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Abstract. We prove that on a Fano G-manifold .M;J /, the Gromov–Hausdorff limit of the Kähler–
Ricci flow with initial metric in 2�c1.M/ must be a Q-Fano horosymmetric variety M1 which
admits a singular Kähler–Ricci soliton. Moreover, M1 is the limit of a C�-degeneration of M
induced by an element in the Lie algebra of the Cartan torus of G. A similar result can be proved
for Kähler–Ricci flows on any Fano horosymmetric manifolds. As an application, we generalize
our previous result about the existence of type II singularities of Kähler–Ricci flows on Fano G-
manifolds to Fano horosymmetric manifolds.
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1. Introduction

It has been known that the existence of Kähler–Einstein, abbreviated by KE, metrics on
a Fano manifold M , that is, a compact Kähler manifold with positive first Chern class,
is equivalent to K-stability (see [8, 12, 30, 32, 44, 45], etc.). Since not every Fano mani-
fold is K-stable, there are Fano manifolds which do not admit KE metrics and we are led
to studying the problem of optimal deformations of such Fano manifolds which admit a
canonical metric. The Kähler–Ricci (KR) flow provides an approach to solving this prob-
lem by geometric-analytic methods, more precisely, we have the following conjecture,
referred to as the Hamilton–Tian (HT) conjecture (see [27, 44]):

Any sequence of metrics .M;!.t// in the KR flow contains a subsequence converging
to a length space .M1; !1/ in the Gromov–Hausdorff (GH) topology and .M1; !1/ is
a smooth KR soliton outside a closed subset S , called the singular set, of codimension at
least 4. Moreover, this subsequence of .M;!.t// converges to .M1;!1/ in the Cheeger–
Gromov topology.
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This conjecture has been confirmed (see [3, 14, 44, 48, 54]). Actually, the existence
of GH limits follows from Perelman’s noncollapsing result [27, 43] and Q. Zhang’s non-
expanding result [60]. Moreover, .M1; !1/ is unique (see [13, 25, 55]).

Recall that a KR soliton on a Fano manifold M is a pair .X; !/, where X is a holo-
morphic vector field (HVF) on M and ! is a Kähler metric on M satisfying

Ric.!/ � ! D LX .!/; (1.1)

where LX denotes the Lie derivative along X . If X D 0, the KR soliton becomes a KE
metric. The uniqueness theorem in [49,50] states that a KR soliton on a compact complex
manifold, if it exists, must be unique modulo Aut.M/.1 Furthermore, X lies in the center
of the Lie algebra of the reductive part of Aut.M/.

On a Fano manifold M , we usually consider the following normalized KR flow:

@!.t/

@t
D �Ric.!.t//C !.t/; !.0/ D !0; (1.2)

where !0 and !.t/ denote the Kähler forms of a given Kähler metric g0 and the solutions
of the Ricci flow, respectively. It is proved in [11] that (1.2) has a global solution !.t/ for
all t � 0 whenever !0 represents 2�c1.M/. It is a natural problem to study the limiting
behavior of !.t/ as t !1 as well as its limiting structure.

The purpose of this paper is to solve the above problem in the case of Fano G-
manifolds, where G is a complex reductive Lie group (i.e., the complexification of a
compact group K). By a G-manifold, we mean a (bi-equivariant) compactification of G
which admits a holomorphic G � G-action and has an open and dense orbit isomorphic
to G as a G�G-homogeneous space. A special case is toric manifolds when G is a torus.

The problem of existence of KE metrics and KR solitons on G-manifolds has been
extensively studied (see [16, 17, 19, 36, 38], etc.). A criterion has been found for their
existence in terms of the barycenter of the moment polytope associated to the Cartan torus
subgroup of G. By using this criterion, one can construct many examples of G-manifolds
which admit KE metrics or KR solitons, as well as examples of G-manifolds which admit
neither KE metrics nor KR solitons (see [16, 64]). Furthermore, we have recently proved
the following result for the KR flow on G-manifolds [37, 65].

Theorem 1.1. Let .M; J / be a Fano G-manifold which admits no KR soliton. Then any
solution !.t/ of (1.2) with initial metric !0 2 2�c1.M; J / will develop a singularity of
type II, that is, the curvature of !.t/ must blow up as t !1.

Using Theorem 1.1, we found that there are two SO4.C/-manifolds and one Sp4.C/-
manifold on which the KR flow develops singularities of type II [37]. The result provides
the first example of a Fano manifold on which the KR flow develops a singularity of
type II (see [39]).

Theorem 1.1 implies that the GH limit .M1; !1/ from the HT conjecture must be
singular [3, 55]. Also we have shown that the limit may not be a Fano G-variety [36,

1In the case of KE metrics, this uniqueness theorem is due to Bando–Mabuchi [4].
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Section 7]. Nevertheless, we hope that .M1; !1/ will still keep some symmetries and
can be classified. Our first main theorem is the following:

Theorem 1.2. The GH limit of the KR flow .1.2/ on a Fano G-manifold .M; J / is a Q-
Fano horosymmetric variety which admits a singular KR soliton. More precisely, if the
initial metric !0 in .1.2/ is K�K-invariant, the solution !.t/ converges locally smoothly
in the Cheeger–Gromov topology to a KR soliton !KS on a horosymmetric space whose
completion is the GH limit of the KR flow .1.2/ with the structure of a Q-Fano horosym-
metric variety .M1; J1/ as the limit of a C�-degeneration of .M; J / induced by an
element in the Lie algebra of the Cartan torus. Moreover, if !KS is not a KE metric, then
M1 coincides with the limit of the C�-degeneration of .M; J / induced by the soliton
HVF of !KS .

A homogeneous space G=H is called horosymmetric if it is a fibration over a gen-
eralized flag manifold whose fibers are symmetry spaces (see [18]). A horosymmetric
variety M D G=H with group action G is simply a compactification of a horosymmetric
space G=H; if it is smooth, we call it a horosymmetric manifold (see [2,18]). Theorem 1.2
means that any Fano G-manifold has a degeneration to a Q-Fano horosymmetric variety
on which there is a singular KR soliton. Furthermore, this degeneration can be realized
by a C�-degeneration induced by an element in the Lie algebra of the Cartan subgroup
of G (see Theorem 3.2). Namely, we have

Corollary 1.3. Any Fano G-manifold .M; J / admits a G � G-equivariant C�-degener-
ation induced by an element in the Lie algebra of the Cartan torus of G such that its
central fiber in the C�-degeneration is .modified/ K-stable relative to the group G �G.

The (modified) K-stability in Corollary 1.3 follows from the fact that .M1; J1/ in
Theorem 1.2 admits a singular KR soliton (see [9, 24, 53]).

Remark 1.4. The G�G-equivariant C�-degeneration in Corollary 1.3 is referred to as an
optimal degeneration for .M;J /. Since the soliton HVF onM1 in Theorem 1.2 induces a
G�G-equivariant C�-degeneration onM which attains the minimum of theH -invariant
for special degenerations [20, 55], we can find a unique degeneration by minimizing the
H -invariant for the G �G-equivariant C�-degenerations induced by a valuation cone in
the Lie algebra of the Cartan torus, defined by Delcroix [17]. Thus the algebraic vari-
ety structure of M1 in Theorem 1.2 can be classified in this way if M is not K-stable.
A detailed computation of theH -invariant on such degenerations has recently been given
by Li–Li [34] and Wang–Zhu [57].

Since the limit of the KR flow (1.2) is unique, we need to prove Theorem 1.2 only
for a K � K-invariant initial metric. Then the flow can be reduced to a parabolic equa-
tion of Monge–Ampère (MA) type for a class of convex functions as in the case of toric
manifolds [63]. The main difference here is that the convex functions should be invari-
ant under the Weyl subgroup of G, but the convex functions induced by the Cartan torus
transformations will not preserve the Weyl invariant in general. In particular, we cannot
get global Kähler potentials on a G-orbit by the induced convex functions. Our method
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is to do local C k-estimates for those induced convex functions on a Euclidean cone aC
and prove that the limit convex function on a new cone a0C will define a KR soliton on a
horosymmetric space (see Sections 3–6).

We will divide our proof of Theorem 1.2 into three cases according to concentration
points xt of convex functions wt on the cone aC (see Theorem 3.2). Those points induce
a family of torus translations for convex functions  t (or  0t ) which will determine the
soliton HVF on the limit space .M1; J1/ (see Proposition 5.1 and Lemma 5.2). We
mention that similar arguments have been used to get local estimates for Kähler potentials
in the KR flow in general by using partial C 0-estimates in [54].

The horosymmetric structure N on M1 in Theorem 1.2 can be explicitly constructed
via the G-equivariant C�-degeneration induced by an element in the Lie algebra of the
Cartan subgroup of G (see Example 2.4 and Remark 3.5). For general constructions of
those C�-degenerations on horosymmetric varieties, we refer the reader to recent papers
by Delcroix [17] and Li–Li [34].

Theorem 1.2 can be generalized to any horosymmetric manifolds. Namely, we can
also prove

Theorem 1.5. The GH limit of the KR flow (1.2) on a Fano horosymmetric manifold
M D G=H is a Q-Fano horosymmetric variety which admits a singular KR soliton. More
precisely, if the initial metric !0 in (1.2) is K-invariant, the solution !.t/ after Cartan
torus transformations of M converges in the Cheeger–Gromov topology to a KR soli-
ton on a Q-Fano horosymmetric variety whose completion is the GH limit of the KR
flow (1.2) with the structure of a Q-Fano horosymmetric variety M1 as the limit of
a C�-degeneration of .M; J / induced by an element in the Lie algebra of the Cartan
torus. Moreover, if !KS is not a KE metric, then M1 coincides with the limit of the
C�-degeneration of .M; J / induced by the soliton HVF of !KS .

As an application, we generalize Theorem 1.1 to the case of Fano horosymmetric
manifolds as follows.

Theorem 1.6. Let .M; J / be a Fano horosymmetric manifold which admits no KR-
soliton. Then any solution !.t/ of (1.2) with initial metric !0 2 2�c1.M;J / will develop
a singularity of type II.

The proof of Theorem 1.5 is almost identical to that of Theorem 1.2, so we will only
sketch it at the end of paper.

The organization of the paper is as follows. In Section 2, we review some previous
results on horosymmetric geometry, in particular from Delcroix’s works [16–18]. In Sec-
tion 3, we reduce the KR flow (1.2) to a parabolic equation (3.1) of MA type and derive
several estimates related to the C 0-estimate for equation (3.1) (see Proposition 3.1 and
Lemmas 3.4 and 3.6–3.8). Section 4 is devoted to the C 2-estimate for (3.1) by controlling
the norm of HVFs (see Proposition 4.2). We note that the estimate is completely different
from the classical (global) C 2-estimate of Calabi–Yau for complex MA equations (cf.
[11, 51, 58], etc.). Theorem 1.2 will be proved by completing Theorem 3.2 in Section 5
while we give a sketch proof of Theorem 1.5 as well as Theorem 1.6 in Section 7. In
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Section 6, we prove the local convergence of Kähler metrics associated to solutions of
(3.1) as well as (5.8) (see Proposition 6.1). Proposition 6.1 will be used in the proof of
Theorem 3.2 in Section 5. Section 8 is an appendix, where we prove an existence result
for singular KR solitons on Q-Fano horosymmetric varieties (see Theorem 8.1).

2. K-invariant metrics on horosymmetry spaces

In this paper, we always assume that G is a reductive Lie group which is the complexi-
fication of a compact Lie group K. Let TC be an r-dimensional maximal complex torus
of G with Lie algebra tC , and M the group of characters of tC . Denote by ˆ the root
system of .G;TC/ in M and choose a set ˆC of positive roots. Then each element in ˆ
can be regarded as an element of a�, where a� is the dual of the noncompact part a of tC .

2.1. K �K-invariant metrics on G-manifolds

By the K � K-invariance of the Kähler metric ! on G, the restriction of ! to TC is an
open toric Kähler metric. Thus, it induces a strictly convex function  on a (see also
Lemma 2.2 below) such that

! D
p
�1 @N@ on TC: (2.1)

On the other hand, by the KAK-decomposition [28, Theorem 7.39], for any g 2 G,
there are k1; k2 2K and x 2 a such that g D k1 exp.x/k2. Here x is uniquely determined
up to a Weyl action. This means that x is unique in aC, where aC is the closed cone of
the Weyl chamber aC defined by

aC D ¹x 2 a j ˛.x/ D h˛; xi > 0; 8˛ 2 ˆCº:

Thus there is a bijection between K � K-invariant functions � on G and Weyl-invariant
functions  on a which is given by

� .K � exp.x/ �K/ D  .x/; 8x 2 aC: (2.2)

Hence, (2.1) can be extended on G in such a way that

! D
p
�1 @N@� on G: (2.3)

With no risk of confusion, we will not distinguish between  and � , and call � (or  )
convex on G if  is Weyl-invariant convex on a.

The following KAK-integration formula can be found in [28, Proposition 5.28].

Proposition 2.1. Let dVG be a Haar measure on G and dx the Lebesgue measure on a.
Then there exists a constant CH > 0 such that for any K � K-invariant dVG-integrable
function  on G, ˆ

G
 .g/ dVG D CH

ˆ
aC

 .x/J.x/ dx;

where
J.x/ D

Y
˛2ˆC

sinh2 ˛.x/: (2.4)
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Without loss of generality, we may normalize CH D 1 for simplicity.
Next we recall a local holomorphic coordinate system on G used in [16]. By the

standard Cartan decomposition, we can decompose g as

g D .t˚ a/˚
M
˛2ˆ

V˛;

where t is the Lie algebra of T and

V˛ D ¹X 2 g j adH .X/ D ˛.H/X; 8H 2 t˚ aº

is the root space with respect to ˛ of complex dimension 1. By [26, Chapter VI, Lem-
ma 3.1], one can choose X˛ 2 V˛ such that X�˛ D ��.X˛/, ŒX˛; X�˛� D ˛ and X˛
generates the complex line V˛ , where � is the Cartan involution. Let

E˛ D X˛ �X�˛; E�˛ D J.X˛ CX�˛/: (2.5)

Denote by k˛; k�˛ the real lines spanned by E˛; E�˛ , respectively. Then we get the
Cartan decomposition of the Lie algebra k of K,

k D t˚
M
˛2ˆC

.k˛ ˚ k�˛/:

Choose a real basis ¹E01 ; : : : ; E
0
r º of t, where r is the dimension of T. Then

¹E01 ; : : : ; E
0
r º together with ¹E˛; E�˛º˛2ˆC forms a real basis of k, which can be rein-

dexed as ¹E1; : : : ;Enº. We can also regard ¹E1; : : : ;Enº as a complex basis of g. For any
g 2 G, we define local coordinates ¹zi

.g/
ºiD1;:::;n on a neighborhood of g by

.zi.g//! exp.zi.g/Ei /g: (2.6)

It is easy to see that � i jg D dzi.g/jg , where the dual � i of Ei is a right-invariant holomor-
phic 1-form. Thus

dVGjg WD
Vn
iD1.dz

i
.g/ ^ d Nz

i
.g//jg ; 8g 2 G; (2.7)

is also a right-invariant .n; n/-form, which defines a Haar measure.
For a K �K-invariant function � as in (2.2), Delcroix computed the Hessian of � in

the above local coordinates as follows [16, Theorem 1.2].

