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Modules of minimal dimension over completed Weyl
algebras

Feliks Raczka

Abstract. We study the category of modules of minimal dimension over completed Weyl algebras
in equal characteristic zero. In particular, we prove finiteness of de Rham cohomology of such
modules.

1. Introduction

This is the first of two papers devoted to the study of D-modules on rigid analytic varieties
over the field C((z)) of formal Laurent series (and, more generally, over discretely valued
nonarchimedean fields of equal characteristic zero). Here, we study modules of minimal
dimension over completed Weyl algebras and we prove that their d¢ Rham cohomology
groups are finite dimensional. In the sequel [11] we use this result to prove its global
analogue: on a (quasi-compact and quasi-separated) smooth rigid analytic variety the de
Rham cohomology groups of a holonomic D-module have finite dimensions.

Let K be a discretely valued nonarchimedean field, and let og be its valuation ring.
We also fix a uniformizer @ € og. Let W, (0g) denote the n-th Weyl algebra over ok,

i.e., the noncommutaitve og-algebra generated by x1, ..., X, d1, ..., d, with relations
[x,-,xj] = [8,’, 31] = 0and [8,',)6]'] = 8,']'. We set

A W, (o

Do ¥ n (oK) (L.1)

and define the n-th completed Weyl algebra over K as

Dy € D° s, K. (1.2)
Algebraic properties of completed Weyl algebras have been studied by many authors, for
example by L. Narvdez Macarro in [9], and more recently by A. Pangalos in [10]. Our
objective is to study de Rham cohomology of {,-modules of minimal dimension. We

start by recalling these notions. The de Rham complex of a left iA)n -module M is

DR (M) = P M.dx;. (1.3)
[I|=s
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where 0 < s < nisaninteger, I = (1 <i; <--- <iy <n)is a multi-index, and dx; =
dxi, A --- Adx;,. The differential § is given by

S(m.dxy) = Zaim.dx,- Adxg. (1.4)

i=1

The de Rham cohomology of M is the cohomology of this complex
Hip(M) := H'(DR*(M)). (1.5)

Although we will not need this interpretation in what follows, we remark that the n-th Tate
algebra T, = K{(xq,...,Xx,) is a D,-module in a natural way and that (1.5) may be also
described as

Hjp(M) = Exti@n (Ty, M).

Given a left and right noetherian ring R of homological dimension # we say that a left
R-module M is of minimal dimension if it is finitely generated and Ext"R (M, R) = 0 for
i < n. This is the algebraization of the geometric notion of holonomicity in the sense that
if R is a ring of differential operators of the affine algebra of a smooth complex algebraic
variety X then left R-modules of minimal dimension correspond to holonomic D-modules
on X. It is easy to show that the ring 55,, is left and right noetherian (Lemma 2.3), and
it has been shown by A. Pangalos that if K is of equal characteristic zero then it has
homological dimension » (Lemma 2.4). Hence, it is meaningful to consider ﬁn-modules
of minimal dimension.

The main result of this paper is the following theorem.

Theorem 1.1. Let K be a discretely valued nonarchimedean field of equal characteristic
zero and let M be a left D,,-module of minimal dimension. Then dimg H;R (M) < o< for
alli.

Let k be the residue field of og. The idea for the proof of Theorem 1.1 is to study
D, -modules and compare their properties on the generic and the special fiber, i.e., after
tensoring with K and k respectively. Consider the ring

Dy €D w DS = D R k.

It is isomorphic to the n-th Weyl algebra over k, and if char k = 0 then D,, is the ring of
algebraic differential operators of the affine n-space Ay. If M is a finitely generated left
(ﬁn-module then a lattice in M is a finitely generated éﬁ,‘j -submodule L C M such that
L ® ox K = M. We write L for the left ©,-module L ® ogk and call it the reduction

of L. A more refined version of Theorem 1.1 is the following theorem.

Theorem 1.2. Let K be a discretely valued nonarchimedean field of equal characteristic
zero, and let M be a finitely generated left Dy-module. Then the following conditions are
equivalent:
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(1) M is of minimal dimension.

