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Abstract. We establish the global existence and stability to the future of non-linear perturbation
of de Sitter-like solutions to the Einstein—Yang—Mills system in n > 4 spacetime dimension. This
generalizes Friedrich’s Einstein—Yang—Mills stability results in dimension n = 4 [J. Differential
Geom. 34, 275-345 (1991)] to all higher dimensions.
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1. Introduction

In general relativity, the n-dimensional de Sitter (dS,) solution is an exact, maximally
symmetric solution to the vacuum Einstein equations with a positive cosmological con-
stant A > 0. It is one of the simplest solutions that exhibits accelerated expansion. While
realistic cosmologies are not homogeneous and isotropic, de Sitter spacetime can still be
physically relevant in situations where it is non-linearly stable under perturbations glob-
ally to the future. This is because stability will guarantee that the de Sitter spacetime can
be used as a model to understand the future asymptotic behavior of cosmological space-
times that are undergoing accelerated expansions. This is of direct physical relevance due
to cosmological observations of accelerated expansion in our universe and the assertion
that this expansion is due to a cosmological constant [26].

The future stability of de Sitter spacetime in n = 4 spacetime dimensions was first
established by Friedrich [12] using a conformal representation of the vacuum FEinstein
field equations with a positive cosmological constant. Friedrich, in the article [13], sub-
sequently extended this stability result to the Einstein—Yang—-Mills (EYM) equations in
n = 4 spacetime dimension. More precisely, cf. [13, Theorem 9.8], Friedrich established
the global existence to the future of solutions to the Einstein—Yang—Mills equations that
are generated from initial data sufficiently close to de Sitter initial data. Friedrich also
established that these solutions are all asymptotically simple. It is worth noting here that,
in the article [13], Friedrich also considered the case of vanishing cosmological constant
A = 0 and prescribed initial data on past timelike infinity for A > 0.

The main aim of this article is to extend Friedrich’s future global existence and sta-
bility result for the Einstein—Yang—Mills equations with a positive cosmological constant
A > 0 to all higher spacetime dimensions n > 4 and provide a new global existence and
stability proof for n = 4.
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1.1. Einstein—Yang—Mills equations

Before discussing the main results of this article, we first briefly recall some key con-
cepts from Yang—Mills theory that will be needed to fix our notations and formulate the
Einstein—Yang—Mills equations; see also [6].

Let G denote a compact and connected Lie group with Lie algebra §. Due to the
compactness, we lose no generality in taking G to be a matrix group. On §, we fix
an Ad-invariant, positive definite inner-product that we denote by a dot, i.e., ¢ - ¢ for
¢, ¥ € §, and we use | - | to denote the associated norm.

Given an n-dimensional, connected Lorentzian manifold’ (ﬂ”, Zab), a connection @
on a G-principal bundle over M" can be expressed in a gauge as a local §-valued
1-form A, on M™, which is referred to as a gauge potential. The curvature of the connec-
tion @ is then determined locally by the §-valued 2-form Fap, on M" defined by’

Fop = VoA — Vp A, + [Ay, Ap), (1.1)

where [-, -] is the Lie bracket on ¢, i.e., the matrix commutator bracket, and ﬁa is the
covariant derivative associated to g,5. We recall also that the Yang—Mills curvature Fy
automatically satisfies the Bianchi identities

where D, = V, + [fTa -] denotes the gauge covariant derivative of a §-valued tensor.
The Einstein—Yang—Mills equations with a positive cosmological constant A > 0 are
then given by

Gab + N&ap = Tap. (1.2)
D%F,, =0, (1.3)
Do Fype) = 0, (1.4)

where éab = Eab - %Ega » is the Einstein tensor of the metric g,5 and the stress-energy
tensor of a Yang—Mills field is defined by

T -c I 1. mced -

Tap = Fy 'Fbc_zgabF “Feq.
In this article, we will restrict our attention to trivial principal bundles, i.e., M" x G. The
purpose of this simplification is to allow us to work with gauge potentials A, that exist
globally on M". This, in turn, allows us to view the Einstein—Yang—Mills equations as
equations for the fields (g,5, Ag) on M™.

"n this article, we use abstract index notations, see Section 2.1.

2The Yang-Mills curvature ﬁab is globally defined when viewed as taking values in the adjoint
bundle.
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1.2. de Sitter spacetime

For the remainder of the article, we fix the physical spacetime manifold by setting®
M'=Rx¥ withs=8""

Then de Sitter spacetime® (ﬂ”,gab) is obtained by equipping M" with the de Sitter
metric defined by
g, = —(d0a(dr)p + H?cosh?(H ' t)h,, (1.5)

where the constant H is determined by

=2 (n—1)
H = ‘IT, (1.6)

» 18 the standard metric on S™"1 and 7 is a Cartesian coordinate function on R. This

h
—a
spacetime plays two roles in our subsequent arguments. First, it provides an ambient
spacetime manifold on which we can formulate our global existence and stability results,
and second, it provides the background geometric quantities that we use to quantify the
size of the metric perturbations away from the de Sitter metric.

In the analysis carried out in this article, we find it advantageous to work with a con-
formally rescaled version of the de Sitter metric, which we refer to as the conformal de
Sitter metric, rather than the de Sitter metric itself. To define the conformal de Sitter met-

ric, we introduce a new time function ¢ via

[ = ﬁ(% _ gd(H*lf)), (1.7)

where gd(x), known as the Gudermannian function, is defined by

X
1
gd(x) = / ds = arctan(sinh(x)), x € R.
o coshs

Inverting (1.7) gives
T
t=Hgd (— — Ht), (1.8)

where
X

_1 1 . T
gd ' (x) = ——dt = arctanh(sinx), x € <——, —).
o cost 22
From (1.8), we observe that 7(¢) is a monotonic, decreasing and analytic for z € (0, 7).
We further observe that (1.7) maps the infinite interval T € (—oo, +00) into the finite
interval ¢ € (0, ) with a change of time orientation where the future lies in the direction
of decreasing ¢ due to the monotonic, decreasing behavior of #(r) on R. Noting that

3In fact, we will only make use of the future half [0, c0) x X of M given by [0, 00) x X.
4See the references [16,31] for a more detailed introduction to de Sitter spacetime.
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t(0) = 5 and t(+00) = 0, we conclude that # = 0 corresponds to future timelike infinity
in de Sitter spacetime while t = 57 corresponds to T = 0.

Differentiating (1.8), we find, with the help of the identity %(gd71 X) = sec x, that
(dr)y = —H? sec(% . Ht)(dt)a. (1.9)

Then, noting the identity cosh(gd™!(x)) = sec(x), we see from (1.9) that the de Sitter
metric (1.5) can be written as

~ A
8 =€ & (1.10)
where n(H1)
sin( 41t
\IJ:—ln( . ) (1.11)
and
g, = —H?*(dt),(dt)p + hyp (1.12)

is the conformal de Sitter metric. The pair (M" = (0, %) x I, g, b) defines a spacetime
that is conformal to the de Sitter spacetime where, by construction, future timelike infinity
of the de Sitter spacetime is mapped to the boundary component {0} x X of M".

Next, we define a future-directed unit normal to the spatial hypersurface

Y,={t}x X
with respect to the conformal metric g by
v = H(dr), and v? = g%, (1.13)
Using v?, we set
h*y = 8% + vy, (1.14)

which defines a projection operator that projects onto the 8, b-orthogonal subspace to
the vector field v¥. We define, in an analogous fashion, the future-directed unit normals
to the spatial hypersurface ¥; with respect to the de Sitter metric gab and the physical
metric 2,5 by

a ~ab~

Vg = (dt)y and V =g Vp, (1.15)
and by

Ty= (=127, and T%=(—1)"2§%7,, where X = g%%,7,,  (1.16)
respectively, where we note that (—X)_% is the lapse function associated to the physical

metric g,5. We denote the corresponding spatial projection operators by
By =6, +757,. (1.17)
R, =6 +T°Ty, (1.18)
and we use i° 4 and 7% to decompose the physical Yang—Mills curvature ﬁap into its

electric and magnetic components according to

Ep = h FyT? and  Hgp = h° y Foh®,. (1.19)
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Remark 1.1. Our global existence proof relies on two different 3 4+ 1 decompositions.
The local existence results from [21] are formulated in the physical picture with 3 4 1
decomposition (1.16) and (1.18), and in order to apply these results, we use the 3 + 1
decomposition defined by (1.15) and (1.17). On the other hand, the global estimates estab-
lished in this article are derived using the 3 4+ 1 decomposition defined by (1.13)—(1.14).

1.3. Gauge conditions

Gauge conditions for both the gravitational and Yang—Mills fields play an essential role in
our stability proof. For the physical Yang—Mills, we employ an adapted temporal gauge
defined by

A, T =0, (1.20)

where the vector field 79 is defined above by (1.16), while we employ a wave gauge
given by

7% =0 (1.21)
for the physical metric where, recall n is the dimension of spacetime,

70 = X0 - 23" — 3°)@W)e + 1@ ~ F)AW)e — (F° ~ F9TE,, (@)

~ 1. . ~ _
X9 — _Zegae + Egaegdfzegdf-

Here, ie denotes the covariant derivative associated to the de Sitter metric ga b S€€ (1.5),
and W is the scalar function defined previously by (1.11).

1.4. Initial data and the constraint equations

Solutions to the Einstein—Yang—Mills equations will be generated from the initial data
(gabv cf'ﬁgab, /Tav cf'ﬁ/’fa)bo = (gab’ gabs A,ay /ia) (1.22)

that is specified on the initial hypersurface o = {0} x X, that is, at time 7 = 0. As is
well known, e.g., see [7, Chapters VI and VII], this initial data cannot be chosen freely,
but must satisfy the following constraint equations:

Ta (G + Ag® — T |5, =0, (1.23)
W (VyEy + [Aq, Ep))|z, = 0, (1.24)

~ ~a ~b
where h%? = ﬁa N dgcd. We will always assume that our initial data satisfies these con-

straints. In addition, to enforce the gauge conditions, we will further assume that initial
data is chosen so that the following gauge constraints hold:

7%, =0, (1.25)
A,T% 5, = 0. (1.26)
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1.5. Main theorem
We are now in a position to state the main result of this article in the following theorem.

Theorem 1.2. Suppose A >0, s € Z NpESY and the initial data g3, € H*T1(Z), gap €
H* (%), Aq € HS(E) with h¢ hdb(dA)Cd € H*(X), and Ag € H*(X) satisfy the con-
straint equations’ (1.23)—(1.26). Then there exists a constant o > 0 such that if the initial
data satisfy the smallness condition

1“2 (0) — §°(0). ¥4 2?(0). A4 (0). E4(0), Hap(0) | s < 0.

then there exists a unique solution (§%°, Ava) to the Einstein—Yang—Mills equations (1.2)—
(1.4) on [0, 00) x X with regularity

(8%, V48, A4, Eq, Hap) € C°([0, 00), H* (X)) N C([0, 00), H*T'(T))

that satisfies the initial conditions (1.22), and the temporal and wave gauge constraints
(1.20)—(1.21) on [0, 00) x X. Moreover, there exists a constant C > 0 such that the esti-
mates

1Aa@ s + 1 Ea@)llas + | Hap (D)l s < Co

and 5
17 (0) = 8 s + 1948 @ s = € (5 —ed(H D) 0

hold for all T € [0, 00).

1.6. Prior and related works

The vacuum de Sitter stability result of Friedrich in n = 4 spacetime dimensions was
extended to all even spacetime dimension # > 4 in [1]; see also [17] where a gap in this
stability proof is addressed. It is worth noting that the de Sitter stability proofs from [1,12]
and the related Einstein—Yang—Mills stability proof from [13] rely on specific conformal
representations of the Einstein field equations. It is because these conformal represen-
tations only exist in certain spacetime dimensions that lead to the dimension-dependent
restrictions in these stability proofs.

The first de Sitter stability result extended to all spacetime dimension n > 4 was estab-
lished in [27]. In that article, the future global existence of solutions to the Einstein-scalar
field system that are generated from initial data that is sufficiently close to de Sitter initial
data was established for a class of potentials that includes the vacuum Einstein equations
with a positive cosmological constant. This stability result was later generalized to the
Einstein—-Maxwell-scalar field equations in [32].

Related stability results for perfect fluid Friedmann-Lemaitre—Robertson—Walker
(FLRW) spacetimes with a positive cosmological constant that are asymptotic to a flat

5See Section 2.1.4 for a definition of the HS norms.
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spatial slicing of de Sitter were obtained in the articles [15, 18-20,22-24,28,30]. We also
note the related stability results from [10, 11,34] for FLRW spacetimes with non-acceler-
ated expansion.

The temporal gauge for the Yang—Mills equations, which is essential for arguments
presented in this and the companion article [21], is well known and has been employed
in prior studies of the Yang—Mills equations; for example, Eardley—Moncrief [8, 9] and
Ginibre—Velo [14] used the temporal gauge to deduce first-order equations for the Yang—
Mills equations in Minkowski spacetime. However, all of the previous first-order formu-
lations of the Yang—Mills equations in the temporal gauge were not symmetric hyper-
bolic and the hyperbolicity of these formulations was not evident. A first-order symmet-
ric hyperbolic formulation of the Yang-Mills equations in the temporal gauge was first
derived in the companion article [21]. In the present article, we rely on a similar formula-
tion to cast the Einstein—Yang—Mills equations as a symmetric first-order system.

1.7. Overview and proof strategy

1.7.1. Main idea. The main idea behind the proof of Theorem 1.2, which was first em-
ployed in [24] for a different matter model, is to formulate the initial value problem for
a gauge-reduced version of the Einstein—Yang—Mills equations as a Fuchsian initial value
problem of the form

1

A% UY,U = SA(UPU+G(.U) in (o, lH] xS, (1.27)
. b1

U="U, m{ﬁ} X %, (1.28)

on the conformal de Sitter spacetime manifold (M”", g, b)’ where we recall that ¢ = 0 cor-
responds to future timelike infinity and # = 577 corresponds to 7 = 0. The advantage of
this reformulation is once it is shown that the coefficients of the Fuchsian equation (1.27)
satisfy certain structure conditions, see Section 5 for details, then, under a suitable small-
ness assumption on the initial data, the existence of solutions to (1.27)—(1.28) on the
spacetime domain (0, 777] x ¥ C M" follows from an application of Theorem 4.3 in
Section 4.3, which is an adapted version of [4, Theorem 3.8].

For technical reasons, we do not formulate the gauge-reduced Einstein—Yang—Mills
equations as a Fuchsian system. Instead, we show in Section 3, see, in particular, Theo-
rems 3.6 and 3.14, that solutions of Einstein—Yang—Mills equations that satisfy a temporal
and wave gauge condition yield solutions to a Fuchsian equation of the form (1.27);
see (5.1) for the actual equation. We then appeal to the local-in-time existence theory
for the Einstein—Yang—Mills equations from the companion article [21] to obtain local-
in-time solutions to the Fuchsian equation (1.27) on a spacetime domain of the form
(tx, 5771 x Z C M" for some 2, € [0, 777) that satisfies a given initial condition U = Uy
att = 5. It is important to note that de Sitter initial data at T = 0 corresponds to the
trivial initial data Uy = 0, because we are then free to choose Ug as small as we like since
we are only interested in perturbations of de Sitter initial data.
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Now, the time of existence ¢, from the local-in-time existence theory may be strictly
greater than zero. In order to show that 7, = 0, which would correspond to solutions to the
Einstein—Yang—Mills equations that exist globally to the future, we alternately view the
initial value problem (1.27)—(1.28) as a stand-alone system that, a priori, admits solutions
that are not derived from solutions of the reduced Einstein—Yang—Mills equations. The
point of doing so is that, under a suitable smallness assumption on the initial data Uy, we
can apply Theorem 4.3 to conclude the existence of solutions to (1.27) on (0, 5] x X
that are uniformly bounded. By uniqueness, this global solution coincides on (t, 57| X X
with the local-in-time solution to (1.27) obtained from a local-in-time solution to the
Einstein—Yang—Mills equations as discussed above. In this way, we obtain uniform bounds
on the local solution. Because of these bounds, we can then appeal to the continuation
principle from [21] to extend the local-in-time solution past 7., and in particular, all the
way to 7. = 0, which yields the global existence of solutions to the Einstein—Yang—Mills
equations.

The above arguments constitute the main steps in the proof of Theorem 1.2, the main
result of this article. The complete proof of the theorem is given in Section 7.

1.7.2. Additional remarks. In the companion article [21], the first and third authors for-
mulated the Einstein—Yang—Mills equations in a temporal gauge as a first-order symmetric
hyperbolic system. This was achieved through the introduction of auxiliary variables and
the use of symmetrising tensors. The temporal gauge employed in [21] was adapted to
the physical spacetime metric, and this choice of gauge was particularly useful for estab-
lishing the equivalence between the Einstein—Yang—Mills equations and the symmetric
first-order system. In this article [21], the adapted temporal gauge is defined by (1.20).

While the adapted temporal gauge (1.20) is useful for establishing the local-in-time
existence of solutions, it is not suitable for analyzing the long-time stability of solu-
tions. Instead, for the long-time stability analysis, we employ the temporal gauge defined
by (3.35). Fortunately, as we show in this article, the first-order symmetric hyperbolic
formulation of the Einstein—Yang—Mills equations from [21] is robust and can be adapted
to the new choice of temporal gauge. However, it should be noted that symmetrizing
the Einstein—Yang—Mills equations in the temporal gauge (3.35) is more difficult due to
the fact that in this gauge, unlike (1.20), the propagation and constraint equations of the
Yang-Mills equations do not decouple; see Section 3.2 for details. Importantly, we can
also establish suitable estimates on the gauge transformation that connects the two gauges,
see Section 6 for details, which allows us to employ both gauges in our stability proof.

In our view, the key innovation of this article is the use of the temporal gauge (3.35)
and a conformal compactification of spacetime to formulate the Einstein—Yang—Mills
equations as a Fuchsian system whose coefficients satisfy structure conditions that make
it suitable for establishing the long-time stability of solutions. It is worth noting that the
use of the temporal gauge is critical being able to formulate the Einstein—Yang—Mills
equations as a Fuchsian system. Other gauge choices, such as the Lorentzian gauges, do
not seem to lead to a Fuchsian formulation that is suitable for the long-time analysis of
solutions.
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1.7.3. Fuchsian fields. The Fuchsian formulation (5.1) of the gauge-reduced Einstein—
Yang—Mills equations is based on a particular choice of fields. To define these fields,
we first replace the physical fields with conformally rescaled fields defined by

gab =€ 2V Zap, (1.29)
Fap=e YE,, (1.30)
Ay =e A, (1.31)

where W as previously defined above by (1.11). These conformal fields should be viewed
as living on the conformal de Sitter spacetime M” = (0, %) x 2. For use below, we note
that (1.29)—(1.30) imply the relations

g =gt F =e3F® and F4 =eVFY. (1.32)
Next, we decompose the conformal metric g, as
A=g%v,, £ = g“bvahcb and h = hachbdgc‘i, (1.33)

where we recall that v, is defined above by (1.13). Inspired by the Fuchsian formulation
of the Einstein—Euler equations from [19, 24], we introduce similar variables to param-
eterize the gravitational fields. As was first observed in [24], this choice of variables in
conjunction with the wave gauge (1.21) allows the Einstein equations to be formulated
as a Fuchsian system of equations whose coefficients satisfy specific structural conditions
that make it possible to derive global estimates on solutions. To define these new variables,
we first set

hab — hachbdgca’» S = ﬁ’ a = (det (hab + l)al)b))ﬁ,
- 24 (1.34)
ab a, byt
o = (det (A" +v¥v7))n=T,
and |
¢g=A+14+@-n)ns, p?*= Eh“b. (1.35)
We then define the Fuchsian gravitational field variables via

1
m=—(A+1), 1.36
A[( ) (1.36)

1
4 = - a’ 1.37
p BIE (1.37)

1
mg =V, A— < A+ Dy, 1.38
a=VYy JHI( Vd (1.38)
1

4 =V, 64— < vy, 1.39
Py =Vié KHIS d (1.39)
Sab — bab _hab’ (1.40)
sabd — Zd(bab _&ab), (1‘4])
s =q, (1.42)

sa =Ng4q. (1.43)
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where Z\, B, J, K are constants. The freedom to choose these constants will be used below
to eliminate problematic % singular terms in the evolution equations. We also find it useful
in subsequent calculations to let /1, denote the unique symmetric tensor field satisfying

hapv? =0 and  hhgy, = h°,.
For the conformal Yang—Mills fields, we employ a temporal gauge defined by
Agv¢ =0, (1.44)

and we set
Ap = Aahab and Ep = —vapa@“b. (1.45)

Due to the temporal gauge, the one-form A completely determines the gauge potential
while £} defines the conformal electric field associated to the splitting determined by the
vector field v?. In order to express the Yang—Mills equations as a first-order symmetric
hyperbolic system, we find it necessary to introduce the additional fields

&% = —hPE,, (1.46)
Hdb = hcd Fcahab’ (1.47)

where we note that H gy, is the magnetic field associated to the splitting determined by the
vector field v¢. The field H,; is used to express the Yang—Mills equations as a first-order
system (3.36) in the variables Ag, Ep, Hyp, which are non-symmetric. The field &¢ is
then extracted from the non-symmetric part of (3.36), which allows us to rewrite the
Yang—Mills equation as a symmetric first-order system (3.44) in the variables Aq, Ep,
&€, H,p. For use in calculations below, we record the identity

sin(Ht) — sin(Ht) — -
Hpq =/ 7 h“pzaAq — 4/ I _“qzaAp + [Ap. Ag). (1.48)

which is easily derived from (1.1), (1.11), (1.14), (1.30)—(1.31), (1.45) and (A.4).
We then collect the above fields into the single vector

U= (m,p“,md,p“d,s“b,sabd,s,sd, €%, Ep, Hyp, Ag). (1.49)

It is the collection of fields that we will use to transform the gauge-reduced Einstein—
Yang-Mills equations into Fuchsian form.