Lemma 2.2. Let � be a K �K-invariant function on G associated to a Weyl-invariant
convex  on a. Then for any x 2 aC, the complex Hessian matrix of � in the above
coordinates is block diagonal, and equals

HessC.� /.exp.x//D

0BBBBBBB@

1
4

HessR. /.x/ 0 0

0 M˛.1/.x/ 0

0 0
: : :

:::
:::

:::
: : : 0

0 0 M˛. n�r
2
/
.x/

1CCCCCCCA ; (2.8)
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where ˆC D ¹˛.1/; : : : ; ˛.n�r2 /º is the set of positive roots and

M˛.i/.x/ D
1

2
.˛.i/;r .x//

 
coth˛.i/.x/

p
�1

�
p
�1 coth˛.i/.x/

!
:

Here . ; / is the Killing inner product on the dual space of the Lie algebra t.

By (2.8),  induced by a K�K-invariant Kähler form ! is convex on a. The complex
MA measure is given by

!n D .
p
�1 @N@� /

n
D MAC.� / dVG; (2.9)

where

MAC.� /.exp.x// D
1

2rCn
MAR. /.x/

1

J.x/

Y
˛2ˆC

.˛;r .x//2: (2.10)

In particular, by Proposition 2.1,

vol.M;! / D
ˆ
M

!n D C0

ˆ
2PC

� dy D C0V0 D V; (2.11)

where PC is the quotient space of the moment polytope P by the Weyl group W , and

�.y/ D
Y
˛2ˆC

.˛; y/2: (2.12)

For a K � K-invariant KE metric defined by a convex function  as in Lemma 2.2,
by (2.10), it is easy to reduce the KE equation to the following real MA-type equation on
the cone aC (see [16]):

�.r / det.r2 / D J.x/e� : (2.13)

2.2. Geometry of horosymmetric spaces

Let H be a subgroup of G. A homogeneous space G=H is called horosymmetric if there
is a parabolic subgroup P of G such that P=H is a symmetric space and G=H is a P=H-
fibration over the generalized flag manifold G=P [18]. In particular, if the Lie algebra of H
contains all X˛ with ˛ 2 ˆC, the homogeneous space G=H is called horospherical.

According to [18], there is a Levi subgroup L of P and an involution � of L such that
the following is true for the Lie algebras of P and H:

(1) The Lie algebra of P has the decomposition

p D tC
˚

X
˛2ˆL

X˛ ˚
X
ˇ2ˆu

X�ˇ ; (2.14)

where ˆL is a root system of L, which is a subset of the root system ˆ of G, and
ˆu D ˆC n .ˆC \ ˆL/ is a subset of the positive root system ˆC of G, called the
set of roots of the unipotent radical of P.
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(2) The Lie algebra of H can be represented as

h D tC
0 ˚

X
˛02ˆL�

X˛0 ˚
X
ˇ2ˆu

X�ˇ ; (2.15)

where t0 is a subtorus of t which is fixed by � and ˆL� is a root system of the fixed
subgroup L� of L. Clearly, G=H is horospherical if and only if ˆL D ˆL� .

On a horosymmetric spaces G=H, we can consider K-invariant metrics (see [18]). Let

ˆCs D ˆC nˆL� (2.16)

and
�u D

1

2

X
ˇ2ˆu

ˇ:

Then for a K-invariant metric, there is a convex function  on a0, where a0 is the real part
of t0 .Š t=t0/ with dimension r0 such that the metric can be divided into three parts as
follows (see [18]):

! ..k1 exp¹xºk2/ �H/ D
p
�1

4

r0X
i;jD1

.Hess. //i Njdz
i
^ d Nzj

C

p
�1

2

X
˛2ˆ

C
s

.˛;r /

sinh h˛; �i
dzi˛ ^ d Nzi˛

C

p
�1

2

X
ˇ2ˆu

e�hˇ;xi.ˇ;r /dziˇ ^ d Nziˇ : (2.17)

Since  is invariant under the restricted Weyl group associated to ˆCs [18], x 2 a0 can be
restricted to the cone a0C in a0 given by

a0C D ¹x 2 a0 j h˛; xi > 0; 8˛ 2 ˆCs º: (2.18)

Example 2.3. Every reductive Lie group G can be regarded as a horosymmetric space

G D OG=diag.G �G/

with the parabolic subgroup OP D OG D G �G. With �.g1; g2/ D .g2; g1/, the set ˆCs in
(2.16) associated to G is given by

Ô C
s D ¹.˛; 0/ [ .0;�˛

0/ j ˛; ˛0 2 ˆCº:

By (2.17), we have

! .. Ok1 exp¹xº Ok2/ �H/ D
p
�1

4

rX
i;jD1

.Hess. //i Njdz
i
^ d Nzj

C

p
�1

2

X
˛2ˆC

.˛;r /

sinh h˛; �i
.dzi˛ ^ d Nzi˛ C dzi�˛ ^ d Nzi�˛ /;

(2.19)
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where Ok1; Ok2 2 OK D K � K: Then by (2.5), it is easy to see that (2.19) coincides with
(2.8), where the holomorphic coordinates .zi˛ ; zi�˛ / correspond to the basis ¹X˛; X�˛º,
˛ D r C 1; : : : ; .nC r/=2:

Let M D G=H be the Fano compactification of a horosymmetric space such that G
can be holomorphically extended to M . Let Y be a rational vector in a0 and m an integer.
Then by [17, Theorem 3.30], the pair .Y; km/ for some integer k > 0 will induce a special
G-equivariant C�-degeneration M of M which can be regarded as a compactification of
the homogeneous space

G �C�=H � e:

Moreover, the center fiber of M is a Q-Fano spherical variety N with a homogeneous
open orbit N D G=H0 for some subgroup H0 of G. In the case of the Fano G-manifold
M being a compactification of the homogeneous space of Example 2.3, the homogeneous
open orbit of center fiber N is horosymmetric, which has been described in [34] as follows.

Example 2.4 (Center fiber N). Let ¹˛1; : : : ; ˛r0º be a subset of ˆC which consists of all
simple roots in ˆC such that

h˛i ; Y i D 0; i D 1; : : : ; r0: (2.20)

Let ¹˛r0C1; : : : ; ˛r1º be the other simple roots in ˆC which do not satisfy (2.20). Then
there is a subset of ˆC, ¹˛r1C1; : : : ; ˛r2º, each of whose elements is a linear combination
of some elements in ¹˛1; : : : ; ˛r0º. Denote by ¹˛r2C1; : : : ; ˛r3º the remaining elements
of ˆC which do not lie in the above three subsets of ˆC.

We define a subgroup H0 of OG D G �G with Lie subalgebra h generated by a basis®
.Y; Y /; diag¹Y ?ºI

.X˛; X˛/; .X�˛; X�˛/; ˛ 2 ˆC nˆu D ¹˛1; : : : ; ˛r0 ; ˛r1C1; : : : ; ˛r2ºI

.Xˇ ; 0/; .0; X�ˇ /; ˇ 2 ˆu D ¹˛r0C1; : : : ; ˛r1 ; ˛r2C1; : : : ; ˛r3º
¯
: (2.21)

Then ND OG=H0 is a horosymmetric space, which is the open orbit of center N of a special
G-equivariant C�-degeneration of M induced by Y . The parabolic Lie subgroup P of OG
associated to N is generated by a basis

¹.Ei ; Ej /; i; j D 1; : : : ; r I

.X˛; X˛0/; .X�˛; X�˛0/; ˛; ˛
0
2 ˆC nˆuI

.Xˇ ; 0/; .0; X�ˇ /; ˇ 2 ˆuº: (2.22)

Moreover, the sets ˆCs and ˆu associated to N are given respectively by

Ô C
s D ¹.˛; 0/ [ .0;�˛/ j ˛ 2 ˆC nˆuº

and
Ô
u D ¹.ˇ; 0/ [ .0;�ˇ/ j ˇ 2 ˆuº: (2.23)
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Thus any K � K-invariant metric on N is determined by a convex function  on a such
that

! .. Ok1 exp¹xº Ok2/ �H0/ D

p
�1

4

X
i;jD1;:::;r

.Hess. //i Njdz
i
^ d Nzj

C

p
�1

2

X
˛2ˆCnˆu

.˛;r /

sinh h˛; �i
.dzi˛ ^ d Nzi˛ C dzi�˛ ^ d Nzi�˛ /

C

p
�1

2

X
ˇ2ˆu

e�hˇ;xi.ˇ;r /.dziˇ ^ d Nziˇ C dzi�ˇ ^ d Nzi�ˇ /: (2.24)

The above x 2 a can be restricted to the cone a0C in a associated to the root subsystem Ô Cs ,

a0C D ¹x 2 a j ˛.x/ D h˛; xi > 0; 8˛ 2 ˆC nˆuº: (2.25)

2.3. Reduced KR soliton equation on horosymmetric manifolds

As in (2.4), we introduce a function on a0C by

J0.x/ D
Y
˛2ˆ

C
s

sinh˛.x/: (2.26)

Then, analogously to (2.13), by (2.17), the KE equation on a horosymmetric manifold can
be reduced to the following real MA-type equation on a0C (see also [19, Theorem 4.3]):

�0.r C 2�u/ det.r2 / D J0.x/e� ; (2.27)

where
�0.y/ D

Y
˛2ˆ

C
s [ˆu

.˛; y/: (2.28)

We note that in the case of toroidal horospherical manifolds there is a constantB > 0 such
that for any convex function  in (2.17) (see [42]),Y

ˇ2ˆu

.r .x/C 2�u; ˇ/ � B; x 2 a0C: (2.29)

Similarly, for a KR soliton with respect to a HVF on M induced by an element X
in a, we get a reduced KR soliton equation on a0C,

�0.r C 2�u/ det.r2 / D J0.x/e� �X. /: (2.30)

By [51], X should lie in the center part ac of a. Thus in Example 2.4, by (2.24), equation
(2.30) becomes2

�.r C 4�u/ det.r2 / D J 0.x/e� �X. /; (2.31)

2Here 2�u in (2.30) is replaced by 4�u by the notation Ô u in (2.23).
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where �.y/ is defined by (2.12) and

J 0.x/ D
Y

˛2ˆCnˆu

sinh2 ˛.x/: (2.32)

(2.31) is defined on the cone a0C given by (2.25).

3. Reduced Kähler–Ricci flow

By (2.13), for a K�K-invariant initial metric in 2�c1.M/, the KR flow (1.2) on the Fano
G-manifold M can be reduced to the following parabolic equation of MA type on aC:

@ 

@t
D logŒ�.r / det.r2 /�C . C j /; (3.1)

where
j.x/ D � logJ.x/; x 2 aC;

is a strictly convex function on aC (see [16, Lemma 3.7]). The solution  D  t is a
family of Weyl-invariant functions on a and � @ 

@t
is a Ricci potential of the metric ! .

By a result of Perelman (see [43, 51, 54]), there is a constant ct such that

ht D �
@ 

@t
C ct

is uniformly bounded. In fact, ct can be normalized by the identity
ˆ

aC

eht�.r t / det.r2 t / dx D
ˆ
2PC

� dy D V0: (3.2)

For simplicity, we let wt D  t C j as a convex function on aC. Then by replacing
 t with  t � ct (without confusion, we still use the same  t ), (3.1) can be rewritten as a
family of MA-type equations

�.r t / det.r2 t / D e�ht e�wt : (3.3)

Note that j.x/ ! 1 as x ! W˛ , where W˛ D ¹x 2 a j h˛; xi D 0º is a Weyl well
associated to the positive root ˛. Moreover, one can show that wt goes to infinity at
infinity of aC by using the fact that ! t 2 2�c1.M/, as in the proof of [16, Lemma 3.8].
Thus there is a unique xt 2 aC and a number mt such that

inf
aC
wt D wt .xt / D mt : (3.4)

As in [16], for any nonnegative integer k, we set

Ak.xt / D ¹x 2 aC j mt C k � wt .x/ � mt C k C 1º:
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Then each Uk.xt / D
Sk
iD0 Ai .xt / D ¹wt � mt C k C 1º is a convex set. Moreover, for

any k � 0, Ak.xt / is a bounded set and the minimum mt is attained at some point in A0.
Since

r.�j /.xt / D r t .xt / 2 PC;

where PC is the positive part of the moment polytope P of .2�c1.M/;T C/ in a� (see
[16, 36, 38]), r.�j /.xt / is uniformly bounded. Thus there is a uniform constant ı0 such
that

h˛; xt i � ı0; 8˛ 2 ˆC: (3.5)

This implies that there is a ball B�.xt / � A0 with a fixed radius � such that

dist.B�.xt /;W˛/ � ı00; 8˛ 2 ˆC: (3.6)

Due to [16], we also have the following estimates for equation (3.3).

Proposition 3.1. The following estimates hold:

.1/ jmt j � C and .2/ diam.Uk.xt // � Dk : (3.7)

Proof. A version of estimate (1) for mt has been obtained for a family of MA-type equa-
tions considered for the existence problem of KE metrics via the continuity method on
toric manifolds and G-manifolds in [56, Lemma 3.2] and [16, Proposition 4.4], respec-
tively. Thus following the argument for the KR flow on toric manifolds [63], we can also
get (1). We leave the detailed proof to the reader.

Estimate (2) follows from (1) and the gradient estimate of wt .x/ (or j.x//) together
with equation (3.3) with the normalization (3.2) via the volume.

To prove Theorem 1.2, we establish the following explicit result.

Theorem 3.2. Let .M; J / be a Fano G-manifold. Then only three cases for the KR flow
(3.1) are possible:

Case 1: There is a sequence ti such that

jxti j � C:

Then (3.1) converges to a KE metric in the sense of Kähler potentials. As a consequence,
.M; J / is a KE manifold.

