Ac1 D
�
Qedc 0

0 �ME�c

�
and

B1 D Q
abc�c

 
.n� 2� 1

MJ
/.ıeaı

d
b
�heah

d
b/C

1
MJ
heah

d
b .2�

1
MJ
/.1
MJ
�nC 3/

MA
H
ıea�b

MEH
MA
ıda�b ME.1

MJ
� 1/�b�a

!
D

�
Qabc�c 0

0 ��ME

�
�

 
.n � 2 � 1

MJ
/.ıeaı

d
b
� heah

d
b/C

1
MJ
heah

d
b .2 � 1

MJ
/.1
MJ
� nC 3/

MA
H
ıea�b

�
H
MA
�d .1

MJ
� 1/

!
:

By Lemma A.5, we obtain

xAc1rc

0@��emehe
yeme
m

1A D 1

Ht
xB1

0@��emehe
yeme
m

1AC xG1;
where

xAc1 D

0B@ �eQ
edc�d �eQ

edchyed 0

hf eQ
edc�d hf eQ

edchyed 0

0 0 �ME�c

1CA ; xG1 D

0@ �e 0

hf e 0

0 1

1A�4e1
0

�
;
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xB1 D

0@ �e 0

hf e 0

0 1

1AB1

 
�d hyed 0

0 0 1

!

D

0B@.n � 2 � 1
MJ
/.��/ 0 .2 � 1

MJ
/.1
MJ
� nC 3/

MA
H
.��/

0 1
MJ
hf ye 0

MEH
MA
.��/ 0 ME.1

MJ
� 1/.��/

1CA :
To complete the proof, we observe from Lemma A.4 that xAc1h

b
c and xA01 WD xA

c
1�c agree

with the formulas provided in the statement of the lemma.

Corresponding Fuchsian formulations of the wave equations (3.11) and (3.15)–(3.16)
for the gravitation fields �e , q and hab � hab can be derived using similar arguments.
Detailed derivations are provided in Appendix A, see Lemmas A.6–A.8. The Fuchsian
formulations for all the gravitational wave equations (3.10)–(3.11) and (3.15)–(3.16) are
displayed together in the theorem below. The Fuchsian formulation of the Yang–Mills
equations will be derived separately in Section 3.2.

Theorem 3.6. The reduced conformal Einstein equations can be expressed in the follow-
ing first-order symmetric hyperbolic Fuchsian form:

�xA01�
c
rc

0@��emehe
yeme
m

1AC xAc1hbcrb
0@��emehe

yeme
m

1A D 1

Ht
xB1

0@��emehe
yeme
m

1AC xG1.t;U/;
�xA02�

c
rc

0@��epaehe
yep
a
e

pa

1AC xAc2hbcrb
0@��epaehe

yep
a
e

pa

1A D 1

Ht
xB2

0@��epaehe
yep
a
e

pa

1AC xG2.t;U/;
�xA03�

c
rc

0B@��esya
yb
e

he
yes
yayb
e

sya
yb

1CAC xAc3hbcrb
0B@��esya

yb
e

he
yes
yayb
e

sya
yb

1CA D 1

Ht
xB3

0B@��esya
yb
e

he
yes
yayb
e

sya
yb

1CAC xG3.t;U/;
�xA04�

c
rc

0@��esehe
yese
s

1AC xAc4hbcrb
0@��esehe

yese
s

1A D 1

Ht
xB4

0@��esehe
yese
s

1AC xG4.t;U/;
where

xA01 D

0@�� 0 0

0 hf ych
f ye 0

0 0 ME.��/

1A ; xAc1h
b
c D

0@ �2�b �hyeb 0

hf ych
f b 0 0

0 0 0

1A ;
xA02 D

0B@�� 0 0

0 h
f yd
hf ye 0

0 0 MF.��/

1CA ; xAc2h
b
c D

0B@ �2�b �hyeb 0

�h
f yd
hf b 0 0

0 0 0

1CA ;
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xB1 D

0B@.n � 2 � 1
MJ
/.��/ 0 .2 � 1

MJ
/.1
MJ
� nC 3/

MA
H
.��/

0 1
MJ
hf ych

f ye 0

MEH
MA
.��/ 0 ME.1

MJ
� 1/.��/

1CA ;
xB2 D

0B@.n � 2 � 1
MK
/.��/ 0 .1 � 1

MK
/.1
MK
� nC 2/

MB
H
.��/

0 1
MK
h
f yd
hf ye 0

MFH
MB
.��/ 0 MF.1

MK
� 1/.��/

1CA ;
xG1.t;U/ D

0@ �e4e1.t;U/h
yce4

e
1.t;U/
0

1A ; xG2.t;U/ D

0B@ �e4
ea
2 .t;U/

h
yde
4ea2 .t;U/
0

1CA ;
xA03 D

0@�� 0 0

0 hfah
f ye 0

0 0 ��

1A ; xAc3h
b
c D

0@ �2�b �hyeb 0

�hfah
f b 0 0

0 0 0

1A ;
xA04 D

0@�� 0 0

0 hf yah
f ye 0

0 0 ��

1A ; xAc4h
b
c D

0@ �2�b �hyeb 0

�hf yah
f b 0 0

0 0 0

1A ;
xB3 D

0@��.n � 2/ 0 0

0 0 0

0 0 0

1A ; xB4 D

0@��.n � 2/ 0 0

0 0 0

0 0 0

1A ;
xG3.t;U/ D

0B@ �e4eya
yb

3 .t;U/
hae4

eyayb
3 .t;U/

��esya
yb
e

1CA ; xG4.t;U/ D

0@ �e4e4.t;U/h
yae4

e
4.t;U/

��ese

1A :
Here, the maps 4e1.t;U/, 4

ea
2 .t;U/, 4

eyayb
3 .t;U/ and 4e4.t;U/ are as defined in Lem-

mas 3.5 and A.6–A.8, and there exist constants � > 0 and R > 0 such that these maps are
analytic for .t;U/ 2 .��; �

H
/ � BR.0/.

Proof. The proof is a direct consequence of Lemmas 3.5 and A.6–A.8.

3.2. Fuchsian formulation of the Yang–Mills equations

In this section, we turn to deriving a Fuchsian formulation of the Yang–Mills equations.
Under the conformal change of variables (1.30)–(1.31), the Yang–Mills system (1.3)–
(1.4) transforms into

r
aFab D �.n � 3/r

a‰Fab � e
‰
2 gac ŒAc ; Fab�; (3.31)

rŒaFbc� D �rŒa‰ � Fbc� � e
‰
2 ŒAŒa; Fbc��; (3.32)

which we will refer to as the conformal Yang–Mills equations. We remark that the Yang–
Mills Bianchi equation (3.32) is independent of the choice of connection, and hence,
we can replace it by

rŒaFbc� D �rŒa‰ � Fbc� � e
‰
2 ŒAŒa; Fbc��:
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Noting that

raFbc D raFbc �X
d
abFdc �X

d
acFbd ;

the conformal Yang–Mills equation (3.31)–(3.32) can, with the help of (1.11) and Lem-
ma A.3, be rewritten as

gbarbFac D
.n � 3/

tan.Ht/
gba�aFbc CX

dFdc C g
baXdbcFad

�

p
Hp

sin.Ht/
gabŒAb; Fac �; (3.33)

rŒbFac� D
1

tan.Ht/
�ŒbFac� �

p
Hp

sin.Ht/
ŒAŒb; Fac��: (3.34)

It is worth noting that among the above equations, the non-vanishing, dynamical equations
arise from applying hc

yc and �c to (3.33) and �bhaph
c
q to (3.34), while the non-dynam-

ical constraint equations are obtained from applying hbdh
a
ph

c
q and gcd�d to (3.34)

and (3.33), respectively.
In the following, we assume a temporal gauge for the conformal Yang–Mills field

defined by
Ad�

d
D 0: (3.35)

With the help of this gauge choice, we combine, in the following lemma, the conformal
Yang–Mills equations (3.33)–(3.34) together with an equation for the spatial component
of the gauge potential into a single system that is expressed in terms of the Yang–Mills
fields

Eb D ��
pFpah

a
b; Hdb D h

c
dFcah

a
b; and xAb D Aah

a
b :

Remark 3.7. It is worth recalling that �a, defined by (1.13), is the unit timelike vector
with respect to the conformal de Sitter metric g

ab
while zT a, defined by (1.16), is the unit

timelike vector with respect to the physical metric zgab . This implies, in general, that the
gauge choices (1.20) and (3.35) are distinct.

Lemma 3.8. If .Ea; Ab/ solves the conformal Yang–Mills equations (3.33)–(3.34) in the
temporal gauge (3.35), then the triple .Ed ;Hpq; xAs/ defined via (1.45) and (1.47) solves

�A0�crc

0@EyaHlya
xAya

1ACAc
yah
yc
cryc

0@EfHlf
xAf

1A
D

1

Ht
B

0@EyaHlya
xAya

1AC 1
p
t

0@„1ya„h
2ya

„3ya

1AC
0B@y�1yay�h2ya
y�3ya

1CA ; (3.36)

where

A0
D

0@�� 0 0

0 hhl 0

0 0 1

1A ; B D

0@�.n � 3/� �.n � 4/�l 0

0 hhl 0

0 0 1
2

1A ;
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Ac
yah
yc
c D

0B@�2hf yagdc�dhycc C hycyagdc�dhf c �h
f

ya
hlyc 0

hyc
yah
hf � h

f

ya
hhyc 0 0

0 0 0

1CA ;
and

„1ya D h
dc Œ xAc ;Hd ya�; „e2ya D h

ec.Œ xAc ; Eya� � Œ xAya; Ec �/; „3ya D Eya;

y�1ya D
p
t MBpc.�Œ xAya; Ec �C 2Œ xAc ; Eya�/ �X

d .�dEya CHd ya/

� gbcXdbah
a
ya.�cEd � �dEc CHcd /

C

� 1

tan.Ht/
�

1

Ht

�
.�.n � 3/�Eya � .n � 4/MBtp

dHd ya/

C

� p
Hp

sin.Ht/
�

1
p
t

�
.hdc Œ xAc ;Hd ya�C t MBp

c.2Œ xAc ; Eya� � Œ xAya; Ec �//;

y�h2ya D
� 1

tan.Ht/
�

1

Ht

�
hhdHd ya C

� p
Hp

sin.Ht/
�

1
p
t

�
hhc.Œ xAc ; Eya� � Œ xAya; Ec �/;

y�3ya D
� 1

2 tan.Ht/
�

1

2Ht

�
xAya C

� p
Hp

sin.Ht/
�

1
p
t

�
Eya:

Moreover, there exist constants � > 0 and R > 0 such that the maps „i , y�i , i D 1; 2; 3,
are analytic for .t;U/ 2 .��; �

H
/ � BR.0/.

Remark 3.9. An important point regarding equation (3.36) is that it is not equivalent
to the conformal Yang–Mills equations expressed in the temporal gauge. Indeed, sys-
tem (3.36) originating from multiplying (3.33) on both sides by the spatial projection
tensor hab contains only part of the propagation Yang–Mills equations. The missing prop-
agation equation (see (3.42) and Remark 3.10) can be obtained from applying �c to (3.33).
At the same time, it is true that if .Ea; xAb/ solves the conformal Yang–Mills equations
in the temporal gauge, then the triple .Ea; Hpq; xAb/, where Hpq is given in terms of xAa
by (1.48), determines a solution of (3.36).

Proof of Lemma 3.8. Multiplying (3.33) on both sides by the spatial projection tensor hab
gives

Qedc
rcFdah

a
b C .��

dgec C �cged /rcFdah
a
b

D
.n � 3/

tan.Ht/
�egdc�cFdah

a
b C �

eXdFdah
a
b C �

egya
ybXd

yaaFybdh
a
b

�

p
Hp

sin.Ht/
�egcd ŒAd ; Fca�h

a
b :

Noting that

��dgearcFdah
c
b D ��

dgef haf rcFdah
c
b D ��

dgeqhf qh
a
f rcFdah

c
b
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due to the anti-symmetry of the Yang–Mills field, it follows from the Yang–Mills Bianchi
equation (3.34) that

.��dgec C �cged /rcFdah
a
b D �

dgec.rcFad CrdFca/h
a
b

D ��dgecraFdch
a
b C

3

tan.Ht/
�dgechab�ŒdFca� �

p
Hp

sin.Ht/
�dgechabŒAŒd ; Fca��

D ��dgearcFdah
c
b �

1

tan.Ht/
.ged C �dgec�c/Fdah

a
b

�

p
Hp

sin.Ht/
�dgechabŒAŒd ; Fca��

D ��dgeqhf qh
a
f rcFdah

c
b �

1

tan.Ht/
gechdcFdah

a
b

�

p
Hp

sin.Ht/
�dgechabŒAŒd ; Fca��:

Combining the above two expressions, we arrive at

h
f

b
Qedc

rcFdah
a
f � h

c
b�
dgeqhf qrcFdah

a
f

D
1

Ht
h
f

b
..n � 3/�egdc�c C g

echdc/Fdah
a
f

C
1
p
t
.�hab�

egcd ŒAd ; Fca�C h
a
b�
dgec ŒAŒd ; Fca��/C y�

0e
b; (3.37)

where

y�0eb D �
eXdFdah

a
b C �

egya
ybXd

yaaFybdh
a
b

C

� 1

tan.Ht/
�

1

Ht

�
..n � 3/�egdc�c C g

echdc/Fdah
a
b

C

� p
Hp

sin.Ht/
�

1
p
t

�
hab.�

dgec ŒAŒd ; Fca�� � �
egcd ŒAd ; Fca�/:

Then noting the decomposition

Fdah
a
f D .�d ; h

l
d /

�
��pFpah

a
f

h
q

l
Fqah

a
f

�
D .�d ; h

l
d /

�
Ef
Hlf

�
;

we can act on (3.37) with
� �e
hhe

�
to get 

h
f

b
�eQ

edc�d C h
c
b�eg

eqhf q h
f

b
�eQ

edchld

h
f

b
hheQ

edc�d C h
c
bh
h
eg
eqhf q h

f

b
hheQ

edchld

!
rc

�
Ef
Hlf

�
D

1

Ht

 
�.n � 3/h

f

b
� �.n � 4/h

f

b
�l

0 h
f

b
hhl

!�
Ef
Hlf

�
C

1
p
t

 
�e�

dgec ŒAŒd ; Fca��h
a
b C g

dc ŒAc ; Fda�h
a
b

hhe�
dgechabŒAŒd ; Fca��

!
C

 
�e y�

0e
b

hhe
y�0e

b

!
: (3.38)
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But, since

1
p
t
�e�

dgec ŒAŒd ; Fca��h
a
b D

1
p
t
�c�d .Œ xAa; Fdc �C Œ xAc ; Fad �/h

a
b

D
p
t MBpc.�Œ xAb; Ec �C Œ xAc ; Eb�/;

1
p
t
hhe�

dgec ŒAŒd ; Fca��h
a
b D

1
p
t
hhc.�Œ xAb; Ec �C Œ xAc ; Eb�/;

1
p
t
gdc ŒAc ; Fda�h

a
b D �

p
t MBpc�d Œ xAc ; Fda�h

a
b C

1
p
t
hdc Œ xAc ; Fda�h

a
b

D
p
t MBpc Œ xAc ; Eb�C

1
p
t
hdc Œ xAc ;Hdb�

in the temporal gauge, equation (3.38) becomes 
h
f

b
�eQ

edc�d C h
c
b�eg

eqhf q h
f

b
�eQ

edchld
h
f

b
hheQ

edc�d C h
c
bh
h
eg
eqhf q h

f

b
hheQ

edchld

!
rc

�
Ef
Hlf

�
D

1

Ht

 
�.n � 3/h

f

b
� �.n � 4/h

f

b
�l

0 h
f

b
hhl

!�
Ef
Hlf

�
C

1
p
t

�
hdc Œ xAc ;Hdb�

hhc.Œ xAc ; Eb� � Œ xAb; Ec �/

�
C

 
y�1b
y�h
2b

!
; (3.39)

where

y�1b D �e y�
0e
b C
p
t MBpc.�Œ xAb; Ec �C 2Œ xAc ; Eb�/ and y�h2b D h

h
e
y�0eb :

On the other hand,

zFda�
d
D �drd

zAa � ra
zAd�

d
C �d Œ zAd ; zAa� (3.40)

by definition (1.1) of the Yang–Mills curvature, and so, it follows from (1.30), (1.31),
(A.4) and a direct calculation that, in the temporal gauge (3.35), (3.40) reduces to

�h
f

b
�drd .

xAf / D
1

2Ht
xAb C

1
p
t
Eb C y�3b; (3.41)

where y�3b is given by

y�3b D
� 1

2 tan.Ht/
�

1

2Ht

�
xAb C

� p
Hp

sin.Ht/
�

1
p
t

�
Eb :

Putting (3.39) and (3.41) together completes the proof.