1.7.4. Derivation of the Fuchsian equation. The majority of this article is devoted to the
derivation of the Fuchsian formulation of the gauge-reduced conformal Einstein—Yang—
Mills equations given by (5.1). The derivation is lengthy but computationally straightfor-
ward and it is split into two parts. The first part concerns the derivation of a Fuchsian
formulation of the Einstein equations in the wave gauge (1.21) and it is carried out in
Section 3.1 as well as in Appendix A.6. The resulting Fuchsian equations are displayed
in Theorem 3.6. The second part of the derivation is given in Section 3.2. There, a Fuch-
sian formulation of the Yang—Mills equations in the temporal gauge (1.44) is obtained,
and the equations are displayed in Theorem 3.14. We then combine the equations from
Theorems 3.6 and 3.14 to obtain the Fuchsian equation (5.1).
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1.8. Outlines

The paper is organized as follows. In Section 2, we fix our notation and set out our
conventions. In Section 3, we present a Fuchsian formulation for the conformal Einstein—
Yang-Mills system for any dimension 7 > 4. In Sections 4 and 5, we analyze the Fuchsian
formulation of conformal Einstein—Yang—Mills system, deriving all the necessary esti-
mates and in particular improved estimates for the Yang—Mills field. We show in Section 6
the uniform bound of the gauge transformation between the different gauges for local
existence and for global stability. In the end, we conclude global stability in Section 7.
More supporting materials and calculations are given in Appendices A and B. An index
of notations is presented in Appendix C.

2. Preliminaries

In this section, we set out some conventions and notations that we will employ throughout
this article.

2.1. Abstract indices and tensor conventions

For tensors, we employ abstract index notation, e.g., see [33, §2.4]. Physical fields will
be distinguished with a tilde, e.g., 2,5, while their conformal counterpart will be denoted
with the same letter but without the tilde, e.g., g,5. Underlined fields with a tilde, e.g., ga b
will refer to background fields that are associated with de Sitter spacetime. In line with
the above notation, underlined fields without a tilde, e.g., g 8. will refer to background
fields associated with the conformal de Sitter spacetime. In particular, we use V and V to
denote the covariant derivatives assomated to the background metrics g and 8, respec-
tively, and likewise we use R R 4. “ and R. ;" to denote the associated curvature tensors.
The other curvature tensor will be denoted using similar notation, e.g., Ba p and R, for
the Ricci curvature tensors.

As indicated above, we use V to denote the covariant derivative associated to the
physical metric g5, and in line with our conventions, we use V to denote the covariant
derivative associated to the conformal metric g ;. We also use R cde” @nd R, ¢ to denote
curvature tensors of g, and g,p, respectively, and a similar notation for the other cur-
vature tensors. We also use (1 = gV, V,, to denote the wave operator associated to the
conformal metric g,p.

Unless indicated otherwise, we use the physical metric g, to raise and lower indices
on physical tensors that are not background tensors, and the conformal metric g, to
raise and lower tensor indices on tensors built out of the conformal fields, which are
not identically background tensors. For background tensors associated with the de Sitter
spacetime, we use the de Sitter metric ga p 10 raise and lower indices, and correspondingly,
we use the conformal background metric 8, t0 raise and lower indices on background
tensor fields associated with the conformal de Sitter spacetime.
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It is worth noting at this point that the one-forms v, and v,, which are derived from
the background slicing of the de Sitter spacetime and its conformal counterpart, see (1.13)
and (1.15), are not underlined and constitute an exception to our conventions. Any other
exceptions to the above conventions will be clearly indicated when they occur.

2.1.1. Index of notations. A list of frequently used definitions and notations is provided
in Appendix C.

2.1.2. Index brackets. Round and square brackets on tensor indices are used to identify
the symmetric and anti-symmetric components of a tensor, respectively. For example,

1
A[abc] = g(Aabc + Abca + Acab - Aacb - Abac - Acba)v
1
Bp) = E(Bab + Bpa)-
2.1.3. Connection coefficients. The covariant derivatives

by...b by...b
VaT ! kcl.,.c, and zaT ! kcl...cl

are related via

c1...cl

d by..by
- Z X ac; r cr...d...c;’
J

b]..‘bk — b]...bk b; b]...d...bk
VGT cr..c; ZaT + Z X ’ad r C1...C]
i

where X, = is defined by

1
X% = =5 (8ee¥Vpg™ + ghe V. 8" — g gragerVog™).

Contracting X, = on the covariant indices yields the vector field

1
X = gh X, = —V,g% + Sg"gar Vo, 2.1)
which plays an important role in defining the wave gauge.

2.1.4. Sobolev norms for spacetime tensors. To define the Sobolev norms for spacetime
tensors that are employed in this article, we first consider the special case of a rank 2
covariant tensor field S, on a spacetime manifold of the form / x X, where I C R is an
interval and, as above, ¥ = S”~!. Assuming that ¢ is a Cartesian coordinate on I, we inter-
pret the associated coordinate vector field d; on I as defining a vector field (d;) on [ x &
that satisfies (3,)?(df), = 1. We then decompose Sgp, into a scalar (3;)%Sap(9;)?, a spa-
tial one-form hba Spe(94)¢, and a spatial tensor field hcaSthdb, where, as above, h,, is
the standard metric on S”~!, which we interpret as a tensor field on / x X. Now since
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(0:)%S,4(3;)? is a scalar field, and the tensor fields hcaScdﬁdb and ﬁbaSbc(E),)c are
purely spatial, we can, by restricting them to ¥; = {¢t} x X, naturally interpret these as
tensor fields on the Riemannian manifold (X;, ,;), which are all trivially isometric for
different values of 7. For 1 < p < coand s € Zxg, the W*? Sobolev norm of S, is then
defined by

1S Ollwer = 100 Sap @15, lwtn s,y + 11220 Spe @) |5, lwrns,)
+ ||hCaScdhdb|Ez||Wk.p(gt)

for t € I, where the Sobolev norms ||| y«.»(x,) on the Riemannian manifolds (X;, ;)
are defined in the usual way, e.g., see [2, Chapter 2]. We also define

| SapllLoo(z,ws.py = sup||Sap ()|l ws.r.
tel

By identifying ¥; with ¥ via the isometry ¥ > x +— (¢, x) € X;, we can view
(0)9Sap(0:)?, h 2 Seah®p and h 4 Seqh?p as time-dependent tensor fields on the fixed
Riemannian manifold (X, /,;). We then have

Sap € CHI. WS (X))
provided each of the maps
1510 (3)*Sap(0) |5, € WHP(2),
I35t haSeah?sls, € WHP(3),
I35t hScah?sls, € WHP(3)

are {-times continuously differentiable with respect to 7.
The W*P norms for general spacetime tensor fields can be defined in a similar
fashion.

3. Conformal Einstein—-Yang—Mills equations

The aim of this section is to transform the conformal Einstein—Yang—Mills equations into
Fuchsian form in a step-by-step fashion. The Fuchsian formulation of the Yang—Mills
equations derived below is new while the Einstein equations are transformed into Fuch-
sian form following the method used in the articles® [18-20,22,24,25].

SIn this article, the conformal factor, e.g., ¥ (defined by (1.11),1i.e., ¥ = — ln(Si"(Hth))), is dif-
ferent but has the same asymptotic properties as ¥ = —Int, i.e., sin(Ht) ~ tan(Ht) ~ Ht near
t = 0. It is because of this that the same methods continue to work.



Global existence and stability of solutions to the EYM equations 4573

3.1. Fuchsian formalism of the reduced conformal Einstein equations

We begin the transformation of the Einstein equations (1.2) into Fuchsian form by con-
tracting them with g2 to get

N

(nA =T), 3.1

n—2
where we are using T = ged T,q to denote the trace of the stress-energy tensor. Insert-
ing (3.1) into (1.2) yields

~ 2 ~ ~ I ~.
Raop — ——=Agab = Tap — —— T gab- (3.2)
n—2 n—2

With the help of (1.6) and (3.2), a straightforward calculation using well-known conformal
transformation rules (e.g., [7, Appendix VI]) then shows that the Einstein equations (1.2)
transform under the conformal change of variables (1.29)—(1.30) into

R = (n —2)(VAVPW — VAUVP )

—1 1
+ (D\If (1 —2)VEUV W + ”H—zez‘l’)g“b + T - ——Tg™, (33)

where
1
Tap = Fachc_ZgabFCchd’ TP :gacgdecd7 ngchCd,

and we note that

Tap =Tap and T =e2¥T
by (1.29)~(1.30) and (1.32).

3.1.1. The reduced Einstein equations. The next step in transforming the Einstein equa-
tions into Fuchsian form is to select a wave gauge that will allow us to formulate the
Einstein equations as a symmetric hyperbolic system and eliminate problematic singular
terms. To this end, we set

7% = X% 4+ Y°, (3.4)
where X is as defined above by (2.1) and’
n—2
Y =—-m-2)V¥ @ ithn® = (n —2)V*W¥ = — 4, 3.5
(n—2) + 1% withn® = (n - 2)V' tan(Ht)v (3.5)

The wave gauge that we employ for the conformal Einstein equations is then defined by
the vanishing of the vector field (3.4), that is,

Z*=0. (3.6)

"These choices for Y4, %, and the tensor Aab ¢ defined below are made in order to eliminate
problematic % singular terms in the conformal Einstein equations. This type of gauge fixing was
first introduced in [24].
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This gauge choice is preserved by the evolution and so we only need to choose initial data
so that Z¢ vanishes on the initial hypersurface to ensure that it vanishes throughout the
evolution. We will refer to the conformal Einstein equations in the wave gauge (3.6) as
the reduced conformal Einstein equations.

Lemma 3.1. The reduced conformal Einstein equations are given by

1 1
Egcdzczdgab +Bab + Pab + Qab + - _2XaXb _ (}’l _2)vcgc(avb)

n n—2 n—
2tanZ(Ht) 2tanZ(Ht)

_ n— 2 vCV gab ( )\, + 1
2tan(Ht) —¢ sin?(Ht)

va(gbc _gbc)vc + vb(gac _gac’)vc

+(n— 2))g"b + gP4 F Fye

- mgabFCchd, (3.7

where P (linear and quadratic terms in g — gbc) and Q% (quadratic terms in
Zegbd) are defined below by (A.3).

Before proving this lemma, we first observe that corollary below follows from setting
g% = g% )} =—land Foq = 0in (3.7).

Corollary 3.2. The Ricci tensor of the conformal de Sitter metric &, is given by
R = (n — 2)h®
and satisfies the relations
R%®vavp =0, R%veh, =0 and R0, = (n —2)h* .

Proof of Lemma 3.1. The reduced Einstein equations are obtained from the Einstein equa-
tions (3.3) by adding the term —V©@ Z?) — ﬁ A”ch" that vanishes when the wave gauge
Z% = 0 holds. The resulting equations are given by

1
b b b
R —vlazh _ g z¢

n—2
1
=7 _ —2g”bg”chd + (n —2)(V4VP W — vewviy)
P
—1
n (D\IJ + (1 —2)VEWV, W + nH—Zez‘I’)g“b, (3.8)

where 49% is defined by
b b b
A% = —x@gh) yy@agh
and we note that

_;Aabczc _ 1 yaxpb 1 _yayb  _glgzh _ _glyd _ylayb
n—2 n—2 n—2
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Recalling decomposition (A.3) for the conformal Ricci tensor from Lemma A.2 and not-
ing the identity

1
Tab _ ab ch — bd FaF, _
n— 2g 8§ led =2§& dc 201 —2)

it is then straightforward to verify that reduced conformal Einstein equations (3.8) can be
expressed as

g F Feq,

1 1 1
Egcdzczdgab +Eab + Pab 4 Qab 4 _2Xaxb —V(aYb) _ _2YaYb
n— _
= (n —2)(VAVPW — VAUVl o)
n—1 H?
+ (D% + (1 =2V UV + gt
( ) ¢ H? sin*(Ht) &
1
+ gbd Fac ch _ —gabFCd ch’ (39)

2(n —2)

where P?? and Q@ are defined below by (A.3). But by (3.5), we observe with the help
of identity (A.2) from Lemma A.1 that

—V(aYb) =(n—=2 vaquj _ ;v cla,b) S v/ ab
( ) sin?(Ht) <& 2tan(Ht) L&
Using this expression and (3.5) allows us to write (3.9) as
1 1
EngLngab +£ab + Pab + Q(lb + 2xaxb + (I’l _z)vaquj
n —
n—2 c(a,,b) n-2 . b
- - ——°V_g°
sin2(H1) ¢ Ytn(HD) ' ¢
1
— 5 (= )V ) (1 — 2)VPW + )
n—1 H?
= (n—2)(VVO W — VOuvViy) + (D\Il + (1 —2)VEUV W + ——) ab
(n=2)( ) =DV
1
bd pac ab pcd
FFg0 — —— g% F“F,,.
+ g dc 201 —2) g cd
Finally, using identity (A.6) from Lemma A.3 and the relation
n—2
X%, =-Y%, = — A+1),
Va Va tan(Ht)( +1

the above formulation of the reduced Einstein equations is easily seen to be equivalent
to (3.7), which completes the proof. ]

We proceed by deriving an (n — 1) 4+ 1 decomposition of the reduced Einstein equa-
tions that is formulated in terms of the variables defined by (1.33) and (1.45). Here, one
should view the gravitational fields A + 1, £ and hab — h“b as being small, and hence,
representing perturbations of the background de Sitter solution. As we establish in the
following corollary, each of these perturbed variables satisfies a wave equation.



C. Liu, T. A. Oliynyk, J. Wang 4576

Corollary 3.3. Ler A, £¢, hb, Ej, and Hyp be as defined above by (1.33), (1.45) and
(1.47). Then A + 1, £* and h*® — hab satisfy the wave equations

1 1
EngLZd(A + 1)+ Pab”avb + Qabvavb + mXaXbVavb

n—-2 A+1)? n—3
=——VvV.A+1)+ A+ —m—-2)A+1
2tan(H?) Yol ) sin?(Ht) sinz(Ht)( )= ( ) )
. 1 o~
+ (vangbdg““ - mkgd“)g“(lfaa — Egve +vaEe)
x (Hge — Eqve +va Ec), (3.10)

1 1
S8 VeV GE + POvalty + 0 vahy + —— XX Ve’
n —_

n—2 n—2 1
= T evee L e LA+ 1) ———— + ~ (1 —2)E°
an(in” 25 T ramnt TS Gy T2 28
R 1 SO
- (vahebgbdg”“ - méegd“)g“(lfaa — Eave +vaEe)
X (Hge — Eqve +vg Ec), (3.11)
and
1 1
S8 NN g0 1) 1 Ty P 1 0 e XX
n-2 . A+1
= T e b —h Y+ h T - — e
2tan(Ht) Vel ) sin?(H1) ( )& )
~ 1 ~ ~
+ (&eahfbgbdg“a - mhefgd“)g“(lfaa — Eaqve +vaEe)
X (Hge — Eqve +va Ec), (3.12)
respectively.

Proof. Expressing the non-linear source term in (3.7) involving F,p in terms of Ep
and H,p, see (1.45) and (1.47), as

1
bd rac ab rpcd
g F Fye 2 2) gyl Feq

~ 1 ~ ~
= (gbdg”” - mgabgd“)g“(lfaa — Egve + vaEe)(Hae — Eqve + va Ec),
the proof then follows from applying v, vp, v.h¢, and heaﬁf p 10 (3.7) and employing
Corollary 3.2 and relation (A.1) from Lemma A.1. ]

Next, we further decompose the gravitational field #?® in terms of the variables ¢
and §?® defined by (1.35). To carry out the decomposition, we introduce the projection
operator

1
£ =8980, - njh“bhcd. (3.13)
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The motivation for the additional decomposition of 447 is that, due to the identity
£ el =0, (3.14)

an application of projection (3.13) to the wave equation (3.12) for 1%? removes the prob-

lematic singular term ¢/ gméz};t) and results in a wave equation for H?°. As we shall

see in the following corolléry, the particular form of the variable ¢ is chosen to remove
problematic singular terms from its evolution equation, which also happens to be a wave
equation.

Corollary 3.4. Let g and %% — h®? be defined by (1.35). Then q and §H°° — h®® satisfy
the wave equations

3—n —n

1 ca 3-n oy b, 3 b
—g%9V Vg — ———gN h sV b hap P¢ hap Q°
78 VeVad =508 YeherVa + o hae P A har O
3—n 1
+ mhabXaXb + P“bvavb + Q“bvavb + nTzXavaavb
=072 ey b -0+ 1)
2tan(Ht) — sin?(Ht)
3—n ~ 3—n4+A .
h bd jad __ da bd aa)
+( —{tab8 8 —2(n_2)g +tvavpg g
x g°€(Hze — Eqve + vaEe)(Hye — Eqve + va Eo). (3.15)
and

1 1
Egcdzczd (bab _ Ilab) _ Egcdyc(s—liabef)zdhef + S—liabefheahfbpab

_ I
+S lxabefheahbeab+n_2S lxabefheahbeaXb

n-2 . b b —1 pab d d
= — PV ab _ pady _ —2)S1ga cd _ pe
2tan(H1) " YT —ET) (=2 ca (07" =17)
+ 571iabefﬁeahfbgbdgaagcg(lfaa — Ezve +vzE2)
X (Hge — Eqve +va Ec), (3.16)

respectively.

Proof. Rather than deriving wave (3.15) for g directly, we first derive a wave equation for
In S, where we recall that S is defined by (1.34). We begin the derivation by noting from
Jacobi’s identity and the definition of &, see (1.34), that

(n =DV, (Ina) = hapdgh®® = hap ¥ h + hypdah®

and
(n—= 1Y, (In@) = hypdah®.

