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On the motivic cohomology of some singular rings

Tess Bouis

Abstract. Using non-A1-invariant motivic cohomology, we prove motivic refinements of certain
known computations of the algebraic K-theory of singular rings, such as rings of the form Z=pn,
ZŒx�=.xe/, and C.X IC/ for X a compact Hausdorff space. These refinements are made possible by
the use of integral p-adic Hodge theory, as a replacement for the standard use of trace methods in
K-theory.

1. Introduction

Motivic cohomology, as envisioned by Beilinson and Lichtenbaum [8–10, 35, 36], is a
cohomological refinement of the algebraic K-theory of schemes. It was first developed,
at the initiative of Bloch and Voevodsky [16, 49], in the generality of smooth schemes
over a field or a Dedekind domain [6, 25, 34, 46, 49]. This approach relied crucially on
A1-invariant techniques, which are permitted by Quillen’s theorem that algebraic K-
theory is A1-invariant on regular schemes [41]. For not necessarily regular schemes,
a more general definition of motivic cohomology, based on trace methods in algebraic
K-theory, was recently introduced in the works of Elmanto–Morrow [24] (for equicharac-
teristic schemes) and of the author [17,18] (in general). This definition is non-A1-invariant
in general, although it uses the classical A1-invariant motivic cohomology of smooth
schemes as an input. Moreover, this new definition indeed generalises the classical defin-
ition in terms of motivic A1-homotopy theory, as it recovers it for smooth schemes over a
field [24] or over a Dedekind domain [19]. Note that an alternative approach to non-A1-
invariant motivic cohomology was also recently introduced by Kelly–Saito in terms of the
pro cdh topology [31]; the fact that these two definitions agree is [17, Corollary C].

The aim of this article is to prove that this new, non-A1-invariant theory of motivic
cohomology can actually be computed, or at least concretely manipulated, in several
classes of interesting examples. We focus on five classes of commutative rings for which
motivic cohomology was previously not defined:

(1) finite chain rings, e.g., Z=pn (see Section 2);

(2) truncated polynomials, e.g., ZŒx�=.xe/ (see Section 3);

(3) perfect and semiperfect rings, e.g., FpŒx
1=p1 ; y1=p1 �=.x � y/ (see Section 4);

Mathematics Subject Classification 2020: 14F42 (primary); 19E20, 14F30 (secondary).
Keywords: motivic cohomology, singularities, p-adic Hodge theory, K-theory.

https://creativecommons.org/licenses/by/4.0/


T. Bouis 2

(4) henselian valuation rings, e.g., OCp (see Section 5);

(5) C?-algebras, e.g., the algebra of continuous C-valued functions on a compact
Hausdorff space (see Section 6).

These five classes of examples are treated independently. The algebraic K-theory of
these commutative rings was already studied by several authors and for different purposes.
We often use these existing results to establish, via the Adams decomposition of rational
algebraic K-theory, the rational part of our results (except in Section 3, where we use
de Rham cohomology to reprove the known K-theoretic results). Establishing our results
integrally is often more subtle, and relies crucially on the approach to motivic cohomology
taken in [17, 18, 24], i.e., on the use of trace methods and, in mixed characteristic, on the
integral p-adic Hodge theory of Bhatt–Morrow–Scholze [14] and Bhatt–Scholze [15].

Note finally that while some of our results are mere motivic refinements of known res-
ults in algebraic K-theory, passing to the motivic level can also yield more understanding
of the existing K-theoretic results (see for instance Theorems 3.6 and 5.6, Corollary 3.8,
and Remarks 2.4 and 4.2).

2. Finite chain rings

Finite chain rings are commutative rings OK=�
n, where OK is a mixed characteristic

discrete valuation ring with finite residue field, � is a uniformizer of OK , and n � 1 is an
integer. Examples of finite chain rings thus include finite fields, rings of the form Z=pn,
and truncated polynomials over a finite field.