Remark 3.10. Although A0 in (3.36) is positive and symmetric, system (3.36) is not
symmetric hyperbolic due to the non-symmetry of the operators Ac

ya
hycc . To remedy this

defect, we supplement (3.36) with an additional equation and introduce a new variable in
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order to symmetrize it. We begin by appending to (3.36) the dynamical equation for Ea
given by

gbarbEa D
MB.n � 3/t
tan.Ht/

pbEb C .X
dEd C �

cgbaXdbcFad /

�

p
Hp

sin.Ht/
habŒ xAb; Ea�; (3.42)

which is obtained by contracting (3.33) with �c to get

gbarbFac�
c
D
.n � 3/

tan.Ht/
gba�aFbc�

c
C �c.XdFdc C g

baXdbcFad /

�

p
Hp

sin.Ht/
gabŒAb; Fac ��

c ;

and noting

gba�aFbc�
c
D gyaahb

ya�ah
d
bFdc�

c
D �bEb

(1.37)
D MBtpbEb :

At this point, (3.36) with (3.42) appended to it is still not symmetric hyperbolic.
To complete the symmetrization, we define

Ea D �ge
ybhaeEyb;

and note that the Eb and Ea are related by

Ea D �ha
ybEyb and Eb D �Eagab � g

eyb�eEyb�
agab : (3.43)

It can then be verified by a straightforward calculation, which we carry out in the proof
of the following lemma, that the system consisting of (3.36) and (3.42) can be cast in
a symmetric hyperbolic form in terms of the variables Ee , Ed , Hab , xAs .

Lemma 3.11. If .Ea;Ab/ solves the conformal Yang–Mills equations (3.33)–(3.34) in the
temporal gauge (3.35), then the quadruple .Ee; Ed ; Hpq; xAs/ defined via (1.45), (1.46)
and (1.47) solves the symmetric hyperbolic equation

� {A0�crc

0BB@
Ee

E yd
H
yayb
xAs

1CCA � {Af hcf rc
0BB@

Ee

E yd
H
yayb
xAs

1CCA

D
1

Ht
{B

0BB@
Ee

E yd
H
yayb
xAs

1CCAC 1
p
t

0BB@
�„1ye
hd ya„1ya
�haya„b

2ya

hra„3a

1CCAC
0BBB@

D
]

1ye

D
]d
2

D
]ab
3

D
]r
4

1CCCA ; (3.44)
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where

{A0 D

0BBB@
��ha

yegbah
b
e ���rgrsh

s
ye�
yd 0 0

���rgrsh
s
e�
d Œ��h

ydd � ��r�sgrs�
d �
yd C 2�d �

yd � 0 0

0 0 hyaah
ybb 0

0 0 0 hrs

1CCCA ;

{Af hcf D

0BBBBBB@
2�cha

yegbah
b
e Œ2�c�rgrsh

s
ye C h

c
ye��
yd �hyach

yb
ye 0

Œ2�c�rgrsh
s
e C h

c
e��

d
�
2�r�sgrs�

c�
yd �d� 2�.dh

yd/c �hyadh
ybc 0

C2�ch
ydd
�

�hachbe �ha
ydhbc 0 0

0 0 0 0

1CCCCCCA ;

{B D

0BBB@
�.n � 3/�ha

yegbah
b
e 0 0 0

0 �.n � 3/�h
ydd 0 0

0 0 hyaah
ybb 0

0 0 0 1
2
hrs

1CCCA ;
D
]

1ye
.t;U/ D �y�1ye C .2MBtpc � ��c/hyayegyaaEbrch

ba
C
n � 4

H
MBpaHaye

�
n � 3

H
MB�p

yd�agayeE yd ;

D
]d
2 .t;U/ D h

d ya y�1ya C .2MBtp
c
� ��c/MBt�bgbyap

dEybrch
yayb
C MBtpdEyarch

cya

C 2MBtpdXbEb C 2MBtpd�c.gbsX ycscHbyc C g
rsXbsc .�rEb � �bEr //

C 2MBt
MB.n � 3/t
tan.Ht/

pdpbEb � 2MBpd
p
Htp

sin.Ht/
habŒ xAb; Ea�

�
n � 4

H
MBh
ybdpyaH

yayb
;

D
]ab
3 .t;U/ D �haya y�b2ya � h

acEyarch
bya;

D
]r
4 .t;U/ D h

rya y�3ya;

and the maps „i , y�i , i D 1; 2; 3, are as defined in Lemma 3.8. Moreover, there exist
constants � > 0 and R > 0 such that the maps D

]

1ye
.t;U/, D

]d
2 .t;U/, D

]ab
3 .t;U/ and

D
]r
4 .t;U/ are analytic for .t;U/ 2 .��; �

H
/ � BR.0/ and vanish for U D 0.

Remark 3.12. The symmetric hyperbolic nature of (3.44) is a consequence of the sym-
metry of the matrices {A0 and {Af hcf in the pairs of indices .e; ye/, .d; yd/, .a; ya/, .b; yb/
and .r; s/, and the fact that {A0 is positive as can be easily verified.

Remark 3.13. As was the case for (3.36), equation (3.44) is not equivalent to the con-
formal Yang–Mills equations expressed in the temporal gauge (3.35). This is because the
relation Ee D �heaEa cannot be recovered from a solution .Ee; Ed ; Hab; xAs/ of (3.44)
even if Ee D �heaEa holds initially. Consequently, we cannot guarantee that the Yang–
Mills equation (3.42) will hold for a solution of (3.44). However, it is true that if .Ea; xAb/
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solves the conformal Yang–Mills system in the temporal gauge, then the quadruple
.Ee; Ed ; Hpq; xAs/, where Ee D �heaEa and Hpq is given in terms of xAa via (1.48),
will solve (3.44). It is worth noting, as shown in [21], that this situation does not arise
when the adapted temporal gauge and the associated 1C 3 splitting of Yang–Mills field
are employed. In this case, the equivalence between the gauged reduced Einstein–Yang–
Mills equations and a first-order symmetric hyperbolic formulation can be established
directly. Although in the present paper, we do not have such equivalence, solutions of
our first-order symmetric hyperbolic formulation on the Einstein–Yang–Mills equations
can still be shown to determine solutions to the Einstein–Yang–Mills via a uniqueness
argument; see Section 7 for details.

Proof of Lemma 3.11. We start the derivation of (3.44) by considering the first equation
from (3.38), which reads

�eQ
edc�drcEya C h

c
ya�eg

e yd
rcE yd C �eQ

edch
yb
drcHybya

D
1

Ht
Œ�.n � 3/�h

yd
yaE yd � .n � 4/h

yb
ya�
aH

ayb
�C

1
p
t
„1ya C y�1ya: (3.45)

With the help of (3.43) and the identity

��eQ
edc�drcgayaE

a
� �eQ

edc�drcgayag
ycyb�ycEyb�

a
D �eQ

edc�dg
aybEybrcgaya;

we can write (3.45) as

�eQ
edc�drcEya D �eQ

edc�drc.�Eagaya � g
ycyb�ycEyb�

agaya/

D ��eQ
edc�dgayarcE

a
� �eQ

edc�d�yc�
agyc
ybgayarcEyb

� �eQ
edc�d�yc�

aEybgayarcg
ycyb
C �eQ

edc�dg
aybEybrcgaya:

Noting that �eQedc�d D �2�
c C ��c , it then follows that

.2�c � ��c/gayarcE
a
C Œ.2�c � ��c/�agaya C h

c
ya��eg

e yd
rcE yd � h

ybc
rcHybya

D
1

Ht
Œ�.n � 3/h

yd
ya�E yd � .n � 4/h

yb
ya
MBtpaH

ayb
�C

1
p
t
„1ya C y�1ya

C .�2�c C ��c/.�yc�
agayarcg

ycybEyb � g
ayb
rcgayaEyb/: (3.46)

Applying the projection operator hyae to (3.46), we find, after using (3.43) to replace
the E yd in the first singular term of the right-hand side of (3.46) and noting that

rcgab D �gayagbybrcg
yayb; �a D MBtpa (recall (1.37))

and .n � 3/�gye yd�ye�agaeE yd D .n � 3/��
yd�agaeE yd D .n � 3/

MBt�p yd�agaeE yd , that

.2�c � ��c/hyaegbyah
b
arcE

a
C Œ.2�c � ��c/�agayah

ya
e C h

c
e��
yd
rcE yd � h

yac
rcHyae

D
n � 3

Ht
�gaeE

a
C

1
p
t
„1e �D

]
1e.t;U/; (3.47)
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where

D
]
1e.t;U/ D �y�1e � h

ya
e.�2�

c
C ��c/.�yc�

agayarcg
yc ydE yd CE ydgyabrcg

ydb/

C
n � 4

H
MBpaHae �

.n � 3/

H
MB�p

yd�agaeE yd :

Applying the projection he
yb

to (3.47), we arrive at

.2�c � ��c/hya
yb
gbyah

b
arcE

a
C Œ.2�c � ��c/�agayah

ya
yb
C hc

yb
��
yd
rcE yd � h

yac
rcHyayb

D
n � 3

Ht
�h
yd
yb
g
ya yd
hyaaE

a
C

1
p
t
„
1yb
�D

]

1yb
.t;U/; (3.48)

which determines the first component of (3.44) and can be viewed as an evolution equation
for the Yang–Mills field Ea.

Next, we derive an evolution equation for Eb that will comprise the second compo-
nent of (3.44). Although Eb and Ea are not independent since they are related by (3.43),
we treat them as independent fields in order to obtain a symmetric hyperbolic equation.
The evolution equation forEb is derived from hca�eg

ebrcE
a � hca�eg

ebrcE
a � gbya �

(3.45), which, after using (3.43), reads

hca�eg
eb
rcE

a
� hca�eg

eb
rc.�g

yeybha
yeEyb/ � g

bya�eQ
edc�drcEya

� gbyahc
ya�eg

e yd
rcE yd � g

bya�eQ
edch

yb
drcHybya

D
1

Ht
Œ.n � 3/�gbyah

yd
yaE yd C .n � 4/g

byah
yb
ya�
aH

ayb
� �

1
p
t
gbya„1ya � g

bya y�1ya:

A straightforward calculation then shows that the above equation is equivalent to

hca�eg
eb
rcE

a
C .hcd�eg

ebgd ya � gbya�eQ
edc�d � g

bdhcd�eg
eya/rcEya

C gbyah
ybc
rcHybya

D
1

Ht
Œ.n � 3/�gbyah

yd
yaE yd C .n � 4/g

byah
yb
ya�
aH

ayb
�

�
1
p
t
gbya„1ya � g

bya y�1ya � h
c
d�eg

ebEarcg
da: (3.49)

From Lemma A.4 (i.e., (A.8)) and the identity

hcd�eg
ebgd ya D �eg

eyb.hb
yb
� �b�yb/g

dahcd .h
ya
a � �a�

ya/

D .�b � ��b/.hcya � �c�ya/;

we observe that

hcd�eg
ebgd ya � gbya�eQ

edc�d � g
bdhcd�eg

eya

D �bhcya � �yahcb C 2�chbya � 3�ya�b�c � ��bhcya C ��yahcb � �b�ya�c

� ��chbya C ��c�ya�b C ��c�b�ya � �2�c�b�ya C 2��c�ya�b :
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Substituting this into (3.49) yields

hca�eg
eb
rcE

a
C .�bhc

yd
� �
ydhcb C 2�chb

yd
� ��bhc

yd

� �b�
yd �c � ��chb

yd
C ��c�b�

yd /rcE yd C g
byah
ybc
rcHybya

D
1

Ht
Œ.n � 3/�gbyah

yd
yaE yd C .n � 4/g

byah
yb
ya�
aH

ayb
�

�
1
p
t
gbya„1ya � g

bya y�1ya � h
c
d�eg

ebEyarcg
d ya;

where in deriving this we also used �yaEya D 0, which holds by (1.45). Applying the
projection hycb to this equation gives

�ychcarcE
a
C .�ychc

yd
� �
ydhcyc C 2�chyc

yd
� ��chyc

yd /rcE yd C h
ycyah
ybc
rcHybya

D
1

Ht
Œ.n � 3/�hyc

ydE yd C .n � 4/h
ycyb�aH

ayb
�

�
1
p
t
hycya„1ya � h

ycya y�1ya � h
c
d �
ycEyarcg

d ya:

Reformulating this equation as

Œ.2�c � ��c/�bgbyah
ya
a C h

c
a��
yc
rcE

a
� .2�c � ��c/�bgbyah

ya
a�
yc
rcE

a

C .�ychc
yd
� �
ydhcyc C 2�chyc

yd
� ��chyc

yd /rcE yd � h
ycyah
ybc
rcHyayb

D
1

Ht
Œ.n � 3/�hyc

ydE yd C .n � 4/h
ycyb�aH

ayb
�

�
1
p
t
hycya„1ya � h

ycya y�1ya � h
c
d �
ycEyarcg

d ya;

where we note that hycyahybcrcHybya has been rewritten as �hycyahybcrcHyayb , we then use
(3.43) to replace Ea with Eb in the term �.2�c � ��c/�bgbyah

ya
a�
ycrcE

a from the above
equation to get

Œ.2�c � ��c/�bgbyah
ya
e C h

c
e��

d
rcE

e
� hd yah

ybc
rcHyayb

C Œ.2�c � ��c/�d�bgbsh
s yd
C .�dhc

yd
� �
ydhcd C 2�chd

yd
� ��chd

yd /�rcE yd

D
1

Ht
Œ.n � 3/�hd

ydE yd C .n � 4/h
d yb�yaH

yayb
� �

1
p
t
hd ya„1ya �D

�d
2 .t;U/;

where

D
�d
2 .t;U/ D h

d ya y�1ya C .2�
c
� ��c/�bgbya�

dEybh
ya
ercg

eyb
C �dEyah

c
yd
rcg

yd ya:

Using

�bgbsh
s yd
D �bgbs.g

s yd
� ��s�

yd
C �s�

yd
C �

yd�s/

D �
yd .1 � ��b�sgbs C �

b�sgbs/C �
b�sgbs�

yd
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and � ydrcE yd D 0 then allows us to express the above equation as

Œ.2�c � ��c/�bgbyah
ya
e C h

c
e��

d
rcE

e
� hd yah

ybc
rcHyayb

C Œ.2�c � ��c/�d �
yd�b�sgbs C �

dhc
yd
� �
ydhcd C 2�chd

yd
� ��chd

yd �rcE yd

D
1

Ht
Œ.n � 3/�hd

ydE yd C .n � 4/h
d yb�yaH

yayb
� �

1
p
t
hd ya„1ya �D

�d
2 .t;U/: (3.50)

Next, we observe that the coefficients of rcE yd in (3.50) can be expressed as

.2�c � ��c/�d �
yd�b�sgbs C �

dhc
yd
� �
ydhcd C 2�chd

yd
� ��chd

yd

D Œ.2�c � ��c/�
yd �d�b�sgbs � 2�

.dh
yd/c
C 2�ch

ydd
� ��ch

ydd �C 2�dhc
yd ;

where the first term in the bracket is symmetric in the indices d and yd while the remaining
term 2�dhc

yd is non-symmetric in d and yd . The non-symmetric term needs to be addressed
in order to obtain a symmetric hyperbolic equation. To handle this term, we use (A.8) to
write �dhc ydrcE yd as

2�dhc
yd
rcE yd D 2�

d .gc
yd
� ��c�

yd
C �c�

yd
C �

yd�c/rcE yd

D 2�dgc
yd
rcE yd C 2�

d �
yd�crcE yd ;

where we note that the coefficient 2�d � yd�c appearing on the right-hand side is symmetric
in d and yd .

This leaves us to consider the term 2�dgc
ydrcE yd . Making use of (3.42) to express

gc
ydrcE yd as

gc
yd
rcE yd D

MB.n � 3/t
tan.Ht/

pbEb �

p
Hp

sin.Ht/
habŒ xAb; Ea�C .X

dEd C �
cgbaXdbcFad /;

we see that 2�dgc ydrcE yd is given by

2�dhc
yd
rcE yd D 2�

d
MB.n � 3/t
tan.Ht/

pbEb � 2�
d

p
Hp

sin.Ht/
habŒ xAb; Ea�

C 2�d .XbEb C �
bgraX srbFas/C 2�

d �
yd�crcE yd ;

where we note now that the principle term 2�d �
yd�crcE yd is symmetric in d and yd . With

the help of this expression and the above arguments, it is clear that we can write (3.50) as

Œ.2�c � ��c/�bgbyah
ya
e C h

c
e��

d
rcE

e
C
�
.2�c � ��c/�

yd �d�b�sgbs

C .2�d �
yd�c � �dhc

yd
� �
ydhcd C 2�ch

ydd
� ��ch

ydd /
�
rcE yd � h

yadh
ybc
rcHyayb

D
n � 3

Ht
�h
yddE yd �

1
p
t
hd ya„1ya �D

]d
2 .t;U/; (3.51)
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where

D
]d
2 .t;U/ DD

�d
2 .t;U/C 2MBtp

d .XbEb C �
bgraX srbFas/C 2MBtp

d
MB.n � 3/t
tan.Ht/

pbEb

� 2MBpd
p
Htp

sin.Ht/
habŒ xAb; Ea� �

n � 4

H
h
ybd MBpyaH

yayb
;

which is the second component from (3.44).
Turning now to the derivation of the third equation from (3.44), we have from the

second line of (3.38) that

hheQ
edc�drcEya C h

c
yah
ha
rcEa C h

h
eQ

edch
yb
drcHybya

D
1

Ht
h
yb
yah
hbH

byb
C

1
p
t
„h2ya C

y�h2ya: (3.52)

Multiplying (3.52) by hycya, we find, with the help of the identities h
yd
eQ

edc�d D �h
ydc ,

h
yd
eQ

edch
yb
d D ��

ch
yb yd from Lemma A.4, that

� hycyah
ydc
rcEya C h

ycch
yd ya
rcEya � h

ycyah
yb yd�crcHybya

D
1

Ht
hyc
ybh
yddH

d yb
C

1
p
t
hycya„

yd
2ya C h

ycya y�
yd
2ya:

But by (3.43), we have

hycch
yd ya
rcEya D �h

ycc
rcE

yd
� hyccEyarch

yd ya;

and so, we conclude that

� hycyah
ydc
rcEya � h

ycc
rcE

yd
� hycyah

yb yd�crcHybya

D
1

Ht
hyc
ybh
yd yaH

yayb
C

1
p
t
hycya„

yd
2ya �D

]yc yd
3 .t;U/;

where
D
]yc yd
3 .t;U/ D �hycya y� yd2ya � h

yccEyarch
yd ya:

Noting that haybhbyaH
yayb
D �hayahb

ybH
yayb

, we see that the above equation is equivalent to
the third component from (3.44), which is given by

� hacrcE
b
� ha

ydhbcrcE yd C h
ayah
ybb�crcHyayb

D �
1

Ht
hayah

ybbH
yayb
C

1
p
t
haya„b2ya �D

]ab
3 .t;U/: (3.53)

The proof then follows from collecting (3.48), (3.51) and (3.53) together with equa-
tion (3.41) for the gauge potential.
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The last step needed to bring the Yang–Mills equations into a form that will be favor-
able for our analysis involves multiplying each line of (3.44) by h

ybye , hdf , haxahbxb and hor ,
respectively. The resulting first-order symmetric hyperbolic Fuchsian equation is dis-
played in the theorem below.