Using these expressions, we obtain

hap¥ gh®® = (n — 1)V 4(In S),
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which, after differentiating, yields

habgfdzczdh”” =(n~ 1)g“’zczd (In$) — gV hap¥ 4h. (3.17)
1 ca d b
Leedy v, (nS) = ——— g4,V S + — gy P
58 V.V (nS) 2(n—1)g NVehef Vg +n—1 ab
1 1
_h ab —h XaXb
R L s
n—2
=—vV.InS+A+1)———
2tan(Ht) —°¢ ( )sinz(Ht)
1 1 N oA
+ (n —hap g g% — mgda>g“(Haa — Eave +va Ez)
X (Hge — Eqve + v E;). (3.18)
Noting the singular terms (A + 1) 2(Ht) in (3.18) and 2(Ht (A + 1) in (3.10), the

combination (3 —n) x (3.18) + (3 10) removes these terms and with the help of the
definition (1.35) of ¢, leads to the wave equation (3.15) for ¢q.
In order to obtain the wave equation (3.16), we first note from (1.35) and (3.13) that

1
§$“bcdzehcd =V, 5§, (3.19)

Making use of identities (3.14)—(3.19), it follows from applying S~ lii“b s to (3.12) that
1 1
Egcdzczdbab _ Egcdzc(s—l$abef)zdhef + S_liabefheahfbpab

1
+ S—lxabefheahfb Qab 4 — 2S_1$abefheahfbxaxb
n—2
=—v
2tan(Ht)
+ S_liabefheahfbgbdg“agce(flaa — Egve +vaEe)(Hae — Eqve +vaEc).

Czcbab + (n _Z)S_liabcd(h()d _ hcd)

However, due to (3.14), we have
(I’l _ 2)S_l‘fabcd (th _ hcd) — (ﬂ _ Z)S_lf,abcd (ﬁCd _ S_thd),

and so, H? satisfies the wave equation (3.16). ]

3.1.2. A Fuchsian formulation of the reduced conformal Einstein equations. In this sec-
tion, we transform the second-order wave equations (3.10)—(3.11) and (3.15)—(3.16) for
the gravitational fields A, £, ¢ and H?? into a first-order symmetric hyperbolic Fuch-
sian equation that is expressed in terms of the renormalized fields (1.36)—(1.43). From
(1.36)—(1.43), we observe that

A B
V. A=myg+ —mvy; and V= p%, + —p%y,. 3.20
AW d SH d V¢ D g KHP d ( )
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Using these relations and (1.13), we obtain the first-order equations

v, m = (% _ 1)%mvd n émd, 3.21)
v, % = (l - 1)ip“ud bapt (3.22)
- K Ht Bt
and
Vs =5, Vs =54 (3.23)

from differentiating (1.36), (1.37), (1.40) and (1.42). In the derivation of our Fuchsian
formulation, we will need to consider these first-order equations as well as the second-
order wave equations (3.10)—(3.11) and (3.15)—(3.16).

In the following, we use repeatedly the symmetrizing tensor Q¢%¢ defined by

Qedc _ vegdc + l)dgec _ vcged (3.24)

to cast the reduced conformal Einstein equations in first-order form. To illustrate how
this tensor is employed, we first consider the wave equation (3.16). Using the symmetriz-
ing tensor Q°¢4, we observe that the principle part of (3.16), which by (1.40) is given
by ngZCs”b 4> can be expressed in the symmetric form Qedcycs“b ; using the relation

Ve(ngzcsabd) — Qedczcsabd _ (Udgecycsabd _ vcgedzcsabd)
— Qedczcsabd _ vdgeC(_ _dsab _ dec ab)
— Qedczcsabd + Vd ecLC a fb + R b fa)'

In this way, the symmetrizing tensor Q¢4 can be used to obtain a symmetric hyperbolic
formulation from the wave equation (3.16).

With the preliminary calculations out of the way, we are now ready to complete the
transformation of the reduced conformal Einstein equations into Fuchsian form. This will
be done in a sequence of steps starting with the Fuchsian formulation of the wave equa-
tion (3.10) for A + 1. The resulting Fuchsian equation is displayed in the following lemma.

Lemma 3.5. Let U be defined by (1.49). Then the wave equation (3.10) for the gravita-
tional field A + 1 can be expressed in the first-order Fuchsian form

—vém, —vém, | —vém,
—AQeV, | k%me | + ASKP, Y, | hom. = - B1 | Kme + G,
m m
where
~ -2 0 0 ~ —28b —peb ve AS(2,U)
A= o0 n'e o |. ASK®, = hfb 0 o . Gi=|r,n00) |,
0 0 E(-M) 0
_ m—2-H=1n 0 e-Hd-n+3EE-n
By = 0 %h 0 ,
= H ol
ES(=4) 0 E(s — D(=4)
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Eisan arbitrary constant, and

1 . A% /1 o1 1
—Ammgv€v? (— - 1)m2ve — A(: —n+ 2>—mvevdmd
JH J H

1 1 1 1 A
R _ 2 e .c c - _ 2 — e
(Ht tan(Ht))(n vvime + (Hl tan(Ht))(n )JHmv
1 1 y 2(Atm)? y
—2(n -3 + mvé — ————=—v° —2(n —2)Armv°
( )((Ht)2 sinz(Ht)) sin?(Ht) ( )

2
— 2Py v — 2000 — nTzX“vaavbve

R 1 _
2 e( bd jaa _ A da)
+2v(vevpg”yg =2 g
x g% (Hae — Ezve + vaE2)(Hae — Eqve + va Ee).

Proof. Using definitions (1.36) and (1.38) for m4 and m, respectively, we can express the
wave equation (3.10) for A 4 1 as

cd n-2 . n—2 A 24t
\Y = -_—— M+ —— -2+ A
87 Yema = D ™ T anEn 3E T s in ™ )

— 2Py 0 —20% 0,0 — 2(n — 2)Atm

A /1 B 1 2

JH2t<J sa? " T ¢ n=2 a’b

R 1 N -

+ 2<vavbgbdg““ - —)tgd”)g“(Haa — Ezve + vz E7)
2(n —2)

X (Hge — Eqve +va Ec), (3.25)

where in deriving this we have employed the identity

| B 1
e vgme = ————pmy + ——Av%my,.
25 Ve T s P e T 05y @

Multiplying (3.25) by v¢ yields

1y 1 1 1 A
d d
VgV .mg = (n —-2- 3>mvev mg — (E(n —1- 3) —2n + 6)mmve
+AS, (3.26)

where A{, is defined by

1 1

Ht tan(Ht)
1 1 i, 1 1

+ (Fz N tan(Hz)>(” — gy T2 3)((Ht)2  Sin?(H1)

1. /1 y
ATy = ﬁAmveVdmd ~S2 (3 — I)Amzve - (

)(n — 2% m,

)Atmve
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2(Atm)?
sin?(Ht)

v¢ —2(n —2)Atmv® — ij“mave — 2Py

2
—20% v — —— XX v 0p0°
n—2
R 1 N .
+ 2ve<vangbdg““ - —ng“>g“(Haa — Eqve + vz Ep)
2(n —2)

X (Hge — Eqve +vg Ec). (3.27)

To symmetrize the system, we use the symmetrizing tensor Q¢%¢ defined by (3.24) as
well as the identities

1 4 1 s d e ,d . d

7Y Ve = ?Q B (84 8% — h® rh% ) + Amvve,
1 1 .
;ve = —;Qedcvcvd + Amve©,

which are a consequence of definitions (1.33), (1.36) and (3.24). By (3.24) and (3.26),
we have

(3.28)

Qea’cv mg — (vdgeczcmd _ chedzcmd)

~c
1\ 1
- (n -2 E)EQfgcvc(Sefédg —ﬁefﬁdg)md
1\ /1 A
+ (2 - 3)<E —n+ 3)H_%Qedcvcvdm + AE{Z’ (329)

where we note that

1 1 1\ /1
and A, is defined by
e i e . d 1 1 S 2 e e
AIZ = (}’1—2— E)Emv v mg — (2— 3)(3 —n +3)mm Vo + All’
with A§, given by (3.27). Observing from (3.20) and (3.21) that

vdgeczcmd _ vcgedycmd

Em m
=V V A+ VY, s v]
T A 0

= vdgeC(med— Vg me) = vdge"[Vde)L— vV,
A d _ec A d 1 d

= —V —V.mv; +V, mv,) = —gh* V.m=—gh* m
IH g ( Ve d Yd C) JHg B cXd .]ng n mq

v

1 B 1
= - hed_ dvem S dm Ve 4 m hed
Sy 1 T Ima = g ptmavt g ma

B 1
= —ﬁpdmd Ve + %Qabcvcﬁeahdbmd,
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we find after substituting this expression into (3.29) that

04T g = (1= 2= <) 3 0T¥uu(8 3, — b ph ma
(2= 3) (5 =0+ 3) 575 0% venam
+ ﬁgfgcvcff@dgmd + A¢, (3.30)
where A¢ is defined by )
Al = —j]ilpdmdve + AY,.

To complete the derivation, the evolution equation (3.30) of m, needs to be supple-
mented with a first-order evolution equation for m. Using the identity Q¢®¢vpv. = Av®
from Lemma A 4, it follows immediately from (3.21) that m evolves according to

. ! 1 A
EA, eV = —EA(: — 1)— ET e,
Vet J " T ER Y

where E is a constant that will be fixed later. Combining this equation with (3.30) in
a matrix form yields the singular symmetric hyperbolic system

c mq _L mq A?
v () = () + (5)

where J
o Qe c 0
Al = ( 0 AEVC
and
B = Qabcv (n—2— %)(8%8(1[, _heahdb) + %heabdb 2- %)(% —n +3)%8ea Vp
¢ E%Sda Vp E(% —Dvpy,

_ Qabcvc 0

“U o

(2= DY —hGh) + Hh 2 =D 0+ 38,
—%vd (%—1) .

By Lemma A.5, we obtain

—V°me, —V M,
Aizc heéme - _t£1 he’e\me + G19
m
where
veQed"vd veQedchEd 0 ve O Ae
A? = hfeQedCVd hfeQedched 9 , G = hfe 0 ( Ol) ,
0 0 AEVC 0 1
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Ve 0 e
D f B Vd hd 0
hoe (1) 1(0 0 1

»
I

n=2-HED 0 2=HE-n+3)4 (D)
= 0 1hle 0
EL(-1) 0 E(3 — D(-A)

To complete the proof, we observe from Lemma A.4 that Ki hb . and K(l) = Kﬁ V. agree
with the formulas provided in the statement of the lemma. ]

Corresponding Fuchsian formulations of the wave equations (3.11) and (3.15)—(3.16)
for the gravitation fields £¢, ¢ and §%° — hab can be derived using similar arguments.
Detailed derivations are provided in Appendix A, see Lemmas A.6—A.8. The Fuchsian
formulations for all the gravitational wave equations (3.10)—(3.11) and (3.15)—(3.16) are
displayed together in the theorem below. The Fuchsian formulation of the Yang—Mills
equations will be derived separately in Section 3.2.

Theorem 3.6. The reduced conformal Einstein equations can be expressed in the follow-
ing first-order symmetric hyperbolic Fuchsian form:

—vém, —vém, | —vém,
—A%WeV, | home | + ARV, | hem, | = 7B hé;me | + G1(t,U),
m m m
~ _Vepae B _vepae 1 _vepae ~
—ASvev, | nespe, | + ASKE.V, | hép%, | = Eﬂz hé;p4, | + G2(2,U),
p* ¢ p?
_vesﬁg _vesal; 1)esab
e e
_ ~ _ o 1 - _
ASY | s, | +ASH Ty | B, | = g Ba | B, |+ Gale. )
S&b s&b s&b
—Vés, —Vés, 1 —Vvés,
—AveV, | Bsse | + ASHP .V, | BEsse | = o7 Ba | hse | +Gal, V),
S S S
where

~ -1 0 0 ~ 26> —h®® 0
Ad=| 0 hph'® 0 |, ASHP, = |hph’ 0 0],
) 0 0 0

0 —2¢b het 0
A e Acpb
A)=| 0 hggh'® 0 |, ASK° =|-h.gh/" 0 0],
) 0 0 0
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o (m—2=DHEH 0 2=DE - +35ER)
B = 0 $hesh’? 0 ;
EL(-2) 0 E(3 — 1)(—2)
(2= pEH 0 (A= pG -+ 2D
B, = 0 %hfghfe 0 ,
= H ol
FE(-1) 0 F(L—1)(=})
ve A§ (1, U) v A (t,U)
G1(t.U) = [ hee A5 0) | . Go(t.U) = | by 0591, 0) |,
0 0
~ -4 0 0 ~ —26> k% 0
AS=| 0 hh't o, ASH =|-h,h't 0 0],
0 0 —A 0 0 0
—A 0 0 —2gb —p#b o
Aj=| 0 neh’® 0|, AshP.=|-h;h't 0 0],
0 0 -2 0 0 0
B —A(n—2) 0 0 B —A(n—2) 0 0
By = 0 0 0], Bs= 0 0 0},
0 00 0 0 0
B veAgﬁi(t,U) B Ve AS(1,U)
G3(1,U) = | h,e AP (1. 0) |, Ga(t,U) = | g AG(1, 1)
Apesdb AvEs,

e

Here, the maps A$(t,U), A5%(¢,U), Agag(l‘, U) and A4(t, U) are as defined in Lem-
mas 3.5 and A.6-A.8, and there exist constants 1 > 0 and R > 0 such that these maps are
analytic for (t,U) € (—t, ) x Br(0).

Proof. The proof is a direct consequence of Lemmas 3.5 and A.6—A.8. ]

3.2. Fuchsian formulation of the Yang—Mills equations

In this section, we turn to deriving a Fuchsian formulation of the Yang—Mills equations.
Under the conformal change of variables (1.30)—(1.31), the Yang—Mills system (1.3)—
(1.4) transforms into

VA Ep = —(n — 3)VOWFE,, —e2 g9 A,, Fup), (3.31)
w
VieFpe] = =V W - Fpep —e2 [A[a, Fbc]], (3.32)

which we will refer to as the conformal Yang—Mills equations. We remark that the Yang—
Mills Bianchi equation (3.32) is independent of the choice of connection, and hence,
we can replace it by

v
ViaFoe) = =V V- Fpe) — €2 [Afg, Fpe)l-
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Noting that

Vo Fpe :zanc _ngch _chde’

the conformal Yang—Mills equation (3.31)—(3.32) can, with the help of (1.11) and Lem-
ma A.3, be rewritten as

(n=3)
ngZbFac = —gbaVanc + XdFdC +gbancFad

tan(H1t)
~H
- mgab[/lb, Fael, (3.33)
1 v H
Vi Fyol = Vi Fag] — — e [A[p. Facy]. 334
ViwFad = Cin rn(m)[ b Facl (3.34)

It is worth noting that among the above equations, the non-vanishing, dynamical equations
arise from applying 2, and v° to (3.33) and Vb h“ h” to (3.34), while the non-dynam-
ical constraint equations are obtained from applymg h dh hc and g%y to (3.34)
and (3.33), respectively.
In the following, we assume a temporal gauge for the conformal Yang—Mills field
defined by
Apv? =0. (3.35)

With the help of this gauge choice, we combine, in the following lemma, the conformal
Yang—Mills equations (3.33)—(3.34) together with an equation for the spatial component
of the gauge potential into a single system that is expressed in terms of the Yang—Mills
fields

Ep = _Vprahab, Hgp = hcd Fcahab, and /Tb = Aahab-

Remark 3.7. It is worth recalling that v¢, defined by (1.13), is the unit timelike vector
with respect to the conformal de Sitter metric & while 74, defined by (1.16), is the unit
timelike vector with respect to the physical metric g,5. This implies, in general, that the
gauge choices (1.20) and (3.35) are distinct.

Lemma 3.8. If (E,, Ap) solves the conformal Yang—Mills equations (3.33)—(3.34) in the
temporal gauge (3.35), then the triple (Eq, Hpq, Ay) defined via (1.45) and (1.47) solves

E; ) Er
- AOUCL Hl& + A;CI\ECCZE Hlf
Az Af
1 E; E1a Az
_ R =h ANh
== Hi; +7 22 +14A% 1] (3.36)
Az E3a Az
where
-2 0 0 —m=3)A —(m—4E 0
A0=10 W' o], 8= 0 K 0],
0 0 1 0 0 3
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(2 g valt W gt vah . —h? hE 0
Al = hGh" — ! nhe o ol
0 0 0
and
Elﬁ = hdé‘[/‘Tc, Hdﬁ], "‘2’\ = hec([Ac, E; ] — [Aav Ec]) 335 = Ea’
Az = VIBpS(—[AG, Ec] + 2[Ac, Ez]) — X9 (va E; + Hyz)

—gb X9, 1, (veEq — vaEc + Heq)

1 | ) .
+(tan(Ht) Ht)( (n —3)AEz — (n — 4)Bip® Haa)

2GR Hagl + 89 QA Eg) — A, Edl),

vVH
(o ™ i
- 1 1 1
AL = (tan(Ht) B E)hhd (W f)

hhe([Ae, Eg) — [Az. Ec)).

>

1 1y - 1
= (2tan(Ht) - 2H;>A‘7 * (\/sm(Tt) N E)Ea

Moreover, there exist constants t > 0 and R > 0 such that the maps E;, 3,-, i =1,2,3
are analytic for (¢,U) € (=, 5) x Br(0).

Remark 3.9. An important point regarding equation (3.36) is that it is not equivalent
to the conformal Yang—Mills equations expressed in the temporal gauge. Indeed, sys-
tem (3.36) originating from multiplying (3.33) on both sides by the spatial projection
tensor A%, contains only part of the propagation Yang—Mills equations. The missing prop-
agation equation (see (3.42) and Remark 3.10) can be obtained from applying v¢ to (3.33).
At the same time, it is true that if (E,, /Yb) solves the conformal Yang—Mills equations
in the temporal gauge, then the triple (E,, Hpq, Ap), where Hpq is given in terms of Aq
by (1.48), determines a solution of (3.36).

Proof of Lemma 3.8. Multiplying (3.33) on both sides by the spatial projection tensor 1%,
gives
QY Faah®y + (—v¥g% + v gV, Fagh",
_ (n=3) e gd
tan(H t)
vH
- V/sin(Ht)

CUCFdahab + UeXd Fdahab + Uegabxdaa nghab

veg Ay, Feglh®,.

Noting that

4g¢aV  Fyah®y = —v9 g h* ;N Faah®, = —v*g*h’ h* ;Y Faah®,
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due to the anti-symmetry of the Yang—Mills field, it follows from the Yang—Mills Bianchi
equation (3.34) that

(—v9 g% + v g NV Fuah®, = v g% (Vo Faq + Yy Fea)h®,

3 v H
=9V, Fach®), + (D) Vg h g Feq) — ———=v9g° 1%, [A14, Fea]]

V/sin(Ht)

(g°? + v g ) Faah®,

- _vdgeazc Faaht'y = tan(Ht)

Vdgechab [A[d , Fca]]

 VH
V/sin(Ht)

1
— d f d
= -V geqh qhasz Fd(lhcb - tan(Ht) get‘h chahab

M H d _ec
— g1 A4, Fea)l.
Jsin(H1) bLAd: Teal
Combining the above two expressions, we arrive at
h', 04V Faah® ; — hyv@g®h’ |V, Faah®,

1
2 (=30 g% ve + g°h ) Fagh® s

1 ~
+ ﬁ(—habvegw [Ad. Fea) + 109 g% [Aja, Fea)l) + A, (3.37)
where

&/eb = vex? Fdahab + vegﬁbxdaa nghab

1 ! e _dc ecrd a
+ (tan(Ht) - m)«” —3)vg%ve + g°°h? ) Faah®
vH 1
+ (== — )1 ¢ [A, Feall =2/ [Aa, Fed)
( /sin(H1) ﬁ)—b( §%Aia, Feall = v°¢°"[Aa, Feal)

Then noting the decomposition
—v? . h® 1 E
Fanh = 0antd ) (G 7567 ) = vatlo) ().
“ 4 hql anhaf
we can act on (3.37) with (hvff ) to get

ﬁfbVeQechd _i_hcbvegethq ﬁfbVeQedcﬁld Y (Ef)
h' it 0% vy + eyt gth”  hT ht,0%%n! ) ¢ \Hiy

_ (=0 =3h" 0~ =k (Ey
Ht 0 hfbhhl Hy

1 (uevdgec[A[d’ Fca]]hab + gdc [Ac, Fda]hab> T (Ve&/eb ) . (3.38)

J’_ R ~
NG B v g%, [Alg. Fea)l n" A%,
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But, since

1 a 1 1 1 a
ﬁvevdg“[A[d, Feglh®, = ﬁs%qua, Fuel + [Ac, Faa)h®,

= V1BpS(—[Ap, E.] + [Ac. Ep)).