Lemma 2.1. Let OK be a discrete valuation ring of mixed characteristic .0; p/ and with
finite residue field Fq , � be a uniformizer of OK , and n � 1 be an integer. Then for every
integer i � 0, there is a natural equivalence

Z.i/mot.OK=�
n/ '

´
ZŒ0� if i D 0;

Zp.i/
syn.OK=�

n/˚ Z.i/mot.Fq/Œ
1
p
� if i � 1

in the derived category D.Z/.

Proof. The result for i D 0 follows from the equivalences

Z.0/mot.OK=�
n/ ' R�cdh.OK=�

n;Z/ ' R�cdh.Fq;Z/ ' ZŒ0�

in the derived category D.Z/, the first equivalence being [18, Example 4.68], the second
equivalence being nilpotent invariance of cdh sheaves, and the last equivalence being a
consequence of the fact that fields are local for the cdh topology.

For every integer i � 0, the commutative diagram

Z.i/mot.OK=�
n/ Zp.i/

syn.OK=�
n/

Z.i/mot.Fq/ Zp.i/
syn.Fq/
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is a cartesian square in the derived category D.Z/ [18, Proposition 3.29]. If i � 1, the
bottom right term vanishes (use for instance the description of Bhatt–Morrow–Scholze’s
syntomic cohomology in characteristic p in terms of logarithmic de Rham–Witt forms),
and there is a natural equivalence

Z.i/mot.Fq/
�
��! Z.i/mot.Fq/

�
1
p

�
in the derived category D.Z/ (by a classical result in motivic cohomology, see also The-
orem 4.1 (2) for a more general statement), hence the desired result.

Proposition 2.2. Let OK be a mixed characteristic discrete valuation ring with finite
residue field, � be a uniformizer of OK , and n � 1 be an integer. Then for every integer
m 2 Z, there is a natural isomorphism

Km.OK=�
n/ Š

8̂̂̂̂
<̂
ˆ̂̂:

Z if m D 0;

H1
mot

�
OK=�

n;Z.i/
�

if m D 2i � 1; i � 1;

H2
mot

�
OK=�

n;Z.i/
�

if m D 2i � 2; i � 2;

0 if m < 0

of abelian groups.

Proof. Let p be the residue characteristic of the discrete valuation ring OK . The result
with p-adic coefficients is [2, Corollary 2.16]. The result with ZŒ 1

p
�-coefficients reduces

to the case n D 1, where the result follows from the description of the (classical) motivic
cohomology of finite fields. The integral result is then a consequence of Lemma 2.1.

Theorem 2.3 (Motivic cohomology of finite chain rings, after [2]). Let OK be a discrete
valuation ring of mixed characteristic .0; p/ and with finite residue field Fq , � be a uni-
formizer of OK , and n � 1 be an integer. Then for every integer i � 4pn,1 the motivic
complex

Z.i/mot.OK=�
n/ 2 D.Z/

is concentrated in degree one, where it is given by a group of order .qi � 1/qi.n�1/.

Proof. This is a consequence of Lemma 2.1, the classical computation of the motivic
cohomology of Fq , and [2, Theorem 1.4 and Proposition 1.5].

Remark 2.4 (Nilpotence of v1). Antieau–Krause–Nikolaus also determine the nilpotence
degree of the element v1 in the mod p syntomic cohomology of Z=pn [2, Theorem 1.8].
This is a refinement of the key result in the study of K.1/-local K-theory of Bhatt–
Clausen–Mathew [11]. Note that this result on the nilpotence degree of v1 can be refor-
mulated, via Lemma 2.1, as a statement on the mod p motivic cohomology of Z=pn.