Theorem 3.14. If .Ea; Ab/ solves the conformal Yang–Mills equations (3.33)–(3.34) in
the temporal gauge (3.35), then the quadruple .Ee;Ed ;Hpq; xAs/ defined via (1.45), (1.46)
and (1.47) solves the first-order symmetric hyperbolic Fuchsian equation

� KA0�crc

0BB@
Ee

E yd
H
yayb
xAs

1CCAC KAf hcf rc
0BB@

Ee

E yd
H
yayb
xAs

1CCA D 1

Ht
KB

0BB@
Ee

E yd
H
yayb
xAs

1CCAC KG.t;U/; (3.54)

where

KA0 D

0BBBBBB@
��h

ybyeha
yb
gabh

b
e ���rgrsh

sye�
yd 0 0

���rgrsh
s
ehdf �

d
�
��h

ydd � ��r�sgrs�
d �
yd 0 0

C2�d �
yd
�
hdf

0 0 haxahbxbh
yaah
ybb 0

0 0 0 horh
rs

1CCCCCCA ;

KAf hcf D

0BBBBBB@
�2�chasgabh

b
eh
sye

�Œ2�c�rgrsh
sye
C hcye��

yd hye
ybhyac 0

�Œ2�c�rgrsh
s
eC h

c
e�hdf �

d �
�
2�r�sgrs�

c�
yd �d hdf h

yadh
ybc 0

�2�.dh
yd/cC 2�ch

ydd
�
hdf

hexbhaxah
ac haxahbxbh

a ydhbc 0 0

0 0 0 0

1CCCCCCA ;

KB D

0BBBB@
�.n � 3/�h

ybyeha
yb
gabh

b
e 0 0 0

0 �.n � 3/�h
yddhdf 0 0

0 0 haxahbxbh
yaah
ybb 0

0 0 0 1
2
horh

rs

1CCCCA ;
KG.t;U/ D KG0.t;U/C

1
p
t
KG1.t;U/;

KG0.t;U/ D .Dye1.t;U/;D2f .t;U/;D3xaxb.t;U/;D4o.t;U//tr;
KG1.t;U/ D .�hyee„1e; hdf h

d ya„1ya;�haxahbxah
aya„b2ya; horh

ra„3a/
tr;

the maps „1e , „b2ya, „3a are as defined in Lemma 3.8, and the maps Dye1, D2f , D3xaxb

and D4o are defined by

Dye1.t;U/ D h
yeybD

]

1yb
.t;U/; D2f .t;U/ D hdf D

]d
2 .t;U/;

D3xaxb.t;U/ D haxahbxbD
]ab
3 .t;U/; D4o.t;U/ D horD

]r
4 .t;U/;

respectively. Moreover, there exist constants � > 0 and R > 0 such that the maps Dye1,
D2f , D3xaxb and D4o are analytic for .t;U/ 2 .��; �

H
/ � BR.0/ and vanish for U D 0.
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4. Symmetric hyperbolic Fuchsian equations

In the previous section, we derived, in Theorems 3.6 and 3.14, a Fuchsian formulation of
the gauge-reduced conformal Einstein–Yang–Mills equations. In this section, we quickly
review the global existence theory for symmetric hyperbolic Fuchsian equations devel-
oped in [4], which is an extension of the Fuchsian existence theory from [24]; see also [3]
for related results. This theory relies on the Fuchsian system satisfying a number of struc-
tural conditions, which we recall for the convenience of the reader. A tailored version of
the main Fuchsian existence theorem from [4] is stated below in Theorem 4.3. In the next
section, we apply this theorem to our Fuchsian formulation of the gauge-reduced confor-
mal Einstein–Yang–Mills equations. The purpose of doing so is to obtain uniform bounds
and decay estimates as t & 0 for solutions to the conformal Einstein–Yang–Mills equa-
tions, where we recall that, in the conformal picture, t D 0 corresponds to future timelike
infinity.

Rather than considering the general class of Fuchsian systems analyzed in [4], we
instead consider a restricted class that encompasses our Fuchsian formulation of the
Einstein–Yang–Mills system. This will allow us to simplify the presentation and appli-
cation of the existence theory from [4] in our setting. The class of Fuchsian equations and
the corresponding initial value problem that we consider in this section are of the form

�A0.u/�crcuC Ac.u/hbcrbu D
1

t
A.u/PuCG.u/ in ŒT0; 0/ �†; (4.1)

u D u0 in ¹T0º �†; (4.2)

where T0 < 0 and A0 D Ac�c . Here,8 † is an .n � 1/-dimensional closed Riemannian
manifold with time-independent metric hab , t is a Cartesian coordinate on the interval
ŒT0; 0/ � R, r is the Levi-Civita connection of the Lorentzian metric9

g
ab
D �.dt /a.dt /b C hab

on the spacetime manifold
M D ŒT0; 0/ �†;

�c D .dt /c is the unit conormal to † and �c D gcd�d D �. @@t /
c , hbc D ı

b
c C �

b�c D

ıbc � .
@
@t
/b.dt /c is the projection onto g-orthogonal subspace to �c , and

u D .u.1/; : : : ; u.`//

is a section of the vector bundle

V D
M̀
kD1

h.Tmknk M/

8In this section only, we do not assume that † is Sn�1, although, in light of our application to
the Einstein–Yang–Mills equations, it is fine to assume this.

9Note that we are now interpreting hab as spacetime tensor field on M in the obvious manner.
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over M, where we are using h.T rs M/ to denote the projection of the tensor bundle T rs M

by hbc , i.e., Sa1:::ar
b1:::bs

2 h.T rs M/ if and only if

ha1c1 � � � h
ar
cr
h
d1
b1
� � � h

ds
bs
S
c1:::cr

d1:::ds
D S

a1:::ar
b1:::bs

:

The coefficients Ac.u/, A.u/, P and G.u/ will be assumed to satisfy conditions .1/–.5/
from Section 4.2 below.

Remark 4.1. (i) The coefficients Ac and G in (4.1) implicitly depend on the spacetime
points .t; x/ 2M via the section u of V. The dependence can be made explicit by locally
representing u in a vector bundle chart as .t; x; zu.t; x//.

(ii) We can naturally view u as a time-dependent section of the vector bundle

V D
M̀
kD1

Tmknk †

over †. Since, in this viewpoint, u no longer includes t in its base point, i.e., u is locally
of the form .x; zu.t; x// with .t; x/ 2M, we will interpret the coefficients Ac and G as
depending on t as well as u, and we will write Ac.t; u/ and G.t; u/. This interpretation
also allows us to write the Fuchsian equation (4.1) as

A0.t; u/@tuC Ac.t; u/hbcDbu D
1

t
A.t; u/PuCG.t; u/;

where A0 D �Ac�c and D denotes the Levi-Civita connection of the Riemannian met-
ric hab on †.

For the remainder of this section, we will favor the interpretation of u taking values in
the vector bundle V in line with Remark 4.1 (ii).

4.1. Symmetric linear operators and inner products

For fixed t , u and �b , Ac.t; u/hbc�b and A0.t; u/ define linear operators on V . One of the
assumptions needed for the Fuchsian existence theory from [4] is that these operators are
symmetric with respect to a given inner product on V . In the following, we will employ
the inner product defined on elements v D .v.1/; : : : ; v.`//, u D .u.1/; : : : ; u.`// 2 V by

hv; uih D
X̀
kD1

� mkY
iD1

hcibi

�� nkY
jD1

hdj aj
�
.v.k//

c1:::cmk
d1:::dnk

.u.k//
b1:::bmk

a1:::ank
: (4.3)

For use below, we define projections P.j /WV ! V and maps �.j /W Im P.j / ! T
mj
nj † by

P.j /u D .0; : : : ; u.j /; : : : ; 0/ and �.j /.0; : : : ; u.j /; : : : ; 0/ D u.j /;

respectively, and we set zP.j / D �.j / ı P.j /. We also note using these maps that u DP`
kD1 �

�1
.k/
zP.k/u.
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Definition 4.2. The transpose of10 A 2L.V /, denoted Atr, is the unique element ofL.V /
satisfying

hv;Auih D hAtrv; uih

for all u; v 2 V . Moreover, we say that A 2 L.V / is symmetric if Atr D A.

Given A 2 L.V /, we can represent it in block form as A D .A.kl//, where the blocks
A.kl/ are defined by

A.kl/ D zP.k/A��1.l/ :

Using this notation, it can then be verified by a straightforward calculation that the trans-
pose of A D .A.kl// is given by

..Atr/.lk//
ye1:::yeml d1:::dnk

e1:::enl c1:::cmk
D .A.kl//

b1:::bmk ya1:::yanl

a1:::ank
yb1:::ybml

� mkY
iD1

hcibi

�
�

� nlY
iD1

hyaiei

�� nkY
jD1

hdj aj
�� mlY

jD1

h
ybj yej

�
: (4.4)

4.2. Coefficient assumptions

Here, we state a tailored version of the coefficient assumptions from [4, §3.1]. These
assumptions need to be satisfied in order to apply the Fuchsian existence results [4]. In the
following, we employ the order notation, i.e., O and O, from [4, §2.4].

(1) The map P is a time-independent section of the vector bundle L.V / over † that
is covariantly constant and defines a symmetric projection operator on V , i.e.,

P2 D P ; P tr
D P ; @tP D 0 and DP D 0:

(2) There exist constants R; �; 
1; 
2 > 0 such that the maps

A0 2 C 1.ŒT0; 0�; C1.BR.V /; L.V /// and A 2 C 0.ŒT0; 0�; C
1.BR.V /; L.V ///

satisfy11 �.A0.t; v// D �.A.t; v// D �.v/ and

1


1
hu; uih � hu;A0.t; v/uih �

1

�
hu;A.t; v/uih � 
2hu; uih (4.5)

for all .t; u; v/ 2 ŒT0; 0/ � V � BR.V /. Moreover, A0 satisfies the relations

A0.t; v/tr D A0.t; v/;
ŒP .�.v//;A.t; v/� D 0;

P .�.v//A0.t; v/P?.�.v// D O.P .�.v//v/

10Here, L.V / denotes the set of linear operators on V , which is isomorphic to V � ˝ V .
11Note here in the following that � is used to denote a vector bundle projection map. The partic-

ular vector bundle will be clear from context and so no confusion should arise from the use of the
same symbol for all the vector bundle projections.
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and
P?.�.v//A0.t; v/P .�.v// D O.P .�.v//v/;

for all .t; v/ 2 ŒT0; 0/ � BR.V /, and there exist maps12 VA0; VA 2 C 0.ŒT0; 0�; �.L.V ///
satisfying ŒP ; VA� D 0, and

A0.t; v/ � VA0.t; �.v// D O.v/ and A.t; v/ � VA.t; �.v// D O.v/

for all .t; v/ 2 ŒT0; 0/ � BR.V /.

(3) The map G.t; v/ 2 C 0.ŒT0; 0/;C1.BR.V /; V // admits an expansion of the form

G.t; v/ D VG.t; �.v//CG0.t; v/C jt j
� 12G1.t; v/C jt j

�1G2.t; v/;

where VG 2 C 0.ŒT0; 0�; �.V // and the maps G`.t; v/ 2 C 0.ŒT0; 0�; C1.BR.V /; V //,
` D 0; 1; 2, satisfy �.G`.t; v// D �.v/ and

P .�.v//G2.t; v/ D 0

for all .t; v/ 2 ŒT0; 0� � BR.V /. Moreover, there exist constants �` � 0, ` D 1; 2; 3,
such that

G0.t; v/ D O.v/;

P .�.v//G1.t; v/ D O.�1v/;

P?.�.v//G1.t; v/ D O.�2P .�.v//v/;

P?.�.v//G2.t; v/ D O.�3R
�1P .�.v//v ˝ Pv/

for all .t; v/ 2 ŒT0; 0/ � BR.V /.

(4) The map Achbc 2 C 0.ŒT0; 0�; C1.BR.V /; L.V /˝ T†// satisfies

�.Ac.t; v/hbc/ D �.v/ and Œ�c.�.v//Ac.t; v/�tr D �c.�.v//Ac.t; v/

for all .t; v/ 2 ŒT0; 0/ � BR.V / and spatial one-forms �a 2 X�.†/.

(5) For each .t; v/ 2 ŒT0; 0/ � BR.V /, there exists an s0 > 0 such that

‚.s/ D A0
�
t; v C sŒA0.t; v/��1

�1
t

A.t; v/Pv CG.t; v/
��
; jsj < s0;

defines smooth curve in L.V /. There exist constants � and ˇ` � 0, ` D 0; 1; : : : ; 7, such
that the derivative ‚0.0/ satisfies13

hv;P .�.v//‚0.0/P .�.v//vih

D O.�v ˝ v C jt j�
1
2ˇ0v ˝ P .�.v//v C jt j�1ˇ1P .�.v//v ˝ P .�.v//v/;

12Here, �.L.V // denotes the sections of the vector bundle L.V / over †.
13This condition is a reformulation of [4, §3.1.v]. It is straightforward to check that it implies the

condition [4, §3.1.v] for the Fuchsian equation (4.1) that we are considering here.
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hv;P .�.v//‚0.0/P?.�.v//vih

D O
�
�v ˝ v C jt j�

1
2ˇ2v ˝ P .�.v//v C

jt j�1ˇ3

R
P .�.v//v ˝ P .�.v//v

�
;

hv;P?.�.v//‚0.0/P .�.v//vih

D O
�
�v ˝ v C jt j�

1
2ˇ4v ˝ P .�.v//v C

jt j�1ˇ5

R
P .�.v//v ˝ P .�.v//v

�
;

hv;P?.�.v//‚0.0/P?.�.v//vih

D O
�
�v ˝ v C

jt j�
1
2ˇ6

R
v ˝ P .�.v//v C

jt j�1ˇ7

R2
P .�.v//v ˝ P .�.v//v

�
for all .t; v/ 2 ŒT0; 0/ � BR.V /.

4.3. Global existence theorem

Theorem 3.8 from [4] implies the global existence result for the Fuchsian initial value
problem (4.1)–(4.2) that is stated in the following theorem. It is worth noting that the
regularity for the initial data in the theorem below is less than what is required for [4, The-
orem 3.8]. This is because the spatial derivative term Achbcrc appearing in (4.1) does not
contain any 1

t
singular terms by assumption. As a consequence, the use of [4, Lemma 3.5]

can be avoided in the proof of [4, Theorem 3.8] under this assumption, which leads to the
reduction in the required regularity of the initial data.

Theorem 4.3 (Global existence theorem). Suppose s 2 Z
>nC12

, T0 < 0, u0 2H s.†IV /,
the coefficient assumptions .1/–.5/ from Section 4.2 are satisfied, and the constants �, 
1,
�3, ˇ0, ˇ2kC1, k D 0; : : : ; 3, satisfy

� >
1

2

1

� 3X
kD0

ˇ2kC1 C 2�3

�
:

Then there exists a constant ı > 0 such that if

max
®
ku0kH s ; sup

T0��<0

k VG.�/kH s
¯
� ı;

then there is a unique solution

u 2 C 0.ŒT0; 0/;H
s.†IV // \ C 1.ŒT0; 0/;H

s�1.†IV // \ L1.ŒT0; 0/;H
s.†IV //

of the initial value problem (4.1)–(4.2) such that P?u.0/ WD limt%0 P?u.t/ exists in
H s�1.†IV /.