(2) There exists a lattice L C M such that L is a D,-module of minimal dimension.

(3) For any lattice L C M the reduction Lisa len-module of minimal dimension.
Moreover, if these equivalent conditions are satisfied, then

(A) The semisimplification of L does not depend on L.

(B) We have dimg HéR (M) < oo foralli and the equality xqr(M) = yar(L) holds.

Here and later,
Xar(M) = (=1)) dimg H}p(M)

is the Euler characteristic for de Rham cohomology and y 4z (L) is the Euler characteristic
for de Rham cohomology of the holonomic Al -module L, which is known to be finite
since chark = 0.

We briefly explain why Theorem 1.1 does not hold when K is of mixed characteris-
tic. If K has equal characteristic zero, the Tate algebra T}, is a ﬁn-module of minimal
dimension. We do not know if it is always of minimal dimension when K has mixed
characteristic, but it is the case for n = 1 by [10, Prop. 2.2.3]. The de Rham complex of
T, = K(x)is

;—x : K{(x) - K{x).

If chark = p > 0 then | p| < 1 and any formal power series of form

> anp"x" (1.6)

n>0

where |a,| = 1, is an element of K (x). These elements cannot be integrated with respect
to x in the sense that the formal power series

n__ n
/E ap,p"x? T = E ayx?

n>0 n>0

is not convergent for |[x| = 1 and thus not an element of K(x). We conclude that
dimg Hz}R (K(x)) is infinite. Note that if the residue characteristic of K is zero, then
|p| = 1 and power series of form (1.6) are not elements of K (x). More generally, in the
case of equal characteristic zero, if f € K[[x] and % € K(x) then f € K(x), i.e., every
element of K(x) can be integrated with respect to x and H (} r(K(x)) = 0. Therefore
Theorem 1.1 works in this simple case.

The paper is organized as follows. In Section 2 we recall basic results about completed
Weyl algebras and modules of minimal dimension. In Section 3 we discuss some more
sophisticated properties of modules over ox-algebras. In Section 4 we apply results from
previous sections to give the proof of Theorem 1.2.
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2. Preliminaries

From now till the end of this paper K is a fixed discretely valued nonarchimedean field
of equal characteristic zero. We let ox C K be the valuation ring and & the residue field.
We fix a uniformizer @ € og. Although we will not use it, we note that by the Cohen
structure theorem a choice of a uniformizer gives an isomorphism K = k(@)).

2.1. Modules of minimal dimension

In this subsection we recall basic properties of modules of minimal dimension and basic
properties of holonomic JDAZ -modules.

Let R be a (not necessarily commutative) ring. We recall that the projective dimension
of an R-module M (written pd(M)) is the infimum of lengths of its projective resolutions.
Then we define the left global dimension of R as

l.gl.dim(R) = sup {pd(M) M is aleft R-module}.

The right global dimension (written r.gl.dim(R)) is defined in the same way. If R is left
and right noetherian then by [15, Exer. 4.1.1] left and right global dimensions of R are
equal and we define the global dimension of R as

gl.dim(R) = Lgl.dim(R) = r.gl.dim(R).

Now, let R be a left and right noetherian ring of finite global dimension gl.dim(R) = n.
Following [8, Sec. 1.2] we say that a finitely generated left (resp. right) R-module M is
of minimal dimension if

inf {i : Extp(M, R) # 0} = n.
For such module we set
M* = Exty(M, R).

The following lemma is well known. Since it is an important ingredient in the proof of
Theorem 1.2 we sketch the proof for completeness.

Lemma 2.1. Let M be a left (resp. right) R-module of minimal dimension. Then M * is a
right (resp. left) R-module of minimal dimension and M** = M.