1Note that this is not an optimal lower bound on the integer i . See [2, Theorem 1.4] for a more precise
result, in terms of the ramification index of OK .
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3. Truncated polynomials

In this section, we study the motivic cohomology of truncated polynomials, i.e., the motivic
cohomology of commutative rings of the form RŒx�=.xe/. Given a D.Z/-valued functor
F.�/, a commutative ring R, and an integer e � 1, we use the notation

F
�
RŒx�=.xe/; .x/

�
WD fib

�
F
�
RŒx�=.xe/

�
�! F.R/

�
;

where the map is induced by the canonical projection RŒx�=.xe/! R.
The relativeK-theory K.kŒx�=.xe/; .x// of truncated polynomials over a perfect field k

of positive characteristic was computed by Hesselholt–Madsen [27,28], using topological
restriction homology. Their calculation was reproved by Speirs [45] using Nikolaus–
Scholze’s approach to topological cyclic homology [40], and by Mathew [38] and Sulyma
[48] using Bhatt–Morrow–Scholze’s filtration on topological cyclic homology [14]. This
last approach was then extended to mixed characteristic by Riggenbach [43]. More pre-
cisely, Riggenbach used computations in prismatic cohomology to extend the previous res-
ult to a computation, forR a perfectoid ring, of the p-adic relativeK-theory K.RŒx�=.xe/;

.x/IZp/, and also reproved the p-adic part of the known description of K.ZŒx�=.xe/; .x//,
originally due to Angeltveit–Gerhardt–Hesselholt [1].

This recent progress would seem to indicate thatK-theory calculations using equivari-
ant stable homotopy may be pushed further by using cohomological techniques. Note how-
ever that the calculations in [38, 43, 48] are purely p-adic ones, as they rely on (instances
of) prismatic cohomology. In fact, all of the previous integral calculations in mixed char-
acteristic (i.e., forR the ring of integers of a number field) rely on a rational result of Soulé
[44] and Staffeldt [47], who compute the ranks of the associated relative K-groups using
equivariant homotopy theory. In this section, we revisit and extend this rational computa-
tion, and discuss some natural motivic refinements of the previous results.

All of the above calculations use trace methods, via the Dundas–Goodwillie–McCarthy
theorem. We first state the corresponding results at the level of cohomology theories.

Lemma 3.1. LetR be a commutative ring, and e � 1 be an integer. Then for every integer
i � 0, the natural map

Z.i/mot�RŒx�=.xe/; .x/
�
�! Z.i/TC�RŒx�=.xe/; .x/

�
is an equivalence in the derived category D.Z/, where Z.i/TC denotes the i -th graded
piece of the motivic filtration on integral topological cyclic homology TC, as defined in
[18, Section 2.3].

Proof. This is a direct consequence of [18, Remark 3.21], and the fact that cdh sheaves
are invariant under nilpotent extensions.

Corollary 3.2. Let R be a commutative ring, e � 1 be an integer, and p be a prime
number. Then for every integer i � 0, the natural map

Zp.i/
mot�RŒx�=.xe/; .x/

�
�! Zp.i/

BMS�RŒx�=.xe/; .x/
�
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is an equivalence in the derived category D.Zp/, where Zp.i/
BMS denotes the weight-i

syntomic cohomology in the sense of [14].

Proof. This is a consequence of Lemma 3.1.

Corollary 3.3. Let R be a commutative ring, and e � 1 be an integer. Then for every
integer i � 0, there is a natural equivalence

Q.i/mot�RŒx�=.xe/; .x/
�
' L�<i

.RŒx�=.xe/;.x//Q=QŒ�1�

in the derived category D.Q/.

Proof. By [18, Corollary 4.66], and because cdh sheaves are invariant under nilpotent
extensions, the natural map

Q.i/mot�RŒx�=.xe/; .x/
�
�!bL��i

.RŒx�=.xe/;.x//Q=Q

is an equivalence in the derived category D.Q/. Moreover, there is a natural fibre sequence

bL��i
.RŒx�=.xe/;.x//Q=Q �!

bL�.RŒx�=.xe/;.x//Q=Q �!
bL�<i

.RŒx�=.xe/;.x//Q=Q

in the derived category D.Q/, where the Hodge-completion on the last term can be
removed, since only finitely many steps of the Hodge filtration appear in this truncated
de Rham complex. Again using that cdh sheaves are invariant under nilpotent extensions,
the desired result is then a consequence of cdh descent for the presheaf bL��=Q on com-
mutative Q-algebras [24, Lemma 4.5].