Moreover, the solution u satisfies the energy estimate

ku.t/k2H s C sup
T0��<0

k VG.�/k2H s �

Z t

T0

1

�
kPu.�/k2H sd�

� C.ı; ı�1/
�
ku0k

2
H s C sup

T0��<0

k VG.�/k2H s
�
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and the decay estimates

kPu.t/kH s�1 .

8̂̂<̂
:̂
jt j C �1jt j

1
2 if � > 1;

jt j��� C �1jt j
1
2 if 1

2
< � � 1;

jt j��� if 0 < � � 1
2

and

kP?u.t/ � P?u.0/kH s .

8<: jt j
1
2 C jt j��� if � > 1

2
;

jt j��� if � � 1
2

for all t 2 ŒT0; 0/, where � D � � 1
2

1ˇ1.

5. Global existence for the Fuchsian formulation of the Einstein–Yang–Mills
equations

In this section, we carry out one of the main steps in the proof of Theorem 1.2 by establish-
ing the global existence of solutions to the Fuchsian equation obtained from combining
the Fuchsian equations from Theorems 3.6 and 3.14, which is given by

�yA0�crc yUC yA
bhcbrc

yU D
1

Ht
yB yUC yG.t; yU/; (5.1)

where

yA0 D

0BBBBB@
xA01 0 0 0 0

0 xA02 0 0 0

0 0 xA03 0 0

0 0 0 xA04 0

0 0 0 0 KA0

1CCCCCA ;

yAbhcb D

0BBBBB@
xAb1h

c
b 0 0 0 0

0 xAb2h
c
b 0 0 0

0 0 xAb3h
c
b 0 0

0 0 0 xAb4h
c
b 0

0 0 0 0 KAbhcb

1CCCCCA ;
(5.2)

and

yB D

0BBBBB@
xB1 0 0 0 0

0 xB2 0 0 0

0 0 xB3 0 0

0 0 0 xB4 0

0 0 0 0 KB

1CCCCCA ; yG.t; yU/ D

0BBBBB@
xG1.t; yU/
xG2.t; yU/
xG3.t; yU/
xG4.t; yU/
KG.t; yU/

1CCCCCA ; (5.3)



Global existence and stability of solutions to the EYM equations 4603

and

yU D . � �eme; heyeme; m;��
epae ; h

e
yep
a
e ; p

a;��esya
yb
e ; h

e
yes
yayb
e ; s
yayb;

� �ese; h
e
yese; s;E

e; Ed ;Hyayb;
xAs/

tr: (5.4)

While, by construction, solutions .gab;Ab/ of the reduced conformal Einstein–Yang–
Mills equations in the temporal gauge determine solutions of the Fuchsian system (5.1) via
(1.33), (1.36)–(1.43) and (1.46)–(1.47), we will, in this section, analyze general solutions
to (5.1) and not, a priori, assume that they are derived from solutions of the conformal
Einstein–Yang–Mills equations. The main purpose of establishing the existence of solu-
tions to the Fuchsian system (5.1) will be to obtain global bounds on solutions of the
reduced conformal Einstein–Yang–Mills equations. The details of this argument can be
found in Section 7.

The main global existence theorem for the Fuchsian equation (5.1) is stated below in
Theorem 5.6. In order to be able to apply this theorem, we need to establish that (5.1)
verifies the coefficient assumptions .1/–.5/ from Section 4.2. As we show below, this
requires us to make certain dimension-dependent choices for the free parameters MA, MB, MJ,
MK, ME, MF that appear in the coefficients of (5.1).

5.1. Parameter selection

The parameters MA, MB, MJ, MK, ME, MF are determined by the spacetime dimension n and the
following decomposition for the matrix yB defined above by (5.3):

yB D yAyP D

0BBBBB@
xA1 0 0 0 0

0 xA2 0 0 0

0 0 xA3 0 0

0 0 0 xA4 0

0 0 0 0 KA

1CCCCCA
0BBBBB@
xP1 0 0 0 0

0 xP2 0 0 0

0 0 xP3 0 0

0 0 0 xP4 0

0 0 0 0 KP

1CCCCCA ;
which implies in particular that

xB` D
xA`xP`; ` D 1; : : : ; 4; and KB D KA KP :

This decomposition is not unique and we have some freedom in choosing the particular
form of the operators xA`, KA and the projection operators xP`, KP . We fix xA3, xA4, KA, xP3, xP4
and KP by setting

xA3D xA4D

0@��.n � 2/ 0 0

0 1 0

0 0 1

1A ; xP3D xP4D

0@1 0 0

0 0 0

0 0 0

1A ; KAD KB and KP D 1;

respectively. The choice of the remaining operators xA1, xA2, xP1 and xP2 will depend on the
spacetime dimensions n, which we separate into the following three cases: n D 4, n � 6
and n D 5.
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.1/ n D 4: For n D 4, we fix the parameters MA, MB, MJ, MK, ME, MF by setting

MK D MJ D
2

3
; MA D MB D 2H and ME D MF D 1:

Inserting these parameters into xA0
`

and xB` (see Theorem 3.6), we can ensure that xB` D

xA`P` for ` D 1; 2 by setting

xA1 D xA2 D

0@�� 0 0

0 3
2
hfdh

f ye 0

0 0 ��

1A and xP1 D xP2 D

0@1
2

0 1
2

0 ıd
yc

0
1
2

0 1
2

1A : (5.5)

Lemma 5.1. There exist constants � > 0, R > 0, 
1 > 1 and 
2 > 3
2

such that

1


1
1 � xA0` � xA` � 
21 and ŒxA`; xP`� D 0

for all .t; yU/ 2 .��; �
H
/ � BR.0/ and ` D 1; 2.

Proof. It is straightforward to verify from (5.5) and the definitions of the matrices xA0
`

from Theorem 3.6 that xA0
`
� xA` and ŒxA`; xP`�D 0. Moreover, by takingR > 0 sufficiently

small, it is also not difficult to verify that there exist constants 
1 > 1 and 
2 > 3
2

such
that 1 � 
1xA0` and xA` � 
21, which completes the proof.

.2/ n � 6: For n � 6, we fix the parameters MA, MB, MJ, MK, ME, MF by setting

1

MJ
D n �

7

2
; ME D 1;

H

MA
D

r
1

2

�
n �

11

2

�
; (5.6)

1

MK
D
n � 1

2
; MF D 1;

H

MB
D
n � 3

2
: (5.7)

Substituting these choices into xA0
`

and xB`, we find that xB` D
xA`P`, ` D 1; 2, where we

have set

xA1 D

0BB@
3
2
.��/ 0

q
1
2
.n � 11

2
/.��/

0 .n � 7
2
/hfdh

f ye 0q
1
2
.n � 11

2
/.��/ 0 .n � 9

2
/.��/

1CCA ; xP1 D 1; (5.8)

xA2 D

0@.n�3/.��/ 0 0

0 1
2
.n � 1/hfdh

f ye 0

0 0 .n�3/.��/

1A ; xP2 D

0B@1
2

0 1
2

0 ıd
yd
0

1
2

0 1
2

1CA : (5.9)

Lemma 5.2. There exist constants � > 0, R > 0, 
1 > 1, 
2 > 2n � 10, z
1 > 1 and
z
2 >

2.n�3/
n�1

such that

1


1
1 � xA01 � xA1 � 
21;

1

z
1
1 � xA02 �

2

n � 1
xA2 � z
21 and ŒxA`; xP`� D 0

for all .t; yU/ 2 .��; �
H
/ � BR.0/ and ` D 1; 2.
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Proof. By (5.8), we note, for any ! D .!1; !2; !3/tr, that

hxA1!;!ih D ��
3

2
!21 C

�
n �

7

2

�
hab!2a!2b C .��/

�
n �

9

2

�
!23

� 2�

r
1

2

�
n �

11

2

�
!1!3;

where in deriving this we have employed the relation !2a D haya!
ya
2 . But, by Young’s

inequality (see Lemma B.3)

2

r
1

2

�
n �

11

2

�
j!1!3j �

1

2
!21 C

�
n �

11

2

�
!23 ;

and so we deduce that

� �!21 C
�
n �

7

2

�
hab!2a!2b C .��/!

2
3

� hxA1!;!ih � �2�!
2
1 C

�
n �

7

2

�
hab!2a!2b C .��/.2n � 10/!

2
3 ;

where in deriving this we have used the fact that � < 0, see (1.33).
On the other hand, from the definition of xA01 in Theorem 3.6, we observe that

hxA01!;!ih D ��!
2
1 C h

ab!2a!2b C .��/!
2
3 :

With the help of this identity, we conclude, by taking small enough R > 0, that there exist
constants 
1 > 1 and 
2 > 2n � 10 such that

1


1
1 � xA01 � xA1 � 
21:

To complete the proof, we note that the other stated inequality follows from similar
arguments while the relation ŒxA`; xP`� D 0, ` D 1; 2, is a direct consequence of defini-
tions (5.8)–(5.9).

.3/ n D 5: For n D 5, we fix the parameters MK, MF, MB in the same way as in (5.7), and we
correspondingly define the operators xA2 and xP2 by (5.9). In addition, we set

ME D 3;
1

MJ
D 2 and

H

MA
D 1;

and insert these parameters into xA01 and xB1. We then observe that xB1 D
xA1xP1 for xA1

and xP1 defined by

xA1 D

0@ �� 0 0

0 2hfdh
f ye 0

�3� 0 �3�

1A and xP1 D 1; (5.10)

respectively.
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Lemma 5.3. There exist constants � > 0,R > 0, 
2 > 32, 
1 > 1, z
1 > 1 and z
2 >
2.n�3/
n�1

such that

1


1
1 � xA01 � 8xA1 � 
21;

1

z
1
1 � xA02 �

2

n � 1
xA2 � z
21 and ŒxA`; xP`� D 0

for .t; yU/ 2 .��; �
H
/ � BR.0/ and ` D 1; 2.

Proof. From the definition of xA01, see Theorem 3.6, and (5.10), we have

hxA1!;!ih D ��!
2
1 C 2h

ab!2a!2b C 3.��/!
2
3 C 3.��/!1!3;

hxA01!;!ih D ��!
2
1 C h

ab!2a!2b C 3.��/!
2
3

for any ! D .!1; !2; !3/
tr. In order to bound hxA1!;!ih, we first bound 3.��/!1!3

above and below by using Young’s inequality (see Lemma B.3) twice with " D
p
3
3

and
" D 2C

p
13

3
to obtain

�
3

2

p
3

3
.��/!21 �

3

2

p
3.��/!23

� 3.��/!1!3 �
3

2

2C
p
13

3
.��/!21 C

3

2

3

2C
p
13
.��/!23 :

Using this inequality, it follows that�
1 �

p
3

2

�
.��/!21 C 2h

ab!2a!2b C 3
�
1 �

p
3

2

�
.��/!23

� hxA1!;!ih �
�
2C

p
13

2

�
.��/!21 C 2h

ab!2a!2b C
�
2C

p
13

2

�
.��/!23 ;

from which we deduce that

1

8
xA01 <

�
1 �

p
3

2

�
xA01 � xA1:

By takingR> 0 small enough, it is also clear that there exist constants 
1 > 1 and 
2 > 32
such that 8xA1 � 
21 and 1 � 
1xA01.

To complete the proof, we note that the second inequality follows from similar argu-
ments while the relations ŒxA`; xP`�D 0, `D 1;2, are a direct consequence of the definitions
of xA` and xP`.

5.2. Verification of the coefficient assumptions

With the results of the previous section in hand, we now turn to verifying that the Fuchsian
equation (5.1) satisfies all of the coefficient assumptions from Section 4.2. Due to the
block structure of coefficients (5.2)–(5.3), the verification of the coefficient assumptions
for the conformal Einstein (i.e., the firsts 4 blocks) and the conformal Yang–Mills (i.e., the
last block) components of the equation can be carried out separately.
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Lemma 5.4. Suppose xA0i , xAbi h
c
b , xBi , xGi , i D 1; : : : ; 4, and KA0, KAbhcb , KB, KG are defined

as in Theorems 3.6 and 3.14, and xAi , xPi , KA and KP are as defined14 in Section 5.1. Then
there exist positive constants R; �; 
1; 
2 > 0 and non-negative constants �l ; �; ˇk � 0,
l D 1; 2; 3 and k D 0; : : : ; 7, such that coefficients of the Fuchsian system (5.1) satisfy
assumptions .1/–.5/ from Section 4.2 and the inequality

� >
1

2

1

� 3X
kD0

ˇ2kC1 C 2�3

�
(5.11)

holds.

Proof. 1. The conformal Einstein component. Noting that the gravitational variables used
in the Fuchsian formulation of the reduced conformal Einstein equation in the articles
[19,20,22,24] are essentially the same ones used in this article, the same arguments from
[19, 20, 22, 24] that are employed to verify the coefficient assumptions can be adapted,
with the help of Lemmas 5.1–5.3, in a straightforward manner to show that the Fuch-
sian formulation of the reduced Einstein equations in this article satisfies the coefficient
assumptions. We omit the details.

2. The conformal Yang–Mills component. Assumptions .2/ and .4/: We begin the verifi-
cation of assumption .2/ and .4/ by establishing the symmetry of the operators KA0 and
KAbhcb�c . To this end, we observe that the blocks of KA0 satisfy

. KA0.11//
ye
eh
ef hyed D ��

yhybeh
ybyehef hyed D ��h

f ye yhyed D . KA0.11//
f

d

with yhybe D h
a
yb
gabh

b
e;

. KA0.22//
yd
f h yd ych

f ye
D .��h

ydd
� ��r�sgrs�

d �
yd
C 2�d �

yd /hdf h yd ych
f ye

D .��h
ydye
� ��r�sgrs�

ye�
yd
C 2�ye�

yd /h yd yc D .
KA0.22//

ye
yc ;

. KA0.33//
yc yd
cdhxaychxb ydh

cyahd
yb
D hca0hdb0h

a0ychb
0 ydhxaychxb ydh

cyahd
yb

D hyaych
yb ydhycxah yd xb D .

KA0.33//
yayb

xaxb
;

. KA0.21//feh
f ydheye D ���rgrsh

s
ehdf �

dhf
ydheyeD ���rgrsh

sye�
yd
D . KA0.12//

ye yd:

We further observe that the blocks KA0
.13/

, KA0
.31/

, KA0
.23/

and KA0
.32/

all vanish and that the
block KA0

.44/
is symmetric. We therefore conclude from (4.4) that KA0 is symmetric. The

symmetry of the operator KAbhcb�c can be established in a similar fashion from the fol-
lowing identities:

.. KAbhcb/.21//feh
f ydheye D �Œ2�c�rgrsh

s
e C h

c
e�hdf �

dhf
ydheye

D �Œ2�c�rgrsh
sye
C hcye��

yd
D .. KAbhcb/.12//ye

yd ;

14Recall that xAj and xPj, for j D 1; 2, vary according to the dimension n.
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.. KAbhcb/.31//
xaxbe
hxayah

xbybhyee D hexbhaxah
achxayah

xbybhyee D hyach
ybye
D .. KAbhcb/.13//yeya

yb;

.. KAbhcb/.32//
yd

xaxb
hxayah

xbybh ydf D hbxbhaxah
ydahbchxayah

xbybh ydf

D h
yd yah
ybch ydf D h

yadh
ybchdf D ..

KAbhcb/.23//ya
yb
f ;

.. KAbhcb/.11//yeeh
ef hyed D �2�

c yhesh
syehefhyedD�2�

c yhyedh
f ye
D.. KAbhcb/.11//

f

d
;

.. KAbhcb/.22//
yd
f h yd ych

f ye
D �.2�r�sgrs�

c�
yd �d � 2�.dh

yd/c
C 2�ch

ydd /hdf h yd ych
f ye

D �.2�r�sgrs�
c�d �ye � 2�.yehd/c C 2�chyed /hd yc

D .. KAbhcb/.22//yeyc ;

and the vanishing of the remaining blocks of KAbhcb�c .
Next, we claim that KA0 and KA satisfy an inequality of form (4.5). To see why this is

the case, we consider an element

# D .Y e; Z yd ; Xyayb; Ws/ 2 T†˚ T
�†˚ T 02 †˚ T

�†:

Then by (4.3) and the definition of KA0 from Theorem 3.14, we have

h#; KA0#ih D � �hadgabh
b
eY

eY d � ��rgrsh
s
e�
ydZ ydY

e
� ��rgrsh

s
e�
dY eZd

C Œ��h
ydd
� ��r�sgrs�

d �
yd
C 2�d �

yd �Z ydZd

C hyaah
ybbX

yayb
Xab C h

bsWsWb;

from which we find, with the help of Lemma B.4, that

h#; KA0#ih � � �hadgabh
b
eY

eY d C "h
yddZ ydZd C

1

"
j�j2h�

2�rgrsh
s
e�
cg
cyb
h
yb
bY

eY b

C Œ��h
ydd
� ��r�sgrs�

d �
yd
C 2�d �

yd �Z ydZd

C hyaah
ybbX

yayb
Xab C h

bsWsWb; (5.12)

h#; KA0#ih � � �hadgabh
b
eY

eY d � "h
yddZ ydZd �

1

"
j�j2h�

2�rgrsh
s
e�
cg
cyb
h
yb
bY

eY b

C Œ��h
ydd
� ��r�sgrs�

d �
yd
C 2�d �

yd �Z ydZd

C hyaah
ybbX

yayb
Xab C h

bsWsWb (5.13)

for any " > 0 where we have set j�j2
h
D had �

a�d .
On the other hand,

h#; KA#ih D � .n � 3/�h
ya
agsyah

s
eY

eY a � .n � 3/�h
yddZ ydZd

C hyaah
ybbX

yayb
Xab C

1

2
hbsWsWb : (5.14)

By setting " D j�jh and taking R > 0 small enough, it then follows from (5.12)–(5.14)
that there exist constants �; 
1; 
2 > 0 such that inequality (4.5) holds.
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Finally, we note that it is straightforward to check that the operators KA0, KAbhcb�c
and KA verify the remaining stated properties from the coefficient assumptions .2/ and .4/.
This completes the verification of the coefficient assumptions .2/ and .4/.

