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Abstract. We prove that on a Fano G-manifold (M, J), the Gromov—Hausdorff limit of the Kéhler—
Ricci flow with initial metric in 27z¢1 (M) must be a Q-Fano horosymmetric variety M, which
admits a singular Kihler—Ricci soliton. Moreover, M is the limit of a C*-degeneration of M
induced by an element in the Lie algebra of the Cartan torus of G. A similar result can be proved
for Kihler—Ricci flows on any Fano horosymmetric manifolds. As an application, we generalize
our previous result about the existence of type II singularities of Kédhler—Ricci flows on Fano G-
manifolds to Fano horosymmetric manifolds.
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1. Introduction

It has been known that the existence of Kéhler—FEinstein, abbreviated by KE, metrics on
a Fano manifold M, that is, a compact Kéhler manifold with positive first Chern class,
is equivalent to K-stability (see [8, 12,30, 32,44, 45], etc.). Since not every Fano mani-
fold is K-stable, there are Fano manifolds which do not admit KE metrics and we are led
to studying the problem of optimal deformations of such Fano manifolds which admit a
canonical metric. The Kéhler—Ricci (KR) flow provides an approach to solving this prob-
lem by geometric-analytic methods, more precisely, we have the following conjecture,
referred to as the Hamilton—Tian (HT) conjecture (see [27,44]):

Any sequence of metrics (M, w(t)) in the KR flow contains a subsequence converging
to a length space (M, o) in the Gromov—Hausdorff (GH) topology and (M s, wso) is
a smooth KR soliton outside a closed subset S, called the singular set, of codimension at
least 4. Moreover, this subsequence of (M, w(t)) converges to (M, Weo) in the Cheeger—
Gromov topology.
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This conjecture has been confirmed (see [3, 14, 44,48, 54]). Actually, the existence
of GH limits follows from Perelman’s noncollapsing result [27,43] and Q. Zhang’s non-
expanding result [60]. Moreover, (M, o) is unique (see [13,25,55]).

Recall that a KR soliton on a Fano manifold M is a pair (X, w), where X is a holo-
morphic vector field (HVF) on M and w is a Kédhler metric on M satisfying

Ric(w) —w = Ly (w), (1.1)

where Ly denotes the Lie derivative along X. If X = 0, the KR soliton becomes a KE
metric. The uniqueness theorem in [49,50] states that a KR soliton on a compact complex
manifold, if it exists, must be unique modulo Aut(M ).l Furthermore, X lies in the center
of the Lie algebra of the reductive part of Aut(M).

On a Fano manifold M, we usually consider the following normalized KR flow:

dw(t)
ot

where wg and w(t) denote the Kihler forms of a given Kihler metric g¢ and the solutions
of the Ricci flow, respectively. It is proved in [11] that (1.2) has a global solution w(t) for
all # > 0 whenever wy represents 27rcy(M). It is a natural problem to study the limiting
behavior of w(¢) as t — oo as well as its limiting structure.

The purpose of this paper is to solve the above problem in the case of Fano G-
manifolds, where G is a complex reductive Lie group (i.e., the complexification of a
compact group K). By a G-manifold, we mean a (bi-equivariant) compactification of G
which admits a holomorphic G x G-action and has an open and dense orbit isomorphic
to G as a G x G-homogeneous space. A special case is toric manifolds when G is a torus.

The problem of existence of KE metrics and KR solitons on G-manifolds has been
extensively studied (see [16, 17, 19, 36, 38], etc.). A criterion has been found for their
existence in terms of the barycenter of the moment polytope associated to the Cartan torus
subgroup of G. By using this criterion, one can construct many examples of G-manifolds
which admit KE metrics or KR solitons, as well as examples of G-manifolds which admit
neither KE metrics nor KR solitons (see [16, 64]). Furthermore, we have recently proved
the following result for the KR flow on G-manifolds [37,65].

= —Ric(w(t)) + w(t), w(0) = wy, (1.2)

Theorem 1.1. Let (M, J) be a Fano G-manifold which admits no KR soliton. Then any
solution w(t) of (1.2) with initial metric wy € 2mcy (M, J) will develop a singularity of
type 11, that is, the curvature of w(t) must blow up as t — oo.

Using Theorem 1.1, we found that there are two SO4(C)-manifolds and one Sp,(C)-
manifold on which the KR flow develops singularities of type II [37]. The result provides
the first example of a Fano manifold on which the KR flow develops a singularity of
type II (see [39]).

Theorem 1.1 implies that the GH limit (Moo, wso) from the HT conjecture must be
singular [3, 55]. Also we have shown that the limit may not be a Fano G-variety [36,

n the case of KE metrics, this uniqueness theorem is due to Bando—Mabuchi [4].
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Section 7]. Nevertheless, we hope that (Mso, Wso) Will still keep some symmetries and
can be classified. Our first main theorem is the following:

Theorem 1.2. The GH limit of the KR flow (1.2) on a Fano G-manifold (M, J) is a Q-
Fano horosymmetric variety which admits a singular KR soliton. More precisely, if the
initial metric wy in (1.2) is K x K-invariant, the solution w(t) converges locally smoothly
in the Cheeger—Gromov topology to a KR soliton wgs on a horosymmetric space whose
completion is the GH limit of the KR flow (1.2) with the structure of a Q-Fano horosym-
metric variety (Moo, Joo) as the limit of a C*-degeneration of (M, J) induced by an
element in the Lie algebra of the Cartan torus. Moreover, if wk s is not a KE metric, then
Moo coincides with the limit of the C*-degeneration of (M, J) induced by the soliton
HVF of wks.

A homogeneous space G/H is called horosymmetric if it is a fibration over a gen-
eralized flag manifold whose fibers are symmetry spaces (see [18]). A horosymmetric
variety M = G/H with group action G is simply a compactification of a horosymmetric
space G/H,; if it is smooth, we call it a horosymmetric manifold (see [2,18]). Theorem 1.2
means that any Fano G-manifold has a degeneration to a Q-Fano horosymmetric variety
on which there is a singular KR soliton. Furthermore, this degeneration can be realized
by a C*-degeneration induced by an element in the Lie algebra of the Cartan subgroup
of G (see Theorem 3.2). Namely, we have

Corollary 1.3. Any Fano G-manifold (M, J) admits a G x G-equivariant C*-degener-
ation induced by an element in the Lie algebra of the Cartan torus of G such that its
central fiber in the C*-degeneration is (modified) K -stable relative to the group G x G.

The (modified) K-stability in Corollary 1.3 follows from the fact that (M, Jxo) in
Theorem 1.2 admits a singular KR soliton (see [9, 24, 53]).

Remark 1.4. The G x G-equivariant C*-degeneration in Corollary 1.3 is referred to as an
optimal degeneration for (M, J). Since the soliton HVF on M, in Theorem 1.2 induces a
G x G-equivariant C*-degeneration on M which attains the minimum of the H -invariant
for special degenerations [20, 55], we can find a unique degeneration by minimizing the
H -invariant for the G x G-equivariant C*-degenerations induced by a valuation cone in
the Lie algebra of the Cartan torus, defined by Delcroix [17]. Thus the algebraic vari-
ety structure of M, in Theorem 1.2 can be classified in this way if M is not K-stable.
A detailed computation of the H -invariant on such degenerations has recently been given
by Li-Li [34] and Wang—Zhu [57].

Since the limit of the KR flow (1.2) is unique, we need to prove Theorem 1.2 only
for a K x K-invariant initial metric. Then the flow can be reduced to a parabolic equa-
tion of Monge—Ampere (MA) type for a class of convex functions as in the case of toric
manifolds [63]. The main difference here is that the convex functions should be invari-
ant under the Weyl subgroup of G, but the convex functions induced by the Cartan torus
transformations will not preserve the Weyl invariant in general. In particular, we cannot
get global Kihler potentials on a G-orbit by the induced convex functions. Our method
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is to do local C¥-estimates for those induced convex functions on a Euclidean cone a4
and prove that the limit convex function on a new cone a’, will define a KR soliton on a
horosymmetric space (see Sections 3—-6).

We will divide our proof of Theorem 1.2 into three cases according to concentration
points x; of convex functions w; on the cone a4 (see Theorem 3.2). Those points induce
a family of torus translations for convex functions ¥, (or ;) which will determine the
soliton HVF on the limit space (Mo, Joo) (see Proposition 5.1 and Lemma 5.2). We
mention that similar arguments have been used to get local estimates for Kéhler potentials
in the KR flow in general by using partial C°-estimates in [54].

The horosymmetric structure N on Mo, in Theorem 1.2 can be explicitly constructed
via the G-equivariant C*-degeneration induced by an element in the Lie algebra of the
Cartan subgroup of G (see Example 2.4 and Remark 3.5). For general constructions of
those C*-degenerations on horosymmetric varieties, we refer the reader to recent papers
by Delcroix [17] and Li—Li [34].

Theorem 1.2 can be generalized to any horosymmetric manifolds. Namely, we can
also prove

Theorem 1.5. The GH limit of the KR flow (1.2) on a Fano horosymmetric manifold
M = G/_H is a Q-Fano horosymmetric variety which admits a singular KR soliton. More
precisely, if the initial metric wg in (1.2) is K-invariant, the solution w(t) after Cartan
torus transformations of M converges in the Cheeger—Gromov topology to a KR soli-
ton on a Q-Fano horosymmetric variety whose completion is the GH limit of the KR
Sflow (1.2) with the structure of a Q-Fano horosymmetric variety My, as the limit of
a C*-degeneration of (M, J) induced by an element in the Lie algebra of the Cartan
torus. Moreover, if wgs is not a KE metric, then My, coincides with the limit of the
C*-degeneration of (M, J) induced by the soliton HVF of wks.

As an application, we generalize Theorem 1.1 to the case of Fano horosymmetric
manifolds as follows.

Theorem 1.6. Let (M, J) be a Fano horosymmetric manifold which admits no KR-
soliton. Then any solution w(t) of (1.2) with initial metric wg € 2mwc1(M, J) will develop
a singularity of type II.

The proof of Theorem 1.5 is almost identical to that of Theorem 1.2, so we will only
sketch it at the end of paper.