Lemma 3.4. For every commutative ring R and integer e � 1, the object

Z.0/mot�RŒx�=.xe/; .x/
�

is zero in the derived category D.Z/.

Proof. This is a consequence of the fact that the motivic complex Z.0/mot is a cdh sheaf
[18, Example 4.68].

Lemma 3.5. For any integers e � 1 and i � 0, the complex

L��i
.QŒx�=.xe/;.x//=Q 2 D.Q/

is concentrated in degree zero, given by a Q-vector space of dimension e � 1.

Proof. This follows from a standard argument using the natural grading of the Q-algebra
QŒx�=.xe/ and the Q-linear derivation

d W QŒx�=.xe/! QŒx�=.xe/

given by d.xj / D jxj ; see for instance the proof of [47, Proposition 5].
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Theorem 3.6. Let R be a commutative ring such that the cotangent complex L.R˝ZQ/=Q

vanishes (e.g., if R ˝Z Q is ind-étale over Q),2 and e � 1 be an integer. Then for every
integer i � 1, there is a natural equivalence

Q.i/mot�RŒx�=.xe/; .x/
�
' .R˝Z Q/e�1Œ�1�

in the derived category D.Q/.

Proof. By Corollary 3.3, there is a natural equivalence

Q.i/mot�RŒx�=.xe/; .x/
�
' L�<i

.RŒx�=.xe/;.x//Q=QŒ�1�

in the derived category D.Q/. By the Künneth formula for derived de Rham cohomology,
and because all the positive powers of the cotangent complex L.R˝ZQ/=Q vanish, there is
a natural equivalence

L�<i
.RŒx�=.xe/;.x//Q=Q ' L�<i

.QŒx�=.xe/;.x//=Q ˝Q .R˝Z Q/

in the derived category D.Q/. The result is then a consequence of Lemma 3.5.

When R is the ring of integers of a number field, the following result is due to Soulé
[44] when e D 2, and to Staffeldt [47] for e � 2 a general integer. Their proof uses rational
homotopy theory, and ultimately reduces to a computation in cyclic homology.

Corollary 3.7. LetR be a commutative ring such that the cotangent complex L.R˝ZQ/=Q

vanishes, and e � 1 be an integer. Then for every integer n 2 Z, there is a natural iso-
morphism

Kn

�
RŒx�=.xe/; .x/IQ

�
Š

´
.R˝Z Q/e�1 if n is odd and n � 1;

0 otherwise

of abelian groups.

Proof. This is a consequence of Theorem 3.6 and [18, Corollary 4.60].

We now apply Theorem 3.6 to the case of the ring of integers of a number field,
together with the p-adic computations of Riggenbach [43], to obtain the following integ-
ral result. Note that this result implies, via the Atiyah–Hirzebruch spectral sequence, an
analogous computation forK-theory, which was first established, using independent tech-
niques, by Angeltveit–Gerhardt–Hesselholt [1].

Corollary 3.8. Let K be a number field, OK be its ring of integers, and e � 1 be an
integer. Then for any integers i; n � 1, there is an isomorphism

Hn
mot

�
OK Œx�=.x

e/; .x/;Z.i/
�
Š

8̂<̂
:

Oe�1
K if n D 1;

Ai�1 if n D 2;
0 otherwise

2See [39] for more on this condition.
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of abelian groups, natural in K for n D 1, where d is the degree of K over Q, D � OK

is the different ideal of K over Q, and Ai is a finite group of order ..ei/Š.i Š/e�2/d �

jOK=Dj
ei�i . In particular, if K D Q, then Ai is a finite group of order .ei Š/.i Š/e�2.