Proof. Ttis well known that if P is a finitely generated projective left (resp. right) module,
then its dual P¥ = Homg (P, R) is a finitely generated projective right (resp. left) module
and the natural map P — PV is an isomorphism. Let M be a left (resp. right) R-module
of minimal dimension. Since R is noetherian and of finite global dimension, M admits a
finite projective resolution by finitely generated projective modules. Let P, be such reso-
lution and let Qo = Hompg (P—,, R)[n]. First of all, we have H;(Q,) = Ext’}{i (M, R) and
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therefore Q, is a projective resolution of M *. By reflexivity of finite projective modules
we have Po = Hompg(Q _., R)[n] and therefore

) 0 ifi #n,
Exto(M*,R) = H,_; (P,) =
= ) = Hri(PY) {M ifi =n.
This shows that M * is of minimal dimension and that M ** = M. [

If R = W, (k) for some field k of characteristic zero, then the category of left R-
modules of minimal dimension coincides with the category of holonomic c(DAZ -modules.
This category is very well understood and for example the following properties of holo-
nomic modules are well known (de Rham complex and de Rham cohomology of a W, (k)-
module M is defined by formulas (1.3) and (1.5) of the introduction).

Lemma 2.2. Let M, M’, M" be finitely generated left W, (k)-modules. Then

@ If0—> M — M — M" — 0 is a short exact sequence then M is of minimal
dimension if and only if M' and M" are of minimal dimension.

(b) Ext(",vn *®) (M, Wy (k)) is a right Wy, (k)-module of minimal dimension.
(¢) If M is of minimal dimension then it has finite length as a Wy, (k)-module.
(d) If M is of minimal dimension then dimy HéR (M) < oo foralli.

The same holds with right and left replaced.

Proof. Properties (a), (b) and (c) are discussed in [8, Sec. 1.2]. Property (a) is discussed
after Def. 1.2.4 of op. cit. and (b) is a consequence of Thm. 1.2.2 of op. cit. See also
[7, 4.2.17] for the proof of (b). Property (c) is [8, Prop. 1.2.5]. The last statement is a
special case of the classical theorem of Bernstein which states that higher direct images in
the derived category of D-modules preserve holonomicity. We refer to [2, Ch. 1, Thm. 6.1]
for the proof of this theorem in the case of Weyl algebras and to [3, Thm. 3.2.3] for the
proof in full generality. ]

2.2. Completed Weyl Algebras

In this subsection, we discuss some basic properties of the completed Weyl Algebras, i.e.,
rings D, and D, defined by formulas (1.1) and (1.2) of the introduction.

Lemma 2.3. Both 06,‘;’ and D, are left and right noetherian.

Proof. First of all, the ring W, (0g) is left and right noetherian. Indeed, the associated
graded ring of the Bernstein filtration F, W, (og) = @Ialﬂﬂlin aggx® 9P is the polyno-
mial ring in 2n variables over og. Since the valuation on K is discrete og is noetherian
and therefore so is any polynomial ring over ox. We can apply [3, Prop. D.1.4] which
states that if the associated graded ring is noetherian then so is the original ring. Now, it
is well known in the commutative case that for a noetherian ring R its /-adic completion
is again noetherian. While this needs not be the case for noncommutative rings, it follows
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from [6, Prop. 2.1] that the Theorem remains true if [ is a two sided ideal generated by a
single central element. Because W (o) is left and r1ght noetherian and w is central we
conclude that ZD° is left and right noetherian. Then i) is left and right noetherian because
it is a localization of Dy at . This proves the first part of the lemma. |

The following result is taken from the Ph.D. thesis of A. Pangalos [10].
Lemma 2.4 (A. Pangalos). gl.dim(!ﬁn) =n.

Proof. [10, Prop. 3.1.3] gives a bound gl.dim(oﬁn) > n and Prop. 4.3.6 in op.cit. gives a
bound gl.dim(D,) < n. |

We will also need the following properties of O@,‘; -lattices. Recall that L = L ® ox K.

Lemma 2.5. Let L be a finitely generated left Jl’)\,‘l’ -module. Then:
(a) L is complete in the w-adic topology.
() IfL =0then L =0.

Proof. Since w is central, we can use the same reasoning as in the case of commutative
noetherian rings. Since by [13, p. 413] the Artin—Rees lemma holds for finitely generated
left ﬁ,f-modules, we can proceed as in [1, Ch. 10] to check that if / = (w) and L is a
finitely generated left 53,‘; -module, then

=£;I®53L=33;®£3L=L.