1 u 1 _ _
— 1" v g% ALg, Fea)lh®, = ﬁh’“‘(—mb, E] + [Ac. Ep)).

Vi

1 < — 1 _
—¢%[Ac, Faglh®, = —VBp*v[Ac, Faalh®, + Ehdc [Ac, Faalh®

Ji
o — 1 _
= V1Bp°[A., Ep] + \—ﬁhdc [Ac, Hap)

in the temporal gauge, equation (3.38) becomes

hfbve Qedc va + b, Vegethq hfb Ve Qedchld \% ( Er )
hfbhheQedcvd +hcbhhegethq hfbhheQedchld e Hlf

1 (~m=3h"x —m—h! E (Ey
_Hl 0 hfbhhl Hlf

1 dey g ~
" Vi (h’“([f]i, Zc]fl[dfi Ec])) + (fhlz"b) : (3.39)
where
Arp = veA, + VIBp®(—[Ap, Ec] + 2[Ac, Ep]) and A, = p" A%,
On the other hand,
Faav® = vV Aq =V Agv® + v [A4, Aq] (3.40)

by definition (1.1) of the Yang—Mills curvature, and so, it follows from (1.30), (1.31),
(A.4) and a direct calculation that, in the temporal gauge (3.35), (3.40) reduces to

_ 1 - 1 -
—h7 iV, (Af) = TR R EEb + Asp, (3.41)

where 8317 is given by

1 1\ - VH 1
3b = (2tan(Ht) B sz)A” + (m - E)Eb'

Putting (3.39) and (3.41) together completes the proof. ]

>

Remark 3.10. Although A% in (3.36) is positive and symmetric, system (3.36) is not
symmetric hyperbolic due to the non-symmetry of the operators Aghc o To remedy this
defect, we supplement (3.36) with an additional equation and introduce a new variable in
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order to symmetrize it. We begin by appending to (3.36) the dynamical equation for E,

given by

B(n — 3)t

tan(H)
vH

~ J/sin(H1)

which is obtained by contracting (3.33) with v¢ to get

gP YV E, = PPEy + (XY Eq +v°g"* X, Foq)

h®’[ Ay, Eq]. (3.42)

(n—3)
8%V Facv® = (s 8" VaFoev® £ (X Fae + 8% Xy, Faa)
vH
— ———g"P[4p. Fac]v".
V/sin(Ht)
and noting

~ (137) =
gbaVancVC = gaahbavahdedcvc = SbEb = BthEb-

At this point, (3.36) with (3.42) appended to it is still not symmetric hyperbolic.
To complete the symmetrization, we define

and note that the £ and &7 are related by
€% =—hPE; and Ejp = —E%gup — 2PV E5v°gap. (3.43)

It can then be verified by a straightforward calculation, which we carry out in the proof
of the following lemma, that the system consisting of (3.36) and (3.42) can be cast in
a symmetric hyperbolic form in terms of the variables ¢, E;, Hgp, As.

Lemma 3.11. If (E,, Ap) solves the conformal Yang—Mills equations (3.33)—(3.34) in the
temporal gauge (3.35), then the quadruple (8¢, Eg, Hpq, As) defined via (1.45), (1.46)
and (1.47) solves the symmetric hyperbolic equation

&¢ &e
- E- E~
0 S
SR | gt | A |
_ab _ab
Ay As
- #
g ~Epe ol
1 <[ E5 1| héag,; D
=— +— i NN ey (3.44)
Ht H_a;? \/? —haa C‘}z)a St;ab
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where
_lha’g‘gbahbe —Avrg”hséxég 0 0
110 = _kvrg”hsegd [_)Lhdd - AVrvsgrs%_dgd + Zédéd] 0 . 0
0 0 paapbd
0 0 0 s
26h" 38palt” 26V grsh’s + hca]ggA —hachlig 0
- [ZSCV’grshse + hce]éd [2vrvsgrsi-‘cg:dg:d — 2g(dhd)c —padpbe
c ~
Afh f= +2§'chdd] ’
—hachbe _hadhbc 0 0
0 0 0 0
~(n =3 5gpalt’, N
$= 0 —(m=3)n4 0 0
0 0 0 %hrs

~ y a n—4.
D}t U) = —Ase + 2Bip© — A )i 58aa EpYoh™ + ~——Bp“ Ho

n —

3 o ~
BAp? v g E .
DM (1,U) = h9A 5 + (2Bip¢ — 1E)Brvl gys p? El;ychag + Bip? E;V he@

+ 2Btp? XP Eyy + 2B1p? v (g2 X, Hys + &7 X°,, (v, Ep — vy E,))

. B(n—3)t L4 NHt -
+2Bt— bp, —2Bpd > _peb14, E
(Ht)pp b p\/m [Ap. E4]
n—4. 54
—TBh aHab’

@gab(l‘, U) = _haagga _ hacEazchbﬁ,
O (1,U) = "4

and the maps E;, A,, i =1,2,3, are as defined m Lemma 3.8. Moreover, there exist
constants t > 0 and R > 0 such that the maps of 12, U), S)M (¢, 0), @ﬁab(t U) and
fi)n (¢,U) are analytic for (t,U) € (—t, ) X BR(O) and vanish for U = 0.

Remark 3.12. The symmetric hyperbolic nature of (3.44) is a consequence of the sym-
metry of the matrices A% and Afh £ in the pairs of indices (e, e), (d,d), (a,a), (b,b)
and (r, s), and the fact that Alis posmve as can be easily verified.

Remark 3.13. As was the case for (3.36), equation (3.44) is not equivalent to the con-
formal Yang—Mills equations expressed in the temporal gauge (3.35). This is because the
relation £¢ = —h®? E, cannot be recovered from a solution (8¢, E4, Hap, Ag) of (3.44)
even if §¢ = —h°®? E, holds initially. Consequently, we cannot guarantee that the Yang—
Mills equation (3.42) will hold for a solution of (3.44). However, it is true that if (E,, Ap)
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solves the conformal Yang—Mills system in the temporal gauge, then the quadruple
(6¢, Eq, Hpy, Ay), where ¢ = —h®@E, and Hpyg is given in terms of A, via (1.48),
will solve (3.44). It is worth noting, as shown in [21], that this situation does not arise
when the adapted temporal gauge and the associated 1 + 3 splitting of Yang—Mills field
are employed. In this case, the equivalence between the gauged reduced Einstein—Yang—
Mills equations and a first-order symmetric hyperbolic formulation can be established
directly. Although in the present paper, we do not have such equivalence, solutions of
our first-order symmetric hyperbolic formulation on the Einstein—Yang—Mills equations
can still be shown to determine solutions to the Einstein—Yang—Mills via a uniqueness
argument; see Section 7 for details.

Proof of Lemma 3.11. We start the derivation of (3.44) by considering the first equation
from (3.38), which reads

veQedcvdLEa+hcavegedLE3+veQedchbdv H~

—c""ba

1 a b ca 1 _ ~
= E[—(n —3)Ah aE;— (n—4)h° ;¢ Haz?] + ﬁala + Aq;. (3.45)

With the help of (3.43) and the identity
0414V, 8128 — e QY 14V, 84128 P veEgv® = 1. Q08P E5V  guz.
we can write (3.45) as

Ve Qv V  Eq = v Q% vV (—E°gaa — ga;vaE,;V"gaa)
= 0 0% g,aV EC — 1. 0% vgvav? g gaV, Ej
— e Q% vgvpv® E,;gaa_cgﬂ; + v Q%% Vdg“l;Echgaa-
Noting that v, Q¢%“vy; = —2£¢ + Av€, it then follows that

d b
(26° — 20)84a ¥, €% + [(26° — )W gua + h5lveg*d YV E; — hP°V, H;

aYe
1

1 ; 5« a A
= [0 = RGAEG — (n — ) Bip H ] + i+ A

+ (=28 + W) (021 ¢aa Y. 8 B — 8"V 84z Ep). (3.46)

Applying the projection operator ﬁae to (3.46), we find, after using (3.43) to replace
the E5 in the first singular term of the right-hand side of (3.46) and noting that

Ve8ab = —8aa8yp Vg™ & =Btp® (recall (1.37))
and (n — 3)Xg‘?‘?vgv”gaeEJ =(n- 3)A§3v“gaeEg =n- 3)]§t/1p‘iv”gaeE2, that

(26° — )h?, g45h? V6% + [(26° — MW guahl, + b JEIY  Eq — 17N, Hp,

0 a—= e
n—3 1 _
= A gae€ + ;5= o (1.0, (3.47)
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where

OF(1.0) = —Aye — h?,(=26° + M) (021 802V g% E5 + EzgapV.8%)

n—4. n—3).. 5
+ ——Bp*Hye — ( )B)Lpdv“gagEg.

Applying the projection hel; to (3.47), we arrive at

(25 — WO, V6% + [(25° — W) guah®s + b6V E; — hY Hop

n—3 d g
= gl

1
o
— - —8,; -9 ..0). (3.48)

7
which determines the first component of (3.44) and can be viewed as an evolution equation
for the Yang—Mills field &¢.

Next, we derive an evolution equation for Ej that will comprise the second compo-
nent of (3.44). Although Ej and &¢ are not independent since they are related by (3.43),
we treat them as independent fields in order to obtain a symmetric hyperbolic equation.
The evolution equation for Ej, is derived from h€,v,g¢*V &% — h¢,v,8°*V &% — gb% x
(3.45), which, after using (3.43), reads

heveg®V 6% — h°veg Y (~g* 1 Ep) — 8" 0e 0°¥va Y, Eq
_ gbahcavegedzc E[{ _ gba Ve Qedchbdzc Hl;Zi
1 ~ 3 P 1 - PO
= o101 = 32" hG Eg + (1 — 98" 58 H 5] — —-g""B1a — g" Az
A straightforward calculation then shows that the above equation is equivalent to
hca vegebzc 8(1 + (hcd vegebgda _ gbave Qedcvd _ gbdhcd vegea)zc Ea
ba b
+g ap czc HZ;&

= ol = 9GP By + (1= g H )
L gbiE s gPR 1 — T veg P BV, g% (3.49)
From Lemma A.4 (i.e., (A.8)) and the identity
1 4veg® g = veg® (105 —vPvp)ghC (10, — var?)
= (" — WD) (4 — V),

we observe that

hcd vegebgdﬁ _ gbﬁve Qedcvd _ gbdhcd vegeii
__¢bpca _ sapch cpba A odghbgec g bpca apch _  beagc
— gbped _ glpeb 4 ggepbd _3,@gbgc _ 3 bped o, apch b

S RYL LR LN LRy BLLE Sy RN CLAC N, ) § L
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Substituting this into (3.49) yields
K veg®tV, 6% + (i_-bhc;f _ Sﬁhcb i 2§chb3 _apbped
_ vbgiéc — awehbd " AUCUbEE)LEJ I gbahgcchga
= [0 = 98T, 4+ (0~ 96" H )
U ra

——g ‘Bz _gbaﬁlﬁ —ﬁcdvegEbEaLgda7

NG

where in deriving this we also used V4 E; = 0, which holds by (1.45). Applying the
projection A, to this equation gives

thcazcga + (é?hct; _ sghc?f + 2$cha’i\ —)chha?)zcEg + h?ﬁhgcchga

1 -~ o~
= oln— AR E; + (n — HhPE  H ;]

Reformulating this equation as
[(26° — A P gpah?, + b JE°V 84 — (26 — 2w )P gpah” £V, 6
+ (gahca _ g‘ih”‘? + zgchg‘? _ Av”ha‘i)LEg _ heahEcLHaZ
1 o~ -~
= ol - HAYE; + (n — 4)hPEH 7

1 - R _
\/; caEla _ hcaAla —hchCEachda»

where we note that haahgczc Hj has been rewritten as —hgfhgczc H;, we then use
(3.43) to replace &% with Ep in the term —(2£€ — Av")vbgbahaaéczcéi“ from the above
equation to get

[25° — WP gyah®, + € 169V, 6° — h93hPeV H
+ [(2%-6 . AUC)%-dvbgbsthi\ + (édhcg _ é:ghcd + zéchd(’j . A\)chd(i)]zcEg
1 - - o
— Ft[(n _ 3)AhddE(’j + (I’l _ 4)hdbSaHa[;] _ Ehdaala . @;d([,U),

where
(1, U) = A5 + (28° — W)l gyat? E5h® ¥, g + 4 Eah’ ;¥ g%
Using
ngbshsg — vbgbs(g”? _ Avsvz/i\ + gg_svci + ggvS)

=9 (1 = b gy + vPE g45) + VOV g5 89
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and v‘izc E; = 0 then allows us to express the above equation as
(8¢ — 2P gyah®, + I JEV € — 13KV g
+ [(2$c . )LVC)E %-dvbvsgbs + Edhcd _ Edth + 2§chdd _ Avchdd]chA

1
— %8, — 21, V). (3.50)
ﬁ la

Next, we observe that the coefficients of V_E ) in (3.50) can be expressed as

1 a
= ol - 3)AhddE + (n — 4)hdbga H5] -

(2§C _ AUC)ngJUbUSng + gg-dhcc? _ gt;hcd + 2€chdl§ _ )H}Chdg
— [(250 _ Avc)i:géd\)bvsgbs _ 2§(dh2)c + zgchgd _ )\Uchjd] + ng/’lcg,
where the first term in the bracket is symmetrlc in the indices d and d while the remaining

term 2§ 4 ped i non- symmetric in d and d . The non- symmetric term needs to be addressed
in order to obtain a symmetric hyperbolic equation. To handle this term, we use (A.8) to

write Edhcgzc Ejas
2Edhaich2 _ 2§d(gc3 _ Av“’v‘? + gcvti + ‘gJUC)ZCEJ
= 29V, E5 + 26760V, E;.
where we note that the coefficient 2§ dé‘? v¢ appearing on the right-hand side is symmetric
ind and d.

_This leaves us to consider the term 284 gc‘?yc E ;. Making use of (3.42) to express
AV E;
gV E; as

= B(n — 3)t H —
edv, g, = B g VH bz p 4 (XEg 40 8P XY, Fag),

4" tan(Ht) V/sin(Ht)
we see that 2§dgc‘izc E is given by

B(n—3) , ed vH
(Ht)p Ep -2 Vsin(Ht)

+ 26 (X Ep + 02" XS, Fug) + 289690V E 5,

264p°Y E5 = 284 h®[Ap, Eq]

where we note now that the principle term 269 £4 ¢ V E; is symmetric in d and d. With
the help of this expression and the above arguments, it is clear that we can write (3.50) as

[(26° — WO guah®, + he 161V, 6 + [(26¢ — M )EdEd 1P 1o gy,
+ (Zég'dggl)c _ gg_dhcd _ éc?hcd + 2sch2d _ Avchgd)]zcE(’j _ hadhgcchag
n

B N 1 .
= AhddEg—ﬁhd“" 12— v, (3.51)
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where

4B =3) 4

#d +d 5. d yb b B
D8 (1, U0) = D11, U) + 2Btp? (XPEpy + vP g7 X* ;) Fus) + 2Btp wan(H1) "

< ~Ht _
—2Bp? ———h 4y, E, Bp? H. 7,
Vsin(Ht) “
which is the second component from (3.44).

Turning now to the derivation of the third equation from (3.44), we have from the
second line of (3.38) that

ﬁheQedCVdv EA“rhc'*hhaLEa+ﬁheQedCﬁdeH ~

1 ~
_ b hb =h h
Multiplying (3.52) by h€@, we find, with the help of the identities hd L0y, —h‘?c,
hd Qedchb — kb from Lemma A4, that

_ hEahJCZcEa + hEChJaZCE’\ _ haahz?ivczc H;.
_ %hEEthHdZ + % tgd | pPaRL
But by (3.43), we have
hgchgacha _ _haczcgci _ hECanchga,
and so, we conclude that

—hﬁﬁhgcv Ea—heV, 64 —hfanbd ey H;

= = h"bhd“HAb + 7}1”““2“ fs)“d (t,U),
where =
O (1,U) = —h AL, — K E;V h92.
Noting that hebpba H.; = _pad pbb H_;, we see that the above equation is equivalent to

the third component from (3.44), which is given by
b dpb apbb,,
—h*V .8 —h*h°V E; + h“”h V'V H.p
1 o~
— __haahbb HA haa =
Ht f 2

The proof then follows from collecting (3.48), (3.51) and (3.53) together with equa-
tion (3.41) for the gauge potential. ]

— Db, V). (3.53)

a
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The last step needed to bring the Yang—Mills equations into a form that will be favor-
able for our analysis involves multiplying each line of (3.44) by h?¢, harshazhypandh,,,
respectively. The resulting first-order symmetric hyperbolic Fuchsian equation is dis-
played in the theorem below.

Theorem 3.14. If (E,, Ap) solves the conformal Yang—Mills equations (3.33)—(3.34) in
the temporal gauge (3.35), then the quadruple (6¢, E4, Hpy, As) defined via (1.45), (1.46)
and (1.47) solves the first-order symmetric hyperbolic Fuchsian equation

&° & &°
] E- , E- 1 .| E~ .
_AO0.¢ d f e d | — d
A%V, i +AT 0V, i B i + G(1,U), (3.54)
A, Ay A,
where
—/\th—ai,\gabhbe jkvrgrshsggd ~ 0 0
| et gt [ = aT v gt 0 0
A" = +2sd‘§d]hdf A s
0 0 hagh,sh® %% 0
0 0 0 h,, 'S
26 R gk i €V g+ hET BP0
e —[chvrgrshse'f'ﬁce]hdffd —[zvjvsgrsécéffd ﬁdfhadhbC 0
Ak = _zs(dhd)c_’_z%-chdd]&df ,
hophagh® ﬁaa@bl?hadhbc 0 0
0 0 0 0
~ (1 = 3)ARP R s ganh®, 0 0 0
b —(n = 3)Ah hy, 0 0
0 ﬁaaﬁbﬁhaahbb 0
0 0 0 Ly i

, , 1 .
G, U) =Got,U) + —G1(t,0),
(10) = Go(t.0) + —=G1 (. U)
Go(1,U) = (D5(1,U), Da (1, U), D51, U), Dy (1, V)",
G1(1.U) = (—h* B1e. hyph" 81, —haghyzh® Yy oy h™ E30)",

the maps Eqe, Ega, E3q are as defined in Lemma 3.8, and the maps @‘; Daf, Dagp
and Dy, are defined by

e éb d
D, U) = b U), Do U) = gy D5 (1),
D5t U) = hyzhy; D5 (1,U), Dao(t,U) = h,, DY (1,0),

respectively. Moreover, there exist constants 1 > 0 and R > 0 such that the maps e
Daf, Dy and Dy, are analytic for (t,U) € (—t, 77) X Br(0) and vanish for U = 0.
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4. Symmetric hyperbolic Fuchsian equations

In the previous section, we derived, in Theorems 3.6 and 3.14, a Fuchsian formulation of
the gauge-reduced conformal Einstein—Yang—Mills equations. In this section, we quickly
review the global existence theory for symmetric hyperbolic Fuchsian equations devel-
oped in [4], which is an extension of the Fuchsian existence theory from [24]; see also [3]
for related results. This theory relies on the Fuchsian system satisfying a number of struc-
tural conditions, which we recall for the convenience of the reader. A tailored version of
the main Fuchsian existence theorem from [4] is stated below in Theorem 4.3. In the next
section, we apply this theorem to our Fuchsian formulation of the gauge-reduced confor-
mal Einstein—Yang—Mills equations. The purpose of doing so is to obtain uniform bounds
and decay estimates as ¢ “\ O for solutions to the conformal Einstein—Yang—Mills equa-
tions, where we recall that, in the conformal picture, t = 0 corresponds to future timelike
infinity.