Proof. By Lemma 3.1, it suffices to compute the cohomology of the complex

Z.i/TC�OK Œx�=.x
e/; .x/

�
2 D.Z/:

By [18, Corollary 4.31], there is a natural cartesian square

Z.i/TC
�
OK Œx�=.x

e/; .x/
� bL��i

.KŒx�=.xe/;.x//=Q

Q
p2P Zp.i/

BMS
�
OK Œx�=.x

e/; .x/
� Q0

p2P
bL��i

.K^p Œx�=.xe/;.x//=Qp

in the derived category D.Z/, where the left bottom corner is syntomic cohomology in
the sense of [14] and the right bottom corner is rigid-analytic de Rham cohomology in the
sense of [18, Section 4.2].

By [43, Theorem 6.4 and proof of Theorem 1.6], there is a natural equivalence

Zp.i/
BMS�OK Œx�=.x

e/; .x/
�
'
�
.OK/

^
p

�e�1
Œ�1�˚ Ai�1;pŒ�2�

in the derived category D.Z/ for every prime number p, where Ai;p is a finite group of
order pvp.jAi j/. By Theorem 3.6 and the proof of Corollary 3.3, there is a natural equival-
ence

bL��i
.KŒx�=.xe/;.x//=Q ' K

e�1Œ�1�

in the derived category D.Z/. Using the cdh descent result for rigid-analytic de Rham
cohomology [18, Corollary 4.44], the same arguments as for the previous equivalence
imply that there is a natural equivalenceY

p2P

0bL��i

.K^p Œx�=.xe/;.x//=Qp
'

� Y
p2P

.OK/
^
p

�e�1

Œ�1�

in the derived category D.Z/. The previous two equivalences are compatible by con-
struction. Unwinding the prismatic computation [43, Theorem 1.6], the only non-trivial
compatibility to check between these equivalences is a consequence of the compatibility
between the Nygaard filtration on (Breuil–Kisin twisted) absolute prismatic cohomo-
logy and the Hodge filtration on derived de Rham cohomology, which is [12, Construc-
tion 5.5.3]. The previous cartesian square then implies the desired result.

We also deduce from the work of Riggenbach the following motivic interpretation of
the analogous result in K-theory [43, Theorem 1.1].
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Theorem 3.9 (Truncated polynomials over perfectoids, after [43]). Let R be a perfectoid
ring, and e � 1 be an integer. Then for every integer i � 1, there is a natural equivalence

Zp.i/
mot�RŒx�=.xe/; .x/

�
'Wei .R/=VeWi .R/Œ�1�

in the derived category D.Zp/, where W .R/ denotes the big Witt vectors of R, and V the
associated Verschiebung operator.

Proof. This is a consequence of [43, proof of Corollary 6.5] and Corollary 3.2.

Remark 3.10 (Cuspidal curves). The algebraic K-theory of cuspidal curves (i.e., curves
that are defined by an equation of the form ya � xb , for a; b � 2 coprime integers)
was completely determined over a perfect Fp-algebra by Hesselholt–Nikolaus [29], using
Nikolaus–Scholze’s approach [40] to topological cyclic homology. This result was then
generalised to mixed characteristic perfectoid rings by Riggenbach [42], ultimately rely-
ing on computations in relative topological Hochschild homology. It would seem that the
associated Atiyah–Hirzebruch spectral sequence should degenerate in this context, thus
providing a similar computation of the motivic cohomology of cuspidal curves. An inter-
esting question would be whether these results can be reproved, or even extended to more
general base rings, using techniques from prismatic cohomology and derived de Rham
cohomology.