The organization of the paper is as follows. In Section 2, we review some previous
results on horosymmetric geometry, in particular from Delcroix’s works [16—18]. In Sec-
tion 3, we reduce the KR flow (1.2) to a parabolic equation (3.1) of MA type and derive
several estimates related to the C°-estimate for equation (3.1) (see Proposition 3.1 and
Lemmas 3.4 and 3.6-3.8). Section 4 is devoted to the C2-estimate for (3.1) by controlling
the norm of HVFs (see Proposition 4.2). We note that the estimate is completely different
from the classical (global) C2-estimate of Calabi—Yau for complex MA equations (cf.
[11,51,58], etc.). Theorem 1.2 will be proved by completing Theorem 3.2 in Section 5
while we give a sketch proof of Theorem 1.5 as well as Theorem 1.6 in Section 7. In
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Section 6, we prove the local convergence of Kihler metrics associated to solutions of
(3.1) as well as (5.8) (see Proposition 6.1). Proposition 6.1 will be used in the proof of
Theorem 3.2 in Section 5. Section 8 is an appendix, where we prove an existence result
for singular KR solitons on Q-Fano horosymmetric varieties (see Theorem 8.1).

2. K-invariant metrics on horosymmetry spaces

In this paper, we always assume that G is a reductive Lie group which is the complexi-
fication of a compact Lie group K. Let TC be an r-dimensional maximal complex torus
of G with Lie algebra t€, and I the group of characters of t€. Denote by ® the root
system of (G, TC) in 9 and choose a set @ of positive roots. Then each element in ®
can be regarded as an element of a*, where a* is the dual of the noncompact part a of tC.

2.1. K x K-invariant metrics on G-manifolds

By the K x K-invariance of the Kihler metric @ on G, the restriction of w to TC is an
open toric Kihler metric. Thus, it induces a strictly convex function ¥ on a (see also
Lemma 2.2 below) such that

w=+—-133y% onTC. 2.1

On the other hand, by the KAK-decomposition [28, Theorem 7.39], for any g € G,
there are k1, k; € Kand x € a such that g = k; exp(x)k,. Here x is uniquely determined
up to a Weyl action. This means that x is unique in a;, where ax is the closed cone of
the Weyl chamber a defined by

ar ={x€alalx)=(ax)>0, Vo € O }.

Thus there is a bijection between K x K-invariant functions ¢ on G and Weyl-invariant
functions v on a which is given by

¢y (K-exp(x)-K) = ¥(x), Vxeay. (2.2)
Hence, (2.1) can be extended on G in such a way that
wy = V—103¢y onG. (2.3)

With no risk of confusion, we will not distinguish between v and ¢, and call ¢y, (or ¥r)
convex on G if ¢ is Weyl-invariant convex on a.
The following KAK-integration formula can be found in [28, Proposition 5.28].

Proposition 2.1. Let d Vi be a Haar measure on G and dx the Lebesgue measure on a.
Then there exists a constant Cg > 0 such that for any K x K-invariant d Vg-integrable
function  on G,

/W(g)dVGZCH/ Y (x)J(x) dx,
G at

h
ere J(x) = H sinh? a(x). (2.4)

OCGCI>+
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Without loss of generality, we may normalize Cy = 1 for simplicity.
Next we recall a local holomorphic coordinate system on G used in [16]. By the
standard Cartan decomposition, we can decompose g as

g=(t®a) PV,

aed

where t is the Lie algebra of T and
Vo ={X egladg(X)=a(H)X,VH €t ® a}

is the root space with respect to « of complex dimension 1. By [26, Chapter VI, Lem-
ma 3.1], one can choose X, € V, such that X_, = —1(Xy), [Xo, X—¢] = o and X,
generates the complex line V,,, where ¢ is the Cartan involution. Let

Eo=Xg—X-o, E-q=JXg+ X_a). 2.5)

Denote by ¥y, f_y the real lines spanned by E,, E_q, respectively. Then we get the
Cartan decomposition of the Lie algebra ¥ of K,

F=to @(?a@?_a).

(XE¢’+
oose a real basis s of t, where r is the dimension of T. Then
Chy 1 basis {E? E%) of h is the di i f T. Th
{EY, ..., E?} together with {E,, E_y}aco, forms a real basis of ¥, which can be rein-

dexed as {Ey,..., E,}. We can also regard {E1, ..., E,} as a complex basis of g. For any
g € G, we define local coordinates {Zég)},-zl,m,n on a neighborhood of g by

(zég)) — exp(zég)E,-)g. (2.6)

It is easy to see that §' |, = dzé 2) |¢, where the dual 6 of E; is a right-invariant holomor-
phic 1-form. Thus

dVelg := Nizi(dz{gy A dZ(,)]g. Vg €G, (2.7

is also a right-invariant (n, n)-form, which defines a Haar measure.
For a K x K-invariant function ¢ as in (2.2), Delcroix computed the Hessian of ¢ in
the above local coordinates as follows [16, Theorem 1.2].

Lemma 2.2. Let ¢y, be a K x K-invariant function on G associated to a Weyl-invariant
convex  on a. Then for any x € ay, the complex Hessian matrix of ¢y in the above
coordinates is block diagonal, and equals

1Hessg (¥)(x) 0 0
0 My, (x) 0

Hessc (¢y ) (exp(x)) = 0 0 5 . (28)
. . .
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where 4 = {a(yy, ..., a(%)} is the set of positive roots and

v coth iy (x) V-1
Ma(i) (X) = 2(0[(1),V1//(X)) ( _ﬁ Cotha(i)(x)) '

Here () is the Killing inner product on the dual space of the Lie algebra t.

By (2.8), ¥ induced by a K x K-invariant Kihler form w is convex on a. The complex
MA measure is given by

oy = (V=103¢y)" = MAc(dy) d Ve, (2.9)
where
1 1
MAc () (exp(x)) = 2o MAR () (¥) 7 [] (@ V) (2.10)
(¥€<I>+

In particular, by Proposition 2.1,

vol(M, wy,) :/ w:; = Co/ ady =CoVy=1V, (2.11)
M 2P
where P is the quotient space of the moment polytope P by the Weyl group W, and
r(y) =[] (@ (2.12)
0[€<I>+

For a K x K-invariant KE metric defined by a convex function ¥ as in Lemma 2.2,
by (2.10), it is easy to reduce the KE equation to the following real MA-type equation on
the cone a (see [16]):

7 (V) det(V2y) = J(x)e V. (2.13)

2.2. Geometry of horosymmetric spaces

Let H be a subgroup of G. A homogeneous space G/H is called horosymmetric if there
is a parabolic subgroup P of G such that P/H is a symmetric space and G/H is a P/H-
fibration over the generalized flag manifold G/P [18]. In particular, if the Lie algebra of H
contains all X, with @ € @, the homogeneous space G/H is called horospherical.

According to [18], there is a Levi subgroup L of P and an involution o of L such that
the following is true for the Lie algebras of P and H:

(1) The Lie algebra of P has the decomposition
p=t® Y X,@ Y Xy (2.14)
aedy, Bed,

where @y, is a root system of L, which is a subset of the root system ® of G, and
®, = &1\ (&4 N Py) is a subset of the positive root system ®4 of G, called the
set of roots of the unipotent radical of P.
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(2) The Lie algebra of H can be represented as
b=t @ Y Xa® Y X_p (2.15)
a’ed;o Bedy,

where tg is a subtorus of t which is fixed by o and ®r0 is a root system of the fixed
subgroup L? of L. Clearly, G/H is horospherical if and only if &y, = ®y0.

On a horosymmetric spaces G/H, we can consider K-invariant metrics (see [18]). Let
df =04\ Do (2.16)

and |
=5 b
Bedy
Then for a K-invariant metric, there is a convex function ¥ on a’, where a’ is the real part
of t' (= t/to) with dimension ro such that the metric can be divided into three parts as
follows (see [18]):
—1 o . .
wy (ky expix}ka) - H) = —— > (Hess(y)),;dz' A dz/
ij=1
V-1 Z (o, V)
2 sinh (o, -)
o¢€<I>;F
/—1 3
TR
Bedy

+ dz' ndz'

B-x) (B, Vy)dz A dZ8. (2.17)

Since V¥ is invariant under the restricted Weyl group associated to @] [18], x € a’ can be
restricted to the cone a’, in a’ given by

o, ={xea|{ax)>0, Yo} (2.18)
Example 2.3. Every reductive Lie group G can be regarded as a horosymmetric space
G = G/diag(G x G)

with the parabolic subgroup P =G = G x G. With o(g1,22) = (g2, g1), the set @ in
(2.16) associated to G is given by

dF = {(a.0) U (0, ') | o, € D4}
By (2.17), we have

wy ((ky exp{x}k,) - H) = g > (Hess(y)); ;dz' A dz7
ij=1

\V4 . . . .
Z (@, Vy) (dz"" AdZ 4 dzi=e A dzi-e),
sinh (o

(2.19)
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where 121,122 € K = K x K. Then by (2.5), it is easy to see that (2.19) coincides with
(2.8), where the holomorphic coordinates (zi“ , zi—“) correspond to the basis {Xy, X_4},
a=r+1,....,(n+r)/2.

Let M = G/H be the Fano compactification of a horosymmetric space such that G
can be holomorphically extended to M. Let Y be a rational vector in a’ and m an integer.
Then by [17, Theorem 3.30], the pair (Y, km) for some integer k > 0 will induce a special
G-equivariant C*-degeneration M of M which can be regarded as a compactification of
the homogeneous space

GxC*/Hxe.

Moreover, the center fiber of M is a Q-Fano spherical variety N with a homogeneous
open orbit N = G/Hj for some subgroup Hy of G. In the case of the Fano G-manifold
M being a compactification of the homogeneous space of Example 2.3, the homogeneous
open orbit of center fiber N is horosymmetric, which has been described in [34] as follows.

Example 2.4 (Center fiber N). Let {a1, ..., oy, ) be a subset of @1 which consists of all
simple roots in @ such that

;. Y)=0, i=1....ro. (2.20)

Let {ary+1. - ... } be the other simple roots in @ which do not satisfy (2.20). Then
there is a subset of &, {&;, +1,. ..., }, each of whose elements is a linear combination
of some elements in {o1, ..., oy, }. Denote by {&r,+1, ..., ;) the remaining elements
of &, which do not lie in the above three subsets of ® .