Assumptions .1/ and .5/: With our choice of KP D 1 and hence KP? D 0, we immediately
have that Œ KP ; KA� D 0, and the only non-vanishing relation involving ‚0.0/ is the first one,
which reads

hv;‚0.0/vih D O.�v ˝ v C jt j�
1
2ˇ0v ˝ v C jt j

�1ˇ1v ˝ v/:

It is straightforward to verify that this condition on ‚0.0/ is satisfied for an appropri-
ate choice of constants � , ˇ0 and ˇ1. Since it is also straightforward to verify the other
stated properties from the coefficient assumptions .1/ and .5/, we will omit the details
of the verification of these properties. This completes the verification of the coefficient
assumptions .1/ and .5/.

Assumption .3/: Noticing that the maps KG0 and KG1 from the expansion of KG given in
Theorem 3.14 are both analytic for .t;U/ 2 .��; �

H
/ for �;R > 0 small enough and vanish

for U D 0, it follows immediately that there exist constants �` � 0, ` D 1; 2, such the
all the conditions on the map KG from the coefficient assumption .3/ are satisfied. This
completes the verification of the coefficient assumption .3/.

3. The combined system. The above arguments yield positive constants R; �; 
1; 
2 > 0,
and non-negative �l ; �; ˇk � 0, l D 1; 2 and k D 0; : : : ; 7, such that the coefficients
of the Fuchsian system (5.1) verify assumptions .1/–.5/ from Section 4.2. To complete
the proof, we make a number of observations with regard to the selection of some of the
parameters beginning with the observation that the term from the Fuchsian system (5.1)
that corresponds to G2 vanishes, which allows us to take �3 D 0. Next, we make the
following observations with regard to the parameters ˇ2kC1, k D 0; 1; 2; 3:

(1) The 1
t

singular term from hv;P .�.v//‚0.0/P .�.v//vih is of the form

O.C1jt j
�1P .�.v//v ˝ P .�.v//v ˝ P .�.v//v/

for some constant C1 > 0. Thus, for any ˇ1 > 0, we can, by choosing R > 0 suffi-
ciently small, ensure that C1R � ˇ1.

(2) The 1
t

singular term of from hv;P .�.v//‚0.0/P?.�.v//vih is of the form

O.C3jt j
�1P .�.v//v ˝ P .�.v//v ˝ P?.�.v//v/

for some constant C3 > 0. As a consequence, for any ˇ3 > 0, we can arrange that
C3R

2 � ˇ3 by choosing R > 0 small. By similar considerations, for any choice of
ˇ5 > 0, we can guarantee that C5R2 � ˇ5 holds by choosingR> 0 sufficiently small.

(3) Noting that the term hv; P?.�.v//‚0.0/P?.�.v//vih only involves the Einstein
components, similar arguments to those employed in [20, §7.1] (see also [19]) imply
that this term contains no 1

t
singular term, and as a consequence, we can take ˇ7 D 0.
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From these considerations and the fact that the parameters ˇk can be chosen indepen-
dently of � and 
1, which are both positive, it is then clear that we can ensure that
inequality (5.11) holds by choosingR>0 sufficiently small. This completes the proof.

Remark 5.5. Although we have established that Fuchsian system (5.1) satisfies all of
the coefficient assumptions from Section 4.2 for some choice of constants, we have not
calculated explicit values for these constants. This is because explicit values are only
required for determining the decay rates, which we will not make use of in any subsequent
arguments.

Now, since we have verified that the Fuchsian system (5.1) satisfies all of the coef-
ficient assumptions from Section 4.2, we can apply Theorem 4.3, after making the time
transformation t 7! �t , to obtain the global existence result contained in the following
theorem.

Theorem 5.6. Suppose that s 2 Z
>nC12

, then there exist constants ı0 > 0 and C > 0

such that if the initial data yU0 satisfies kyU0kH s � ı for any ı 2 .0; ı0�, then there exists
a unique solution15

yU 2 C 0
��
0;

�

2H

i
;H s.†IV /

�
\ C 1

��
0;

�

2H

i
;H s�1.†IV /

�
\ L1

��
0;

�

2H

i
;H s.†IV /

�
to the Fuchsian equation (5.1) on .0; �

2H
��† that satisfies yUjtD �

2H
D yU0. Moreover, the

solution yU satisfies the energy estimate

kyU.t/k2H s C
Z �

2H

t

1

Nt
kyP yU.Nt /k2H sdNt � Cı

2

for all t 2 .0; �
2H
�.

5.3. Improved estimates for the conformal Yang–Mills component of yU

The conformal Yang–Mills fields correspond to the last four entries .Ee; Ed ; Hab; xAs/
of the vector yU defined by (5.4). Given a solution yU from Theorem 5.6 of the Fuchsian
system (5.1), we establish improved bounds on the fields .Ee; Ed ; Hab; xAs/ by showing
that the renormalized conformal Yang–Mills fields

. VEe; VEd ; VHab; VAs/
tr
D diag¹t�1; t�1; t�1; t�

1
2 º
�
Ee; Ed ;Hab; xAs

�tr
; (5.15)

remain bounded. The precise statement of this result is given in the following corollary.

15Recall that†D Sn�1 and the initial conformal time t D �
2H

corresponds to the physical time
� D 0.
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Corollary 5.7. Suppose yU is a solution of the Fuchsian system (5.1) from Theorem 5.6,
the initial data and the constants s, ı and ı0 are as given in that theorem. Then there
exists a constant C > 0, independent of ı 2 .0; ı0�, such that the renormalized conformal
Yang–Mills fields (5.15) are uniformly bounded by

k VAa.t/kH s C k VEa.t/kH s C k VHab.t/kH s� Cı for all t 2
�
0;

�

2H

i
.

Remark 5.8. It is not difficult to verify that the renormalized conformal Yang–Mills
fields VEd , VHab and VAs are quantitatively equivalent to the physical Yang–Mills vari-
ables zFab and zAs . Because of this, Corollary 5.7 yields uniform bounds for the physical
Yang–Mills variables.

Proof of Corollary 5.7. We begin by noting from (1.49) and (5.4) that U and yU uniquely
determine each other and have comparable norms. As a consequence, in the follow-
ing arguments, we do not distinguish between these two. Next, by substituting (5.15)
into (3.54), we get

� KA0 diag¹t; t; t;
p
tº�crc

VVC KAbhcb diag¹t; t; t;
p
tºrc

VV

D
1

Ht
KB diag¹t; t; t;

p
tº VVC KG.t;U/ �

1

H
KA0 diag

°
1; 1; 1;

1

2
p
t

±
VV; (5.16)

where we have set
VV WD . VEe; VE yd ; VHyayb; VAs/

tr:

Then multiplying (5.16) on the left by .diag¹t; t; t;
p
tº/�1 leads to

� KA0�crc VVC KA
bhcbrc

VV D
1

Ht
VB VVCS.t; VU/; (5.17)

where

VU D .m; pa; md ; pad ; s
ab; sabd ; s; sd ;

VV/tr; (5.18)

VB D

0BBB@
�.n � 4/�h

ybyeha
yb
gabh

b
e 0 0 0

0 �.n � 4/�h
yddhdf 0 0

0 0 0 0

0 0 0 0

1CCCA ; (5.19)

S.t; VU/ D .Sye1.t; VU/;S2f .t; VU/;S3xaxb.t;
VU/;S4o.t; VU//tr (5.20)

and the components of S are given by

Sye1.t;
VU/ D H�1 MB��rgrshsyep

yd VE yd C t
�1Dye1.t;U/ � t

� 32 hyee„1e.Ed ;Hab; xAs/;

S2f .t; VU/ D H�1��rgrshsehdf MBp
d VEe �H�1 MB2t Œ���r�sgrspdp

yd
C 2pdp

yd �hdf
yE yd

C t�1D2f .t;U/C t�
3
2 hdf h

d ya„1ya.Ed ;Hab; xAs/;

S3xaxb.t;
VU/ D t�1D3xaxb.t;U/ � t

� 32 haxahbxah
aya„b2ya.Ed ;Hab;

xAs/;

S4o.t; VU/ D t�
1
2D4o.t;U/C t�1horh

ra„3a.Ed ;Hab; xAs/:
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In the above definition, we note that the maps Sye1.t;
VU/, S2f .t; VU/, S3xaxb.t;

VU/ and
S4o.t; VU/, the maps Di , i D 1; : : : ; 4, and „j , j D 1; 2; 3, are expressed in terms of
the variables .t;U/ and .Ed ;Hab; xAs/. This makes sense since VU is determined by .t;U/
as can be seen from (1.49), (5.15) and the definition of VU given above.

We now claim that the maps Sye1.t;
VU/, S2f .t; VU/, S3xaxb.t;

VU/ and S4o.t; VU/ are ana-
lytic for .t; VU/ 2 .��; �

H
/ � BR.0/ for �; R > 0 sufficiently small and vanish for VU D 0.

To see why this is the case, we observe from Lemmas 3.8–3.11 and Theorem 3.14 that
each term in Di .t;U/, i D 1; 2; 3, involves one of the factors Ea, Hbc , Œ xAa; Eb�, and
Œ xAa; Hbc �, while each term in D4.t;U/ involves either xAa or Eb as a factor. From this
observation, it can then be verified via a direct calculation that t�1Di .t;U/, i D 1; 2; 3,
and t�

1
2D4.t;U/ are analytic in .t; VU/. Analogously, each term in „i , i D 1; 2, contains

one of the factors Œ xAa;Eb�, Œ xAa;Hbc � and„3a D Ea, and consequently, t�
3
2„i , i D 1; 2,

and t�1„3 are analytic in .t; VU/. For example, a calculation shows that

t�
3
2 hdf h

d ya„1ya D t
� 32 hdf h

d yah
ydc Œ xAc ;H yd ya� D hdf h

d yah
ydc Œ VAc ; VH yd ya�:

The analytic dependence of the maps Sye1.t;
VU/, S2f .t; VU/, S3xaxb.t;

VU/ and S4o.t; VU/ of
the variables .t; VU/ can be verified by direct calculations using these types of arguments.

It then follows from the above observations, the arguments from the proof of Lem-
ma 5.4 and the fact that yU is a solution of the Fuchsian system (5.1) from Theorem 5.6
that, for R > 0 chosen small enough, there exist positive constants �; 
1; 
2 > 0 and non-
negative constants �l ; �; ˇk � 0, l D 1; 2; 3 and k D 0; : : : ; 7, such that the Fuchsian
system (5.17) satisfies the assumptions .1/–.5/ from Section 4.2 and inequality (5.11).
Moreover, we observe from (5.15) that

VVjtD �
2H
D diag

°2H
�
;
2H

�
;
2H

�
;

r
2H

�

±
.Ee; Ed ;Hab; xAs/

tr
ˇ̌̌
tD �

2H

:

SinceH s norm of the right-hand side of the above expression is bounded by kyU0k, which
by assumption satisfies kyU0k � ı, we have that k VV. �

2H
/kH s � Cı. We therefore con-

clude via an application of Theorem 4.3 that VV is bounded by k VV.t/kH s � Cı for all
t 2 .0; �

2H
�, which completes the proof.

6. Gauge transformations

In the proof of the main result, Theorem 1.2, we need to perform a gauge transformation
in order to change from a formulation of the Einstein–Yang–Mills equations that is useful
for establishing the local-in-time existence of solutions to a formulation that is suited
to establishing global bounds. In particular, the local-in-time existence of solutions to
the Einstein–Yang–Mills equations is obtained from applying the local existence theory
developed in [21], which requires the use of the adapted temporal gauge (1.20) and the
wave gauge (1.21). On the other hand, we obtain global estimates from our Fuchsian
formulation of the conformal Einstein–Yang–Mills equations, which was derived using
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the temporal and wave gauges (1.44) and (3.6), respectively. These two gauge choices
are not equivalent and the transformation between these two has to be taken into account.
In this section, we collect together the technical results that are needed to establish that
this gauge transformation is well defined.

Lemma 6.1. Suppose that .zgab; zA?a/ is a solution of the Einstein–Yang–Mills equations
(1.2)–(1.4) in the temporal gauge (1.20), zuW zM! G solves the differential equation

@� zu D � zA
?
0zu; (6.1)

and let

zAa D zu
�1 zA?azuC zu

�1.dzu/a .i:e:; zFab D zu
�1 zF ?abzu/: (6.2)

Then .zgab; zAa/ determines a solution of Einstein–Yang–Mills equations (1.2)–(1.4) in the
temporal gauge zAaz�a D 0, where z�a D zgab.d�/b .

Proof. The proof is similar to [29, Theorem 2] (see also [5, §6]), and follows from the
observation that the condition

z�a.dzu/a D �z�a zA?azu (6.3)

is equivalent to the differential equation (6.1). Since, by assumption, we have a solution zu
to the above differential equations, we can use it to define a gauge transformation under
which the gauge potential transforms according to

zAa D zu
�1 zA?azuC zu

�1.dzu/a:

Contracting this with z�a, we find by (6.3) that z�a zAa D 0. Moreover, since solutions of the
Yang–Mills equations get mapped back into solutions of the Yang–Mills equations under
gauge transformations and the Yang–Mills curvature transforms as zFab D zu�1 zF ?abzu, the
proof follows.

Lemma 6.2. Suppose that .zgab; zA?a/ is a solution of the Einstein–Yang–Mills equations
(1.2)–(1.4) that satisfies the temporal and wave gauge conditions given by (1.20) and
(1.21), respectively, zu solves the differential equation (6.1), and let

gab D e2‰ zgab; Fab D e�‰ zFab and Aa D e�
‰
2 zAa; (6.4)

where zFab and zAa are defined by (6.2). Then .gab; Aa/ determines a solution of the
reduced conformal Einstein–Yang–Mills equations, consisting of (3.7) and (3.31)–(3.32),
that satisfies the temporal gauge Aa�a D 0 and wave gauge Za D 0 conditions.

Proof. By Lemma 6.1, we know that .zgab; zAa/ determines a solution of the Einstein–
Yang–Mills equations (1.2)–(1.4) that satisfies the temporal gauge zAaz�a D 0. Recalling
the definitions of z�a and �a given by (1.9) and (1.11), respectively, we observe that

z�a D �
H

sin.Ht/
�a D �e‰�a and z�b D �e�‰�b :
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With the help of these relations, it then follows from (6.4) that

0 D zAaz�
a
D �e

‰
2 Aae�‰�a;

and hence, that Aa�a D 0. This establishes that the temporal gauge condition is satisfied.
Next, setting

yXaef D �
1

2
.zg
bf
rezg

ab
C zg

eb
rf zg

ab
� zgaczg

ed
zg
f b
rczg

bd /

D ıaf @e‰ C ı
a
e@f‰ � g

acg
fe
@c‰; (6.5)

where in obtaining the second equality we have used (1.10), (1.11) and the fact that r is
the Levi-Civita connection of g

ab
, we observe that

gfe yXaef D 2g
ac@c‰ � g

fegacg
fe
@c‰: (6.6)

We also observe, by expressing zXa in terms of the conformal metric using (6.4) and
employing relations (3.4)–(3.5) and (6.6), that

zXa D �zre zg
ae
C
1

2
zgae zgdf zre zg

df

D �e�2‰ zreg
ae
C
1

2
e�2‰gaegdf zreg

df
C .2 � n/e�2‰gae@e‰

D �e�2‰.reg
ae
C yXaef g

fe
C yXeef g

af /

C
1

2
e�2‰gaegdf .reg

df
C yXdecg

cf
C yXfecg

dc/C .2 � n/e�2‰gae@e‰

D �e�2‰.reg
ae
C yXaef g

fe/C
1

2
e�2‰gaegdf reg

df
C .2 � n/e�2‰gae@e‰

D e�2‰Xa � e�2‰ yXaef g
fe
C .2 � n/e�2‰gae@e‰

D e�2‰Za C 2e�2‰.gac � gac/@c‰ � ne�2‰.gac � gac/@c‰

C e�2‰.gfe � gfe/gacg
fe
@c‰:

Since the wave gauge condition (1.21) is satisfied by assumption, we conclude that the
same is true for wave gauge condition Za D 0.

Now, to complete the proof, we observe that, with the help of Lemma 3.1, it is
straightforward to verify via a direct calculation that .gab; Aa/, which is determined
by (6.4), solves the reduced conformal Einstein–Yang–Mills equations consisting of (3.7)
and (3.31)–(3.32).

In the next proposition, we establish quantitative bounds on the gauge transforma-
tion zu from Lemma 6.2.