This proves the first statement of the lemma, and the second statement follows from
Nakayama’s lemma for separated modules because L = L/ is separated. ]

3. Algebras over discrete valuation rings

It is possible that Lemmas 3.1, 3.2 and 3.3 below are known to the experts but we are not
aware of any published proof in the form that we need. We will only use these results in
case of the ring 33,, to prove Theorem 1.2 but since the proofs would not became easier
nor shorter after restricting to this special case we present them in a more general setting.

For the purpose of this section we assume that By is a (not necessarily commutative)
ring and w € By is a central element that is not a zero divisor. We set B = Bo[n~!] and
B = By/nBy. Because 7 is not a zero divisor the natural map By — B is injective and
we may write

B = U 7" By.
nez

A model example of this situation is when 7 is a uniformizer of some discrete valuation
ring @ and By is a flat @-algebra.
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3.1. Kiinneth type short exact sequences

Lemma 3.1. Let M be a right Bo-module that is w-torsion-free and has a finite projec-
tive resolution by finitely generated modules. Then for each i > 0 there are short exact
sequences of left B-modules

0 — B ®g, Extly (M, By) — Extz(M ®p, B, B) — Tor{° (B, Ext (M. Bg)) — 0.
The same holds with the left and right replaced and obvious modifications.
Proof. Note that B has a projective resolution
0— By - By — B — 0, (3.1)
and therefore for any right Bo-module M we have ToriB (M, E) = (0fori > 2and
Tor® (M, B) = {m € M : mn = 0}.
It follows that if M is w-torsion-free and if
P*=[0>P"—...» P15 POy
is a projective resolution of M by finitely generated modules then
P*=P°®p, B
is a projective resolution of M ®p, B. Set
Q. = Homp,(P°*, By). (3.2)
This is a complex of finitely generated projective left Byp-modules and we have
H;(Qs) = Extp (M. Bo). (3.3)
On the other hand,
ExtZz' (M ®p, B, B) = H;(Hom(P*, B)) = H;(B ®3, Q.). (3.4)

Here the first equality holds because P*® is a projective resolution of M ® Bo B and the
second equality holds because for any finitely generated projective right Byp-module P we
have natural isomorphisms of left B-modules

B ®p, Homp, (P, By) = Homp, (P, B) = Homz(P ®p, B, B).

Consider the following claim: If Q. is a bounded chain complex of finitely generated
projective left Bo-modules then there exist exact sequences of left B-modules

0 — B ®p, H;(Qs) — H;(B ®p, Qs) — Tor}*(B, Hi_1(Q4)) — 0. (3.5)
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Once we have proven the claim we are done with the proof because of equalities (3.3)
and (3.4). The fastest way to show existence of exact sequences (3.5) is to use Kiinneth’s
spectral sequence [15, Thm. 5.6.4] (see also [12, Thm. 10.90] for the formulation over
noncommutative rings)

Etzj = ToriBo(E H;(Qs)) = Hit;(B ®g, Qu). (3.6)

Because of (3.1) we have Tor’ (B, —) = 0 for i # 0, 1 and the above spectral sequence
degenerates to short exact sequences

0— E§; — H;j(B®s, Q.) > E{;_; — 0. (3.7)

The problem with this approach is that in the literature existence of the spectral sequence
(3.6) is usually formulated with B replaced by an arbitrary right Bo-module. As a conse-
quence, one needs to additionally check that maps in sequences (3.7) are B-linear and not
merely additive (which is usually the case for a tensor product of a left and a right module
over a noncommutative ring). Alternatively, we can notice that if d, is a differential in Q.
then as in the proof of [15, Thm. 3.6.1] we have the short exact sequence of complexes

0 — kerds ®p, B — Qo ®p, B — imds ®p, B — 0. (3.8)

This is again a consequence of description of Tor’ (—, B). Based on this observation we can
copy the proof of [15, Thm. 3.6.1] to prove our claim. Then B-linearity is clear because the
arrows in short exact sequences come from the long exact sequence associated to (3.8). m

3.2. Reduction of lattices

Lemma 3.2 below is a simple generalization of classical results that appear in many
branches of mathematics. For example, in algebraic geometry a variant of Lemma 3.2
for vector bundles with integrable connections is due to O. Gabber and may be found in a
book of Katz [4, Variant 2.5.2]. More recently, a similar argument was used by A. Langer
in [5]. There is also a variant of Lemma 3.2 in representation theory of finite groups over
fields of positive characteristic [ 14, Thm. 2.2.3].