We define a subgroup Hy of G = G x G with Lie subalgebra h) generated by a basis

{(¥. ), diag{Y +};

(X(Xs XOl)s (X—(xs X—Ot)» o€ q)-‘r \ q)u = {alv s O O 15 - - ,arz};

(Xﬂ,O), (O, X_ﬁ), ,3 € un = {0er+1, e O Oy 1y e ,Olr3}}. (221)
Then N = é/ H, is a horosymmetric space, which is the open orbit of center N of a special

G-equivariant C*-degeneration of M induced by Y. The parabolic Lie subgroup P of G
associated to N is generated by a basis

{(Ei,Ej), i,j = 1,...,}’;
(de XO(’)? (X—Olv X—d/)v a»a/ € ®+ \ ¢u5
(X5.0). (0, X_g), B € @y} (2.22)

Moreover, the sets @ and ®,, associated to N are given respectively by
Of = {(@,0)U(0,—) | @ € Dy \ Py}

and A
Dy ={(B.0)U(0.—p) | B € Du}. (2.23)
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Thus any K x K-invariant metric on N is determined by a convex function ¥ on a such
that

wy ((kexp{x}ka) Ho) = —— 3 (Hess(y)),5dz" ndZ
i,j=1,...,r
V-1 \Y : . . .
— Y —(.“’ V) (dz' A dZe 4 dzi- A dZ1-2)
sinh (o, -)
(¥€¢+\¢'u
/—1 ; ; . .
+ - > e BB VY AdZS + dz P AdZE). (224)
Bedy,

The above x € a can be restricted to the cone a’_,_ in a associated to the root subsystem CiDj,

a, ={xealalx)=(ax)>0 Vaed\,). (2.25)

2.3. Reduced KR soliton equation on horosymmetric manifolds
As in (2.4), we introduce a function on o/, by
Jo(x) = [] sinhe(x). (2.26)
ae¢?

Then, analogously to (2.13), by (2.17), the KE equation on a horosymmetric manifold can
be reduced to the following real MA-type equation on a’, (see also [19, Theorem 4.3]):

7o(VY + 2py) det(V2yr) = Jo(x)e 7, (2.27)
where
() =[] (@ (2.28)
acdUd,

We note that in the case of toroidal horospherical manifolds there is a constant B > 0 such
that for any convex function ¥ in (2.17) (see [42]),

[T Vv +20.8) 2B xed,. (2.29)
Bedy
Similarly, for a KR soliton with respect to a HVF on M induced by an element X
in a, we get a reduced KR soliton equation on a, ,

7o(VY + 2p,) det(V2y) = Jo(x)e ¥V XW), (2.30)

By [51], X should lie in the center part a. of a. Thus in Example 2.4, by (2.24), equation
(2.30) becomes’
(VY + 4py) det(V2y) = J'(x)e VX0, (2.31)

2Here 2p, in (2.30) is replaced by 4p,, by the notation dy in (2.23).
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where 7 (y) is defined by (2.12) and

J'(x) = 1_[ sinh? ar(x). (2.32)
aed  \Py

(2.31) is defined on the cone a’, given by (2.25).

3. Reduced Kihler-Ricci flow

By (2.13), for a K x K-invariant initial metric in 27w c; (M), the KR flow (1.2) on the Fano
G-manifold M can be reduced to the following parabolic equation of MA type on a:

oy .

5 = loglr (V) det(V )] + (¥ + ). 3.
where

Jj(x) =—logJ(x), x€ay,
is a strictly convex function on ay (see [16, Lemma 3.7]). The solution ¥ = ¥ is a
family of Weyl-invariant functions on a and —%—'ﬁ’ is a Ricci potential of the metric wy,.
By a result of Perelman (see [43,51, 54]), there is a constant ¢; such that
Y

htZ—E‘}-Ct

is uniformly bounded. In fact, ¢; can be normalized by the identity

/ e (V) det(V3y,) dx = / ndy = V. (3.2)
at

2P,

For simplicity, we let w; = ¥, 4+ j as a convex function on a. Then by replacing
Yy with ¥ — ¢; (without confusion, we still use the same v/;), (3.1) can be rewritten as a
family of MA-type equations

(Vi) det(V2y,) = e Mie™vr, (3.3)

Note that j(x) — oo as x — W,, where W, = {x € a | (@, x) = 0} is a Weyl well
associated to the positive root «. Moreover, one can show that w; goes to infinity at
infinity of a by using the fact that wy,, € 2c;(M), as in the proof of [16, Lemma 3.8].
Thus there is a unique x; € a4 and a number m; such that

infw, = w;(x;) = my. (3.4)
ay

As in [16], for any nonnegative integer k, we set

Ar(x;) ={x€car |m;+k <ws(x) <m;+k+1}.
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Then each U (x;) = Uf:() Ai(x;) = {w; <my + k + 1} is a convex set. Moreover, for
any k > 0, Ax(x;) is a bounded set and the minimum 1, is attained at some point in Ag.
Since

V(=j)(xs) = VY (x,) € Py,

where P, is the positive part of the moment polytope P of 2mcy (M), TC) in a* (see
[16,36,38]), V(—j)(x;) is uniformly bounded. Thus there is a uniform constant §y such
that

(a, x¢) > 8g, VYo e dy. (3.5)

This implies that there is a ball B, (x;) C Ao with a fixed radius « such that
dist(Be(x;), Wy) > 85, VYa € @, (3.6)
Due to [16], we also have the following estimates for equation (3.3).

Proposition 3.1. The following estimates hold:
() Im;| =C and (2) diam(Uk(x;)) < D. 3.7

Proof. A version of estimate (1) for m, has been obtained for a family of MA-type equa-
tions considered for the existence problem of KE metrics via the continuity method on
toric manifolds and G-manifolds in [56, Lemma 3.2] and [16, Proposition 4.4], respec-
tively. Thus following the argument for the KR flow on toric manifolds [63], we can also
get (1). We leave the detailed proof to the reader.

Estimate (2) follows from (1) and the gradient estimate of w,(x) (or j(x))) together
with equation (3.3) with the normalization (3.2) via the volume. ]

To prove Theorem 1.2, we establish the following explicit result.

Theorem 3.2. Let (M, J) be a Fano G-manifold. Then only three cases for the KR flow
(3.1) are possible:

Case 1: There is a sequence t; such that
|x,l.| S C

Then (3.1) converges to a KE metric in the sense of Kdhler potentials. As a consequence,
(M, J) is a KE manifold.

Case 2: |x;| — coast — oo and there is a sequence t; such that
|Pj(x:)l = C,

where P is the projection (a.,a’) — a’ with a. the center part of a. Then (3.1) converges
to a KR soliton in the sense of Kiihler potentials. As a consequence, (M, J) admits a KR
soliton.
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Case 3: |Pj(x;)] = oo ast — oco. Then there are two subcases:

Case 3.1: Foranyo € &4,
(@, x;) > 00 ast — oo. (3.8)

Then (3.1) converges locally smoothly in the Cheeger—Gromov topology to a KR soliton
wg s on a horospherical space whose completion is the GH limit of the KR flow (1.2) with
the structure of a Q-Fano horospherical variety My, as the limit of a C*-degeneration
of (M, J) induced by an element in the Lie algebra of the Cartan torus of G. Moreover,
if wgs is not a KE metric, then My coincides with the limit of the C*-degeneration of
(M, J) induced by the soliton HVF of wks.

Case 3.2: (3.8) does not hold. Then there is a subset ®,, of ® such that
(B,x:) > 00 ast— o0, VB e Oy, (3.9

and
8o < (', x;) <A, Va' € dL\d,. (3.10)

Moreover, as in Case 3.1, (3.1) converges locally smoothly in the Cheeger—Gromov topol-
ogy to a KR soliton wgs on a horosymmetric space, whose completion is the GH limit
of the KR flow (1.2) with the structure of a Q-Fano horosymmetric variety M, as the
limit of a C*-degeneration of (M, J) induced by an element in the Lie algebra of the
Cartan torus of G; if wgs is not a KE metric, then M, coincides with the limit of the
C*-degeneration of (M, J) induced by the soliton HVF of wgs.

Remark 3.3. (1) If G is semisimple, Case 2 in Theorem 3.2 does not happen.

(2) In Case 2, when (M, J) is a toric manifold, the result was proved in [63, Theo-
rem 1.1].

(3) Case 3.1 is just Case 3.2 when ®, = ®,. The lower bound of (3.10) comes
from (3.5).

(4) In Case 3, ®,, will not be empty and so the curvature along the flow must blow
up according to [37, proof of Lemma 4.4, Case 1, p. 14] (see also [65, Lemma 7.4]).° In
particular, (M, J) does not admit any KR soliton [20,47]. Thus together with the results
in Cases 1 and 2, Theorem 3.2 also implies Theorem 1.1.

Theorem 3.2 will be proved in Section 5. In the rest of this section, we prove several
fundamental lemmas for Case 3.2, which will be used in the next two sections.

Lemma 3.4. Suppose that |Pj(x;)| — oo ast — oo in Case 3.2. Let

X, = 3.11)
||

3In fact, the flow must blow up if there are 8 € ® and a sequence {x¢; } such that (3.9) holds.
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Then there is a subset ©,, of 4 such that

li{n(VlogSinh((,B,x))(x,),X) =(B,X), VBed,, X €aq;

(@', Xoo) =0, Va' e d;p\ Dy, (3.12)
where X is the limit of any sequence X, .

Proof. By (3.5), it is easy to see that there are a subset ®,, of & and a sequence ¢; such
that (3.9) and (3.10) are both satisfied. Since there are finitely many choices of ®,,, and x;
is continuous in ¢ (see (5.11) below), (3.9) must hold uniformly in ¢. As a consequence,
(3.10) also holds uniformly in ¢. In the case of (3.9), for any vector X € a we have

litm(Vlnsinh((ﬂ,x))(xt),X) =(B,X), VBecd,.

In the case of (3.10), we get

1
(@, Xoo) = lim ﬁ(a’,x,,.) =0, Vo' edy\ D,
i xtl.

since |x;; | — oo. |

Remark 3.5. &, is the same as in (2.21); it actually corresponds to the set ®,, of roots of
the unipotent radical in (2.23) for the horosymmetric space N = C}/ Hjp in Example 2.4.
In fact, we may modify X to be a rational vector in a so that (2.20) is satisfied. Then N
is a horosymmetric space with a parabolic subgroup P given by (2.22).