4. Perfect and semiperfect rings

Let p be a prime number. It was proved by Kratzer [33, Corollary 5.5] that for every per-
fect Fp-algebraR and every integer n� 1, theK-group Kn.R/ is uniquely p-divisible (see
also [3] for a mixed characteristic generalisation). It was also proved by Kelly–Morrow
that for every Fp-algebra R with perfection Rperf, the natural map K.R/! K.Rperf/ is
an equivalence after inverting p ([30, Lemma 4.1], see also [23, Example 2.1.11] and
[22, Theorem 3.1.2 and Proposition 3.3.1] for different proofs). The following result is a
motivic refinement of these two facts.

Theorem 4.1 (Motivic cohomology of perfect Fp-schemes, after [24]). Let X be a qcqs
Fp-scheme.

(1) For every integer i � 0, the natural map

Z.i/mot.X/
�

1
p

�
�! Z.i/mot.Xperf/

�
1
p

�
is an equivalence in the derived category D.ZŒ 1

p
�/.

(2) For every integer i � 1, the natural map

Z.i/mot.Xperf/ �! Z.i/mot.Xperf/
�

1
p

�
is an equivalence in the derived category D.Z/.
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Proof. By [24, Theorem 4.34],3 for every integer i � 0, the natural map

��X W Z.i/
mot.X/ �! Z.i/mot.X/

induced by the absolute Frobenius �X W X ! X of a qcqs Fp-scheme X is multiplication
by pi . In particular, this natural map is an equivalence after inverting p, and .1/ is a con-
sequence of this and the fact that the presheaf Z.i/mot is finitary [24, Theorem 4.29 (4)].
Similarly, the same result applied to the perfect Fp-scheme Xperf implies that multiplic-
ation by pi on the complex Z.i/mot.Xperf/ 2 D.Z/ is an equivalence. If i � 1, this is
equivalent to the fact that the natural map

Z.i/mot.Xperf/ �! Z.i/mot.Xperf/
�

1
p

�
is an equivalence in the derived category D.Z/.

Remark 4.2 (NegativeK-groups of perfect Fp-algebras). It is possible to construct exam-
ples of perfect Fp-algebras whose negativeK-groups are not p-divisible [22, Section 3.3].
Theorem 4.1 (2) states that the only non-p-divisible information in the negativeK-groups
of a perfect Fp-algebra R actually come from weight zero motivic cohomology, i.e., from
the complex R�cdh.R;Z/ [18, Example 4.68].

Recall that a Fp-algebra is semiperfect if its Frobenius is surjective.

Corollary 4.3 (Motivic cohomology of semiperfect Fp-algebras). Let S be a semiperfect
Fp-algebra. Then for every integer i � 1, there is a natural fibre sequence

Z.i/mot.S/ �! Z.i/mot.Sperf/
�

1
p

�
�! .Qp=Zp/.i/

syn.S/

in the derived category D.Z/, where the last term .Qp=Zp/.i/
syn.S/ denotes the cofibre

of the canonical map Zp.i/
syn.S/! Qp.i/

syn.S/.

Proof. There is a natural fracture square

Z.i/mot.S/ Z.i/mot.S/Œ 1
p
�

Zp.i/
mot.S/ Qp.i/

mot.S/

in the derived category D.Z/. By Theorem 4.1 (1), the right upper corner is naturally
identified with Z.i/mot.Sperf/Œ

1
p
�, so it suffices to identify the bottom horizontal map with

the canonical map
Zp.i/

syn.S/ �! Qp.i/
syn.S/:

3This result is proved as a consequence of the same result in classical motivic cohomology [26] and in
syntomic cohomology [4], and ultimately goes back to the fact that the Frobenius acts by multiplication by
pi on the logarithmic de Rham–Witt sheaf W�i

log.
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By construction and derived Nakayama, this is equivalent to proving that the natural map

Fp.i/
mot.S/ �! Fp.i/

syn.S/

is an equivalence in the derived category D.Fp/. By [24, Corollary 4.40] (see also [18,
Theorem 5.10] for a mixed characteristic generalisation), this is in turn equivalent to the
fact that