Our definition of a lattice given in the introduction can be formulated in a more general
setting as follows. A lattice in a finitely generated B-module M is a finitely generated By-
submodule L C M such that B ®p, L = L[z '] = M. Weset L = L/xL. Recall that a
module N is of finite length if it has finite composition series0 = Ng C Ny C--- C N, =
N where the factors N;/N;_; are simple modules. The module N% = @::1 N;i/Ni_1
does not depend on the choice of the composition series and is called the semisimplifica-
tion of N. With the above notation, we prove the following.

Lemma 3.2. Let M be a finitely generated left B-module, and let L1, L, C M be two
lattices. If Ly has finite length, then so does L and they have isomorphic semisimplifica-
tions.
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Proof. Since B = | J,,cz 7" Bo, there exist integers n,m € Z with 7" L, C Ly C ™ Lo,

and since nkL is isomorphic to L;, we may assume that
L,CL; C 7T_nL2, 3.9

where n > 1. We prove the lemma by induction on n and we do the inductive step first.
Assume that n > 2 and that the statement is true for n — 1. Then it is also true for n because
we have containments

LycLina "L, ca L,
and
Lina "L, cLca Y (Lina"L,).

Now, we deal with the case n = 1. We have
Lica'Lyca'L,. (3.10)

Taking reductions of (3.9) (for n = 1) and of (3.10) gives exact sequences
L5505 L,
and
L L0, %L
where ¢ (resp. V) is the map induced by the inclusion L, C Ly (resp. L1 C w1 L,).
From the above, we obtain short exact sequences
0—>img - L; - imy — 0 (3.11)
and
0—-imy — L, - im¢ — 0. (3.12)

If0 - Ny - N — N, — 0is a short exact sequence of modules then N has finite length
if and only if Ny and N, have finite length, and If this is a case, then N* = N* @& MJ*.
The result now follows from existence of short exact sequences (3.11) and (3.12). ]

3.3. Euler characteristic of a perfect complex over a complete discrete valuation
ring

For the purpose of the next lemma we will need stronger assumptions. Let By be a com-
plete discrete valuation ring with the residue field £ and the quotient field B (so £ = B in
the previous notation). We also fix a uniformizer = € By. Recall that a By-module M is
separated for the 77-adic topology if (1), 7" M = {0} and is complete if

M = lim M/=x"t' M.
<«

n>0

In particular, complete modules are separated.
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Lemma 3.3. Let (C*,d*®) be a cochain complex of complete (for the w-adic topology),
torsion-free Bo-modules and assume that all {-vector spaces H' (C* ®p, £) have finite
dimensions. Then
(1) All By-modules H' (C*®) are finitely generated. In particular, all B-vector spaces
H'(C* ®p, B) have finite dimensions.
(2) If C* is bounded, then
> (=1 dimg H'(C® ®p, ) = » _(=1)"dim, H'(C* ®3, B).  (3.13)
i.e., the Euler characteristic of C*® on the special and the generic fibers are equal.
We need the following variant of Nakayama’s lemma.

Lemma 3.4. Let
Vo-W-—->0-0

be an exact sequence of Bo-modules. Assume that V complete, W is separated, and
0O ®p, L is finitely generated. Then Q is finitely generated.

Proof. Since the tensor product is right exact, we have a commutative diagram with exact

TOWS.

% 2

\
7

~

QI — QO

v

S/ <

|

S|

\
7

\
7

> 0.