Rather than considering the general class of Fuchsian systems analyzed in [4], we
instead consider a restricted class that encompasses our Fuchsian formulation of the
Einstein—Yang—Mills system. This will allow us to simplify the presentation and appli-
cation of the existence theory from [4] in our setting. The class of Fuchsian equations and
the corresponding initial value problem that we consider in this section are of the form

1
—A% ()Y u 4+ A°(u)h® Y ,u ;?I(u)[?’u +Gu) in[T,0)x=, (4.1)

U =1ugy in{Tp} x X, 4.2)

where Ty < 0 and A® = ACv,. Here,® ¥ is an (n — 1)-dimensional closed Riemannian
manifold with time-independent metric /,,, ¢ is a Cartesian coordinate on the interval
[Th,0) C R, V is the Levi-Civita connection of the Lorentzian metric’

g, = —(d)a(d)y + hg
on the spacetime manifold
M = [Tp,0) x X,
Ve = (df), is the unit conormal to ¥ and v¢ = gc‘ivd = —(%)C, hbc = 5bc +vby, =

Sbc — (%)b (dt)c is the projection onto g-orthogonal subspace to v, and
u=Uaq,....uw)

is a section of the vector bundle

J4
V=M
k=1

81n this section only, we do not assume that ¥ is S”~!, although, in light of our application to
the Einstein—Yang—Mills equations, it is fine to assume this.
Note that we are now interpreting h,p as spacetime tensor field on M in the obvious manner.
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over M, where we are using (7, M) to denote the projection of the tensor bundle 777 M
by h®.,ie., S, € h(T M) if and only if

ay . par di . pds Cl...Cr _ qaj..ar
h cl h crh bl h b‘,S _S

dy...ds by...bs "

The coefficients A€ (u), 2A(u), P and G(u) will be assumed to satisfy conditions (1)—(5)
from Section 4.2 below.

Remark 4.1. (i) The coefficients A€ and G in (4.1) implicitly depend on the spacetime
points (¢, x) € M via the section u of V. The dependence can be made explicit by locally
representing u in a vector bundle chart as (¢, x, (¢, x)).

(i) We can naturally view u as a time-dependent section of the vector bundle

4
V=@T1rs
k=1

over X. Since, in this viewpoint, ¥ no longer includes ¢ in its base point, i.e., u is locally
of the form (x, (¢, x)) with (¢, x) € M, we will interpret the coefficients A€ and G as
depending on ¢ as well as u, and we will write A€(¢, u) and G(¢, u). This interpretation
also allows us to write the Fuchsian equation (4.1) as

1
A%(t,u)d,u + A (t,u)h® . Dyu = JA(EwPu + Gt ),

where A = —A°y. and D denotes the Levi-Civita connection of the Riemannian met-
ric b, on X.

For the remainder of this section, we will favor the interpretation of u taking values in
the vector bundle V' in line with Remark 4.1 (ii).

4.1. Symmetric linear operators and inner products

For fixed ¢, u and np, A°(t, u)hbc np and A°(¢, u) define linear operators on V. One of the
assumptions needed for the Fuchsian existence theory from [4] is that these operators are
symmetric with respect to a given inner product on V. In the following, we will employ
the inner product defined on elements v = (v(y), ..., V), ¥ = (Uq),...,Uw) € V by

my ni
(v, u)p = Z ( hc,»b,)( 1_[ hdj“j)(v(k))clmcmkdlmdnk (u(k))blmbmkal...ank. (4.3)
: i

For use below, we define projections P(;): V' — V and maps ¢(;): ImP;) — T,:Zj X by
Piyu = (0,...,u¢y,...,0) and ¢;)(0,...,ugy,...,0) =ug,

respectively, and we set ﬁ( 7 = @) o P¢;). We also note using these maps that u =
¢ 2
Y1 Dy Paoyu.
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Definition 4.2. The transpose of'* A € L(V), denoted A", is the unique element of L(V)
satisfying
(v, Au)p, = (A"v,u)y

for all u, v € V. Moreover, we say that A € L(V) is symmetric if A" = A.

Given A € L(V), we can represent it in block form as A = (Ay)), where the blocks
Ay are defined by

Awn = ]P’(k)A(ﬁ(_l)l.
Using this notation, it can then be verified by a straightforward calculation that the trans-
pose of A = (Ay) is given by

~ A ~ A mg
Atr el...em[dl...d,,k _ A bl...bmkal...anl h
(A ar)) eroenycrem, = (AkD) a1t By 12,
i=1

x ( l_][ @a,»e,») ( l_k[ hd./'“j) ( l_l[ hi/’gj)_ (4.4)
i=1 Jj=1

j=1

4.2. Coefficient assumptions

Here, we state a tailored version of the coefficient assumptions from [4, §3.1]. These
assumptions need to be satisfied in order to apply the Fuchsian existence results [4]. In the
following, we employ the order notation, i.e., O and @, from [4, §2.4].

(1) The map P is a time-independent section of the vector bundle L(V') over X that
is covariantly constant and defines a symmetric projection operator on V, i.e.,

P2=P, P*=P, 9,P=0 and DP =0.
(2) There exist constants R, k, y1, Y2 > 0 such that the maps
A% € C!([To, 0], C®(Br(V),L(V))) and A€ C°([Ty,0], C®(Br(V), L(V)))

satisfy'! 7(A%(t,v)) = 7(A(t,v)) = 7(v) and
l(u,u> < (u, A%, v)u)
V1 -

for all (¢t,u, v) € [Ty, 0) x V x Br(V). Moreover, A9 satisfies the relations

& | -

(u,%[(t,v)u)if )/2(“7“)& (45)

A1, v)" = A%, v),
[P((v)), A, v)] = 0,
P (7 (v)A%(t, v)P* (7 (v)) = O(P (7 (v))v)

19Here, L (V) denotes the set of linear operators on V', which is isomorphic to V* ® V.

INote here in the following that 7 is used to denote a vector bundle projection map. The partic-
ular vector bundle will be clear from context and so no confusion should arise from the use of the
same symbol for all the vector bundle projections.



C. Liu, T. A. Oliynyk, J. Wang 4600

and
PL(z(v)A%(t, v)P((v)) = O(P (7 (v))v).

for all (¢, v) € [To, 0) x Br(V), and there exist maps'> A%, 9 € CO([Tp, 0], T(L(V)))
satisfying [P, 2] = 0, and

A%+, v) — A%(t, 7(v)) = O(v) and 9A(z,v) — I(t, 7(v)) = O(v)
for all (¢, v) € [Tp,0) x Br(V).
(3) The map G(t,v) € C°([Tp,0),C®(Bg(V),V)) admits an expansion of the form
G(t,v) = Go(t,n(v)) + Go(t,v) + |t|_%G1(t, v) + |t|71Ga (2, v),

where G € C%([Top, 0], T'(V)) and the maps Gy(t,v) € C°([Ty. 0], C®(Br(V), V)),
£ =0,1,2,satisfy 7(Gy(t,v)) = n(v) and

P(z(v))Ga(t,v) =0

for all (z,v) € [Ty, 0] x Br(V). Moreover, there exist constants A, > 0, £ = 1,2, 3,
such that
GOO» U) = O(U),
P(z(v))G1(t,v) = O(A1v),

P (x(v))G1(t,v) = O(A2P (7 (v))v),

Pl(n(v))Gz(I, v) = O(A3RIP((v))v ® Po)
for all (¢, v) € [Ty, 0) x Br(V).

(4) The map A°h®, € CO([Ty.0], C®(Bg(V).L(V) ® T'S)) satisfies
(A1, v)h) = w(v) and  [oc(w(V)AC (L, V)]" = oe (7w (v)A (L, V)

for all (¢, v) € [Ty, 0) x Bgr(V) and spatial one-forms o, € X*(X).
(5) For each (¢, v) € [Tp,0) x Br(V), there exists an 59 > 0 such that

O(s) = A°<l, v+ s[A%(t, v)] ! (;at(z, 0P + G(t, v))), Is| < 5o,

defines smooth curve in L (V). There exist constants # and 8, > 0,¢ =0, 1,...,7, such
that the derivative ®'(0) satisfies'?

(v, P((v))O" ()P (7 (v))v)n
= 0By ® v + || fov @ P(x(0)v + |t~ BiP((1)v ® P(m(v))v).

2Here, I'(L(V)) denotes the sections of the vector bundle L (V) over X.
13This condition is a reformulation of [4, §3.1.v]. It is straightforward to check that it implies the
condition [4, §3.1.v] for the Fuchsian equation (4.1) that we are considering here.
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(v, P(x(v)®' (0P (w(v))v)s

—(9(9v®v+|t|_l,3 LiE
~ £Bov ® P(r(v)v + = P(r(v)v ® P(r(v)v).
(0. PL(x ()0 (P (x(v))v)
-1
=0(6ve v+l @ P(r() + & Rﬁ 2P (x(0)v @ P(x()v),

(v, PH(x()® (O)P*(x(v)v)n

_% 1
b, gy U

- (9(91) Qv+ P(r(v))v & P(n(v))v)

for all (¢, v) € [Ty, 0) x Br(V).

4.3. Global existence theorem

Theorem 3.8 from [4] implies the global existence result for the Fuchsian initial value
problem (4.1)—(4.2) that is stated in the following theorem. It is worth noting that the
regularity for the initial data in the theorem below is less than what is required for [4, The-
orem 3.8]. This is because the spatial derivative term Acﬁb <V appearing in (4.1) does not
contain any % singular terms by assumption. As a consequence, the use of [4, Lemma 3.5]
can be avoided in the proof of [4, Theorem 3.8] under this assumption, which leads to the
reduction in the required regularity of the initial data.

Theorem 4.3 (Global existence theorem). Suppose s € Z>% , To <0, ug € HS(X; V),

the coefficient assumptions (1)—(5) from Section 4.2 are satisfied, and the constants k, 1,
A3, Bo, Bak+1, k =0,...,3, satisfy

3
1
K > 5V1(;)ﬂ2k+1 + 2)&3)

Then there exists a constant § > 0 such that if

o
max{[|uollas, sup |G (D)|as} <6,
To<t<0

then there is a unique solution
u € C%([To.0), H*(Z: V) N C'([To,0), H*H(Z: V) N L®([To.0), H*(Z: V)

of the initial value problem (4.1)~(4.2) such that PLu(0) := lim; ~¢ PLu(t) exists in
H7H(Z; V).
Moreover, the solution u satisfies the energy estimate

° 1
Ol + sup 16 = [ IPu@fee

To<t<0 To

< CG.8 Y (luolZys + sup 1G@%s)

To<t<0
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and the decay estimates

-+ Aalr >0
IPu@)llgs—1 < 3 0570 + A10e13 ifd <¢ <1,
|¢|6=@ ifo<¢<1i

and

1

tz + 570 ife> L,
[P+ (t) = PHu(0) || s < e e f
1|t~ fi<3

forallt € [Ty,0), where { = k — %ylﬂl.

5. Global existence for the Fuchsian formulation of the Einstein—Yang-Mills
equations

In this section, we carry out one of the main steps in the proof of Theorem 1.2 by establish-
ing the global existence of solutions to the Fuchsian equation obtained from combining
the Fuchsian equations from Theorems 3.6 and 3.14, which is given by

~ ~ ~ ~ 1 ~~ A~ ~
~A%°V U+ AhS, V.U = - BU+G.0), (5.1)
where
A 0 0 0 0
0 A3 0 0 0
A=10 o0 A} 0 o],
0 0 0 A% o
0 0 0 0 A°
_ (5.2)
ALy 0 0 0 0
0 AbnS, 0 0 0
Abpe, =1 o 0 A%rS 0 o |,
0 0 0 Abr, 0
0 0 0 0  Abr°,
and
B 0 0 0 0 G1(1,0)
0 B 0 0 0 G»(1.U)
B=l0 0 B 0 0], GrU=|GU]. (5.3)
0 0 0 B 0 Ga(1,0)
0O 0 0 0 3B G(t,U)
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and
[’j _( e he €,a pe pa a e.ab he ab ab
=(—V me,_@me,m,—vpe, Ap e,p ,—V'Ss —?S
— V8¢, h¢35e. 5.6 Eq, Hap, Ag)". (5.4)

While, by construction, solutions (g5, Ap) of the reduced conformal Einstein—Yang—
Mills equations in the temporal gauge determine solutions of the Fuchsian system (5.1) via
(1.33), (1.36)—(1.43) and (1.46)—(1.47), we will, in this section, analyze general solutions
to (5.1) and not, a priori, assume that they are derived from solutions of the conformal
Einstein—Yang—Mills equations. The main purpose of establishing the existence of solu-
tions to the Fuchsian system (5.1) will be to obtain global bounds on solutions of the
reduced conformal Einstein—Yang—Mills equations. The details of this argument can be
found in Section 7.

The main global existence theorem for the Fuchsian equation (5.1) is stated below in
Theorem 5.6. In order to be able to apply this theorem, we need to establish that (5.1)
verifies the coefficient assumptions (1)-(5) from Section 4.2. As we show below, this
requires us to make certain dimension-dependent choices for the free parameters K B, J,
K, E, F that appear in the coefficients of (5.1).

5.1. Parameter selection

The parameters K B, J, K, E, F are determined by the spacetime dimension »n and the
following decomposition for the matrix 8 defined above by (5.3):

2 0 0 0 Oo\(P, 0 0 0 0

0 %A, 0 0 0 o P, 0 0 0
B8=9P=]0 o A; 0 o]l0o o P; 0 o],

0 0 0 Ay O 0 0 0 Py 0

o o o o %/\o o o o P

which implies in particular that
ﬁgZieF@, £=1,...,4, and i;)ZQ,IP

This decomposition is not umque and we have some freedom in choosing the partlcular
form of the operators 2[4, 9[ and the projection operators P, P. We fix s, A, 91 Ps, Py
and P by setting

B B —An—-2) 0 0 o 1 00

21329142 0 1 0 B P3=P4= 0 0 O , A=H and ]P’Z]l,
0 0 1 0 0 0

respectively. The choice of the remaining operators A, 2, P; and P, will depend on the

spacetime dimensions 7, which we separate into the following three cases:n = 4,n > 6
andn = 5.
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(1) n = 4: Forn = 4, we fix the parameters A, B, J, K, E, F by setting

e 2 .. ..
K=J=§, A=B=2H and E=F=1.
Inserting these parameters into 112 and i)’_g (see Theorem 3.6), we can ensure that i‘))_g =

APy for = 1,2 by setting

o -1 0 0 3 0 3
Ay == 0 3hyh’® 0 and Py=P,=[0 &7 0 (5.5)
0 0 —A ; 0 1

Lemma 5.1. There exist constantst > 0, R > 0, y1 > l and y, > % such that

1 o _
y—ll <A<, <yl and (U, P =0
1

forall (,U0) € (—t, &) x BR(0) and £ = 1,2.

Proof. 1t is straightforward to verify from (5.5) and the definitions of the matrices X(g
from Theorem 3.6 that 112 < A and [, Py] = 0. Moreover, by taking R > 0 sufficiently
small, it is also not difficult to verify that there exist constants y; > 1 and y, > % such
that 1 < ylgg and ‘)—I[ < y,1, which completes the proof. [

1 7 . H 1 11
—=n——, E=1, —=,/=(n-=), 5.6
772 X 2 (” 2 ) (56)
1 n—1 9 H n—3
- = , F=1, — = . 5.7
K 2 B 2
Substituting these choices into K? and i)’_g, we find that ﬁg = ?_IAP’Z, £ =1, 2, where we
have set
) 3(=1) 0 Jle-Hen)
A = 0 (n—Dhsah/? 0 , Pi=1, (5.8
3(n—H(=2) 0 (n—3)(=1)
(=)D 0 0 (2 0
Ay, = 0 3 = Dhsyh'e 0 , P,b=1]0 5(12 0]. 5.9
0 0 (n—3)(—1) 3 0 3

Lemma 5.2. There exist constants t > 0, R > 0, y; > 1, yo >2n — 10, y; > 1 and

Vo > 251":13) such that

EZIZ < 72]1 and [?TI(, ﬁ[] =0

1 w0 = Ly cxo._ 2
_11§A(1)§?I1§7/2]1, r]lngf
Y 71 n—1

forall (,U0) € (=1, &) x BR(0) and £ = 1,2.
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Proof. By (5.8), we note, for any w = (w1, wa, w3)¥, that

(?_lla),a))h = —/\%wlz + (n — %)h“bwz,,a)zb + (—/\)(n — g)w?,

—2A %(n — %)wm&,

where in deriving this we have employed the relation w,, = h,zw2. But, by Young’s
inequality (see Lemma B.3)

5 1( 11)| |<1 2+( 11)2
—(n— =)o 0] n——)ws,
V2 o J1r@sl =5 2 )3

and so we deduce that
2 7 ab 2
— /la)l + (l’l — E)h Wr4Wop + (—/\)a)3
_ 7
< (o, o), < —2)&(012 + (n — E)h“ba)zaa)zb + (—=A)(2n — 10)a)§,

where in deriving this we have used the fact that A < 0, see (1.33).
On the other hand, from the definition of A(l’ in Theorem 3.6, we observe that

(A0, )y = —A0? + h%wrawap + (—A)w3.

With the help of this identity, we conclude, by taking small enough R > 0, that there exist
constants y; > 1 and y, > 2n — 10 such that

1 _ _

—1 <A <% < pl.

V1
To complete the proof, we note that the other stated inequality follows from similar
arguments while the relation [y, P¢] = 0, £ = 1, 2, is a direct consequence of defini-
tions (5.8)—(5.9). [

(3) n = 5: Forn =5, we fix the parameters K, F, B in the same way as in (5.7), and we
correspondingly define the operators 2, and P, by (5.9). In addition, we set

H
=2 and =1,

E=3, —
A

| —

and insert these parameters into 11‘1) and ﬁl. We then observe that ﬁl = ?_II]I_DI for 511
and IP; defined by

~ -2 0 0
Ay=| 0 2hyh’® 0 and P, =1, (5.10)
—3A 0 —31

respectively.
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Lemma 5.3. There exist constants 1t >0, R >0, y, > 32, y1 > 1, 91 > l and y» > 2(" 3)

such that

1 1 —_ 2 _ _
— 1 <AV <8%, <y, —1<AI< 1212572]1 and [Uy, P =0
Y1 -

Y1

=

for (t,U) € (—t, ) x BR(0) and £ = 1,2.
Proof. From the definition of A9, see Theorem 3.6, and (5.10), we have

(M o, o)y = —Ao? + 2h*? wyqwap + 3(— )k)w3 + 3(-V)wws,
(A w,0), = -t + h® waqwap + 3(— w3

for any w = (w1, wz, w3)". In order to bound (@Ila),w)h, we first bound 3(—1)wiw3

above and below by using Young’s inequality (see Lemma B.3) twice with ¢ = JTE and

&= %ﬁ to obtain

SERCTER U BV

32+\/_ 33 5
<3( A)C{)l(l)g. <§ ( A) w7 —m(—l)a)3

Using this inequality, it follows that

(1 - */;)(—A)w% + 21 waqwip + 3(1 - ?)(—/\)a)g

— 13 13
< (Mo, 0)p < (2 + g)(—/\)a)l2 + 2h® wrqwap + (2 + g)(—k)wg,

from which we deduce that

1

Ko< (1-2

- 7);‘; < 9.
By taking R > 0 small enough, it is also clear that there exist constants y; > 1 and y, > 32
such that 8%; < y,1 and 1 < y;AY.

To complete the proof, we note that the second inequality follows from similar argu-
ments while the relations [?_I[, I@[] =0, £ = 1,2, are a direct consequence of the definitions
of ?_Ie and Py. ]

5.2. Verification of the coefficient assumptions

With the results of the previous section in hand, we now turn to verifying that the Fuchsian
equation (5.1) satisfies all of the coefficient assumptions from Section 4.2. Due to the
block structure of coefficients (5.2)—(5.3), the verification of the coefficient assumptions
for the conformal Einstein (i.e., the firsts 4 blocks) and the conformal Yang—Mills (i.e., the
last block) components of the equation can be carried out separately.
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Lemma 5.4. Suppose A%, Abh¢,, B, Gi,i =1,...,4, and A°, APh°,, B, G are defined
as in Theorems 3.6 and 3.14, and ?Il, IP’,, 9 and IP’ are as defined'* in Section 5.1. Then
there exist positive constants R, k, y1, y2 > 0 and non-negative constants Ay, 0, B4 > 0,
L =1,2,3and £ =0,...,7, such that coefficients of the Fuchsian system (5.1) satisfy
assumptions (1)—(5) from Section 4.2 and the inequality

1 3
o> —yl(Z Bok+1 + 213) (5.11)

2 k=0
holds.