R�cdh
�
S; z�.i/

�
Œ�i � 1� ' 0

in the derived category D.Fp/. By definition, the Frobenius map �S W S! S is surjective,
and has nilpotent kernel. The presheaf R�cdh.�; z�.i//Œ�i � 1� is a finitary cdh sheaf, so
the natural map

R�cdh
�
S; z�.i/

�
Œ�i � 1� �! R�cdh

�
Sperf; z�.i/

�
Œ�i � 1�

is then an equivalence in the derived category D.Fp/. The target of this map is zero by
Theorem 4.1 (2) (where we use that i � 1, and the same argument for syntomic cohomo-
logy), and applying [24, Corollary 4.40] to the perfect Fp-algebra Sperf.

5. Valuation rings

Recall that a valuation ring is an integral domain V such that for any elements f and g
in V , either f 2 gV or g 2 f V . In recent years, valuation rings have been used as a way to
bypass resolution of singularities, in order to adapt arguments from characteristic zero to
more general contexts [7, 20, 30, 32]. In this section, we describe the motivic cohomology
of valuation rings (Theorems 5.1 and 5.6). We start with the following result, stating that
the motivic complexes Z.i/mot, on henselian valuation rings, have a description purely in
terms of algebraic cycles. See [24, Section 9] for related results over a field.

Theorem 5.1. Let V be a henselian valuation ring. Then for every integer i � 0, the
motivic complex Z.i/mot.V / 2 D.Z/ is in degrees at most i , and the lisse-motivic com-
parison map [17, Definition 2.1]

Z.i/lisse.V / �! Z.i/mot.V /

is an equivalence in the derived category D.Z/.

Proof. The second statement already appears in the proof of [17, Lemma 3.25]. As in
[17, Lemma 3.25] or [17, Corollary 2.12], the first statement is then a consequence of
[25, Corollary 4.4].

Example 5.2. Let V be a henselian valuation ring. By [18, Example 4.68], there is a
natural equivalence

Z.0/mot.V / ' ZŒ0�
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in the derived category D.Z/. Similarly, Theorem 5.1, [18, Example 3.9], and the fact
that the Picard group of a local ring is zero, imply that the motivic complex Z.1/mot.V / 2

D.Z/ is concentrated in degree one, where it is given by

H1
mot

�
V;Z.1/

�
Š V �:

We now apply the results of the previous sections to give an alternative description of
the motivic cohomology of valuation rings with finite coefficients. The following propos-
ition will be used to reformulate the results of [20] on syntomic cohomology in terms of
motivic cohomology.

Proposition 5.3. Let p be a prime number, and V be a henselian valuation ring. Then for
any integers i � 0 and k � 1, there is a natural equivalence

Z=pk.i/mot.V /
�
��! ��i Z=pk.i/syn.V /

in the derived category D.Z=pk/.

Proof. Henselian valuation rings are local rings for the cdh topology, so this is a con-
sequence of [18, Theorem 5.10].

The following result is an analogue for valuation rings of Geisser–Levine’s description
of motivic cohomology of smooth Fp-algebras [26]. It can be deduced from the results of
Kelly–Morrow [30] and Elmanto–Morrow [24].

Theorem 5.4. Let p be a prime number, and V be a henselian valuation ring of charac-
teristic p. Then for any integers i � 0 and k � 1, there is a natural equivalence

Z=pk.i/mot.V /
�
��! Wk�

i
V;logŒ�i �

in the derived category D.Z=pk/.

Proof. Valuation rings of characteristicp are Cartier smooth over Fp by results of Gabber–
Ramero and Gabber [20, Theorem 3.4], so this is a consequence of [37, Proposition 5.1 (ii)]
and Proposition 5.3.

We then prove a mixed characteristic version of Theorem 5.4, starting with the follow-
ing `-adic general result.