Lemma 3.6. Under the assumption of Lemma 3.4, we have
dist(Ug(x;), Wy) > 8 >0, Vo e Oy, (3.13)
Proof. By (2) in Proposition 3.1, we see that
[V (x) =¥ (x)l = C1. YV € Ur(xy).
Thus, it suffices to verify (3.13) for € &4 \ ®,,. In fact, by (3.9) and (3.10), we have

lwi (x) = wie (x)| = =Cr + |j(x) = j(xo)]

>—-Cy + ‘— l_[ Insinh({c, x)) + 1_[ Insinh({c, x;))
(XECI)+\<I>M Ol€<1>+\<1>u
>—-Cs5 + ’— l_[ lnsinh((a,x))’.
(¥€<I>+\<I>u
Then
‘— [T m sinh((a,x))( <G
aed  \ Py
and so

(@, x) > ex, VYaedy\ D, xeU(xy).

This implies (3.13). u
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Lemma 3.7. Let

1
Pu=3 > B (3.14)
Bedy,
Then
[¥e(xe) = (4pu., x:)| = C. (3.15)
Proof. By (3.9) and (3.10), it is easy to see that | j(x;) + (4py, x;)| < C. Then by (3.7),
we get (3.15). [

By (3.10), we see that for each sequence {x;} — oo there is a subsequence
of {x;, } (not relabeled) such that the corresponding sequence of functions sinh?({o/, Xt))
(@' € @4 \ ®,) has a limit. Thus the limit function

J(x)=1m [] sinh®((@".x + x;)) (3.16)
! /€D \Dy

is well-defined.

Lemma 3.8. Let {x;, } — 00 be a sequence in (3.16). Then there is a vector ag € a such

that
limsinh({e’, x;,)) = sinh({«’, ag)), Vo' € O4 \ @y. (3.17)
1
As a consequence,
Jx)y= ] sinh?({.x +ao)). (3.18)
/€D \ Dy
Proof. Choose aset {@1,...,0y,} of simple roots in @ \ ®,,. Then there are numbers &
such that
limsinh({(o’, x;,)) = 8or, Vo' €{ar,... 05}
l

Let M, be the hyperplane given by
My ={x€alla, x) =8}

Thus there is a vector ag € ﬂa/e (@1 5ot} M, such that

.....

sinh({’, a9)) = 8, Vo' €{ar,...,an}.
This implies
sinh({a’, ag)) = 8or, Vo' € &4\ Dy,
and so (3.17) and (3.18) hold. [

4. Local C2-estimate

In this section, we first give an upper bound for the Hessian of i through the norm esti-
mate of torus vector fields on M. We prove the following general result.
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Lemma 4.1. Let (M, wo) be a Fano manifold with wg € 2wc1(M). Let g = g(t) be a
Sfamily of solutions of the KR flow (1.2) with initial metric wo. Then for any Hamitonian
HVF X which satisfies Lin(xywo = 0, we have

IVOx|g = |X|g = C(1X|wy. wo), 4.1
where Oy = 0x(g) is a real-valued potential of X associated to g.

Proof. We need to recall Perelman’s result for the KR flow again (see [43, 50, 54]).
Namely, for the flow (1.2), there is a uniform constant Ay depending on the initial met-

ric wg such that
|h| < Ao, |Vh|g < Ao, |Rg| = Ao, 4.2)

where i = hy is the Ricci potential of wg, which is normalized as in (3.2) by

/eha)"z/ ;-
g
M M

Moreover, by a result of Zhang [59], the Sobolev constant Cg(wg) of wg is uniformly
bounded and it depends only on wy.
After adding a constant, Oy satisfies the following equation (see [23,51]):

Agbx + 0x + (00x,0h); = 0. 4.3)
Note that 6y is uniformly bounded (see [61,62]). Actually,

sup Ox (g) = sup Ox (wp), infbyx(g) = inf Oy (wo).
M M M M

Then the function F = e’y is also uniformly bounded by the first relation of (4.2).
Moreover, by (4.3), we have

AgF = —F + 0xAge" = —F + "0x (Rg —n + |Vh|2). (4.4)

Clearly, e 0y (Rg —n + |Vh|§) is uniformly bounded by (4.2). Thus integrating (4.4)
multiplied by —F, we see that |’ u | VF |§,a)g is uniformly bounded. Hence, by the gradient
estimate in [47, Lemma 7.2], we obtain

IVF|g < CUIVFL2(0.4) Cs(wg). [Vhg).
As a consequence, we deduce (4.1) from (4.2). The lemma is proved. ]

We apply Lemma 4.1 to the family of K x K-invariant metrics wy, = +/—1 85(;51,,, in
the KR flow (3.1) on the Fano G-manifold (M, wg). Let {eq, ..., e,} be r vector fields
generated by the basis {E?, ..., E®} of t. Then on T'C,

d 0 0
- 2 v vaas =2 a=1,...r
ca BxA+ oxq  0z4’ et

It follows that

0 0
|€A|§)1/,t = Wy, (aZ—A, (‘)Z_A) = wt,AA, A= 1, N (45)
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Proposition 4.2.
Hess(V2y;) < C.

X = ZaAeA
A

for some real numbers aq, A = 1,...,r. Then by Lemma 4.1,

Proof. Let

|X|2 <C(ay,...,ar).

(1)1'//’ e
Namely by (4.5),
ZaAaB%,AB <C'(ai,...,a).

Thus the proposition is true since a4 can be chosen arbitrary. ]
Lemma 4.3. On each Uy (x;),

(VYs,a) > Cr >0, Vaedy. (4.6)
Proof. By Proposition 4.2 and (3.3), we have

7(Vyy) = C; >0 on Ug(x;).
Note that (Vy/;, o) is uniformly bounded. Thus we get (4.6) immediately. |

Proposition 4.4. Let

Ve = Ve + xe) — Ye(xe).
Then 1@, is uniformly C'*-bounded for any | > 0 and o € (0, 1) on each Uy (x;) — {x;}.
Proof. Since (Vi/;, «) is uniformly bounded, by (3.3) and the first relation of (3.7) we

have
det(V2y;) > By on Ug(x;), 4.7

where the constant By, depends only on k. Then by Proposition 4.2,
Bi <Hess(Y1) < C  on Uk(xe) = {xe},

Thus, by the regularity of the parabolic MA equation (3.1) together with Proposition 3.1
and Lemmas 3.6 and 4.3, we conclude that ¥, (-) is locally uniformly C**-bounded for
any/ > 0and @ € (0, 1). |

Proposition 4.5. Under the assumption of Lemma 3.4, the set U (x;) — {x;} converges
ast — oo to aconea’, D ay in a, defined by

af, ={xeal{a,x)>0 Vo' € Dy \ Dy} 4.8)
Proof. By Lemmas 3.7 and 3.8, we have
Wi (x) = we(x + x¢) =Yy (x + x4) — e (xy) — (o, x) —log f’(x +agp)+ O0(1). 4.9

Let B, be an r-ball in a. Then the leading term of W, (x) in B, N a’, is —log J'(x + ap).
Thus the set {x € a | W,(x) < k} will exhaust a’, , and the proposition is proved. |
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5. Proof of Theorem 3.2

In this section, we prove Theorem 3.2 and so get Theorem 1.2. We first establish the
existence of a limit solution of the reduced KR flow (3.1).

5.1. Smooth KR soliton solution on N

Let N be the horosymmetric space constructed in Example 2.4 associated to the vector
Xoo € a in Lemma 3.4 (see Remark 3.5). Let a/Jr be the cone in a defined by (4.8). We
need to prove the following.

Proposition 5.1. Let p, be the vector in o, defined in (3.14) and J'(x) the function
defined on o', by (2.32). Then there is a smooth function ¢ on o, which satisfies the
equation

7 (Ve + 4py) det(V2¢) = J'(x)e ?7Y®), (5.1)

where the vector Y € o/, satisfies
(@', Y) =0, Va' € d,\d,. (5.2)

Moreover, the metric wg of the form (2.24) associated to ¢ is a K x K-invariant KR
soliton with respect to the HVF ey on N induced by Y .

By Proposition 4.4, 1/}, is uniformly C’-%-bounded on each Uy (x;) — {x;}. Then there
is a sequence 1%1. which converges locally uniformly to a smooth function o, on a’, .
Without loss of generality, we may assume that #; is chosen as in (3.16) with the func-
tion f’(x). On the other hand, by (3.3),

H(V}[Aftl.) det(Vzlﬁ,,) = e i H sinh?({o’, x + xti))e_(’}fi 1 Oty )= (4pusx1;))
a'edy \ Dy,

x o~ 4o xe;) l_[ sinh?((B, x + x4))- (5.3)
Bedy,

By Lemmas 3.7 and 3.8, on each set Uy — {x;, } we have respectively

eV Cep)—(dpusxy;) o o= (4pusxs;) l_[ sinh?((B, x +xg,)) = A0€<4p“’x> (5.4)
Bedy

for some constant Ag, and

l_[ sinh?({a’, x + x;,)) = J'(x). (5.5)
W ed\D,

Moreover, the convergences are both uniform on a fixed domain U C a/+ which is con-
tained in Uy (x;) — {x;} for k > 1.
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Lemma 5.2. Let
he() = he(- 4 x¢).

Then there are Y € a’+ and a constant ¢ such that
li;nﬁ,(-) = Y(Voo) + C. (5.6)

where Y (Vo) = (Y, Vo). The convergence ofﬁt(-) is locally uniform in C%% as also
is the convergence of ;. Moreover, Y satisfies (5.2).

Proof. We will modify the argument in [63, Lemma 4.1] for G-manifolds. The difficulty
is that ¥, has only local convergence at present. The proof is divided into four steps.

Step 1. Recall x; is the critical point of w; in (3.4). We claim that there is an €y > 0 such
that
|xl _xt+€0| = Cv Vi > 07 (57)

where C is a uniform constant.
For any time ¢ > 0, we consider equation (3.1) on [t, f + €9),

/

5y = loglm(Vy) det(V2Y)] + (¥' + j). s €t.t + o). (5.8)
By Perelman’s result, we may assume
a !/

‘ i ,‘)’:hzfz‘l, (5.9
as

where /1, is chosen as in (3.2). Then the solution v/ just differs by a constant from
in (3.3). By the maximum principle for ‘/’ , we get

/

9
[y — /| < Cieo. ‘ aw <24, Vse[tt+e). (5.10)
N

Let
w' =w, =y, + J.
Then the minimal point of w;, coincides with the minimal point x; of wy in (3.4). By
Proposition 4.4, we see that

C; ' <Hess(V?y,) < C, on Be(xy),
where the k-ball B, (x;) is chosen as in (3.6). It follows that
(C3)™" < Hess(V2w)) < €3 on Be(xy).