Pick generators ;,...,4n € 0 = O ®p, L and let g1, ...,g, € QO denote lifts of these
elements to Q. Let wy,...,w, € W satisfy ¥ (w;) = b;. To prove the lemma it suffices to
show that for any x € W there exist rq,...,r, € Bpandv € V suchthatw = Z?:l riw; +
¥ (v). Since W is generated mod im @ by 1, . . ., Wy, there exist r¥,...,r0 € By, vo € V
and x; € W such that

n
x = Zriowi + ¢(vo) + mx1.
i=1

0 1 y2 . .€By, vo,V1,...

We can repeat this process for x; to find inductively elements r;°, 7, , 7,

€ V and x1, x5, ... € W such that for every m > 1

n

m m
x:Z( njri’)wi +an<p(vj)+nm+1xm+1.
Jj=0 Jj=0

i=1

Since By is complete, there exist r; = lim,;— oo Z;-”ZO 7/ r!. Since V is complete, there
eXists U = iMoo Y_j—o 77 v; and therefore ¢(v) = limpu o0 Y g 7/ ¢(v;). Finally,
since W is separated, we have

X — Zriwi —o(v) € ﬂ "W = {0},
i=1

m>1

and therefore x = Y/, riw; + ¢(v). "
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Proof of Lemma 3.3. Recall that a module over a discrete valuation ring is flat if and only
if it is torsion-free. In particular, images of d ® are also flat and we may invoke the Kiinneth
formula [15, Thm. 3.6.1] to obtain exact sequences

0— H'(C*) ®p, { — H'(C* ®p, £) — Tort®(H'T1(C*),£) - 0 (3.14)

To prove the first statement of the lemma we consider the exact sequences

n—1
"' L erd” — H'(C*) — 0. (3.15)

By (3.14) and the initial assumptions, dimensions dim; H"(C) ®p, £ are finite. More-
over, by assumption C” are complete and thus ker d” are separated modules as they are
submodules of complete (hence separated) modules. Therefore we may apply Lemma 3.4
to sequences (3.15) to conclude the first part of the lemma.

For the second part, recall that it follows from the classification of finitely generated
modules over discrete valuation rings that if M is such module then

dimg M ®p, £ —dimpg M ®p, B = dim; Tor>® (M., 0). (3.16)
Since — ®p, B is the same as localization at 7, it is flat and we have
H'(C*)®p, B=H'(C* ®p, B). (3.17)
The first part of the lemma together with (3.14), (3.16), and (3.17) imply formula (3.13).
First, observe that

dimy H'(C* ®3, {) + dimg H'*1(C* ®p, B)
= dimy H'(C*) ®p, £ — dimy H'T1(C*) ®3p, ¢.
Now, let N > 0 be an integer such that C¥ = 0 for |k| > N. Taking an alternating sum of
the above equalities we obtain

N-1
X(C°®p,t) — x(C°®p,B) = »_ (dimy H'(C*®p,{)+dimp H'T'(C*®3p, B))

i=—
= dimy H N (C*) ®3, £ —dimg HY (C*) @3, £
=0. |

4. Proof of Theorem 1.2

We now use lemmas proven in the previous section and some well-known properties of
holonomic D-modules on affine spaces to prove Theorem 1.2.
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Proof of Theorem 1.2. First we prove that (1)=-(2)=(3)=-(1). We show condition (A) as
a part of the second implication. Then we show (B).

(1)=>(2) This is the most tricky part of the proof. It suffices to prove that for any
right 3) -module N of minimal dimension its dual N* Ext" (N, !D ) has a lattice
with reduction of minimal dimension. Indeed, by Lemma 2.1 we then may take N = M *
which is of minimal dimension and satisfies N* = M** = M.Let V C N be some lattice
(a priori with reduction that is possibly not of minimal dimension). By Lemma 3.1 applied
to By = 0‘13; and m = w we have an inclusion

0—> D ® 5¢ Ext%o(V, 13,‘:) — Ext% (V,Dy).