Case 2: jxt j ! 1 as t !1 and there is a sequence ti such that

jPj.xti /j � C;

where Pj is the projection .ac ;a0/! a0 with ac the center part of a. Then (3.1) converges
to a KR soliton in the sense of Kähler potentials. As a consequence, .M; J / admits a KR
soliton.
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Case 3: jPj.xt /j ! 1 as t !1. Then there are two subcases:

Case 3.1: For any ˛ 2 ˆC,

h˛; xt i ! 1 as t !1: (3.8)

Then (3.1) converges locally smoothly in the Cheeger–Gromov topology to a KR soliton
!KS on a horospherical space whose completion is the GH limit of the KR flow (1.2) with
the structure of a Q-Fano horospherical variety M1 as the limit of a C�-degeneration
of .M; J / induced by an element in the Lie algebra of the Cartan torus of G. Moreover,
if !KS is not a KE metric, then M1 coincides with the limit of the C�-degeneration of
.M; J / induced by the soliton HVF of !KS .

Case 3.2: (3.8) does not hold. Then there is a subset ˆu of ˆC such that

hˇ; xt i ! 1 as t !1; 8ˇ 2 ˆu; (3.9)

and
ı0 � h˛

0; xt i � A; 8˛
0
2 ˆC nˆu: (3.10)

Moreover, as in Case 3:1, (3.1) converges locally smoothly in the Cheeger–Gromov topol-
ogy to a KR soliton !KS on a horosymmetric space, whose completion is the GH limit
of the KR flow (1.2) with the structure of a Q-Fano horosymmetric variety M1 as the
limit of a C�-degeneration of .M; J / induced by an element in the Lie algebra of the
Cartan torus of G; if !KS is not a KE metric, then M1 coincides with the limit of the
C�-degeneration of .M; J / induced by the soliton HVF of !KS .

Remark 3.3. (1) If G is semisimple, Case 2 in Theorem 3.2 does not happen.
(2) In Case 2, when .M; J / is a toric manifold, the result was proved in [63, Theo-

rem 1.1].
(3) Case 3.1 is just Case 3.2 when ˆu D ˆC. The lower bound of (3.10) comes

from (3.5).
(4) In Case 3, ˆu will not be empty and so the curvature along the flow must blow

up according to [37, proof of Lemma 4.4, Case 1, p. 14] (see also [65, Lemma 7.4]).3 In
particular, .M; J / does not admit any KR soliton [20, 47]. Thus together with the results
in Cases 1 and 2, Theorem 3.2 also implies Theorem 1.1.

Theorem 3.2 will be proved in Section 5. In the rest of this section, we prove several
fundamental lemmas for Case 3.2, which will be used in the next two sections.

Lemma 3.4. Suppose that jPj.xt /j ! 1 as t !1 in Case 3:2. Let

Xt D
xt

jxt j
: (3.11)

3In fact, the flow must blow up if there are ˇ 2 ˆC and a sequence ¹xti º such that (3.9) holds.
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Then there is a subset ˆu of ˆC such that

lim
t
hr log sinh.hˇ; xi/.xt /; Xi D hˇ;Xi; 8ˇ 2 ˆu; X 2 aI

h˛0; X1i D 0; 8˛
0
2 ˆC nˆu; (3.12)

where X1 is the limit of any sequence Xti .

Proof. By (3.5), it is easy to see that there are a subset ˆu of ˆC and a sequence ti such
that (3.9) and (3.10) are both satisfied. Since there are finitely many choices ofˆu, and xt
is continuous in t (see (5.11) below), (3.9) must hold uniformly in t . As a consequence,
(3.10) also holds uniformly in t . In the case of (3.9), for any vector X 2 a we have

lim
t
hr ln sinh.hˇ; xi/.xt /; Xi D hˇ;Xi; 8ˇ 2 ˆu:

In the case of (3.10), we get

h˛0; X1i D lim
i

1

jxti j
h˛0; xti i D 0; 8˛

0
2 ˆC nˆu;

since jxti j ! 1.

Remark 3.5. ˆu is the same as in (2.21); it actually corresponds to the set Ô u of roots of
the unipotent radical in (2.23) for the horosymmetric space N D OG=H0 in Example 2.4.
In fact, we may modify X1 to be a rational vector in a so that (2.20) is satisfied. Then N
is a horosymmetric space with a parabolic subgroup P given by (2.22).

Lemma 3.6. Under the assumption of Lemma 3.4, we have

dist.Uk.xt /;W˛/ � ık > 0; 8˛ 2 ˆC: (3.13)

Proof. By (2) in Proposition 3.1, we see that

j .x/ �  .xt /j � C1; 8x 2 Uk.xt /:

Thus, it suffices to verify (3.13) for ˛ 2 ˆC nˆu: In fact, by (3.9) and (3.10), we have

jwk.x/ � wk.xt /j � �C1 C jj.x/ � j.xt /j

� �C2 C
ˇ̌̌
�

Y
˛2ˆCnˆu

ln sinh.h˛; xi/C
Y

˛2ˆCnˆu

ln sinh.h˛; xt i/
ˇ̌̌

� �C3 C
ˇ̌̌
�

Y
˛2ˆCnˆu

ln sinh.h˛; xi/
ˇ̌̌
:

Then ˇ̌̌
�

Y
˛2ˆCnˆu

ln sinh.h˛; xi/
ˇ̌̌
� Ck

and so
h˛; xi � �k ; 8˛ 2 ˆC nˆu; x 2 Uk.xt /:

This implies (3.13).
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Lemma 3.7. Let
�u D

1

2

X
ˇ2ˆu

ˇ: (3.14)

Then
j t .xt / � h4�u; xt ij � C: (3.15)

Proof. By (3.9) and (3.10), it is easy to see that jj.xt /C h4�u; xt ij � C . Then by (3.7),
we get (3.15).

By (3.10), we see that for each sequence ¹xti º ! 1 there is a subsequence
of ¹xti º (not relabeled) such that the corresponding sequence of functions sinh2.h˛0; xti i/
(˛0 2 ˆC nˆu) has a limit. Thus the limit function

OJ 0.x/ D lim
i

Y
˛02ˆCnˆu

sinh2.h˛0; x C xti i/ (3.16)

is well-defined.

Lemma 3.8. Let ¹xti º !1 be a sequence in (3.16). Then there is a vector a0 2 aC such
that

lim
i

sinh.h˛0; xti i/ D sinh.h˛0; a0i/; 8˛0 2 ˆC nˆu: (3.17)

As a consequence,
OJ 0.x/ D

Y
˛02ˆCnˆu

sinh2.h˛0; x C a0i/: (3.18)

Proof. Choose a set ¹˛1; : : : ;˛r0º of simple roots inˆC nˆu. Then there are numbers ı˛0
such that

lim
i

sinh.h˛0; xti i/ D ı˛0 ; 8˛
0
2 ¹˛1; : : : ; ˛r0º:

Let M˛0 be the hyperplane given by

M˛0 D ¹x 2 a j h˛0; xi D ı˛0º:

Thus there is a vector a0 2
T
˛02¹˛1;:::;˛r0 º

M˛0 such that

sinh.h˛0; a0i/ D ı˛0 ; 8˛0 2 ¹˛1; : : : ; ˛r0º:

This implies
sinh.h˛0; a0i/ D ı˛0 ; 8˛0 2 ˆC nˆu;

and so (3.17) and (3.18) hold.

4. Local C 2-estimate

In this section, we first give an upper bound for the Hessian of  through the norm esti-
mate of torus vector fields on M . We prove the following general result.
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Lemma 4.1. Let .M; !0/ be a Fano manifold with !0 2 2�c1.M/. Let g D g.t/ be a
family of solutions of the KR flow (1.2) with initial metric !0. Then for any Hamitonian
HVF X which satisfies LIm.X/!0 D 0, we have

jr�X jg D jX jg � C.jX j!0 ; !0/; (4.1)

where �X D �X .g/ is a real-valued potential of X associated to g.

Proof. We need to recall Perelman’s result for the KR flow again (see [43, 50, 54]).
Namely, for the flow (1.2), there is a uniform constant A0 depending on the initial met-
ric !0 such that

jhj � A0; jrhjg � A0; jRg j � A0; (4.2)

where h D hg is the Ricci potential of !g , which is normalized as in (3.2) byˆ
M

eh!ng D

ˆ
M

!n0 :

Moreover, by a result of Zhang [59], the Sobolev constant Cs.!g/ of !g is uniformly
bounded and it depends only on !0.

After adding a constant, �X satisfies the following equation (see [23, 51]):

�g�X C �X C .@�X ; @h/g D 0: (4.3)

Note that �X is uniformly bounded (see [61, 62]). Actually,

sup
M

�X .g/ D sup
M

�X .!0/; inf
M
�X .g/ D inf

M
�X .!0/:

Then the function F D eh�X is also uniformly bounded by the first relation of (4.2).
Moreover, by (4.3), we have

�gF D �F C �X�ge
h
D �F C eh�X .Rg � nC jrhj

2
g/: (4.4)

Clearly, eh�X .Rg � n C jrhj2g/ is uniformly bounded by (4.2). Thus integrating (4.4)
multiplied by�F , we see that

´
M
jrF j2g!

n
g is uniformly bounded. Hence, by the gradient

estimate in [47, Lemma 7.2], we obtain

jrF jg � C.krF kL2.M;g/; Cs.!g/; jrhjg/:

As a consequence, we deduce (4.1) from (4.2). The lemma is proved.

We apply Lemma 4.1 to the family of K �K-invariant metrics ! t D
p
�1 @N@� t in

the KR flow (3.1) on the Fano G-manifold .M; !0/. Let ¹e1; : : : ; erº be r vector fields
generated by the basis ¹E01 ; : : : ; E

0
r º of t. Then on T C ,

eA D
@

@xA
C
p
�1 J

@

@xA
D

@

@zA
; A D 1; : : : ; r:

It follows that

jeAj
2
! t
D ! t

�
@

@zA
;
@

@zA

�
D  t;AA; A D 1; : : : ; r; (4.5)



Horosymmetric limits of Kähler–Ricci flow on Fano G-manifolds 4535

Proposition 4.2.
Hess.r2 t / � C:

Proof. Let
X D

X
A

aAeA

for some real numbers aA, A D 1; : : : ; r . Then by Lemma 4.1,

jX j2! t
� C.a1; : : : ; ar /:

Namely by (4.5), X
aAaB t;AB � C

0.a1; : : : ; ar /:

Thus the proposition is true since aA can be chosen arbitrary.

Lemma 4.3. On each Uk.xt /,

.r t ; ˛/ � Ck > 0; 8˛ 2 ˆC: (4.6)

Proof. By Proposition 4.2 and (3.3), we have

�.r t / � C
0
k > 0 on Uk.xt /:

Note that .r t ; ˛/ is uniformly bounded. Thus we get (4.6) immediately.

Proposition 4.4. Let
O t D  t .� C xt / �  t .xt /:

Then O t is uniformly C l;˛-bounded for any l � 0 and ˛ 2 .0; 1/ on each Uk.xt / � ¹xtº.

Proof. Since .r t ; ˛/ is uniformly bounded, by (3.3) and the first relation of (3.7) we
have

det.r2 t / � Bk on Uk.xt /; (4.7)

where the constant Bk depends only on k. Then by Proposition 4.2,

Bk � Hess. O t / � C on Uk.xt / � ¹xtº:

Thus, by the regularity of the parabolic MA equation (3.1) together with Proposition 3.1
and Lemmas 3.6 and 4.3, we conclude that O t .�/ is locally uniformly C l;˛-bounded for
any l � 0 and ˛ 2 .0; 1/.

Proposition 4.5. Under the assumption of Lemma 3.4, the set Uk.xt / � ¹xtº converges
as t !1 to a cone a0C � aC in a, defined by

a0C D ¹x 2 a j h˛0; xi > 0; 8˛0 2 ˆC nˆuº: (4.8)

Proof. By Lemmas 3.7 and 3.8, we have

Owt .x/Dwt .xC xt /D t .xC xt /� t .xt /� h�u;xi � log OJ 0.xC a0/CO.1/: (4.9)

Let Br be an r-ball in a. Then the leading term of Owt .x/ in Br \ a0C is � log OJ 0.x C a0/.
Thus the set ¹x 2 a j Owt .x/ � kº will exhaust a0C, and the proposition is proved.
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5. Proof of Theorem 3.2

In this section, we prove Theorem 3.2 and so get Theorem 1.2. We first establish the
existence of a limit solution of the reduced KR flow (3.1).

5.1. Smooth KR soliton solution on N

Let N be the horosymmetric space constructed in Example 2.4 associated to the vector
X1 2 a in Lemma 3.4 (see Remark 3.5). Let a0C be the cone in a defined by (4.8). We
need to prove the following.

Proposition 5.1. Let �u be the vector in a0C defined in (3.14) and J 0.x/ the function
defined on a0C by (2.32). Then there is a smooth function � on a0C which satisfies the
equation

�.r� C 4�u/ det.r2�/ D J 0.x/e���Y.�/; (5.1)

where the vector Y 2 a0C satisfies

h˛0; Y i D 0; 8˛0 2 ˆC nˆu: (5.2)

Moreover, the metric !� of the form (2.24) associated to � is a K � K-invariant KR
soliton with respect to the HVF eY on N induced by Y .

By Proposition 4.4, O t is uniformly C l;˛-bounded on each Uk.xt /� ¹xtº. Then there
is a sequence O ti which converges locally uniformly to a smooth function  1 on a0C.
Without loss of generality, we may assume that ti is chosen as in (3.16) with the func-
tion OJ 0.x/. On the other hand, by (3.3),

�.r O ti / det.r2 O ti / D e
�hti

Y
˛02ˆCnˆu

sinh2.h˛0; x C xti i/e
�. O tiC ti .xti /�h4�u;xti i/

� e�h4�u;xti i
Y
ˇ2ˆu

sinh2.hˇ; x C xti i/: (5.3)

By Lemmas 3.7 and 3.8, on each set Uk � ¹xti º we have respectively

e ti .xti /�h4�u;xti i � e�h4�u;xti i
Y
ˇ2ˆu

sinh2.hˇ; x C xti i/! A0e
h4�u;xi (5.4)

for some constant A0, and Y
˛02ˆCnˆu

sinh2.h˛0; x C xti i/! OJ 0.x/: (5.5)

Moreover, the convergences are both uniform on a fixed domain U � a0C which is con-
tained in Uk.xt / � ¹xtº for k � 1.
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Lemma 5.2. Let
Oht .�/ D ht .� C xt /:

Then there are Y 2 a0C and a constant c such that

lim
t

Oht .�/ D Y. 1/C c; (5.6)

where Y. 1/ D hY;r 1i. The convergence of Oht .�/ is locally uniform in C l;˛ as also
is the convergence of O t : Moreover, Y satisfies (5.2).