Proposition 6.3. Suppose .zgab; zA?a/ is a solution of the Einstein–Yang–Mills equations
that satisfies the temporal and wave gauge conditions defined by (1.20) and (1.21), respec-
tively, and zu satisfies the differential equation (6.1) and the initial condition zuj�D0 D 1
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such that the corresponding solution .gab; Aa/ of the reduced conformal Einstein–Yang–
Mills equations from Lemma 6.2, which satisfies both the Aa�a D 0 and wave gauge
Za D 0, yields a solution

yU 2 C 0
��
t�;

�

2H

i
;H s.†IV /

�
\ C 1

��
t�;

�

2H

i
;H s�1.†IV /

�
(6.7)

of the Fuchsian system (5.1) with s > nC1
2

on .t�; �2H ��† for some t� 2 Œ0; �2H / that also
satisfies kyUjtD �

2H
k � ı, where ı 2 .0; ı0� and ı0 > 0 is as given in Theorem 5.6. Then

k zAaj�D0kH s D k zA
?
aj�D0kH s ; (6.8)

and there exists a constant C > 0, independent of ı 2 .0; ı0� and t� 2 Œ0; �
2H
/, such that

zu.�; x/, u.t; x/ D zu.�.t/; x/, zA?a.�; x/ and zAa.�; x/, where � and t are related via (1.8),
are bounded by

kzu.�.t//kH s D ku.t/kH s � C; (6.9)

kzu�1.�.t//kH s D ku
�1.t/kH s � C; (6.10)

kzh
c

b.dzu/c.�.t//kH s D kh
c
b.du/c.t/kH s � Cı; (6.11)

k�a.dzu/a.�.t//kH s D k�a.du/a.t/kH s � Cı
2; (6.12)

and
k zA?a.�.t//kH s � Ck

zAa.�.t//kH s C Cı (6.13)

for all t 2 .t�; �
2H
�. Moreover, if

zgab 2

s\
`D0

C `.Œ0; ��/;H
s�`C1.†//; zA?a 2

s\
`D0

C `.Œ0; ��/;H
s�`.†//; (6.14)

then .gab; Aa/ satisfies

gab 2

s\
`D0

C `
��
t�;

�

2H

i
;H s�`C1.†/

�
; Aa 2

s\
`D0

C `
��
t�;

�

2H

i
;H s�`.†/

�
; (6.15)

where t� D 1
H
.�
2
� gd.H�1��//, cf. (1.7).

Proof. Before commencing with the proof, we remark that, in the following, the constant
C > 0, which can change from line to line, is independent of ı 2 .0; ı0� and t� 2 Œ0; �2H /.

.1/ Bounds on yU and the renormalized conformal Yang–Mills fields: Since, by assump-
tion, solution (6.7) of the Fuchsian system (5.1) on .t�; �2H � �† satisfies kyUjtD �

2H
k � ı,

where ı 2 .0; ı0�, we know from the uniqueness of solutions to (5.1) that it must agree,
where defined, with the solution to (5.1) from Theorem 5.6 that is generated from the
same initial data. In particular, this implies that yU is bounded by

kyU.t/kH s � Cı; t� < t �
�

2H
: (6.16)
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This, in turn, implies via Corollary 5.7 and the uniqueness of solutions .yU; VV/ to the
Fuchsian system comprised of (5.1) and (5.17) that the renormalized conformal Yang–
Mills–fields defined by (5.15) are bounded by

k VAa.t/kH s C k VEa.t/kH s C k VHab.t/kH s � Cı; t� < t �
�

2H
: (6.17)

.2/ Proof of (6.9)–(6.10) and (6.11)–(6.12): Recalling that zT a is defined by (1.16),
we contract both sides of (6.2) with zT a to get

0 D zA?a
zT a D zu zAa zT

a
zu�1 � .dzu/a zT azu�1;

which, after rearranging, yields

zT a.dzu/a D zu zAa zT a: (6.18)

From (1.9), (1.29)–(1.32), (1.13)–(1.33) and (1.16), we observe that the vector field zT a

can be expressed as

zT a D .�z�/�
1
2 z�b zg

ab
D �e�‰.��/�

1
2 .�a � ��a/: (6.19)

Using this along with the temporal gauge condition (1.44) then allows us to write for-
mula (6.18) as

zT .zu/ D �.��/�
1
2 e�

‰
2 uAa�

a; (6.20)

or equivalently, as

.��/�arauC �
a
rau D

MBt
p
Htp

sin.Ht/
u VAap

a: (6.21)

Noting that �, VAa, �a and pa are uniformly bounded for t 2 .t�; �
2H
� in H s.†/ and

that � is bounded away from 0 on account of (6.16) and (6.17), and that MBt
p
Ht

p
sin.Ht/

is also
uniformly bounded for t 2 .t�; �2H �, it follows that (6.21) defines a linear symmetric hyper-
bolic equation for u, which satisfies the condition ujtD �

2H
D 1 by assumption. We can

therefore conclude from the standard theory for linear symmetric hyperbolic equations
that u is bounded by

ku.t/kH s � C; 0 < t� < t �
�

2H
;

for some constant C > 0. This establishes estimate (6.9). Noting that

u�1.rau/u
�1
D �rau

�1;

estimate (6.10) can also be shown to hold by similar arguments.
Using (6.19) to express (6.20) as

.�a � ��a/rau D e
‰
2 u�aAa; (6.22)
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we get from applying hcbrc to this equation that

hcbrc..�
a
� ��a/rau/

D MBte
‰
2 hcb.du/cp

aAa C e
‰
2 uhcbp

a
cAa C MBte

‰
2 upahcbrcAa; (6.23)

where in deriving this we have used the definitions of (1.37) and (1.39). In the last term
in the above expression, we use identities (1.48) and (1.45) to re-express it as

MBte
‰
2 upahcbrcAa D MBte

‰
2 upa.e

‰
2 Hba C h

c
braAc � e

‰
2 hcbŒAc ; Aa�/:

Substituting this expression into (6.23), we find, with the help of (1.37)–(1.39), that

.�a � ��a/ra.h
c
b.du/c/ � �

a
ra.e

‰
2 uAb/

D MBte
‰
2 hcb.du/cp

aAa C e
‰
2 uhcbp

a
cAa � h

c
bp

a
ch
d
a.du/d C h

c
bmc�

a
rau

C MBtupae‰Hba � MBte
‰
2 pchac.du/aAb � MBte

‰
2 upaŒAb; Aa�: (6.24)

On the other hand, the evolution equations (6.22) and (3.41) for u and xAa, respec-
tively, imply that

��drd .e
‰
2 uAb/ D �MBte‰uAap

aAb C MBte
‰
2 pahda.du/dAb � e‰�uEb :

Adding this to (6.24), while employing the renormalized conformal Yang–Mills fields
(5.15), yields

���ara�b C �
a
ra�b D �

?
b ; (6.25)

where
�b D h

c
b.du/c � e

‰
2 uAb D h

c
b.du/c � e

‰
2

p
tu VAb

and

�?b D MBt
3
2 e

‰
2 �bp

a VAa � h
c
bp

a
c�a � MBt .��/

�1hcbmcp
a�a

C MBt2upa.e‰ VHba � e
‰
2 Œ VAb; VAa�/ � te‰�u VEb :

In the following, we will interpret (6.25) as a linear symmetric hyperbolic equation for �b .
Next, we note that te‰ is uniformly bounded for t 2 .t�; �

2H
� by (1.11). Using this,

it is then not difficult to verify with the help of bounds (6.16) and (6.17) that �, � and �?
b

are uniformly bounded inH s.†/ for t 2 .t�; �2H � and � is bounded away from 0. We also
note zuj�D0 D ujtD �

2H
D 1 implies that

�bjtD �
2H
D .hcb.du/c/jtD �

2H
� .e

‰
2 uAb/jtD �

2H
D �
p
HAbjtD �

2H

from which we deduce that k�bjtD �
2H
kH s � Cı. We can therefore conclude from the

standard theory for linear symmetric hyperbolic equations that �a is bounded by

k�b.t/kH s � Cı; 0 < t� < t �
�

2H
;
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for some constant C > 0. With the help of the identities

zh
c

b D ı
c
b C z�

c
z�b D ı

c
b C �

c�b D h
c
b; (6.26)

which are a consequence of (1.13), (1.14) and (1.15)–(1.17), it then follows from the
above estimate and the bounds from Corollary 5.7 that

kzh
c

b.dzu/ckH s D kh
c
b.du/ckH s � k�bkH s C e

‰
2

p
tku VAbkH s � Cı; 0 < t� < t �

�

2H
:

Making use of the above estimate for khcb.du/ckH s and (6.21), we obtain

k�a.du/akH s �C
�
k�araukH s C




 MBtpHtp
sin.Ht/

u VAap
a




H s

�
�Cı2; 0 < t� < t �

�

2H
:

.3/ Proof of (6.8): Since the initial condition zuj�D0 D 1 (i.e., identity map on †�D0), it
is clear that .zh

c

b.dzu/c/j�D0 D 0. From this, we then have, with the help of (6.2) and (6.3),
that

zAbj�D0 D .zu
�1 zA?b zu/j�D0 � z�b.zu

�1.dzu/cz�c/j�D0

D .zu�1 zA?b zu/j�D0 C z�b.zu
�1
z�a zA?azu/j�D0 D .zu

�1zh
c

b
zA?c zu/j�D0:

Thus, by (6.26) (i.e., zh
c

b D h
c
b) and zuj�D0 D 1, we conclude that

k zAaj�D0kH s D kh
c
a.zu
�1 zA?c zu/j�D0kH s D k

zA?aj�D0kH s ;

where in deriving the second equality we have used the fact that zA?aj�D0 is a spatial tensor,
which implies that k zA?aj�D0kH s D kh

c
a
zA?c j�D0kH s .

.4/ Proof of (6.13): Due to the temporal gauge condition zA?a zT
a D 0 and (6.26), we de-

duce from the gauge transformation law (6.2)–(6.3) and estimates (6.9)–(6.12) that

k zA?a�
a
kH s � k�

a.dzu/azu�1kH s � Cı2

and

khab
zA?akH s � kh

a
bzu
zAazu
�1
kH s C kh

a
b.dzu/azu

�1
kH s

� Ck zAakH s C Ckzh
a

b.dzu/akH s � C.k zAakH s C ı/

for all t 2 .t�; �
2H
�, which leads to (6.13) according to the Sobolev norms given in Sec-

tion 2.1.4.

.5/ Solution regularity: To complete the proof, assume that the solution .zgab; zA?a/ of the
Einstein–Yang–Mills equations satisfies (6.14). Noting by (6.2) that

Aa.t; x/ D e�
‰
2 zu�1.�.t/; x/ zA?a.�.t/; x/zu.�.t/; x/C e�

‰
2 zu�1.�.t/; x/.dzu/a.�.t/; x/;

it is then not difficult to verify from definitions (6.14) and estimates (6.9)–(6.11) that
the solution .gab; Aa/ of the reduced conformal Einstein–Yang–Mills equations satisfies
formula (6.15).
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7. Proof of Theorem 1.2

With the help of the technical results established in Sections 5 and 6, we are now in
a position to prove Theorem 1.2, the main result of this article. We break the proof of this
theorem into five distinct steps.

Step 1: A local solution of the Einstein–Yang–Mills equations. We first recall the local
well-posedness result from the companion paper [21] and assume that the Einstein–Yang–
Mills initial data, see (1.22), is chosen as in the statement of Theorem 1.2, which in
particular, implies that it satisfies Einstein–Yang–Mills constraints (1.23)–(1.24) and the
gauge constraints (1.25)–(1.26) on†0 D ¹0º �†. Then by [21, Theorem 1.1], there exist
a �� > 0 and a unique solution .zgab; zA?a/ to the Einstein–Yang–Mills equations satisfying
the temporal and wave gauge conditions (1.20) and (1.21), respectively, and with the
regularity

zgab 2

s\
`D0

C `.Œ0; ��/;H
s�`C1.†// and zA?a;

zF ?ab 2

s\
`D0

C `.Œ0; ��/;H
s�`.†//:

Moreover, if

k.z�d zgabd ;
zh
d

c zg
ab
d ; zg

ab; zE?a ;
zA?d ;
zH?
ab/kL1.Œ0;��/;W 1;1/ <1;

then the solution .z�d zgab
d
; zh
d

c zg
ab
d
; zgab; zE?a ;

zA?
d
; zH?

ab
/ can be uniquely continued, in the

above temporal and wave gauge, as a classical solution with the same regularity to a larger
time interval � 2 Œ0; ��/, where �� 2 .��;C1/.

Step 2: A local solution of the reduced conformal EYM system. By Lemma 6.2 and Propo-
sition 6.3, the solution .zgab; zA?a/ from Step 1 implies the existence of a unique solution

.gab; Aa/ 2

s\
`D0

C `
��
t�;

�

2H

i
;H s�`C1.†/

�
�

s\
`D0

C `
��
t�;

�

2H

i
;H s�`.†/

�
on .t�; �

2H
� �† of the reduced conformal Einstein–Yang–Mills equations, see (3.7) and

(3.31)–(3.32), that satisfies both the temporal and wave gauge conditions, that is, (1.44)
and (3.6).

Step 3: A local solution of the Fuchsian system (5.1). By Theorems 3.6 and 3.14, the
solution .gab; Aa/ of the reduced conformal Einstein–Yang–Mills equations from Step 2
determines via (1.33)–(1.47) and (5.4) a solution

yU 2 C 0
��
t�;

�

2H

i
;H s.†IV /

�
\ C 1

��
t�;

�

2H

i
;H s�1.†IV /

�
\ L1

��
t�;

�

2H

i
;H s.†IV /

�
on .t�; �

2H
� �† of the Fuchsian equation (5.1).
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Step 4: Fuchsian initial data bounds. By assumption, the initial data set satisfies

k.zgab � zgab; zrd zg
ab; zA?a; d

zA?ab;
zE?b /j�D0kH s < ı:

Using this bound, it is then not difficult to verify from the conformal transformations
(1.29)–(1.31), the gauge transformation (6.2), where we recall that zuj�D0 D 1, and bound
(6.8) from Proposition 6.3 that there exist a ı0 > 0 and a constant C > 0, such that

U0 D UjtD �
2H
;

where U is defined by (1.49) and bounded by

kU0kH s � Ck.gab � gab;rdg
ab; Aa; Ea;Hab/jtD �

2H
kH s

� Ck.zgab � zgab; zrd zg
ab; zAa; zEa; zHab/j�D0kH s

� Ck.zgab � zgab; zrd zg
ab; zA?a; d

zA?ab;
zE?b /j�D0kH s < Cı

for all ı 2 Œ0; ı0/, and zEc and zHab are defined by zEc D zh
a

cz�
b zFab and zHab D zh

c

a
zh
d

b
zFcd ,

respectively. We further observe from definition (5.4) of yU that

kyUkH s � CkUkH s (7.1)

for some constant C > 0 that is independent of yU and U. From the above two inequalities,
we conclude that yU0 D yUjtD �

2H
is bounded by

kyU0kH s � Cı; 0 � ı < ı0: (7.2)

Step 5: Global existence and stability. Assuming that ı is sufficiently small, bound (7.2)
implies via Theorem 5.6 that yU satisfies the energy estimate

kyU.t/k2H s C
Z �

2H

t

1

�
kyP yU.�/k2H sd� � Cı

2; t� < t �
�

2H
; (7.3)

where the constant C is independent of ı 2 Œ0; ı0/ and t� 2 Œ0; �
2H
/.

Next, we will show that the uniform bound (7.3) on yU implies a corresponding uniform
bound on the physical variables zgab � zg

ab
, zrd zg

ab , zF ?
ab

, zA?a. To this end, we observe
from (1.29) and (1.11) that

zrc zg
ab
D zrc.zg

ab
� zgab/ D zrce

�2‰.gab � gab/C e�2‰ zrc.g
ab
� gab/

D
2e�2‰

tan.Ht/
�c.g

ab
� gab/

C e�2‰Œrcg
ab
C yXacd .g

db
� gdb/C yXbcd .g

ad
� gad /�;

where we recall that yXb
cd

is defined by (6.5). Applying the H s norm to this expression
yields

kz�c zrc zg
ab
kH s C k

zh
c

d
zrc zg

ab
kH s � Ct

2
kgab � gabkH s C e�2‰krcg

ab
kH s : (7.4)
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From (1.36)–(1.35), we also observe via a straightforward calculation that

gab� gab D .e
MAtm�s
n�3 � 1/sab C .e

MAtm�s
n�3 � 1/hab � MAtm�a�b � 2MBtp.b�a/; (7.5)

rcg
ab
D
mcC

MA
MJH
m�c�sc

n � 3
.sab� hab/e

MAtm�s
n�3 C e

MAtm�s
n�3 sabc�

�
mcC

MA
MJH

m�c

�
�a�b

�

�
pbc C

B

MKH
pb�c

�
�a �

�
pac C

B

MKH
pa�c

�
�b : (7.6)

Then, with the help of (1.11), (1.49), (7.1) and (7.4)–(7.6), we see that the uniform
bound (7.3) implies that

k.zgab � zgab/.�/kH sC1 C kz�
c zrc zg

ab.�/kH s

� Ct2k.gab � gab/.t/kH s C e�2‰krcg
ab.t/kH s

� Ct2kU.t/kH s � Cıt2 (7.7)

holds for all � 2 Œ0; ��/. We also observe as a consequence of bound (6.13) from Propo-
sition 6.3 and the bound from Corollary 5.7 on the renormalized conformal Yang–Mills
fields (5.15) that

k zA?a.�/kH s C k
zE?a .�/kH s C k

zH?
ab.�/kH s

� C.k zAa.�/kH s C ı C k zEa.�/kH s C k zHab.�/kH s /

� C.k VAa.t/kH s C ı C k VEa.t/kH s C k VHab.t/kH s / � Cı (7.8)

for all � 2 Œ0; ��/, where we have set zE?c D zh
a
c
zT b zF ?

ab
and zH?

ab
D zhca

zhd
b
zF ?
cd

. Esti-
mates (7.7) and (7.8) together imply that

k.z�d zgabd ;
zh
d

c zg
ab
d ; zg

ab; zE?a ;
zA?d ;
zH?
ab/kL1.Œ0;��/;W 1;1/ <1: (7.9)

Now, by way of contradiction, assume that �� is the maximal time of existence for
the solution .zgab; zA?a/ and that it is finite, i.e., �� <1. Then since bound (7.9) implies
by the continuation principle from Step 1 that the solution .zgab; zA?a/ can be continued
to a larger time interval, we arrive at a contradiction. Thus, we must have that �� D 1,
which establishes that the solution .zgab; zA?a/ exists globally on Œ0;1/ � † and satisfies
the uniform bounds (7.9).