Thus
|w; (x¢) — w;(x)| > 4C1€9,  Vx € 0B (xy),

if € is chosen small enough. As a consequence,

wy(x) > wy(x;) + 4Creg,  Vx € dBc(xy).
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Hence, by (5.10),

wi(x) > wh(x;) +2Crep > inf  wi(x') +2Ciep, Vx € dBe(xy).
x/

€Byc(x¢)

Therefore, there is a critical point x}, of w} in B, (x;) such that
Vw,(x;) = 0.
By the convexity of wy, x; is the global minimal point of w;. Thus x; = x;. Moreover,
|xs — x| <k, Vsel]tt+e€).

In particular,
|Xt4eo — Xe| <k, YVt >0. (5.11)

Hence, we have proved (5.7). Actually, from the above argument one can deduce that for
any small « there exists €g such that (5.11) holds. This implies that x; € a4 is uniformly
continuous in .

Step 2. We prove the uniqueness of ¥, which is independent of the choice of the
sequence {{/y, }.
By (5.7), we see that for any integer / > 0 we have

|xl€0 - x(1+l)é()| S C

Then we can use a trick as in [15,51,63] to choose a smooth family of modified points y;
in a4 such that
dy:

|x; —y¢| <C and <C. (5.12)

Moreover, we may assume that the vector % inat hasalimitY € a/+.
Let /() = ¥,() = ¥;(y; + ) and
wi(x) = ¥;(x) + j(x + yr).
Then

m), = infw}(x) = w;(x;)
ay

also satisfies (1) in Proposition 3.1. Since V' is uniformly bounded, analogously to the
function ¥, in Proposition 4.4,

Vi(xe + ) =Y (xe) = Yy(xe + ) — ¥ (xy),
and A i
Vi =V — v (ve) (5.13)

is also uniformly C’%-bounded on each Ui(xy) = {x € ay [ wy(x) —m; <k + 1}. As
in Proposition 4.5, U (x;) — {x;} converges to the cone a’, D a. Hence, any sequence
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{g@;l} will converge to a convex function ¥/, on a’,, like {1/},[} to Y¥oo- We need to show
that v/, modulo a constant is independent of the choice of the sequence {1/}; }.

In fact, by Proposition 6.1 below, Wy, converges locally to (N, @ _) in the Cheeger—
Gromov topology. Thus, by the HT con]ecture [3,54], wy_ is actually a KR soliton wg s
on N which is a regular open set of the GH limit space M., of the KR flow (1.2). By
the uniqueness of wgs [13], we conclude that ¥ modulo a constant is independent of
the sequence {1,&;[ }. Therefore, ¥ is also independent of the sequence {1&,[} under the
normalization (3.2).

Step 3. We now prove (5.6). Note that
dy' oy’

= —— —e;(¥). Vs e [leo. (I + Deg), (5.14)

as as
where e; (1}’) = dys (w )= (‘2’;, w ). Then by (5.8), as is uniformly bounded in the
C'*-norm on Uy (x,) — {x;}, and so is — . Thus 3—, is convergent as long as %ls is.

On the other hand, by the uniqueness of the soliton HVF e, associated to the limits of
KR solitons along the flow (1.2) [55, Corollary 3.3] (see also [13]), aals converges to a
potential 8, of e [54, Lemma 4.2]. Hence there is a smooth 6 on a’+ and a family of

constants A, such that
'
lim( v —As) =0,
s\ 0s

since 33—'/;/ just differs by a constant from 33—1/;/ By the normalization (5.9), it is easy to see
that the A are uniformly bounded.

We claim that 6 is a constant. Suppose that it is not. Then there are two points X0, Voo
in o/, , limits of sequences {x;}, {y;} in U} (x;) — {x;}, such that

16(X00) — 0(Yoo)| = 2a0.

Thus, as [ > 1, we may assume

aw 0y’
( 1) — P (V1) = ao, Vs € [leo, (I + 1)eo). (5.15)
On the other hand, there is a sequence of constants ¢; such that
oy’ oy’
Y _ oy ter
s%lea as as leo
where 3—S |l€ = hje, is normalized as in (5.9). Then we also have
W
lim L4 = L4 +cj.
s—ley as as leo
In particular,
. 1&/ ) a&/ 81/}/ 81/7’
lim_ ——(x;) — lim_——(y) = (x1) — ().
s—ley 08 s—ley 08 08 |1¢, 95 ¢,
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s I
Thus the function aals(xl) — %ls(yl) is continuous in s. Hence, for any integers /, k with
| <k, we get

[V lkeo (X1) — W l1eg (6] = [V keo (V1) — ¥ L1 (V)]

keo 9 7 v’
=/[fm%w@ﬂm (5.16)
leo s s

But this is impossible since the left side of (5.16) is always bounded by (5.13), while the
right side of (5.16) goes to infinity as k — oo by (5.15). Hence, 6 must be a constant.

Recall that ¥/ is a C* limit of 1,@;[ and b a limit of the vectors x;, — y;,. Then it is
easy to see that

V() = Yoo(x —b) +¢ (5.17)
for some constant c. Thus by (5.14) and the above claim, we have
7./

as

heo = 11;11;2,(.) = limh; (- + x;) = ~lim + ¢ = (Y, Vo) + c.

s=t
This proves (5.6).

Step 4. We prove (5.2). We may assume that Y is not zero and take a sequence x;; in
(3.16) with #; = t;€¢. By the first relation in (5.12), with no loss of generality we may also
assume that

1 <1y40 —yul = No

and
lim (o', ys,) =80 >0, Vo' e ®y\ Dy.
12
Note that
Y /
Vi = Yty = |Vt — Vi ¥ +o(l)), Vo' € i\ Py
Thus
0= liim|(oz’, Ytigr — Yti)|
= lilm |Vti 1 = Yo | e Y /1Y ]+ o(D))]
> o, Y/IY |+ o).
Hence (5.2) must be true. ]

Remark 5.3. (1) It seems possible to prove that Y = a X, for some a # 0, where X is
the limit of X; in (3.11). In particular, ¥ will be not zero in Case 3 of Theorem 3.2. This
implies that in Case 3 the Fano G-manifold (M, J) must be K-unstable by [54, Propo-
sitions 4.16, 4.17]. On the other hand, in Case 1 (or 2) of Theorem 3.2, (M, J) admits
a KE metric (or a KR soliton) and so it is K-polystable [5] (or modified K-polystable
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[9,24]). Thus we guess that a Fano G-manifold (M, J) is K-polystable (or modified K-
polystable) if it is K-semistable (or modified K-semistable) by the above observation.
Actually, we will confirm this in the case of modified K-semistability: see Corollary 7.2
below.

(2) Note that ¥, just differs by a constant from ;. By (5.17), the limit P(x) = vl —
(pu, x) coincides with the solution ¢ (x) in (5.1), which is the limit of the sequence

¢3ti =Yy, (x + x5 +b) = Vs, (x,) — (4pu, Xx) + ¢ (5.18)
for some constant c.
Proof of Proposition 5.1. By Lemma 5.2 together with (5.4) and (5.5), we get from (5.3),
(Vo) det(VZros) = ApJ' (x — ag)e!#ru:¥ e mVoo=¥ (Voo)

for some constant Aj,. The above equation can be defined in the cone a’, by Proposi-
tion 4.5. Let

D (x) = Yool(x + ag) — (4pu, x). (5.19)

Then we obtain
7(Vo + 4py) det(V2¢) = AgJ’ (x)e Y@,

where
J'(x) = J'(x —agp).

Hence, by adding a constant to ¢(x), ¢ (x) becomes a solution of (5.1).

By the relation (5.19), ¢ (x) is invariant under the restricted Weyl group and so is Y (¢).
Let ey be an induced HVF of Y on N and 4 be a smooth function associated to ¢ on N
defined by

Vo (ky expixtks - Ho) = ¢(x), Vx €.

Then the function Y (¢) on a’, can be extended to a smooth function ey (1) on N. Recall
that wg is a K x K-invariant metric associated to ¢ on N defined as in (2.24). By (5.1),
wy satisfies the KR soliton equation

Ric(wg) — wp = V—130Y(§) = Loy wp. (5.20)
That is, we have proved that ey is the soliton HVF of wg. n

By Proposition 5.1 the metrics w¢((/€1 exp{x}lgz) - Hp) of the form (2.24) deter-
mined by the solution ¢ of (5.1) define a KR soliton wgs on N. Moreover,
g ((121 exp{x}lgz) - Hp) is the local limit of the KR flow w(t) = wy; in the Cheeger—
Gromov topology with N being a smooth part of My, by Proposition 6.1 below. In the
remaining part of this section, we shall extend wy ((lgl exp{x}lgz) -Hp) to a singular KR
soliton on N in order to use the modified K-stability theory to complete the proof of
Theorem 3.2.

Remark 5.4. When ®,, = &, P is just a Borel subgroup of G x G. Thus N is a horo-
spherical space in this case.
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5.2. Singular KR soliton solution on N

Proposition 5.5. LetY € o/, be as in Proposition 5.1. Then there exists a singular K x K-
invariant KR soliton wy ¢ with respectto Y on N.#

Proof. We will apply Corollary 8.3 in the Appendix. Let a K x K-invariant metric wq
on M be the initial metric in (1.2).

As in Section 6 below, we let 2 Po, = Image(V¢')(a’, ). Then by the volume relation
in (6.5), we have

vol(N, wgs) = / 7(y)dy = / m(y)dy = vol(M, wy). (5.21)

2P~ 2Py
Note that any subset of P, can be approximated by the gradient images of a locally
convergent sequence ¥, . Thus Po, € P1. By (5.21),

Pso = Py. (5.22)

As a consequence, %(2P+ —4p,) is a quotient of the moment polytope P’ associated to
the torus Lie algebra t” and the metric wk s. Hence, P’ satisfies the Delzant condition [1].
In particular, P’ is fine, which means that each vertex of P’ is the intersection of precisely
r (= dim(P’)) facets (see [22,36]).
For any admissible metric w representing %cl (N, L%l ) [44], by C*-degeneration, we

have

vol(M, o) = vol(N, w).
Then by (5.21), we get

vol(N, wxs) = vol(N, ),
which means that (N, wgs) has full mass. On the other hand, since w is induced from
the Fubini—Study metric in a higher-dimensional C P™, we may assume that it is K x K-

invariant and smooth on N. By the computation of volume for the metric of the form
(2.24), it follows that

vol(N, w) = Co/ . w(y + 4py) dy,
2

N

where Pg is the quotient of the moment polytope Pg associated to %cl(ﬁ, Lil) by the
restricted Weyl group (see [17]). Thus by the first equality in (5.21), we derive

[oao+apdr= [ apeaprdy= [ G +apdr 6529
2P/, 2 Poo—4pu 2P

where P = %(2P+ — 4p,) is the quotient of the moment polytope P’ by the restricted
Weyl group. Since Pj/L C Pg means Py, € P4, we conclude that

P = Pg.