The key observation is that the module on the left is of minimal dimension. Indeed, since
D, = W,(k) and V is finitely generated, by part (b) of Lemma 2.2 we know that the
module on the right hand side is of minimal dimension. Therefore so is the module on the
left hand side by part (a) of the same lemma. Now set

T={me Extg, (V. D) : w*m = 0 for some k}.

This is a left O@,‘L’ -module because w is central in 06,‘,’ . We define L as the quotient of
Ext:j[) (V, Do) by T, so that it fits into a short exact sequence.
0

0— T — Extl v, Do) — L — 0. .1
0

‘We will show that L is the desired lattice, i.e., that
(a) L is afinitely generated 33; -module.
(b) K ®px L = N* and the natural map L — N* is injective.

) D, ® He L has minimal dimension.

To show (a) recall from Lemma 2.3 that f)° is left and right noetherian. From noetherianity
we conclude that because V is finitely generated so is Ext” LV, J)") and therefore L is
also finitely generated because by (4.1) it is a quotient of a ﬁmtely generated module. To
show (b) we note that K ®,, — coincides with the localization at @ . As JD,‘: is noetherian
and V is finitely generated, we have

K ®oy Ext, (V. Dy) =Extg (N.D,) = N*. (4.2)

Indeed, it is well known that for commutative noetherian rings localization commutes with
Ext for finitely generated modules, and the standard proof of this fact [15, Prop. 3.3.10]
works also in our case, because w is central in iA),‘: . By construction K ®,, T = 0, so
tensoring (4.1) with K we get from (4.2) that K ®,, L = N*. The natural map L — M is
injective by construction because its kernel consists precisely of w-torsion of L. Finally,
we show (c). Since tensoring is right exact, we have an exact sequence of left D, -modules

Dn ® 5 Exty, (V. D5) = Dy ® 50 L — 0.
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Now, (c) follows from part (a) of Lemma 2.2 because the right hand side is a quotient of
a D,-module which we have already observed to be of minimal dimension. This finishes
the proof of (1)=(2).

(2)=-(3). This is a consequence of Lemma 3.2. Indeed, it is known [2, Ch. 1, Prop. 5.3]
that finitely generated ,,-modules of minimal dimension are of finite length. It follows by
induction from part (a) of Lemma 2.2 that a semisimplification of a D,-module of finite
length has minimal dimension if and only if the module itself has minimal dimension.
Therefore we may use Lemma 3.2 to get the desired implication. We also get (A) as a
byproduct.

(3)=(1). Let L C M be a lattice such that L has minimal dimension. By the very
definition we have Ext‘bﬂ (Z, i)_,,) = 0 for 0 <i < n — 1.Then short exact sequences of

Lemma 3.1 for By = 0‘6,;’ give
0— Extfﬁg (L, D) ® 5 Dn — Exty (L.Dy) =0,

ie.,
ExtA (L, D° )®:Oo , =0 (fori <n).

By noetherianity of JD° (Lemma 2.3) we know that the right ﬂ)" modules Ext’ J(L, !5")
are finitely generated and therefore must be zero by Nakayama’s lemma part of Lemma 2.5.
As we have already explalned while proving that (1)=>(2), we always have isomorphisms
Ext’ (M SO ) = Ext’ J(L, i)°) ®ox K. We conclude that Ext‘ (M, §O ) must vanish
fori l < n,i.e., M has mlnlmal dimension. This closes the circle of implications.

To prove (B) we use Lemma 3.3. Assume that equivalent conditions of Theorem 1.2
hold for M and let L C M be a lattice which has a reduction of minimal dimension.
Consider the complex

d
DR*(L) =L - @ L.dx; > @ L.dx; ndxj — -
i=1 i<j

with differentials as in (1.4). This is a bounded complex of complete (by Lemma 2.5) and
torsion-free (since lattices are @ -torsion-free) ogx-modules. Note that by construction we
have

DR*(L) ®ox K = DR:@ (M)
and

DR*(L) ®ox k = DRy (L).
The latter has finitely-dimensional cohomology over k by part (d) of Lemma 2.2. We may
now apply Lemma 3.3 and conclude that dimg H (’1 r(M) < oo for all i and moreover

Xar(M) = xar(L). n
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