Appendix A. Technical calculations

A.1. Geometric identities

In this appendix, we state a number of geometric identities that will be used throughout
the article. Since the derivation of the identities is straightforward (although, it should be
noted that some are quite lengthy), we, for the most part, omit the details. Below, we use
the same notation for geometric objects as in Sections 1.2–1.3, 1.7.3 and 2.
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Lemma A.1. The vector field �a and projection operator hab defined by (1.13) and
(1.14), respectively, satisfy

ra�b D 0; ra�
b
D 0; rch

a
b D 0; (A.1)

and
�2r.a�b/ D L�g

ab
D �crcg

ab : (A.2)

Lemma A.2. The Ricci tensor Rab of the conformal metric gab can be expressed in
terms of the connection ra and curvature R a

cde of the conformal de Sitter metric g
ab

,
see (1.10), by

Rab D
1

2
gcdrcrdg

ab
Cr

.aXb/ CRab C P ab.g�1/CQab.g�1;rg�1/; (A.3)

where X is given by (2.1),

P ab.g�1/ D �
1

2
.gac � gac/gdeR b

cde �
1

2
gac.gde � gde/R b

cde

�
1

2
.gac � gac/.gde � gde/R b

cde �
1

2
.gbc � gbc/gdeR a

cde

�
1

2
gbc.gde � gde/R a

cde �
1

2
.gbc � gbc/.gde � gde/R a

cde

and

Qab.g�1;rg�1/ D �
1

4

�
gadgbf rdgcerf g

ce
C gadgbf rf gcerdg

ce

C gef g
ac
rcg

bd
rdg

ef
C gef g

bd
rdg

ac
rcg

ef
�

C
1

2

�
gaegfcreg

bd
rdg

fc
C gaegbdregfcrdg

fc

� rcg
ae
reg

cb
� reg

bc
rcg

ea
�
� gacXbcd X

d

C gaf gbdXcfd X
e
ce � g

af gbdXced X
e
cf

CXeed g
af
rf g

bd
�Xefd g

af
reg

bd
�Xefd g

bd
reg

af :

Lemma A.3. The conformal scalar ‰ defined by (1.11) satisfies

ra‰ D �
1

tan.Ht/
�a; (A.4)

rarb‰ D
1

sin2.Ht/
�a�b �

1

tan.Ht/
ra�b; (A.5)

�‰ D �
1

sin2.Ht/
C

1

tan.Ht/
Xc�c ; (A.6)

and
gabra‰rb‰ D �

1

tan2.Ht/
: (A.7)
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Lemma A.4. The conformal metric gab can be represented as

gab D hab C ��a�b � 2�.a�b/ (A.8)

where �a, hab and �a are defined by (1.13) and (1.33). Moreover, the tensorQedc defined
by (3.24) satisfies the following relations:

Qedc�c D h
ed
� ��e�d ; Qedchad D �

ehca � �chea;

Qedc�d D 2�
e�c � hec � ��c�e; Qedc�d�c D ��

e;

hbeQ
edchad D ��

chab; �eQ
edchad D �h

ac ;

�eQ
edc�d�c D ��; �eQ

edc�dh
a
c D �2�

a; �eQ
edchad�c D 0;

�eQ
edchadh

b
c D �h

ab; haeQ
edchbd�c D h

ab; haeQ
edchbdh

f
c D 0;

haeQ
edc�d D �h

ac ; hbeQ
edc�dh

a
c D �h

ab and haeQ
edc�d�c D 0:

Lemma A.5. Suppose � and �d D rd � satisfy the equation

Acrc

�
�d
�

�
D

1

Ht
B

�
�d
�

�
CG; (A.9)

where

Ac D
�
Qedc 0

0 ��c

�
:

Then �e�e , heye�e and � satisfy

xAcrc

0@��e�ehe
ye�e
�

1A D 1

Ht
xB

0@��e�ehe
ye�e
�

1AC xG;
where

xAc D

0@ �e 0

hf e 0

0 1

1AAc  �d hyed 0

0 0 1

!
D

0B@ �eQ
edc�d �eQ

edchyed 0

hf eQ
edc�d hf eQ

edchyed 0

0 0 ��c

1CA ;
xB D

0@ �e 0

hf e 0

0 1

1AB

 
�d hyed 0

0 0 1

!
and xG D

0@ �e 0

hf e 0

0 1

1AG:
Proof. Noting the decomposition�

�d
�

�
D Z

0@��e�ehe
ye�e
�

1A ; where Z D

 
�d hyed 0

0 0 1

!
;

the proof follows from applying

Ztr
D

0@ �e 0

hf e 0

0 1

1A
to (A.9) and using Lemmas A.1 and A.5 to obtain the stated equation.
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A.2. Calculations for the proof of Theorem 3.6

The following three lemmas contain the detailed calculation needed to complete the proof
of Theorem 3.6.

Lemma A.6. The conformal Einstein equation (3.11) for � can be expressed in the first-
order form as

�xA02�
c
rc

0@��epaehe
yep
a
e

pa

1AC xAc2hbcrb
0@��epaehe

yep
a
e

pa

1A D 1

Ht
xB2

0@��epaehe
yep
a
e

pa

1AC xG2; (A.10)

where

xA02 D

0@�� 0 0

0 hf ye 0

0 0 MF.��/

1A ; xAc2h
b
c D

0@�2�b �hyeb 0

�hf b 0 0

0 0 0

1A ;
xG2 D

0@ �e4
ea
2 .t;U/

hf e4
ea
2 .t;U/
0

1A ;
xB2 D

0B@.n � 2 � 1
MK
/.��/ 0 .1 � 1

MK
/.1
MK
� nC 2/

MB
H
.��/

0 1
MK
hf ye 0

MFH
MB
.��/ 0 MF.1

MK
� 1/.��/

1CA ;
MF is a constant to be determined and the map 4ea2 .t;U/, which is analytic for .t;U/ 2
.��; �

H
/ � BR.0/ for �; R > 0 small enough, is given by

4
ea
2 .t;U/ D

�
1 �

1

MK

��
n � 2 �

1

MK

� MB
H 2

pa MAm�e C
�
n � 2 �

1

MK

� MA
H
m�e�dpad

�
MB
MKH

pd�epad �
�1
MK
� 1

� MB
MK

MA
H 2

m�epa C
1

MKH
MAm�b�epab

�
MB
MKH

�epbpab � .n � 2/
� 1

Ht
�

1

tan.Ht/

�
�c�epac

� .n � 2/
� 1

tan.Ht/
�

1

Ht

� MB
MKH

�epa

� .n � 2/
� 1

.Ht/2
�

1

tan2.Ht/

�
MBt�epa C 2MAMB

t2

sin2.Ht/
m�epa

C .n � 2/MBt�epa�2P cd�e�chad�2Q
cd�e�ch

a
d�

2

n�2
XcXd�e�ch

a
d

C 2
�
�ah

e
bg
bdgaya �

1

2.n � 2/
�ah

e
bg
abgd ya

�
gcyc.Hyayc �Eya�yc C �yaEyc/

� .Hdc �Ed�c C �dEc/:
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Proof. Making use of definitions (1.37) and (1.39), and noting the identity

gcdrcrd �
a
D gcdrcp

a
d C

MB
MKH

�1
MK
� 1

� 1

Ht
�pa C

MB
MKH

pbpab �
1

MKHt
��bpab

D gcdrcp
a
d �

�1
MK
� 1

� MB
MK
1

H 2t
pa C

1

MKHt
�bpab

C

�1
MK
� 1

� MB
MK
1

H 2
MAmpa �

1

MKH
MAm�bpab C

MB
MKH

pbpab ;

we can express the conformal Einstein equation (3.11) for �e as

gcdrcp
a
d D

n � 2

tan.Ht/
�cpac �

n � 2

tan.Ht/

MB
MKH

pa C
n � 2

tan2.Ht/
MBtpa C 2MAMB

t2

sin2.Ht/
mpa

�
1

MKHt
�bpab C

MB
MKH

�1
MK
� 1

� 1

Ht
pa �

�1
MK
� 1

� MB
MK

MA
H 2

mpa

C
MA
MKH

m�bpab �
MB
MKH

pbpab C .n � 2/MBtp
a
� 2P cd�ch

a
d

� 2Qcd�ch
a
d �

2

n � 2
XcXd�ch

a
d

C 2
�
�ah

e
bg
bdgaya �

1

2.n � 2/
�ah

e
bg
abgd ya

�
gcyc.Hyayc �Eya�yc C �yaEyc/

� .Hdc �Ed�c C �dEc/:

Multiplying this equation by �e , we find, after rearranging, that

�egcdrcp
a
d D

�
n � 2 �

1

MK

� 1

Ht
�e�dpad �

��
n � 1 �

1

MK

�1
MK
� nC 2

� MB
H 2t

�epa

C4
ea
21;

where

4
ea
21 D

�
1 �

1

MK

� MB
MK

MA
H 2

m�epa C
MA
MKH

m�b�epab �
MB
MKH

�epbpab

� .n � 2/
� 1

Ht
�

1

tan.Ht/

�
�c�epac � .n � 2/

� 1

tan.Ht/
�

1

Ht

� MB
MKH

�epa

� .n � 2/
� 1

.Ht/2
�

1

tan2.Ht/

�
MBt�epa C 2MAMB

t2

sin2.Ht/
m�epa

C .n � 2/MBt�epa � 2P cd�e�chad � 2Q
cd�e�ch

a
d �

2

n � 2
XcXd�e�ch

a
d

C 2
�
�ah

e
bg
bdgaya �

1

2.n � 2/
�ah

e
bg
abgd ya

�
gcyc.Hyayc �Eya�yc C �yaEyc/

� .Hdc �Ed�c C �dEc/:
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From the above expressions and identities (3.28), we then get

Qedc
rcp

a
d � .�

dgecrcp
a
d � �

cgedrcp
a
d /

D

�
n � 2 �

1

MK

� 1

Ht
Qfgc�c.ı

e
f ı

d
g � h

e
f h

d
g/p

a
d

C

��
n � 1 �

1

MK

�1
MK
� nC 2

� MB
H 2t

Qedc�c�dp
a
C4

ea
22; (A.11)

where

4
ea
22 D

�
n � 2 �

�
n � 1 �

1

MK

�1
MK

� MAMB
H 2

mpa�e C
�
n � 2 �

1

MK

� MA
H
m�e�dpad C4

ea
21:

Next, we observe, with the help of (3.22), that

�dgecrcp
a
d � �

cgedrcp
a
d

D �dgec.rcp
a
d � rdp

a
c /

D �dgec
�
rcrd �

a
� rc

MBpa

MKH
�d � rdrc�

a
Crd

MBpa

MKH
�c

�
D �dgec.rcrd �

a
� rdrc�

a/C
MB
MKH

gecrcp
a
C
MB
MKH

�c�
dgecrdp

a

D ��dgecR a
cdb
MBtpb C

1

MKHt
gechdcp

a
d D

1

MKHt
pad h

de
�

1

MKH
MBpd�epad ;

and that

1

MKHt
pad h

de
D

1

MKHt
padQ

abc�ch
e
ah
d
b :

Using these relations along with n � 2 � .n � 1 � 1
MK
/1
MK
D .1 � 1

MK
/.n � 2 � 1

MK
/ allows us

to express (A.11) as

Qedc
rcp

a
d D

�
n � 2 �

1

MK

� 1

Ht
Qfgc�c.ı

e
f ı

d
g � h

e
f h

d
g/p

a
d

C
1

MKHt
Qfgc�ch

e
f h

d
gp

a
d

C

�
1 �

1

MK

��1
MK
� nC 2

� MB
H 2t

Qedc�c�dp
a
C4

ea
2 ; (A.12)

where

4
ea
2 D �

MB
MKH

pd�epad C4
ea
22:

On the other hand, by Lemma A.4, we have that Qebc�b�cre D ��
ere . Using this,

we can write (3.22) as

MFQebc�b�crep
a
D MFQebc�b�c

�1
MK
� 1

� 1

Ht
pa�e C MFQebc�b�c

1

MBt
pae ; (A.13)
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where MF is a constant to be determined. We then collect (A.12) and (A.13) together to get
the system

Ac2rc

�
pa
d

pa

�
D

1

Ht
B2

�
pa
d

pa

�
C

�
4ea2

0

�
; (A.14)

where

Ac2 D
�
Qedc 0

0 MFQcbe�b�e

�
;

B2 D Q
abc�c

 
.n�2� 1

MK
/.ıeaı

d
b
�heah

d
b/C

1
MK
heah

d
b .1� 1

MK
/.1
MK
�nC2/

MB
H
ıea�b

MFH
MB
ıda�b MF.1

MK
� 1/�b�a

!
D

�
Qabc�c 0

0 MFQabc�b�c

�
�

 
.n � 2 � 1

MK
/.ıeaı

d
b
� heah

d
b/C

1
MK
heah

d
b .1 � 1

MK
/.1
MK
� nC 2/

MB
H
ıea�b

H
MB
ıda .1

MK
� 1/�a

!
:

To complete the proof, we apply Lemma A.5 to (A.14) to get system (A.10).

Lemma A.7. The conformal Einstein equation (3.16) for hab � hab can be expressed in
first-order form as

�xA03�
c
rc

0B@��esya
yb
e

he
yes
yayb
e

sya
yb

1CAC xAc3hbcrb
0B@��esya

yb
e

he
yes
yayb
f

sya
yb

1CA D 1

Ht
xB3

0B@��esya
yb
e

he
yes
yayb
e

sya
yb

1CAC xG3; (A.15)

where

xA03 D

0@�� 0 0

0 hf ye 0

0 0 ��

1A ; xAc3h
b
c D

0@�2�b �hyeb 0

�hf b 0 0

0 0 0

1A ;
xB3 D

0@��.n � 2/ 0 0

0 0 0

0 0 0

1A ; xG3 D

0B@ �e4
eyayb
3 .t;U/

hf e4
eyayb
3 .t;U/

��d sya
yb
d

1CA ;
and the map4eab3 .t;U/, which is analytic for .t;U/ 2 .��; �

H
/�BR.0/ for �;R > 0 small

enough, is given by

4
eab
3 .t;U/ D

n � 2

H
MAm�e�d sabd �

�n � 2
Ht

�
n � 2

tan.Ht/

�
�c�esabc

C �egcdrc.S
�1Lab

gf /rdh
gf
� 2�eS�1Lab

gf h
g
ah
f

b
P ab

� 2�eS�1Lab
gf h

g
ah
f

b
Qab
�

2

n � 2
�eS�1Lab

gf h
g
ah
f

b
XaXb

� 2.n � 2/S�1�eLab
cd s

cd
C 2�eS�1Lab

yef h
ye
ah
f

b
gbdgayagcyc

� .Hyayc �Eya�yc C �yaEyc/.Hdc �Ed�c C �dEc/:
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Proof. Using definitions (1.40)–(1.41) for sab
d

and sab , we can express the conformal
Einstein equation (3.16) for hab � hab as

gcdrcs
ab
d D

n � 2

tan.Ht/
�csabc C g

cd
rc.S

�1Lab
ef /rdh

ef
� 2S�1Lab

ef h
e
ah
f

b
P ab

� 2S�1Lab
ef h

e
ah
f

b
Qab
�

2

n � 2
S�1Lab

ef h
e
ah
f

b
XaXb

� 2.n � 2/S�1Lab
cd s

cd

C 2S�1Lab
ef h

e
ah
f

b
gbdgayagcyc.Hyayc �Eya�yc C �yaEyc/

� .Hdc �Ed�c C �dEc/;

which, in turn, implies by (3.24) that

Qedc
rcs

ab
d D �

dgecrcs
ab
d � �

cgedrcs
ab
d C

n � 2

Ht
�d�esabd C4

eab
31 ;

where

4
eab
31 D �

� 1

Ht
�

1

tan.Ht/

�
.n � 2/�c�esabc C �

egcdrc.S
�1Lab

gf /rdh
gf

� 2�eS�1Lab
gf h

g
ah
f

b
P ab � 2�eS�1Lab

gf h
g
ah
f

b
Qab

�
2

n � 2
�eS�1Lab

gf h
g
ah
f

b
XaXb � 2.n � 2/S�1�eLab

cd s
cd

C 2�eS�1Lab
yef h

ye
ah
f

b
gbdgayagcyc

� .Hyayc �Eya�yc C �yaEyc/.Hdc �Ed�c C �dEc/:

However, due to (3.28) and the commutator identity

�dgecrcs
ab
d � �

cgedrcs
ab
d D �

dgec.rcrd s
ab
� rdrcs

ab/

D ��dgec.R a
cdf sf b CR b

cdf sfa/ D 0;

it follows that (A.2) can be equivalently written as

Qedc
rcs

ab
d D

n � 2

Ht
Qfgc�c.ı

e
f ı

d
g � h

e
f h

d
g/s

ab
d C4

eab
3 ; (A.16)

where
4
eab
3 D

n � 2

H
MAm�e�d sabd C4

eab
31 :

On the other hand, by Lemma A.4, we have that Qebc�b�cre D ��
ere . Using this,

we see from (3.23) that

Qebc�b�cres
fg
D Qebc�b�cs

fg
e : (A.17)

Collecting (A.16) and (A.17) together gives

Ac3rc

 
sya
yb
d

sya
yb

!
D

1

Ht
B3

 
sya
yb
d

sya
yb

!
C

 
4eya

yb
3

Qebc�b�cs
yayb
e

!
; (A.18)
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where

Ac3 D
�
Qedc 0

0 Qcbe�b�e

�
and

B3 D Q
abc�c

 
.n � 2/.ıeaı

d
b
� heah

d
b/ 0

0 0

!
D

�
��.n � 2/�e�d 0

0 0

�
:

Then by applying Lemma A.5 to (A.18), we get

xAc3rc

0B@��esya
yb
e

he
yes
yayb
e

sya
yb

1CA D 1

Ht
xB3

0B@��esya
yb
e

he
yes
yayb
e

sya
yb

1CAC xG3;
where

xAc3 D

0B@ �eQ
edc�d �eQ

edchyed 0

hf eQ
edc�d hf eQ

edchyed 0

0 0 Qcbe�b�e

1CA ;
xG3 D

0@ �e 0

hf e 0

0 1

1A 4eya
yb

3

Qebc�b�cs
yayb
e

!
;

xB3 D

0@ �e 0

hf e 0

0 1

1AB3

 
�d hyed 0

0 0 1

!
D

0@��.n � 2/ 0 0

0 0 0

0 0 0

1A :
We then complete the proof by setting xA03 D xA

c
3�c , which allows us to write in the stated

form (A.15).

Lemma A.8. The conformal Einstein equation (3.15) for q can be expressed in first-order
form as

�xA04�
c
rc

0@��esehe
yese
s

1AC xAc4hbcrb
0@��esehe

yese
s

1A D 1

Ht
xB4

0@��esehe
yese
s

1AC xG4;
where

xA04 D

0@�� 0 0

0 hf ye 0

0 0 ��

1A ; xAc4h
b
c D

0@�2�b �hyeb 0

�hf b 0 0

0 0 0

1A ;
xB4 D

0@��.n � 2/ 0 0

0 0 0

0 0 0

1A ; xG4 D

0@ �e4
e
4.t;U/

hf e4
e
4.t;U/

��d sd

1A ;
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and the map4e4.t;U/, which is analytic for .t;U/ 2 .��; �
H
/ � BR.0/ for �; R > 0 small

enough, is given by

4
e
4.t;U/ D

.n � 2/

H
MAm�e�d sd � 2P ab�e�a�b � 2Qab�e�a�b �

2

n � 2
XaXb�e�a�b

�

� 1

Ht
�

1

tan.Ht/

�
.n � 2/�c�esc C 2�

e MA2
t2

sin2.Ht/
m2

� 2.n � 2/�e MAtmC
3 � n

.n � 1/
�egcdrchgf rdh

gf
�
2.3 � n/

n � 1
�ehabP

ab

�
2.3 � n/

n � 1
�ehabQ

ab
�

2.3 � n/

.n � 1/.n � 2/
�ehabX

aXb

C 2�e
�3 � n
n � 1

habg
bdgaya �

3 � nC �

2.n � 2/
gd ya � �a�bg

bdgaya
�

� gcyc.Hyayc �Eya�yc C �yaEyc/.Hdc �Ed�c C �dEc/:

Proof. Using definitions (1.36) and (1.42)–(1.43), we can express the conformal Einstein
equation (3.15) for q as

gcdrcsd D
.n � 2/

Ht
�csc C44;

where

44 D �

� 1

Ht
�

1

tan.Ht/

�
.n � 2/�csc C

2MA2t2

sin2.Ht/
m2 � 2.n � 2/MAtm

C
3 � n

.n � 1/
gcdrchef rdh

ef
�
2.3 � n/

n � 1
habP

ab
�
2.3 � n/

n � 1
habQ

ab

�
2.3 � n/

.n � 1/.n � 2/
habX

aXb � 2P ab�a�b � 2Q
ab�a�b �

2

n � 2
XaXb�a�b

C 2
�3 � n
n � 1

habg
bdgaya �

3 � nC �

2.n � 2/
gd ya C �a�bg

bdgaya
�

� gcyc.Hyayc �Eya�yc C �yaEyc/.Hdc �Ed�c C �dEc/:

With the help of (3.28) and the commutator identity

�dgecrcsd � �
cgedrcsd D �

dgec.rcrd s � rdrcs/ D 0;

it then follows that

Qedc
rcsd � .�

dgecrcsd � �
cgedrcsd /

D
.n � 2/

H

1

t
Qfgc�c.ı

e
f ı

d
g � h

e
f h

d
g/sd C4

e
4;

where

4
e
4 D

.n � 2/

H
MAm�e�d sd C �e44:
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On the other hand, by Lemma A.4, we have that Qebc�b�cre D ��
ere . Using this,

we see from (3.23) that
Qebc�b�cres D Q

ebc�b�cse:

Collecting together the above two equations gives

Ac4rc

�
sd
s

�
D

1

Ht
B4

�
sd
s

�
C

�
4e4

Qebc�b�cse

�
;

where

Ac4 D
�
Qedc 0

0 Qcbe�b�e

�
and

B4 D Q
abc�c

 
.n � 2/.ıeaı

d
b
� heah

d
b/ 0

0 0

!
D

�
��.n � 2/�e�d 0

0 0

�
:

To complete the proof, we can then proceed in the same way as in the final step of the
proof of Lemma A.8.

Appendix B. Expansions and inequalities

B.1. Expansions

We recall the well-known Neumann series expansion.

Lemma B.1. If A and B are n� n matrices with A invertible, then there exists an "0 > 0
such that the map

.�"0; "0/ 3 " 7! .AC "B/�1 2Mn�n

is analytic and admits the series representation

.AC "B/�1 D A�1 C

1X
nD1

.�1/n"n.A�1B/nA�1; j"j < "0:

In the following proposition, we use the Neumann series expansion to derive some
useful geometric expansion formulas. All of the geometric objects are as defined in Sec-
tions 1.2 and 1.7.3.

Proposition B.2. There exists a constant "0 > 0 such that if jgab � gabj < "0, then

gab D gab
C �ab.t; m; p

d ; s; sya
yb/; (B.1)

rch
ya yd
D � ya

yd
c .t; m;md ; s; sd ; s

ab; sabd /; (B.2)

rcg
ab
D � ya

yd
c .t; m;md ; s; sd ; p

a; pad ; s
ab; sabd /; (B.3)

where the �-maps are analytic in all their variables and satisfy �.t; 0/ D 0.
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Proof. By (1.36), (1.42) and (1.35), we have

S D e
q�.�C1/
3�n D e

s�MAtm
3�n ;

and hence, after differentiating, we get

rcS D Src lnS D Src
�q � .�C 1/

3 � n

�
D

1

3 � n

�
sc �mc �

MA
MJH

m�c

�
e
s�MAtm
3�n :

With the help of these relations, we then observe that

rch
ya yd
D rc.Shya

yd / D Srch
ya yd
C hya

yd
rcS

D
1

3 � n

�
sc �mc �

MA
MJH

m�c

�
e
s�MAtm
3�n sya

yd

C
1

3 � n

�
sc �mc �

MA
MJH

m�c

�
e
s�MAtm
3�n hya

yd
C e

s�MAtm
3�n sya

yd
c :

Letting � ya
yd
c .t;m;md ; s; sd ; s

ab; sab
d
/ denote the right-hand side of the above expression,

it is clear that � ya
yd
c is analytic in all its variables and satisfies � ya

yd
c .t; 0/ D 0, which

establishes the validity of (B.2).
Next, we observe that

gcd � gcd D .�C 1/�c�d � �d�c � �c�d C .Shcd � hcd /

D MAtm�c�d � MBtpd�c � MBtpc�d C e
s�MAtm
3�n scd C Œe

s�MAtm
3�n � 1�hcd :

With the help of this expression, (B.1) follows from applying Lemma B.1 to

gab D .g
cd /�1 D Œgcd C .gcd � gcd /��1:

Finally, to verify the remaining expression (B.3), we differentiate

gab D hab � 2�.a�b/ C ��a�b

to get

rcg
ab
D rch

ab
� 2�arc�

b
C �a�brc�

D rch
ab
� 2�.a

�
pb/c C

MB
MKH

pb/�c

�
C �a�b

�
mc C

MA
MJH

m�c

�
;

where in deriving this we have used formulas (1.33), (1.36), (1.37) and (1.39). Letting
� ya
yd
c .t; m;md ; s; sd ; p

a; pa
d
; sab; sab

d
/ denote the right-hand side of the above expres-

sion, it is clear that � ya
yd
c is analytic in all its variables and satisfies � ya

yd
c .t; 0/ D 0, which

establishes the validity of (B.3) and completes the proof.
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B.2. Young’s inequality

Lemma B.3 (Young’s inequality for scalars). Suppose a; b 2 R and " > 0. Then

jabj �
"

2
a2 C

1

2"
b2:

Lemma B.4 (Young’s type inequalities for tensors). Suppose hab 2 T
0
2 † is a positive

definite metric and hab 2 T 20 † is the inverse of hcd , Xdc 2 T 02 † is anti-symmetric,
Y a 2 T†, Zc 2 T �†, Ad 2 T†, Aabc 2 T 30 †, Adc 2 T

1
1 † and ı > 0. Then

jXdcA
dY c j �

ı

2
hadhbcXabXdc C

1

2ı
hbdA

dAbhacY
aY c ; (B.4)

jXdcA
adcZaj �

ı

2
hadhbcXabXdc C

1

2ı
AabeAfdchbdhecZaZf ; (B.5)

jZdA
d
cY

c
j �

ı

2
hadZdZa C

1

2ı
hadA

a
eA

d
bY

eY b : (B.6)

Proof. Inequality (B.4) is a direct consequence of the calculation

ıhdahbcXabXdc ˙ 2A
dY cXdc C

1

ı
AdY chbdhacA

bY a

D

�p
ıhdahbcXab ˙

1
p
ı
AdY c

��p
ıXdc ˙

1
p
ı
hybdhyacA

ybY ya
�

D hdahbc
�p

ıXab ˙
1
p
ı
hbf haeA

eY f
��p

ıXdc ˙
1
p
ı
hybdhyacA

ybY ya
�

� 0;

where the inequality in the last line is due to the positive definiteness of the metric hab .
We similarly conclude the validity of inequalities (B.5)–(B.6) from the following related
calculations:

0 � hadhbc
�p

ıXab ˙
1
p
ı
hyaahybbA

eyaybZe

��p
ıXdc ˙

1
p
ı
h yddhyccA

f yd ycZf

�
D ıhadhbcXabXdc ˙ 2XabA

fabZf C
1

ı
AedcZeh yddhyccA

f yd ycZf

and

0 � hdc
�p

ıZd ˙
1
p
ı
hadA

a
eY

e
��p

ıZc ˙
1
p
ı
hbcA

b
f Y

f
�

D ıZdZch
dc
˙ 2ZaY

f Aaf C
1

ı
AaeY

ehbaA
b
f Y

f :
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Appendix C. Index of notations

In this appendix, we collect some notations that we used in the paper.

. zMn; zgab/ n-dimensional, connected Lorentzian manifold; Section 1
G compact and connected Lie group; Section 1
G Lie algebra of G; Section 1
� �  inner-product for �; 2 G ; Section 1
j � j norm on G ; Section 1
zgab physical spacetime metric; Section 1
zFab physical Yang–Mills curvature; Section 1
zAa physical gauge potential; Section 1
zra covariant derivative associated to zgab ; Section 1
zDa gauge covariant derivative of a G -valued tensor; Section 1
� Cartesian time coordinate function on R; Section 1.2
hab standard metric on Sn�1; Section 1.2
gd.x/ Gudermannian function; Section 1.2
t conformal compactified time function; Section 1.2, (1.7)
zg
ab

de Sitter metric; Section 1.2, (1.5)
‰ conformal factor; Section 1.2, (1.11)
g
ab

conformal de Sitter metric; Section 1.2, (1.12)
�a, �a unit normal and conormal to †t w.r.t g

ab
; Section 1.2, (1.13)

hab projection w.r.t �a and g
ab

; Section 1.2, (1.14)
z�a, z�a unit normal and conormal to †� w.r.t. zg

ab
; Section 1.2, (1.15)

zTa, zT a unit normal and conormal to †� w.r.t. zgab ; Section 1.2, (1.16)
z� zgabz�az�b ; Section 1.2, (1.16)
zh
c

d , zhc
d

projections w.r.t z�a and zT a, respectively; Section 1.2, (1.17)–(1.18)
zEb , zHdb 3C 1 decomposition of zFap w.r.t. zha

b
and zT p ; Section 1.2, (1.19)

zZa physical wave gauge vector fields; Section 1.3
zXa physical contracted Christoffel symbols; Section 1.3
zr covariant derivative associated to zg

ab
; Section 1.3

zhab zh
a

c
zh
b

d zg
cd ; Section 1.4

gab , gab conformal spacetime metric; Section 1.7.3, (1.29)
Fab conformal Yang–Mills curvature; Section 1.7.3, (1.30)
Aa conformal gauge potential; Section 1.7.3, (1.31)
�, �c , hab 3C 1 decompositions of gab w.r.t. �a and hcb ; Section 1.7.3, (1.33)
m, md Fuchsian fields; Section 1.7.3, (1.36)–(1.43)
pa, pa

d
Fuchsian fields; Section 1.7.3, (1.36)–(1.43)

sab , sab
d

, s, sd Fuchsian fields; Section 1.7.3, (1.36)–(1.43)
MA, MB, MJ, MK dimension-dependent constants; Section 1.7.3
q, hab modified metric variables; Section 1.7.3, (1.35)
hab hach

b
dg
cd ; Section 1.7.3, (1.34)

˛, ˛ determinant variables; Section 1.7.3, (1.34)
xAb , Eb Aah

a
b and ��pFpahab , respectively; Section 1.7.3, (1.45)
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Ea, Hdb �habEb and hcdFcah
a
b , respectively; Section 1.7.3, (1.46), (1.47)

U Fuchsian field vector; Section 1.7.3, (1.49)
k�kW k;p Sobolev norms; Section 2.1.4
k�kL1.I;W s;p/ Sobolev norms; Section 2.1.4
r covariant derivatives associated to g

ab
; Section 3.1

r covariant derivative associated to gab ; Section 3.1
� wave operator associated to gab ; Section 3.1
zR

a
cde , zRab , zR Riemannian/Ricci/scalar curvature tensors of zg

ab
; Section 3.1

R a
cde

, Rab , R Riemannian/Ricci/scalar curvature tensors of g
ab

; Section 3.1
zR a
cde

, zRab , zR Riemannian/Ricci/scalar curvature tensors of zgab ; Section 3.1
R a
cde

, Rab , R Riemannian/Ricci/scalar curvature tensors of gab ; Section 3.1
Za conformal wave gauge vector field; Section 3.1.1, (3.4)
Xa conformal contracted Christoffel symbols; Section 3.1.1, (2.1)
Y a, �a gauge source vector field; Section 3.1.1, (3.5)
Aabc wave gauge tensor; Section 3.1.1
P ab , Qab lower order terms in Rab ; Section 3.1.1, Section A.1, (3.7), (A.3)
Lab

cd
projection operator; Section 3.1.1, (3.13)

Qedc symmetrizing tensor; Section 3.1.1, (3.24)
ME, MF dimension-dependent constants; Section 3.1.2
yU 3C 1 decomposition of U; Section 5, (5.4)
VV, . VEe ; VEd ; VHab ; VAs/ renormalized conformal Yang–Mills fields; Section 5.3, (5.15)
VU renormalized U; Section 5.3, (5.18)
zu gauge element of G; Section 6, (6.1)
zA?a , zF ?

ab
, E?a , zH?

ab
Yang–Mills fields under temporal gauge (1.20); Section 7

U0 initial data for U; Section 7, Step 4
yU0 initial data for yU; Section 7, Step 4
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