Hence, we have proved that Pg is fine as so is P’, while (N, wgs) has full mass in (5.21).

4We do not know whether wg g can be extended to a singular KR soliton on N with a weak
Kiihler potential in &1 (N, —Ky) directly from the solution ¢ of (5.1).
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Now we can apply Corollary 8.3 to see that there is a singular K x K-invariant KR
soliton wj, ¢ with respect to ¥ on the Q-Fano horosymmetric variety N. ]

Proof of Theorem 3.2. 1t is clear that in the family of x, there exists either a sequence
{t;} which is uniformly bounded, or one that goes to infinity uniformly. In the latter case,
there exists either a sequence {t;} for which Pj(x;;) are uniformly bounded, or one for
which Pj(x;) go to infinity uniformly. Thus we need to prove the theorem in the three
cases considered there.

Case 1. The proof in this case is actually the same as in [16,56] by the continuity method.
We can let the initial metric wg in (3.1) be a background K x K-invariant metric given by
a K x K-invariant function ¥ as in (2.9) such that

wo = V—1303¢y,.

Then as in the case of toric manifolds, the Kihler potential ¢y, = ¢y, — ¢, for the solu-
tion ¥; of (3.1) has a uniform upper bound (see [56, Lemma 3.4], [63, Proposition 3.2]).
By the Harnack inequality (see [51, Propositions 3.1, 5.1]), we get a uniform C 0_pound
for ¢y, . Hence, by the regularity of the KR flow (1.2), we get all C k.« _pounds for Oy, -
As a consequence, the limit o, of @y, will define a KE metric

wkE = V—=133($yy + ¢oo)
on (M, J). The proof in this case is finished.
Case 2. The proof in this case is the same as in Case 1. Let
x; =ar + Pj(xy),
where a; € a.. Then we define a new family of K x K-invariant functions by
V() =¥ +ay),
By (3.1), ¥, satisfies

0 ~ ~ ~
L+ ar) = logle (V) deu (V)] + (F + ). (5249

By the same argument as for toric manifolds [63, Proposition 4.1], we can also get a
C%-estimate for Kihler potentials as in Case 1,
by, = ¢1/~/I — Pyo-

Moreover, all C k@ _norms of @, are uniformly bounded. Hence, in this case, the K x K-
invariant metric

V=100¢;, = V—=100(¢y, + 7, (5.25)

will converge subsequentially to a KR soliton on (M, J) in the sense of Kéhler potentials,
and /&, in Lemma 5.2 converges to a potential of a soliton HVF (see (5.6) and (5.20)).
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In fact, if we let g; be a family of group elements in the center T, associated to a;, the
holomorphic transformations
[0 G — g tG

induce the metrics in (5.25) by 0} wy, .

Case 3. By Remark 3.3 (3) we need to consider Case 3.2. Then both (3.9) and (3.10) hold
according to the proof of Lemma 3.4.

We notice that (N, wgs) is a smooth part of (M, wso) by Proposition 6.1. More-
over, by (5.21), (N, wgs) does not lose the volume of (M, w(t)). Then by [3, Theorem
1.1], the metric completion of (N, wgys) is the limit (M, W) of the KR flow (1.2) in
the GH topology. Also, we know that M, is homeomorphic to a Q-Fano variety Moo
which admits a singular KR soliton &g s with respect to the HVF Y with Kihler poten-
tial in &1 (Moo, —-K Moo) [54]. It remains to show that Moo is biholomorphic to N. In the
following, we assume that (M, W) is a KE metric or a KR (but not KE) soliton.

Suppose that (Mo, weo) is a (singular) KE metric. In other words, ¥ = 0 since wo
equals wg s on N from the proof of Lemma 5.2. Then the soliton metric @k s is KE and so
Mo is reductive by [55, Proposition A.1]. By using the technique of partial C°-estimates
[54, 55], there exists a special degeneration from M to Moo via Luna’s lemma. Thus
Mabuchi’s K-energy on (M, J) is bounded below [29] (see also [55, Proposition 5.2]).
As a consequence, (M, J) is K-semistable in the sense of [44] (see [40]). On the other
hand, N is also K-polystable just as Moo since we know that it admits a singular KE
metric wg 5 by Proposition 5.5 together with the fact Y = 0 [5]. Note that N is the center
limit of a special degeneration of M induced by X, € a. Therefore, by the uniqueness
result of Li—-Xu-Wang [33, Theorem 1.3] for K-polystable limits of C*-degenerations,
A;Ioo must be biholomorphic to N.

In the special case that N is smooth, a)}{ g 18 smooth (see [7, Theorem B.1]). This
means that the C*-degeneration on M induced by X, is a smooth deformation with
the KE manifold N as its center. By [55, Theorem 1.4] (or [46, Proposition 7.7]) for the
special case of KE manifolds, (N, w}( E) is a smooth limit of the KR flow (1.2). Thus by
the uniqueness of limits of the KR flow (independent of the choice of the initial metric
wg € 2mcy(M)) [25,55], we also infer that Moo is biholomorphic to N.

Suppose now that (M, W) is not a (singular) KE metric, so Y # 0. Then by (5.2) we
can modify Y to be a rational vector field in a as done for X, in Remark 3.5 so that (2.20)
or (3.12) is satisfied. Thus, the Q-Fano variety N is also a limit of a C*-degeneration of
(M, J) induced by the soliton HVF Y according to the construction of the subgroup Hg
of G=GxGin Example 2.4 (see also Remark 3.5). By a result of [13], there is another
C*-degeneration relative to ¥ from N to M. Since both N and Mo, admit singular
KR solitons with respect to Y, this new C*-degeneration must be trivial by the modified
K-stability for the KR soliton (N, a)}(s) with respect to Y [9, 24, 53]. Hence, Moo is
biholomorphic to N. As a consequence, Mo, can be realized as a C*-degeneration of
(M, J) induced by Xo. Moreover, wgs can be extended to a singular KR soliton with
respect to ¥ on N since N can be regarded as a smooth dense subset of Moo because
wg s has full mass by (5.21) [54, Theorem 1.1]. The metric completion of (N, wks) is
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isometric to (Moo, Wso) by [3, Theorem 1.1] with the help of (5.21). Hence, the proof in
Case 3 is complete and so Theorem 3.2 is proved. ]

6. Locally smooth limit of (M, Wy )

Let Uy (x;) be a sequence of subsets of a4 as in Proposition 3.1 and
Wi(x:) = {g = k1exp(x)kz € G | 7(g) = x € U(xs)}.
In this section, we prove

Proposition 6.1. Let {@;I } be a subsequence of g&; in (5.13) which converges to a convex
function Y, on o', Let®

¢'(x) = Yoo (x + a0 +b), (6.1)
where ag and b are two vectors in a determined in (3.17) and (5.17), respectively. Then
there exist a sequence k; — oo and a family of diffeomorphisms oy, from Wy, (x;;) to N
such that (o, 1)*a),/,;[ |"ff (W, (xr;)) COnVerges locally to (N, wg), where wg is a global
metric defined on N associated to ¢’ as in (2.24).

Proof. For any q; € Wi (x;) with 7(g;) = y; € Ur(x;), we choose a neighborhood U,
of y; such that Uy, C Ui (x;) and n~1(Uy,) = Uy WY (ys) C Wg(x;), where each open
set W7 (y;) with holomorphic coordinates z as in (2.6) satisfies

Bs, x Bg, C{z(¢") | ¢" € WY (x1)} C Bs, x By,

for some §;-ball Bs, and 8,-ball Bs, (§; < 82) in C”, and §}-ball Bél and §5-ball Béz
inC"",
For each € ®,,, we let
(216,278 = e Bx0) (gle zi-a) 6.2)
Then in the new coordinates 2 = (z',...,z",... zla zi—e 218 218 Yon W7 (y;),
wy from (2.19) turns into

=1 <& . .
oy =~ D (Hess(yy,);7dz' ndZ/

i,j=1
=1 a, V! . ‘ ) .
+ — Z (,—wt’)(dzlo‘ ANdZ' +dz'=* AdZ9)
iy sinh (o, -)
v—1 (Bx1;) ) _ ) _
+ X3 L (B VY (A2 AdEE 4 dE s A dER). (63)
2 oo sinh (8, -) L

5¢’ differs from ¢ in Proposition 5.1 by a linear function; see (5.17) and (5.19).
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Recall that ¥ is the limit of 1}, in Proposition 4.4. Since y/; just differs by a constant
from /,, by Proposition 4.4 together with Lemmas 3.4 and 3.8, the metric matrix of Wy,
in (6.3) is uniformly positive definite and its elements

(o, Vlﬂ;) elBxi;)

sinh (a,l-) " sinh (B, ) . VW;I’)

(Hess(v,)); 5.

are uniformly C L@ _bounded in the coordinates 2. In fact, the metric matrix converges to
a form of (2.24) as in Example 2.4,

Wy = g Z (Hess(¢')), 7dz" AdZ’

i,j=1

V=1 \Y
+ — Z (@, ¢)(dzl‘"/\dz“"+dz—°‘/\dz—°‘)
sinh (o, -
(XE(I>+\<I>u
/—1 ) . . -
+ - > e BB VYN (dEE AdES + d2- A dER), (6.4)

Bedy

Since ¢’ is globally well-defined on o, and wy is invariant under the restricted Weyl
group, wy actually defines a global metric wgs on N.
By the above convergence of the metric matrix of wy: , the curvature of wy, on

n_l(Uy,’_) is uniformly bounded. Thus by the volume noncollapse result of Perelman
for the KR flow (1.2) (see [43]), the injectivity radius is uniformly bounded below
on 7! (Uy[i) (see [41, Lemma 51]). By the compactness theorem (see [41, Theo-
rems 72, 74]), we see that (7! (Uyti ), w,/,;_) converges smoothly to an open Riemannian
manifold (Wxo, wso) in the Cheeger—Gromlov (abbreviated by CG) topology. We need to
show that (W, woo) is isometric to an open subset of (N, wg).