Proof. We will modify the argument in [63, Lemma 4.1] for G-manifolds. The difficulty
is that O t has only local convergence at present. The proof is divided into four steps.

Step 1. Recall xt is the critical point of wt in (3.4). We claim that there is an �0 > 0 such
that

jxt � xtC�0 j � C; 8t > 0; (5.7)

where C is a uniform constant.
For any time t > 0, we consider equation (3.1) on Œt; t C �0/,

@ 0

@s
D logŒ�.r 0/ det.r2 0/�C . 0 C j /; s 2 Œt; t C �0/: (5.8)

By Perelman’s result, we may assumeˇ̌̌̌
@ 0

@s
.t; �/

ˇ̌̌̌
D ht � A; (5.9)

where ht is chosen as in (3.2). Then the solution  0s just differs by a constant from  s
in (3.3). By the maximum principle for @ 

0

@s
, we get

j 0t �  
0
sj � C1�0;

ˇ̌̌̌
@ 0

@s

ˇ̌̌̌
� 2A; 8s 2 Œt; t C �0/: (5.10)

Let
w0 D w0s D  

0
s C j:

Then the minimal point of w0s coincides with the minimal point xs of ws in (3.4). By
Proposition 4.4, we see that

C�12 � Hess.r2 0t / � C2 on B�.xt /;

where the �-ball B�.xt / is chosen as in (3.6). It follows that

.C 02/
�1
� Hess.r2w0t / � C

0
2 on B�.xt /:

Thus
jw0t .xt / � w

0
t .x/j � 4C1�0; 8x 2 @B�.xt /;

if �0 is chosen small enough. As a consequence,

w0t .x/ � w
0
t .xt /C 4C1�0; 8x 2 @B�.xt /:
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Hence, by (5.10),

w0s.x/ � w
0
s.xt /C 2C1�0 � inf

x02B�.xt /
w0s.x

0/C 2C1�0; 8x 2 @B�.xt /:

Therefore, there is a critical point x0s of w0s in B�.xt / such that

rw0s.x
0
s/ D 0:

By the convexity ofw0s , x
0
s is the global minimal point ofw0s . Thus x0s D xs . Moreover,

jxs � xt j � �; 8s 2 Œt; t C �0/:

In particular,
jxtC�0 � xt j � �; 8t > 0: (5.11)

Hence, we have proved (5.7). Actually, from the above argument one can deduce that for
any small � there exists �0 such that (5.11) holds. This implies that xt 2 aC is uniformly
continuous in t .

Step 2. We prove the uniqueness of  1, which is independent of the choice of the
sequence ¹ O ti º.

By (5.7), we see that for any integer l > 0 we have

jxl�0 � x.lC1/�0 j � C:

Then we can use a trick as in [15,51,63] to choose a smooth family of modified points yt
in aC such that

jxt � yt j � C and
ˇ̌̌̌
dyt

dt

ˇ̌̌̌
� C: (5.12)

Moreover, we may assume that the vector dyt
dt

in aC has a limit Y 2 a0C.
Let Q 0.�/ D Q 0t .�/ D  

0
t .yt C �/ and

w0t .x/ D
Q 0t .x/C j.x C yt /:

Then
m0t D inf

aC
w0t .x/ D w

0
t .xt /

also satisfies (1) in Proposition 3.1. Since r 0 is uniformly bounded, analogously to the
function O t in Proposition 4.4,

 t .xt C �/ �  t .xt / D  
0
t .xt C �/ �  

0
t .xt /;

and
O 0t D

Q 0t �  
0
t .yt / (5.13)

is also uniformly C l;˛-bounded on each U 0
k
.xt / D ¹x 2 aC j w

0
t .x/ �m

0
t < k C 1º. As

in Proposition 4.5, U 0
k
.xt / � ¹xtº converges to the cone a0C � aC. Hence, any sequence
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¹ O 0ti º will converge to a convex function  01 on a0C, like ¹ O ti º to  1. We need to show
that  01 modulo a constant is independent of the choice of the sequence ¹ O 0ti º.

In fact, by Proposition 6.1 below, ! 0ti
converges locally to .N; ! 01/ in the Cheeger–

Gromov topology. Thus, by the HT conjecture [3,54], ! 01 is actually a KR soliton !KS
on N which is a regular open set of the GH limit space M1 of the KR flow (1.2). By
the uniqueness of !KS [13], we conclude that  01 modulo a constant is independent of
the sequence ¹ O 0ti º. Therefore,  1 is also independent of the sequence ¹ O ti º under the
normalization (3.2).

Step 3. We now prove (5.6). Note that

@ 0

@s
D
@ Q 0

@s
� es. O 

0/; 8s 2 Œl�0; .l C 1/�0/; (5.14)

where es. O 0/ D
dys
ds
. O 0/ D hdys

ds
;r O 0i. Then by (5.8), @ 

0

@s
is uniformly bounded in the

C l;˛-norm on Uk.xt / � ¹xtº, and so is @ Q 0

@s
. Thus @ Q 0

@s
is convergent as long as @ 0

@s
is.

On the other hand, by the uniqueness of the soliton HVF e1 associated to the limits of
KR solitons along the flow (1.2) [55, Corollary 3.3] (see also [13]), @ 

0

@s
converges to a

potential �e1 of e1 [54, Lemma 4.2]. Hence there is a smooth � on a0C and a family of
constants As such that

lim
s

�
@ O 0

@s
� As

�
D �;

since @ O 0

@s
just differs by a constant from @ Q 0

@s
. By the normalization (5.9), it is easy to see

that the As are uniformly bounded.
We claim that � is a constant. Suppose that it is not. Then there are two points x1; y1

in a0C, limits of sequences ¹xlº; ¹ylº in U 0
k
.xt / � ¹x

0
tº, such that

j�.x1/ � �.y1/j � 2a0:

Thus, as l � 1, we may assume

@ O 0

@s
.xl / �

@ O 0

@s
.yl / � a0; 8s 2 Œl�0; .l C 1/�0/: (5.15)

On the other hand, there is a sequence of constants cl such that

lim
s!l��

0

@ 0

@s
D
@ 0

@s

ˇ̌̌̌
l�0

C cl ;

where @ 0

@s

ˇ̌
l�0
D hl�0 is normalized as in (5.9). Then we also have

lim
s!l��

0

@ O 0

@s
D
@ O 0

@s

ˇ̌̌̌
l�0

C c0l :

In particular,

lim
s!l��

0

@ O 0

@s
.xl / � lim

s!l��
0

@ O 0

@s
.yl / D

@ O 0

@s

ˇ̌̌̌
l�0

.xl / �
@ O 0

@s

ˇ̌̌̌
l�0

.yl /:
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Thus the function @ O 0

@s
.xl / �

@ O 0

@s
.yl / is continuous in s. Hence, for any integers l; k with

l < k, we get

Œ O 0jk�0.xl / �
O 0jl�0.xl /� � Œ

O 0jk�0.yl / �
O 0jl�0.yl /�

D

ˆ k�0

l�0

�
@ O 0

@s
.xl / �

@ O 0

@s
.yl /

�
ds: (5.16)

But this is impossible since the left side of (5.16) is always bounded by (5.13), while the
right side of (5.16) goes to infinity as k !1 by (5.15). Hence, � must be a constant.

Recall that  01 is a C1 limit of O 0ti and b a limit of the vectors xti � yti . Then it is
easy to see that

 01.x/ D  1.x � b/C c (5.17)

for some constant c. Thus by (5.14) and the above claim, we have

Oh1 D lim
t

Oht .�/ D lim
t
ht .� C xt / D � lim

t

@ Q 0

@s

ˇ̌̌̌
sDt

C ct D hY;r 1i C c:

This proves (5.6).

Step 4. We prove (5.2). We may assume that Y is not zero and take a sequence xti in
(3.16) with ti D ti�0. By the first relation in (5.12), with no loss of generality we may also
assume that

1 < jytiC1 � yti j � N0

and
lim
i
h˛0; yti i D ı˛0 > 0; 8˛

0
2 ˆC nˆu:

Note that

ytiC1 � yti D jytiC1 � yti j

�
Y

jY j
C o.1/

�
; 8˛0 2 ˆC nˆu:

Thus

0 D lim
i
jh˛0; ytiC1 � yti ij

D lim
i
jytiC1 � yti j jh˛

0; Y=jY j C o.1/ij

� jh˛0; Y=jY j C o.1/ij:

Hence (5.2) must be true.

Remark 5.3. (1) It seems possible to prove that Y D aX1 for some a ¤ 0, where X1 is
the limit of Xt in (3.11). In particular, Y will be not zero in Case 3 of Theorem 3.2. This
implies that in Case 3 the Fano G-manifold .M; J / must be K-unstable by [54, Propo-
sitions 4.16, 4.17]. On the other hand, in Case 1 (or 2) of Theorem 3.2, .M; J / admits
a KE metric (or a KR soliton) and so it is K-polystable [5] (or modified K-polystable
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[9, 24]). Thus we guess that a Fano G-manifold .M; J / is K-polystable (or modified K-
polystable) if it is K-semistable (or modified K-semistable) by the above observation.
Actually, we will confirm this in the case of modified K-semistability: see Corollary 7.2
below.

(2) Note that  0t just differs by a constant from  t . By (5.17), the limit O�.x/D  01 �
h�u; xi coincides with the solution �.x/ in (5.1), which is the limit of the sequence

O�ti D  ti .x C xti C b/ �  ti .xti / � h4�u; xi C c (5.18)

for some constant c.

Proof of Proposition 5.1. By Lemma 5.2 together with (5.4) and (5.5), we get from (5.3),

�.r 1/ det.r2 1/ D A00J
0.x � a0/eh4�u;xie� 1�Y. 1/

for some constant A00. The above equation can be defined in the cone a0C by Proposi-
tion 4.5. Let

�.x/ D  1.x C a0/ � h4�u; xi: (5.19)

Then we obtain
�.r� C 4�u/ det.r2�/ D QA0J 0.x/e���Y.�/;

where
J 0.x/ D OJ 0.x � a0/:

Hence, by adding a constant to �.x/, �.x/ becomes a solution of (5.1).
By the relation (5.19), �.x/ is invariant under the restricted Weyl group and so is Y.�/.

Let eY be an induced HVF of Y on N and  � be a smooth function associated to � on N
defined by

 �. Ok1 exp¹xº Ok2 �H0/ D �.x/; 8x 2 a0C:

Then the function Y.�/ on a0C can be extended to a smooth function eY . �/ on N. Recall
that !� is a K � K-invariant metric associated to � on N defined as in (2.24). By (5.1),
!� satisfies the KR soliton equation

Ric.!�/ � !� D
p
�1 @N@Y.�/ D LeY !� : (5.20)

That is, we have proved that eY is the soliton HVF of !� .

By Proposition 5.1 the metrics !�.. Ok1 exp¹xº Ok2/ � H0/ of the form (2.24) deter-
mined by the solution � of (5.1) define a KR soliton !KS on N. Moreover,
!�.. Ok1 exp¹xº Ok2/ � H0/ is the local limit of the KR flow !.t/ D ! 0t in the Cheeger–
Gromov topology with N being a smooth part of M1 by Proposition 6.1 below. In the
remaining part of this section, we shall extend !�.. Ok1 exp¹xº Ok2/ � H0/ to a singular KR
soliton on N in order to use the modified K-stability theory to complete the proof of
Theorem 3.2.

Remark 5.4. When ˆu D ˆC, P is just a Borel subgroup of G � G. Thus N is a horo-
spherical space in this case.
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5.2. Singular KR soliton solution on N

Proposition 5.5. Let Y 2 a0C be as in Proposition 5.1. Then there exists a singular K�K-
invariant KR soliton !0KS with respect to Y on N.4

Proof. We will apply Corollary 8.3 in the Appendix. Let a K � K-invariant metric !0
on M be the initial metric in (1.2).

As in Section 6 below, we let 2P1 D Image.r�0/.a0C/. Then by the volume relation
in (6.5), we have

vol.N; !KS / D
ˆ
2P1

�.y/ dy D

ˆ
2PC

�.y/ dy D vol.M;!0/: (5.21)

Note that any subset of P1 can be approximated by the gradient images of a locally
convergent sequence O ti . Thus P1 � PC. By (5.21),

P1 D PC: (5.22)

As a consequence, 1
2
.2PC � 4�u/ is a quotient of the moment polytope P 0 associated to

the torus Lie algebra t0 and the metric !KS . Hence, P 0 satisfies the Delzant condition [1].
In particular, P 0 is fine, which means that each vertex of P 0 is the intersection of precisely
r .D dim.P 0// facets (see [22, 36]).

For any admissible metric ! representing 1
l
c1.N; L�lN

/ [44], by C�-degeneration, we
have

vol.M;!0/ D vol.N; !/:
Then by (5.21), we get

vol.N; !KS / D vol.N; !/;
which means that .N; !KS / has full mass. On the other hand, since ! is induced from
the Fubini–Study metric in a higher-dimensional CPm, we may assume that it is K �K-
invariant and smooth on N. By the computation of volume for the metric of the form
(2.24), it follows that

vol.N; !/ D C0
ˆ
2P
C

N

�.y C 4�u/ dy;

where PC
N

is the quotient of the moment polytope PN associated to 1
l
c1.N; L�lN

/ by the
restricted Weyl group (see [17]). Thus by the first equality in (5.21), we deriveˆ

2P 0
C

�.y C 4�u/ dy D

ˆ
2P1�4�u

�.y C 4�u/ dy D

ˆ
2P
C

N

�.y C 4�u/ dy; (5.23)

where P 0C D
1
2
.2PC � 4�u/ is the quotient of the moment polytope P 0 by the restricted

Weyl group. Since P 0C � P
C

N
means P1 � PC, we conclude that

P 0 D PN:

Hence, we have proved that PN is fine as so is P 0, while .N; !KS / has full mass in (5.21).

4We do not know whether !KS can be extended to a singular KR soliton on N with a weak
Kähler potential in E1.N;�KN/ directly from the solution � of (5.1).
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Now we can apply Corollary 8.3 to see that there is a singular K � K-invariant KR
soliton !0KS with respect to Y on the Q-Fano horosymmetric variety N.

Proof of Theorem 3.2. It is clear that in the family of xt there exists either a sequence
¹tiº which is uniformly bounded, or one that goes to infinity uniformly. In the latter case,
there exists either a sequence ¹tiº for which Pj.xti / are uniformly bounded, or one for
which Pj.xt / go to infinity uniformly. Thus we need to prove the theorem in the three
cases considered there.