Proof. 1. The conformal Einstein component. Noting that the gravitational variables used
in the Fuchsian formulation of the reduced conformal Einstein equation in the articles
[19,20,22,24] are essentially the same ones used in this article, the same arguments from
[19, 20,22, 24] that are employed to verify the coefficient assumptions can be adapted,
with the help of Lemmas 5.1-5.3, in a straightforward manner to show that the Fuch-
sian formulation of the reduced Einstein equations in this article satisfies the coefficient
assumptions. We omit the details.

2. The conformal Yang—Mills component. Assumptions (2) and (4): We begin the verifi-
cation of assumption (2) and (4) by establishing the symmetry of the operators A® and
AP h€,ne. To this end, we observe that the blocks of A? satisfy

(AP b hag = M 70 g = —Ah ¥hay = (Al
with iz, = h*gaph’,.
(A% ) hyh!? = (<Ah84 — a7y g,k 4d 1 2g gy b b
= (—2hT = v g 8267 4 2686 h g, = (RY,))%,
(A3 caliaclizgh*h® = hogrh gy hh T zehzzhn®?

bd ab
= h%h hcahdb (A(SS))a ab’

(A)) roh? B = =20 gyl g 00T T hF = —20 g, b6 = (AL,

We further observe that the blocks A(13), A(31), A(23) and A all vanish and that the
block A( 44) is symmetric. We therefore conclude from (4.4) that Al is symmetric. The
symmetry of the operator Ab h°pne can be established in a similar fashion from the fol-
lowing identities:

(APhCp) 1)) fo b 1P = —[26V" grsh®, + B Vg 69T 1
= —[26°V" grsh* + hNEY = ((APKCp) (1),

l4Recall that Q_Ij and Iﬁ’j, for 4 = 1,2, vary according to the dimension 7.
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d
(APh¢p) 1) sy = —26hesh™*h* hsy = —26 hoah!® = (APhCp) an) 4.
(APhCp)o2)? phgsh' = —(@u7 v gy o&E 060 — 269 RDe 4 26 h ) hy b hT?
= — (20 5§ 67° — 26D + 26 h* )y,
= (A*h°p) 22))%.

= h9hPh; = W0 by = (APHE )2 .

and the vanishing of the remaining blocks of Ab hpne.
Next, we claim that A® and 2 satisfy an inequality of form (4.5). To see why this is
the case, we consider an element
9=(Y2;.X ;W) eTS@T*'T@TSST*S.

a

Then by (4.3) and the definition of A° from Theorem 3.14, we have
(9, A%9), = — A%y gaph® YV = AV grlt® £ Z5Y ¢ — " gysh® E4YZ4
+ AR — v g ded 42660 2,52,
+ B X s X oy + S W W,
from which we find, with the help of Lemma B.4, that
(9, A% ) = — Ay ganh® YOV ehT 252, 4 LRI gyl v 5, VY
+ AR v g, £ 8 1260 252,
+ B X o X oy + P W W, (5.12)
(9, A%} = — Ay VoY — b2, 7y — LRIV gyl 1 g Y Y
+ (AR g 06+ 26760 2,2,
+ hB R XXy + WS W W (5.13)

for any & > 0 where we have set |§|i = h, 894,
On the other hand, B

(0, 99), = — (n —3)Ah%,gzh®, Y Y — (n — 3)Ah3dzgzd
- 1
+ hRPP X 2 Xap + EhbsWst. (5.14)

By setting ¢ = |£|; and taking R > 0 small enough, it then follows from (5.12)—(5.14)
that there exist constants k, y1, y» > 0 such that inequality (4.5) holds.



Global existence and stability of solutions to the EYM equations 4609

Finally, we note that it is straightforward to check that the operators A0, AP hpne
and 2 verify the remaining stated properties from the coefficient assumptions (2) and (4).
This completes the verification of the coefficient assumptions (2) and (4).

Assumpnons (1) and (5): With our choice of P = 1 and hence P+ = 0, we immediately
have that []P’ 91] = 0, and the only non-vanishing relation involving ®'(0) is the first one,
which reads

(0. 0)v), = OOV @ v+ 1|2 Bov ® v + |t] " B1v ® V).

It is straightforward to verify that this condition on ®’(0) is satisfied for an appropri-
ate choice of constants 6, B¢ and B;. Since it is also straightforward to verify the other
stated properties from the coefficient assumptions (1) and (5), we will omit the details
of the verification of these properties. This completes the verification of the coefficient
assumptions (1) and (5).

Assumption (3): Noticing that the maps Go and Gy from the expansion of G given in
Theorem 3.14 are both analytic for (¢, U) € (—t, %) for ¢, R > 0 small enough and vanish
for U = 0, it follows immediately that there exist constants Ay > 0, £ = 1,2, such the
all the conditions on the map G from the coefficient assumption (3) are satisfied. This
completes the verification of the coefficient assumption (3).

3. The combined system. The above arguments yield positive constants R, k, y1, Y2 > 0,
and non-negative Ay, 6,8, >0, =1,2and £ =0, ..., 7, such that the coefficients
of the Fuchsian system (5.1) verify assumptions (1)—(5) from Section 4.2. To complete
the proof, we make a number of observations with regard to the selection of some of the
parameters beginning with the observation that the term from the Fuchsian system (5.1)
that corresponds to G, vanishes, which allows us to take A3 = 0. Next, we make the
following observations with regard to the parameters Box+1, k = 0,1,2,3:

(1) The % singular term from (v, P (7 (v))®’(0)P (s (v))v)} is of the form
OCt|T'P((v)v ® P (v))v ® P((v))v)

for some constant C; > 0. Thus, for any 8; > 0, we can, by choosing R > 0 suffi-
ciently small, ensure that C1 R < ;.

(2) The % singular term of from (v, P (7(v))®’(0)PL (7 (v))v)y is of the form
O(C3t|'P((v))v & P(r(v))v ® P (x(v)v)

for some constant C3 > 0. As a consequence, for any 83 > 0, we can arrange that
C3R? < B3 by choosing R > 0 small. By similar considerations, for any choice of
Bs > 0, we can guarantee that Cs R? < S5 holds by choosing R > 0 sufficiently small.
(3) Noting that the term (v, ]P’J-(n(v))®’(0)IP’l(7r(v))v)h only involves the Einstein
components, similar arguments to those employed in [20, §7.1] (see also [19]) imply
that this term contains no % singular term, and as a consequence, we can take 87 = 0.
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From these considerations and the fact that the parameters B; can be chosen indepen-
dently of « and y;, which are both positive, it is then clear that we can ensure that
inequality (5.11) holds by choosing R > 0 sufficiently small. This completes the proof. =

Remark 5.5. Although we have established that Fuchsian system (5.1) satisfies all of
the coefficient assumptions from Section 4.2 for some choice of constants, we have not
calculated explicit values for these constants. This is because explicit values are only
required for determining the decay rates, which we will not make use of in any subsequent
arguments.

Now, since we have verified that the Fuchsian system (5.1) satisfies all of the coef-
ficient assumptions from Section 4.2, we can apply Theorem 4.3, after making the time
transformation ¢ — —t, to obtain the global existence result contained in the following
theorem.

Theorem 5.6. Suppose that s € 7 ST then there exist constants 8o > 0 and C > 0
such that if the initial data Uy sansﬁes ||U0 lzs < 6 for any § € (0, 8], then there exists
a unique solution"

e ci(o gy ) nc((o 5] )
N L°°((O, ﬁ] HY (S V))

52| X X that satisfies U| =7 = = Uo. Moreover, the

to the Fuchsian equation (5.1) on (0 Z

'2H
solution U satisfies the energy estimate

10O + /

S
~q| =

IPO@)|3d7 < €5

forallt € (0, 5% sl

5.3. Improved estimates for the conformal Yang—Mills component of U

The conformal Yang—Mills fields correspond to the last four entries (8¢, Eg, Hap, As)
of the vector U defined by (5.4). Given a solution U from Theorem 5.6 of the Fuchsian
system (5.1), we establish improved bounds on the fields (8¢, E4, Hap, Ag) by showing
that the renormalized conformal Yang—Mills fields

(6%, Eq, Hap, A)" = diaglt ™", 17", 171, 173} (6¢, E4. Hap. A,)" (5.15)

remain bounded. The precise statement of this result is given in the following corollary.

5Recall that ¥ = S”~! and the initial conformal time ¢ = % corresponds to the physical time
T =0.
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Corollary 5.7. Suppose U is a solution of the Fuchsian system (5.1) from Theorem 5.6,
the initial data and the constants s, § and 8y are as given in that theorem. Then there
exists a constant C > 0, independent of § € (0, 8], such that the renormalized conformal
Yang—Mills fields (5.15) are uniformly bounded by

1 e llzs + 1 Ea®)llzs + | Hap 012 €8 foralit e (0.5

Remark S. 8 It is not difficult to verify that the renormalized conformal Yang—Mills
fields Ed, Hab and A are quantitatively equivalent to the physical Yang—Mills vari-
ables Fyp, and A,. Because of this, Corollary 5.7 yields uniform bounds for the physical
Yang—Mills variables.

Proof of Corollary 5.77. We begin by noting from (1.49) and (5.4) that U and U uniquely
determine each other and have comparable norms. As a consequence, in the follow-
ing arguments, we do not distinguish between these two. Next, by substituting (5.15)
into (3.54), we get

—A° diag{t 1.1, WY,V + APhC, diaglr. 1.1, VIV, V
1 o
=—i>’d 11,1, V+GtU——A°d 1,1, —=V, (516
ing{r. 1.1, VIV + G (1. U) ag{1 1.1, = 6.16)

where we have set .
= (geaEg’Hag»AS)tr‘
Then multiplying (5.16) on the left by (diag{z,t,t, /1})~! leads to

, o , o 1 o o o
—A%eV, V+ AR,V V = BV +60.0), (5.17)
where
= (m, p%ma, p°y. 5%, 5% 5,50, V)", (5.18)
~(n = AR gaph’, 0 00
ﬁ — 0 —(n — 4))Ll’lddhdf 0 0 (519)
0 0 0 0
0 0 0 0
&(1,U) = (&(1.U). G2 (1,U). 8 135 (t. U), Gy (1, V)" (5.20)
and the components of G are given by
&1, 0) = H "B’ g, pU £ +r—1©e(t U) — 17305 B 1o (Eq. Hap. Ay,
G (1. 0) = H™' AV gyl hyyBp? €€ — HB2[-A0" v g0 p? p? + 20 p 1y B

171Dy (1 U) + 173 hy h9OE G (Eq. Hap, Ay).
63550’6) = [_1935170’[]) - t_%h hbah a“za(Ed ab»/Ts)y
Guo(t,0) = 173 Do (1,U) + 17 by, W Esa (Eq, Hap, Ay).
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In the above definition, we note that the maps 61(t U) @y r(t, U) a5 U) and
Gyolt, U) the maps D;, i =1, ,4,and B, j = 1,2,3, are expressed in terms of
the variables (¢, U) and (Eg, Hgp, A s)- This makes sense since U is determined by (¢, U)
as can be seen from (1.49), (5.15) and the deﬁnmon of U glven above.

We now clalm that the maps 6e (t, U) Gyr(t, U) a5 (s U) and G4, (1, U) are ana-
lytic for (¢, U) € (—t, 77) x Br(0) for ¢, R > 0 sufficiently small and vanish for U =0.
To see why this is the case, we observe from Lemmas 3.8-3.11 and Theorem 3.14 that
each term in ©;(¢,U), i = 1,2, 3, involves one of the factors E,, Hp,, [/Ta, Ep], and
[A4. Hpc], while each term in Dy4(¢, U) involves either A, or Ej, as a factor. From this
observatlon it can then be verified V1a a direct calculation that t =1 ®; (t,U),i = 1,2, 3,
and =2 D4(t,U) are analytic in (z, U) Analogously, each term in E;,7 = 1, 2, contains
one of the factors [Ag, Ep], [Aa, Hy.] and B3, = E,, and consequently, ¢~ 38 E;,i=1,2,
and t~! E3 are analytic in (¢, U) For example, a calculation shows that

t_%hdfhdagla = l_%hdfhdahgc [A_Cs Hga] = hdfhdahdAC [Xc’ ﬁt?a]'

The analytic dependence of the maps 6e (t, U) Gyr(t, U) R U) and G4,(?, U) of
the variables (¢, U) can be verified by direct calculations using these types of arguments.

It then follows from the above observations, the arguments from the proof of Lem-
ma 5.4 and the fact that U is a solution of the Fuchsian system (5.1) from Theorem 5.6
that, for R > 0 chosen small enough, there exist positive constants k, y1, y» > 0 and non-
negative constants Ay, 6,84 >0, £ =1,2,3and £ =0, ..., 7, such that the Fuchsian
system (5.17) satisfies the assumptions (1)—(5) from Section 4.2 and inequality (5.11).
Moreover, we observe from (5.15) that

o . (2H 2H 2H 2H e
V|,=L=d1ag{—,—,—, —}(8 Eq. Hgp, Ag)"
T T b T

=2

Since H* norm of the rlght hand side of the above expressmn is bounded by ||U0 |I, which
by assumption satisfies ||U0|| < §, we have that ||V(2 s < CS We therefore con-
clude via an application of Theorem 4.3 that V is bounded by ||V(t)|| ms < C§ for all
t € (0, %], which completes the proof. [

6. Gauge transformations

In the proof of the main result, Theorem 1.2, we need to perform a gauge transformation
in order to change from a formulation of the Einstein—Yang—Mills equations that is useful
for establishing the local-in-time existence of solutions to a formulation that is suited
to establishing global bounds. In particular, the local-in-time existence of solutions to
the Einstein—Yang—Mills equations is obtained from applying the local existence theory
developed in [21], which requires the use of the adapted temporal gauge (1.20) and the
wave gauge (1.21). On the other hand, we obtain global estimates from our Fuchsian
formulation of the conformal Einstein—Yang—Mills equations, which was derived using
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the temporal and wave gauges (1.44) and (3.6), respectively. These two gauge choices
are not equivalent and the transformation between these two has to be taken into account.
In this section, we collect together the technical results that are needed to establish that
this gauge transformation is well defined.

Lemma 6.1. Suppose that (3°°, fTZ) is a solution of the Einstein—Yang—Mills equations
(1.2)—(1.4) in the temporal gauge (1.20), : M — G solves the differential equation

9.0 = — A3, (6.1)
and let
Ay = TYALT + T 1Al (e, Fup = TV E D). (6.2)

Then (39, A,) determines a solution of Einstein-Yang—Mills equations (1.2)—(1.4) in the
temporal gauge Ayv* = 0, where V¢ = gub (dt)p.

Proof. The proof is similar to [29, Theorem 2] (see also [5, §6]), and follows from the
observation that the condition

74(diN), = -9 AXT (6.3)
is equivalent to the differential equation (6.1). Since, by assumption, we have a solution
to the above differential equations, we can use it to define a gauge transformation under
which the gauge potential transforms according to

Ay = TVAT + 7 1(di),.

Contracting this with %, we find by (6.3) that V¢ ffa = 0. Moreover, since solutions of the
Yang-Mills equations get mapped back into solutions of the Yang—Mills equations under
gauge transformations and the Yang—Mills curvature transforms as ﬁa p=1" ﬁa*bﬁ, the
proof follows. ]

Lemma 6.2. Suppose that (3°°, /TZ) is a solution of the Einstein—Yang—Mills equations
(1.2)—(1.4) that satisfies the temporal and wave gauge conditions given by (1.20) and
(1.21), respectively, 1 solves the differential equation (6.1), and let

g = Y59 Fu—eVE, and A, =e % A, (6.4)

where Fab and A, are defined by (6.2). Then (g“b, Ag) determines a solution of the
reduced conformal Einstein—Yang—Mills equations, consisting of (3.7) and (3.31)—(3.32),
that satisfies the temporal gauge Azv® = 0 and wave gauge Z* = 0 conditions.

Proof. By Lemma 6.1, we know that (42, fTa) determines a solution of the Einstein—
Yang—Mills equations (1.2)—(1.4) that satisfies the temporal gauge 4,7* = 0. Recalling
the definitions of v, and v, given by (1.9) and (1.11), respectively, we observe that

~ H ~b -¥ b

v
o = —— Vg=—-¢€ 1V, and vV’ = —e "7
sin(Ht)
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With the help of these relations, it then follows from (6.4) that
1 ~a z -V _a
0= AV = —e2 Age” "9,

and hence, that A,v?® = 0. This establishes that the temporal gauge condition is satisfied.
Next, setting

v ~bd
of = (gbf_eg + 2,8~ 58,8, V8

=8 00V +8%,0, W — g*g DV, (6.5)

where in obtaining the second equality we have used (1.10), (1.11) and the fact that V is
the Levi-Civita connection of 8, e observe that

gfefgf =2g%0, ¥ — gfeg“cgf 0. W. (6.6)

We also observe, by expressing X9 in terms of the conformal metric using (6.4) and
employing relations (3.4)—(3.5) and (6.6), that

- o
X' =-V,5% + 58 sV, 5V

1 -
= eV, + S g% gap VoV + @ - me g0, v
— —Z\P(V gae+Xafgfe+ng f)

1 _
4= 2 qugaegdf( gdf +Xd gcf +Xecgdc)+(2 ) 2\Ilgaeae\y

= e (Y, g% + R4, gf) + _e 2Wgaey G gl 4 (2 p)e g 5, @
=e 2V ye_ e_zq’Xffgfe + (2 —n)e 2¥g%y, v
= 2V 70 4 062 (g0 _ gy @ pe=2¥ (g9 — g0¢)),

+e 2V (gl — gfe)gacgfeacqj.

Since the wave gauge condition (1.21) is satisfied by assumption, we conclude that the
same is true for wave gauge condition Z¢ = 0.

Now, to complete the proof, we observe that, with the help of Lemma 3.1, it is
straightforward to verify via a direct calculation that (g?, A,), which is determined
by (6.4), solves the reduced conformal Einstein—Yang—Mills equations consisting of (3.7)
and (3.31)—(3.32). |

In the next proposition, we establish quantitative bounds on the gauge transforma-
tion 1 from Lemma 6.2.

Proposition 6.3. Suppose (3°°, Z;) is a solution of the Einstein—Yang—Mills equations
that satisfies the temporal and wave gauge conditions defined by (1.20) and (1.21), respec-
tively, and 1 satisfies the differential equation (6.1) and the initial condition 11|;=9 = 1
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such that the corresponding solution (g??, A,) of the reduced conformal Einstein—Yang—
Mills equations from Lemma 6.2, which satisfies both the A;v* = 0 and wave gauge
Z% =0, yields a solution

Uec® ((t*

] HY(: V)) nc! ((x ] HS (3 V)) 6.7)

2H 2H

of the Fuchsian system (5.1) with s > ”+1

satisfies ||U|,:% || <8, where § € (0, 80] and 8y > 0 is as given in Theorem 5.6. Then

on (tx, 5] x T for some tx € [0, 557 ) that also

| Aalemollzrs = | A%|e=ol s (6.8)

and there exists a constant C > 0, independent of § € (0, 8o] and t« € [0, 5), such that
u(t, x), u(t,x) = u(z (), x), /TZ (t,x) and Az, X), where T and t are related via (1.8),
are bounded by

1T (@) las = [u@)l|as < C, (6.9)
IF ) las = n™' @)llas < C, (6.10)
17y (@) (2O azs = 1€, (dw)e(t)]|ms < C8, 6.11)
V(&) ()| s = v (du)a(t)||ms < C82, (6.12)
and B B
1AL ) ms < ClAa(x@)llas +C8 (6.13)

forallt € (t«, 53] Moreover, if

Pe () CH0. 1) H (D)), Ay e () CH0.1). HTHED)).  (6.14)
=0 =0

then (g%, A,) satisfies

A gl m). ae (e

where tx = 2 (% — gd(H ")), of (1.7).