Proposition 5.5. Let p be a prime number, and V be a henselian valuation ring such that
p is invertible in V . Then for any integers i � 0 and k � 1, the Beilinson–Lichtenbaum
comparison map [18, Definition 5.6] naturally factors through an equivalence

Z=pk.i/mot.V /
�
��! ��iR�ét

�
Spec.V /; �˝i

pk

�
in the derived category D.Z=pk/.
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Proof. By Proposition 5.3, the motivic complex Z=pk.i/mot.V / 2D.Z=pk/ is in degrees
at most i , so the result is a consequence of [18, Corollary 5.6].

The following result generalises Proposition 5.5 when p is not necessarily invertible
in the valuation ring V , at least over a perfectoid base.

Theorem 5.6 (Motivic cohomology of valuation rings with finite coefficients). Let p be
a prime number, V0 be a p-torsionfree valuation ring whose p-completion is a perfectoid
ring, and V be a henselian valuation ring extension of V0. Then for any integers i � 0 and
k � 1, the Beilinson–Lichtenbaum comparison map [18, Definition 5.3] induces a natural
map

Z=pk.i/mot.V / �! ��iR�ét
�

Spec
�
V
�

1
p

��
; �˝i

pk

�
in the derived category D.Z=pk/, which is an isomorphism in degrees less than or equal
to i � 1. On Hi , this map is injective, with image generated by symbols, via the symbol
map

.V �/˝i
�! Hi

ét

�
Spec

�
V
�

1
p

��
; �˝i

pk

�
:

Proof. The fact that the Beilinson–Lichtenbaum comparison map factors through the
complex

��iR�ét
�

Spec
�
V
�

1
p

��
; �˝i

pk

�
2 D.Z=pk/

is a consequence of Proposition 5.3. The isomorphism in degrees less than or equal to i � 1
and the injectivity in degree i of this map are then a consequence of [20, Theorems 3.1
and 4.12]. The last statement is a consequence of the isomorphism

yKM
i .V /=p

k Š
��! Hi

mot

�
V;Z=pk.i/

�
of abelian groups [17, Theorem 2.21 and Corollary 2.10].

Remark 5.7. The generation by symbols appearing in Theorem 5.6 was also studied
in the context of syntomic cohomology of general p-torsionfree F -smooth schemes by
Bhatt–Mathew [13]. Note that all valuation rings are conjecturally F -smooth, and that the
proof of Theorem 5.6 adapts more generally to any henselian F -smooth valuation ring.

6. C?-algebras

By Gelfand representation theorem, the commutative C?-algebras are exactly the algebras
of continuous complex-valued functions C.X IC/ on a compact Hausdorff space X . An
important theorem of Cortiñas–Thom states that commutative C?-algebras are K-regular
[21, Theorem 1.5]. This result was further generalised recently by Aoki to all smooth
algebras over commutative C?-algebras, and over a general local field [5, Theorem 8.7].
The following result is a motivic analogue of the latter result.
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Theorem 6.1 (C?-algebras are motivically regular, after [5, 21]). Let X be a compact
Hausdorff space, F be a characteristic zero local field, and A be a smooth C.X IF /-alge-
bra. Then for any integers i � 0 and n � 0, the natural map

Z.i/mot.A/ �! Z.i/mot�AŒT1; : : : ; Tn�
�

is an equivalence in the derived category D.Z/.

Proof. By [5, Theorem 8.7 (2)], the natural map

K
�
AŒT1; : : : ; Tn�

�
�! KH

�
AŒT1; : : : ; Tn�

�
is an equivalence of spectra for every integer n � 0. By [18, Remark 3.27 and Corol-
lary 4.60], this implies that the vertical maps in the commutative diagram

Z.i/mot.A/ Z.i/mot
�
AŒT1; : : : ; Tn�

�
Z.i/A

1
.A/ Z.i/A

1�
AŒT1; : : : ; Tn�

�
are equivalences in the derived category D.Z/. The bottom horizontal map is an equival-
ence in the derived category D.Z/ by definition of the presheaf Z.i/A

1
[7], see also [18,

Section 6]. So the top horizontal map is an equivalence in the derived category D.Z/.
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