Case 1. The proof in this case is actually the same as in [16,56] by the continuity method.
We can let the initial metric !0 in (3.1) be a background K �K-invariant metric given by
a K �K-invariant function  0 as in (2.9) such that

!0 D
p
�1 @N@� 0 :

Then as in the case of toric manifolds, the Kähler potential ' t D � t � � 0 for the solu-
tion  t of (3.1) has a uniform upper bound (see [56, Lemma 3.4], [63, Proposition 3.2]).
By the Harnack inequality (see [51, Propositions 3.1, 5.1]), we get a uniform C 0-bound
for ' t . Hence, by the regularity of the KR flow (1.2), we get all C k;˛-bounds for ' t .
As a consequence, the limit '1 of ' t will define a KE metric

!KE D
p
�1 @N@.� 0 C '1/

on .M; J /. The proof in this case is finished.

Case 2. The proof in this case is the same as in Case 1. Let

xt D at C Pj.xt /;

where at 2 ac : Then we define a new family of K �K-invariant functions by

Q t .�/ D  t .� C at /;

By (3.1), Q t satisfies

@ 

@t
.� C at / D logŒ�.r Q / det.r2 Q /�C . Q C j /: (5.24)

By the same argument as for toric manifolds [63, Proposition 4.1], we can also get a
C 0-estimate for Kähler potentials as in Case 1,

' Q t D � Q t � � 0 :

Moreover, all C k;˛-norms of ' Q t are uniformly bounded. Hence, in this case, the K �K-
invariant metric

p
�1 @N@� Q t D

p
�1 @N@.� 0 C ' Q t / (5.25)

will converge subsequentially to a KR soliton on .M;J / in the sense of Kähler potentials,
and Oht in Lemma 5.2 converges to a potential of a soliton HVF (see (5.6) and (5.20)).
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In fact, if we let gt be a family of group elements in the center Tc associated to at , the
holomorphic transformations

�t W G! gtG

induce the metrics in (5.25) by ��t ! t .

Case 3. By Remark 3.3 (3) we need to consider Case 3.2. Then both (3.9) and (3.10) hold
according to the proof of Lemma 3.4.

We notice that .N; !KS / is a smooth part of .M1; !1/ by Proposition 6.1. More-
over, by (5.21), .N; !KS / does not lose the volume of .M; !.t//. Then by [3, Theorem
1.1], the metric completion of .N; !KS / is the limit .M1; !1/ of the KR flow (1.2) in
the GH topology. Also, we know that M1 is homeomorphic to a Q-Fano variety OM1
which admits a singular KR soliton O!KS with respect to the HVF Y with Kähler poten-
tial in E1. OM1;�K OM1/ [54]. It remains to show that OM1 is biholomorphic to N. In the
following, we assume that .M1; !1/ is a KE metric or a KR (but not KE) soliton.

Suppose that .M1; !1/ is a (singular) KE metric. In other words, Y D 0 since !1
equals !KS on N from the proof of Lemma 5.2. Then the soliton metric O!KS is KE and so
OM1 is reductive by [55, Proposition A.1]. By using the technique of partial C 0-estimates

[54, 55], there exists a special degeneration from M to OM1 via Luna’s lemma. Thus
Mabuchi’s K-energy on .M; J / is bounded below [29] (see also [55, Proposition 5.2]).
As a consequence, .M; J / is K-semistable in the sense of [44] (see [40]). On the other
hand, N is also K-polystable just as OM1 since we know that it admits a singular KE
metric !0KE by Proposition 5.5 together with the fact Y D 0 [5]. Note that N is the center
limit of a special degeneration of M induced by X1 2 a. Therefore, by the uniqueness
result of Li–Xu–Wang [33, Theorem 1.3] for K-polystable limits of C�-degenerations,
OM1 must be biholomorphic to N.

In the special case that N is smooth, !0KE is smooth (see [7, Theorem B.1]). This
means that the C�-degeneration on M induced by X1 is a smooth deformation with
the KE manifold N as its center. By [55, Theorem 1.4] (or [46, Proposition 7.7]) for the
special case of KE manifolds, .N; !0KE / is a smooth limit of the KR flow (1.2). Thus by
the uniqueness of limits of the KR flow (independent of the choice of the initial metric
!0 2 2�c1.M/) [25, 55], we also infer that OM1 is biholomorphic to N.

Suppose now that .M1;!1/ is not a (singular) KE metric, so Y ¤ 0. Then by (5.2) we
can modify Y to be a rational vector field in a as done forX1 in Remark 3.5 so that (2.20)
or (3.12) is satisfied. Thus, the Q-Fano variety N is also a limit of a C�-degeneration of
.M; J / induced by the soliton HVF Y according to the construction of the subgroup H0

of OG D G �G in Example 2.4 (see also Remark 3.5). By a result of [13], there is another
C�-degeneration relative to Y from N to OM1. Since both N and OM1 admit singular
KR solitons with respect to Y , this new C�-degeneration must be trivial by the modified
K-stability for the KR soliton .N; !0KS / with respect to Y [9, 24, 53]. Hence, OM1 is
biholomorphic to N. As a consequence, M1 can be realized as a C�-degeneration of
.M; J / induced by X1. Moreover, !KS can be extended to a singular KR soliton with
respect to Y on N since N can be regarded as a smooth dense subset of OM1 because
!KS has full mass by (5.21) [54, Theorem 1.1]. The metric completion of .N; !KS / is
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isometric to .M1; !1/ by [3, Theorem 1.1] with the help of (5.21). Hence, the proof in
Case 3 is complete and so Theorem 3.2 is proved.

6. Locally smooth limit of .M; ! 0
ti

/

Let Uk.xt / be a sequence of subsets of aC as in Proposition 3.1 and

Wk.xt / D ¹g D k1 exp.x/k2 2 G j �.g/ D x 2 Uk.xt /º:

In this section, we prove

Proposition 6.1. Let ¹ O 0ti º be a subsequence of O 0t in (5.13) which converges to a convex
function  01 on a0C. Let 5

�0.x/ D  01.x C a0 C b/; (6.1)

where a0 and b are two vectors in a determined in (3.17) and (5.17), respectively. Then
there exist a sequence ki !1 and a family of diffeomorphisms �ti from Wki .xti / to N
such that .��1ti /

�! 0ti
j�ti .Wki .xti //

converges locally to .N; !�0/, where !�0 is a global
metric defined on N associated to �0 as in (2.24).

Proof. For any qt 2 Wk.xt / with �.qt / D yt 2 Uk.xt /, we choose a neighborhood Uyt
of yt such that Uyt � Uk.xt / and ��1.Uyt / D

S

 W


 .yt / � Wk.xt /; where each open
set W 
 .yt / with holomorphic coordinates z as in (2.6) satisfies

Bı1 � B
0
ı1
� ¹z.q0/ j q0 2 W 
 .xt /º � Bı2 � B

0
ı2

for some ı1-ball Bı1 and ı2-ball Bı2 .ı1 < ı2) in Cr , and ı01-ball B 0
ı1

and ı02-ball B 0
ı2

in Cn�r .
For each ˇ 2 ˆu, we let

.ziˇ ; zi�ˇ / D e
1
2 hˇ;xt i. Ozi˛ ; Ozi�˛ /: (6.2)

Then in the new coordinates Oz D .z1; : : : ; zr ; : : : ; zi˛ ; zi�˛ ; : : : ; Oziˇ ; Ozi�ˇ ; : : :/ onW 
 .yt /,
! 0ti

from (2.19) turns into

! 0ti
D

p
�1

4

rX
i;jD1

.Hess. 0ti //i Njdz
i
^ d Nzj

C

p
�1

2

X
˛2ˆCnˆu

.˛;r 0ti /

sinh h˛; �i
.dzi˛ ^ d Nzi˛ C dzi�˛ ^ d Nzi�˛ /

C

p
�1

2

X
ˇ2ˆu

ehˇ;xti i

sinh hˇ; �i
.ˇ;r 0ti /.d Oz

iˇ ^ d NOziˇ C d Ozi�ˇ ^ d NOzi�ˇ /: (6.3)

5�0 differs from � in Proposition 5.1 by a linear function; see (5.17) and (5.19).
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Recall that 1 is the limit of O ti in Proposition 4.4. Since 0t just differs by a constant
from  t , by Proposition 4.4 together with Lemmas 3.4 and 3.8, the metric matrix of ! 0ti
in (6.3) is uniformly positive definite and its elements

.Hess. 0ti //i Nj ;
.˛;r 0ti /

sinh h˛; �i
;

ehˇ;xti i

sinh hˇ; �i
.ˇ;r 0ti /

are uniformly C l;˛-bounded in the coordinates Oz. In fact, the metric matrix converges to
a form of (2.24) as in Example 2.4,

!�0 D

p
�1

4

rX
i;jD1

.Hess.�0//i Njdz
i
^ d Nzj

C

p
�1

2

X
˛2ˆCnˆu

.˛;r�0/

sinh h˛; �i
.dzi˛ ^ d Nzi˛ C dzi�˛ ^ d Nzi�˛ /

C

p
�1

2

X
ˇ2ˆu

e�hˇ;xi.ˇ;r�0/.d Oziˇ ^ d NOziˇ C d Ozi�ˇ ^ d NOzi�ˇ /: (6.4)

Since �0 is globally well-defined on a0C and !� is invariant under the restricted Weyl
group, !�0 actually defines a global metric !�0 on N.

By the above convergence of the metric matrix of ! 0ti
, the curvature of ! 0ti

on

��1.Uyti / is uniformly bounded. Thus by the volume noncollapse result of Perelman
for the KR flow (1.2) (see [43]), the injectivity radius is uniformly bounded below
on ��1.Uyti / (see [41, Lemma 51]). By the compactness theorem (see [41, Theo-
rems 72, 74]), we see that .��1.Uyti /; ! 0ti

/ converges smoothly to an open Riemannian
manifold .W1; !1/ in the Cheeger–Gromov (abbreviated by CG) topology. We need to
show that .W1; !1/ is isometric to an open subset of .N; !�0/.

Let x00 be a limit of yti 2 Uk.xti / � ¹xti º in Rr and q00 D Ok1 exp¹x00º Ok2 � H0 2 N.
Then in the new coordinates Oz, there is a Euclidean ball OD in Cn centered at the origin
and a geodesic �00-ball B�0

0
.!�0/ � N centered at q00 such that

Oz.B�0
0
.!�0// � OD:

On the other hand, for any curve � starting from qti such that �.�/ \ Uyti ¤ ;, we see
that by the Hessian estimate of  0ti above there exists a uniformly small constant � such
that

length.�/ � �:

Moreover, for any minimal geodesic ray � starting from qti such that �.�/ \ Uyti D ;,
its length is greater than the injectivity radius of qti , which is uniformly bounded below.
Thus we conclude that there is a uniform constant �0 > 0 such that each set ��1.Uyti /
contains a geodesic �0-ball B�0.! 0ti

/ centered at qti . We may assume �0 < �00. Note that
by the coordinate transformation in (6.2), it is easy to see that for any fixed index 

the set W 
 .yti / \ B�0.! 0ti

/ converges to a subset in B�0
0
.!�/ with zero volume in
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the CG topology. Hence, by the smoothness of ! 0t in the geodesic coordinates, there
is a sequence 
i ! 1 such that the open Riemannian manifold .

S
i

D1 W


 .yti / \

B�0.! 0ti
/; ! 0ti

/ converges to an open subset of B�0
0
.!�/ in the CG topology. As a con-

sequence, .Wk.xti / \ B�0.! 0ti
/; ! 0ti

/ converges to an open subset of B�0
0
.!�0/ in the

CG topology.
Summarizing the above, for a fixed k and any sequence qti 2 Wk.xti / there are

geodesic �-balls B�.! 0ti
/ in .G; ! 0ti / which converge subsequentially to a geodesic

�-ball B�.!�0/ in .N; !�0/ in the CG topology. Then by the standard covering argu-
ment (cf. [41, proof of Theorem 74]), we conclude that .Wk.xti /; ! 0ti

/ (taking a
subsequence of ¹tiº if necessary) converges to an open subset in .N; !�0/ in the CG
topology. By the diagonal method, .G; ! 0ti / converges locally and subsequentially to
an open set in .N; !�0/. Thus, there exist a sequence ki ! 1 and a family of dif-
feomorphisms �ti (maybe for a subsequence of ¹tiº) from Wki .xti / to N such that
..��1ti /

�! 0ti
; �ti .Wki .xti /// converges locally uniformly to an open subset W1 in N.

Next we prove that the open set W 0
ki
D �ti .Wki .xti // exhausts N. We claim that

lim
i

vol.Wki .xti /; ! 0ti
/ D vol.N; !�0/: (6.5)

We notice that similarly to the case of toric manifolds [56, 63], from the argument for
the upper bound estimate ofmt in Proposition 3.1 (see also [16, Proposition 4.4]), we can
get an estimate ˆ

aCnUk.xt /

ewt dx �
C

emt

X
l�kC1

.l C 1/n

el
;

which goes to zero by Proposition 3.1 as k !1. Since e�ht is uniformly bounded, we
obtain

lim
k;t!1

ˆ
aCnUk.xt /

e�htCwt dx D 0:

By (3.3), it follows that

lim
k;t!1

ˆ
aCnUk.xt /

�.r t / det.r2 t / dx D 0: (6.6)

Thus by the volume formula (2.11), we derive

lim
i

vol.Wki .xti /; ! 0ti
/

D C0

ˆ
2PC

�.y/ dy � C0 lim
i

ˆ
aCnUki .xti /

�.r 0ti / det.r2 0ti / dx

D C0

ˆ
2PC

�.y/ dy D vol.M;!0/: (6.7)

On the other hand, if we let 2P1 D Image.r�0/.a0C/, then by the similar volume
formula (2.11) for the metric form (6.4) and the local convergence of O 0ti , we have



G. Tian, X. Zhu 4548

vol.N; !�0/ D C0
ˆ
2P1

�.y/ dy

D C0 lim
i

ˆ
Image.r 0ti /.Uki .xti //

�.y/ dy

D C0 lim
i

ˆ
Uki .xti /

�.r 0ti / det.r2 0ti / dx:

Thus similarly to (6.7), we also get

vol.N; !�0/ D C0
ˆ
2PC

�.y/ dy � C0 lim
i

ˆ
aCnUki .xti /

�.r 0ti / det.r2 0ti / dx

D C0

ˆ
2PC

�.y/ dy D vol.M;!0/: (6.8)

Hence, combining (6.7) and (6.8), we obtain (6.5).
By the volume noncollapse result of Perelman together with (6.7), the CG limit

.W 01; !1/ .D .W1; !�0// of .Wki .xti /; ! 0ti
/ is a smooth dense subset of the global

GH limit M1 of .M; ! 0ti
/. On the other hand, by [3, Theorem 1.1], the metric comple-

tion of this dense subset is just the metric space M1. Thus, !1 can be extended on M1,
that is,

.W 01; !1/ D .M1; !1/:

Since W 0
ki
� N, we have .W 0

ki
; !�0/ � .N; !�0/: It follows that

.W 01; !1/ � .N; !�0/:

Thus by (6.5), we get
.W 01; !�0/ D .N; !�0/:

Hence, W 0
ki

must exhaust N. The proof is complete.