] HS™ @(z)) (6.15)

Proof. Before commencing with the proof, we remark that, in the following, the constant

C > 0, which can change from line to line, is independent of § € (0, §o] and #x € [0, 557

(1) Bounds on U and the renormalized conformal Yang—Mills fields: Since, by assump-
tion, solution (6.7) of the Fuchsian system (5.1) on (¢, 57| x X satisfies ||ﬁ|,=ﬁ | <3,
where § € (0, 8p], we know from the uniqueness of solutions to (5.1) that it must agree,
where defined, with the solution to (5.1) from Theorem 5.6 that is generated from the
same initial data. In particular, this implies that U is bounded by

0@ s <C8. ta <t < % 6.16)
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This, in turn, implies via Corollary 5.7 and the uniqueness of solutions (fJ, {7) to the
Fuchsian system comprised of (5.1) and (5.17) that the renormalized conformal Yang—
Mills—fields defined by (5.15) are bounded by

) o o /]
lAa@llas + 1 Ea@llas + 1 Hap Ollas = €O 1a <1 = o (6.17)

(2) Proof of (6.9)—(6.10) and (6.11)—(6.12): Recalling that T9 is defined by (1.16),
we contract both sides of (6.2) with T¢ to get

0= AT =TA,TT ! — (di)), 7T,
which, after rearranging, yields
T4dl), = WA, TC. (6.18)

From (1.9), (1.29)—(1.32), (1.13)—(1.33) and (1.16), we observe that the vector field 7%
can be expressed as

T4 = (—7)7 20,3 = —e ¥ (=A)"2(E% — Wv9). (6.19)

Using this along with the temporal gauge condition (1.44) then allows us to write for-
mula (6.18) as

T@) = —(—A)"2e™ 2 ud,t, (6.20)

or equivalently, as

BtvHt o
—————ud, p”. (6.21)
V/sin(Ht)

Noting that A, ffa, £% and p® are uniformly bounded for 1 € (t«, 7] in H*(X) and
that A is bounded away from O on account of (6.16) and (6.17), and that % is also
uniformly bounded for 7 € (t«, 5], it follows that (6.21) defines a linear symmetric hyper-
bolic equation for 11, which satisfies the condition u|,=ﬁ = 1 by assumption. We can
therefore conclude from the standard theory for linear symmetric hyperbolic equations

that 11 is bounded by

(—A*V, u+ £V, u =

bg
s <C, 0<te<t<—,
a@)llas = L

for some constant C > 0. This establishes estimate (6.9). Noting that

11_1(24111)11_1 = —Lu_l,

estimate (6.10) can also be shown to hold by similar arguments.
Using (6.19) to express (6.20) as

E* =)V, u = e%ué"Aa, (6.22)
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we get from applying 1, V. to this equation that
bV (" — )V )
= BreTh%, (du)e p®Aa + e Tuh, p°, A + BreTuph,V, Ae.  (6.23)

where in deriving this we have used the definitions of (1.37) and (1.39). In the last term
in the above expression, we use identities (1.48) and (1.45) to re-express it as

BreZuph®,V,Aq = BreTup®(e? Hyq + h',V, Ac — e 2 h°,[Ac, Ad]).
Substituting this expression into (6.23), we find, with the help of (1.37)—(1.39), that

(87 = MY, (5 (du)e) — £V, (e ¥ udp)
= Bre T h¢,(du)e p® Aq + e Fuhy p%. A — hy p?.h () + hCym o1V u
+ Brup®e¥ Hy, — Bre? pehe (du),Ap — Bre? up?[Ap, Adl. (6.24)
On the other hand, the evolution equations (6.22) and (3.41) for u and /Ta, respec-
tively, imply that
Wiy, (e%uAb) = —BreYud, p?A, + Ete%pallda (dn)gAp —eYAuEy.

Adding this to (6.24), while employing the renormalized conformal Yang-Mills fields
(5.15), yields

MV +E NV xe = A, (6.25)
where
1o = by (dn)e —eZudy = h,(du)e —e2 Viudy
and
A =Brie? gy ptAg — hypO o — Bt (=2) " hyme p* xa
+ ﬁtzup“(e‘l’ﬁba — e%[/fb, fi’a]) - teq’kuﬁb.

In the following, we will interpret (6.25) as a linear symmetric hyperbolic equation for yp.

Next, we note that te¥ is uniformly bounded for ¢ € (x, 5] by (1.11). Using this,
it is then not difficult to verify with the help of bounds (6.16) and (6.17) that A, § and Ag
are uniformly bounded in H*(X) for ¢ € (t«, 5] and A is bounded away from 0. We also
note i|;=g = u|t=% = 1 implies that

o
Xpli= g, = 0w = g, — @2 udp)l =g = —VHAp|,= g,

2H 2H 2H

from which we deduce that ||x5|,= 2 ||#s < C8. We can therefore conclude from the
standard theory for linear symmetric hyperbolic equations that y, is bounded by

T
t s <C8, O0<ty<t<—,
lxe s < <35
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for some constant C > 0. With the help of the identities
By =6 + 5T, = 6 + vvp = hS, (6.26)
which are a consequence of (1.13), (1.14) and (1.15)—(1.17), it then follows from the

above estimate and the bounds from Corollary 5.7 that

~C ~ v o T
A (D) |l s = 1Ay (du)ellars < llxollars +e2Vi|udpllas <C8, 0<tu <t < SH

Making use of the above estimate for ||, (du).| zs and (6.21), we obtain

Btv/Ht o
————ud,p?
V/sin(Ht)

(3) Proof of (6.8): Since the initial condition 1i|,=¢ = 1 (i.e., identity map on X .—¢), it

is clear that (Ecb(dﬁ)c)|,:0 = 0. From this, we then have, with the help of (6.2) and (6.3),
that

v (@wallars = € (1§ qullas + |

)§C82, O<fy<t<_——.
Hs 2H

Aplemo = @V ALT) ez — Tp (F1(dT)T)|e=0

~—1 T~ ~ ~—1l~a Th~ ~—17¢ Tx~
= (T 1Abu)|,=0 + D@V ART) =0 = @A, AT |r=o0.
Thus, by (6.26) (i.e., Ecb = h) and 1i|;=o = 1, we conclude that
I Aale=ollzrs = I1h¢, G AL e=ollers = | Al e=ollas.

where in deriving the second equality we have used the fact that /TZ |z=0 is a spatial tensor,
which implies that || A%|c=ollzrs = |, A |c=o0llfs-

(4) Proof of (6.13): Due to the temporal gauge condition /T; T4 = 0 and (6.26), we de-
duce from the gauge transformation law (6.2)—(6.3) and estimates (6.9)—(6.12) that

1A%V s < v (dT)oT s < C8
and
|0 A%l s < 10 TAGT Nrrs + 1%, @)aT " s
< Cll Aallms + ClIE"y(@@)allms < C(U Aallzs + 6)

for all ¢ € (¢, 57|, which leads to (6.13) according to the Sobolev norms given in Sec-
tion 2.1.4.

(5) Solution regularity: To complete the proof, assume that the solution (%2, /TZ) of the
Einstein—Yang—Mills equations satisfies (6.14). Noting by (6.2) that

Aa(t.x) = e 21 (2(1), ) A% (T (1), )T (2 (1), x) + e 2T (2 (1), x) (dT)a (z(1). ),
it is then not difficult to verify from definitions (6.14) and estimates (6.9)—(6.11) that
the solution (g%, A,) of the reduced conformal Einstein—Yang—Mills equations satisfies
formula (6.15). L]
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7. Proof of Theorem 1.2

With the help of the technical results established in Sections 5 and 6, we are now in
a position to prove Theorem 1.2, the main result of this article. We break the proof of this
theorem into five distinct steps.

Step 1: A local solution of the Einstein—Yang—Mills equations. We first recall the local
well-posedness result from the companion paper [21] and assume that the Einstein—Yang—
Mills initial data, see (1.22), is chosen as in the statement of Theorem 1.2, which in
particular, implies that it satisfies Einstein—Yang—Mills constraints (1.23)—(1.24) and the
gauge constraints (1.25)—(1.26) on ¥y = {0} x X. Then by [21, Theorem 1.1], there exist
a 7 > 0 and a unique solution (g2, Z;) to the Einstein—Yang—Mills equations satisfying
the temporal and wave gauge conditions (1.20) and (1.21), respectively, and with the
regularity

5 s
g e () CH0. 7). H(D)) and A Fy € () CH((0.w). HH(E)).
{=0 £=0

Moreover, if

sdgab 79 zab  zab g Tx G
||(V ga d’ 8 d,ga 7E;,A:1, H;b)“LOQ([O,‘L’*),Wl‘DQ) < 00,

~d ~ ~d _,
then the solution (74 g0 k. g g"b E A* H »,) can be uniquely continued, in the
above temporal and wave gauge, as a classical solutlon with the same regularity to a larger
time interval T € [0, t*), where T* € (4, +00).

Step 2: A local solution of the reduced conformal EYM system. By Lemma 6.2 and Propo-
sition 6.3, the solution (g,5, A}) from Step 1 implies the existence of a unique solution

(€, A,) € ﬁc‘((t*,w] H™H(x)) x ﬂc ((5
£=0

on (Z«, 5] X X of the reduced conformal Einstein—Yang-Mills equations, see (3.7) and
(3.31)—(3.32), that satisfies both the temporal and wave gauge conditions, that is, (1.44)
and (3.6).

:| HS™ Z(E))

Step 3: A local solution of the Fuchsian system (5.1). By Theorems 3.6 and 3.14, the
solution (g%, A,) of the reduced conformal Einstein—Yang—Mills equations from Step 2
determines via (1.33)—(1.47) and (5.4) a solution

Ue CO((t*,ﬁ] HY (S V)) ((r
N L°°(<t*, ﬁ] HS(Z; V))

on (t«, 57| x X of the Fuchsian equation (5.1).

2];1] H*™H(E: V))
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Step 4: Fuchsian initial data bounds. By assumption, the initial data set satisfies
~ ~ab & ~ ~
1@ — g, V48, A5, d Ay, Ef)le=olls < 6.

Using this bound, it is then not difficult to verify from the conformal transformations
(1.29)—(1.31), the gauge transformation (6.2), where we recall that 1i|;=¢ = 1, and bound
(6.8) from Proposition 6.3 that there exist a §o > 0 and a constant C > 0, such that

Up =

where U is defined by (1.49) and bounded by
[Uollzs < Cll(g* — g**. V48", Aa. Ea. Hap)| = 2, |l uis
< cn@“b—g"b V8%, Aq, Eq, Hap)lomollms
< Cl(F* - 3.V, 8, A5 d A%y ED)|e—ollmrs < C§

~ ~ -~ o~ ~ ~ ~c ~d ~
forall § € [0, ), and E, and H,, are defined by E, =h" 0% Fypand Hyp =h b 4 Fea.
respectively. We further observe from definition (5.4) of U that

10|lzs < C|U|s (7.1)

for some constant C > 0 that is independent of U and U. From the above two inequalities,
we conclude that Uy = U| t=%, 1s bounded by

1Tollgs < C8, 0<68 <. (7.2)

Step 5: Global existence and stability. Assuming that § is sufficiently small, bound (7.2)
implies via Theorem 5.6 that U satisfies the energy estimate

~ H ] o~ n
B+ [ PR =c n<i= )
t T 2H

where the constant C is independent of § € [0,8¢) and 7« € [0, 577).

Next, we will show that the umform bound (7.3)on U 1mphes a corresponding uniform
bound on the physical variables g% — gab, \Y g, F * A* To this end, we observe
from (1.29) and (1.11) that

icgab — ic(g;ab . ~ab) _ V e qu(gab ab) + e—2l11ic(gab _ gab)
—2W
= 2 Ve (gab -
tan(Ht)

+e—2\11[_ gab + Xa (gdb _gdb) + X d(gad _gad)]’

ab)

where we recall that X f ; 1s defined by (6.5). Applying the H* norm to this expression
yields

15V 8% Nms + 12 4V 8% s < Cr2)g* = g llms + € 2Y|Veg™|lms.  (7.4)
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From (1.36)—(1.35), we also observe via a straightforward calculation that

g —g" = (e”n’"f —1)s% + (753 — DA — kemv®v? — 2B1p@v®, (1.5)
Me~+ <5MVe—S$ m tm—s A
chab = %(S“b—hab)e“" 3 ~|—eMnﬂl3 s“bc— (mc+ﬁmvc>v“vb

B B
Y ) 2 b a_(,a P a b
(p c T % p vc)v (p ¢t = p vc)v . (7.6)

Then, with the help of (1.11), (1.49), (7.1) and (7.4)—(7.6), we see that the uniform
bound (7.3) implies that

~ ~ab ~
1@ =)@ s+ + 17V Z (@)l s
< CRNE™ — gl + Y IT g Ol
< C?|U@)llgs < C8t? (1.7)
holds for all t € [0, 7«). We also observe as a consequence of bound (6.13) from Propo-

sition 6.3 and the bound from Corollary 5.7 on the renormalized conformal Yang—Mills
fields (5.15) that

1AL @ Ns + NES @ llas + 1B (@) as
< C(|Aa@) s + 8 + | Ea(@) |l ms + | Hap (O 1s)
< C(|Aa® s + 8 + |Ea@) s + | Hap (1)l zzs) < C8 (7.8)

for all t € [0, 7«), where we have set EC* = Eacfbﬁ;b and H~;b = Ecaﬁdbﬁc:i. Esti-
mates (7.7) and (7.8) together imply that
~d _ o~~~
1G98 b (84 8 B Ay H i) Lo o,y w1.00) < 00, (7.9)
Now, by way of contradiction, assume that 7, is the maximal time of existence for
the solution (§“b , A) and that it is finite, i.e., T+ < co. Then since bound (7.9) implies
by the continuation principle from Step 1 that the solution (g2, A7) can be continued
to a larger time interval, we arrive at a contradiction. Thus, we must have that 7, = oo,
which establishes that the solution (g%, A*) exists globally on [0, c0) x X and satisfies
the uniform bounds (7.9).

Appendix A. Technical calculations

A.l. Geometric identities

In this appendix, we state a number of geometric identities that will be used throughout
the article. Since the derivation of the identities is straightforward (although, it should be
noted that some are quite lengthy), we, for the most part, omit the details. Below, we use
the same notation for geometric objects as in Sections 1.2—1.3, 1.7.3 and 2.
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Lemma A.1. The vector field v* and projection operator h*, defined by (1.13) and
(1.14), respectively, satisfy
Voup =0, Vo =0, V.h% =0, (A1)

—a

and
V@D — ¢,690 = 1V g%, (A.2)

Lemma A.2. The Ricci tensor R of the conformal metric gqp can be expressed in
terms of the connection ¥, and curvature R _;,* of the conformal de Sitter metric &
see (1.10), by

1

Rab — zgcdzczdgab +v(axb) +Eab 4 Pab(g—l) 4 Qab(g—lyzg—l)’ (A3)

where X is given by (2.1),

_ 1 1
Pab(g 1) - _ E(gac _gaC)gdeBCdeb . E_aC(gde _gde)Bcdeb
1 1
_ E(gac _ga(:)(gde _gde)BCdeb _ E(gbc _gbC)gdeBCdea
1 1
_ Egbc‘(gde _gde)BCdea _ 5(gbc _gbL‘)(gde _ng)BCdea
and
_ _ 1
0 (e™" . Vg = — (78" Vagee Vg™ + 8¢ Vs gee Vg™

+ gefgac_cgbdzdgef + gefgbdzdgaczcgef)

- %(g“egfczegbdzdgf “+g*g"V, g5V, 87

L V,4%8, g% — V,8%V,6%) — g% X, x¢

g9 gPIXC L, XC,, — g% gPIXC,, XE,,

X%, gV P — X, g Vg0 — X¢,, gV, g%

Lemma A.3. The conformal scalar ¥ defined by (1.11) satisfies

1
VW = — , A4
“ tan(H1) ' ° (A4)
1

VoVl = — a0 — ———Vaup, A5
ath sin?(H1) a’b tan(Ht) b (A-3)

1 1
Ov =2 + XCve, A6
sin?(Ht) tan(Ht)© ¢ (A-6)

and 1
¢V, wv, v = A (A7)

tan2(Ht)’
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Lemma A.4. The conformal metric g%° can be represented as

gab — hab + Avavb —ZS(an)

where v, h® and £2 are defined by (1.13) and (1.33). Moreover, the tensor Q€% defined

by (3.24) satisfies the following relations:
QedcvC — hed . Avevd’ Qedchad = DRI _ yChea,
Qedcvd — zvegc — heC — Qv€re, Qedcvdvc = e,
hbeQedchad — _Vchab’ l)"’Qea’chad = —hAc,
Ve Qedcvdvc =—A, Ve Qedcvdhac = _25a9 veQedchach =0,
Ve Qedchadbbc _ _hab’ hae Qedchbd Ve = hab7 hangdChbdhfc =0,
haeQedcvd = —he, hbe Qedcvdhac = b gnd hae Qedcvdvc =0.

Lemma A.5. Suppose { and {5 = V 4 satisfy the equation

() mo (7)o

Qedc 0
c _
A _( o).

where

Then v¢¢,, h®;¢. and ¢ satisfy

—v°L _ —v°L
AV, | b Zmo@ ht | + G,
¢ ¢
where
Ve 0 hA 0 Ve QEdC‘ Va Ve Qedch?d 0
vg I 5
Al GO Ac(o o 1)= B 0%y 1 0%Hy 0
0 1 0 0 —v€
ve O ; ve O
B=|n", 0 3(”5’ hod ?) and G=|n', ofc.
0 1 0 1
Proof. Noting the decomposition
—v°e, &
ba =Z| h%¢ |. whereZ = va hg 0 ,
¢ ¢ 0 0 1
the proof follows from applying
ve O
z =|n', 0
0 1

to (A.9) and using Lemmas A.1 and A.5 to obtain the stated equation.
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A.2. Calculations for the proof of Theorem 3.6

The following three lemmas contain the detailed calculation needed to complete the proof
of Theorem 3.6.

Lemma A.6. The conformal Einstein equation (3.11) for & can be expressed in the first-
order form as

~ _vepae B _vepae 1 _vepae ~
—AeV, | hp%, | + AShb v, ,pl, | = Ei))z he;p%, | + G2, (A.10)
pa pa a
where
~ -1 0 0 ~ 28> —h®® 0
Ad=|o n? o |. Akl =[-n 0o o],
0 0 F(=1 0 0 0

Ve A4 (2, U)
G, = |h/ A0 0) |,

0
(e—2-Hh 0 A-HlE -t BN
:82: O %h O )
FA(-1) 0 F(z — D(=2)

F is a constant to be determined and the map A5%(t,U), which is analytic for (¢t,U) €
(=t, 77) X Br(0) for 1, R > 0 small enough, is given by

1 I\ B . 1\ A
A, U) = (1 - E)(n —-2— E>mp"Amve + (n -2- 7)—mvevdpad

1\B ,,
—n- )<tan(Ht) Hl>_Hv P
12

! .
- -2 ( — Btvép? + 2AB————— €p?
=D\ Gy tanZ(Hz)) Rl

o 2
+ (l’l —2)Btvep“—2PCdvevch“ ch ey had_ _2X6deevchad
n—

1 ~
+ Z(Vahe g - mvahebg“bgd”> 8% (Hae — Eqve + vake)

X (Hge — Eqve + v Ec).
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Proof. Making use of definitions (1.37) and (1.39), and noting the identity

B /1 1 B 1
cd a cd a a b_a b _a
v.y = \% +u—(t—1)—/x + — -3 A
8N NGE =g Ve r s + (g~ ) g P T g PP ~ g M P
1 B 1 1
cd a a b _a
= V _(T_1>T_ +v v
& YePra =3 ga2? Twkm P
1 B 1. 1. B
TR I g
K ka2 T km Poo gl Pe

we can express the conformal Einstein equation (3.11) for £¢ as

_ _7 B _ 2
gc‘ich“d = ta}:1(H2t) vepl, — ﬁ%p“ + %Etp“ + ZAESm;(—Ht)mp“
w7 G ) m - G ga
+ %mvbp“b - %pbp“b + (n —2)Btp® — 2P v h?,

— 20y h, — %chdvchad
+ 2(vah“’bgbdgaa - mvah%g“bgﬁ)gca(flﬁe — Eaqvz +vaEp)

X (Hge — Eqve + v Ec).