Let x; be a limit of y,, € Ui(x;;) — {x;} in R” and g = ky exp{x(’)}lgz -Hp € N.
Then in the new coordinates Z, there is a Euclidean ball D in C" centered at the origin
and a geodesic €(-ball B, (wg) C N centered at gg such that

2(Bgy(@y) € D.

On the other hand, for any curve I' starting from ¢;; such that 7(I") N Uy, #+ (3, we see
that by the Hessian estimate of w;i above there exists a uniformly small constant € such
that

length(T") > e.

Moreover, for any minimal geodesic ray I starting from ¢;; such that 7 (I") N Uy, =9,
its length is greater than the injectivity radius of ¢,,, which is uniformly bounded below.
Thus we conclude that there is a uniform constant €p > 0 such that each set 7! Uy,,)
contains a geodesic €p-ball Be, (w,/,/ ) centered at g,,. We may assume €y < €;,. Note that
by the coordinate transformation in (6.2), it is easy to see that for any fixed index y
the set W7 (y;,) N Be, (a)v,;i) converges to a subset in Be0 (wg) with zero volume in
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the CG topology. Hence, by the smoothness of wy in the geodesic coordinates, there
is a sequence y; — oo such that the open Riemannian manifold (U11:i=1 WY(y:;) N
B, (a)v,;i ), ww;i) converges to an open subset of BEE) (wg) in the CG topology. As a con-
sequence, (W (xs;) N Be, (w,/,;[_ ), w,/,;’_) converges to an open subset of B€6 (wg) in the
CG topology.

Summarizing the above, for a fixed k and any sequence gq; € Wi (x;) there are
geodesic e-balls Be(wy/ ) in (G, wy; ) which converge subsequentially to a geodesic
e-ball Be(wg ) in (N, a):,y) in the CG topology. Then by the standard covering argu-
ment (cf. [41, proof of Theorem 74]), we conclude that (W (x;,), a)w;') (taking a
subsequence of {z;} if necessary) converges to an open subset in (N, wd,/l) in the CG
topology. By the diagonal method, (G, a)w;') converges locally and subsequentially to
an open set in (N, wg/). Thus, there exist a sequence k; — oo and a family of dif-
feomorphisms o, (maybe for a subsequence of {#;}) from Wi, (x;) to N such that
((oy; 1)*“)1/’{- ,01; (Wg,; (x4;))) converges locally uniformly to an open subset We in N.

Next wel prove that the open set Wk’l_ = oy, (W, (x4;)) exhausts N. We claim that

lim vol (W, (x4, ), a)w;‘) = vol(N, wg). (6.5)
1 i

We notice that similarly to the case of toric manifolds [56,63], from the argument for
the upper bound estimate of m; in Proposition 3.1 (see also [16, Proposition 4.4]), we can

get an estimate
C [+ 1)
[ emasloy tr
ay\Ux (x1) emt e

I>k+1

which goes to zero by Proposition 3.1 as k — oo. Since e~

obtain

is uniformly bounded, we

lim e~hitwe gy — 0,
k.t—00 Jay \Uk (x1)

By (3.3), it follows that

lim 7 (V) det(V2y,) dx = 0. (6.6)
k.t—00 Jay \Uk (x1)

Thus by the volume formula (2.11), we derive

lim vol (W, (xy,), @y, )
i 1

= Gy / 7(y) dy — Colim m (Vi) det(V>y; ) dx
2P+ ! a+\Ukl- (xtl')

= Co/ 7 (y)dy = vol(M, wy). (6.7)
2P+

On the other hand, if we let 2P, = Image(V¢')(a’,), then by the similar volume
formula (2.11) for the metric form (6.4) and the local convergence of 1//;1,, we have
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vol(N, wg) = Co / n(y)dy

2Poo

= Cp lim m(y)dy
i lmage(Vl/f;i )(Uki (xz;))

= Colim m(Vy;) det(V2y; ) dox.
i Jug; ()

Thus similarly to (6.7), we also get

vol(N, wg) = Co / 7(y)dy — Colim (V) det(Vzw;i) dx
2Py boJagp \Uy; (xq;)
= Co/ w(y)dy = vol(M, wy). (6.8)
2P

Hence, combining (6.7) and (6.8), we obtain (6.5).

By the volume noncollapse result of Perelman together with (6.7), the CG limit
(Wi, Woo) (= (Woo, wgr)) of (Wi, (x4;), Wy, ) is a smooth dense subset of the global
GH limit Mo, of (M, @y, ). On the other hand by [3, Theorem 1.1], the metric comple-
tion of this dense subset is just the metric space M. Thus, weo can be extended on M,
that is,

(W/ s Woo) = (Moo, Woo).

Since Wk/,- C N, we have (W’i ,wg) (N, wg). It follows that

(W, wso) S (N, wg).

Thus by (6.5), we get

(Wl wg) = (N, wg).

Hence, W/ must exhaust N. The proof is complete. ]
1

7. Case of horosymmetric manifolds

In this section, we prove Theorem 1.5. By (2.27), as in the case of Fano G-manifolds, the
KR flow (1.2) with a K-invariant initial metric on a Fano horosymmetric manifold (M, J)
can be reduced to the following parabolic equation of MA type:

44
ot

where a’, is the cone in a’ defined in (4.8), and

= log[mo(VY + 2py) det(V2Y)] + (¥ + jo) inal,, (7.1)

Jo(x) = —log Jo(x) inal.

As in Section 3, we let

wp(x) = (¥ + jo)(x).
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Then as in (3.4), there is a family {x;} such that

ir}fw; =w,(x;) =my, |my| <C. (7.2)
Oy

Analogously to Theorem 3.2, we can establish a convergence result for the flow (7.1)
for horosymmetric manifolds.

Theorem 7.1. Let (M, J) be a Fano horosymmetric manifold. Let x; be as in (7.2). Then
for the flow (7.1), only three cases can occur:

Case 1: There is a sequence t; such that
|xtl.| =< C.

Then (7.1) converges to a KE metric in the sense of Kdihler potentials. As a consequence,
(M, J) is a KE manifold.

Case 2: |x;| — coast — oo and there is a sequence t; such that
|Pj(xl‘i)| f C

Then (7.1) converges to a KR soliton in the sense of Kdhler potentials. As a consequence,
(M, J) admits a KR soliton.

Case 3: |Pj(x;)| = oo ast — oo. Then there are two subcases:

Case 3.1: Forany a € ®F, we have
(o, x;) > 00 ast — oc. (7.3)

Then (7.1) converges locally smoothly in the Cheeger—Gromov topology to a KR soliton
wk s on a horospherical space whose completion is the GH limit of the KR flow (1.2) with
the structure of a Q-Fano horospherical variety My, as the limit of a C*-degeneration
of (M, J) induced by an element in the Lie algebra of the Cartan torus of M. Moreover,
if wks is not a KE metric, then M, coincides with the limit of the C*-degeneration of
(M, J) induced by the soliton HVF of wks.

Case 3.2: (7.3) does not hold. Then there is a subset ®g of CID;r such that
(B,x:) > 00 ast — o0, VB € O, (7.4)

and
So < {a/,x;) <A, Vo €df\ . (7.5)

Moreover, as in Case 3.1, (7.1) converges locally smoothly in the Cheeger—Gromov topol-
ogy to a KR soliton wgs on a horosymmetric space whose completion is the GH limit
of the KR flow (1.2) with the structure of a Q-Fano horosymmetric variety My, as the
limit of a C*-degeneration of (M, J) induced by an element in the Lie algebra of the
Cartan torus of M; if wxs is not a KE metric, then Moo coincides with the limit of the
C*-degeneration of (M, J) induced by the soliton HVF of wks.
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The proof Theorem 7.1 is almost the same as that of Theorem 3.2 and we only need
to consider Case 3.2.
We define a sequence of convex sets in a’, by

Ur(x;) = {x € a/y | wi(x) <m) +k + 1}
and a family of convex functions on Uy (x;) by

U1 (x) = Yl (x 4 x) — ¥l (x0).

Then analogously to Proposition 4.4, @; is uniformly C’*-bounded on each Ug(x;).
Moreover, the set Uy (x;) — {x,} converges as t — oo to the cone a/; D a’, in a’ defined
by

o ={xeal{d,x)>0 VYo' €df\ D/}
where

P! = d, U Dy (7.6)

We introduce a function on a’} by

J"(x) = 1_[ sinh & (x). (7.7

aed\@)

and a vector

p;=%Zﬁ-

Bedy
Then as in the proof of Proposition 5.1 (see also Remark 5.3), there are ag € a’+ and a
constant ¢; such that the convex function

V(x4 x¢ 4+ a9) — Ve (xr) — (20, x) + ¢4
converges subsequentially to a solution ¢ of
mo(Vop + 2p.) det(V2¢) = J" (x)e 7Y@, (7.8)
where Y € a/jr and g is the function defined by (2.28). Moreover, Y satisfies
(@,Y)=0, Vo' e€dl\a. (7.9)

Analogously to (5.1), the solution of (7.8) will define a KR soliton wgs of the form
(2.17) on a new horosymmetric space N’ = G/H’ of a Q-Fano horosymmetric variety N/,
which is induced by a C*-degeneration via an element X, in the Lie algebra of the
Cartan subgroup of G as in Example 2.4. In fact, X is a limit of x;/|x;| in (7.4) as
in Lemma 3.4. Moreover, wg s has full mass on N’ by (5.21), and the moment polytope
associated to %cl(w, KNL,I ) is fine. Thus by Corollary 8.3, N’ admits a singular KR soli-

ton with respect to ¥ analogous to the Q-Fano horosymmetric variety N in the proof of
Theorem 3.2.
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The Lie algebra of H' can be constructed as follows. By (7.9), we can construct the
Lie algebra of a new parabolic subgroup P’ of G as in (2.14),

pP=t+ D Xat Y X, (7.10)

CtGCI)L/ a’e(l);d

where @), = @) and &y = Pp, \ (P), U (—D)). The first two parts determine a Levi
subgroup L/? of P’. Then there is a fixed subgroup L/” of L by the involution o with root
system given by

®y0 ={a € O | 0(a) = @ or —a}.

Thus the Lie algebra of H' can be represented as

b=to+ > Xp+ Y Xou. (7.11)

Bed o a’ed),
where t; is a subtorus of t fixed by 0.