7. Case of horosymmetric manifolds

In this section, we prove Theorem 1.5. By (2.27), as in the case of Fano G-manifolds, the
KR flow (1.2) with a K-invariant initial metric on a Fano horosymmetric manifold .M;J /
can be reduced to the following parabolic equation of MA type:

@ 

@t
D logŒ�0.r C 2�u/ det.r2 /�C . C j0/ in a0C; (7.1)

where a0C is the cone in a0 defined in (4.8), and

j0.x/ D � logJ0.x/ in a0C:

As in Section 3, we let
w0t .x/ D . C j0/.x/:
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Then as in (3.4), there is a family ¹xtº such that

inf
a0
C

w0t D w
0
t .xt / D mt ; jmt j � C: (7.2)

Analogously to Theorem 3.2, we can establish a convergence result for the flow (7.1)
for horosymmetric manifolds.

Theorem 7.1. Let .M;J / be a Fano horosymmetric manifold. Let xt be as in (7.2). Then
for the flow (7.1), only three cases can occur:

Case 1: There is a sequence ti such that

jxti j � C:

Then (7.1) converges to a KE metric in the sense of Kähler potentials. As a consequence,
.M; J / is a KE manifold.

Case 2: jxt j ! 1 as t !1 and there is a sequence ti such that

jPj.xti /j � C:

Then (7.1) converges to a KR soliton in the sense of Kähler potentials. As a consequence,
.M; J / admits a KR soliton.

Case 3: jPj.xt /j ! 1 as t !1. Then there are two subcases:

Case 3.1: For any ˛ 2 ˆCs , we have

h˛; xt i ! 1 as t !1: (7.3)

Then (7.1) converges locally smoothly in the Cheeger–Gromov topology to a KR soliton
!KS on a horospherical space whose completion is the GH limit of the KR flow (1.2) with
the structure of a Q-Fano horospherical variety M1 as the limit of a C�-degeneration
of .M; J / induced by an element in the Lie algebra of the Cartan torus of M . Moreover,
if !KS is not a KE metric, then M1 coincides with the limit of the C�-degeneration of
.M; J / induced by the soliton HVF of !KS .

Case 3.2: (7.3) does not hold. Then there is a subset ˆ0 of ˆCs such that

hˇ; xt i ! 1 as t !1; 8ˇ 2 ˆ0; (7.4)

and
ı0 � h˛

0; xt i � A; 8˛
0
2 ˆCs nˆ0: (7.5)

Moreover, as in Case 3:1, (7.1) converges locally smoothly in the Cheeger–Gromov topol-
ogy to a KR soliton !KS on a horosymmetric space whose completion is the GH limit
of the KR flow (1.2) with the structure of a Q-Fano horosymmetric variety M1 as the
limit of a C�-degeneration of .M; J / induced by an element in the Lie algebra of the
Cartan torus of M ; if !KS is not a KE metric, then M1 coincides with the limit of the
C�-degeneration of .M; J / induced by the soliton HVF of !KS .
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The proof Theorem 7.1 is almost the same as that of Theorem 3.2 and we only need
to consider Case 3.2.

We define a sequence of convex sets in a0C by

Uk.xt / D ¹x 2 a0C j wt .x/ < m
0
t C k C 1º

and a family of convex functions on Uk.xt / by

O 0t .x/ D  
0
t .x C xt / �  

0
t .xt /:

Then analogously to Proposition 4.4, O 0t is uniformly C l;˛-bounded on each Uk.xt /.
Moreover, the set Uk.xt / � ¹xtº converges as t !1 to the cone a00C � a0C in a0 defined
by

a00C D ¹x 2 a j h˛0; xi > 0; 8˛0 2 ˆCs nˆ
00
uº;

where
ˆ00u D ˆu [ˆ0: (7.6)

We introduce a function on a00C by

J 00.x/ D
Y

˛2ˆ
C
s nˆ

00
C

sinh˛.x/: (7.7)

and a vector
�0u D

1

2

X
ˇ2ˆ00u

ˇ:

Then as in the proof of Proposition 5.1 (see also Remark 5.3), there are a0 2 a0C and a
constant ct such that the convex function

 t .x C xt C a0/ �  t .xt / � h2�0u; xi C ct

converges subsequentially to a solution � of

�0.r� C 2�
0
u/ det.r2�/ D J 00.x/e���Y.�/; (7.8)

where Y 2 a00C and �0 is the function defined by (2.28). Moreover, Y satisfies

h˛0; Y i D 0; 8˛0 2 ˆCs nˆ
00
u: (7.9)

Analogously to (5.1), the solution of (7.8) will define a KR soliton !KS of the form
(2.17) on a new horosymmetric space N0 D G=H0 of a Q-Fano horosymmetric variety N0,
which is induced by a C�-degeneration via an element X1 in the Lie algebra of the
Cartan subgroup of G as in Example 2.4. In fact, X1 is a limit of xt=jxt j in (7.4) as
in Lemma 3.4. Moreover, !KS has full mass on N0 by (5.21), and the moment polytope
associated to 1

l
c1.N0; K�lN0

/ is fine. Thus by Corollary 8.3, N0 admits a singular KR soli-

ton with respect to Y analogous to the Q-Fano horosymmetric variety N in the proof of
Theorem 3.2.
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The Lie algebra of H0 can be constructed as follows. By (7.9), we can construct the
Lie algebra of a new parabolic subgroup P0 of G as in (2.14),

p0 D tC
X
˛2ˆL0

X˛ C
X
˛02ˆ0u

X�˛0 ; (7.10)

where ˆ0u D ˆ00u and ˆL0 D ˆL n .ˆ
00
u [ .�ˆ

00
u//: The first two parts determine a Levi

subgroup L0� of P0. Then there is a fixed subgroup L0� of L0 by the involution � with root
system given by

ˆL0� D ¹˛ 2 ˆL0 j �.˛/ D ˛ or �˛º:

Thus the Lie algebra of H0 can be represented as

h D t00 C
X

ˇ2ˆL0�

Xˇ C
X
˛02ˆ0u

X�˛0 ; (7.11)

where t00 is a subtorus of t fixed by � .

Completion of proof of Theorem 7.1. By the argument above, we know that the metric of
the form (2.17) determined by the solution � of (7.8) defines a KR soliton !KS on N0,
where the root subsystems ˆu; ˆCs are replaced by ˆ0u; ˆ

0C
s D ˆCs n ˆ

0
u, respectively.

Since .N0; !KS / does not lose the volume of .M; !.t//, by [3, Theorem 1.1] the metric
completion of .N0; !KS / is the limit .M1; !1/ of the KR flow (1.2) in the GH topology.
Moreover,M1 is homeomorphic to a Q-Fano variety OM1 and !KS can be extended to a
singular KR soliton with respect to Y on OM1 [54].

We need to prove that OM1 is biholomorphic to N0. In fact, as in the proof of Theo-
rem 3.2, we can consider two cases: !KS is KE or not. In the first case, the conclusion
comes from the uniqueness result of Li–Xu–Wang [33, Theorem 1.3] for K-polystable
limits of C�-degenerations. In the second case Y ¤ 0, we can use the relatively modi-
fied K-stability for KR solitons with respect to Y to conclude that OM1 is biholomorphic
to N0. Moreover, OM1 is the limit of the C�-degeneration of .M;J / induced by the soliton
HVF Y . The proof is finished.

As an application of Theorem 7.1, we prove the following.

Corollary 7.2. There exists a KR soliton on a Fano horosymmetric manifold .M; J / if
it is modified K-semistable with respect to a HVF X ¤ 0. As a consequence, .M; J / is
modified K-polystable with respect to X if it is modified K-semistable with respect to X .

Proof. We notice that .M; J / is K-unstable by the modified K-semistability and so
Case 1 in Theorem 7.1 is impossible. Since .M; J / admits a KR soliton in Case 2 and
so it is modified K-polystable by [9, 24], we need to consider Case 3. In this case the KR
soliton limit .M1; !1/ of the flow (1.2) is a C�-degeneration of M induced by a soliton
HVF Y ¤ 0 of .M1; !1/. By [20, 54], this degeneration corresponds to a minimizer of
the H -invariant for 1-PS degenerations (also called R-test-configurations) of .M; J /. On
the other hand, by the uniqueness result of Han–Li [25, Theorem 1.2] for minimizers of
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theH -invariant, the C�-degeneration induced by Y must be trivial, and so Y is conjugate
toX , since .M;J / is modifiedK-semistable with respect toX . This fact also comes from
the uniqueness of the minimizer of the H -invariant for G-equivariant 1-PS degenerations
of .M; J / [57, Proposition 5.8, Corollary 5.10]. Thus M1 is biholomorphic to M and so
.M; J / is in fact a Fano manifold which admits a smooth KR soliton !1. Hence .M; J /
is modified K-polystable [9, 24].

Remark 7.3. In the case of X D 0 in Corollary 7.2, modified K-semistability is the
same asK-semistability. However, no proof of Corollary 7.2 is available for this case. We
hope Corollary 7.2 is still true as for toric manifolds by Wang–Zhu’s work [56] whenever
X D 0. For another approach, see Remark 5.3 (1).

Theorem 1.5 follows from Theorem 7.1. Theorem 7.1 also implies Theorem 1.6.

Proof of Theorem 1.6. Without loss of generality [25, 55], we may assume that the initial
metric !0 of (1.2) is K-invariant. By Theorem 7.1 and the assumption in Theorem 1.6,
it suffices to consider Case 3 of Theorem 7.1. Then the set ˆ0 in (7.4) is empty or not.
If it is not empty, we can use the argument in [37, proof of Lemma 4.4] (see also [65,
Lemma 7.4]) for horosymmetric manifolds to show that the curvature along the flow must
blow up. In fact, the flow will blow up if there are ˇ 2 ˆC and a sequence ¹xti º such that
(7.4) holds. Thus the conclusion of the theorem holds.

On the other hand, if ˆ0 is empty, the unipotent radical ˆ0u and the restricted positive
root system ˆ0Cs of the limit horosymmetric space N0 do not change. This means that
N0 is the same as the original N. Thus N admits a KR soliton !KS with respect to the
soliton HVF Y in (7.9) with full mass, determined by the solution � of (7.8). As an
application of Corollary 8.3, there exists a singular KR soliton with respect to Y with
Kähler potential ' in E1.M;�KM / on the variety compactification M of N0 (or N). By
uniqueness [7,9,10,24], this singular metric should coincide with the GH limit !1 of the
KR flow as a singular KR soliton on M [54]. Moreover, we have

j'j; jY.'/j � C:

Note that M is smooth. Hence, by the regularity of !KS [55, Lemma 7.2], !KS is in
fact a global smooth KR soliton on M . In other words, .M; J / admits a KR soliton. This
contradicts the assumption of the theorem. Therefore, ˆ0 cannot be empty and we have
proved the theorem.

8. Appendix: Singular KR solitons on horosymmetric varieties

In this appendix, we generalize the results on existence of KR solitons on horosymmetric
manifolds [17, 19] to Q-Fano horosymmetric varieties.

Let M be a Q-Fano variety with klt-singularities and X a HVF which can be lifted
to one on CPN when M � CPN . We call a current in 2�c1.M/ a singular KR soliton
with respect to X onM if it is a smooth metric on Reg.M/ which satisfies the KR soliton
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equation (1.2) and whose weak Kähler potential ' belongs to the space E1.M;�KM /

introduced in [7]. It has been shown in [36, Theorem 4.2] that a K � K-invariant ' is in
E1.M;�KM / for Q-Fano G-compactification varieties if and only if its Legendre func-
tion u is in E1K�K.2P /, where

E1K�K.2P / D

²
u

ˇ̌̌̌
u � 0 is convex, Weyl-invariant on 2P ;

u.O/ D inf
2PC

u D 0 .O 2 2PC/ and
ˆ
2PC

u� dy <1

³
: (8.1)

The result of [36, Theorem 4.2] can be generalized to Q-Fano horosymmetric varieties N
of a homogeneous space N when the integral condition in (8.1) is replaced byˆ

2.PCC�u/

u�0.�/ dy <1;

where �0 is defined by (2.28) and PC is replaced by the quotient space of the moment
polytope P associated to 1

l
c1.N; K�lN

/ by the restricted Weyl group.
As in the case of G-manifolds [17,38], we introduce a barycenter associated to a HVF

X induced by an element in t0,

barX .2PC/ D

´
2.PCC�u/

ye�X .y/�0.y/ dy´
2.PCC�u/

e�X .y/�0.y/ dy
; (8.2)

where �X .y/ is a bounded potential of X associated to an admissible Kähler metric
induced by the Fubini–Study metric of CPN and e�X .y/�0 dy is just the weighted
MA measure e�X .y/!n' under the Legendre transformation. Moreover, we may normal-
ize �X .y/ so thatˆ

2.PCC�u/

e�X .y/�0.y/ dy D

ˆ
2.PCC�u/

�0.y/ dy D V0:

The following is a version of [36, Theorem 1.2] for the existence of singular KR
solitons on Q-Fano horosymmetric varieties.

Theorem 8.1. Let N be a Q-Fano horosymmetric variety with the associated fine moment
polytope P . Let

� D
1

2

X
˛02ˆ

C
s [ˆu

˛:

Then M admits a singular KR soliton with respect to X if

barX .2PC/ 2 2�C„; (8.3)

where„ D ¹y 2 a� j .˛; y/ > 0; 8˛ 2 ˆCs º is the relative interior of the cone generated
by ˆCs .

[36, Theorem 1.2] was proved by the variational method for the Ding energy, as done
for toric varieties by Berman–Berndtsson [6]. At present, we can also use this method for
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the modified Ding energy [9, 24, 49] on Q-Fano horosymmetric varieties. Here we shall
assume that P in Theorem 8.1 is fine as in [36, Theorem 1.2] for G-compactification vari-
eties in order to verify that the Ricci potential of the Guillemin metric is bounded above.
But we believe this assumption can be removed as for general Q-Fano G-compactification
varieties in [36, Theorem 8.1] by using a recent result of Han–Li [24] to verify the uni-
form modifiedK-stability via (8.3). Actually, based on [17,24] there is recent progress by
Li–Li–Wang [35] who established a version of Theorem 8.1 for general Q-Fano spherical
varieties.