Multiplying this equation by v¢, we find, after rearranging, that

I\ 1 1\ 1
e _cd a e d _a

_<_ _7>_ _(< _1_7>7_ )
vegV,.p%, n—2 tvvpd n n+2

Hztvepa
+ A%,
where
B X K B b
a5t = (1= ) g " + gV P = P
1 1 1 1\ B
_ _2(__ )cea_ _2( __)V_ea
(n—2) Ht tan(H?) VI —(n=2) tan(Ht) Ht ku’ P
1 1 M ", 2
— n—2< - )Btve 4 4+ 2AB—————mvep?
( ) (Ht)? tan?(H?t) P sin?(Ht)

. 2
+ (n —2)Brv® p® — 2P ey hf, — 20 v vk, — —2Xchvevchad
n [—

_ 1 N
+ Z(Uahebgbdgaa - mvaﬁebgabgda)gcc (Hze — Ezve + vz E)

X (Hge — Eqve +vg Ec).
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From the above expressions and identities (3.28), we then get

Qedcv (vdgec ch 4 vcgedchad)
1
_ Y, d _pe pd
= (n—Z—R) HtQ gcvc(Se ) ﬁfﬁ )Pad
_ _l 1_ edc
(1= D) E o n ) 0t £ g AD
where
1\ 1\ AB 1 A d
B35 = (n=2=(n=1=2) ) gampv + (n =2 = 2) Zrmvvdp%, + 254

Next, we observe, with the help of (3.22), that

d _ ec

vig chad_vcgedchad
=v4g* (Y, p*y — V4 p*)
Bp? Bp?
— 4 “(vv a_y =P _ v vELy VLV>
g V¢ Ve V.,V ¢ NVag e

B
= v9g(V V6 — V V. E9) + T8 Ve + chv"g“v p*

1 1
= —v@g®R aBipb 4 _ cpd pt = hde Bpdvep?,,
8 Begp BID Hg_cpd KHtpd KHp P g
and that
Lp h — Lpa Qabcv he hd ]
KHt" ¢ KHt" ¢ ¢Taz b

Using these relations along withn —2 — (n — 1 — %)% =(1- %)(n -2 %) allows us

to express (A.11) as

1 e
Qedcch = ( N _) Qfgfvc(Se 8dg —h fhdg)Pad

1 1 " edc a ea
+(1_7>(E_"+2)H_2 veva p + A5 (A.12)
where 9
B
A;a = —Tpdvepad + A;g

On the other hand, by Lemma A 4, we have that Q¢?¢v,v.V, = Av¢ V,. Using this,

we can write (3.22) as

9 . 1 1 1
FQbCup1.V, p? = Fercvbvc<§ - I)Ep Ve + FOPCvpv — z p o (A.13)
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where F is a constant to be determined. We then collect (A.12) and (A.13) together to get

the system
1 a Aea
v (5) = (30) + () a0

A — Qedc 0
2 = 0 Fchevbve ’

8, — gabey, (127D —h ) + §hehTy, (=) (G —n+2) 78w
¢ F%Sda Vp F(% — Dvpvg

_ Qabcvc 0
N 0 FO*c vy,

(n—2—1)(6%,69, —hh%y) + the by (1= Dk —n +2) 58,0
—5 (%—l)va

To complete the proof, we apply Lemma A.5 to (A.14) to get system (A.10). ]

Lemma A.7. The conformal Einstein equation (3.16) for §2° — Qab can be expressed in
first-order form as

B —vef ~ —ves‘ige 1 —vesai, B
_Agvczc h b +A§ﬁbczb heasabf :E£3 ﬁegsabe + Gs, (A.15)
ab @b @b

where
-2 0 0 —28b —peb g
Al=[o ne o|. AR, =|-n"> o o].
0 0 -2 0 0 0
~ —A(n—=2) 0 0 veAgﬁbgz,U)
By = 0 0 0}, Gs = |n' Aeﬁb(r U) |,
0 0 0

Al)d ab

and the map Ag“b (¢,U), which is analytic for (t,U) € (—t, 4) x Br(0) for t, R > 0 small
enough, is given by

-2 n—2 n—2
eab e . d ab _ c.e.ab
A5 (2, U0) = T Amvev?s d ( T tan(Ht))v ves

+ vegcdzc(s—lxabgf)zdhgf _ 2veS_lxabgfhgahbeab

c

2
_ zveS—lxabgfhgahfb Qab _ 2VeS_liabgfhgahf XaXb
—2(n— Z)S_ll)exabcdSCd +21° S_lxabgfh?ahf gbdgaagcc
X (Hze — Eqve + vaEe)(Hae — Eqve +va Ec).
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Proof. Using definitions (1.40)—(1.41) for sab , and 5?0 we can express the conformal
Einstein equation (3.16) for pab — hab as
-2
ngZcSabd _ taizl(Ht) 1)csabc + ngEC (S_lcfabef)zljhef . 2S—1£abefheahfbpab
2
_ b b - b b
_ 2§ 1lga efheahbea _ TZS 1spa efheahbeaX
—2(n—2)S71gab 5@
Zs—lxab he hf bd jaa ,cc Hor — E~va ~EA
+ eft a™ bg g8 ( ac ave tVva c)
X (Hge — Eqve +vaEc),

which, in turn, implies by (3.24) that
-2
Qedczcsabd — vdgeczcsabd _ vcgedzcsabd + nHt vdvesabd + Angb’

where

1 1
Ht tan(Ht)
. 2veS—lxabgfhgahbeab i 2VeS_1:Cabgfhgahfb Qab

A?’fb - _ < )(}’l _ z)vcvesabc + vegcdzc (S—lxabgf)zdhgf

— 2VeS_1cfabgfhgahbeaXb —2(n— Z)S—lvexab“lscd
+ 2veS—1 :Cab?fhéallfbgbdgaagcﬁ
x (Hae — Eqve +vaE¢)(Hae — Eqve + va Ec).
However, due to (3.28) and the commutator identity

l)dgeczcsabd _ l)cgedzcsabd — l)dgec (Zczdsab _ zdzcsab)
— _vdge(:(&dfasfb +£cdfbsfa) =0,
it follows that (A.2) can be equivalently written as

edc ab _ 1
OV, Yy =

~2
QT (8 6%y — B )5y + A5 (A.16)

where )
Ag“b = _nH Tkmvevdsabd + Ag‘fb.
On the other hand, by Lemma A.4, we have that erc vpvV, = Av¢V,. Using this,
we see from (3.23) that

ercvbvczesfg = ercvbvcsfge. (A.17)
Collecting (A.16) and (A.17) together gives

1 ab eab
_ L (Te) o AT ), (A.18)
Ht Sab ercvbvcsabe

a

S
c
s (G

S
N——
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dc
c_ (9F° 0
A3 - ( 0 QCbeVbVe)

3, — oy, ((n—2><88a8d,,—hz/!b> o):(—m—z)vevd 0)'

where

and

0 0 0 0

Then by applying Lemma A.5 to (A.18), we get

~ —vesaj’e ] —vesai;e B
A5V, Qegs“be = Ei% hegsabe + Gs,
@b $ab
where
o (ve0va v 0dh’ 0
Ag — hfeQEdCVd hfeQedChed 0 ,
0 0 QCbevbve
Ve O ah
63 = hf 0 Aga AT i
_()e ) ercvbvcsabe
ve O ’ —A(n—=2) 0 O
B3 = ﬁfe 0] 83 (Vod hod (1)) = 0 00
0 1 0 0 0

We then complete the proof by setting A = Kg V¢, which allows us to write in the stated
form (A.15). [

Lemma A.8. The conformal Einstein equation (3.15) for q can be expressed in first-order
form as

—Vvés, —Vvés, | —Vvés,
—AQveV, | Bsse | + ARV, | BEss. = g, B4 | 1%se | + Ga.
S S S
where
-2 0 0 —2gb —peb
A= o0 nse . AR, =|-n'" 0 o],
0 0 - 0 0 0
—A(n—2) 0 0 Ve AS(2,U)
By = 0 0 0], Gis=|r',0500)],
0 0 0 sy
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and the map A§(t,U), which is analytic for (¢,U) € (=, 5) x Br(0) for t, R > 0 small
enough, is given by

-2 2
A, U) = (nH )Amv eyds, —2P% ey, — Q“bvevavb — nTzXavaev“vb
— (L B )(n — 2%, + 2veﬁsz2
Ht tan(Ht) ¢ sin?(Ht)
o 3— 23—
—2(m —2)vAtm + —n)vehabP“b
2( 2) e Ve cdv hgf_dhgf (
(n— 1) n—
23—-n) , b 2(3—n) b
_ Y ey o 2 ) ey yay
1 Vohap O (n—l)(n—2)v ab
3 5 3—n+A
+ 20¢ <_ha gbd aa __ mgda _ vavbgbdg”“)

x g% (Hae — Eqve + vaE2)(Hae — Eqve + va Ee).

Proof. Using definitions (1.36) and (1.42)—(1.43), we can express the conformal Einstein
equation (3.15) for g as

-2
gV, sa = O =2 s + Aa,
where
1 24212 y
Ay = — (— )( — e ?nﬂ —2(n —2)ktm
Ht tan(Ht) sin“(Ht)
3—- 2(3 - 2(3
+ ( ’:) gcdzchefzdhef _ (—ln)habpab g Qab
n— n— n—
2(3—n 2
—mhabxa)(b—2Pabvavb—2QabUa\)b—mXaXbVaVb
3—n ;s 3—n+A
2( h bd jad __ da bd aa)
+ T tab8 20m-2) g8 +vavpg g

x g°€(Hze — Eqvp + vaEe)(Hye — Eqve + va Eo).
With the help of (3.28) and the commutator identity
e gV 5q — 1 gV sg = v g* (V. Vs =V V,5) =0,
it then follows that

0%V 5q — (V9 gV sq — 18V, 54)
_(m=2)1
- H

Qfgc (8,89, —h° ph? )sa + A,

where

2).
A = )Amvevdsd + ¢ Ay
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On the other hand, by Lemma A 4, we have that Q¢*¢ v, veV, = Av°V,. Using this,
we see from (3.23) that
ercvbvczes = ercvbvcsg.

Collecting together the above two equations gives

Sd 1 Sd AS
ALV = — 4
4= (s ) Ht£4 (s ) + (ercvbvcse) ’
dc
c_(9° 0
A4 - ( 0 QCbeVbVe)

B, = 0P, ((n—2>(86a8d,,—hz/1"'b> O)Z(—A(n—Z)veud o).

where

and

0 0 0 0

To complete the proof, we can then proceed in the same way as in the final step of the
proof of Lemma A.8. |

Appendix B. Expansions and inequalities

B.1. Expansions
We recall the well-known Neumann series expansion.

Lemma B.1. If A and B are n x n matrices with A invertible, then there exists an g9 > 0
such that the map
(—€0.0) D &> (A+eB) ™" € Myxn

is analytic and admits the series representation

o0
(A+eB) ' =A7"+ ) (=D)"e"(A'B)" A7, |e| < g.
n=1
In the following proposition, we use the Neumann series expansion to derive some

useful geometric expansion formulas. All of the geometric objects are as defined in Sec-
tions 1.2 and 1.7.3.

Proposition B.2. There exists a constant o > 0 such that if |g*® — g®?| < ¢o, then

gab = &, + Sap(t,m, p?.5,5%), (B.1)

V. h = 8% (t,m,mg,s,54,5°,5%)), (B.2)

chab = Sadc (vasmdvsssds pa7 padvsabs Sabd)

) (B.3)

where the §-maps are analytic in all their variables and satisfy $(¢,0) = 0.
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Proof. By (1.36), (1.42) and (1.35), we have

and hence, after differentiating, we get

V,S =SV, InS =SZC(

—C

q_3(ﬁn+1))= 3in(‘?c— -5

With the help of these relations, we then observe that

Zcha‘? L(Sba‘?) _ SZcba‘?vaa‘?LS

l ?Atm ’\d
= (sc—mc—u e 3—n ¢
3—n

A s—ktm s—ktm ~
(sc —Me — — mvc>e 3—n h“d +e3n s“d
JH

+3—n

ab

Letting § ad c(tom,mg,s,5q,58 sb ;) denote the right-hand side of the above expression,

it is clear that S “dc is analytlc in all its variables and satisfies S adc (z,0) = 0, which

establishes the validity of (B.2).
Next, we observe that

gcd _gcd =+ 1)vcvd _é-dvc _écvd + (Sf)Cd _hcd)

= Remvev? — Brp@v© —Brpcu? + "7 54 4 [ Ton — 1],
With the help of this expression, (B.1) follows from applying Lemma B.1 to
p = (gcd)—l — [gcd + (gcd _gcd)]—l.
Finally, to verify the remaining expression (B.3), we differentiate
gab — hab _ Zv(a;’_-b) + Avavb
to get
b b b b
V. g% =V h? =24V £ + v°V A
=V h — 2l (pb) ipl’)v ) + v“vb<m + imv )
—C c RH c c jH CJ»

where in deriving this we have used formulas (1.33), (1.36), (1.37) and (1.39). Letting
S“d (t,m,mg,s,sq4, p*, p°;, sab gab ;) denote the right-hand side of the above expres-
sion, it is clear that § “d is analytic in all its variables and satisfies $39 ¢ (¢,0) = 0, which

establishes the validity of (B.3) and completes the proof. ]
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B.2. Young’s inequality

Lemma B.3 (Young’s inequality for scalars). Suppose a,b € R and ¢ > 0. Then

1
bl < = —b2.
labl < Sa® + 5
Lemma B.4 (Young’s type inequalities for tensors). Suppose h,;, € TzoZ is a positive
definite metric and hab € TOZE is the inverse of h.4, X4c € T20 Y is anti-symmetric,
Y eTY, Z, € T*S, A4 € TX, A% € T$X, A%, € TS and § > 0. Then

§ 1
|XgeA%Y| < Egad@bcxabxdc + z—ghbdAdAb@acY“YC, (B.4)
8 1
| Xac A Za| < SHD" XapXae + 5o A A Chygho ZaZy. (BS)
8 1
|ZgA%.Y¢| < h“dZdZ + 28ﬁadA“eAdeeYb. (B.6)

Proof. Inequality (B.4) is a direct consequence of the calculation
1
Shdahbcxabxdc Zl: 2Ad YCXdc + EAd Ychbdh Ab Ya
1 ~
dayb d b
(fh apbey .+ %A )(fxdc —ﬁhgd@acA Y“)

\/ghbfh v/ ) (VoXae % L@EdhacA’?Ya)

_ pdaybc
= W (V6Xap £ 7

207

where the inequality in the last line is due to the positive definiteness of the metric /1.
We similarly conclude the validity of inequalities (B.5)—(B.6) from the following related
calculations:

1
dypb ab
thll h C(\/gXab:t f4ahbbAea 7 )(\/ngci%hzjdh&;

1 A
= §h9 P X gy X go + 2X 0y AT Z 5 + gAedfzehl;dh&Afdczf

ardez;)

and

O<hdc(x/_Zd:|:\/__adA“ )(fz :I:\/g Abfo)

1
=8Z4Zch™ £2Z,Y7 A%, + EA“eYehbaAbfo. n
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Appendix C. Index of notations

In this appendix, we collect some notations that we used in the paper.

(ﬂ" ,8ab) n-dimensional, connected Lorentzian manifold; Section 1

G compact and connected Lie group; Section 1

g Lie algebra of G; Section 1

¢y inner-product for ¢, ¥ € §; Section 1

[ -] norm on §; Section |

Sab physical spacetime metric; Section 1

Fup physical Yang-Mills curvature; Section 1

Ay physical gauge potential; Section 1

Va covariant derivative associated to g,5; Section |

Dq gauge covariant derivative of a §-valued tensor; Section |

T Cartesian time coordinate function on R; Section 1.2

hap standard metric on S”~1; Section 1.2

gd(x) Gudermannian function; Section 1.2

t conformal compactified time function; Section 1.2, (1.7)

ga b de Sitter metric; Section 1.2, (1.5)

1\ conformal factor; Section 1.2, (1.11)

&b conformal de Sitter metric; Section 1.2, (1.12)

Vg, V¢ unit normal and conormal to ¥; w.r.t &ab’ Section 1.2, (1.13)
E’b projection w.r.t v and &b Section 1.2, (1.14)

Va, 11;“ unit normal and conormal to X; w.r.t. gab; Section 1.2, (1.15)
Ty, T? unit normal and conormal to X w.r.t. g,5; Section 1.2, (1.16)
X §957,7,; Section 1.2, (1.16)

Ecd, he d projections w.r.t v¢ and Te, respeciively; Section 1.2, (1.17)—(1.18)
Ep, Hap 3 + 1 decomposition of Fgp w.r.t. h%, and T7; Section 1.2, (1.19)
A physical wave gauge vector fields; Section 1.3

Xa physical contracted Christoffel symbols; Section 1.3

i covariant derivative associated to ga b Section 1.3

hab Eacﬁbdgﬂd; Section 1.4

Sab> g”b conformal spacetime metric; Section 1.7.3, (1.29)

Fup conformal Yang—Mills curvature; Section 1.7.3, (1.30)

Ag conformal gauge potential; Section 1.7.3, (1.31)

A, €€, hab 3 + 1 decompositions of g%® w.r.t. v, and h,; Section 1.7.3, (1.33)
m, mgy Fuchsian fields; Section 1.7.3, (1.36)—(1.43)

pe, p? Fuchsian fields; Section 1.7.3, (1.36)—(1.43)

sab, said .S, 84 Fuchsian fields; Section 1.7.3, (1.36)—(1.43)

K B, I, K dimension-dependent constants; Section 1.7.3

q, b“b modified metric variables; Section 1.7.3, (1.35)

R h”cﬁbdg“’d; Section 1.7.3, (1.34)

o, o determir;mt variables; Section 1.7.3, (1.34)

Ay, Ep Agh®, and —v? Fpah®,, respectively; Section 1.7.3, (1.45)
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€%, Hyp —h%b E}, and h€ 4 Feah®y, respectively; Section 1.7.3, (1.46), (1.47)
U Fuchsian field vector; Section 1.7.3, (1.49)

-l xe. » Sobolev norms; Section 2.1.4

-l Loo(r,ws-py Sobolev norms; Section 2.1.4

\ covariant derivatives associated to &b Section 3.1

v covariant derivative associated to g,5; Section 3.1

O wave operator associated to g,p; Section 3.1

Rege s Rypr R

Riemannian/Ricci/scalar curvature tensors of ga » Section 3.1

@c de > @ab’ @ Riemannian/Ricci/scalar curvature tensors of g , 3 Section 3.1
R, dea’ Rup, R Riemannian/Ricci/scalar curvature tensors of g,5; Section 3.1
R, de”, Rup, R Riemannian/Ricci/scalar curvature tensors of g,; Section 3.1
A conformal wave gauge vector field; Section 3.1.1, (3.4)

X conformal contracted Christoffel symbols; Section 3.1.1, (2.1)
Ye, n? gauge source vector field; Section 3.1.1, (3.5)

Aab ¢ wave gauge tensor; Section 3.1.1

pab, Q"b lower order terms in R%®; Section 3.1.1, Section A.1, (3.7), (A.3)
éﬁabcd projection operator; Section 3.1.1, (3.13)

Qede symmetrizing tensor; Section 3.1.1, (3.24)

EF dimension-dependent constants; Section 3.1.2

U 3 4 1 decomposition of U; Section 5, (5.4)

{’, (ée, Eod, Folab, /fs) renormalized conformal Yang—Mills fields; Section 5.3, (5.15)
IOJ renormalized U; Section 5.3, (5.18)

u gauge element of G; Section 6, (6.1)

/TZ, ﬁa*b’ E}, ﬁ;b Yang—-Mills fields under temporal gauge (1.20); Section 7

Up initial data for U; Section 7, Step 4

fJo initial data for ﬁ; Section 7, Step 4
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