Completion of proof of Theorem 7.1. By the argument above, we know that the metric of
the form (2.17) determined by the solution ¢ of (7.8) defines a KR soliton wgs on N/,
where the root subsystems ®,,, @7 are replaced by @, it = &F \ @/, respectively.
Since (N, wks) does not lose the volume of (M, w(t)), by [3, Theorem 1.1] the metric
completion of (N, wgs) is the limit (Moo, o) of the KR flow (1.2) in the GH topology.
Moreover, Mo, is homeomorphic to a Q-Fano variety Moo and wg s can be extended to a
singular KR soliton with respect to Y on Moo [54].

We need to prove that My is biholomorphic to N.In fact, as in the proof of Theo-
rem 3.2, we can consider two cases: wgs is KE or not. In the first case, the conclusion
comes from the uniqueness result of Li-Xu—Wang [33, Theorem 1.3] for K-polystable
limits of C*-degenerations. In the second case Y # 0, we can use the relatively modi-
fied K-stability for KR solitons with respect to Y to conclude that Mo is biholomorphic
toN. Moreover, M is the limit of the C*-degeneration of (M, J) induced by the soliton
HVF Y. The proof is finished. u

As an application of Theorem 7.1, we prove the following.

Corollary 7.2. There exists a KR soliton on a Fano horosymmetric manifold (M, J) if
it is modified K-semistable with respect to a HVF X # 0. As a consequence, (M, J) is
modified K-polystable with respect to X if it is modified K-semistable with respect to X .

Proof. We notice that (M, J) is K-unstable by the modified K-semistability and so
Case 1 in Theorem 7.1 is impossible. Since (M, J) admits a KR soliton in Case 2 and
so it is modified K-polystable by [9,24], we need to consider Case 3. In this case the KR
soliton limit (Mo, weo) Of the flow (1.2) is a C*-degeneration of M induced by a soliton
HVF Y # 0 of (M, wso). By [20, 54], this degeneration corresponds to a minimizer of
the H -invariant for 1-PS degenerations (also called R-test-configurations) of (M, J). On
the other hand, by the uniqueness result of Han-Li [25, Theorem 1.2] for minimizers of
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the H -invariant, the C*-degeneration induced by Y must be trivial, and so Y is conjugate
to X, since (M, J) is modified K-semistable with respect to X . This fact also comes from
the uniqueness of the minimizer of the H -invariant for G-equivariant 1-PS degenerations
of (M, J) [57, Proposition 5.8, Corollary 5.10]. Thus M is biholomorphic to M and so
(M, J) is in fact a Fano manifold which admits a smooth KR soliton we.. Hence (M, J)
is modified K-polystable [9,24]. ]

Remark 7.3. In the case of X = 0 in Corollary 7.2, modified K-semistability is the
same as K-semistability. However, no proof of Corollary 7.2 is available for this case. We
hope Corollary 7.2 is still true as for toric manifolds by Wang—Zhu’s work [56] whenever
X = 0. For another approach, see Remark 5.3 (1).

Theorem 1.5 follows from Theorem 7.1. Theorem 7.1 also implies Theorem 1.6.

Proof of Theorem 1.6. Without loss of generality [25,55], we may assume that the initial
metric wg of (1.2) is K-invariant. By Theorem 7.1 and the assumption in Theorem 1.6,
it suffices to consider Case 3 of Theorem 7.1. Then the set ®¢ in (7.4) is empty or not.
If it is not empty, we can use the argument in [37, proof of Lemma 4.4] (see also [65,
Lemma 7.4]) for horosymmetric manifolds to show that the curvature along the flow must
blow up. In fact, the flow will blow up if there are 8 € @ and a sequence {x;, } such that
(7.4) holds. Thus the conclusion of the theorem holds.

On the other hand, if @, is empty, the unipotent radical ®;, and the restricted positive
root system ®,t of the limit horosymmetric space N’ do not change. This means that
N’ is the same as the original N. Thus N admits a KR soliton wgs with respect to the
soliton HVF Y in (7.9) with full mass, determined by the solution ¢ of (7.8). As an
application of Corollary 8.3, there exists a singular KR soliton with respect to ¥ with
Kihler potential ¢ in &1 (M, —Kjs) on the variety compactification M of N’ (or N). By
uniqueness [7,9, 10,24], this singular metric should coincide with the GH limit we, of the
KR flow as a singular KR soliton on M [54]. Moreover, we have

lel. [Y(p)| < C.

Note that M is smooth. Hence, by the regularity of wgs [55, Lemma 7.2], wgs is in
fact a global smooth KR soliton on M. In other words, (M, J) admits a KR soliton. This
contradicts the assumption of the theorem. Therefore, ¢ cannot be empty and we have
proved the theorem. ]

8. Appendix: Singular KR solitons on horosymmetric varieties

In this appendix, we generalize the results on existence of KR solitons on horosymmetric
manifolds [17,19] to Q-Fano horosymmetric varieties.

Let M be a Q-Fano variety with klt-singularities and X a HVF which can be lifted
to one on C PN when M C CPN. We call a current in 27r¢, (M) a singular KR soliton
with respect to X on M if it is a smooth metric on Reg(M) which satisfies the KR soliton
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equation (1.2) and whose weak Kihler potential ¢ belongs to the space &'(M, —Kjps)
introduced in [7]. It has been shown in [36, Theorem 4.2] that a K x K-invariant ¢ is in
&1(M, —Kjpy) for Q-Fano G-compactification varieties if and only if its Legendre func-
tion u is in &, (2P), where

811(“((2P) = {u u > 0 is convex, Weyl-invariant on 2P,

u(0) = 212514 =0(0 €2Py)and /2P ur dy < oo}. 8.1
+

The result of [36, Theorem 4.2] can be generalized to Q-Fano horosymmetric varieties N
of a homogeneous space N when the integral condition in (8.1) is replaced by

/ w0 () dy < oo,
2Py +pu)

where 7 is defined by (2.28) and Py is replaced by the quotient space of the moment
polytope P associated to %cl(ﬁ, Kﬁl ) by the restricted Weyl group.

As in the case of G-manifolds [17,38], we introduce a barycenter associated to a HVF
X induced by an element in t/,

f2(P++pu) ye¥ X mo(y) dy

bary (2P+) = O Doy dy

(8.2)
oy o0

where Oy (y) is a bounded potential of X associated to an admissible Kihler metric
induced by the Fubini-Study metric of CPY and %z dy is just the weighted
MA measure % (y)a)g under the Legendre transformation. Moreover, we may normal-
ize Ox (y) so that

/ XN o(y)dy = / mo(y)dy = Vp.
2(Py+pu) 2(P++pu)

The following is a version of [36, Theorem 1.2] for the existence of singular KR
solitons on Q-Fano horosymmetric varieties.

Theorem 8.1. Let N be a Q-Fano horosymmetric variety with the associated fine moment

polytope P. Let
1
=1 Y e

o’edtud,

Then M admits a singular KR soliton with respect to X if
bary(2P+) € 2p + E, (8.3)

where 8 = {y € a* | (a,y) > 0, Yo € O} is the relative interior of the cone generated
by ®f.

[36, Theorem 1.2] was proved by the variational method for the Ding energy, as done
for toric varieties by Berman—Berndtsson [6]. At present, we can also use this method for
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the modified Ding energy [9, 24,49] on Q-Fano horosymmetric varieties. Here we shall
assume that P in Theorem 8.1 is fine as in [36, Theorem 1.2] for G-compactification vari-
eties in order to verify that the Ricci potential of the Guillemin metric is bounded above.
But we believe this assumption can be removed as for general QQ-Fano G-compactification
varieties in [36, Theorem 8.1] by using a recent result of Han—Li [24] to verify the uni-
form modified K -stability via (8.3). Actually, based on [17,24] there is recent progress by
Li—Li—Wang [35] who established a version of Theorem 8.1 for general (Q-Fano spherical
varieties.

The inverse of Theorem 8.1 is also true for singular KE metrics on Fano G-compact-
ification varieties [17,36]. The result can be generalized to KR solitons even just defined
on a horosymmetric space with full mass by the following lemma.

Lemma 8.2. Let N be a Q-Fano horosymmetric variety. Suppose that there is a KR soli-
ton wg s on N with respect to a HVF X induced by an element in t', which is a form (2.17)
determined by a solution ¥ of (2.30) with full mass on N.° Then the associated moment
polytope P of N satisfies the barycenter condition (8.3) associated to X .

Proof. The proof is almost the same as that of [16, Proposition 5.3] for KE metrics on
G-manifolds. We can check (8.3) directly as follows. By (2.30), we have

7o (VY + 2p,,) det(y)e = e=WHi0),

where jo = —log Jo. Let ' = ¢ — (2p,, x) and j; = jo — (2pu, x). Then the above
equation becomes
mo(Vy') det(y)e? = e~ W'+ = o~

where w = ¥’ + jj. Note that

/ wo(Vy) det(y) dx = V4. (8.4)
@
Then by the full mass condition on wg s, we get
o' _,
5% e Ydx = Vy(bary 2P4+),&). (8.5)
@

On the other hand, since

dj 1
8%0 < —2(po,§), where pg = 3 > o
a/ecb;"
we have 9i/
0w < 2V (p, §). (8.6)
a’ 35
+

OThis is equivalent to Image(Vy/) = P by [36, Lemma 4.5] since ¥ is smooth on N.
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Thus combining (8.5) and (8.6), we obtain

W' o ,—w
Vo({(bar(2P4), €Y — 2(p, £)) > e Ydx + —e Ydx. (8.7)
3 o, 08
+
However, by the full mass condition on wgsg, it is easy to see that for any § € o,
0 0
—we_w dx = —/ —e Ydx =0,
aly & aly 0§
that is, )
oy’ aj
v e Vdx +/ o= gy — 0.
aly & aly 0§
Hence, we derive
((bar(2P4) —2p),&) >0, VéEea. (8.8)
Clearly, (8.8) is equivalent to (8.3). The lemma is proved. ]

By Theorem 8.1 and Lemma 8.2, we obtain the following.

Corollary 8.3. Let N be a Q-Fano horosymmetric variety with the associated fine
moment polytope. Suppose that there is a KR soliton wgs on N with respect to a HVF
X induced by an element in t', which is a form (2.17) determined by a solution  of
(2.30) with full mass on N. Then there exists a singular KR soliton with respect to X on N
with Kihler potential in &' (N, —Ky)-
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