The inverse of Theorem 8.1 is also true for singular KE metrics on Fano G-compact-
ification varieties [17, 36]. The result can be generalized to KR solitons even just defined
on a horosymmetric space with full mass by the following lemma.

Lemma 8.2. Let N be a Q-Fano horosymmetric variety. Suppose that there is a KR soli-
ton !KS on N with respect to a HVFX induced by an element in t0, which is a form (2.17)
determined by a solution  of (2.30) with full mass on N.6 Then the associated moment
polytope P of N satisfies the barycenter condition (8.3) associated to X .

Proof. The proof is almost the same as that of [16, Proposition 5.3] for KE metrics on
G-manifolds. We can check (8.3) directly as follows. By (2.30), we have

�0.r C 2�u/ det. /e�X D e�. Cj0/;

where j0 D � log J0. Let  0 D  � h2�u; xi and j 00 D j0 � h2�u; xi. Then the above
equation becomes

�0.r 
0/ det. 0/e�X D e�. 

0Cj 0
0
/
D e�w ;

where w D  0 C j 00. Note that
ˆ

a0
C

�0.r / det. / dx D V0: (8.4)

Then by the full mass condition on !KS , we get
ˆ

a0
C

@ 0

@�
e�w dx D V0hbarX .2PC/; �i: (8.5)

On the other hand, since

@j0

@�
< �2h�0; �i; where �0 D

1

2

X
˛02ˆ

C
s

˛0;

we have ˆ
a0
C

@j 00
@�
e�w < �2V0h�; �i: (8.6)

6This is equivalent to Image.r / D P by [36, Lemma 4.5] since  is smooth on N.
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Thus combining (8.5) and (8.6), we obtain

V0.hbar.2PC/; �i � 2h�; �i/ >
ˆ

a0
C

@ 0

@�
e�w dx C

ˆ
a0
C

@j 00
@�
e�w dx: (8.7)

However, by the full mass condition on !KS , it is easy to see that for any � 2 a0,
ˆ

a0
C

@w

@�
e�w dx D �

ˆ
a0
C

@

@�
e�w dx D 0;

that is, ˆ
a0
C

@ 0

@�
e�w dx C

ˆ
a0
C

@j 00
@�
e�w dx D 0:

Hence, we derive
h.bar.2PC/ � 2�/; �i > 0; 8� 2 a0: (8.8)

Clearly, (8.8) is equivalent to (8.3). The lemma is proved.

By Theorem 8.1 and Lemma 8.2, we obtain the following.

Corollary 8.3. Let N be a Q-Fano horosymmetric variety with the associated fine
moment polytope. Suppose that there is a KR soliton !KS on N with respect to a HVF
X induced by an element in t0, which is a form (2.17) determined by a solution  of
(2.30) with full mass on N. Then there exists a singular KR soliton with respect to X on N
with Kähler potential in E1.N;�KN/.

Acknowledgments. The authors would like to thank the referee for many valuable comments and
suggestions for improving their paper.

Funding. G. Tian was partially supported by National Key R&D Program of China
2020YFA0712800. X. Zhu was partially supported by National Key R&D Program of China
2020YFA0712800, 2023YFA1009900 and NSFC 12271009.

References

[1] Abreu, M.: Kähler metrics on toric orbifolds. J. Differential Geom. 58, 151–187 (2001)
Zbl 1035.53055 MR 1895351

[2] Alexeev, V., Brion, M.: Stable reductive varieties. I. Affine varieties. Invent. Math. 157, 227–
274 (2004) Zbl 1068.14003 MR 2076923

[3] Bamler, R.: Convergence of Ricci flows with bounded scalar curvature. Ann. of Math. (2) 188,
753–831 (2018) Zbl 1410.53063 MR 3866886

[4] Bando, S., Mabuchi, T.: Uniqueness of Einstein Kähler metrics modulo connected group
actions. In: Algebraic geometry, Sendai, 1985, Adv. Stud. Pure Math. 10, North-Holland,
Amsterdam, 11–40 (1987) Zbl 0641.53065 MR 0946233

[5] Berman, R. J.: K-polystability of Q-Fano varieties admitting Kähler–Einstein metrics. Invent.
Math. 203, 973–1025 (2016) Zbl 1353.14051 MR 3461370

[6] Berman, R. J., Berndtsson, B.: Real Monge–Ampère equations and Kähler–Ricci solitons on
toric log Fano varieties. Ann. Fac. Sci. Toulouse Math. (6) 22, 649–711 (2013)
Zbl 1283.58013 MR 3137248

https://zbmath.org/?q=an:1035.53055
https://mathscinet.ams.org/mathscinet-getitem?mr=1895351
https://doi.org/10.1007/s00222-003-0347-y
https://zbmath.org/?q=an:1068.14003
https://mathscinet.ams.org/mathscinet-getitem?mr=2076923
https://doi.org/10.4007/annals.2018.188.3.2
https://zbmath.org/?q=an:1410.53063
https://mathscinet.ams.org/mathscinet-getitem?mr=3866886
https://doi.org/10.2969/aspm/01010011
https://doi.org/10.2969/aspm/01010011
https://zbmath.org/?q=an:0641.53065
https://mathscinet.ams.org/mathscinet-getitem?mr=0946233
https://doi.org/10.1007/s00222-015-0607-7
https://zbmath.org/?q=an:1353.14051
https://mathscinet.ams.org/mathscinet-getitem?mr=3461370
https://doi.org/10.5802/afst.1386
https://doi.org/10.5802/afst.1386
https://zbmath.org/?q=an:1283.58013
https://mathscinet.ams.org/mathscinet-getitem?mr=3137248


G. Tian, X. Zhu 4556

[7] Berman, R. J., Boucksom, S., Eyssidieux, P., Guedj, V., Zeriahi, A.: Kähler–Einstein metrics
and the Kähler–Ricci flow on log Fano varieties. J. Reine Angew. Math. 751, 27–89 (2019)
Zbl 1430.14083 MR 3956691

[8] Berman, R. J., Boucksom, S., Jonsson, M.: A variational approach to the Yau–Tian–
Donaldson conjecture. J. Amer. Math. Soc. 34, 605–652 (2021) Zbl 1487.32141
MR 4334189

[9] Berman, R. J., Nyström, D. W.: Complex optimal transport and the pluripotential theory of
Kähler–Ricci solitons. arXiv:1401.8264 (2014)

[10] Berndtsson, B.: A Brunn–Minkowski type inequality for Fano manifolds and some uniqueness
theorems in Kähler geometry. Invent. Math. 200, 149–200 (2015) Zbl 1318.53077
MR 3323577

[11] Cao, H. D.: Deformation of Kähler metrics to Kähler–Einstein metrics on compact Kähler
manifolds. Invent. Math. 81, 359–372 (1985) Zbl 0574.53042 MR 0799272

[12] Chen, X., Donaldson, S., Sun, S.: Kähler–Einstein metrics on Fano manifolds. II: Limits with
cone angle less than 2� . J. Amer. Math. Soc. 28, 199–234 (2015) Zbl 1311.53059
MR 3264767

[13] Chen, X., Sun, S., Wang, B.: Kähler–Ricci flow, Kähler–Einstein metric, and K-stability.
Geom. Topol. 22, 3145–3173 (2018) Zbl 1404.53058 MR 3858762

[14] Chen, X., Wang, B.: Space of Ricci flows (II)—Part B: Weak compactness of the flows. J. Dif-
ferential Geom. 116, 1–123 (2020) Zbl 1479.53103 MR 4146357

[15] Chen, X. X., Tian, G.: Ricci flow on Kähler–Einstein manifolds. Duke Math. J. 131, 17–73
(2006) Zbl 1097.53045 MR 2219236

[16] Delcroix, T.: Kähler–Einstein metrics on group compactifications. Geom. Funct. Anal. 27,
78–129 (2017) Zbl 1364.32017 MR 3613454

[17] Delcroix, T.: K-stability of Fano spherical varieties. Ann. Sci. École Norm. Sup. (4) 53, 615–
662 (2020) Zbl 1473.14098 MR 4118525

[18] Delcroix, T.: Kähler geometry of horosymmetric varieties, and application to Mabuchi’s
K-energy functional. J. Reine Angew. Math. 763, 129–199 (2020) Zbl 1446.32015
MR 4104281

[19] Delcroix, T., Hultgren, J.: Coupled complex Monge–Ampère equations on Fano horosymmet-
ric manifolds. J. Math. Pures Appl. (9) 153, 281–315 (2021) Zbl 1490.53087 MR 4299827

[20] Dervan, R., Székelyhidi, G.: The Kähler–Ricci flow and optimal degenerations. J. Differential
Geom. 116, 187–203 (2020) Zbl 1447.53081 MR 4146359

[21] Donaldson, S. K.: Scalar curvature and stability of toric varieties. J. Differential Geom. 62,
289–349 (2002) Zbl 1074.53059 MR 1988506

[22] Donaldson, S. K.: Interior estimates for solutions of Abreu’s equation. Collect. Math. 56,
103–142 (2005) Zbl 1085.53063 MR 2154300

[23] Futaki, A.: Kähler–Einstein metrics and integral invariants. Lecture Notes in Math. 1314,
Springer, Berlin (1988) Zbl 0646.53045 MR 0947341

[24] Han, J., Li, C.: On the Yau–Tian–Donaldson conjecture for generalized Kähler–Ricci soliton
equations. Comm. Pure Appl. Math. 76, 1793–1867 (2023) Zbl 07748328 MR 4612573

[25] Han, J., Li, C.: Algebraic uniqueness of Kähler–Ricci flow limits and optimal degenerations
of Fano varieties. Geom. Topol. 28, 539–592 (2024) Zbl 07822000 MR 4718122

[26] Helgason, S.: Differential geometry, Lie groups, and symmetric spaces. Pure Appl. Math. 80,
Academic Press, New York (1978) Zbl 0451.53038 MR 0514561

[27] Kleiner, B., Lott, J.: Notes on Perelman’s papers. arXiv:math/0605667v5 (2013)
[28] Knapp, A. W.: Lie groups beyond an introduction. 2nd ed., Progr. Math. 140, Birkhäuser

Boston, Boston, MA (2002) Zbl 1075.22501 MR 1920389
[29] Li, C.: Yau–Tian–Donaldson correspondence for K-semistable Fano manifolds. J. Reine

Angew. Math. 733, 55–85 (2017) Zbl 1388.53076 MR 3731324

https://doi.org/10.1515/crelle-2016-0033
https://doi.org/10.1515/crelle-2016-0033
https://zbmath.org/?q=an:1430.14083
https://mathscinet.ams.org/mathscinet-getitem?mr=3956691
https://doi.org/10.1090/jams/964
https://doi.org/10.1090/jams/964
https://zbmath.org/?q=an:1487.32141
https://mathscinet.ams.org/mathscinet-getitem?mr=4334189
https://arxiv.org/abs/1401.8264
https://doi.org/10.1007/s00222-014-0532-1
https://doi.org/10.1007/s00222-014-0532-1
https://zbmath.org/?q=an:1318.53077
https://mathscinet.ams.org/mathscinet-getitem?mr=3323577
https://doi.org/10.1007/BF01389058
https://doi.org/10.1007/BF01389058
https://zbmath.org/?q=an:0574.53042
https://mathscinet.ams.org/mathscinet-getitem?mr=0799272
https://doi.org/10.1090/S0894-0347-2014-00800-6
https://doi.org/10.1090/S0894-0347-2014-00800-6
https://zbmath.org/?q=an:1311.53059
https://mathscinet.ams.org/mathscinet-getitem?mr=3264767
https://doi.org/10.2140/gt.2018.22.3145
https://zbmath.org/?q=an:1404.53058
https://mathscinet.ams.org/mathscinet-getitem?mr=3858762
https://doi.org/10.4310/jdg/1599271253
https://zbmath.org/?q=an:1479.53103
https://mathscinet.ams.org/mathscinet-getitem?mr=4146357
https://doi.org/10.1215/S0012-7094-05-13112-X
https://zbmath.org/?q=an:1097.53045
https://mathscinet.ams.org/mathscinet-getitem?mr=2219236
https://doi.org/10.1007/s00039-017-0394-y
https://zbmath.org/?q=an:1364.32017
https://mathscinet.ams.org/mathscinet-getitem?mr=3613454
https://doi.org/10.24033/asens.2430
https://zbmath.org/?q=an:1473.14098
https://mathscinet.ams.org/mathscinet-getitem?mr=4118525
https://doi.org/10.1515/crelle-2018-0040
https://doi.org/10.1515/crelle-2018-0040
https://zbmath.org/?q=an:1446.32015
https://mathscinet.ams.org/mathscinet-getitem?mr=4104281
https://doi.org/10.1016/j.matpur.2020.12.002
https://doi.org/10.1016/j.matpur.2020.12.002
https://zbmath.org/?q=an:1490.53087
https://mathscinet.ams.org/mathscinet-getitem?mr=4299827
https://doi.org/10.4310/jdg/1599271255
https://zbmath.org/?q=an:1447.53081
https://mathscinet.ams.org/mathscinet-getitem?mr=4146359
https://doi.org/10.4310/jdg/1090950195
https://zbmath.org/?q=an:1074.53059
https://mathscinet.ams.org/mathscinet-getitem?mr=1988506
https://zbmath.org/?q=an:1085.53063
https://mathscinet.ams.org/mathscinet-getitem?mr=2154300
https://doi.org/10.1007/BFb0078084
https://zbmath.org/?q=an:0646.53045
https://mathscinet.ams.org/mathscinet-getitem?mr=0947341
https://doi.org/10.1002/cpa.22053
https://doi.org/10.1002/cpa.22053
https://zbmath.org/?q=an:07748328
https://mathscinet.ams.org/mathscinet-getitem?mr=4612573
https://doi.org/10.2140/gt.2024.28.539
https://doi.org/10.2140/gt.2024.28.539
https://zbmath.org/?q=an:07822000
https://mathscinet.ams.org/mathscinet-getitem?mr=4718122
https://zbmath.org/?q=an:0451.53038
https://mathscinet.ams.org/mathscinet-getitem?mr=0514561
https://arxiv.org/abs/math/0605667v5
https://zbmath.org/?q=an:1075.22501
https://mathscinet.ams.org/mathscinet-getitem?mr=1920389
https://doi.org/10.1515/crelle-2014-0156
https://zbmath.org/?q=an:1388.53076
https://mathscinet.ams.org/mathscinet-getitem?mr=3731324


Horosymmetric limits of Kähler–Ricci flow on Fano G-manifolds 4557

[30] Li, C.: G-uniform stability and Kähler–Einstein metrics on Fano varieties. Invent. Math. 227,
661–744 (2022) Zbl 1495.32064 MR 4372222

[31] Li, C., Sun, S.: Conical Kähler–Einstein metrics revisited. Comm. Math. Phys. 331, 927–973
(2014) Zbl 1296.32008 MR 3248054

[32] Li, C., Tian, G., Wang, F.: On the Yau–Tian–Donaldson conjecture for singular Fano varieties.
Comm. Pure Appl. Math. 74, 1748–1800 (2021) Zbl 1484.32041 MR 4275337

[33] Li, C., Wang, X., Xu, C.: Algebraicity of the metric tangent cones and equivariant K-stability.
J. Amer. Math. Soc. 34, 1175–1214 (2021) Zbl 1475.14062 MR 4301561

[34] Li, Y., Li, Z.: Equivariant R-test configurations and semistable limits of Q-Fano group com-
pactifications. Peking Math. J. 6, 559–607 (2023) Zbl 1529.53089 MR 4619601

[35] Li, Y., Li, Z., Wang, F.: Weighted K-stability of Q-Fano spherical varieties.
arXiv:2208.02708v2 (2022)

[36] Li, Y., Tian, G., Zhu, X.: Singular Kähler–Einstein metrics on Q-Fano compactifications of
Lie groups. Math. Engrg. 5, article no. 028, 43 pp. (2023) Zbl 07817663 MR 4431668

[37] Li, Y., Tian, G., Zhu, X. H.: Singular limits of Kähler–Ricci flow on FanoG-manifolds. Amer.
J. Math., to appear; arXiv:1807.09167

[38] Li, Y., Zhou, B., Zhu, X.: K-energy on polarized compactifications of Lie groups. J. Funct.
Anal. 275, 1023–1072 (2018) Zbl 1392.53076 MR 3815244

[39] Miao, M., Tian, G.: A note on Kähler–Ricci flow on Fano threefolds. Peking Math. J. 6, 559–
607 (2023)

[40] Paul, S. T.: Hyperdiscriminant polytopes, Chow polytopes, and Mabuchi energy asymptotics.
Ann. of Math. (2) 175, 255–296 (2012) Zbl 1243.14038 MR 2874643

[41] Petersen, P.: Riemannian geometry. 2nd ed., Grad. Texts in Math. 171, Springer, New York
(2006) Zbl 1220.53002 MR 2243772

[42] Podestà, F., Spiro, A.: Kähler–Ricci solitons on homogeneous toric bundles. J. Reine Angew.
Math. 642, 109–127 (2010) Zbl 1210.14057 MR 2658183

[43] Sesum, N., Tian, G.: Bounding scalar curvature and diameter along the Kähler Ricci flow
(after Perelman). J. Inst. Math. Jussieu 7, 575–587 (2008) Zbl 1147.53056 MR 2427424

[44] Tian, G.: Kähler–Einstein metrics with positive scalar curvature. Invent. Math. 130, 1–37
(1997) Zbl 0892.53027 MR 1471884

[45] Tian, G.: K-stability and Kähler–Einstein metrics. Comm. Pure Appl. Math. 68, 1085–1156
(2015) Zbl 1318.14038 MR 3352459

[46] Tian, G., Zhang, L., Zhu, X.: Kähler–Ricci flow for deformed complex structures. Trans.
Amer. Math. Soc. 376, 1999–2046 (2023) Zbl 1515.53070 MR 4549698

[47] Tian, G., Zhang, S., Zhang, Z., Zhu, X.: Perelman’s entropy and Kähler–Ricci flow on a Fano
manifold. Trans. Amer. Math. Soc. 365, 6669–6695 (2013) Zbl 1298.53037 MR 3105766

[48] Tian, G., Zhang, Z.: Regularity of Kähler–Ricci flows on Fano manifolds. Acta Math. 216,
127–176 (2016) Zbl 1356.53067 MR 3508220

[49] Tian, G., Zhu, X.: Uniqueness of Kähler–Ricci solitons. Acta Math. 184, 271–305 (2000)
Zbl 1036.53052 MR 1768112

[50] Tian, G., Zhu, X.: A new holomorphic invariant and uniqueness of Kähler–Ricci solitons.
Comment. Math. Helv. 77, 297–325 (2002) Zbl 1036.53053 MR 1915043

[51] Tian, G., Zhu, X.: Convergence of Kähler–Ricci flow. J. Amer. Math. Soc. 20, 675–699 (2007)
Zbl 1185.53078 MR 2291916

[52] Tian, G., Zhu, X.: Convergence of the Kähler–Ricci flow on Fano manifolds. J. Reine Angew.
Math. 678, 223–245 (2013) Zbl 1276.14061 MR 3056108

[53] Wang, F., Zhou, B., Zhu, X.: Modified Futaki invariant and equivariant Riemann–Roch for-
mula. Adv. Math. 289, 1205–1235 (2016) Zbl 1342.14106 MR 3439710

[54] Wang, F., Zhu, X.: Tian’s partialC 0-estimate implies Hamilton–Tian’s conjecture. Adv. Math.
381, article no. 107619, 30 pp. (2021) Zbl 1479.53105 MR 4206790

https://doi.org/10.1007/s00222-021-01075-9
https://zbmath.org/?q=an:1495.32064
https://mathscinet.ams.org/mathscinet-getitem?mr=4372222
https://doi.org/10.1007/s00220-014-2123-9
https://zbmath.org/?q=an:1296.32008
https://mathscinet.ams.org/mathscinet-getitem?mr=3248054
https://doi.org/10.1002/cpa.21936
https://zbmath.org/?q=an:1484.32041
https://mathscinet.ams.org/mathscinet-getitem?mr=4275337
https://doi.org/10.1090/jams/974
https://zbmath.org/?q=an:1475.14062
https://mathscinet.ams.org/mathscinet-getitem?mr=4301561
https://doi.org/10.1007/s42543-022-00054-0
https://doi.org/10.1007/s42543-022-00054-0
https://zbmath.org/?q=an:1529.53089
https://mathscinet.ams.org/mathscinet-getitem?mr=4619601
https://arxiv.org/abs/2208.02708v2
https://doi.org/10.3934/mine.2023028
https://doi.org/10.3934/mine.2023028
https://zbmath.org/?q=an:07817663
https://mathscinet.ams.org/mathscinet-getitem?mr=4431668
https://arxiv.org/abs/1807.09167
https://doi.org/10.1016/j.jfa.2018.04.009
https://zbmath.org/?q=an:1392.53076
https://mathscinet.ams.org/mathscinet-getitem?mr=3815244
https://doi.org/10.1007/s42543-023-00078-0
https://doi.org/10.4007/annals.2012.175.1.7
https://zbmath.org/?q=an:1243.14038
https://mathscinet.ams.org/mathscinet-getitem?mr=2874643
https://zbmath.org/?q=an:1220.53002
https://mathscinet.ams.org/mathscinet-getitem?mr=2243772
https://doi.org/10.1515/CRELLE.2010.038
https://zbmath.org/?q=an:1210.14057
https://mathscinet.ams.org/mathscinet-getitem?mr=2658183
https://doi.org/10.1017/S1474748008000133
https://doi.org/10.1017/S1474748008000133
https://zbmath.org/?q=an:1147.53056
https://mathscinet.ams.org/mathscinet-getitem?mr=2427424
https://doi.org/10.1007/s002220050176
https://zbmath.org/?q=an:0892.53027
https://mathscinet.ams.org/mathscinet-getitem?mr=1471884
https://doi.org/10.1002/cpa.21578
https://zbmath.org/?q=an:1318.14038
https://mathscinet.ams.org/mathscinet-getitem?mr=3352459
https://doi.org/10.1090/tran/8821
https://zbmath.org/?q=an:1515.53070
https://mathscinet.ams.org/mathscinet-getitem?mr=4549698
https://doi.org/10.1090/S0002-9947-2013-06027-8
https://doi.org/10.1090/S0002-9947-2013-06027-8
https://zbmath.org/?q=an:1298.53037
https://mathscinet.ams.org/mathscinet-getitem?mr=3105766
https://doi.org/10.1007/s11511-016-0137-1
https://zbmath.org/?q=an:1356.53067
https://mathscinet.ams.org/mathscinet-getitem?mr=3508220
https://doi.org/10.1007/BF02392630
https://zbmath.org/?q=an:1036.53052
https://mathscinet.ams.org/mathscinet-getitem?mr=1768112
https://doi.org/10.1007/s00014-002-8341-3
https://zbmath.org/?q=an:1036.53053
https://mathscinet.ams.org/mathscinet-getitem?mr=1915043
https://doi.org/10.1090/S0894-0347-06-00552-2
https://zbmath.org/?q=an:1185.53078
https://mathscinet.ams.org/mathscinet-getitem?mr=2291916
https://doi.org/10.1515/crelle.2012.021
https://zbmath.org/?q=an:1276.14061
https://mathscinet.ams.org/mathscinet-getitem?mr=3056108
https://doi.org/10.1016/j.aim.2015.11.036
https://doi.org/10.1016/j.aim.2015.11.036
https://zbmath.org/?q=an:1342.14106
https://mathscinet.ams.org/mathscinet-getitem?mr=3439710
https://doi.org/10.1016/j.aim.2021.107619
https://zbmath.org/?q=an:1479.53105
https://mathscinet.ams.org/mathscinet-getitem?mr=4206790


G. Tian, X. Zhu 4558

[55] Wang, F., Zhu, X.: Uniformly strong convergence of Kähler–Ricci flows on a Fano manifold.
Sci. China Math. 65, 2337–2370 (2022) Zbl 1509.14087 MR 4499520

[56] Wang, X.-J., Zhu, X.: Kähler–Ricci solitons on toric manifolds with positive first Chern class.
Adv. Math. 188, 87–103 (2004) Zbl 1086.53067 MR 2084775

[57] Wang, F., Zhu, X. H.: Kähler–Ricci flow on G-spherical Fano manifolds. Peking Math. J., to
appear; arXiv:2305.05366

[58] Yau, S. T.: On the Ricci curvature of a compact Kähler manifold and the complex Monge–
Ampère equation. I. Comm. Pure Appl. Math. 31, 339–411 (1978) Zbl 0369.53059
MR 0480350

[59] Zhang, Q. S.: A uniform Sobolev inequality under Ricci flow. Int. Math. Res. Notices 2007,
article no. rnm056, 17 pp. Zbl 1141.53064 MR 2354801

[60] Zhang, Q. S.: Bounds on volume growth of geodesic balls under Ricci flow. Math. Res. Lett.
19, 245–253 (2012) Zbl 1272.53056 MR 2923189

[61] Zhou, B., Zhu, X.: RelativeK-stability and modifiedK-energy on toric manifolds. Adv. Math.
219, 1327–1362 (2008) Zbl 1153.53030 MR 2450612

[62] Zhu, X.: Kähler–Ricci soliton typed equations on compact complex manifolds with C1.M/
> 0. J. Geom. Anal. 10, 759–774 (2000) Zbl 1036.53054 MR 1817785

[63] Zhu, X.: Kähler–Ricci flow on a toric manifold with positive first Chern class. In: Differential
geometry, Adv. Lect. Math. 22, International Press, Somerville, MA, 323–336 (2012)
Zbl 1260.53119 MR 3076057

[64] Zhu, X.: Kähler–Einstein metrics on toric manifolds and G-manifolds. In: Geometric
analysis—in honor of Gang Tian’s 60th birthday, Progr. Math. 333, Birkhäuser/Springer,
Cham, 545–585 (2020) Zbl 1440.32012 MR 4181015

[65] Zhu, X.: Kähler–Ricci flow on Fano manifolds. In: ICM—International Congress of Mathe-
maticians (Berlin, 2023), Vol. 4, EMS Press, Berlin, 2718–2737 (2023) Zbl 07822632
MR 4680338

https://doi.org/10.1007/s11425-021-1928-1
https://zbmath.org/?q=an:1509.14087
https://mathscinet.ams.org/mathscinet-getitem?mr=4499520
https://doi.org/10.1016/j.aim.2003.09.009
https://zbmath.org/?q=an:1086.53067
https://mathscinet.ams.org/mathscinet-getitem?mr=2084775
https://arxiv.org/abs/2305.05366
https://doi.org/10.1002/cpa.3160310304
https://doi.org/10.1002/cpa.3160310304
https://zbmath.org/?q=an:0369.53059
https://mathscinet.ams.org/mathscinet-getitem?mr=0480350
https://doi.org/10.1093/imrn/rnm056
https://zbmath.org/?q=an:1141.53064
https://mathscinet.ams.org/mathscinet-getitem?mr=2354801
https://doi.org/10.4310/MRL.2012.v19.n1.a19
https://zbmath.org/?q=an:1272.53056
https://mathscinet.ams.org/mathscinet-getitem?mr=2923189
https://doi.org/10.1016/j.aim.2008.06.016
https://zbmath.org/?q=an:1153.53030
https://mathscinet.ams.org/mathscinet-getitem?mr=2450612
https://doi.org/10.1007/BF02921996
https://doi.org/10.1007/BF02921996
https://zbmath.org/?q=an:1036.53054
https://mathscinet.ams.org/mathscinet-getitem?mr=1817785
https://zbmath.org/?q=an:1260.53119
https://mathscinet.ams.org/mathscinet-getitem?mr=3076057
https://doi.org/10.1007/978-3-030-34953-0_23
https://zbmath.org/?q=an:1440.32012
https://mathscinet.ams.org/mathscinet-getitem?mr=4181015
https://doi.org/10.4171/icm2022/63
https://zbmath.org/?q=an:07822632
https://mathscinet.ams.org/mathscinet-getitem?mr=4680338

	1. Introduction
	2. K-invariant metrics on horosymmetry spaces
	2.1. K×K-invariant metrics on G-manifolds 
	2.2. Geometry of horosymmetric spaces
	2.3. Reduced KR soliton equation on horosymmetric manifolds 

	3. Reduced Kähler–Ricci flow
	4. Local C2-estimate
	5. Proof of Theorem 3.2
	5.1. Smooth KR soliton solution on N
	5.2. Singular KR soliton solution on N

	6. Locally smooth limit of (M, ω_ψ_t_i')
	7. Case of horosymmetric manifolds
	8. Appendix: Singular KR solitons on horosymmetric varieties
	References

